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Wr�rio

Deutèra 11-1 (J 207), Tet�rth 11-1 (L 206). 'Enarxh majhm�twn: 14/2/2011 (♥).
'Wrec grafeÐou: TrÐth 10-12 kai genik� mporeÐte na me brÐskete ta prwin� 10-12 sto grafeÐo mou (G 111,

sto prokataskeuasmèno kt rio thc KnwsoÔ).

Perigraf  tou maj matoc

Apì ton odhgì spoud¸n:

Bèltistec proseggÐseic. 'Uparxh-Monos manto. Ypologismìc beltÐstwn proseggÐsewn se
EukleÐdeiouc q¸rouc. Kanonikèc exis¸seic - AnaptÔgmata Fourier -Orjog¸nia Polu¸numa.
Omoiìmorfh prosèggish: Xarakthrismìc beltÐstwn omoiomìrfwn proseggÐsewn kai upologismìc
me tic mejìdouc Remez. Genik� perÐ parembol c se mia kai dÔo diast�seic. Parembol  me splines.
Proseggistikèc idiìthtec twn splines. Arijmhtik  olokl rwsh kat� Newton-Cotes, Romberg,
Gauss.

BiblÐo

To m�jhma ja basisteÐ kurÐwc stic shmei¸seic

N. L. Carothers, A short course on approximation theory.

Bajmologikì SÔsthma � Exet�seic

Ja up�rxei èna endi�meso upoqrewtikì diag¸nisma kat� th di�rkeia tou exam nou to opoÐo ja metr�ei to 1/3
tou bajmoÔ kai mìno gia thn perÐodo IounÐou.

DÐdetai h dunatìthta se ìsouc adunatoÔn na d¸soun tic upoqrewtikèc exet�seic mèsa sto ex�mhno na
zht soun na bajmologhjoÔn mìno apì to telikì diag¸nisma. Autì eÐnai efiktì ìtan:
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1. Suntrèqoun antikeimenikoÐ lìgoi (p.q. k�poioc uphreteÐ sto stratì   mènei mìnima alloÔ kai adunateÐ
na eÐnai ed¸).

2. Prèpei k�poioc pou epijumeÐ na exetasteÐ mìno se telikì diag¸nisma na to dhl¸sei grapt¸c (email
arkeÐ) se mèna mèqri to tèloc FebrouarÐou 2011, mazÐ me touc lìgouc pou èqei.

Se kami� �llh perÐptwsh de ja eÐnai dunat  enallaktik  exètash.

Hmerolìgio Maj matoc

H selÐda aut  ja enhmer¸netai toul�qiston met� apì k�je m�jhma kai skopì èqei na metadÐdei merikèc
basikèc qr simec plhroforÐec gia to perieqìmeno tou maj matoc (p.q. ti na prosèxete, upodeÐxeic gia lÔseic
twn ask sewn, k.�.) kaj¸c kai gia diadikastik� jèmata.

SpanÐwc ja bgaÐnoun anakoin¸seic pou aforoÔn to m�jhma se qartÐ.Parakal¸ na sumbouleÔeste
aut  th selÐda toul�qiston 2-3 forèc thn ebdom�da.

1 De, 14/2/11: Eisagwgik� sto m�jhma

S mera eÐdame merik� genik� pr�gmata gia to m�jhma.
EpÐshc, wc par�deigma eÐdame to p¸c mporeÐ kaneÐc na proseggÐsei mia sun�rthsh mèsw tou poluwnÔmou

Taylor thc sun�rthshc kai p¸c na èqei mia ektÐmhsh tou sf�lmatoc.
Ja eÐnai kentrikì antikeÐmeno tou maj matoc h prosèggish sunart sewn apì polu¸numa.
EÐdame thn ènnoia thc metrik c kai tou metrikoÔ q¸rou me arket� paradeÐgmata kai arqÐsame na mil�me

gia nìrmec p�nw se dianusmatikoÔc q¸rouc.
Pollèc apì autèc tic ènnoiec eÐnai arket� genikèc all� eÐnai qarakthristikì autoÔ tou maj matoc ìti

ja asqoloÔmaste kurÐwc me thn ènnoia thc prosèggishc se polÔ sugkekrimènouc q¸rouc kai mìno gia 2-3
diaforetik� eÐdh nìrmac. An aisj�neste ìti de gnwrÐzete poll� apì ta antikeÐmena aut� sac diabebai¸ ìti
parak�tw sto m�jhma ja blèpoume kurÐwc sugkekrimènec morfèc aut¸n.

1.1 De, 14/2/11: ANAKOINWSH

AÔrio TrÐth 15/2/11 de ja eÐmai m�llon stic ¸rec grafeÐou mou (TrÐth 10-12) lìgw asjèneiac. MporeÐte na
me brÐskete genik� ta prwin�.

2 Te, 16/2/11: 'Oqi m�jhma s mera

De gÐnetai m�jhma s mera lìgw asjèneiac tou did�skonta.

3 De, 21/2/11: Nìrmec se grammikoÔc q¸rouc

EÐdame di�fora paradeÐgmata grammik¸n q¸rwn (me suntelestèc apì to R   to C) pou ja mac apasqol soun:

Cn = {(z1, . . . , zn) : zj ∈ C},
Rn = {(x1, . . . , xn) : xj ∈ R},
Pn = {p(x) = p0 + p1x+ · · ·+ pnx

n : pj ∈ C}, (C-polu¸numa bajmoÔ ≤ n)
C([a, b]) = {f : [a, b]→ C : f suneq c}.

Oi treic pr¸toi eÐnai q¸roi peperasmènhc di�stashc en¸ o teleutaÐoc �peirhc.
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EÐdame poia eÐnai ta axi¸mata miac nìrmac se èna grammikì q¸ro kai eÐdame ta ex c paradeÐgmata norm¸n
sto Cn   sto Rn

‖z‖1 =
n∑
j=1

|zj |,

‖z‖∞ = max
j=1,...,n

|zj |,

gia ta opoÐa apodeÐxame ìti isqÔoun ta axi¸mata thc nìrmac.
'Epeita eÐdame tic legìmenec p-nìrmec sto Cn

‖z‖p =

 n∑
j=1

|zj |p
1/p

gia 1 < p < ∞. Gia na apodeÐxoume ìti kai autèc eÐnai nìrmec (idiaÐtera gia na apodeÐxoume thn trigwnik 
anisìthta) qrei�sthkec na apodeÐxoume k�poiec klasikèc anisìthtec, stic opoÐec oi arijmoÐ p kai q p�nta
sundèeontai me th sqèsh

1 =
1
p

+
1
q
, (p, qonom�zontai suzugeÐc ekjètec).

Oi klasikèc autèc anisìthtec, me th seir� thc apìdeixhc, eÐnai oi:

Je¸rhma 3.1. An zj , wj ∈ C, j = 1, 2, . . . , n, tìte isqÔoun oi parak�tw anisìthtec:

Anis. Young:ab ≤ ap/p+ bq/q, (a, b ≥ 0), (1)

Anis. Hölder:
n∑
j=1

|zjwj | ≤
 n∑
j=1

|zj |p
1/p

·
 n∑
j=1

|wj |q
1/q

, (2)

Anis. Minkowski:

 n∑
j=1

|zj + wj |p
1/p

≤
 n∑
j=1

|zj |p
1/p

+

 n∑
j=1

|wj |p
1/p

(3)

Pr¸ta apodeÐxame thn anisìthta tou Young, apì thn opoÐa apodeÐxame thn anisìthta tou Hölder kai apì
thn opoÐa apodeÐxame thn anisìthta tou Minkowski, h opoÐa eÐnai kai h trigwnik  anisìthta gia thn p-nìrma.

Eidik  perÐptwsh thc anisìthtac Hölder gia p = q = 2 eÐnai h polÔ gnwst  anisìthta Cauchy-Schwarz:

n∑
j=1

|zjwj | ≤
 n∑
j=1

|zj |2
1/2

·
 n∑
j=1

|wj |2
1/2

. (4)

EÐdame p¸c orÐzontai oi p-nìrmec gia q¸rouc sunart sewn kai idiaÐtera gia mia sun�rthsh f ∈ C([a, b]):

‖f‖p =

supx∈[a,b] |f(x)| p =∞(r b
a |f(x)|p dx

)1/p
1 ≤ p <∞.

Ta axi¸mata thc nìrmac se aut  thn perÐptwsh apodeiknÔontai sqedìn akrib¸c me ton Ðdio trìpo ìpwc kai
sthn perÐptwsh tou Cn mìno pou sth jèsh twn diafìrwn ajroism�twn emfanÐzontai t¸ra oloklhr¸mata.

H pio shmantik  kai tautìqrona pio eÔqrhsth apì tic p-nìrmec eÐnai h 2-nìrma. O lìgoc eÐnai h Ôparxh
tou eswterikoÔ ginomènou pou sundèetai me th nìrma aut . To eswterikì ginìmeno twn z, w ∈ Cn eÐnai
h posìthta

〈z, w〉 =
n∑
j=1

zjwj .
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AntÐstoiqa an f, g ∈ C([a, b]) tìte to eswterikì ginìmenì touc eÐnai h posìthta

〈f, g〉 =
bw

a

f(x)g(x) dx.

Kai stic dÔo peript¸seic èqoume thn polÔ shmantik  sqèsh

‖f‖22 = 〈f, f〉   ‖z‖22 = 〈z, z〉.

4 Te, 23/2/11: IsodunamÐec norm¸n. 'Uparxh bèltisthc prosèg-
gishc apì upìqwro.

DÔo nìrmec ‖·‖a kai ‖·‖b se èna grammikì q¸ro V onom�zontai isodÔnamec an up�rqoun dÔo jetikèc stajerèc
C1, C2 tètoiec ¸ste gia k�je x ∈ V na èqoume

C1‖x‖b ≤ ‖x‖a ≤ C2‖x‖b.
Me �lla lìgia ìtan oi timèc touc eÐnai p�nta <<sugkrÐsimec>>.

ApodeÐxame s mera ìti se èna q¸ro V peperasmènhc di�stashc dÔo opoiesd pote nìrmec eÐnai isodÔnamec.
EÐdame epÐshc me paradeÐgmata ìti den isqÔei to Ðdio se q¸rouc �peirhc di�stashc, p.q. sto q¸ro C([a, b]),
ìpou eÐdame ìti oi nìrmec ‖·‖1, ‖·‖2, ‖·‖∞ den eÐnai isodÔnamec (opoiesd pote dÔo apì autèc).

H JewrÐa Prosèggishc melet�ei kurÐwc to prìblhma thc prosèggishc apì upìqwro. Sth genik  tou
morf  to prìblhma autì èqei wc ex c. 'Eqoume èna grammikì q¸ro X me nìrma ‖·‖ kai èna upìqwrì tou Y .
'Eqoume epÐshc èna x ∈ X to opoÐo jèloume na proseggÐsoume apì èna stoiqeÐo y ∈ Y ¸ste h apìstash
‖x− y‖ na eÐnai ìso to dunatìn mikr . To kÔrio je¸rhma pou deÐxame s mera eÐnai ìti ìtan o q¸roc Y eÐnai
peperasmènhc di�stashc tìte p�nta up�rqei èna y∗ ∈ Y to opoÐo apoteleÐ bèltisth prosèggish tou x:

‖x− y∗‖ ≤ ‖x− y‖, ∀y ∈ Y.
H bèltisth aut  prosèggish den eÐnai en gènei monadik  (to an eÐnai   ìqi exart�tai kurÐwc apì to gia poia nìrma
mil�me). Mia shmantik  efarmog  autoÔ eÐnai ìti an f ∈ C([a, b]) tìte an y�qnoume na elaqistopoi soume th
diafor�

‖f(x)− p(x)‖∞, p(x) ∈ Pn,
up�rqei toul�qiston èna polu¸numo pou ulopoieÐ to infimum aut c thc diafor�c. Up�rqei dhl. bèltisth
poluwnumik  prosèggish thc f . O lìgoc eÐnai ìti o upìqwroc Pn tou C([a, b]) eÐnai peperasmènhc di�stashc

dimPn = n+ 1.

Autì isqÔei kai an sth jèsh thc nìrmac ‖·‖∞ parap�nw qrhsimopoi soume mia opoiad pote �llh nìrma, p.q.
mia apì tic oloklhrwtikèc nìrmec ‖·‖1   ‖·‖2.

5 De, 28/2/2011: Eisagwg  sto Je¸rhma tou Weierstrass

S mera asqolhj kame me to parak�tw je¸rhma tou Weierstrass.

Je¸rhma 5.1 (Weierstrass). An a < b eÐnai pragmatikoÐ arijmoÐ kai h f : [a, b] → C eÐnai suneq c
tìte up�rqei akoloujÐa poluwnÔmwn pou sugklÐnei omoiìmorfa sthn f sto di�sthma [a, b].

'Enac diaforetikìc trìpoc na poume to Ðdio pr�gma eÐnai na poÔme ìti up�rqei akoloujÐa poluwnÔmwn pn
t.¸. ‖pn − f‖∞ → 0, ìpou h ‖·‖∞ eÐnai anaforik� me to di�sthma [a, b], isqÔei dhlad 

‖g‖∞ = sup
x∈[a,b]

|g(x)|.

Th deÔterh aut  diatÔpwsh mporoÔme kai na thn p�roume wc ton orismì thc omoiìmorfhc sÔgklishc.
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Orismìc 5.1. An f, fn : K → C eÐnai sunart seic orismènec p�nw se èna sÔnolo K lème ìti h akoloujÐa
fn sugklÐnei sthn f omoiìmorfa sto K an

‖f − fn‖∞ = sup
x∈K
|f(x)− fn(x)| → 0, (n→∞).

Parat rhsh 5.1. Up�rqei lìgoc pou sto Je¸rhma tou Weierstrass periorizìmaste se suneqeÐc sunart seic:

Je¸rhma 5.2. An f, fn : K → C eÐnai sunart seic orismènec p�nw se èna sÔnolo K, oi fn eÐnai
suneqeÐc sto K kai h akoloujÐa fn sugklÐnei omoiìmorfa sthn f p�nw sto K tìte kai h f eÐnai suneq c
p�nw sto K.

Parat rhsh 5.2. 'Eqei shmasÐa ìti to pedÐo orismoÔ thc f eÐnai èna kleistì kai fragmèno di�sthma. EÔkola
mporoÔme na broÔme suneqeÐc sunart seic p�nw se fragmèna anoiqt� diast mata   �frakta diast mata pou
de mporoÔn na proseggisjoÔn omoiìmorfa sto pedÐo orismoÔ touc. Gia par�deigma h sun�rthsh f1(x) = ex,
me pedÐo orismoÔ to R, eÐnai suneq c pantoÔ all� gia k�je polu¸numo p(x) isqÔei fusik�

|f1(x)− p(x)| → +∞, (x→ +∞),

afoÔ h ekjetik  sun�rthsh aux�nei pio gr gora apì opoiad pote poluwnumik  sun�rthsh. 'Ena �llo
par�deigma eÐnai h sun�rthsh f2(x) = 1/x, me pedÐo orismoÔ to (0, 1). H sun�rthsh aut  eÐnai suneq c
sto pedÐo orismoÔ thc all� den mporeÐ na proseggisjeÐ omoiìmorfa apì polu¸numo, mia kai opoiod pote
polu¸numo q(x) èqei

lim
x→0+

q(x) = q(0),

en¸ gia thn f2(x) to apì dexi� ìrio sto 0 eÐnai +∞.

H pr¸th apìdeixh tou jewr matoc tou Weierstrass pou ja doÔme ofeÐletai ston Landau. 'Estw f :
[a, b]→ C suneq c.
Periorismìc sto di�sthma [0, 1].

K�noume kat' arq n thn parat rhsh ìti mporoÔme na upojèsoume ìti to [a, b] eÐnai ìpoio sugkekrimèno
di�sthma mac boleÔei, gia par�deigma to [0, 1]. O lìgoc gi' autì eÐnai ìti mporoÔme na antistoiqÐsoume ta
shmeÐa t ∈ [0, 1] me ta stoiqeÐa x ∈ [a, b] me mia grammik  apeikìnish, thn

x = a+ t(b− a) thc opoÐac h antÐstrofh eÐnai h t =
x− a
b− a .

An t¸ra f : [a, b]→ C eÐnai suneq c tìte kai h sun�rthsh

g(t) = f(a+ t(b− a))

eÐnai mia suneq c sun�rthsh sto [0, 1]. An up�rqei polu¸numo p(t) t.¸. |p(t)− g(t)| ≤ ε gia t ∈ [0, 1] tìte h
sun�rthsh

q(x) = p((x− a)/(b− a))

eÐnai ki aut  polu¸numo (afoÔ h antistoiqÐa x→ t eÐnai grammik ) kai isqÔei fusik�

|q(x)− f(x)| = |p(t)− g(t)| ≤ ε.
Apì dw kai pèra loipìn upojètoume ìti f : [0, 1]→ C eÐnai suneq c.
H f mhdenÐzetai sta �kra tou diast matoc.

MporoÔme epÐshc qwrÐc bl�bh thc genikìthtac na upojèsoume ìti f(0) = f(1) = 0. Autì sumbaÐnei giatÐ
mporoÔme na afairèsoume apì thn f èna kat�llhlo grammikì polu¸numo ¸ste na petÔqoume aut  th sunj kh.
Akribèstera, an h f : [0, 1]→ C eÐnai opoiad pote suneq c sun�rthsh tìte jètoume

g(x) = f(x)− `(x), ìpou `(x) = f(0) + x(f(1)− f(0)),

6



kai parathroÔme ìti (a) h g eÐnai suneq c sun�rthsh pou mhdenÐzetai sta �kra tou diast matoc kai (b) an
mporoÔme na proseggÐsoume thn g me èna polu¸numo p

‖g(x)− p(x)‖∞ ≤ ε

tìte to polu¸numo q(x) = p(x) + `(x) epÐshc proseggÐzei thn f(x)

‖f(x)− q(x)‖∞ = ‖g(x) + `(x)− (p(x) + `(x))‖∞ ≤ ε.

Apì dw kai pèra loipìn upojètoume ìti h sun�rths  mac, f(x), mhdenÐzetai sta �kra tou diast matoc. Gia
eukolÐa mac thn epekteÐnoume (me mhdenikèc timèc) sto upìloipo thc pragmatik c eujeÐac, kai h nèa mac
sun�rthsh eÐnai suneq c se ìlo to R mia kai ta mìna shmeÐa sta opoÐa genn�tai amfibolÐa gi' autì eÐnai ta
�kra tou [0, 1], ìmwc ekeÐ ta pleurik� ìria thc f eÐnai kai ta dÔo 0.
Ta polu¸numa prosèggishc

OrÐzoume t¸ra

Ln(x) =
1w

−1

f(x+ t)Kn(t) dx =
1−xw

−x
f(x+ t)Kn(t) dx,

ìpou

Kn(t) =

{
cn(1− t2)n, |t| ≤ 1
0, |t| > 1,

kai h stajer� cn epilègetai me trìpo tètoio ¸ste na isqÔei

1w

−1

Kn(t) dt = 1.

Gia na doÔme ìti oi sunart seic Ln(x) eÐnai ìntwc polu¸numa tou x k�noume thn allag  metablht c u = x+ t
kai paÐrnoume ètsi thn èkfrash

Ln(x) =
1w

0

f(u)(1− (u− x)2)n du,

h opoÐa eÔkola faÐnetai ìti eÐnai polu¸numo tou x, mia kai h sun�rthsh (1− (u− x)2)n eÐnai polu¸numo tou
x me suntelestèc pou exart¸ntai apì to u

(1− (u− x)2)n =
2n∑
j=0

qj(u)xj

kai �ra

Ln(x) =
2n∑
j=0

(
1w

0

f(u)qj(u) du

)
xj .

6 Te, 2/3/2011: Je¸rhma tou Weierstrass: Apìdeixh

(Sunèqeia thc apìdeixhc tou Landau apì thn prohgoÔmenh di�lexh.)
Prosèggish thc mon�dac

H sun�rthsh Kn (gia thn akrÐbeia, h akoloujÐa sunart sewn Kn) eÐnai autì pou onom�zetai prosèggish
thc mon�dac, èqei dhl. tic parak�tw idiìthtec:

1. Kn(x) ≥ 0 gia k�je x ∈ R,

2.
r∞
−∞Kn(x) dx = 1,

3. Gia k�je δ > 0 isqÔei limn→∞
r
|t|>δKn(t) dt = 0.
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(To olokl rwma
r
|t|>δ eÐnai suntomografÐa tou ajroÐsmatoc

r −δ
−∞+

r∞
δ .) H pio kaÐria idiìthta miac prosèg-

gishc thc mon�dac eÐnai h idiìthta 3 parap�nw. To nìhma aut c idiìthtac eÐnai ìti, afoÔ ta oloklhr¸mata
twn Kn den all�zoun me to n kai afoÔ to olokl rwma thc Kn ektìc tou diast matoc (−δ, δ) teÐnei sto 0,
tìte ìlh h <<m�za>> k�tw apì to gr�fhma tou Kn mazeÔetai ìla kai kontÔtera sto 0 ìso to n megal¸nei.
Autì èqei wc sunèpeia to akìloujo.

Je¸rhma 6.1. 'Estw f : R→ C suneq c kai fragmènh. Tìte gia k�je x ∈ R èqoume

∞w

−∞
f(x+ t)Kn(t) dt→ f(x). (5)

E�n h f eÐnai omoiìmorfa suneq c sto R tìte h sÔgklish sthn (5) den eÐnai apl� sÔgklish kat� shmeÐo
all� eÐnai kai omoiìmorfh sÔgklish se ìlo to R.

Apìdeixh. Gr�foume f(x) =
r∞
−∞ f(x)Kn(t) dt (afoÔ

r∞
−∞Kn(t) dt = 1) kai ètsi, an δ > 0 eÐnai opoiod pote,∣∣∣∣∣f(x)−

∞w

−∞
f(x+ t)Kn(t) dt

∣∣∣∣∣ =

∣∣∣∣∣
∞w

−∞
(f(x+ t)− f(x))Kn(t) dt

∣∣∣∣∣
≤
∞w

−∞
|f(x+ t)− f(x)|Kn(t) dt

=
δw

−δ

|f(x+ t)− f(x)|Kn(t) dt+
w

|t|>δ

|f(x+ t)− f(x)|Kn(t) dt

= I + II.

'Estw ε > 0. ArkeÐ na deÐxoume ìti, gia arket� meg�lo n, èqoume I < ε kai II < ε.
Gia ton pr¸to ìro èqoume lìgw thc sunèqeiac thc f sto x ìti up�rqei δ > 0 ¸ste

|f(x+ t)− f(x)| < ε,

gia |t| ≤ δ. An h sun�rthsh eÐnai apl� suneq c sto R tìte to δ autì exart�tai apì to ε kai to x en¸ an h
sun�rthsh eÐnai omoiìmorfa suneq c sto R tìte exart�tai mìno apì to ε. 'Eqoume loipìn

I ≤
δw

−δ

εKn(t) dt ≤ ε
∞w

−∞
Kn(t) dt = ε.

Gia to deÔtero ìro ja qrhsimopoi soume thn idiìthta 3 thc prosèggishc thc mon�dac. 'Eqoume

II ≤
w

|t|>δ

2‖f‖∞Kn(t) dt = 2‖f‖∞
w

|t|>δ

Kn(t) dt→ 0,

kai �ra, gia arket� meg�lo n, èqoume epÐshc II < ε. Sthn parap�nw anisìthta qrhsimopoi same thn trigwnik 
anisìthta gia na fr�xoume thn posìthta |f(x+ t)− f(x)| ≤ |f(x+ t)|+ |f(t)| ≤ 2‖f‖∞, kai h posìthta

‖f‖∞ = sup
x∈R
|f(x)| <∞

apì thn upìjes  mac ìti h f eÐnai fragmènh.
Sthn ektÐmhsh tou II o deÐkthc n0 pèra apì ton opoÐo isqÔei II < ε den exart�tai apì to x all� mìno

apì to ε kai to δ eÐte h f eÐnai omoiìmorfa suneq c eÐte ìqi (afoÔ to mìno pou qrhsimopoioÔme apì thn f
eÐnai ìti eÐnai fragmènh).
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'Omwc h epilog  tou δ ègine ìtan fr�xame to I kai ekeÐ to δ exart�tai apì to x, ektìc an h sun�rthsh f
upotejeÐ omoiìmorfa suneq c opìte to δ exart�tai mìno apì to ε. Se aut  thn perÐptwsh èqoume tautìqrona
I + II < ε gia k�je x ∈ R kai �ra h sÔgklish

∞w

−∞
f(x+ t)Kn(t) dt→ f(x)

eÐnai omoiìmorfh sto R.
2
Ta polu¸numa tou Bernstein kai h pijanojewrhtik  touc ermhneÐa

Ja doÔme t¸ra kai mia deÔterh apìdeixh tou jewr matoc 5.1 pou ofeÐletai ston Bernstein.
Upojètoume kai p�li ìti h f : [0, 1]→ C eÐnai suneq c (de qrei�zetai aut  th for� na kanonikopoi soume

thn f ¸ste na mhdenÐzetai sta �kra tou diast matoc). OrÐzoume ta polu¸numa Bernstein thc f na eÐnai h
akoloujÐa poluwnÔmwn Bn(f) pou dÐdetai apì

Bn(f)(x) =
n∑
k=0

f(k/n)
(
n

k

)
xk(1− x)n−k. (6)

Ja deÐxoume ìti ta Bn(f)(x)→ f(x) omoiìmorfa sto di�sthma [0, 1].
Gia thn apìdeixh ja qreiasteÐ na ermhneÔsoume ta polu¸numa tou Bernstein se pijanojewrhtik  gl¸ssa.

MporeÐte na anafèreste stic shmei¸seic mou Diakrit  Pijanìthta gia touc di�forouc orismoÔc kai orismènouc
upologismoÔc.

Ac upojèsoume ìti èqoume èna nìmisma to opoÐo fèrnei kor¸na me pijanìthta x ∈ [0, 1] kai to rÐqnoume
n forèc. H tuqaÐa metablht  Bx,n metr�ei to pìsec kor¸nec fèrame se autì to peÐrama. Profan¸c isqÔei
p�nta 0 ≤ Bx,n ≤ n kai eÔkola blèpei kaneÐc ìti h Bx,n akoloujeÐ th legìmenh diwnumik  katanom , èqoume
dhlad  gia k ∈ Z

P [Bx,n = k] =

{(
n
k

)
xk(1− x)n−k an 0 ≤ k ≤ n

0 alli¸c
.

O lìgoc gia ton parap�nw tÔpo eÐnai ìti to na fèroume akrib¸c k kor¸nec sto peÐrama mporeÐ na sumbeÐ me
akrib¸c

(
n
k

)
trìpouc (epilègoume apì tic n rÐyeic se poiec k ja èrjoun oi kor¸nec) kai k�je ènac apì autoÔc

touc trìpouc èqei pijanìthta xk(1− x)n−k na sumbeÐ.
K�noume epÐshc thn parat rhsh ìti, an gr�youme Ij gia thn deÐktria tuqaÐa metablht  pou eÐnai 1 an

fèroume kor¸na sthn j rÐyh kai 0 an fèroume gr�mmata sthn j rÐyh, isqÔei

Bx,n = I1 + I2 + · · ·+ In.

'Eqoume E [Ij ] = x kai Var [Ij ] = x(1− x) me èna aplì upologismì opìte sumperaÐnoume ìti

E [Bx,n] = E [I1] + · · ·+ E [In] = nx

kai apì to gegonìc ìti oi Ij eÐnai anex�rthtec prokÔptei epÐshc ìti

σ2(Bx,n) = Var [Bx,n] = Var [I1] + · · ·+ Var [In] = nx(1− x) ≤ n. (7)

Tèloc, ja qreiastoÔme kai thn anisìthta tou Chebyshev pou dÐnei èna �nw fr�gma gia thn pijanìthta na
apoklÐnei mia tuqaÐa metablht  apì th mèsh tim  thc.

Je¸rhma 6.2 (Chebyshev). An X ∈ Z eÐnai mia tuqaÐa metablht  me

E
[
|X|2

]
<∞,

kai an µ = E [X] kai σ =
√

Var [X] tìte

P [|X − µ| ≥ λσ] ≤ 1
λ2
, (8)

gia k�je λ > 0.

9
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Prìblhma 6.1. Ja qreiastoÔme epÐshc argìtera kai thn anisìthta E [|X|] ≤ E
[
|X|2

]1/2
gia mia diakrit 

tuqaÐa metablht  X ∈ Z. ApodeÐxte aut  thn anisìthta.

Oi dÔo posìthtec pou mac endiafèroun eÐnai oi

E [|X|] =
∑
k∈Z
|k|P [X = k]

kai
E
[
|X|2

]
=
∑
k∈Z
|k|2P [X = k] .

QrhsimopoieÐste thn anisìthta Cauchy-Schwarz (4) gia na deÐxete to zhtoÔmeno. Sthn (4) h anisìthta eÐnai
diatupwmènh gia peperasmènec akoloujÐec all� isqÔei kai gia akoloujÐec ìpou o deÐkthc paÐrnei ìlec tic
akèraiec timèc kai ta ajroÐsmata gÐnontai �peirec seirèc.

ParathroÔme t¸ra ìti up�rqei h ex c sqèsh an�mesa sta polu¸numa Bernstein, thn tuqaÐa metablht 
Bx,n kai th sun�rthsh f :

Bn(f)(x) = E [f(Bx,n/n)]. (9)

Prìblhma 6.2. BebaiwjeÐte ìti katalabaÐnete giatÐ isqÔei autì. JumÐzoume ìti an X ∈ Z eÐnai mia diakrit 
tuqaÐa metablht  kai φ : Z→ C mia sun�rthsh tìte èqoume

E [φ(X)] =
∑
k∈Z

φ(k)P [X = k] ,

me thn proôpìjesh fusik� ìti h seir� sugklÐnei apìluta. Sth diki� mac perÐptwsh, ìpou X = Bx,n den tÐjetai
jèma sÔgklishc mia kai ìla ta ajroÐsmata èqoun peperasmèno pl joc mh mhdenik¸n ìrwn afoÔ 0 ≤ Bx,n ≤ n.

Apì thn (9) gÐnetai t¸ra fanerì to giatÐ prèpei na perimènoume th sÔgklish Bn(f)(x)→ f(x) gia n→∞.
O lìgoc eÐnai ìti h tuqaÐa metablht  Bx,n/n, h opoÐa èqei mèsh tim  x teÐnei na sugkentr¸netai gÔrw apì th
mèsh thc tim  (nìmoc twn meg�lwn arijm¸n). 'Etsi loipìn, me polÔ meg�lh pijanìthta, oi timèc f(Bx,n/n)
eÐnai polÔ kont� sthn f(x) lìgw thc sunèqeiac thc f kai �ra eÐnai anamenìmeno kai h mèsh tim  thc metablht c
aut c na eÐnai kont� sto f(x). Autì to sullogismì posotikopoioÔme parak�tw sthn apìdeixh.

Gr�foume E gia to endeqìmeno

E =
{∣∣∣∣Bx,nn − x

∣∣∣∣ ≥ n−1/3

}
,

kai k�noume thn parat rhsh ìti h anisìthta tou Chebyshev mac dÐnei to parak�tw �nw fr�gma gia thn
pijanìthta tou E:

P [E] ≤ n−1/3. (10)

Prìblhma 6.3. ApodeÐxte ìti h anisìthta (10) prokÔptei apì thn anisìthta Chebyshev (8).

QrhsimopoieÐste to fr�gma Var [Bx,n] ≤ n kai thn tim  λ = n1/6 kai efarmìste thn anisìthta (8) gia to
endeqìmeno E grammèno sth morf 

|Bx,n − nx| ≤ λn1/2.
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Fr�ssoume t¸ra th diafor� thc sun�rths c mac kai thc prosèggis c thc apì èna polu¸numo Bernstein:

|f(x)− E [f(Bx,n/n])| =
∣∣∣∣∣f(x)−

n∑
k=0

f(k/n)P [Bx,n = k]

∣∣∣∣∣
=

∣∣∣∣∣
n∑
k=0

f(x)P [Bx,n = k]−
n∑
k=0

f(k/n)P [Bx,n = k]

∣∣∣∣∣ (afoÔ
∑
k

P [Bx,n = k] = 1)

=

∣∣∣∣∣
n∑
k=0

(f(x)− f(k/n))P [Bx,n = k]

∣∣∣∣∣
≤

n∑
k=0

|f(x)− f(k/n)| · P [Bx,n = k] (trigwnik  anisìthta)

=
n∑

k=0

|x−k/n|≥n−1/3

+
n∑

k=0

|x−k/n|<n−1/3

(diaqwrÐzoume ta k se dÔo eÐdh)

= I + II.

'Estw ε > 0. Ja deÐxoume ìti an to n eÐnai arket� meg�lo tìte ta ajroÐsmata I kai II fr�ssontai apì ε.
Gia na fr�xoume to I qrhsimopoioÔme thn omoiìmorfh sunèqeia thc f (h opoÐa eÐnai sunèpeia thc sunèqeiac

thc f se kleistì di�sthma, deÐte to Prìblhma 6.4): gia k�je ε > 0 up�rqei δ > 0 t.¸. an |x− y| < δ na
èpetai ìti |f(x)− f(y)| < ε. An loipìn to n eÐnai arket� meg�lo ¸ste na isqÔei n−1/3 < δ tìte sto �jroisma
I h posìthta |f(x)− f(k/n)| fr�ssetai apì ε opìte isqÔei

I ≤ ε
n∑

k=0

|x−k/n|≥n−1/3

P [Bx,n = k] ≤ ε
n∑
k=0

P [Bx,n = k] = ε.

Gia ton ìro II fr�ssoume thn posìthta |f(x)− f(k/n)| apì 2‖f‖∞ (h sun�rthsh f eÐnai fragmènh afoÔ
eÐnai suneq c se kleistì di�sthma, opìte ‖f‖∞ <∞) kai èqoume

II ≤ 2‖f‖∞
n∑

k=0

|x−k/n|<n−1/3

P [Bx,n = k] = 2‖f‖∞P [E] ≤ 2‖f‖∞n−1/3.

Epilègontac kai p�li to n arket� meg�lo (¸ste na isqÔei 2‖f‖∞n−1/3 < ε) petuqaÐnoume na isqÔei kai h
anisìthta II < ε. H apìdeix  mac eÐnai pl rhc.

Prìblhma 6.4. Mia sun�rthsh f : K → C lègetai omoiìmorfa suneq c sto K an gia k�je ε > 0 up�rqei
δ > 0 t.¸.

|x− y| < δ ⇒ |f(x)− f(y)| < ε.

H diafor� me thn apl  sunèqeia sto sÔnolo K eÐnai ìti sthn perÐptwsh thc apl c sunèqeiac to δ exart�tai
ìqi mìno apì to ε all� kai apì to x. H f dhl. eÐnai suneq c sto K an

∀x ∈ K ∀ε > 0 ∃δ > 0 : |x− y| < δ ⇒ |f(x)− f(y)| < ε.

DeÐxte ìti an h sun�rthsh f : [a, b] → C eÐnai suneq c sto kleistì kai fragmèno di�sthma [a, b] tìte eÐnai
kai omoiìmorfa suneq c ekeÐ. BreÐte epÐshc mia sun�rthsh g : R→ R kai mia sun�rthsh h : (0, 1)→ R pou
na eÐnai suneqeÐc all� ìqi omoiìmorfa suneqeÐc sto pedÐo orismoÔ touc.

Gia na apodeÐxete thn omoiìmorfh sunèqeia thc f prèpei na qrhsimopoi sete th sump�geia fragmènou
kleistoÔ diast matoc [a, b]: k�je akoloujÐa xn ∈ [a, b] èqei upakoloujÐa h opoÐa sugklÐnei (anagkastik� se
k�poio shmeÐo tou [a, b]).

Upojèste ìti h f den eÐnai omoiìmorfa suneq c. Autì shmaÐnei ìti gia k�poio ε > 0 tìte gia up�rqoun
xn, yn ∈ [a, b] t.¸. |xn − yn| → 0 all� me

inf
n
|f(xn)− f(yn)| > 0.
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BreÐte mia akoloujÐa deikt¸n nk tètoia ¸ste oi dÔo akoloujÐec xnk
kai ynk

na sugklÐnoun gia k → ∞ kai
qrhsimopoieÐste th sunèqeia thc f gia na katal xete se �topo.

'Oson afor� tic sunart seic g kai h pou prèpei na breÐte mporeÐte na dokim�sete tic g(x) = ex kai
h(x) = 1/x.

Prìblhma 6.5. An f : [1,∞) → C eÐnai suneq c kai limx→+∞ f(x) eÐnai pragmatikìc arijmìc, deÐxte ìti
h f proseggÐzetai omoiìmorfa sto di�sthma [1,∞) apì sunart seic thc morf c p(1/x), ìpou p polu¸numo.

To mètro sunèqeiac miac sun�rthshc
To na poÔme ìti mia sun�rthsh eÐnai suneq c se k�poio sÔnolo eÐnai mia poiotik  kai ìqi posotik  d lwsh.

EÐnai mia idiìthta pou h sun�rthsh thn èqei   ìqi. Kat� k�poion trìpo ìmwc up�rqoun sunart seic pou eÐnai
<<pio suneqeÐc>> apì �llec, ìpwc gia par�deigma h pr�sinh sun�rthsh sto Sq ma 1 eÐnai pio suneq c apì thn
kìkkinh sun�rthsh sto Ðdio Sq ma, metab�lletai dhl. pio arg�.

Sq ma 1: Mia sun�rthsh pou eÐnai <<pio suneq c>> apì mia �llh

H ènnoia tou mètrou sunèqeiac miac sun�rthshc paÐzei akrib¸c autì to rìlo thc posotikopoÐhshc tou
pìso gr gora all�zei mia sun�rthsh ìtan all�zei h metablht .

Orismìc 6.1. An f : K → C tìte to mètro sunèqeiac thc f sto K eÐnai h sun�rthsh

ωf (δ) = sup {|f(x)− f(y)| : x, y ∈ K, |x− y| ≤ δ}, (δ > 0). (11)

H posìthta ωf (δ), me �lla lìgia, mac lèei pìso polÔ mporeÐ na metablhjeÐ h tim  thc sun�rthshc f an h
metablht  thc all�xei to polÔ kat� δ.

H sun�rthsh ωf (δ) mporeÐ na mhn eÐnai peperasmènh akìmh ki ìtan h sun�rthsh f eÐnai suneq c sto K.
Gia par�deigma, eÔkola mporeÐ kaneÐc na dei ìti an f(x) = ex, orismènh gia x ∈ R, tìte gia k�je δ > 0 isqÔei
ωf (δ) = +∞. DeÐte ìmwc to Prìblhma 6.6.

Prìblhma 6.6. DeÐxte ìti mia sun�rthsh f : K → C eÐnai omoiìmorfa suneq c p�nw sto K an kai mìno
an ωf (δ)→ 0 gia δ → 0.

Prìblhma 6.7. An f : K → C kai f = u+ iv, ìpou u, v pragmatikèc sunart seic deÐxte tìte ìti

ωf (δ) ≤ |ωu(δ) + iωv(δ)| =
√
ωu(δ)2 + ωv(δ)2.

Prìblhma 6.8. An h f : [a, b] → R eÐnai paragwgÐsimh sto [a, b] (sta �kra ennoeÐtai ìti up�rqoun oi
pleurikèc par�gwgoi) kai |f ′(x)| ≤M gia x ∈ [a, b], deÐxte ìti ωf (δ) ≤Mδ, gia k�je δ > 0.

QrhsimopoieÐste to je¸rhma mèshc tim c gia na fr�xete th diafor� |f(x)− f(y)|.

To mètro sunèqeiac thc f eÐnai upoprosjetik  sun�rthsh.

Prìblhma 6.9. An f : I → R, ìpou I ⊆ R di�sthma, tìte ωf (δ1 + δ2) ≤ ωf (δ1) + ωf (δ2).

An |x− y| ≤ δ1 + δ2 tìte, an up�rqei z an�mesa sta x kai y t.¸. |x− z| ≤ δ1 kai |z − y| ≤ δ2.
Prìblhma 6.10. An f : I → R, ìpou I ⊆ R di�sthma, kai λ > 0 tìte ωf (λδ) ≤ (1 + λ)ωf (δ).

QrhsimopoieÐste to Prìblhma 6.9.
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7 De, 7/3/2011: ArgÐa (Kajar� Deutèra)

8 Te, 9/3/2011: EktÐmhsh tou sf�lmatoc gia ta polu¸numa Bern-
stein. Trigwnometrik� polu¸numa.

EktÐmhsh tou sf�lmatoc gia ta polu¸numa Bernstein
To Je¸rhma tou Weierstrass de mac dÐnei k�poia ektÐmhsh gia to pìso meg�lo mporeÐ na eÐnai to <<sf�lma>>

‖f − p‖∞ = supx∈[a,b] |f(x)− p(x)| ìtan h f(x) eÐnai mia suneq c sun�rthsh sto di�sthma [a, b] kai to p(x)
eÐnai polu¸numo bajmoÔ ≤ n. Kentrikì er¸thma thc JewrÐac Prosèggishc eÐnai to pìso mikr  mporeÐ na
gÐnei aut  h posìthta an mac epitrèpetai na dialèxoume kat�llhla to polu¸umo p(x). Me �lla lìgia mac
endiafèrei h posìthta

En(f) = inf {‖f − p‖∞ : to p(x) eÐnai polu¸numo bajmoÔ to polÔ n}.
'Opwc apodeÐxame sta eisagwgik� maj mata, ìtan mil�game gia to prìblhma thc prosèggishc twn stoiqeÐwn
enìc dianusmatikoÔ q¸rou apì stoiqeÐa enìc upoq¸rou, to parap�nw infimum <<pi�netai>> apì k�poio polu¸numo
p(x) bajmoÔ mèqri n, mia kai o q¸roc autìc twn poluwnÔmwn èqei peperasmènh di�stash kai m�lista Ðsh me
n + 1 (afoÔ k�je tètoio polu¸numo mporeÐ na prosdiorisjeÐ dÐnontac n + 1 paramètrouc, touc suntelestèc
tou). Fusik� mia ektÐmhsh gia thn posìthta En(f) ja prèpei na ephre�zetai apì to pìso <<kal >> eÐnai h
sun�rthsh f . Aut  h idiìthta thc f posotikopoieÐtai apì to mètro sunèqeiac thc f th sun�rhsh ωf (δ).

Je¸rhma 8.1. 'Estw f ∈ C([a, b]). Tìte isqÔei En(f) ≤ 2ωf (1/
√
n). Pio sugkekrimèna, an Bn(f)

eÐnai to n-ostì polu¸numo Bernstein thc f tìte ‖f −Bn(f)‖∞ ≤ 2ωf (1/
√
n).

'Opwc k�name kai sthn apìdeixh tou jewr matoc tou Weierstrass mèsw twn poluwnÔmwn tou Bernstein,
mporoÔme ki ed¸, qwrÐc bl�bh thc genikìthtac, na p�roume [a, b] = [0, 1], pr�gma to opoÐo aplousteÔei touc
upologismoÔc.

Xekin�me qrhsimopoi¸ntac thc sqèsh (9).

|f(x)−Bn(f)(x)| = |f(x)− E [f(Bx,n/n)]|
= |E [f(x)− f(Bx,n/n)]|
≤ E [|f(x)− f(Bx,n/n)|] (trigwnik  anisìthta: |E [X]| ≤ E [|X|])

=
n∑
k=0

|f(x)− f(k/n)|P [Bx,n = k] (apì to E [φ(X)] =
∑

k φ(k)P [X = k])

≤
n∑
k=0

ωf (
∣∣∣∣x− k

n

∣∣∣∣)P [Bx,n = k]

=
n∑
k=0

ωf (λ
1√
n

)P [Bx,n = k] (me λ =
√
n
∣∣x− k

n

∣∣)
≤ ωf (1/

√
n)

n∑
k=0

(1 +
√
n

∣∣∣∣x− k

n

∣∣∣∣)P [Bx,n = k] (apì to Prìblhma 6.10)

= ωf (1/
√
n)(1 +

√
nE
[
x− Bx,n

n

]
)

= ωf (1/
√
n)(1 +

1√
n

E [Bx,n − nx])

≤ ωf (1/
√
n)(1 +

1√
n
σ(Bx,n)) (apì to Prìblhma 6.1)

≤ 2ωf (1/
√
n) (apì thn (7)).

H apìdeixh tou Jewr matoc 8.1 eÐnai pl rhc.
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Parat rhsh 8.1. Up�rqei polÔ kalÔterh ektÐmhsh gia to sf�lma En(f) apì aut  tou Jewr matoc 8.1. To
Je¸rhma tou Jackson mac lèei ìti En(f) ≤ Cωf (1/n), ìpou C eÐnai mia apìluth stajer�.

Trigwnometrik� Polu¸numa
'Ena trigwnometrikì polu¸numo eÐnai ènac peperasmènoc grammikìc sunduasmìc, me migadikoÔc sunte-

lestèc, migadik¸n ekjetik¸n sunart sewn, dhl. twn sunart sewn

en(x) = einx, (n ∈ Z).

'Enac �lloc trìpoc na poÔme to Ðdio pr�gma eÐnai na poÔme ìti trigwnometrik� polu¸numa eÐnai sunart seic
thc morf c

p(x) =
N∑

k=−N
pkek(x), (12)

ìpou N eÐnai ènac mh arnhtikìc akèraioc. O arijmìc k onom�zetai kai suqnìthta tou ekjetikoÔ ek(x).
H megalÔterh, kat' apìluth tim , suqnìthta pou emfanÐzetai s' èna trigwnometrikì polu¸numo onom�zetai
bajmìc tou poluwnÔmou kai sumobolÐzetai me deg p. Gia paradeigma, an p(x) = 3e−i4x+1+ei2x tìte deg p = 4.

Ta pk sthn (12) onom�zontai suntelestèc tou p(x) kai kajorÐzontai monadik�. De mporeÐ dhl. h Ðdia
sun�rthsh p(x) na grafeÐ me duo diaforetikoÔc trìpouc sth graf  (12).

Prìblhma 8.1. (Monadikìthta twn suntelest¸n)
An
∑N

k=−N pke
ikx =

∑N
k=−N qke

ikx gia k�je x se èna sÔnolo A ⊆ R me |A| ≥ 2N + 1 tìte pk = qk gia k�je
k.

ArkeÐ na deÐxoume ìti an
∑N

k=−N pke
ikx = 0 gia k�je x ∈ A = {a1, a2, . . . , a2N+1, . . .} tìte pk = 0 gia k�je

k. DeÐxte ìti arkeÐ o (2N + 1)× (2N + 1) pÐnakac me stoiqeÐa ta eikaj , k = −N, . . . , N , j = 1, 2, . . . , 2N + 1,
eÐnai antistrèyimoc.

Autì an�getai se èna pÐnaka Vandermonde A me Ajk = xkj ,

A =


1 x1 x2

1 . . . xn−1
1

1 x2 x2
2 . . . xn−1

2

. . . . . . . . . . . . . . .
1 xn x2

n . . . xn−1
n


ìpou j = 0, 2, . . . , n − 1, k = 1, 2, . . . , n, kai ta xj ∈ C. DeÐxte ìti an ìla ta xj eÐnai diaforetik� tìte o
pÐnakac eÐnai antistrèyimoc upologÐzontac thn orÐzous� tou kai deÐqnontac ìti aut  isoÔtai me ± to ginìmeno
ìlwn twn diafor¸n xr − xs, ìpou r 6= s:

detA = ±
∏

r,s=1,...,n
r<s

(xr − xs).

Autì mporeÐ na apodeiqteÐ me epagwg  wc proc to n.

'Enac �lloc trìpoc na apodeÐxete ìti èna trigwnometrikì polu¸numo bajmoÔ ≤ N to opoÐo mhdenÐzetai se
2N + 1 shmeÐa èqei ìlouc touc suntelestèc tou mhdenikoÔc eÐnai na qrhsimopoi sete thn antÐstoiqh prìtash
gia ta algebrik� polu¸numa, ìti dhl. èna algebrikì polu¸numo bajmoÔ ≤ M pou mhdenÐzetai se M + 1
shmeÐa eÐnai anagkastik� to mhdenikì polu¸numo, autì dhl. me ìlouc touc suntelestèc Ðsouc me to mhdèn.
QrhsimopoieÐste to polu¸numo

q(z) = p−N + p−N+1z + p−N+2z
2 + · · ·+ pNz

2N = zN
N∑

k=−N
pkz

k.

Poia h sqèsh twn mhdenik¸n tou trigwnometrikoÔ poluwnÔmou p(x) me tic rÐzec tou algebrikoÔ poluwnÔmou
q(z) ìtan koit�xete mìno ta z me |z| = 1 kai jèsete z = eix?

14



'Amesh sunèpeia tou jemeli¸douc tÔpou eix = cosx+ i sinx, gia x ∈ R, eÐnai ìti

cosx = (e−ix + eix)/2, kai sinx = (−e−ix + eix)/(2i),

pr�gma pou shmaÐnei ìti oi sunart seic cosx kai sinx eÐnai trigwnometrik� polu¸numa bajmoÔ 1.

Prìblhma 8.2. (Trigwnometrikèc sunart seic ajroism�twn kai diafor¸n)
BreÐte tÔpouc gia ta cos(a± b), sin(a± b) mèsw twn trigwnometrik¸n arijm¸n twn a kai b qrhsimopoi¸ntac
ton tÔpo eix = cosx+ i sinx.

XekineÐste gr�fontac to ei(a±b) me dÔo trìpouc.

Mia sun�rthsh f : R→ C onom�zetai periodik  me perÐodo T an

f(x+ T ) = f(x), (x ∈ R).

Gia par�deigma h sun�rthsh sinx eÐnai periodik  me perÐodo 2π kai h sun�rthsh e2πix eÐnai periodik  me perÐodo
1.

Prìblhma 8.3. (SÔnolo twn periìdwn miac sun�rthshc)
H perÐodoc miac periodik c sun�rthshc den eÐnai potè monadik . ApodeÐxte ìti to sÔnolo twn periìdwn miac
sun�rthshc apoteleÐ om�da. An dhl. T1 kai T2 eÐnai perÐodoi tìte kai oi arijmoÐ −T1,−T2, T1 +T2 eÐnai epÐshc
perÐodoi. DeÐxte epÐshc ìti k�je mh stajer , suneq c periodik  sun�rthsh èqei mia el�qisth jetik  perÐodo
kai k�je �llh perÐodoc thc sun�rthshc eÐnai pollapl�siì thc.

Prìblhma 8.4. An f : R→ C eÐnai mia suneq c ( , genikìtera, mia Riemann oloklhr¸simh) T -periodik 
sun�rthsh tìte an x, y ∈ R èqoume

x+Tw

x

f(t) dt =
y+Tw

y

f(t) dt.

Parat rhsh 8.2. Oi migadikèc ekjetikèc sunart seic en(x) = einx, n ∈ Z, èqoun ìlec perÐodo 2π (all� mìno
oi e1(x) kai e−1(x) èqoun el�qisth perÐodo 2π), kai eÐnai idiaÐtera qr simec sth melèth sunart sewn pou eÐnai
periodikèc me aut  thn perÐodo. EÐnai ìmwc arket� koinì, an jèloume na melet soume fainìmena pou èqoun �llh
perÐodo, na qrhsimopoioÔme ekjetikèc sunart seic pou eÐnai elafr¸c diaforetikèc. Gia par�deigma, exÐsou
koinèc me tic parap�nw sunart seic eÐnai kai oi ekjetikèc sunart seic e2πinx, n ∈ Z, oi opoÐec èqoun perÐodo 1
antÐ gia 2π. 'Ola ìsa ja poÔme parak�tw isqÔoun, fusik� me tic kat�llhlec el�qistec tropopoi seic, kai se
k�je tètoia oikogèneia migadik¸n ekjetik¸n sunart sewn kai gia ta antÐstoiqa trigwnometrik� polu¸numa.
H anagwg  apì th mia perÐptwsh sthn �llh gÐnetai me mia apl  grammik  allag  metablht c.

Eswterikì ginìmeno
An f, g ∈ C([0, 2π]) orÐzoume to eswterikì touc ginìmeno na eÐnai h posìthta

〈f, g〉 =
1

2π

2πw

0

f(x)g(x) dx.

Parat rhsh 8.3. Ed¸ g(x) eÐnai to migadikì suzugèc tou g(x). An oi sunart seic eÐnai pragmatikèc tìte o
parap�nw orismìc tou eswterikoÔ ginomènou dÐdetai sun jwc qwrÐc to migadikì suzugèc. EpÐshc o par�gontac
1
2π qrhsimeÔei sto na metatrèyei to olokl rwma se èna mèso ìro p�nw sto di�sthma [0, 2π] kai aplousteÔontai
polÔ tÔpoi ètsi. MporeÐ ìmwc se �lla keÐmena na deÐte ton orismì qwrÐc ton par�gonta autì. Gia par�deigma,
an ta ekjetik� pou qrhsimopoioÔntai eÐnai ta e2πinx, n ∈ Z, tìte o orismìc tou eswterikoÔ ginomènou eÐnai

〈f, g〉 =
r 1
0 f(x)g(x) dx. Se poll� biblÐa epÐshc ja deÐte to eswterikì ginìmeno na èqei to suzugèc ston

pr¸to par�gonta antÐ gia to deÔtero.
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Prìblhma 8.5. (Algebrikèc idiìthtec tou eswterikoÔ ginomènou)
To eswterikì ginìmeno eÐnai ousiastik� grammikì stouc dÔo par�gontec, an exairèsoume thn mikr  epiplok 
pou dhmiourgeÐ h Ôparxh tou migadikoÔ suzugoÔc sto deÔtero par�gonta. ApodeÐxte tic parak�tw idiìthtec
(f, g, h ∈ C([0, 2π])):

〈g, f〉 = 〈f, g〉
〈λf + µh, g〉 = λ〈f, g〉+ µ〈h, g〉 (gia λ, µ ∈ C)
〈f, λg + µh〉 = λ〈f, g〉+ µ〈f, h〉 (gia λ, µ ∈ C)

� 〈f, f〉 = ‖f‖22 :=
1

2π

2πw

0

|f(x)|2 dx (parallag  orismoÔ thc 2-nìrmac).

DÔo sunart seic f, g ∈ C([0, 2π]) onom�zontai orjog¸niec an 〈f, g〉 = 0.

Prìblhma 8.6. (Pujagìreio Je¸rhma)
An f1, f2, . . . , fn eÐnai an� dÔo orjog¸niec tìte

‖f1 + . . .+ fn‖22 = ‖f1‖22 + · · ·+ ‖fn‖22. (13)

QrhsimopoieÐste epagwg  wc proc n. Gia n = 2 gr�yte

‖f1 + f2‖22 = 〈f1 + f2, f1 + f2〉 = 〈f1, f1,+〉〈f1, f2〉+ 〈f2, f1〉+ 〈f2, f2〉
kai qrhsimopoieÐste thn orjogwniìthta.

EÐnai polÔ basikì kai polÔ qr simo ìti oi migadikèc ekjetikèc sunart seic en(x) = einx, n ∈ Z, eÐnai an�
dÔo orjog¸niec. An m 6= n kai jètontac k = m− n 6= 0 èqoume

〈em, en〉 =
1

2π

2πw

0

eimxe−inx dx

=
1

2π

2πw

0

eikx dx

=
1

2π

2πw

0

(
eikx

ik

)′
dx

=
1
ik

(eik2π − eik·0)

= 0.

IsqÔei epÐshc 〈en, en〉 = ‖en‖22 = 1 gia n ∈ Z. Gi' autì to lìgo oi sunart seic en(x) lème ìti apoteloÔn èna
orjokanonikì sÔsthma.

Prìblhma 8.7. (Orjogwniìthta twn trigwnometrik¸n sunart sewn)
ApodeÐxte ìti oi sunart seic

1, cosnx, sinnx, (n = 1, 2, . . .)

eÐnai an� dÔo orjog¸niec. An tic diairèsoume ìlec (ektìc apì th stajer  sun�rthsh) me
√

2 tìte ektìc apì
orjog¸nio sÔsthma sunart sewn eÐnai kai orjokanonikì.

Genik� oi upologismoÐ oloklhrwm�twn me tic trigwnometrikèc sunart seic den eÐnai apì tic pio apolaustikèc
asqolÐec. EÐnai polÔ kalÔtero na tic metatrèyoume se migadikèc ekjetikèc sunart seic kai na k�noume ekeÐ
tic pr�xeic mac mia kai oi ekjetikèc sunart seic eÐnai ftiagmènec gia na pollaplasi�zontai. Gia par�deigma,
gia na deÐxete thn orjogwniìthta twn cosmx kai cosnx upologÐste to olokl rwma afoÔ pr¸ta gr�yete

cosmx · cosnx =
1
4

(eimx + e−imx)(einx + e−inx).
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JumÐzoume ton orismì thc grammik c anexarthsÐac dianusm�twn v1, . . . , vn se èna dianusmatikì q¸ro V :
jewroÔntai aut� grammik¸c anex�rthta an isqÔei h sunepagwg 

n∑
k=1

ckvk = 0 =⇒ c1 = c2 = · · · = cn = 0, (gia k�je epilog  twn suntelest¸n cj ∈ C).

Oi dianusmatikoÐ q¸roi pou mac apasqoloÔn se autì to m�jhma eÐnai kat� kanìna q¸roi sunart sewn ìpwc o
C([0, 2π]) me ton opoÐo asqoloÔmaste ed¸. EÐnai polÔ basikì ìti h orjogwniìthta sunep�getai th grammik 
anexarthsÐa. An oi mh mhdenikèc f1, f2, . . . , fn ∈ C([0, 2π]) eÐnai an� dÔo orjog¸niec tìte, upojètontac ìti
èqoume èna mhdenizìmeno grammikì sunduasmì touc

0 =
n∑
k=1

ckfk,

kai paÐrnontac to eswterikì ginìmeno kai ton dÔo mel¸n me thn f1, èqoume

0 =
n∑
k=1

ck〈fk, f1〉 = c1〈f1, f1〉 = c1‖f1‖22

pr�gma pou sunep�getai c1 = 0 afoÔ ‖f1‖22 > 0 arkeÐ h f1 na mhn eÐnai h mhdenik  sun�rthsh. OmoÐwc
apodeiknÔoume ìti ìla ta cj eÐnai mhdèn kai �ra ta f1, . . . , fn eÐnai grammik¸c anex�rthta.

Prìblhma 8.8. (H 2-nìrma enìc trigwnometrikoÔ poluwnÔmou)
An p(x) =

∑N
k=−N pke

ikx deÐxte ìti

� ‖p‖22 =
N∑

k=−N
|pk|2.

QrhsimopoieÐste thn orjogwniìthta twn ekjetik¸n sunart sewn kai to Pujagìreio Je¸rhma.

Prìblhma 8.9. ApodeÐxte xan� th monadikìthta twn suntelest¸n twn trigwnometrik¸n poluwnÔmwn qwrÐc
ton pÐnaka Vandermonde (deÐte to Prìblhma 8.1). An p(x), q(x) eÐnai dÔo trigwnometrik� polu¸numa pou
tautÐzontai se olìklhro to di�sthma [0, 2π] tìte èqoun touc Ðdiouc suntelestèc.

ApodeÐxte ìti oi suntelestèc enìc trigwnometrikoÔ poluwnÔmou dÐdontai apì ton tÔpo

� pk = 〈p(x), eikx〉 =
1

2π

2πw

0

p(x)e−ikx dx, (k ∈ Z). (14)

Parat rhsh 8.4. To dexÐ mèloc thc (14) mporeÐ na efarmosteÐ se opoiad pote suneq  sun�rthsh p(x) sto
di�sthma [0, 2π]. H posìthta aut  onom�zetai suntelest c Fourier k t�xhc thc sun�rthshc p(x).

Prìblhma 8.10. An p(x) =
∑N

k=−N pke
ikx, q(x) =

∑N
k=−N qke

ikx deÐxte ìti

〈p(x), q(x)〉 =
N∑

k=−N
pqqk.

9 De, 14/3/2011: Trigwnometrik� polu¸numa se trigwnometrik 
morf 

'Estw PN to sÔnolo ìlwn twn trigwnometrik¸n poluwnÔmwn bajmoÔ ≤ N

PN =

{
p(x) =

N∑
k=−N

pke
ikx : pk ∈ C

}
.
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AfoÔ to �jroisma duo tètoiwn poluwnÔmwn paramènei stoiqeÐo tou PN kai ginìmeno enìc migadikoÔ arijmoÔ me
stoiqeÐo tou PN paramènei stoiqeÐo tou PN prokÔptei ìti to sÔnolo autì eÐnai ènac migadikìc dianusmatikìc
q¸roc. M�lista me thn antistoÐqish

p(x)→ (p−N , p−N+1, . . . , pN−1, pN )

pou eÐnai kal¸c orismènh (monadikìthta twn suntelest¸n poluwnÔmou), grammik  kai antistrèyimh eÐnai fan-
erì pwc o q¸roc PN eÐnai isomorfikìc, wc grammikìc q¸roc, me to q¸ro C2N+1. Mia b�sh tou q¸rou PN
apoteleÐtai apì ta 2N + 1 trigwnometrik� polu¸numa

e−iNx, e−i(N−1)x, . . . , e−ix, 1, eix, . . . , eiNx.

Aut  m�lista h b�sh èqoume apodeÐxei ìti eÐnai kai orjokanonik , eÐnai dhlad  ta stoiqeÐa thc an� dÔo
orjog¸nia kai k�je stoiqeÐo thc èqei 2-nìrma Ðsh me 1.

Up�rqei mia akìmh orjokanonik  b�sh tou PN h opoÐa eÐnai qr simh stic efarmogèc, eidik� ìtan prìkeitai
gia trigwnometrik� polu¸numa pou paÐrnoun pragmatikèc timèc.

Je¸rhma 9.1. Oi sunart seic

1,
1√
2

cosx,
1√
2

cos 2x, . . . ,
1√
2

cosNx,
1√
2

sinx,
1√
2

sin 2x, . . . ,
1√
2

sinNx (15)

eÐnai mia orjokanonik  b�sh tou PN . Epiplèon, an mia sun�rthsh p(x) ∈ PN paÐrnei pragmatikèc timèc
tìte oi suntelestèc thc wc proc aut  th b�sh eÐnai pragmatikoÐ.

Apì to Prìblhma 8.7 èqoume thn orjogwniìthta twn sunart sewn an� dÔo. To ìti k�je mia apì autèc
èqei 2-nìrma Ðsh me to 1 eÐnai ènac aplìc upologismìc pou sthn perÐptwsh thc stajer c sun�rthshc eÐnai
profan c kai se ìlec tic �llec peript¸seic an�getai ston tÔpo

2πw

0

cos2 x dx =
1
2
.

Gia na apodeÐxoume to deÔtero mèroc tou Jewr matoc ja upologÐsoume akrib¸c touc suntelestèc tou
poluwnÔmou

p(x) =
N∑

k=−N
pke

ikx

wc prìc th b�sh (15). 'Estw loipìn ìti

p(x) = a0 +
N∑
k=1

(ak cos kx+ bk sin kx) (16)

= a0 +
N∑
k=1

(
ak
eikx + e−ikx

2
+ bk

aikx − e−ikx
2i

)
. (17)

Exis¸nontac (apì th monadikìthta twn suntelest¸n twn trigwnometrik¸n poluwnÔmwn) touc suntelestèc
twn dÔo mel¸n, kai parathr¸ntac ìti oi sunart seic eikx kai e−ikx emfanÐzontai mìno ston k prosjetèo tou
ajroÐsmatoc (17), paÐrnoume ìti p0 = a0 kai gia k = 1, 2, . . . , N ìti

pke
ikx + p−ke

−ikx = ak
eikx + e−ikx

2
+ bk

aikx − e−ikx
2i

.

K�nontac pr�xeic autì gr�fetai

(pk − ak/2− bk/(2i))eikx + (p−k − ak/2 + bk/(2i))e−ikx = 0.
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Apì th monadikìthta paÐrnoume tic dÔo exis¸seic

pk = ak/2 + bk/(2i), p−k = ak/2− bk/(2i). (18)

LÔnontac wc proc tic posìthtec ak, bk paÐrnoume

ak = pk + p−k, bk = i(pk − p−k). (19)

Oi tÔpoi (18) kai (19), mazÐ me ton a0 = p0, mac lène to p¸c gr�foume mia sun�rthsh p(x) sthn trigwnometrik 
b�sh (15) an thn èqoume grammènh wc proc thn ekjetik  b�sh kai to antÐstrofo.

Tèloc, ac upojèsoume ìti h sun�rthsh p(x) paÐrnei pragmatikèc timèc. 'Eqoume tìte

a0 = p(0) = 〈p(x), 1〉
ak = pk + p−k = 〈(p(x), eikx + e−ikx〉 = 2〈p(x), cos kx〉
bk = i(pk − p−k) = i〈p(x), eikx − e−ikx〉 = −2〈p(x), sinx〉.

'Ola ta eswterik� ginìmena pou emfanÐzontai parap�nw èqoun kai touc dÔo par�gontec pragmatikèc sunart -
seic, �ra eÐnai pragmatik�.

'Artiec kai perittèc sunart seic
Mia sun�rthsh f : R → C lègetai �rtia an f(−x) = f(x) gia k�je x ∈ R (opoiod pote pedÐo orismoÔ

D mporoÔme na èqoume ed¸ to opoÐo eÐnai summetrikì wc proc to 0, isqÔei dhl. x ∈ D ⇐⇒ −x ∈ D). H
f : R→ C lègetai peritt  an isqÔei f(−x) = −f(x) gia k�je x ∈ R.

EÐnai fanerì ìti to na eÐnai mia sun�rthsh �rtia   peritt  eÐnai mia sqetik� sp�nia idiìthta; oi <<pio pollèc>>
sunart seic den eÐnai oÔte to èna oÔte to �llo. Par' ìl' aut� isqÔei to parak�tw je¸rhma to opoÐo k�poiec
forèc mac epitrèpei na per�soume idiìthtec twn artÐwn kai twn peritt¸n sunart sewn se genikèc sunart seic.

Je¸rhma 9.2. An f : R→ C tìte up�rqei mia �rtia sun�rthsh fe : R→ C kai mia peritt  sun�rthsh
fo : R → C t.¸. f(x) = fe(x) + fo(x) gia k�je x ∈ R. M�lista aut  h di�spash thc f se �jroisma
peritt c kai �rtiac sun�rthshc eÐnai monadik .

H apìdeixh eÐnai exairetik� apl . PaÐrnoume

fe(x) =
f(x) + f(−x)

2
, fo(x) =

f(x)− f(−x)
2

.

EÐnai fanerì ìti f = fe + fo kai ìti h fe eÐnai �rtia kai h fo peritt .
Gia na deÐxoume th monadikìthta upojètoume ìti up�rqei kai deÔterh di�spash thc f se �jroisma �rtiac

kai peritt c sun�rthshc

f = f̃e + f̃o.

Apì thn isìthta fe + fo = f̃e + f̃o paÐrnoume

fe − f̃e = f̃o − fo.
To aristerì mèloc eÐnai �rtia sun�rthsh kai to dexÐ peritt  (wc grammikìc sunduasmìc antistoÐqwn sunart sewn).
'Omwc h mình sun�rthsh pou up�rqei pou eÐnai tautìqrona �rtia kai peritt  eÐnai h mhdenik  sun�rthsh, �ra

fe = f̃e kai fo = f̃o.
Oi sunart seic fe kai fo onom�zontai �rtio kai perittì mèroc thc f .

Prìblhma 9.1. An p(x) = a0 +
∑N

k=1 (ak cos kx+ bk sin kx) eÐnai èna trigwnometrikì polu¸numo gram-
mèno sthn trigwnometrik  tou morf  tìte breÐte tic sunart seic pe(x) kai po(x) grammènec epÐshc sthn
trigwnometrik  touc morf . 'Idio er¸thma an to trig. polu¸numo p(x) dÐdetai sthn ekjetik  tou morf 

p(x) =
N∑

k=−N
pke

ikx.
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10 Te, 16/3/2011: J. Weierstrass gia trigwnometrik� polu¸numa.
Idiìthtec bèltisthc prosèggishc

Prosèggish apì trigwnometrik� polu¸numa
AntÐstoiqa me thn prosèggish miac suneqoÔc sun�rthshc apì algebrik� (sunhjismèna) polu¸numa èqoume

kai prosèggish apì trigwnometrik� polu¸numa. Ac eÐnai f ∈ C([0, 2π]). Mia profan c anagkaÐa sunj kh
gia na mporeÐ h f na proseggisjeÐ omoiìmorfa sto [0, 2π] apì trigwnometrik� polu¸numa eÐnai h

f(0) = f(2π).

Autì isqÔei giatÐ h sunj kh aut  isqÔei gia k�je trigwnometrikì polu¸numo (lìgw thc 2π-periodikìthtac)
kai �ra isqÔei kai gia k�je sun�rthsh pou eÐnai ìrio (èstw kai kat� shmeÐo ìrio) trig. poluwnÔmwn. H
sunj kh aut  pèra apì anagkaÐa eÐnai kai ikan :

Je¸rhma 10.1. An f ∈ C([−π, π]) èqei

f(−π) = f(π)

tìte gia k�je ε > 0 up�rqei trig. polu¸numo p(x) t.¸. |f(x)− p(x)| ≤ ε gia x ∈ [−π, π].

Parat rhsh 10.1. To Je¸rhma 10.1 isqÔei an sth jèsh tou [−π, π] b�loume opoiod pote �llo di�sthma thc
morf c [s, s+ 2π] kai apait soume h f na eÐnai suneq c se autì to kleistì di�sthma kai na èqei tic Ðdiec timèc
sta dÔo �kra. 'Olec oi apodeÐxeic eÐnai Ðdiec.

Up�rqei kai ènac diaforetikìc trìpoc na ekfr�soume aut  thn upìjesh gia thn f : h f prèpei na eÐnai
suneq c se ìlo to R kai 2π-periodik . Pr�gmati, an h f eÐnai suneq c kai 2π-periodik  tìte o periorismìc
thc se opoiod pote di�sthma m kouc 2π, èstw sto [s, s+ 2π], eÐnai suneq c kai h f paÐrnei thn Ðdia tim  sta
dÔo �kra tou diast matoc. AntÐstrofa, an h f eÐnai orismènh mìno sto [s, s+ 2π] kai eÐnai suneq c ekeÐ kai
me thn Ðdia tim  sta dÔo �kra tou diast matoc tìte h f mporeÐ na epektajeÐ se ìlo to R wc mia suneq c
kai 2π-periodik  sun�rthsh: epekteÐnoume pr¸ta sto di�sthma [s + 2π, s + 4π] qrhsimopoi¸ntac th sqèsh
f(x) = f(x+ 2π) pou jèloume na isqÔei gia k�je x kai parathroÔme ìti h sun�rths  mac eÐnai suneq c sto
kainoÔrgio thc pedÐo orismoÔ. To mìno shmeÐo sto opoÐo up�rqei k�poia amfibolÐa gia thn sunèqeia thc f eÐnai
ekeÐ pou koll�ne ta dÔo diast mata, to shmeÐo s + 2π dhlad , all� ekeÐ h sun�rths  mac eÐnai suneq c kai
apì tic dÔo merièc wc sunèpeia thc upìjes c mac gia Ðdiec timèc thc f sta dÔo �kra tou arqikoÔ diast matoc.
Me ìmoio trìpo epekteÐnoume thn f se diast mata m kouc 2π dexi� ki arister� tou pedÐou orismoÔ thc ki ètsi
orÐzetai telik� h f se ìlo to R me tic epijumhtèc idiìthtec. DeÐte to Sq ma 2 ìpou faÐnetai h diadikasÐa
aut  thc periodikopoÐhshc gia s = 0, xekin¸ntac dhl. apì to di�sthma [0, 2π].

−2π 2π 4π

00.5

Sq ma 2: H diadikasÐa thc epèktashc miac sun�rthshc se periodik  (periodikopoÐhsh). To gr�fhma sta
diast mata [−2π, 0] kai [2π, 4π] eÐnai metaforèc tou graf matoc sto di�sthma [0, 2π]

Me �lla lìgia orÐzoume f(x) na eÐnai h tim  f(x − 2kπ) ìpou k ∈ Z eÐnai o monadikìc akèraioc tètoioc
¸ste na isqÔei

x− 2kπ ∈ [s, s+ 2π).

Prìblhma 10.1. An fn, f eÐnai T -periodikèc sunart seic kai fn → f omoiìmorfa sto di�sthma [s, s+ T ]
tìte fn → f omoiìmorfa se olìklhro to R.
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Prìblhma 10.2. An h f : R→ C eÐnai suneq c kai T -periodik  tìte eÐnai omoiìmorfa suneq c se olìklhro
to R.

Apì dw kai sto ex c loipìn to na mil�me gia mia sun�rthsh pou eÐnai suneq c se kleistì di�sthma m kouc
T kai èqei tic Ðdiec timèc sta dÔo �kra tou diast matoc eÐnai to Ðdio me to na mil�me gia mia sun�rthsh pou
eÐnai orismènh kai suneq c se olìklhro to R kai eÐnai epÐshc T -periodik .

Ac apodeÐxoume t¸ra to J. 10.1. Ja jewroÔme th sun�rthsh f orismènh kai suneq  se olìklhro to R
mèsw 2π-periodikìthtac ìpwc anafèrame sthn Parat rhsh 10.1.
B ma 1. An h f eÐnai �rtia tìte proseggÐzetai omoiìmorfa apì �rtia trig. polu¸numa.

AfoÔ h f eÐnai �rtia arkeÐ na thn proseggÐsoume omoiìmorfa apì �rtio trigwnometrik� polu¸numa sto
di�sthma [0, 2π] mìno. Sto di�sthma autì h sun�rthsh cosx eÐnai mia suneq c kai 1 proc 1 apeikìnish tou
diast matoc [0, π] sto di�sthma [−1, 1]. 'Estw arccos (<<tìxo sunhmitìnou>>, pou kami� for� to sumbolÐzoume
kai me cos−1) h antÐstrof  thc, epÐshc suneq c, sun�rthsh pou apeikonÐzei to[−1, 1] sto [0, π]:

y = cosx⇔ x = arccos y (x ∈ [0, π], y ∈ [−1, 1]).

'Ara h g(y) = f(arccos y) eÐnai mia suneq c sun�rthsh orismènh p�nw sto [−1, 1] kai apì to J. Weierstrass
gia algebrik� polu¸numa (Je¸rhma 5.1) gia k�je ε > 0 up�rqei polu¸numo p(y) tètoio ¸ste

|g(y)− p(y)| ≤ ε
gia k�je y ∈ [−1, 1]. 'Omwc aut  h sunj kh, met� thn allag  metablht c y = cosx, de lèei tÐpote �llo par�
to ìti

|f(x)− p(cosx)| ≤ ε
gia k�je x ∈ [0, π]. Tèloc de mènei par� na parathr soume ìti h sun�rthsh p(cosx) eÐnai �rtio trigwnometrikì
polu¸numo. Autì eÐnai sunèpeia tou ìti h sun�rthsh cosx eÐnai �rtio trigwnometrikì polu¸numo kai tou ìti
ta trigwnometrik� polu¸numa eÐnai kleist� (ìpwc kai ta algebrik� polu¸numa) stic pr�xeic thc prìsjeshc
kai pollaplasiasmoÔ sunart sewn.
B ma 2: H sun�rthsh f(x) sin2 x proseggÐzetai omoiìmorfa apì trig. polu¸numa.

'Estw ε > 0. Oi sunart seic f1(x) = f(x) + f(−x) kai f2(x) = (f(x) − f(−x)) sinx eÐnai �rtiec,
2π-periodikèc kai suneqeÐc kai �ra apì to B ma 1 up�rqoun �rtia trig. polu¸numa T1(x) kai T2(x) t.¸.
‖f1 − T1‖∞ ≤ ε kai ‖f2 − T2‖∞ ≤ ε. Autì mporoÔme na to ekfr�soume kai wc ex c

f1(x) = T1(x) + E1(x), (|E1(x)| ≤ ε)
kai

f2(x) = T2(x) + E2(x), (|E2(x)| ≤ ε).
'Ara

f(x) sin2(x) = f1(x) sin2 x+ f2(x) sinx = T1(x) sin2 x+ T2(x) sinx+ E(x)

ìpou E(x) = E1(x) sin2 x+ E2(x) sinx, opìte |E(x)| ≤ 2ε.
B ma 3: H sun�rthsh f(x) cos2 x proseggÐzetai omoiìmorfa apì trig. polu¸numa.

Autì eÐnai sunèpeia thc efarmog c tou B matoc 2 sth sun�rthsh F (x) = f(x − π
2 ) pou eÐnai fusik�

2π-periodik  kai suneq c. Apì to B ma 2 èqoume ìti h F (x) sin2 x proseggÐzetai omoiìmorfa apì trig.
polu¸numa p(x) to opoÐo shmaÐnei ìti h sun�rthsh

f(x) cos2 x = F (x+
π

2
) sin2(x+

π

2
)

proseggÐzetai omoiìmorfa apì ta polu¸numa p(x+ π
2 ).

Gia na telei¸soume thn apìdeixh tou Jewr matoc 10.1 parathroÔme apl� ìti

f(x) = f(x) sin2 x+ f(x) cos2 x

kai proseggÐzoume thn f apì to �jroisma twn dÔo trigwnometrik¸n poluwnÔmwn pou proseggÐzoun tic dÔo
sunart seic tou dexioÔ mèlouc antÐstoiqa.
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Parat rhsh 10.2. 'Eqoume ètsi apodeÐxei to Je¸rhma tou Weierstrass gia prosèggish apì trigwnometrik�
polu¸numa (Je¸rhma 10.1) qrhsimopoi¸ntac to Je¸rhma tou Weierstrass gia algebrik� polu¸numa (Je¸rhma
5.1). EÐnai endiafèron ìti kai o antÐstrofoc sullogismìc eÐnai dunatìc. An dhl. upojèsei kaneÐc to Je¸rhma
10.1 wc gnwstì tìte mporeÐ na apodeÐxei, qrhsimopoi¸ntac to, to Jewrhma 5.1. Autì eÐnai endiafèron mia kai
up�rqoun kai �llec apodeÐxeic tou Jewr matoc 10.1, pou de qrhsimopoioÔn to Je¸rhma 5.1, dÐnont�c mac ètsi
nèec apodeÐxeic tou Jewr matoc 5.1. Gia par�deigma, èna apì ta basik� jewr mata thc Armonik c An�lushc
eÐnai to Je¸rhma tou Fejér, pou lèei ìti an èqoume mia suneq  kai 2π-periodik  sun�rthsh f tìte aut  eÐnai
to omoiìmorfo ìrio twn trigwnometrik¸n poluwnÔmwn, pou onom�zontai Cesáro mèsoi thc f :

σN (f)(x) =
N∑

j=−N
f̂(j)eijx.

Oi arijmoÐ f̂(j) onom�zontai suntelestèc Fourier (touc eÐdame kai sthn Parat rhsh 8.4) thc f kai dÐnontai
apì ton tÔpo

f̂(j) =
1

2π

2πw

0

f(x)e−ijx dx, (j ∈ Z). (20)

Ac doÔme loipìn t¸ra p¸c apodeiknÔei kaneÐc to Je¸rhma 5.1 upojètontac wc gnwstì to Je¸rhma 10.1.
QwrÐc bl�bh thc genikìthtac mporoÔme na p�roume to di�sthma anafor�c na eÐnai to [−1, 1], kai ac eÐnai

f ∈ C([−1, 1]). H sun�rthsh g : R→ C orÐzetai wc

g(x) = f(cosx)

kai eÐnai suneq c, 2π-periodik  kai �rtia. Gia na deÐxoume ìti h f proseggÐzetai omoiìmorfa apì èna algebrikì
polu¸numo q(x) sto di�sthma [−1, 1] arkeÐ na deÐxoume ìti h sun�rthsh g(x) proseggÐzetai omoiìmorfa apì
to polu¸numo q(cosx) (to opoÐo eÐnai trigwnometrikì polu¸numo) sto di�sthma [0, π].

'Estw ε > 0. Ac eÐnai p(x) èna trigwnometrikì polu¸numo tètoio ¸ste g(x) = p(x) +E(x), me |E(x)| ≤ ε
(ed¸ qrhsimopoioÔme to Je¸rhma 10.1). 'Eqoume

g(x) =
g(x) + g(−x)

2
=
p(x) + p(−x)

2
+
E(x) + E(−x)

2
.

Profan¸c
∣∣∣E(x)+E(−x)

2

∣∣∣ ≤ ε kai h sun�rthsh q(x) = p(x)+p(−x)
2 eÐnai èna �rtio trigwnometrikì polu¸numo

opìte

q(x) =
N∑
k=0

qk cos kx

gia k�poio fusikì arijmì N kai k�poia qk ∈ C (autì faÐnetai polÔ eÔkola an gr�yei kaneÐc to trig. polu¸numo
q(x) se trigwnometrik  morf , k�nei to Ðdio gia to q(−x) kai qrhsimopoi sei to je¸rhma monadikìthtac).

Gia na telei¸sei h apìdeixh prèpei na deÐxoume ìti h sun�rthsh q(x) eÐnai algebrikì polu¸numo tou cosx,
gia to opoÐo profan¸c arkeÐ na deÐxoume gia k�je k = 0, 1, 2, . . . ìti

h sun�rthsh cos kx eÐnai algebrikì polu¸numo tou cosx. (21)
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'Omwc

cos kx = Re
[
eikx

]
= Re

[
(cosx+ i sinx)k

]
= Re

 k∑
j=0

(
k

j

)
(cosx)k−jij(sinx)j

 (apì to diwnumikì je¸rhma)

=
k∑

j=0
j �rtio

(
k

j

)
(cosx)k−j(−1)j/2(sin2 x)j/2 (afoÔ ij = ±i gia j perittì)

=
k∑

j=0
j �rtio

(
k

j

)
(cosx)k−j(−1)j/2(1− cos2 x)j/2 (afoÔ sin2 x = 1− cos2 x)

to opoio profan¸c eÐnai èna algebrikì polu¸numo thc posìthtac cosx. H apìdeix  mac eÐnai pl rhc.

Idiìthtec thc bèltisthc prosèggishc
Epanerqìmaste t¸ra sto prìblhma thc prosèggishc apì algebrik� polu¸numa. 'Estw f ∈ C([a, b]) kai

èstw p∗ ∈ PN mia bèltisth prosèggish thc f apì to sÔnolo PN (algebrik� polu¸numa bajmoÔ meqri N)
sth nìrma ‖·‖∞. To polu¸numo p∗ dhl. èqei thn idiìthta ìti gia k�je �llo polu¸numo p ∈ PN isqÔei

‖f − p∗‖∞ ≤ ‖f − p‖∞. (22)

H Ôparxh tou poluwnÔmou autoÔ den eÐnai profan c. EÐnai ìmwc �mesh sqedìn sunèpeia tou gegonìtoc ìti o
grammikìc q¸roc PN èqei peperasmènh di�stash (sugkekrimèna dimPN = N + 1), ìpwc apodeÐxame stic dÔo
pr¸tec eisagwgikèc dialèxeic (mporeÐte na to breÐte stic shmei¸seic tou Carothers, Kef. 1). Ja doÔme k�poiec
idiìthtec pou èqei autì to polu¸numo p∗ kai oi opoÐec, metaxÔ �llwn, ja mac epitrèyoun na apodeÐxoume kai
th monadikìtht� tou, idiìthta pou den prokÔptei apì k�poio genikì epiqeÐrhma ìpwc autì thc peperasmènhc
di�stashc.

Periorizìmaste apì dw kai pèra se pragmatikèc sunart seic f [a, b]→ R mia kai to sumpèrasma sto opoÐo
jèloume na katal xoume den èqei nìhma gia migadikèc sunart seic. EÐnai profanèc se aut  thn perÐptwsh ìti
kai h p∗ eÐnai epishc pragmatikì polu¸numo (giatÐ?).

An p : [a, b] → R eÐnai opoiad pote suneq c sun�rthsh tìte apì th sunèqeia thc |f − p| prokÔptei ìti
aut  <<pi�nei>> to supremum thc gia k�poio x ∈ [a, b]. IsqÔei dhl. gia k�poio x

f(x)− p(x) = ±‖f − p‖∞.

An zwgrafÐsoume gÔrw apì to gr�fhma thc f mia z¸nh me pl�toc ρ = ‖f − p‖∞ apì k�je meri� (blèpe
Sq ma 3) tìte autì pou mìlic eÐpame shmaÐnei ìti to gr�fhma thc p(x), to opoÐo brÐsketai ex olokl rou mèsa
se aut  th z¸nh (afoÔ |f(x)− p(x)| ≤ ρ gia k�je x) sÐgoura akoump�ei to �nw   to k�tw sÔnoro aut c thc
z¸nhc.

Sto Je¸rhma 10.2 pou akoloujeÐ deÐqnoume ìti akoump�ei kai p�nw kai k�tw.

Je¸rhma 10.2. 'Estw f : [a, b]→ R suneq c. An p∗ ∈ PN eÐnai èna polu¸numo pou elaqistopoieÐ thn
posìthta ‖f − p‖∞, p ∈ PN , tìte up�rqoun shmeÐa x, y ∈ [a, b] t.¸.

f(x)− p∗(x) = p∗(y)− f(y) = ‖f − p∗‖∞.

H apìdeixh tou Jewr matoc 10.2 eÐnai polÔ eÔkolh an skefteÐ kaneÐc lÐgo gewmetrik�. Ti ja ginìtan an,
p.q., h mple gramm  sto Sq ma 3 akoumpoÔse mìno sto k�tw sÔnro thc z¸nhc (k�tw diakekomènh gramm )?
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Sq ma 3: H bèltisth poluwnumik  prosèggish (mple) thc sun�rthshc prèpei na akoump�ei kai to sÔnoro
thc ρ-z¸nhc (diakekomènh gramm ) kai proc ta p�nw kai proc ta k�tw. Ed¸ ρ = ‖f − p∗‖∞.

PolÔ apl� ja mporoÔsame na metatopÐsoume lÐgo proc ta p�nw th mple gramm  ¸ste na parameÐnei entìc thc
z¸nhc kai na èqoume t¸ra mia kalÔterh prosèggish apì prin, pr�gma adÔnato mia kai upojèsame ìti h p∗ eÐnai
bèltisth prosèggish.

Ac upojèsoume loipìn ìti gia k�je x ∈ [a, b] isqÔei p∗(x) − f(x) < ρ = ‖f − p∗‖∞ (den akoump�ei
ep�nw). AfoÔ h suneq c sun�rthsh p∗(x) − f(x) eÐnai < ρ pantoÔ sto [a, b] èpetai ìti up�rqei k�poioc
arijmìc 0 < ρ′ < ρ ¸ste na isqÔei

p∗(x)− f(x) ≤ ρ′, (x ∈ [a, b]).

(Autì eÐnai apl� sunèpeia tou ìti k�je suneq c sun�rthsh se kleistì di�sthma <<pi�nei>> ta akrìtata thc se
k�poia shmeÐa tou diasthmatoc.) 'Estw δ = (ρ − ρ′)/2 > 0 kai orÐzoume th sun�rthsh p1(x) = p∗(x) + δ, h
opoÐa epÐshc eÐnai sto PN afoÔ ephreasame mìno th stajer� tou poluwnÔmou.

IsqÔei t¸ra

p1(x)− f(x) = p∗(x)− f(x) + δ ≤ ρ′ + δ < ρ

f(x)− p1(x) = f(x)− p∗(x)− δ ≤ ρ− δ = ρ′ + δ < ρ,

 , me �lla lìgia, |f(x)− p1(x)| ≤ ρ′ + δ < ρ gia k�je x ∈ [a, b]. Autì antif�skei ìmwc me th sqèsh (22),
�ra k�pou mèsa sto di�sthma [a, b] h sun�rthsh p∗(x) − f(x) isoÔtai me ρ. Me ìmoio trìpo apodeiknÔoume
ìti k�pou mèsa sto di�sthma h f(x)− p∗(x) isqoÔtai me ρ, kai h apìdeixh eÐnai pl rhc.

Prìblhma 10.3. An f : [a, b]→ R deÐxte ìti h bèltisth prosèggish apì stajer� (h bèltisth prosèggish
dhl. apì to q¸ro P0) sthn ∞-nìrma eÐnai h stajer� (max f + min f)/2.

To Je¸rhma 10.2 mporeÐ na isquropoihjeÐ p�ra polÔ, se shmeÐo pou na apoteleÐ qarakthrismì thc
bèltisthc poluwnumik c prosèggishc. Dhl. h idiìthta pou emfanÐzetai sto epìmeno Je¸rhma 10.3 ìqi mìno
eÐnai anagkaÐa gia na eÐnai to polu¸numo p∗ mia bèltisth prosèggish all� eÐnai kai ikan .

Orismìc 10.1. An F : [a, b]→ R eÐnai mia sun�rthsh pou den eÐnai tautotik� mhdenik  (¸ste ‖F‖∞ > 0)
kai y1 < y2 < · · · < yk eÐnai k�poia shmeÐa tou [a, b] lème ìti aut� eÐnai enallasìmena gia thn F an
(a) |F (yj)| = ‖F‖∞ gia k�je j = 1, 2, . . . , k, kai
(b) An ta prìshma twn F (yj) enall�ssontai, isqÔei dhl.

F (yj) · F (yj+1) < 0, j = 1, 2, . . . , N − 1.

Je¸rhma 10.3. 'Estw f : [a, b] → R kai N fusikìc arijmìc. Tìte up�rqei akrib¸c mia bèltisth
prosèggish p∗ ∈ PN thc f . 'Ena polu¸numo p ∈ PN eÐnai to p∗ an kai mìno an up�rqei èna sÔnolo
toul�qiston N + 2 shmeÐwn tou [a, b] pou na eÐnai enalassìmena gia th sun�rthsh f − p.

Prìblhma 10.4. ApodeÐxte ìti h bèltisth grammik  (dhl. poluwnumik  bajmoÔ mèqri 1) prosèggish thc
sun�rthshc f(x) = x2 sto di�sthma [0, 1] gia thn ∞-nìrma eÐnai h sun�rthsh p(x) = x− 1

8 .

Efarmìste to Je¸rhma 10.3 me N = 1.
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11 De, 21/3/2011: Qarakthrismìc bèltisthc prosèggishc apì to
q¸ro poluwnÔmwn PN

Ja apodeÐxoume t¸ra to Je¸rhma 10.3. Ac xekin soume me to na apodeÐxoume ìti an to p eÐnai bèltisth
prosèggish tìte up�rqoun toul�qiston N + 2 enallassìmena shmeÐa gia th sun�rthsh φ = f − p. Ac
gr�foume

E = ‖φ‖∞ > 0.

(H mình perÐptwsh na eÐnai E = 0 eÐnai ìtan f = p ìtan dhl. f ∈ PN opìte kai h f eÐnai h Ðdia h bèltisth
prosèggish tou eautoÔ thc kai den èqoume tÐpota na apodeÐxoume.)

AfoÔ h φ eÐnai suneq c sto [a, b] eÐnai kai omoiìmorfa suneq c. Ac eÐnai loipìn ∆ > 0 t.¸.

|x− y| ≤ ∆ =⇒ |φ(x)− φ(y)| ≤ E/10. (23)

QwrÐzoume to di�sthma [a, b] se Ðsa diast mata m kouc ≤ ∆ kai ac eÐnai

a = t0 < t1 < t2 < · · · < tk−1 < tk = b

ta diaqwristik� shmeÐa. 'Ena shmeÐo x ∈ [a, b] ja to onom�zoume (+)-shmeÐo an φ(x) = E kai (−)-shmeÐo an
φ(x) = −E. Apì thn (23) èpetai ìti se èna di�sthma [tj , tj+1] de mporeÐ na perièqetai kai èna (+)-shmeÐo kai
èna (−)-shmeÐo, afoÔ h tim  thc φ de mporeÐ na all�xei mèsa s' èna tètoio di�sthma perissìtero apì E/10.
Met� apì aut  thn parat rhsh mporoÔme na onom�soume èna di�sthma [tj , tj+1] (+)-di�sthma an perièqei èna
(+)-shmeÐo, (−)-di�sthma an perièqei èna (−)-shmeÐo kai oudètero di�sthma an den perièqei oÔte apì to èna
eÐdoc oÔte apì to �llo.

Gr�foume S gia thn ènwsh twn proshmasmènwn diasthm�twn kai N gia thn ènwsh twn oudèterwn diasth-
m�twn. 'Eqoume fusik� [a, b] = S ∪N .

Ac aparijm soume t¸ra ta proshmasmèna diast mata kinoÔmenoi apì arister� proc ta dexi�, omadopoi¸n-
tac ta tautìqrona. K�noume thn ablab  upìjesh ìti to pr¸to proshmasmèno di�sthma pou sunant�me eÐnai
tÔpou (+):

I1, I2, . . . , Ik1 , eÐnai (+)-diast mata
Ik1+1, . . . , Ik2 , eÐnai (−)-diast mata

· · · ·
Ikm−1+1, . . . , Ikm eÐnai (−1)m−1-diast mata.

Gia k�je deÐkth j to di�sthma Ij eÐnai prin to Ij+1, isqÔei dhl. max Ij ≤ min Ij+1.
Ja èqoume apodeÐxei to zhtoÔmeno an deÐxoume ìti m ≥ N + 2, mia kai tìte mporoÔme na p�roume to

pr¸to shmeÐo thc enallassìmenhc akoloujÐac shmeÐwn apì thn pr¸th gramm  diasthm�twn, to deÔtero apì
th deÔterh gramm  k.l.p. 'Estw ìti den isqÔei to zhtoÔmeno, ìti dhl. èqoume

m ≤ N + 1. (24)

Apì thn (23) èpetai ìti èna (+)-di�sthma de mporeÐ na akoump�ei èna (−)-di�sthma, afoÔ de gÐnetai na
metablhjeÐ h tim  thc φ kat� 2E mèsa se m koc ≤ 2∆. 'Ara an�mesa sta diast mata miac gramm c parap�nw
kai sta diast mata thc epìmenhc up�rqei p�nta èna toul�qiston oudètero di�sthma. Epilègoume m−1 shmeÐa
z1 < z2 < · · · < zm−1 paÐrnontac to zj na eÐnai opoiod pote shmeÐo tou sunìlou [a, b]\S an�mesa sthn j-om�da
kai sthn (j + 1)-om�da diasthm�twn. OrÐzoume èpeita to polu¸numo q ∈ Pm−1

q(x) = (z1 − x)(z2 − x) · · · (zm−1 − x)

to opoÐo èqei thn idiìthta ìti all�zei prìshmo ìtan (kinoÔmenoi apì arister� proc ta dexi�) pern�me k�poio
zj kai se k�je di�sthma thc pr¸thc om�dac èqei jetikì prìshmo. EÔkola blèpoume ìti autì sunep�getai ìti
se k�je proshmasmèno di�sthma h sun�rthsh φ(x) = (f − p)(x) kai h q(x) èqoun Ðdio prìshmo.

Ja deÐxoume t¸ra ìti mporoÔme na epilèxoume èna kat�llhla mikrì all� jetikì λ t.¸. h sun�rthsh

p(x) + λq(x) ∈ PN
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na eÐnai kalÔterh prosèggish thc f ap' ìti h sun�rthsh p(x), pr�gma �topo, �ra isqÔei telik� m ≥ N + 2
ìpwc ja jèlame.

'Estw
e = max

x∈N
|φ(x)|.

'Eqoume e < E mia kai se k�je oudètero di�sthma èqoume |φ(x)| < E gia k�je x sto di�sthma kai �ra to
supremum thc |φ(x)| se autì to di�sthma eÐnai ki autì < E (autì eÐnai sunèpeia thc sunèqeiac thc φ(x)).
Epilègoume t¸ra opoiod pote λ > 0 pou na ikanopoieÐ thc sqèsh

λ <
1
‖q‖∞

min {E − e, E/2}. (25)

Jèloume t¸ra na deÐxoume
‖f − (p+ λq)‖∞ < E.

Apì th sunèqeia thc sun�rthshc f − (p+ λq) arkeÐ na deÐxoume ìti gia k�je x ∈ [a, b] isqÔei

|(f(x)− p(x))− λq(x)| < E.

DiakrÐnoume t¸ra dÔo peript¸seic gia to x ∈ [a, b]:

• x ∈ N
Apì thn trigwnik  anisìthta èqoume

|(f(x)− p(x))− λq(x)| ≤ |f(x)− p(x)|+ λ|q(x)| ≤ e+ λ‖q‖∞ < E

apì thn pr¸th anisìthta thc (25).

• x ∈ S
'Eqoume |f(x)− p(x)| ≥ (9/10)E > λ‖q‖∞ (apì th deÔterh anisìthta thc (25)), kai �ra oi arijmoÐ
f(x) − p(x) kai λq(x) èqoun to Ðdio prìshmo. Gia dÔo omìshmouc arijmoÔc a, b me |a| ≥ |b|, isqÔei
|a− b| = |a| − |b|, �ra èqoume

|(f(x)− p(x))− λq(x)| = |f(x)− p(x)| − λ|q(x)| ≤ E − λmin
x∈S
|q(x)| < E.

H teleutaÐa anisìthta ofeÐletai sto ìti h sun�rthsh q(x) de mhdenÐzetai poujen� sto S (afoÔ oi rÐzec
thc eÐnai ta zj pou den an koun sto S) kai �ra to minx∈S |q(x)| eÐnai austhr� jetik  posìthta.

H apìdeixh eÐnai pl rhc gia to ìti èna bèltisto polu¸numo èqei mia enallassìmenh akoloujÐa shmeÐwn me
toul�qiston N + 2 shmeÐa.

AntÐstrofa t¸ra, ac upojèsoume ìti gia to polu¸numo p ∈ PN h sun�rthsh φ(x) = f(x)− p(x) èqei ta
enallasìmena shmeÐa

x0 < x1 < · · · < xN+1

sto di�sthma [a, b]. Jèloume na deÐxoume ìti to p(x) eÐnai mia bèltisth prosèggish thc f sthn ∞-nìrma apì
to q¸ro PN . 'Estw ìti den eÐnai kai ìti to polu¸numo q ∈ PN eÐnai kalÔtero, ìti isqÔei dhl.

‖f − q‖∞ < ‖f − p‖∞. (26)

Gia k�je j = 0, 1, 2, . . . , N + 1 èqoume

|f(xj)− p(xj)| = E = ‖f − p‖∞ > ‖f − q‖∞ ≥ |f(xj)− q(xj)|

�ra h sun�rthsh
q(x)− p(x) = (f − p)(x)− (f − q)(x)

èqei enallassìmena prìshma sta shmeÐa xj . Autì isqÔei giatÐ apì thn parap�nw anisìthta prokÔptei ìti

−E < |f(xj)− q(xj)| < E
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gia k�je j, kai �ra h diafor� (q − p)(xj) eÐnai jetik  ìtan f(xj) − p(xj) = E kai arnhtik  ìtan f(xj) −
p(xj) = −E. An�mesa se k�je enallag  pros mou miac suneqoÔc sun�rthsh up�rqei toul�qiston èna
shmeÐo ìpou h sun�rthsh mhdenÐzetai �ra to polu¸numo q(x) − p(x) èqei toul�qiston N + 1 rÐzec. AfoÔ
ìmwc deg (q − p) ≤ N èpetai ìti to q − p eÐnai to mhdenikì polu¸numo, �topo lìgw thc (26). 'Ara to
polu¸numo p(x) eÐnai ìntwc mia bèltisth prosèggish.

Apomènei na deÐxoume ìti h bèltisth prosèggish eÐnai monadik . 'Estw ìqi kai ac upojèsoume ìti to
polu¸numo q∗(x) eÐnai epÐshc mia bèltisth prosèggish. Tìte ìmwc kai o mèsoc ìroc touc

r =
p∗ + q∗

2

eÐnai epÐshc mia bèltisth prosèggish (apodeÐxte to autì; isqÔei gia opoiad pote nìrma, ìqi mìno thn∞-nìrma).
Qrhsimopoi¸ntac aut� pou èqoume  dh apodeÐxei, up�rqoun N + 2 shmeÐa

x0 < x1 < · · · < xN+1

pou eÐnai enallassìmena gia th sun�rthsh f − r. Autì metafr�zetai sto ìti

(f − p∗)(xj) + (f − q∗)(xj) = (−1)j2E, (j = 0, 1, 2, . . . , N + 1).

AfoÔ ìmwc |(f − p∗)(xj)| ≤ E kai |(f − q∗)(xj)| ≤ E èpetai ìti gia k�je j

(f − p∗)(xj) = (f − q∗)(xj) = (−1)jE,

opìte ta polu¸numa p∗(x) kai q∗(x) tautÐzontai se N + 2 shmeÐa. AfoÔ o bajmìc touc eÐnai ≤ N èpetai ìti
ta polu¸numa tautÐzontai.

12 Te, 23/3/2011: Polu¸numa Chebyshev

Orismìc twn poluwnÔmwn Chebyshev
'Eqontac apodeÐxei to Je¸rhma 10.3 pou qarakthrÐzei th bèltisth prosèggish miac sun�rthshc apì èna

q¸ro poluwnÔmwn PN ja to efarmìsoume sto na lÔsoume to ex c prìblhma:

Poia eÐnai h bèltisth prosèggish thc sun�rthshc xn apì to q¸ro Pn−1 (polu¸numa bajmoÔ
mèqri kai n− 1) kai gia to di�sthma [−1, 1]?

Jèloume me �lla lìgia na lÔsoume to prìblhma beltistopoÐhshc

Gia poio polu¸numo p(x) ∈ Pn−1 elaqistopoieÐtai h nìrma

‖xn − p(x)‖∞ = max
−1≤x≤1

|xn − p∗(x)|?

H Ôparxh thc lÔshc p(x) exasfalÐzetai apì to gegonìc ìti o q¸roc Pn−1 èqei peperasmènh di�stash (Ðsh
me n) kai h monadikìthtac apì to Je¸rhma 10.3. To Je¸rhma 10.3 mac exasfalÐzei epÐshc kai thn Ôparxh
n+ 1 = (n− 1) + 2 shmeÐwn

−1 ≤ x0 < x1 < x2 < · · · < xn−1 < xn ≤ 1

ta opoÐa eÐnai enalassìmena gia to polu¸numo p(x) = xn−p∗(x), isqÔei dhl. |p(xj)| = M gia j = 0, 1, . . . , n
kai p(xj) · p(xj+1) < 0 gia j = 0, 1, . . . , n− 1, ìpou

M = ‖p(x)‖∞ = ‖xn − p∗(x)‖∞.
Pr¸ta k�noume thn parat rhsh ìti se k�je èna apì ta eswterik� shmeÐa xj h par�gwgoc p′(x) mhdenÐzetai
afoÔ se k�je tètoio shmeÐo h p(x) èqei topikì mègisto (ìtan h tim  thc eÐnai M)   topikì el�qisto (ìtan h
tim  thc eÐnai −M). AfoÔ deg p′(x) ≤ n− 1 sumperaÐnoume ìti

h p′(x) mhdenÐzetai akrib¸c sta x1, x2, . . . , xn−1 (27)
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kai �ra ta shmeÐa x0 kai xn den eÐnai eswterik� shmeÐa tou diast matoc [−1, 1] kai sunep¸c

x0 = −1, xn = 1. (28)

ProkÔptei epÐshc, apì thn èlleiyh mhdenik¸n thc p(x) sto di�sthma [1,+∞) kai to gegonìc ìti limx→+∞ p(x) =
+∞ ìti h tim  thc p(x) sto 1 eÐnai

p(1) = +M. (29)

To polu¸numo M2 − p2(x) eÐnai pantoÔ mh arnhtikì sto di�sthma [−1, 1] �ra k�je rÐza tou sto (−1, 1)
ofeÐlei na eÐnai dipl , toul�qiston (alli¸c h sun�rthsh ja èpairne kai jetikèc kai arnhtikèc timèc se k�je
geitoni� miac rÐzac ρ afoÔ ja grafìtan wc (x − ρ)q(x) gia k�poio polu¸numo me q(ρ) 6= 0). H sun�rthsh
aut  mhdenÐzetai toul�qiston sta shmeÐa x0, x1, . . . , xn �ra, lamb�nontac upìyin ìti degM2 − p2(x) ≤ 2n,

ìlec oi rÐzec thc M2 − p2(x) eÐnai oi x0 (apl ), x1 (dipl ), x2 (dipl ), . . ., xn−1 (dipl ), xn (apl ) (30)

Apì tic prot�seic (27) kai (30) prokÔptei ìti ta polu¸numa M2 − p2(x) kai (1− x2)(p′(x))2 èqoun akrib¸c
tic Ðdiec rÐzec, �ra eÐnai to èna pollapl�sio tou �llou

M2 − p2(x) = K(1− x2)(p′(x))2, (gia k�poia stajer� K).

H stajer� K prosdiorÐzetai koit¸ntac touc megistob�jmiouc suntelestèc twn dÔo mel¸n. AfoÔ

p(x) = xn + · · ·

(me <<· · · >> sumbolÐzoume ìrouc mikrìterhc t�xhc) èqoume p′(x) = nxn−1 + · · · kai (p′(x))2 = n2x2(n−1) + · · ·
kai tèloc

(1− x2)(p′(x))2 = −n2x2n + · · ·
EpÐshc èqoume M2 − p2(x) = −x2n + · · · �ra K = 1

n2 . PaÐrnoume tic jetikèc tetragwnikèc rÐzec sth sqèsh
M2 − p2(x) = 1

n2 (1 − x2)(p′(x))2 kai, k�nontac thn parat rhsh ìti p′(x) > 0 gia x > xn−1 (afoÔ den èqei
mhdenik� pèra apì to xn−1 kai prèpei na p�ei h p(x) sto +∞) paÐrnoume th diaforik  exÐswsh

p′(x)√
M2 − p2(x)

=
n√

1− x2
(31)

pou isqÔei toul�qiston se mia geitoni� tou x = 1. LÔnoume th diaforik  aut  exÐswsh me th mèjodo tou
qwrismoÔ metablht¸n xanagr�font�c thn wc

dp√
M2 − p2(x)

=
ndx√
1− x2

kai qrhsimopoi¸ntac ton tÔpo
r

dx√
1−x2

= arccosx+ C (autì prokÔptei eÔkola apì to ìti h arccosx eÐnai h

antÐstrofh sun�rthsh thc cosx). PaÐrnoume ètsi th lÔsh

p(x) = M cos(n arccosx+ C) (32)

ìpou C eÐnai mia stajer� pou mènei akìmh na prosdiorisjeÐ, ìpwc kai h tim  tou M .
An θ ∈ [0, π] kai x = cos θ (  alli¸c θ = arccosx) blèpoume ìti h antistoiqÐa (allag  metablht c) twn x

kai θ eÐnai mia suneq c kai 1-1 antistoiqÐa twn diasthm�twn x ∈ [−1, 1] kai θ ∈ [0, π]. Apì dw kai pèra ìpote
qrhsimopoioÔme to x   to θ aut� p�nta ja sundèeontai me thn parap�nw sqèsh. 'Etsi h sqèsh (32) mporeÐ
na grafeÐ kai wc

p(x) = M cos(nθ + C). (33)

Gia x = 1 (θ = 0) paÐrnoume (afoÔ p(x) = M) ìti cosC = 1 kai �ra to C eÐnai k�poio akèraio pollapl�sio
tou 2π, opìte mporoÔme na to paraleÐyoume teleÐwc apì th sqèsh (32)   (33) afoÔ den ephre�zei thn tim 
tou sunimhtìnou. Gia na broÔme t¸ra thn tim  tou M sth sqèsh

p(x) = M cos(n arccosx) = M cos(nθ) (34)
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qrhsimopoioÔme ton upologismì pou k�name sthn apìdeixh thc (21) ìpou br kame ìti

cosnθ =
n∑

j=0
j�rtio

(
n

j

)
(cos θ)n−j(−1)j/2(1− cos2 θ)j/2. (35)

AfoÔ o megistob�jmioc suntelest c tou x sto aristerì mèloc thc (34) eÐnai 1 to Ðdio ofeÐlei na eÐnai kai o
megistob�jmioc suntelest c tou cos θ sto dexÐ mèloc thc (34). Apì k�je prosjetèo tou ajroÐsmatoc sto
dexÐ mèloc thc (35) prokÔptei akrib¸c èna pollapl�sio tou (cosx)n me suntelest (

n

j

)
(−1)j/2(−1)j/2 =

(
n

j

)
(−1)j =

(
n

j

)
(afoÔ j �rtio).

O suntelest c tou (cos θ)n dhl. sto dexÐ mèloc thc (34) eÐnai

M
n∑

j=0
j�rtio

(
n

j

)
= M2n−1. (36)

Apì autì prokÔptei ìti M = 21−n kai h telik  morf  tou poluwnÔmou

p(x) = 21−n cos(n arccosx) = 21−n cos(nθ) (37)

Parat rhsh 12.1. H (36) prokÔptei polÔ eÔkola apì to diwnumikì je¸rhma

(a+ b)n =
n∑
j=0

(
n

j

)
ajbn−j

paÐrnontac a = −1 kai b = 1 kai qrhsimopoi¸ntac thn tautìthta

2n =
n∑
j=0

(
n

j

)
,

h opoÐa epÐshc prokÔptei apì to diwnumikì je¸rhma jètontac a = b = 1.

Orismìc 12.1. Ta polu¸numa Chebyshev pr¸tou eÐdouc Tn(x) eÐnai ta polu¸numa gia ta opoÐa isqÔei gia
x ∈ [−1, 1]

Tn(x) = cos(n arccosx), n = 0, 1, 2, . . . . (38)

Parat rhsh 12.2. 'Eqoume  dh dei ìti to dexÐ mèloc thc (38) eÐnai èna polu¸numo tou x. IsodÔnama autì
eÐnai èna polu¸numo tou cos θ. Ta polu¸numa Chebyshev orÐzontai fusik� gia k�je x ∈ R an kai to dexÐ
mèloc thc (38) den èqei nìhma gia |x| > 1 afoÔ den orÐzetai h sun�rthsh arccosx tìte.

Idiìthtec twn poluwnÔmwn Chebyshev

Je¸rhma 12.1. Gia n ≥ 2 isqÔei

Tn(x) = 2xTn−1(x) + Tn−2(x). (39)

Apì thn trigwnometrik  tautìthta cos a+ cos b = 2 cos a−b2 cos a+b2 prokÔptei polÔ eÔkola h sqèsh

cosnθ = 2 cos θ cos (n− 1)θ − cos (n− 2)θ

apì thn opoÐa prokÔptei to Je¸rhma 12.1 me thn antikat�stash x = cos θ.
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H anadromik  sqèsh (39) eÐnai shmantik  gia polloÔc lìgouc, ènac apì touc opoÐouc eÐnai ìti mac epitrèpei
na upologÐsoume ta polu¸numa Tn(x) polÔ eÔkola, brÐskontac apì ta T0(x) = 1 kai T1(x) = x pr¸ta to
T2(x), met� to T3(x), k.l.p. Parajètoume parak�tw merik� apì ta Tn(x):

T0(x) = 1
T1(x) = x

T2(x) = 2x2 − 1

T3(x) = 4x3 − 3x

T4(x) = 8x4 − 8x2 + 1

T5(x) = 16x5 − 20x3 + 5x.

Prìblhma 12.1. ApodeÐxte ìti gia n �rtio ta polu¸numa Tn(x) perièqoun mìno �rtiec dun�meic tou x en¸
gia n perittì mìno perittèc.

QrhsimopoieÐste thn (39).

Prìblhma 12.2. ApodeÐxte ìti gia x ∈ R isqÔei

Tn(x) =
1
2

(
(x+

√
x2 − 1)n + (x−

√
x2 − 1)n

)
. (40)

DeÐxte to pr¸ta gia x ∈ [−1, 1] k�nontac thn antikat�stash x = cos θ. DeÐxte èpeita ìti to dexÐ mèloc thc
(40) eÐnai polu¸numo tou x (ìti den up�rqoun dhl. tetragwnikèc rÐzec ìtan anaptÔxete tic n-ostèc dun�meic)
kai �ra h isìthta twn dÔo mel¸n isqÔei gia ìla ta x ∈ R mia kai ta dÔo polu¸numa tautÐzontai se èna
olìklhro di�sthma.

13 De, 28/3/2011: Polu¸numa Chebyshev, sunèqeia

Apì ton tÔpo
Tn(x) = cosnθ, (me x = cos θ, θ ∈ [0, π], x ∈ [−1, 1])

prokÔptei ìti oi sunart seic Tn(·) den eÐnai par� oi sunart seic cos(n·) ìpou ìmwc o �xonac twn x èqei
uposteÐ mia anaparamètrish, mia <<allag  metablht c>> ìpwc lème sun jwc.

1

-1

Sq ma 4: Oi sunart seic Tn(x) (kìkkinh) kai cos(nθ) sqediasmènec h mia p�nw sthn �llh. MporeÐte na
deÐte ìti h allag  metablht c x = cos θ èqei diathr sei ta qarakthristik� thc kampÔlhc pou èqoun na
k�noun mìno me ton �xona twn y, p.q. to pìsec forèc tèmnei h kampÔlh ton x-�xona   to pìsec forèc

all�zei h monotonÐa thc sun�rthshc. Den èqei ìmwc diathr sei kat' an�gkh ta qarakthristik� thc kampÔlhc
pou exart¸ntai kai apì ton �xona ton x. 'Ena qarakthristikì par�deigma eÐnai h klÐsh thc kampÔlhc

(par�gwgoc). Sta dÔo �kra tou diast matoc ([−1, 1] sth mia perÐptwsh kai [0, π] sthn �llh, ta opoÐa ta
èqoume sqedi�sei wc èna ed¸) faÐnetai kajar� ìti h maÔrh kampÔlh èqei par�gwgo 0 en¸ h kìkkinh ìqi.

H allag  metablht c aut  eÐnai polÔ qr simh gia na apodeiknÔoume di�forec idiìthtec twn poluwnÔmwn
Chebyshev an�gontac ta antÐstoiqa erwt mata stic sunart seic cosnθ. Gia par�deigma, an jèloume na
broÔme ta mhdenik� twn Tn(x) (gia x ∈ [−1, 1], mia kai èqoume  dh apodeÐxei ìti den up�rqoun �lla) arkeÐ na
broÔme ta mhdenik� thc sun�rthshc cosnθ gia θ ∈ [0, π] kai na p�roume ta sunhmÐton� touc.
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Prìblhma 13.1. DeÐxte ìti ta mhdenik� thc sun�rthshc Tn(x) eÐnai oi arijmoÐ

cos
(

(2k − 1)π
2n

)
, k = 1, 2, . . . , n.

BreÐte pr¸ta ta mhdenik� thc cosnθ gia θ ∈ [0, π].

H allag  metablht c aut  eÐnai epÐshc qr simh ston upologismì diafìrwn oloklhrwm�twn. AfoÔ

dθ =
dx

−√1− x2
, dx = − sin θ dθ

ta orismèna oloklhr¸mata metatrèpontai sÔmfwna me touc kanìnec

πw

0

· · · dθ =
1w

−1

· · · dx√
1− x2

,

kai
1w

−1

· · · dx =
πw

0

· · · sin θ dθ.

Apì to Prìblhma 8.7 gia par�deigma gnwrÐzoume ìti

πw

−π
cosmx cosnx dx = 0 an m 6= n

en¸
πw

−π
cos2 nx dx = π an n ≥ 1.

Autèc oi idiìthtec orjogwniìthtac twn sunart sewn cosnθ metafr�zontai �mesa se idiìthtec orjogwniìthtac
twn poluwnÔmwn Chebyshev.

Prìblhma 13.2. ApodeÐxte ìti an m 6= n eÐnai dÔo fusikoÐ arijmoÐ tìte

1w

−1

Tm(x)Tn(x)
dx√

1− x2
= 0. (41)

Gia thn perÐptwsh m = n èqoume

1w

−1

T 2
n(x)

dx√
1− x2

=

{
π/2 n ≥ 1
π n = 0

.

QrhsimopoieÐste thn artiìthta thc sun�rthshc cosx gia na metatrèyete ta oloklhr¸mata
r π
−π se

r π
0 kai

met� k�nte thn allag  metablht c x = cos θ ìpwc perigr�fetai parap�nw.

H idiìthta (41) onom�zetai orjogwniìthta wc proc to eswterikì ginìmeno me b�roc

w(x) =
1√

1− x2

sto di�sthma [−1, 1]. Gia k�je austhr� jetik  sun�rthsh w(x) > 0 p�nw s' èna di�sthma [a, b] orÐzetai to
eswterikì ginìmeno

〈f, g〉w =
bw

a

f(x)g(x)w(x) dx (42)
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kai h antÐstoiqh 2-nìrma

‖f‖2,w =

(
bw

a

|f(x)|2w(x) dx

)1/2

(43)

pou sundèontai kai p�li me th sqèsh
‖f‖22,w = 〈f, f〉w.

Wc proc autì to eswterikì ginìmeno, gia w(x) = (1 − x2)−1/2, oi sunart seic T0(x), T1(x), . . . , TN (x)
apoteloÔn mia orjog¸nia b�sh tou grammikoÔ q¸rou PN .
Prìblhma 13.3. ApodeÐxte ìti isqÔei h anisìthta Cauchy-Schwarz me b�roc w(x) > 0:

|〈f, g〉W | ≤ ‖f‖2,w‖g‖2,w.

f(x)g(x)w(x) = f(x)
√
w(x) · g(x)

√
w(x). QrhsimopoieÐste th sunhjismènh anisìthta Cauchy-Schwarz,

gia w(x) = 1 dhlad .

To na èqei kaneÐc mia orjog¸nia b�sh eÐnai polÔtimo giatÐ k�nei polÔ eÔkolh th diadikasÐa eÔreshc tou
anaptÔgmatoc enìc poluwnÔmou f(x) ∈ PN wc grammikoÔ sunduasmoÔ stoiqeÐwn aut c thc b�shc. An

f(x) = c0T0(x) + c1T1(x) + · · ·+ cNTN (x)

gia k�poia cj ∈ C o trìpoc na broÔme ta cj eÐnai na p�roume to eswterikì ginìmeno kai twn dÔo mel¸n aut c
thc isìthtac me to Tj . Apì thn orjogwniìthta ja <<epiz sei>> mìno ènac ìroc dexi� kai paÐrnoume ètsi thn
isìthta

cj =
〈f, Tj〉
〈Tj , Tj〉 .

14 Te, 30/3/2011: Parembol 

An x1, x2, . . . , xN ∈ R eÐnai k�poia shmeÐa (diaforetik� metaxÔ touc) kai d1, . . . , dN ∈ C eÐnai k�poiec timèc,
lème ìti mia sun�rthsh p (thc opoÐac to pedÐo orismoÔ perièqei ta xj) paremb�llei tic timèc dj sta shmeÐa xj
an p(xj) = dj gia j = 1, 2, . . . , N .

To prìblhma pou ja mac apasqol sei ed¸ eÐnai to an (kai to p¸c) mporoÔme na broÔme tètoiec sunart seic
p oi opoÐec epilègontai mèsa apì k�poia eureÐa kl�sh sunart sewn, p.q. zht�me oi p na eÐnai polu¸numa. An
periorÐsoume tic paremb�llousec sunart seic p na eÐnai k�poia polu¸numa bajmoÔ ≤ N h genik  morf  tou
p(x) eÐnai

p(x) = p0 + p1x+ p2x
2 + · · ·+ pNx

N ,

exart�tai dhl. to polu¸numo p(x) apì N + 1 migadikèc metablhtèc (  <<bajmoÔc eleujerÐac>> ìpwc lème kami�
for�). EÐnai logikì loipìn me tètoia polu¸numa na prospajoÔme na lÔsoume èna prìblhma parembol c me
mèqri N + 1 shmeÐa, afoÔ k�je shmeÐo parembol c dhmiourgeÐ mia epiplèon exÐswsh (thn p(xj) = dj) pou
prèpei na ikanopoieÐ to p(x), kai den perimènoume na mporoÔme genik� na lÔsoume perissìterec apì N + 1
tautìqronec exis¸seic me N + 1 agn¸stouc (ta pj). Gia N + 1 shmeÐa ìmwc to prìblhma èqei p�nta lÔsh,
ìpwc lèei to akìloujo Je¸rhma.

Je¸rhma 14.1. Gia k�je N + 1 diaforetik� shmeÐa x0, x1, . . . , xN ∈ R kai opoiad pote dedomèna
d0, d1, . . . , dN ∈ C up�rqei akrib¸c èna migadikì polu¸numo p(x) bajmoÔ ≤ N tètoio ¸ste p(xj) = dj
gia j = 0, 1, . . . , N .
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An gr�youme p(x) = p0 + p1x+ p2x
2 + · · ·+ pNx

N tìte to grammikì sÔsthma exis¸sewn p(xj) = dj pou
jèloume na lÔsoume mporeÐ na grafeÐ se morf  pin�kwn wc ex c

V P = D (44)

ìpou P = (p0, p1, . . . , pN )> kai D = (d0, d1, . . . , dN )> eÐnai dianÔsmata st lec m kouc N + 1 (P eÐnai to
di�nusma twn agn¸stwn) kai o (N + 1)× (N + 1) pÐnakac Vandermonde V eÐnai o

V = V (x0, x1, . . . , xN ) =


1 x0 x2

0 . . . xN0
1 x1 x2

1 . . . xN1
. . . . . . . . . . . . . . .
1 xN x2

N . . . xNN

 . (45)

To na èqei autì to sÔsthma lÔsh P gia k�je dexÐ mèloc D eÐnai isodÔnamo me to na èqei p�nta monadik 
lÔsh kai isodÔnamo me to na eÐnai o pÐnakac V antistrèyimoc. ArkeÐ loipìn na deÐxoume ìti o pÐnakac V p�nta
(gia k�je epilog  shmeÐwn xj dhl.) eÐnai antistrèyimoc. Ja deÐxoume ìti h orÐzous� tou den eÐnai 0. Pio
sugkekrimèna ja deÐxoume ìti

detV (x0, x1, . . . , xN ) =
∏

0≤j<i≤N
(xi − xj), (46)

h opoÐa posìthta den eÐnai mhdèn afoÔ ta shmeÐa xj eÐnai ìla diaforetik�. Sto ginìmeno pou emfanÐzetai sto
dexÐ mèloc thc (46) èqoume apì èna par�gonta gia k�je zeÔgoc diaforetik¸n shmeÐwn ìpou to shmeÐo me to
megalÔtero deÐkth èqei prìshmo + kai to �llo èqei prìshmo −.

Ac qrhsimopoi soume epagwg  wc prìc N . Gia N = 1 èqoume

det
[
1 x0

1 x1

]
= x1 − x0

�ra o tÔpoc isqÔei se aut  thn perÐptwsh. Gia to epagwgikì b ma (apì N − 1 shmeÐa se N shmeÐa) arkeÐ na
deÐxoume ton tÔpo

detV (x0, x1, . . . , xN ) = detV (x0, x1, . . . , xN−1)(xN − x0)(xN − x1) · · · (xN − xN−1).

BoleÔei ed¸ na jewr soume to xN wc mia metablht  gr�fontac sth jèsh tou x, opìte h sqèsh pou èqoume
na deÐxoume gr�fetai wc mia isìthta poluwnÔmwn

detV (x0, x1, . . . , xN−1, x) = detV (x0, x1, . . . , xN−1)(x− x0)(x− x1) · · · (x− xN−1).

(To ìti h posìthta detV (x0, x1, . . . , xN−1, x) eÐnai èna polu¸numo tou x bajmoÔ ≤ N gÐnetai fanerì an
anaptÔxoume thn orÐzousa wc proc thn teleutaÐa thc gramm .) Oi rÐzec tou poluwnÔmou tou dexioÔ mèlouc
eÐnai profan¸c ta shmeÐa x0, x1, . . . , xN−1. 'Omwc autèc eÐnai kai oi rÐzec tou aristeroÔ mèlouc afoÔ h
orÐzousa detV (x0, x1, . . . , xN−1, x) mhdenÐzetai ìpote x = xj (1 ≤ j ≤ N − 1) afoÔ apokt� dÔo Ðdiec
grammèc. 'Otan dÔo polu¸numa bajmoÔ N èqoun tic Ðdiec rÐzec tìte eÐnai to èna pollapl�sio tou �llou (epÐ èna
migadikì arijmì). 'Omwc eÔkola blèpei kaneÐc ìti to aristerì kai to dexÐ mèloc èqoun ton Ðdio megistob�jmio
suntelest , o opoÐoc eÐnai o arijmìc detV (x0, x1, . . . , xN−1). Autì eÐnai fanerì gia to dexÐ mèloc kai sto
aristerì mèloc eÐnai epÐshc fanerì an parathr soume ìti, sto an�ptugma thc detV (x0, x1, . . . , xN−1, x) wc
proc thn teleutaÐa gramm  (me tic dun�meic tou x), to xN pollaplasi�zetai me mia upoorÐzousa pou eÐnai
akrib¸c h detV (x0, x1, . . . , xN−1).

Sunep¸c ta dÔo polu¸numa eÐnai akrib¸c Ðdia kai h apìdeixh èqei telei¸sei.
To Je¸rhma 14.1 mporeÐ na apodeiqjeÐ kai alli¸c, toul�qiston to komm�ti pou afor� thn Ôparxh tou

poluwnÔmou parembol c, me th legìmenh mèjodo parembol c tou Lagrange.
OrÐzoume ta bohjhtik� polu¸numa bajmoÔ N

`i(x) =
∏

j=0,1,...,N
j 6=i

x− xj
xi − xj , (i = 0, 1, . . . , N).
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EÔkola blèpoume ìti

`i(xj) =

{
1 (i = j)
0 (i 6= j)

.

To polu¸numo p(x), bajmoÔ ≤ N , pou paremb�llei tic timèc dj sta xj (j = 0, 1, . . . , N) gr�fetai loipìn

p(x) = d0`0(x) + d1`1(x) + · · ·+ dN`N (x). (47)

Prìblhma 14.1. Me th mèjodo parembol c Lagrange (47) èqoume deÐxei ìti opoiad pote dedomèna dj
mporoÔn na paramblhjoÔn me polu¸numo bajmoÔ mèqri N se opoiad pote N + 1 shmeÐa. GiatÐ k�je tètoio
polu¸numo parembol c eÐnai monadikì?

Ed¸ up�rqoun toul�qiston dÔo trìpoi gia na apant soume: ènac koit¸ntac to prìblhma wc prìblhma
grammik c �lgebrac (deÐte thn (44)) kai ènac �lloc pou koit�ei to pl joc twn riz̧ n poluwnÔmou bajmoÔ
≤ N .

H mèjodoc parembol c tou Newton ekfr�zei to polu¸numo parembol c sth morf 

p(x) = a0 + a1(x− x0) + a2(x− x0)(x− x1) + · · · aN (x− x0)(x− x1) · · · (x− xN−1). (48)

Ekfr�zoume dhl. to polu¸numo parembol c wc grammikì sunduasmì twn stoiqeÐwn miac b�shc tou PN di-
aforetik c apì th sunhjismènh

{
1, x, x2, x3, . . . , xN−1, xN

}
, dhl. thc b�shc

1, x− x0, (x− x0)(x− x1), . . . , (x− x0)(x− x1)(x− x2) · · · (x− xN−1). (49)

Prìblhma 14.2. GiatÐ eÐnai oi sunart seic (49) mia b�sh tou q¸rou PN ?

P¸c mporeÐ kaneÐc na brei touc suntelestèc aj thc (48) gia dedomèna shmeÐa xj kai dedomèna dj ? H
ap�nthsh eÐnai polÔ apl  kai metafr�zetai se èna apotelesmatikì algìrijmo gia ton upologismì twn aj .

Jètoume kat' arq n x = x0 sthn (48) kai paÐrnoume ètsi thn isìthta

d0 = p(x0) = a0

afoÔ ìloi oi ìroi dexi� ektìc apì ton pr¸to mhdenÐzontai. 'Etsi brÐskoume a0 = d0. 'Eqontac brei to a0

jètoume sthn (48) x = x1 kai parathroÔme ìti mhdenÐzontai ìloi oi ìroi dexia ektìc touc dÔo pr¸touc.
PaÐrnoume ètsi

d1 = p(x1) = a0 + a1(x1 − x0)

sthn opoÐa ìla eÐnai gnwst� ektìc apì to a1 gia to opoÐo lÔnoume kai brÐskoume

a1 =
d1 − a0

x1 − x0
.

SuneqÐzoume jètontac x = x2, x = x3, klp, kai brÐskoume me autì ton trìpo diadoqik� ìlouc tou suntelestèc
aj .

Poioc eÐnai ìmwc ènac lìgoc gia ton opoÐo ja epijumoÔsame na qrhsimopoi soume th mèjodo Newton
ènanti thc mejìdou Lagrange gia ton upologismì thc parembol c? (Na tonÐsoume ed¸ ìti to polu¸numo pou
upologÐzei h k�je mèjodoc eÐnai fusik� to Ðdio, all� eÐnai grammèno me diaforetikì trìpo.) Mia ap�nthsh
eÐnai ìti me th mèjodo Newton eÐnai polÔ eukolìtero na prosjèsoume èna akìmh shmeÐo paramebol c, qwrÐc
na qreiasteÐ na xanaupologÐsoume ta p�nta (ìpwc sumbaÐnei an èqoume to polu¸numì mac sth morf  (47)).
Pr�gmati, an upojèsoume ìti èqoume  dh brei touc suntelestèc aj sthn (48) kai jèloume t¸ra prosjèsoume
èna shmeÐo xN+1 kai dedomèno parembol c dN+1, tìte den èqoume par� na prosjèsoume èna akìmh ìro sto
polu¸numì mac, opìte gÐnetai

p(x) = a0 + a1(x− x0) + a2(x− x0)(x− x1) + · · · aN (x− x0)(x− x1) · · · (x− xN−1)+
aN+1(x− x0)(x− x1) · · · (x− xN ).
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Jètoume t¸ra x = xN+1 kai paÐrnoume thn exÐswsh

dN+1 = p(xN+1) = a0 + a1(xN+1 − x0) + a2(xN+1 − x0)(xN+1 − x1) + · · ·
aN (xN+1 − x0)(xN+1 − x1) · · · (xN+1 − xN−1) + aN+1(xN+1 − x0)(xN+1 − x1) · · · (xN+1 − xN )

ìpou ìla eÐnai gnwst� ektìc apì to aN+1, to opoÐo kai upologÐzoume lÔnontac aut  thn prwtob�jmia exÐswsh.
De qrei�sthke na upologÐsoume xan� ta a0, a1, . . . , aN afoÔ ston upologismì aut¸n den mpaÐnei me kanèna

trìpo to xN+1   to dN+1.

15 De, 4/4/2011: Parembol . Seirèc Fourier

Genik� mil¸ntac to polu¸numo p(x) bajmoÔ ≤ N pou paremb�llei mia suneq  sun�rthsh f ∈ C([a, b]) se
k�poia shmeÐa x0, x1, . . . , xN den èqei kalèc idiìthtec prosèggishc thc f . Autì eÐnai to perieqìmeno thc
parak�tw prìtashc, thn opoÐa de ja apodeÐxoume.

Je¸rhma 15.1. Gia k�je di�sthma [a, b] kai gia k�je akoloujÐa sunìlwn kìmbwn parembol c

a ≤ x1
0 < x1

1 ≤ b
a ≤ x2

0 < x2
1 < x2

2 ≤ b
. . .

a ≤ xN0 < xN1 < · · · < xNN ≤ b
. . .

(èqoume dhlad  gia k�je fusikì arijmì N ≥ 1 èna sÔnolo apì N + 1 kìmbouc parembol c sto [a, b])
up�rqei f ∈ C([a, b]) t.¸. h posìthta ‖f − LN (f)‖∞ den eÐnai fragmènh. Ed¸ LN (f) eÐnai to monadikì
polu¸numo bajmoÔ ≤ N pou paremb�llei thn f sta shmeÐa xN0 , x

N
1 , . . . , x

N
N .

De mporoÔme sunep¸c na perimènoume ìti h posìthta ‖LN (f)− f‖∞ ja eÐnai mikr  an den èqoume k�poia
parap�nw plhroforÐa gia thn f apì th sunèqei� thc sto [a, b]. To epìmeno je¸rhma eÐnai proc aut  thn
kateÔjunsh.

Orismìc 15.1. O q¸roc sunart sewn f ∈ Cn([a, b]) apoteleÐtai apì tic sunart seic pou eÐnai n forèc
paragwgÐsimec me ìlec tic parag ģouc touc suneqeÐc. (Sta �kra ennooÔme tic pleurikèc parag ģouc.)

Je¸rhma 15.2. An f ∈ CN ([a, b]) kai a ≤ x0 < x1 < · · · < xN+1 ≤ b tìte gia k�je x ∈ [a, b] isqÔei
to fr�gma

|f(x)− LN (f)(x)| ≤ 1
(N + 1)!

∥∥∥f (N+1)
∥∥∥
∞
|(x− x0) · · · (x− xN )|. (50)

'Estw W (x) = (x− x0)(x− x1) · · · (x− xN ). ArkeÐ na deÐxoume ìti up�rqei ξ ∈ (a, b) t.¸.

f(x)− LN (f)(x) =
1

(N + 1)!
f (N+1)(ξ)W (x). (51)

O tÔpoc (51) onom�zetai kai <<tÔpoc tou Lagrange me upìloipo>> (parathreÐste thn omoiìthta me ton tÔpo tou
Taylor me upìloipo pou sundèei to polu¸numo Taylor miac sun�rthshc me th sun�rthsh).
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EÐnai fanerì ìti h (51) isqÔei gia x ∈ {x0, x1, . . . , xN} gia opoiod pote ξ mia kai mhdenÐzontai kai ta dÔo
mèlh. MporoÔme sunep¸c na upojèsoume ìti to x den eÐnai kanèna apì ta xj kai �ra W (x) 6= 0 kai mporoÔme
na orÐsoume

λ =
f(x)− LN (f)(x)

W (x)
, φ(t) = f(t)− LN (f)(t)− λW (t).

H sun�rthsh φ(t) èqei N + 2 diaforetik� mhdenik� sto [a, b], ta x0, x1, . . . , xN kai to x. Apì to je¸rhma
tou Rolle èpetai ìti an�mesa se dÔo diadoqik� tètoia mhdenik� up�rqei èna mhdenikì thc φ′, kai �ra h φ′ èqei
N + 1 diaforetik� mhdenik� sto [a, b]. Kai p�li apì to je¸rhma tou Rolle an�mesa se dÔo mhdenik� thc φ′

up�rqei èna mhdenikì thc φ′′, opìte h φ′′ èqei N diaforetik� mhdenik� sto [a, b]. SuneqÐzontac kat' autì ton
trìpo blèpoume ìti up�rqei ξ ∈ (a, b) t.¸. φ(N+1)(ξ) = 0.

'Omwc φ(N+1) = f (N+1) − LN (f)(N+1) − λW (N+1). AfoÔ degLN (f) ≤ N èpetai ìti LN (f)(N+1) = 0
afoÔ W (x) = xN+1 + (ìroi mikrìterou bajmoÔ) èqoume W (N+1)(ξ) = (N + 1)!. PaÐrnoume ètsi th sqèsh

0 = f (N+1)(ξ)− f(x)− LN (f)(x)
W (x)

(N + 1)!

pou eÐnai isodÔnamh me thn (51).

Prìblhma 15.1. An f(x) = ex deÐxte ìti gia k�je di�sthma [a, b] kai gia opoiod pote sÔsthma kìmbwn
parembol c xNj , N = 1, 2, . . . ,, j = 0, 1, . . . , N , (ìpwc sto Je¸rhma 15.1) h akoloujÐa poluwnÔmwn LN (f)
sugklÐnei omoiìmorfa sthn f sto [a, b].

QrhsimopoieÐste to Je¸rhma 15.2.

Parembol  se parap�nw diast�seic
'Estw ìti jèloume na paremb�lloume tic timèc d0, d1, . . . , dN sta shmeÐa x0, x1, . . . , xN me èna polu¸numo

bajmoÔ ≤ N
p(x) = p0 + p1x+ p2x

2 + . . .+ pNx
N .

'Eqoume dei ìti autì to prìblhma èqei p�nta monadik  lÔsh pj . An doÔme to prìblhma wc èna grammikì
sÔsthma, ìpwc k�name sthn exÐswsh (44)

V P = D

ìpou V = V (x0, x1, . . . , xN ) eÐnai o pÐnakac Vandermonde kai D = [d0, . . . , dN ]> eÐnai to di�nusma st lh
twn tim¸n pou jeloume na paremb�lloume, tìte h Ôparxh kai monadikìthta thc lÔshc autoÔ tou sust matoc
eÐnai isodÔnamec me to na eÐnai o V antistrèyimoc. Me �lla lìgia to prìblhma èqei monadik  lÔsh akrib¸c
epeid  detV (x0, . . . , xN ) 6= 0 opoted pote ta shmeÐa xj eÐnai diaforetik�.

'Enac diaforetikìc trìpoc na ekfr�soume to prìblhma thc parembol c eÐnai na poÔme ìti anazhtoÔme èna
grammikì sunduasmì twn sunart sewn

f0(x) = 1, f1(x) = x, f2(x) = x2, . . . , fN (x) = xN (52)

o opoÐoc paÐrnei timèc dj sta xj . Me aut  th gl¸ssa to prìblhma mporeÐ na genikeuteÐ all�zontac tic
sunart seic fj(x). Gia par�deigma, mporoÔme na p�roume wc sunart seic parembol c tic

g0(x) = 1, g1(x) = x− x0, g2(x) = (x− x0)(x− x1), . . . , gN (x) = (x− x0)(x− x1) · · · (x− xN−1) (53)

oi opoÐec antistoiqoÔn sthn parembol  Newton pou èqoume  dh deÐ ìti èqei epÐshc monadik  lÔsh. Autì
sunep�getai ìti gia k�je N + 1 diaforetik� shmeÐa x0, x1, . . . , xN h orÐzousa tou pÐnaka

gi(xj), i, j = 0, 1, . . . , N,

eÐnai 6= 0.

Parat rhsh 15.1. H epÐlush tou probl matoc parembol c me grammikoÔc sunduasmoÔc twn fj   twn gj dÐnei
fusik� to Ðdio polu¸numo (afoÔ autì èqoume deÐxei ìti eÐnai monadikì). 'Omwc sthn pr¸th perÐptwsh autì
eÐnai grammèno sa grammikìc sunduasmìc twn fj en¸ sth deÔterh perÐptwsh sa grammikìc sunduasmìc twn
gj .
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Den eÐnai aparaÐthto oi sunart seic parembol c na eÐnai polu¸numa; an eÐnai tìte o k�je grammikìc
sunduasmìc touc eÐnai fusik� ki autìc polu¸numo. Sun jwc apaitoÔme ìmwc na eÐnai suneqeÐc sunart seic.

Prìblhma 15.2. DeÐxte ìti gia k�je N ≥ 1 oi sunart seic

e0(x) = 1, e1(x) = eix, e2(x) = e2ix, . . . , eN (x) = eNix

mporoÔn na paremb�lloun opoiad pote dedomèna dj se opoiad pote diaforetik� shmeÐa x0, x1, . . . , xN ∈ [0, 2π)
me monadikì trìpo.

Par� to ìti sth mÐa di�stash mporoÔme na èqoume monadik  parembol  me plei�da sunart sewn parembol c
(deÐte paradeÐgmata fj , gj kai ej parap�nw) se megalÔterh di�stash autì den eÐnai dunatì.

Je¸rhma 15.3. Ac eÐnai Ω ⊆ R2 èna anoiqtì sÔnolo kai N ≥ 1. Den up�rqoun suneqeÐc sunart seic
fj : Ω→ R, j = 0, 1, . . . , N , t.¸. gia k�je diaforetik� x0, x1, . . . , xN ∈ Ω kai gia k�je d0, d1, . . . , dN ∈ C
na up�rqei monadikìc C-grammikìc sunduasmìc twn fj pou na paÐrnei th tim  dj sto xj gia j = 0, 1, . . . , N .

Parat rhsh 15.2. 'Eqei shmasÐa sthn apìdeixh parak�tw ìti oi sunart seic fj(x) paÐrnoun pragmatikèc kai
ìqi migadikèc timèc.

To fainìmeno autì ofeÐletai se topologikoÔc lìgouc ìpwc ja gÐnei fanerì apì thn apìdeixh pou akolou-
jeÐ.

Ac upojèsoume ìti to Je¸rhma 15.3 den isqÔei kai ìti up�rqoun tètoiec sunart seic fj . Sunèpeia autoÔ
eÐnai ìti h sun�rthsh

φ(x0, x1, . . . , xN ) = det[fi(xj)]i,j=0,1,...,N

eÐnai 6= 0 opoted pote ìla ta shmeÐa xj eÐnai diaforetik�.
H sun�rthsh φ(x0, x1, . . . , xN ) eÐnai (a) pragmatik  (afoÔ ìla ta stoiqeÐa tou pÐnaka eÐnai pragmatik�)

kai (b) suneq c sun�rthsh twn xj (afoÔ oi fi eÐnai suneqeÐc kai h orÐzousa eÐnai èna �jroisma apì ìrouc
k�je ènac apì touc opoÐouc eÐnai ginìmeno k�poiwn fi(xj)).

'Estw t¸ra k�poia shmeÐa x0, x1, . . . , xN kai 0 6= D = det[fi(xj)]i,j=0,1,...,N kai upojètoume qwrÐc bl�bh
thc genikìthtac ìti ta x0 kai x1 eÐnai sthn Ðdia sunektik  sunist¸sa tou Ω. StajeropoioÔme ta shmeÐa
x2, . . . , xN kai metakinoÔme me suneq  trìpo ta shmeÐa x0 kai x1 ètsi ¸ste

1. Se k�je qronik  stigm  t ta shmeÐa x0(t), x1(t), x2, x3, . . . , xN eÐnai ìla diaforetik� metaxÔ touc.

2. Sthn arqik  qronik  stigm  t = 0 èqoume x0(0) = x0 kai x1(0) = x1.

3. Sthn telik  qronik  stigm  t = 1 èqoume x0(1) = x1 kai x1(1) = x0.

Dhlad  me suneq  trìpo antall�ssoun jèsh ta x0 kai x1. To ìti autì eÐnai dunatì sto epÐpedo eÐnai di-
aisjhtik� fanerì kai den to apodeiknÔoume austhr� mia kai ja mac èpairne polÔ q¸ro kai qrìno se kateÔjunsh
pou den eÐnai basik  gi' autì to m�jhma. EÐnai epÐshc fanerì ìti autì de gÐnetai sth mia di�stash: dÔo shmeÐa
de mporoÔn, suneq¸c kinoÔmena, na antall�xoun tic jèseic touc qwric na sugkroustoÔn.

H sun�rthsh
ψ(t) = φ(x0(t), x1(t), x2, x3, . . . , xN ), 0 ≤ t ≤ 1,

eÐnai mia suneq c sun�rthsh tou t. IsqÔei epÐshc ψ(0) = −ψ(1) afoÔ oi dÔo autèc timèc isoÔntai me tic
orÐzousec dÔo pin�kwn pou èqoun tic dÔo pr¸tec st lec touc enallagmènec kai tic upìloipec st lec touc
Ðdiec. 'Ara gia k�poio t ∈ [0, 1] isqÔei ψ(t) = 0 pr�gma pou antif�skei sto mh mhdenismì thc orÐzousac
det[fi(xj)]i,j=0,1,...,N gia k�je epilog  diaforetik¸n shmeÐwn xj .

Aut  h antÐfash sumplhr¸nei thn apìdeixh tou Jewr matoc 15.3.
Suntelestèc kai seirèc Fourier

SumbolÐzoume me C2π to sÔnolo ìlwn twn suneq¸n sunart sewn epÐ tou R pou eÐnai epÐshc 2π-periodikèc.
IsodÔnama, C2π eÐnai to sÔnolo ìlwn twn suneq¸n sunart sewn f : [0, 2π]→ C me f(0) = f(2π).
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Sto q¸ro C2π orÐzoume to eswterikì ginìmeno

〈f, g〉 =
1

2π

2πw

0

f(x)g(x) dx

kaj¸c kai tic Lp nìrmec (1 ≤ p <∞)

‖f‖p =

(
1

2π

2πw

0

|f(x)|p dx
)1/p

.

H 2-nìrma sundèetai, wc sun jwc, me to eswterikì ginìmeno me th sqèsh

‖f‖22 = 〈f, f〉.

Oi basikèc idiìthtec tou eswterikoÔ ginomènou èqoun kalufjeÐ sthn §8.
Orismìc 15.2. An f ∈ C2π kai n ∈ Z tìte o n-ostìc suntelest c Fourier thc f orÐzetai wc h posìthta

f̂(n) =
1

2π

2πw

0

f(x)e−inx dx = 〈f, einx〉. (54)

Parat rhsh 15.3. O parap�nw orismìc eÐnai polÔ perioristikìc. To dexÐ mèloc thc (54) orÐzetai ìqi mìno
ìtan h f eÐnai suneq c all� opoted pote eÐnai Riemann oloklhr¸simh. Gia par�deigma orÐzetai opoted pote h
f eÐnai kat� tm mata suneq c kai de qrei�zetai kan na èqoume f(0) = f(2π). Gia touc skopoÔc tou maj matoc
autoÔ ìmwc ja arkèsei na mil�me gia suntelestèc Fourier suneq¸n kai 2π-periodik¸n sunart sewn.

Se mia suneq  sun�rthsh antistoiqoÔme th <<seir� Fourier>> thc

∞∑
n=−∞

f̂(n)einx

kaj¸c kai ta summetrik� merik� thc ajroÐsmata

SN (f)(x) =
N∑

n=−N
f̂(n)einx.

Den k�noume ex arq c k�poio isqurismì gia th sÔgklish thc seir�c Fourier thc f , pou orÐzetai na shmaÐnei
th sÔgklish twn SN (f)(x) se k�poio migadikì arijmì. H <<idanik >> kat�stash eÐnai h seir� aut  na sugklÐnei
sthn f . Autì ìmwc den isqÔei genik� (up�rqoun suneqeÐc sunart seic twn opoÐwn h seir� Fourier de sugklÐnei
poujen�) an kai up�rqoun fusiologikèc sunj kec pou mac to exasfalÐzoun autì (p.q. h f na èqei suneq 
deÔterh par�gwgo).

Prìblhma 15.3. An p(x) =
∑N

k=−N pke
ikx eÐnai èna trigwnometrikì polu¸numo breÐte tic posìthtec p̂(n)

sa sun�rthsh twn pk. DeÐxte ìti h seir� Fourier thc p(x) sugklÐnei sthn p(x).

P�rte to eswterikì ginìmeno thc p(x) me thn einx kai qrhsimopoieÐste thn orjogwniìthta twn ekjetik¸n
sunart sewn.

Prìblhma 15.4. DeÐxte ìti
∣∣∣f̂(n)

∣∣∣ ≤ ‖f‖1.
Prìblhma 15.5. UpologÐste touc suntelestèc Fourier twn sunart sewn f(x) = 1, g(x) = χ[a,b](x) ìpou
[a, b] ⊆ [0, 2π].
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Je¸rhma 15.4 (L mma Riemann-Lebesgue). An f ∈ C2π tìte f̂(n)→ 0 gia |n| → ∞.

To Je¸rhma 15.4 isqÔei kat� profan  trìpo an h f eÐnai trigwnometrikì polu¸numo afoÔ h akoloujÐa
twn suntelest¸n Fourier thc ìqi apl� p�ei sto 0 all� eÐnai telik� mhdenik  (an to |n| xeper�sei to bajmì
tou poluwnÔmou).

Gia na apodeÐxoume to Je¸rhma 15.4 gia mia genik  f ∈ C2π qrhsimopoioÔme to Je¸rhma tou Weierstrass
gia prosèggish apì trigwnometrik� polu¸numa (Je¸rhma 10.1).

'Estw ε > 0. Up�rqei tìte trigwnometriko polu¸numo p(x) t.¸. ‖f − p‖∞ < ε, kai �ra isqÔei kai
‖f − p‖1 < ε h opoÐa sunep�getai (Prìblhma 15.4)∣∣∣f̂(n)− p̂(n)

∣∣∣ < ε.

AfoÔ gia |n| arket� meg�lo to p̂(n) mhdenÐzetai èpetai ìti gia |n| arket� meg�lo
∣∣∣f̂(n)

∣∣∣ < ε, pou shmaÐnei

akrib¸c ìti lim|n|→∞
∣∣∣f̂(n)

∣∣∣ = 0.

16 Te, 6/4/2011: Seirèc Fourier

Je¸rhma 16.1. 'Estw f ∈ C2π. Tìte gia k�je n ∈ Z isqÔoun ta parak�tw.

1. An g(x) = f(x− α) tìte ĝ(n) = f̂(n)eiαn.

2. An g(x) = eikxf(x) tìte ĝ(n) = f̂(n− k).

3. An epÐshc f ′ ∈ C2π tìte f̂ ′(n) = inf̂(n).

H apìdeixh tou Jewr matoc 16.1 af netai wc �skhsh gia ton anagn¸sth o opoÐoc mporeÐ na apodeÐxei to
zhtoÔmeno qrhsimopoi¸ntac ton orismì twn suntelest¸n Fourier antikatast�seic metablht¸n kai olokl rwsh
kat� mèrh.

Orismìc 16.1 (Sunèlixh sunart sewn). An f, g ∈ C2π h sunèlixh twn f kai g orÐzetai na eÐnai h
sun�rthsh f ∗ g ∈ C2π pou dÐnetai apì ton tÔpo

f ∗ g(x) =
1

2π

2πw

0

f(t)g(x− t) dt.

Prìblhma 16.1. ApodeÐxte ìti h f ∗ g eÐnai suneq c kai 2π-periodik  kai ìti f ∗ g = g ∗ f .
Gia th sunèqeia thc f ∗ g breÐte èna �nw fr�gma gia thn posìthta f ∗ g(x+h)− f ∗ g(x) qrhsimopoi¸ntac

twn omoiìmorfh sunèqeia twn f   g.

Prìblhma 16.2. (Suntelestèc Fourier sunèlixhc)
An f, g ∈ C2π deÐxte ìti f̂ ∗ g(n) = f̂(n)ĝ(n).

QrhsimopoieÐste ton orismì twn suntelest¸n Fourier kai all�xte th seir� olokl rwshc.

Orismìc 16.2 (Sunèlixh akolouji¸n). An an, bn ∈ C, n ∈ Z, eÐnai dÔo (dipl c kateÔjunshc)
akoloujÐec tètoiec ¸ste h an eÐnai fragmènh kai h bn ikanopoieÐ thn

∑∞
n=−∞ |bn| < ∞ (  to an�podo),

tìte h sunèlix  touc orÐzetai wc h akoloujÐa a ∗ b twn opoÐwn oi ìroi dÐnontai apì ton tÔpo

(a ∗ b)n =
∞∑

k=−∞
akbn−k. (55)
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Prìblhma 16.3. DeÐte ìti oi upojèseic tou orismoÔ thc sunèlixhc akolouji¸n eggu¸ntai th sÔgklish thc
seir�c (55) gia k�je n ∈ Z. DeÐte epÐshc ìti (a ∗ b)n = (b ∗ a)n gia n ∈ Z.

Apìluth sÔgklish miac seir�c sunep�getai sÔgklish.

Prìblhma 16.4. (Suntelestec Fourier ginomènou)
An f ∈ C2π kai p(x) trigwnometrikì polu¸numo deÐxte ìti

f̂ · p(n) = (f̂ ∗ p̂)n.

Oi f̂(n) eÐnai fragmènoi apì ‖f‖1 kai h akoloujÐa p̂(n) eÐnai telik� mhdenik , �ra orÐzetai h sunèlixh twn
dÔo akolouji¸n. DeÐxte to zhtoÔmeno pr¸ta gia p(x) = eikx.

O pur nac tou Dirichlet.
Kentrikì antikeÐmeno gia th melèth thc kat� shmeÐo sÔgklishc

SN (f)(x)→ f(x)

eÐnai o legìmenoc pur nac tou Dirichlet t�xhc N , to trig. polu¸numo dhl. pou orÐzetai wc

DN (x) =
N∑

k=−N
eikx. (56)

Den eÐnai dÔskolo na brei kaneÐc èna kleistì tÔpo gia to DN (x):

DN (x) =
sin (N + 1

2)x
sin x

2

. (57)

−π π

21

N = 10

Sq ma 5: O pur nac tou Dirichlet

0−N N

1

Sq ma 6: Oi suntelestèc Fourier tou pur na tou Dirichlet DN (x) gia N = 10

Gia na deÐxoume thn (57) qrhsimopoioÔme ton tÔpo gia to �jroisma thc peperasmènhc gewmetrik c seir�c

1 + z + z2 + · · ·+ zn =
1− zn+1

1− z , (z 6= 1), (58)

(me eix sth jèsh tou z) kai ton tÔpo gia th diafor� sunhmitìnwn

cosA− cosB = 2 sin
A+B

2
sin

B −A
2

. (59)
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Prìblhma 16.5. ApodeÐxte tic (58) kai (59).

Prìblhma 16.6. K�nte tic pr�xeic mìnoi sac gia ex�skhsh kai apodeÐxte thn (57). JumhjeÐte ìti mia en
gènei kal  strathgik  ìtan èqete èna kl�sma me migadikì paranomast  eÐnai na pollaplasi�zete arijmht 
kai paranomast  me to suzug  tou paranomast  ¸ste na gÐnetai pragmatikìc o paranomast c.

Prìblhma 16.7. ApodeÐxte ìti an f ∈ C2π tìte gia k�je N ≥ 0 isqÔei

SN (f)(x) = f ∗DN (x).

17 De, 11/4/2011: LÔsh Problhm�twn

18 Te, 13/4/2011: LÔsh Problhm�twn

19 De, 2/5/2011: Seirèc Fourier, II

Sunèpeia tou PujagoreÐou Jewr matoc (Prìblhma 8.6) eÐnai h tautìthta tou Parseval gia trigwnometrik�
polu¸numa. Gia thn apìdeixh apl� qrhsimopoioÔme thn orjokanonikìthta twn ekjetik¸n sunart sewn. Jumì-
maste epÐshc (deÐte to Prìblhma 15.3) ìti oi suntelestèc Fourier enìc trigwnometrikoÔ poluwnÔmou eÐnai oi
Ðdioi oi suntelestèc tou poluwnÔmou (p̂(k) = pk).

Je¸rhma 19.1 (Tautìthta Parseval gia trig. polu¸numa).
An p(x) =

∑N
k=−N pke

ikx tìte

‖p(x)‖22 =
N∑

k=−N
|pk|2 =

N∑
k=−N

|p̂(k)|2. (60)

'Ena basikì er¸thma thc an�lushc Fourier eÐnai to kat� pìson mporoÔme na anakataskeu�soume mia
sun�rthsh apì touc suntelestèc Fourier thc. 'Enac fusiologikìc trìpoc na exeidikeÔsei kaneÐc autì to
er¸thma eÐnai na rwt sei an ta merik� ajroÐsmata thc seir�c Fourier sugklÐnoun sthn Ðdia th sun�rthsh

SN (f)→ f ;

Gia na eÐnai pl rwc kajorismèno to prìblhma prèpei kaneÐc na exhg sei ti eÐdouc sÔgklish ennoeÐ. An gia
par�deigma h sÔgklish ennoeÐtai kat� shmeÐo (∀x : SN (f)(x) → f(x))   omoiìmorfa (‖SN (f)− f‖∞ → 0)
tìte h ap�nthsh genik� eÐnai arnhtik . Autì shmaÐnei ìti up�rqei suneq c sun�rthsh f gia thn opoÐa den
isqÔei h kat� shmeÐo sÔgklish pantoÔ (oÔte fusik� kai h omoiìmorfh sÔgklish). Autì de ja to apodeÐxoume
se autì to m�jhma. An ìmwc h sÔgklish ennoeÐtai sthn L2 nìrma tìte h ap�nthsh eÐnai katafatik  (Je¸rhma
19.3) kai autì èqei ter�stia shmasÐa gia tic efarmogèc thc an�lushc Fourier.

Pollèc forèc sthn An�lush mia idiìthta sÔgklishc eÐnai sunèpeia miac anisìthtac. 'Etsi ki ed¸, gia
na apodeÐxoume to Je¸rhma 19.3 ja qreiastoÔme èna fr�gma gia to grammikì telest  f → SN (f). Prin
diatup¸soume autì to fr�gma (anisìthta tou Bessel) orÐzoume thn ènnoia thc orjog¸niac probol c se èna
upìqwro.

Orismìc 19.1. An e1, . . . , ek eÐnai èna orjokanonikì sÔsthma sunart sewn sto C2π

〈ej , ej〉 = 1 kai 〈ei, ej〉 = 0(gia i 6= j),

kai V = span{e1, . . . , ek} eÐnai o grammikìc q¸roc pou par�goun h orjog¸nia probol  miac sun�rthshc
f ∈ C2π sto V eÐnai h sun�rthsh

PV (f) =
k∑
j=1

〈f, ej〉ej .
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Parat rhsh 19.1. EÐnai fanerì ìti PV (f) ∈ V . 'Eqoume epÐshc ìti to di�nusma f − PV (f) eÐnai k�jeto sto
q¸ro V , eÐnai dhl. k�jeto se k�je di�nusma tou V . An v ∈ V prèpei na deÐxoume ìti 〈f − PV (f), v〉 = 0.
ArkeÐ na to k�noume gia ta dianÔsmata e1, . . . , ek sth jèsh tou v mia kai eÐnai mia grammik  sqèsh wc proc v.
Autì epalhjeÔetai eÔkola (k�nte to).

K�ti �llo pou ofeÐloume na poÔme ed¸ eÐnai ìti k�je grammikìc q¸roc (p�nw ston opoÐo èqoume orÐsei
k�poio eswterikì ginìmeno (¸ste na èqei nìhma na mil�me gia orjogwniìthta) èqei k�poia orjokanonik  b�sh
e1, . . . , ek ìpou k = dimV . Autì eÐnai eÔkolo na deiqteÐ epagwgik� wc proc th di�stash k kai mporeÐ epÐshc
na apodeiqteÐ me qr sh thc legìmenhc orjokanonikopoÐhshc Gram–Schmidt thn opoÐa ja doÔme argìtera.

Prìblhma 19.1. DeÐxte ìti

‖PV (f)‖22 =
k∑
j=1

|〈f, ej〉|2. (61)

Efarmìste to Pujagìreio Je¸rhma (Prìblhma 8.6).

Prìblhma 19.2. ApodeÐxte ìti to di�nusma PV (f) eÐnai to monadikì di�nusma v tou V t.¸. 〈f − v, w〉 = 0
gia k�je w ∈ V .

An up�rqei kai �llo tètoio di�nusma v′ tìte to trÐgwno fvv′ èqei orj  gwnÐa kai sthn koruf  v kai sthn
koruf  v′. DeÐxte ìti autì eÐnai adÔnato efarmìzontac dÔo forèc to Pujagìreio je¸rhma. Me �lla lìgia h
upoteÐnousa eÐnai p�nta h austhr� megalÔterh pleur� se èna orjog¸nio trÐgwno kai �ra de mporeÐ na up�rqoun
dÔo upoteÐnousec.

Prìblhma 19.3. An V = span{e1, . . . , ek} kai ta ej eÐnai an� dÔo orjog¸nia all� ìqi kat' an�gkh monadiaÐa,
apì poion tÔpo dÐnetai h probol  PV (f)?

KanonikopoieÐste ta ej .

Prìblhma 19.4. ApodeÐxte ìti to di�nusma (sun�rthsh) PV (f) den exart�tai apì ta e1, e2, . . . , ek all�
mìno apì to q¸ro V . An dhl. e′1, . . . , e

′
k eÐnai èna �llo orjokanonikì sÔsthma sto q¸ro V (opìte autìmata

V = span{e′1, . . . , e′k}) tìte isqÔei kai p�li

PV (f) =
k∑
j=1

〈f, e′j〉e′j .

PV (f) =
∑k

j=1 λje
′
j gia k�poia λj ∈ C afoÔ ta e′j par�goun to V . PaÐrnontac eswterikì ginìmeno aut c

thc isìthtac me ta e′i paÐrnete to zhtoÔmeno.

Prìblhma 19.5. DeÐxte ìti ta summetrik� merik� ajroÐsmata SN (f) thc seir�c Fourier miac f ∈ C2π

eÐnai akrib¸c h probol  thc f sto grammikì q¸ro pou par�goun oi sunart seic

e−iNx, e−i(N−1)x, . . . , 1, eix, ei2x, . . . , eiNx.

To epìmeno apotèlesma eÐnai polÔ shmantikì gia th JewrÐa Prosèggishc kai thn an�lush Genikìtera

Je¸rhma 19.2 (H probol  eÐnai h bèltisth prosèggish).
An V eÐnai ènac upìqwroc tou C2π peperasmènhc di�stashc kai f ∈ C2π deÐxte ìti to di�nusma PV (f)
eÐnai to monadikì di�nusma v ∈ V pou elaqistopoieÐ thn apìstash ‖f − v‖2.

ArkeÐ na deÐxoume ìti an v ∈ V eÐnai diaforetikì apì to PV (f) tìte

‖f − PV (f)‖2 < ‖f − v‖2.
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'Omwc to trÐgwno fPV (f)v eÐnai orjog¸nio me orj  gwnÐa sthn koruf  PV (f), �ra h upoteÐnousa fv èqei
megalÔtero m koc apì thn k�jeth pleur� fPV (f).

Sunèpeia (giatÐ?) tou Jewr matoc 19.2 eÐnai ìti

‖PV (f)‖2 ≤ ‖f‖2,
to opoÐo anadiatup¸noume wc pìrisma.

Pìrisma 19.1 (Anisìthta Bessel).
An f1, . . . , fk eÐnai èna orjokanonikì sÔsthma sunart sewn sto C2π

〈fj , fj〉 = 1 kai 〈fi, fj〉 = 0 (gia i 6= j),

kai f ∈ C2π tìte

‖PV (f)‖22 =
k∑
j=1

|〈f, fj〉|2 ≤ ‖f‖22

ìpou V = span{f1, . . . , fk}.

Pìrisma 19.2. An f ∈ C2π tìte

‖SN (f)‖22 =
N∑

k=−N

∣∣∣f̂(k)
∣∣∣2 ≤ ‖f‖22. (62)

Je¸rhma 19.3 (SÔgklish thc seir�c Fourier kat� L2).
An f ∈ C2π tìte SN (f)→ f sthn L2 nìrma. Dhlad 

lim
N→∞

‖SN (f)− f‖2 = 0. (63)

To Je¸rhma 19.3 eÐnai profanèc an h f eÐnai trigwnometrikì polu¸numo, afoÔ se aut  thn perÐptwsh mìlic
to N ≥ deg f h sun�rthsh SN (f) den xanall�zei kai mènei stajer  kai Ðsh me f . Gia th genik  perÐptwsh
qrhsimopoioÔme to Je¸rhma tou Weierstrass gia trigwnometrik� polu¸numa (Je¸rhma 10.1). An ε > 0 tìte
up�rqei trigwnometrikì polu¸numo p(x) tètoio ¸ste |p(x)− f(x)| ≤ ε gia k�je x ∈ R. Aut  h anisìthta
sunep�getai fusik� thn anisìthta

‖f − p‖2 ≤ ε. (64)

'Eqoume loipìn

‖f − SN (f)‖2 = ‖f − p+ p− SN (p) + SN (p)− SN (f)‖2
≤ ‖f − p‖2 + ‖p− SN (p)‖2 + ‖SN (p)− SN (f)‖2 (Trigwnik  anisìthta)
≤ ε+ ‖p− SN (p)‖2 + ‖SN (f − p)‖ (apì thn (64))
≤ ε+ ‖p− SN (p)‖2 + ‖f − p‖2 (anisìthta Bessel)
≤ 2ε+ ‖p− SN (p)‖2 (apì thn (64)).

An t¸ra epilèxoume to N na eÐnai toul�qiston deg p tìte SN (p) = p opìte èqoume apì thn parap�nw
anisìthta ìti ‖f − SN (f)‖2 < 2ε, pr�gma pou shmaÐnei akrib¸c ìti ‖f − SN (f)‖2 → 0.
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'Eqontac apodeÐxei th sÔgklish SN (f) L2−→ f mporoÔme t¸ra eÔkola na epekteÐnoume thn tautìthta tou
Parseval se k�je sun�rthsh f ∈ C2π. To parak�tw prìblhma to k�nei pio eÔkolo.

Prìblhma 19.6. An fn, g ∈ C2π kai ‖fn − g‖2 → 0 tìte ‖fn‖2 → ‖g‖2. (IsqÔei kai gia opoiad pote �llh
nìrma.)

Gr�yte ‖fn‖2 = ‖fn − g + g‖2 ≤ ‖fn − g‖2 +‖g‖2 kai omoÐwc ‖g‖2 = ‖g − fn + fn‖2 ≤ ‖g − fn‖2 +‖fn‖2
gia na apodeÐxete ìti lim sup ‖fn‖2 ≤ ‖g‖2 ≤ lim inf ‖fn‖2.

Je¸rhma 19.4 (Tautìthta Parseval).
An f ∈ C2π tìte

‖f‖22 =
∞∑

k=−∞

∣∣∣f̂(k)
∣∣∣2. (65)

H apìdeixh tou Jewr matoc 19.4 ègkeitai sto na parathr soume ìti to dexÐ mèloc thc (65) eÐnai to ìrio

twn ‖SN (f)‖22 kai na qrhsimopoi soume th sÔgklish SN (f) L2−→ f mazÐ me to Prìblhma 19.6.
MporeÐ mia suneq c sun�rthsh na <<anakataskeuasteÐ>> apì thn akoloujÐa twn suntelest¸n Fourier thc?

H ap�nthsh eÐnai katafatik  kai autì eÐnai p�ra polÔ shmantikì giatÐ mac exasfalÐzei ìti an apofasÐsoume
na doÔme mia sun�rthsh mìno sto <<pedÐo Fourier>> tìte den èqoume q�sei plhroforÐa.

Je¸rhma 19.5 (J. Monadikìthtac). An oi f, g ∈ C2π èqoun f̂(n) = ĝ(n) gia k�je n ∈ Z tìte
f(x) = g(x) gia k�je x ∈ R.

'Estw h = f − g. Tìte h ∈ C2π kai ĥ(n) = 0 gia k�je n ∈ Z. Prèpei na deÐxoume ìti upì aut  thn
upìjesh h ≡ 0. All� apì thn tautìthta tou Parseval (Je¸rhma 19.4) èqoume

‖h‖22 =
∞∑

k=−∞

∣∣∣ĥ(k)
∣∣∣2 = 0,

�ra
r 2π
0 |h(x)|2 dx = 0. Apì th sunèqeia thc h prokÔptei ìti h h eÐnai pantoÔ 0.

KleÐnoume to Kef�laio twn Seir¸n Fourier me mia perÐptwsh sthn opoÐa sumbaÐnei to <<idanikì>>, h seir�
dhl. Fourier miac sun�rthshc sugklÐnei kat� shmeÐo (kai m�lista omoiìmorfa) sth sun�rthsh.

Je¸rhma 19.6. An f ′′ ∈ C2π (h 2π-periodik  dhl. f èqei suneq  deÔterh par�gwgo pantoÔ) tìte

SN (f)(x)→ f(x)

omoiìmorfa gia x ∈ R.

To kleidÐ sthn apìdeixh eÐnai ìti to mègejoc twn suntelest¸n Fourier miac tètoiac sun�rthshc eÐnai mikrì,
kai autì èqei sa sunèpeia th sÔgklish thc seir�c. Pr�gmati qrhsimopoi¸ntac dÔo forèc ton kanìna (deÐte
Je¸rhma 16.1)

f̂ ′(n) = inf̂(n)

paÐrnoume f̂ ′′(n) = −n2f̂(n) kai �ra, gia n 6= 0,

f̂(n) =
−1
n2
f̂ ′′(n).

44



Qrhsimopoi¸ntac to fr�gma
∣∣∣f̂ ′′(n)

∣∣∣ ≤ ‖f ′′‖1 paÐrnoume

∣∣∣f̂(n)
∣∣∣ ≤ ‖f ′′‖1

n2
(n 6= 0).

Apì autì èpetai ìti h seir� Fourier thc f
∞∑

k=−∞
f̂(k)eikt

sugklÐnei se k�poia 2π-periodik  sun�rthsh g(x) epeid  sugklÐnei apìluta. Autì to teleutaÐo eÐnai sunèpeia
tou ìti

∞∑
k=−∞

‖f ′′‖1
k2

<∞. (66)

H sÔgklish ìmwc eÐnai kai omoiìmorfh afoÔ h <<our�>> thc seir�c Fourier∑
|k|>N

f̂(k)eikt

fr�ssetai (trigwnik  anisìthta) apì thn our� thc sugklÐnousac seir�c (66) h opoÐa (epeid  h seir� eÐnai
sugklÐnousa) p�ei sto 0 me to N .

Epeid  ta merik� ajroÐsmata thc seir�c Fourier eÐnai trigwnometrik� polu¸numa kai �ra suneqeÐc sunart -
seic èpetai ìti kai to ìrio g(x) eÐnai suneq c sun�rthsh. Apomènei na deÐxoume ìti g(x) = f(x) gia k�je
x ∈ R.

Ja deÐxoume ìti f̂(n) = ĝ(n) gia k�je n ∈ Z kai �ra, apì to Je¸rhma Monadikìthtac (Je¸rhma 19.5) ja
èqoume f ≡ g. AfoÔ SN (f)→ g omoiìmorfa èqoume (giatÐ?) ìti gia k�je n ìti

ŜN (f)(n) N→∞−−−−→ ĝ(n).

'Omwc h akoloujÐa ŜN (f)(n) eÐnai stajer  kai Ðsh me f̂(n) gia N ≥ n, �ra èqoume deÐxei to zhtoÔmeno.

20 Te, 4/5/2011: H diadikasÐa orjogwniopoÐhshc Gram–Schmidt.
Orjog¸nia polu¸numa

'Opwc eÐdame kai sthn §19 to na mporeÐ kaneÐc na upologÐsei thn orjog¸nia probol  enìc dianÔsmatoc f se
èna grammikì q¸ro V isodunameÐ me to na breÐ to plhsièstero di�nusma apì to q¸ro V sto di�nusma f .
To apodeÐxame autì sto Je¸rhma 19.2. EkeÐ h apìdeixh ègine gia èna sugkekrimèno dianusmatikì q¸ro kai
eswterikì ginìmeno all� isqÔei se opoiad pote perÐptwsh. Kai to na upologÐsoume thn orjog¸nia probol 
tou f an diajètoume  dh mia orjokanonik  b�sh e1, . . . , ek tou V eÐnai polÔ eÔkolo kai dÐnetai apì ton Orismì
19.1.

Oi perissìteroi grammikoÐ q¸roi pou mac apasqoloÔn ed¸ eÐnai fusik� q¸roi sunart sewn kai ta dianÔs-
mata eÐnai sunart seic, all� de q�noume tÐpote me to na thn krÔyoume aut  thn plhroforÐa se aut  th f�sh,
mia kai to eÐdoc dianusm�twn gia to opoÐo mil�me den endiafèrei (akìmh) all� mìno to ìti mporoÔme aut� na
ta prosjètoume metaxÔ touc kai na ta pollaplasi�zoume me arijmoÔc paramènontac ston Ðdio q¸ro. Autì
pou qreiazìmaste t¸ra, mèqri na arqÐsoume na mil�me gia q¸rouc poluwnÔmwn, eÐnai akrib¸c aut  h grammik 
dom  kai to eswterikì ginìmeno pou jewroÔme ìti up�rqei orismèno sto grammikì mac q¸ro.

EÐnai loipìn polÔtimo to na èqoume mia orjokanonik  b�sh tou V . Autì to epitugq�nei kaneÐc me mia
algorijmik  diadikasÐa, th legìmenh orjokanonikopoÐhsh Gram–Schmidt.

H diadikasÐa aut  paÐrnei wc eÐsodo mia akoloujÐa f1, f2, . . . apì grammik¸c anex�rthta dianÔsmata se
k�poio grammikì q¸ro V (o q¸roc V mporeÐ na eÐnai kai apeirodi�statoc kai h akoloujÐa fn mporeÐ kai na
eÐnai mia �peirh akoloujÐa dianusm�twn). H diadikasÐa par�gei mia �llh orjokanonik  akoloujÐa e1, e2, . . ..
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Je¸rhma 20.1 (H diadikasÐa Gram–Schmidt). 'Estw V grammikìc q¸roc me eswterikì ginì-
meno 〈·, ·〉 kai f1, f2, . . . ∈ V mia grammik¸c anex�rthth akoloujÐa dianusm�twn. Ta dianÔsmata
e1, e2, . . . ∈ V (kai h bohjhtik  akoloujÐa v2, v3, . . .) orÐzontai wc ex c:

e1 =
1
‖f1‖2

f1

vk = fk − 〈fk, e1〉e1 + · · · 〈fk, ek−1〉ek−1 (gia k ≥ 2)

ek =
1
‖vk‖2

vk (gia k ≥ 2).

Tìte ta ej eÐnai an� dÔo orjog¸nia kai èqoun ‖ej‖2 = 1 kai epÐshc par�goun touc Ðdiouc grammikoÔc
q¸rouc me ta fj , dhl. gia k�je k ≥ 1

span{f1, . . . , fk} = span{e1, . . . , ek}.

To ìti h nìrma twn ej eÐnai 1 eÐnai �meso apì ton orismì.
ApodeiknÔoume me epagwg  wc proc k ìti ta dianÔsmata e1, . . . , ek eÐnai orjokanonik� kai par�goun ton

Ðdio q¸ro me ta f1, . . . , fk. Autì eÐnai profanèc gia k = 1 afoÔ to e1 eÐnai pollapl�sio tou f1. An upojèsoume
ìti isqÔei h prìtash gia to k− 1 apodeiknÔoume kat' arq n ìti to ek eÐnai k�jeto proc ta e1, . . . , ek−1. Autì
eÐnai fanerì mia kai to vk isoÔtai me to fk meÐon thn probol  tou sto q¸ro span{e1, . . . , ek−1} kai �ra
(Prìblhma 19.2) eÐnai k�jeto se olìklhro to q¸ro span{e1, . . . , ek−1} kai �ra kai sta Ðdia ta e1, . . . , ek. To
di�nusma ek eÐnai apl� h kanonikopoÐhsh tou vk kai �ra eÐnai ki autì orjog¸nio sta e1, . . . , ek. Tèloc, afoÔ

fk − vk ∈ span{e1, . . . , ek−1} = span{f1, . . . , fk−1}
prokÔptei ìti

span{e1, . . . , ek−1, vk} = span{f1, . . . , fk−1, fk}
kai �ra, afoÔ to vk eÐnai pollapl�sio tou ek, èqoume kai to epijumhtì

span{e1, . . . , ek−1, ek} = span{f1, . . . , fk−1, fk}.
kai h epagwgik  apìdeixh eÐnai pl rhc.

Kat� k�poio trìpo h diadikasÐa Gram–Schmidt exet�zei ta stoiqeÐa fk èna proc èna kai krat�ei apì
k�je fk to <<komm�ti>> tou pou eÐnai orjog¸nio me ej pou èqoun upologisteÐ mèqri ekeÐnh th stigm , dhl. ta
e1, . . . , ek−1. EÐnai shmantikì na tonÐsoume ìti ston orismì tou ek mèsw tou bohjhtikoÔ dianÔsmatoc vk
(pou eÐnai ousiastik� to ek prin kanonikopoihjeÐ) ìla ta stoiqeÐa pou emfanÐzontai sto dexÐ mèloc èqoun  dh
upologisteÐ sta prohgoÔmena st�dia thc diadikasÐac kai �ra gnwrÐzoume ì,ti qrei�zetai gia ton upologismì.

Prìblhma 20.1. DeÐxte ìti k�je q¸roc peperasmènhc di�stashc me eswterikì ginìmeno èqei orjokanonik 
b�sh.

Me dedomènh thn ter�stia shmasÐa pou èqoun oi q¸roi poluwnÔmwn Pn sth jewrÐa prosèggishc katal-
abaÐnei eÔkola kaneÐc pìso shmantikì eÐnai to akìloujo apotèlesma pou mac dÐnei èna trìpo na kataskeu�-
soume eÔkola akrib¸c autì.

Upojètoume sta parak�tw ìti èqoume stajeropoi sei èna kleistì kai fragmèno di�sthma [a, b] ⊆ R kai
mia jetik  sun�rthsh b�rouc w(x) p�nw sto di�sthma autì, mèsw thc opoÐac orÐzetai èna eswterikì ginìmeno

〈f, g〉 =
bw

a

f(x)g(x)w(x) dx

kai h antÐstoiqh 2-nìrma ‖f‖22 = 〈f, f〉.
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Je¸rhma 20.2 (H kataskeu  twn orjogwnÐwn poluwnÔmwn). 'Estw h akoloujÐa
poluwnÔmwn Qn(x) pou orÐzetai wc ex c:

Q0(x) = 1
Q1(x) = (x− a0)Q0(x) = x− a0

Qn+1(x) = (x− an)Qn(x)− bnQn−1(x) (gia n ≥ 1)

ìpou

an =
〈xQn(x), Qn(x)〉
〈Qn(x), Qn(x)〉 , bn =

〈xQn(x), Qn−1(x)〉
〈Qn−1(x), Qn−1(x)〉 . (67)

Tìte degQn = n, to Qn(x) eÐnai monikì (Qn(x) = xn + · · · ) kai ta polu¸numa Qn(x) eÐnai an� dÔo
orjog¸nia. EpÐshc ta polu¸numa Qn(x) eÐnai pragmatik� polu¸numa.

Prìblhma 20.2. AfoÔ pr¸ta upologÐsete kai to Q2(x) apodeÐxte ìti ta polu¸numa Q0, Q1, Q2 eÐnai an�
dÔo orjog¸nia.

Prìblhma 20.3. ApodeÐxte me epagwg  wc proc n ìti toQn(x) eÐnai monikì, pragmatikì polu¸numo bajmoÔ
n.

ApodeiknÔoume thn orjogwniìthta twn Q0, . . . , Qn me epagwg  wc proc n. Gia n = 0, 1, 2 autì eÐnai to
antikeÐmeno tou Probl matoc 20.2. An upojèsoume ìti ta Q0, Q1, . . . , Qn eÐnai an� dÔo orjog¸nia prèpei, gia
na oloklhr¸soume thn epagwgik  apìdeixh, na deÐxoume ìti to Qn+1 eÐnai orjog¸nio proc ta Q0, Q1, . . . , Qn.
DeÐqnoume loipìn ìti 〈Qn+1, Qk〉 = 0 gia k ≤ n diaqwrÐzontac 3 peript¸seic gia to k.
PerÐptwsh k = n:

Qrhsimopoi¸ntac ton orismì tou an kai to gegonìc (epagwgik  wc proc n upìjesh) ìti 〈Qn, Qn−1〉 = 0
èqoume

〈Qn+1, Qn〉 = 〈(x− an)Qn − bnQn−1, Qn〉
= 〈xQn, Qn〉 − an〈Qn, Qn〉 − bn������〈Qn−1, Qn〉
= 〈xQn, Qn〉 − 〈xQn, Qn〉〈Qn, Qn〉 〈Qn, Qn〉

= 〈xQn, Qn〉 − 〈xQn, Qn〉
= 0.

PerÐptwsh k = n− 1:

〈Qn+1, Qn−1〉 = 〈xQn, Qn−1〉 − an������〈Qn, Qn−1〉 − bn〈Qn−1, Qn−1〉
= 〈xQn, Qn−1〉 − 〈xQn, Qn−1〉

〈Qn−1, Qn−1〉〈Qn−1, Qn−1〉

= 0.

PerÐptwsh k < n− 1:

〈Qn+1, Qk〉 = 〈xQn, Qk〉 − an�����〈Qn, Qk〉 − bn������〈Qn−1, Qk〉
= 〈xQn, Qk〉
= 〈Qn, xQk〉
= 0.
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Sthn proteleutaÐa isìthta qrhsimopoi jhke h sugkekrimènh morf  tou eswterikoÔ ginomènou h opoÐa sunep�ge-
tai thn tautìthta

〈f(x)g(x), h(x)〉 = 〈f(x), g(x)h(x)〉
gia opoiesd pote sunart seic f, g, h (to qrhsimopoi same gia th sun�rthsh g(x) = x). Tèloc, deg(xQk) <
n kai �ra 〈Qn, xQk〉 = 0 afoÔ to Qn eÐnai orjog¸nio (apì thn epagwgik  mac upìjesh) proc ìla ta
Q0, Q1, . . . , Qn−1 �ra kai proc ìlouc touc grammikoÔc touc sunduasmoÔc pou eÐnai ìloc o q¸roc Pn−1.

H apìdeixh tou Jewrhmatoc 20.2 eÐnai pl rhc.

Prìblhma 20.4. ApodeÐxte ìti bn > 0 sto Je¸rhma 20.2.

Prìblhma 20.5. An p ∈ Pn poioi eÐnai oi suntelestèc tou p wc proc thn orjog¸nia b�sh Q0, Q1, . . . , Qn
tou Pn?

Prìblhma 20.6. DeÐxte oti to polu¸numoQn eÐnai to monikì polu¸numo bajmoÔ n me thn el�qisth 2-nìrma
kai ìti eÐnai to monadikì tètoio polu¸numo. 'Ara h akoloujÐa poluwnÔmwn Qn eÐnai monadik  kai exart�tai
mìno apì to poio eÐnai to eswterikì ginìmeno.

Prìblhma 20.7. An Tn eÐnai ta polu¸numa Chebyshev sto [−1, 1] deÐxte ìti ta polu¸numa Qn = 21−nTn
eÐnai ta orjog¸nia polu¸numa gia to di�sthma [−1, 1] kai to b�roc

w(x) =
1√

1− x2
.

DeÐxte epÐshc ìti h anadromik  sqèsh (39) gia ta polu¸numa Chebyshev eÐnai Ðdia me thn anadromik 
sqèsh pou perigr�fetai sto Je¸rhma 20.2.

21 Pè, 5/5/2011: LÔsh ask sewn

22 De, 9/5/2011: LÔsh ask sewn

23 De, 9/5/2011: Pr¸to diag¸nisma

EÐqame s mera to pr¸to diag¸nisma (ed¸ se morf  PDF).

24 Te, 11/5/2011: LÔsh problhm�twn diagwnÐsmatoc.
RÐzec orjogwnÐwn poluwnÔmwn.

LÔsame s mera kat' arq n ta probl mata tou diagwnÐsmatoc.
Ja deÐxoume to akìloujo shmantikì apotèlesma to opoÐo argìtera ja efarmìsoume se mejìdouc ari-

jmhtik c olokl rwshc.

Je¸rhma 24.1 (RÐzec orjogwnÐwn poluwnÔmwn).
'Estw [a, b] èna kleistì fragmèno di�sthma sto R kai w(x) > 0 mia suneq c sun�rthsh b�rouc sto
[a, b]. Ac eÐnai Q0(x), Q1(x), Q2(x), . . . h akoloujÐa monik¸n orjogwnÐwn poluwnÔmwn gia to eswterikì
ginìmeno

〈f, g〉 =
bw

a

f(x)g(x)w(x) dx.

Tìte gia k�je n > 0 to polu¸numo Qn(x) èqei ìlec tou tic rÐzec aplèc kai sto di�sthma (a, b).

To Je¸rhma 24.1 eÐnai �mesh sunèpeia tou parak�tw L mmatoc.
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L mma 24.1. Me touc orismoÔc tou Jewr matoc 24.1 an mia sun�rthsh f ∈ C([a, b]) eÐnai orjog¸nia proc
ìla ta polu¸numa p ∈ Pn−1 tìte h f(x) èqei toul�qiston n diaforetikèc rÐzec sto (a, b).

Pr�gmati, afoÔ to Qn eÐnai orjog¸nio proc ta Q0, Q1, . . . , Qn−1 eÐnai kai orjog¸nio proc k�je grammikì
sunduasmì touc, dhl. proc k�je p ∈ Pn−1 kai, sÔmfwna me to prohgoÔmeno L mma, èqei n diaforetikèc rÐzec
sto (a, b). Autèc eÐnai ìlec oi rÐzec tou Qn afoÔ degQn = n.

Gia na apodeÐxoume to L mma 24.1 ja qreiastoÔme thn parak�tw prìtash.

L mma 24.2. H f ∈ C([a, b]) eÐnai orjog¸nia proc to Pn−1 an kai mìno an up�rqei u ∈ Cn([a, b]) t.¸.
u(n) = fw kai u(k)(a) = u(k)(b) = 0 gia k = 0, 1, . . . , n− 1.

EÐnai polÔ eÔkolo na brei kaneÐc mia sun�rthsh u thc opoÐac h n-ost  par�gwgoc na eÐnai h fw. Gia
par�deigma h sun�rthsh v(x) =

r x
a f(t)w(t) dt ikanopoieÐ v′(x) = f(x)w(x) kai mporoÔme na epanal�boume

aut  th diadikasÐa n forèc ¸ste na broÔme mia tètoia u. Prosjètontac èna opoiod pote polu¸numo p ∈ Pn−1

se aut  th u den prìkeitai na all�xei th n-ost  thc par�gwgo (afoÔ p(n) ≡ 0) �ra èqoume epiplèon n bajmoÔc
eleujerÐac me touc opoÐouc eÔkola mporoÔme na ikanopoi soume tic n sunoriakèc sunj kec u(k)(a) = 0. To
shmantikì eÐnai ìti mporoÔme tautìqrona na ikanopoi soume kai tic sunoriakèc sunj kec kai sto �llo �kro
tou diast matoc, pr�gma pou de faÐnetai kat' arq n dunatì me touc bajmoÔc eleujerÐac pou èqoume sth
di�jes  mac, all� telik� mporoÔme na to k�noume lìgw thc upìjeshc thc orjogwniìthtac thc f proc ìla ta
stoiqeÐa tou Pn−1.

'Estw loipìn u mia sun�rthsh t.¸. u(n) = fw kai u(k)(a) = 0 gia k = 0, 1, 2, . . . , n− 1. Ja deÐxoume ìti
ikanopoieÐ kai tic �llec sunoriakèc sunj kec u(k)(b) = 0 gia k = 0, 1, 2, . . . , n− 1.

Ja qreiastoÔme ton parak�tw tÔpo pou genikeÔei ton tÔpo olokl rwshc kat� mèrh:

bw

a

u(n)(x)v(x) dx =
n∑
k=1

(−1)k−1 u(n−k)(x)v(k−1)(x)
∣∣∣x=b
x=a

+ (−1)n
bw

a

u(x)v(n)(x) dx. (68)

Prìblhma 24.1. ApodeÐxte ton tÔpo (68) me epagwg  wc proc n. Gia n = 1 èqoume to sunhjismèno tÔpo
olokl rwshc kat� mèrh.

An t¸ra p ∈ Pn−1 tìte qrhsimopoi¸ntac ton tÔpo (68) kai to ìti p(n) ≡ 0 èqoume

bw

a

fpw =
n∑
k=1

(−1)k−1u(n−k)(b)p(k−1)(b). (69)

'Omwc oi arijmoÐ p(b), p′(b), p(2)(b), . . . , p(k−1)(b) eÐnai teleÐwc sth diajes  mac ìpwc lèei to epìmeno Prìblhma.

Prìblhma 24.2. An a0, a1, . . . , an−1 ∈ C kai b ∈ R tìte up�rqei p ∈ Pn−1 t.¸. p(k)(b) = ak, gia
k = 0, 1, . . . , n− 1.

Gia na eÐnai loipìn to aristerì mèloc thc (69) Ðso me 0 gia k�je p ∈ Pn−1 o mìnoc trìpoc eÐnai na
eÐnai ìloi oi suntelestèc u(n−k)(b) = 0 gia k = 1, . . . , n. Me �lla lìgia prèpei kai arkeÐ u(k)(b) = 0 gia
k = 0, 1, . . . , n− 1, kai h apìdeixh tou L mmatoc 24.2 eÐnai pl rhc.

Epanerqìmaste t¸ra sthn apìdeixh tou L mmatoc 24.1. Ac eÐnai f ∈ C([a, b]) orjog¸nia proc to Pn−1

(dhl. orjog¸nio proc ìlec ta stoiqeÐa tou Pn−1). Apì to L mma 24.2 èqoume ìti up�rqei sun�rthsh u ∈
Cn([a, b]) t.¸. fw = u(n) kai ìlec oi par�gwgoi thc u t�xhc mikrìterhc tou n mhdenÐzontai sta �kra tou
diast matoc. AfoÔ u(a) = u(b) apì to je¸rhma tou Rolle èqoume ìti h u′ èqei k�poia rÐza sto di�sthma
(a, b). AfoÔ h u′ mhdenÐzetai sta dÔo �kra kai se èna endi�meso shmeÐo prokÔptei, kai p�li apì to je¸rhma
tou Rolle ìti h u(2) èqei dÔo diaforetikèc rÐzec sto (a, b). SuneqÐzontac kat' autìn ton trìpo, efarmìzontac
dhl. suneq¸c to je¸rhma tou Rolle ¸ste na <<kerdÐzoume>> apì mia epiplèon rÐza k�je for� pou aneb�zoume
thn t�xh thc parag¸gou thc u, katal goume telik� ìti h u(n) èqei n diaforetikèc rÐzec sto (a, b). H apìdeixh
tou L mmatoc 24.1 eÐnai pl rhc kai �ra to Je¸rhma 24.1 èqei epÐshc apodeiqteÐ pl rwc.
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25 De, 16/5/2011: Arijmhtik  olokl rwsh

PolÔ suqn� den eÐnai dunatì na upologÐsoume akrib¸c èna olokl rwma. P.q. to olokl rwma

Bw

A

e−x
2
dx

den eÐnai dunatì na upologisteÐ akrib¸c (ektìc apì eidikèc timèc twn A kai B) afoÔ èqei apodeiqteÐ ìti to
aìristo olokl rwma thc e−x

2
de mporeÐ na grafeÐ se kleistì tÔpo, qrhsimopoi¸ntac dhl. tic sunhjismènec

sunart seic (trigwnometrikèc, logarÐjmouc, ekjetikèc, klp) kai algebrikèc pr�xeic. Anagkastik� loipìn to
proseggÐzoume me arijmhtikèc mejìdouc. Pollèc forèc m�lista, ìtan to mìno pou mac endiafèrei eÐnai h
tim  enìc oloklhr¸matoc gia sugkekrimèno di�sthma olokl rwshc, eÐnai protimìtero na upologÐzoume èna
olokl rwma arijmhtik� (proseggistik�) polÔ apl� giatÐ eÐnai kat� polÔ eukolìtero.

Se adrèc grammèc mia tètoia diadikasÐa gÐnetai se duo st�dia. Pr¸ta qwrÐzoume to di�sthma olokl rwshc
[A,B] se mikrìtera diast mata, gia aplìthta ac poÔme ìti qwrÐzoume se N Ðsia diast mata, kai se k�je èna
apì ta mikr� aut� diast mata qrhsimopoioÔme èna <<aplì kanìna arijmhtik c olokl rwshc>> gia na proseg-
gÐsoume to olokl rwma ekeÐ mèsa. H prosèggish tou ìlou oloklhr¸matoc onom�zetai <<sÔnjetoc kanìnac
arijmhtik c olokl rwshc>>.

Me autèc tic paradoqèc ac doÔme merik� paradeÐgmata apl¸n kanìnwn arijmhtik c olokl rwshc. 'Oloi oi
kanìnec pou ja exet�soume eÐnai grammikoÐ, mimoÔmenoi to pragmatikì (akribèc) olokl rwma pou eÐnai epÐshc
mia grammik  diadikasÐa. StajeropoioÔme loipìn èna di�sthma [a, b] kai sumbolÐzoume kat' arq n me I(f) to
akribèc olokl rwma thc f sto [a, b]

I(f) =
bw

a

f(x) dx.

H grammikìthta tou oloklhr¸matoc sthn opoÐa anaferj kame shmaÐnei apl� ìti gia k�je dÔo sunart seic f
kai g (ac poÔme suneqeÐc sto [a, b]) kai k�je dÔo stajerèc λ, µ ∈ C isqÔei

I(λf + µg) = λI(f) + µI(g).

To Ðdio isqÔei kai gia touc aploÔc kanìnec arijmhtik c olokl rwshc pou perigr�foume parak�tw.
Kanìnac aristeroÔ shmeÐou

IL(f) = (b− a)f(a). (70)

Ed¸ h posìthta pou proseggÐzei to olokl rwma I(f) eÐnai to olokl rwma pou ja eÐqe h sun�rthsh an  tan
stajer  sto [a, b].
Kanìnac mèsou shmeÐou

IM (f) = (b− a)f
(
a+ b

2

)
. (71)

Kanìnac trapezÐou

IT (f) = (b− a)
f(a) + f(b)

2
. (72)

Kanìnac tou Simpson

IS(f) = (b− a)
(

1
6
f(a) +

4
6
f

(
a+ b

2

)
+

1
6
f(b)

)
. (73)

ParathreÐste ìti oloi autoÐ oi kanìnec eÐnai thc morf c

Ĩ(f) =
n∑
j=1

Ajf(tj), (74)

ìpou t1, t2, . . . , tn eÐnai shmeÐa sto [a, b] kai A1, A2, . . . , AN eÐnai stajerèc.
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Orismìc 25.1 (T�xh tou kanìna olokl rwshc).
T�xh enìc kanìna arijmhtik c olokl rwshc eÐnai o mègistoc akèraioc k t.¸. o kanìnac upologÐzei swst� to
olokl rwma k�je poluwnÔmou bajmoÔ to polÔ k.

Gia na broÔme poia eÐnai h t�xh enìc kanìna Ĩ apl� brÐskoume poio eÐnai to megalÔtero k t.¸.

I(xr) = Ĩ(xr), gia k�je r ∈ {0, 1, . . . , k}.
Pr�gmati, lìgw thc grammikìthtac, eÐnai fanerì ìti an o kanìnac mac douleÔei swst� p�nw stic sunart -
seic 1, x, x2, . . . , xk tìte douleÔei swst� kai p�nw se k�je grammikì sunduasmì aut¸n, dhl. p�nw se k�je
polu¸numo bajmoÔ to polÔ k.

Prìblhma 25.1. ApodeÐxte ìti o kanìnac aristeroÔ shmeÐou èqei t�xh 0, o kanìnac tou mèsou shmeÐou kai
o kanìnac tou trapezÐou èqoun t�xh 1 kai o kanìnac tou Simpson èqei t�xh 3, se k�je di�sthma [a, b].

H shmasÐa pou èqei h t�xh enìc kanìna arijmhtik c olokl rwshc faÐnetai an exet�soume thn apìdosh
enìc sÔnjetou kanìna olokl rwshc se sqèsh me thn par�metro N pou deÐqnei se pìsa mikr� diast mata
qwrÐzoume to di�sthma olokl rwshc.

Je¸rhma 25.1 (Apìdosh enìc sÔnjetou kanìna olokl rwshc t�xhc r).
'Estw [A,B] èna kleistì kai fragmèno di�sthma kai f ∈ Cr+1([A,B]) mia sun�rthsh me r + 1 suneqeÐc
parag ģouc (r eÐnai k�poioc akèraioc). An Ĩ eÐnai ènac aplìc kanìnac arijmhtik c olokl rwshc t�xhc r
tìte an ĨN eÐnai o sÔnjetoc kanìnac arijmhtik c olokl rwshc pou prokÔptei apì ton Ĩ tìte∣∣∣∣∣

Bw

A

f − ĨN (f)

∣∣∣∣∣ ≤ K ′ 1
N r+1

, (75)

ìpou h stajer� K ′ den exart�tai apì to N par� mìno apì thn f kai ton aplì kanìna olokl rwshc Ĩ.

To di�sthma [A,B] upodiaireÐtai se N Ðsa diast mata mèsw twn shmeÐwn

xj = A+ j
B −A
N

, j = 0, 1, . . . , N.

An sumbolÐsoume me Ĩ(f, xj , xj+1) to apotèlesma tou aploÔ kanìna olokl rwshc efarmosmènou sth sun�rthsh
f sto di�sthma [xj , xj+1] tìte èqoume apì thn trigwnik  anisìthta∣∣∣∣∣

Bw

A

f − ĨN (f)

∣∣∣∣∣ ≤
N−1∑
j=0

∣∣∣∣∣∣
xj+1w

xj

f − Ĩ(f, xj , xj+1)

∣∣∣∣∣∣ (76)

opìte ja stajeropoi soume èna di�sthma [a, b] = [xj , xj+1] kai ja ektim soume to sf�lma pou prokÔptei
mèsa se autì to di�sthma apì th qr sh tou aploÔ kanìna olokl rwshc. Katìpin ja ajroÐsoume ta epimèrouc
sf�lmata kai ja prokÔyei èna fr�gma gia to sunolikì sf�lma mèsw thc (76).

StajeropoioÔme loipìn èna aplì kanìna olokl rwshc ton opoÐo ton perigr�foume sto di�sthma [0, 1]

Ĩ(f, 0, 1) =
n∑
j=1

Ajf(tj)

ìpou Aj k�poiec stajerèc kai tj k�poia shmeÐa sto [0, 1]. O kanìnac autìc, efarmozìmenoc se èna tuqaÐo
di�sthma [a, b], paÐrnei th morf 

Ĩ(f, a, b) =
n∑
j=1

(b− a)Ajf(a+ tj(b− a)). (77)
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To shmantikì sthn apìdeixh eÐnai na gr�youme thn f sto di�sthma autì wc èna polu¸numo bajmoÔ ≤ r sun
k�poio sf�lma. QrhsimopoioÔme gi' autì to je¸rhma tou Taylor me kèntro to a pou mac lèei ìti

f(x) = p(x) +R(x)

ìpou p(x) eÐnai to polu¸numo Taylor thc f bajmoÔ r

p(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2
(x− a)2 +

f (3)(a)
3!

(x− a)3 + · · ·+ f (r)(a)
r!

(x− a)r,

kai R(x) eÐnai to sf�lma gia to opoÐo isqÔei ìti gia k�je x ∈ [a, b] up�rqei èna ξ ∈ (a, b) t.¸. na isqÔei

R(x) =
f (r+1)(ξ)
(r + 1)!

(x− a)r+1. (78)

AfoÔ o kanìnac olokl rwshc pou qrhsimopoioÔme èqei t�xh r to polu¸numo p oloklhr¸netai akrib¸c �ra to
sf�lma sthn olokl rwsh thc f ofeÐletai apokleistik� sthn arijmhtik  olokl rwsh thc sun�rthshc R(x),
ki ètsi èqoume∣∣∣∣∣

bw

a

f − Ĩ(f, a, b)

∣∣∣∣∣ ≤
∣∣∣∣∣
bw

a

R− Ĩ(R, a, b)

∣∣∣∣∣
≤
∣∣∣∣∣
bw

a

R

∣∣∣∣∣+
∣∣∣Ĩ(R, a, b)

∣∣∣ (trigwnik  anisìthta)

≤ (b− a)‖R‖∞ +
n∑
j=1

(b− a)|Aj |‖R‖∞ (apì thn (77))

≤ (b− a)K‖R‖∞
ìpou K = 1 +

∑n
j=1 |Aj | eÐnai mia jetik  stajer� pou den exart�tai apì to di�sthma all� mìno apì ton

kanìna olokl rwshc.
Efarmìzontac t¸ra thn (78) paÐrnoume

‖R‖∞ ≤
∥∥f (r+1)

∥∥
∞

(r + 1)!
(b− a)r+1 ≤

∥∥f (r+1)
∥∥
∞

(r + 1)!
(B −A)r+1

N r+1
.

to opoÐo mac dÐnei ∣∣∣∣∣
bw

a

f − Ĩ(f, a, b)

∣∣∣∣∣ ≤ K (B −A)r+2

N r+2

gia to sf�lma thc olokl rwshc sto mikrì di�sthma [a, b]. AjroÐzontac gia taN diaforetik� mikr� diast mata
[a, b] = [xj , xj+1] paÐrnoume ∣∣∣∣∣

Bw

A

f − ĨN (f)

∣∣∣∣∣ ≤ K ′

N r+1
(79)

ìpou h stajer� K ′ = K(B−A)r+2 den exart�tai apì to N , kai h apìdeixh tou Jewr matoc 25.1 eÐnai pl rhc.
H shmasÐa loipìn thc t�xhc enìc aploÔ kanìna olokl rwshc faÐnetai ìtan qrhsimopoi soume ton kanìna

autì se èna sÔnjeto kanìna olokl rwshc kai paÐrnoume oloèna kai megalÔterec timèc tou N . To �nw fr�gma
gia to sf�lma olokl rwshc fjÐnei san thn r + 1 dÔnamh tou 1/N . Gia par�deigma an qrhsimopoioÔme èna
kanìna olokl rwshc t�xhc 0 (p.q. ton kanìna IL tou aristeroÔ shmeÐou) tìte an jèloume na upodekaplasi�-
soume to egguhmèno �nw fr�gma gia to sf�lma mac tìte prèpei na pollaplasi�soume to N pou qrhsi-
mopoi same me to 10. An qrhsimopoi soume èna kanìna t�xhc 3, ìpwc o kanìnac IS tou Simpson, tìte arkeÐ
na pollaplasi�soume to N mìno me ton arijmì 101/4 = 1.77827941.

52



26 Te, 18/5/2011: 'Oqi m�jhma (foithtikèc eklogèc)

27 De, 23/5/2011: Mèjodoi Gauss gia arijmhtik  olokl rwsh

Sthn par�grafo aut  ja doÔme tic mejìdouc olokl rwshc tÔpou Gauss, twn opoÐwn h uyhl  t�xh ofeÐletai
se kat�llhlh epilog  twn shmeÐwn sta upologÐzoume th sun�rthsh f pou prospajoÔme na oloklhr¸soume
arijmhtik�. Koit�me to prìblhma lÐgo genikìtera apì prin kai, dedomènou enìc kleistoÔ kai fragmènou
diast matoc [a, b] kai miac jetik c (kai suneqoÔc) sun�rthshc b�rouc w(x) > 0 orismènhc p�nw sto [a, b]
prospajoÔme na upologÐsoume arijmhtik� to olokl rwma thc f wc proc to b�roc w, dhl. thn posìthta

I(f) =
bw

a

f(x)w(x) dx.

Oi aploÐ kanìnec arijmhtik c olokl rwshc pou qrhsimopoioÔme eÐnai thc morf c

Ĩ(f) =
n∑
j=1

Ajf(xj) (80)

ìpou x1, . . . , xn ∈ [a, b] kai Aj eÐnai stajerèc.
To er¸thma pou apant�me pr¸ta eÐnai <<an k�poioc èqei epilèxei ta n shmeÐa x1, . . . , xn gia mac poia prèpei

na eÐnai h epilog  twn Aj ?>>

Je¸rhma 27.1. Oi suntelestèc Aj ston kanìna (80) mporoÔn p�nta na epilegoÔn ¸ste o kanìnac na
èqei t�xh toul�qiston n− 1.

Gia na petÔqoume na oloklhr¸noume akrib¸c k�je polu¸numo bajmoÔ n − 1 (to opoÐo kajorÐzetai me n
arijmoÔc) arkeÐ na èqoume sth di�jes  mac n bajmoÔc eleujerÐac. Autì eÐnai ousiastik� to perieqìmeno tu
Jewr matoc 27.1.

O pio eÔkoloc trìpoc apìdeixhc eÐnai qrhsimopoi¸ntac ta polu¸numa parembol c Lagrange pou antis-
toiqoÔn sta shmeÐa x1, . . . , xn:

`i(x) =
∏

j=1,2,...,n
j 6=i

x− xj
xi − xj , i = 1, 2, . . . , n, (81)

ta opoÐa èqoun thn Ðdiìthta

`i(xj) = δi,j :=

{
1 (gia i = j)

0 (gia i 6= j)
.

An sumbolÐsoume me L(x) to polu¸numo, bajmoÔ n−1, pou paremb�llei tic timèc thc f sta shmeÐa x1, . . . , xn

L(x) =
n∑
i=1

f(xi)`i(x)

mporoÔme na orÐsoume ton epijumhtì kanìna olokl rwshc apì ton tÔpo

Ĩ(f) = I(L).

Me �lla lìgia, gia na proseggÐsoume arijmhtik� to olokl rwma thc f autì pou k�noume eÐnai ìti pr¸ta
brÐskoume to polu¸numo pou èqei tic Ðdiec timèc me thn f sta shmeÐa xj kai èpeita upologÐzoume to akribèc
olokl rwma autì tou poluwnÔmou. Aut  h tim  apoteleÐ kai thn prosèggis  mac.
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Wc strathgik  akoÔgetai logik , all� eÐnai autìc o trìpoc arijmhtik c olokl rwshc thc morf c (80)?
EÐnai eÔkolo na doÔme pwc nai afoÔ

I(L) =
n∑
i=1

I(`i)f(xi)

kai �ra mporoÔme na p�roume

Ai = I(`i) =
bw

a

`i(x)w(x) dx

gia touc suntelestèc mac.
Tèloc, o kanìnac mac èqei t�xh n− 1 mia kai an h f eÐnai polu¸numo bajmoÔ ≤ n− 1 tìte (monadikìthta

tou poluwnÔmou parembol c, Prìblhma 14.1) f = L kai �ra o kanìnac mac oloklhr¸nei thn f akrib¸c.
To Je¸rhma 27.1 apoteleÐ apl� èna k�tw fr�gma gia thn dunat  t�xh enìc kanìna me n shmeÐa. 'Eqoume

 dh dei paradeÐgmata (o kanìnac tou Simpson, me 3 shmeÐa kai t�xh 3, parap�nw apì to 2 pou problèpetai apì
to Je¸rhma 27.1) ìpou h t�xh mporeÐ na eÐnai kalÔterh apì n− 1. BebaÐwc up�rqoun kai paradeÐgmata (p.q.
o kanìnac tou trapezÐou, me 2 shmeÐa kai t�xh 1) ìpou h t�xh eÐnai akrib¸c n − 1. Ja doÔme sto upìloipo
thc paragr�fou ìti epilègontac kat�llhla ta x1, . . . , xn mporoÔme na p�roume kanìnec olokl rwshc t�xhc
2n− 1, mia shmantik  beltÐwsh.

Je¸rhma 27.2 (Kanìnec olokl rwshc Gauss).
Ac eÐnai [a, b] èna kleistì kai fragmèno di�sthma kai w(x) ∈ C([a, b]) mia austhr� jetik  sun�rthsh. Ac
eÐnai akìmh Q0(x) = 1, Q1(x), Q2(x), . . . h akoloujÐa monik¸n orjogwnÐwn poluwnÔmwn wc proc to b�roc
w(x) sto di�sthma [a, b], kai

x
(n)
1 , x

(n)
2 , . . . , x(n)

n ∈ (a, b)

ta mhdenik� tou Qn (eÐnai ìla diaforetik� kai sto (a, b) apì to Je¸rhma 24.1). Tìte ènac aplìc kanìnac
arijmhtik c olokl rwshc thc morf c

Ĩ(f) =
n∑
j=1

Ajf(x(n)
j ) (Aj stajerèc) (82)

o opoÐoc eÐnai t�xhc toul�qiston n− 1 eÐnai anagkastik� t�xhc toul�qiston 2n− 1.

'Estw p ∈ P2n−1. DiairoÔme to polu¸numo p me to polu¸numo Qn kai èstw q to phlÐko kai r to upìloipo
(autì shmaÐnei ìti deg r < degQn = n)

p = Qnq + r.

AfoÔ deg p < 2n kai degQn = n èpetai ìti deg p < n, kai �ra p, r ∈ Pn−1. K�noume thn parat rhsh ìti to
Qn eÐnai orjog¸nio proc ìla ta polu¸numa tou Pn−1 afoÔ eÐnai orjog¸nio proc k�je stoiqeÐo miac b�shc
tou Pn−1, aut c pou apartÐzetai apì ta polu¸numa Q0(x), Q1(x), . . . , Qn−1(x). 'Ara

bw

a

p(x)w(x) dx =
bw

a

Qn(x)q(x)w(x) dx+
bw

a

r(x)w(x) dx

= 〈Qn, q〉+
bw

a

r(x)w(x) dx

=
bw

a

r(x)w(x) dx (afoÔ Qn ⊥ Pn−1)

= Ĩ(r) (afoÔ o Ĩ eÐnai akrib c sto Pn−1)

= Ĩ(qQn) + Ĩ(r)

= Ĩ(p).
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H proteleutaÐa isìthta parap�nw prokÔptei epeid  to polu¸numo Qn mhdenÐzetai sta shmeÐa ìpou o kanìnac

Ĩ upologÐzei thn proc olokl rwsh sun�rthsh. 'Eqoume loipìn deÐxei ìti Ĩ(p) =
r b
a p(x)w(x) dx gia k�je

polu¸numo p bajmoÔ ≤ 2n− 1 kai h apìdeixh eÐnai pl rhc.

Pìrisma 27.1. Gia k�je fragmèno kai kleistì di�sthma [a, b] kai sun�rthsh b�rouc w(x) ∈ C([a, b]),
w(x) > 0, kai k�je akèraio n ≥ 1 up�rqei aplìc kanìnac olokl rwshc thc morf c (82) pou èqei t�xh
toul�qiston 2n− 1.

Gia to pìrisma, epilègoume wc x1, . . . , xn na eÐnai oi rÐzec tou orjogwnÐou poluwnÔmou Qn pou antistoiqeÐ
sto di�sthma [a, b] kai sto b�roc w(x) kai epilègoume touc suntelestèc Aj , j = 1, 2, . . . , n, qrhsimopoi¸ntac
to Je¸rhma 27.1. Wc sunèpeia tou Jewr matoc 27.2 o kanìnac pou fti�xame èqei taxh toul�qiston 2n− 1.

ParadeÐgmata. An akolouj soume th diadikasÐa pou perigr�fetai sto Pìrisma 27.1 gia to di�sthma
[−1, 1] kai to b�roc w(x) ≡ 1 paÐrnoume, afoÔ pr¸ta upologÐsoume ta antÐstoiqa orjog¸nia polu¸numa
Q0, Q1, Q2, Q3 me b�sh ton algìrijmo pou perigr�fetai sto Je¸rhma 20.2 (ed¸ faÐnetai h axÐa thc anadromik c
sqèshc pou perigr�fetai se autì to Je¸rhma), brÐskoume met� tic rÐzec twn Q2 kai Q3 kai katal goume ètsi
stouc kanìnec Gauss me n = 2 kai n = 3 shmeÐa antÐstoiqa kai me t�xh ≥ 3 kai ≥ 5 antÐstoiqa

Ĩ2(f) =
1
2
f

(−1√
3

)
+

1
2
f

(
1√
3

)
(83)

kai
Ĩ3(f) = 0.5555f(−0.7745) + 0.8888f(0) + 0.5555f(0.7745). (84)

Gia thn perÐptwsh n = 2 oi rÐzec tou poluwnÔmou Q2 upologÐzontai polÔ eÔkola se kleist  morf . Autì
eÐnai efiktì kai gia to polu¸numo Q3 (pou eÐnai 3ou bajmoÔ) all�  dh h eÔresh twn riz¸n se kleist  morf 
gÐnetai arket� polÔplokh kai amfibìlou qrhsimìthtac, afoÔ kai gia na upologÐsoume mia apl  posìthta ìpwc
to
√

3 p�li se arijmhtikèc (proseggistikèc) mejìdouc ja katal xoume. H eÔresh twn riz¸n stic perissìterec
peript¸seic gÐnetai me arijmhtikèc mejìdouc.

Prìblhma 27.1. O kanìnac (83) kai o kanìnac Simpson (73) eÐnai thc Ðdiac t�xhc 3. O kanìnac (83) qrhsi-
mopoieÐ dÔo shmeÐa (dÔo upologismoÔc thc f sto di�sthma olokl rwshc) en¸ o kanìnac Simpson qrhsimopoieÐ
trÐa shmeÐa. FaÐnetai loipìn ìti o kanìnac (83) eÐnai protimìteroc apì ton kanìna tou Simpson mia kai upert-
ereÐ autoÔ se taqÔthta (pl joc upologism¸n thc f) gia to Ðdio apotèlesma. Lamb�nontac upìyin ìti telik�
qrhsimopoioÔme sÔnjetouc kanìnec olokl rwshc (upodiairoÔme to di�sthma olokl rwshc se N Ðsa diast -
mata kai se kajèna apì aut� qrhsimopoioÔme ton aplì kanìna olokl rwshc) deÐxte ìti auth h diafor� sthn
taqÔthta exanemÐzetai ìtan to N eÐnai meg�lo.

28 Te, 25/5/2011: LÔsh ask sewn

29 Te, 1/6/2011: LÔsh ask sewn (èktako m�jhma)
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