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Preface

The 15th Panhellenic Conference on Mathematical Analysis (http://fourier.
math.uoc.gr/pcma2016/) was held at the Department of Mathematics and Ap-
plied Mathematics of the University of Crete, Greece, from 27 to 29 May, 2016.
This is the central conference of Mathematical Analysis in Greece and takes
place every couple of years. The 16th Conference will be held at the University
of the Aegean (Samos).

The topics of the conference included:

1.

4.

Harmonic Analysis, Geometric Analysis, Complex Analysis, Real Analy-
sis, Ergodic Theory.

. Functional Analysis, Operator Theory, Convex Analysis.

Differential Equations, Integral Equations, Stochastic Differential Equa-
tions, Dynamical Systems, Probability.

Numerical Analysis, Optimization, Control Theory, Special Functions.

In the Conference Proceedings (this volume) we have included the contribu-
tions of those participants who chose to submit a paper or a detailed description
of their presentation. We thank those participants for their contribution.

The Organizing Committee,

Nikos Frantzikinakis
Mihalis Kolountzakis
Themis Mitsis

Mihalis Papadimitrakis
Achilles Tertikas
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The Operations on B-convex Sets and B-convex
Functions

Gabil Adilov and Ilknur Yesilce
November 22, 2016

Abstract

B-convex sets and functions were introduced and studied in [3, 4, 11,
12, 13]. In this paper, we examine some operations on B-convex functions
and B-convex sets.

AMS Subject Classification: 52A30, 52A41
Key Words: Abstract convexity, B-convexity, B-convex sets, B-convex func-
tions

1 Introduction

B-convexity, which is examined in this article, is one of the generalizations of
convexity ([3, 4, 11, 12, 13]). B-convexity concept is determined in [5], properties
of B-convex sets and functions are given in [1, 2, 5, 7], separation properties are
investigated in [6, 7].

B-convex functions are also studied in [8]. In this work, the operations on
B-convex sets and B-convex functions is examined.

For all 7 € N the map = — ¢,(z) = 2?"*! is a homeomorphism from R to
itself; © = (21, ..., zn) = O.(z) = (pr(x1), ..., pr(x,)) is a homeomorphism from
R™ to itself. For a finite nonempty set A = {1, ..., &, } C R™, the r-convex hull
of A, denoted as Co"(A), is given by

i=1 =1

The structure of B-convex sets, which has not yet defined, will involve the
m

order structure, with respect to the positive cone of R™; denoted by ,\/1931‘ the
i—

least upper bound of z1, ..., x,, € R", that is:

m
\:/1xi = (max{z1,1, s Tm1}s -, MAX{Z1 0, s Trnon })

?

where, z; ; denotes jth coordinate of the ith point.
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The limit hull of a finite set A is defined as the Kuratowski-Painleve upper
limit of the sequence of sets {Co"(A)}, oy (The Kuratowski-Painleve upper limit

of the sequence of sets {A,} is Q%An+k; it is also the set of points p for which
n

there exists an increasing sequence {ny}, y and points p,, € A,, such that
p = limy 00 Py -)[9].

Definition 1.1 [5] The Kuratowski-Painleve upper limit of the sequence of sets
(Co"(A)), ey, denoted by Co>(A) where A is finite set, is called B-polytope of
A.

It can be shown that in R’} the upper-limit is in fact a limit and that elements
of Co™(A) have a simple analytic description:

Theorem 1.1 [5] For all nonempty finite subsets A = {1, ...,xm} C R} we
have

Co™®(A) = Lim,,Co"(A) = {47\7_/117,‘,»@ :t; €[0,1] max {t:} = 1} )

1<

Definition 1.2 A subset U of R™ is B-convezx if for all finite subset A C U the
B-polytope Co>(A) is contained in U.

In R?, B-convex set is defined in a different way [5]:

A subset U of R”} is B-convex if and only if for all 1,22 € U and all A € [0, 1]
one has A\x; Vxg € U.

Now, we mention the following definitions which will be necessary in the
sequel.

Definition 1.3 [10] Let U C R™ and f: U — R {*oc}. The set
{(,p)reUpeRpu> f(x)}
is called the epigraph of f and is denoted by epi (f).
Definition 1.4 [11] Let U CR™ and f: U — R {*oc}. The set
{(zp)|lzelUpeR pu< f(2)}
is called the hypograph of f and is denoted by hyp (f).
Thus, we can define B-convex functions.

Definition 1.5 [8] Let U C R™. A function f : U — R|J{£oo} is called a
B-convex function if epi (f) is a B-convex set.

The following theorem provides a sufficient and necessary condition for B-
convex functions in R’} [5, 8].
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Theorem 1.2 Let U C R, f: U — Ry U {+oo}. The function f is B-convex
if and only if U is a B-conver set and for all z,y € U and all X € [0,1] the
following inequality holds:

fQavy) <Af(x)V fy) . (1)

For B-convex functions, we can give a large number of examples. For in-

stance, f: RZ, — R4 U {400}, f(21,22) =In Z11Z2 is a B-convex function.

Definition 1.6 Let U C R%. A function f : U — Ry U {400} is called a
B-concave function if hyp™ (f) = {(z,u) : 2 € U,0 < u < f(2)} is a B-convex
set.

The following theorem holds (see also [5]).

Theorem 1.3 Let f : U C R} — Ry U {+oo}. The function f is B-concave
if and only if U is a B-convex set and for all z,y € U and all X € [0,1] the
following inequality holds:

FQevy) = Af(@)V f(y) - (2)

2 Operation on B-convex Sets

Many properties, which are true for classic convexity, are also true for B-
convexity [5].

Theorem 2.1 [5]

(a) The empty set, R™ | as well as all the singletons are B-convex;

(b) if {Sx:X€ A} is an arbitrary family of B-convex sets then (), Sx is
B-convez;

(c) if {Sx : A € A} is a family of B-convex sets such that VA1, o € A,INg € A
such that Sx, |JSx, C Sy, then |, Sx is B-convex.

Given a set S there is, according to (a) above, a B-convex set which contains
S; by (b) the intersection of all such B-convex sets is B-convex; we call it the
B-convex hull of S and we write B[S] for the B-convex hull of S.

Theorem 2.2 [5] The following properties hold:

(a) B[0] = 0,B[R"] = R", for all x € R",B[{z}] = {z};

(b) For all S C R™, S C B[S] and B [B[S]] = B[S];

(C) For all 51752 C R™, Zf S1 C Sy then B[Sﬂ C B[SQ],‘

(d) For all S C R",B[S] = U {B[A] : 4 is a finite subset of S};

(e) A subset S C R™ is B-convez if and only if for all finite subset A of S,
B[A] C S.
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3 Operations on B-convex Functions

Theorem 3.1 (i) Let U C R}, f : U — Ry U {400} be a B-convex function.
Multiplying f by a positive scalar, we obtain also B-convez function.

(ii) Let f : U C R} — Ry U {400} be a B-convex function. The restriction of
f to a B-convex subset of U is also a B-convex function.

(iii) If f : U C R} — V C Ry U{+oo} is a B-convex function and g : V C
Ry U{+o0} = Ry U{+0o0} is a non-decreasing B-convex function, then go f is
B-convez.

(iv) Suppose that f : U C Ry — V C Ry is a bijection. If f is increasing, then
f is B-convez if and only if f~1 is B-concave. If f is a decreasing bijection,
then f and f~! are of the same type of B-convexity.

Proof. i) Let f be a B-convex function. From Theorem 1.2, f satisfies the
inequality (1). For ¢ > 0, we have

cf AxVy) <cAf(x)V [yl =Acf)(@)V(cf)y)

Hence, cf is B-convex.

ii) Let f be a B-convex function. From Theorem 1.2, the inequality (1) holds
for all x,y € U. Therefore, for every B-convex subset of U, the restriction of f
to this subset also satisfies (1), consequently it is B-convex function.

iii) When we use that f is B-convex and g is non-decreasing B-convex, we
deduce the following inequality

g(fQzevy)) <gAf (@) v fy) <Ag(f (@) Vy(f(y) -

Namely, g o f is a B-convex function.

iv) Let the bijection f be increasing and suppose that f is a B-convex func-
tion. In this case, for all z,y € U and all A € [0,1] we have the inequality
(1). Let Iy and Iy be the identity functions on V' and U, respectively. From
foft=1I,f o f=Iy and the inequality (1), for s,¢ € V we obtain that

FUTQsVY) =AsVE=Af () V@) = FAFHs) V) -
Since f is increasing, f~! is increasing; hence we get f=* (AsVt) > Af~1(s)V
f71(#). So, f~! is B-concave.

To prove the sufficiency, suppose that f~! is a B-concave function. Thus for
all s,t € V and all A € [0, 1], the inequality (2) for f~! holds. If we assume that
f1(s)=a,f1(t) =y, we have f () = s, f (y) = t. From increasing of f and
the inequality (2)

TP @V @) 2 (@) VS ())—AmVy
(TP @)V W) = fAavy)
M (@) V fy) = fAzVy) .

1

~

Thereby, f is B-convex function.
Other hypothesis in iv) are proved similarly. m
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Theorem 3.2 Let {f, ‘fa :U CR? = Ry U{+o0}} be a family of B-convex
functions. Then the function f defined by f (x) = sup {fo (x) |a} is B-convez.

Proof. epi(f) =epi(fa), so epi(f), being the intersection of B-convex sets,

is B-convex [5]. Therefore, f is B-convex. ®

Theorem 3.3 If f: U C RT — RyU{+o0} and g : U C R} — Ry U{+o0} are
both decreasing(increasing) and B-convex then h(z) = f(x)g(x) also exhibits
these two properties.

Proof.  Since, decreasing(increasing) of h is clear, let us examine the B-
convexity of it. For z,y € U, we begin by taking z < y (z X y & z; <
y; for all i € {1,...,n}). From B-convexity of f and g, for A € [0, 1] we obtain

h(AdxvVy)=fMaVy)gAeVvy) <M (x)V f)]A(x)Vgy)] .

We should analyse the following four cases:
) if A (2) vV f(y) = A (@), Ag(@) Vgl(y) =
RS )9 (0) <A (2)0(e) = M v )< b (2) ¥ h (1)
i) if Af (2)Vf(y) =Af(x), Ag(2) Vg (y) =g (y), then since g is decreasing,
we have h(Ax Vy) < Af (z)g(y ) < )\f( )g(x). Thus, from i), h satisfies the
required inequality
)i Af (2)V S (y) = [ (y), Ag () Vg
we obtam that h ()\x Vy) < fy) \g(x)
iv) if Af(z) Vv ()Zf) Ag (
f(y)() h(y) < Ah(z) Vv h(y).

Thus & is a B-convex function. The case of x = y can be proven more easily.
Similarly, we can prove the B-convexity of h when f and g are increasing. m

Ag (x), then h (AzVy) <

) = Ag (x), then using decreasing of f,
() g (z) = Ah(z) < A (z) VR (y).
z)Vg(y) = g(y), then h(AzVy) <

NS
>~

Remark 3.1 In the above theorem, the condition of decreasing(increasing) of
functions f and g at the same time is required. On the contrary, for example;
let f:Ry =Ry, f(z)= z% and g : Riy =Ry, g(z) = % The function [ is
increasing, B-convex and the function g is decreasing, B-convex. In this case, if
we ezamine the function h(z) = f (x) g (z) = 22, h isn’t a B-convez function.
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SOME SPECTRAL PROPERTIES OF ONE CLASS
DISCONTINOUS STURM-LIOUVILLE OPERATOR

Ala Volkan,'Mamedov Khanlar?

L2Mersin University, Mersin, Turkey
e-mail: !volkanala@mersin.edu.tr, 2hanlar@mersin.edu.tr

1INTRODUCTION

The Sturm-Liouville theory plays and important role in solving many prob-
lems in mathematical physics. It is an active area of research in pure and ap-
plied mathematics. From past to present, there has been a growing interest in
Sturm-Louville problems with eigenparameter dependent boundary conditions
(Walter 1973; Fulton 1977; Mukhtarov and Demir 1999; Mukhtarov et al. 2010;
Altimgik et al 2012; Zhang et al.2013; Aydemir 2014;Mukhtarov and Aydemir
2014), i.e.,

The eigenparameter appears not only in the differential equations of the
Sturm- Liouville problems but also in the boundary conditions.

In this study we investigate the Stum-Liouville equation

ty = —y"(z) + q(x)y(z) = My(z), (1)

to hold in finite interval (—1,1) except one inner point ¢ € (—1, 1), subject
to the eigenparameter-dependent boundary conditions

Li(y) := Majy(=1) — apy’'(=1)) = (a1y(—1) — agy’(~1)) =0 (2)

La(y) = A(Bry(1) — Boy/' (1)) — (Byry(1) — B2y (1)) = 0 3)

and the eigenparamete dependent transmission conditions at the point of
discontinuity

Ly(y) = v3y(c +0) = 749(c = 0) = 0 (4)
La(y) == 729/ (¢ +0) = 719/ (c = 0) + (A1 + 02)y(c) =0, (5)
Here g(z) is real-valued continous function on I = [—1,¢)U(c, 1] and has finite

limits g(c£0) := lim, .40 ¢(z); a1, ), By, B} and §;(i = 1,2) are real numbers.

Boundary-value problems with transmission condiitons arise in the theory
of heat ans mass transferAdjoint and self-adjoint boundary value problems with
transmission conditions have been studied by Zettl (1968). Sturm-Liouville
problems with transmission conditions at one interior point have been studied
many authors ( Yang 2013; Aydemir 2014; Mukhtarov and Aydemir 2014; Zhang
2014).

It must be noted that some special cases of the considered problem (1) — (5)
arise after an application of the method of seperation of variables to the varied
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assortment of physical problems. For example, some boundary-value problems
with transmission conditions arise in heat and mass transfer problems ( see
for example, [4] Likov, A.V. and Mikhailov, Yu. A.: The Theory of Heat and
Mass Transfer, Gosenergoizdat,1963 (Russian)),vibrating string problems when
the string loaded additionally with point masses ( see for example. [15]).Also,
some problems with transmission conditions which arise in mechanics( thermal
conduction problem for a hin laminated plate) were studied in the article [14].
Similar problems for differential equations with discontinuous coefficients were
investigated by Raulov in monographs.[9,10] But, the considered discontinuous
problems in these works do not contain transmission conditions.

2.AN OPERATOR FORMULATION OF THE PROBLEM(1)-(5)
IN THE ADEQUATE HILBERT SPACE

In this section we introduce the special inner product in the Hilbert space
H := Ly[-1,1]®C? and such a way that the problem (1) —(5) can be considered
as the eigenvalue problem of this operator.

Throughout this study, we shall assume that the coefficients ~;,v, and 01
have the same sign (without losing the generality we shall assume that ~;,75
and d; are positive)

By B
By B

Let us introduce a new equivalent inner product on Ls[—1,1] @ C? by

o

! >0
02 052

>0 and,oQ::‘

P1 3:‘

1

(F,G) =7, _/1 F(@)g(@)da + vy / f(@)g(@)ds + ,th?ﬁ Z—jf297+ éfs%

c

for
f(x) g(w)
r=| I leng=| 9 |en
f2 g2
f3 g3

which is connected with coefficients of our problem. For a short exposition
we shall use the following notations:

B_1(y) = ary(—1) — azy'(-1),
B (y) : =ajy(=1) —agy/(-1),
Bl(y) = 512/(1) - 529/(1),
Bi(y) : =pw() - By (1),
Te(y) = =7y (c+0) =71y (c = 0) + d2y(c),
)

Ty = —d1y(e).

In the Hilbert space H we define a linear operator A
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F = (f(x), f1,f2, f3) : [ is absolutely continuous in [—1,1],
Q(A) = 1! is absolutely continuous on both [—1,¢) U (¢, 1] and has a finite limits,
’ f/(C + O) = hmx_,cio f’(.%'),ff S Lg[—l, 1],
fi= BLl(f)7 fa= Bi(f)» 3= Tc/(f)

AF = (£f, B_1(f), =B1(f), Te(f)

Therefore, we can study the problem (1) — (5) in H by considering the oper-
ator equation

and

AF = )\F,

where I = (f(z), B-1(f), B1(f), Ti(f)) € Q(A).

Naturally, by eigenvalues and eigenfunctions of the problem (1)—(5) coincide
with eigenvalues and first components of corresponding eigenelements of the
operator A, respectively.

Let F,G € Q(A). By two partial integration we obtain

(AF7 G) = <F7 AG) + ’YlW(fvg; C) - Vlw(fvg; 71)"‘
+72.W(f,9;1) — v W(f,g;¢) + %(B—l(f)B/—ﬂf) — BL,(f)B1(9))+

FE(B(NB@) - BUNBI(@) + 5 T)TL@) - TANT@). (©)

where, W(f,g;x) is denoted the Wronskians f(z)g'(z) — f'(z)g(x).
It is easy to show that

B_1(f)BL1(f) = BLi(f)B1(9) W (f,g;-1),
Bi(f)B1(9) — Bi(f)Bi(9) = —pW(£.551),
T.(f)Te(g) — T(f)Te(9) =W (f,gic) + 617 W (.7, ¢).
Substituting into (6) we have

(AF,G) = (F,AG) (F,G € Q(A)), (7)

Corollary 1 The linear operator A is symmetric.
Corollary 2 All eigenvalues of the problem (1) — (5) are real.

We can now assume that all eigenfunctions of the problem (1) — (5) are
real-valued.

Corollary 3 Let Ay and A2 be two different eigenvalues of the problem (1) —
(5). Then the corresponding eigenfunctions yi(z) and ya(x) of this problem is
orthogonal in the sense of

c

/ 1 (@) )+ / yl(x)y2(w)d:r+pi13’_1(y1)3’_1(y2)+;23l1(y1)31(yz)+%Té(y1)Tc’(y2) ~0

-1
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3.FUNDAMENTAL SOLUTIONS

In this section we defined the fundemental solutions of the For next consid-
eration, we need to give the following Lemma.

Lemma 4 Let the real valued function q(x) be continious in [a, b] and f(X), g(\)
are given entire functions. Then for any A € C, the equation

by == —y"(z) + q(x)y(z) = Ay(z), z € [a, ]
has a unique solution y = y(z, \) satisfying the initial condiitons,

y(a) = f(A),y'(a) = g(A) (or y(b) = f(N),y'(b) = g(N))
for each fixed z € [a,b], y(x, A) is an entire function of .
Let @15 (z) := ®1(z, \) be the solution of equation (1) in the interval [—1, ¢)
satisfying the initial conditions
y(=1) = —az + Aajy, ¥'(-1) = —a1 + A} (8)

Now we can define the solution ®9(z) := ®3(z, A) of equation (1) on the

interval (c, 1] in terms of ®1(c — 0, A) and ®}(c — 0, A) by the initial conditions

y(c)

y'(c)

Y4y(c —0), 9)

A0y + 0
ﬁq)ll(c - Oa /\) - <1+2> (I)l(c - 07 )‘)
72 Y2

Analogically, we can define the solutions x;,(x) and xs,(x) by initial con-

ditions
Xaa(1) = By + AB5, x5 (1) = 81 + A3} (10)
and
xin(e) = 73y(c+0), (11)
Ao+ 0
X)) = %Xé(c +0,A) + <17+2> Xa(c+0,X)
1 1

respectively.Finally let us define two ”fundamental solutions” of equation (1)

on whole (—1,¢) U (0,1] as
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Dy (x,N), for z € [-1,¢),
®(x,A) = q)g(x,))\), for = E[ (c, 1]), } (12)
_ xix, A) Sfor x € [-1,¢)
X(@,A) = XXQ(x,/\), for z € (¢, 1] } (13)

It must note that each of these solutions satisfy both transmission conditions
(4) and (5). Moreover, ®(x, A) satisfies one of the boundary conditions ( namely
the condition (2), but x(x, A) the other boundary condition (3).Let us consider
the Wronskians

wi(A) + = Wx( P4, x452)
= B ) — B () (= 1,2)

which are independent of x and are entire functions. With a short calcula-

tions give us y;w1(A) = w2 (A) and now we may introduce to the consideration
the characteristic function w(A) as

w(A) = 7wi(A) = yawa(A)

Theorem 5 The eigenvalues of the problem (1)-(5) are consist of the zeros of
the functions

w(X) and A(X) = Z—jww + (A0 + 82)xx (€)®2r(¢)

Lemma 6 Let \ = s%.Then the following integral equations hold for k = 0 and
k=1,

dk k k

d 1 d
%d)u(x) = (~az+ SQQQ)E cos[s(z +1)] — %(—al + 820/1)@ sin[s(z + 1)] +

ok
+§/%sm(s(w = y))a(y)®1x(y)dy

C

k k k
%@%(m) = <I>1A(C)% cos[s(z — ¢)] + %38[(13/1)\(6) - 5251<I)1>\(c)]% sin[s(z — ¢)] +
k
b5 [ o sinlsta = )l @)

(&

Similarly that lemma can establish for x;(z,\) (i = 1,2).
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4. RESOLVENT OPERATOR AND GREEN FUNCTION OF THE
PROBLEM (1)-(5)

Corollary 7 Let us assume that A € C is not an eigenvalue of the problem

(1) = (5). Then the functions ®1(x, ), x;1(z, A) are linearly independent in the
interval [—1,c]|, the functions ®a(xz, A), Xo(x, A) are linearly independent in the
interval (c, 1].

Corollary implies that for all A € C which is not an eigenvalue of the problem

(1) — (5) we can write thegeneral solution of the differential equaiton (1) as

(ZL‘ )\) B 01@1($,>\) + CQ(I)Q(III,)\), MRS [—1,6)
Y\ - ngh(l‘,)\) + C4@2(£E,A),$ S (C, 1]

where C; (i = 1,4) are arbitrary constants. Then applying the method of
variation of constants, the following formula is obtained for y(x, \).

1

/ F(@)Xon@)dy, z € [~1,0),

Cc

<I)M(x)

yle,2) = a0 ()

w w

q)l?f\a)?) !f(y)><u(y)dy+X”(E\gg)_/1f(l/)‘bu(y)dlﬁL

P [t 2 [ raonmare+ 20 [ im@n@ane e @1

xT c

_ Dy(x,A), forz e [-1,¢), _ xilz, A) for x e [—1,¢)
®(@,A) = Dy(z, A), for x € (e, 1], x(@A) = X2 (z, A), for z € (¢, 1]

Then we can rewrite the resolvent

B(x,)) | (@)
o (Y x/f(y)xA(y)dy+ j(/\

y(‘rv)‘) = w

/f(y)‘I’(y)dy, i=1,2 (14

Therefore the resolvent of the boundary value transmission problem is ob-
tained.We can find the Green function from the resolvent denoting below the
following;

D) _1<y<a<lateyie

Clown el  —w 15
(i) {¢%%§%—13y3x§Lx¢ay¢ai:Lz 1s)
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COMPACT MULTIPLICATION OPERATORS ON NEST
ALGEBRAS

G. ANDREOLAS AND M. ANOUSSIS

ABSTRACT. Let N be a nest on a Hilbert space H and Alg N the corresponding
nest algebra. We obtain a characterization of the compact and weakly compact
multiplication operators defined on nest algebras. This characterization leads
to a description of the closed ideal generated by the compact elements of Alg N
‘We also see that there is no non-zero weakly compact multiplication operator

on Alg N / Alg N NK(H).

1. INTRODUCTION

Let A be a Banach algebra. A multiplication operator M,y : A — A corre-
sponding to a,b € A is given by M,(z) = axb. An operator ® : A — A is
called elementary if ® = > | M,, 5, for some a;,b; € A, i =1,...,m. Properties
of compact multiplication operators have been investigated since 1964 when Vala
published his work “On compact sets of compact operators” [12]. If X’ is a Banach
space, we shall denote by B(X) the Banach algebra of all bounded operators on X
and by K(X) the Banach algebra of all compact operators on X. Vala proved that
a non-zero multiplication operator My : B(X) — B(X) is compact if and only if
the operators a € B(X) and b € B(X) are both compact.

This concept was further investigated by Ylinen in [13] who proved a similar re-
sult for abstract C*-algebras. An element a of a Banach algebra A is called compact
if the multiplication operator M, , : A — A is compact. Ylinen characterized the
compact elements of a C*-algebra. In the sequel, these results were generalized to
various directions by several authors, such as Akemann and Wright [2], Fong and
Sourour [5], Mathieu [8] and Timoney [11]. From the description of the compact
elementary operators by Fong and Sourour, the following conjecture arose: If ® is
a compact elementary operator on the Calkin algebra on a separable Hilbert space,
then ® = 0. This conjecture was confirmed in [3] by Apostol and Fialkow and by
Magajna in [7]. In [8] Mathieu proves that if ® is weakly compact, then ® = 0
as well. The weak compactness of multiplication operators has been studied in a
Banach space setting by Saskmann - Tylli and Johnson - Schechtman in [10] and
[6] respectively.

In this work we characterize the compact and weakly compact multiplication
operators on nest algebras and show that there is not any non-zero weakly compact
multiplication operator on Alg A/ Alg N'NK(H). Complete proofs of the following
results will appear in [1].

Let us introduce some notation and definitions that will be used throughout.
Nest algebras form a class of non-selfadjoint operator algebras that generalize the
block upper triangular matrices to an infinite dimensional Hilbert space context.

2010 Mathematics Subject Classification. Primary 47135, Secondary 47B07.
Key words and phrases. Nest algebra, compact multiplication operators, elementary operator,
weakly compact, Calkin algebra, Jacobson radical.
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They were introduced by Ringrose in [9] and since then, they have been studied
by many authors. The monograph of Davidson [4] is recommended as a reference.
A nest N is a totally ordered family of closed subspaces of a Hilbert space H
containing {0} and H, which is closed under intersection and closed span. If H is a
Hilbert space and N a nest on H, then the nest algebra Alg A is the algebra of all
operators T such that T(N) C N for all N € M. We shall usually denote both the
subspaces belonging to a nest and their corresponding orthogonal projections by
the same symbol. If (Ny)xen is a family of subspaces of a Hilbert space, we denote
by V{N) : A € A} their closed linear span and by A{N) : A € A} their intersection.
If Nis a nest and N € N/, then N_ = V{N’ € N : N’ < N}. Similarly we define
Ny =AN{N'" e N: N > N} Ife, f are elements of a Hilbert space H, we denote
by e ® f the rank one operator on H defined by (e ® f)(h) = (h,e)f. We shall
frequently use the fact that a rank one operator e ® f belongs to a nest algebra,
Alg NV, if and only if the exist an element N of N such that e € N and f € N,
[4, Lemmas 2.8 and 3.7]. Throughout, we denote by N a nest acting on a Hilbert
space H and by K(N) the ideal of compact operators of Alg .

2. COMPACT MULTIPLICATION OPERATORS

Let H be a Hilbert space and a, b elements of B(H). Vala proved in [12] that
if a,b € B(H) — {0}, then the map ¢ : B(H) — B(H),  — axb is compact if
and only if the operators a and b are both compact. However, such a result does
not hold for nest algebras. Let N be a nest containing a projection P such that
dim(P) = dim(P') = oo and a € AlgN be a non-compact operator such that
a = PaP~*. Then, the multiplication operator

Myo: AlgN  —  AlgN,
T —azxa
coincides with the multiplication operator My ¢, since
M, .(r) = ara = PaP*zPaP* =0,
for PP = 0.
Let a,b € AlgN. We introduce the following projections:
R, =V{PEeN:aP =0}
and
Qy=N{PEN:Pb=0}.
Proposition 2.1. Let a,b € AlgN. Then, My, =0 if and only if Qp < R,.

The next theorem gives a necessary and sufficient condition for a non-zero mul-
tiplication operator M, : AlgN — Alg N, M, ,(z) = axb to be compact.

Theorem 2.2. Let a,b € AlgN such that My, # 0. The multiplication operator
M, : Alg N — Alg N is compact if and only if the operators PraP, and P-bP~+
are both compact for all P € N, R, < P < Qp in the case that R,y # Qp or the
operators QyaQy and REbR: are both compact in the case that Ry = Qp.

Remark 2.3. Consider the nest N = {{0},H} and let a,b € AlgN = B(H)
with a,b # 0. From Theorem 2.2 it follows that the multiplication operator M, :
B(H) — B(H) is compact if and only if the operators a and b are both compact. In
that case the result coincides with Vala’s Theorem.
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Let A be a C*-algebra and ® an elementary operator on A. Timoney proved in
[11, Theorem 3.1] that ® is compact if and only if ® can be expressed as ®(x) =
S, agab; for a; and b; compact elements of A (1 < i < m). The following example
shows that this fact does not hold in the class of nest algebras.

Example 2.4. Let H be a Hilbert space, {e;}ien an orthonormal sequence of H,
N={{ei:ieNi<n}]:neNU{{0},H} and b=, .\ ~e, ® €, a compact
operator of AlgN. Then, the multiplication operator My is compact (Theorem
2.2). We suppose that there exist compact operators ¢;,d; € B(H), i =1,...,1 such
that Myyp = 2221 M., 4, and we shall arrive at a contradiction. We consider the
following family of rank one operators,

{Zrs} ren ={er®er_s} ren € AlgN.

seNU{0} seNU{0}
s<r s<r
Then,
l
Mpp(ar,s) = ZM%di (@r,s)
i=1
or
1 l
(2.1) ;e,mX)eqﬂ_S Z (er) ® ci(er—s)-

The relation (2.1) implies that

l
(2'2) Z er,d 3 er) Er— s»Cz(e'r ,5))

by taking the evaluations on e, and then the inner product by e,._s on each side
of (2.1). For allrT € N and i € {1,...,l} we set D,; = (er,df(e;)) and Cy; =
{er,ci(er)). We denote the vectors (Dy.1,...,Dy;) € Ct and (Cyq,...,Cyy) € C!
by D, and C, respectively for all r € N. Now, we can write equation (2.2) in the
form

l
1
2.3 - = D, ;iCr_s ;.
23) DL

This implies
1
(24) 0= Dy (Crsi—Ci;)
i=1
The sequence (Vn)nen = (span{Cy — C1,...,Cy — C1}),cn of subspaces of Cl s
increasing and therefore there exists an ng € N such that Vy,, = Vy, for all n > nyg.
Therefore, the following holds for all n € N.

l

(2.5) 0= Dnyi(Cpi — C1,).

i=1
Since the operators ¢;, i = 1,...,1 are compact, the sequence (Cp)nen converges
to 0. Taking limits in equation (2.5) as n — oo we obtain 0 = _n%) which is a

contradiction.
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The set of compact elements of a nest algebra does not form an ideal in general.
However, we characterize the ideal generated by the compact elements.

Theorem 2.5. The ideal J., generated by the compact elements of the nest algebra
Alg N, is equal to K(N)+Rad(WN), where Rad(N) is an the Jacobson radical of
AlgN.

3. WEAKLY COMPACT MULTIPLICATION OPERATORS

The following lemma is instrumental in the proof of the main theorem (3.2) of
this section.

Lemma 3.1. Leta,b € AlgN and (e,)n, (fu)nen orthonormal sequences in H such
that e, ® f,, € Alg N for alln € N. If there exists an e > 0 such that ||a(fp)|| > € and
[[b*(en)|| > € for all n € N, then there exists a strictly increasing sequence (kp,)nen
such that the operator a (3, o €k, ® fr,) b=, cn b (€r,)@a( fr,) € AlgN is not
compact and for any subsequence (kn,, )men the operator Y,y b* (e, )®a(fy,, )€
Alg NV is non-compact as well.

Now, we proceed to the main theorem of this section. To do so, we introduce
the following projections:

U, = V{P € N : PaP is a compact operator}

and
Ly = A{P € N : PYbP* is a compact operator},
where a,b € AlgN.

Theorem 3.2. Let a,b € AlgN. The multiplication operator Mgy @ AlgN —
Alg N, z — axb is weakly compact if and only if one of the following conditions is
satisfied:
(1) Uy, > Ly.
(ii) U, = Ly, = S and the operators SaS and S+bS+ are both compact.
(iii) U, = Ly = S, the operator SaS is compact, the operator S*bS* is non-
compact and for any € > 0, there exists a projection P € N', P > S such
that ||a(P — S)|| < e.
(iv) U, = Ly = S, the operator S*+bS* is compact, the operator SaS is non-
compact and for any € > 0, there exists a projection P € N, P < S such
that ||(S — P)b|| < e.

The next theorem provides an other characterization of weakly compact multi-
plication operators.

Theorem 3.3. Let a,b € AlgN. The multiplication operator My : AlgN —
Alg N is weakly compact if and only if for all € > 0 there exist two projections
P, P, ¢ N, with P, < Py, such that the operators PiaP; and PQLbPQL are both
compact and ||a(Py — P1)|| <€ or ||(P» — P)b|| < e.

Corollary 3.4. Let N = {P,}nen U {{0}, H} be a nest consisting of a sequence
of finite rank projections that increase to the identity, and let a,b € AlgN. The
multiplication operator Mgy, : AlgN — Alg N, © — axb is weakly compact if and
only if either the operator a is compact or the operator b is compact.
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Remark 3.5. Let N be a nest as in Corollary 3.4 and a,b € AlgN. From Theorem
2.2 and Corollary 3.4 it follows that the multiplication operator My, : Alg N —
Alg N is weakly compact while being non-compact if and only if the operator a is
compact and the operator b is non-compact.

4. MULTIPLICATION OPERATORS ON Alg N /K(N)

In this section, we see that there is not any non-zero weakly compact multipli-
cation operator on Alg \V.

Theorem 4.1. Let a,b € AlgN and 7 : AlgN — Alg/N /K(N) be the quotient
map. The multiplication operator My q) @) : AlgN /KN) — AlgN /K(N) is
weakly compact if and only if My (q).~@m) = 0.
Remark 4.2. Let a,b € AlgN. Then, the following are equivalent:
(i) The multiplication operator My (q) @) : AlgN /K(N) — AlgN /K(N) is
compact.
(ii) The multiplication operator My (q) ~v) : AlgN /K(N) = AlgN /K(N) is
weakly compact.
(i) My (a)nn) = 0.
(iv) M, ,(AlgA") C K(H).

(v) The multiplication operator M, is weakly compact.

Acknowledgements. The authors would like to thank Prof. V. Felouzis for
fruitful discussions.
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TOPOLOGICAL RADICALS IN NEST ALGEBRAS
G. ANDREOLAS AND M. ANOUSSIS

ABSTRACT. Let N be a nest on a Hilbert space H and Alg\
the corresponding nest algebra. We determine the hypocompact
radical of Alg/N. Other topological radicals are also characterized.

1. INTRODUCTION

Let A be a Banach algebra. The Jacobson radical of A is defined
as the intersection of the kernels of the algebraically irreducible rep-
resentations of A. A topologically irreducible representation of A is a
continuous homomorphism of A into the Banach algebra of bounded
linear operators on a Banach space X for which no nontrivial, closed
subspace of X is invariant. It has been shown in [5] that the intersec-
tion of the kernels of these representations is in a reasonable sense a
new radical that can be strictly smaller than the Jacobson radical.

The theory of topological radicals of Banach algebras originated with
Dixon [5] in order to study this new radical as well as other radicals
associated with various types of representations.

Shulman and Turovskii have further developed the theory of topo-
logical radicals in a series of papers [8, 9, 10, 11, 12, 13] and applied
it to the study of various problems of Operator Theory and Banach
algebras. They introduced many new topological radicals. Among
them there are the hypocompact radical, the hypofinte radical and the
scattered radical. These radicals are closely related to the theory of
elementary operators on Banach algebras [3, 10].

Let us recall Dixon’s definition of topological radicals.

Definition 1.1. A topological radical is a map R associating with each
Banach algebra A a closed ideal R(A) C A such that the following
hold.
(1) R(R(A)) = R(A).
(2) R(A/R(A)) = {0}, where {0} denotes the zero coset in A/R(A).
(3) If A, B are Banach algebras and ¢ : A — B is a continuous
epimorphism, then ¢(R(A)) C R(B).
(4) If 7 is a closed ideal of A, then R(Z) is a closed ideal of A and
R(Z) CR(A)NT.
1
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An element a of a Banach algebra A is said to be compact if the
map M,, : A = A, © — aza is compact. Following Shulman and
Turovskii [12] we will call a Banach algebra A hypocompact if any
nonzero quotient A/ 7 by a closed ideal J contains a nonzero compact
element. Shulman and Turovskii have proved that any Banach algebra
A has a largest hypocompact ideal [12, Corollary 3.10] which is denoted
by Rpe(A) and that the map A — Ry.(A) is a topological radical [12,
Theorem 3.13]. The ideal R.(.A) is called the hypocompact radical of
A.

If X is a Banach space, we shall denote by B(X) the Banach algebra
of all bounded operators on X and by K(X) the Banach algebra of
all compact operators on X. Vala has shown in [14] that if X is a
Banach space, an element a € B(X) is a compact element if and only
if a € K(X). Since by [3, Lemma 8.2] the compact elements are always
contained in the hypocompact radical, we obtain K(X) C Ry.(B(X)).
It follows that if H is a separable Hilbert space, the hypocompact
radical of B(H) is K(H). Indeed, the ideal K(H) is the only proper
ideal of B(H) while the Calkin algebra B(H)/K(H) does not have any
non-zero compact element [6, section 5.

Shulman and Turovskii observe in [12, p. 298] that there exist Ba-
nach spaces X, such that the hypocompact radical R.(B(X)) of B(X))
contains all the weakly compact operators and contains strictly the
ideal of compact operators K(X).

Argyros and Haydon construct in [2] a Banach space X such that ev-
ery operator in B(X) is a scalar multiple of the identity plus a compact
operator. In that case, it follows that B(X)/K(X) is finite-dimensional
and hence Rp.((B(X)) = (B(X).

In this work we characterize the hypocompact radical of a nest alge-
bra. The detailed proofs of the results presented in this note, may be
found in [1].

Nest algebras form a class of non-selfadjoint operator algebras that
generalize the block upper triangular matrices to an infinite dimen-
sional Hilbert space context. They were introduced by Ringrose in [7]
and since then, they have been studied by many authors. The mono-
graph of Davidson [4] is recommended as a reference.

Ringrose characterized the Jacobson radical of a nest algebra in [7,
Theorem 5.3]. Moreover, it follows from [7, Theorem 4.9 and 5.3] that
the intersection of the kernels of the topologically irreducible represen-
tations of a nest algebra coincides with the Jacobson radical.

We introduce now some definitions and notations that we will use
in the sequel. A nest A is a totally ordered family of closed subspaces
of a Hilbert space H containing {0} and H, which is closed under
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intersection and closed span. If H is a Hilbert space and N a nest on
H, then the nest algebra Alg/ is the algebra of all operators T' € B(H)
such that T(N) C N for all N € N. We shall usually denote both
the subspaces belonging to a nest and their corresponding orthogonal
projections by the same symbol.

Throughout we denote by N a nest acting on a Hilbert space H. In
addition, all ideals are considered to be closed. The Jacobson radical of
the nest algebra AlgN\ will be denoted by Rad(AlgA). The following
is [7, Theorem 5.4].

Theorem 1.2 (Ringrose’s Theorem). Let N be a nest on a Hilbert
space H and a € AlgN. Then a € Rad(AlgN) if and only if the
following condition is satisfied: for every e > 0, there exist m € N and
Py, Py, ..., P, € N such that

{O}:P0<P1<P2<...Pm:H
and

I(P; — Pi)a(P — Pyl < e
Vi=1,2,..m.

2. MAIN RESULT
Proposition 2.1. (AlgN NK(H)) + Rad(AlgN) C Ry(AlgN).

Proof. If a € AlgN' NK(H) then it follows from the result of Vala
that M,, is compact, hence a is a compact element of AlgA. Since
by [3, Lemma 8.2] the compact elements are always contained in the
hypocompact radical, we obtain that a is in Rp.(.A).
Let a € Rad(AlgN). Let ¢ > 0, m € N and Py, Py, ..., P,, € N such
that
{0}:P0<P1<P2<Pm:H

and
(P — Pio1)a(P; — Pyl < e
Vi=1,2,..m
Write
a=) (P = P1)a(P = Pa) + Y (P — Poa)aP;
=1 i=1
We have

(P, — P,y)aP* = P,(P, - P,_1)aP..
We show that if b € AlgAN and P € N, then PbP* is a compact
element of AlgN.
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The multiplication operator
MPbPJ-,PbPJ- : A]gN — AlgN,

satisfies
MPbPL,PbPl (SC) = ara = PbPJ_bePJ_ = 0,
since PLoP = 0, Vo € AlgN and hence PbP+ is a compact element of

AlgN.
We have

ID_(Pi=Prya(Pi= Pl = _swp |[(P = Pia)a(P = Pl < e
i1 1=1,2,....m

Hence a is approximated by elements of Rj.(.A) and since Ry.(A) is
closed it follows that a € Ry.(A).
U

The characterization of the hypocompact radical of a nest algebra is
given in the following theorem:

Theorem 2.2. The hypocompact radical of AlgN is the ideal
AlgN NK(H) + Rad(AlgN) .

The following definitions and results are taken from [13]. An element
a of a Banach algebra A is said to be finite rank if the map M,, : A —
A, © — aza is finite rank. A Banach algebra A is called hypofinite
if any nonzero quotient A/J by a closed ideal J contains a nonzero
finite rank element. A Banach algebra A has a largest hypofinite ideal
which is denoted by Ry,s(A) and the map A — Ry (A) is a topological
radical [13, 2.3.6]. The ideal Ry s(A) is called the hypofinite radical
of A. A Banach algebra is called scattered if the spectrum of every
element a € A is finite or countable. A Banach algebra A has a largest
scattered ideal denoted by Rs.(A) and the map A — R, (A) is a
topological radical [13, Theorems 8.10, 8.11]. The ideal R.(A) is called
the scattered radical of A.

Corollary 2.3. Rpf(AlgN) = Rp.(AlgN) = Ry (AlgN).
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SPACES OF DISTRIBUTIONS WITH MIXED LEBESGUE
NORMS

G. CLEANTHOUS, A. G. GEORGIADIS, AND M. NIELSEN

ABSTRACT. We consider smoothness spaces of distributions on R™ with mixed
Lebesgue norms, where different level of integrability is used for every coor-
dinate. In this note we will state our recent results in this area and we will
present some new properties of mixed-norm Besov and Triebel-Lizorkin spaces.

1. INTRODUCTION

The theory of spaces of functions and distributions forms an integral part of
functional analysis. Here we aim to present some recent and some new properties
of smoothness spaces. Besov and Triebel-Lizorkin spaces form two closely related
families of smoothness spaces with numerous applications in approximation theory
and functional analysis, see [12,27,30]. The construction of the above mentioned
spaces is based on a dyadic decomposition of the frequency space, and their proven
usefulness for applications relies to a large degree on the fact that universal and
stable discrete decomposition systems exist for the two families of spaces.

The significance of these spaces can be partially understood by the fact that sev-
eral spaces of functional analysis, with their own history, are recovered for specific
values of the parameters in the definitions of Besov and Triebel-Lizorkin spaces.
Some examples are Lebesgue, Hardy, Sobolev and Lipschitz spaces.

The study of Besov and Triebel-Lizorkin spaces has been expanded significantly
since the introduction of the so called p-transform by Frazier and Jawerth in their
seminal papers [10-12]. As solid bases for introduction in the study of these spaces
we refer the reader to the books of Peetre [27], Triebel [30] and the booklet of
Frazier, Jawerth and Weiss [13].

The influence of [10-12] on mathematical analysis has been impressive. Any
citation database will show a huge number of citations to the above papers. More-
over these papers have guided researchers with specialities in distribution spaces,
wavelets, and approximation theory. Some related works on R™ are [4-6,22, 24].
For decompositions on other settings such as on the ball, on the sphere and the
interval, see for example [20, 21,23, 26, 28].

In this paper we present some recent and some new results for Besov and Triebel-
Lizorkin spaces in a mixed-norm setting. The content of the article has been pre-
sented by the first named author during the fifteenth Panhellenic conference of

1991 Mathematics Subject Classification. 42B25, 42B35, 46F10, 46F25.

Key words and phrases. tempered distributions, mixed-norms, smoothness spaces, Besov
spaces, Triebel-Lizorkin spaces, inhomogeneous, homogeneous, embeddings.

Supported by the Danish Council for Independent Research — Natural Sciences, Grant 12-
124675, “Mathematical and Statistical Analysis of Spatial Data”.
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mathematical analysis which took place in Heraklion between 27 and 29 of May of
2016.

Recently, there has been significant interest in the study of inhomogeneous Besov
and Triebel-Lizorkin spaces with mixed Lebesgue norms, see [15-19].

In [7] we introduced and studied homogeneous mixed-norm Besov spaces B;?q’
for s € R, p= (p1,...,pn) € (0,00)" and ¢ € (0,00]. The homogeneous spaces
are defined over the class 8’/P of tempered distributions modulo the polynomials.
Homogeneous mixed-norm Triebel-Lizorkin spaces F 5, are introduced in the recent
preprint [14].

Here we present some first properties on B;q spaces proven in [7] and we offer
some new results as well. Namely we will prove the connection between inhomoge-
neous and homogeneous mixed-norm Besov and Triebel-Lizorkin spaces.

Notation: Through the article, positive constants will denoted by ¢ and they
may vary at every occurrence. The Fourier transform of a (proper) function f will
be stated by f(¢) = Jan f(z)e™8dx. The set of positive integers will be denote
by N:={1,2,...}. For two quasi-normed spaces X,Y we will denoted by X — Y
a continuous embedding.

2. PRELIMINARIES

In this section we present some background needed for the development of mixed
norm Besov and Triebel-Lizorkin spaces.

2.1. Schwartz functions and distributions. Let us recall some basic facts about
Schwartz functions and distributions. We denote by S = S(R™) the Schwartz space
of rapidly decreasing, infinitely differentiable functions on R™. A function ¢ € C*
belongs to S, when for every k € NU {0} and every multi-index oo € (NU {0})",

(2.1) Pralp) == seuﬂgl(l + |x|)k|Do‘<p(z)| < 00.

The dual &’ = §'(R™) of S is the space of tempered distributions.
We will further denote

Soo 1= Suo(R") = {1/) €S: [ z*p(x)dr =0, Ya e (NU {o})n}.

Rn
We note that S, is a Fréchet space, because it is closed in & and its dual is
S =8'/P, where P the family of polynomials on R™.

We will define inhomogeneous mixed-norm Besov spaces for elements of S’ and
the homogeneous ones for tempered distributions modulo polynomials S’ /P.

2.2. Mixed norm Lebesgue spaces. In our setting, the integrability will be

measured in terms of the mixed Lebesgue norms which we present immediately.
Let p'= (p1,...,pn) € (0,00)" and f : R" — C. We say that f € Ly = Lz(R")

if

(2.2)

P3

S|

1l 1= 1l ey = /(/(/U(fﬂa:)dx) 1dx2> o,

The quasi-norm || - ||, is actually a norm when min(p1,...,p,) > 1 and turns
(Lp, | - |l5) into a Banach space. Note that when p'= (p,...,p), then Ly coincides

< o0,
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with L,. More properties of Lz, can be found for example in [1-3,9,25,29]. For
smoothness spaces with mixed Lebesgue norms we refer the reader to [15-17,25]
and their references.

3. INHOMOGENEOUS MIXED-NORM BESOV AND TRIEBEL-LIZORKIN SPACES

Inhomogeneous mixed-norm Besov and Triebel-Lizorkin spaces have been exten-
sively studied the last years, see for example [15,18,19] and the references therein.
Let us recall their definitions.

Let a function ¢9 € S(R™) satisfying

(3.3) supp go C {§ € R™: [¢] <2},
and

(3.4) [Bo(E) > >0 if |¢] <23/
Let also ¢ € S(R™) satisfying

(3.5) supp ¢ C {€ € R : 1/2 < [¢| < 2},
and

(3.6) 6(&) > >0 if 2734 < ¢ < 2%/4,

We set ¢, (z) :=2""¢(2¥x), Vv e N.

Definition 3.1. Let s € R, = (p1,...,pn) € (0,00)", ¢ € (0,00] and ¢o, ¢ as
above.

(i) The inhomogeneous mized-norm Besov space ng, is the collection of all
f €S8 such that

= 1/q
(3.7) 1flss, = (3@ New = Flp)7) < ox,
v=0
with the £,-norm replaced by the sup, if ¢ = co.
(i1) The inhomogeneous mized-norm Triebel-Lizorkin space I , is the collection
of all f € 8’ such that

(38) 11y, = || (216 £O17) | <o
v=0

with the £4-norm replaced by the sup, if ¢ = oo.

4. HOMOGENEOUS MIXED-NORM BESOV SPACES

In this section we present the extension of the classical homogeneous Besov spaces
(see Triebel [30], Peetre [27] and Frazier-Jawerth [10]), which we developed in [7]
using mixed-norms.

We will say that a test function ¢ € S is admissible when it satisfies (3.5) and
(3.6). Furthermore, we set ¢, (x) := 2""¢(2"x), Vv € Z. We present the following:

Definition 4.1. [7] For s € R, p = (p1,...,pn) € (0,00)", ¢ € (0,00] and ¢
admissible, we define the homogeneous mized-norm Besov space B%q, as the set of
all f € §'/P such that

/
(49) 175, = (@ lew = 7197 < o0,

VEZ
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with the £4-norm replaced by the sup, if ¢ = oo.

Remark 4.2. Several remarks regarding the homogeneous mized-norm Besov spaces
defined above and some results proven in [7] are in order.

(a) By (3.6) we have that |||z =0« f € P, which is why we work over the

prq

quotient S’/ P.

(8) Whenp = (p,...,p), then B, coincides with By,
Besov space. )

(v) Homogeneous mized-norm Besov space B%q is quasi-Banach for all s €
R, 9= (p1,.--,pn) € (0,00)" and q € (0,00]. The triangle inequality does not

hold in general in Bf;q, Instead we have the sub-additivity

If+ gl

the standard homogeneous

B <Ml +1lgllpe » where r:=min(L,p1,...,pn,q).
rq prq rq

Furthermore B%q is a Banach space when p € [1,00)", q € [1,0].

(0) The quasi-norm in the definition of Bg.q depends on the choice of the admissi-
ble function ¢, but for different admissible functions, we get equivalent quasi-norms.
Therefore B;;q space is independent of the admissible function .

(€) All the construction has been based on the dyadic decomposition of the fre-
quency space. We can use instead, any other number > 1 in all the procedure of
Subsection 2.2, as well as in the Definition 4.1 of Besov spaces (replace 2V by %)
and get the same spaces with equivalent norms.

(o7) Some embeddings between homogeneous mized-norm Besov spaces, provided
in [7] are presented below:

(o71) Let s € R, p'e (0,00)" and 0 < ¢ <1 < 00. Then we have the embedding

B3, — B,
coming from the well known embedding between the sequence spaces; £y — £,

(072) Homogeneous mized-norm Besov spaces and the classes S, SL, are con-

nected in the following way:

Proposition 4.3. Let s € R, 7= (p1, -+ ,pn) € (0,00)™ and q € (0,00]. Then
Soc = BE, and B, < S..
(o73) Spaces of different smoothness levels are connected as below:

Proposition 4.4. Let s,t € R, = (p1, - ,Pn), 7= (11,...,7n) € (0,00)™ and
q € (0,00] be such that

1 1 1 1
t<s, pr<ri,...;pn <7Tp, and s —— —--- — — =t == -

b1 DPn T1 Tn
then
. i,
B, = B,
Specifically we have the following relation between mized and unmized spaces:
Lets € R, p= (p1, - ,pn) € (0,00)™ and q € (0, 00]. We set py, := min(p1,...,pn)
and ppr := max(p1,...,pn), then
. . .
Bp,q = Big = Bpya
where

1 1 n 1 1 n
tzs—(—+---+—)+— and r:s—(—+---+—)+—.
p1 Dn Pm b1 Pn bm
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4.1. Homogeneous mixed-norm Triebel-Lizorkin spaces. The development
of homogeneous mixed-norm Triebel-Lizorkin spaces has been obtained in [14]. Let
us present here only the definition of these spaces.

Definition 4.5. [1/] For s € R, § = (p1,...,0n) € (0,00)", q¢ € (0,00] and ¢
admissible, we define the homogeneous mized-norm Triebel-Lizorkin space prq, as
the set of all f € 8'/P such that

(4.10) 11y, = || (2w s s007) ]| < .

VEZ

with the £4-norm replaced by the sup, if ¢ = 0.

Note that the remarks we presented for the case of homogeneous mixed-norm
Besov spaces, apply for ng spaces too.

5. COMPARISON OF INHOMOGENEOUS AND HOMOGENEOUS SPACES

In this section we give some new results, inspired by the unmixed case presented
in [13]. We give the relation connecting the inhomogeneous and homogeneous
mixed-norm Besov and Triebel-Lizorkin spaces, but let us first justify the title
“homogeneous” which we use for some of our spaces.

Let f € 8’ We set fu(x) := 2#" f(2"x) for every p € Z and x € R". We will
show that

(5~11) ||fu| B;;q = 2#N”ﬂ

where N is an exponent depending only on the parameters s, p, q.
Indeed, let v, 4 € Z and x € R™. By changing variables we obtain that

(5.12) pu* fu(x) = 28" (py—p * f) (2 2).

Now the mixed Lebesgue norm of ((pl,_u*f) (2#z), by changing the variables 2#z; =:
y;, for every direction j = 1,...,n, equals to

B3, Vs €R, p'= (p1,...,pn) € (0,00)", q € (0,00],

1

_ e L
(5.13) 1o )7 = 27 G435 o5
From (5.12) and (5.13), it follows that

/
s, = (X levs sullp)

vVEZ
_ (Z (21/52#7742_“(%—*—'”—"_%") H‘Pu—# * f”ﬁ)q)l/q
VEZ
(e 1/q
g (etn= (G4 20)) (3 (202, 1))

VEZ

— 2#(”“*(%*'*#))||fHBS,
So (5.11) holds true for N :=s+n — (p% +--+ pi) Note that (5.11) remains
true for the homogeneous mixed-norm Triebel-Lizorkin spaces as well (with the
same N) and does not hold for the inhomogeneous spaces.
The exponent N is called the homogeneous dimension of B%q (or ng) space.

Note that for the unmixed case the homogeneous dimension we derived turns to
N=s+n(l- %) as in [13].
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Now let us present the relation connecting the inhomogeneous and homogeneous
spaces with mixed-norms, inspired by the classical, unmixed, situation, see [13].

Theorem 5.1. Let s > 0, p= (p1,...,pn) with min(py,...,pn) > 1 and 0 < g <
oo. Then

(i) By, = Ly N By, and (i) Fy, = Ly N ES,.

Proof. (i) Let f € Bj,. Let also ¢o, ¢ € S satisfying (3.3)-(3.6) be such that

Zq/f);(f) =1, for every§ c R".

v>0
Then
f= Z ¢, * [ (convergence in S').
v>0
Using the fact that min(p1,...,p,) > 1 and hence || - ||7 turns to a norm, it follows
that
Wley = ||D 0w s] <D low« 1l
v>0 Pou>o0
< ) 27 sup 2|gy, + fl
v>0 n=>0
(5.14) = cssup 2@+ fllg < el fllg,,
1>0 Pq

where for the last equality, we used the assumption s > 0.

Let now ¢ € S satisfying (3.5) and (3.6). By Penedek-Panzone [3, Theorem 1.b,
p. 319] and by the fact that min(py,...,p,) > 1, we have the following behaviour
for the mixed-norms of convolution operators:

(5.15) lew * fllg < llpw 1l flly = el fllz for every v € Z,
since we can easily observe that ||o,||1 = ||¢l|1, for every v € Z and hence we get
immediately
1/a
Il = (2o@ e« fl5)7)
VEZL
X 1/q y 1/q
< (e len s flp7) (3@ e £117)7)
v<0 v>0
\1/a
< (X2) CUfllp+ el s,
v<0
(5.16) < cllflly+1f1ls,);

where we used again the fact that s > 0. Combining (5.14) and (5.16) we have the
embedding

B3, = LyN B3,
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For the other direction, note that (5.15) holds true for the functions ¢,, v > 0
as well. Then,

1/q
1lss, = (2@ l6w = f15)7)
v>0
1/q
< clido = Fllg+e( o2 ll6w = 71)°)
v>0
< cllflly+ £z, )

which guarantees the embedding
LyN B, < B,
(ii) We will follow [13]. Let f € 8" and ¢, ¢ € S satisfying (3.3)-(3.6) be such
that {¢,},>0 to be a partition of unity. Then

(5.17) f= Z ¢, * [ (convergence in S').

v>0
We turn to estimate
(00« @)
v>1
We distinguish the cases ¢ > 1 and ¢ < 1.
Case a: 1 < ¢ < oo. By Holder’s inequality, denoting by ¢’ the conjugate index
of ¢, we obtain

Z |¢U % f(m)‘ < (ZQ‘VSq’)l/ql(Z (2y5|¢u " f($)|)q)1/q
< CS,q(Z (27%] ¢y, f(:v)|)q>1/q,

v>1
thanks to the assumption s > 0.

Case : 0 < g < 1. Using the g-triangle inequality and the fact that s > 0, we
derive

1/q
S 16w+ f@) <3020« @) < (D0 (2716w = F@))T)
v>1 v>1 v>1
Since now min(py,...,p,) > 1, by assumption, relation (5.17) and the bounds

above lead us to

1flz < c|\¢0*f\\ﬁ+cH<Z(2VS|¢V*f(.mq)l/q

v>1

| (@16, s009) || = el

v>0

A

2

(5.18)

IN

Let now ¢ € S satistying (3.5) and (3.6). Then,

A (@ ten = £00) || 4ol (@ e 0|
v<0 v>0

(519) = C(El +Eg)

IN

11l s
Pq
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Of course it holds that

(5.20) Yo < |If]

FS
Pq

and so we restrict our interest to ¥;. We consider separately the cases when ¢ is
smaller than 1 or not.

Case o : 0 < g < 1. By Holder’s inequality, denoting by (1/¢)’ the conjugate
index of 1/q, we obtain

Z (2”8‘4,01/ % f()|)q < (Z2(1/3!1/2)(1/@’)1/(1/(1)/(221/3/2'()0” *f()‘)q
v<0 v<0 v<0
< oo 32 Plou 1))
v<0

The last inequality gives us

so< | S 2en s £O|| < ST Ry« £l
v<0 P v<0
(5.21) < o 22 )l < el
v<0
where for the second inequality we used the fact that || - |7 is a norm under our

assumptions, for the third the inequality (5.15) and for the last the assumption
5> 0.
Case : 1 < q < oo. By the identity |a 4 b|*/ < |a|'/9 4 |b|'/9, we derive

S @%len SO < (2% £01)

v<0 v<0
So with the same steps as before we get for this case too
(5.22) 2y <<l fllp
Combining (5.18)-(5.22) we have that
1£llg. <ellf

which together with (5.18) offers the inclusion

Es
pq

F3, — LN Fg,.

The converse embedding comes straight from the expression (5.17) and the esti-
mation (5.15), indeed

Ifllrs, < clido *f|\ﬁ+cH(Z(2u5|¢V . f(')|)q)1/qH

v>0

IN

cllfllp =+ ellf]

Fs
prq

and the proof is complete.
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The Main Equation for a Sturm-Liouville Operator with a
Piecewise Continuous Coefficient
Khanlar R. Mamedov® and F. Ayca Cetinkaya®

Abstract. We consider a boundary value problem for a Sturm-Liouville operator with a

piecewise continuous coefficient:

-y"+q(x)y=A%p(x)y, 0<x<m, (1)
y(0)=0, )
LAY (7)+ By (7) [+ any(7)+ ey (7)=0  (3)
where q(x)eL,[0,7], A isacomplex parameter, ¢, 3 (i =1,2) are real numbers and

1, 0<x<a,

p(X)={

as O<a #1. We derive the Gelfand-Levitan-Marchenko type main equation for boundary

a’, a<x<rxw

value problem (1)-(3) and we prove the uniqueness of its solution. We also give the
uniqueness theorem for the solution of the inverse problem. The direct and inverse problem
with respect to the Weyl function for the boundary value problem (1)-(3) is examined in [1].

Keywords. Sturm-Liouville operator, inverse problem, main equation.
AMS 2010. 34A55, 34K10.

References

[1] Khanlar R. Mamedov, F. Ayca Cetinkaya, “Inverse problem for a class of Sturm-
Liouville operator with spectral parameter in boundary condition” Boundary Value Problems,
2013:183, 2013.

! Mersin University, Mersin, Turkey, hanlar@mersin.edu.tr
2 Mersin University, Mersin, Turkey, faycacetinkaya@mersin.edu.tr




15th Panhellenic Conference on Mathematical Analysis 40

Matrix transformations between some sequence space of
generalized weighted means

Faruk Ozger
Izmir Katip Celebi University, Izmir, Turkey
e-mail: farukozger@gmail.com

The study of the topological properties is fundamental in our study. We
will determine the multipliers and duals of certain sequence spaces. The
knowledge of the S—dual of a given sequence space X is essential for the
characterization of linear operators from X into a sequence space Y. This is
why we will focus on the f—dual of our sequence spaces to establish necessary
and sufficient conditions on the entries of an infinite matrix A to be in the
class (X,Y).
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Abstract

In this paper we study the asymptotic behavior of the positive
solutions of the systems of the two difference equations

Tpi1 = a+byn_1e” ", Ypy1 =c+dr,_1e Y,

where the constants a, b, ¢, d are positive real numbers, and the initial
values z_1,xg,y—_1,yo are also positive real numbers.

Keywords: System of difference equations, equilibrium, boundedness, per-
sistence, attractivity, global asymptotic stability.
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1 Introduction

The mathematical modeling of a discrete problem very often leads to systems
of nonlinear difference equations. So there are many applications of such
systems in Economics, Biology, Biomathematics, Bioengineering, Population
Dynamics, Genetics and other sciences. Thus, an extended literature has
been developed regarding to difference equations and systems of difference
equations as we can see in [1-11] and the references cited therein.

Now, in this paper we study a system of nonlinear difference equations
which becomes from the following difference equation

Tpi1 = a+bxry, e "

that has been studied in [6]. More detailed in this manuscript we investigate
the boundedness and the persistence of the positive solutions, the existence
of a unique positive equilibrium and the global asymptotic stability of the
equilibrium of the following system of difference equations

Tni1 = a+byn_1e”"", ypi1 =c+dr,_1e Y, (1.1)

where the constants a, b, ¢, d are positive real numbers and the initial values
T_1,%0,Y—1,Yo are also positive real numbers.

2 Boundedness

Firstly, we study the boundedness and persistence of the solutions of system
(1.1).

Proposition 2.1 Let a,b,c,d be positive real numbers such that

p=>bde " < 1. (2.1)
Then every solution of (1.1) is positive, bounded and persists.
Proof Since the initial x_1, g, y—1,y0 of (1.1) are positive, every solution
of (1.1) is positive.
Let (zn,yn) be an arbitrary solution of (1.1). From (1.1) it is obvious that

Tp>a, Yp>c, n=1, 2, .. (2.2)
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Every solution of (1.1) persists.
Moreover from (1.1) and (2.2) it follows that for n = 2,3, ...

Tpt1 = a0+ b(C + dxn_ge*y"”)e*xn <a+bce™® + pxp_3,
Yn+1 = c+d(a+ byp—ge”""2)e ¥ < c+ dae” + pyn—3

(2.3)
We consider the system of difference equations

Unt1 = a+ bee™® + puy—3, vpp1 =c+dae “+pu,_3, n=23,... (24)
Let (up,v,) be a solution of (2.4) such that

U-1=%o-1, Up=2Tp, Ul =71, U2= T2,

U_1=Y-1, Vo=Yo, VI =Y1, V2 ="Ya. (2:5)
From (2.4) and (2.5) we obtain
ug=a+bce *+pr_1>0, vs=c+dac “+py_1>0
and working inductively it follows that
Up >0, v, >0, n=2,3,....

Moreover, from (2.4) for n = 3,4, ..., we have

o = Map¥ + da(=p) T + hapeos(0) + Aapfsin(o) + L2 icz_a, (2.6)

U = pp + pa(—p) T + usp%COS(%) + mﬁsin(%) + CTla;_C, (2.7)

where A1, A2, A3, Ay (resp. p1, pe, ps, p4) are constants defined by

-1, To, T1, T2 (resp. Y-1, Yo, Y1, ?J2)
Using (2.3), (2.4) and (2.5) we can prove by induction that

Ty < Uny, Yn <Up, n=—1,0, .. (2.8)

Then from (2.2), (2.6), (2.7) and (2.8) we obtain that every solution of (1.1)
is bounded.
Hence, the proof is completed.

In the next proposition we prove the existence of invariant intervals for
the System (1.1).
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Proposition 2.2 Leta,b, c,d be positive numbers such that (2.1) hold. Con-
sider the intervals

e ]

where p is defined in relation (2.1) and € is an arbitrary positive number.
Then, if (zy,yn) is a positive solution of (1.1) such that

r_1,70 € I1, y-1,y0 € Iz, (2.9)

we have
T €l, yp€la, n=1,2,....

Moreover, if (xn,yn) is an arbitrary positive solution of (1.1), then there
ezists an ' m € N such that

Tp €13, yn € Iy, n>m. (2.10)

Proof (i) Let (z,,y,) be a positive solution of (1.1), such that (2.9) hold.
Then, from (1.1) we obtain

c+ ade™* bce™
a<zi=a+by_1e7 <a+ b+76_a _atbee

L—p L—=p
bce™® de™¢
C§y1:C+dx4¢wo§C+dﬁijfgﬁﬂgziiﬁjii

1—p 1—p

and working inductively we can prove that
—a —C
o<, <Ottt o cctadet s
L—p L—=p

This completes the proof of the first part of the proposition.

Let (zy,, yn) be an arbitrary positive solution of (1.1). Then, from Propo-
sition 2.1, we obtain

limsupz, = M < oo, limsupy, =L < cc. (2.11)

n—oo n—oo

Thus from (2.3) and (2.11) we get

—a —C
a + bce L< c+ade
1—0p 1—p
and so there exists an m € IN such that (2.10) hold. This completes the
proof of the proposition.

M <

i
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3 Attractivity

In this section we study the existence of a unique positive equilibrium for
system (1.1) and the attractivity of the unique positive equilibrium. Arguing
as in Theorem 1.6.5 of [1], in Theorems 1.11-1.16 of [2] and in Theorems
1.4.5-1.4.8 of [4] we state the following lemma.

Lemma 3.1 Let f,g, f: R" xRt — RT, g: R* x RT™ — R" be continuous
functions, RT = (0,00) and ay,b1,as,bs be positive numbers such that a; <
b1, as < bo.

Suppose that

f : [al,bl] X [az,bg] — [al,bl], qg: [(Il,bl] X [(Ig,bz] — [CLQ,bQ].

In addition, assume that f(x,y) (resp. g(x,y)) is decreasing with respect to
x (resp. y) for every y (resp. x) and increasing with respect to y (resp. x)
for every x (resp. y). Finally suppose that, if the real numbers m, M,r, R
satisfy the system

M= f(m,R), m=[f(M,r), R=g(Mr), r=g(m,R),
then m = M and r = R. Then the following system of difference equations

Tn+l = f(xm yn—l)a Yn+1 = g(xn—1> yn) (3'1)

has a unique positive equilibrium (Z,y) and every positive solution (xy,yn)
of the system (3.1) which satisfies

Tng € [a1,b1], Tng+1 € [a1,01], Yng € [a2,02], Yng+1 € [a2,b2], no € IN
tends to the unique positive equilibrium of (3.1).

Proposition 3.1 Let a,b, c,d be positive numbers. Assume that

01 =be “ <1, Op=de “<1. (3.2)
Suppose also that
I+ap+cth <1, (14+c)p+aby<1 (3.3)
and
A= (L —p)* <1 (3.4)

[1 —(14+a)p— 001] [1 - (1+c)p— aeg}

Then the system (1.1) has a unique positive equilibrium (Z,7) and every
solution of (1.1) tends to the unique positive equilibrium of (1.1) as n — oco.
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Proof Let f: R* xRT — R, g: R" x Rt — R™ be continuous functions,
such that
f(z,y) =a+bye™, g(x,y) =c+dxe V.

Then, if x € I3, y € 14 from (3.2) we have

c+ade ¢ +e _ a+ch +e€ly a-+cl+e
< < b 4= <
a< flx,y) <a+ 1 e - T
a+bce ™ +¢€ _ c+aby+efy c+aby+e
< < d ‘= < .
c<g(zy) <c+ 1 e - -
Therefore f,g are continuous functions such that f : I3 x Iy — I3, g :

Ig X I4 — I4.
Let now, m, M € I3, r, R € I, be positive real numbers such that

M =a+bRe™, m=a+bre ™, R=c+dMe™, r=c+dme . (3.5)
Then, from (3.5), we have

m=a+bce ™ + bdme e ™, r=c+dae 4+ bdre Me F

and so
a+ bee M ¢+ ade B
m = —— = —. (3.6)
1 — bde~B—M 1 — bde~E—M
Then since M > a, R > c it holds
< a+bce™® a+ch < c+ade ™  c+aby (3.7)

l1-p  1—-p’ — 1—-p  1—p°
Furthermore, there exists a £, min{m, M} < & < max{m, M} such that
eM —e™ = eS(M —m). (3.8)
From (3.5) and (3.8) and since M, m > a we get

M—m =0bRe ™ —re M) =be ™ (R—7)+bre ™ MM _em) =
be ™ (R —r) + bre ™ MM —m) <
01(R — T‘) + T‘el(M — m)
(3.9)
Hence from (3.7) and (3.9) it follows that

) (0 = m). (3.10)
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Then since p = 6162, from (3.10) we obtain

1—p—cby —ap
(M —m)( — ) <Ou(R-7). (3.11)
Therefore from (3.3) and (3.11) we have
Mom<—=p) _p (3.12)

“1—ch—(a+1)p

Similarly, we have

02(1 — p)
— M —m). 1
R _1—a92—(c+1)p( m) (3.13)
Relations (3.12) and (3.13) imply that
M —m < XM —m). (3.14)

Therefore from (3.4) and (3.14) we have M = m and so from (3.5) r =
R. Consequently, from Lemma 3.1, System (1.1) has a unique positive
equilibrium (Z,7) and every positive solution of System (1.1) tends to (Z,7).
This completes the proof of the Statement (i). (ii) We define the functions

f:R" xRt —- Rt g: Rt x R* — R* as follows
flu,v) =a+bve ™, g(z,w) =c+ dwe >.
Then, if z,w € J3, u,v € Jy and arguing as in Statement (i) we have
fu,v) € J3, g(z,w) € Jy.
So f and g are continuous functions such that
fodaxJdyg—Js, g:J3xJ3— Jy.
Let now, m, M € Js, r, R € J; be real numbers such that
M =a+bRe™", m=a+bre ¥, R=c+dMe™, r=c+dme M. (3.15)
Moreover, there exists a &, min{r, R} < & < max{r, R} such that
Reft —re" = (14 €)e*(R —r). (3.16)
Then from (3.15) and (3.16) and since r, R > ¢ we get

M —m =0b(Re" —re ) =be " F(Ref —rer) =

be "R (1 4 (R — 1) <be ¢(14 &)(R —1). (3.17)

7
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Moreover, from (3.15), we obtain
r=c+dae ™ +bdre Fe™ | R=c+dae™™ +bdRe "e™ ™"
which implies that

—M —-m
¢+ ade <c+a@ _ c+ade <c—|—aC2'

T Cbde B-M = 1—p’ 1l—bde T~ 1—p

(3.18)

Furthermore since £ < max{r, R} we have either £ <r or £ < R. Then from
(3.18) it follows that

¢+ ada
< . 3.19
<t (3.19)
Thus, from (3.17) and (3.19), we get
1—
Mo—m<atzpreta) (3.20)
l=p
Similarly, we obtain
1—
Rop<zprated) (3.21)
L=p
So, from (3.20) and (3.21) we have
M —m < p(M —m). (3.22)

Then, from (?7?), (3.15) and (3.22) it is obvious that M = m and R = r.
Therefore, from Lemma 3.1, System (?7) has a unique positive equilibrium
(Z,y) and every positive solution of System (??) tends to (7, 7). This com-
pletes the proof of the proposition.

Proposition 3.2 Let a,b, c,d be positive numbers. Assume that (3.2), (3.3)
and (3.4) hold. Suppose also that

61 + af 0 0
K:C1+a2_|_(a+c)p+p(a—|—c1)(C:a2)+p<1 (3.23)

Then the unique positive equilibrium (Z,y) of (1.1) is globally asymptotically
stable.
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Proof First we will prove that (z,7) is locally asymptotically stable. The
linearized system of (1.1) about (z,y) is the following:

Tp+1l = _bge_ixn + be_fynfla Yn+1 = de_gxnfl - die_gyn . (3'24)

which is equivalent to the system

a 0 0 p Tn

_ _ 0 ~ o 0 o Yn
wn+1 - Awn7 A - 1 0 0 0 ) Wn = Tp1
0 1 .00 Yn—1

a=—bye " B=be " y=—dre ¥, §=de V.
Then the characteristic equation of A is
M~ (a+ )N+ ay\? — 35 = 0. (3.25)

Using Remark of 1.3.1 of [3] all the roots of Equation (3.25) are of modulus
less than 1, if
laf + [y| + lavy] + |Bd] < 1. (3.26)

Since (Z,¥) is an equilibrium for (1.1) we have that

T=a+blct+dre Ve ™, §=c+d(a+bye T)e Y.

Hence

. aerciiiSachHl? g— c+adfj?§c+a92' (3.27)
1—bde *Y 1-p 1—bde=*Y 1—p

Then, since T > a, y > ¢, from (3.23) and (3.27), we get
ol + [7] + | + 180 =
bije ™ 4+ dze Y + bdzyje™* Y + bde ™ * Y <k < 1

and so (3.26) is satisfied. Therefore (Z,y) is locally asymptotically stable.
So, since from Statement (i) of Proposition 3.1, every positive solution of
(1.1) tends to the unique positive equilibrium of (1.1), the proof is completed.
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4 Unbounded solutions

In this section we find unbounded solutions for the System (1.1).

Proposition 4.1 Suppose that
61 >1, 6>>1, (4.1)

where 01, 0o are defined in (3.2). Then there exist unbounded solutions
(Tnyyn) of (1.1) such that one of the following relations hold:

lim =00, lim x9, =a, lim =00, lim =c 4.2
In+1 ;o Jim z9n, = a,  lim yon g ;o Jim gy, (4.2)

n—o0
lim x =q, lim z9, =00, lim =c¢, lim = 00. 4.3
oo 2ntl Y pyeo 2n ’ naooy2n+1 ’ n~>ooy2n ( )

Proof First we find solutions of (1.1) such that (4.2) are satisfied. Let
(n, yn) be a solution of (??) with initial values x_1, xo,y—1, yo which satisfy

xo<mi, T_1 > M, yo<mg, y_1 > M (4.4)

where

mq1 =Inb, me = Ind, M:max{ln( dm ), ln( bz )}

mo — C m; —a

Then using (1.1) and (4.4) we have

r1=a-+by_1e7" >a+by_1e7™ =a+y_1,

y1=c+dr_1e7 >c+dr_jeT™ =c+x_1,

my—a
To = a+ bype ™ < a+ bmoe Y1 < a—i—bmg( bl ) =myq,
m2

mo —C

Yo = c+drge 9 < c+dmie "t < c+ dml( ) = My,

dm1

and working inductively we obtain

Ton+1 > @+ Yon—1, Y2ntl > C+ Toan—1, Ton <M1, Y2 <Mz, n=1,2, ..
(4.5)
Using (1.1) and (4.5) we can prove that (4.2) hold.
Let now (x,,yn) be a solution such that

r_y <my, ko > M, y—1 <ma, yo > M.
Then arguing as above we can show that relations (4.3) are satisfied. This

completes the proof of the proposition.

10
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A SURVEY ON THE OSCILLATION OF
DIFFERENTIAL AND DIFFERENCE EQUATIONS
WITH SEVERAL OSCILLATING COEFFICIENTS

IOANNIS P. STAVROULAKIS

ABSTRACT. Consider the retarded difference equation
m
Az(n) + Zpl(n)x(‘r.b(n)) =0, neNg
i=1
and the (dual) advanced difference equation

Vz(n) — Zm(")x(%(n)) =0,neN,

=1

which represent the discrete analogues of the retarded dfifferential equation
m
() + Y pit)z(ri(t) =0, >0,
i=1

and the (dual) advanced differential equation

m
a(t) =Y pit)z(oi(t)) =0, t>1,
i=1
A survey on the oscillation of all solutions to these equations is presented
in the case of several oscillating coefficients

Keywords: Oscillating coefficients, retarded argument, advanced argu-
ment, oscillatory solutions, nonoscillatory solutions.

2010 Mathematics Subject Classification: 34K06, 34K11, 39A10,
39A21.

1. INTRODUCTION

Consider the retarded difference equation

Ax(n) + > pi(n)a(ri(n)) =0, n €Ny, (Eg)

i=1

and the (dual) advanced difference equation

Va(n) =Y pi(n)z(oi(n)) =0, neN, (Ea)

i=1
where m € N, {p;(n)}, 1 < ¢ < m, are oscillating sequences of real numbers,
{7i(n)}hen,» 1 <@ <m, are sequences of integers such that

Ti(n)<n—1 ¥Yn>0, and lim 7;(n)=o00, 1<i<m, (1.1)
{oi(n)},eny 1 <@ < m, are sequences of integers such that

oi(n)>n+1, neN, 1<i<m, (1.2)
1
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2 IOANNIS P. STAVROULAKIS

A denotes the forward difference operator Az(n) = z(n+1) — z(n) and V denotes
the backward difference operator Vz(n) = z(n) — z(n — 1).

In the last few decades, the oscillatory behavior of all solutions of difference
equations has been extensively studied when the coefficients p;(n) are nonnegative.
However, for the general case when p;(n) are allowed to oscillate, it is difficult
to study the oscillation of (Egr) [(E, )], since the difference Az(n) [Vz(n)] of any
nonoscillatory solution of (Er) [(E,)] is always oscillatory. Therefore, the results
on oscillation of difference and differential equations with oscillating coefficients are
relatively scarce. Thus, a small number of paper are dealing with this case. See,
for example, [1—6,8,9,11—17] and the references cited therein.

Set

w=— 15121101 Ti(n).
1<i<m

(Clearly, w € N.)
By a solution of the retarded difference equation (Er), we mean a sequence
of real numbers {z(n)} which satisfies (Eg) for all n € Ny. It is clear that,

n>—w
for each choice of real numbers c_,,, c_yy1,..., c_1, Co, there exists a unique
solution {z(n)},,~_,, of (Er) which satisfies the initial conditions z(—w) = c_,
z(—w+1) = c_yi1,--., 2(—=1) = c_1, (0) = cg. By a solution of the advanced

difference equation (E4 ), we mean a sequence of real numbers {z(n)}, oy, which
satisfies (E4 ) for all n € N.

A solution {z(n)},>_,, [ {z(n)},en,] of the difference equation (Er) [(Ea)] is
called oscillatory, if the terms z(n) of the sequence are neither eventually positive
nor eventually negative. Otherwise, the solution is said to be nonoscillatory.

Strong interest in Eq.(Eg ) with several variable retarded arguments is motivated
by the fact that it represents a discrete analogue of the differential equation with
several variable retarded arguments (see [6] and the references cited therein)

m
2 () + Y pilt)z(ri(t) =0, t>0, (1.3)
i=1
where, for every i € {1,...,m}, p; is an oscillating continuous real-valued function

in the interval [0,00), and 7; is a continuous real-valued function on [0,00) such
that

Ti(t) <t, t>0, and tlim Ti(t) = o0,

while, Eq.(E4 ) represents a discrete analogue of the advanced differential equation
(see [6] and the references cited therein)

2() =Y pilta(ei(®) =0, 1> 1, (1.4)

where, for every i € {1,...,m}, p; is an oscillating continuous real-valued function
in the interval [1,00), and o; is a continuous real-valued function on [1,00) such
that

oty >t,  t>1.
For m = 1, equations (Er) and (E4) take the forms

Az(n) +p(n)a(r(n)) =0, n € No, (Er1)
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and

Vz(n) —p(n)z(o(n)) =0, neN, (Ea1)
respectively. These equations represent the discrete analogues of the differential
equations (see [6] and the references cited therein)

#(t) +p(t)z(7(t)) =0, =0, (1.5)
and

#(t) —p)a(o(t) =0, t>1, (1.6)
respectively, where 7(t) < t, o(t) > t, and the coefficient p is a continuous function
which is allowed to oscillate.

If 7;(n) = n —k; and o;(n) = n + k;, where k; € N, 1 < i < m, then equations
(Egr) and (E4) take the forms

Ax(n) + > pi(n)z(n— ki) =0, n €N, (Eg)
i=1
and
Vz(n) — Zpl(n)x(n +k)=0, meN, (E})
i=1
respectively.
For m = 1, equations (Eg) and (E ) take the forms
Az(n) +p(n)z(n—k) =0, n € Ny, (E/Rl)
and
Vaz(n) —p(n)z(n+k) =0, neN, (Eyp)

respectively. These equations represent the discrete analogues of the differential
equations (see [9, 10] and the references cited therein)

2t)+pt)zt—71)=0, t>0, (L.7)
and
() —pt)z(t+0)=0, t>1, (1.8)
respectively, where 7, o are positive constants and the coefficient p is a continuous
function which is allowed to oscillate.
In this paper, a survey on the ocillation of all solutions to the above equations
is presented especially in the case that the coefficients oscillate.

2. OSCILLATION CRITERIA FOR DIFFERENTIAL EQUATIONS
In 1982, Ladas, Sficas and Stavroulakis [9] established the following theorems.

Theorem 2.1 ([9, Theorem 2.1]). Assume that p(t) > 0 (at least) on a sequence
of disjoint intervals U (&(n),t(n)) with t(n) —&(n) =27. If
neN

t(n)
limsup/ p(s) ds > 1,
t

n—oo (n)—r

then all solutions of (1.7) oscillate.
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Theorem 2.2 (]9, Theorem 2.1]). Assume that p(t) > 0 (at least) on a

sequence of disjoint intervals U (&(n),t(n)) with t(n) — &(n) = 20. If
neN
&(n)+o
limsup/ p(s) ds > 1,
n—co Je(n)

then all solutions of (1.8) oscillate.

In 1984, Fukagai and Kusano [6] extended the above results to the differential
equations (1.5) and (1.6) as follows.

Theorem 2.3 ([6, Theorem 4(i)]). Assume that 7(t) <t for t > 0. If there
exists a sequence of numbers {t(n)}, .y such that lim, . t(n) = oo, the intervals

U 7 (7 (t(n))) , t(n)] are disjoint,

neN

p(t)=0  for te |JIr ). t(n)],

neN

t(n)
/ p(s) ds > 1,
7(t(n))

then all solutions of (1.5) oscillate.

Theorem 2.4 ([6, Theorem 4(ii)]). Assume that o(t) >t for t > 1. If there
exists a sequence of numbers {t(n)}, .y such that lim, . t(n) = oo, the intervals

U [t(n), o (o ((n)))] are disjoint,

and

neN
p(t) =0 for te | [tn),o(o(tn)],
neN
and
o(t(n))
/ p(s) ds > 1,
t(n)

then all solutions of (1.6) oscillate.
In the same paper [6], the authors also studied, the oscillating coefficients case
and established the following theorems.

Theorem 2.5 ([6, Theorem 3’ (i)]). Assume (1.4) and that there is a continuous
nondecreasing function 7*(t) such that T;(t) < () <t for t >0, 1 < i < m.
Supose moerover that there is a sequence {t(n)}, cy such that lim, .. t(n) = oo,
the intervals U [(7*)" (t(n)), t(n)] are disjoint and

neN
pi(t) >0  forallte U "(t(n)),t(n)], 1<i<m.
neN
If there is a constant c¢ such that

/ sz s)ds>c> 1 forall t € U [ )" (¢(n)) 7t(n)} ,

() =1 neN
then all solutions of (1.3) oscillate.
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Theorem 2.6 ([6, Theorem 3’ (ii)]). Assume (1.6) and that there is a continu-
ous nondecreasing function o.(t) such that t < o.(t) < o;(t) for t >0,1<i<m.
Supose moerover that there is a sequence {t(n)}, cy such that lim, .. t(n) = oo,
the intervals U [t(n), (c4)" (t(n))] are disjoint and

neN
pi(t) >0 forallte [ [tn) (0.)" (tn)], 1<i<m.
neN

If there is a constant ¢ such that

o (t) m
/t Zpi(s) ds >c> é forall t e U {t(n), (0.)" " (t(n))],

i=1 neN
then all solutions of (1.4) oscillate.

3. OSCILLATION CRITERIA FOR DIFFERENCE EQUATIONS

In 1992, Qian, Ladas and Yan [11] studied the difference equation (Eiu) with
constant retarded argument and established the following theorem.

Theorem 3.1 ([12, Theorem 1]). Assume that there exist two sequences {r(m)}
and {s(m)} of positive integers such that s(m) — r(m) > 2k for m € N. If

p(n) >0 for ne U {r(m),r(m)+1,...,s(m)}
meN

and
s(m)

lim sup Z pt(i) > 1,

m— o0 i=s(m)—k
where pt(n) = max {p(n),0}, then all solutions of (Eg,) oscillate.

For equations (Egr) and (Ea) with oscillating coefficients, in 2014 and in 2015,
Bohner, Chatzarakis and Stavroulakis [2, 3] established the following theorems.

Theorem 3.2 ([2, Theorem 2.4]). Assume (1.1) and that the sequences {7;(n)},cy,
are increasing for all i € {1,...,m}. Suppose also that for each i € {1,...,m} there
exists a sequence {n;(j)},cy such that lim; .o ni(j) = oo and

pe(n) >0, ne A=) |Jlr(r(ni(i), i) NN p #0, 1 <k <m

i=1 | jeN
where
n) = ma (n n € Np.
() = max i), ne N
If, moreover
m n(j)

limsupd S D pile) > 1,

I =1 g=r(n(j))

where n(j) = min{n;(j) : 1 <i < m}, then all solutions of (Er) oscillate.
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Theorem 3.3 ([2, Theorem 3.4]). Assume (1.2) and that the sequences {o;(n)}, oy

are increasing for all i € {1,...,m}. Suppose also that for each i € {1,... ,m} there
exists a sequence {n;(j)},cy such that lim; .o ni(j) = oo and

)20, ne B =1 mGhomGNnNg £0,1<k<m,

i=1 | jeN
where
o(n) =  in oi(n), mneN.
If, moreover
m o(n(5))
limsup » Y pi(g) > 1,
T i=1 g=n(j)

where n(j) = max {n;(j) : 1 <i < m}, then all solutions of (Ea) oscillate.

Theorem 3.4 ([3, Theorem 2.1]). Assume (1.1) and that the sequences {Ti(n)}, ey,
are increasing for all © € {1,...,m}. Suppose also that for each i € {1,...,m} there
exists a sequence {n;(j)},cy such that lim; oo ni(j) = oo,

pe(n) >0, neC= ()4 () n()NNp #0, 1 <k <m
i=1 | jeN
and
limsupri(n) >0, forallneC.
If, moreover
m  ni(f)-1 1
lim i _ 1
minf} pl@)>
i=1 g=7;(n;(5))
then all solutions of (Egr) oscillate.

Theorem 3.5 ([3, Theorem 3.1]). Assume (1.2) and that the sequences {o;(n)},, oy
are increasing for all i € {1,...,m}. Suppose also that for each i € {1,...,m} there
exists a sequence {n;(j)},cy such that lim; oo n;(j) = oo,

p(m) >0, ne D=3 )o@ NNy £0, 1<k <m
i=1 | jeN

and

m

limsupri(n) >0 forallneD.

n—oo
i=1

If, moreover
m  oi(ni(j))

1
lim i ‘ 1
minf} > pile) > ¢,
=1 g=n,(j)+1
then all solutions of (Ea) oscillate.
In 2014, Berezansky et al. [1] and in 2015, Chatzarakis et al. [4] astablished the
following theorems.
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Theorem 3.6 ([1, Theorem 8 and 4, Theorem 2.1]). Assume that (1.1) holds,
the sequences {T;(n)}, oy, are increasing for all i € {1,...,m} and the sequence T
is defined by (1.4). Suppose also that for each i € {1,...,m} there exists a sequence
{ni(4)}jen such that lim;_.o ny(j) = oo,

m

pe(n) 20, ne A=< |J [r(r(n:(3),ni(NI NN p #0, 1 <k <m.

i=1 | jeN
Set
m  n(j)-1
=1 f
a=lminfd >, pile

i=1 g=7(n(j))
where n(j) = min{n;(j) : 1 <i < m}.
If 0 <a<1/2, and

m  n(j)

hmsupz Z pi(q) >1— ( )7

I =1 g=1(n(j))

or

hmsupz Z pi(q >171(17a7\/172a),

—00 2
/ i=1 g=7(n(4))
then all solutions of (Egr) oscillate.
Theorem 3.7 ([1, Theorem 9 and 4, Theorem 3.1]). Assume (1.2) holds, the
sequences {o;(n)}, cy are increasing for all i € {1,...,m} and the swquence o is

defined by (1.7). Suppose also that for each i € {1,...,m} there exists a sequence
{ni(4)}jen such that lim;_oc n;(j) = oo,

m

pe(n) >0, ne B= ()¢ miG), olcm()NNp #0, 1 <k <m.

i=1 | jeN
Set
m  o(n(5))
o —hmmfz Z pi(q
TS g=n() 41
where n(j) = max{n;(j) : 1 <i<m}.
If 0 <a<1/2, and
m o(n(j)) o
hmsupz Z pi(q >174(1—a)
I =1 g=n(j)
or
m o(n(s))
hmsupz Z pi(q >lf§(1fozf\/172a)
IO =1 g=n(j)

then all solutions of (Ea) oscillate.
In 2015, Chatzarakis et al [5], established the following theorems.
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Theorem 3.8 ([5]) Assume that (1.1) holds, the sequences {Ti(n)},cy, are
increasing for all i € {1,...,m} and the sequence 7 is defined by (1.4). Sup-
pose also that for each i € {1,...,m} there exists a sequence {n;(j)};cy such that
lim; oo n;(j) = o0,

pr(n) >0, ne A=) J () m@ NNy #0, 1<k <m
i=1 | jeN
with
liminf{px(n) :ne A} >0, 1<k<m.
If, moreover
. 1/m
m [ m n(j)—1 1
limi ' 1
H im inf Z pi(k) >
=1 =1 k:Tz(’n(J))
where n(j) = min {n;(j) : 1 <i < m}, then all solutions of (Er) oscillate.
Theorem 3.9 ([5]) Assume that (1.2) holds, the sequences {oi(n)},cy are
increasing for all i € {1,...,m} and the sequence o is defined by (1.7). Sup-
pose also that for each i € {1,...,m} there exists a sequence {n;(j)};cy such that
lim; o0 n;(j) = 00,

pr(n) >0, neB= < JmG),ol@m()NNp £0, 1<k<m,
i=1 | jeN
with
liminf {px(n):n € B} >0, 1<k<m.

If, moreover

m m ae(n(y)) L/m 1

limi ‘ 1
H im inf Z pi(k) >
i=1 \ /=1 k=n(5)+1

where n(j) = max {n;(j) : 1 <i < m}, then all solutions of (Ea) oscillate.

Theorem 3.10 ([5]) Assume that (1.1) holds, the sequences {Ti(n)},en,
increasing for all i € {1,...,m} and the sequence 7 is defined by (1.4). Sup-
pose also that for each i € {1,...,m} there exists a sequence {n;(j)};cy such that
lim; 00 14(j) = o0,

are

pe(n) >0, ne A=\ | Ir(rm(i), ni@INNp #0, 1<k<m
i=1 | jeEN
with
linl)inf{pk(n) meA} >0, 1<k<m.

If, moreover

Lo n(j)-1 ) n(j)-1 n()-1 v

L T ) 2 o ! o 1

— E brggolf 5 P (k)—l—m E hjrggolf E R (k) x hjrrﬂlggf E | pe(k) > -
i=1 k=7:(n())) st k=e(n())) k=1:(n(j))

where n(j) = min{n;(5) : 1 <i < m}, then all solutions of (Er) oscillate.
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Theorem 3.11 ([5]) Assume that (1.2) holds, the sequences {ci(n)},cy are
increasing for all i € {1,...,m} and the sequence o is defined by (1.7). Sup-
pose also that for each i € {1,...,m} there exists a sequence {n;(j)};cy such that
lim; o0 n4(j) = o0,

pr(n) >0, ne B= {0 NNy #0, 1 <k <m,
i=1 | jeN
with
liminf {py(n) :n € B} >0, 1<k<m.

If, moreover

L oi(n(5)) y m oe(n(j) oi(n(5)) v

LN i i 2 - : . 1

- E IJHiLIle E D (k)+m E hjrggf E pi(k) x hjrgggf E pe(k) >
i=1 k=n(j)+1 iz£<:€1 k=n(j)+1 k=n(j)+1

where n(j) = max {n;(j) : 1 < i < m}, then all solutions of (Ea) oscillate.

A slight modification in the proofs of Theorem 2.7, 2.8. 2.9 and 2.10 leads to
the following results about difference inequalities.

Theorem 3.12 ([5]) Assume that all conditions of Theorem 2.1 or 2.9 hold.
Then
(i) the difference inequality

n)—l—sz Jz(t;(n)) <0, neNy

has no eventually positive solutions;
(i) the difference inequality

n)—i—sz )z(Ti(n)) >0, neNg

has no eventually negative solutions.

Theorem 3.13 ([5]) Assume that all conditions of Theorem 2.8 or 2.10 hold.
Then
(i) the difference inequality

Zpl Yz(oi(n)) > neN

has no eventually positive solutions;
(ii) the difference inequality

Vz(n) — Zpl(n)w(az(n)) <0, neN

has no eventually negative solutions.
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3.1. Special cases. In the case where p;, i = 1,2,...,m, are oscillating real con-
stants and 7; are constant retarded arguments of the form 7;(n) = n — k;, [o; are
constant advanced arguments of the form o;(n) =n+ k], ki e N, i =1,2,...,m,
equation (Eg) [(E, )] takes the form

Vz(n) — Zptcc(n +k)=0,neN|. (E)

i=1

Az(n) + Zplx(n —k)=0,neNy

i=1

For this equation, as a consequence of Theorems 2.1 [2.8] and 2.9 [2.10], we have
the following corollary:

Corollary 3.1 ([5] cf. [10]) Assume that

] (550) -

2
1 (& 1
(5m) 2

Then all solutions of (E) oscillate.

or
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On the formation of freak waves in a wave train

Wojciech Sulisz and Maciej Paprota
Institute of Hydro-Engineering, Polish Academy of Sciences, Gdansk, Poland

ABSTRACT .

A novel theoretical approach is applied to investigate the
process of the formation and transformation of freak waves in a
wave train. A semi-analytical nonlinear solution is derived to
describe the propagation and evolution of wave components in a
wave train and to investigate the formation and physics of freak
waves. The results show that the nonlinear transformation of
wave components in a wave train leads to the formation of freak
waves. The analysis indicates that the interaction of wave
components in a wave train is one of the potential sources of the
formation of freak waves.

KEY WORDS: Freak waves; evolution of nonlinear waves;
wave instability; semi-analytical solution

INTRODUCTION

Freak waves are probably the most dangerous type of extreme
waves. They are believed to be one of the causes of the failure
of coastal and offshore structures as well as ship accidents. The
mechanisms of the formation and physics of freak waves are
still not fully recognised. A proper description of freak wave
phenomenon is indispensable for the studies of the attack of
extreme waves on maritime structures or their impact on ships.

In the present study, a novel theoretical approach is applied to
investigate the process of the formation and evolution of freak
waves in a wave train. A theoretical model is described in
Section 2. Results are presented in Section 3. Finally, in Section
4 conclusions and recommendations are provided.

THEORY

The formation and transformation of freak waves in a wave train
is considered. A right-hand Cartesian coordinate system is
selected such that the x axis is horizontal and coincides with an

undisturbed free surface and z points vertically upwards. It is
assumed that:

e  The fluid is inviscid and incompressible.

e  The fluid motion is irrotational.

e  The bottom is impervious

In accordance with the assumptions, a velocity vector, W(x, z, f),
may be computed from a velocity potential @ (x, z, ?):

V=Vd(x,z,t) ()
where V () is the two-dimensional vector differential operator.

The fluid motion is governed by the continuity equation

2 2
oo oo _, (2a)
o’ o
and the Bernoulli equation
o 1 1{(odY (o0
—+—P+gz+—||— | +|—| [=0 2b)
o p 2 Lax oz (

where p is the fluid mass density, P is the pressure and g is the
acceleration due to gravity.
The velocity potential, ® (x, z, #), satisfies the Laplace equation
O’d 0’
2 + 2
ox~ Oz
with the following boundary conditions

=0; —h<z<n(xt) (3a)

on 0oy o0
ot Ox Oox Oz

G ml(@@j ~0, 2= n(x)
a 2T\ ) e P T (30)

=0, z=7(x,1) (3b)
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oD
E = 0, zZ = —h (3d)

In addition, the velocity potential must satisfy the boundary
condition at infinity and the initial condition (Wehausen 1960).

The boundary-value problem, (3), is solved by expanding the
free-surface boundary conditions in a Taylor series, and then
applying eigenfunction expansions and FFT (Sulisz and Paprota
2004, 2008). Accordingly, the velocity potential, ®, and the
free-surface elevation, 7, are sought in the following form

cosh A, (z+h) .
=P, + » ————>(A4,cos A, x+B,sinl,x 5b
0 ; cosh 4,4 ( ) (50)
n=n,+ Z(an cos A,x+b, sin4,x) (5a)
n=1
where
2r(n—-1
A, = (T) (5¢)

in which 7, , ®y are known functions related with imposed
initial conditions, 4,, B, and a,, b, are coefficients, b is the
length of a sector over which the solution is assumed to be
periodic.

A time-stepping procedure and FFT are applied to determine the
unknown coefficients of the eigenfunction expansions (Sulisz
and Paprota 2004, 2008). The derived solution is very efficient.
The application of eigenfunction expansions and FFT allows to
predict the process of wave propagation and transformation in
very large domains.

RESULTS

The derived model was applied to investigate the evolution of
wave components in a modulated wave train and the formation
of freak waves. The model is applied for N=6 and 8 waves in a
modulated wave train segment and carrier waves of amplitude
A, wave number k and period T.

The results presented in Fig. 1-6 show that a train of basically
sinusoidal waves may drastically change its form within a
relatively short distance from its original position. Significant
changes of wave profile leads to the formation of freak waves.
This process is accompanied by drastic changes of wave
spectrum which evolves from a very narrow-banded spectrum to
multi-peak spectrum and often retrieves its original shape in a
fairly short period of time.

The nonlinear transformation of wave components in a wave
train leads to the formation of freak waves. The analysis shows
that the interaction of wave components in a wave train is one of
the potential sources of the formation of freak waves.
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Fig.2a. Free-surface elevation and corresponding Fourier
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Fig.4a. Free-surface elevation and corresponding Fourier
amplitudes for N=8, 4k=0.1.
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Fig.4b. Free-surface elevation and corresponding Fourier
amplitudes for N=8, 4k=0.1.
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CONCLUSIONS

A novel theoretical approach is applied to investigate the
process of the formation and transformation of freak waves in a
wave train. A semi-analytical nonlinear solution is derived to
describe the propagation and evolution of wave components in a
wave train and to investigate the formation and physics of freak
waves.

The results show that a train of basically sinusoidal waves may
drastically change its form within a relatively short distance from
its original position. A significant evolution of wave profile leads
to a formation of freak waves. This process is accompanied by
considerable change of wave spectrum which evolves from a
very narrow-banded spectrum to a broad-banded or even multi-
peak spectrum and often retrieves its original shape in a fairly
short period of time.

The analysis indicates that the nonlinear Schrodinger equation or
its modifications cannot predict wave evolution with sufficient
accuracy. The solution of the nonlinear Schrédinger equation
provides insight into the instability of weakly nonlinear waves,
however, its practical applicability range is very limited. An
analysis shows that the wave evolution is a very sensitive
process and solutions derived by applying the Schrédinger
equation cannot describe this process with sufficient accuracy

This method has been shown to be an efficient technique in the
modeling of the propagation and transformation of nonlinear
waves. The derived model is very efficient and allows to obtain
a solution for large spatial and time domains.
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Abstract

This work concerns improvements of certain weighted trace Hardy inequalities, by adding Hardy-Sobolev
type remainder terms. We obtain, as special limiting instances, critical Sobolev and Hardy type improvements.
We also show that the improvement is optimal in the sense that the remainder terms involve weights with
the best possible singularity for an LP improvement to be valid.

Keywords: Hardy-Sobolev inequalities, Kato inequality, weighted trace Hardy inequality

1 Introduction

Sobolev spaces play a basic role in the study of differential equations especially for their embedding properties.
Regarding in particular the Hilbert space H'(U), on a domain U C R™, most of the results assert its embedding
into certain weighted or non weighted Lebesgue spaces LP(U) or LP(9U) for p > 2.

The standard Hardy inequality on the whole space R, n > 3, asserts that

_ 92 2
u/R U dz < /R |Vul? dz, Yu € C§°(R™). (1)

4 PR

It is well known that the constant (n — 2)2/4 is the best possible, but it is not achieved in the space of functions
for which the right hand side is finite.
By standard reflection arguments we deduce that inequality (1) still holds with the same optimal constant
on the upper half space
R} ={z=(2/, ;) ER": 2’ eR" ", z,, > 0},

without the restriction u = 0 on the boundary OR’, that is

(n—2)?

2
/ L odr < / \Vul? dz, Yu e CF(R™M).

n fzl?
+ +

Such an inequality does not give any information about the summability properties of the trace of the functions
u which do not vanish on the boundary JR’. Such summability properties can be deduced from the following
trace Hardy inequality (also known in the literature as Kato’s inequality)

2( ./ 0
Hn/ &,) da’ g/ Vul?dz,  Vue CPRMY), (2)
ORTY || R™
where the constant
(%)
Hy =275+
r2(%3%)

is the best possible and is not attained in the space of functions for which the right hand side is finite.

Despite the lack of extremals, it is well known that no extra terms can added in the left hand side of inequalites
(1), (2). Passing from the whole space to bounded domains containing the origin, inequalities (1), (2) are still
valid with the same optimal constants, as is easily seen by the scaling invariance. In this case several remainder
terms have been considered in the left hand side; see for instance [1], [3], [9] and the references therein.
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Hardy and Kato inequalities are ones of the well known mathematical formulations of the uncertainty principle
in Quantum Mechanics, in the relativistic and non relativistic case respectively. They are of fundamental
importance in many branches of mathematical analysis, geometry and mathematical physics. These inequalities
have been extensively studied and the relative literature is vast encompassing many generalizations and extensions
in several directions. Although classical, are of special interest and many modifications are still forthcoming. In
this work we are concerned with the following weighted version of Kato inequality [11]

2( 0 )
H(n,a) / % da’ < /lﬁ |Vu|? de, Vu € C°(R™). (3)

AR R’

It can be shown that no LP improvement is possible (see Appendix), in the sense that there are no positive
constant C, exponent p > 0, and nontrivial potential V' > 0 such that the following inequality is valid

p
D « 2 u2 (I/, O) / o n
C V(z)|u@)P de | < [ af|Vul|® de — H(n,a) T dz’, Yu € C3°(R™). (4)
i R OR™
Let now U be a bounded domain containing, as an interior point, the origin. If we restrict our attention to the
functions v € C§°(U), inequality (3), still holds in R N U, with the same optimal constant,

2
H(n,a) / —L_dy' < /xﬁ |Vu|? dz, Vu € Co(U). (5)

‘x/|17a
ORYNU U+

Contrary to the case of the half space R" | inequality (5) can be refined by adding LP norms of u; see e.g. [6],
[18]. In the present work we proceed with our investigation on such inequalities, considering lower bounds for
the trace Hardy difference functional

u?(2’,0)
|l./|1—oz

/ 2% |Vu|* dz — H(n, ) dz’, Vu € C§°(U).

U+ OR7NU

Actually, we consider the best possible LP remainder terms, involving superquadratic exponents of u with Hardy
type potentials of optimal singularity, covering the critical Sobolev exponent as well. For 0 < p < 1, we set
X(p) = (1 —Inp)~L. The result is stated as follows.

Theorem 1. Let a € (—1,1), n+a—2>0,0<60 < 2—a, and U be a bounded domain in R™. Then there
ezists a constant C' > 0, depending only on n, o and 0, such that
27(0)

u?(a’,0)

2
/ Xp(a) |u o for 2 o)
H(n,«a) T dz' +C e dz < [ ¥ |Vu|* dz, Yue CFU), (6)

8R1 nU + U+

where 2*(0) = i(fg_g;, p(0) = m%;o and X = X(|z|/D), with D = SUP, e U |z|. Moreover, the logarith-

mic correction XP9) cannot be replaced by a smaller power of X.

Under a suitable transformation, inequality (6) will turn out to be equivalent with the following inequality
(see [1], [9] for the endpoint cases 8 = 0, § = 2)

xp©)
oo ([ X0,
U

[

2
(0 ) o [ TP .
2°(0) d(l’) S v W d.’B, V’U S CO (U), (7)

where the logarithmic weight X?(?) is again optimal, in the sense that it cannot be replaced by a smaller power
of X. Notice also that in the unweighted case o = 0, (7) reads

xp0)
oo ([ X0,
U

[

2
. 2%(0) 2
2°(0) dac) < [ G veecr), (8)

v 2
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which may be seen as the limiting case, as v — (n — 2)/2, of the Caffarelli-Konh-Nirenberg inequalities [4]

2
< Y U
Ch 8~ </U B dz e dz, Vv e Cg°(U),

-2 _ 2
where v < "5=, vy < f <y +1, and p—w%_w,

2 Preliminaries

We briefly outline here some known results, playing a fundamental role in our proof in the subsequent section.
A proof of (5) was given in [18, Theorem 1], where it has been identified the energetic solution ¢ (x) of the
associated Euler-Lagrange equations

div(zd V) = 0, in R%,
hmJgﬂ’W = —H(n,@)ﬁ%, on OR" \ {0}. 9)
Tp—0 -

Although we consider the full parameter range o € (—1,1), we suppress the dependence of ¥ on «, for the sake
of simplicity. Let us also recall the following uniform asymptotics for ¢ ([18, Lemma 2]). Hereafter, for functions
f:RY = R, g: R} = R, we will write f ~ g in R, when there exist constants ¢; > 0, co > 0, such that
e f(2) < g(zx) < e f(z), Vo €RL.

Lemma. There holds

2—a—mn

P~ x|, in R (10)
Moreover, for a € (—1,0], there holds

V| ~ 2|5, in R
If a € (0,1), then there holds

V| ~

5 -« N n
s xn , in RY.

3 Hardy-Sobolev type remainder terms

In this section we give the proof of Theorem 1. Let us first fix some notation, that will be used within the proof.
We define the unit ball B = {z € R" : |z| < R}, the upper half ball B}, = {z € R? : |2| < R}, the unit
sphere S"~! = {z € R" : |z| = 1} and the upper half sphere S~' = {z € R? : |z = 1}. We also abbreviate
Ut =R} NU. Moreover, fsifl udS denote the (n — 1)—dimensional Lebesgue integral of the function u over
S’}r_l.

For any point (2/,x,,) € Si‘l we define ¢ = arccos x,,, ¢ € [0,7/2], so that cos ¢ equals the distance of (z’, z,)
to OR’. We also follow the usual convention of denoting by C' a general positive constant, possibly varying from
line to line. Relevant dependencies on parameters will be emphasized by using parentheses or subscripts. In
particular, we denote C,, o = fsi—l x> dS and v, = fsn—l 1dS.

We are now ready to give the

proof of Theorem 1. An essential role, in both parts of the proof, will play the function %, introduced in
Section (2). Notice first, that by standard approximation, it suffices to prove (6) for v € C§°(U \ {0}). Indeed,
let € > 0, and consider the functions u. = un,, where u € C§°(U) and n. € C(R™\{0}), n.(z) =1, for |z| > €
and |V7.| < ¢/e. Then, by the Lebesgue dominated theorem, we have

u? N XPO0) |y |20
[ wi ] et [ A aen [ w0 o
OR™NU

Similarly we have
/:rn n? |Vul® do — / 2% |Vul* dzdy, as € — 0.

U+
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Moreover, taking into account |Vn.| < c/e, we get

/mﬁ IVne|> u? do < ce" 2T =0, as € — 0,

U+

hence
/xﬁ |V |* doz — /xf; |Vu|? dz, as e — 0. (12)
U+ +

By (11), (12) we conclude that it suffices to prove the result for u € C§°(U \ {0}). We expand now the square
and integrate by parts to obtain

2
/gc3 Vu - %up de — / xf{|vu|2 dx—l—/ z° |VW2 (Z) dx + /quz’v (33,0{ Vq;ﬁ) dx
U+ Chs vt

U+

) o OV ) u? o 9 u?(2',0)
ORYNU U+ ORY NU

In the last equation we used equations (9). Notice also that on suppu, the function u/vy is well defined. Actually
u/p € CERENU\ {0}). Therefore we have

/ *|\Vul* dz — H(n, ) / w(a',0) dx :/mz IV (u/9) > 4? da, (13)
AR N U+

Ix/|1 a
U+

hence, we have to show that there exists a constant C' > 0, depending only on n, a, 6, such that for all u €

C§°(U \ {0}) there holds

=
XP
o\ [T ) s [ wr (14

U+

Now, making the substitution u = v1), taking into account (10), that is ¢ ~ |z = in R?%, and noting
that U C Bp, we conclude that (14) will follow on its turn after showing the existence of a positive constant
C = C(n,a,8), independent of D, such that for all v € C§°(Bp), there holds

2
2%(0)

PO o) d < Tn 2 4 15
+

To this aim we consider the minimization problem

f + % ‘V’U|2 dx T
Cnao= inf T[v], where I[v]= Bp lel"727 _ 1[v]

vECE (Bp) 2 T .
€ 320 D (fB+ XP(: ) )2 @) Q[U]

We point out that despite the presence of D, we do not incorporate the subscript D, in the notation of the above
infimum, since it is independent D, due to the scaling invariance. Actually, inspired by an idea of Adimurthi,
Filippas and Tertikas [1], we will relate the constant ¢, ¢ with the weighted Hardy-Sobolev constant S, o ¢
defined by

+ 22 |Vol? dz
Snae = inf  Jv], where Jv]= fB = JIM. (16)

2
v€CS°(()B1) [v|2* () 2% (0) Ja [U}
vE fB+ [z]?
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We express Ji[v], Jo[v] in terms of polar coordinates, writing v(z) = v(r,9), where

x n—
r=|z|, ﬁ:me&r L (17)

Then we make the change of r—variable, setting

t=r""% and v(r,9) = h(t,?), (18)
to obtain
1
Ji[v] = / / P cos® (U + |ng2> dS dr
0 gi*l
= (n—-2+ a)/ / cos® ¢ (hf + (n—2+4a) 2t ?|Vyh|?) dS dt. (19)
1 gi—l

Transforming the denominator Jo[v], we have
2 2
1 o o0 o
x 1 x
/ / Tn—l—@ "U|2 () ds dr — . / / t-P(@) |h|2 0) 4.8 dt
(n—24+a)¥®

037! 1gnt

Therefore we have

[ [ cos®¢ (A} 4+ (n—2+4 ) 2t7%|Vyh|?) dSdt

_27(0)+2 . Lgnt
mM—2+4+0a)” 7@ S,a0 = inf 5 . (20)
hec°<><[1,oo>xs1*1) 2% (0)
h#0, h(1,-)=0 ©0
It

1 8171
Similarly we will express the quotient I in terms of polar coordinates (17), and then we will make the change of
r variable, setting
1
X(5)

t= =1-—In (%) and  v(r,9) = w(t, ). (21)

Then, direct calculationsyield
D oo
:/ / r cos® ¢ (vf + :2|ng|2> dsSdr :/ / cos® ¢ (wi + |Vowl|?) dSdt.
0 gn-1 1 gn-t

Similarly the denominator is transformed into

(9) 2*2(6) 2% (0)
XP x®
/ / | 2@ 4sdr = / / t7PO |20 48 dt
0 Sn 1 1 S171

Therefore we have

[ [ cos®p (w} + |Vyw|?) dSdt

1 gn-1

Cna = inf ha —. (22)
Y weC ([1,00)x5T 1) - 3% (ay
w#0, w(l,-)=0 f f +—(6) |w 24(0) 45 dt
1 gi—l
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Comparing now the quotients (20), (22), we obtain that ¢, 6,0 > Tn,a,0 Sn,a,e for some positive constant 7, ¢
This proves (15), which yields (6).
To complete the proof of the Theorem, it remains to verify that the weight X?(  in the remainder term
cannot be replaced by a smaller power of X. For the sake of simplicity, let us abbreviate p = p(6), ¢ = 2*(6).
In order to verify the optimality of the power of X, we have to show that there are no constants 0 < € <
p, ¢ > 0, such that the following inequality is valid

2/q
0
H(n,a) / | Eﬁ a)d +c (U/ |z° |u|q dx < /LEﬁIVUIQ dz, Yue C5°(U).

8R™NU o+

Note also that it suffices to prove the claim, only for the case 0 < e < p — 1, since XP~7 > XP~¢ Ve > €.
The result will follow after showing that there exists a sequence {ux} C C§°(U), such that

Ja \VurPde — H(n,o) [ 4D d0f
U+ OR™ MU Eoo

2/q
(f T lunl? dl’)

Let now v € C§°(U). In view of (13), the substitution u="v 1, transforms the numerator of the above quotient
into [, zq [Vug|* ¢* dz. Moreover (10), that is ¢ ~ |2/ *72" in R”, it suffices to fix a sequence {vy,} C C§°(U)
such that

zy [V ?
N srrasz do
Qluk] = [ve] = fU+ oo 57— 0, as k — oc. (23)
D[Uk} Xp—e ‘,Uk‘q d /q
Joe T de

The domain U contains a ball B, centered at the origin and without loss of generality we may assume r = 1. Let
us also abbreviate V(x) = %, w(zr) = Iw\““ » and define the space Dy (By, w(z)dz) as the completion of
C§°(By) with respect to the norm |v| = (fB+ [Vou|?2w ( )dz)'/2. Then, by a standard approximation, it suffices
to fix a sequence {v} C Dy (By,w(x)dz) with fB+ x) |ug|? dz < oo, such that Qlug] — 0, as k — co.

To this end, we choose § such that 0 < e < d <p — 1 which eventually will be sent to €, we set R, =
so that

17m

1
m

and define the radial functions f,, as follows

s_1 5 1 241 z
X3 (al), R <ol <1, (2-3) X4 (lal) 22, R <] <1,
fm(x) _ §7é(|$|) > ‘$| > whence me(x) _ q3 52 (| |) R ‘ |
m2"1 X (|z]), |z < R, m2"e X2 2 |z < Ry
We have
5 1)’ o X @ (|a)) 2 [ 2aX*(|a])
Nlfm] = . 2 de+m a de =t Ni[fm] + Na[fm]
B+\BRm B;m
and
XO—etl XPp—etq
D‘Z/Z[fm] = / W dx + mBq/Zié / |I‘ dz = Dl[fm] +D2[fm}
Bf\Bf, B

We next estimate the terms Dy, Dy, Ny, Na, using polar coordinates (17), then making the change of variable

X2(r)

dr

= X(r), thus dt =
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to get
o1y’ [ XE) 5N P
Nl[fm} - g 2 /Jjg dS/ dr—cna - = / ta 4 dt
q 2 r a\y 2
8171 R’m, 1/m
5 1Y gl =m0 R
= e\ 079 =Cn,a 1 ;
¢ <q 2) 2 Cra 0+1-p)" — 5
R 1/m
? ‘ —20/q
[fm] = m* % /:1: dS/ T(’") dr = Cpam® % / t2dt_C““”; ,
37 0 0
and

1 1
X676+1 n 1— e—95
Dilfm] = /1d5 /T(’")dr:% / gt gy = =m0
/m

0—¢
st R, 1
Ry, et 1/m s
Dolfp] = m®/?7° / 1ds / XU gy — oy mBar2=0 / pmeta=2 gy — _InM 7
3p—1)—e¢
st 0 0
We conclude that
Cpo (341 p)° lom 200 | m 200
Tfm] = 2/q N\ 2/q
Tn 1— me s + me—"9
( 3(;0 1)— e)

We then take a sequence & N\, € and choose my sufficiently large so that miié’“ < 1/2. It follows that
Q[fm.] — 0, as k — oo. The boundary conditions can be fixed by considering a function n € C§°(U), which
is constant, not zero, in a neighbourhood of the origin. It is then straightforward to verify that the sequence
Vg = fm, 1), satisfies Qug] — 0, as k — oo, that is the condition (23). O

Notice that once we have proven the optimality of the exponent of the weight X2, for the special case § = 2—a,
in Theorem 1, then the optimality of X P(9) in the remaining cases can be deduced via Holder inequality, as follows
(cf. [14]): Let us suppose, towards contradiction, that there exists a constant ¢ > 0, such that the following
inequality holds

2
2%(0)
xXp—e . 22 0
CC/ —C §/xi|vu|2dx—H(n,a) / %dmg Vu € C(U). (24)
+

U+ BRTNU

In the left hand side, we will employ the Holder’s inequality with conjugate exponents ¢ = 2*2(9), qd =-L. We
choose 0 < § < 1 and noting that p = ¢ + 1 we obtain

2—c(1-5)/ 1+e3q'/ H Y
X2—e€ q X1tTeoqa/q Xpb—e *
/ u?dx < / dz —|u . (25)
|z~ 2| oD ||
U+ f
By (24) and (25), we conclude that there exists a positive constant C' such that

X2-<(1-8)/q % (a!
 _ WPdx < /z§|Vu|2dfo(n,a) / de,, Vu € Cg°(U).

|z[>~ || 1—

U+ AR NU
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This inequality contradicts to the assertion for the case # = 2 — «, that the weight X? in the inequality

X2

2(
C 7u2dx§/xg\Vu\2dx—H(n,a) / v(@,0)
U+

|:L./‘17a

/
e o
OR? U

cannot be replaced by a smaller power of X.

Remarks and further developments Although the optimal constants in Theorem 1 are not determined,
explicit bounds, in terms of the sharp Hardy-Sobolev constants S, 4,9 in (16), can be deduced from our proof. In
the unweighted case a = 0, the infimum (16) remains the same even if is just taken over functions with radially
symmetry ([2], [10], [12], [17]), which allow us to obtain the value of the best constant in (8); we refer to the
works [1], [9] where the optimal constants for the endpoint cases 8 = 0, § = 2, respectively have been determined.

Modifications of (5) with trace remainder terms (cf. [7], [8], [19]) can be also considered as we shall show
in a forthcoming work, yielding as an application, inequalities which are translated, via the so called harmonic
extension [5] (see also [13], [15], [16]), into refined versions of fractional Hardy inequalities on bounded domains,
improving and extending some earlier results.

Let us finally note that the method to prove our results, based on symmetry and homogeneity arguments, can
be well suited to handle more general weighted trace Hardy inequalities involving distances to linear subspaces
of several codimensions.

Appendix

Let us show here that (3) cannot be improved in the sense that there are no positive constant C, exponent p > 0,
and nontrivial potential V' > 0 such that the following inequality is valid

c(/R

for all u € C§°(R™). It suffices to show that there exist functions u.

u2(a,0)

V(z)lu@)P de | < / 2% |Vu|? de — H(n, ) - da
R™+ ||t

n n
+ ORY

a 2(a',0
fRi 2% |Vu|? de — H(n, ) IBRQ % dx’
. — 0, ase — 0. (26)

(Jioy V@) fucl? dar)

To this end we consider for € > 0 the function

_ Je@) a2, 2 <1
el®) = {¢(x) o2, Jal > 1,

where ) is introduced in Section 2. Now we make integration by parts in the domains R’} N By, R N (Bg \ B1),
where R > 1, then send R — oo taking into account that Vu.(z) - = 22252=¢ y (z), the relations (9), (10)
jointly with the estimate

2-n—a-— [e%s)
/ Ig Uge <VU5(I) . .’L') dS = &/ ‘Tz ug dS S C(TL,O{) R—e Ri> 07
RYNOBR || 2R R?NIBR

to obtain
2(2',0) , €2 ou?

U
/ xﬁ\VuEIQdOC:H(n,a)/ Tofie Ty |;|; dx+€/ g ? dS.
B ORY R 8B1NR"

Here dS stands for the (n — 1)—dimensional Lebesgue measure over the corresponding spheres 9B = {x € R :
|z| = R} or 0By = {x € R" : |z| = 1}. Then, letting ¢ — 0, we obtain (26).
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