Panepistămio Krăths ` Tmăma Majhmatikÿn JewrÐa Mètrou MiqĹlhc KolountzĹkhc ` Fjinopwrinì exĹmhno 2000-2001 PRWTO DIAGWNISMA ` LUSEIS

1. Qrhsimopoiÿntac mìno ton orismì tou exwterikoÔ mètrou deÐxte ìti an E ⊆ R^n èqei jetikì mètro tìte gia kĹje ϵ > 0 upĹrqei èna diĹsthma I tètoio ÿste |E ∩ I|_e ≥ (1 − ϵ)|I|.

LÔsh tou 1. ’Estw 0 < a = |E|_e kai ϵ > 0 dedomèno. Tìte upĹrqei akoloujÐa diasthmĹtwn I_k t.ÿ. E ⊆ ⋂ I_k kai ∑ |I_k| < (1 + ϵ)a. Upojètoume ìti den isqÔei autì pou zhtĹme, upojètoume dhl. ìti gia kĹje k èqoume |E ∩ I_k| < (1 − ϵ)|I_k|. AjroÐzontac gia ìla ta k paÐrnoume a ≤ ∑ k |E ∩ I_k|_e < (1 − ϵ) ∑ k |I_k| ≤ (1 − ϵ)(1 + ϵ)a = (1 − ϵ^2)a,

pou eÐnai profanÿc adÔnato.

2. (a) An 0 ≤ ϕ ∈ L^1 deÐxte ìti gia kĹje ϵ > 0 upĹrqei δ > 0 tètoio ÿste |E| < δ sunepĹgetai ∫ E ϕ < ϵ. (b) Oi sunartăseic f_n kai f eÐnai orismènec sto [0, 1] kai f_n → f, katĹ mètro. EpÐshc upĹrqei mia ϕ ∈ L^1 tètoia ÿste |f_n|, |f| ≤ ϕ. DeÐxte ìti f_n → f sthn L^1 metrikă.

LÔsh tou 2. (a) ’Estw ϵ > 0 dedomèno. OrÐzoume ϕ_n = ϕχ_{{ϕ>n}} h opoÐa akoloujÐa fjÐnei sto 0. Apì ito Jeÿrhma Monìtonhc SÔgklishc èqoume ìti upĹrqei n tètoio ÿste ∫ {ϕ>n} ϕ = ∫ ϕ_n < ϵ/2. OrÐzoume δ = ϵ/(2n) kai èstw sÔnolo E me mètro to polÔ δ. Tìte ∫ E ϕ = ∫ E∩{ϕ≤n} ϕ + ∫ E∩{ϕ>n} ϕ = A + B. AllĹ A ≤ n|E| ≤ ϵ/2 kai B ≤ ∫ {ϕ>n} ϕ ≤ ϵ/2. (b) ’Eqoume ∫ |f_n − f| = ∫ |f_n−f|>ϵ/2 |fn − f| + ∫ |f_n−f|≤ϵ/2 |fn − f| = A + B. Epeidă |fn − f| ≤ 2ϕ mporoÔme na broÔme apì to (a) èna δ > 0 t.ÿ. |E| < δ sunepĹgetai ∫ E ϕ < ϵ/4, Ĺra kai ∫ E |f_n − f| < ϵ/2. An loipìn dialèxoume to n arketĹ megĹlo, apì th sÔgklish katĹ mètro èqoume ìti μ{|f_n − f| > ϵ} < δ kai Ĺra A < ϵ/2. Gia to B pĹnta èqoume B ≤ ϵ/2. Dhl. gia n arketĹ megĹlo èqoume A + B ≤ ϵ pou eÐnai akribÿc autì pou zhtĹgame.

3. (a) DeÐxte ìti oi sunartăseic tou tÔpou ∑_N j=1 a_j χ_{Ij} , ìpou a_j ∈ R kai I_j fragmèna diastămata sto R (dhl.

tmhmatikĹ stajerèc sunartăseic) eÐnai puknèc ston L^1(R). (b) An f ∈ L^1(R) orÐzoume gia λ ∈ R

c_λ(f) = ∫ R f(x) cos λx dx. DeÐxte ìti |c_λ(f)| ≤ ‖f‖_L1 kai ìti lim_{λ→∞} c_λ(f) = 0.

LÔsh tou 3. (a) ArkeÐ na deÐxoume ìti kĹje aplă sunĹrthsh sto R proseggÐzetai sthn L^1 metrikă apì tm. stajerèc sunartăseic. Epeidă kĹje aplă sunĹrthsh eÐnai peperasmènoc gram. sunduasmìc qarakthristikÿn sunartăsewn sunìlwn (pou anagkastikĹ ja èqoun peperasmèno mètro, epeidă milĹme gia oloklhrÿsimec aplèc) arkeÐ na proseggÐsoume sto L^1 thn qarakthristikă tuqìntoc metrăsimou sunìlou E me |E| < ∞. An G eÐnai èna anoiqtì pou perièqei to E kai |G \ E| < ϵ tìte ∫ |χ_G − χ_E | = |G \ E| < ϵ, Ĺra oi qarakthristikèc anoiqtÿn proseggÐzoun ìlec tic qarakthristikèc sthn L^1 metrikă. ArkeÐ dhl. na proseggÐsoume thn qarakthristikă enìc anoiqtoÔ G ⊆ R sto L^1. AllĹ èna tuqìn anoiqtì sto R grĹfetai sa xènh ènwsh anoiqtÿn diasthmĹtwn, arijmăsima to plăjoc. PaÐrnontac mia arketĹ megĹlh peperasmènh ènwsh apì autĹ mporoÔme na kĹnoume to mètro tou upoloÐpou osodăpote mikrì jèloume. H qarakthristikă autăc thc peperasmènhc ènwshc eÐnai mia tmhm. stajeră sunĹrthsh kai h L^1 diaforĹ thc apì thn χ_G eÐnai akribÿc to mètro twn diasthmĹtwn pou de sumperilĹbame, dhl. osodăpote mikră jèloume emeÐc. (b) To ìti |c_λ(f)| ≤ ∫ |f| eÐnai Ĺmesh sunèpeia thc trigwnikăc anisìthtac. ParathreÐste ìti c_λ(αf + βg) = αc_λ(f) + βc_λ(g) gia kĹje f, g ∈ L^1 kai α, β ∈ R. ’Estw f ∈ L^1 kai ϵ dedomèno. BrÐskoume tmhm. stajeră g = ∑_J j=1 a_j χ_{Ij} t.ÿ. ∫ |f − g| < ϵ/2. Tìte |c_λ(f − g)| < ϵ/2 kai c_λ(g) = ∑_J j=1 a_j c_λ(χ_{Ij} ). An I = (b, c) eÐnai èna fragmèno diĹsthma tìte c_λ(χ_I ) = (sin λb − sin λa)/λ Ĺra c_λ(g) → 0 ìtan λ → ∞. ’Eqoume Ĺra |c_λ(f)| ≤ |c_λ(f − g)| + |c_λ(g)| = A + B. ’Eqoume deÐ ădh ìti A < ϵ/2 kai paÐrnontac to λ arketĹ megĹlo mporoÔme na èqoume kai ìti to B < ϵ/2. ’Eqoume deÐxei ìti gia kĹje ϵ gia arketĹ megĹlo λ isqÔei |c_λ(f)| < ϵ, to opoÐì kai zhtoÔsame.

4. UpologÐste, me plărh aitiolìghsh, to ìrio lim_{n→∞} ∫_n 0 ( 1 − x n )_n e^{x/2} dx.

LÔsh tou 4. OrÐzoume th sunĹrthsh f_n(x) = χ_{[0,n]}(x) ( 1 −^x_n )_n e^{x/2}. ’Eqoume ìti f_n(x) → e^{−x/2}. Gia x ∈ [0, n) èqoume log f_n(x) = x/2 + n log(1 − x/n), kai qrhsimopoiÿntac thn anisìthta log(1 − θ) ≤ −θ, pou isqÔei gia θ < 1, paÐrnoume log f_n(x) ≤ −x/2, Ĺra 0 ≤ f_n(x) ≤ e^{−x/2} ∈ L^1(R^+ ). Apì to Jeÿrhma Kuriarqhmènhc SÔgklishc èpetai ìti lim_n ∫ R^+ fn(x) = ∫_∞ 0 e^{−x/2} dx = 2.

5. JewreÐste thn upoomĹda G = Z × Q tou R^2 . Gia x, y ∈ R^2 grĹfoume x ∼ y an upĹrqei w ∈ G tètoio ÿste x = y + w.

(a) DeÐxte ìti h ∼ eÐnai sqèsh isodunamÐac kai ìti kĹje klĹsh isodunamÐac tou R^2 perièqei toulĹqiston èna stoiqeÐo pou brÐsketai mèsa sto tetrĹgwno Q = [−10, 10]^2.

(b) ’Estw A ⊆ R^2 sÔnolo pou perièqei akribÿc èna stoiqeÐo apì kĹje klĹsh isodunamÐac to opoÐo epiplèon anăkei sto Q. DeÐxte ìti to A den eÐnai metrăsimo.

LÔsh tou 5. (a) EÐnai sqedìn profanèc ìti h sqèsh eÐnai sqèsh isodunamÐac. An K eÐnai mia klĹsh isodunamÐac kai (x, y) ∈ A tìte (x − ⌊x⌋, y − ⌊y⌋) ∈ K ∩ Q. (b) ’Estw A metrăsimo. An g_1, g_2 ∈ G, g_1 ≠ g_2, tìte ta sÔnola A + g_1 kai A + g_2 eÐnai xèna afoÔ an upărqe x ∈ (A + g_1) ∩ (A + g_2) tìte ja èprepe na upĹrqoun a_1, a_2 ∈ A, t.ÿ. x = a_1 + g_1 = a_2 + g_2. Tìte a_1 − a_2 = g_2 − g_1 ∈ G, kai Ĺra ta a_1, a_2 anăkoun sthn Ðdia klĹsh. AfoÔ ìmwc to A èqei akribÿc èna stoiqeÐo apì kĹje klĹsh èpetai a_1 = a_2 kai Ĺra g_1 = g_2, Ĺtopo. ’Ara R^2 = ⋃ g∈G(A + g) eÐnai mia diamèrish tou epipèdou, se arijmăsimo plăjoc sunìlwn, afoÔ G arijmăsimh. ’Eqoume epÐshc pwc ta mètra twn A + g eÐnai ìla Ðsa me |A|, Ĺra to mètro tou A den mporeÐ na eÐnai 0, afoÔ tìte ja eÐqame kai ìti to mètro tou epipèdou eÐnai 0. ’Ara |A| > 0. JewroÔme tÿra ta stoiqeÐa g_n = (0, 1/n), n ≥ 1, thc G kai ta sÔnola A + g_n. AutĹ eÐnai xèna anĹ dÔo kai perièqontai ìla sto tetrĹgwno [−20, 20]^2. Epeidă ìmwc autĹ eÐnai Ĺpeira to plăjoc kai èqoun to Ðdio, jetikì mètro, sunepĹgetai ìti to [−20, 20]^2 èqei ki autì Ĺpeiro mètro, Ĺtopo. ’Ara to A den eÐnai metrăsimo.

6. DeÐxte ìti den upĹrqei Ĺpeirh kai arijmăsimh s-Ĺlgebra uposunìlwn kĹpoiou sunìlou.

LÔsh tou 6. ’Estw ìti A = {A_1, A_2, . . .} eÐnai mia Ĺpeirh arijmăsimh s-Ĺlgebra uposunìlwn enìc sunìlou Ω. OrÐzoume thn exăc sqèsh isodunamÐac pĹnw sta stoiqeÐa tou Ω: x ∼ y an kai mìno an ta x kai y anăkoun akribÿc sta Ðdia stoiqeÐa thc A. To Ω diamerÐzetai ètsi se kĹpoiec klĹseic isodunamÐac K. Kajèna apì ta A_i eÐnai tìte mia ènwsh apì tètoiec klĹseic giatÐ an x ∈ A_i kai x ∼ y tìte kai y ∈ A_i. EpÐshc kĹje klĹsh K mporoÔme na th grĹyoume wc K = ⋂ x∈A_i A_i ∩ ⋂ x /∈A_i A^c_i , ìpou x èna tuqìn stoiqeÐo thc K, Ĺra K ∈ A afoÔ to parapĹnw eÐnai mia arijmăsimh tomă. Tèloc, to plăjoc twn klĹsewn eÐnai Ĺpeiro afoÔ an ătan peperasmèno h A ja ătan epÐshc peperasmènh, afoÔ kĹje stoiqeÐo thc eÐnai ènwsh klĹsewn. UpĹrqoun loipìn toulĹqiston oi klĹseic K_i, i ∈ N, kai Ĺra h A perièqei toulĹqiston ta sÔnola ⋃ i∈I K_i, ìpou I tuqìn uposÔnolo tou N, kai ìla autĹ eÐnai diaforetikĹ metaxÔ touc kai to plăjoc touc eÐnai uperarijmăsimo (ìso kai to dunamosÔnolo tou N).

7. Gia f, g : [0, 1] → R orÐzoume d(f, g) = ∫_1 0 |f − g| 1 + |f − g| .

DeÐxte ìti an f_n, f : [0, 1] → R, tìte f_n → f katĹ mètro an kai mìno an d(f_n, f) → 0.

LÔsh tou 7. ’Estw d(f_n, f) → 0 kai A_n = {|f_n − f| ≥ ϵ}, gia kĹpoio ϵ > 0. Upojèste ìti gia mia Ĺpeirh akoloujÐa n_k èqoume |A_{nk} | > c > 0. Tìte d(f_{nk} , f) ≥ ∫ A_{nk} |f_{nk} − f| 1 + |f_{nk} − f| ≥ ∫ A_{nk} ϵ 1 + ϵ ≥ c ϵ 1 + ϵ , prĹgma adÔnato apì thn upìjesh. H proteleutaÐa anisìthta dikaiologeÐtai apì to gegonìc ìti h sunĹrthsh x/(1 + x) eÐnai aÔxousa. Autì deÐqnei ìti |A_n| → 0 kai Ĺra f_n → f katĹ mètro. AntÐstrofa, an |A_n| → 0, èqoume d(f_n, f) = ∫ A_n |f_n − f| 1 + |f_n − f| + ∫ A^c_n |f_n − f| 1 + |f_n − f| ≤ |A_n| + ϵ, epeidă o oloklhrwtèoc eÐnai pĹnta ≤ 1. ’Ara lim sup_n d(f_n, f) ≤ ϵ, gia kĹje ϵ > 0, Ĺra d(f_n, f) → 0.

HrĹkleio, 6 NoembrÐou 2000