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P¸c elègqoume parap�nw apì mÐa tuqaÐa posìthta?

An X t.m. me EX ≥ α ⇒ up�rqei tim  thc X pou eÐnai ≥ α.

An EX ≥ α kai EY ≥ β
6⇒ up�rqei èkbash tou peir�matoc ìpou X ≥ α,Y ≥ β.

An xèroume ìmwc P [|X − EX | > ε1] < 1
2 kai P [|Y − EY | > ε2] < 1

2
⇒ me jetik  pijanìthta

EX − ε1 ≤ X ≤ EX + ε1 KAI EY − ε2 ≤ Y ≤ EY + ε2.

Qreiazìmaste loipìn

(a) PlhroforÐa gia tic mèsec timèc twn metablht¸n mac, kai

(b) 'Anw fr�gmata gia tic pijanìthtec apìklishc twn t.m. apì tic

mèsec timèc
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Merikèc genikèc anisìthtec apìklishc

Anisìthta Markov

An X ≥ 0 kai µ = EX tìte P [X ≥ λµ] ≤ 1
λ .

Anisìthta Chebyshev

An X ≥ 0, µ = EX kai σ2 = E|X − µ|2 tìte

P [|X − µ| ≥ λσ] ≤ 1

λ2
.

'Hdh qrhsimopoi same thn anisìthta Chebyshev gia thn an�lush thc

mejìdou Monte Carlo gia upologismì embad¸n (Di�lexh 1h).

PolÔ eÔqrhstec giatÐ den èqoun idiaÐterec apait seic gia thn X .

AsjeneÐc sto apotèlesm� touc ìmwc.
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Par�deigma: TuqaÐa graf mata Erdős–Rényi

TuqaÐo gr�fhma G (n, p):
(a) n korufèc kai

(b) h akm  an�mesa stic i , j up�rqei me pij. p, ane-
x�rthta apì tic �llec akmèc.

PolÔ shmantikì montèlo diafìrwn katast�sewn. OrÐsthke apì touc

Erdős kai Rényi (1959).

Gia poiec timèc tou p perièqei to G (n, p) <<sqedìn sÐgoura>> èna pl rec

upogr�fhma me 4 korufèc (K4)?

Allag  f�shc gia p ∼ n−2/3:
Gia n→∞:

(a) p
n−2/3 →∞⇒ h pijanìthta na up�rqei K4 teÐnei sto 1

(b) p
n−2/3 → 0⇒ h pijanìthta na up�rqei K4 teÐnei sto 0.
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K4 se tuqaÐa graf mata Erdős–Rényi (sunèqeia)

Arai� graf mata (pn2/3 → 0)

Gia S ⊆ {1, 2, . . . , n} megèjouc 4:

AS = {up�rqoun ìlec oi akmèc an�mesa stic korufèc tou S}
XS = 1 (AS)
P [AS ] = P [XS = 1] = p6 (4 korufèc orÐzoun 6 akmèc)

X =
∑

S XS = pìsa antÐgrafa tou K4 up�rqoun sto G

EX =
∑

S EXS =
∑

S P [AS ] =
(n
4

)
p6 = n(n−1)(n−2)(n−3)

4! p6 ∼ 1
24n4p6

An p = cn−2/3 tìte EX ∼ c
24

Anisìthta Markov ⇒ P [X ≥ 1] = P
[
X ≥ 1

EX EX
]
≤ EX ∼ c

24

'Otan c → 0 èpetai P [XS ≥ 1]→ 0.
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K4 se tuqaÐa graf mata Erdős–Rényi (sunèqeia)

Pukn� graf mata (pn2/3 →∞)

VarX = Var
∑
S

XS

=
∑
S

VarXS +
∑
S 6=T

Cov (XS ,XT )

ìpou Cov (Z ,W ) = E [(Z − EZ ) · (W − EW )] = E(ZW )− EZ · EW .

VarXS = EX 2
S − (EXS)2 ≤ EX 2

S = EXS = p6

∑
S VarXS ≤ 1

24n4p6 afoÔ up�rqoun
(n
4

)
≤ 1

24n4 sÔnola S
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K4 se tuqaÐa graf mata Erdős–Rényi (sunèqeia)

Pukn� graf mata (pn2/3 →∞)

S ∩ T = ∅ ⇒ XS ,XT anex�rthtec⇒ Cov (XS ,XT ) = 0.

S kai T prèpei na èqoun koinèc akmèc ⇒ isqÔei |S ∩ T | = 2   3.

Up�rqoun O(n6) zeÔgh S ,T me 2 koinèc korufèc kai O(n5) zeÔgh me 3

koinèc korufèc.

1h perÐptwsh: Cov (XS ,XT ) ≤ E(XSXT ) = p11

S T

2h perÐptwsh: Cov (XS ,XT ) ≤ E(XSXT ) = p9

S T
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K4 se tuqaÐa graf mata Erdős–Rényi (tèloc)

Anisìthta Chebyshev:

P [X = 0] ≤ P
[
|X − EX | ≤ EX

σ(X )σ(X )
]
≤ VarX

(EX )2

VarX =
∑

S VarXS +
∑

S 6=T Cov (XS ,XT ) = O(n4p6 + n6p11 + n5p9)

(EX )2 ∼ (n4p6)2 = n8p12

An p = φ(n)n−2/3 ìpou φ(n)→∞ tìte

(EX )2 ∼ n8−12(2/3)φ(n)12 = φ(n)12

kai

VarX = O(n4p6 + n6p11 + n5p9)

= O(n4−6(2/3)φ(n)6 + n6−11(2/3)φ(n)11 + n5−9(2/3)φ(n)9)

= O(φ(n)6 + n−4/3φ(n)11 + n−1φ(n)9)

= o(φ(n)12).

�ra P [X = 0]→ 0.
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Mia ekjetik  anisìthta apìklishc

X1, . . . ,XN anex�rthtec, EXj = 0 kai gia k�je j : max Xj −min Xj ≤ A,

X = X1 + · · ·+ XN .

Tìte

P [|X | > a] ≤ 2e−2a2/(A·N).

ParathreÐste thn ekjetik  ex�rthsh apì to a.

OfeÐletai sthn eswterik  dom  thc X wc �jroisma poll¸n

anexart twn metablht¸n.
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Par�deigma: Monte Carlo gia embad�, 2h an�lush.

'Estw Ω ⊆ [0, 1]2, Y1, . . . ,YN ∈ [0, 1]2 anex�rthta kai omoiìmorfa

Xj = 1 (Yj ∈ Ω)− |Ω| =

{
1− |Ω| me pij. pj = |Ω|
−|Ω| me pij. 1− pj = 1− |Ω|

X = X1 + · · ·+ XN = (arijm. shmeÐwn sto Ω)− N|Ω| = S − N|Ω|

ìpou S = (arijm. shmeÐwn sto Ω). Me a = εN1/2, A = 1

P
[
|S − N|Ω|| > εN1/2

]
≤ 2e−2a2/(A·N) = 2e−2ε2 ⇒

P
[
|S/N − |Ω|| > εN−1/2

]
≤ 2e−2ε2 ⇒

P [|S/N − |Ω|| > λ] ≤ 2e−2λ2N me λ = ε/N1/2

Me λ = 10−3 kai N = ln 200
2·10−6 = 2.64 · 106 petuqaÐnoume to dexÐ mèloc

≤ 10−2.

SÔgkrish: Me anisìthta Chebyshev (1h di�lexh) jèlame N ≥ 108.
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Par�deigma: Prosjafairèseic dianusm�twn

Gia v = (v1, . . . , vd) ∈ Rd gr�foume ‖v‖∞ = max {|v1|, . . . , |vd |}.

N dianÔsmata sto Rd : v1, . . . , vN me ‖vj‖∞ ≤ 1. Tìte mporoÔme na

epilèxoume ta prìshma ε1 = ±1, . . . , εN = ±1 ¸ste to

u = ε1v1 + · · ·+ εNvN

na èqei ‖u‖∞ ≤
√

N ln(2d).

Epilègoume kai p�li εj = ±1 me Ðsh pijanìthta kai anex�rthta.
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Par�deigma: Prosjafairèseic dianusm�twn (sunèqeia)

Gr�foume vi = (vi ,1, vi ,2, . . . , vi ,d).

H t.m. uj =
∑N

i=1 εivi ,j , gia j = 1, 2, . . . , d .

'Eqoume max(εivi ,j)−min(εivi ,j) ≤ 2, �ra A = 2.

Bj = {|uj | > t}, j = 1, 2, . . . , d (kak� endeqìmena)

P [Bj ] ≤ 2e−t2/N (apì ekjetik  anisìthta apìklishc)

⇒ P
[⋃d

j=1 Bj

]
≤
∑d

j=1 P [Bj ] ≤ 2de−t2/N =: p

An p < 1 tìte me jetik  pijanìthta den isqÔei kanèna Bj

⇒ ‖u‖∞ ≤ t.

Epilègontac t >
√

N ln(2d) paÐrnoume p < 1
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