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Prìlogoc

Sto keÐmeno autì perilamb�nontai merikèc basikèc gn¸seic gia to mètro kai to olokl rwma Lebesgue.
Gr�fthke ¸ste na sumperil�bei tic gn¸seic pou apaitoÔntai gia na mporèsoun oi foithtèc pou paÐrnoun

to m�jhma <<Armonik  An�lush>> (Pan. Kr thc, Fjinìpwro 2010-11) na parakolouj soun èna m�jhma pou
akoloujeÐ mia fusiologik  poreÐa.

H upìjesh ìti oi foithtèc den èqoun m�jei ta tou oloklhr¸matoc Lebesgue epib�llei ìlec oi apodeÐxeic
na gÐnontai me qr sh tou oloklhr¸matoc Riemann kai mìno.

Oi strebl¸seic pou prokaleÐ sto m�jhma autì mia tètoia prosèggish eÐnai pollèc. Poll� jewr mata
thc Armonik c An�lushc de mporoÔn na apodeiqjoÔn sth fusiologik  touc genikìthta,  , kai an mporoÔn,
h apìdeixh eÐnai anagkastik� polÔ duskolìterh ap' ì,ti an kaneÐc gnwrÐzei to olokl rwma Lebesgue. Mia
polÔ èntonh tètoia perÐptwsh eÐnai ìtan p�ei kaneÐc na apodeÐxei tic di�forec idiìthtec thc sunèlixhc dÔo
oloklhrwsÐmwn sunart sewn.

EÐnai loipìn protimìtero, nomÐzw, oi foithtèc na apokt soun pr¸ta tic gn¸seic pou apaitoÔntai gia na
k�noun qr sh tou oloklhr¸matoc Lebesgue, akìmh kai an, lìgw thc èlleiyhc qrìnou, de doun tic apodeÐxeic
twn basik¸n jewrhm�twn   akìmh kai an agnooÔn basikèc ènnoiec ìpwc h ènnoia thc metrhsimìthtac sunìlwn
kai sunart sewn.

1 Mètro Lebesgue sto R

An E ⊆ R to mètro (Lebesgue) tou E, pou to sumbolÐzoume me m(E)   me |E| eÐnai mia genÐkeush thc ènnoiac
tou m kouc. An E = (a, b) eÐnai di�sthma tìte fusik� to m koc tou eÐnai Ðso me b− a. EÔkola mporeÐ kaneÐc
na orÐsei to m koc miac peperasmènhc   akìmh kai arijm simhc ènwshc diasthm�twn

m(
⋃
n

(an, bn)) =
∑
n

(bn − an),

an fusik� ta diast mata eÐnai an� dÔo xèna. Up�rqoun ìmwc polÔ pio perÐploka sÔnola apì aut�. O genikìc
orismìc tou mètrou enìc sunìlou dÐdetai èmmesa. PaÐrnoume ìlec tic kalÔyeic tou sunìlou E me arijm simec
oikogèneiec apì diast mata In: E ⊆ ∪n(an, bn) kai paÐrnoume to infimum twn posot twn∑

n

(bn − an).

(ProkÔptei eÔkola ìti me ton orismì autì den all�zei to mètro twn diasthm�twn.)

�

Gia lìgouc pou de jèloume na perigr�youme se autì to keÐmeno prokÔptei ìti de mporeÐ kaneÐc
na orÐsei to mètro se ìla ta uposÔnola tou R kai tautìqrona na perimènei na eÐnai qr simo. Gia na
apokt sei to mètro Lebesgue tic kalèc tou idiìthtec (perigr�fontai parak�tw) eÐnai aparaÐthto
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na periorÐsoume ta uposÔnola tou R ta opoÐa èqoun mètro. Thn oikogèneia aut  twn sunìlwn gia
twn opoÐwn to mètro mporoÔme na mil�me thn apokaloÔme <<ta metr sima sÔnola tou R>> kai den
prìkeitai na thn perigr�youme se opoiad pote leptomèreia ektìc apì to na poÔme ìti (a) ìla ta
sÔnola ta opoÐa ja sunant soume ja eÐnai metr sima kai (b) ìti qrei�zetai arket  doulei� (kai
to legìmeno <<axÐwma thc epilog c>>) gia na deÐxei kaneÐc ìti up�rqoun mh metr sima sÔnola.

Apì dw kai pèra ja mil�me mìno gia metr sima sÔnola qwrÐc na to lème k�je for�.

Je¸rhma 1.1 (Idiìthtec tou mètrou Lebesgue)

1. 0 ≤ m(A) ≤ ∞ gia kaje A ⊆ R.

2. 'Ola ta diast mata (a, b) (anexart twc an ta �kra touc eÐnai mèsa) èqoun mètro b− a.

3. (MonotonÐa) An A ⊆ B tìte m(A) ≤ m(B).

4. (Prosjetikìthta) An E1, E2, . . . ⊆ R eÐnai an� dÔo xèna tìte

m(∪nEn) =
∑
n

m(En).

5. (Upoprosjetikìthta) An E1, E2, . . . ⊆ R (den zht�me na eÐnai an� dÔo xèna) tìte

m(∪nEn) ≤
∑
n

m(En).

6. (AÔxousa ènwsh sunìlwn) An En ⊆ En+1 tìte m(∪nEn) = limn→∞m(En).

7. (FjÐnousa tom  sunìlwn) An En ⊇ En+1 kai gia k�poio n0 isqÔei m(En0) < ∞ tìte m(∪nEn) =
limn→∞m(En).

8. (Prosèggish apì p�nw me anoiqt� sÔnola) An E ⊆ R kai ε > 0 tìte up�rqei anoiqtì sÔnolo G ⊇ E
tètoio ¸ste m(G \ E) ≤ ε.

9. (Prosèggish apì mèsa me kleist�) An E ⊆ R kai ε > 0 tìte up�rqei kleistì sÔnolo F ⊆ E tètoio
¸ste m(E \ F ) ≤ ε.

10. (AnalloÐwto wc proc tic metaforèc) An E ⊆ R, t ∈ R kai

E + t = {x+ t : x ∈ E}

eÐnai h <<metafor� tou E kat� t>> tìte m(E + t) = m(E).

11. (OmoiojesÐa) An E ⊆ R, λ ∈ R kai

λE = {λx : x ∈ E}

tìte m(λE) = |λ|m(E).

� 1.1 ApodeÐxte ìti k�je arijm simo sÔnolo E = {x1, x2, . . .} ⊆ R èqei m(E) = 0.

'Estw ε > 0 kai jewreÐste thn k�luyh tou E apì ta anoiqt� diast mata (xn − ε2−n, xn + ε2−n).

� 1.2 DeÐxte ìti to sÔnolo twn arr twn tou [0, 1] èqei mètro 1.

To sÔnolo twn rht¸n eÐnai arijm simo.
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Sqedìn pantoÔ:

Lème ìti mia prìtash pou exart�tai apì to x isqÔei <<sqedìn gia k�je x>> an isqÔei gia ìla ta x ektìc apì èna
sÔnolo exairèsewn me mètro 0. Me �lla lìgia up�rqei èna sÔnolo E me m(E) = 0 tètoio ¸ste h prìtas 
mac isqÔei an x /∈ E. An to x ennoeÐtai tìte lème <<sqedìn pantoÔ>>.

Gia par�deigma, <� sun�rthsh χQ eÐnai sqedìn pantoÔ Ðsh me to 0>> (afoÔ m(Q) = 0).

� 1.3 DeÐxte ìti to triadikì sÔnolo Cantor èqei mètro 0. To sÔnolo autì C kataskeu�zetai wc mia fjÐnousa
tom  kleist¸n uposunìlwn tou [0, 1]

C =
∞⋂
n=0

En.

IsqÔei kat' arq n E0 = [0, 1] kai to k�je En fti�qnetai apì to En−1 wc ex c: to En−1 eÐnai mia peperasmènh
ènwsh kleist¸n diasthm�twn. Gia na p�roume apì to En−1 to En apl� afairoÔme apì to k�je èna apì ta
diast mat� tou to mesaÐo èna trÐto (qwrÐc ta �kra tou). Gia par�deigma E1 = [0, 1/3] ∪ [2/3, 1]. ProkÔptei
ìti to sÔnolo C eÐnai mh kenì, sumpagèc kai m�lista uperarijm simo (de mporoÔme dhl. na gr�youme ìla ta
stoiqeÐa tou wc mia akoloujÐa).

DeÐxte ìti m(C) = 0.

Gia k�je n to sÔnolo En eÐnai mia k�luyh tou C me diast mata. Poio to mètro tou En?

� 1.4 ApodeÐxte ìti sto Je¸rhma 1.1.7 de mporoÔme na paraleÐyoume thn upìjesh ìti k�poio apì ta En
èqei peperasmèno mètro.

P�rte thn periptwsh En = (n,+∞).

� 1.5 Lème ìti èna sÔnolo S ⊆ R eÐnai tÔpou Gδ an eÐnai arijm simh tom  anoiqt¸n, an up�rqoun dhl.
anoiqt� sÔnola Gn ⊆ R tètoia ¸ste S = ∩nGn. An E ⊆ R deÐxte ìti up�rqei Gδ sÔnolo S ⊇ E tètoio ¸ste
m(S \ E) = 0.

QrhsimopoieÐste to Je¸rhma 1.1.8.

2 Olokl rwma Lebesgue

To meg�lo meionèkthma tou oloklhr¸matoc Riemann eÐnai ìti eÐnai polÔ euaÐsjhto se mikrèc allagèc sth
sun�rthsh. Pr�gmati, to olokl rwma Riemann orÐzetai wc to ìrio twn legìmenwn Riemann ajroism�twn
ta opoÐa qrhsimopoioÔn tic timèc thc upì olokl rwsh sun�rthshc se shmeÐa tou diast matoc. MporoÔme
eÔkola loipìn na <<katastrèyoume>> aut� ta Riemann ajroÐsmata peir�zontac th sun�rthsh sta kat�llhla
shmeÐa, pr�gma pou sÐgoura de ja èprepe na èqei epÐptwsh sto embadì tou ajroÐsmatoc k�tw apì to gr�fhma
thc sun�rthshc. Autìc eÐnai kai o lìgoc pou sunart seic pou eÐnai polÔ eÔkolo na oristoÔn den èqoun
olokl rwma Riemann. To pio aplì Ðswc par�deigma eÐnai h qarakthristik  sun�rthsh twn rht¸n (ìpwc kai
aut  twn arr twn) thc opoÐac ìla ta k�tw Riemann ajroÐsmata eÐnai 0 kai ìla ta �nw Riemann ajroÐsmata
eÐnai 1 (sto di�sthma [0, 1] gia par�deigma), kai �ra den eÐnai Riemann oloklhr¸simh.

IdoÔ �llh mÐa èndeixh tou pìso pio eÔqrhsto eÐnai to olokl rwma Lebesgue se sqèsh me tic timèc thc
sun�rthshc se memonwmèna shmeÐa. Ja epitrèpoume apì dw kai pèra stic sunart seic na paÐrnoun kai tic
timèc +∞   −∞ kai autì de ja mac empodÐsei, wc epÐ to pleÐston, na brÐskoume to olokl rwm� touc. Ac
eÐnai loipìn

R = R ∪ {−∞,+∞}

oi epektetamènoi pragmatikoÐ arijmoÐ kai ac eÐnai f : R→ R mia sun�rthsh.

�

Qrei�zetai ki ed¸ h Ðdia proeidopoÐhsh ìpwc kai gia ta metr sima sÔnola. Den eÐnai dunatì
na orÐsoume to olokl rwma Lebesgue k�je sun�rthshc, oÔte kan k�je mh arnhtik c sun�rthshc.
Oi sunart seic twn opoÐwn to olokl rwma orÐzoume eÐnai oi legìmenec <<metr simec>> sunart -
seic. Kai ed¸ ja epilèxoume na mhn poÔme sqedìn tÐpote �llo gi' autèc ektìc apì to ìti (a)
ìsec sunart seic ja sunant soume ja eÐnai metr simec, (b) den eÐnai eÔkolo na kataskeuasteÐ
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mh metr simh sun�rthsh kai (g) an den up rqan mh metr sima sÔnola de ja up rqan oÔte mh
metr simec sunart seic. 'Opwc kai me ta sÔnola ètsi kai me tic sunart seic, apì dw kai pèra ìlec
oi sunart seic gia tic opoÐec mil�me ja eÐnai metr simec eÐte to lème autì eÐte ìqi.

Ac xekin soume me mia polÔ apl  perÐptwsh: f(x) = χE(x) eÐnai h qarakthristik  sun�rthsh enìc
sunìlou E (eÐnai 0 èxw apì to E, 1 mèsa se autì). Den èqoume kami� epilog  gia to pìso prèpei na eÐnai to
olokl rwma thc f , an fusik� jèloume na orÐsoume mia posìthta pou na mhn antif�skei me ìsa  dh xèroume
gia to olokl rwma Riemann: w

f = m(E).

An epÐshc jèloume to olokl rwma na eÐnai grammikì, na isqÔei dhl.

w
(λf + µg) = λ

w
f + µ

w
g, λ, µ ∈ R, f, g sunart seic

tìte xèroume amèswc pwc na orÐsoume to olokl rwma Lebesgue gia peperasmènouc grammikoÔc sunduasmoÔc
qarakthristik¸n sunart sewn sunìlwn:

w N∑
j=1

cjχEj =
N∑
j=1

cjm(Ej), (2.1)

ìpou cj ∈ R kai Ej ⊆ R.

�

O orismìc thc (2.1) den eÐnai pl rhc an den apodeÐxei kaneÐc ìti h posìthta pou orÐsame wc
olokl rwma thc f den all�zei an gr�youme thn f me diaforetikì trìpo wc peperasmèno grammikì
sunduasmì qarakthristik¸n sunart sewn. H apìdeixh aut  den eÐnai dÔskolh.

Prèpei fusik� na eÐmaste lÐgo prosektikoÐ me thn prosjafaÐresh arijm¸n tou R kai na jumìmaste ìti
den prosjètoume potè to +∞ me to −∞. Mia �llh diafor� me thn an�lush ìpwc thn xèrame wc t¸ra eÐnai
ìti ston parap�nw tÔpo èna ginìmeno tou tÔpou 0 · ∞ eÐnai p�nta Ðso me 0.

� 2.1 Mia sun�rthsh pou eÐnai peperasmènoc grammikìc sunduasmìc qarakthristik¸n sunart sewn onom�ze-
tai <�pl >> sun�rthsh. DeÐxte ìti mia sun�rthsh eÐnai apl  an kai mìno an to sÔnolo twn tim¸n pou paÐrnei
eÐnai peperasmèno.

QrhsimopoieÐste ta sÔnola Ev = {x : f(x) = v} ìpou v mia tim  pou paÐrnei h sun�rthsh.

� 2.2 DeÐxte ìti
r
χQ = 0.

O orismìc tou oloklhr¸matoc Lebesgue gia mia opoiad pote mh arnhtik  sun�rthsh f : R→ R ∪ {+∞}
gÐnetai qrhsimopoi¸ntac ìlec tic mh arnhtikèc aplèc sunart seic pou eÐnai k�tw apì thn f :

w
f = sup

{w
g : 0 ≤ g ≤ f kai g apl 

}
. (2.2)

To olokl rwma loipìn miac f ≥ 0 p�nta up�rqei all� mporeÐ na eÐnai kai ∞.

� 2.3 An 0 ≤ f ≤ g tìte 0 ≤
r
f ≤

r
g

Tèloc, an f : R → R eÐnai opoiad pote sun�rthsh mporoÔme na gr�youme thn f wc diafor� dÔo mh
arnhtik¸n sunart sewn

f = f+ − f−

ìpou f+ = max {0, f} kai f− = −min {0, f}. (ParathreÐste ìti isqÔei |f | = f+ + f−.) H grammikìthta
mac epib�llei na orÐsoume to olokl rwma miac tètoiac f wc

w
f =

w
f+ −

w
f−,
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kai p�li bèbaia me thn proôpìjesh ìti den èqoume thn aprosdiìristh morf  ∞−∞ (se aut  kai mìno thn
perÐptwsh den orÐzetai to olokl rwma).

An t¸ra h f eÐnai migadik  sun�rthsh, f = u+ iv, ìpou u, v eÐnai pragmatikèc sunart seic, orÐzoume to
olokl rwma thc f (kai p�li lìgw thc epijumht c grammikìthtac) na eÐnai

r
f =

r
u+ i

r
v.

Mèqri t¸ra èqoume orÐsei mìno to olokl rwma miac sun�rthshc p�nw se ìlh thn pragmatik  eujeÐa. P¸c
mporoÔme na orÐsoume to olokl rwma miac sun�rthshc p�nw se èna uposÔnolo A ⊆ R? PolÔ apl�

w

A

f =
w
χA · f

me thn proôpìjesh fusik� ìti to dexÐ mèloc orÐzetai.
AxÐzei ed¸ na anafèroume ìti h kat�stash me to olokl rwma Riemann eÐnai polÔ diaforetik : mia

sun�rthsh eÐnai Riemann oloklhr¸simh an kai mìno an to sÔnolo twn shmeÐwn ìpou eÐnai asuneq c èqei
mètro 0.

� 2.4 An f ≥ 0 sto A kai
r
A f = 0 deÐxte ìti f = 0 sqedìn pantoÔ sto A.

An n = 1, 2, . . . mporeÐ to mètro tou sunìlou ìpou f > 1/n na eÐnai jetikì? ParathreÐste ìti {f > 0} =
∪n{f > 1/n} kai qrhsimopoieÐste to Je¸rhma 1.1.6.

� 2.5 An A ⊆ B kai f : B → [0,+∞] tìte
r
A f ≤

r
B f .

Oloklhrwsimìthta. L1(A).
Mia sun�rthsh lègetai <åloklhr¸simh>> sto A ⊆ R an

r
A |f | < ∞, pr�gmata pou eÐnai isodÔnamo me to na

isqÔei w

A

f+ <∞,
w

A

f− <∞.

Gia migadikèc sunart seic èqoume ton Ðdio orismì oloklhrwsimìthtac (na eÐnai dhl.
r
A |f | <∞).

Gr�foume L1(A) gia to q¸ro ìlwn twn sunart sewn f : A→ C pou eÐnai oloklhr¸simec sto A.

� 2.6 ApodeÐxte ìti k�je fragmènh sun�rthsh eÐnai oloklhr¸simh se k�je sÔnolo A ⊆ R me m(A) <∞.

� 2.7 An f : A→ [0,+∞] eÐnai oloklhr¸simh tìte h f eÐnai peperasmènh sqedìn pantoÔ sto A. Me �lla
lìgia m{x ∈ A : f(x) =∞} = 0.

SugkrÐnete thn f me thn apl  sun�rthsh g pou eÐnai 0 ekeÐ ìpou h f eÐnai peperasmènh kai ∞ ìpou kai h
f . Poio to

r
g kai poia h sqèsh tou me to

r
f ?

� 2.8 (Anisìthta Markov) An 0 ≤ f ∈ L1(A) kai λ > 0 tìte m{x ∈ A : f(x) ≥ λ} ≤
r
A f/λ.

An E = {x ∈ A : f(x) ≥ λ} tìte
r
A f ≥

r
E f ≥

r
E λ.

UpologismoÐ. ApodeiknÔetai eÔkola ìti an h f : [a, b] → R eÐnai suneq c sun�rthsh (se fragmèno
di�sthma) tìte to olokl rwma Riemann thc f eÐnai Ðdio me to olokl rwma Lebesgue. 'Etsi mporoÔme na
qrhsimopoioÔme ìlec tic teqnikèc upologismoÔ pou èqoume m�jei gia to olokl rwma Riemann gia na upologÐ-
zoume oloklhr¸mata Lebesgue suneq¸n sunart sewn. EpÐshc suqn� qrhsimopoioÔme to, sunhjismèno apì

to olokl rwma Riemann, sumbolismì
r n
a f(x) dx  

r b
a f antÐ gia ton

r
[a,b] f .

EpÐshc isqÔei o gnwstìc mac tÔpoc gia thn allag  metablht c. An φ : [a, b] → R eÐnai suneq¸c parag-
wgÐsimh kai aÔxousa tìte

bw

a

f(φ(x))φ′(x) dx =
dw

c

f(y) dy (2.3)

ìpou c = φ(a), d = φ(b).
To olokl rwma Lebesgue eÐnai polÔ eÔqrhsto kurÐwc lìgw twn oloklhrwm�twn sÔgklishc, ta opoÐa mac

lène ousiastik� gia to pìte mporoÔme na all�xoume th seir� dÔo oriak¸n diadikasi¸n.
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Je¸rhma 2.1 (Je¸rhma Monìtonhc SÔgklishc) An fn : A → [0,+∞] eÐnai mia akoloujÐa mh arn-
htik¸n sunart sewn pou eÐnai monìtonh (wc proc n)

fn(x) ≤ fn+1(x), (x ∈ A),

kai f(x) = limn fn(x) ∈ [0 +∞] tìte
lim
n

w

A

fn =
w

A

f.

� 2.9 An f : [0, 1]→ [0,+∞] deÐxte ìti
r 1
0 f(x) dx = limn→∞

r 1
1/n f(x) dx.

Gr�yte fn = χ[1/n,1]f kai qrhsimopoieÐste to Je¸rhma 2.1.

QrhsimopoieÐste to autì gia na upologÐsete ta oloklhr¸mata
r 1
0 x

α dx gia ìlec tic timèc tou α ∈ R. Gia
poiec timèc tou α eÐnai h xα sto L1([0, 1])? Gia poiec timèc sto L1([1,∞])?

� 2.10 An fn : A→ [0,+∞] kai f =
∑

n fn (parathreÐste ìti to ìrio p�nta up�rqei sto [0,+∞]) tìte an∑
n

w

A

fn <∞

èpetai ìti h f eÐnai sqedìn pantoÔ peperasmènh.

Poio to olokl rwma thc f ? QrhsimopoieÐste kai to Prìblhma 2.7.

� 2.11 Ac eÐnai xn ∈ [0, 1/2] kai 0 ≤ `n ≤ 1/2 tètoia ¸ste
∑

n `n <∞. DeÐxte ìti h seir�∑
n

χ[xn,xn+`n](x)

sugklÐnei (se peperasmèno arijmì) sqedìn gia ìla ta x ∈ [0, 1].
Ti sumperaÐnete gia thn posìthta N(x) = se pìsa apì ta diast mata [xn, xn + `n] an kei o arijmìc

x ∈ [0, 1]?

QrhsimopoieÐste to Prìblhma 2.10.

To shmantikìtero Ðswc oriakì je¸rhma gia to mètro Lebesgue eÐnai to epìmeno. Lème ìti oi fn <<kuriar-
qoÔntai>> apì thn g.

Je¸rhma 2.2 (Je¸rhma Kuriarqhmènhc SÔgklishc) 'Estw fn, g ∈ L1(A) tètoiec ¸ste |fn(x)| ≤
|g(x)| sqedìn pantoÔ sto A. 'Estw epÐshc ìti up�rqei to ìrio f(x) = limn fn(x) sqedìn gia k�je x ∈ A.
Tìte

lim
n

w

A

fn =
w

A

f.

� 2.12 Upì tic proôpojèseic tou Jewr matoc 2.2 deÐxte ìti isqÔei kai
r
A |fn − f | → 0.

|fn − f | ≤ 2|g|.

� 2.13 Kataskeu�ste mia akoloujÐa fn : [0, 1] → [0,+∞) tètoia ¸ste fn(x) → 0 gia k�je x ∈ [0, 1] all�
me

r 1
0 fn → +∞.

De ja prèpei fusik� na isqÔoun oi upojèseic tou Jewr matoc 2.2 gia na ta katafèrete.
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� 2.14 (Sunèqeia tou aorÐstou oloklhr¸matoc) An f ∈ L1([a, b]) kai x0 ∈ (a, b) tìte h sun�rthsh F (x) =r x
a f(t) dt (pou onom�zetai aìristo olokl rwma thc f) eÐnai suneq c sto x0.

An hn → 0 deÐxte ìti h posìthta F (x0 + hn) − F (x0) teÐnei sto 0 qrhsimopoi¸ntac to Je¸rhma 2.2 gia
tic sunart seic fn = f · χ[a,x0+hn] oi opoÐec kuriarqoÔntai apì thn f .

� 2.15 An f ∈ L1(A) kai orÐsoume

gn(x) =

{
|f(x)| an |f(x)| ≥ n
0 alli¸c

deÐxte ìti
r
A gn → 0.

� 2.16 An f ∈ L1(A) kai An ⊆ A eÐnai tètoia ¸ste m(An)→ 0 deÐxte ìti
r
An
f → 0.

Gr�yte thn f sa �jroisma twn sunart sewn f1 = f · χ{|f |>M} kai f2 = f · χ{|f |≤M}, ìpou M > 0 eÐnai
mia par�metroc pou epilègetai arket� meg�lh. DeÐxte pr¸ta to zhtoÔmeno gia th fragmènh sun�rthsh f2

kai qrhsimopoieÐste to Prìblhma 2.15 gia thn f1.

Me to olokl rwma Lebesgue aplousteÔontai polÔ ta krit ria pou mac epitrèpoun na all�xoume th seir�
olokl rwshc se èna diplì (epanalambanìmeno) olokl rwma. De qrei�zetai proc to parìn na anaferjoÔme
se olokl rwma Lebesgue sunart sewn pou orÐzontai sto R2.

Je¸rhma 2.3 (Fubini) An f : R2 → C kai isqÔei

w w
|f(x, y)| dx dy <∞ (2.4)

tìte isqÔei w w
f(x, y) dx dy =

w w
f(x, y) dy dx. (2.5)

An f : R2 → [0,+∞] tìte h (2.5) isqÔei qwrÐc kamÐa proôpìjesh (all� mporoÔn fusik� kai ta dÔo mèlh
thc na eÐnai +∞).

Ta oloklhr¸mata (2.4) kai (2.5) pou emfanÐzontai sto Je¸rhma 2.3 eÐnai epnalambanìmena oloklhr¸mata.
Gia par�deigma to olokl rwma thc (2.4) eÐnai to olokl rwma thc sun�rthshc F (y) =

r
f(x, y) dx wc proc y.

� 2.17 An f, g ∈ L1(R) tìte h sunèlix  touc orÐzetai wc h sun�rthsh

f ∗ g(x) =
w
f(y)g(x− y) dy. (2.6)

DeÐxte ìti h sun�rthsh f ∗ g eÐnai kal¸c orismènh sqedìn gia k�je x ∈ R, ìti dhl. sqedìn gia k�je x ∈ R h
sun�rthsh tou y pou oloklhr¸noume, h f(y)g(x− y), eÐnai oloklhr¸simh, isqÔei dhl.

r
|f(y)g(x− y)| dy <

∞. Gia ta upìloipa x orÐzoume f ∗ g(x) = 0.

QrhsimopoieÐste to Je¸rhma 2.3 gia mh arnhtikèc sunart seic kai deÐxte ìti
r r
|f(y)g(x− y)| dy dx <∞.

'Epeita qrhsimopoieÐste to Prìblhma 2.7 gia na deÐxete to zhtoÔmeno.

� 2.18 An f, g ∈ L1(R) deÐxte ìti f ∗ g ∈ L1(R) kai m�lista
w
|f ∗ g| ≤

w
|f | ·

w
|g|. (2.7)

� 2.19 An f ∈ L1(R) kai |g| ≤ M tìte h f ∗ g orÐzetai gia k�je x ∈ R apì thn (2.6), eÐnai fragmènh kai
m�lista |f ∗ g| ≤M

r
|f |.

� 2.20 ApodeÐxte ìti oi sunart seic f ∗ g kai g ∗ f eÐnai sqedìn pantoÔ Ðsec an f, g ∈ L1(R).

QrhsimopoieÐste ton tÔpo (2.3) gia mia kat�llhlh allag  metablht c kai to Je¸rhma 2.3.
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3 Oi q¸roi Lp(A)

Mèqri stigm c èqoume dei ton q¸ro L1(A), ìpou A ⊆ R èqei m(A) > 0, pou apartÐzetai apì ìlec tic
sunart seic f : A → C pou eÐnai oloklhr¸simec, isqÔei dhl. gia autèc

r
A |f | < ∞. An t¸ra p ∈ [1,∞)

orÐzoume to q¸ro Lp(A) na apartÐzetai apì ìlec tic sunart seic f : A → C gia tic opoÐec
r
A |f |

p < ∞. H
Lp nìrma thc f ∈ Lp(A) eÐnai h posìthta

‖f‖p =

(
w

A

|f |p
)1/p

,

gia thn opoÐa eÔkola blèpoume ìti isqÔei ‖λf‖p = |λ|‖f‖p, gia λ ∈ C. Jèloume na qrhsimopoi soume th
posìthta

d(f, g) = ‖f − g‖p
gia na orÐsoume mia ènnoia apìstashc (metrik ) an�mesa stic sunart seic tou Lp(A). AparaÐthto loipìn eÐnai
na isqÔei h <<trigwnik  anisìthta>>

d(f, g) ≤ d(f, h) + d(h, g), gia k�je f, g, h ∈ Lp(A).

Autì eÐnai to perieqìmeno tou epìmenou jewr matoc.

Je¸rhma 3.1 (Anisìthta Minkowski) An 1 ≤ p <∞ kai f, g ∈ Lp(A) tìte isqÔei

‖f + g‖p ≤ ‖f‖p + ‖g‖p.

�

O kÔrioc lìgoc gia ton opoÐo den exet�zoume (sun jwc) tic timèc p < 1 eÐnai ìti gia autèc
den isqÔei h anisìthta tou Minkowski.

Tèloc, gia na mporeÐ na paÐxei h posìthta ‖f − g‖p to rìlo thc apìstashc an�mesa stic f, g ∈ Lp(A)
prèpei opwsd pote na isqÔei kai h sunepagwg 

‖f − g‖p = 0⇒ f = g.

'Omwc autì de mporeÐ na isqÔsei mia kai mporoÔme na parall�xoume mia tuqoÔsa sun�rthsh f ∈ Lp(A) se èna
sÔnolo mètrou mhdèn, p.q. mporoÔme na all�xoume th sun�rthsh se èna shmeÐo, qwrÐc na all�xoume kajìlou

ìlec ti oloklhrwtikèc posìthtec pou exart¸ntai apì thn f . Pio sugkekrimèna, an f̃ eÐnai Ðdia me thn f
ektìc apì èna shmeÐo tìte oi dÔo sunart seic den eÐnai Ðdiec, afoÔ oi timèc touc diafèroun se k�poia x, all�r
A |f − g|

p = 0.
H mình mac dièxodoc ed¸ eÐnai na agno soume tic epousi¸deic diaforèc an�mesa se dÔo sunart seic,

jewroÔme dhl. dÔo sunart seic f kai g Ðdiec an diafèroun oi timèc touc mìno se èna sÔnolo apì x pou èqoun
mètro 0.

An ja jèlame na eÐmaste lÐgo pio austhroÐ ja orÐzame mia sqèsh isodunamÐac an�mesa se sunart seic,
ìpou dÔo sunart seic jewroÔntai isodÔnamec an up�rqei sÔnolo E, me m(E) = 0, t.¸. gia x /∈ E èqoume
f(x) = g(x). Ta stoiqeÐa tou q¸rou Lp(A) eÐnai kl�seic isodunamÐac aut c thc sqèshc isodunamÐac pou mìlic
orÐsame.

� 3.1 ApodeÐxte ìti h sqèsh pou mìlic orÐsame eÐnai ìntwc mia sqèsh isodunamÐac an�mesa se sunart seic.

� 3.2 ApodeÐxte ìti aut  mac h sÔmbash eÐnai arket : an f kai g diafèroun stic timèc touc gia x ∈ E, me
m(E) > 0, tìte ‖f − g‖p > 0, gia k�je p ∈ [1,∞).

Exet�ste ta sÔnola En = {x : |f(x)− g(x)| > 1/n} kai deÐxte ìti k�poio apì aut� prèpei na èqei jetikì
mètro.
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Prèpei ed¸ na anafèroume ìti to Je¸rhma 3.1 eÐnai sunèpeia thc polÔ shmantik c anisìthtac tou Hölder.

Je¸rhma 3.2 (Anisìthta Hölder) An 1 < p, q <∞ kai 1
p + 1

q = 1 (tètoioi arijmoÐ p kai q onom�zontai
<<suzugeÐc ekjètec>>) tìte, an f ∈ Lp(A) kai f ∈ Lq(A), isqÔei∣∣∣∣∣w

A

fg

∣∣∣∣∣ ≤ ‖f‖p‖g‖q. (3.1)

Eidik  perÐptwsh (p = q = 2) thc anisìthtac Hölder eÐnai h p�ra polÔ shmantik  anisìthta Cauchy-
Schwarz.

Je¸rhma 3.3 (Anisìthta Cauchy-Schwarz) An f, g ∈ L2(A) tìte
∣∣r
A fg

∣∣ ≤ ‖f‖2‖g‖2.
Gia na orÐsoume kai ton q¸ro L∞(A) qreiazìmaste thn ènnoia tou ousi¸douc supremum miac sun�rthshc,

to opoÐo eÐnai, kat� k�poio trìpo, to supremum thc sun�rthshc pou ìmwc den ephre�zetai apì epousi¸deic
allagèc sth sun�rthsh. Gia na orÐsoume loipìn to ess sup f , ìpou f mia sun�rthsh orismènh sto A, orÐzoume
kat' arq n to sÔnolo

Uf = {M ∈ R : m{x ∈ A : f(x) > M} = 0}.

Autì eÐnai to sÔnolo ìlwn tou ousiwd¸n �nw fragm�twn thc f , twn arijm¸n dhl. M pou h f touc xepern�
mìno se èna uposÔnolo tou pedÐou orismoÔ thc pou èqei mètro 0. Tèloc orÐzoume

ess sup f = inf Uf

na eÐnai to <ál�qisto>> tètoio �nw fr�gma.
O q¸roc L∞(A) (me m(A) > 0) eÐnai o q¸roc ìlwn twn sunart sewn f : A → C gia tic opoÐec

ess sup |f | <∞. OrÐzoume tèloc thn sup-nìrma   �peiro-nìrma thc f

‖f‖∞ = ess sup |f |.

'Opwc kai stouc �llouc qwrouc Lp(A) ki ed¸ den xeqwrÐzoume metaxÔ touc dÔo sunart seic pou diafèroun
mìno se èna sÔnolo shmeÐwn tou A pou èqei mètro 0.

� 3.3 An f, g : A→ C diafèroun mìno se èna sÔnolo E ⊆ A me m(E) = 0 deÐxte ìti ess sup f = ess sup g,
kai sunep¸c h �peiro-nìrma twn sunart sewn sto L∞(A) eÐnai kal¸c orismènh akìmh ki an gnwrÐzoume th
sun�rthsh mìno sqedìn pantoÔ.

� 3.4 An ta p = 1 kai q =∞ jewrhjoÔn suzugeÐc ekjètec deÐxte ìti h anisìthta Hölder isqÔei ìpwc eÐnai
grammènh sto Je¸rhma 3.2.

DeÐxte epÐshc ìti h trigwnik  anisìthta (Je¸rhma 3.1) isqÔei kai gia p =∞.

� 3.5 An 0 < m(A) < ∞ kai 1 ≤ p1 < p2 ≤ ∞ deÐxte ìti Lp2(A) ⊆ Lp1(A). DeÐxte epÐshc ìti ‖f‖p1 ≤
‖f‖p2 an epiplèon m(A) = 1.

r
A |f |

p1 =
r
A |f |

p1 · 1. Efarmìste thn anisìthta Hölder me ekjètec p2/p1 kai to suzug  tou.

� 3.6 An f ∈ Lp(A), me 1 ≤ p <∞, deÐxte ìti gia λ > 0 isqÔei

m{x ∈ A : |f(x)| ≥ λ} ≤
‖f‖pp
λp

.

r
A |f |

p ≥
r
{|f |≥λ} |f |

p ≥
r
{|f |≥λ} λ

p.
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GiatÐ èqoume epilèxei aut  thn onomasÐa gia to q¸ro L∞, èna ìnoma tou Ðdiou tÔpou me touc q¸rouc Lp,
me p <∞, pou ìmwc eÐnai q¸roi pou orÐzontai entel¸c diaforetik�, me èna olokl rwma dhlad ? Oi q¸roi Lp

eÐnai ìntwc se poll� pr�gmata arket� diaforetikoÐ apì ton L∞ kai akìmh ki ìtan sumperifèrontai parìmoia
h apìdeixh gi' autì eÐnai diaforetik  sthn perÐptwsh tou peperasmènou p ap' ì,ti sthn perÐptwsh tou L∞.
Autì eÐnai fusiologikì mia kai orÐzontai polÔ diaforetik�. H ap�nthsh sto er¸thma thc onomasÐac ègkeitai
sto Prìblhma 3.5 kai sto Prìblhma 3.7 pou akoloujeÐ.

� 3.7 An m(A) = 1 kai f ∈ L∞(A) deÐxte ìti limp→∞ ‖f‖p = ‖f‖∞.

'Estw ε > 0 kai E = {x ∈ A : |f(x)| ≥ (1− ε)‖f‖∞}. Tìte m(E) > 0 (alli¸c to ess sup |f | ja  tan
mikrìtero) kai ‖f‖p ≥ (

r
E |f |

p)1/p.

Apì thn anisìthta Minkowski prokÔptei ìti oi q¸roi Lp(A) eÐnai dianusmatikoÐ q¸roi kai oi antÐstoiqec
nìrmec toÔc kajistoÔn par�llhla kai metrikoÔc q¸rouc. EÐnai polÔ shmantikì ìti autoÐ eÐnai pl reic q¸roi
(q¸roi Banach). 'Oti kai na eÐnai to sÔnolo A ⊆ R an f eÐnai mia suneq c sun�rthsh sto A pou èqei sumpag 
forèa (up�rqei dhl. peperasmènoc arijmìcR > 0 tètoioc ¸ste h f mhdenÐzetai ektìc tou diast matoc (−R,R))
tìte f ∈ Lp(A) gia k�je p ∈ [1,+∞]. To akìloujo je¸rhma puknìthtac eÐnai p�ra polÔ shmantikì gia tic
efarmogèc.

Je¸rhma 3.4 (Puknìthta twn suneq¸n sunart sewn) An A ⊆ R me 0 < m(A) tìte oi q¸roi Lp(A)
eÐnai pl reic metrikoÐ q¸roi gia 1 ≤ p ≤ ∞.

Gia 1 ≤ p <∞ o grammikìc upìqwroc twn suneq¸n sunart sewn me fragmèno forèa eÐnai puknìc sto
q¸ro Lp(A). Dhlad , gia k�je f ∈ Lp(A) kai gia k�je ε > 0 up�rqei suneq c g : A→ C me fragmèno
forèa t.¸.

‖f − g‖p ≤ ε.

� 3.8 ApodeÐxte ìti o grammikìc q¸roc twn kat� tm mata stajer¸n sunart sewn (sunart sewn pou eÐ-
nai dhl. peperasmènoi grammikoÐ sunduasmoÐ qarakthristik¸n sunart sewn fragmènwn diasthm�twn) eÐnai
puknìc ston q¸ro Lp(R) gia 1 ≤ p <∞.

QrhsimopoieÐste thn puknìthta twn suneq¸n sunart sewn me fragmèno forèa (Je¸rhma 3.4) kaj¸c kai
to ìti k�je suneq c sun�rthsh se fragmèno kleistì di�sthma eÐnai kai omoiìmorfa suneq c.

� 3.9 DeÐxte ìti an 1 ≤ p <∞ kai f ∈ Lp(R) tìte

‖f(·)− f(· − h)‖p → 0 gia h→ 0.

DeÐxte to pr¸ta an f eÐnai suneq c sun�rthsh me fragmèno forèa kai èpeita qrhsimopoieÐste to Je¸rhma
3.4.

� 3.10 (L mma Riemann-Lebesgue) An f ∈ L1(R) orÐzoume th sun�rthsh (metasqhmatismìc Fourier thc
f)

f̂(ξ) =
w
f(x)e−iξx dx. (3.2)

ParathreÐste ìti to olokl rwma up�rqei epeid  f ∈ L1(R) kai m�lista
∥∥∥f̂∥∥∥

∞
≤ ‖f‖1. DeÐxte ìti lim|ξ|→∞ f̂(ξ) =

0.
DeÐxte to pr¸ta me ap' eujeÐac upologismì sthn perÐptwsh pou f = χ[a,b], gia −∞ < a < b < ∞.

QrhsimopoieÐste to gegonìc ìti o metasqhmatismìc Fourier eÐnai grammik  pr�xh gia na to apodeÐxete gia
kat� tm mata stajerèc sunart seic me fragmèno forèa. 'Epeita qrhsimopoieÐste to Prìblhma 3.8.

� 3.11 An f ∈ L1(R) deÐxte ìti o metasqhmatismìc Fourier thc f (orÐsthke sto Prìblhma 3.10) eÐnai
omoiìmorfa suneq c sun�rthsh.
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∣∣∣f̂(ξ + h)− f̂(ξ)
∣∣∣ ≤ r

|f(x)|
∣∣e−i(ξ+h)x − e−iξx∣∣ dx =

r
|f(x)|

∣∣e−ihx − 1
∣∣ dx. Gia h → 0 o 2oc par�gontac

sto olokl rwma sugklÐnei sto 0 gia k�je x ∈ R. QrhsimopoieÐste to Je¸rhma Kuriarqhmènhc SÔgklishc
2.2 gia na deÐxete ìti to olokl rwma p�ei sto 0. H omoiomorfÐa wc proc ξ ∈ R prokÔptei ap' to ìti to fr�gma
(pou p�ei sto 0) den exart�tai apì to ξ.
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