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Aeutépa 11-1 (© 207), Tetdptn 11-1 (A 206). 'Evopln padnudrtov: 14/2/2011 (9O).
Qpec ypageiou: Toitn 10-12 %o yevixd uropeite va ue Poioxete ta tpwwd 10-12 oto ypageio pou (I 111,
070 TPOXATAGKEVUOUEVO XThHoo e Kvwoob).

ITepiypap? Touv padruatog
And tov 0d1Y6 oToud®Y:

Béhtioteg npooeyyioeg. "Yropén-Movoorpavto. Wnoloyiouds Pertiotwy mpooeyyloewy ot
Euxheideioug yopous. Koavovixée eliowoeg - Avontdypata Fourier -Opdoydvio Ilohudvuya.
Ouolopopyn tpocéyyion: Sapaxtnelodds PeEATOT®WY OPOLOUOPPWY TEOCEYYICEWY Xl UTOAOYIOUOS
e tic uedédoug Remez. I'evind nepl napeyorfic oe wa xou 800 dwuotdoeic. IapeuBohr ue splines.
[Tpooeyyotuxég 6TNTES TV splines. Apwuntixy ohoxirpwon xatd Newton-Cotes, Romberg,
Gauss.

BAio
To pdidnuo Yo Bactotel xuplwg GTIC ONUELOOELS

N. L. Carothers, A short course on approximation theory.

Baduoloyixd XOotnua — E&etdoesig

Oa undpet éva evBIdPEcO UTOYPEWTIXG DlaryBVIGUA Xt T7 Sidpxeta Tou eaurivou to onoto Yo petpdet to 1/3
Tou Baduol xou pévo yia v neplodo louviou.

Afdetar 1 SuvatdtnTa 08 G60UC ABUVATOUY VO BOCOUV TIC UTOYPEWTIXES eEeTdoelg péod ato eEdunvo va
{nthoouv va Badporoynlody pévo and to tehxd dayovioua. Autd elvon e@uxtd dtav:


http://fourier.math.uoc.gr/~mk/approx1011/carothers.pdf

L. Yuvtpéyouy avuxeipevixol Adyou (m.y. xdnotog unnpetel 0to oTpatd N Uéver pdvipo ahhol xon aduUVTEL
va vt €86)).

2. Ilpéner xdnotoc mou embuyel va eetaotel povo e tehxd droay@dviopa va 0 dNAOGEL Ypantde (gpath
apxet) oe uéva wéypr To téhoc Pefpovapiov 2011, pali ue Toug Adyous tou éxet.

e xopid GAAY nepintwon O Yo ebvar duvatr) evalloxtixy e€€taon.

Hupegohdyio Madruatog

H ochida authy Yo evpepdveton Touldyiotov petd and xdde pdinpo xow oxomd €yet va uetadider pepixés
Baotxée ypRotues TANpogopies Yo 0 REPEYOUEVO Tou padfpatos (.y. Tt va tpooélete, unodeilele yio Mioelg
TV aoxRoEwY, %.4.) xadde xou yia StodixaoTixd Vépota.

Eraving Yo Byaivouy avaxoveaoelg nou agopoty to pdinua ot yaptl. Ilapaxaied va cupPouiedecte
auTh TN oAb ToLAdYLoTOV 2-3 POopEg TNV ELOOUADAL.

1 Ae, 14/2/11: Ewayoywxd cto pddnua

Yruepa eldope puepind YEVIXE TEAYHATA Yid TO uddnua.

Eniong, wg napdderypa eldope T0 e pnopel xavelc va mpooeyyloet wio ouVEETNoT UEGW TOU TOAUGYVOULOU
Tahop TG CUVAETNONG XA TS VAL EYEL UL EXTIUNOT TOU GOAIALATOS.

Oa eivor xevTpd avTixellevo Tou PadfUaTog 1 TPOGEYYLIoT GUVIRTACEWY AT TOAUGYUUL.

Edaye tny €vvola tng PETEIXNS XU TOU UETPIXOU YWEOU UE UPXETA TOQUDELYHATA X VY (CUUE VO WAGHE
Y10 VOPUES TAVW GE BLavuoUaTIXols Y WEoUg.

[ToAhég amd autéc Tic €vvoleg elvol apXETA YEVIXEC OAAG €Vl YapaxTneloTixd autol Tou podfuatog ot
VYo aoyoholUaoTe xuplwg Ye TNV €vvola NG TEOCEYYLIONG OF TOAY GUYXEXPWEVOUS YWEOUS ot U6VOo Yia 2-3
dlopopeTixd eidn vopuauc. Av aoldveote 6Tt de yvwpilete mTOMG and To avTixelyeva avtd oug drafeBaury 6Tt
TpaXdTw 070 Udinuo Yo PAETOUPE XUPIS GUYXEXPUIEVES LOPPES AUTMY.

1.1 Ae, 14/2/11: ANAKOINQYXH

Adpo Teitn 15/2/11 Se Yo efpon udhhov otic wpeg ypageiou pou (Teitn 10-12) Aéyw acdéveroc. Mnopeite va
ue Peloxete yevixd to Tpwivd.

2 Te, 16/2/11: 'Oyt pdOnuo cruepa

Ae yivetar udinuo ofuepa Aoyw aoUEvelag Tou SIOAoXOVTA.

3 Aeg, 21/2/11: Noébppec o yeopptxols YOEOoUS
Efdaype didpopa mapadetypota yoouuxodv ywewy (ue ouvtekeotéc and 10 R 4 1o C) nou Ya pac anacyolicouy:

C" ={(z1,...,2n) : 2 € C},

R" = {(z1,...,2zn) : z; € R},

P" ={p(z) =po+p1x+ -+ puz" : p; € C}, (C-nohudvuya Baduod < n)
C([a,b]) ={f:[a,b] = C: f ouveyhc}.

Or tpeig mpddToL elvon Y Wpot TEMEpAoUéVS BIACTAONS EVG O TEAEUTAOC AMELRTC.



Efdape mowr eivon tor aduopato wog vopuas o€ €va Yoouutxd Yweo xat eldape to e€Xg Tapadelyota VOpUMY
oto C" ) oto R"

n
Izl =D I,
j=1

2]l =  max |z],
7j=1,...n

Yo Tt omola anodel€ayue 6Tt oy oUV Ta AEIOPATA TNG VORUIC.
‘Encita eldaye ti¢ Aeyopeveg p-vopue oto C*

1/p

n
l2ll, = | D 1=
j=1

v 1 < p < oo. T va anodeiloupe 61t xou autée eivor vépuee (1dtaditepar Yo var anodeifovye TNy Tprywvixh
aviobTNTa) Ypeldotnxes va anodeifouye xdmoleg xhaoixés avio6tntes, ot omoleg ot apriuol p xar ¢ mhvta
ouvdécovtal e 11 oyéon
1 1
1= » + 7 (p, govopdlovtar ovlvyels extéres).

O1 xhaowxéc autéc aviodtnTee, e T oelpd tng anddelne, eivar ot

Oewpnua 3.1. Av z;,w; € C, j =1,2,...,n, térc wylovr o1 napaxdtw aviodTnTes:
Awno. Young:ab < a?/p+b?/q, (a,b>0), (1)
n n 1/p n La
Ave. Holder: Y |zwi| < [ D Iz | - [ D jwsl*| . (2)
j=1 j=1 j=1
. 1/p " 1/p " 1/p
Awio. Minkowski: Z |z; + w;|? < Z |z;|P + Z Jw; [P (3)
j=1 j=1 J=1

Ipdhta amodeilope TRV avicdtta Tou Young, ond tnv onola anodeiloue v avicdtnto Tov Holder xon and
Ny onola anodetloue Ty avicotnta Tou Minkowski, n onolo efvar xou 1 TerywvX aviodTnTa Y THY P-VOPUA.
Edw| nepintwon g avioétntag Holder yio p = ¢ = 2 ebvon 1 mohd yvwoth avicdétnta Cauchy-Schwarz:

1/2 1/2
n n n

Slzwg < DY 5P (D lwl?] (4)

J=1 J=1 J=1

Eidaue nog opllovtar ot p-vépueg v ydpous ouvapthioewy xot daitepa yia wo ouvdptnon f € C([a, b]):

SUPzca,b) |f((L‘)| p=00

||f||p = (I; |f(a:)|pdx>1/p | <p< oo

To aidpata g vopuog o oauTh TNV TERITTWoT anodexvioviar oyedov axpiBde e Tov (Blo TpoTo oK xou
oty nepintworn tou C™ pévo mou oty Véon Ty dlapopwy alpologdtwy eppavilovial ThE ONOXANPOUAT.

H mo onpavti] xaw toutédypova mo ebyenotn ond Tic p-voppeg ebvan 1) 2-vopua. O Aéyog elvan 1 Omapdn
TOU ECWTEEIXOV YIVOEVOU Tou cLUVIEETA Ue T Vopua avty. To ecwtepind yivopevo twv z, w € C" eiva
1 ToGoTNT

n
(z,w) = Z 2 W5 .
i=1



Avtictorya av f,g € C([a,b]) téte 10 eowtepxd Yivouevd toug eivar 1 tocbdTnTa

b

(f,9) = [ f)g(x) da.

a

Kot o1i¢ 800 nepinteoelg €ouue TNy TOAD GNHavTLXy oyéon

I£15 = (f, f) 1 llzll5 = (2, 2).

4 Te, 23/2/11: Icoduvopiec vopunv. "Yroaplr Bértiotng ntpocéy-
YLONG AnO LUTOYWEO.

Abo vopuec |||, xa |||, oe évar ypauuxd yodeo V ovopdlovtar toodivayes av undpyouv d0o Yetixés otadepés
C1, Cy tétotec wote yia xdde x € V va €youue

Cillzlly < llzlly < Calll,.

Me ddho Aéyta tav ot Tiwég Toug elvon tdvta “ouyxploes”.

Arnodeilope ofuepa 6Tt oE Eva ypo V nenepaouévng didotaomg 800 OTOLECONTOTE VOPUES EIVAL LGOOUVAUES.
Efdape enlong pe noupadelypata 61 dev woyber to 810 oe ydpous dneiprng didotaong, T.y. oto yweo C([a,b]),
6mou eldope 61t or vopues ||-||1, |- llas ]l o OEV ebvar toodlvayes (onoteodhinote 600 and autéc).

H Ocwpio Ilpocéyyiong pehetdel xuplwg 1o mpoPhnua g Teocéyyiong and umOYwEo. TN YEVIXT TOU
woper To mEdBAnua autd éyel we ehc. Eyoupe éva ypoumuxd yweo X pe voppa ||-|| xow éva undywed tou Y.
‘Eyouue eniong éva x € X 10 onolo ¥éhoupe va npooeyyiooupe and éva otoyeio y € Y Gote 1 andotoo
|z — y|| va eivar 600 0 duvatdy wxpt|. To xdplo Vedpnua tou deiaue oRuepa elvon dtt dtav o yodpoc Y eivor
TENEPAOUEVNS BLAOTAOTS TOTE TdvTa uTdpyel éva y* € Y To omolo anotehel fédtioTn mpooéyyion tou x:

le =yl < llz—yl, vyeY.

H Bértiotn auts| npooéyyion dev eivor ev yével povadixd (1o av efvar i 6yt eZaptdton xuping and 1o yia Tota vopua
whdpe). Mo onpavtixd, epopuoy outol eivor 61t av f € C([a, b]) téte av ddyvouue va ehaytotonotfioouyue
drapopd
1 (@) = p(@)llo,  p(x) € P,
UTIAPYEL TOUAAYLOTOY €Va TOAUMYLUO TOU LAOTOLEL TO tv@iuuy authc Tne dtaopds. Ymdpyel dnh. Béltiot
nohvovupx npocéyyion e f. O hbyog eivar 61t 0 urdywpoc P tou C([a, b)) elvon nenepaouévne Sidotacng
dimP" =n+ 1.

Auté woyber xor av ot Véon g voppag |||, TUPATEvVE YENCILOTOAGOUYE Ut OTOIDHTOTE GAAY VopUa, T.Y.
wot amd tic ohoxhnpwtinée vopues |-y 1 Illo-

5 Aeg, 28/2/2011: Ewoaywyh oto Oedhpnua tou Weierstrass

Yrjuepa aoyohnixape ye to mapaxdte Yewpnua tou Weierstrass.

Oewpnua 5.1 (Weierstrass). Av a < b elvar npaypaticol apidpol ka1 n f : [a,b] — C elvar ovveynig
Téte vrdpyer akodovdia toAvwviuwy Touv ouykAivel opoiduoppa otny f oto didotnua [a,b].

‘Evag dta@opeTinds TpOTOC Vo TOUUE To (Blo mpdyua eivon var molue 61t untdpyet axohoutior TOAUWVOUGLY Dy,
T.0. [[pn — flloo — 0, émov 1 ||| o, €lvon avoagopixd e to Sdotnua [a,b], 1oy vel dSnhadt

l9lloc = sup |g(z)].

x€|a,b]

Tn Sedtepn avty SlatdNWoY UTOPOUPE Xot VAL TNV THPOVUE WS TOV 0pLOUS TNG OUOLOpopYNS oUYXNONC.



Oplopdg 5.1. Av f, fr : K — C elvar ovvaptioes opiouéves ndvw oe éva otvodo K Aéue du n axoloviia
fn ovyrkdiva otny [ opoiduopga oto K av

If = falloo = sup [f(2) = fu(2)[ =0, (n — o).
zeK

Hapatipnon 5.1. Trdpyer AMdyog mou oto Oetpnua tou Weierstrass nepiopt{ouacte oe ouveyelc cuvapthoei:

Oewpnupa 5.2. Av f, f, + K — C elvar ovraptijoag opwopéves ndvw oe éva olvodo K, o f,, elvar
ouveyels oto K kai n akodovilia f,, ovykAiver opoidpoppa otny [ ndvw oto K téte ka1 ) f eivar ovveyng
ndvew oto K.

Hapatipnon 5.2. 'Eyer onuacia 6t 10 nedio opopot g f elvan éva xAeiotéd xou ppaypévo didotnua. Edxola
uropolue va Bpolue ouveyelc CUVIPTACELS TAVEL O QEAUYUEVA oVOLY TA DL TALATA 1) GPEAXTO SLUCTAUNTA TOU
de pmopolv va tpooeyytoWolv opotduoppa oto nedio optopol touc. T napdderypa 1 ouvdptnon fi(z) = e”,
e nedio opiopod 1o R, efvar cuveyric navtod aldd yia xdde moludvupo p(x) woybet Quoxd

[f1(2) = p(x)| = 400, (2 — +00),

agol 1 exdenxr) ouvdpTnoTn AuEdvEL O YENYOPd Am6 OTOWDHTOTE ToAUWVLMXY ouvdptnon. ‘Eva dilo
nopdderypa elvon 1 ouvdpon fa(z) = 1/z, ye nedlo opopod to (0,1). H ouvdptnon auth elvon ouveyfic
oto medio optopgol NG ahkd dev pmopel vou pooeYYIGUEl OpoLOUOPPA ATd TOAUGMVULO, UL XAl OTOLOONTOTE
Tohudvuuo g(x) éyet

Jim q(z) = ¢(0),

eved Y TV fo(x) To and 8e€id bpro oo 0 elvar +-00.

H mpdtn anddeiln tou vYewphuatoc tou Weierstrass mou Yo 600pe ogeidetar otov Landau. ‘Eotw f :
[a,b] — C ouveytc.
ITepopiopds oo ddotnuae [0, 1].

Kdvoupe xat” apyfv tv napatipnon 61t propolue va unodéooupe 61t to [a, b] elvon 61010 ouYXEXPEVO
Srdotnua pog Bohevetl, yia mapdderypa to [0,1]. O Abyog yvi' autd elvon 61t unopolue vo avtiototyicovye To
onuela t € [0,1] pe ta otoyela x € [a, b] pe war Ypaupwxs anetxévion), Ty

r—a

b—a’

r=a+t(b—a) tnc onoluc 1 avtiotpoyn eivar 1 t =

Av tdpa f 1 [a,b] — C elvon ouveyhc t61e xan 1 cuvdpTnom
g9(t) = fla+ (b —a))

efvar wa ouveyhc ouvdptnon oto [0,1]. Av undpyet todudvupo p(t) T.6. [p(t) — g(t)| < eyt € [0,1] t61e 7
ouvdpTNHo

q(z) = p((x — a)/(b - a))

efvar %t auTH ToAu@YLPO (apol 1 avTioToyla & — t elvon Ypopmx) o toyver QUOIXA

lq(z) — f(@)] = [p(t) —g(t)| < e.

Ané bw xar népa hotndy vnovétovpe 61 f 1 [0,1] — C eivar ouveyrc.
H f undeviletal oTta dxpa TOU SLACTARATOG.

Mrnopotye enione yweic BAEEN e Yevixdtnrag va unodéosoupe 6t f(0) = f(1) = 0. Autd ovuPaiver yrat
UTOPOUUE VO apoUEECOLUE antd TNY f EVa XATAAANAO YRoUUiXd TOAUGYUHO WOTE VA TETYYOUPE AuTH TN cuVITX.
Axp\Béotepa, av v f 1 [0,1] — C eivar onotadfinote cuveyric ouvdptnon tote Vétoupe

g9(x) = f(z) = €(z), ormov L(x) = f(0) +2(f(1) — f(0)),



xou mapotnpolye 6t (o) M g elvon cuveyhc cuvdptnoy tou undeviletan ota dxpa Tou dacTAUAToS xou (B) av
UTOPOUUE VO TPOCEYYICOUPE TNV g UE €VA TOAUGDVLUO P

lg(z) —p(z)lloo <€

t61e 10 Mohuwvuo ¢(x) = p(x) + €(x) exiong npooeyyilel v f(x)

1f (@) = a(@)lloo = llg(@) + £(x) = (p(z) + £(2))]|x <€

Anéb Bo xou mépa hoimdy unoBétovye 6T N ouvdptnon pog, f(x), undeviletoar ota dxpa tou drothuatos. [
guxohia poc v enexteivoupe (we undevixéc tpéc) oto undhoino e mpaypotixc eulelug, xar 1 véa pog
ouvdptnom eivar auveync oe 6ho 1o R wo xou tor péva onpeior otar omofar yevvdron aggiBorio vy avtd elvar ta
dxpa tou [0, 1], buwe exel ta mhevpxd dpta e f efvar xan ta S0o 0.
To ToOALOVLUA TEOCEYYIONG

OpiCoupe topa

Ln(x):ff(:v—i—t) t) dw = j Fla+t)Kn(t) do,

6Tov
(1=t Jt <1
0, lt| > 1,

xat 1) oTadEPd ¢y EMAEYETOL UE TEPOTO TETOIO DOTE VoL Loy UEL

1
fKn(t) dt = 1.
21

T var Sotpe 61t ot suvaptioes Ly (x) efvan 6vtwe ToAudVLE TOU T XEVOUuUe TNV ahhory | UETUBANTAC u = z+t
xat afpvoue €Tol TNV €xppao

1
)= [ F@) (1= (- 2)?)" du,
0

7 ’ ’. 7 ’. ’, ’ 2\n 1. ’,
1 omofa edxoha goivetar Tt elvan TOAUGVLPO TOL T, ot xou 1) ouvdpTtnon (1 — (u — x)%)™ eivon ToAUGVLPO TOU
Z UE OLVTEAEOTESC TOU EUPTWOVTAL A6 TO U

(1—(u—x)?) qu

(j f(u)g;(u du> 2.

6 Te, 2/3/2011: Oedpnpa tou Weierstrass: Anddelln

xa dpa

(Zuvéyeta e anddene tou Landau and v nponyoluevy, dtdheln.)
IIcooeyyion Tng povadacg

H suvdptnon K, (yia ty axpiBeia, 1 axohoudio cuvapthcewy Ky, ) eivar autd mou ovoudleta mpooéyyion
NS pHovddag, €Yl ONA. TIC TAUPAUXATL OIOTNTES:

1. Kp(z) >0y xdde z € R,
2. [Z Ky(x)dx =1,

3. T xdle 6 > 0 woydet limy, o0 ft|>5 n(t) dt = 0.



(To ohoxhfpwpa f|t\>6 elvon ouvtopoypapla Tou aﬂpomparog f +[5°) Hmo xozfptcx ©BOTNTA piag TPooéy-
Yiong ™S povadag ebvar n ot 3 mapandve. To vénpa authg LBLo-m'cozg ebvor 611, agol ta okox)\npmpaw
v K, dev ahhdlouv pe 1o n ot oot to ohoxhipwpa tne K, extéc tou dwothuatoc (—4,0) teivel oto 0,
618 O N “udla” xdTw and To yedgnuo tou K, poaledetar 6ha xar xoviitepa 1o 0 600 TO N UEYUAMVEL
Auto €yet wg ouverela o axdrouvo.

Oeswpnua 6.1. Forw f: R — C ourexns kar gpaypérn. Tote ya kdde x € R éyovue

ffw+t w(t)dt — f(x). (5)

Edv n f elvar opoiduoppa ovvexris oto R tére n odyxhion otnr (5) dev elvar atAd oUykhion katd onpeio
aAAd efvar kar opopopen olykhion o€ dho to R.

Anddatn. Todgoupe f(x) = [70 f(a)Kn(t)dt (agod [* Kn(t)dt = 1) xou étor, av § > 0 elvan omotodfinote,
j f@+ 0Ky de| = | [ (flz+1) = F(@)Ka(t) dt

< [ 1f@+t) = f@)|Kalt) dt

)

= [f@+t) = @I Kty dt+ [ |f(z+1) = f(@)| Kn(t) dt
-0 [t|>6

=I+1I.

‘Eotw € > 0. Apxetl va dei€oupe OTL, yior apxeTd ueydho n, éyovue I < e xou 11 < e.
[ tov mpwto Gpo €youpe AOYw Trg cuvéyelag g f oto o 6Tt undpyel 0 > 0 wote

[f(z+1) = flo)] <e

4 4 I 4 4 4 7 4 7,
v [t] < 6. Av n ouvdptnon eivor anhd ouveyhic 010 R t61€ 10 § autd eZoptdton and TO € X TO T EVGD av
ouvdptnom etvar opotdgoppa cuveyfic 1o R téte e€aptdton uévo and 1o €. ‘Eyoupe Aotndv

I<feK dt<efK t)dt = e.

It o Bebtepo 6po Vo YENGUOTOACOUYE TNV WLOTNTA 3 TNE TROGEYYLoNE TNg wovddac. Eyovpe

1< [ 2floKn(tyde =2 fl [ Kult)dt 0,

[t|>6 [t|>8

Ol dpAL, Y10 IPXETA YEYAAO M, €youpe entong 1] < €. LNy mopandve avicdTnTa Y e1CULOTOMCUUE TNV TELY WVLXTY
aviedTnTa yio va pdgouvpe v nosdtnta |f(x +t) — f(x)| < | f(x + )|+ [f(t)] < 2| fllo, x0 7 Tocb T

1flloo = sup|f(z)] < oo
z€eR

and v unodeon wog 6tL n f elvon poryuévr,.

Yy extiunon tou I1 o deixtng no népa and tov onofo oyler I1 < € dev eCoptdtan and T0 & AAAL YoVo
and o € xou 10 0 €ite N f elvan opodpoppa cuveyhc eite byt (apold To péVo Tou yenoonoolue and Ty f
efvar 6L elvon Qparyuévn).



‘Opwe 1 emhoyr| Tou § €yve otav @pdlaue 1o I xou exel to § e€aptdton and 10 T, EXTOS av 1) cuvdpTnoT f
urnotedel ogoldpoppa cuveyric ondte To § e€aptdTan POVO And TO €. M€ QUTYH TNV TMEQINTWOT €Y OUUE TAUTOYPOVA
I+ 11 < €y xdde x € R xon dpa 1 obyxhion

[ @+ t)Ka(t) dt — f(2)

elvon opotdpopen oto R.
a
To mtohuwvupa Tou Bernstein xou n mdavodewpenTiny Toug epunveia

Oa dolpe TOpa xon wia debTEEY amddely Tou Yewpruatoc 5.1 mou ogelietan oTov Bernstein.

Trodéroupe xou ndht 6t 1 f 2 [0, 1] — C eivanr ouveyfic (8 yperdletar auth 1 QOpd Vo XAVOVIXOTOGOUUE
my f ®ote vo undeviletan ota dxpa tou draothpatog). Opiloupe ta moAvdrupa Bernstein tng f va ebvon 7
axohoudior tohvwVOpwy By, (f) mou 8idetar and

Bu(f)(w) =3 10k/m) (} )1 =, )
k=0

Ou dei€oupe 61t ta By (f)(x) — f(z) oporduopya oto didotnue [0, 1].

IMo v anddelln Ya ypetaotel va epunvetooupe To tohuwvupa tou Bernstein oe ndavolewpntixng yAdooa.
Mropeite vo avagépeote oTic onueidoeig pou Ataxpity) Ldavotnta yia Toug Sidgopous opiodole xot 0plopévoug
UTOMOYLOUOUC.

Ac vnodéooupe 61t €youpe éva vouopa to onolo @épvel xopdhva ue mbavétnta z € [0, 1] xou to piyvoupe
n gopéc. H tuyola petointd B, Uetpder 10 ndoeg xopwves Qépae oe autod To melpopa. Ilpogavog woylet
mavta 0 < By, < noxan edxola Brénet xavelc 6t v By, axoloudel ty Aeydpevn diwvvpiin) katavopr), €Y 0UlE
onAadh Yt k € Z

Dk —2)"™* aov0<k<n .

P[Byn =k =
’ 0 AAALOC

O hoyog Y Tov mapandve THTo elvon 6TL TO Vo PEpoupe axplBs k xopwveg ato nelpapa unopel va cupPel e
e (Z) TpéTOuG (emhéyoupe and Tic n piderc ot noteg k Yo pouv ot xopdves) xar xdde évag and autolc
Toug tpomoug éyet mdavétnta 2F(1 — )" va cupfel.
Kdévoupe enlong v mapatipnoyn ot, av yeddouue I; yioa v Oelktpra tuyaior uetofAnty mou ebvan 1 av
pé€poule xopva oty j pldmn xar 0 av @époupe ypdupata otny j eidn, oy let
Bx’nzfl—l-fg—l-“-—k[n.
‘Eyovye E[I;] = x xat Var [I;] = (1 — x) ye éva anhé vnohoyiopd ondte ouunepaivoupe 6t
E[Byn) =E[L]+---+E[L,]) =nz
xaL and 1o YEYOVOS 6Tt ot I etvan aveZdptnteg mpoxintel enlong ot
0*(By ) = Var B, ] = Var [I] + - -- + Var [I,] = nz(1 — z) < n. (7)

Télog, Vo yeetaotolue xon Ty avicdtnta tou Chebyshev mou diver éva dvew @pdypa yio Ty mdavotnta va
amoxhiver pio Tuyaior ueTABANTH and T péorn Ty Tne.

Oehpnua 6.2 (Chebyshev). Av X € Z eivar pua tuyaia petapAnij pe
E [|X|2} < 0,
kat av = E[X] ka1 0 = y/Var [X] tdre
1
PIX > M) < 15, 5)

yia kdde A > 0.



http://fourier.math.uoc.gr/~mk/probab0607/notes/lecture-notes.pdf

1/2
IMeoBAnpa 6.1. Oa ypeaorolue enions apydrepa kar tny avicérnra E[|X|] < E [|X|2} yia e dakpiety
tuyaia petapAney X € Z. Anodeiéte avt) tny avicdTnra.

V 01 610 noodenres mov pag evdragépovr etvar o

E[IX[] =) [k[P[X =&]
kEZ

Kai
E [|X|Q} = KPP X = K]
kez
Xpnowonoeiote tny aniodenra Cauchy-Schwarz (4) ya va deikete to (roduevo. Yenr (4) n aviodrnra eivar
datvrwuérn ya menepaouéves akolovdies aAdd 1w ylea kar yia axolovdies dmov o Seiktng maipvel oAe§ TS
aképaies TipéS kar ta atpoiopata yivortal dreipes oeipés.

apatnpotye twpa 611 undpyetl 1 e€hc oyéon avdueoa ota ToAuwvupa Bernstein, v tuyola wetaBinty
B, n xau ) ouvdptnon f:

Bn(f)(x) = E[f(Bzn/n)]. (9)

IMebBAnpa 6.2. Befaiwleite 6t kataraPaivete yati 1wy ver avtd. Ouuilovpe 6t av X € Z efvar pna drakpirr
tuyaia petapAnt kar ¢ 1 Z — C jua ovvdptnon tote éyovue

E[p(X)] =) o(k)P[X = k],

keZ

je T mpotindleon puaikd 6t n oepd ouyKAiver atddvta. Xtn dukd pag repintwon, émov X = By, dev tifletar
Oéua ovyxhiong pa kar 6Aa ta alpoiopata éyovy tenepaouévo tAndog pun pundevikadr dpwr apov 0 < By, < n.

Ané v (9) yiveton tdpa pavepd o Yt tpénet va tepuévoupe ) abyxhion By (f)(z) — f(x) yian — oo.
O Aoyoc elvon 611 1 Tuyada petaAnth By n/n, 1 onola éyel péon tuh  teivel va ouyxevtpoveta Yipw and
wéomn e T (vopog twv yeydhov aprdumyv). ‘Etot howndy, ye nohd peydhn mdovétnta, ot tpée f(By,/n)
efvar ToA0 xovtd oty f(x) Aoyw tne ouvéyetac tne f xan dpa efvon avaevopevo xat 1 péomn T Tne METUBANTAC
authic va efvon xovtd 6to f(x). Autd 10 GUALOYLIGUS TOCOTIXOTOOUUE TUPUXAT® GTNY An6deLly).

Tpdpouye E yia 10 vdeyOUevO
o[ o)
n

%ol XAvoude TNy mopathenon ot 1 avicotnta tou Chebyshev pog divel 1o mapaxdte dve Qedyo yiol TNV
mdavotnTo Tou K

P[E] < n~ /3 (10)

IMe6BAnpa 6.3. Anodeitre ér n anwdrnza (10) mpoxinrer and tnv avioétnta Chebyshev (8).

1/6

\Q’quazyonozfz’are o gpdypa Var B, | < n kar tny tun) A = n/° ka1 epapudote tny avwdtnza (8) ya to

evdexbuevo E ypaupévo otn popen
| By, — nx| < Ant/2.

10



Ppdocouye TP TN Blopopd TN CUVARTNONS Uag Xat TNE TEOTEYYIoHS TN and éva toAuwvupo Bernstein:

|£(2) = E[f(Ban/nD| = |F(x) = Y _ f(k/n)P[Bry = K]
k=0

= > f@P[Bow =K =Y f(k/n)P By = k] (a900 Y P[Byy = k] = 1)
k=0 k=0 k

= Z(f(x) (k/n))P [Ben = K|
k=0

< Z |f(z) — f(k/n)|-P[Byy = k| (tpry VI aviobThTa)
k=0

= z”: + En: (BroyweiCouvue ta k oe 8o €ldn)
\z—k/s\:zon—l/?’ |z—k/§|:<0n—1/3

=1+1I

‘Eotww € > 0. Ou dei€oupe 6Tt av 10 1 elvan apxeTd ueydho téte tar adpoiopata I xaw 11 gpdocovtor and €.

IMo va gpdouye 1o I ypnowonolobue tny opoduopen ovvéyea tne f (7] oroia lvor CUVETEL TN CUVEYELAS
e f oe xhewotd BdoTnpa, Belte To Hpé@knpa 6.4): vy xdde € > 0 undpyet 6 > 0 1.0. av |z —y| < 0 va
éneton 6t |f(x) — f(y)| < e. Av howndy 1o n eivon apxsw psyoO\o OoTE Vo Loy Vel N ~1/3 < § 161€ om0 dipotoua
I vy nocédnta |f(z) — f(k/n)| epdocetoun and € ondte oy le

n

I<e > PlBin=4 geiP[B
k=0

k=0
\wfk/n\anl/S
o tov 6po 11 gpdocovye tny nocdtnta | f(x) — f(k/n)| oand 2| f|l o (n ouvdetnon f eivon pporyuévn apol
elvan ouveyfic oe xheloté ddotnua, ondte || f||,, < 00) xon éyoupe

n

II<2fle Y. PlBon=k = 2|f]PIE] <2/lf]n V2

k=0
|17k/n|<n71/3
Emhéyoviag xor téh 10 1 apxetd peydho (Gote va woyer 2||f]| n~ Y3 < €) metuyaivouye va toyder xon 1
avicotnta 11 < e. H anddely| pog etvon mAveng.

HebéBAnpa 6.4. Mia ovvdptnon f : K — C Aéyetar ogoldpopga auveyrc oto K av ya kdle € > 0 vndpye
0>0 t.d.
[z —yl <5 =[f(z) - fly)l <e

H swagpopd pe tnv ardn ovvéyaa oto otvoro K eivar 6t otnr nepintwon wng anAng ovvéyeas to § egaprdrar
£ z z 7z 7 Z. z
Ox1 Hovo and o € aAAd ka1 and to x. H f onA. eivar ovveyns oto K av

Vee KVe>030>0: |z—y|<d=|f(z)— fly)] <e.

Aeitre 6ni av n owvdptnon f : [a,b] — C efvar ovveyris oto kA€woté kar gpayuévo ddotnua [a,b] tdte eivar
ka1 opoidpoppa ouvexns exel. Bpeite enions a ovvdptnon g : R — R kar pua ovvdptnon h: (0,1) — R rmov
va elvar ouvexels aAdd Gyt opoidpoppa ouvexEls oto Tedio oplo ol Tous.
VT va arodeibete TNy opobuopen ouvvéyela tnS [ mpémer va xpnoiuoTOUjoETE T GUUTAYELL PPAYUEVOU
kAewotov dueotripatos [a,b]: kdde akodovlia x, € [a,b] éyer vrakolovdia n onoia cuykdiver (avaykaotikd o€
kdroto onueio Tov [a,b]).

Yrotéote éti ) f Oev elvar opoidpoppa ouvexns. Avté anuaiver ét ya kdnow € > 0 téte ya vrdpyovr
Ty Yn, € [a,b] T.&0. Ty — yn| — 0 adAd e

i%f |f(xn) - f(yn)’ > 0.
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Bpette pa axolovilia deiktdr ny, téroia dote o1 6o akokovllies x,, kar yn, va ovykAivouy yia k — oo kai
xpnowornoeiote tn ovvéyela tns [ ya va katadnéete oe drorno.
Ooov apopd ©s curvaptioes g ka1 h mov mpéner va Ppefte umopeite va dokiudoete g g(xr) = € kai

h(z)=1/x.

IMe6BAnpa 6.5. Av f:[1,00) — C eivar ovveyris ka limg_, 4o f(z) €lvar mpaypatixds apriuds, b¢iére ou
n f mpooeyyiletar opoidpoppa oto Sidotnua [1,00) and ouvaptioes tns poperis p(l/x), émov p toAuvdrupo.

To RETPO CUVEYELAG ULAG CUVARTNONG

To va nodpe 6T ot cuVdpETNoT elvan GuVEYRC o€ xdnoto 6UVOLo elval pia ToloTxy xat byt TocoTIXY DHAWOY,.
Etvar wior i8iétnta mou 1) suvdptnon ty €xet 1) oyt. Katd xdmotov 1pom0 duwe undpyouv cuvapthoeic tou eivou
“mo ouveyelc” and dAAE, OTWS YLl TUPADELYUA 1) TEAOWVY GLUVAETNOT 010 Lyhua 1 elvar mo cuveyhc and TNy
XOUAWVY CUVAETNOY 0To (Bto Lyfua, wetaBdhheton dnA. To apYd.

/v gl AAA : AW
VI
Sy 1: Mo ouvdptnon nou ebvar “mio cuveyng” and pia GhAy

H évvola tou pérpov ovvéyeaag wac ouvdptnong nailel axplBdg autd T0 pOho TNE TOCOTIXOTOINCNS TOU
T600 Yeriyopa aAAalel wa ouvdpTnon dTov aAAELel N UETAUBANTY.

Oplopodg 6.1. Av f: K — C tdte to yétpo ouvéyelog g f oto K efvar n ouvdptnon

wr(0) = sup{[f(z) = f(WY)|: =y € K, [z —y| <0}, (6>0). (11)

H nocétnta wr(0), ue dhha Aoy, pog Aéet 660 nohd progel va petafindel n tiph g ouvdptnong f av n
peToAnTn g ahhdEel To TOM) xaTd 6.

H ouvdptnon wy(d) unopel va uny elvon tenepacpévy oxdun xu otay 1 ouvdetnon f eiva ouveyrc oto K.
IMa nopdderyya, ebxolo yrnopel xaveic va det 6t av f(x) = e¥, oplopévn yio € R, 161 yia xdde § > 0 oy et
w(d) = 4o00. Acite duws 1o Lpdfinua 6.6.

HeboBAnpa 6.6. Acilte 6u pua ovvdptnon f : K — C efvar opoiduopgpa ovvexns ndvew oto K av kar puévo
av wg(d) — 0 ya § — 0.

HebéBAnpa 6.7. Ay f: K — C ka1 f = u+ iv, mov u, v npaypatikés ovvaptioeg deifte tote ot

wi(8) < |wu(0) + iwu(8)] = Vwu(6)? + wy(8)?.

IMeoBAnpa 6.8. Av n f : [a,b] — R eivar napaywyioun oo |a,b] (ota dxpa evvocitar éni vndpyovy o
meypikés mapdywyor) kar |f'(z)] < M ya x € [a,b], deitre 6r1 w(0) < MJ, ya kdde § > 0.

f(x) = F)l-

\Q’Xpnmyonom’are o Uedpnua péons niuns yw va ppdéete tn dwagpopd
To pétpo ouvéyelog g f eivan vrompooletikny ovvdpTnon.

IebéBinua 6.9. Ay f: 1 — R, dnov I C R ddotnua, téte we(d1 + d2) < wyr(d1) + wy(da).

Y Ay |z — y| < 81 + 2 tdte, av vndpyer z avdpeoa ota x kY T.A. |x — z| < 8 kar |z — y| < .

IebéBinua 6.10. Ay f: 1 — R, dnov I C R sdotnua, kar A > 0 ©éte wi(A) < (1 + Nwy(9).
\Q’Xpnmponom’are o IlpépAnua 6.9.
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7T Ae, 7/3/2011: Apyvia (Kadopd Asutépa)

8 Te, 9/3/2011: Extipnon tou cpdipatoc yio To ToAvdvuua Bern-
stein. Tplrywvouetpixd TOALG VLU,

Extipunon tou ocpdipatog yia T toAuwvuo Bernstein

To Oedpnua tou Weierstrass de pog divel xdnota extiunon yia 1o 1600 peydho unopet vo eivon 1o “o@dhuo”
1f = plloe = SUPzefap | () — p(2)] 6Ty 1 f(2) ebven wat ouveyric ouvdptnon oo Sidotnua [a, b] ot o p(x)
ebvor moAuwvupo Baduot < n. Kevrpixd epotnpoa tne Oewplag Hposéyyiong eivon 1o né6co wixen unopel va
yiver auth] n toodtnTa av pac emttpéneton Vo dtahéZoupe xatdhhnha to tohudupo p(z). Me dhha Aoyt pog
evOlapépet 1 TooHTNTA

E,(f) =inf{||f —pllo : 0 p(x) civor mohudvugo Padpold to okl n}.

‘Onwe anodeiaye ota eloaywyd padiuata, 6Ty WAdyaUe Yio T0 TROBANUA TNS TEOTEYYIONS TV OTOYEWY
EVOS DLAVUGUATIXOY Y WPOU AN GTOLYEl EVOS UTOY WPOL, TO Topandve infimum “midvetar” and x4noto TohuwVLHOo
p(x) Baduol uéypt n, W xot 0 YWEOC AUTOC TWY TOALWVOULV ExEl TENEPAUCUEVT] DidoTaon xou wdhioTa (o ue
n+ 1 (agod xdde tétolo nohudvugo uropel va npoodioptolel divovtac n + 1 napauétpous, TOUC GUVTENEOTES
T0v). Quowd wa extiunon v ™y nocodTta Ey(f) Ya npéner va ennpedletar and 1o mdHoo “xahf” ebvan 7
ouvdptnon f. Auth n Wiétnta g f nocotixonoeiton and to pétpo ouvéyewas g f T ouvdenon we(6).

Oewpnua 8.1. Eotw f € C([a,b]). Tére wyve E,(f) < 2wp(1/y/n). Iho ovykexpiuéva, av By (f)
etvar o n-00té toAvdvupo Bernstein tng f wdte || f — Bp(f)|l o < 2ws(1/4/n).

‘Onwe xdvope xar otny anodeln tou Yewpruoatoc tou Weierstrass uéow twv tohuwvipwy tou Bernstein,
UTopolpE Xt €01, ywplc PAABY tne yevixdtntag, va ndpoupe [a, b] = [0, 1], npdyua to onoio anhouotelel Toug
UTOMOYLOUOUC.

Sexwvdue ypnowonoudvtag e oyéon (9).

[f(z) = Ba(f)(@)| = [f(z) - [ ( m/n)]
|

|
|
<E Hf(w) ( xn/n)] (reryovich aviodmra: |E[X]| < E[|X]])

- Z (@) = J(k/0)|P By = K] (476 0 E[6(X)] = X2, o(K)P[X = k)
< wa( T — ﬁ )P [Byn = k|

k=0
= ;)wfujﬁm (Bun = K] (e A = /i — £|)

3

<wp(l/vn) ) (1++n

k=0

— oy (1)1 -+ VAE o - 222,

= wy(1/V/A)(1 + =B (B, — na)

< wi(1/v/m)(1+ jﬁ

< 2ws(1/y/n) (and v (7)).
H onédeln tov Oewpiuatog 8.1 eivon mAnprne.

x— z‘)]? [Bz.n = k (and 1o IMpbBanua 6.10)

0(Ban)) (amd to [lpéBhnua 6.1)
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Hapazipnon 8.1. Trdpyer nohd xakbtepn extiunon yio 10 o@dhpa By, (f) and auth tov Oewphpatoc 8.1. To
Ocewpenua tou Jackson pog héet 6t By (f) < Cwy(1/n), 6mou C eivor wiar andhuty otadepd.

Tewywvopetpixd IToAuvdvupa
‘Eva tprywvopetpikd molvdvupo ebvar €vag TETEPAOUEVOS YRUUIXOS CUVOLAOUOS, UE WUyadinols ouVTE-
AeGTES, UYadIX@Y EXVETIUOY CUVIPTAGEWY, ONA. TV CUVIPTAGEWY

en(r) =™ (n € 7).

‘Evag dhhog tpémog va molue 1o (Bto mpdyua eivon var ToVUe OTL TOIYWVOUETEIXA TOAUGYUUA EIVAL GUVIRTROELS

NS popPprc N
p) = prex(x), (12)
k=—N

émou N eivar évag un apvntixde axépatog. O aprdude k ovopdletar xon ouyrdtnta tou exdetixol ex(z).
H peyahOtepn, ot andhuty Tipn, cuyvotnto mou eugaviletar 6° €vol TPIYWVOUETEIXG TOAUWYLUO ovoudleTol
Badude Tou TohuevOpou xa cupookileto pe deg p. Do mopaderypa, av p(z) = 3e M2+ 14627 61e degp = 4.

To pr oty (12) ovoudlovton ouvieheotéc tou p(z) xou xobopilovton povadnd. Ae pmopel dnA. 1 diat
ouvdptnom p(z) vo yeawel pe Suo dapopetixolc tpdnous 6Tty Yeapr (12).

IMpoBAnpa 8.1. (Movadikétnta twv cuvTedeotdy)

Av Z]kV:_Npkeikx = ZLV:_N qre'te yia kdte v o€ éva ovvolo A C R pe |A| > 2N + 1 tdre pi, = qi ya kdOe
k.

\Q’Apkfl/ va detéovue ot av ZQ;_N pre*® =0 yia ke v € A={ai,as,...,a2N+1, ...} T0te p = 0 y1a kdOe
k. Acitre 6u aprei 0 (2N +1) x (2N + 1) nivaxag pe oroyeia ta e*%, k= —N,... N, j=1,2,...,2N +1,
etvar avTioTpénjios.

Avtd avdyetar o¢ éva nivaxa Vandermonde A pe Ajp, = xf,

2 n—1
1 = 7 ... =y X
2 n—
A— 1 x x5 ... x,
2 n—1
1 =z, =, ... z
omovj =0,2,....n—1,k=12,...,n, kat ta x; € C. Aeilre ér1 av dAa ta x; eivar dapopetikd téTe 0

tivakas elvar avuotpépos vrodoyilovas tny opilovod tov kar Oelyvovtag 6t autn wovtal pe £ to Yvouevo
oAV TV O1aPopdY Ty — Ts, OTOU T # S:

Avté uropel va anoderytel e enaywyn ws mpos o n.

\Q”’El/ag dAdog Tpdmog va anodeiéete o éva tprywropetpikd toAvavupo fatuod < N to omolo undeviletar o€
2N +1 onpeta éxer 6Aovg ToUS TUVTEACTTES TOU UNOEVIKOUS €lval va YpnoLoTOoeTe TNy avTioToyn Tpotacn)
yie ta adyefpixd moAvwvuvpa, ot dnA. éva alyefpixé modlvdvuvpo Palpod < M mov undevilerar oe M + 1
onuela efvar avaykaoticd to undeviké moAvorupo, avtd dnA. pe GAOUS TOUS TUVTEAEOTES 100US pe TO UNOéy.
Xpnoyoroeiote to moAvadvupo

N
q(2) =p-n+p-na1z+p-ny22’ + o =2V D peat
k=—N
ITowa n oxéon twv undevikdv tov TprywvopeTpikol todvwripov p(x) pe ts piles tov adyeBpikol todvwyijov

q(z) drav kowwd&etre povo ta z ue |z| =1 ka Héoere z = €'*;
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‘Apeon ouvénela Tou Yepeilddoug timou e = cosx +isinz, Yy x € R, etvan 611
cosx = (e " +€%)/2, xam sinz = (—e "+ €")/(20),
TpdyUa TOU oNuaivEL OTL Ol GUVHPTAHOELC COS T Xt Sin & elvan TprywvopeTeixd moludvuua Poduos 1.

IMeéBAnpa 8.2. (Tprywvopetpikés auvaptioes alpooudtwy kar Siapopdv)
Bpetre timous ya ta cos(a £ b),sin(a £ b) péow twr tprywvopctpikdy apidudy twr a kal b ypnoiponowdvtas
Tov TiTo e = cosz +isin.

V Zexwveiore ypiagortag to €@ 1€ 5vo tpdmou.
M ouvdptnon f: R — C ovopdletan meprodixr) pe nepiodo T ov

fz+T) = fz), (x€R).

o nopdiderypa 1 ouvdpTtnoT sin z efvor neplodind pe neplodo 27 xon 1 cuvdptnon 2™

1.

4 x 4 o
elvon meptodixn pe mepiodo

IMe6BANpa 8.3. (Xlrodo twr tepiédwy ag ovvdptnong)

H nepiodog piag meprodikng ovvdptnons dev eivar noté povadixi). Arodeibte 6T to olvolo twy mepiddwr ag
ovvdptnong anotelel opdda. Av onA. T ka1 Ty eivar tepiodor tote kar or apipol =T, —To, Th + T elvar emiong
nepiodor. Aette eriong 6t kde un otalepn}, ovvexns teprodixn) ovvdptnon éxer pa eldyotn Jetikr) nepiodo
kar kd¥e dAAN mepiodos tng ouvdpTnons elvar toAAanAdoid Tng.

IMeoBrnpa 8.4. Av f: R — C elvar yua ovveyijs (4, yevikérepa, e Riemann olokAnpdoun) T-neprodix
ouvdptnon tote av x,y € R éouue
z+T y+T

[ rwyae= [ reyar

xT

Hapatripnon 8.2. Ov wyadinéc exdetinéc ouvapthoelc e, (z) = €%, n € Z, éyouv dhec meplodo 21 (ahhd ubvo
ot er(x) xaw e_1(x) éxouv ehdytotn neplodo 2m), xan elvan 1BtadTeEPa YENOUES 0T UEAETY OLUVOPTACEWY IOV efvar
TEPLODXES UE aUTH TNV TEplodo. Eivan dpwe apxetd xowvd, av VENOULUE Vo UEAETHOOUUE QUVOUEVO TOU £YOUY QAN
neplodo, va yenotonotolue exdetinés ouvapThoelg mou eivar ehapndg dtagopeTixeg. o mopdderyua, e&ioou
®OWEC UE TIC TaUpATdve ouvapTAGELC efvar xar oL exdetinéc ouvapthoeg €2 n € 7, or onofeg éyouv nepiodo 1
avti yia 27, ‘Oha doa Yo tolue mapaxdt 1oy louy, Quatxd Ue TG XATIAANAES EALYIOTESC TPOTOTOOELS, XAl OE
xdde TéToto OtXOYEVELDL Uy adXDY EXVETIXDOV CUVIPTACENY X0l YId TA AVTIGTOL(A TEIYWVOUETRIXA TOAUWVUUOL.
H avayoyh and m wo nepintwon otny GAAY yivetol ge plol oAy Yo aAloy | ueTaBAntnig.

Eocwtepixd ywopevo
Av f,g € C([0,27]) opiloupe 10 €owTepikd Tous Ywdpero va givat 1 TOoGTNTA

{£.9) o ff

Hapazipnon 8.3. Edw g(x) eivar 1o wyoadixd ouluyée tou g(x). Av ot ouvapthoeic eivan npoypatixés tote o
TAPATAVE OPIGROS TOU ECMWTEPIXOY YIVOUEVOU BideTar cuVlwe Ywelg To uryadind culuyés. Eniong o nopdyovtag
7. 4 4 2 2 7 ¢ I 7.

5= YENOHEVEL 6TO Vo peTatpédel To ohoxhrpwua o€ éva B€co 6po Téve oto didotnua [0, 2] o anhouoTtedovTa

mohl 0ot €tol. Mropel 6umg oe dhha xelUeva Vo SelTe TOV 0ploud Ywpelg Tov Tapdyovta autd. [o napdderyua,

av To sxf)suxd TOU Xpnotponmo()vro& ebvan T €2 € 7, 161€ 0 0plopde ToU ECWwTEPIXOY YIVOuévoy glva
fo z)dx. Ye nod\d Bipha enione Va deite 10 eowtepind yivéuevo va éyet to ouluyéc otov

npmro TEO(pO(YOV‘EO( avtl yo 1o dedtepo.
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IMpoBAnpa 8.5. (Adyefpikés 1010tnTes ToU €0wTepikol yvouévou)
To ecwtepid yvouevo elvar ovoaotikd ypap ko awovs 6Vo napdyovtes, av eEaipéoovue tny HIKPH €MTAOKN
mou onuiovpyel n Ynapén tov piyadikod ovluyols oto Oeltepo mapdyovta. Amnodeibte tis mapakdtw 1016TNTES

(f,9,h € C([0,27])):

(9, f)=(f,9)
(Af + ph,g) = Mf, 9) + p(h, g) (yia X\, u € C)
(f, Ag + ph) = X(f,9) + (f, h) (yuu X\, ppeC)
27
(L=l = % [1f (@) da (rapaddayrj opiopot Tng 2-véppas).
0

Avo cuvaptioe f,g € C([0,27]) ovoudlovtar oploydries av (f, g) = 0.

IMpoBANpa 8.6. (llvlaydpeio Ocipnua)
Av fi1, fo, ..., fn €lvar avd 600 opOoydvies tote

1+ Fally = Il + - (L fall3: (13)
\ngpnmyonom’Ure enaywyn ws npog n. Ian =2 ypdire
1f1+ foll3 = (fr + fo i+ f2) = (fus fro 0) (i fo) + (o f1) + (fos fo)

ka1 ypnoponoeiote tny opfoywridtnra.

Efvor 1oA0 Baoind xor tohd yphoto 6t on pryadixée exdetinée ouvapthoeic e, (z) = €%, n € Z, elvar avé,
oo oploywviec. Av m # n xat Yétovtag k = m —n # 0 €youue

1 2m
(€m, en) = o je’mxe_mx dx
0
2m
=— |e™dx
2m 0
1 2 eikx /
= — dx
2m of < ik >
Lo ik ik-0
— 7(62 ™ e'L )
ik
=0.
Ioyle: eniong (en, en) = llenlls = 1 yia n € Z. TV autd 10 A6yo o1 ouvapTthoeic e, () Mue 61t anoteholv éva

opUoxarvoviké ovotnua.

IMpoBANpa 8.7. (Oploywridtnta twy tprywvopetpikdy ovvaptrioewy)
Anodeibre on o1 ovvaptroes
1,cosnz,sinnz, (n=1,2,...)

efvar avd 5%o optoycdmes. Av tig haipéooupe dles (extds and tn otadepr) cuvdptnon) pe /2 téte extds and
oploywvio obotnua ovvaptnoewy elvar kar opfokavoviko.

N

V Tevircd on UTOA0 Y10 1101 OAOKANPWUATWY € TIS TPIYWVOUETPLKES TUVAPTNOEIS deV €lval and Ti§ To ATOAQUOTIKES
aoyolies. Eivar moAd kaAiUtepo va tig petatpéiovpe o€ pyadikés exletikés ovvaptioes kai va kdvouvpe eiel
g mpdées pag pa ka1 o1 exletikés ovvaptroe elvar uayuéves ya va moAdardaoidlovtar. I'a mapdderyua,
yia va Oeiete tny oploywridtnta Twy cos M kail COS NT UTOAOYIOTE TO OAoKATpwUE apol TpaTa Ypdipete

1 . . . .
COSMX - COSNT = Z(ezmx + e (e 4 e ).
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©uuilouye tov opioud g ypaupikns avelaptnoiag SVUCPATWY V1, . . ., Uy OF €VO BAVUGPATIXG Yweo V:
VewpolvTal auTd Yeouixms avedptnta av Loy Vel 1 CUVERAYWYT

n
Z gk =0=c1=cp=---=¢, =0, (ywxdde emhoy twv cuvtereatwy ¢; € C).
k=1

O1 Bravuopatixol Y®eol Tou Pog AmaoyoAolV G auTd To UdUnua ival XaTd XUVOVL Y MEOL CUVIPTHOEWY OTWE O
C(]0,27]) ye Tov onoio aoyorolpaote edw. Eivoaw tohd Paoixd 61 1 oploywvidtnta ouvendyeton Tn YeUUWxn
aveZoptnota. Av ou pn undevixéc fi, fa, ..., fn € C([0,27]) eivar avéd dbo opVoydviec téte, unodétoviag 6t
€y oLUE Eva UNOEVILOUEVO YROUUIXO GUVOUICUO TOUS

n
0= Z Ckfka
k=1

X TUlEVOVTAG TO ECWTERIXG YIVOUEVO Xt TOV 000 PEAWY UE TNV f1, EYoule

n

0= ch<fk,f1> = (fi, f1) = aill filla

k=1

npdyua mou ouvendyeton ¢ = 0 ool |[fi]l5 > 0 apxel v fi vo pny ebvan 1 undevich ouvdptnon. Ouolec
anodEXVUOUNE OTL O Tt ¢j ebvon pndév xan dpa tat f1, ..., fr ebvon ypauuixae aveldptnta.

IMe6BANpa 8.8. (H 2-vépua cvis tprywvopetpikod toAvwrijov)
Av p(z) = N pre’*® Settre du

N

2 2

= plls = ) bkl
k=—N

N
v Xpnoyoroeiote tny opfoywridtnta twv exdetikdy ovvaptnoewy kar to Hvlaydpeio Ocdpnpa.

IeoBAnpa 8.9. Arnodeilte Eavd tn povadikétnta twy OUVVTEAETTOV TV TPLYWVOUETPIKGDY TOAVWYIUWY XWPIS
tov nivaka Vandermonde (beive to llpdpAnua 8.1). Av p(z),q(x) €eivar 600 tprywropetpikd molvdvupa mov
tavtilovTar 68 ohOxANEo o ddotnua [0, 27| tdte éyovr Tous 1B10VS OUYTEACOTES.

\Q’Ano&z"g’rf 0Tt 01 OUVTEAEOTES €VOS TPIYWVOUETPKOU TOAVwYUMOU didovTal ané tov timo
1 2
T = (), ) = o [p@)e Fde, (k€ D). (14)
0

Iaparipnon 8.4. To Be&i yéhoc e (14) unopel va egapuootel oe onowdrrote ouveyR ouvdptnon p(x) oto
dtdotnua [0, 27]. H noobdtnta auth ovopdletar owvtedeotis Fourier k tdéng tne ouvdptnone p(z).

MedBAnpa 8.10. Av p(z) = Sy oee™, q(z) = S0y que™ beitve du

N
(p(x),q(®) = Y Pqlr-
k=—N
9 As, 14/3/2011: Tplry®wVOUETEIXA TOALD VLU OE TELYWVOUETELXT

Weleliy

‘Eotw Py 10 00voho OAWV TWV TEIYWVOUETRIX®Y TOAUWVOPeY Poduod < N
N
Py = {p(fﬁ) = > e pre (C}-
k=—N
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Agot 1o dipoiopa 5uo TETOLLY TOAUGYIULY Tapauével oTolyelo Tou P xat YIVOUEVO evog uryadixol apriuod ue
otoyelo Tou Py mapoapéver otoryeio tou Py npoxintet 6Tt To olvolo autd elvon €vag uryadinde dravuouatinde
YWeog. MaMota ue Ty avTiotolyion

p(x) = (P—NsP—N+1,---,PN—1,DN)

ToU Vol XUADC OPIOPEVT] (LOVOBIXOTNTA TWV GUVTEAEGTOY TONUGVIUOL), YRoumxT| xat avTioTeéguun etvon gay-
g6 TWC 0 YWpog PN Vol 100pop@itde, WC Yoo Yopog, ue to yHpo CHVFL Mia Béon tou ydpou Py
anoteheltan and o 2N + 1 TpIyOVOUETEINE TOAUDYUUA
e—iNa:’ e—i(N—l)ac’ . e—ia;’ 1, eiac’ o ’eiNa:.

Avtyy pdhiota 1 Bdor €yovpe amodeiet 6Tt ebvan xou opoxavovixy, elvar dnAady ta otoryela Tng avd dGo
optoywvia xar xde otoryeto tng €yel 2-vopua lom ye 1.

Trdpyer wio axdur, opdoxavovixr fdor tou Py 1) onola ebvon yphowun oTig €QopuoyEs, edind otay Tpdxerto
Y10 TRLY WVOUETEIXA TOAUWVUHA TOU TOPYOUY TEOYHATIXES TIIES.

Oezwpnua 9.1. O1 guraptijoes

1 1 1 1 1 1
1,—cosx, —cos2zx,...,—cos Nx,—sinx, —sin 2z, ..., —sin Nz (15)

V2 V2 V2 V2 V2 V2

etvar pa oplokavovikn Bdon tov Pn. EmmAéov, av ya ovvdptnon p(x) € Py maiprer mpaypatikés Tipég
TOTE 01 OUVTEAEOTES TNS w§ TPOS avti) T fdon €ival mpayuatikol.

Ané o IIpdPBhnua 8.7 €youue Ty opdoywviotnta 1wy cuvapthcewy avd 80o. To 61t xdle wa and autég
€yel 2-vopua fon e to 1 elvan évag amhdg uTOAOYIOUOS oL GTNY TERInTWOT TG oTalepric ouvdpTnorg elvou
TPOYAVAC X0 € OAES TIC JAAEC TEPINTAOOEIC AVAYETAUL GTOV TOTO

27 1
jcos2 rdr = —.
5 2

INo va anodetéouue o deltepo pépog tou Ocwphpatoc Vo unoloyiooupe axplBie Toug GUVTEAECTES TOU
TOAUWYOUOU

N
p(x): Z pkelkx
k=—N

o¢ mpde ) Bdon (15). Eotw hotndv ot

N
p(z) = ap + E (ay cos kx + by sin kx) (16)

k=1
N N eikx 4 efik:p b aikx _ efik:p (17)

= ap g ak k - .
2 21

k=1
E&iodvovtag (and 11 LovadixdTnTo TV GUVIEAEGTOV TWV TPLYWVOUETPIXGV TOAGVEUODY) TOUC GUVTIENEGTES
Twv 800 HEAGY, xa TapaTnEdVTAC 6Tt o ouvapThces e*? xa e~ eugavilovia pdvo otov k mpocidetéo Tou

adpoiopatoc (17), naipvouye bt pg = ap ot yro k =1,2,..., N 6

ik —ikx ik —ikx
: . et + e a’r —e
pkelkm +p_re ikx = ay, 5 + bk 5

1

Kavovtag npdéeic autd ypdpetar

(Pr — ar/2 — bi/(20))€™ + (p_k — ar/2 + by / (20))e ™" = 0.
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Ané 1 povadixdtnta talpvouye Tic 800 eglohoElg

Pk = ar/2+ b/ (2i), pk = ag/2—by/(29). (18)

Abvovtog wg mpog Tic TocdTNTES ak, by, Taipvouue

ag =pk +p—k, b =1i(pr —p—k)- (19)

Ot tonot (18) xou (19), pali pe Tov ag = po, Bac AEVE T0 TAOC YPAPOUPE Uat ouvdpTnomn p(x) oTnY TELYWVOUETPLXA
Bdom (15) av tny éyouue ypouuévn we mpoc v exdetixt| fdon xat 1o avtictpogo.
Téhoc, ac urodéooupe 61 1 ouvdptnon p(z) naipver mpaypatixés tipés. Eyouue t61e

ag = p(0) = (p(z),1)
ar = pi + p—r = ((p(x), etk 4 67“”> = 2(p(x), cos kx)
tkxr e—ikac>

b = i(pk — p_x) = ilp(a), e — —2(p(a),sina).

‘Oha to e0WTERIAY YIVOUEVA TOU EUPAVICOVTOL TARATAVE EYOLY XUl TOUS OVO TAEAYOVTES TEAYUATIXES CUVIRTT-
O€1g, dpaL ELvat TEOY HOITLXAL.

‘ApTieg %o TEPLTTEG CUVARTAOELS

M ouvdptnoy f : R — C Aéyeton dptia av f(—z) = f(z) yio xdde x € R (onowodfinote nedio optoyol
D pnopolye va éyoupe €80 to onofo efvon oupuetpixd w¢ tpog 1o 0, oylel dnh. x € D <= —x € D). H
f R — C Myeta mepiren av woyler f(—x) = —f(x) yia xéde x € R.

Etvor govepd 61t 1o va elvar ot ouvpTtnor detia § TEpITTA elvor wiot OYETIXA OTAvLoL IDOTNTA Ol o TOANES”
ouvapThHoelg dev etvan oUTE To éval ohTe To dAho. [lug” 61" autd oy bel To Topaxdtew Yedpnua To onolo xdnoteg
POPES YOG EMLTPETEL VO TEPACOVYE IOLOTNTES TWV UPTIMY XAl TWV TEPLTTMV CUVIAPTAOEWY OE YEVIXEC GUVIRTNOELS.

Oezwpnua 9.2. Av f: R — C wéte vndpyer pa dpnia ovvdptnon fo : R — C ka1 pua nepreery ovvdptnon
fo: R = C wd. f(z) = fe(x) + folx) ya kdle x € R. Mdhiwota avt) n didoraon s [ oc dfpowoua

TepITThS Kai dpTias ouvdpTnong elvar povadiki.

H onédeiln eivon eCopetixd amhn. Iofpvoupe

oy = 110,

Etvar gavepd 611 f = fo + fo xou 6L 1 fe elvon dptia xon 1 fo meptTT.
[ va 8ef€ovpe ) povadixdtnta utodétoupe dTt undpyel xat deltepn didonaon g f o ddpolopa dpTiag
X0l TEQLTTAS OUVAPTNONG
[ =TJe+ fo
Ané v wémta fo + fo = f~’e + fo Tafpvouye
Je— .]?e = J}vo — Jo-
To apiotepd yéhog etvan dptia suvdpTNHoN X To Se&f TepitTh (¢ YPopUIXdS GUYBUACUOC AVTIOTOLY WY GUVIPTHCEWY).

‘Ouwg 1 wovn cuvdpTnoT Tou UNdEyEL Tou Efval TAUTOYPOVA dpTlaL Xat TEQLTTY Elvol 1) UNDEVIXT, CUVARTNOY), doa

fe = fe xu fo = fo.

Ot ouvaptroeg fe xat f, ovoyalovton dptio ka1 mepittd pépog tns f.

IMeoBAnpa 9.1. Av p(x) = ao + Zévzl (ax cos kx + by sinkz) elvar éva tprywvopetpikd moAvdrupo ypau-
Hévo aTny TprywvoueTpikt tov popgn téte Ppefte Tis ovvaptioes pe(x) ka1 po(T) ypappéves emnions otny
Tp1ywropeTpikt} tous popen. 1610 epdTnua av to tpry. moAvdrupo p(x) 6idetar otny exdetiki} Tov popen

N
pla) = pee™”.
k=—N
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10 Te, 16/3/2011: ©. Weierstrass yiol TelY®VOUETELXE TOAVD VUL
IBi6tnTec BEATIoTNG TPOCEYYIONS

ITpooéyyiomn and TELY WVOUETEIXA TOAUVW VUL

Avtiototya pe Ty npooéyyion wac ouveyolc ouvdptnone and ahyeBpixd (cuvnhopéva) TONUGVUPA EYOUUE
xou TPOGEYYIoT and TprywvoueTed ntohuevupa. Ac etvar f € C([0,27]). Mia npogavic avayxaia cuvirixn
v va pnopel 1 f va mpooeyyiolel opotdpoppa oto [0, 27| and TprywvVopeTed Tohudvupa Elvon 1

f(0) = f(2m).

Auté woyder yiatl i ouviixn auth oy let Yo xdde Tty wVoRETEIXG ToAUMYLLO (AoYw Tne 2m-eptodixdTnToc)
xou Gpa toyder xar v xdle ouvdpTnor mou eivar 6po (€otw xou xatd onueio Gpto) Tery. molvwvipwy. H
ouVOixn auTh Tépa and avaryxola eivon xan teavi:

Ocswpnua 10.1. Av f € C([—m, 7)) éxer

Téte ya kdde € > 0 vrdpyer Tpry. tolvdrupo p(x) t.é. |f(x) — p(x)| <€ ya x € [—m, 7).

Iapatipnon 10.1. To Oedpnua 10.1 wylel av oty Yéor tou [—7, | Pdhovpe onolodhnote dhho DdoTnud TNe
woppic [, s + 27| xaw amouthcoupe 1 f va elvon cuveyric o autéd 10 XAeGTO DdoTNua X v Eyel Tig (Bieg Tipég
ota 600 dxpa. ‘Oleg ot anodeielc ebvon (Bleg.

Trdpyer xou €vag dlopopeTixde TpOTOC Vo Exppdoouue auth Ty unddeor v v f: 1 f npénel va eivou
ouveyhic o 6ho 1o R xau 2m-neprodixd. Ilpdypatt, av n f elvon cuveyrg xon 2m-nepLodixy|, TOTE 0 TEPLOPIOUOC
¢ o€ onoodfnote ddoTnua Uhxous 2T, €0Tw 670 [, S + 27|, etvan ouveyhic xat 1 f madpver Ty Bio Tiun oo
800 Gxpa tou Swothuatoc. Avtiotpoga, av 1 f eivo optopévn wévo oo [s, s + 2| xou elvar ouveyfc exel xat
we Ty B Tipn ot 800 dxpa Tou daoTthatog ToTe 1) f pmopel va emextadel o 6ho 10 R w¢ pla ouveyrc
xou 2m-meptodixyy ouvdptnom: enexteivouye TGt 60 ddoTnua [s + 2, s + 47| yenoonoldvtag T oyéon
f(z) = f(x + 27) mou Yéhouye va toyler yia xdde  xou mopatnpoue 6Tt 1) cUVdPTNOT wag eivor ouveyRc 0To
xavoLpYto ¢ tedio optopot. To pdvo onueio oto onolo undpyel xdrota apgiBoiio yio Tny cuvéyela g f elvon
exel mou xohkdve T 800 draoThRUTA, TO onuelo s 4 21 dnhadY|, ahhd excl 1 cuvdpTNoY| uag elvar cuveyhg xou
and 1ig 800 uepiés wg ouvénelo g unddeatc wag yia (Beg Tiwég g f oTa V0 dxpol TOU apytXol BIACTALATOC.
Me époto tpéno enexteivouye Ty f o€ SlaoThAaTa uixoug 2m SegLd X1 aptoTERE ToL TEdlou 0plool NS Xt €10t
optletan tehxd 1, f oc 6ho 10 R pe tic emdupntéc wiotnteg. Acite 1o Xyrua 2 6mou gaiveton 1 Sadixacia
auth e mepodikoroinons yia s = 0, Zextvdvtag dnh. and to ddotnua [0, 27].

0.5/

/
=27 | \/éﬂ \/47r

Yyfua 2: H Sradixacia tne enéxtaone wog ouvdptnone o eplodixy| (repodikonoimon). To yedenua ot
Sroothporta [—27, 0] xou [27, 47] elvan petopopée tou ypaphuatog oto didotnua [0, 27]

Me &hha Moy opiloupe f(x) va ebvon m T f(a — 2k7) 6nov k € Z eivor o govadixde axéparog T€T0l0¢
®ote va 1oy Ve
x —2km € [s,s + 2m).

IMeoBAnpa 10.1. Av f,, f elvar T-neprodicés auvaptijoas kar fr, — f opoidpoppa oto idotnua [s,s + T
Tote f, — f opoiduoppa o€ oAéxAnpo to R.
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IMebBAnpa 10.2. Avn f: R — C efvar ouveyns ka1 T'-repiodikij Tote efvar opoidpopga ouvexris oe oASKANpo
7o R.

Ané 8w xou 010 €€ AOLTOV TO VoL AGUE Yiar Uil GUVAPTNOTY) TTOL EIVaL CUVEYTC OE XAEIGTO DIAGTNHUO UHXOUS
T xon €yet Tic (Bieg Tipég ot BYO dxpa Tou BLACTARATOS Efvan TO (Dl PE TO Vol WAGUE Yiol ULl CUVHETNOT O
elvor opiopévr xaw ouveyfc oe ohdxknpo to R xau eivon eniong T-neptoduy).

A¢ amodetéouye twpa o O. 10.1. Oa Yewpolue 1 ouvdptnon f optopévn xat cuveyt, o€ ohdxhneo to R
wéow 2m-nepiodixdtnrag 6nwg avapépope otny Iapationon 10.1.

Brpo 1. Av 7 f elvar dotio 161€ npooeyYiletal opolouoppo and doTial TELY. TOAUMYUPAL.

Agotl 1 f elvon dpTior apxel var TNV TEooEYYICOUUE OUOLOUOPGA AN dPTIO TEIYWVOPETEIXA TOAUWVUUO GTO
didotnpa [0, 27] wévo. Xto Sdotnua autd 1 ouvdptnor cosx eivan o ouveyhc xat 1 mpog 1 anewdvion tou
draothpatoc [0, 7] oto ddotnua [—1,1]. Eotw arccos (“t6Zo cuvnuitdévou”, tou xaurd popd 1o cupBorilovye
xou pe cos™ 1) n avtiotpowh e, enfone cuveyhe, cuvdptnon nou aretxoviler 10[—1,1] o0 [0, 7]

y =cosx < x =arccosy (z€[0,7], y€[-1,1]).

Apa n g(y) = f(arccosy) elvon wa ouveyfic cuvdptnor oplopévr tdvw oto [—1, 1] xou and 1o ©. Weierstrass
Yoo ahyeBpxd tohudvupa (Oedpnpa 5.1) yia xdde € > 0 undpyet tohudvuro p(y) TéTol0 HOTE

lg(y) —p(y)| <€

v xde y € [—1,1]. Opwe auth n ouvdinn, petd tyy ahhoyy petofinthc y = cosz, de Aéet tinote dhho napd
10 6Tl

|[f(x) = p(cosz)| <€

v x&e z € [0, 7]. Téhog de uévet Tapd va nopatnericouue 61t 1) ouvdptnom p(cos ) elvat dpTio TEIYWVOUETEIXE
mohuwvuUo. Autd eivan GUVETELR TOU OTL 1) CUVHETNOT COS T Eival dPTIO TPLYWVOUETEIXO TOAUWYUHO Xol TOU OTL
TOL TPLYWVOPETEIXE TONUGYLUA Efvat ¥AetoTd (OTwe xon Tol ahYEPRPIXd ToAvmYLPa) oTic Tpdiele N tpdoldeone
X0l TOMNNATAAGLAGUOD Guvaprﬁosmv
Brpa 2: H ouvdptnon f(z)sin? . npooeyyileton opotdpoppo and tery. TOAUGVUPL.

‘Eotw € > 0. Ot ouvoptioec fi(z) = f(z) + f(—z) xou fo(z) = (f(z) — f(—=))sinx ebvau dptiec,
2m-neplodixéc xon ouveyeic xou dpa and to Bhua 1 undpyouv dotia tety. modvodvupe Th(x) xar Th(z) 1.0.
| f1 =Tl < €xa ||fo—To| <€ Autd umopolue va 10 expedoouue xot we e€ng

file) =Ti(z) + Ex(z),  ([Ea(z)] <e)

xou
fo(@) = To(z) + Ez(x),  (|E2(z)] < ).
Apa
f(z)sin®(z) = fi(z)sin® z + fo(z)sinz = Ti(z) sin® z + Ty(z) sinz + E(z)

6mov E(x) = Ey(x)sin? x + Ey(z)sinz, onéte |E(z)| < 2e.
BAua 3: H ouvdptnon f(z)cos*z rcpooaywlsrou OMOLOPOPPA ATd TELY. TOAUWVUYAL.

Auté eivan ouvérela g egapuoyrc tou Bruatog 2 oty ouvdptnon F(z) = f(z — §) mou eivon guoixd
2m-neplodinh xon ouveyhc. And 1o Biua 2 éyouvue 61t 1 F(z)sin?z npooeyyiletor opolbpoppa and Tory.
nohudvupa p(x) to onolo onuaiver 6T 1 cLVEETNOT

)

f(z)cos’z = F(z + g) sin?(z + 5

npooeyyileta opolduoppa and o tohudvupd p(x + 5).
[ va teketdooupe Ty anddelln tou Ocwpfuatog 10.1 tapatnpolue amid ot

f(z) = f(z)sin?z + f(z)cos® z

xa mpooeyyilouue Ty f amd To ddpoiopa TV BU0 TELYWVOUETEIX®Y TOAUGYIUWY Tou TpoceYyilouv Tig 800
ouvapThoelc Tou dedlol uéhoug avtioTorya.
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Hapatipnon 10.2. 'Eyovpe €tot anodeiel 1o Oedhpnua tou Weierstrass yio mpocéyylon and TprywVousTeixd
rohudvupe (Oedpnua 10.1) yenotpornotdvtag to Oewprnua tou Weierstrass yio ahyeBpxd nohudvupa (Oedpnua
5.1). Etvau evdiagépov 611 xar o avtiotpogoc culhoyiopde elvon duvatde. Av dnh. urnoldéoer xavelc To Oedpnua
10.1 ¢ Yvwoté 161e unopel vo anodelEel, YeNoILOTOIOVTAS T0, T0 Oewpnua 5.1. Autd elvan evBlopépoy wior xan
UTdEy oLV Xt GAAES amodeiielc Tou Oewpruatog 10.1, mou Be ypnotwonooly to Ocvdpnua 5.1, divovtde pag €tot
véeg anodeilelg Tou Ocwpruatog 5.1. T noupdderypa, éva and ta Booixd Yewphpoata g Appovinhc Avdivong
elvon 10 Oewpnua tou Fejér, mou Aéet 6Tt av €youye wia ouvey ) xat 2m-neptodixn ouvdptnoy f téte auty| elvar
TO OUOIOUOPPO GRLO TWYV TELYWVOUETPIXGY TOAWYOULY, Tou ovoudlovta Cesaro yéoot tne f:

N
on(f)(@) =Y fH)e".
j=—N
Or oprdyol 70) ovopdlovtou ovrtedeotés Fourier (toug eidaye xaw oty Lopathenon 8.4) tne f xar Sivovtan
and tov THno

2w
Fo) =5 [@ear, (e (20)
0

Ac¢ Sodue ooy twpa o anodetxviel xavels o Oewpnua 5.1 unovétovtug wg Yvewotd To Oswenua 10.1.
Xoplc PAEBN e yevixdtntog unopolye va tépovye to dtdotnua avagopds va etvor to [—1, 1], xou ac ebvar
feC(]—1,1]). H ouvdptnon g : R — C opiletoun ¢

g(x) = f(cos )

xa ebvon cuveyTg, 2m-neprodinr| xou dptia. o va Setouye 6Tt 1) f npooeyyiletar opotdpoppa and éva ahyeBpind
nohuodvupo g(x) oto ddotnua [—1, 1] apxel va detloupe 61t v ouvdptnon g(z) nposeyyiletar opotbuoppo and
10 TOAVWYLPO ¢(cosz) (to onoio eivor TprywvoueTEd TOALUGYUPO) oTo didotnua [0, 7).
‘Eotw € > 0. Ac eivon p(x) éva tprywvopeteixd noluodvupo tétoo Gote g(z) = p(x) + E(z), pe |E(x)] <€
(€86 ypnorponotolpe 10 Oeddpnua 10.1). Eyouue
g(x) +9(=z) _ p(x)+p(=2)  E(z)+ E(-7)

‘E(I)JrQE(—r) (z) = p(ﬂ?)+2p(—x)

ITpogavixg < € xou 1 GUVAETNOTY ¢ efvor éva dpTIO TPIYWVOUETEIXO TOAUGYUUO

onoTe

N
q(x) = Z qi cos kx
k=0

Yo xdmoto Quotnd aptdud N xou xdnota g € C (autd gaivetar mohl ebxola av Ypder xavelc to Tpty. TOAIGYLEO
q(x) og tprywvoueTEn Lopn, xdver To dto yia 1o g(—x) %o ypnotponotfioet 1o Yedpnuo Lovadix6TNnTuC).
[Ma va tekewdoet 1) andderln npénet va deifouye 6Tt 1 ouvdptnom ¢(x) etvon ahyefpixd TOANLGVUPO TOU COS T,

7

yia T0 onolo mpogaves apxel va delfoupe yia xdde k =0,1,2,... 6Tt

1 ouvdptnoT cos kx elivon oAyeBplnd TOAVDYLUO TOU COS T. (21)
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‘Ouwe
coskx = Re [ei’“}

= Re [(cosx + ¢sin $)k:|

k
= Re Z (k) (cos a:)k_jij(sin x)j (and 1o Brwyupixd Yedpnua)
; J

7=0

= Z ( > (cos :B)k_J(—l)J/Q(sin2 :1:)7/2 (agol i = Fi yio j neprttd)
— J

jjo'c;SLo

= Z ( > (cosx)kfj(—l)jﬂ(l — cos? x)J/z (ool sin?z = 1 — cos? )

J

Jj=0
J dpTLo

TO OO0 TPOPavAS elvar €va aAYePpixd ToALOYLYO TNe TocdTnTag cosz. H anddeiln pag elvar mhipng.

I8u6TtnTEg TNg PENTIOTNG TpOCEYYLIONS

Enavepydpoote tdpa 0to 1péBinua e npocéyylong and akyePfowxd novwvupa. Eotww f € C([a,b]) xa
éotw p* € Py pua Béhtioty npocéyyion e f and to obvoho Py (ahyeBpixd nokudvupa Boduod ueypet N)
ot voppa |- To mohudvupgo p* Snk. €yer v WidTnTa 61t Yo xdde dhho mohuwvupo p € Py toylet

H 0Orapin tou noluwvipou autol dev eivar npogoaviic. Eivar pwe dueon oyedov cuvEneld Tou YeYovoTog OTL 0
Yoopuxde yopoc Py éyet nenepacuévn didotaon (ouyxexpipéva dim Py = N + 1), énwe anodeilape otic 800
TpWTES eloaywYés Srohédelc (Unopeite va to Peeite otic onuerdoerc tou Carothers, Keg. 1). Ou dolue xdnoteg
10T TES TOU €yEL QUTO TO TOAUDYLUO p* %ot oL oTolec, Yetald dAhwy, Yo pag emitpédouy va arodeiloupe xou
TN LOVADIXOTNTA TOV, BLOTNHTA TOU BEV TPOXUTTEL ANd XATOLO YEVIXO ENLYEIPTUA OTWS AUTO TNG TENEPATUEVNS
didoTaong.

Mepopilbpacte and dw xat tépa ot mpaypatixés ouvapthoe fla,b] — R pio xou 1o cupnépaoua 010 onofo
Véhouye va xatakriZoupe Bev €xer vonpa yio uyadixéc ouvapthoeis. Eivaw npogavée oe auth v nepintwon 6Tt
xou 1 p* elvan emong npaypatied nohudvupo (yioti;).

Av p : [a,b] — R eivar onowadfnote ouveyfic ouvdptnor t6te and 1 cuvéyewa g |f — p| mpoxdintel 6T
auth “mdvel” To supremum g Yo xdmowo x € [a, b]. Ioyder dnA. yia xdmowo =

f(x) —p(x) = £[|f = pllo

Av Lwypagicoupe yipw and 1o yedgnua e f wa {ovn pe mhdtog p = || f — pl|, and xdde peptd (BAéne
Yyfua 3) t6te autd mou poh einope onuaiver 61t To Yedgnua tne p(x), 1o onolo Bploxetar €€ ohoxifpou uéoa
oe auth ) Lovn (agol |f(z) — p(x)| < p v x&de ) olyovpa axovundet 10 dvw 1 T0 x4Tw oUVOPO AUTAC TNC
S

Y10 Oewpnua 10.2 mou axohoulel BelyVouUE OTL AXOUUTIEL XAl AV Xt XAT.

Oehpnua 10.2. Eoto f: [a,b] — R owvexris. Av p* € Py efvar éva nodvdrupo tov elayrotonoiel tny
nooétnta ||f — pllo, P € PN, tdte vndpyovr onueta x,y € [a,b] ..

f(@) —p"(x) =p"(v) — f(¥) = |If — Pl

H anédeiln tou Oswprpatog 10.2 etvar ToAd edxohn av oxeprtel xavel Ayo yewpetpxd. Tt Yo yivotay av,
Y., 1 WTAe ypauu oto Lyfua 3 axouunoloe wévo 6to xdtew oivpo e Lavng (xdtw Staxexouévny Yeoupr);
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Eyfpa 30 H Béhtiotn nohuwvupxh| tpocéyyion (UTAE) TS ouVIpTHONG TEETEL VAL AXOUPTEEL Xt TO GUVOPO
e p-Lovne (Saxexopévr ypauun) xon mpog To Téve xot Tpog ta xdtw. Edd p = || f — p*||

IToAs anhd Yo pnopolooE VAl JETATOTIGOVUE AYO TEOG TA AV T1) UTAE YRUUUT OOTE VAl TORUUEIVEL EVTOS TNG
Cwvng xan var €Y0oUUE TWEA wia XAADTERT TPOGEYYLON and TELy, TEdyua adlvaTo wa xot utodéoaue 6Tt 1 p* ebvou
BéltioTn npocéyyion.

Ac vnodéooupe howmdv 6t yio xdde x € [a,b] woyder p*(x) — f(z) < p = ||f —p*|lo (Bev axovunder
emdvw). Aol 1 cuveyfic ouvdptnon p*(z) — f(z) ebvar < p mavtol 610 [a,b] éneton bti uNdpyEr xdmoLOg
aptdude 0 < p' < p wote va oy lel

pi(@) = flx) <p,  (x€ab]).

(Auté eivor anhd ouvénela Tou du xqle ouveyfic ouvdptnom ot xhewotd BrdoTnua “Tdvel” Ta axpoTATA TNG OF
xdmota onpeia tou draotnpatoc.) Eotww 6 = (p — p')/2 > 0 xa opilovye ) ouvdpon pi(x) = p*(x) + 6, 7
oroia enfong etvar 610 Py 0ol ennpeacaue u6vo 1 oTalepd TOU TOAVGVIUOU.

Loytel thpa

pi(z) = f(x) =p"(z) = f@) +0<p +d<p
f@) =pi(@) = flz) —p"(@) =0 <p—0=p"+0<p,

1, ue dhhat Moy, | f(x) ()] < P+ < p oy xdde x € [a,b]. Autd avtipdoxer dpwe pe Tt oyéon (22),
Gpot x4mou Yéca 6To Btoco'mpoz [a,b] n ouvdptnon p*(x) — f(z) wolbtu pe p. Me bpowo 1pbdno anodexviovye
6Tt xdmou péoa oo didotnpa N f(x) — p*(x) wyoltu pe p, xon 1 anddeln elvar Thipne.
IIebBAnpa 10.3. Ay f: [a,b] — R deilre én n Bédniotn npooéyyion and otadepd (n Pédtiotn mpooéyyon
OnA. and to xdpo Py) otnr co-vdpua eivar n otadepd (max f + min f)/2.

To Oewpnua 10.2 uropet va oyvponomiel ndpa mold, oe onuelo mou vo anotelel yapakTnpioud g

Béhtiotng nolvwyupxhc npocéyylong. Ank. i ddtnta nov epgaviCetar oto endpevo Oewpnua 10.3 oyt uoévo
elvor avaryxadar yior var efvar 1o mohu@vupo p* uta BEATIOTH TooEyYlon ahAd lvon xou 1xavi.

Optowoég 10.1. Av F : [a,b] — R efvar pua ovvdptnon nov dev efvar tavtoticd undevixrj (dote || F||, > 0)
karyp < Yo < -+ < Yy €lvar kdnowa onueta tov [a, b] Aépe du avtd efvar evolhaodueva yio thy Fav

() |F(yj)| = || Fllo y1a kdOe j =1,2,...,k, kai

(B) Av ta mpdonua twwv F(y;) evalddooovtar, 10y ve onA.

F(y;) - F(yj+1) <0, j=1,2,...,N—1.

Oeopnua 10.3. Eoto [ : [a,b] - R ka1 N guowkds apiduds. Tdre vndpyear akpifds ma BédtioTn
mpooéyyion p* € Pn s f. ‘Eva modvadvvuo p € Py elvar to p* av ka1 uévo av vrdpyer éva otvolo
tovddyrotor N + 2 onueiov tou [a,b] mov va elvar evakacodueva ya tn ovvdptnon f — p.

Hpoﬁ)vr]p.oc 10.4. Anodeitre dt1 n BédtioTn ypappuxiy (dnA. moAvwvvukn Patuol uéyp 1) TPOT€YYIon TNS
Uw/aprr]ong f(z) = 2% ovo Bdornpa [0,1] ya Ty co-vépua etvar n ovvdprnon p(z) =z — 4.

Q Egapuoote to Ocrpnua 10.3 pe N = 1.
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11  Ae, 21/3/2011: Xopaxtneiopnods BEATIOTNS TROCEYYIONG ANd TO
X WEO TOALWYLULY Py

Oa amodeifovpe thpa 0 Ocdpnua 10.3. Ag Zextvioouue ye 1o va anodelfouue 6tL av to p eivon BérTiom
TpoaEYYIon TOTE undpyouv Touldytotov N + 2 evallacodpeva onueia yioo ) ouvdptnon ¢ = f —p. Ac
Ypdgouye
E =]l > 0.
(H wbvn nepintwon va eivan E = 0 eivaw 6tav f = p btav dnh. f € Py ondte xau v f ebvan v B ) Bédtio
TPOCEYYION TOU EAUTOY NG Xou BEV €youye Tinota Vo arodeiCouye. )
Aol 1 ¢ eivar ouveyrc oto [a, b] efvar xou opotdpopga cuveyfic. Ag eivon hotmdv A > 0 1.6.

[z =yl <A = |¢(x) = ¢(y)| < E/10. (23)
XwplCoupe 10 didotnua [a, b] oe loa dothpata pixove < A xat ag efvo
a=ty <t <t2<'-‘<tk_1<tk:b

o Sraywptotid onueio. Eva onueio « € [a,b] o 1o ovoudloupe (+)-onpeio av ¢(z) = E xar (—)-onueio av
¢(x) = —E. Anb v (23) éneton 6Tt o€ €va drdotnua [t,tj41] O unopel va neptéyeton xan éva (4)-onueio xat
éva (—)-onuelo, agold N T e ¢ de unopel vo alhdZer péoa ¢ éva tétolo ddotnua nepiocdtepo and E/10.
Metd and auth Ty napathipnor unopolue va ovopdoouue éva dtdotnua [t), ti1] (+)-dldotnuo av neptéyet éva
(4)-omnueio, (—)-didotnua av nepiéyel éva (—)-onpeio xou oudétepo didotnua av Sev nepLEyet 0UTE and TO €val
eldoc obte and to dAho.

Cpdgoupe S yia TV V0T TV TPOSHHACUEVGDY SO TARATWY Xt N YLot TNHY EVWoT) TwV OUDETEQWY BIAoTY-
wétov. ‘Eyoupe guoxd [a,b] = S UN.

Ac anaprdyicoude TR T TEOCHACUEVA DIACTHUATA XIVOUUEVOL And APLOTERPY TPOS To DEELY, OYABOTOLWV-
Tog Ta Tawtdypova. Kdvoupe tny ofhafy undleon 4Tt To Tp®dTO TPOGNUACUEVO DLACTNUA TTOU CUVAVTAUE Elvon
tonou (+):

I, I, ... I, eivou (+)-Sothiparta
Iy t1s - oy Iy, €bvon (—)-Braothipata
L i1y - e o5 Iy, gbvan (—1)™ Lduothpara,

T x&e detxtn j 1o ddotnua I; ebvar mptv 1o 141, woydel dnh. max [; < min Ij4q.

Oa €yovpe anodel€el to {nrovyevo av deiloupe 6Tt m > N + 2, wo xon 10TE UnopoUUE VoL TIPOUUE TO
TEWTO OMUEID TNEG EVAAAACTOUEVTS axohoudiog onueiwy and TNy mpdTn Yeouur SoTNUATLY, T0 OEUTEQO anod
TN debtep Yooauuh x.A.1. ‘Eotw é1u dev woylel to {ntoduevo, 6TL dnA. €youpe

m< N+ 1. (24)

Ané v (23) éneton 61t éva (4)-Brdotrua Oe umopel va axovunder éva (—)-didoTnua, ool de yiveta va
petofAniel T g @ xatd 2E péoa oe uixog < 2A. "Apa avaUECH 0TA SLUCTALOTH WIAS Y PUUUNG THpATAVE
X OTA SO TAPTA TNG EMOUEVNS UTAPYEL TAVTA Vol TOUAAYIGTOV 0UBETERO BidoTnua. Emiéyoupe m—1 onpela
21 < 29 < -+ < Zpmo1 TUEYOVTOG TO 2 Vo eivon omotodhinote onyeio Tou auvdhou [a, b\ S avdueoo oty j-ouddo
xat oty (J + 1)-opdda dotnpdtwy. Opilouvye €neita 10 TOAVGVUPO ¢ € Pp_g

a(w) = (51— ) (22 = ) -+ (21 — )

10 omofo €yl TRV WbTNTA 6T wAAdlel mpdomuo GTav (xwvoluevol and aptoTepd npog ta dedid) TEPVAPE X dnoto
zj nou o€ xde DdoTUA TS TEWTNE opddag Eyel Yetnd mpdonuo. Edxola fAénoupe 6TL autd cuvendyetan 6Tt
oe xdle tpoonuaopévo ddotnua 1 ouvdptnon ¢(x) = (f — p)(z) xou n g(x) éyxouv Blo npbdonuo.

Oa delfouyue T 6Tt unopolue vo emAEZouUE Eva XaTdhANha wixpd oAAE YeTixd A T.0. 1) cLVAPTNOY

p(z) + M\g(x) € Py
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va efvon xahUtepn tpooéyyion e f an’ étu i ouvdptnom p(z), tedypa dtono, dpo woydet tehixd m > N + 2
onwe Yo Véhope.
‘Eotww

e = max|¢(z)|.

‘Eyoupe e < E wo xou og xqe ouvdétepo didotnua éyouye |p(z)| < E vy xdde x oto Sidotnua xo dpo To
supremum ¢ |¢(z)| oe autéd 10 ddotnua elvon xt avtd < E (autd etvon ouvéneta g cuvéyetog e ¢(x)).
Emiéyouue topa onoodrinote A > 0 nou va ixavornoiel tng oygom

1
A< Wmin{E—e,E/2}. (25)

©éloupe twpa va del€ovye
If =P+l < E.
Ané ) ouvéyeia e ouvdptnone f — (p + Aq) apxel va deiloupe 6T yia xdde x € [a, b] woylet
|(f(2) = p(x)) = Ag(2)] < E.
Araxpivoupe tdpa SO0 meptntdoes Yo o z € [a, b]:

ercN
And Ty Ty VX AVIGOTNTA EYOUUE

|(f (@) = p(x)) = Aq(2)| < |f(z) — p(a)| + Alg(2)] < e+ Allgll, < E
and v npdTn aviodtnTa e (25).

ezcS
‘Eyovye |f(x) —p(x)| > (9/10)E > A||q||,, (and ™ dedtepn avicbtnra g (25)), %o dpor ot aprduof
f(z) — p(x) xou Ag(x) €xouv 10 B0 npbonpo. Tha d0o opbonuoue aprdpoic a,b ue |a| > [b], woyder
la — b| = |a| — |b], dpa éyoupe

|(f (@) = p(2)) = Aa(@)] = |f(2) = p(2)] = Alg(2)| < B — Aminq(z)] < E.
H tehevtaio aviobdtnta ogeihetar oto 61t 1 ouvdptnon ¢(z) de pndevileton novdevd oto S (agod ot pilec
¢ elvar Ta zj Tou Bev aviAxouy 6to S) xat dpo To mingeg |g(x)| elvor auoTtned Yetind nocd AL

H oanddeiln etvar mifieng yia 1o 6Tt éva BEATIOTO TOAUGVURO EYEL o EVahAAoaouevy) axoloudio onueiwy pe
TouAdytotov N + 2 onueia.
Avtiotpoga thpa, ag vtodéoouvye 6Tt Yia 10 ToAuGYLUO p € Py 1 ouvdptnom ¢(x) = f(x) — p(x) éxel to
eVOlhAoOUEVa omuela
To< T <:--- <TN41

oto ddotnua [a,b]. Oéhoupe va deifoupe bt 1o p(z) ebvar wa BéEhtioty npocéyyion e f otV co-vépua and
10 ywpo Py. Eotw é1t dev elvar xat 611 10 tohucdvupo g € Py elvon xakltepo, 611 oy et dnh.

If = dlloe < If =Pl (26)
[l xdde j =0,1,2,..., N + 1 éyouye
[f(zj) = p(xj)| = E=|f = plloe > If = alloo = [f(x;) — qlz;)]

doa 1 cUVAETNOT)
q(z) = p(z) = (f =p)(@) = (f — 9)(z)

el evolhaoaodueva mpoonpa ota onuela £j. Autd woylel yiot and TNV TopAndve aviodTnTA TEOXOTTEL OTL

—E <|f(z;) —q(z;)| < E
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yioo x&0e j, xou dpo 1 Sopopd (g — p)(z4) ebvan Veter bdtav f(x;) — p(zj) = E xaw apvnuixd otav f(z;) —
p(xj) = —E. Avdyeoa oe xd¥e evahhoyh TpooHUOL Wwag cuVEoUS GUVHPTNOY UTdpYEl TOUAdYIOTOV €va
onueto 6mou 1 ouvdptnor wndevileton dpa to mohuwdvupo q(z) — p(x) €xer Toukdyotov N + 1 pilec. Agol
bpwe deg (¢ —p) < N éneton 61t 10 ¢ — p elvon o undevixd mohukdvupo, drono Aoyw tne (26). "Apa to
TohuGYUYO p(x) elvar 6viwe wa BENTIOTY TpoaéyYio.

Arnopéver va det€oupe 6Tt 1 BélTiotn mpooéyyion eivan povadixh. Eotw oyt xou ag unodéoovye 611 10
rohuodvupo ¢ (z) eivon enione wa Béhtiotn npooéyyion. Téte duwe xou o uéooc bpog Toug

Lo Pta
2

efvan enlone wa BérTiot tpoaéyyion (anodei€te 1o autd toy et Yo onotadnote vopua, Gyt Wévo Ty 0o-vopua).
Xpnotponoldvtag autd Tou €Youde 1Hd1 anodellet, undpyouy N + 2 onuela

To<T1 <:--+<TN41
mou eival evadlaoodueva yio T ouvdptnon f — r. Autd yetagpdleTton 0To OTL
(F =p")() + (f —a")ay) = (Z1)2E, (j=0,1,2,.... N +1).
Aol opoc |(f —p*)(zj)| < E xon |(f — ¢*)(x)| < E énetun bt yia xdde j
(f =p")(5) = (f = ¢")(;) = (-1)E,

onéte ta tohuodvuua p*(z) xan ¢* (x) tautilovtar oe N + 2 onueio. Agol o Padude toug ebvon < N énetan ot
Ta ToAuvLpa Tautiovron.

12 Te, 23/3/2011: IToruvdvupo Chebyshev

Oplopds twv moAvwviuwy Chebyshev
‘Eyovtag anodeiéel 10 Oewpnpa 10.3 mou yopoxtnetlet tn BEATIOT) TEOCEYYLOT UG GUVARTNOTNG and €Vl
X @0 ToAuwVipwY Py da to epapudéoovpe o1o va Aboouue to e€ng mpofinua

Mo eivon 1 Béhtiot npocéyyion e ouvdptnong &’ and 10 yhpo Pp_1 (roludvupa Baduod
wéypt xon m — 1) xou ya to Sidotnua [—1, 1];

O©éhovpe pe dhha Aoyia va AMboouue o mpdBinua Behtiotonoinong
T'ia moto moAudvupo p(x) € Pr_1 ehaytotonoteitan 1 vopua

n __ — no__ ok 2
2"~ p@)llo = max [o" —p ()]

H Onapgn g Mong p(x) egaogouriletar and 10 yeyovés 6t o ybpog Pr_1 €xel nencpaouévn didotao (fon
we m) xat 1 povadixétntog and 1o Oedpnua 10.3. To Oedpnua 10.3 poc eaogahiler eniong xou v Omopdn
n+1=(n—1)+ 2 onpelwy

—1I<zxp<ri<ra< - <xTp1<xp,<1

ot omola efvan evahaoodpeva yio 1o tohudvupo p(x) = z™ —p*(z), woydet dSnh. [p(x;)| = M yiej =0,1,...,n
xou p(z;) - p(xj41) <0y j=0,1,...,n—1, 6nov

M = [lp(@)]l = ll2" = p"(2)| -
Ipdra xdvouye v Tapathpnon 6Tt oe xdle éva and o eowtepxd onueio ; 1 mapdywyog p'(z) undeviletar
aol oe xde tétoto onueio 1 p(x) éxer Tomxd péyoto (6tav 1 T e elvon M) 4 tomxd eldyroto (6tav 7

T e ebvon —M). Aol degp'(z) < n — 1 cuunepaivouye 61t

n p'(x) undevileton axpiBde ota o1, T2, . .., Tp—1 (27)
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xou pa Tor onpela g xou T, Sev elvon eowtepind onpeia Tou dotAatog [—1, 1] xu ouvene
xo=-1, x,=1. (28)

Hpoxbntet enlong, and v Elhewdn undevixwy e p(z) oto ddotnua [1, +00) xat to Yeyovoe 6t limy 4o p(z) =
+00 6u n nph e p(x) oto 1 eivon

p(l) = +M. (29)
To mohudvugo M? — p*(z) etvou mavtodh un wpvntind oto ddotnue [—1,1] dea xdde pila touv oto (—1,1)
ogether va etvar Sy, Touldytotov (ahhiwe N ouvdptnon Yo érnoupve xon Vetxée xon apvnuixéc Tpés oe xdie
yertovd wag piloac p agol Vo ypapdtay we (z — p)g(x) yio xdnowo nohudvupo pe g(p) # 0). H ouvdptnon
auTy) undeviletar ToUNdYLOTOY Ot aNpEia T, Z1, - - ., Ty, dpd, AauBdvoviag unddy oti deg M? — p?(x) < 2n,

bhec ot pilec e M? — p?(z) etvan ot zg (amhf), z1 (BinhA), o2 (BmAA), ..., Tpo1 (AR, @y (omhf)  (30)

Ané Tt npotdoeic (27) xan (30) mpoxdnter 6T o toAvdvupa M? — p?(z) xon (1 — 22)(p/(z))? éxouv axpiic
Tig dteg ptleg, dpa elvon o €va TOMAATAGGIO TOU dhAoU

M? —p*(x) = K(1 —2%)(p(2))?, (vio xdnowo otadepd K).
H otadepd K mpoodiopiletar x0otehviog Toug YeylotoBaiplous ouvteheotés Twv 800 pehwmv. Aot
pla) =" 4o

g -7 ovuBoliCouue dpoug wxpdteene téEng) exovue p'(x) = na™ "t 4+ - xa (p'(x))* = nfx T ..
ue - oupBohioue bpouc wxpdTepnC TAENG) EYOupE P’ -l /()% = 2221
%ol Téhog

(1-2*) (@ () = —nz®" + -

Erfone éyouvye M2 — p?(z) = —2?" + -+ dpo K = # Haipvouye 1ig Vetixée tetpaywvinéc pileg otn oyéon
M? — p*(x) = #(1 — 22)(p'(1))? xou, xdvovrac Ty mopathenon 6t p'(z) > 0 vy z > -1 (apol dev éyet
undevixd mépo and to T,—1 xou mpénel va tdet 1) p(z) oto +00) naipvouye T dapopixt| eZlowon

ple) _  n
VM2 —p2(z)  V1-—a?

(31)

Tou oy UEL TOUAdYLOTOY GE Wiol Yertovd Tou = 1. Alvoupe T dagopixr, auth eZlowon ue T wédodo tou
YWELOUOU UETABANTOV EavarypdpovTds TNy »g

dp _ ndx
VM2 —p2(z)  V1-—a?

’ ’ dx o 7 ’ ’ 7 7 ’,
Xl YprotonomyIas Tov Tiro | iz = arccosw + C (aut6 mpoxintet ehxoha and to 61t 1) arccos T elvar 1

avtiotpogrn ouvdptnom g cosz). llafpvouue étot tn Ao
p(x) = M cos(narccosx + C') (32)

6mou C' eivon pia otodepd mou péver axdur vo npocdioptoVel, dTwe xon 1 Tiwn tou M.

Av 0 € [0, 7] xou x = cos B (# ahhide § = arccos x) Brénoupe 6Tt 1 avuiotoryio (ahhayh petafintic) Ty @
xou 0 eivan wa ouveyhc xon 1-1 avuotoryla twv Swotnudtey z € [—1,1] xa 6 € [0, 7]. Anb Sw xar tépa 6note
YENOOTOOVUE T0 = 1 T0 6 autd tdvta Yo cuvdéeoviar ye Ty napandvew oyéon. Etol v oyéon (32) unopei
VoL Ypopel xat ¢

p(z) = M cos(nb + C). (33)

[az =1 (0 = 0) naipvouye (agol p(x) = M) 6t cos C = 1 xou dpa 1o C elvon xdmoto axépono ToAAATAAGIO
Tou 27, ondte unopolye va to napuleiPoupe tereiwe and Tt oyéon (32) A (33) agol dev ennpedlet TRy TR
Tou ouvigntovou. T va Peodue todpa Ty Tiuh Tou M ot oyéon

p(x) = M cos(n arccos x) = M cos(nf) (34)
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YPNOLWHOTOLOVUE TOV UTONOYIoUS Tou xdvope otnv arnddeln tne (21) énov Perxaye ot

cosnf = - (" cos 0) 7 (=1)7/2(1 — cos? 9)7/2.
=3 () feos) (=121~ cost) (35)

jépTio

Agol o yeyiotoBdiuog ouvieheothc Tou = 010 aptotepd Yéhog g (34) ebvar 1 to (1o ogelher va elvon xou o
weytotoBdduoc ouvteheothc tou cosf oto e uéhoc e (34). And xdie npooletéo tou adpolopatoc oto
0ei péhoc g (35) mpoxinTer axpBwe éva toAhamhdoto tou (cosz)™ pe cuVTERESTY

(= ()r=() s

O ouvteheothc tou (cos @)™ dnh. oto Be&i péhoc tne (34) eivan

M Zn: (?) = Mol (36)

§=0
jdeTio

Ané autéd mpoxdnrer 61t M = 217" xon ) tehind op@y Tou TORLGVGROU
p(x) = 27" cos(n arccos x) = 217" cos(nf) (37)

Iapatipnon 12.1. H (36) npoxintel ToAd €0xola and 10 Swvupixd Yedpnua

(a+b)" = Zn: C‘) b

=0
mafpvovtag a = —1 xat b = 1 xon YpNoWOTOWWVTAS TNV ToOUTOTHTA
"\ /n
w—z()
=0 ™

7 omola eniong npoxinTEL and To diwvupxd Vewpnua Yétoviac a = b = 1.

Opwopoe 12.1. Ta modvdvupa Chebyshev mpdtov eldovs T, (x) efvar ta moAvdvupa ya ta omola wyder ya
x € [—1,1]
T, (x) = cos(narccosz), n=0,1,2,.... (38)

Iapatipnon 12.2. Eyouye #07 der é1t 1o deli péhoc tne (38) ebvar éva tohudvupo tou z. Ioodlvapa avtd
ebvor éva mohuwvupo tou cosf. Ta mohuwvupo Chebyshev opilovton guoxd Yy xde € R av xo to 6e&i

wEhoc tne (38) dev éyer vénua yia |z > 1 agod dev opileton v ouvdptnon arccos x TOTE.

I816TtnTeC TV ToALWYLULY Chebyshev

Oewpnua 12.1. Ian > 2 wyla

To(z) = 22T —1(x) + Th—a(x). (39)
And 1ty Tply®VOUETEIXT TAUTOTHTA CoS a + cosb = 2 cos “be cos %*b TpoxUTTEL TOAD elxola 1 oo

cosnb = 2cosfcos(n—1)0 — cos(n —2)0

and v onola tpoxintel To Oedpnua 12.1 ye v avuxatdotacn & = cosf.
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H avadpowxn oyéon (39) etvon onpavtixd yia tohhole Aoyouc, évag and toug onoloug eivor 6Tt pog emtpénet
va unohoyioovpe o tohvmvupa T, () mohd edxola, Bploxovtac and ta To(xz) = 1 xou Ti(x) = x npdTa T0
To(x), yetd to T3(x), x.h.n. Lapadétoupe mapaxdtw yepxd and ta Ty, (z):

IMeoBAnpa 12.1. Anodeilte ér yia n dprio ta toAvdvuua Ty, (x) mepréyovr udrvo dpties dSvvdpes Tov T v
VI N TEPITTO UOVO TEPITTES.

\Q’Xpr]olyonozez'ore my (39).
IMebBAnpa 12.2. Anodeilte 6n1 ya x € R wydea

Tu(e) = 3 (4 Va2~ 1) + (2~ Vo 1) (40)

v Aeire o npdita ya x € [—1, 1] kdvovtag tnr avukaetdotaon x = cos . Aeilte éneara 6n o 6eéi uédog tng
(40) etvar moAvdvupo tou = (drr dev urdpyouvr SnA. TeTpaywrikés piles dtav avantiéete T N-00TéS duvdpie)
kar dpa 1 1w06tnTa TRV 600 pekdy wyla yia dAa ta x € R e kar ta 6Vo moAvdvuua tavtilovtar oe éva

0AdKkAnpo didoTnpa.

13 Aeg, 28/3/2011: ITohudvupa Chebyshev, cuvéyeia
And tov tirno
T, (z) = cosnb, (ye x=cosb, dec[0,7], z e [—1,1])

npoxOnter 6Tt ot ouvopthoes Ty (+) dev elvon opd ot cuvapthoele cos(n:) énou Guwe o dZovac Twy T €y
UTOGTEL Wi avamapaéTelom, wat “aAhayn LeTaBAnTAc” 6nwe Aéue cuviduc.

-1
Yy 4: O ouvapthoeig T (x) (x6xuvn) xou cos(nb) oyedaopéves 1) pia tdvew oty GAAY. Mropeite va
oelte OTL 1) ahhay”) ETUBANTAC & = cos O €yel DLATNEHOEL TA YALUXTNEIOTING TNS XOPTOANS OV €Y0UV Vo
x8vouv UOVo PE ToV GE0VA TWY Y, T.Y. TO TOCES POPES TEUVEL 1 XAUTUAN ToV 2-d&ova ¥ TO TOGES POpPES
aAA&CeL 1 wovotovia TG ouvdpTnong. Aev €xel OUS BLATNEHOEL XAT oVEYXT T YUPUXTNEIOTIXG TNS XoPTOANG
Tou e€apTWVTAL XU and Tov dZova tov x. ‘Eva yopoxtnelotind mapdderypo eivar 1 xAlon e xaunOAng
(rapdywyoc). Lto dbo dxpa tou dothuatoc ([—1, 1] ot wa nepintwon xa [0, 7] oty dhAn, To onola ta
€y 0uUE oYEddoEL e éva e0G) paivetar xadopd Tt 1 paden xopnihn €yel napdywyo 0 eved 1 x6xxvn dyt.

H ooy petointic aut elvar ToAD yprown yior var amodetxvioue Biapopes IOTNTES TV TOAUGVOUWY
Chebyshev avéyovtag ta avtiotorya epwthuata otig ouvapthoelg cosnf. To nopdderypa, av Yéhoupe va
Beotue ta undevixd twv T, (x) (yio z € [—1,1], wa xan €youye #dn anodeiler 61t dev undpyouv dhha) pxel va
Beolpe ta pndevixd tne cuvdptnone cosnb yia 6 € [0, 7] xou va ndpoupe tor GuVNuitovd Touc.
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IMeoBAnpa 13.1. Acilre 6u ta undevid tng ovvdptnons T, (x) eivar o1 apripof

2% —
COS(M>, k=1,2,...,n.
2n

\Q’Bpeﬁx mpdta ta undevicd tng cosnb ya O € [0, 7).

H ooyt yetafPAnthc auth eivon enlong yenolen oTov UToAOYIoWS Slapdpwy OMOXATpwRAT®Y. AQou

= — % e sngdo

1 =22

TA OPLOUEVA ONOXATPOPATI UETATPEROVTUL CUUPOVA UE TOUS XAVOVES

7r 1 J
Oj...dgz_jl... ﬁ’

ol
1

f...dm:jr---sinede.
0

-1
Ané 7o IpbPhnua 8.7 yia mapdderyua yvwpiCoupe 61t

s

f cosmzrcosnrdr =0 aovm#n

—T

s
f cos’nzdr =71 oavn>1.
—T
Avutéc ot dLotnTES 0plloywridtnTas Twv cuvaptioewy cos nl yetappdlovial dueoa o WLoTNTES opPoywridTntag
Twv Tohuwviuey Chebyshev.

HeboBAnpa 13.2. Arodeire 6Tt av m # n efvar 600 guoikol aprdpol téte

[ D)D) 2 = 0. (41)

ke Vi—zZ2

Ia v nepittwon m = n éyovue

1

2 >1
fTr%(x) dx _ /2 n> '
2 V1—a? T n=>0

\Q’Xpnmponoza’are ty apridtnTa Tng ovvdptnong cosx ya va petatpéhete ta okokAnpapata [T o€ [ ka
petd xdvze tny addayn petafAntnig x = cosf o6nws neprypdpetar napandvo.

H 5t6tnta (41) ovopdletar optloyowidtnta we npog 10 eowtepixd YWVOREVO ue Pdpos

1
V1-—2a?

oto ddotnua [—1,1]. Tha xdde avotned Yetnh ouvdptnon w(z) > 0 ndve o éva Sidotnua [a, b] opileton to
E0WTEPUO YIVOUEVO

w(z) =

b

(F,9)0 = | F@)g(@w(z)de (42)

a
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xau 1 avtioTtouyn 2-vopua
b 1/2
11l = ( [ 1f@)Pw(z) dx) (43)

TOU oLUVBEOVTAL XAt TAAL UE 11} oo

||f||§7w = <f> f>w

Q¢ npoc autd o eowTepxd Ywoépevo, v w(z) = (1 — 22)7Y2 o ouvapthoeic To(z), Ti(x),. .., Tn(z)
anotelolv wo opdoymvia Bdon tou Ypopuxol yoeou Pi.

IMeéBAnpa 13.3. Anodeilte ériwyve n avwdtnta Cauchy-Schwarz pe Pdpos w(zx) > 0:

|<f7.g>W| S ||f||2,w||g||2,w'

Qf(x)g(l‘)w(x) = f(z)Vw(z) - g(z)/w(z). Xpnoporoeiote tn ovvnthouévn aniodrnra Cauchy-Schwarz,
yie w(z) =1 dnkadn.

To va €yet xavelc uo opoywvia Bdon elvar mtohdTipo yiatl xdvel ToAd €0xoAn ) dadixacio edpeong Tou
avamTOYRAToS evoe ToAuwvipou f(x) € Py w¢ yeauuixol cuvduacuol otolyelwy authic e Bdone. Av

f(x) =coTo(x) + a1Th(z) + - - + enTn(z)

v xdmow ¢; € C o 1pénog va Ppolye 1o ¢; efvan Vo TIPOUPE TO ECWTERIXS YIVOUEVO Xl TV 000 PEADY auTHS
g wottog we to T And v oploywvidtnta Yo “emilfoet” uévo évag dpog de€id xou matpvoupe €Tot TV
1ooTNTA

)
LT T)
14 Te, 30/3/2011: IapeyBoln
Av z1,29,..., 2N € R elvor xdnoto onpeio (dragopetind yetalld toug) xo di,...,dy € C eivon xdnoteg tipée,

Mpe 6Tt o ouvdpTnom p (tng onolog To nedio optopol mepyel T ;) mapepuPfdidea T Twéc d; ot onpela x;
av p(xj) =dj yio j =1,2,...,N.
To npdBinua tou Yo pac arnacyohfioet €d eivar 10 av (xou T0 TOS) UnopoVUE Vo Bpolue TETolES GUVAPTAGELS
p oL onoleg eMAEYOVTUL YECH UNd XATOLA EURPELN XAAOT) CUVIPTACEWY, T.Y. {NTAUE Ol P Vo Elvar ToAuGYUPA. Av
Teplopioouye Tic TapeUBdALOUCEC GUVARTHOELC P Vo eival xdrola Tohu@vuya Baduold < N 1 yevixh pop¢h Tou
p(x) givou
_ 2 N
p(x) = po +p1z +p2x” + -+ pnz”,

7 ce

eCaptdrar OnA. 10 ToAudvupo p(x) and N + 1 pryadixée petaBintéc (4 “Baduolc eheudepioc” dnwe Méue xapud
popd). Eivor hoyixd howndy ye tétoia molumdvupa va npoonadolue vo Aooouue éva mpoBinua TopedBolis e
wéypt N + 1 onueio, agol xde onueio napepfohic dnwovpyel wa emnhéov e€icworn (tny p(x;) = d;) mou
TpEnEL Vo xavorotel To p(x), xon Sev TEPUEVOLUE Vo uTopolpe YEVIXS va Aoocoupe neploodtepes and N + 1
Tawtoypoves ediovoec pe N + 1 ayvootoug (ta pj). e N 4+ 1 onpeia dpog 1o npdBinua éyet névta Ao,
6nwe Méel to axdrovio Oewpnua.

Ocwpnua 14.1. I'a kdle N + 1 oOwgpopetixd onueia xo,x1,...,xn € R ka1 onowadnmrote dedopéva
do,di,...,dn € C vndpyer akpipos éva pyadiké toAvdvupo p(z) Patpod < N térowo dote p(x;) = d;
yiaj=0,1,...,N.
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Av yeddoupe p(z) = po + p17 + per? + - - - + pya 161e 10 Yooupuxd chotnua eliodoewy p(r;) = d; Tou
vEhoupe va AOoOUUE UTOpEl Vo Ypdpel 0E YoppT| Tvaxwy w¢ €S

VP=D (44)

6mov P = (po,p1,---,pN) xw D = (do,dy,...,dn)" evor Sravhopata othikee uhxouc N + 1 (P eivon o
dtdvuopa Ty ayveotev) xot o (N + 1) x (N + 1) nivaxag Vandermonde V' eivon o

1 =z :):g xév

1z 2 N

o o 1 .. 1
V =V(xg,x1,...,2N) = . (45)

1 zy x?\, x%

To va €yet autd o abhotnua Aborn P yia xdie de&i yéhog D elvar 10od0vapo Ue 10 var Eyel TavTa Lovadixy
AOom xoun 1oodivopo ue To va elvon o tivaxag Voavtiotpédiuog. Apxel hotndy va det€ouye 6TL o mivoag V' ndvta
(v xdde emhoy) onueiwy x; dnh.) v avtiotpédipog. Ou deiloupe 6t 1 opilousd tou dev eivar 0. o
ouyxexpipéva Yo deilouye 6Tt

det V(zo,x1,...,2N) = H (i — xj), (46)
0<j<i<N

7 onola togdTNTA BeV elvon Pndév ool ta onuela x; eivon Gha BrapopeTixd. XTo YIVOUEVO Tou epgaviletal 6TO
dei uéhoc tne (46) €yovue and éva napdyovta yia xdve Lebyoc Sapopetixmy onpeiwy 6mou To ornyeio Ye 10
weyolbtepo Belxty €yetl mpdonuo + xou To dAAo €yel TpdaNUO —.

Ac¢ ypnowonotioouye enaywyrh wg tpog N. To N =1 éyouue

’ 2. 7. 14 ’ 4 14 4 7 Vs 7
dpa o TOmoC 1oy let oe auTh Ty nepintwon. [ 1o enoywyxd Bhua (and N — 1 onpela o N onueia) opxel va
del€oupe Tov TONO

det V(zg,x1,...,zn) = det V(zg, 21, ..., 2n-1)(zN — x0)(xn —x1) -+ (xNy — ZN—_1).

Bokelet €66 va Yewprioouye 10 n ¢ Wwio UETABANTYH YpdpovTtag ot Véor Tou x, ondTe 1 oY€oT) Tou €YOUlE
vor OetEouUE YRAPETOL OC Wit LGOTNTA TOAUWVOUWY

det V(zg,z1,...,xn-1,2) = det V(zg,z1,...,2n-1)(x —x0)(x —21) -+ (. — zN_1).

(To 61t 1 noodtra det V(zg, 21, ..., xN—1,2) eivon éva tohudvupo tou z Badpol < N yiveton @oavepd av
avantvoupe v opilovoa we npoc Ty tereutala g Yeauur.) Ot pilec Tou nohuwviyou tou Bediol péhoug
elvoll TEOQYAVAOS T ONUELX 0, T1,...,TN—1. Ouwe autég etvar xai ot pile Tou aploTepol péloug agol 1
optlovoa det V(zg,z1,...,2n-1,2) undeviletan 6note = z; (1 < j < N — 1) agod anoxtd 0o (dieg
Yooppée. Otav d0o nohuv@vupa Baduod N éyouv tic ibieg pilec téte elvar 1o éva tohharhdoto tou dhhou (eni éva
wyadixd aprdud). Ouwe edxoha Bréner xavelc 6Tt To aptotepd xar o 8e&i péhog €youv tov Bio peyiotofdduio
ouvieheaty], o onofog eivon o apiude det V(zg, z1,...,xn—1). Autd eivar pavepd yia 1o 0 uéhog ot 010
aptotepd uéhog elvan eniong gavepd av mapatnpioovue 6tL, oto avdntuyua g det V(zg, 21,...,2N-1,2) ©¢
npoc v teheutaia Yoo (Ue Tic duvdyelc Tou ), to =¥ moManhacidleton pe wa uToopilouca Tou eivar
axppos n det V(zg, x1,...,2N-1).

Yuvenwg o 800 mohuwvuua eivon axplBag Bl xan 1) anddelly) EYEl TEAEIWOEL.

To Oewpnpa 14.1 propel va anodetyVel xon dAM®S, TOUAAYIGTOV TO XOUUATL TOU apopd TNV OTAEEY TOU
ToAUWVOUOL TapeUBolg, e TN Aeyduevn wédodo napeuforfc Tou Lagrange.

Opiloupe ta Bonintind tohvwvupa Badpod N

r— X, .
tz)= ][ m_;', (i=0,1,...,N).
j=0,1,....N ¥ J
J#i
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Elxoha Bhénouye ot
1 (=37
li(x) = ( ) :
0 (i#J)
To mohudvupo p(z), Paduod < N, nou mapeuBdhher tic Twée dj otz (j =0,1,..., N) ypdgetar Aoty
p(z) = dolo(x) + dili(x) + - - + dnln(z). (47)

IMpoBAnpa 14.1. Me tn péodo mapeppPorns Lagrange (47) éxovue Oetéer éri omowadnnote dedopéva d;
pumopoty va mapaufAndoly pe molvavuvuo Patuod uéypr N o€ omowdnmote N + 1 onuefa. Iati kdde tétoio
ToAVAY Lo TapepufoAnS elvar povadikd;

'V Ebc undpyovy tovddyiotor OU0 Tpomor yia va anavtiooupe: évag Kowohvtas To TpoPAnua wS mpdPAnua
ypappukris diyeBpag (deite tny (44)) kar évag dAdog mov korwder to mARdos Twv pildy toAvwripov Baduol
< N.

H pédodog mapeuBoric tou Newton exppdlel 10 TOAUGVLPO TopeUBornc oTn LopN
p(z) = ao + ai1(x — zo) + az(z — zo)(z —x1) + - -an(z — zo)(z —x1) - - (x — xN_1). (48)

Exgpdlouye dnh. 10 TOALGVURO TUPEUSOMAC WS YPOUUIXS GUVOLACUS TV oTolyElwy wag Pdong tou Py Ot
agopetixfic ané ) ouvndopévn {1,z 22,23, ... 2N 2N} Sk, tng Bhome

l,x —zo, (xr —x0)(x —21),...,(x —x0)(z —21)(x —22) - - (x — xN_1). (49)
IMeoBAnpa 14.2. Iatl elvar o1 ovvaptiioeg (49) pa Pdon tov ydpov Py;
Iede unopel xavelc va Bpet toug ouvtekeotés aj tne (48) v dedopéva onueio x; xar dedopéva dj; H
andvtnoy eivar Toh) A xar UETUPEACETOL OE EVOl AMOTEAECUAUTING UAYORWILO Yiol TOV UTOAOYIOUS TWV ;.
©étoupe xat apyfv & = zo otny (48) xou maipvouye étol TV 1oHTNTA
do = p(xo) = ao

agol 6hol oL bpol BedLd exTog and tov tpwTo undeviCovia. ‘Etot Bploxouvye ag = do. 'Eyovtoac Beet 1o ag
Vétoupe oty (48) & = x1 xou mapatnpolue 6t undevilovton Ghot ot Gpot deCla ExTOC TOUC BUO TPEWTOUC.
[aipvouye étot

di = p(x1) = ao + a1(z1 — o)

oty onola dAa elvol YVwoTd exToC and To ap Yio To onolo Abvouue xot Bploxoupe

dl—ao
a) =

1 —1’0'

YuveyiCouue Vé€tovtag o = x2, & = 3, AT, Xt Bpioxouye Ye auTod TOV TPOTO BLadOoY XA GAOUS TOU GUVTEAECTEC
;.

[Tolog ebvar ouwe €vae Aoyog yia tov onolo Yo emduyolooue va ypnowlonotoovpe T uévodo Newton
évavtt e ueddédou Lagrange yia tov unoloyiopd e napeuBorfc; (Na tovicouye €86 6Tt 10 TOAUGYLYO TOU
vrohoyilet n xdde pédodoc eivor puoxd to (Bro, adhd elvon ypouuévo ue Slagopetixd tpdéno.) Mo andvinom
ebvor 611 e N uédodo Newton etvar moAl euxordtepo vo npocitécoupe éva axdun onueio tapauefornc, ywelc
va ypetootel vo Zavaunohoyioovpe to névta (dnwe oupfoiver av €oupe To TOAVMYLYS pac ot wopph (47)).
Hpdrypatt, av utodéooupe dti €youue 107 Beer Toug cuvteheoTtéc a;j otny (48) xon Vélouye tpa Tpoc¥ésoupe
€va onueio Ty 41 xan dedouévo TapeuBoAnc dy 1, TOTE BV €YOUUE ToEd Vo TPocVECOUNE €val axouTn 6p0 GTo
TOAUGYLUO Yag, ondte yiveton

p(x) = ag + a1(x — xo) + ag(x — zo)(x — 1) + - - -an(x — zo)(x — 1) -+ - (x — zN_1)+

an+1(x —xzo)(x —21) - (x — zN).
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OéTouue TPU T = TN4+1 %ot Tafpvouue TNV e€lowon

dn+1 = p(xN+1) = a0 + a1(zn+1 — 20) + a2(ZNt1 — o) (TN41 — 21) + -+
an(xn1 —z0)(TNy1 —21) - (TNg1 — 2N-1) Fanvi1(@vg1 — 2o) (TN — 1) - (N4 — TN)
6mou Ao elvat YVWGTd exT6C and T0 an 41, TO onolo xou utoloyiCoupe Abvovtag auth TV TpwtoBdduta egiowon,.

Ae ypeldotnxe vo uTohoYloouue Eava T ag, a1, - - ., AN APOVU GTOV UTOAOYIGHO AUTAOV OEV UTUIVEL UE XAVEVA
TEOTO T0 TN4+1 1 T0 dN41-

15 Ae, 4/4/2011: IlopepBorr. Yewpéc Fourier

Tevixd phodvrag 1o nohuadvupo p(z) Badpolt < N nou napeuBdhher wa ouveyt, ouvdptnon f € C([a,b]) oe
xdmotar onueld X, T1,...,TN OV Exel xaréc WioTNTeC mpooéyyong e f. Autd elvon To mepleyduevo g
TUpaXdTw TEdTAoNS, TNV onola de Yo anodetouye.

Ocswpnua 15.1. [a kde oidotnua [a,b] ka1 Y kdde akolovdia cvvidwy kduPowr Tapeuforng

(éxoupe 6nAadn ya kdle guoiké apiiué N > 1 éva ovvoro ané N + 1 kdpufovs rapeppolns ozo [a,bl)
vrndpyer f € C(la,b]) t.d. n nooétnza ||f — Ln(f)| o Oev efvar gpaypévn. Edd L (f) eivar to povadiké
roAveévupo Baduol < N rov napepfdlrer tny f ota onueta b, 2, ... 2.

Ae prnopolye cUVERMS va tepluévouye 6Tt N toodtnta || Ly (f) — fll,, Vo eivon pixph av dev éyouue xdmoto
nopandve TAneogopia yia Ty f and ) ouvéyed e oto [a,b]. To enduevo Yedpnua eivon mpoc auth TNV
xatevduvon.

Opwopdc 15.1. O yopos ovvaptiocwr f € C™([a,b]) anotedefrar and T ovvaptioes mov elvar n @opés
Tapaywyloies e GAeS TS Tapaydyous tovs ouvexels. (Yta dkpa evvoole TS TACUPIKES Tapaydyous.)

Ocvpnua 15.2. Av f € CV([a,b]) kara < zg < 21 < --- < n41 < b T6T€ Y1a kdde x € [a,b] wyla
0 gpdyua

@) = In (@) < G [0 e =20) -+ e =)l (50)

(N+1

Eotww W(z) = (x —x0)(z —21) -+ - (x — xn). Apxel va delloupe 61 vndpyet € € (a,b) 1.0.

1

RETANOLICE oy

f(x) = Ln(f)(z) =

O tinoc (51) ovopdletar xou “tOnoc Tou Lagrange pe undrotno” (napatnpelote TNy opoLdTNTA UE TOV THTO TOU
Taylor pe unéhotno mou cuvdéel o tohuwvupo Taylor plac cuvdptnone ye ) cuvdptnon).
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Eivou gavepd 6t (51) woyder yia x € {xg,21,..., 2N} Yia onoodirote € wa xon undeviCovton xou tar 8%o
wéAn. Mnopolpe ouvends va utodéooupe 6Tt to & dev efvan xavéva and ta x; xou dpa W (x) # 0 xon unopolye
val 0ploouye
f(z) = Ln(f)(x)

W(z) ’

H ouvdptnon ¢(t) éxer N + 2 dragopetind undevixd oto [a,b], ta xg, T1,..., TN xu 10 . And 10 Yedpnua
tou Rolle énetar 41t avdpesa oe d0o dradoytxd tétota undevixd undpyet éva undevixd tne ¢, xau dpa 1 ¢ €yer
N + 1 Swgopetixd pndevixd oo [a,b]. Kar ndht and 1o dedpnpa tou Rolle avdyeoa oe dho undevind tne ¢’
undpyet éva pndevixd tne ¢, ondte 1 ¢ éyer N Sraopetind undevind oto [a, b]. Xuveyilovtac xat” autd tov
1670 Phémouue 611 undpyet € € (a,b) 1.6, ¢NFTD(€) = 0.

Opwe pN+D = fINFD Lo (HINFD AW WNHD - Agot deg Ly (f) < N érneta 6 Ly ()N =0
apol W (x) = aN T + (bpor pixpdrepou Padpot) éxouvpe WINFTD(€) = (N + 1)!. Tlaipvoupe étot 1t oyéon

f(z) = Ly (f)(z)
W (z)

A= o(t) = f(t) = Ly (f)(t) = AW (2).

0= fFNHDE) - (N +1)!

Tou efvon t0odivoun ue v (51).

IMeéBAnpa 15.1. Av f(x) = €* deilre dn ya kd¥e Odotnua [a,b] ke ya orowdnnote gloTnua kKopuPowv
rapepPortis xév, N=12,...,,j=0,1,...,N, (6rnws oto Ocpnue 15.1) n axolovilia roAvwviuwr Ly (f)
ouykAiver opodpoppa otny f oo [a,bl.

\Q’Xpnmyonom’are 0 Oecdpnua 15.2.

IopepPoAY o TAEATAVL BLAGTACELS
‘Eotw 6t ¥éhovpe va napeuBdiiovpe Tic Tiwés do, d, . .., dny ota onpeio 2o, T1,. .., TN UE EVOL TOAUGYULUO
Baduos < N
p(x) = po + p1x + pox? + ... —l—pNxN.

‘Eyouue det 611 autd 10 mpOBAnua €yl ndvto wovadxs Aoon pj. Av dodue To medAnue w¢ €vo yoaumuxd
obotnua, 6nwe xdvaue otny e&lowarn (44)
VP =D

6mov V. = V(z0,21,...,7N) civar o nivaxac Vandermonde xu D = [dp,...,dy]" eiva 1o didvuoua oThln
TWV TGV Tou Yehoupe va Tapeudihouue, 1oTe 1 Umapdrn xou povadixdtnta Tng Aiong autod ToU GUGTAUITOS
elvon 100dUVaPeS Ye to va eivar o Vo avtiotpedipog. Me dhha Aoyia to mpdPhnua €yel wovadxry Aon oxp3ag
enedn det V(zo, ..., zN) # 0 onotedfinote o onueia z; etvon StopopeTixd.

‘Evag S1opopetinds TpOnog Vo EXPEACOVUE TO TeOBANU TN TapeuBoAnc lvar va Todue 6Tl avalnTovue Eval
YRUUUIXS CUVBUACUS TV CUVIPTAGEWY

fol@) =1, fi(x) = a, fo(x) = 2°, ..., fn(z) = 2 (52)

o omolog malpvel Twéc d; ota z;. Me auth ) YAOooa to medPBinua propel va yevixeutel ahhdlovtag Tig
ouvopthoeic fj(x). o napdderyya, unopolue va tdpovue we cuVapTHOELS TapEUPOorS Ti

go(z) =1,g1(x) = x — 29,92(x) = (x — xo)(x — 21),...,9n(x) = (x —x0)(x —21) - (x —xNn—1) (B3)

ot onoleg avtioTolyoly otny napeuPorry Newton mou €youue %o del 6Tl €yel enlong wovadixy Aon. Autod
ovvendyetor 6Tt yio xdve N + 1 dragopetind onpeio xg, 21, . .., TN 1 opiovoa Tou mivaxo

gi(z;), 4,7=0,1,...,N,
ebvar # 0.

Hapatipnon 15.1. H eniluor tou npofifuatog mapeuBohic pe yeoupixols ouvduaouols v fj 1 tov g; divel
Ppuoxd 10 Bto ToAvGYUPO (Aol autd éyovue deiler bt eivar povadixd). ‘Ouwe oty Te®Tn nEpnTHon avtd
elvo YPUUUEVO oo YRoUUtXOg ouUVBUAoUOS TwV fj V@ oTn deltepn TERINTWOY G YPopUXOE GUVOLACUOS TWY
95-
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Aev eivon anapaltnto ot cuvapThoelc TapeuBolic va efvar moAudvupar av eivon T6TE 0 xGVE YRopUNoS
oLYOLACUOS TOUS EVAL QUOIXE X1 AUTOS TOAUOYUPO. LuviUeg ancutolUe OUmS Vo eivat cUVEYEIC oUVUPTAOEL.

IMebBAnpa 15.2. Aeibre 6t ya kde N > 1 o1 ovvaptioe

eo(xz) =1,e1(x) = eix,eg(x) =e .. en(z) = elViw

propoly va mapepPdAdovy omowadritote dedouéva d;j o€ omoiadnnote trapopetikd onueia o, x1, ..., xN € [0,27)
€ povadikd tpdmo.

[Tapd T0 611 611 Yl SLACTACT) UTOPOUYE VoL EYOUPE HOVABIXT, TUPEUBOAT| UE TAELADA CUVIRTHOEWY TAREUSOANS
(Belte mapadelypata fj, g; xau e; napundvw) oe yeyalitepn didotaon autd dev efvar Suvatd.

Oevpnpa 15.3. Ag etvar Q C R? éva avorytd olvolo ka1 N > 1. Aev vndpyovr auvexels ovvaptioes
fi:Q—=R,7=0,1,...,N, t.d. ya kde drapopetind xo,x1,...,rN € Q ka1 y1a kdle do,dy,...,dy € C
va vrdpyer povadikos C-ypaupnkos ovvdvaouds twv f; mov va naiprver tn i d; ovox; yiaj = 0,1,..., N.

Haparipnon 15.2. "Eyet onpacio 6ty anddelln napoxdtw ott ot ouvapthoes fj(x) malpvouy mpaypotixés xou
Oyt Wryodixég TEC.

To gouvépevo autd ogeiletar oe Tonohoyixolg Aéyoug 6mwe Vo yiver govepd and Ty anddeilr) Tou axohou-
Vel
Ac uro¥éoouye 6Tt To Oewpnua 15.3 Bev toylel xou OTL UTdEYOLY TETOEG CUVAPTAHOEIC fj. LUVETELX AUTOY
L, .
efvar 6Tt 1) oUVdpPTNON
d(xo, 1, ..., xn) = det[fi(x;)]ij=01,..N

7 INIVA 4 7 2 I
efvar # 0 onotedhinote dha ta onueia 5 etvon SropopeTid.

H ouvdptnon ¢(xo, 1,...,xN) eivar (o) mpaypotix? (apod dha ta ototyeio Tou mivaxa eivar Tpoypatixd)
xau (B) ouveyhic ouvdptnom tov x; (apol or f; eivar ouveyelc xau 1 opifovoa eivar éva dlpotopa and bpoug
x&e €vag and toug onoloug elvan yivouevo xdmowwy fi(x;)).

‘Eotww tdpa xdnowa onuela o, 21, ..., xn xo 0 # D = det[fi(z})]i j=01,. N xou vrodétovpe yopic BAESN
NG YEVIXOTNTOG OTL Tl Tp ot X1 elvon oty (Bt cuvexTxr) ouviotood tou §2. Mtadeponolotpe ta onueia
T2, ..., TN XL UETOMVOOUE UE OUVEYT TEOTO Ta onueia o xow 21 €ToL OOt

1. Xe xdle ypovixr| otrypr| t ta onpeia xo(t), z1(t), x2, 23, ..., 2N cvar Oha dapopeTtid uetall Toug.
2. Sy apyxd ypovix, otiypr| t = 0 éyoupe z0(0) = zo xou z1(0) = ;1.
3. By tehud] ypovixh oy t = 1 éyovpe x0(1) = x1 % x1(1) = o.

Anhady) ye ouveyn 1pémo avtahhdocouy Véom ta g xou x1. To étt autd elvan duvatd oto eninedo etvar O
o TIXd Qavepd %ot BEV TO ATOBEXVUOUPE o TNEE Wiat xa Yo Lag €monpve TOAD Y Mo Xt Yeovo ot xatediuvon
mou dev ebvau Baotxn v’ autd o pdinpa. Etvon eniong govepd ot autd de yivetar otn o didotac: dbo onpela
0E UTOPOVY, GUVEYMS XIVOUPEVA, VA AVTUAAAEOUY TIC VEGELS TOUC YWPEIC VA GUYXPOUGTONY.
H ouvdptnon
Qb(t) :¢(w0(t),x1(t),x2,x3,...,wN), 0<t<,

efvar wa ouveyfic ouvdptnon tou t. loyler eniong ¥(0) = —¢(1) agol ot dbo autés Tuée wobvton Ye TiC
optlouceg B0 mVAXWY TOU EYOLVY TI BUO TPWTEC OTHAES TOUS EVUANAYUEVES XU TIC UTOAOITES GTHAES TOUC
diec. Apa yio xdmowo t € [0, 1] woyber ¥(t) = 0 npdypo mou avtigdoxer o1o pn undevioud e opiloucog
det[fi(z})]ij=0,1,...N Yot xd0e emhoyy SlapopeTidv onNueiny T;.

Avuty) 1 avtigaon cuumhnedvet Ty anddeln Tou Oewprpatog 15.3.
Yuvteleotég xou ocipég Fourier

YuuPorilovpe e C?™ 1o 60voho bAwV TwY cuvey OV ouvapTAcewy eni Tou R ntou elvar enfong 2m-reploduxée.
Iood0vopa, C?™ eivon 10 6OVOAO 6AwY TwV ouvex®Y cuvaptioewy f : [0,27] — C e £(0) = f(27).
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Yo yopo C* oplloupe 10 €00TEPXG YIVOUEVO

fr9 2ij

xadde xon Tic LP véppeg (1 < p < 00)

1 2T 1/p
||f|rp=<%j|f<x>|pdx) .
0

H 2-véppa ouvbéetar, g ouvidng, UE TO €00 TEPIXO YIVOUEVO UE TN oyéon

I£15 = (. f)-

Or PBootxég 1BL1OTNTES TOU ECWTEPIUOD YIVOUEVOU EYouY xahugiel atny §8.

Optopds 15.2. Av f € C?™ ka1 n € Z wéte 0 n-00tds ovvredeotiis Fourier tns f opiletar wg n moodnta

2
_ % [ #yemme dn = (£,6). (54)
0

Iapatipnon 15.3. O napandvew optoude eivar okl nepoptotinds. To i yéhog e (54) opileton byt ubvo
otav 1) f etvar ouveyfic ahid onotednnote eivor Riemann ohoxinpdotun. o napdderyua opileton onotedhnote 1)
f etvou xatd tppota cuveyfc xa 8e yperdleton xav va éyoupe f(0) = f(2m). T toug oxonole tou podiuatog
autol Opwe Vo apxéoet va wAdue yia ouvteheotéc Fourier ouvey v xou 2T-EQLOBIXMY GUVAPTACEMY.

Y€ Wiot ouveyY cUVAPTNOY avTioTotyolue Tn “oetpd Fourier” tng

Z J/z'\(n) eine

n=-—o0o
x00S xou Tor ouppeTpikd pepikd tng apoiouata

N

Sv(H@) = 3 Flnyen.

n=—N

Aev xdvoupe €€ apyfic XATolo Loy uplord Yia T obyxAior g ocipds Fourier tng f, mou opiletar va onuaiver
™ oOyxhion v Sy (f)(x) oe xdnoo wyadixd aprdpd. H “idavixd” xatdotaoy eivan 1 oelpd aut vo ouyxhivet
oty f. Autd duwe dev toylel yenxd (undpyouv cuveyeic cuvapTHoES TwV onolwy 1 oed Fourier de cuyxAiver
noudevd) av xor UTdpyouv Puctohoyixés ouvirixeg Tou pog to e€acpaiilovy autd (my. n f va Eyel cuveyth
delitepn TapdywYo).

Hp(’)ﬁ)x'r]p.oc 15.3. Avp(z) = Zév, Npkeik‘” etvar éva Tprywvopetpikd ToAvdrupo Ppette tig toodtntes p(n)
oa ovvdpTnon twv py. Aeléte du n oepd Fourier mg p(z) ovyrdiva otnr p(z).

~

nx

Q Mdpre to cowtepind ywdpevo g p(z) pe v e
ouvaptTRoEwY.

kar ypnoiponoieiote tny oploywriotnta twy ekdetikdy
IMeoBANpa 15.4. Acitre 6u ‘f(n)‘ < flly-

IMeb6BApa 15.5. Trodoyiote tovs ourvtedeotés Fourier twv owvaptioewr f(x) =1, g(z) = X4 () dTOU
[a,b] C [0, 27].
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Oedhpnua 15.4 (A¥ppa Riemann-Lebesgue). Av f € C*™ wire fn) =0 yia |n| — oo.

To Oehpnua 15.4 1w0yder xatd mpogavh 1edmo av 1 f elvor TELY®VOUETEIXO TOAUGYUUO ool 1 axoloutia
Ty ouvieheot®y Fourier tne dyt anhd nder oto 0 ahhd eivon tedxd undevixn (av o |n| Eenepdoet to Badud
TOU TOAUWYHUOV).

o vo anodei€oupe 10 Oswpnua 15.4 yio wa yevixd f € O™ ypnowonooue 1o Ocdpnua tou Weierstrass
Y10l TpOCEYYIoN and TELY WVOUETPIXE ToAu@yupa (Oewenua 10.1).

‘Eotw € > 0. Trndpyet 161€ TpiywVOUeTptno ToAvGVLRO p(x) T.0. ||f =l < € xor dpo woyder xan
| f —pll; < €n onola cuvendyetan (MpdPAnua 15.4)

~

Aqgol i |n| apxetd peydho to p(n) undeviletan €netan dtL Y [n| apxetd peydho ‘f(n)) < €, TOU OMUAlVEL

axpiPeg 6t limy, o ‘f(n)‘ = 0.

16 Te, 6/4/2011: Yewéc Fourier

Oehpnpa 16.1. Fotw f € C*. Tére ya kdde n € Z wydowr ta tepaxdro.

~

1. Av g(z) = f(x — @) tére g(n) = f(n)elon.
2. Av g(z) = e f(z) tre §(n) = f(n — k).
3. Av enfong f' € C?™ tére f'(n) = inf(n).

H anédeiln tou Oewphuotog 16.1 aghvetor g doxnoy Yo TOV avayveooTr o omolog Umopel vo amodeilet To
CNTOVUEVO YPNOWOTOWWVTAS TOV 0pLoUd TwY ouvteheot@y Fourier avtixataotdoels UETABANTOV xat 0OAOXA pwon
xatd pépn.

Optopéde 16.1 (ZuvéhEn ouvapthoswy). Ar f,g € C* n ouvéhi&n twr f kai g opiletar va clvar n
ouvdptnon f x g € C*™ nov divetar ard tov timo

frgl Qﬂff (v —1)d

IMebBAnua 16.1. Anodeilte 6T n f * g efvar ouvexns kar 2m-nepiodikn kai 6t fxg =g * f.

Ve ) owvéyela g f* g Ppefte éva dvew ppdyua ya tny noodtnte fxg(x+h) — f*g(x) xpnoporoidrrag
Twr opodpopen ouvéyeaa Twr [ 1 g.

IMeoBANpa 16.2. (EUVTE:)\E:O'TE:Q Fourier cuvéngng)

Av f,g € C? beibre du f * g( ) = f(n)?](n)

Q Xpnoyoroeiote tov opioud twr ovrtedeotwr Fourier kar aAddére tn oepd oAokAnpwors.

Opiopdc 16.2 (ZuvéEhEn axohovdhdv). Av ap,b, € C, n € Z, civar 6bo (timdijs xateduvong)
akoloviies téroies dote N ayn €lvar gpaypuévn ka1 n by, wkavoroel Ty > 02 |by| < oo (1) o avdmodo),
tote 1 ovrén) toug opiletar ws n akodoviia a * b twv onoiwy o1 dpor divovtar and tov TUTO

o0

(axb), = Z arbn k- (55)

k=—o0
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IMebBAnpa 16.3. Acite du o1 vnoléoeis tov opiopod Tng owéhéng akodovthar eyyuvdvtar Tn olykhion tng
oeapds (55) ya kdle n € Z. Aetre eniong du (a*b), = (b*a), yuan € Z.

\Q’Ano’/\vm oUykAion pag oepds ovvendyetar oUykAOT).
IMe6BAnpa 16.4. (Xuvteleoteg Fourier ywopévou)
Ay f € C* ka1 p(z) tprywvopetpind modvdvupo defére dn

—_ ~

f-pn) = (f*p)n.
Vo f(n) etvar gpaypévor and || f||; kar n akodovdia p(n) elvar telikd pundevikn), dpa opiletar n ovvéién towv
8o axokovthdy. Acitre to (nrotevo tpdta ya p(x) = ek

O nuprvag Tou Dirichlet.
Kevtpd avtixeiyevo yia ) uerétn e xoatd onueio odyxhiong

Sn(f)(x) — f(x)

elvon 0 Aeyouevog nuprivag tou Dirichlet td€ng N, 1o tpry. mohu@vupo dnh. mou opileton w¢

N .
Dy(z) = Z etk (56)

k=—N
Aev eivor doxoho va Ppet xaveic éva xheiotd tino yio 1o Dy (x):
sin (N + 3)z

a T
SlIl2

Dy(z) =

21

N =10

- \/\\/\\/ v/\v/\v

Eyfua 5: O muprvag tou Dirichlet

|

—N 0 N
SyAua 6: Ov ouvteheotée Fourier tou nuphve tou Dirichlet Dy (z) yua N = 10

[Ma va Bet€oupe v (57) yenotponoolye tov TUTo Yia To GUpOLoUa TNS TENEPUOUEVNC YEWUETEIXNC GELRAS

1— Zn—i—l

1+z+z2+-~+z”—ﬁ, (z # 1), (58)
(Le €@ o1 Yéom Tou 2) xu Tov TOTO Yo TN B1oPOPd CUVNULTOVEY
A+B . B-A
cos A — cos B = 2sin ; sin 5 (59)
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IMpoBAnpa 16.5. Anodeilte tig (58) ka1 (59).

IMe6BAnpa 16.6. Kdvte g npdéag udvor oag ya ekdoknon kar anodeiére tnr (57). Quunieire én pa ev
yéver kaAn otpatnyikn otav éyete éva kAdoua pe pryadiko mapavopaotn €ivar va toldamdaoidlete apriduntn
ka1 Tapavouactij pe to avluyr) Tov Tapavouact doTe va yivetal Tpaypatikos o Tapavouactis.

ITebéBAua 16.7. Anodeibre ut av f € C™ téte ya kdde N > 0 10yUer
Sn(f)(@) = [+ Dn(x).

17 Ae, 11/4/2011: Abon IpoBAnudtwmy
18 Te, 13/4/2011: AvVon IHeoBAnudtwy

19 Ae, 2/5/2011: Xeipéc Fourier, I1

Yuvénewr tou [ludayopeiov Oewphuatoc (LlpdBinua 8.6) eivan 1 towtdétTa Tou Parseval yio tprywvopetpixd
nohvwvupd. o tny anddelly anhd YenolLonoloVUe TNV 0pUoXAVOVIXOTNTA TV EXVETIXGV GUVIRTHTEWY. Ouud-
woote enione (Seite to IlpbBinua 15.3) é11 o1 suvteheotéc Fourier evée tprymvouetpixol Tohuwviyou eivar o
idtoL ot ouvteleotéc Tou tohvwvipoy (p(k) = pg).

Ocswpnua 19.1 (Tavtdtnta Parseval yia tply. moAuovupa).
N tkx .4
Av p(x) = 3 nppe™ téte

N N
lp@)5= > Ipel>= > [B(k)* (60)

k=—N k=—N

‘Eva Bacixd epodtnpa ¢ avdhuong Fourier eivan 1o xatd ndéoov UROPOUUE VO AVAXATOOXEUAGOUUE WUiol
ouvdptnon and toug ouviedeotég Fourier tne. 'Evac guotohoyixds tpdnog va e€etdixeboet xavelc autd to
epOTNA Elval VoL pwTACEL av Tar pepxd adpolopata T ogtpde Fourier ouyxiivouy atny (Bl 0 cuvdptnom

Sn(f) = f;

To va ebvar Thipwe xadoplouévo 1o npdPAnua npénet xavelg va eEnynoetl Tt eidoug obyxhorn evvoel. Av yia
nopdderypa 1 ovyxhon evvoeiton xotd onueio (Vo : Sn(f)(x) — f(x)) % opordpopga ([[Sn(f) — flloo — 0)
TOTE 1) amdvTnoy Yevixd eivon opvnTid. Autd omuaivel 6Tl uTdpyEl CLVEYNC cuVaETHoY f Yiol TV onold deV
oy OeL 1 xatd onueio oOyxhion mavtol (00TE Puod xou 1) opot6uopen obyxhior). Autd de Yo to anodeifovye
og auté To Pddnua. Av dpwe N olyxhion evvoeitou oty L? vépua té1e 1 andvrnon eivor xortapatind (Oedpnua
19.3) xou autd €yel tepdotia onuacia Yo Ti¢ eQapUoyéc g avdhuorne Fourier.

[ToArég gopéc oty Avdhuon pla WiotnTa olyxMong elvar ouvénela wiag aviootntag. ‘Etol x €00, yia
var anodei&oupe 0 Oewpnua 19.3 Yo ypelaotodye €va gedyua yia o Ypopuxd teheoth f — Sn(f). Hpv
Stotunooupe autd to gpdypa (aviodtnta tou Bessel) opilouye v évvoia tng oployoviag npoforfic ot éva
Lo WEO.

Optopéde 19.1. Avey,..., e evar éva opfokavoviké olotnua ovvaptijoewy oto C*™
(ej,e;) =1 kar (e;,ej) = 0(ya i # j),

ka1 V = span{ei,...,eg} €var o ypaupukds ydpos mov mapdyovy n opVoydvia npofolf puag ouvvdptnons
f €C*™ ogwo V etvar n ouvdptnon

k
Py(f) = (f.ej)e;.

Jj=1

41



Hapazipnon 19.1. Eivaw gavepd 6t Py (f) € V. "Eyouye enione bt 1o didvuopa f — Py (f) etvon xdleto oto
yopo V, eivon dnh. xddeto oe xde Sidvuopa tou V. Av v € V npéner va deiCovpe bt (f — Py (f),v) = 0.
Apxel va 1o xdvouye yio Ta Slaviopata e, . . ., e 0T VEaT Tou v piar xou €iva Wlol Yeoutxy) oy€om g Tpog v.
Avuté enahndedeton edxola (xdvte To).

Kdt dhho nou ogeihoupe va modue €86 eivon dtt xdde ypoppinde yopoc (ndve otov onolo éyouue opice
x4moto ecwtepd YvopEVo (BoTe var €yet vonua vor hdpe v opdoywvidtnta) €yet xdmoto opdoxavovixr o
el,...,ep 6mov k =dim V. Auté eivon ebxoho va detytel enaywyixd w¢ npog T didotaon k xou pnopel eniong
var amodety el e ypron tne Aeyopevng oploxavovixonoimong Gram—Schmidt v onola Yo dolue apydtepo.

HeboBAnpa 19.1. Acilre éu

k
1Py (H)lI3 =D 1 frenl. (61)
j=1

\Q’E(papyo'atf to Hvbaydpeio Ocdpnua (LpdéPAnua 8.6).

IMe6BAnpa 19.2. Anodeiéte du to Sidvvopa Py (f) elvar to povadixé Sidvvopa v tov V t.db. (f —v,w) =0
yia kdle w € V.

V Ay vndpyer ka1 dAAo téroto dudvvoua v’ tdte to tpiywro fuv’ éxe opdiy ywvia kar atny kopugrj v kar oty
kopugn v'. Aetéte dni avtd elvar ablvaro epappdlovas o popés o Mudaydpeo Oeddpnua. Me dAda Adyra n
vrnoteivovoa eival tdvta n avotnpd peyaditepn mhevpd oe éva oploydrvio tpiywro kai dpa O pnopel va vndpyovy
Ovo vrotelvovoes.

IIebéBAnpa 19.3. Ay V =span{ey,...,ex} kai ta e; elvar avd 500 opfoydria aAdd dy1 kat’ avdykn povadiaia,
and wotov timo divetar n wpofodrj Py (f);

Q Kavovikoroiciote a €j.

IMpoBAnpa 19.4. Anodeilte 6n to hidvvoua (ovvdptnon) Py (f) dev ekaptdtar and ta ey, ez, ..., e, aAAd
Hovo and to xdpo V. Av dnA. €, ..., €) cvar éva dAho opokavoviké ovotnua oto xdpo V (omdte avtduata
V = span{e],...,e.}) tdre wyle ka1 ndAi

k
Py(f) =Y _(f.€)e}.

Jj=1

ok _ k / z 7 ! z e - z z Z
vV PV(/f) = Zj:1 )\j/ej y’za kdrowa \j E/ C agov ta e; mapdyovr to V. IHaiprovtag ecwepikd ywvduevo avng
TNS 100TNTAS ME Ta e; naiprete To {NToUpero.

Te6BAnpe 19.5. Aeibre éu ta ovupetpind pepicd adpoiopata Sn(f) g oepds Fourier jag f € O™
efvar akpifa§ 1) mpoPodi) Tng f oto ypappuké ywpo wov tapdyovy o1 curapTnoEs

—iNxz _—i(N—1)x i _i2x iNz
e e ( ),...,l,e et e,

To enduevo anotéheopa eivonr oA onuavtnd Yo 1 Oewplio Ilpooéyyiong xar v avdhuon Fevixdtepa

Oshpnpa 19.2 (H npoBoly eivow n BéEATiotn Tpoocéyyion).
Av V etvar évag vndywpos tov C°™ memepaopévng Sidotaons kar f € C*™ beitre éu o Sidvvopa Py (f)
efvar to povadikd didvvoua v € V nov eAayroronoiel Ty andotaon || f — vl,.

Apxel va del€oupe 6t av v € V elvor Srapopetixd and 1o Py (f) t61e

1F =P (Dl < If = vlly-
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‘Ouoc o tpiywvo fPy(f)v eivor oploydvio pe oph ywvia oty xopueh Py (f), dea n uroteivouca fu éyet
weyahltepo ufxog and tny xdvetn nhevpd fPy (f).
Yuvénewa (yiatl;) Tou Oewphuatog 19.2 elvon b1t

1P (Dllz < £l

TO 0Tol0 AVABLUTUTOVOUPE WG TOPLOUAL.

IIépwopa 19.1 (Avicdtnto Bessel).
Av fi,..., fx efvar éva opfoxavorixé olotnua owaptiioewy ato O™

(fi, f5) = 1 rar (fs, fj) =0 (yai # j),

ka1 f € C?™ tdve

k
1Py (HII5 =D 1E )P < 113
j=1

6rov V = span{fi,..., frx}.

IMépopa 19.2. Av f € C?™ wdre
2 2
<13 (62)

N
ISn(DlE= > |Fk)
k=—N

Oedhpnpa 19.3 (ZVyxhion tne osipdc Fourier xotd L?).
Ay f € C* téve Sn(f) — f onr L? véppa. Anradn

1SN (f) = flly = 0. (63)

lim
N—o0

To Oetdpnua 19.3 eivon mpogavéc av 1 f elvon TpLY OVOUETELIXS TOAUOYUUO, apo) OE AUTH THY TERITTWOY HOALG
0o N > deg f n ouvdptnon Sy(f) dev Zavodhdler xou péver otadepnr xon {on pe f. Tt yevd| nepintwon
yenotponootue 1o Oeodpnua tou Weierstrass yia tprywvopetpxd mouodvupe (Oedpnuoa 10.1). Av € > 0 t61e
UTdPYEL TELYWVOUETEIXG Tohudvuuo p(x) tétoto wote [p(x) — f(z)| < € ya xdde z € R. Auth n aviodtnta
CUVETAYETAUL PUOIXA TNHY AVIGOTNTA

If =ply <e (64)

‘Eyouye hoindv

If =Sn()lla =1 —p+p—5Snp) + Sn(p) — Sn(f)ll

<f =ply+ llp = Sn@)lly + [1Sx () = Sn ()l (Teryovua avodtia)
<etllp—Snlly + I1Sn(f =)l (ard v (64))
<etllp—Snlly + IIf = pll (aviobTnra Bessel)
< 2e+[lp = Sn(p)ll, (and v (64)).

Av topa emié€ouye o N va elvar toukdytotov degp téte Sn(p) = p ondte €youpe and TNV mapATAVEL
aviobtnta 6t || f — Sn(f)||y < 2€, mpdypa nou onuaiver axpiBac 6t || f — Sn(f)|ly — 0.
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r x 7 7. L2 7 7 7 7z 4
Eyovtag anobdei€et ) obyxhion Sn(f) — f unopolpe topa edxola va eREXTEVOUUE TNV TAUTOTNTA TOU
Parseval og xée ouvdptnon f € C?7. To napuxdtw mpéBinua o xdvel mo 4xoho.

MebBAnue 19.6. Av f,,g € C*™ ka1 || fr, — glly — 0 e || fully — llglly- (Toxde ka1 yra orowadrimore dAln
vépua.)

V Ipdpee | fully = I =9+ gllo < Lfa = glly +llglly war opoteos [lglly = llg = fu+ fally < g = fall+ | fullz
ya va anodeibeve du limsup || fnlly < ||glly < liminf || fo ||,

Oedpnpa 19.4 (TavtétnTtar Parseval).
Av f € O tére

1F3=>" |7k

k=—00

‘ 2

H anédeilr tov Oewphpoatoc 19.4 éyxertar oo v napatnpfioovpe 61t to de&i péhog tne (65) eivor 1o Gplo

v [|Sn(f)||5 % va yenowornorhoouue 0 otyxhion Sy (f) z, f uall pe to HpdPBrnua 19.6.

Mrnogel wo cuveyric ouvdpeTnon Vo “avaxatacxevaoTel” and Ty axolovdia Twv cuvtekeotoy Fourier tng;
H amdvtnon etvon xatagatind xoaw autd efvar mdpa mohd onuavtind yiatl pog eaogaiilel 611 av anogacicovye
var Bo0pE pa ouvdpTNnoY wévo 6to “medio Fourier” tote dev €youue ydoel TAnpogopia.

~

Oevpnpa 19.5 (O. Movadixdtnrag). Av o f,g € C* éouvr f(n) = G(n) ya kdde n € Z téte
f(z) = g(x) ya kdde xz € R.

‘Eotw h = f —g. Téte h € C? xou E(n) = 0 yw x&e n € Z. llpénet va delouye 6TL U ALTH TNV
vnddeon h = 0. AANG and v tautétnta tou Parseval (Oedprua 19.4) éyouue

g = > fiw| o,
k=—o00

Goa 02# |h(z)|* de = 0. And tn ouvéyew tne h mpoxdntel bt 1 h etvor mavtod 0.
Kietvoupe 1o Kegdhowo twv Xepdv Fourier ye pio nepintwon otny onola ouyPoivel to “davind”, 1 oetpd
onh. Fourier piog ouvdptnone ouyxhiver xatd onueio (xaw pdhoto ouotdpoppa) otr ouvdpTno.

Oedhpnua 19.6. Av f” € C?™ (n 2r-neprodixry dnA. f éxer ouvvexn debtepn rapdywyo tavTol) téte

Sn()(x) = f(z)
opodpoppa ya x € R.

To xhedl otnv anddeiln eivor 61t To péyedog Twv cuvtereotdv Fourier wog tétolog ouvdptnong etvon uixpo,

xou auth €yEl oo oUVETEW TN oUYXAoN TNe oetpdc. Tlpdypatt yenowonowdvtas 6o @opéc tov xavéva (Seite
Oewpnpo 16.1)

~

F(n) = inf(n)

Taipvouye f;(n) = —an(n) xau dpa, Yoo n # 0,




Xenotonoldvtag o Qedyua

P < 1571, modgvouye

1”114
2

n

[Fm)| < (n#0).

Ané auté énetan 6Tt 1) ogpd Fourier tng f

Z J/c\(k)eikt

k=—o00

7z e x 4 4 7 4 7 4 4 7z z
ouyxhivel og xdnota 2m-neplodixt| ouvdpTtnon g(x) enedf ouyxhiver andhuta. Autd To TeheuTaio eivon cuvénelo

oL OTL -
I
E 12 L < . (66)

k=—o00

H olyxhion dpwg etvar xar opotdpopen agol 1 “ovpd” tne oetpde Fourier

Z f(k)eikt

|k|>N

ppdooetar (Tprywvixy) avicdtnta) and TV oupd TN cuyxhivouoag oeipds (66) 1 omola (enedd| 1 oeipd ebvar
ouyxhivovoa) ndet oto 0 e to N.

Enetd] ta pepixd adpolopata tng oetpde Fourier efvon tptywvopetpind toludvupa xot dpa cuveyelc ouvapth-
oewc éneton 6T xou to Gpto g(x) efvar ouveyhc ouvdptnor. Amnopéver va Seifouue ot g(z) = f(z) yro xdde
z €R.

Oa deilovpe 6T F(n) = G(n) yia xéde n € Z % Gpa, and o Oewpnua Movadixdtntoag (Oedpnua 19.5) da
éyoupe f = g. Agod Sn(f) — g opobpopga youvue (yratl;) 6t yia xdde n ot

—

Sn(f)(n) X225 G(n).

o — —~

‘Opoc 1 axohouvdia Sy (f)(n) eivar otodeph xa fon e f(n) yiao N > n, dpa éyouype deiler to {nrodyevo.

20 Te, 4/5/2011: H Swadixacia opYoywvionoinone Gram—Schmidt.
OpvYoywvia ToOALGYLUX

‘Onwg eldaye xor oty §19 10 va unopel xavelg va utohoyioet tny oploywvia npoolr evog Saviouatog f ot
évo ypauuixd yweo V 1ooduvayel pe to va Bpel 1o mAnoiéotepo Sudvuoua and 1o yweo V oto didvuoua f.
To anodeilope autd oto Ocwpnua 19.2. Exel 1 anddeiln Eyve yia Eva GUYAEXQILEVO BIAVUCUATIXG YORO Xl
E0WTEPIXO YIVOUEVO dAAG Loy lel ae onoldhnote nepintwor. Kot 1o va utohoyicoupe v oploywvia npoolt
Tou f av drodétouue HON wio optoxavovixy Bdom e, . .., ex Tou V eivon mohl ebxoho xoun diveta and tov Oploud
19.1.

Or meplocdTeEpOL YRUUUIXO! YOEOL TOU IS ATAGYOAOUY E0G ElvoL PUOIXE YMPOL GUVIRTAGEWY ot ToL Brovio-
pota €ivol GUVAPTHOELS, AhAd OE YAVOUPE TIMOTE UE TO VoL TNV XeUPOLUE auTh TNV TAMpoopia ot auTh 1) PdoT,
Wt xon To efdog Savuopdtev Yia To onolo whdyue dev eviiapépet (axdur) oAld pbvo To OTL UTOPOVUE aUT Vo
Ta TpocVEToupE PeTagy Toug ot va Tor tohhamhaotdloupe e aplduolg mapouévovtag atov (Blo yweo. Autod
oV YpellOUaoTE TWEA, UEYPL Vo apyiCOUPE Vo MAGUE Y10l YWOPOUC TOAUWVOUGY, eivon axpiBde auTh 1 Yeopx?
dou”} %o TO ECWTEPIAO YIVOPEVO TOU VEWPOVUE OTL UTIPYEL OPICUEVO GTO YRUUMIXO PG YWOEO.

Eivar hoindv morltiwo 1o va €youpe wo opdoxavovixt| Bdorn tou V. Autd To emTUYYAVEL XOVEIS YE Uidt
alyoprdur diadixaota, 0 Aeyouevn oploxavovixonoinorn Gram—Schmidt.

H Siadwaocta auth nafpver w¢ eloodo uia axolovdio fi, fa,... and yoopuxde aveldptnta dlavioudta oE
xdmoto ypapuxd yweo V (o yweoc V unopel va ebvor xou anetpodidotatog xou 1 axohouvdia f,, unopel ot vo
efvar wa dretpm axohovdia Stavuopdtov). H Siadixacio napdyer wa dAAn opdoxavovixh axohouvdia eq, eg, . . ..
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Oedpnpa 20.1 (H Swadixacioo Gram—Schmidt). FEotw V' ypaupixds xdpos pe cowtepikd ywvi-
pevo (-,-) kar fi, fo,... € V jua ypaupukdos avebdptnn axolovdia Gavvoudtwv. Ta Swaviouara
e1,e2,... €V (ka1 n Boninuxn axolovdia va,vs, .. .) opilovtar ws e&rg:
1
e1 =
1f1l2
v = fr — (fr.er)er + - (fr, ep—1)er—1 (ak>2)
1
ep = —— g (yia k> 2).
[or I
T'éte ta e; etvar avd 6o opfoydra kar éovr |ejll, = 1 ka1 enlong mapdyovr tous B10US Ypappikols
X@povs pe ta f;, onA. ya kdde k > 1
span{ fi,..., fr} = span{ei,...,ex}.

To 611 1 vopua v e; evon 1 elvan dpeco and tov optopo.

Anodewviouye e emaywyh g npog k 6Tt Ta BlaviopaTa e, . . ., e Eival opoxavovIXd xou TopdYouy TOV
(010 YpEo Ye T f1,. .., fr. Auto eivan npogavég yia k = 1 agot 1o ey eivar toAharhdoto Tou fi. Av unovécouue
6T oy Ve M) mpdTaon Y o k — 1 anodetvioupe xat’ apyny 6Tt 10 ey elvan xddeTo Tpog TaL €1, .. ., ex—1. AUTO
efvar Qoavepd ptor xar 10 vg ooltar YE To f pelov TV mpoPolh tou oto ydhpeo span{er,...,e_1} xar dpo
(ITpbPhnua 19.2) elvar xdeto oe 0hdxAnpo 10 xodpo spaner, ..., ex_1} o dpo xou otat (Ot Tt ey, . .., €. To
OIAVUOUAL €) EIVOL ARG 1) XOVOVIXOTIOINGT] TOU V) 1ol dpat ivar )t awtd 0ploydvio oTa e1,. .., e,. TEéhog, apol

fr — v € spanfeq,...,ep_1} =span{fi,..., fu—1}

TPOXUTTEL OTL
Span{617 ey k-1, Uk} = Span{flv cee 7fk—17 fk}

xal dpa, ool To vy eivol TOAAATALCLO TOU e, €YOUPE Xt 10 emuunTo

span{ei,...,ex_1,er} = span{fi,..., fu—1, fi}-

XL ) ERAY WYX anddelln etvon Thrieng.

Katd xdnowo tpéno n dadixacio Gram—Schmidt eZetaler ta otoryela fi éva mpog éva xou xpatdet and
xde fi, o “xoppdtt” tou mou ebvar opdoywvio UE e; Tou €youv utoloylotel uéyptl excivy T oTiyuy, dnh. Ta
e1,...,ep—1. Llvor onuovtixd va tovicouue 6Tt oTov oplopd Tou e péow tou Bonlintixold Swvicuatog vy
(mou elvan ouotaoTxd 10 e mpv xavovixonomdel) dha ta ototyeio mou epgavilovton oto Se&i péhog Exouv 1Hom
unohoyloTel oTa Tponyolueva oTddta TN Bladxactiog xou dpa Yvwpeiloupe 6,1t YEetdlEToL YIo TOV UTOAOYLOUO.

HeboBAnpa 20.1. Acibre ént kdle xywpog tenepaouérng didotaons pe eacwtepikod ywouevo éxer opoxavorvixn
Bdon.

Me dedopévn v tepdoTia onuacion Tou £youy oL yheol ToAueVIUWY P, ot Yewpla tpocéyylong xatah-
ofaiver edxoha xavelc T6oo onuavtixd elvar to axdlovdo amotéhecpa Tou pog bivel éva TPOTO Vol XATOOXEVS-
OOUKE EUXONA oxXPUBMOS AUTO.

Trolétoupe ota napoxdte 6TL éyoupe otadeponotioet €va xhewotd xa gpaypévo ddotnua [a, b C R xo
o Vetier; ouvdptnom Bépouc w(x) néve 6To didotnua autd, péow e onolag opiletar éva ecwtepnd YIvoPEVO

b
(f.9) = [ F@)g(@)w(z) de

a

e 1 avelomonm 2-véeua [ £112 = (. f).
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Oedpnpa 20.2 (H xatacxesuh tov opfoywvioy toAvwvipwy). Eoww n axolovilia
roAvwviuoY Qp () Tou opiletar ws €Eng:

Qo(fl?) =1
Q1(2) = (& — a0)Qo(x) = = — ao
Qn+1(z) = (2 — an)Qn(z) — bpQn-1(z) (yan=>1)

e
omov

CQu),Qule)) ,  (rQu).Qua(e) -
T {@n(2),@n(2)) T T (Qna(@), @na (@)
Téze deg @y, = n, 10 Qn(x) evar poviké (Qn(x) = z™ + -+ ) ka1 Ta ToAvdVYVpa Qn(x) elvar avd 6o
optoydra. Erions ta ntodvévuua Qn () eivar npaypatikd ntodvdruua.

IMp6BANpa 20.2. Agod mpdta vrodoyioete ka1 to Q2(x) arodeibre ér1 ta modvdvupa Qo, Q1, Q2 elvar avd
dvo optoywna.

IMeoBAnpa 20.3. Anodeilte pe enaywyr wg mpogn 6t to Qn(x) elvar povikd, mpaypatikd toAvdrupo Baduod
n.

Arnodevioupe Ty opdoywviotnta 1wy Qo,. .., Qy, Ye enaywyn og tpog n. o n = 0,1,2 autd ebvar to
avtixetyevo tou HpofAfpatog 20.2. Av vnotécouye 61t 1ot Qo, Q1, - - ., @y €lvor avd 800 oploymvia TeEnet, yia
VO OAOXATPOOCOUUE TNV ETAYOYLXY anodelly), vo detouue 6Tt 10 Qp1 ebvon opdoydvio npog o Qo, Q1, - . ., Qn.
Aceiyvouge howtdy 61t (Qnt1, Q) = 0 yia k < n Swaywpilovtac 3 nepintdoel yia to k.

[eptntwon k = n:

XpnotpoTotdvTag TV 0ptold Tou ay, xat To YEYovée (enaywyixh ¢ tpog n unddeon) 61t (Qn, Qn—1) =0

€youpe

<Qn+la QTL) = <(I’ - an)Qn - nQn 1, Qn>
= (2Qn, Qn) — an{Qn, Qn) — M

o o) Q@
= (2Qn, Qn) On Q) (Qn, Qn)
= <xQna Qn) - <xQnaQn>

= 0.

Iepintwon k =n — 1:

<Qn+1a Qn71> = <xQna Qn71> — an n—1) — bn(anla Qn71>

= <xQTL7 Qn—l) - m<Qn—ly Qn—1>
=0.

[epintwon k <n — 1:

<Qn+17 Qk> = <$Qn7 Qk) - anM_ bnM

<:L"Qm k)
=0.
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Yny npoteheutala I0OTNTA YeNOCLOTOUHUNXE 1) CUYHEXPIUEVT LOPYT) TOU ECWTERIXOL YIVOUEVOU 1) OTOld GUVETAY €~
TaL TNV TOUTOTNTA
(f(2)g(x), h(z)) = (f(2), g(x)h(z))
Yo onotesdfinote ouvapthoe f, g, h (to ypnowonooape yia ) ouvdptnon g(z) = x). Téhog, deg(zQy) <
n xo dpot (Qn,zQk) = 0 agod to @ elvor opdoydvio (and v enaywywx pac undVeon) mpoc Oha o
Qo,Q1,- .., Qn—1 dpa xar Tpog GAOUS TOUG YPUUUXOVS TOUS GUVBLAGUOUS oL givan OAOC O YOEOS Pp_1.
H anédeign tou Oewpnuatog 20.2 eivon mhfipng.

IMebBAnua 20.4. Anodeilte 61 by, > 0 010 Occdpnua 20.2.

HeboBAnpa 20.5. Av p € P, notor elvar 01 ourtedeotéS ToU P WS Tpos TNy optoyavia Bdon Qo, Q1, ..., Qn
Tov Pp;

HeboBAnpa 20.6. Aciéte ot To toAvadvvuo Q, €lvar to poviké moAvarvpo Paduod n ue tny eAdyiotn 2-vépua
ka1 0Tl €fvar To povadiké tétowo moAvdvupo. Apa n axolovdia moAvwriuwy @ elvar povadikn) kar efaprdtar
J10v0 amé To mol0 €lVal TO €0WTEPIKG YIVOUEVO.

MebBAnpe 20.7. Av T, efvar ta toAvévupa Chebyshev oo [—1,1] detre dni ta modvdvvua Q, = 27T,
etvar ta oploydna rolvdruua ya to Sidotnua [—1,1] ka1 To Bdpog

B

V1—a?

Aetlre eniong én n avadpopukny oxéon (39) ya ta nodvdvuua Chebyshev eivar ha pe tny avadpopikr
oxéon mov meprypdpetar oto Ocddpnua 20.2.

w(z) =

21 [II¢, 5/5/2011: AYor acxfoewv
22 Ae, 9/5/2011: AlYorn acxfAoeswv
23 Ae, 9/5/2011: IlpdTo draydvioua
Efyaue ofuepa 10 mpidto diaywviopa (€66 oe poper, PDE).

24 Te, 11/5/2011: Avon npofAnudtwy diaywvicuatog.
Pilec opYoywvinwy ToAvwviumy.
Aboaue ofjuepa xat” apy v Ta TEOBAAUATA TOU LAY WVICHATOS.

Oa det€ouyue t0 axdlouvdo onuavtixd arotéheoua 1o onolo apyoTepa Vo eQapudGoLUE o€ uedodoug apt-
VUNTINAC OAOXAHPWOT.

Ocswpnpa 24.1 (Pieg opYoywvinwy toAvwvipwy).
Eoto [a,b] éva kkewté gpaypévo tdotnua oto R kar w(x) > 0 pa ovveyns ovvdptnon Pdpouvs oto
[a,b]. Ag elvar Qo(x), Q1(x), Q2(x), ... n axodovdia povikdy opfoywvinr todvwriuwy yia to €0wtepikd

VIVOUEVO
b

(,9) = [ F@)g(@)w(z) dz.

a

Téte ya kdle n > 0 o rodvdrupo Qn(x) éxer dAes Tov Tig piles andés kar oto Gidotnua (a,b).

To Oetpnua 24.1 elvor dueor cuvéneto Tou TapoxdTe Afupotos.
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Aduppo 24.1. Me tous opropols tov Ocwpnpatos 24.1 av a ovvdptnon f € C([a, b)) eivar opfoydna mpog
dAa ta moAvdrupa p € Py,_1 téte n f(x) éa tovddyrotor n diagopetikés piles oo (a,b).

Mpdrypartt, agod 10 Q) elvar optoydvio mpog T Qo, Q1, - .., Qn—1 clvar xou oployodvio mpog xdve ypouuixod
ouvduaoud toug, dnh. mpog xdle p € Pp_1 xat, cLPEVA PE To Tponyoluevo Afuua, €yet n SopopeTixés pileg
oo (a,b). Autéc elvon dheg ot pilec Tou @y oot deg @y = n.

IMo vo anodet&ovye to Afjppa 24.1 Yo ypelaoToVUE TNV TORAXATE TEOTAOT).

Afppa 24.2. H f € C([a,b]) eivar opBoydvia mpos to Pp_1 av ka1 uévo av vrdpya u € C"([a,b]) ©.é.
u™ = fw xatu®(a) =u®(b) =0 ya k=0,1,...,n— 1.

Etvor moA0 ebxoho va Bpet xavelc i ouvdptnon u g onolag 1 n-ooth nopdywyog va etvon 1 fw. T
nopdderypo 1 ouvdptnon v(z) = [ f(t)w(t) dt wovorowl v'(x) = f(z)w(z) xou propodyue vo enavakdBoupe
auTY| 1) Bradixactio n Qopés wote va Ppolue wa tétota u. Ilpociétovtag éva omolodnrnote TOALOVLYO P € Pr_1
o€ auth T u Sev mpdxeitan va alhGEet T n-ooTh e Tapdywyo (agol p™ = 0) dea éxovye emimhéov n Baduoic
eheudeplag pe Toug onoloug elxoha unopolue Vo ixavorotfoouue Tic n ouvoptaée auvidfxes u®) (a) = 0. To
oNUavTIXG €lvar 6Tl UTOPOVUE TOUTOY POV VA IXUAVOTIOLHOOUUE X0l TIS GUVORLAXEC GUVITXES xot 0TO dAAO dxpo
TOU OLIOTAUATOS, TEdYpa Tou Ot qalvetar xat  apyny duvatd pe toug Paduols eheudeplag mou €YOuUE OTY)
01deot| pog, ahhd TEMXE UTOPOVUE VoL TO Xdvoupe AoYw g unddeong tng oploywvidtntag e f mpog dha T
otovyeta Tov Pp_1.

Botw hoinéy u wa ouvdetnon t.¢. u™ = fw xa u(a) =0 via k =0,1,2,...,n — 1. Ou deifoupe 6t
IXAVOTOLEL X0 TIC GAAEC Guvoptaxés ouVITXES u(k)(b) =0ywwk=0,1,2,...,n—1.

Ou yeeldoTOVUE TOV TAPUXATE TOTO TOU YEVIXEVEL TOV TUTO OAOXAAPWONSG XATA YERT:

n

b B b
[u™ @po(@)de =37 (=1 ulr P @)D (@) :’ + (=1)" [ u(@)p™ (@) de. (68)
a k=1 a

IMe6BAnpa 24.1. Anodeiéte tov tino (68) pe emaywyn ws mpos n. I'a n =1 éovue o ovvnthopérvo tino
odokAnpwong katd uépn.

Av thpa p € P 16T Ypnorponobvac tov 10mo (68) xau to 61 p™ = 0 éyouue

n

b
[ 1w =3 (=1)F I @)pt D ). (69)

k=1
‘Opoec ot apdpol p(b), p' (b), p@ (), . .., pF~1(b) eivan tedeiog on dradeor pac brwe et o enduevo TpdBAnua.

MedBAnua 24.2. Av ag,a1,...,ap—1 € C kat b € R tére vndpyer p € Ppq . pF(b) = ap, ya
k=0,1,...,n—1.

Io vo ebvon hotmdy o aptotepd péhog e (69) {oo ue 0 yia xdde p € Pp_1 0 pévog tpémog elvar vo
eivar 6hot o1 ouvtedeotéc u™ P (D) = 0 yiw k = 1,...,n. Me & Aoy mpéner xau apxel ul®) (b) = 0 yia
kE=0,1,...,n— 1, xat 7 anddei&n tou Afuuotog 24.2 eivar mAfprne.

Enavepybuaote tdpo oty anddeilrn tou Afppatog 24.1. Ac eivar f € C([a,b]) oploydvia npog 0 Pp_q
(BnA. oploydvio npoc dhec ta ototyeia tov Pp_1). Anbd 1o Afupa 24.2 €youue btL undpyet ouvdptnon u €
C™([a,b]) 1.6, fw = ul™ xou bheg or mopdywyor Tne u téEne wixpbtepne Tou n undevilovtar oTa dxpa TOu
draotAgaroc. Agol u(a) = u(b) and to Yedpnua tou Rolle éyouue 6t 1 v’ éyel xdmow pilo oto SrdoTnua
(a,b). Aol n o' pndevileton ota Bbo dxpo o o€ éva evdidueco onpelo mpoxinTel, xou Tt and o Vedprnua
wou Rolle 61 1 u(?) éyer dlo dapopetixée pilec oto (a,b). Tuveyilovtag xat’ autéy 1oV 1p6m0, epupubloviog
onA. ovveyde to Yewpnua tou Rolle wote va “xepdiCoupe™ and wo emniéov pila xdie gopd mou avePBdlouye
TNV TAEN TNS TORAYDYOU TNG U, XATUANYOUUE TEALXS OTL | u(™ €yet n Sragopetixéc pilec oto (a,b). H anddeln
Tou Afupatog 24.1 efvar TAfeng xon dpa to Oewpnua 24.1 éyet eniong anoderytel TAHipw.
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25 Ae, 16/5/2011: Aptduntixr ohoxAApwon

IToAs ouyva dev eivon duvatéd va utoloyioouue axplBdg eva ohoxAfipwyua. I1.y. to ohoxifpwya

B

fe_x2 dx

A

dev elvar duvatd va unohoyiotel axpBde (extdg and eldnéc tpés wv A xou B) agol éyer anodeytel btL t0
a0pLoTO OAOXAPLUA TNG €7 Ot unopel va ypagel o€ xAel0TO TUTO, YENOWOTOWOVTUS ONA. Tic cUVUIoUEVES
ouvopThoelc (Tprywvopetpixéc, hoyaplduouc, extetiéc, xAn) xou ahyeBptxéc npdlec. Avayxaotixd Aondy 1o
mpoceyyiCoupe pe aprduntixés uedodouc. Ilohkég Qopéc udhioto, 6TaY TO POVO TOU UAC EVOLUPEREL eivor 1)
T EVOS OMOXATPOUATOS YL CUYXEXPIUEVO DIAoTNUA OAOXAHpWOTS, elvan TpoTiudTtepo Vo unoloyilouue Eva
ohoxhfpwpa aptduntixd (tpooeyytotixd) mohd anhd yiati eivon xatd Tohl euxoldtepo.

Ye abpéc Youuues wa tétota dradixaota yivetar og duo otdda. ITpwta ywetlovye 10 BidoTNUA OAOXATPOOTS
[A, B] oe wxpdtepa Swothyata, Yia anhdtnta ag todue 6t ywpilouvue oe N (ot Swothuata, xou oe xdde éva
amo T PIXEE oUTA SLUCTAULATA YENOILOTOOUUE €val “amAd xavova apldunTixis oOAoXAE®onS” Yo VA TPOCEY-
yiooupe 10 ohoxhipwpa exel uéoa. H mpocéyyion tou dhou ohoxhnpwuatog ovoudletoa “ohvietog xovévag
aprdunuxnc ohoxAfpwong”.

Me autég Tig mapadoyég ag dolue pepixd Topadelyuato Ay xavovewy apruntixfc ohoxAfiewons. ‘Olot ol
xavévee mou Yo eEetdooupe elvon ypouwxol, mpoduevot 1o mpaypatied (axpiBéc) ohoxhfipwuo nou eivon eniong
wor ypoxn Sradixaoto. Ltadeponotolue howndy éva drdotnua [a, b] xar cupforiloupe xot” apyhv e I(f) 1o
axpiPéc ohoxhfpwua e f oto [a, b

H ypaupixotnta Tou 0hoxAnpoduatog atny onola avagepdixope onuaivel anhd ott yio xdde 800 ouvaptroelg f
xou g (ac Tobue ouveyelc 6to [a, b]) xou xdde d0o otadepéc A, p € C oy der

I(Nf + ug) = M(f) + pl(g).

To (810 oy ler xot Yot TOUC AMAOUE XAVOVES ApLIUNTIXAC OAOXATIPWOTE TOU TEPLYPAPOUUE TAUPUXATE.
Kavévog aptotepol onueiou

IL(f) = (b= a) f(a). (70)
E8¢ n mosdmta tou mpooeyyilet 1o ohoxhipwua I(f) elvon to ohoxhipwua tou Ya elye 1 ouvdptnomn av Hray
otadept| oto [a, b].
Kavévag péoouv onueiov

Dt = 0-af (“37). (1)

Kavévag tpaneliou

Kavévae tou Simpson

1) = 0-0) (gr@+ 57 (“37) + 550). (73)

[Mapatnpeiote 611 ohot autol ot xavoveg eival NG LOPPHC
" n
I(f) = > Aif(ts), (74)
j=1
émou ty,ta, ..., t, eivar onueia oto [a,b] xar Aq, Ag, ..., An eivon otadepéc.
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Optopdg 25.1 (TaEr tou xavévo oOhoxXAApwong).
Tdén evés kavova apiuntikng olokAnpwongs eivar o péyotog axépaios k t.d. o kavovag vrodoyilet cwotd to
odorAtipwpa kdde toAvwyipov Baduod to moAl k.

I va Bpolue mowa etvon 1 t4€n evdg xavdva T am\d Beloxouye moto eivar 1o yeyahitepo k 1.0.
I(z") = I(z"), vy xdde re {0,1,... k}.

Mpdrypaty, AoYw NG YRauUXoTNTAS, €fval Qavepd OTL av 0 xavévag Log BoUAEVEL CKWOTA TAVW OTIS CUVAPTY-
oeic 1,z,22, ... 2% té1e Boukeler 6LOTE xot Tdve ot xEVe Ypauwxd GUVBLAoUS AUTHY, Onh. mve ot xdle

nohuwvugo Baduos to tohl k.

IMebBAnua 25.1. Anodeilte 6T 0 kavovag apiotepol onueiov éyer tdén 0, o kavovag tov péoov onueiov ka
0 kavévas tov tpaneliov éyovy td€n 1 ka1 o kavdvas tou Simpson éxer téén 3, o€ kdde hdoTnua [a,b)].

H onpacta mou éyel n 16€n evog xavova aprduntinic ohoxhfpwong Gouiveton av EETACOUPE TNV anddooT
evog oOVUeTOU xavdva ohoxhfpwong o oyéor HE TNV Topduetpo N mou delyvel o€ ndoa wxpd SlaoTHUITA
ywpllovpe T0 BAoTNUA ONOXATPLOTL.

Oedpnpa 25.1 (Anddoom eviog oOvVIeTou xavOVAL OAOXAAPWONS TAENS 7).

Eote [A, B] éva khewtd ka1 gpaypévo sdotnua kar f € C™([A, B]) jua ovvdptnon pe v+ 1 ouvexels
rapaydyovs (1 elvar kdrows axépatog). Av I elvar évag andés kavdvas apiiunuixis ooxkAnpwong tdéng r
wote av Iy efvar o alvietog kavovas apiiuntixkng oAokAnpwong mov mpokunter and tov I tdte

i 1
[r- m(f)‘ K' (75)
A

érnov n oradepd K' Sev ekaprdrar and to N mapd udvo and tnv f kar tov amdd kavéva odokAipwong I.

To Swdotnua [A, B] vrnoduupeitar oe N {oa Slothpata péow TV onpeiwy

BA

rj=A+] N

j=0,1,...,N.

Av oupBolicouye ue I(f, Zj, Lj+1) TO ATOTENEOUA TOU AThOU XAVOVAL OMOXATPWOTS EQUPUOCUEVOL GTH GLVAETNOT)
f oo ddotnua [z, Tj41] TOTE €youpe and TV TEryOVIXY aviedThHTOL

B N-1|%jt1
(1= <X | [ F=T(fm53500) (76)
A 7=0 | z;

onéte Va otadeponoioouye éva ddotnua [a,b] = [z, xj41] xou Yo exnuRcouge 10 6QIALAL TOU TEOXVTTEL

wéoa o€ auTd TO SLAoTNUA and T Yerion Tou anhol xavova ohoxhfpwong. Katomy o adpoicoupe ta empépoug
o@dhporo xar Yo tpoxDber éva @pdyua Yia To GUVORXS opdiya péow tne (76).
Traveponotolue Aotrby Eva amhd xavéva ohoxhipmone tov onofo Tov teptypdpoupe oto ddotnua [0, 1]

I(£,0,1) = ZAf

6mou A; xdmoteg otadepéc xan t; xdmowa onueio oto [0,1]. O xavévag autde, epappolduevos oe éva tuyaio
Sidotnua [a, b], naipver T popen

n

I(f,a,b) =Y (b—a)A;f(a+t;(b—a)). (77)

J=1

51



To onuoavtixd otny anddeilr eivon va ypddouue v f oto ddotnua autd wg éva tohuwvupo Baduod < r ouv
xdnolo opdiua. Xprnoonotovye Y autd 1o Yewdpnua tou Taylor pe xévtpo 10 a mou pog Aéel 6Tt

f(z) = p(z) + R(z)

émou p(x) eivon to nohudvupo Taylor tne f Bodpod r

p(e) = F@) + F@)a - ) + LD e — a2 +

f(a)

r!

/®(a)
3!

(x—a)+--+ (x —a)",

xou R(z) elvor 1o o@dhya Yo 1o omofo toyder 6Tt yio xde = € [a, b] undpyel éva & € (a,b) 1.6, va toylel

Fr©)

R@) =)

(z —a)"tL. (78)
Aol o xavévag ohoxATPEOTE TOU YENOULOTOOVUE EYEL TAEN 7" TO TOAUDVUUO P OMOXATPOVETAL axp3KS dpal TO
o@dhpo 6TV ohoxhhpwon tne f ogeileton amoxheotind oty apriuntixh ohoxAfpwon tne ouvdptnone R(z),
xt €T0L EYOUUE

b b
[ £ =1(f,a,0)| <|[ B~ I(R,a,b)
b ~
< IR + ‘I(R,a, b)‘ (Teryovinh) avicbtnTa)
< (b= a)l[Rlly + Y _(0—a) AR (am6 wny (77))
j=1

< (b—a)K[[R]

6mov K = 1+ 377 [Aj] ebvor et detins] otadepd mou dev eZaptdton and to Bidotnua ehhd pévo and Tov
XAVOVOL ONOXAHRWOTC.
Egappélovtac topa v (78) nalpvoupe

7 e ) gyt < PN B Ay
1R[] < W(b_ a)" < D) N
10 omnolo yag divel
b
- B— A r+2
[£-Tfan| <P

Y10l TO 0QaAUaL TN OAOXApwoNE 670 wixpd dtdotnua [a, b]. Adpoilovac yio ta N dtagopetind wixpd droothupota
la,b] = [z}, x41] naipvoupe
!

B
ff—fN(f)‘ < o (79)
A

émou n otaepd K' = K(B— A)"2 §ev e€aptdror and 1o N, xou 1 andderén tou Ocwphpatoc 25.1 eivon thfjprg.

H onuacia hotnédv tng 14€ng evog anhol xavévo ohoxhipwong Goiveton GTa YpNOILOTOOOUUE TOV XAVOVAL
auTé o€ €va oOVIETO XAVOVA ONOXATIPOOTE Xt ToPVOUUE OAOEVAL xou UeYaAUTERES TWES Tou N. To dve @pdyua
Yo 10 o@dhpa ohoxhfpwone @diver cav v r + 1 80vaun tou 1/N. I'a napdderypo av yenoonowoiue éva
xavéva ohoxhipwong tédEne 0 (m.y. tov xavéva I, Tou aptotepol onueiou) TTe av YENOUUE Vo UTOBEXATAACLE-
OOUPE TO EYYUNUEVO GV QEAYUA YIol TO GHIAYO Hog TOTE TEENEL Vo ToAAaniactdoovpe to N Tou ypnot-
wornotfoope ye 1o 10. Av ypnotwonotioouye éva xavova T8Eng 3, 6w o xavovag Ig tou Simpson, tdte opxel
vat tolharmhaotdoouue 1o N uévo ye tov aprdud 101/4 = 1.77827941.
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26 Te, 18/5/2011: 'Oyt pdOnuoa (poitnTixés exXAOYEQ)
27 Ae, 23/5/2011: M£90dol Gauss yio aptdunTixr, ONOXARpwOoN

Yty napdypago auth Yo Solue Tic uedddoug ohoxhrpwaong timou Gauss, TV onolwv 1 PN T4En ogelheTo
0E XATIAANAT) €MAOYY| TV onMuelwy ota utokoyiloupe TN ouvdptnoy f nou TEooTAIOUUE VO OAOXANPWOOUUE
aprduntind. Kowtdue 1o mpdfinuo Alyo yevixdtepo amd mpwv xou, dedopévou evog xheloTtol xat Gpaypévou
daothuatos [a, b] xar poag Yetinfic (xan ouveyols) ouvdptnong Bdpouc w(z) > 0 optoyévng ndve oto [a, b]
Tpoonotolye va utohoyiooupe aprlunTixd 10 ohoxAfpwua g f we Tpog to Bdpog w, dnh. TNV TocHTN T

Ot amhol xavdveg apiuntixnc ohoxAipwone Tou YeNoLLOTOOVUE Vol TNS Hop®ng
I(f) =D A f (x)) (80)
j=1

bnou x1, ..., 2, € [a,b] xu A; elvan otadepéc.
To gpdtnuo Tou anavtdye TpdTa elval “av xdnotog eyel entAEZEL Tat . oNPEld X1, . . ., Ty YLOL HOG TOLOL TPETEL
va ebvar 1) emhoyy Tov Aj;7

Oevpnpa 27.1. O owrtedeotés A; orov kavéva (80) pmopody mdrvra va emdeyolv dote o kavdvas va
éyer Tdén tovddyiotov n — 1.

Ta va tetdyoupe va ohoxhnp@voupe axplBoe xdde nohuwvupo Boduod n — 1 (to onolo xadopiletou pe n
aprduole) apxel va éyouvue oty diddeon wac n Baduolc ehevdeplac. Autd elvon oUCIHOTIXE TO TEPIEYOUEVO TU
Ocwpnpatog 27.1.

O mo ebxolog TpdTOC ambdEENC Elval YpNooTOLOVTAS Ta ToAuwVLP TapeuBolic Lagrange mou avtio-
Toly 00V OTa ONUElR T1, ..., Tp:

tay= [ 2=, i=12...n, (81)

a:i—a?j’

To omofar €youv TNy BroTnTA

1 ai=))
flag) =01y = {0 (yiei # )

Av ougBohicoupe pe L(z) to nohudvupo, ool n— 1, nou napepPBdiiel 1 tipée e f ota onpela x1,. .., Ty
L(z) = f(ai)li(x)
i=1

UTOPOUUE Vo 0plooulE TOV ETVUPNTO xavOVA OhOXATpwoTNE and Tov TOTo
I(f) = I(L).

Me dhha Adyta, Yo vo mpooeyyiooupe aptduntixd 1o ohoxAfpwpa g f autd mou xdvouyue elvar 6Tl TpdTA
Beloxoupe To TOALGYLUO ToL €yet Tig Bieg TS ue Ty f ota onueia x; xa €neita uToAoYi{ouue To akpIPés
ONOXAAPOUO AUTO TOU TOAUWYOUOU. AuTY| 1) T anoTEREL XU TNV TEOGEYYLOT HoC.
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Q¢ otpatnyxs, axolbyetar Aoyixy, odhd elvon autédc o tpdénog apriuntixic ohoxhipwone e woperc (80);
Etvon €0x0oho va do0ue mwg vou apob

I(L) =) I(;)f(x:)
=1

Xt dpol UTOPOUPE Vo TAQOUYE

Y10l TOUG OUVTEAEOTEG POG.

Téhoc, o xavévag pac éyet T6in n — 1 wa xon av 1 f ebvor tohudvupo Baduod < n —1 tdte (povadixdtnta
TOU ToAUWYHPOL TopeRBoric, TTpdPhnua 14.1) f = L xou dpo 0 xavévag pac ohoxhnedvet Ty f axplBoc.

To Oevpnua 27.1 anotehel anAd €vo xdTe PEdrypo yYiot THY dBuvaty T4gn evog xavova e n onpeio. ‘Eyouue
1,07 det nopadeiypoarta (o xavévae tou Simpson, pe 3 onpela xou €N 3, Topandve and to 2 tou npoBAéneton and
10 Oewpnua 27.1) 6movu 1 t6&n uropet va eivar xahbtepn and n — 1. BeBaine undpyouv xor napadelypata (m.y.
0 xavévog tou tpaneliou, ye 2 onueio xar t8&n 1) 6mou N t8&n eivor axpPide n — 1. Oa dodue oto undhoLTO
NG oAy pdPou 6Tl EMAEYOVTOC XATIAANAL T 21, . . . , Ty, UTOPOUYE VO THPOUUE XAVOVES OAOXAPWONG TUENS
2n — 1, wo onuavtud Bektiwon.

Oeopnua 27.2 (Kavéoveg ohoxhipworng Gauss).
Ag etvai [a, b] éva khewotd kar ppaypévo trdotnua kar w(z) € C([a,b]) a avotnpd Jeuixn) ovvdpTnon. Ag
etvar axdun Qo(x) = 1,Q1(x), Q2(z), . .. n akokovilia povikdy oploywrivr todvwriuwy ws Tpog to Pdpog
w(z) oo hdoTnua [a,b], kat

l'gn), :Eé"), .,z e (a,b)

Ta undevikd tov Qy, (efvar dha dagopetikd ka1 oo (a,b) ané to Ocddpnua 24.1). Tére évag andds kavivag
apipunTiKns OAOKATIPOINS TS HOPPNS

1) = 3" A1) (A omadepés) (82)
j=1

7/ /. z Z. /. 7 7 Z.
o0 omolog eivar tdéng tovAdytotor n — 1 elvar avayxaotikd tdéng tovAdyotov 2n — 1.

‘Eotw p € Pap—1. Atipolue 10 TONUGVUPO P UE TO TOAUGYLRO @y xat E0TK ¢ TO TNAIXO Xt 7 TO LUTOAOLTO
(autd onuaiver 611 degr < deg @, = n)
p=Qnqg+r
Agot degp < 2n xav deg @, = n éneton 61t degp < m, xau dpa p,r € Pp_1. Kdvouye v napatfonon 6t 1o
Q@ eivon oploy®vio Tpog Gha T Tohuwvupa Tou Pp_1 agol eivor opdoywvio mpog xdle otowyelo wog Bdong
T0U Pp_1, authc tou anaptiletar and ta todvavupa Qo(x), Q1(x), ..., Qn1(x). Apu
b

b b
fp(x)w(x) dx = IQn(x)q(x)w(x) dx + fr(x)w(x) dx

a

b
= fr(x)w(a:) dx (oot @y L Pr—1)
= I(r) (o190t o T ebvor oxxpiBhc 070 Py_1)
= T(QQ?L) +T( )
= 1(p)
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H npoteheutala 106TNTa TOpANTdVE TEOXVTTEL ENEWT TO TOAUOYLUO Q) undevileton ota onuela 6Tou 0 xovévag
I unohoyiler tny npoc ohoxhfipwon ouvdptnon. Eyovue howndy deiler 6t I(p) = fabp(x)w(x) dx v x&e
TohudvLuo p Boduod < 2n — 1 xou n anddeln elvon Thrieng.

IIépwopa 27.1. Ta kdde ppaypévo ka1 kAaoté sdotnua [a,b] ke ovvdptnon Bdpovs w(z) € C([a,b]),
w(z) > 0, ka1 kd¥e axéparo n > 1 vrdpyer andds kavévas odokAnipwons s popens (82) mov éyer tdén
TouAdywtov 2n — 1.

[ to nopiopa, eMAEYOUPE WS X1, - . ., Ty VO lvon ot pilec Tou oploywviou ToALWVOUOL @) TOU avTioTolyEl
o710 didoTnua [a, b xar 6To Bdpog w(x) xon eMAEYOLPE TOUG GUVTEAESTES Aj, j = 1,2,..., 1, YENOIOTOWOVTAS
10 Oewpnua 27.1. Q¢ ovvéneia Touv OwpEHpatog 27.2 0 xavovae tou PTLaEape Eyel Tadn TouldytoTtov 2n — 1.

Hapadeiypoata. Av axohoudficoupe 11 dadixacia nou neptypdpetar oto Idptopa 27.1 yio To drdoTnua
[—1,1] xou to Bdpoc w(x) = 1 naipvouye, agod mpmdTA LTOAOYICOUUE Ta avtioToya 0pBoyMVIL TOAUGYLUA
Qo, Q1, Q2, Q3 pe Bdom tov ahydpripo nou neptypdgetar oto Oewpnua 20.2 (e8¢ gaiveton 1 afio tne avadpowuxhic
oyéorne Tou meptypdpeTton o autéd To Oebdpnua), Bploxouye uetd Tic pilec TV Q2 xar Q3 xot xatahfyouvye €tot
otoug xavoveg Gauss ye n = 2 xat n = 3 onpeio avtioTotyo xou pe €N > 3 xar > 5 avtiotolya

A ;f<\_/§> " ;f<\}§> (53)

I3(f) = 0.5555 f(—0.7745) + 0.8888f(0) + 0.5555 £ (0.7745). (84)

paeds

TNo v nepintwon n = 2 ot pileg Tou ToAUWVLHOL Q2 unohoyilovtow okl elxola o xAElGTYH pop®r. Autod
efvar eQIXTo Xt Yol TO TOAUGYLUO Q3 (mou eivan 3ou Baduos) alhd #dn 7 edpeon twy EIloV ot XAelo Ty Lop@th
yivetar apxetd TohOmhoxn xat ap@YBOA0U YENCILOTNTIC, APOV XAl Yo VO UTONOYICOUYE ULoL ATAT TOGOTT T OIS
10 /3 néh og apriunTidée (tpooeyyiotinée) pedbdouc Ya xatarhZoupe. H elpeom tov pildv oTic tepiocdTepes
repimtwoelg yiveton ue apriuntixég pedodouc.

IMeoBAnpa 27.1. O kavdvas (83) kar o kavévas Simpson (73) elvar tns idag taéns 3. O kavévas (83) ypnoi-
porotel 6vo onueia (6% viodoyiopols tng f oo didoTnua odokAripwong) evd o kavérvag Simpson ypnoiponotel
tpia onueta. Patverar Aoy b1 o kavdvag (83) elvar mpotipdrepos and tov kavdva tov Simpson pia kar UTEPT-
epel avtov o€ tayvTnta (TAndos vrodoyioudy tng f) ya to G anotédeopa. AauPdvovtag vndy éu tehixd
xpnoporowlpe olvietous kavives odokAripwons (vrodiaipolpe to didotnua odokAipwons o€ N ioa Saoti-
pata ka1 o€ kaéva and avtd ypnoyonowlue tov atAd kavéva odokAnipwons) deite énr aven n dagpopd oTny
tayUtnta efavepiletar 6tav to N efvar peydlo.

28 Te, 25/5/2011: AVorn aoxRoewy

29 Te, 1/6/2011: Abor aoxAoewv (éxtaxo uddnua)
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