ON NIKODYM-TYPE SETS IN HIGH DIMENSIONS
THEMIS MITSIS

AsstracT. We prove that the complement of a higher dimensional Nikodym
set must have full Hausddimension.

1. INTRODUCTION

In [4] Nikodym constructed a subsé&t of the unit square irR? such
that F has planar measure 1, and for every poird F there exists a line
passing through intersectingr in that single point. Such paradoxical sets
are called Nikodym sets.

Falconer [3] extended Nikodym'’s result to higher dimensions. He proved
that for everyn > 2 there exists a sét c R" such that the complement of
F has Lebesgue measure zero, and for exeryF there is a hyperpland
so thatx e H andF N H = {x}. We call such a set amNikodym set.

The purpose of this paper is to show that the complement pfidikodym
set, even though is small in terms of Lebesgue measure, must be large in
terms of Hausddf dimension. Namely, we use ideas from [1] and [2] to
prove the following.

Theorem. The Hausdogf dimension of the complement of afNikodym
set is equal ton.

A few remarks about our notatiof.X(-) denotek-dimensional Lebesgue
measure and cardlCardinality. B(x, r) is the ball with centex and radius.
xa is the characteristic function of the s&t Finally, X < y meansx < Cy,
whereC is some positive constant not necessarily the same at each of its
occurrences.

2. PROOF OF THE THEOREM

Let E be the complement of amNikodym set inR". Without loss of
generality we may assume that there is a suBsef the unit cube with
L"(A) > 0 such that for every € A there exists a séd, with the following
properties:
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(P1)Hy is a rotated translation of [@] x - - - x [0, 1] x{0}.
n-1

(P2) The center ol is the pointx.

(P3) The normal vector tbl, makes an angle less thapl00 with the unit
vectore, = (0,...,0,1).

(P4)H, N E = Hy \ {x}, so in particula."*(E N H,) = 1.

We will show that for everye > 0 the f — &)-dimensional Hausdér
measure ok is not zero. Therefore, the Hauséodimension ofE must
equaln. To this end, fix a countable coverifiB(x;, r;)} of E, and for every
integerk let

={ji:2*<r 20D},

E, = EﬁUB(Xj,rJ‘), Ek: UB(Xj,er‘).
je\]k jEJk
We will bound }}; ri from below by a constant depending only &n
Notice that for every € A there exists an integéy such that

LYEL NHyY) > —.
( Kx X) = 4k§
Indeed, if this were not the case for some A, we would have
1 1
_ rn-1 n-1 _ =
1=0 (EmHX)s;L (EkaX)s;4k2 <3
Now let
1
= ot > 1.
(1) Ay {xeA L (EkaX)_4k2}
Then
A= U A
k
Therefore, there must be an integésuch that
L(A)
n
LY(AN) 2 SNZ °
because otherwise we would have
LA
(A < L"(A).

LO(A) < ) LA < Sz
k k
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Next, we decompose the unit cube into a grid of small cubes, each of side
2N,

2N n 2N
.= | J [[lG-D2™i2™= | ) Q.
i1,..,in=1 k=1 i1,..,in=1

Let
| = {(il,...,in) . Qil---in NAN # 0}

Notice that for eachi{,...,i,) € I, property (P2) and (1) imply that there
exists a rectanglg,;,..;, such that

e R,.i hasdimensions & --- x 1x2°N.

n-1
e R, . is parallel toH, for somex € Qj,..,..
° Ruhﬂ Qi,.i, # 0.
e LN(ENNR,.i) 2 N22°N,
Now let

Rill'--in B {Rilmin ’ (il, . , In) €| .

0 otherwise

Then
N_ZLn(A) < Ln(AN) < Z 2—nN 2 (n— l)NNZ Z N- 22_

(ir.min)el (ir.min)el

< 2—(n—1)N N2 Z Ln(EN N R',r-.in)

2N oN

=2 NNz R ﬂ D XR,)

ioima=l YEN§ 21

oN 2N

e, ([ (s )
i1,00in-1=1 =1

= 2~(-1N NZL”(EN)” ; Z f AR in X R i 1m)1/2

[FT. In11 I,m=1
2N

= 2‘(”_1)NNZLH(EN)1/2 Z Z Ln(Rll gl N Rll in- 1m)

i1 ..... in—l 1 |m=1

)1/2

Now using property (P3), it is easy to show that for fixed..,i,; we

have
—N

£Jn(RI',]_“'in,]_l m Rill---in,lm) S

1+ m-I°
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Consequently
2N
Z L'R .  NR. i m <log 2N =Nlog2
I,m=1

Therefore

N_ZL”(A) < 2—(n—1)NNZLn(E’N)l/ZZ(n—l)NNl/Z
= L"(En) = N2L"(A)2.
On the other hand, by the definition Bf, we have
LY(Ey) < card@y)2™.
Hence
card@y) = 2"NN°L"(A)2.
We conclude that
Z " 2 card@n)(2™)"° 2 2%N~°L"(A)? 2 C..
J

The proof is complete.
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