A NOTE ON THE DISTANCE SET PROBLEM IN THE PLANE
THEMIS MITSIS

AsstracT. We use a simple geometric-combinatorial argument to estab-
lish a quantitative relation between the generalized Hadisdwrasure
of a set and its distance set, extending a result originally due to Falconer.

Let A be a subset of the plane. THistance seD(A) is defined as the set
of all distances between points Af Namely

D(A) ={Ix-yl: xy €A}
It follows from the work of Falconer [2] (see also Mattila [3]) that

< dim(A) < g’ = dim(D(A)) > dim(A) - %

NI

and
dim(A) > g = LYD(A)) > 0,

where dim denotes Hausdbdimension and.! linear Lebesgue measure.
This was improved by Wl [4] who showed that

1 < dim(A) < g = dim(D(A)) > gdim(A) ~1

and 4
dim(A) > 3> LYD(A) >0

Putting these results together, one has the following estimate for the Haus-
dorff dimension of the distance set

. dim(A) - 3 if 3 <dim(A) < 1;
(1) dimDA) = { 3dim(A) — 1 if 1 < dim(A) < £.

It is a central open question in geometric measure theory whetheAgim(
1 implies thatD(A) must have positive Lebesgue measure.

The proof of (1) involves techniques from harmonic analysis, more specif-
ically, Bessel function estimates of the Fourier transform of radial functions
and decay estimates for thé circular means of the Fourier transform of a
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measure with finite energy. In this note we use a purely geometric argument
to study the relation between a set and its distance set in terms of general-
ized Hausddf measures. As a corollary, we obtain a sharpening of (1) in
the case of sets of positivedimensional Hausdéfrmeasure witts < 1.

Before proceeding with the statement of our result we make some defini-
tions.

B(x,r) is the open disc of radiuscentered ak.

Q(x,r) is the squared, b) x [a, b) with center atx and diameter.

If A c R?is bounded, then its diameter is defined by

diam(A) = sud|x—yl : x,y € AL

For a finite se¥, cardf) denotes its cardinality.
A measure functiors a non-decreasing functidigr), r > 0, such that

IrlLrg) h(r) = 0.

The generalized Hausdgfiouter measure\, with respect to a measure
functionh is defined forA c R? by

An(A) = itjopinf {Z h(r)): Ac LJJ B(X;. 1)), I} < 5}.

J

Whenh(r) = r3, Ay, is the usual Hausdfirouter measure denoted y°.
Our result is as follows.

Theorem. Let C be a bounded Suslin subsetRsf and leth be a measure
function. Suppose tha#,(C) > 0 and let

1/r

w(r) = (h(r) (h(diam(C)) + | h(l/s)ds))l/z.

ThenA,(D(C)) > 0 whenevery makes sense as a measure function.

Proof. By Frostman’s Lemma (see Carleson [1]), there exists a measure
supported irC such that

w(B(x,r)) < h(r) forall x e sptu)

Leta, b € C be two points of density with respect o ChooseR > 0 such
that 1R < |a— b| and put

A=B(@aR) NC, B=B({ORNC.

Now, define
D(A,B) ={|x—yl: xe A,ye B},
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and let{(r, rg + &)}« be a countable covering @ (A, B). Without loss of
generality, we may assume that

8 12

Ela— bl <r¢ < Ela— bl.
Then
(@) u(AuB) < ) (e mi(xy) € AxBir < |x—yl < e+ .

k
Fix k and let{Q(x;, ew)}ier, {Q(Y;j, &x)}jes be disjoint coverings oA and B
respectively. Put
& = u(AN Q(X, &), by = u(BN Qlyj, &)

and consider the following sets of indices:

I:{(i,j)e I xJ: rk—28k<|xi—yj| <rk+38k},
A()={iel:(,))el}, jel
Bi)={jed:(,))el} iel.

Then, letting
My = (e u){(xy) € AXB:Irg <[X=Y| <Tg+ &),

My < ZaiijZaiij

(i,j)er i€l jeB(i)

3o (el

i€l iel jesB(i)

we have

1/2

1/2

=uAY2[ > a > byb,

i€l j1,j2€84(i)

1/2
= /J(A)l/2 Z bj, bj, Z aJ .
j1,j0€d ieA(j1)NA(j2)
Now for fixed ji, j, € J, the set
{X 11eA(jr) N A(j2)}
is contained in the intersection of the two annuli

{X:rg—2e < |X_yjll < rg + ey}

and
{X:r— 28 < [X=Y,| < I + 3eu.
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Using geometry we can show that the area of this intersection is at most
10022 . 100@|a - bl)%e?
|y11 - yjz| \/(Zrk)z - |yjl - yjz |2 |yj1 - yjzl (16R)2 - (4R 2

Note that{x}i and{y;}jc; are g-separated sets of points in the plane.
Therefore

1
& + |yj1 - yjz| .
Furthermoreg; < h(ey) becaus&(x;, ¢) c B(X;, &). It follows that

1/2
Z b b )
R e+ i, - Yl

card{i € A(j1) N A(j2)}) <

My < u(A)Y?

j1,j2€d
1/2
= (AN 2| ) by,
MZeJ ] JZZeJ k+|y11 Yiol
duy) |
Iy,
< u(ANY?h(=)Y?| ) by, f —)
MZE;] . jzze;] Q(yj2 £k) Ek + |yjl - y|
1/2
dﬂ(Y)
— A 1/2h 1/2 1f
1A ?n(ey) JZJ ) W v
1/ex 1/2
= u(A)?h(2)"?| > bjlf pu(ly € B: e+ 1y, —yi < 1/s))ds
jaed
1/ex 1/2
< u(A)2h(g )2 an(f p(B(yjl,l/s))ds+f h(l/s)ds)

j1€d

e 1/2
< u(A)2h(g )2 ijl(h(d|am(C))+fl/ h(l/s)ds))

ji€d
= u(A)V2u(B) 2y (s).

Hence, by (2)
H(A2u(B)? < Z w(en).
This impliesA,(D(C)) > Ay (D(A, B)) > O. O

Takingh(r) = rs, 1/2 < s < 1, givesy(r) < r>Y/2, Hence we obtain the
following.

Corollary. LetA be a subset of the plane such tidg(A) > 0, with 1/2 <
s< 1. ThenHSY2(D(A)) > O.
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Note that since am-dimensional set may have ze¥d”-measure, our
corollary extends (1) in the indicated range of dimensions.
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