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A Stein—Tomas restriction theorem for general measures

By THEMIS MITSIS (Jyviskyli)

Abstract. We prove a general Stein—Tomas type restriction theorem for measures
of given dimension and Fourier exponent.

1. Introduction

Let do be normalized surface measure on the (n — 1)-dimensional
sphere S”~ 1. For an integrable function f : S" ! — C, consider the
Fourier transform

Fdo () = / f@)e o (z).

The classical Stein—Tomas restriction theorem is the following statement.

Theorem 1.1. For every p > 2(n+1)/(n — 1) there exists a constant
Cpn > 0 such that

|fdol, < Cp,anHL?(da)
for all f € L?(do). Moreover, the above range of exponents is best possible.

This result has been extended to various more general situations where
the sphere is replaced by smooth manifolds satisfying certain curvature
hypotheses. For proofs and more details the reader may consult STEIN [2]
and the references contained there.

Mathematics Subject Classification: 42B99.

Key words and phrases: Fourier transforms of measures, restriction theorems.
Supported by a Marie Curie Fellowship of the European Community under No. HPMFCT-
2000-00442.



90 Themis Mitsis

The purpose of this paper is to prove an analogous restriction theorem
for general measures. By the term measure we will always mean a positive,
finite, compactly supported Borel measure in R™. For such a measure p,
we denote by spt(u) its support. The Fourier transform of 4 is defined by

i(E) = [ e Sdu).

Similarly, if f : R* — C is a p-integrable function, we define

ﬁﬁ@ri/ﬂmf%”%mm.

Letting B(z,r) be the closed ball of radius r centered at the point z, we
can state our main result as follows.

Theorem 1.2. Let p be a measure in R such that
p(B(z,r)) <r® VzreR' r>0

and
1

) <

for some 0 < o, f < m. Then for every p > 2(2n — 2a+ 3)/f3, there exists
a constant Cp,, o g > 0 such that

||fd,u||p < Cp,n,a,6||f||L2(du)

for all f € L?(du).

The example of a bounded flat hypersurface, in which case restriction
fails, makes it clear that the decay condition on f1 is, in a certain sense,
indispensable and that no general restriction theorem can be based only
on dimensionality or even smoothness considerations. We will address this
issue again in Section 3.

Throughout this paper, z < y means z < Cy, where C is a positive
constant depending on the context and whose value is irrelevant. Similarly,
z ~ymeans (r Sy &y < xz). If Ais a subset of R" then x4 is
the indicator function. Finally, we will denote a-dimensional Hausdorff
measure by H¢.
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2. The main result

Theorem 1.2 will be a consequence of the following

Proposition 2.1. Let y be a measure in R* such that

(1) pw(B(z,r)) <r® VzreR' r>0
and

S < 1
(2) 1)l < BEE

for some 0 < a, 8 < n. Then for every p > 2(2n — 2a + 3)/8

7% Fllp S 171l

for all f in the Schwartz space S. Here p' is the conjugate exponent
p'=p/lp—1).
PROOF. Let ji(z) = fi(—z) and f(z) = f(—z). Then

fixf(a) = ix f(-z).

Therefore, it is enough to show that ||g * f|l, < | flly -
Let 9 be a C*> function which is equal to 1 when |z| > 1 and to 0
when |z| < 1/2, and let ¢(x) = ¥(2z) — 1(z). Then

supp(¢) C {z: 1/4 < |z| < 1}

and

Y p27z) =1, if|x| > 1.
§=0
We now decompose i as follows.
j=0

where

Kj(z) = ¢(277 ) (=),

Koo = (1- §¢<2—-fm))g(m).
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We are going to estimate || K * f| o and ||K; * f]|2.
Using (2) and the support property of ¢ we get

_;B
(3) 1K % flloo < WK lloollf Il S 2772 ([ f 11

To estimate |[K; * fll2, let ¢;(z) = #(277x) and choose N > a. Then,
using the property of distribution functions and the fact that ¢ is rapidly
decreasing, we get

IR3(€)] = g5 = m(6)] = ‘/ i y)du(y)‘

< COn2m

1
jno—jo
by (1) < Cn2/"2 /0 o/
< 2.7(71—(1)‘

It follows that ||IA(J||oo < 27(n=a) Therefore

-~

(4) 1K flla = 11K Fll2 < 1K ool fll2 S 277 £ 2.

Now, (3) and (4) allow us to think of convolution with the kernel K; as an

operator from L' to L*> and from L? to L?. Therefore, we can interpolate
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between (3) and (4) using the Riesz—Thorin theorem. This gives

1K flipoy S AO) [ fllqey, 0 <6 <1,

where
p(0) = 2/6, g(0) =2/(2—6), A(f) = 2(n=)0=iz(1-0)
Equivalently
1K * fllp S 205meBp)| £l p>2,
where ) )
C(naawﬁap) = M - é (1 - _) .
p 2 D

93

Further, note that since K_ ., is a C*° function with compact support we

have
Koo * fllp SNfllps p>2

by Young’s inequality.
To complete the proof, notice that the sum

K oxf+) Kjxf
J

converges pointwise to ji x f since f is a Schwartz function. Moreover,
the exponent ¢(n, a, B, p) is negative provided that p > 2(2n — 2a + ) /5.

Therefore

i * Fllp < 1K o0 * fllp + D 1 % fllp

J=0

oo
SN 2B fl S| £

7=0
To prove Theorem 1.2, let f € L?(du) and g € S. Then

/ Fan(©)g(e)de = / ) 1 W)an(y) < 170w |1 1220

=l ( [ 300700 "
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— 1l ( / ﬁ*g(x)g(x)dx) "

< £ 2y (8 * Gllpllgly )" S 11122 ) gl

where the last inequality follows from Proposition 2.1. Since § is dense in
LP | we conclude that

||fdMHp N ||f||L2(d,L)-

3. Remarks

1. Tt is a standard fact that the condition |f(¢)| < |£|~#/2 implies
that the Hausdorff dimension of the support of y is at least §. This can
be shown using the formulas

()2

lo(p) = C(n, @) o

d¢
and
dimg (A) = sup{« : Ju, such that spt(u) C A, I,(u) < oo},

for all Borel sets A C R"*. Here

Ia(u)—//w

z —y|*

is the a-energy of p and dimg denotes Hausdorff dimension (see MATTI-
LA [1]).

Another natural notion of dimension is the so-called Fourier dimen-
sion, denoted by dimpg. It is defined as the unique number in [0, n] such
that for any 0 < s < dimg A, there exists a non-zero measure p with
spt(u) C A and Ji(¢) < [¢]7%/2, and that for dimp A < s < n, no such
measure exists. By the remarks above, we have that for any Borel set
A C R*" dimgp A < dimg A. Sets A for which dimp A = dimg A are
called Salem sets.

We further note that |fi(¢)| < [¢]7#/2 implies that u(B(z,r)) < r8/2.
To see this, choose ¢ € S such that ¢ > 0, ¢ > 1 on B(0,1) and =0
outside B(0, §) for some § > 0. Let

Gor(y) = o (T - ”) .

r
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Then
u(B (1) < / bor (0)dpi(y) = / Bon (ER(-€)de

~ 1
" =
<r /Msﬁqs(rs)wp ¢

— B2 b L ge <002,
r /£|§5'¢(5)'|§ﬁ/2 £<r

Thus, we obtain the following version of Theorem 1.2 if we only know the
rate of decay of .

Corollary 3.1. Let u be a measure in R" such that
. 1
<
)| < 57

for some 0 < 3 < n. Then for every p > 4n/[, there exists a constant
Cpn,p > 0 such that

||fd,u||p < Cp,n,B”fHL?(dm

for all f € L?(du).

2. The argument for the L? estimate in the proof of Proposition 2.1
was based only on dimensionality considerations. This suggests that there
should be an L? bound for ]"/(]71 valid under very general conditions. This
was first observed by STRICHARTZ [3] in a different context. He showed
that if pu satisfies u(B(z,r)) < r® then

1
sup
zo€R™r>0 T

/ Fan(€) 2e < 1F12 0 ap.
B(zo,r

His approach involved the fractional Hardy-Littlewood maximal function.
Here we will give a simple, direct proof of a more general result.

Theorem 3.1. Let u be a measure in R"” satisfying u(B(xz,r)) < h(r),
for some non-negative function h. Then there exists a constant C' > 0 such
that

/B AP S RO
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forallzg € R" v >0, f € L?(du).

PROOF. We will prove the theorem in the case where B(xzg,r) is cen-
tered at the origin. The general case then follows by multiplying f by a
character.

Let ¢ be a radial Schwartz function such that ¢ > 1 on B(0,1), (;AS =0
outside B(0, C), for some C > 0 and let ¢,.(z) = ¢(z/r). Then

/ Fan(©)|Pde < / 6, (6) Fap(—)2de = / 1B, * (fdpr) () de
J B(0,r) . .

:/‘/ar(my)f(y)du(y)
: .//'a’“(x — y)ldu(y) /Isgr(x—y) ()P du(y)dz.

2
dx

For a fixed 2 we have

/ B0z — y)lduly) = " / Br(e — y))lduly)

J B(z,C/r)

<1 lloops(B(z, C/r)) S "H(C/T),

Therefore
/ Fap(©)2de < rh(C/r) / )P / B — y))|dedu(y)
J B(0,r) . .

= r"h(C/r)] / [F )1 duy) S " h(CIr T2 gy O

3. For expository reasons it will be convenient to make the following
definition. If 0 < «,f < n then the restriction exponent p(n,«, ) is
defined by

p(n,a, B) = inf{q : (Vu with p(B(z,r)) < r® and [3(€)* < 1//¢)7)
(Vf € L2(dp)) (| Fplly S N1£] 22 am)}-

For general values of «, § it is unknown whether Theorem 1.2 is optimal,
that is, whether p(n, a, 8) = 2(2n — 2a + 8)/8. We do, however, have the
following lower bound.
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Proposition 3.1. If ) < a, 8 < n then

pln, . 8) > .
«

PROOF. Let A = spt(u) and notice that pu(B(z,r)) < r® implies that
p is absolutely continuous with respect to H* | A with bounded density.
Therefore yn = hH® | A for some h € L>*(H* | A). Let € > 0 be such that
0<H*({x € A:h(z) >¢€}) <ooand put C ={z € A: h(x) > e}. Then
for H*-almost all z € C' (see MATTILA [1]) we have

> 29,

lim sup H*(C N B(x,r))

r re
It follows that there exists z¢ € spt(u) such that

pu(B(zo, 1))

lim sup > €29,

T

Choose a sequence ry, such that r, N\, 0, u(B(zo, 7)) ~ rg and put

fk = XB(zo,r)"

Now let ¢ be a Schwartz function which equals 1 on B(0, 1) and define

$r(z) = ¢ (m f‘)) .

Suppose we have restriction for some exponent g. Then

i = [ fe@dn(e) = [ b @ f)dnta) = [ O Fd(-¢)ag

= n / €20 3 1) Tl (—€)

< i |@llg I Fedplly < v ~pat
< bllg lfkdpla S vl felle an = 7

[N}

Since r; N\, 0 we conclude that
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Note that the optimality of the range of expomnents in the original
Stein Tomas theorem is intimately related to the fact that do has two
special regularity properties: It is a rectifiable (n — 1)-dimensional mea-
sure and its Fourier transform has the best possible decay rate. Here, by
the term rectifiable measure, we mean a measure whose support can be
covered by a countable union (J;2, f;(R" ') of graphs of Lipschitz maps
fi : R*71 — R™ plus a set of zero (n — 1)-dimensional Hausdorff mea-
sure (the reader is refered to MATTILA [1] for a complete discussion of the
notion of rectifiability). It might, therefore, be of some interest to try to
determine the values of @ < n for which there exists a measure p in R”
such that

(5) W(B(a,r) ~ %, @ €sph(n), 0 <r <1
and
(6) O <

PS> Jgjare

Clearly, the support of a measure satisfying the above conditions must be
a Salem set. It is, however, unknown whether any such measure exists for
non-integral values of a. On the other hand, we remark that if there exists
a measure 4 satisfying (5) and (6) with o < 2n/3 then the support of y
fails to be translation invariant in the sense that

pxp({(y,z) 1z —y—=z€spt(n)}) =0, V€ spt(u).
To see this, suppose that for some x, € spt(u) we have
px p({(y,2) im0 —y — z €spt(p)}) >0
and let ¢,, , be as in the discussion preceding Corollary 3.1. Then

o< / / Bz —y — 2.7)dp(y)dpu(z) = jox e (B, )

< / G (9) (1 5 % ) (y) < 17 / o) (o) Pde

[rgl<o

~ 1
3a/2 3a/2
<r //| O] reraardé S 7™
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for all 7 < 1, which is a contradiction.

No information on the nature of the geometric restrictions that (5)
and (6) impose on pu, other than the above-essentially trivial-remark, is
currently available.
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