
ON NIKODYM-TYPE SETS IN HIGH DIMENSIONS

THEMIS MITSIS

A. We prove that the complement of a higher dimensional Nikodym
set must have full Hausdorff dimension.

1. I

In [4] Nikodym constructed a subsetF of the unit square inR2 such
that F has planar measure 1, and for every pointx ∈ F there exists a line
passing throughx intersectingF in that single point. Such paradoxical sets
are called Nikodym sets.

Falconer [3] extended Nikodym’s result to higher dimensions. He proved
that for everyn > 2 there exists a setF ⊂ Rn such that the complement of
F has Lebesgue measure zero, and for everyx ∈ F there is a hyperplaneH
so thatx ∈ H andF ∩ H = {x}. We call such a set ann-Nikodym set.

The purpose of this paper is to show that the complement of ann-Nikodym
set, even though is small in terms of Lebesgue measure, must be large in
terms of Hausdorff dimension. Namely, we use ideas from [1] and [2] to
prove the following.

Theorem. The Hausdorff dimension of the complement of ann-Nikodym
set is equal ton.

A few remarks about our notation.Lk(·) denotesk-dimensional Lebesgue
measure and card(·) cardinality.B(x, r) is the ball with centerx and radiusr.
χA is the characteristic function of the setA. Finally, x . y meansx ≤ Cy,
whereC is some positive constant not necessarily the same at each of its
occurrences.

2. P   

Let E be the complement of ann-Nikodym set inRn. Without loss of
generality we may assume that there is a subsetA of the unit cube with
Ln(A) > 0 such that for everyx ∈ A there exists a setHx with the following
properties:
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(P1)Hx is a rotated translation of [0,1] × · · · × [0,1]︸                 ︷︷                 ︸
n−1

×{0}.

(P2) The center ofHx is the pointx.

(P3) The normal vector toHx makes an angle less thanπ/100 with the unit
vectoren = (0, . . . , 0,1).

(P4)Hx ∩ E = Hx \ {x}, so in particularLn−1(E ∩ Hx) = 1.

We will show that for everyε > 0 the (n − ε)-dimensional Hausdorff

measure ofE is not zero. Therefore, the Hausdorff dimension ofE must
equaln. To this end, fix a countable covering{B(xj , r j)} of E, and for every
integerk let

Jk =
{
j : 2−k ≤ r j ≤ 2−(k−1)

}
,

Ek = E ∩
⋃

j∈Jk

B(xj , r j), Ẽk =
⋃

j∈Jk

B(x j ,2r j).

We will bound
∑

j rn−ε
j from below by a constant depending only onε.

Notice that for everyx ∈ A there exists an integerkx such that

Ln−1(Ekx ∩ Hx) ≥ 1
4k2

x

.

Indeed, if this were not the case for somex ∈ A, we would have

1 = Ln−1(E ∩ Hx) ≤
∑

k

Ln−1(Ek ∩ Hx) ≤
∑

k

1
4k2

<
1
2
.

Now let

(1) Ak =

{
x ∈ A : Ln−1(Ek ∩ Hx) ≥ 1

4k2

}
.

Then
A =

⋃

k

Ak.

Therefore, there must be an integerN such that

Ln(AN) ≥ Ln(A)
2N2

,

because otherwise we would have

Ln(A) ≤
∑

k

Ln(Ak) ≤
∑

k

Ln(A)
2k2

< Ln(A).
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Next, we decompose the unit cube into a grid of small cubes, each of side
2−N.

[0,1]n =

2N⋃

i1,...,in=1

n∏

k=1

[
(ik − 1)2−N, ik2

−N
]

=

2N⋃

i1,...,in=1

Qi1···in.

Let
I =

{
(i1, . . . , in) : Qi1···in ∩ AN , ∅} .

Notice that for each (i1, . . . , in) ∈ I , property (P2) and (1) imply that there
exists a rectangleRi1···in such that

• Ri1···in has dimensions 1× · · · × 1︸      ︷︷      ︸
n−1

×2−N.

• Ri1···in is parallel toHx for somex ∈ Qi1···in.
• Ri1···in ∩ Qi1···in , ∅.
• Ln(ẼN ∩ Ri1···in) & N−22−N.

Now let

R′i1···in =


Ri1···in if ( i1, . . . , in) ∈ I

∅ otherwise
.

Then

N−2Ln(A) . Ln(AN) ≤
∑

(i1,...,in)∈I
2−nN = 2−(n−1)NN2

∑

(i1,...,in)∈I
N−22−N

. 2−(n−1)NN2
2N∑

i1,...,in=1

Ln(ẼN ∩ R′i1···in)

= 2−(n−1)NN2
2N∑

i1,...,in−1=1

( ∫

ẼN

2N∑

in=1

χR′i1···in

)

≤ 2−(n−1)NN2Ln(ẼN)1/2
2N∑

i1,...,in−1=1

( ∫ ( 2N∑

in=1

χR′i1···in

)2)1/2

= 2−(n−1)NN2Ln(ẼN)1/2
2N∑

i1,...,in−1=1

( 2N∑

l,m=1

∫
χR′i1···in−1l

χR′i1···in−1m

)1/2

= 2−(n−1)NN2Ln(ẼN)1/2
2N∑

i1,...,in−1=1

( 2N∑

l,m=1

Ln(R′i1···in−1l ∩ R′i1···in−1m)
)1/2

.

Now using property (P3), it is easy to show that for fixedi1, . . . , in−1 we
have

Ln(R′i1···in−1l ∩ R′i1···in−1m) .
2−N

1 + |m− l| .



4 THEMIS MITSIS

Consequently
2N∑

l,m=1

Ln(R′i1···in−1l ∩ R′i1···in−1m) . log 2N = N log 2.

Therefore
N−2Ln(A) . 2−(n−1)NN2Ln(ẼN)1/22(n−1)NN1/2

⇒ Ln(ẼN) & N−9Ln(A)2.

On the other hand, by the definition of̃EN we have

Ln(ẼN) . card(JN)2−nN.

Hence
card(JN) & 2nNN−9Ln(A)2.

We conclude that∑

j

rn−ε
j & card(JN)(2−N)n−ε & 2NεN−9Ln(A)2 & Cε.

The proof is complete.
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eaiŕement accessibles.Fund. Math.10 (1927), 116-168.

D  M, U  C, K A., 71409 I, G

E-mail address: mitsis@fourier.math.uoc.gr


