AnĹlush II: Telikì diagÿnisma Miq. KolountzĹkhc HrĹkleio, 26 Ian. 2000

1. a)’Estw (X, ρ) metrikìc qÿroc, a, b ∈ X, a ≠ b, kai èstw F ⊆ X to sÔnolo ekeÐnwn twn shmeÐwn tou X pou apèqoun apìstash ≤ 1 apì to a kai ≤ 2 apì to b. DeÐxte ìti to F eÐnai kleistì.

b) ’Estw f : (X, ρ) → (Y, d) suneqăc, K ⊆ X sumpagèc. DeÐxte ìti to sÔnolo f(K) = {f(x) : x ∈ K} eÐnai sumpagèc sto metrikì qÿro Y .

2. Mia sunĹrthsh f : A → R lègetai Lipschitz Ĺn upĹrqei mia jetikă stajerĹ L tètoia ÿste ∀x, y ∈ A na èqoume |f(x) − f(y)| ≤ L|x − y|. a) DeÐxte ìti kĹje Lipschitz sunĹrthsh eÐnai omoiìmorfa suneqăc sto pedÐo orismoÔ thc. b) Dÿste parĹdeigma omoiìmorfa suneqoÔc sunĹrthshc f : (0, 1) → R pou na mhn eÐnai Lipschitz.

3. a) ApofanjeÐte gia th sÔgklish twn parakĹtw seirÿn:

∞X_{n=2} 1_{(log n)n ,} ∞X_{n=2} 1_{(log n)10 ,} ∞X_{n=1} log n_{n .}

b) Na brejeÐ gia poia x sugklÐnoun oi seirèc:

∞X_{n=1 log n(x − 1)n,} ∞X_{n=1} 3−n_{n (x − 1)n,} ∞X_{n=0 3−n}3_{(x − 1)n.}

4. a) BreÐte to katĹ shmeÐo ìrio kai apofanjeÐte gia to omoiìmorfo thc sÔgklishc gia tic akoloujÐec sunartăsewn: f_n(x) = x^{1/n}, x ∈ (0.1, 10), kai g_n(x) = x^{−n}e^x, x ∈ [2, ∞). b) ’Estw f_n : R → R suneqeÐc, kai f_n → f omoiìmorfa sto R, kai x_n → x. DeÐxte ìti f_n(x_n) → f(x).

5. a) Dÿste paĹdeigma f_n : R → R, pou na sugklÐnoun katĹ shmeÐo se kĹpoia f : R → R, allĹ na upĹrqei akoloujÐa shmeÐwn x_n → x qwrÐc h akoloujÐa f_n(x_n) na sugklÐnei sto f(x).

b) Upojèste ìti upĹrqei sunĹrthsh k : R → R, paragwgÐsimh, me |k(x)| ≤ 1 pantoÔ, k(x) = 1, gia |x| ≤ 1, k(x) = 0, gia |x| ≥ 2. DÐdetai suneqăc f : R → R me lim_{|x|→∞} f(x) = 0. DeÐxte ìti h f mporeÐ na proseggisjeÐ omoiìmorfa sto R apì paragwgÐsimec sunartăseic (qrhsimopoiăsete to J. Stone-Weierstrass).

H diĹrkeia thc exètashc eÐnai 3 ÿrec, me kleistèc ìlec tic shmeiÿseic. KALH EPITUQIA