CORRIGENDA: “ (n,2)-SETS HAVE FULL HAUSDORFF
DIMENSION”

THEMIS MITSIS

1. INTRODUCTION

In [1] the author claimed that am,(2)-set must have full Hausd®rdi-
mension. However, as pointed out by Terence Tao and John Bueti, the proof
contains an error. More precisely, on page 389, the argument doesn’t really
show thatP} c II. In this note we outline how one can correct this, by
constructing families of plates so that their intersections with a given one
contain line segments of fixed length. The price we pay is a weaker re-
sult. Namely, we show that the Haustfadimension of ani{, 2)-set is at
least (21 + 3)/3, which is, nevertheless, an improvement on the previously
known (2h + 2)/3.

As in [1], the Hausddf dimension bound is a consequence of the follow-
ing which should replace Proposition 4.1 in [1]

Proposition 1.1. SupposeE is a set inR", 1 < 1andB = {Pj})!, is a
s-separated set i, with diam(8) < 1/2, such that for eactj there is a
plate P; satisfying
IPS N E| = APl
Then
|E| > Cglde/laM(Zn—3)/(6(n—2))6n—2’
wherea is a positive constant depending bn

2. PRELIMINARIES

Our terminology and notation are the same as in [1]. The orffgmdince
is that when we writex X5 y we meanx > |logd|~y, for some positiver.
As is customaryC denotes positive constants not necessarily the same each
time they occur.

We will make use of the following.

Lemma 2.1. SupposeE is a set inR", B,« < Land& = {Pj}}L; is any-
separated subset @f, with diam(&) < 1/2, such that for each) there is a
plate P'J.”7 satisfying
P70 E\TE@)| > «IPY)
1
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forall ee S, ze R". Then

|E| ZIB ﬁZ(ﬂ-Z)/3K|8|1/3nn—2.
Proof. This is a 2-dimensional version of Bourgain’s “bush” argument. The
proof is almost identical to the proof of the result in [2], sO we omit itO

3. PROOF OF THE PROPOSITION

First, by an argument analogous to that of [1, page 386], one shows that
there is a familyC’ c {P(J?};"'Zl, with |C’| > M/2 so that for eacﬁ"]? € C’ there
is a sel‘A’j C P‘f N E of measurq;A’jl > 16"2, such that for eack A}
iy € PINE\B(X,Co) : [{k: [x,Y] € PRI > po}l 2 262,

wherec is a small fixed constantx[y] is the line segment joining andy,
and

(1) to ~ MIE[2226%2),
Then using the pigeonhole principle as in [1, page 387], we conclude that
there is a numbes with 6 < p < 1, a familyC c C’ with |C| 2s M, and a
subsetA; C A] with |Aj| 25 A6"? so that for eacIP‘J? € C and eachx € A;

Hy € P{NE\B(X,Co) : Itk: [xy] € Py & p < d(Pj, Pi) < 20}l %5 poll

is 25 A0"2. Next, for eactP; € C, let

Dj={Py:p<d(Pj,P) <2
andP;, N P contains a line segment of length at leagt
Arguing as in [1, page 387] we show that
(2) 1Dl 25 (405 1o

Now we are in a position to carry out a version of \sl “hairbrush” argu-
ment. Namely, for eaclf?‘js € C take a maximab/p-separated set of points

{eji}i on the @ — 3)-dimensional unit sphei®™* N le, and let

Hji = Cj + H’ji’
wherec; is the center oP| andIl; is the 3-plane spanned kg andP;.
Using the fact that the intersection of ea@he D; with P; contains a line
segment of length at leasg, one can indeed show that for eve®y € D,
there exists ansuch thaf;, c I15°. Therefore, letting

Dj ={P} € D; : P} C IT}"},

o =| Jo;.
i

we have



CORRIGENDA: “(n, 2)-SETS HAVE FULL HAUSDORFF DIMENSION" 3

Now for eachP‘J? € C, let P?’Cp be a plate with direction plan®;, the same
center aSD‘J? and the indicated dimensions. Proceeding as in [1, pages 390-
391] one shows that for afle S"1, ze R"

PI% NE\TY@)I 2 y"22%"2 )" 1052,
i

wherey = A|logé|. Using this, (1), (2) and the inequality
Dj1 < " 1Dl s p5t Y 1D;[M2
i i
we get
3) IPI% NE\TY(D)] 25 A™*MIE| 6™
Now let& be a maximaCp-separated subset (?; : P‘f € C}. Then
€] 25 (6p71)* M.
So, rewriting (3) as
PI NE\ T 2 CH ™ MIE[ % "6 |Py™),

we see that the familj/P?’C" . P; € &} satisfies the conditions of Lemma
2.1 withl = 4,7 =Cp, 8 =y = A|logs|™* and

k= Cl A MIE %™ 6™,
Hence, after some algebra,
(4) IE| > C-16°A% (512 IOM 4962,
for somea; > 0. Note that (3) trivially implies

E| > C-16°A%2 (5 1) YEM Y352
for somea, > 0. So, ifp > SMY@0-2) then
) |E| > C;l(sf 122 M @n-3)/(6(n-2) sn-2.
On the other hand, jf < sMY0-2) then (4) gives
(6) E| > C 15° 1t M@-3/(60-2)5n-2,

Combining (5) and (6) we complete the proof.
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