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H metaptuqiak  aut  ergasÐa pragmatopoi jhke sto Majhmatikì Tm ma tou Panepisth-

mÐou Kr thc sta plaÐsia tou metaptuqiakoÔ progr�mmatoc “Majhmatik� kai Efarmogèc

touc” ston tomèa “Jewrhtik� Majhmatik�” kai katatèjhke ton IoÔnio tou 2011. Thn epi-

trop  krÐshc aut c thc ergasÐac apotèlesan oi

M tshc Jemistokl c, EpÐkouroc Kajhght c

Papadhmhtr�khc Miqa l, Anaplhrwt c Kajhght c

PapadopoÔlou Souz�nna, Kajhg tria

Epiblèpwn Kajhght c  tan o k. Papadhmhtr�khc Miqa l.
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Sth mn mh tou patèra mou Leutèrh
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EuqaristÐec

Ja  jela na apeujÔnw èna meg�lo euqarist¸ ston epiblèponta kajhght  mou k. Pa-

padhmhtr�kh, pou qwrÐc th suneq  kai p�nta prìjumh kajod ghs  tou, h olokl rwsh

thc paroÔsac ergasÐac ja  tan adÔnath. 'Htan p�nta par¸n gia na me enjarrÔnei, na me

sthrÐxei yuqologik�, all� kai na me sumbouleÔsei sthn ulopoÐhsh thc ergasÐac mou. Wc

epist monac, all� kai wc �njrwpoc, eÐqe apolÔtwc kajoristik  sumbol  sth diamìrfwsh

kai olokl rwsh thc ergasÐac, all� kai apoteloÔse gia mèna mìnimo shmeÐo anafor�c se

ìlh th di�rkeia twn metaptuqik¸n mou spoud¸n. AnamfÐbola, jewr¸ ton eautì mou polÔ

tuqerì pou sunerg�sthka mazÐ tou.

EpÐshc, aisj�nomai thn an�gkh na euqarist sw to Jèmh M tsh, me ton opoÐo oi suqnèc

suzht seic pou èkana, se ìlh th di�rkeia thc ergasÐac, up rxan p�nta polÔtimec kai epoi-

kodomhtikèc.

'Hjela, epÐshc, na euqarist sw thn k. Souz�nna PapadopoÔlou, h opoÐa kat� tic meta-

ptuqiakèc mou spoudèc,  tan dÐpla mou, prìjumh na prosfèrei th bo jei� thc.

Ja  tan par�leiy  mou an den euqaristoÔsa to Gi¸rgo Kwst�kh, o opoÐoc, eidik� sto

pr¸to ètoc twn metaptuqiak¸n mou spoud¸n, moÔ prosèfere bo jeia tìso ston tomèa thc

enj�rrunshc kat� tic dÔskolec stigmèc, ìso kai se majhmatik� probl mata pou p�nta  tan

prìjumoc na akoÔsei kai na suzht sei mazÐ mou.
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MÖBIUS INVARIANT SPACES OF ANALYTIC FUNCTIONS

This master thesis consists of five chapters, including introduction.

In chapter 2, Möbius invariant function spaces are defined, examples of such spaces are

listed and some general propositions are proved. In chapter 3, the minimal Möbius invari-

ant function space M is presented along with the basic theorems concerning this space.

Chapter 4 is dedicated to the composition operator defined in a Möbius invariant function

space. Results related to conditions under which a composition operator maps a Möbius

invariant function space to itself are proved. Finally, in chapter 5, the focus is on the

study of composotion operator in the minimal Möbius invariant function space M and

there are proofs related to when this operator maps M to M.
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MÖBIUS ANALLOIWTOI QWROI ANALUTIKWN

SUNARTHSEWN

H paroÔsa ergasÐa apoteleÐtai apì pènte kef�laia, mazÐ me thn eisagwg .

Sto kef�laio 2 perièqetai o orismìc twn Möbius analloÐwtwn q¸rwn sunart sewn,

paradeÐgmata tètoiwn q¸rwn, kaj¸c kai k�poiec basikèc prot�seic pou aforoÔn se autoÔc.

Sto kef�laio 3 parousi�zetai o el�qistoc (minimal) Möbius analloÐwtoc q¸roc M
kai basik� jewr mata gi' autìn ton q¸ro. Sto kef�laio 4 paratÐjentai apotelèsmata

pou aforoÔn ston telest  sÔnjeshc ìtan autìc orÐzetai se èna Möbius analloÐwto q¸ro,

kaj¸c kai sunj kec gia to pìte o telest c autìc apeikonÐzei ènan tètoio q¸ro ston eautì

tou. Sto kef�laio 5 gÐnetai melèth tou telest  sÔnjeshc ìtan autìc orÐzetai ston

el�qisto Möbius analloÐwto q¸ro M kai apodeiknÔontai apotelèsmata gia to pìte o

telest c autìc apeikonÐzei to q¸ro M ston M.
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KEF�ALAIO 1

Eisagwg 

SumbolÐzoume me ∆(z; r) ton anoiktì dÐsko me kèntro z kai aktÐna r > 0 kai eidik¸tera

∆ = ∆(0; 1). H om�da Möbius G apoteleÐtai apì ìlec tic sunart seic φ oi opoÐec apeiko-

nÐzoun ton ∆ sÔmmorfa epÐ tou eautoÔ tou. K�je φ ∈ G èqei th morf 

φ(z) = λφα(z), |λ| = 1, α ∈ ∆.

ìpou

(1) φα(z) =
α− z

1 − αz

Merikèc forèc mporeÐ na jewr soume sthn φα na eÐnai |α| = 1, opìte h φα eÐnai stajer 

kai φα(z) = α.

H G eÐnai om�da wc proc thn pr�xh thc sÔnjeshc sunart sewn. Pr�gmati, an λφb kai µφα
eÐnai dÔo stoiqeÐa thc G, tìte èqoume

(2) (λφb ◦ µφα)(z) = λ
b− µ α−z

1−αz

1 − bµ α−z
1−αz

= λµ
bµ− α−z

1−αz

1 − bµ α−z
1−αz

= λµkφγ(z),

ìpou

(3) γ =
α− bµ

1 − αbµ

(4) k =
bµα− 1

1 − bµα

kai

|λµk| = 1

To oudètero stoiqeÐo thc G eÐnai to −φ0 = z kai to antÐstrofo stoiqeÐo tou λφα eÐnai to

λφλα.

EpÐshc, an z, w ∈ ∆ tìte h yeudoôperbolik  apìstash twn z kai w orÐzetai wc

ρ(z, w) =
∣∣∣ z − w

1 − zw

∣∣∣.
Gia φ ∈ G isqÔoun oi sqèseic

ρ(φ(z), φ(w)) = ρ(z, w)
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(5) |φ′(z)| =
1 − |φ(z)|2

1 − |z|2

EpÐshc, gia ψ : ∆ → ∆ analutik  èqoume, wc �mesec sunèpeiec tou L mmatoc tou Schwarz

tic sqèseic

(6) ρ(ψ(z), ψ(w)) 5 ρ(z, w)

(7) |ψ′(z)| 5 1 − |ψ(z)|2

1 − |z|2

H paroÔsa ergasÐa asqoleÐtai me th melèth grammik¸n q¸rwn analutik¸n sto ∆ sunar-

t sewn, oi opoÐoi apeikonÐzontai ston eautì touc, an p�roume th sÔnjesh f◦φ twn stoiqeÐwn
touc f me k�je sun�rthsh φ sthn om�da G.

'Estw ìti X eÐnai ènac grammikìc q¸roc analutik¸n sto ∆ sunart sewn pou perièqei tic

st�jerec sunart seic kai ‖· ‖X mÐa nìrma ston X. Ac upojèsoume ìti o X apeikonÐzetai

(an sunjèsoume ta stoiqeÐa tou me k�je Möbius sun�rthsh) ston euatì tou kat� èna

omoiìmorfa fragmèno trìpo, dhlad  ‖f ◦ φ− (f ◦ φ)(0)‖X 5 C‖f − f(0)‖X , ìpou f ∈ X

kai φ ∈ G. Ac upojèsoume, epiplèon, ìti o q¸roc X èqei thn idiìthta: h sÔgklish wc proc

thn nìrma tou X na sunep�getai thn omoiìmorfh sÔgklish sta sumpag  uposÔnola tou ∆

opìte kai thn kat� shmeÐo sÔgklish. Tìte o q¸roc autìc prèpei na eÐnai uposÔnolo tou

q¸rou Bloch B. O q¸roc B apoteleÐtai apì ìlec tic analutikèc sto ∆ sunart seic f gia

tic opoÐec isqÔei:

‖f‖B = |f(0)| + sup
|z|<1

|f ′(z)|(1 − |z|2) < +∞.

Ac aitiolog soume ton egkleismì X ⊂ B. Up�rqei C > 0 ¸ste |f ′(0)| 5 C‖f − f(0)‖X
gia k�je f ∈ X. An den isqÔei to teleutaÐo, tìte gia k�je n ∈ N up�rqei fn ∈ X

¸ste |f ′
n(0)| > n‖fn − fn(0)‖X . All� tìte jewr¸ntac thn akoloujÐa sunart sewn gn =

fn−fn(0)
n‖fn−fn(0)‖X

èqoume ìti ‖gn‖X = ‖fn−fn(0)‖X

n‖fn−fn(0)‖X
= 1

n
→ 0, kaj¸c n→ +∞. Epeid  upojèsame

ìti h sÔgklish wc proc thn nìrma sunep�getai thn omoiìmorfh sÔgklish sta sumpag 

uposÔnola tou ∆, èpetai ìti ja prèpei g′n(0) → 0. 'Omwc, |g′n(0)| = |f ′n(0)|
n‖fn−fn(0)‖X

> 1.

Katal goume loipìn se antÐfash. 'Ara up�rqei C > 0 ¸ste |f ′(0)| 5 C‖f − f(0)‖X gia

k�je f ∈ X. 'Estw α ∈ ∆. JewroÔme to antÐstoiqo φα ∈ G. Epeid  f ◦ φα ∈ X,

èqoume |(f ◦ φα)′(0)| 5 C‖f ◦ φα − (f ◦ φα)(0)‖X 5 C‖f − f(0)‖X , epomènwc isqÔei ìti

|f ′(φα(0))| |φ′
α(0)| 5 C‖f − f(0)‖X . Opìte telik�, gia k�je α ∈ ∆ èqoume

(8) |f ′(α)| (1 − |α|2) 5 C‖f − f(0)‖X
20



apì ìpou sunep�getai ìti X ⊆ B.

EpÐshc, me parìmoia epiqeir mata ìpwc parap�nw, èqoume ìti up�rqei C > 0 ¸ste

(9) |f(0)| 5 C‖f‖X

gia k�je f ∈ X. Apì tic sqèseic (8) kai (9) èpetai ìti

‖f‖B 5 C‖f‖X
gia k�je f ∈ X, apì ìpou sunep�getai ìti h emfÔteush tou q¸rou X ston B gÐnetai me

suneq  trìpo.

Sto kef�laio 2 aut c thc ergasÐac perièqetai o orismìc twn Möbius analloÐwtwn q¸rwn

sunart sewn, paradeÐgmata tètoiwn q¸rwn, kaj¸c kai k�poiec basikèc prot�seic pou afo-

roÔn se autoÔc. Sto kef�laio 3 parousi�zetai o el�qistoc (minimal) Möbius anallo-

Ðwtoc q¸roc M kai basik� jewr mata gi' autìn ton q¸ro. Sto kef�laio 4 paratÐjentai

apotelèsmata pou aforoÔn ston telest  sÔnjeshc Cψ(f) = f ◦ψ, ìpou ψ : ∆ → ∆ analu-

tik , kaj¸c kai sunj kec gia to pìte o telest c autìc apeikonÐzei ènan Möbius analloÐwto

q¸ro ston eautì tou. Sto kef�laio 5 gÐnetai melèth tou telest  sÔnjeshc Cψ ìtan

autìc orÐzetai ston el�qisto Möbius analloÐwto q¸ro M.

Sthn paroÔsa ergasÐa me dA ja sumbolÐzetai to kanonikopoihmèno ston ∆ mètro Lebesgue,

opìte
∫∫
∆

dA(z) = 1. EpÐshc, oi apìlutec stajerèc ja sumbolÐzontai me C kai pollèc forèc

dÔo stajerèc me to Ðdio sÔmbolo C sthn Ðdia sqèsh mporeÐ na mhn eÐnai Ðdiec. O sumbolismìc

f � g shmaÐnei ìti up�rqoun stajerèc C > 0 ¸ste Cg 5 f 5 Cg. Tèloc, to Cp, . . . dhl¸nei

ìti h stajer� exart�tai mìno apì thn posìthta p, . . ..
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KEF�ALAIO 2

Möbius analloÐwtoi q¸roi sunart sewn.

1. Orismìc Möbius analloÐwtou q¸rou sunart sewn.

Orismìc 1. 'Estw X ènac grammikìc q¸roc analutik¸n sto ∆ sunart sewn pou perièqei

tic stajerèc sunart seic kai ‖· ‖X mia nìrma se autìn. O X eÐnai Möbius analloÐwtoc an:

(a) gia k�je f ∈ X isqÔei f ∈ B kai

‖f‖B 5 C‖f‖X .

(b) o X eÐnai pl rhc.

(g) gia k�je φ ∈ G kai gia k�je f ∈ X, h sÔnjesh Cφ(f) = f ◦ φ an kei ston X kai

isqÔei:

‖f ◦ φ− (f ◦ φ)(0)‖X 5 C‖f − f(0)‖X .

Parat rhsh 1: K�poioi suggrafeÐc, ston orismì tou Möbius analloÐwtou q¸rou su-

nart sewn prosjètoun (ektìc apì tic parap�nw treic) mÐa akìma proôpìjesh:

(d) gia k�je f ∈ X, h apeikìnish φ 7→ f ◦φ eÐnai suneq c apì to G ston X. Dhlad :

an λn → λ kai αn → α tìte f ◦ (λnφαn) → f ◦ (λφα) ston X.

Sthn paroÔsa ergasÐa ja deqtoÔme wc orismì tou Möbius analloÐwtou q¸rou sunart se-

wn thn ikanopoÐhsh twn (a),(b) kai (g) pou epishm�name parap�nw. Gia thn epiprìsjeth

idiìthta (d) ja anafèroume gia k�je q¸ro pou exet�zoume an autìc thn ikanopoieÐ   ìqi.

Parat rhsh 2: Ston parap�nw orismì mporoÔme na antikatast soume thn (a) me thn:

(a)' h sÔgklish wc proc th nìrma sunep�getai thn omoiìmorfh sÔgklish sta sumpag 

uposÔnola tou ∆.

Sthn eisagwg  apodeÐqjhke ìti h (a)' mazÐ me th (g) sunep�gontai thn (a). Gia thn an-

tÐstrofh sunepagwg , upojètoume to (a) kai jewroÔme akoloujÐa sunart sewn fn pou

sugklÐnei sth mhdenik  sun�rthsh 0 ston X. Ja deÐxoume ìti èqoume kai thn omoiìmorfh

sÔgklish thc fn sthn 0 sta sumpag  uposÔnola tou ∆.

Apì thn (a) kai to ìti ‖fn‖X → 0 sunep�getai ‖fn‖B → 0. 'Estw 0 5 r < 1. Tìte gia

w ∈ ∆(0; r) èqoume
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|f ′
n(w)| 5 ‖fn‖B

1 − r2
.

'Ara gia z ∈ ∆(0; r) èqoume

|fn(z)| = |fn(0) +

z∫
0

f ′
n(w)dw|

5 |fn(0)| +
z∫

0

|f ′
n(w)|dw 5 ‖fn‖B +

r

1 − r2
‖fn‖B,

opìte

sup
z∈∆(0;r)

|fn(z)| 5 Cr‖fn‖B → 0.

'Ara fn → f omoiìmorfa sta sumpag  uposÔnola tou ∆.

2. ParadeÐgmata

(a) O p-q¸roc Besov Bp, ìpou 1 < p < +∞, orÐzetai wc o q¸roc twn analutik¸n

sto ∆ sunart sewn f gia tic opoÐec

∫∫
∆

|f ′(z)|p(1 − |z|2)p−2dA(z) < +∞.

Sto q¸ro Bp orÐzoume th nìrma ‖· ‖Bp mèsw thc

‖f‖pBp
= |f(0)|p + (p− 1)

∫∫
∆

|f ′(z)|p(1 − |z|2)p−2dA(z)

Me thn nìrma ‖· ‖Bp o q¸roc Bp eÐnai q¸roc Banach, opìte ikanopoieÐtai h proôpìjesh

(b) tou OrismoÔ 1.

Apìdeixh thc proôpìjeshc (a) tou OrismoÔ 1.

'Estw f ∈ Bp kai z ∈ ∆. JewroÔme ton dÐsko

∆(z; r), r =
1 − |z|

2

Gia thn analutik  sun�rthsh f ′ èqoume

(10) |f ′(z)| 5 1

|∆(z; r)|

∫∫
∆(z;r)

|f ′(w)|dA(w) 5 C

(1 − |z|)2

∫∫
∆(z;r)

|f ′(w)|dA(w)

Gia w ∈ ∆(z; r) eÐnai 1 − |w| � 1 − |z| opìte

|f ′(z)| 5 C

1 − |z|

∫∫
∆(z;r)

|f ′(w)|
1 − |w|

dA(w)
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Epeid  1 − |z| � 1 − |z|2 kai 1 − |w| � 1 − |w|2 èpetai ìti

|f ′(z)| 5 C

1 − |z|2

∫∫
∆(z;r)

|f ′(w)|
1 − |w|2

dA(w) ⇒

|f ′(z)| 5 C

1 − |z|2

∫∫
∆(z;r)

|f ′(w)|(1 − |w|2)
p−2

p

(1 − |w|2)
2p−2

p

dA(w)

An 1
p

+ 1
q

= 1, efarmìzontac thn anisìthta Hölder sto deÔtero mèloc thc teleutaÐac

sqèshc èqoume

|f ′(z)| 5 C

1 − |z|2
( ∫∫
∆(z;r)

|f ′(w)|p(1 − |w|2)p−2dA(w)
) 1

p
( ∫∫
∆(z;r)

1

(1 − |w|2)
(2p−2)q

p

dA(w)
) 1

q

5 Cp
1 − |z|2

‖f‖Bp

( ∫∫
∆(z;r)

1

(1 − |w|2)2
dA(w)

) 1
q
.

'Ara

|f ′(z)|(1 − |z|2) 5 Cp

( ∫∫
∆(z;r)

1

(1 − |w|2)2
dA(w)

) 1
q ‖f‖Bp

5 Cp

( 1

(1 − |z|2)2
· |∆(z; r)|

) 1
q ‖f‖Bp 5 Cp‖f‖Bp .

H teleutaÐa sqèsh, se sunduasmì me th sqèsh |f(0)| 5 ‖f‖Bp , mac dÐnei telik� ìti

‖f‖B 5 Cp‖f‖Bp < +∞.

Apìdeixh thc proôpìjeshc (g) tou OrismoÔ 1.

'Estw f ∈ Bp. An φ eÐnai mÐa sun�rthsh Möbius, tìte

‖f ◦ φ− (f ◦ φ)(0)‖pBp
= (p− 1)

∫∫
∆

|f ′(φ(z))|p|φ′(z)|p(1 − |z|2)p−2dA(z)

Qrhsimopoi¸ntac th sqèsh (5) èqoume

‖f ◦ φ− (f ◦ φ)(0)‖pBp
= (p− 1)

∫∫
∆

|f ′(φ(z))|p(1 − |φ(z)|2)p−2|φ′(z)|2dA(z)

K�nontac th sun jh allag  metablht c φ(z) = w èqoume ìti

‖f ◦ φ− (f ◦ φ)(0)‖pBp
= (p− 1)

∫∫
∆

|f ′(w)|p(1 − |w|2)p−2dA(w)

= ‖f − f(0)‖pBp

25



DeÐxame loipìn ìti o q¸roc Bp ikanopoieÐ to (g) tou OrismoÔ 1.

AxioshmeÐwto eÐnai ìti o q¸roc Bp ikanopoieÐ kai thn idiìthta (d).

'Otan p = 2 o 2-q¸roc Besov eÐnai gnwstìc wc q¸roc Dirichlet kai sumbolÐzetai me

D . O q¸roc autìc apoteleÐtai apì ìlec tic analutikèc sto ∆ sunart seic f twn opoÐwn

to embadì thc eikìnac touc (sumperilambanomènhc thc pollaplìthtac k�je tim c) eÐnai

peperasmèno. H nìrma ‖· ‖D tou q¸rou autoÔ orÐzetai mèsw thc

‖f‖2
D = |f(0)|2 +

∫∫
∆

|f ′(z)|2dA(z)

kai proèrqetai apì to eswterikì ginìmeno

〈f |g〉D = f(0)g(0) +

∫∫
∆

f ′(z)g′(z)dA(z)

dhlad  o D eÐnai q¸roc Hilbert.

(b) O q¸roc H∞ twn fragmènwn analutik¸n sunart sewn sto ∆ eÐnai

Möbius analloÐwtoc q¸roc, ìpwc eÐnai kai h �lgebra tou dÐskou A pou apoteleÐtai

apì tic sunart seic tou H∞ pou eÐnai suneqeÐc sto ∆, dhlad  sthn kleistìthta tou ∆. H

nìrma kai stic dÔo peript¸seic eÐnai h supremum nìrma, dhlad 

‖f‖H∞ = sup
∆

|f(z)|

kai

‖f‖A = max
z∈∆

|f(z)| = sup
z∈∆

|f(z)|

O A eÐnai kleistìc upìqwroc tou H∞. Oi q¸roi H∞ kai A eÐnai q¸roi Banach, opìte

ikanopoieÐtai h proôpìjesh (b) tou OrismoÔ 1.

Apìdeixh thc proôpìjeshc (a) tou OrismoÔ 1.

O q¸roc H∞ perièqetai ston q¸ro Bloch B. 'Estw f ∈ H∞. QwrÐc bl�bh thc genikìth-

tac, mporoÔme na upojèsoume ìti ‖f‖H∞ = 1. Tìte apì th sqèsh (7) gnwrÐzoume ìti

∣∣∣f ′(α)
∣∣∣ 5 1 − |f(α)|2

1 − |α|2
, α ∈ ∆

'Ara

(1 − |α|2)|f ′(α)| 5 1 − |f(α)|2 5 1, α ∈ ∆

Opìte telik� ‖f‖B 5 |f(0)| + 1 5 2‖f‖H∞ , opìte f ∈ B.
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EpÐshc, isqÔei A ⊂ H∞, �ra A ⊂ B.

Apìdeixh thc proôpìjeshc (g) tou OrismoÔ 1.

Gia f ∈ H∞ kai φ ∈ G èqoume

‖f ◦ φ− (f ◦ φ)(0)‖H∞ = sup
z∈∆

|f(φ(z)) − f(φ(0))|

5 sup
z∈∆

|f(φ(z)) − f(0)| + |f(0) − f(φ(0))|

= sup
w∈∆

|f(w) − f(0)| + |f(φ(0)) − f(0)|

5 2‖f − f(0)‖H∞

OmoÐwc gÐnetai h apìdeixh kai gia thn �lgebra tou dÐskou A.

O q¸roc H∞ den ikanopoieÐ thn idiìthta (d) pou anafèrjhke met� ton orismì 1. H idiìthta

(d) isqÔei ìmwc an sto q¸ro autì jewr soume thn asjen¸c-* topologÐa   thn topologÐa

thc omoiìmorfhc sÔgklishc sta sumpag  uposÔnola tou ∆. O q¸roc A ikanopoieÐ kai thn

idiìthta (d).

(g) EÐnai axioshmeÐwto ìti oi q¸roi Hardy Hp, 1 5 p <∞ den eÐnai Möbius analloÐw-

toi. MÐa analutik  sto ∆ sun�rthsh f an kei sto q¸ro Hp an

‖f‖Hp = sup
05r<1

{ 1

2π

2π∫
0

|f(reiθ)|pdθ
} 1

p
< +∞

Oi q¸roi autoÐ ikanopoioÔn tic sunj kec (a), (b) kai (d) tou orismoÔ 1 all� den ikano-

poioÔn th sunj kh (g) tou orismoÔ, giatÐ

‖φα‖Hp = 1(
1−|α|2

) 1
p
, α ∈ ∆.

Jewr¸ntac thn f(z) = z h opoÐa an kei sto q¸ro Hp, 1 5 p <∞ tìte an Ðsque h sunj kh

(g) tou orismoÔ 1 ja eÐqame

1(
1 − |α|2

) 1
p

= ‖φα‖Hp = ‖z ◦ φα‖Hp

5 C‖z‖Hp < +∞

PaÐrnontac ìrio sthn teleutaÐa sqèsh ìtan |α| → 1 èqoume �topo.

(d) O q¸roc BMOA. MÐa sun�rthsh f analutik  sto ∆ lème ìti eÐnai ston BMOA,

an an kei ston q¸ro H1, opìte h sunoriak  sun�rthsh f ston T an kei ston L1(T), kai

isqÔei
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sup
I

1

|I|

∫
I

|f(θ) − fI |dθ < +∞,

ìpou I eÐnai tuqaÐo tìxo tou T, |I| eÐnai to m koc tou I kai

fI =
1

|I|

∫
I

f(θ)dθ.

Sto q¸ro BMOA orÐzoume th nìrma

‖f‖BMOA = |f(0)| + sup
I

1

|I|

∫
I

|f(θ) − fI |dθ.

Gia k�je p ∈ [1,+∞) orÐzoume

‖f‖BMOAp = |f(0)| + sup
α∈∆

‖f ◦ φα − f(a)‖Hp .

EÐnai gnwstì ìti oi nìrmec ‖f‖BMOAp eÐnai ìlec isodÔnamec me th nìrma ‖f‖BMOA. Autì

eÐnai sunèpeia tou jewr matoc John - Nirenberg.

O q¸roc BMOA efodiasmènoc me th nìrma ‖· ‖BMOA eÐnai q¸roc Banach, �ra ikanopoieÐtai

h proôpìjesh (b) tou OrismoÔ 1.

O upìqwroc VMOA tou q¸rou BMOA apoteleÐtai apì tic sunart seic f pou eÐnai ana-

lutikèc sto ∆ kai gia tic opoÐec isqÔei

lim
|α|→1

‖f ◦ φα − f(α)‖Hp = 0.

O q¸roc VMOA tautÐzetai me thn kleistìthta twn poluwnÔmwn ston q¸ro BMOA, o-

pìte, wc kleistìc upìqwroc tou BMOA, eÐnai kai autìc q¸roc Banach.

Apìdeixh thc proôpìjeshc (a) tou OrismoÔ 1.

'Estw f ∈ BMOA kai α ∈ ∆. Tìte jètontac gα = f ◦ φα − f(α), èqoume ìti h gα eÐnai

analutik  sto ∆ kai g′α(z) = f ′(φα(z))φ
′
α(z). All� φ′

α(z) = |α|2−1
(1−αz)2 , opìte èqoume ìti

|g′α(0)| = |f ′(α)|(1 − |α|2). An 0 < r < 1, apì ton oloklhrwtikì tÔpo tou Cauchy èqoume

ìti

|f ′(α)|(1 − |α|2) = |g′α(0)| =
∣∣∣ 1

2πi

∫
|z|=r

gα(z)

z2
dz

∣∣∣
5 1

2πr

2π∫
0

|gα(reiθ)|dθ 5 ‖gα‖H1

r
.

PaÐrnontac ìrio ìtan r → 1−, èqoume

|f ′(α)|(1 − |α|2) 5 ‖gα‖H1
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'Ara

sup
|α|<1

|f ′(α)|(1 − |α|2) 5 sup
|α|<1

‖gα‖H1 ⇒ ‖f‖B 5 ‖f‖BMOA1 .

Profan¸c, to Ðdio isqÔei gia f ∈ VMOA.

Apìdeixh thc proôpìjeshc (g) tou OrismoÔ 1.

'Estw φ = λφb ∈ G kai f ∈ BMOA. Tìte

‖f ◦ φ− (f ◦ φ)(0)‖BMOA1 = sup
|α|<1

‖(f ◦ φ) ◦ φα − (f ◦ φ)(α)‖H1

= sup
|α|<1

‖f(λφb ◦ φα) − f(λφb(α))‖H1

All� φb ◦ φα = µφc gia k�poia µ me |µ| = 1 kai c ∈ ∆. Jètontac z = 0 sth sqèsh aut 

paÐrnoume φb(α) = µc, opìte

‖f(λφb ◦ φα) − f(λφb(α))‖H1 = ‖f(λµφc) − f(λµc)‖H1 = ‖f(φc) − f(c)‖H1

'Ara

‖f ◦ φ− (f ◦ φ)(0)‖BMOA1 5 sup
|c|<1

‖f ◦ φc − f(c)‖H1 = ‖f − f(0)‖BMOA1

Gia to q¸ro VMOA ja deÐxoume ìti an f ∈ VMOA kai φ ∈ G tìte f ◦ φ ∈ VMOA.

'Opwc prin eÐnai

‖(f ◦ φ) ◦ φα − (f ◦ φ)(α)‖H1 = ‖f ◦ φc − f(c)‖H1

An |α| → 1 tìte |c| → 1, opìte

lim
|α|→1

‖(f ◦ φ) ◦ φα − (f ◦ φ)(α))‖H1 = lim
|c|→1

‖f ◦ φc − f(c)‖H1 = 0.

'Ara f ◦ φ ∈ VMOA.

O q¸roc BMOA den ikanopoieÐ thn idiìthta (d) pou anafèrjhke met� ton orismì 1. H

idiìthta (d) ìmwc isqÔei ston BMOA an se autìn jewr soume thn asjen¸c-* topologÐa

  thn topologÐa thc omoiìmorfhc sÔgklishc sta sumpag  uposÔnola tou ∆. O q¸roc

VMOA ikanopoieÐ kai thn idiìthta (d).

(e) O q¸roc Bloch B eÐnai Möbius analloÐwtoc q¸roc. Sto q¸ro autì jewroÔme,

ìpwc èqoume  dh pei, th nìrma

‖f‖B = |f(0)| + sup
|z|<1

|f ′(z)|(1 − |z|2).

O q¸roc B efodiasmènoc me th nìrma ‖· ‖B eÐnai q¸roc Banach, epomènwc ikanopoieÐtai h

sunj kh (b) tou orismoÔ 1.

EpÐshc, eÐnai profanèc ìti ikanopoieÐtai h proôpìjesh (a) tou OrismoÔ 1.

Apìdeixh thc proôpìjeshc (g) tou OrismoÔ 1.

Ja qrhsimopoi soume th sqèsh (5). EÐnai
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‖f ◦ φ− (f ◦ φ)(0)‖B = sup
|z|<1

|(f ◦ φ)′(z)|(1 − |z|2)

= sup
|z|<1

|f ′(φ(z))||φ′(z)|(1 − |z|2)

= sup
|z|<1

|f ′(φ(z)|(1 − |φ(z)|2)

= sup
|w|<1

|f ′(w)|(1 − |w|2) = ‖f − f(0)‖B.

DeÐxame loipìn ìti

‖f ◦ φ− (f ◦ φ)(0)‖B = ‖f − f(0)‖B.

H sunj kh (d) (pou anafèrame wc parat rhsh met� ton orismì 1) den isqÔei gia to q¸ro

B. IsqÔei, ìmwc, kat� k�poio asjenèstero trìpo: h apeikìnish φ 7→ f ◦ φ eÐnai suneq c

apì to G sto q¸ro twn analutik¸n sto ∆ sunart sewn me thn topologÐa thc omoiìmorfhc

sÔgklishc sta sumpag  uposÔnola tou ∆.

(st) O q¸roc mikrìc Bloch B0, upìqwroc tou q¸rou Bloch B, apoteleÐtai apì tic

sunart seic f ∈ B gia tic opoÐec isqÔei

lim
|z|→1

|f ′(z)|(1 − |z|2) = 0

Sto q¸ro B0, jewroÔme thn Ðdia nìrma me aut  tou q¸rou B

‖f‖B0 = |f(0)| + sup
|z|<1

|f ′(z)|(1 − |z|2)

O q¸roc B0 eÐnai Möbius analloÐwtoc q¸roc.

Me th nìrma ‖· ‖B0 , o q¸roc B0 eÐnai kleistìc upìqwroc tou q¸rou B kai epomènwc eÐnai

q¸roc Banach. Opìte ikanopoieÐtai h sunj kh (b) tou OrismoÔ 1.

H sunj kh (a) tou OrismoÔ 1 isqÔei kat� profan  trìpo. Gia thn sunj kh (g) isqÔoun

ta Ðdia me to q¸ro B, all� prèpei na apodeÐxoume epiplèon ìti an f ∈ B0 kai φ ∈ G tìte

f ◦ φ ∈ B0. 'Eqoume ìti

|(f ◦ φ)′(z)|(1 − |z|2) = |f ′(φ(z))||φ′(z)|(1 − |z|2) = |f ′(φ(z))|(1 − |φ(z)|2).

'Ara

lim
|z|→1

|(f ◦ φ)′(z)|(1 − |z|2) = lim
|z|→1

|f ′(φ(z))|(1 − |φ(z)|2)

= lim
|w|→1

|f ′(w)|(1 − |w|2) = 0.

'Ara f ◦ φ ∈ B0.
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Epiplèon o q¸roc B0 ikanopoieÐ kai thn idiìthta (d).

3. Prot�seic gia touc Möbius analloÐwtouc q¸rouc

Prìtash 1. 'Estw X ènac Möbius analloÐwtoc q¸roc sunart sewn pou epiplèon ikano-

poieÐ thn idiìthta (d) pou d¸same met� ton orismì 1 kai g : [0, 2π] → R suneq c. An f ∈ X

kai z ∈ ∆, tìte o telest c

(11) T (f)(z) =
1

2π

2π∫
0

f(eiθz)g(θ)dθ

apeikonÐzei ton X ston X kai ‖T (f)‖X 5 ‖f‖X 1
2π

2π∫
0

|g(θ)|dθ.

Apodeixh. JewroÔme thn φ0(z) = −z. Epeid  o q¸roc X ikanopoieÐ thn idiìthta (d),

h apeikìnish θ 7→ 1
2π

[f ◦ (−eiθφ0)]g(θ) apì to di�sthma [0, 2π] ston q¸ro Banach X eÐnai

suneq c, �ra Riemann oloklhr¸simh. 'Ara, to olokl rwma T (f)(z) = 1
2π

2π∫
0

f(eiθz)g(θ)dθ

up�rqei wc stoiqeÐo tou X kai

‖T (f)(z)‖X =
∥∥∥ 1

2π

2π∫
0

f(eiθz)g(θ)dθ
∥∥∥
X

5 1

2π

2π∫
0

‖f(eiθz)‖X |g(θ)|dθ

=
1

2π

2π∫
0

‖f‖X |g(θ)|dθ

= ‖f‖X
1

2π

2π∫
0

|g(θ)|dθ

�

Prìtash 2. 'Estw X ènac Möbius analloÐwtoc q¸roc sunart sewn pou epiplèon ikano-

poieÐ thn idiìthta (d) pou d¸same met� ton orismì 1.

(i) An f ∈ X kai f(z) =
∑∞

n=1 αnz
n sto ∆, tìte αnzn ∈ X gia n = 0, 1, 2, . . . kai

|αn|‖zn‖X 5 ‖f‖X , n = 0, 1, 2, . . .

(ii) An o X den perièqei mìno tic stajerèc, tìte o X perièqei ìla ta polu¸numa kai

isqÔei ‖zn‖X 5 Cn, n = 0, 1, 2, · · ·

(iii) An o X den perièqei mìno tic stajerèc, tìte ta polu¸numa eÐnai pukn� ston X.
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Apodeixh. (i) JewroÔme to olokl rwma

1

2π

∫ 2π

0

f(eiϑz)e−inϑdθ.

SÔmfwna me thn Prìtash (1) autì to olokl rwma eÐnai stoiqeÐo tou q¸rou X kai ènac

aplìc upologismìc mac dÐnei thn tim  tou Ðsh me αnzn. EpÐshc, p�li sÔmfwna me thn Prìta-

sh (1), ja isqÔei h sqèsh ‖αnzn‖X 5 ‖f‖X , dhlad  |αn| ‖zn‖X 5 ‖f‖X .

(ii) 'Estw F (z) =
∑∞

0 αnz
n mia mh stajer  sun�rthsh ston X. StajeropoioÔme èna N gia

to opoio isqÔei αN 6= 0, N = 1. Tìte, sÔmfwna me to (i), zN ∈ X kai sunep¸c h sun�rthsh

( r−z
1−rz )

N an kei ston X gia ìla ta r ∈ (−1, 1). Gia r = 1
2
, èqoume ìti ìloi oi suntelestèc

Taylor thc sunarthshc (
z− 1

2

1− 1
2
z
)N eÐnai diaforetikoÐ apì to mhdèn. Efarmìzontac to (i) sth

sun�rthsh aut , èqoume ìti zn ∈ X gia n = 0, 1, . . . opìte o X perièqei ta polu¸numa.

EpÐshc, efarmìzontac to (i) sth sun�rthsh φr(z) = r−z
1−rz =

+∞∑
n=0

(1 − r2)rn−1zn, 0 5 r < 1,

èqoume

(1 − r2)rn−1‖zn‖X 5 C, 0 < r < 1

ìpou qrhsimopoi jhke to gegonìc ìti ‖φα‖X 5 C gia k�je α ∈ ∆. Autì isqÔei giatÐ

‖φα − φ(α)‖X = ‖z ◦ φα − (z ◦ φα)(0)‖X 5 C‖z‖X
kai epomènwc

‖φα‖X 5 C‖z‖X + |φ(α)| ‖1‖X 5 C

PaÐrnontac r2 = n−1
n+1

h parap�nw sqèsh dÐnei

‖zn‖X 5 C n+1
2

(1 + 2
n−1

)
n−1

2 5 Cn

apì ìpou èpetai to zhtoÔmeno.

(iii) 'Estw f ∈ X me f(z) =
+∞∑
n=0

αnz
n. Epeid  o X perièqei ìla ta polu¸numa èpetai ìti h

sun�rthsh

σn(f ; z) =
n∑
k=0

(1 − |k|
n+ 1

)αkz
k

apoteleÐ stoiqeÐo tou X. Me èna aplì upologismì blèpoume ìti

σn(f ; z) =
1

2π

∫ 2π

0

f(zeiθ)
n∑

k=−n

(1 − |k|
n+ 1

)e−ikθdθ
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Oi sunart seic Kn(θ) :=
∑n

k=−n(1 − |k|
n+1

)e−ikϑ eÐnai oi gnwstèc sunart seic tou Fejer.

Apì thn prìtash (1), èqoume ìti

‖σn(f)‖X 5 ‖f‖X
1

2π

2π∫
0

Kn(θ)dθ = ‖f‖X

'Estw ε > 0. Tìte up�rqei δ > 0, ¸ste ‖f(zeiθ) − f(z)‖X < ε, ìtan |θ| < δ. 'Eqoume

σn(f ; z) − f(z) =
1

2π

2π∫
0

f(zeiθ)Kn(θ)dθ −
1

2π

2π∫
0

f(z)Kn(θ)dθ

=
1

2π

2π∫
0

[
f(zeiθ) − f(z)

]
Kn(θ)dθ

Tìte

‖σn(f) − f‖X 5 1

2π

2π∫
0

‖f(eiθz) − f(z)‖XKn(θ)dθ

5 1

2π

∫
|θ|<δ

‖f(zeiθ) − f(z)‖XKn(θ)dθ

+
1

2π

∫
δ≤|θ|<π

‖f(zeiθ) − f(z)‖XKn(θ)dθ

5 ε+
1

2π
2‖f‖X

∫
δ≤|θ|<π

Kn(θ)dθ

Apì gnwst  idiìthta twn sunart sewn Fejer èqoume ìti an δ > 0 tìte
∫

δ≤|θ|<π
Kn(θ)dθ → 0

ìtan n→ +∞. 'Ara telik�

lim sup
n→+∞

‖σn(f) − f‖X 5 ε

opìte ‖σn(f) − f‖X → 0.

'Ara ta polu¸numa eÐnai pukn� sto q¸ro X.

�

Prìtash 3. 'Estw X ènac Möbius analloÐwtoc q¸roc sunart sewn pou epiplèon ikano-

poieÐ thn idiìthta (d) pou d¸same met� ton orismì 1. An f ∈ X tìte gia k�je r ∈ [0, 1)

h sun�rthsh fr(z) = f(rz) an kei ston X, ‖fr‖X 5 ‖f‖X kai fr → f ston X, kaj¸c

r ↑ 1.
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Apodeixh. 'Estw f ∈ X kai r ∈ [0, 1). EÐnai

fr(z) = f(rz) =
1

2π

2π∫
0

f(zeiθ)Pr(θ)dθ

ìpou Pr(θ) eÐnai o pur nac Poisson.

Qrhsimopoi¸ntac thn prìtash (1) èqoume ìti

‖fr‖X 5 ‖f‖X
1

2π

2π∫
0

Pr(θ)dθ = ‖f‖X .

EpÐshc, èqoume

fr(z) − f(z) =
1

2π

2π∫
0

f(eiθz)Pr(θ)dθ −
1

2π

2π∫
0

f(z)Pr(θ)dθ

=
1

2π

2π∫
0

[
f(eiθz) − f(z)

]
Pr(θ)dθ

opìte

(12) ‖fr − f‖X 5 1

2π

2π∫
0

‖f(eiθz) − f(z)‖XPr(θ)dθ.

'Estw ε > 0. Tìte up�rqei δ > 0 ¸ste ‖f(eiθz) − f(z)‖X < ε, ìtan |θ| < δ. Opìte, apì

th sqèsh (12), èqoume

‖fr − f‖X 5 1

2π

∫
|θ|<δ

‖f(eiθz) − f(z)‖XPr(θ)dθ

+
1

2π

∫
δ<|θ|<π

‖f(eiθz) − f(z)‖XPr(θ)dθ

5 ε+ 2‖f‖X
1

2π

∫
δ<|θ|<π

Pr(θ)dθ

'All� apì gnwst  idiìthta tou Pur na Poisson èqoume ìti gia δ > 0 eÐnai

1

2π

∫
δ<|θ|<π

Pr(θ)dθ → 0

ìtan r → 1. 'Ara

lim sup
r→1−

‖fr − f‖X 5 ε

opìte ‖fr − f‖X → 0 ìtan r → 1−. �
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KEF�ALAIO 3

O q¸roc M

Se aut  thn enìthta ja melet soume ton el�qisto Möbius analloÐwto q¸ro su-

nart sewn M.

O q¸roc M apoteleÐtai apì ìlec tic analutikèc sunart seic sto ∆ oi opoÐec eÐnai thc

morf c:

(13) f(z) =
∞∑
k=1

λkφαk
(z), |αk| 5 1

ìpou
∑∞

k=1 |λk| <∞.

Apì to krit rio tou Weierstrass prokÔptei ìti k�je f pou orÐzetai apì thn (13) eÐnai

analutik  sto ∆ kai suneq c sto ∆.

Sto q¸ro M orÐzoume th nìrma

‖f‖M = inf
{∑∞

k=1 |λk| : h sqèsh (13) isqÔei
}

Eidik¸tera, ‖φα‖M 5 1 gia k�je α ∈ ∆.

Blèpoume ìti sthn (13) h seir� sugklÐnei sthn f ìqi mìno wc proc thn omoiìmorfh sÔgklish

sta sumpag  uposÔnola tou ∆, all� kai wc proc th nìrma tou M. EÐnai

f −
n∑
k=1

λkφαk
=

+∞∑
k=n+1

λkφαk

'Ara ∥∥∥f −
n∑
k=1

λkφαk

∥∥∥
M

5
+∞∑

k=n+1

|λk|
n→+∞−−−−→ 0

An X eÐnai opoiosd pote Möbius analloÐwtoc q¸roc, pou epiplèon ikanopoieÐ thn idiìthta

(d) pou anafèrjhke met� ton orismì 1 kai den perièqei mìno tic stajerèc, tìte, ìpwc

deÐxame sthn Prìtash (2), h sun�rthsh f(z) = z an kei ston X. Genikìtera, èstw X

Möbius analloÐwtoc q¸roc pou perièqei thn tautotik  f(z) = z. Tìte o X perièqei ìlec

tic Möbius sunart seic. Epiplèon èqoume

‖
∞∑
k=1

λkφαk
‖X 5

∞∑
k=1

|λk| ‖φαk
‖X 5 C

∞∑
k=1

|λk|
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kai sunep¸c

(14) ‖f‖X 5 C‖f‖M, f ∈ M

Blèpoume loipìn ìti o q¸roc M emfuteÔetai suneq¸c se k�je �llo Möbius analloÐwto

q¸ro pou perièqei thn f(z) = z.

Apìdeixh thc proôpìjeshc (a) tou OrismoÔ 1.

Apì ta parap�nw èpetai ìti o q¸roc M perièqetai sto q¸ro Bloch B kai epiplèon isqÔei

ìti ‖f‖B 5 C‖f‖M.

Apìdeixh thc proôpìjeshc (b) tou OrismoÔ 1.

O q¸roc M me th nìrma pou orÐsame parap�nw eÐnai q¸roc Banach, �ra ikanopoieÐtai h

sunj kh (b) tou orismoÔ 1. Ja apodeÐxoume ton isqurismì autì.

'Estw fn ∈ M kai
+∞∑
n=1

‖fn‖M < +∞. Epilègoume anapar�stash gia k�je fn tètoia ¸ste

fn =
+∞∑
j=1

λn,jφαn,j
kai

+∞∑
j=1

|λn,j| 5 2‖fn‖M. EÐnai

+∞∑
n,j=1

|λn,j| =
+∞∑
n=1

( +∞∑
j=1

|λn,j|
)

5 2
+∞∑
n=1

‖fn‖M < +∞

'Eqoume
+∞∑
n=1

fn(z) =
+∞∑
n=1

( +∞∑
j=1

λn,jφαn,j
(z)

)
=

+∞∑
n,j=1

λn,jφαn,j
(z)

diìti h dipl  seir� sugklÐnei apolÔtwc. 'Ara f =
+∞∑
n=1

fn ∈ M opìte an m ∈ N tìte

f(z) −
m∑
n=1

fn(z) =
+∞∑

n=m+1

fn(z) =
+∞∑

n=m+1
j=1

λn,jφαn,j
(z)

'Ara ∥∥∥f(z) −
m∑
n=1

fn

∥∥∥
M

5
+∞∑

n=m+1
j=1

|λn,j| 5 2
+∞∑

n=m+1

‖fn‖M → 0

ìtan m→ +∞.

'Ara o M eÐnai q¸roc Banach.

Apìdeixh thc proôpìjeshc (g) tou OrismoÔ 1.

An f ∈ M, tìte èstw f − f(0) =
+∞∑
j=1

λjφαj
opoiad pote anapar�stash thc f − f(0).

Gia k�je φ ∈ G èqoume ìti φαj
◦ φ ∈ G. Jètontac φαj

◦ φ = µjφβj
, èqoume ìti

f ◦ φ− f(0) =
+∞∑
j=1

λjµjφβj
, opìte
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‖f ◦ φ− f(0)‖M 5
+∞∑
j=1

|λj|

EpÐshc,

|(f ◦ φ)(0) − f(0)| 5
+∞∑
j=1

|λj||φβj
(0)| 5

+∞∑
j=1

|λj|

'Ara

‖f ◦ φ− (f ◦ φ)(0)‖M 5 ‖f ◦ φ− f(0)‖M + ‖(f ◦ φ)(0) − f(0)‖M 5 2
+∞∑
j=1

|λj|

'Ara

‖f ◦ φ− (f ◦ φ)(0)‖M 5 2‖f − f(0)‖M
'Ara ikanopoieÐtai h sunj kh (g) tou OrismoÔ 1.

AxioshmeÐwto eÐnai ìti o q¸roc M ikanopoieÐ kai thn epiprìsjeth idiìthta (d) pou ana-

gr�fetai sthn parat rhsh met� ton orismì 1. O isqurismìc autìc ja apodeiqjeÐ sthn

upoenìthta 3.2.

Parak�tw apodeiknÔoume èna qr simo L mma.

L mma 1. Gia k�je α ∈ ∆ isqÔei ‖φα‖M = 1.

Apodeixh. 'Estw ìti

φα =
+∞∑
n=1

λnφαn , αn ∈ ∆,
+∞∑
n=1

|λn| < +∞

'Eqoume loipìn ìti,

|φα(z)| 5
+∞∑
n=1

|λn||φαn(z)| 5
+∞∑
n=1

|λn|, z ∈ ∆

PaÐrnontac ìrio sthn teleutaÐa sqèsh ìtan |z| → 1 èqoume ìti

1 5
+∞∑
n=1

|λn|

'Ara telik�

(15) 1 5 ‖φα‖M

Dedomènou ìti isqÔei kai h antÐstrofh anisìthta, èpetai to zhtoÔmeno. �
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1. To basikì je¸rhma ston M

Prin p�me sto basikì je¸rhma aut c thc enìthtac, ja apodeÐxoume dÔo qr sima, gia th

sunèqeia, l mmata.

L mma 2. An g sun�rthsh analutik  sto ∆ kai
∫∫
∆

|g′′(z)|dA(z) < +∞ tìte

g(z) − g(0) − g′(0)z = −
∫∫
∆

φα(z)
1

α
g′′(α)dA(α)

Apodeixh. 'Eqoume

−
∫∫
∆

φα(z)
1

α
g′′(α)dA(α) = − 1

π

∫ 1

0

∫ 2π

0

reiθ − z

1 − re−iθz

1

re−iϑ
g′′(reiθ)dθrdr

Jètontac ζ = eiθ gia 0 5 θ 5 2π tìte to ζ diatrèqei to monadiaÐo kÔklo T kai isqÔei

dθ = dζ
iζ

opìte to parap�nw olokl rwma gÐnetai

− 1

πi

∫ 1

0

∫
T

(rζ − z)ζ(
1 − rz

ζ

)
r
g′′(rζ)

dζ

ζ
rdr = − 1

πi

∫ 1

0

∫
T

(rζ − z)ζ

ζ − rz
g′′(rζ)dζdr

SÔmfwna me ton tÔpo tou Cauchy, to teleutaÐo olok rwma eÐnai Ðso me

−2

∫ 1

0

(r2z − z)rz g′′(r2z)dr = −zg′(0) + g(z) − g(0)

�

L mma 3. An f analutik  sun�rthsh sto ∆ tìte

∫∫
∆

1

|z|
|f(z)|dA(z) ≤ C

∫∫
∆

|f(z)|dA(z)

ìpou C stajer�.

Apodeixh. 'Estw f sun�rthsh analutik  sto ∆. 'Eqoume∫∫
∆

1

|z|
|f(z)|dA(z) =

∫∫
|z|< 1

2

1

|z|
|f(z)|dA(z) +

∫∫
1
2
5|z|<1

1

|z|
|f(z)|dA(z) = I1 + I2

An |z| < 1
2
, tìte ∆(z; 1

2
) ⊂ ∆ opìte
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|f(z)| 5 1

|∆(z; 1
2
)|

∫∫
∆(z; 1

2
)

|f(α)|dA(α) 5 C

∫∫
∆

|f(α)|dA(α)

Opìte

I1 5 C

∫∫
|z|< 1

2

1

|z|

∫∫
∆

|f(α)|dA(α)dA(z)

= C

∫∫
∆

|f(α)|dA(α)

∫∫
|z|< 1

2

1

|z|
dA(z) = C

∫∫
∆

|f(α)|dA(α).

Tèloc,

I2 ≤ C

∫∫
1
2
≤|z|<1

|f(z)|dA(z) ≤ C

∫∫
∆

|f(z)|dA(z).

'Ara telik� èqoume

I1 + I2 ≤ C

∫∫
∆

|f(z)|dA(z).

�

Je¸rhma 1. 'Estw f analutik  sto ∆. 'Eqoume ìti f ∈ M an kai mìno an∫∫
∆

|f ′′(z)|dA(z) < +∞

EpÐshc isqÔei

(16) ‖f‖M � |f(0)| + |f ′(0)| +
∫∫
∆

|f ′′(α)|dA(α)

Apodeixh. OrÐzoume to q¸ro sunart sewn X pou apoteleÐtai apì tic analutikèc ston

∆ sunart seic g me thn idiìthta g(0) = g′(0) = 0 kai
∫∫
∆

|g′′(α)|dA(α) < +∞.

Ston X orÐzoume th nìrma ‖g‖X =
∫∫
∆

|g′′(z)|dA(z). Apì to L mma (2) kai to gegonìc ìti

g(0) = g′(0) = 0 èqoume ìti o tautotikìc telest c I : X → X gr�fetai

Ig(z) = −
∫∫
∆

φα(z)
1

α
g′′(α)dA(α), g ∈ X
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'Estw ε > 0. JewroÔme diamèrish tou monadiaÐou dÐskou pou apoteleÐtai apì metr sima

sÔnola ∆j, xèna an� dÔo, pou èqoun yeudoôperbolik  di�metro mikrìterh apì ε. 'Estw αj

tuqìn shmeÐo tou ∆j. Tìte, an z ∈ ∆j, èqoume | αj−z
1−ᾱjz

| < ε.

Opìte

Ig(z) = −
∫∫
∆

φα(z)
1

α
g′′(α)dA(α) = −

+∞∑
j=1

∫∫
∆j

φα(z)
1

α
g′′(α)dA(α)

= −
+∞∑
j=1

φαj
(z)

∫∫
∆j

1

α
g′′(α)dA(α)

+
+∞∑
j=1

∫∫
∆j

[φαj
(z) − φα(z)]

1

α
g′′(α)dA(α)

OrÐzoume ton telest  S : X → X wc ex c

Sg(z) = −
+∞∑
j=1

φαj
(z)

∫∫
∆j

1

α
g′′(α)dA(α) + k(g) + λ(g)z,

ìpou

k(g) =
+∞∑
j=1

φαj
(0)

∫∫
∆j

1

α
g′′(α)dA(α)

kai

λ(g) =
+∞∑
j=1

φ′
αj

(0)

∫∫
∆j

1

α
g′′(α)dA(α).

O orismìc tou S eÐnai kalìc giatÐ Sg ∈ X, an g ∈ X. Apì to krit rio Weierstrass

èqoume ìti h seir�
∑+∞

j=1 φαj
(z)

∫∫
∆j

1
α
g′′(α)dA(α) sugklÐnei omoiìmorfa sto ∆, �ra h Sg

eÐnai analutik  sun�rthsh sto ∆. EpÐshc eÔkola blèpoume ìti Sg(0) = Sg′(0) = 0.

Epiplèon isqÔei

∫∫
∆

|Sg′′(z)|dA(z) 5 C
+∞∑
j=1

∫∫
∆j

|φ′′
αj

(z)|
∫∫
∆

|g′′(α)|dA(α)dA(z)

5 C

∫∫
∆

|φ′′
αj

(z)|dA(z)

5 C

∫∫
∆

1 − |α|
|1 − αz|3

dA(z) < +∞

ìpou gia thn ektÐmhsh tou teleutaÐou oloklhr¸matoc qrhsimopoi jhke h sqèsh (20) pou

ja apodeÐxoume parak�tw. 'Ara Sg ∈ X. Tìte
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(I − S)(g)(z) =
+∞∑
j=1

∫∫
∆j

[φαj
(z) − φα(z)]

1

α
g′′(α)dA(α) − k(g) − λ(g)z

H seir� sugklÐnei omoiìmorfa ston ∆ apì to krit rio tou Weierstrass, diìti∫∫
∆j

|φαj
(z) − φα(z)|

1

|α|
|g′′(α)|dA(α) 5 C

∫∫
∆j

|g′′(α)|dA(α)

kai
+∞∑
j=1

∫∫
∆j

|g′′(α)|dA(α) =

∫∫
∆

|g′′(α)|dA(α) < +∞.

'Ara

(I − S)(g)′′(z) =
+∞∑
j=1

∫∫
∆j

[φ′′
αj

(z) − φ′′
α(z)]

1

α
g′′(α)dA(α).

'Eqoume loipìn gia th nìrma tou (I − S)(g) ston X ìti

‖(I − S)(g)‖X =

∫∫
∆

|(I − S)(g)′′(z)|dA(z)

5
∫∫
∆

+∞∑
j=1

∫∫
∆j

|φ′′
αj

(z) − φ′′
α(z)|

1

|α|
|g′′(α)|dA(α)dA(z)

=
+∞∑
j=1

∫∫
∆j

( ∫∫
∆

∣∣∣φ′′
αj

(z) − φ′′
α(z)

∣∣∣dA(z)
) 1

|α|
|g′′(α)|dA(α)

(17)

Ja k�noume k�poiouc upologismoÔc gia to olokl rwma
∫∫
∆

|φ′′
αj

(z) − φ′′
α(z)|dA(z).

Epeid  h yeudoôperbolik  apìstash twn αj kai α eÐnai mikr , isqÔei h sqèsh

(18)
|1 − αjz|
|1 − αz|

� 1, z ∈ ∆

kai met� apì pr�xeic ∣∣∣φ′′
αj

(z) − φ′′
α(z)

∣∣∣ 5 C
|αj − α|
|1 − αz|3

(
1 +

1 − |α|2

|1 − αz|

)
'Eqoume loipìn

∫∫
∆

∣∣∣φ′′
αj

(z) − φ′′
α(z)

∣∣∣dA(z)

5 C|αj − α|
[ ∫∫

∆

1

|1 − αz|3
dA(z) + (1 − |α|2)

∫∫
∆

1

|1 − αz|4
dA(z)

](19)
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Ja ektim soume ta oloklhr¸mata touc deÔterou mèlouc thc sqèshc (19) k�nontac pr¸ta

k�poiouc genikoÔc upologismoÔc. Exet�zoume pr¸ta thn perÐptwsh ìpou 0 5 |α| 5 1
2
.

Tìte gia k ≥ 3 èqoume ∫∫
∆

1

|1 − αz|k
dA(z) 5

∫∫
∆

1

(1 − |α|)k
dA(z)

=
1

(1 − |α|)k
5 Ck

Ja exet�soume t¸ra thn perÐptwsh 1
2
< |α| 5 1. Jètontac β = 1

α
, d1 = |β|−1, d2 = d1 +2

kai ∆(β; d1; d2) = {z ∈ C : d1 5 |z| 5 d2} tìte, gia k = 3, èqoume∫∫
∆

1

|1 − αz|k
dA(z) 5 Ck

∫∫
∆

1∣∣∣z − 1
α

∣∣∣k dA(z)

= Ck

∫∫
∆

1

|z − β|k
dA(z)

5 Ck

∫∫
∆(β;d1;d2)

1

|z − β|k
dA(z)

5 Ck

d2∫
d1

1

rk
rdr 5 Ck

dk−2
1

5 Ck
(1 − |α|)k−2

Apì ta parap�nw sumperaÐnoume ìti gia k = 3 kai gia α ∈ ∆ èqoume

(20)

∫∫
∆

1

|1 − αz|k
dA(z) 5 Ck

(1 − |α|)k−2

'Ara apì thn (19)

∫∫
∆

∣∣∣φ′′
αj

(z) − φ′′
α(z)

∣∣∣dA(z) 5 Ck|αj − α|
[ 1

1 − |α|2
+

1 − |α|2

(1 − |α|2)2

]
5 C

|αj − α|
1 − |α|2

(21)

Apì thn
∣∣∣ α−αj

1−ααj

∣∣∣ < ε sunep�getai |α− αj| 5 Cε(1 − |α|2). Katal goume loipìn sto

(22)

∫∫
∆

∣∣∣φ′′
αj

(z) − φ′′
α(z)

∣∣∣dA(z) 5 C
|αj − α|
1 − |α|2

5 Cε

Opìte apì th sqèsh (17) èqoume
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(23) ‖(I − S)(g)‖X 5 Cε

∫∫
∆

1

|α|
|g′′(α)|dA(α) 5 Cε‖g‖X

'Ara ‖I − S‖ ≤ Cε kai an to ε epilegeÐ kat�llhla mikrì tìte mporoÔme na èqoume ìti

‖I−S‖ < 1. 'Ara o S : X → X eÐnai antistrèyimoc. Dhlad  an h ∈ X tìte up�rqei g ∈ X

¸ste

h(z) = Sg(z) = −
+∞∑
j=1

φαj
(z)

∫∫
∆j

1

α
g′′(α)dA(α) + k(g) + λ(g)z

Jètontac

(24) λj = λj(g) = −
∫∫
∆j

1

α
g′′(α)dA(α), k = k(g), λ = λ(g)

èqoume gia th sun�rthsh h ∈ X ìti

(25) h(z) =
+∞∑
j=1

λjφαj
(z) + k + λz

EpÐshc

|k| = |k(g)| 5
+∞∑
j=1

∫∫
∆j

|φαj
(0)| 1

|α|
|g′′(α)|dA(α)

5 C

∫∫
∆

|g′′(α)|dA(α) = C‖g‖X

= C‖S−1h‖X 5 C‖h‖X
kai

|λ| = |λ(g)| 5
+∞∑
j=1

∫∫
∆j

|φ′
αj

(0)| 1

|α|
|g′′(α)|dA(α)

5 C

∫∫
∆

|g′′(α)|dA(α) 5 C‖h‖X .

Epiplèon

+∞∑
j=1

|λj| ≤
+∞∑
j=1

∫∫
∆j

1

|α|
|g′′(α)|dA(α) =

∫∫
∆

1

|α|
|g′′(α)|dA(α) 5 C‖h‖X .
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'Ara

‖h‖M 5
+∞∑
j=1

|λj| + |k| + |λ| 5 C‖h‖X

Ac upojèsoume t¸ra ìti f eÐnai analutik  sto ∆ gia thn opoÐa isqÔei ìti∫∫
∆

|f ′′(z)|dA(z) < +∞.

Jètoume h(z) = f(z) − f(0) − f ′(0)z. Tìte h h eÐnai analutik  sto ∆, h′′ = f ′′ sto ∆,

h(0) = 0 kai h′(0) = 0. 'Ara h ∈ X, opìte h ∈ M opìte f ∈ M kai

‖f‖M = ‖f(0) + f ′(0)z + h‖M 5 |f(0)| + |f ′(0)| + ‖h‖M

5 C(|f(0)| + |f ′(0)| +
∫∫
∆

|h′′(z)|dA(z))

= C(|f(0)| + |f ′(0)| +
∫∫
∆

|f ′′(z)|dA(z))

'Ara

(26) ‖f‖M 5 C(|f(0)| + |f ′(0)| +
∫∫
∆

|f ′′(z)|dA(z))

SuneqÐzoume, t¸ra, thn apìdeixh tou Jewr matoc, deÐqnontac thn antÐstrofh sunepagwg .

Ja deÐxoume ìti an f ∈ M tìte

∫∫
∆

|f ′′(z)|dA(z) < +∞

'Estw α ∈ ∆. Apì th sqèsh (20) èqoume

(27)

∫∫
∆

|φ′′
α(z)|dA(z) 5 C(1 − |α|2)

∫∫
∆

1

|1 − αz|3
dA(z) 5 C

Epeid  f ∈ M èpetai ìti h f gr�fetai

f(z) =
∑+∞

j=1 λjφαj
(z), ìpou

∑+∞
j=1 |λj| < +∞
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'Eqoume loipìn ìti

∫∫
∆

|f ′′(z)|dA(z) =

∫∫
∆

|
+∞∑
j=1

λjφ
′′
αj

(z)|dA(z)

≤
∫∫
∆

+∞∑
j=1

|λj||φ′′
αj

(z)|dA(z)

=
+∞∑
j=1

|λj|
∫∫
∆

|φ′′
αj

(z)|dA(z) ≤ C
+∞∑
j=1

|λj|

'Ara

(28)

∫∫
∆

|f ′′(z)|dA(z) < C‖f‖M

OmoÐwc, f(0) =
+∞∑
j=1

λjαj kai f ′(0) =
+∞∑
j=1

λj(1 − |αj|2), epomènwc |f(0)| 5
+∞∑
j=1

|λj| kai

|f ′(0)| 5
+∞∑
j=1

|λj|. Opìte èqoume

|f(0)| 5 ‖f‖M
kai

|f ′(0)| 5 ‖f‖M
ìpou se sunduasmì me th sqèsh (28) katal goume sto

(29) |f(0)| + |f ′(0)| +
∫∫
∆

|f ′′(α)|dA(α) 5 C‖f‖M

Apì tic sqèseic (26) kai (29) èpetai h sqèsh (16).

�

To parak�tw pìrisma mac dÐnei ènan akìma qarakthrismì tou q¸rou M.

Pìrisma 1. MÐa analutik  sto ∆ sun�rthsh f an kei sto q¸ro M an kai mìno an h f

èqei anapar�stash thc morf c

(30) f(z) =

∫∫
∆

α− z

1 − αz
dµ(α)

gia k�poio peperasmèno mètro Borel sto ∆.

EpÐshc, isqÔei h sqèsh

‖f‖M = min{‖µ‖ : h sqèsh (30) isqÔei }
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Apodeixh. Arqik� ja apodeÐxoume ìti an f ∈ M tìte h f èqei anapar�stash ìpwc

aut  thc sqèshc (30). 'Estw f ∈ M. EÐdame ìti h f gr�fetai wc

f(z) = f(0) + f ′(0)z −
∫∫
∆

φα(z)
1

α
f ′′(α)dA(α)

= f(0)

∫∫
∆

φα(z)dδ1(α) − f ′(0)

∫∫
∆

φα(z)dδ0(α) −
∫∫
∆

φα(z)
1

α
f ′′(α)dA(α)

ìpou me δw sumbolÐsame to mètro Dirac sto shmeÐo w. An sthn parap�nw sqèsh jèsoume

dµ(α) = f(0)dδ1(α) − f ′(0)dδ0(α) − 1

α
f ′′(α)dA(α)

tìte èqoume ìti

f(z) =

∫∫
∆

φα(z)dµ(α)

AntÐstrofa, èstw ìti h f èqei anapar�stash ìpwc aut  thc sqèshc (30). Tìte èqoume ìti

f ′′(z) =

∫∫
∆

−2α(1 − |α|2)
(1 − αz)3

dµ(α)

'Ara ∫∫
∆

|f ′′(z)|dA(z) 5
∫∫
∆

∫∫
∆

2|α|(1 − |α|2)
|1 − αz|3

d|µ|(α)dA(z)

=

∫∫
∆

∫∫
∆

2|α|(1 − |α|2)
|1 − αz|3

dA(z)d|µ|(α)

Lìgw thc sqèshc (20), èqoume ìti∫∫
∆

|f ′′(z)|dA(z) 5 C‖µ‖M.

'Ara sÔmfwna me to Je¸rhma (1) èqoume ìti f ∈ M.

Ja apodeÐxoume t¸ra th sqèsh

‖f‖M = min
{
‖µ‖ : h sqèsh (30) isqÔei

}
'Estw Mf = {µ : f =

∫∫
∆

φαdµ(α)}. SÔmfwna me ìsa apodeÐxame parap�nw èqoume ìti

an f ∈ M tìte up�rqei µ tètoio ¸ste f(z) =
∫∫
∆

φαdµ(α). 'Ara Mf 6= ∅. JewroÔme

diamèrish tou ∆ se xèna metaxÔ touc sÔnola ∆j, me yeudoôperbolik  di�metro mikrìterh

apì ε, ìpwc sthn apìdeixh tou Jewr matoc (1). 'Eqoume
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f(z) =
+∞∑
j=1

∫∫
∆j

φα(z)dµ(α) +

∫
T

φα(z)dµ(α)

=
+∞∑
j=1

∫∫
∆j

(
φα(z) − φαj

(z)
)
dµ(α)

+
+∞∑
j=1

∫∫
∆j

φαj
(z)dµ(α) +

∫
T

αdµ(α)

=
+∞∑
j=1

∫∫
∆j

(
φα(z) − φαj

(z)
)
dµ(α)

+
+∞∑
j=1

φαj
(z)µ(∆j) +

( ∫
T

αdµ(α)
)
φ1(z)

EÐnai ∥∥∥ +∞∑
j=1

φαj
(z)µ(∆j) +

∫
T

αdµ(α)φ1(z)
∥∥∥
M

5
+∞∑
j=1

|µ(∆j)| +
∣∣∣ ∫

T

αdµ(α)
∣∣∣

= |µ|(∆) + |µ|(T) = ‖µ‖

Jètontac h(z) =
+∞∑
j=1

∫∫
∆j

(
φα(z) − φαj

(z)
)
dµ(α), èqoume

‖h‖M 5 C
(
|h(0)| + |h′(0)| +

∫∫
∆

|h′′(z)|dA(z)
)

Epeid  h yeudoôperbolik  apìstash twn αj kai α eÐnai mikrìterh apì ε èpetai ìti kai

|αj − α| 5 Cε. 'Ara

|h(0)| 5
+∞∑
j=1

∫∫
∆j

|αj − α|d|µ|(α) 5 Cε‖µ‖.

kai

|h′(0)| 5
+∞∑
j=1

∫∫
∆j

∣∣∣|αj|2 − |α|2
∣∣∣d|µ|(α) 5 Cε‖µ‖

EpÐshc,

∫∫
∆

|h′′(z)|dA(z) 5
+∞∑
j=1

∫∫
∆j

( ∫∫
∆

|φ′′
α(z) − φ′′

αj
(z)|dA(z)

)
d|µ|(α) 5 Cε‖µ‖,

ìpou qrhsimopoi same th sqèsh (22). 'Ara telik�

‖f‖M 5 (Cε+ 1)‖µ‖
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Opìte

‖f‖M 5 ‖µ‖

kai

(31) ‖f‖M 5 inf
µ∈Mf

‖µ‖.

H anisìthta sth sqèsh (31) eÐnai sthn pragmatikìthta isìthta. An f ∈ M, tìte apì

ton orismì thc nìrmac sto q¸ro M èqoume ìti ‖f‖M = inf{
∑
j

|λj|}, ìpou to infimum

paÐrnetai se ìlec tic apodektèc anaparast�seic f =
+∞∑
1

λjφαj
thc f .

K�je anapar�stash thc f thc morf c f =
+∞∑
1

λjφαj
antistoiqeÐ sto mètro µ =

+∞∑
1

λjδαj
,

opìte ìla aut� ta mètra µ an koun sto Mf kai ‖µ‖ =
+∞∑
j=1

|λj|. Epeid  h nìrma ‖f‖M

orÐzetai wc infimum aut¸n twn ‖µ‖, èpetai ìti

(32) ‖f‖M = inf
µ∈Mf

‖µ‖

Ja apodeÐxoume ìti to infimum sth sqèsh (32) eÐnai minimum, dhlad  up�rqei µ0 ∈ Mf

tètoio ¸ste ‖µ0‖ = ‖f‖M.

Apì th sqèsh (32) èpetai ìti up�rqei akoloujÐa mètrwn µn ∈ Mf ¸ste ‖µn‖ → ‖f‖M.

Epeid  h monadiaÐa mp�la sto q¸ro twn mètrwn eÐnai w∗-sumpag c, èpetai ìti up�rqei upa-

koloujÐa µnk
thc µn kai mètro µ0 ¸ste

(33) µnk

w∗
−→ µ0

Tìte

(34)

∫∫
∆

φαdµnk
(α) −→

∫∫
∆

φαdµ0(α)

EpÐshc isqÔei

(35) f =

∫∫
∆

φαdµnk
(α), α ∈ ∆
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Apì tic sqèseic (34) kai (35) prokÔptei ìti

(36) f =

∫∫
∆

φαdµ0(α)

opìte µ0 ∈Mf kai

‖f‖M 5 ‖µ0‖.

Apì th sqèsh (33) èqoume ìti

‖µ0‖ 5 lim inf
k

‖µnk
‖ = ‖f‖M.

'Ara

‖µ0‖ = ‖f‖M
'Ara deÐxame ìti

‖f‖M = min
µ∈Mf

‖µ‖.

�

Je¸rhma 2. O q¸roc M eÐnai 'Algebra kai isqÔei

(37) ‖fg‖M 5 C‖f‖M‖g‖M

Apodeixh. Ja xekin soume deÐqnontac ìti

‖φαφb‖M 5 C gia k�je α, b ∈ ∆.

ArkeÐ na deÐxoume thn parap�nw sqèsh gia b = 0 giatÐ

‖φαφb‖M = ‖z(φα ◦ φb)(z)‖M = ‖zφc‖M
'Estw ψ(z) = zφc(z). Tìte ψ(0) = 0, ψ′(0) = φc(0) = c kai ψ′′(z) = zφ′′

c (z) + 2φ′
c(z).

Opìte

‖ψ‖M 5 C
(
|ψ(0)| + |ψ′(0)| +

∫∫
∆

|ψ′′(z)|dA(z)
)

5 C
(
|c| +

∫∫
∆

|φ′′
c (z)|dA(z) + 2

∫∫
∆

|φ′
c(z)|dA(z)

)
5 C

(
1 +

∫∫
∆

1 − |c|2

|1 − cz|3
dA(z) + 2

∫∫
∆

1 − |c|2

|1 − cz|2
dA(z)

)
5 C

'Estw f, g ∈ M me f(z) =
∑∞

j=0 λjφαj
(z) kai g(z) =

∑∞
k=0 µkφbk(z) tìte èqoume
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fg =
∑
j,k

λjµkφαj
φbk

T¸ra èqoume ∑
j,k

|λj| |µk| ‖φαj
φbk‖M 5 C

∑
j,k

|λj| |µk|

5 C
∑
j

|λj|
∑
k

|µk| < +∞.

Epeid  o M eÐnai q¸roc Banach, sunep�getai ìti fg ∈ M kai

‖fg‖M 5
∑
j,k

|λj| |µk|‖φαj
φbk‖M 5 C

∑
j

|λj|
∑
k

|µk|

'Ara

‖fg‖M 5 C‖f‖M‖g‖M
�

2. H idiìthta (d) tou M

O q¸roc M, ektìc apì ton orismì tou Möbius analloÐwtou q¸rou, ikanopoieÐ kai thn

epiplèon idiìthta (d). Anafèroume xan� thn epiprìsjeth idiìthta tou q¸rou M: gia

k�je f ∈ M, h apeikìnish φ 7→ f ◦ φ eÐnai suneq c apì to G ston M. Dhlad : an

|µn| = |µ| = 1, αn, α ∈ ∆ ìpou µn → µ kai αn → α tìte f ◦ (µnφαn) → f ◦ (µφα) ston

M.

Ja apodeÐxoume pr¸ta dÔo qr sima L mmata.

L mma 4. An αn, α ∈ ∆ kai αn → α, tìte φαn → φα ston M.

Apodeixh. Lìgw thc sqèshc (16) èqoume ìti

‖φαn − φα‖M 5 C
(
|φαn(0) − φα(0)| + |φ′

αn
(0) − φ′

α(0)|

+

∫∫
∆

|φ′′
αn

(z) − φ′′
α(z)|dA(z)

)
5 C

(
|αn − α| +

∣∣∣|αn|2 − |α|2
∣∣∣

+

∫∫
∆

|φ′′
αn

(z) − φ′′
α(z)|dA(z)

)
Apì th sqèsh (21) èqoume ìti

∫∫
∆

|φ′′
αn

(z) − φ′′
α(z)|dA(z)

n→+∞−−−−→ 0 'Ara telik�

‖φαn − φα‖M
n→+∞−−−−→ 0

�

L mma 5. An β ∈ ∆, αn, α ∈ ∆, |µn| = |µ| = 1 kai µn → µ kai αn → α tìte èqoume ìti

φβ ◦ (µnφαn)
n→+∞−→ φβ ◦ (µφα) ston M.
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Apodeixh. K�nontac qr sh twn sqèsewn (2), (3), (4) kai orÐzontac ta kn kai k ìpwc

stic sqèseic autèc, èqoume ìti φβ ◦ (µnφαn) = µnknφγn kai φβ ◦ (µφα) = µkφγ, ìpou

γn = βµnαn−1
1−βµnαn

µnφβ(µnαn) kai γ = βµα−1
1−βµαµφβ(µα). Lìgw thc sunèqeiac thc φβ èqoume ìti

γn → γ. 'Ara

‖φβ ◦ (µnφαn) − φβ ◦ (µφα)‖M = ‖µnknφγn − µkφγ‖M
5 |µnkn| ‖φγn − φγ‖M + |µnkn − µk| ‖φγ‖M → 0.

�

Prìtash 4. H dr�sh φ 7→ f ◦ φ, apì thn om�da Möbius G sto q¸ro M, eÐnai suneq c.

Apodeixh. 'Estw ε > 0, αn, α ∈ ∆, |µn| = |µ| = 1, µn → µ, αn → α kai f ∈ M.

Epeid  f ∈ M, h f èqei anapar�stash thc morf c f(z) =
+∞∑
i=1

λiφci , ìpou λi, ci ∈ ∆ kai

+∞∑
i=1

|λi| < +∞. Up�rqei N ∈ N tètoio ¸ste

(38)
+∞∑

i=N+1

|λi| < ε

EpÐshc èqoume ìti f ◦ (µnφαn) =
+∞∑
i=1

λi(φci ◦ (µnφαn)) kai f ◦ (µφα) =
+∞∑
i=1

λi(φci ◦ (µφα)).

'Eqoume loipìn

‖f ◦ (µnφαn) − f ◦ (µφα)‖M =
∥∥∥ +∞∑
i=1

λi(φci ◦ (µnφαn)) −
+∞∑
i=1

λi(φci ◦ (µφα))
∥∥∥
M

5
N∑
i=1

|λi|‖φci ◦ (µnφαn) − φcj ◦ (µφα)‖M + 2
+∞∑

i=N+1

|λi|

5
N∑
i=1

|λi|‖φci ◦ (µnφαn) − φcj ◦ (µφα)‖M + 2ε

SÔmfwna me to L mma (5)

lim sup
n→+∞

‖f ◦ (µnφαn) − f ◦ (µφα)‖M 5 2ε

'Ara

f ◦ (µnφαn) → f ◦ (µφα)

ston M. �
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3. Duðkìthta

Je¸rhma 3. Wc isomorfismoÐ isqÔoun oi parak�tw sqèseic duðkìthtac

(39) M∗ ∼= B

kai

(40) B∗
0
∼= M

Apodeixh. Ja apodeÐxoume pr¸ta th sqèsh (39). 'Estw b ∈ B kai f ∈ M. OrÐzoume

thn apeikìnish lb : M → C wc ex c

lb(f) := f(0)b(0) + f ′(0)b′(0) +

∫∫
∆

1

α
f ′′(α)(1 − |α|2)b′(α)dA(α)

To olokl rwma
∫∫
∆

1
α
f ′′(α)(1 − |α|2)b′(α)dA(α) eÐnai kal� orismèno giatÐ∫∫

∆

1

|α|
|f ′′(α)|(1 − |α|2)|b′(α)|dA(α) 5 C‖b‖B

∫∫
∆

|f ′′(α)|dA(α) < +∞

EÔkola blèpoume ìti to lb eÐnai grammik  apeikìnish. EpÐshc èqoume

|lb(f)| 5
(
|f(0)| + |f ′(0)| + C

∫∫
∆

|f ′′(α)|dA(α)
)
‖b‖B 5 C‖b‖B‖f‖M

opìte to lb eÐnai fragmèno grammikì sunarthsoeidèc, �ra lb ∈ M∗ kai ‖lb‖ 5 C‖b‖B.
OrÐzoume ton telest  T : B → M∗, me T (b) = lb. 'Estw l ∈ M∗. OrÐzoume th sun�rthsh

b : ∆ → C wc ex c

b(0) = l(1)

kai

b′(z) =
l(φz) − l(1)z

|z|2 − 1

Ja deÐxoume ìti h b′ eÐnai analutik  sto ∆, dhlad  ìti to ìrio

lim
h→0

b′(z + h) − b′(z)

h
= lim

h→0
l
(1

h

(φz+h(w) − (z + h)

|z + h|2 − 1
− φz(w) − z

|z|2 − 1

))
up�rqei. Ja qrhsimopoi soume ton upologismì

φz(w) − z

|z|2 − 1
=

z−w
1−zw − z

|z|2 − 1
=

w

1 − zw
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Opìte

lim
h→0

1

h

(φz+h(w) − (z + h)

|z + h|2 − 1
− φz(w) − z

|z|2 − 1

)
= lim

h→0

1

h

( w

1 − (z + h)w
− w

1 − zw

)
= lim

h→0

w2

(1 − (z + h)w)(1 − zw)

=
w2

(1 − zw)2

Ja deÐxoume ìti to parap�nw shmeiakì ìrio apoteleÐ kai ìrio ston M. 'Eqoume∥∥∥ w2

(1 − (z + h)w)(1 − zw)
− w2

(1 − zw)2

∥∥∥
M

= |h|
∥∥∥ w3

(1 − zw)2(1 − (z + h)w)

∥∥∥
M

Jètontac Φh(w) := w3

(1−zw)2(1−(z+h)w)
èqoume ìti Φh(0) = 0 kai Φ′

h(0) = 0. EpÐshc, paÐr-

nontac |h| 5 1−|z|
2

èqoume ìti |Φ′′
h(w)| 5 Cz, ìpou Cz eÐnai mia stajer� pou exart�tai apì

to z kai ìqi apì to w. 'Ara

|h|
∥∥∥ w3

(1 − zw)2(1 − (z + h)w)

∥∥∥
M

5 |h|C
(
|Φh(0)| + |Φ′

h(0)| +
∫∫
∆

|Φ′′
h(w)|dA(w)

)
5 |h|Cz → 0

ìtan h→ 0.

ApodeÐxame loipìn ìti

1

h

(φz+h(w) − (z + h)

|z + h|2 − 1
− φz(w) − z

|z|2 − 1

)
→ w2

(1 − zw)2

ston M. 'Ara

l
(1

h

(φz+h(w) − (z + h)

|z + h|2 − 1
− φz(w) − z

|z|2 − 1

))
→ l

( w2

(1 − zw)2

)
'Ara

lim
h→0

b′(z + h) − b′(z)

h
= l

( w2

(1 − zw)2

)
Opìte

lim
h→0

b′(z + h) − b′(z)

h
= l

( w2

(1 − zw)2

)
'Ara b′ analutik  sto ∆. Ja deÐxoume t¸ra ìti b ∈ B kai ‖b‖B 5 C‖l‖. 'Eqoume

|b(0)| = |l(1)| 5 ‖l‖ ‖1‖M 5 ‖l‖

kai

(1 − |z|2)|b′(z)| = |l(φz − z)| 5 ‖l‖ ‖φz − z‖M
5 ‖l‖(1 + |z|) 5 2‖l‖

'Ara b ∈ B kai

(41) ‖b‖B 5 C‖l‖.
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An f ∈ M tìte h f gr�fetai f(z) =
+∞∑
j=1

λjφαj
(z) ìpou

+∞∑
j=1

|λj| < +∞. Epeid  h seir�

sugklÐnei sthn f ston M,

lb(f) =
+∞∑
j=1

λjlb(φαj
) =

+∞∑
j=1

λj

(
αjb(0) + (|α|2 − 1)b′(αj)

)

=
+∞∑
j=1

λjl(φαj
) = l(f)

ìpou qrhsimopoi jhke ìti

lb(φαj
) = αjb(0) + (|α|2 − 1)b′(αj).

Sto apotèlesma autì katal goume katìpin upologism¸n kai k�nontac qr sh tou oloklh-

rwtikoÔ tÔpou tou Cauchy. Opìte telik� èqoume ìti

l = lb = T (b)

�ra o T eÐnai epÐ.

EpÐshc apì th sqèsh (41) èqoume

‖b‖B 5 C‖l‖ = C‖T (b)‖M∗

opìte o T eÐnai isomorfismìc.

Ja apodeÐxoume t¸ra th sqèsh (40). 'Estw f ∈ M kai b ∈ B0. OrÐzoume thn apeikìnish

lf : B0 → C wc ex c

lf (b) = b(0)f(0) + b′(0)f ′(0) +

∫∫
∆

1

α
f ′′(α)(1 − |α|2)b′(α)dA(α)

EÔkola blèpoume ìti to lf eÐnai grammik  apeikìnish. EpÐshc èqoume

|lf (b)| 5
(
|f(0)| + |f ′(0)| + C

∫∫
∆

|f ′′(α)|dA(α)
)
‖b‖B 5 C‖f‖M‖b‖B

opìte to lf eÐnai fragmèno grammikì sunarthsoeidèc, �ra lf ∈ B∗
0 kai ‖lf‖ 5 C‖f‖M.

OrÐzoume ton telest  S : M → B∗
0 , me S(f) = lf . 'Estw l ∈ B∗

0 . OrÐzoume th sun�rthsh

f : ∆ → C wc ex c

f(0) = l(1)

kai

f(z) = l(bz) − l(1), z 6= 0

ìpou bz(w) = log 1
1−zw , w ∈ ∆ me bz(0) = 0. Me aploÔc upologismoÔc mporoÔme na

deÐxoume ìti bz ∈ B0. Ja deÐxoume ìti h f eÐnai analutik  sto ∆. 'Eqoume

1

h

(
f(z + h) − f(z)

)
=

1

h

(
l(bz+h) − l(bz)

)
= l

(1

h
(bz+h − bz)

)
= l

(1

h

(
log

1

1 − (z + h)w
− log

1

1 − zw

))
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All� ìtan h→ 0 :

1

h

(
log

1

1 − (z + h)w
− log

1

1 − zw

)
→ w

1 − zw
.

Ja deÐxoume ìti h teleutaÐa sqèsh sÔgklishc, ektìc apì shmeiak�, isqÔei kai wc proc th

nìrma tou q¸rou B0. Jètoume

Gh(w) =
1

h

(
log

1

1 − (z + h)w
− log

1

1 − zw

)
kai

G(w) =
w

1 − zw
.

Ja deÐxoume ìti ‖Gh(w) −G(w)‖B → 0 ìtan h→ 0. EÐnai

d

dw

(
Gh(w) −G(w)

)
=

hw

(1 − (z + h)w)(1 − zw)2

'Ara, �n |h| < 1−|z|
2

, èqoume

‖Gh(w) −G(w)‖B = |h| sup
w∈∆

(1 − |w|2) |w|
|1 − (z + h)w| |1 − zw|2

5 Cz|h|

kai epomènwc Gh(w) → G(w) ston B0.

'Eqoume loipìn ìti ìtan h→ 0:

l
(1

h

(
log

1

1 − (z + h)w
− log

1

1 − zw

))
→ l

( w

1 − zw

)
Opìte

1

h

(
f(z + h) − f(z)

)
h→0−−→ l

( w

1 − zw

)
kai

f ′(z) = l
( w

1 − zw

)
'Ara h f eÐnai analutik  sto ∆. Ja upologÐsoume t¸ra thn f ′′. 'Eqoume

f ′(z + h) − f ′(z)

h
=

1

h

[
l
( w

1 − (z + h)w

)
− l

( w

1 − zw

)]
= l

(1

h

( w

1 − (z + h)w
− w

1 − zw

))
'Eqoume ìti

1

h

( w

1 − (z + h)w
− w

1 − zw

)
→ w2

(1 − zw)2

ìtan h → 0. 'Opwc prin apodeiknÔetai ìti to ìrio ektìc apì shmeiakì eÐnai kai ìrio ston

B0. 'Ara

f ′′(z) = l
( w2

(1 − zw)2

)
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Ja deÐxoume ìti
∫∫
∆

|f ′′(z)|dA(z) < +∞, apì ìpou èpetai ìti f ∈ M. 'Estw h ∈ C(∆) kai

h(z) = 0 gia R < |z| < 1 gia k�poio R ∈ (0, 1). EÐnai

f ′′(z)h(z) = l
( w2

(1 − zw)2
h(z)

)
'Ara ∣∣∣ ∫∫

∆

f ′′(z)h(z)dA(z)
∣∣∣ =

∣∣∣ ∫∫
∆

l
( w2

(1 − zw)2
h(z)

)
dA(z)

∣∣∣
∗
=

∣∣∣l( ∫∫
∆

w2

(1 − zw)2
h(z)dA(z)

)∣∣∣
5 ‖l‖

∥∥∥∫∫
∆

w2

(1 − zw)2
h(z)dA(z)

∥∥∥
B0

Ja dikaiolog soume thn isìthta (*) sthn parap�nw sqèsh. 'Estw ε > 0. JewroÔme dia-

mèrish tou dÐskou ∆(0;R) pou apoteleÐtai apì metr sima sÔnola ∆j, ìpwc sto Je¸rhma

(1), kai shmeÐa zj ∈ ∆j. Ja deÐxoume ìti

(42)
n∑
j=1

w2

(1 − zjw)2
h(zj)|∆j| →

∫∫
∆

w2

(1 − zw)2
h(z)dA(z)

ston B0, kaj¸c ε→ 0. Jètontac h1(z) = 1
(1−zw)3

èqoume

(1 − |w|2)
∣∣∣ d
dw

[ n∑
j=1

w2

(1 − zjw)2
h(zj)|∆j| −

∫∫
∆(0;R)

w2

(1 − zw)2
h(z)dA(z)

]∣∣∣
5

n∑
j=1

∫∫
∆j

∣∣∣ 2w

(1 − zjwh(zj))3
h(zj) −

2w

(1 − zw)3
h(z)

∣∣∣dA(z)

5 C
n∑
j=1

∫∫
∆j

|h1(zj)h(zj) − h1(z)h(z)|dA(z)

5 C
n∑
j=1

∫∫
∆j

|h1(zj) − h1(z)| |h(z)|dA(z)

+
n∑
j=1

∫∫
∆j

|h1(zj)| |h(zj) − h(z)|dA(z) = I1 + I2

K�nontac pr�xeic kai qrhsimopoi¸ntac th sqèsh (18) katal goume sto

I1 5 Cε‖h‖∞
(1 −R)6
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EpÐshc, lìgw tou ìti h sun�rthsh h eÐnai omoiìmorfa suneq c sto ∆(0;R) èpetai ìti kaj¸c

to pl�toc thc diamèrishc teÐnei sto mhdèn ja up�rqei diamèrish ¸ste |h(zj) − h(z)| < ε,

opìte I2 5 Cε.

DeÐxame, loipìn, ìti h sÔgklish thc sqèshc (42) isqÔei sto q¸ro B. EÔkola deÐqnoume ìti
w2

(1−zjw)2
h(zj)|∆j| ∈ B0, j = 1, · · · , n. Epeid  o B0 eÐnai kleistìc upìqwroc tou B, èpetai

ìti h oriak  sun�rthsh
∫∫
∆

w2

(1−zw)2
h(z)dA(z) an kei sto B0, opìte h sÔgklish thc sqèshc

(42) isqÔei sto q¸ro B0. Opìte

l
( n∑
j=1

w2

(1 − zjw)2
h(zj)|∆j|

)
→ l

( ∫∫
∆

w2

(1 − zw)2
h(z)dA(z)

)
All�

l
( n∑
j=1

w2

(1 − zjw)2
h(zj)|∆j|

)
=

n∑
j=1

l
( w2

(1 − zjw)2

)
h(zj)|∆j|

'Omwc to teleutaÐo �jroisma teÐnei sto
∫∫
∆

l
(

w2

(1−zw)2

)
h(z)dA(z) kaj¸c to pl�toc thc dia-

mèrishc twn ∆j teÐnei sto mhdèn. Dikaiolog same loipìn thn isìthta (*).

EpÐshc

‖g‖B = sup
w∈∆

(1 − |w|2)
∣∣∣ ∫∫

∆

2w

(1 − zw)3
h(z)dA(z)

∣∣∣
5 2‖h‖L∞ sup

w∈∆
(1 − |w|2)

∫∫
∆

1

|1 − zw|3
dA(z) 5 C‖h‖L∞

Opìte ∣∣∣ ∫∫
∆

f ′′(z)h(z)dA(z)
∣∣∣ 5 C‖l‖ ‖h‖L∞

'Ara ∫∫
∆

|f ′′(z)|dA(z) 5 C‖l‖

sunep¸c f ∈ M.

Ja deÐxoume t¸ra ìti lf = l. An b ∈ B0 èqoume

lf (b) = b(0)f(0) + b′(0)f ′(0) +

∫∫
∆

1

α
f ′′(α)(1 − |α|2)b′(α)dA(α)

= b(0)l(1) + b′(0)l(w) +

∫∫
∆

1

α
l
( w2

(1 − zw)2

)
(1 − |α|2)b′(α)dA(α)

∗∗
= b(0)l(1) + b′(0)l(w) + l

( ∫∫
∆

1

α

w2

(1 − zw)2
(1 − |α|2)b′(α)dA(α)

)
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H isìthta (**) dikaiologeÐtai ìmoia me thn isìthta (*) parap�nw. Qrhsimopoi¸ntac ton

oloklhrwtikì tÔpo tou Cauchy kai katìpin upologism¸n brÐskoume ìti∫∫
∆

1

α

w2

(1 − zw)2
(1 − |α|2)b′(α)dA(α) = −wb′(0) + b(w) − b(0)

Opìte telik� èqoume

lf (b) = b(0)l(1) + b′(0)l(w) − b′(0)l(w) + l(b) − b(0)l(1) = l(b)

'Ara

Sf = lf = l

'Ara o S eÐnai epÐ. EpÐshc, èqoume

‖f‖M 5 C
(
|f(0)| + |f ′(0)| +

∫∫
∆

|f ′′(z)|dA(z)
)

5 C
(
|l(1)| + |l(w)| + c‖l‖

)
5 C‖l‖ = C‖Sf‖

'Ara o S eÐnai isomorfismìc. �
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KEF�ALAIO 4

Telestèc sÔnjeshc

1. 'Ena basikì je¸rhma

An�mesa stouc telestèc pou apeikonÐzoun èna Möbius analloÐwto q¸ro ston eautì tou,

idiaÐtero endiafèron parousi�zoun oi telestèc sÔnjeshc. Pio sugkekrimèna, an ψ eÐnai ana-

lutik  sun�rthsh pou apeikonÐzei to dÐsko ∆ ston eautì tou, tìte o telest c sÔnjeshc Cψ

Cψ(f) = f ◦ ψ

apeikonÐzei analutikèc sunart seic sto ∆ se analutikèc sunart seic sto ∆. Se aut 

thn enìththta ja melet soume pìte o telest c Cψ apeikonÐzei sugkekrimènouc Möbius

analloÐwtouc q¸rouc ston eautì touc.

Sta parak�tw ja qrhsimopoi soume to sumbolismì Mp(f ; r) pou orÐzoume wc ex c

Mp(f ; r) =
{ 1

2π

2π∫
0

|f(reiθ)|pdθ
} 1

p
, 0 5 r < 1, 1 5 p < +∞

kai

M∞(f ; r) = sup
05θ<2π

|f(reiθ)|, 0 5 r < 1

EpÐshc, mia basik , gia th sunèqeia, ènnoia eÐnai aut  tou subordination: 'Estw f kai F

sunart seic analutikèc sto ∆ me f(z) = F (ω(z)) gia k�poia sun�rthsh ω analutik  sto

∆ pou ikanopoieÐ thn |ω(z)| 5 |z|, tìte

Mp(f ; r) 5 Mp(F ; r), 1 5 p 5 +∞

AxioshmeÐwto eÐnai to gegonìc ìti h sun�rthsh ω den apaiteÐtai na eÐnai 1-1. MÐa apìdeixh

tou parap�nw apotelèsmatoc gia to subordination up�rqei sto [5].

Je¸rhma 4. 'Estw X opoiosd pote apì touc q¸rouc H∞, A, BMOA, VMOA, B kai

B0. Tìte apì thn analutik  ψ : ∆ → ∆ paÐrnoume èna fragmèno telest  sÔnjeshc ston X

an kai mìno an ψ ∈ X.

Apodeixh. 'Oloi oi q¸roi pou anafèrjhkan parap�nw perièqoun thn tautotik  sun�r-

thsh f(z) = z opìte eÐnai profanèc ìti ψ = z ◦ ψ ∈ X an o Cψ apeikonÐzei ton X ston

X. Gia to antÐstrofo, jewroÔme k�je èna q¸ro qwrist�. To zhtoÔmeno eÐnai profanèc gia

touc q¸rouc H∞ kai thn A.
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O q¸roc Bloch B apeikonÐzetai ston eautì tou apì ton telest  sÔnjeshc Cψ gia k�je

ψ : ∆ → ∆. Autì eÐnai mia sunèpeia thc:

|ψ′(z)|(1 − |z|2) 5 1 − |ψ(z)|2, z ∈ ∆.

An f ∈ B, tìte

|(f ◦ ψ)′(z)|(1 − |z|2) = |f ′(ψ(z))||ψ′(z)|(1 − |z|2)

5 |f ′(ψ(z))|(1 − |ψ(z)|2)

5 sup
|w|<1

|f ′(w)|(1 − |w|2)

5 ‖f‖B

(43)

EpÐshc èqoume ìti

|f(ψ(0)) − f(0)| =
∣∣∣ ψ(0)∫

0

f ′(z)dz
∣∣∣

5 max
z∈[0,ψ(0)]

|f ′(z)| |ψ(0)|

5 ‖f‖B
1 − |z|2

|ψ(0)|

5 ‖f‖B
1 − |ψ(0)|2

|ψ(0)|

'Opou parap�nw me [0, ψ(0)] sumbolÐzoume to sÔnolo twn shmeÐwn tou migadikoÔ epipèdou

pou brÐskontai sto eujÔgrammo tm ma me �kra ta shmeÐa 0 kai ψ(0). 'Eqoume loipìn

|f(ψ(0))| 5 ‖f‖B
1 − |ψ(0)|2

|ψ(0)| + |f(0)|

5 ‖f‖B
1 − |ψ(0)|2

|ψ(0)| + ‖f‖B

=
( |ψ(0)|

1 − |ψ(0)|2
+ 1

)
‖f‖B

(44)

Opìte apì th sqèsh (43) èqoume ìti

|f(ψ(0))| + |(f ◦ ψ)′(z)|(1 − |z|2) 5
( |ψ(0)|

1 − |ψ(0)|2
+ 1

)
‖f‖B + ‖f‖B

5 C‖f‖B

'Ara o telest c Cψ : B → B eÐnai fragmènoc.

Ac upojèsoume t¸ra ìti f ∈ B0, ψ ∈ B0 kai up�rqei akoloujÐa {zn} me |zn| → 1 all�

(f ◦ ψ)′(zn)(1 − |zn|2) = δ > 0

Qrhsimopoi¸ntac ston teleutaÐo upologismì thn analloÐwth morf  tou L mmatoc tou

Schwarz èqoume
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δ 5 |f ′(wn)|(1 − |wn|2), wn = ψ(zn).

Epeid  f ∈ B0 sumperaÐnoume ìti h {wn} den plhsi�zei to sÔnoro |w| = 1, dhlad  ìti

isqÔei |wn| 5 r0 gia k�poio r0 < 1. All� tìte |f ′(wn)| 5 Mr0 gia ìla ta n kai èqoume

δ 5 |f ′(ψ(zn))||ψ′(zn)|(1 − |zn|2) 5 Mr0|ψ′(zn)|(1 − |zn|2) → 0,

epeid  ψ ∈ B0. H antÐfash sthn opoÐa katal xame deÐqnei ìti f ◦ ψ ∈ B0.

Ja apodeÐxoume ìti an ψ ∈ BMOA tìte o Cψ apeikonÐzei ton BMOA ston eautì tou

'Estw α ∈ ∆. Upojètoume ψ(α) = 0. Jètoume φ = ψ ◦ φα : ∆ → ∆, opìte φ(0) = 0.

'Eqoume

‖(f ◦ ψ) ◦ φα − (f ◦ ψ)(α)‖2
H2 = sup

r<1

1

2π

2π∫
0

|f(φ(reiθ)) − f(0)|2dθ

5 sup
r<1

1

2π

2π∫
0

|f(reiθ) − f(0)|2dθ

= ‖f − f(0)‖2
H2

'Ara, ìtan ψ(α) = 0

(45) ‖(f ◦ ψ) ◦ φα − (f ◦ ψ)(α)‖2
H2 5 ‖f − f(0)‖2

H2

An t¸ra upojèsoume ìti to ψ(α) den eÐnai aparaÐthta mhdèn kai qrhsimopoi¸ntac th sqèsh

(φψ(α) ◦ ψ)(α) = 0, èqoume

‖(f ◦ ψ) ◦ φα − (f ◦ ψ)(α)‖2
H2

= ‖(f ◦ φψ(α) ◦ φψ(α) ◦ ψ) ◦ φα − (f ◦ φψ(α) ◦ φψ(α) ◦ ψ)(α)‖2
H2

5 ‖f ◦ φψ(α) − f ◦ φψ(α)(0)‖2
H2

= ‖f ◦ φψ(α) − f(ψ(α))‖2
H2 5 ‖f‖2

BMOA,

ìpou h prwteleutaÐa anisìthta parap�nw isqÔei lìgw thc sqèshc (45), dedomènou ìti

(φψ(α) ◦ ψ)(α) = 0. 'Ara

(46) sup
α∈∆

‖(f ◦ ψ) ◦ φα − (f ◦ ψ)(α)‖2
H2 5 ‖f‖2

BMOA,

opìte f ◦ ψ ∈ BMOA. 'Ara o Cψ apeikonÐzei ton BMOA ston BMOA.

Parìmoia me th sqèsh (44) kai k�nontac qr sh thc anisìthtac ‖f‖B 5 C‖f‖BMOA (mia

apìdeixh thc anisìthtac up�rqei sto [8], sel. 31) apodeiknÔoume ìti

|f(ψ(0))| 5 C‖f‖BMOA

pou se sunduasmì me th sqèsh (46) mac odhgeÐ sto

‖f ◦ ψ‖BMOA 5 C‖f‖BMOA.
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'Ara o telest c Cψ : BMOA→ BMOA eÐnai fragmènoc.

Gia to q¸ro VMOA èqoume ìti f ∈ VMOA an kai mìno an

lim
|α|→1

‖f ◦ φα − f(α)‖H2 = 0

'Estw ψ ∈ VMOA kai ψ : ∆ → ∆. Tìte gia k�je jetikì akèraio n èqoume

‖ψn ◦ φα − (ψ(α))n‖H2 =
∥∥∥{ψ ◦ φα − ψ(α)}

n−1∑
k=0

(ψk ◦ φα)(ψ(α))n−k−1
∥∥∥
H2

5 n‖ψ ◦ φα − ψ(α)‖H2 → 0,

kaj¸c |α| → 1.

Opìte ψn ∈ VMOA, �ra p ◦ ψ ∈ VMOA gia k�je polu¸numo p. O telest c sÔnjeshc

Cψ apeikonÐzei ton BMOA ston BMOA kai eÐnai fragmènoc. EpÐshc, o Cψ apeikonÐzei

ton upìqwro tou BMOA pou apoteleÐtai apì ìla ta polu¸numa ston VMOA. Epeid  ta

polu¸numa eÐnai pukn� ston VMOA èpetai ìti o Cψ apeikonÐzei ton VMOA ston VMOA.

�

2. Telestèc sÔnjeshc kai genikeumèna mètra Carleson

'Estw 0 < h < 1, 0 5 θ < 2π. Jètoume

Q(h, θ) = {reit : 1 − h < r < 1 kai |t− θ| < πh}
S(h, θ) = {reit : |reit − eiθ| < h}

EÐnai eÔkolo na doÔme ìti S(h, θ) ⊆ Q(h, θ), an 0 < h < 1, 0 5 θ < 2π kai ìti up�rqei

stajer� C ¸ste Q(h, θ) ⊆ S(Ch, θ), an 0 < h < 1
C
kai 0 5 θ < 2π. 'Ena peperasmèno

jetikì mètro µ sto ∆ eÐnai mètro Carleson, an up�rqei stajer� Cµ me

µ(Q(h, θ)) 5 Ch 0 < h < 1, 0 5 θ < 2π

  isodÔnama an

µ(S(h, θ)) 5 Cµh 0 < h < 1, 0 5 θ < 2π.

Ja deÐxoume ìti mètra pou ikanopoioÔn mÐa genikeumènh sunj kh Carleson (thn opoÐa ja

orÐsoume parak�tw) paÐzoun shmantikì rìlo sthn katanìhsh twn analutik¸n sunart sewn

ψ : ∆ → ∆ oi opoÐec par�goun fragmènouc telestèc sÔnjeshc se sugkekrimènouc Möbius

analloÐwtouc q¸rouc X.

XekinoÔme jewr¸ntac touc p-q¸rouc Besov Bp gia 1 < p < +∞. UpenjumÐzoume ìti

f ∈ Bp an kai mìno an
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∫∫
∆

|f ′(z)|p(1 − |z|2)p−2dA(z) < +∞.

'Estw mia analutik  sun�rthsh ψ : ∆ → ∆. Jèloume na prosdiorÐsoume pìte o telest c

sÔnjeshc Cψ apeikonÐzei to Bp sto Bp. K�nontac thn allag  metablht c w = ψ(z) èqoume

∫∫
∆

|(f ◦ ψ)′(z)|p(1 − |z|2)p−2dA(z) =

∫∫
∆

|f ′(ψ(z))|p{|ψ′(z)|(1 − |z|2)}p−2|ψ′(z)|2dA(z)

=

∫∫
∆

|f ′(w)|p Gψ(w)dA(w),

(47)

ìpou

Gψ(w) =
∑

ψ(z)=w

{|ψ′(z)|(1 − |z|2)}p−2.

An p = 2 tìte Gψ(w) eÐnai o plhj�rijmoc tou sunìlou ψ−1({w}). 'Estw µ to mètro

µ(E) =

∫∫
E

Gψ(w)dA(w)

Tìte o Cψ apeikonÐzei ton Bp ston Bp an kai mìno an h tautotik  apeikìnish apì ton

upìqwro tou Lp(∆, (1−|z|2)p−2dA), pou apoteleÐtai apì tic parag¸gouc twn sunart sewn

ston Bp, sto q¸ro Lp(µ) eÐnai fragmènh. Autì giatÐ an o telest c pou orÐzetai wc

T : Lp(∆, (1 − |z|2)p−2dA) → Lp(µ) me T (f ′) = f ′, gia k�je f ∈ Bp, eÐnai fragmènoc tìte

èqoume

‖T (f ′)‖Lp(µ) 5 C‖f ′‖Lp(∆,(1−|z|2)p−2dA)

dhlad  ∫∫
∆

|f ′(w)|p Gψ(w)dA(w) 5 C

∫∫
∆

|f ′(z)|p(1 − |z|2)p−2dA(z)

pou apì th sqèsh (47) sunep�getai ìti o Cψ apeikonÐzei ton Bp ston Bp.

AntÐstrofa an o Cψ apeikonÐzei ton Bp ston Bp tìte èqoume

‖f ◦ ψ‖Bp 5 C‖f‖Bp

kai qrhsimopoi¸ntac th sqèsh (47) èqoume ìti∫∫
∆

|f ′(w)|p Gψ(w)dA(w) 5 C

∫∫
∆

|f ′(z)|p(1 − |z|2)p−2dA(z)

pou sunep�getai ìti o T eÐnai fragmènoc.
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Ta parap�nw mac odhgoÔn ston akìloujo orismì.

Orismìc 2. 'Estw µ èna jetikì peperasmèno mètro sto ∆, X ènac Möbius analloÐwtoc

q¸roc kai ‖· ‖X h nìrma tou X. Ja lème ìti to µ eÐnai èna (X, p) − Carleson mètro, an

up�rqei mia stajer� C tètoia ¸ste

‖f ′‖Lp(µ) 5 C‖f‖X , f ∈ X.

To epìmeno je¸rhma qarakthrÐzei ta (Bp, p)−Carleson mètra kai tautìqrona ta (M, p)−
Carleson mètra, kajorÐzontac poièc ψ orÐzoun fragmènouc telestèc Cψ apì ton Bp ston

Bp kai apì ton M ston Bp.

Je¸rhma 5. 'Estw 1 < p <∞. Ta akìlouja eÐnai isodÔnama:

(1) to µ eÐnai (Bp, p) − Carleson mètro

(2) up�rqei mÐa stajer� Cp tètoia ¸ste µ(S(h, θ)) 5 Cph
p, gia k�je h ∈ (0, 1), kai

θ ∈ [0, 2π)

(3) up�rqei mia stajer� Cp tètoia ¸ste

∫∫
∆

(Pα(z))
pdµ(z) 5 Cp,

gia k�je α ∈ ∆, ìpou Pα(z) = 1−|α|2
|1−αz|2 .

(4) to µ eÐnai (M, p) − Carleson mètro.

Apodeixh. (1) ⇒(3): Upojètoume ìti h (1) isqÔei. Tìte

∫∫
∆

|f ′|pdµ 5 C
(
|f(0)| +

∫∫
∆

|f ′(z)|p(1 − |z|2)p−2dA(z)
)

gia ìlec tic sunart seic f ∈ Bp. Pio sugkekrimèna, an α ∈ ∆, autì isqÔei gia th sun�r-

thsh φα(z) = α−z
1−αz . 'Ara èqoume∫∫

∆

( 1 − |α|2

|1 − αz|2
)p
dµ(z) 5 C

(
|α| +

∫∫
∆

( 1 − |α|2

|1 − αz|2
)p

(1 − |z|2)p−2dA(z)
)

5 Cp

(
1 +

∫∫
∆

(1 − |α|2)p

|1 − αz|p+2
dA(z)

)
5 Cp

sÔmfwna me th sqèsh (20).
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(3) ⇒(4): Upojètoume ìti h (3) isqÔei. 'Estw f =
+∞∑
k=1

ckφαk
. Apì thn anisìthta

Minkowski èqoume

‖f ′‖Lp(µ) 5
+∞∑
k=1

|ck|
( ∫∫

∆

|φ′
αk

(z)|pdµ
) 1

p

=
+∞∑
k=1

|ck|
( ∫∫

∆

(Pα(z))
pdµ

) 1
p 5 Cp

+∞∑
k=1

|ck|

'Ara telik�

‖f ′‖Lp(µ) 5 Cp‖f‖M
gia k�je f ∈ M.

(4) ⇒(3): Upojètoume ìti h (4) isqÔei. Tìte jètontac f = φα paÐrnoume thn (3).

(3) ⇒(2): Upojètoume ìti h (3) isqÔei. 'Estw h ∈ (0, 1) kai θ ∈ [0, 2π). Jètoume

α = (1 − h)eiθ. Tìte

1 − |α|2

|1 − αz|2
� 1

h
,

an |z − eiθ| < h, kai sunep¸c

1

hp
µ(S(h, θ)) 5 Cp

∫∫
S(h,θ)

(
1 − |α|2

|1 − αz|2
)pdµ(z)

5 Cp

∫∫
∆

(
1 − |α|2

|1 − αz|2
)pdµ(z) 5 Cp

Opìte isqÔei h (2).

(2) ⇒(1): Upojètoume ìti h (2) isqÔei. Gia z = reiθ jètoume

E1(z) =
{
w : |w − z| < 1 − |z|

2

}
Tìte

E1(z) ⊆ S
(
2(1 − |z|), θ

)
Epiplèon, an w ∈ E1(z) tìte
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1 − |w| � 1 − |z|.

Epeid  h f eÐnai analutik  èqoume ìti kai h f ′ eÐnai analutik  opìte

|f ′(z)| 5 C

(1 − |z|)2

∫∫
E1(z)

|f ′(w)|dA(w)

'Etsi, ∫∫
∆

|f ′(z)|pdµ(z) 5 C

∫∫
∆

1

(1 − |z|)2

∫∫
E1(z)

|f ′(w)|pdA(w)dµ(z)

5 C

∫∫
∆

∫∫
∆

|f ′(w)|pχE1(z)(w)(1 − |w|)−2dA(w)dµ(z)

= C

∫∫
∆

|f ′(w)|p(1 − |w|)−2(

∫∫
∆

χE1(z)(w)dµ(z))dA(w)

'Omwc, an w ∈ E1(z), èqoume ìti |w − eiθ| < 2(1 − |w|). 'Ara

χE1(z)(w) 5 χS(2(1−|z|),θ)(w), z = |z|eiθ

'Ara

∫∫
∆

χE1(w)(z) dµ(z) 5 µ(S(2(1 − |w|), θ)) 5 A 2p (1 − |w|)p

Opìte èqoume

∫∫
∆

|f ′(z)|p dµ(z) 5 Cp

∫∫
∆

|f ′(w)|p(1 − |w|2)p−2dA(w) 5 Cp‖f‖Bp

pou shmaÐnei ìti to µ eÐnai (Bp, p) − Carleson mètro. �

MÐa eidik  perÐptwsh axÐzei na anaferjeÐ qwrist�. An p = 2 kai an up�rqei akèraioc N

tètoioc ¸ste o plhj�rijmoc n(w) tou sunìlou ψ−1({w}) na eÐnai 5 N gia ìla ta w ∈ ∆,

tìte o telest c Cψ apeikonÐzei ton Bp ston Bp. Autì èpetai apì thn analloÐwth morf 

tou L mmatoc Schwarz

|ψ′(z)|(1 − |z|2) 5 1 − |ψ(z)|2
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qrhsimopoioÔmenh kat� ton akìloujo trìpo:∫∫
∆

|(f ◦ ψ)′(z)|p(1 − |z|2)p−2dA(z) 5
∫∫
∆

|f ′(ψ(z))|p{|ψ′(z)|(1 − |z|2)}p−2|ψ′(z)|2dA(z)

5
∫∫
∆

|f ′(ψ(z))|p{1 − |ψ(z)|2}p−2|ψ′(z)|2dA(z)

=

∫∫
∆

|f ′(w)|p(1 − |w|2)p−2n(w)dA(w)

5 N

∫∫
∆

|f ′(w)|p(1 − |w|2)p−2dA(w).

Ac exet�soume thn eidik  perÐptwsh twn telest¸n sÔnjeshc sto q¸ro Dirichlet D gia

na doÔme p¸c to Je¸rhma (5) parèqei mia ap�nthsh gia to poiec sunart seic ψ : ∆ → ∆

apeikonÐzoun to q¸ro D ston eautì tou. To

‖f ◦ ψ‖D 5 ‖f‖D

isodunameÐ me

∫∫
∆

|f ′(w)|2n(w)dA(w) =

∫∫
∆

|f ′(ψ(z))|2|ψ′(z)|2dA(z)

5 |f(ψ(0))|2 +

∫∫
∆

|f ′(ψ(z))|2|ψ′(z)|2dA(z)

= ‖f ◦ ψ‖2
D 5 C

∫∫
∆

|f ′(z)|2dA(z)

'Etsi o telest c Cψ apeikonÐzei ton D ston D ìtan to dµ = n(w)dA eÐnai èna (D , 2) −
Carleson mètro. SÔmfwna me to Je¸rhma (5) autì sumbaÐnei akrib¸c ìtan

∫∫
∆

(1 − |α|2)2

|1 − αw|4
n(w)dA(w) 5 C, |α| < 1

  isodÔnama ìtan

h−2

∫∫
S(h,θ)

n(w)dA(w) 5 C, 0 < h < 1, 0 5 θ < 2π

Parak�tw èqoume èna je¸rhma pou qarakthrÐzei ta (B, p) − Carleson mètra.
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Je¸rhma 6. 'Estw µ èna jetikì peperasmèno mètro sto ∆ kai 0 < p <∞. Tìte

(48)

∫∫
∆

dµ(z)

(1 − |z|2)p
<∞

an kai mìno an up�rqei mia stajer� C tètoia ¸ste gia k�je f ∈ B na isqÔei

(49)
{ ∫∫

∆

|f ′(z)|pdµ(z)
} 1

p 5 C‖f‖B.

Apodeixh. 'Oti to (48) sunep�getai to (49) eÐnai eÔkolo. An f ∈ B tìte∫∫
∆

|f ′(z)|pdµ(z) =

∫∫
∆

{|f ′(z)|(1 − |z|2)}p(1 − |z|2)−pdµ(z)

5 ‖f‖Bp
∫∫
∆

dµ(z)

(1 − |z|2)p
.

AntÐstrofa, gia na apodeÐxoume ìti to (49) sunep�getai to (48) ja k�noume qr sh tou

parak�tw apotelèsmatoc pou afor� stic lacunary seirèc.

L mma 6. Upojètoume ìti {nk} eÐnai mia aÔxousa akoloujÐa jetik¸n akeraÐwn pou ikano-

poieÐ th sqèsh nk+1

nk
= λ > 1 gia ìla ta k. 'Estw 0 < p < ∞. Tìte up�rqei stajer� Bp,λ

tètoia ¸ste

B−1
p,λ

( N∑
k=1

|αk|2
) 1

2 5
( 1

2π

2π∫
0

∣∣∣ N∑
k=1

αke
inkθ

∣∣∣pdθ) 1
p

5 Bp,λ

( N∑
k=1

|αk|2
) 1

2

gia k�je α1, · · · , αN kai gia k�je N = 1, 2, · · · .

Mia apìdeixh tou parap�nw l mmatoc up�rqei sto [12].

'Estw, loipìn, ìti isqÔei h sqèsh (49). ArkeÐ na jewr soume mìno ekeÐna ta z gia ta opoÐa

r = |z| = 1
2
. Autì giatÐ an |z| 5 1

2
, tìte, dedomènou ìti to mètro µ eÐnai peperasmèno, h

sqèsh (48) isqÔei autìmata.

'Estw

f(z) =
∞∑
n=1

z2n

H f eÐnai analutik  sto ∆ kai an kei sto q¸ro B diìti gia r = |z| = 1
2
,
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|f ′(z)| 5
∞∑
n=1

2nr2n−1 5 C

∞∫
1

2xr2x

dx 5 C

1 − r

.

ìpou C eÐnai stajer�.

Jewr¸ntac th sun�rthsh fθ(z) = f(eiθz), èqoume ìti fθ ∈ B kai ‖f‖B = ‖fθ‖B.

Jètontac sth sqèsh (49) ìpou f thn fθ kai oloklhr¸nontac kai ta dÔo mèlh thc wc proc

θ èqoume

2π∫
0

∫∫
∆

|eiθf ′(eiθz)|pdµ(z)dθ 5 Cp

2π∫
0

‖f‖pBdθ

'Ara

1

2π

2π∫
0

∫∫
∆

|f ′(eiθz)|pdµ(z)dθ 5 Cp‖f‖pB

Epeid 

|f ′(eiθz)| = |
∞∑
k=1

2kei(2
k−1)θz2k−1|

èqoume ìti

∫∫
∆

1

2π

2π∫
0

|
∞∑
k=1

2kei(2
k−1)θz2k−1|pdθdµ(z) 5 Cp‖f‖pB.

Qrhsimopoi¸ntac to L mma (6) èqoume ìti

Cp

∫∫
∆

( ∞∑
k=1

22k|z|2(2k−1)
) p

2
dµ(z) 5

∫∫
∆

1

2π

2π∫
0

|
∞∑
k=1

2kz2k−1ei(2
k−1)θ|pdθdµ(z)

5 Cp‖f‖pB
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'Omwc,

C

(1 − |z|)2
5

∞∫
x0

22x|z|2(2x−1)dx 5
∞∑
k=1

22k|z|2(2k−1),

ìpou x0 = −log2log
1
|z| . Sunep¸c

∫∫
∆

1

(1 − |z|2)p
dµ(z) 5 Cp‖f‖pB

pou eÐnai autì pou jèlame na deÐxoume. �

70



KEF�ALAIO 5

Telestèc sÔnjeshc ston M

Sthn enìthta aut  parousi�zoume di�fora apotelèsmata pou sqetÐzontai me autèc tic ana-

lutikèc sunart seic ψ : ∆ → ∆ oi opoÐec par�goun fragmènouc telestèc sÔnjeshc ston

M.

Je¸rhma 7. O telest c Cψ : M → M me Cψ = f ◦ ψ eÐnai fragmènoc an kai mìno an

sup
α∈∆

‖φα ◦ ψ‖M < +∞

Apodeixh. Upojètoume arqik� ìti Cψ eÐnai fragmènoc. Tìte up�rqei C > 0 tètoio

¸ste ‖f ◦ ψ‖M 5 C‖f‖M, f ∈ M. An α ∈ ∆ tìte ‖φα ◦ ψ‖M 5 C‖φα‖M 5 C. 'Ara

sup
α∈∆

‖φα ◦ ψ‖M 5 C.

AntÐstrofa, upojètoume ìti sup
α∈∆

‖φα ◦ ψ‖M 5 C

'Estw f ∈ M tìte f =
+∞∑
n=1

λnφαn , αn ∈ ∆ kai
+∞∑
n=1

|λn| < +∞.

'Eqoume

f ◦ ψ =
+∞∑
n=1

λn (φαn ◦ ψ)

'Ara

‖f ◦ ψ‖M 5
+∞∑
n=1

|λn| ‖φαn ◦ ψ‖M 5 C
+∞∑
n=1

|λn|

Opìte

‖f ◦ ψ‖M 5 C‖f‖M.

'Ara o telest c Cψ eÐnai fragmènoc.

�
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L mma 7. An α ∈ ∆ tìte èqoume ìti

sup
α∈∆

‖φα ◦ ψ‖M < +∞

an kai mìno an

sup
α∈∆

∫∫
∆

|(φα ◦ ψ)′′(z)|dA(z) < +∞

Apodeixh. Apì to Je¸rhma (1) èqoume ìti

sup
α∈∆

‖φα ◦ ψ‖M < +∞

an kai mìno an

sup
α∈∆

(∣∣∣ α− ψ(0)

1 − αψ(0)

∣∣∣ +
1 − |α|2

|1 − αψ(0)|2
|ψ′(0)| +

∫∫
∆

|(φα ◦ ψ)′′(z)|dA(z)
)
< +∞

pou eÐnai isodÔnamo me to

sup
|α|<1

∫∫
∆

|(φα ◦ ψ)′′(z)|dA(z) < +∞

diìti ∣∣∣ α− ψ(0)

1 − αψ(0)

∣∣∣ 5 1

kai
1 − |α|2

|1 − αψ(0)|2
|ψ′(0)| 5 (1 − |α|2)(1 − |ψ(0)|2)

|1 − αψ(0)|2
5 4.

�

L mma 8. An α ∈ ∆ èqoume ìti

∫∫
∆

|φ′
α(z)|2dA(z) 5 C

ìpou C eÐnai mÐa stajer� anex�rthth tou α.

Apodeixh. 'Eqoume ìti

∫∫
∆

|φ′
α(z)|2dA(z) = (1 − |α|2)2

∫∫
∆

1

|1 − αz|4
dA(z) 5 C

lìgw thc sqèshc (20).

�
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L mma 9. An f ∈ M tìte èqoume∫∫
∆

|f ′(z)|2dA(z) 5 C‖f‖2
M

Apodeixh. 'Estw f ∈ M. Tìte

f =
+∞∑
n=1

λnφαn , αn ∈ ∆,
+∞∑
n=1

|λn| < +∞

'Eqoume

f ′(z) =
+∞∑
n=1

λnφ
′
αn

(z)

'Ara

|f ′(z)|2 5 (
+∞∑
n=1

|λn||φ′
αn

(z)|)2 5
+∞∑
n=1

|λn|
+∞∑
n=1

|λn||φ′
αn

(z)|2

'Eqoume loipìn

∫∫
∆

|f ′(z)|2dA(z) 5
+∞∑
n=1

|λn|
+∞∑
n=1

|λn|
∫∫
∆

|φ′
αn

(z)|2dA(z)

Qrhsimopoi¸ntac to L mma (8) sthn teleutaÐa sqèsh èqoume

∫∫
∆

|f ′(z)|2dA(z) 5 C(
+∞∑
n=1

|λn|)2

Opìte

∫∫
∆

|f ′(z)|2dA(z) 5 C‖f‖2
M

�
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L mma 10.

(50) sup
|α|<1

∫∫
∆

|φ′
α(ψ(z))|2 |ψ′(z)|2dA(z) < +∞

an kai mìno an

(51) sup
|α|<1

∫∫
∆

|φ′′
α(ψ(z))| |ψ′(z)|2dA(z) < +∞

Apodeixh. 'Opwc èqoume  dh k�nei, me nψ(w) ja sumbolÐzoume ton plhj�rijmo tou

sunìlou ψ−1({w}).
'Eqoume ìti

(50) ⇔ sup
|α|<1

∫∫
∆

(1 − |α|2)2

|1 − αψ(z)|4
|ψ′(z)|2dA(z) < +∞

⇔

(52) sup
|α|<1

(1 − |α|2)2

∫∫
∆

1

|1 − αw|4
nψ(w)dA(w) < +∞

EpÐshc gia th sqèsh (51) èqoume

(51) ⇔ sup
|α|<1

∫∫
∆

|α| 1 − |α|2

|1 − αψ(z)|3
|ψ′(z)|2dA(z) < +∞

⇔

(53) sup
|α|<1

(1 − |α|2)
∫∫
∆

1

|1 − αw|3
nψ(w)dA(w) < +∞.

Prin proqwr soume sthn apìdeixh, ja orÐsoume ta tetr�gwna Carleson (Carleson squares)

kai ja anafèroume dÔo sqèseic sqetik� me aut�. An α ∈ ∆, tìte jewroÔme to tìxo I,

m kouc

(54) |I| = 1 − |α|,

p�nw sto monadiaÐo kÔklo T, ètsi ¸ste, h aktÐna tou kÔklou pou dièrqetai apì to α, na

tèmnei to di�sthma I sto mèso tou. Tìte orÐzoume to antÐstoiqo tetr�gwno Carleson S(I)

(pou antistoiqeÐ sto di�sthma I kai kat' epèktash sto shmeÐo α) wc to sÔnolo

74



S(I) =
{
reit : eit ∈ I, 1 − |I|

2π
5 r < 1

}
ParathroÔme ìti S(I) = Q(θ;h) me eiθ = α

|α| kai h = |I|
2π
.

Sqetik� me to tìxo I ⊂ T kai to sÔnolo S(I) ⊂ ∆ isqÔei h parak�tw sqèsh

(55) |I| � |1 − αw|, w ∈ S(I)

Ja deÐxoume ìti tìso h (52) ìso kai h (53) eÐnai isodÔnamec me th sqèsh

(56) sup
I

1

|I|2

∫∫
S(I)

nψ(w)dA(w) < +∞,

ìpou C eÐnai mia stajer� anex�rthth tou I.

Apìdeixh (52) ⇒ (56) :

'Estw ìti isqÔei h sqèsh (52). Tìte èqoume

1

|I|2

∫∫
S(I)

nψ(w)dA(w) 5 (1 − |α|2)2

∫∫
S(I)

1

|1 − αw|4
nψ(w)dA(w)

5 (1 − |α|2)2

∫∫
∆

1

|1 − αw|4
nψ(w)dA(w) 5 Cψ

Apìdeixh (56) ⇒ (52) :

Upojètoume ìti isqÔei h (56). DiakrÐnoume dÔo peript¸seic

(i) 0 5 |α| 5 1
2
. Tìte èqoume ìti |1 − αw| = 1

2
. 'Ara

(1 − |α|2)2

∫∫
∆

1

|1 − αw|4
nψ(w)dA(w) 5 C

∫∫
∆

nψ(w)dA(w)

5 C|T|2 1

|T|2

∫∫
∆

nψ(w)dA(w) 5 C

(ii) 1
2

5 |α| < 1. JewroÔme to tìxo I0 ⊆ T pou kajorÐzetai apì to α. JewroÔme,

epÐshc, thn peperasmènh akoloujÐa tìxwn I0, I1, · · · , IN me koinì mèso kai m kh tètoia

¸ste |IN | < 2π 5 2|IN |. JewroÔme kai IN+1 = T. Tìte èqoume
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(1 − |α|2)2

∫∫
∆

1

|1 − αw|4
nψ(w)dA(w)

5 (1 − |α|2)2

∫∫
S(I0)

1

|1 − αw|4
nψ(w)dA(w)

+ (1 − |α|2)2

N∑
n=0

∫∫
S(In+1)rS(In)

1

|1 − αw|4
nψ(w)dA(w)

5 C
(1 − |α|)2

|I0|4

∫∫
S(I0)

nψ(w)dA(w)

+ C(1 − |α|)2

N∑
n=0

∫∫
S(In+1)rS(In)

1

(2n|I0|)4
nψ(w)dA(w)

5 C

|I0|2

∫∫
S(I0)

nψ(w)dA(w) +
C

|I0|2
N∑
n=0

1

24n

∫∫
S(In+1)rS(In)

nψ(w)dA(w)

5 C

|I0|2

∫∫
S(I0)

nψ(w)dA(w) +
C

|I0|2
N∑
n=0

1

24n

∫∫
S(In+1)

nψ(w)dA(w)

5 Cψ + Cψ

+∞∑
n=0

1

22n
= Cψ

Apìdeixh (53) ⇒ (56) :

'Estw ìti isqÔei h sqèsh (53). Tìte isqÔei

1

|I|2

∫∫
S(I)

nψ(w)dA(w) 5 (1 − |α|2)
∫∫
S(I)

1

|1 − αw|3
nψ(w)dA(w)

5 (1 − |α|2)
∫∫
∆

1

|1 − αw|3
nψ(w)dA(w) 5 Cψ

Apìdeixh (56) ⇒ (53) :

Upojètoume ìti isqÔei h (56). DiakrÐnoume dÔo peript¸seic

(i) 0 5 |α| 5 1
2
. Tìte èqoume ìti |1 − αw| = 1

2
. 'Ara

(1 − |α|2)
∫∫
∆

1

|1 − αw|3
nψ(w)dA(w) 5 C

∫∫
∆

nψ(w)dA(w)

5 C|T|2 1

|T|2

∫∫
∆

nψ(w)dA(w)

5 C
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(ii) 1
2

5 |α| < 1. JewroÔme ta Ðdia tìxa I0, I1, · · · , IN+1 me thn prohgoÔmenh apìdeixh.

Tìte:

(1 − |α|2)
∫∫
∆

1

|1 − αw|3
nψ(w)dA(w)

5 (1 − |α|2)
∫∫
S(I0)

1

|1 − αw|3
nψ(w)dA(w)

+ (1 − |α|2)
N∑
n=0

∫∫
S(In+1)rS(In)

1

|1 − αw|3
nψ(w)dA(w)

5 C(1 − |α|)
|I0|3

∫∫
S(I0)

nψ(w)dA(w)

+ C(1 − |α|)
N∑
n=0

∫∫
S(In+1)rS(In)

1

(2n|I0|)3
nψ(w)dA(w)

5 C

|I0|2

∫∫
S(I0)

nψ(w)dA(w) +
C

|I0|2
+∞∑
n=0

1

23n

∫∫
S(In+1)rS(In)

nψ(w)dA(w)

5 C

|I0|2

∫∫
S(I0)

nψ(w)dA(w) +
C

|I0|2
+∞∑
n=0

1

23n

∫∫
S(In+1)

nψ(w)dA(w)

5 Cψ + Cψ

+∞∑
n=0

1

22n
= Cψ.

�

Je¸rhma 8. 'Eqoume ìti

(57) sup
α∈∆

∫∫
∆

|(φα ◦ ψ)′′(z)|dA(z) < +∞,

dhlad  o Cψ eÐnai fragmènoc ston M, an kai mìno an

(58) sup
α∈∆

∫∫
∆

|φ′′
α(ψ(z))(ψ′(z))2|dA(z) < +∞

kai

(59) sup
α∈∆

∫∫
∆

|φ′
α(ψ(z))ψ′′(z)|dA(z) < +∞
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Apodeixh. Upojètoume pr¸ta ìti isqÔoun oi sqèseic (58) kai (59). Tìte èqoume ìti

sup
α∈∆

∫∫
∆

|(φα ◦ ψ)′′(z)|dA(z) = sup
α∈∆

∫∫
∆

|φ′′
α(ψ(z))(ψ′(z))2 + φ′

α(ψ(z))ψ′′(z)|dA(z)

5 sup
α∈∆

∫∫
∆

|φ′′
α(ψ(z))(ψ′(z))2|dA(z)

+ sup
α∈∆

∫∫
∆

|φ′
α(ψ(z))ψ′′(z)|dA(z) < +∞.

'Estw ìti isqÔei h sqèsh (57). Apì to L mma (7) èqoume

(60) ‖φα ◦ ψ‖M 5 Cψ.

'Ara apì to L mma (9) èqoume

∫∫
∆

|(φα ◦ ψ)′|2dA(z) 5 C‖φα ◦ ψ‖2
M 5 Cψ.

Opìte

(61)

∫∫
∆

|φ′
α(ψ(z))|2|ψ′(z)|2dA(z) 5 Cψ.

Apì to L mma (10) h sqèsh (61) eÐnai isodÔnamh me th sqèsh (58). 'Ara isqÔei h sqèsh

(58), epomènwc kai h (59). �

Prin per�soume sto epìmeno je¸rhma ja k�noume k�poiouc qr simouc upologismoÔc. 'Estw

ψ : ∆ → ∆ analutik . JewroÔme th sun�rthsh ψ1(z) = (φb ◦ ψ)(z), ìpou b = ψ(0).

Profan¸c ψ1(0) = 0 kai ψ = φb ◦ ψ1. An α ∈ ∆ jètoume d := b−α
1−bα . Se ìla ta parak�tw,

mèqri to tèloc thc ergasÐac, h sun�rthsh ψ1 kai to d ja qrhsimopoioÔntai ìpwc akrib¸c

orÐsthkan ed¸. 'Eqoume

1 − αψ(z) = 1 − α
b− ψ1(z)

1 − bψ1(z)

=
(1 − αb)(1 − dψ1(z))

1 − bψ1(z)

'Ara

(62)
1

|1 − αψ(z)|
=

|1 − bψ1(z)|
|1 − αb| |1 − dψ1(z)|

5 Cb

|1 − dψ1(z)|
.
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EpÐshc, qrhsimopoi¸ntac thn tautìthta

1 − |d|2 = 1 −
∣∣∣ b− α

1 − bα

∣∣∣2 =
(1 − |b|2)(1 − |α|2)

|1 − bα|2

èqoume

(63)
1 − |α|2

1 − |d|2
=

|1 − bα|2

1 − |b|2
5 Cb.

Ja k�noume ènan akìma upologismì. Apì thn (62) sunep�getai

sup
|z|=r

1

|1 − αψ(z)|
5 Cb sup

|z|=r

1

|1 − αψ1(z)|
5 Cb sup

|z|=r

1

1 − |α| |ψ1(z)|
5 Cb

1

1 − r|α|
,

epeid  |ψ1(z)| 5 |z|.

Je¸rhma 9. 'Estw ìti ψ : ∆ → ∆ kai ψ′′ ∈ H1. Tìte o telest c Cψ eÐnai fragmènoc

ston M.

Apodeixh. Epeid  ψ′′ ∈ H1 èpetai ìti ψ′ ∈ H∞. Gia na apodeÐxoume ton isqurismì

autì ja qrhsimopoi soume thn anisìthta tou Hardy. An f ∈ H1 me f(z) =
+∞∑
n=0

αnz
n tìte

(64)
+∞∑
n=0

|αn|
n+ 1

5 π‖f‖H1

An loipìn ψ′′(z) =
+∞∑
n=0

bnz
n tìte ψ′(z) = ψ′(0) +

+∞∑
n=0

bn
n+1

zn+1. Opìte èqoume

‖ψ′‖H∞ = ‖ψ′(0) +
+∞∑
n=0

bn
n+ 1

zn+1‖H∞

5 |ψ′(0)| +
+∞∑
n=0

|bn|
n+ 1

(64)

5 |ψ′(0)| + π‖ψ′′‖H1 < +∞

'Ara ψ′ ∈ H∞. Stouc parak�tw upologismoÔc ja qrhsimopoi soume subordination kaj¸c

kai tic sqèseic (20), (62) kai (63).∫∫
∆

1 − |α|2

|1 − αψ(z)|3
|ψ′(z)|2dA(z) 5 Cb‖ψ′‖2

∞

∫∫
∆

1 − |α|2

|1 − dψ1(z)|3
dA(z)

5 Cb‖ψ′‖2
∞

∫∫
∆

1 − |α|2

|1 − dz|3
dA(z)

5 Cb‖ψ′‖2
∞

1 − |α|2

1 − |d|2
5 Cb‖ψ′‖2

∞.
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EpÐshc èqoume

1

2π

1∫
0

2π∫
0

1 − |α|2

|1 − αψ(reiθ)|2
|ψ′′(reiθ)|dθdr 5

1∫
0

M1(ψ
′′; r)

{
sup
θ

1 − |α|2

|1 − αψ(reiθ)|2
}
dr

5 Cb

1∫
0

M1(ψ
′′; r)

1 − |α|2

(1 − |d|r)2
dr

5 Cb‖ψ′′‖H1

1∫
0

1 − |α|2

(1 − |d|r)2
dr

5 C
1 − |α|2

1 − |d|2
‖ψ′′‖H1 5 Cb‖ψ′′‖H1

(65)

Apì touc parap�nw upologismoÔc, kaj¸c kai to Je¸rhma (8), èqoume ìti o Cψ apeikonÐzei

to q¸ro M ston eautì tou. �

Prin doÔme parak�tw èna parìmoio je¸rhma, ja apodeÐxoume èna qr simo l mma.

L mma 11. An p > 1
2
tìte

π∫
−π

dθ

(1 − 2rcosθ + r2)p
= 2

π∫
0

dθ

(1 − 2rcosθ + r2)p
5 Ap

1

(1 − r)2p−1
.

Apodeixh. Epeid  sinx = 2
π
x ìtan 0 5 x 5 π

2
èpetai ìti gia θ ∈ [0, π]

1 − 2rcosθ + r2 = (1 − r)2 + 4rsin2
(θ

2

)
= (1 − r)2 +

4r

π2
θ2

'Ara gia r ∈ [1
2
, 1) èqoume ìti

2π∫
0

dθ

(1 − 2rcosθ + r2)p
5

2π∫
0

dθ

((1 − r)2 + 2π−2θ2)p

5
1−r∫
0

dθ

(1 − r)2p
+ Cp

2π∫
1−r

dθ

θ2p
5 Cp

(1 − r)2p−1
.

�

Je¸rhma 10. An u(r) = sup
θ

|ψ′′(reiθ)| eÐnai ston L1(0, 1) tìte o Cψ apeikonÐzei ton M
ston eautì tou.

Apodeixh. 'Enac aplìc upologismìc deÐqnei ìti ψ′ eÐnai fragmènh an
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u(r) = sup
θ

|ψ′′(reiθ)|

eÐnai oloklhr¸simh wc proc r. Pr�gmati, èqoume

|ψ′(z)| 5 |ψ′(0)| +
z∫

0

|ψ′′(w)| |dw| 5 |ψ′(0)| +
1∫

0

u(r)dr.

K�nontac upologismoÔc parìmoiouc me autoÔc thc sqèshc (65) èqoume∫∫
∆

1 − |α|2

|1 − αψ(reiθ)|3
|ψ′(reiθ)|2dθdr 5 C‖ψ′‖2

∞,

gia k�je α ∈ ∆.

Epiplèon, qrhsimopoi¸ntac tic sqèseic (62), (63) kai subordination èqoume

1∫
0

1

2π

2π∫
0

|ψ′′(reiθ)| 1 − |α|2

|1 − αψ(reiθ)|2
dθrdr 5

1∫
0

u(r){ 1

2π

2π∫
0

1 − |α|2

|1 − αψ(reiθ)|2
dθ}rdr

5 Cb

1∫
0

u(r){ 1

2π

2π∫
0

1 − |α|2

|1 − dψ1(reiθ)|2
dθ}rdr

5 Cb

1∫
0

u(r){ 1

2π

2π∫
0

1 − |α|2

|1 − dreiθ|2
dθ}rdr

5 Cb

1∫
0

u(r)
1 − |α|2

1 − |d|r
rdr

5 Cb

1∫
0

u(r)
1 − |α|2

1 − |d|2
dr

5 Cb

1∫
0

u(r) <∞.

Apì tic dÔo parap�nw sqèseic pou apodeÐxame kai to Je¸rhma (8), èqoume ìti o Cψ apei-

konÐzei to q¸ro M ston eautì tou. �

'Estw ψ ∈ M me ‖ψ‖∞ 5 1. To Je¸rhma (9) mac lèei ìti o Cψ apeikonÐzei ton M ston

M an

M1(ψ
′′; r) ∈ L∞(0, 1).

To Je¸rhma (10) mac lèei ìti o Cψ apeikonÐzei ton M ston M an
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M∞(ψ′′; r) ∈ L1(0, 1).

Sto je¸rhma pou akoloujeÐ ja qrhsimopoihjeÐ h ènnoia tou ginomènou Blaschke. An N ∈ N
kai 0 < |zn| < 1, n = 1, 2, · · · , N orÐzoume wc ginìmeno Blaschke bajmoÔ N th sun�rthsh

B(z) =
N∏
n=1

|zn|
zn

zn − z

1 − znz

To parak�tw eÐnai èna apotèlesma pou afor� sth nìrma tou telest  sÔnjeshc CB ìtan

to B eÐnai èna ginìmeno Blaschke bajmoÔ 2.

Prìtash 5. 'Estw B èna ginìmeno Blaschke bajmoÔ 2. Tìte

‖CB‖ 5 ‖Cz2‖ = ‖Mz‖

ìpou Cz2 eÐnai o telest c sÔnjeshc me th sun�rthsh z2, Mz eÐnai o pollaplasiasmìc epÐ z

kai ìloi oi telestèc apeikonÐzoun to q¸ro M ston eautì tou.

Apodeixh. 'Estw z1, z2 oi rÐzec tou B. An Γ eÐnai h uperbolik  eujeÐa pou en¸nei ta z1

kai z2 kai b to mèso an�mesa sta z1 kai z2 p�nw sth Γ , tìte h sun�rthsh φb apeikonÐzei to

b sto 0 kai ta z1, z2 se shmeÐa summetrik� wc proc to 0. H sun�rthsh φb (wc metasqhmati-

smìc Möbius ) diathreÐ tic uperbolikèc apost�seic, dhlad , an ρ eÐnai h yeudoôperbolik 

metrik , tìte ρ(z, w) = ρ(φb(z), φb(w)). Opìte, afoÔ isqÔei ìti ρ(z1, b) = ρ(z2, b), èpetai

ìti ja isqÔei kai ρ(φb(z1), φb(b)) = ρ(φb(z2), φb(b)), dhlad  ρ(φb(z1), 0) = ρ(φb(z2), 0). O-

pìte telik� èqoume ìti

|φb(z1)| = |φb(z2)|

'Ara ta φb(z1) kai φb(z2) èqoun Ðsec EukleÐdeiec apost�seic apì to kèntro tou monadiaÐou

dÐskou. EpÐshc, ja an koun kai sthn Ðdia eujeÐa (di�metro tou kÔklou) giatÐ oi gaiwdesiakèc

pou pern�ne apì to kèntro tou kÔklou eÐnai oi di�metroi, opìte h arqik  uperbolik  eujeÐa

Γ ja apeikonÐzetai se k�poia di�metro mèsw thc φb. Opìte ta shmeÐa φb(z1) kai φb(z2) eÐnai

summetrik� wc proc to kèntro O tou monadiaÐou dÐskou, �ra ja isqÔei φb(z1) = −φb(z2).

'Estw α = [φb(z1)]
2, tìte

φα(φb
2(zj)) = φα(α) = 0, j = 1, 2

H sun�rthsh φα(φb
2) eÐnai analutik  sto ∆ kai èqei rÐzec mìno tic z1 kai z2. Opìte h

sun�rthsh φα(φb
2)

B
eÐnai analutik  sto ∆, suneq c sto ∆ kai den èqei kamÐa rÐza sto ∆.

Epeid  eÐnai
∣∣∣φα(φb(z)

2)
B(z)

∣∣∣ = 1 sto T sunep�getai ìti
φα(φ2

b(z))

B(z)
= λ stajer  sto ∆. 'Ara telik�

φα(φb(z)
2) = λB(z), |λ| = 1, z ∈ ∆

82



DeÐxame, loipìn, ìti mporoÔme na broÔme shmeÐa α, b ∈ ∆ tètoia ¸ste

φα(φb
2) = λB, |λ| = 1

'Estw ψ = λφα. Tìte èqoume

f ◦ ψ ◦ z2 ◦ φb = f ◦ ψ ◦ φ2
b = f ◦ (λφα(φ

2
b)) = f ◦B

'Ara

‖f ◦B‖M = ‖f ◦ ψ ◦ z2 ◦ φb‖M = ‖f ◦ ψ ◦ z2‖M
5 ‖Cz2‖ ‖f ◦ ψ‖M = ‖Cz2‖ ‖f‖M

Parap�nw qrhsimopoi same to gegonìc ìti o telest c Cz2 apeikonÐzei ton M ston eautì

tou kai eÐnai fragmènoc, afoÔ ikanopoieÐ tic upojèseic tou Jewr matoc (8). Opìte èqoume

‖CB‖ 5 ‖Cz2‖.

'Estw α ∈ ∆. Jètoume α = b2. Tìte

φα ◦ z2 =
α− z2

1 − αz2
=

b2 − z2

1 − b
2
z2

=
b− z

1 − bz

b+ z

1 + bz
= (φb(z))(−φ−b(z))

Opìte èqoume ìti

φα(φ
2
b) = (φb(φb))(−φ−b(φb)) = z

2b
1+|b|2 − z

1 − 2b
1+|b|2 z

'Etsi

(66) φα(φb
2(z)) = zφc(z), c =

2b

1 + |b|2

DeÐxame, loipìn, ìti gia α ∈ ∆ kai α = b2 up�rqei c ∈ ∆ (c = 2b
1+|b|2 ) ¸ste φα(φ

2
b) = zφc(z).

AntÐstrofa, an c ∈ ∆ tìte up�rqei monadikì b ∈ ∆ tètoio ¸ste c = 2b
1+|b|2 kai sunep¸c me

α = b2 èqoume

(67) zφc(z) = φα(φb
2(z))

ìpou to α exart�tai apì to c.

DeÐxame, loipìn, ìti gia c ∈ ∆ mporoÔme na broÔme monadikì b ∈ ∆ (apì th sqèsh

c = 2b
1+|b|2 ) kai α ∈ ∆ (apì th sqèsh α = b2) ¸ste zφc(z) = φα(φb

2(z))

'Estw f =
∑
λjφcj èna stoiqeÐo tou M. Qrhsimopoi¸ntac th sqèsh (67) èqoume
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zf(z) =
∑

λjzφcj(z) =
∑

λjφαj
(φbj

2(z))

Opìte

‖zf(z)‖M 5
∑

|λj| ‖φαj
◦ φbj 2‖M

All� to φ2
bj

eÐnai ginìmeno Blaschke bajmoÔ 2, opìte, apì to pr¸to mèroc thc prìtashc

èqoume ìti

‖φαj
◦ φbj 2‖M 5 ‖φαj

‖M ‖Cφ2
bj
‖ = ‖Cφ2

bj
‖ 5 ‖Cz2‖

'Ara èqoume ìti

‖zf(z)‖ 5
∑

|λj| ‖Cz2‖

opìte

‖zf(z)‖M 5 ‖Cz2‖ ‖f‖M

�ra telik�

(68) ‖Mz‖ 5 ‖Cz2‖

An t¸ra upojèsoume ìti f =
∑
µjφαj

eÐnai ston M, kai, qrhsimopoi soume th sqèsh (67),

tìte èqoume

‖f ◦ z2‖M = ‖
∑

λjφαj
◦ z2‖M

5
∑

|λj| ‖φbjφ−bj‖M

=
∑

|λj| ‖zφcj‖M

5 ‖Mz‖
∑

|λj|,

opìte

‖f ◦ z2‖M 5 ‖Mz‖ ‖f‖M

Opìte

(69) ‖Cz2‖ 5 ‖Mz‖
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Apì tic exis¸seic (68) kai (69) èqoume telik� ìti

‖Cz2‖ = ‖Mz‖

�
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[1] J. Arazy, S. Fisher, J. Peetre, Möbius invariant function spaces, J. Reigne Angew. Math., 363, 1985,
110-145

[2] O. Blasco, Composition operators on the minimal space invariant under Möbius transformations,
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