THE WEIGHTED WEAK TYPE INEQUALITY FOR THE
STRONG MAXIMAL FUNCTION

THEMIS MITSIS

ABSTRACT. We prove the natural Fefferman-Stein weak type inequality
for the strong maximal function in the plane, under the assumption that
the weight satisfies a strong Muckenhoupt condition. This complements
the corresponding strong type result due to Jawerth. It also extends the
weighted weak type inequality for strong A; weights due to Bagby and
Kurtz.

Let f be a locally integrable function in R2. The strong maximal function

M is defined by
1
Mf(z) = SUPR/ |f1,
r Rl Jr

where |E| denotes the two-dimensional Lebesgue measure of a set E C R?,
and the supremum is taken over all rectangles R C R? with sides parallel to
the coordinate axes, such that z € R (from now on by the term “rectangle”
we will always mean a rectangle with sides parallel to the coordinate axes).

By a classical result of Jessen, Marcinkiewicz and Zygmund [7], M is

bounded from L(1 + log™ L) to weak L', that is

(1) {Mf>A}|gc/‘§|(1+1og+|§|>,A>o,

which implies that M is bounded on every LP, p > 1. The idea of their

proof was to dominate M by iterates of the usual one-dimensional Hardy-

Littlewood maximal function acting in different directions. A direct geo-

metric proof was given much later by Cérdoba and R. Fefferman [2]. The

difficulty in a direct approach is that the Besicovitch covering lemma fails
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when applied to a family of rectangles having arbitrary eccentricities. The
main contribution of [2] was exactly the discovery of a suitable substitute
for the Besicovitch covering lemma.

As far as weighted inequalities are concerned, it is known that if w is a
strong A, weight, p > 1, that is, if there exists a constant C' > 0 such that

for all rectangles R we have

1/w 1/w—1/<p—1> o
[R| Jr \R| Jr -

then M is bounded on LP(w), namely

Jousro<a, [1rpw

This, again, follows by an appeal to the one-dimensional theory. A different
proof of a more general result may be found in Jawerth [5]. The endpoint
case (p = 1) has been treated by Bagby and Kurtz [1]. They proved that if
w is a strong A; weight, namely, if there exists a constant C' > 0 such that

for all rectangles R we have

w<(C- essmfw
s (@)

then

|f|< +|fr>
2) /{MMw_ / oz ) a5 0

The results above suggest an analogy between weighted inequalities for the
strong maximal function and weighted inequalities for the usual Hardy-
Littlewood maximal function. However, this analogy cannot be pushed too
far unless we put some restrictions on the weight. For example, if we consider
the “weighted” version of M, i.e.

Myf(x) = sup /|f|w where w(R) = /Rw,

R rectangle W
zER
then R. Fefferman [4], using the idea of [2], has shown that if w belongs to
a fixed strong A, class, r > 1, then M, is bounded on LP(w) for all p > 1

(see Jawerth and Torchinsky [6] for the endpoint). Note that if M is the
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Hardy-Littlewood maximal function then M, is bounded on every LP(w),
p > 1, without any restriction on w. So, in this case, the analogy breaks
down.

Under the same assumption on the weight as in [4], Jawerth [5] proved,
by different methods, that M is bounded from LP(Mw) to LP(w), for all

p>1,ie.

(3) Jousnpe <, [irraw

As before, if M is the usual Hardy-Littlewood maximal function then (3)
holds true for arbitrary w. This is due to C. Fefferman and Stein [3], and
actually, (3) may be thought of as the “prototype” weighted maximal in-
equality.

The purpose of this paper is to prove the endpoint case (p = 1) of (3)
which, as expected, turns out to be the weighted version of (1). Namely, we

shall show the following.

Theorem. Let w be a strong A, weight for some fixed r > 1. Then
(4) w({Mf>)\})§C/‘§‘<1+log+’{\’> Mw, X\ > 0.

Proof. Asusual a < bmeans a < Cb for some constant C' > 0 not necessarily
the same each time it occurs.

Let My be the dyadic strong maximal function

1
Aqugwéw

where the supremum is taken over all dyadic rectangles R (cartesian prod-
ucts of dyadic intervals) with € R. First, we shall prove the corresponding

weak type estimate for My:

(5) w({Maf > A}) < /‘J;' (1 +log® 'ﬁ’) Maw, A > 0.

So, pick a point z in {Myf > A}. Then there exists a dyadic rectangle R,

/ubmm
Ry

3
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Without loss of generality we may assume that {R,}, is a finite family
{R;}L,. Now, fix a number 0 < gy < 1 to be determined later. By
the Coérdoba - R. Fefferman covering lemma [2], there exists a subfamily

{Rf}i]\il C {Ri}le such that

(6) IRin| R <eolRf|, i=1,..., M,
7<t

and
L

(7) U Ri € {Mx R = 0
=1

Since w is a strong A, weight, M is bounded from L"(w) to L"(w). So, (7)

implies that
L

M
w(lJ Ri) S w({J R,
=1

i=1
where the implicit constant depends on &g, r and the A,-constant of w. Now,
writing

Ri=Riy,Ry=Ry ,,....Ryy =R}

and applying the Cérdoba - R. Fefferman covering lemma to {E}f\il we get
a subfamily {R;*}Y | C {R}M, such that

(8) RN R <eolR*|, i=1,...,N,
J#i
and
M
(9) Ur:c {Mxyx  gee = €0}
=1

As before, (9) implies that

M N
w({J Ry) Sw(lJR).
i=1 i=1
Therefore

L N
(10) w({Maf > A}) < w({J Ri) Sw(l B
=1 =1
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Now, let i and p,, be the multiplicity and the “weighted” multiplicity func-

tions, respectively, associated to the family {R** i, le.

- o~ w(Rr)
:ZXRI*(m)v :U’w(x) :Z |R**| XR;-‘*(x)’
=1 =1 g

and fix a number 0 < §y < 1 to be chosen after 5. Then

! - o~ wB) 1]
wUn) = Ywr < ay S [ L
=1 i=1 i=1 7 "

zég/uw(de) (|5f)|\M w.

Using the elementary inequality

st <e®+t(l+1logtt), s,t>0

we get
N
w(lJ R < 6, / exp(jiay (M) 1) My
= Ui, Ry
|/l + If1
log My
+/ 1+ 60/\ w
< do / exp (i (Maqw) ") Mgw
i= IR:*
(11) + (1 —log5g)/ /] <1+1 +|J;’> Maw.
Now, let

Q= / exp (o (Mygw) ™Y Maw.
UL, By
We claim that if we choose g small enough then

N

(12) Q S w(lJR).

i=1

To see this, we expand the exponential in a Taylor series. Then

Q= Zk'/uw Mgw)! Zk'/uwuw (Myw)'=F.
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Since

w(R;™)

we have

. 1 k—1

0<> L [ (z XRMde) (M)
k=0
o0 [o¢]
1
=Y [t =Y

k=0 k=0
To estimate Qi we introduce the following notation: For I C {1,..., N} we
put

Ar=R\JBRr

iel i1
Then the family {A;: I C {1,...,N}} is disjoint and moreover, for all i,n

with 1 <¢,n < N we have

(13) RFn{u=n}= |J Ao
Ic{1,...,N}
[Il=n—1
igl
So

Note that if |I| = n, then on A; we have

w(R}")
uw=mn and ,uwzz ’;**‘ .
i€l v

Therefore

N
Qr =) nF!
n=1 I1c{1,..,N} iel Z
[I|=n
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Rearranging the terms and then using (13) we get

Qk—z i IZ > Agul

n=1 R ’ Ic{1,..,N}
[I|=n—1
i¢l

N R**
n=1 =

Since the rectangles R satisfy (8), the argument in [2, p. 100] (this is the

only point where we use the fact that the rectangles are two-dimensional

and dyadic) shows that
[ 0 {p = n}| < &5l By,

where the implicit constant depends on gq (it is, actually, equal to (go(1 —

g0))~!). Consequently

N N
g Z k— 18 Z w R**
n=1 =1
Now
N N N
Y w(EBF) = wRFN|JRF) + > wRT\|JR)
=1 =1 1<t =1 1<
N N
=> w®Fn| R +w(l R
i=1 j<i i=1

Since w is a strong A, weight, there exist constants cg > 0, g > 0 such that

for every rectangle R and every E C R we have
10
wk) _ <|E|> .
w(R) |R|
In particular (6) implies

RNl . R* RNl . R**
UJ( 7 U]<z ])<C0<| () UJ<Z ] |> <CO€0-

w(R™) | R

Therefore
N N N
Zw (R7*) < coel’ Y w(R) +w(U R).
i=1 i=1 i=1
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So, if €9 has been chosen small enough we have

N N
> w(B) S w(l B
i=1 i=1

This implies that

UR** Z 80” N UR**

n,k=0

which proves the claim, for appropriately small &.

Combining (11) and (12) we obtain

— 00C:y)w UR** 1—1og5)/|f’<1+1g‘f|> Jw.

Choosing dp small enough and then using (10) we get (5).
We now show that (5) holds with M, replaced with M. Indeed if = €
{M f > A} then there is a rectangle R containing x such that

1
<|R|/R|f|-

Notice that there exist four dyadic rectangles R}, R, R, R with measure

comparable to the measure of R so that R is contained in their union. Then

| 1
Z \Rr AN

which implies that for some k we have

1

s Ryl SRy 17l
Therefore
Ry, c {Maf 2 A}
Hence
R S [RN{Maf Z A}
Consequently

Mxap>ay () 2 1
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We conclude that
{Mf > C{Mxqapay() 2 1}
Since M is bounded on L"(w) we get that
w{Mf>A}) Sw{Maf 2 A}),
which completes the proof. [l

Note that, by interpolation, (4) implies (3). Moreover, it implies (2) since
a strong A; weight is a strong A, weight, for every r > 1, and also satisfies
Mw < w almost everywhere. So, our result extends the corresponding

results in [1] and [5].
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