Panepistămio Krăths ` Tmăma Majhmatikÿn JewrÐa Mètrou MiqĹlhc KolountzĹkhc ` Fjinopwrinì exĹmhno 2000-2001 DEUTERO DIAGWNISMA

1. ’Eqoume f, f_k ∈ L^p, (1 < p < ∞), kai f_k → f, sqedìn pantoÔ. EpÐshc upĹrqei stajerĹ M < ∞ tètoia ÿste ‖f_k‖_p ≤ M, gia kĹje k. DeÐxte ìti an g ∈ L^{p′} , me 1/p + 1/p^′ = 1, tìte ∫ f_kg → ∫ fg.

2. DÐdontai dÔo sÔnola E_1 kai E_2 sto epÐpedo me jetikì mètro. DeÐxte ìti upĹrqei diĹsthma I = [a, b] × [c, d] pou perièqetai sto E_1 − E_2 = {x_1 − x_2 : x_1 ∈ E_1, x_2 ∈ E_2}.

3. DÐdontai migadikèc sunartăseic g, g_n ∈ L^2, tètoiec ÿste g_n → g sto L^2. DeÐxte ìti |g_n|^2 → |g|^2 sto L^1.

4. DÐdetai paragwgÐsimh sunĹrthsh f : [0, R] → R, me suneqă parĹgwgo kai f(0) = 0. DeÐxte ìti ∫_R 0 |f|^2 ≤ 1 2 R^2 ∫_R 0 |f^′|^2.

5. DÐdetai èna orjokanonikì sÔsthma sunartăsewn f_n ∈ L^2(0, 1). DeÐxte ìti autì eÐnai plărec an kai mìno an gia kĹje x ∈ [0, 1] ∑ n | | | ∫_x 0 f_n(t) dt | | |^2 = x.

6. DÐdetai èna orjokanonikì sÔsthma sunartăsewn f_n ∈ L^2(0, 1). DeÐxte ìti autì eÐnai plărec an kai mìno an ∑ n ∫_1 0 | | | ∫_x 0 f_n(t) dt | | | 2 dx = 1 2 .

H diĹrkeia thc exètashc eÐnai 4 ÿrec. MporeÐte na qrhsimopoieÐte to biblÐo sac mìno, ki autì ìqi gia thn prÿth Ĺskhsh, thn opoÐa prèpei na grĹyete kai na mou paradÿsete mèsa sthn prÿth misă ÿra.

Kală epituqÐa.

HrĹkleio, 9 DekembrÐou 2000