Askăseic gia to metaptuqiakì mĹjhma <<STOQASTIKES ANELIXEIS>>

Paradotèec Deutèra, 5/5/2003. Parakalÿ na eÐste exairetikĹ leptomereÐc kai akribeÐc stic apantăseic sac. Apì to fullĹdio autì ja exarthjeÐ en polloÐc o telikìc bajmìc sac.

PROBLHMA 0

(a) An oi TM A, B eÐnai peperasmènoi grammikoÐ sunduasmoÐ twn Z_1, . . . , Z_n kai oi Z_j eÐnai anexĹrthtec kanonikèc me mèsh timă 0, kai epÐshc E [AB] = 0 tìte kai oi A, B eÐnai anexĹrthtec kanonikèc.

(b) Dÿste parĹdeigma dÔo kanonikÿn TM A, B pou den eÐnai anexĹrthtec allĹ plhroÔn th sunjăkh E [AB] = 0.

PROBLHMA 1 (Kataskeuă anèlixhc Wiener me sunartăseic Haar gia t ∈ [0, 1]) Oi sunartăseic Haar sto [0, 1] eÐnai oi sunartăseic ϕ_{00} = 1 kai

ϕ_{ij} (x) =

2^{(i−1)/2 2j−2}_{2i} ≤ x ≤^{2j−1}_{2i} −2^{(i−1)/2 2j−1}_{2i} ≤ x ≤^{2j}_{2i} 0 alliÿc

(a) DeÐxte ìti h oikogèneia ϕ_{ij} , i = 0, 1, 2, . . ., j = 1, . . . , 2^{i−1}, eÐnai orjokanonikă bĹsh tou L^2[0, 1].

OrÐzoume ψ_{ij}(t) = ∫_t 0 ϕ_{ij}(x) dx kai, an Y_{ij} eÐnai anexĹrthtec TM me tupikă kanonikă katanomă, orÐzoume epÐshc V_0(t) = Y_{00}ψ_{00}(t) kai V_i(t) = ∑_2i−1 j=1 Y_{ij} ψ_{ij}(t) gia i ≥ 1.

(b) DeÐxte ìti h seirĹ X(t) = ∑_∞ i=0 V_i(t) sugklÐnei omoiìmorfa gia t ∈ [0, 1] me pijanìthta 1, kai Ĺra h sunĹrthsh X(t) eÐnai suneqăc sto [0, 1] sqedìn sÐgoura. (Upìdeixh: DeÐxte ∑_∞ i=1 Pr [ ∃t ∈ [0, 1] : |V_i(t)| >^1_{i2} ] < ∞ me katĹllhlh Ĺnw ektÐmhsh tou genikoÔ ìrou.)

(g) H TM X(t) − X(s) eÐnai kanonikă gia kĹje s < t.

(d) E [ (X(t) − X(s))^2 ] = t − s. (e) Oi prosauxăseic thc X(t) eÐnai anexĹrthtec.

Ta (a)-(e) deÐqnoun ìti h X(t) eÐnai mia anèlixh Wiener.

PROBLHMA 2 (AnĹlush Calderón–Zygmund me teqnologÐa martingales.) Skopìc eÐnai na deÐxoume ìti kĹje mh-arnhtikă oloklhrÿsimh sunĹrthsh f : [0, 1] → R mporeÐ na grafeÐ, gia kĹje α > 0, san Ĺjroisma miac sunĹrthshc g (good) pou eÐnai fragmènh apì α kai miac sunĹrthshc b (bad), me forèa xèno apì thn g, pou den eÐnai fusikĹ fragmènh, allĹ o forèac thc b eÐnai mia xènh ènwsh apì diastămata Q_j, j = 1, 2, . . ., tètoia ÿste se kĹje Q_j isqÔei α ≤ 1 |Q_j| ∫ Q_j f ≤ 2α. (H g dhl. eÐnai fragmènh enÿ h b èqei fragmènouc mèsouc ìrouc sta diastămata pou apartÐzoun to forèa thc.) Epiplèon isqÔei | | ⋃ j Q_j | | ≤ α^{−1} ∫ f. Aută h anĹlush thc tuqoÔsac mh-arnhtikăc f ∈ L^1(0, 1) lègetai anĹlush Calderón–Zygmund kai èqei pĹra pollèc efarmogèc sthn anĹlush.

(a) PĹrte wc deigmatikì qÿro Ω = [0, 1] kai orÐste tic σ-Ĺlgebrec

F_n = σ { [k2^{−n}, (k + 1)2^{−n}] : k = 0, . . . , n − 1 } .

JewreÐste thn f wc mia oloklhrÿsimh, mh-arnhtikă TM pĹnw sto Ω kai orÐste to martingale f_n = E [f | F_n].

PerigrĹyte (qwrÐc pijanojewrhtikă orologÐa) tic sunartăseic f_n.

(b) An orÐsoume T = inf {n : f_n > α} deÐxte ìti to T eÐnai stopping-time, to f_{min {n,T }} eÐnai martingale, kai perigrĹyte (qwrÐc pijanojewrhtikă orologÐa) tic sunartăseic f_{min {n,T }}, ìpwc kai ta sÔnola {T = n}, n = 1, 2, . . ., kai {T = ∞}.

(g) QrhsimopoieÐste to jeÿrhma sÔgklishc martingales sto sÔnolo {T = ∞} gia na orÐsete thn g kai orÐsete b = f −g. ApodeÐxte tic idiìthtec twn g kai b kajÿc kai thn anisìthta | |⋃_j Q_j | | ≤ α_{−1} ∫ f. PROBLHMA 3 (H duadikă megistikă sunĹrthsh Hardy–Littlewood me teqnologÐa martingales.) ’Estw f ∈ L^1(0, 1) kai I_n h sullogă twn diasthmĹtwn tou [0, 1] me măkoc 2^{−n} kai Ĺkra sta pollaplĹsia tou 2^{−n}. Gia x ∈ [0, 1] grĹfoume I_{x,n} gia to aristerìtero apì ta diastămata thc I_n pou perièqei to x.

(a) DeÐxte me to jeÿrhma sÔgklishc twn martingales (diabĹste prÿta to Prìblhma 2) ìti sqedìn pantoÔ isqÔei lim_n 1 |I_{x,n}| ∫ I_{x,n} f(t) dt = f(x). (b) H duadikă megistikă sunĹrthsh M[f] thc f orÐzetai wc h sunĹrthsh

M[f](x) = sup_n ∫ I_{x,n} |f(t)| dt. Qrhsimopoiÿntac th megistikă (maximal) anisìthta tou Doob deÐxte ìti |{x : M[f](x) > λ}| ≤ C λ ∫_1 0 |f|, gia mia jetikă stajerĹ C.