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Eiwcaywyn

Apytlovtag tn yerétn twv padnuatixady oto Iavemothwo, ag mpootadfcovue va avaho-
Yo TOUUE TS dnutovpyolvTon To podnuotixd. Ta yadnuatied eivon dpacTnEtdoTnTa TOU OoV-
Ypwmvou puarol. Evag utohoyiotic otov onolo Ya elyaue xatoypddel GAoug Toug XAVOVES
™™g hoyixrig, Yo umopoloe va dNutoupYNoEL, UE TUY Lo TPOTO, TEOTAGELS XL Vo EAEYEEL EQV
autée etvan anieic 1) oyt. To avdpdmvo puakd ouwe, av xou umopet va ehéyZet évo-Eva Ta
hoywxd Bruota, doulelel xuplwe Ye dAlo tpémo. Emdiwxet wio cuvolixr eova, omd Tnv
ormola umopel vau xatavorioel 6ho To emtycionua, cuVIETOVTUC TIC IOEEC OE ULoL YEVIXWTERT
dour} xar GUVOEOVTOG AUTES UE dAAeg t0€ec. O cuvduaopog tng hoyixhg avdhuong xou Tng
GLYONXNG TPOGEYYIONG OLDEL Ta XAV TEQU ATOTEAEGUATAL.

Kadwg évag dvipwrog anoxtd yadnuatixés thnpogopies, Tic cuviEtel ot ma pardnuo-
Ty €vvola. ApyoTtepa UTopEl Vol EUQPAVIOTOOV VEEC TATROQOPIES, TOU Vo Uny Touptdlouy
ue N pordnuotxy| Evvola mou €yet dnuoupyniel oto yuakd tou. Otav cupPel autd, xou Aoy
eheyy Vel 1 opldTnTa TWV VEWY oTotyElwY, unopel va ypeiaotel va tpomonotndel 1 apyxt
CUVORLXY] EXOVOL, AVOLOPPWYOVTIC 1 DNUOURYWYTIC WAl VEX, TO EXAETTUCUEVT] HordnuoTt-
xf) évvora. Oco cupPaiver autd, Tpoxakeitar obyyuor. [o va tpoyweroet 1 dwdixacio o
HodnUaTIXdE TEETEL VAL Uy YAOEL TNV EUTIGTOCUVY WO TE VoL LEMERATEL TN GUYYUOT).

H dwduacta ye tnv onola dnpovpyolvtar podnuatixée évvoleg Oev ebvan AoYixr xou €u-
VOypeoauun. O podnuatixde oy ver 0TIC YVOOES X0t TI EUTELRIES TOU, Yo Vo Tac Tel xdmou.
Ye xdmola pdom, oL DAPopES WEeg umopel va apyloouy v touptdlouvy. Xto téhog, Umopel
OMeS Ol Baonég WOEEC VoL GUYBLACTOVY OE Lo GUVTOUY), OTEWTH XAl AOYIXT| amOdely.

Yav anoégottor Auxeiou, YvwplleTe R0N TOAES JodnuaTixéc EVVOIEG. 1L TOY0C TWY OTOUBKY
oac oto IlavemotAuo elvoar va xTioete 0 aQUTEC TIC EVVOLEC %O VO TIC EXAETTUVETE OF
éva avedTepo eminedo yadnuatixic wewwotntag. o va 1o metdyoupe autd mpénel va Ce-
xwvfooupe and mopadeiypata mou BaciCoviar o€ YVOoTéG €VVoleg, xou o TN BAon auT®Y va
XATOUGHEUAGOUUE VEEC EVVOLEC.

Auth 1 dadxaota 0ev €yel xauior oYEoN UE ol AEIWHATIXT) XATUAOXELT) OADY TWV U fuo-
TIXWV and To XEVH, 1) ontola efvan Ut xon umopel var €yel PLhoGoPLxd EVOLAPEPOV, aANd BeV
€y el WOLUTERT DBAXTIXY YENOUOTNTAL

Meydho uépog tng padnotaxiic dadixaoiug cUVIGTATUL GTNY AVUXATUOXEUT] TEOTEPWY o
UNUOTIXWY EVVOLWY, YL VO TPOCOQUOOTOUY Ot VEEC Wéec. Auti 1 Oadixacio elvon mou
mpoxalel olyyvorn. Tlpérer va meptuévete ot Yo GUVAVTAGETE TEPLOBOUC GUYYUOTE OTIC
omoudég cag. Otav autég 0ev ogeilovton e eEMELY| EEAYNOY EX UEPOUS TV DIBACGHOVTLY
1 amh¢ TapepUnVeia, TEENEL va Tic Vewpelte ypriotues ot eutpdodextes. Eivar évoeln ot
ouvteheital TPOOBOE OTIC YVWOELS GUS.

Eva xoléd mapdderyua etvar 1 6Oy yuen mou Tpoxdhece 6 Toug uadnuatinois, Yo apxeTolq
AUWVES, 1) Evvold TwV Uiyadxwy aptiuwy. Htav yvwotd ot 1o tetpdywvo evog apliuou
OLapopeTX00 amd To undéy, eite Vetixol elte apvntixo, elvon tdvtote Yetxd. Apa 1 teTEA-
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yovixh olla tou —1 dev unopoloe va eivar 00te YeTndc 00TE apVNTIXOS apLduds, xat dev
unheye Véon mdvw otny evdeio Twv apriuny yia pa T€tola tocotnTa. [or var Eemepactel 1)
cUyyvor ftay ancpaitnTo va Tporotomnlel 1 évvola Twv apiuwy, Tou GUVOEGTAY UE OTUEld
wog evdetog. H tetparywvind piCa tou —1 €yet tn Véon tng oyt otny evdela ahrd oTo entinedo.

Ye autd 1o udinua Yo TpooTaINCOUUE, CEXWVOVTIUC ATO TS YVOOTEC podnuatixée €v-
VOLEC, VO YVOWEICOUUE GTodtxd VEEC WOEEC, VO OVUUOPPWOOUUE TIC CNUAVTIXES YVWOELS TOU
HOT €yETE OTA PAINUATIXG, PE TEOTO WO TE VO TROETOWAC TEITE YL TNV TEOY WENUEVT) UEAETT
TV podnuatxov. e dooupe opiogoic vEwv evvolmy Ya e€etdloupe, oTic DlahéEelg xou
G Ta EQYUO THELX TPOPBANUATWY, dpXETA TapudElypaTa 6 Tal oTtola Vo Bacloouue TG VEES EVVOLES.

O onuewwoelc autég eivan Bactouévee, 6To peyahltepo pépog toug, oto BiBilo Founda-
tions of Mathematics twv I.Stewart xou D.Tall, Oxford University Press.
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Kegpdiawo 1

>OVOAX

H évvoia tou cuvohou Jewpeiton Yeyehwdng ota olyypova podnuotixd — TEQIGOOTEROD
oeoun xan and TNV €vvota Tou aptdpol. ‘Evag and toug Aoyoug ebvar ot 1 YAWOOW TwV
GUVOAWY UG ETUTEETEL VAL OLATUTOVOUUE UAUMUAUTIXES WOLOTNTEG UE PEYEAT YEVIXOTNTA TO
[Tudaydeeio Ocwpnua etvor onuavtixd yiatl wyler oe xdie opdoymvio Tplywvo, dNAudY
eXQEACEL Lot LOLOTNTA TOU GLUVOAOU TV 0pV0YWVIKY TELYOVWY.

H évvola tou cuvohou etvar apyxr Tng Ocwploc Yuvolwy, cuver dev opiletar ot Bdon
AATOLWY ATAOUGTERMY EVVOLLY, 0xpl3M¢ OTwe 1 Evvola Tou aptduol otny Aptduntxs A tou
onuetou ot lewyetpla. Autd dev Yo pog UmodIoEL Vo ATOXTACOUUE Uil AEXETH GUPT| ELXOVAL
yio To Tt ebvan Eva olvoro. Xovolo ebvar pia onotadrrote culhoyr and avtixeiueva. Mropel
VO TEQLEYEL TEMEQUOUEVO 1) dmElpo TARVOC AVTIXEWEV®Y, 1| oxxoua xavéva avTixeluevo. Ta
avTixeipeva dev ebvar amapaitnto va efvon opoetdr. Mrogolue va Yewpriooupe €va oOvoho
amo Teeic aprduoie, 500 Tplywvo xal Ut UVAETNOT.

[a va pehetricoupe dha o olvola mou eugaviCovton oto Madnuatixd, eivar yprjowo va
EEXWVHOOLUE UE TIC YEVIXEC OLOTNTES TOU Eivon X0WvEG O Ohal Tol GUVOAAL. LTO TEMTO UEPOS
ToU poduaTog Yo eEETACOUNE BLdPopoUE TROTOUS VoL GUVUETOUUE 1) VO TPOTIOTIOLOUUE XATOLX
oUVORA YLoL VoL OTULoURY|OOUUE VEA GUVOAAL.

Z'coz.xeioc. Ioé*c*q‘coc CLUVOAWY

To avtixeipeva and to omolo anoteleiton €var 6Uvolo ovopdlovtol o Toly el Tou GuVOLOU.
Aéue ot o oTotyela EVOG oUVOLOU AV 0oLV G” auTh. T va cupPolicoupe oti To GToyElo
T avixel 6To 6UVORO S YRAPOUUE

r € S.

Edv to x dev avixel 610 S ypdpouue

x&S.

[Ma vo yvwpiCoupe mold obvoho e€etdloupe, meenel va yvwetlouue axplBag mold eivan o
ototyela Tou. Ko avtiotpoga, edv yvwpilouue axptBodc tor ototyela evog GUVOAOU, YVW-
eciCoupe to olvoro. To Cfnua ebvor ot unopolue va meptypddouue to (Blo olvolo Ue
OLapopeTinoUg TeoToug. [ mapdderyua, €dv A etvar 10 clvoho Twv pley Trg egiowong

22 —6x+8=0

xou B 1o cOvolo twv dpTiwy aptducdy uetafd tou 1 xar tou 5, t61e 10 A xou 10 B €youy
2 7 7 7 7 Vé 7 ’
axpBae 800 atovyeia, Toug apriuolc 2 xon 4. Luvende 1o A xou o B etvar 1o (8o oivoho.
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Ao chvoha elvon toow €dv €youy Ta (dta ototyela. LuuBoAilouue THY IGOTNTA TV CUVOAWY
S wou T ye
S=T,

eve Otay Oev elvan (oo ypdgouue

SAT.

O amholoTtepog 1p6TOC Vo Tpoadloploouue €va alvolo elvon Vo xotaypddoupe oo T
ototyeio Tou (edv autéd eivon duvatd). O ouvhdne cuuBoliouds eivon vor o xhelvouue oe
ayxUiec { }. Otav ypdgpouue

S=11,23,4,5, 6}

€VvooUUE T0 avolo Tou omolou Ta oTotyela etvar ot aprduol 1, 2, 3, 4, 5, 6, xar poévov autol.
[Tpéner va Tovicoupe 800 onueiot oyeTxd Ue AUTOV TO GUUPBOMOUS, GUVERELES xou Tal VO
TNC €Vvolag TNg LooTnTag Yo cuvola. Tlpdtov, 1 oetpd ye tnv omola Ypdgouue ta GTolyEia
ebvon adLdpopn:
{5,4,3,2,6 1} ={1,2, 3,4, 5, 6.

Aeltepov, enavalfels Twv oTolyelwy oty xataypagr 6ev aAAdlouv To GUVoAo:
{1,2,3,4,6, 1,3, 5} ={1,2,3,4, 5, 6}.

[ var tpocdiopicouye xdmolo Ghvolo, uropel vo uny etvar TpaxTixd, 1 00T xav duVATO,
va xataypddouue dha o ototyeia Tou. To clvolo Twv TEOTLY apriudy Teptypdpetar TOA)
xh0OTEPAL A AUTAY TN QedoT TaEd Ye TNV anapidunon UepXwY TemTwY

{2,3,5, 7,11, 13, 17, 19, .. .}.
Oa urtopoLoaUE Vo YEAPOUUE
P = {6)ot ot tpdtot aptyoi}.
Mo yprown mapadhhayt etvan
P = {p|p etvou npcdtog apriusdc}.
['evixdtepa, o cuuBoliopog

Q = {z| ‘%t oyeTnd ye 1o 2’}
otaBaleton Q) etvan T0 6UVORO OAWY TWV T Yl Ta omolol I VEL TO ‘ATt OYETING YE TO T .
o var Tpoodlopicouye, Yio Topdderypa, To 6Uvolo Twy Aiotwy Tne eéioworng z2 —52+6 = 0
Vo unopoloope va AMocouge v e&lowon xon vo ypdhouue S = {2, 3}, 1 Yo urnopoloaue vo
yeddouue
S ={z|z* -5z +6=0}

O deltepog TpoTOC TEOGOWEILEL TO GUVORO Ywplc Vo pog Bidel pnTd Tar GToLyEld ToU, ahAd
xa yoplc va ypewdletar vou Aboouue Tty eélowon.
Me autd 10 GuuPoloud undpyet xdmola acdpelo. Edv avagepduacTte 6Toug QUGLXOUC

aprduolg, To oUVOhO
{z]1 <z <5}
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amoteheiton amd Toug aptiuolc 1, 2, 3, 4, 5, ohhd QY aVUPEQOUACTE GTOUC TEAYUATXO0S
apriuols, ToTe TEpLAAUBAVEL Xou Ghoug Toug LTOAOLTOUS apruolg UeTacd Tou 1 xat Tou 5. O
(xANOTEPOG TEPOTOG VoL XAVOULUE AUTAHY T1) BtdxpELon elvon Vo Tpocdlopicouye To cOvoho Y and
70 0Tof0 EMAEYOUUE TA T TOU IXAVOTOLOUY TO ‘%dtt oyetxd e 10 2’. O ouuBolioude

X ={z €Y |%du oyeuxd pe 10 x'}

2 7. /7 7 7 7 /7 ¢ 4
ornuotvet ott X efvon o 0Ovolo Twv GTolyElwy T Tou GuYOAoU Y yia o omola Loy el TO ‘xdTL
OYETXO UE TO T

’ 4 4 xX 4 7 4 4 z

Evag mo coPapdc hAéyog Y va dieuxpwviCouue to oOvolo Y and To omolo emhéyouue
Toe oTovyeio Tou X ebvon yior vor e€aGPAAGOUUE OTL TO “XdTL OYETIXG PE TO T €YEL VONUA Yid
4 7z N 4 INI4 7z 4 4 ’ 7 4 e
Ol T € Y, efvan OnAadr| Wi WOLOTHTAL TOU Efval cagEg eqv Loy Vel 1 BeV toyVEL Yia xde
ototyelo Tou Y, xan 161€ X ebvan 10 00volo Twv ototyelwy Tou Y yia To omolol loyel auth
1 OLOTHTAL

‘Aoxnor 1.1 Tloc and Tic mapaxdte mpotdoelg etvar aknieic xan moég eudeic; Ein-
YHoTe GOVTOUA THY amdvTNoY Cag.

o. 1e{l,2} B. 3€{l1,52,3}

v, 3¢ {1,5,2) 5. {1,3) €{1.3,52)

. {5} € {1,352} v 2c{reR|s?—30+2=0}

U.o{1,4,2,3} ={2,3,1,4,3,2} n. {a,d,b,d} ={a, b, d}

V. {a, b,d, d} ={a, b, a, d} Vo {z€eQ|2?—22 =0} ={z e R|2? -2z =0}
YT rocVvVoAa

Eva cOvoho B eivar urocivolo tou A €dv xdde ototyeio Tou B eivon xou ototyeio Tou A.
Aéue enionc ot to B nepLéyetatl oto A xar ypd@ouue

B CA.

Ilgbétaon 1.1 Edv A ka1 B efvar otvoda, téte A = B edv ka1 pévov edv A C B ka1
B C A.

Anodely. Edv A = B 16te, epboov A C A, énetanott A C B xon B C A. Avtiotpégwe,
unovétouue ott A C B xaw B C A. Téte xdde otoyelo tou A elvar ototyelo 10 B xan xdde
otoryeio tou B elvar otoyelo tou A. Apa tor A xou B €youv ta (Sl ototyela, xar GUVETOS
A=B.

O

Ilpétaon 1.2 Edv A, B, C efvar otvoda, ka1 A C B ka1 B C C, téte A C C.

Arnodely. Kdave otoyelo tou A elvar otoyelo tou B xar xdde ototyelo tou B eivor
otoryeio tou C. Apa xdie otoyeio Tou A elvan ototyeio tou C, xaw cuvendeg A C C.
O
Efvar moh0 onuoavtixé va Swxpivoue utocivoha xor otoyeia. To otowyeio tou {1, 2}
etvon tat 1 xan 2. Taumootvora tou {1, 2} eivan o {1, 2}, {1}, {2}, xou axxbun éva unocivolo,
Tou TPoc To Topby Vo To oupPoricoupe { }.
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H mpdtaom 1.2 Bev oy bet edv avtixataothooupe C ue €. To ototyela evog cTotyeiou Tou
ouvéhou X Bev elvon anapaitnto ototyeia tou X. [a nopdderypa, edv A = 1, B = {1, 2}
xou C' = {{1, 2}, {3, 4}}, t61¢ A € B xar B € C, ahhd o ototyeio tou C' givan ta ovvoda
{1, 2} xou {3, 4}, dpa A =1 dev eivar otowyeio tou C.

To olvoho mou cuuPorioope { } etvor éva ovoho oo omofo dev avixet xavéva oTolyelo.
Eva tétolo alvolo 1o Mue xevo. T'a topddetyya, 10 6Ovolo

{reZlx=x+1}

etvan xev0, aol 1 e€iowon x = = + 1 dev éyet Mioewg 610 Z. Eva xevd alvolo €yet xdmoteg
alloTEOoEXTES WOLOTNTES. Edv E eivon éva xevd olvoho xor X elvar omoodhnote ahvolo,
tote £ C X. Thatl; Tlpénet va detouye ott xdie ototyelo Tou K etvan otoryeto Tou X. TN
VoL unv Loy el autod, Yo mpénel Vo undpyel xdmoto ototyelo Tou E mou va unv avrixel oto X.
Agol o E etvar xevd, dev undpyel xavéva T€Tolo GTotyelo.

Edv E xou F' efvon 600 xevd cOvoha, and T Tponyoluevo anotéheoud €yovye ot B C F
xaw F' C E. Apo F = F. Oha ta xevd oOvoha eivon ioa. Apa umtdpyetl €va Lovadixd xevod
obvoho. Afvouue o autd 10 GUVOLO €va WX GUUBoNO:

%]
ouuPoMlel To povadikd xevd chvolo.

‘Aoxnor 1.2 Tloc and Tic mapaxdte mpotdoelg etvar aknielc xan moég eudeic; Ein-
YHoTE GOVTOUA TNHY AmdVTNoY CaC.

o« 1C{1,2) 5. {3,1} C {1,5,2,3}
v {3} C (15,2} v {13} € {1,3.5.2)
e. {b} €{1,3,5,2} . 2C{reR|2?-3x+2=0}

Co{1,4,2,3)C{2,3,1,4,3,2} 1. {a b d d} C{a, b, a,d}

V. {beN|b>2} ={aeN|a>2} V. {beN|b>2}C{aeN|a>2}
o {21 C {1, {21 {2 e {1, {2}

. {beN|b>2}C{aeN|a>2} W {reQl2?*-2=0}=90

>20VOAO TWV TAVIWV;

Omnwg undpyel 10 xevd 0UVOLO, TOU BEV TEPIEYEL XAVEVA GTOLYE(D, UTOPOUUE VO AVURWTY-
Yolue €dv undpyet €va oUVOAO Tou TEPIEYEL TaL TAvTA.  Oa dolue ott auth N O€a lvan
TORATEABNYHEVT.

Ag Yewpriooupe T culhoyY| (2 Ghwv Twy cuvorwy. Edv (2 eivar éva ahvolo, tdte To (Bto To
Q2 ebvar oToyelo Tou eautol Tou, 2 € Q. Ta cuvricuéva cUVoha TOU €YOUUE GUVAVTHOEL,
6mwe T0 oOvoho N twv guowxav aprlunmy, dev elvar oTotyela Tou cautol Toug. Mmropgeite
VoL AQLEPOOETE AlyT Wpa TpooTowvTaS Vo gavtaoTelte €va odvoho mou efvan ototyelo Tou
EQUTOU TOU.

Topa propolue va Jewpricouue to utocivoro S tou ) mou anoteheiton amd T GUVOIA
Tou Oev elvon GToLyela Tou EauTOY TOUC,

S={AcQ|AgA}.

Agos § C (), 1o S elvan eniong olvolo, xou umopolue va avapntriolue edv to S eivan
oTotyelo Tou eautol Tou. Twpa duwe €youue To e€rc TaEAdoLo.
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o Egv S €5, to1e S € 2 odld 10 S dev ixavomotel Tnv WLOTNTA Tou YopaxTneilel o
ototyela Tou S, xou cuvenwe S € S.

o Edv S &S, t6te S € Qxauto S ixavornotel Ty 186t Ta ToU YopaxTnellel T cTotyEl
Tou S, ouvenwe S € S.

Onowadrrote and Tig 8Uo unodéoeic yia To S, odnyel o avtigao.

Auté 10 Tapddolo, YVKoTo Ue To Gvoua mapddolo tou Russell, tpoéxule enedr) Yewper-
oaue 0Tt oLUAAOYES Omwe 1 S N 1 £ elvon olvoha. H gy pag meptypapt| evog cuvohou
w¢ ula omoladnmote GUALOYY BeV elvor emapxc. e o TPOoyweENUEVY uadiuata Ocwplag
Yuvohwy, Yo dolue Tog EEMEEVIOUYTOL TA TORAO0EA, UE XATIAANAO TEQLOPIOUS TNG EVvolag
Tou ouvélou. Ilpog 1o MaEdy, Vo Tpocéyouue T GUvola mou e&eTdlouUE Va Elval GaQKS
TEOGOLOPLOUEVA, X0 VO YVOEILOUUE axpBeg Told GToyEld avAXOUV GTO GUVOAO Xl TOLd Oyt

H un Omapén evog cuvérou twv méviwy ebvar axdun €vag Aoyog Yo Tov omolo o cuuBoAL-
ouoe

{zeY[P(x)},
6mou Y eivon éva yvwoté olvolo, xou P(x) elvon ‘xdtt oyetixd pe 1o x', elvon TpoTudTEROS

amd T0 GLUBOAIGUO
{z|P(z)}.

Eyovtoc mposdopioet to Y, unopolue vo eZetdoouye v iotnto P(z) o vor Beforw-
Yolue oTt €yel vonua v Oha To ototyelor Tou Y, mowv emAéCoupe autd yia Toe omola efvan
oaAnUC.

AN owdg etvan oay va Yewpotye to {x € | P(x)}, to onolo eldope ot pnopel va 0dnyrioet
oe mapddola. Ilapatrpeiote 0Tl edv Vewpricouye xdmoww GUYXEXPWEVO GUVOLO TOU OTOTE-
Aeltan amd oOvoha, 1 wdtnTa X ¢ X Oev mapouctdler xavéva tpdfinuo. I mapdderyya,
edv T ={N, Z, Q, R, C}, t61¢

{XeT|X¢X}={N,Z,Q,R, C},
xou mpogavee T ¢ T

Evwon xo toun

Ao onuavtixéc uédodol Yo va OnuLoupYRoouUE VEo oUVOAA etvan 1) évworn xou 1) Tour. H
Evwon 000 cuvohwy A xa B elvar to ohvolo tou onolou ta ototyela eivon tor oTotyela ToU
A xon o ototyela Tou B xon yévov autd. Edy

A=1{1,2,3}  B=1{34,5)
T67€ 1) évwon ebvon {1,2,3,4,5}. XLupBoriloupe v évwon twv cuvéhev A xu B ue AU B,
AUB={z|z € A%z € B (xou ta dVo)}.

H toun 600 cuvérwv A xou B eivon o ahvolo tou ontolou o GToyeior elvon GAa o xotvd
otoryeio Twv A xou B. Ta ta oOvola A xar B tou mponyoluevou mapadelylatog 1 Tout
elvon 0 oUvoro {3}, yiatl pbvov to 3 avixer xar ota d0o oUvola. LupPohiloupe Ty Touy
TwY oLVohwv A xat B ye AN B,

ANB={xz|x € A xu z € B}.

‘Aocxnor 1.3 Ilpocdopicote Tor TapoxdTey GUVOAA.
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o. {1,2,4}U{2,3,6}
g. {1,2,4} n{2,3,6}
Y. AUB, émov A={zx €Z|x >3} xu B={yeZ|y < -3}
8. CND,bérovC={re€Z|lx>-3txuD={yecZ|y<3}.

Ilgbétaon 1.3 Edv A, B,C efvai odvoda, tdte
1. Aug=A
2. AUA=A
3. AUB=BUA
4. (AUB)UC =AU (BUC).

ATé6derdn. Mobvov 1o (4) napouctdlet xdnota duoxohio. YTrovétoupe ot € (AUB)UC.
Téoter € AUBeirex € C. Edva € C,tote v € BUC, dpax € AU(BUC). Edv z & C,
16t & € Acite x € B. Ye xde nepintwon éyovue v € AU (BUC). Eyouye Seilet ot edv
re(AUB)UC tote z € AU(BUC), dnhady

(AUB)UC C AU (BUCQO).
Me éva napduoto emvyelpnua detyvouue ot
AU(BUC)C (AUB)UC.
Xpnowonowlue tny mpotaon 1.1 yio va 6et&ouue o {ntoluevo.
Hopopora amotehéopata Loy DOUY Yiol TG TOUEG.
Ilgbtaon 1.4 Edv A, B,C eivar oUvoda, tote
1. Ano =g
2. ANA=A

3. ANB=BnNA
4 (ANB)NC=AN(BNCQ).

Ov amodeteig etvor avdroyeg e avtég tne Hpdtaone 1.3.
‘Aoxnor 1.4 Yuvuminpwote Ti¢ anodeilelg twv Ipotdoswy 1.3 xou 1.4,

Téhog undpEyouY BVO TAVTOTNTEC TOU GUVOEOUY EVAOELS XAl TOMES.

Ilgbétaon 1.5 Edv A, B,C efvar otvoda, tdte
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1. AU(BNC)=(AUB)N(AUC)
2. AN(BUC)=(ANB)U(ANC).

AnédeEn. Edvr e AU(BNC), tétex € Acitex € BNC. Edve € Atéex € AUB
xoux € AUC, dpaz € (AUB)N(AUC). Awgopetixd, x € BN C, xdu nou cuvendyetou
r€BxuzreC. Appre AUBxuz e AUC, ouvenc z € (AUB)N(AUC). Auté

OEly VEL OTL
AU(BNC)C(AUuB)N(AUCQC).

Avtiotpoga, urodétovye ot y € (AUB)N(AUC). Téorey e AUBxawy € AUC.
Ou e€etdoouue dVo TepimTwoelg: 6tav ¥ € A xou 6tav ¥ € A, Xty mpdTy nEpinTwon,
y € AU(BNC). Xtn devrepn nepintwon, epocov y € AU B, npénet vo woyver y € B,
xou mopdpoa y € C. 'Enetan ot y € BN O, xou GUVERDS, %ot OE AUTAY TNV TERITTWON
ye AU(BNC). Apa

(AUB)N(AUC) CAU(BNC(O).

Ta 800 arnoteréopota didouy T {nTovuevn tautétrta. H amddeln tou 2 elvon avdioy.
O
‘Aoxnor 1.5 Yuvuninpwote tny anodeiln tne Hpdtaong 1.5.

H Ilpétacn 1.5 didel 800 EMUUEPLO TLXOVG XAVOVES, AVIAOYOUS UE TOV ETLUEQLOTIXO
AAVOVOL Y10 TOV TOAATAACIAOUS WG TEOG TNV TEdcVeEoT):

a-(b+c)=(a-b)+(a-c).

IIpocélte ot otV TEPIMTWOY TWV dpELiUNTIX®Y TEAZEWY OEV 1oy VEL 1) EMUEQLOTIXT WOLOTHTA
edv avtioteédoupe Tig TPdelC: 1 TpdoUeon) BEV Elvol ETIEQICTIXY WS TPOS TOV TOANATAA-
OLOGUO.

To Aeydpeva Srarypdupate Venn npoc@épouy €va TpOTO Vo TORIC THOOUUE OUTEC TIC
GLYOROVEWENTIXES TAUTOTNTEC.

Syfuo 1.1 Adrypopuoa Venn

Térow oyédia ouyva Bonloly oTny xATAVONCT) TWY OYECEWY UETAED TWY SLPORwY GUVO-
AV, dANS TEETEL VAL OYEBLACG TOUY TROGEXTIXG Yol VO TAPLOTAVOUY TN YEVIXOTERT XAVE popd
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nepintwon. Edv éyouue éva clvoho, oto ddypoupo Venn eugaviCoviar 800 meployés: To
onuela ToL avixouy 6To GUYORO xou aUTd oL dev avixouv ot autd (Eyhua 1.2).

v

Yyfua 1.2: Adrypauua Venn evog cuvorou

Me 600 oOvoha €youue T€00EREIC TEPLOYES, EVK UE Tplo alvoha oxT® meptoyéc. Eivon e0-
OO VO GYEDLAGOUUE TEELS XUXAOUC WO TE VO DLUXPIVOVTOL OL OX TG TEPLOYES IOV TURLG TAVOUV
™) Yevixy nepintwon yio tpla ovola (Eyhua 1.3).

V%V

Yyfue 1.3: Adypappo Venn toidv cuvorwy

o téooepa oOvoha, To avdhoyo oyrua 0ev umopel va yivel ye xUxhoug. Mrogeite va to
AATUPERETE UE TEELS xUXAOUG XL Eva EAEVVEPO Oy YU

To Sarypdupate aroteholy onuaviixd Borinua otny xatavonon tng xatdotaons. ‘Ouwg
OE QUTO TO OTAO0 TWY OTOUDWY cag, 6Tay cog {nreltar vo amodeilete o oyéor petalld
OLVOAWY, UTORE(TE VO YPTOWOTOIRCETE EMLXOUPLXS TO OLdypouud, ahhd elvon amopaitnTo va
YeddeTe TNV amdOEEY) YENOWOTOIWYTIC UE TPOCOY T TO 6WOTO UadNUATIXO GUUPONOUS XAl
oxEBelc pordNUaTIXES BLATUTOCELC.

‘Aoxnorm 1.6 Xyeddote ta dtaypdupota Venn oTic oxOhOVIES TEQITTOOELS:
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o. ‘Eyoupe d0o odvoha A xau B tétoo dote (AU B) C B xouw B € A.

B". "Eyouye tpla ovora A, B xou C tétowa wotwe ANBNC =@, ANB # @, ANC # @
xuw BNC # @.

Ilgbétaon 1.6 Edv A ka1 B efvar ovvola, o1 €ndueves 1016tntes eivai 1006Uvajies

1. ACB
2. AnNB=A
3. AUB =DB.

H npétoaor onuaiver ot xdle pa and Tig Teelc WLOTNTES oy Vel EQY Xt UOVOY EQY 1oy DOLY
%0 oL GAAEC 8V0. YuuBoAixd

(ACB)& (ANB =A) < (AUB = B)

Anodely. Trnodétoupe ot A C B xou ¥éhoupe va deloupe ott AN B = A. I'vwpilouye
ot ANB C A. Edv € A, t6te, agol AC B, v € B,dpax € ANDB, xu A C AN B.
Apa ANB = A.

AvtioTtpoga, utovétouue o1t AN B = A xau Vélouye va dei€ouye ot A C B. Edv x € A,
e r € ANB, dpax € Bxoaw AC B.

Acilope ottt 1 o 2 ebvan Lood0vopa.

[Mo v wooduvayio Twv 1 xaw 3, Tapatneolue otl 10 3 Aéel ol ey BAhouue To oTotyEla
tou A pali ue to otoryeio Tou B, naipvouue 1o olvolo B. YuuninodoTe mo avoluTixd Ty
amOOELLT), OTWS GTO TPOTYOUUEVO.

O

DVUTANPOUATA

Edv A xar B etvar oOvoha, 1 cuvololempntixy| Stapopd A\ B opiletar wg 10 6Uvoho GAwYV
TwY oTotyEiwy Tou A Tou dev avixouy oTo B,

A\B={zcA|z ¢ B}.

‘Aoxnorn 1.7 Edv A= {1, 2, 3} xa B ={1, 5, 6, 7}, Beeite to olvora AU B, AN B,
A\ B, B\ Axa (AUB)\ (AN B).

Edv B eivor utoctvoho tou A ovoudlouue 10 A \ B CLUTAYPWRA TOV B wg Tpog
To A.

Aev unopotye va Eeydoouue 10 A xou Vo 0plcoUUE To GUUTAEWU Tou B w¢ 0 6hvolo
OAwV 6o OV avixouy cto B, yiati 16te 1 Evworn Tou B xou tou unoTidéuevou cuuninpn-
wotog Yo Aoy 10 6UVORO () TV TAVTWY, TOU OTWE EBAUE DEV UTOREL Var UTIQYEL.

Y€ OLUYXEXPWEVES TEQITTWOELC UTOREl Vo UTdpyEL €val GUVOAO TOU TEQIEYEL OAAL TA AVTL-
xetueva mou e€etdlouye. Tote ovoudloupe autd T0 GOvoro Y weo. OTay AVaPEPOUAOTE OE
axepaioug aprluole, o yweog umopel v tvar To oOVoho Z twv axepaiwy. Otay €youue 6To
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Syfua 1.4: H ouvohodewpnuiny| Swugopd A\ B.

Yyfua 1.5: To cuunifpwua tou B wg tpog to A.

Vou pog xdmoto cuyxexpwévo yweo U, opilouue 0 cupnAfewupa B¢ xdde untocuvdrou
B wouv U va givan
B°=U\ B,

onAadY| vau elvon To ouumAfipwud Tou B wg mpog 1o ywpo U. Oplou€veg WOLOTNTES TOU GUU-
TAnpOUaToS didouue oty enduevn Ipdtaoy.

Ilpbtaom 1.7 Edv A ka1 B efvar vrooUvoda tov ywpov U, 1w0ydovr ta akélovla:
1. o¢=U
2.U°=o
3. (A=A

4. Edv A C B tdte B¢ C A°.
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[Swiitepo evdtagépov €youy ol xavoveg De Morgan yia T oy£0T TOU GUUTATIEWUATOC
UE EVOWOELS Xl TOUEC:
IIpbtaom 1.8 Edv A ka1 B efvar vrooUvoda tov ywpov U, 1w0ydovr ta akédovla:
1. (AUB)¢ = A°N B¢
2. (AN B)* = A°U B°.

Ano6deln. Edvz e (AU DB) t6te x ¢ AU B. Auté onuaiver ot © € A xan x & B, dpa
r € A° xan x € B¢, xou ouvenwe v € A°N B¢ Enoyévac

(AUB)° C A°N B°.

[Ma vo amodetlouye tov avtideto eyxAelond, avTloTEEPOUUE To BAUATH TNS TEONYOUUEVTS
amodene. Etot anodewcvietan 1 1.

['a va amodelouye v 2 umopolue va axohoudrcouue avdroya Bruata. Evag dihog
TEOTOG efvan VoL avTixaTas THooUUE T0 A pe 10 A° xou to B e to B¢ oty 1, mou didet

(AU B =A“NB“=ANB.
Katémy malpvouue cuUTANo@UOT, Xl €)OUUE
(AN B)* = (A°U B = A°U B¢

mou elvon 1) 2.

‘Aocxnomn 1.8 Amhonomiote Tic axdhovles exppdoelg
o«. (DCUF)*U(DNF)
F. (XUuY)n(Xeuye))”

‘Aoxnomn 1.9 Aci€te on yn onodrinote vnoctvora A xou B tou ydpeou U, wylel 1
womta A\ B = AN B¢, xou ypnowonothote Ty yio va 0eiete ot

o. (A\B)\C =A\ (BUQ)
B (A\NB)\C=(A\C)\(B\C).

Optloupe ) ovppeteuxr dropopd A A B 8Uo cuvolwy A xau B va eivar 10 6Ovolo
Tou TEPEYEL Ta oToLyEla Tou avrixouy ¥ 6To A ¥ 610 B, ahld Oyt o oTa dlo:

AAB=(A\B)U(B\A).

‘Acoxnorm 1.10 Acigte ot

ANB=(AUB)\(ANDB).
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Yyfuo 1.6: H oupuetowxr drapopd.

‘Aoxnomn 1.11 Troloylote ta cOvorha A A Axw A A D. AeCte ou AA B =B A A

Mrnogel va TpocéZate 0Tl oL XaVOVES TNG Ocwplag Xuvohwy rapouctdlovton oe CEVYN: yia
x30e xovova, edv aAAGEOUUE OAEC TIC EVOELC O TOUEC XU TIC TOUEC OE EVWOELS, TOPVOUUE
évay dhho xavova. Oa ovoudcouue authy Ty Tapathenon Apyxh Auvixotntag tou De
Morgan.

Edy o€ pna aAndn ovroloOewpnuikn tavtétnta otny omoia eppavitovrar udvov o1 npdées
U ka1 N, avukataotioovue kdde U pe N ka1 kdle N pe U, mpokUrter pia véa aAning
TavtdTnTa.

H yevixr| andden autod tou anoteléopatog Baotleton ot o xdnws nepimhoxy enaywy),
Tou xpEUBel TNV amAOTHTA Tou Boctxol emyeluaTos. Ag Vewp|COUUE ULl YAPUXTNOIC TIXT
TepinTwon.

AU(BNC)=(AuB)N(AUuC() (1.1)

[Tdpete o GuuTANEPOUATA XAt EQUPUOCTE U0 PopéS Toug xavoveg De Morgan yia vou xotohr-
Eete otV

A°N(B°UCY) = (AN B U (AN C).

Avth 1 tautdtna oy el Yia onotadhnote clvora A, B, C, dpa toylet xou yio tor A¢, B¢, C°,
xaw OLdeL TNV TAVTOTNTA ToL TEOXOTTEL amd TNV 1.1 Ye epapuoyy| Tng duixdtntag De Morgan.
Y Ovoha and chOvVola

Mepwéc gopéc e€etdloupue olvola To oTotyeld Twy omoiwy elvon enlong cuvola. [a mapd-
derypa, S = {A, B}, 6mov A = {1, 2}, B = {2, 3, 4}. Eva yevixdtepo mopddetypo eivor o
oOVOhO OAWV TWV UTOCUVOAWY EVOC cuvolou X, mou ovoudletar BuvoaprooVvolo tou X
xou ouuBohileton P(X):

Y € P(X) €dv o uévov edv Y C X

Eév X = {0, 1}, téte P(X) = {@, {0}, {1}, {0,1}}.
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Y& TET0lEC MEQINTWOELC OTou xdle cTolyeio Tou S etvar €va 6OVORO, UTOROVUE VoL TEO-
ywerioouue éva Briua maparmépa xar vo Yewprioouue Ta oTotyela Twv oTolyeiny Tou S. Etot
UTOPOUUE Vo YEVIXEVGOUUE TIC EVVOLEG TNG EVWOTNS XAl TN TOUAG:

US = {z]z € A yw xdrowo A € S},

xwedv S # @, 1
ﬂS:{x|x€AYLaxdﬂsA€S}.

U S ebvar 1 évewon tou S, xon (S eivor 1) Toph tou S. H évworn tou S anoteleiton and
Ohat Tor oTolyEld OAWY TV GTotyElwY Tou S, VL 1) Topr Tou S amoTEAELTAL ATO TO XOWd
oTtotyela OAwY TV oTotyeiwy Tou S. o Tapdderyua

J{{n, 28, {234} = {1,2,3,4}
({12}, {2,3,4}} = {2}.

[a xéde ovvoro X 1oy let

U =x
BX) =2.

Avutdc 0 oupPBohioudc anoTeAel TEdYUATL YEVIXEUOT) TNE EVWONE ot TNE TOUNS V0 GUVOAWY.
Edv S = {A1, As, ..., Ay}, évag evadhoxtixds cuuPBoliouos eivou

US:OAT
r=1

ﬂS:ﬁAP
r=1

‘Aoxnor 1.12 Bpeite 1o Suvagooivolo tou ouvéhou X, 6mou X = {a, 7, w}, xou 10
duvapoovolo tou ouvorou A, btov A = {a, {a, b}}.

‘Aoxnor 1.13 Edv S eivoar 10 60voho OAwV TwV UTOCUVOAWY TOL Z GTo. oTtola AVYXEL TO

0, Beelte Ta
U S xo ﬂ S.

"Edv S = @, n touR (S dev opileton. Edv 1o S ebvon xevé, téte omidrmote avixer oe kdde otouyeto Tou
S, non Yo elyope T0 oUVOAO TWY TAVIWV.
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Aoxnoelg
TreviupiCouye 10 cuyPolioud

N : ot guotxol agriyol Z : ov axépotol aptduot
Q : o pnrol apriuot R : ot mparypatixol aprduof

Ye autég Ti¢ aoxioelg VEAOUUE Vo TpOGECOUUE TN BLdxplon UETAED
€: avixet, ebvar cTowyeio tou ...
C: mepéyetan, elvor UTOGUVOAO TOU ...

‘Aoxnomn 1.14 Iloc and Tic mopaxdte mpotdoewg etvan ahnieic xar moée deudeic; En-
yelote oUvVTOUA TNV ATAVTNGY| COC.

o. 1C {1,352} 3. {1,2} C {1,3,5,2}

Y. {reR|2?-32+2=0} C{1,3,5} & {zeR|2*-3x+2=0}€N
¢ V2e{reQla®-2=0} . —3€{aeN|a>2}

. {1} € {1,2,3} n. {1} € {1,2,3}

V. 1C{1,2,3} Vo {1,2) € {1,{2}}

o {{2}} € {1, {21} . {21 C (L2

. 9Co Ww. g

. @e{o} . @ C{o}

‘Aocxnor 1.15 Ilpocdopicte To mopaxdtew cUvola.
o. {1,2,{4}} U {2,3,6}
g. {1,{2},4} n{2,3,6}
Y. AUB,émov A={zx €Z||z| >3} v B={y e Z|y < —3}.
8. CND,érovC={xeZl||x]| >3} xu D{y € Z|y < 3}.
e. AU{A}, 6mov A ={1,2,3}.
. suU{o}

. on{o}

‘Aoxnor 1.16 4. Ilowd and ta mapaxdte cbvola eivon (oo;
o {—1,1,2}
g. {-1,2,1,2}
Y. {n €Z]||n| <2xun#0}

5. {—2,2}U{1,~1}
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Aoxnon 1.17 EdvV ={a, f, X} xae W = {1, f, &, {a}}, Peeite o V\W xau W\ V.

‘Aoxnon 1.18 Edv A = {a, b, {a, c}, &}, Peeite ta clvola
o A\ {a}
3. A\ @
Y. A\ {a, ¢}
0" A\ {{a, c}}
e. ANl {a,c}
7. {a}\ A

‘Aoxnon 1.19 Acite ot 1 ouppeTeixy| Slaopd £YEL THY TEOGETOUELO TLXT LOLOTN T

(AAB)AC=AA(BArC).

‘Aoxnorm 1.20 Amnodeilte ot
o«. ANB)ANA=DB
. (AaB)NC=(ANC)A(BNCO)
‘Acxnomn 1.21 Xpnowonol|oTe To TeoNYoUUEVo anoTélecya Yo va deiete ot edv A, B

xou C elvon (omotadrnote) oivoha xauw A A B = A A C t61e B = C. Anodellte ot 1
ellowon A A X = B éyel povaduxry Ao,

‘Aoxnorm 1.22 Edv X = X; U Xy, detlte ot

Jx = (UX1> U (UXQ) .

‘Aoxnorn 1.23 Edv A = {0, {@}} xu B = {a, {a}, b}, npoodopiote yia xdde wa and
TIC TAPaXdTw TPOTACELS Qv elvon aAndric ¥ heudric:

o. @€ P(A)

3. 2 CP(A)

v. {2} € B(A)
5. {{a}} € B(B)
¢. {{a}} CP(B)
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7. {{a}, 0} S P(B)
¢ {{a}, {{a}}} € B(B)

‘Aoxnorn 1.24 Aideton éva oOvoho X, évaunooivoro A C X xaw Z = XUP(X). AeiZe
ot AC Zxuu A€ Z.

‘Aoxnor 1.25 Edv to olvoho A €yel n ctoyelo, néca oTolyeio €yel T0 BUVAULOGUVORO
PB(A); (Mnogeite va e€etdoete uxpd 1 yior VoL OVTEPETE TRV OMAVINGT), XAt GTH GUVEYELD
va yenowonotioete T uédodo tne enaywyhc yiot Ty an6deln).)

‘Acxnomn 1.26 1lpoBhnua yia yepolg AITES.

AeiZte o dev undpyet ovvoro X tétowo Kote P(X) C X. (EZetdote ta utosivora Y tou
X mou €youv Ty wWOTNTa Y € Y, v va odnynieite o avtigacy avdloyn Ue To Topddolo
tou Russell.)



Kegpdharo 2
DIYECELS

H évvola tng o éong etvan pia amod g facixdtepeg 0T Vewpla GUVOLGY, %ot YeTCLUOTOLETAL
0€ OAOUC TOUG XAABOUC TWV UAdNUATIX®Y, X o TOMES dhhec Tepintwoets. Iopadelyuota
oyéocwv UeTall apriuwy ebvar ‘ueyahltepog and’, ‘wxpdtepog and’, ‘elvon dlanpétng Tou’,

‘etvan foog mpog’, ‘Oev ebvan foog mpoc’, .. .. Tlupadeiyyata and 1 Yewplo cuvOwWY etvar ‘elvor
uTocUVolo, ‘avixel, .. .. Ilapadelypota and dhheg neptoyeg elvon ‘elvan adehpog tne’, ‘elvou
untépa tou’, ... Oleg aUTEC OL EXPEACELS AVAPEQOVTAL GE OVO TEAYHATA, XAl TO TEWTO

elte €yel T oY€on TOU AVUPERETAL TPOS TO OEVUTEPO, elte dev Ty €yet. ['a mopddetyya, 1
éxppaon a > b, 6mou a xa b elvan axéponor aprduol, eite etvar akndrc eite Sev ebvon (2 > 1
etvan oAnOnic, 1 > 2 Sev elvor ahninc).

[Tpéner vau draxpivouue 10 TEMOTO and 10 BEUTEPO amd Ta dUO TEdYUUTA ToU oyeTiloVToL:
a > b etvan dagopeTind and b > a. Etol 1o mpwto mpdypo mou Yo xdvouue eivon v
Teplypddoupe SrateTayéEva Lelyy. Y& TOAEC TEQINTWOELS To AVTIXEIUEVO GTA oToia
AVAUPERETAL 1) OYEDT] AVAXOUV OE OLUPORETXY GUVOADL.

Oa meptypdpoue TNV EVVoLa TNG OYECTIC YENOWOTOWVTAS TIC €Vvoleg Tne Vewplag ou-
VOAOY, ot xatomy Vo eEETAGOUUE TLO avohUTIXd BU0 TOAD onuavTixd €0 oYEcEmy: TIC
oyéoelg woduvauiog xon Tig oyEoelg dtdTadng.

Avatetayueva Levyn

Ye éva olvolo, 1) Bdtaln (n oewpd) e v omofla Ypdpouue ta ototyeio eV xdver dropopd,
étor wote {a, b} = {b, a}. Xe opoyévec nepntdoec Gunc auth N Sdtaln Eyel onuacio.
[or mopddetypa, oTny avaAuTiy YEWUETE{O, Ol CUVTETAYPEVES EVOC omueiou Tou emTESOU
Topto TdvovTton and Celyrn TEoyUoTiX®Y apliuy (x,y). H owdtaln €yet onuaoia, agol To
onueio pe ouvtetayuéves (1,2) eitvon Swupopetind and to onueio pe ouvtetayuévee (2,1),
Dyfuo 2.1

YuuBohiilouvue 1o Swtetayuévo Lebyoc (z,y), ue napeviéoelc avti yior oy xOReS, Yiol Vo T0
Staxpivoupe and to abvoho {z,y}. H Baowx wibtnra mou anoutolyue and 10 VEO avTIXEUEVO
elvow

(z,y) = (u,v) €qv xou ubvov €8y & = u xu y = v .

Edv A xau B eivaw olvola, 10 xapTecLavd ywvouevo A x B eivar 10 alvolo OV Twv
drateTaypévwy (euyody Ye TpwTto oTolyeio and to A xat Seltepo GToyeio and to B:

Ax B={(z,y)|r € A, xuy € B}.

17
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L(1,2)

+ (2.4)

-

-

Yyfuo 2.1: Yuvtetayuéveg onueiwy oTo eninedo.

LNV TeonYoUUEVY] Tapdyeapo Tpoadiopicaue toHTE Yo Aéue oTt 800 drateTaryéva (el
etvan oo, oahhd Oev €youpe BOCEL axoua Evav oploud yia éva dtatetaypévo (ebyog, yer-
OLLOTOWVTAC TS EVVoleg g Vewplag ouvohwy. Ta va odnyndolue oe évav oploud, og
oxe@Volue TWS Tolpvoude éva dtatetayuévo (elyog: BaAEYouPE TEmTo EVa GToyElo T and
10 oUvoho A, xou uetd éva otoryeio y and to cUvoho B. Eyovtac Swélel 1o otowyeio
€youye 1o yovoouvoro {z}. Katomy dahéyouue to otowyeio y xou €0Uule T0 GOVORO Ue BVOo
otoyeio {x,y}. Luvoholewpntxd, auth n dadixacio teprypdpeton and to GUvola {T} %o
{z,y}, dnhad) oand to olvoho {{z}, {z,y}}. O IMohwvédc padnuatixodc Kuratowski édwoe
Tov axohovdo oplouo.

Opiopog. To dratetayuévo Ledyog (x,y) 800 ototyelwy T xou y opiCeton va elvon to

oUvolo
(z,y) = {{z}, {z, y}} -

[Tpénet var eh€yEouUe 0TL AUTOC O OPIGUOC GUUPWVEL UE TOV TPOTO Tou VEAOUUE Vo TpOO-
Olopiooule TNV 16OTNTA 500 JLATETAYUEVWY (EUYWY.

ITpotaom 2.1 Me wov opioué tov Kuratowski woyder ott
(z,y) = (u,v) edv ka1 pévov edv x =u kary =v .

Anédedn. Eivor npogavéc ot edv = u xou y = v, 16t€ (2,y) = (u,v).

Yy avtidetn xatevduvon, urodétovye ot (z,y) = (u,v). Edv x # y, t6te {{z}, {z,y}}
€yel 800 draopetind otouyela, To {2} xou to {x,y}, dpa xou 1o (u,v) = {{u}, {u,v}} npé-
TEL VoL €yEl D00 DlapopeTixd oTolyela. AuTé onualvel oTL U # v, YTl €dv u = v ToTE
{u,v} = {u}. Suunepaivoupe ot {z} = {u} ¥ {2} = {u,v}. Edv {z} = {u, v} Ya eiyoue
u € {z} xou v € {x}, dpo u = = = v, TOL AVUYIOXEL TPOS TO TPONYOUUEVO GUUTEQUOUA.
Yuvenwg €yovpe {z} = {u} xu z = u.

Me avdhoyo envyelpnua éyouue ot {z,y} = {u, v}, xou agod x = u, x # yxou y € {u,v},
GUUTEQPAUVOUUE OTL i = V.

Edv x = y, 161 0 ouvolodewpntinds opiouog tou Ledyoug yiveTto

(z,y) = (v,2) = {a}, {2, 2}} = o}, {1} = {{a}}),
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doa to (,y) éxer uévov éva otoyeio, to {x}. Edv (x,y) = (u,v), td1e 10 (U, V) €YeL enione
uévov éva atotyeio, dpo {u} = {u, v}, xou ouvende u = v, (u,v) = {{u}}. Apa 1 0T
(z,y) = (u,v) yiveton {{x}} = {{u}} xou ev ovveyeio {z} = {u} xou = u. e avthv v
TEPIMTWOTN EYOVUE T = Y = u = v, X 1 ATOJEET OhOXATROUTXE.
O

Eidaye ot éyouue éva cuvololewpntind oploud Tou dlateTayUévou (eOYOUS, TOU XAVEL
axEBEC TO TL EVVOOUUE UE TEWTO xou dEUTEPO oToLyelo Tou {ebyous. LNy mpdlr), dTay oxe-
PTOUUC TE Vo BtaTETAYUEVO LEUYOC EYOUUE T1) SLoUaUNTLXT EXOVAL TOU ‘TROTOV’ X ‘OEUTEQOL’
oTOtyElOV, 1 Wot TUPAUAAAYT] TN ELXOVOC TWY CUVTETAYUEVGLY £VOC onueiov oTo eninedo. Ei-
vai Yoo Oues Vo YVepI{ouUE 0Tl €GV XITOTE T1) YPEIAC TOVUE, UTARYEL 1 aua TN évvold,
Bactopévn uovo oTig Evvoleg tng Yewplag cuvoOrwy.

H ewdva twv cuvtetayuévwy 610 eminedo unopel va ypnotuomoltnVel yio Vo Topac THoOU-
ue dhho oUvoha. T mopdderyua, €dv A = {a, b, ¢} xu B = {u, v}, nopiotdvouye 10
x0pTEGLOVO Yvouevo A X B ue to Yyfua 2.2

([ b
aJ ‘(&.'”) .(b;u) '[ ¢, 1))

@ L i“’;“"") ib,u) '(C,%)

Cm ‘b .c)

Yyfuo 2.2: To xaptectavd yivouevo A X B.

[pooéite ot A x B # B x A. T napdderypa, €dv A = {a,b, c} xou B = {u,v}, té1e

A x B ={(a,u), (a,v), (byu), (b,v), (c,u), (c,v)}

B x A ={(u,a), (u,b), (u,c), (v,a), (v,b), (v,c)} .

‘Aoxnorn 2.1 Aidovton o oGvora X = {1, 2, 3} xa Y = {1, 4, B}. Bpeite ta xapteotavd
ywopeva X X Y xou Y x X.

ITpbtaom 2.2 Ia orowadnnote ovvora A, B, C woydovr o1 tavtdtnteg:
1. (AUB)xC=(AxC)U (B xC)
2 (ANB)xC=(AxC)N(BxC()
3. Ax(BUC)=(AxB)U(AxC(C)
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4. Ax(BNC)=(AxB)N(Ax ()

An6deln. Oo anodeilovye pévo 1o (1), xon Vo ag@ricouue o UTOAOLTA WS UOXAGEL.

Oewpolye (u,v) € (AUB) x C. Téteu € AUBxmv € C. Appu € AhueB.
Edv u € A t6te (u,v) € Ax C. Edv u € B t61e (u,v) € B x C. e xdde nepintwon
(u,v) € (Ax C)U (B xC). Apa

(AUB)x CC(AxC)Uu(BxC(C).
Topo Yewpolue v = (y,2) € (Ax C)U(BxC). Etex e AxChHhaee BxC. Ty
Tew T Tepintwon, ¥y € A xou z € C. Y11 deltepn nepintwon y € B xaw 2 € C. Apa og xdie

nepintwon y € AU B xou z € C, ouvene z = (y,2) € (AU B) x C. Apa

(AxCYU(Bx(C)C(AUB) x C.

To anotéheoua yroget va topactadel oto oxdhovdo ddypouus Tou Lyruatog 2.3.

(A\J 8)xC
AxC
C BxC
|
A 3
i AUE -

Yyfuo 2.3: Kapteotavd Yvouevo Evwong 600 GuvoroY.

‘Omwe xou pe to dtorypduuato Venn, t€tota Slory ouoTol XUOTECLUVMY YIVOUEVWY ATOTEAODY
BorfuoTa yia Ty anddeln, ahhd o€ auTd TO GTABIO TWY OTOLDWY GUG ATOLTELTOL VoL YRUPETE
NV amOOELT) aVAAUTIXG, YENOWOTOIOVTAUS TO0 OWoTH uadnuatind cuuBollond xan axpi3eic
Lo NUUTIXES OLUTUTICELS.

‘Acoxnor 2.2 Arnodeilte ta 2, 3, x4 ¢ [pdraong 2.2

Ilgoétaon 2.3 Ia omowdnmote otvoda A, B, C, D wyva

(Ax B)N(C'x D) =(ANC) x (BND) .
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o

(AnC)x(2aD)
D \ CxD
BaD
(B AxB
A C

AnC

Lo 2.4: KapTteotavd YIVOUEVO TOUGY.

O

‘Aoxnomn 2.3 Axohovdovtoc T uédodo g mponyolUevng arnodelng, xou ue 1 Bordeia
Tou Yy fuatog 2.4, ovunAnewote Ty anodeln tne Hpdtaong 2.3.

To avtioToryo anotéheoya deV LoyUEL Yiol EVWOELC 0T VECT, TwV TOP®WY!

‘Acxnom 2.4 YyeddoTe 10 avVTIOTOLYO OY AU Yol TO XUPTEGIAVO YIVOUEVO TWV EVWOEMY
GLVOAWY, %Al ATOOEIETE OTL

(Ax B)U(C x D) C (AUC) x (BUD).

Bpelte €va mapdderypa Yo vo deilete 0Tl dev oyLel mdvta o aviidetog eyxheioudc.

Eivar ebxoho t@pa Vo 0picoupe SLaTETAYUEVES TEIAOES, TETPAOES X.0.X.
(a,b,c) = ((a,b), ¢
(a,b,¢,d) = (((a,b), ¢), d)
Autd ta oOvola eivon o Totyeio ETAVUAAUBAVOUEVDY XUOTECLAVEY YIVOUEVGY

AxBx(C=(AxB)xC

AxXxBxCxD=(AxB)x(C)xD.

Y10 Kegdhowo 3 Yo dolue €vav dAho TpOTO Vo 0plGOUUE TN YEVIXT| €VVOLA TNG OLUTETAYUEVNS
n-4dac
(ala ag, 3, ..., an)

yioe xde puowod apriud n.
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Y yEoelg

ArouoUnTixd, pa oy€on UETAEY BVO PadNUATIXWDY AVTIXEWEVKDY a xou b elvon xdmota cuvdxn
TOU OVAUPERETAL GTOL @ xou b xan 1) omola efte elvon aAnUAC Yiol CUYXEXQWIEVES TIIEC TWV a XL
b ette ebvan Yeudric. T mapdderyua, a > b etvar ot oyéon UETAED QUKWDY JPLIUOV:

2 > 1 ebvor aAnivic

1> 2 ebvan Yeudng
15 > 23 etvan Peudric

x.0.x. H oyéon etvar xdmota 1016TNTal TV (EUYWY TV oTotyelwy a xat b. Ilpocélte ot
Tpénel va ypnowdonotfioouye dtotetayuéva Levyn (a,b), agov, yio mopdderypo 2 > 1 efvou
aAndrc eved 1 > 2 ebvon Peudrc.

Edv yvwpilouye v mowd Swatetaypéva Levyn (a, b) aindeder ot a > b, t161€ ouctaoTixd
Yvweilouye T oyéon ‘ueyaritepo and’. Auth 1 tapatienor odnyel GTov oploud Tng oyéong
UEOW EVOC GUVOLOL BlateTayUévwy (EUYQV.

Opwopobc. Edv A xar B eivon olvola, pla SteAnc oy€on ReTald TV CToLYElwY
TwV cLVOAWY A xou B eivar éva unocivolo Tou xapTtectavol yivouévou A x B.
Edv A = B, hye ot £youue wa oy€orn oto A, dmhadr éva unocivoro tou A x A.

[ mopdderypa, 1 oyéon ‘UeyallTepo and’ 610 cUVoro N 1wV Quox®Y apriuwy elvor To
olvoho 6hwV TV dotetayuévev (euydv (a,b), étouv a, b € N xou a > b, ue ) cuviin
oruacto.

Edv p eivon o oyéon uetoal twv cuvohwy A xou B, Mue ot to a € A xou 10 b € B
oyetilovia péow tne p edv (a,b) € p C Ax B. Xpnowonowlye enione to cugBohoué a pb
gvvoovtog ot (a,b) € p. Autéc o ouuoliouog ebvon o xovtd 610 GuVHUT GUUBOAIGUS Yia
TOMEG amd TIC To xovég oyéoelc: a =b, a > b, a > b, alb (a eivon Stoupétng tou b).

MnogoUue va TapaG TAGOUUE UL OYEDT YRAPIXE, GoV UTOGUVOLO TOU XUPTECLUVOL YIVO-
uévou:

H oyéon > o1o N rapiotdveton 610 Yy fua 2.5.

H oyéon = oo N eivar 10 unootvoro {(z,z)|z € N}, xu nopiotdveton and ‘to onueio
o Oy Wvo’, 6T 6To Lyrua 2.6.

Edv X = {1,2,3,4,5,6} xou | ougBohilel tn oyéon ‘eivon Sroupétne tou’ oto X, we 6hvoro
OLAUTETAYUEVWY (EVYQY €Y OUUE

= {1, (1,2), (1,3), (1,4), (1,5), (1,6), (2,2), (2,4), (2,6),
(3,3), (3,6), (4,4), (5,5), (6,6)}.

Abo oyéoeic o xou p Yetall TV oTotyelwy 600 cuVOAwY A xar B, eivon 800 unocUvola
TOL XPTEGLAVOD YWvopévou A X B. Yuven®e Unopolye Vo EQUpUOCOUUE GUVOROVEWENTIXES
TpdEelc oe auTéS, xon Vo thpoude olvoha 6nwe pU o, pNo, p\ o, o\ p. Kdde éva and
auTd tor oUvoha opilet enlong uio oyéon UETAE) Twv oTotyeiwy Towv A xu B.

‘Aoxnomn 2.5 Aidoviar ot 6Y€oEiC P XU O GTO GUYOAO TwV Quow®Y opiuwy, N =
{1, 2, 3, ...}, mou opilovton and:

(a,b) e pedvalb
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- . -

4 v b e
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i 2 3 4 5

Yyfuo 2.5: H oyéon > 610 6UVOA0 TV QUOXGDY apilumY.

1 2 3 4 5
Yyfuo 2.6: H oyéon 1o6tntag 610 0OVORO TV QUOIXWY dpldumy.

xou
(a, b) € o v a’®|b.

[eprypddte Ye WOLOTNTES BLUEETOTNTAS TIC GYETELS

pUo, pno, p\o, o\p.

Edv avtiotpédoupe ) didtaln twy ototyeiwy ot xdie datetayuévo (ebyog o wa oyéon,
nalpvouue v avTicTepogn oyéon. Edv p eivon wa oyéon uetoll twy ototyeiwy tou A
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xot Tou B, 1 avtiotpogn oyéon p~t ebvon 1) oyéon petall twv ototyelwy tou B xau Tou A,
1 omola opileTon wg

p ' ={(ba)eBxA|(a,b) € p}.

Edv €youpe wa oyéon p petald twv oTOLEIOY TV GUVOLKY A xar B, xou unocivola
UC AxuV C B, opilouye tov teploplowd o tne oyéong p oto U xou oto V

oc={(a,b)eplacU beV}=pn({UxV).

Ocov agopd arotyela Tou U xon tou V, 1 o xaw 1 p Aéve To Ot mpdrypota. H udvn duapopd
elvan 0Tt 1) 0 OeV Aéel TimoTa Yo Ta oTotyela Tou dev avhxouy 6to U xon oto V.

Y2IYEOELC LloodLVAULAG

Yo pordnuotind, 1600 OTA GTOLYELWDT) 600 X0t GTO TEOYWENUEVA, 1 didxplon eTalld dETiwY
XOUL TEPLTTOV oxepaimy eivan ouyvé onuoavtixy. (Ot neptttol axéponot etvor autol Tov Ypdpovta
ot wopgt| 2n + 1 v n axépato, dnAadY| ot ..., —5,—3,—1,1,3,5,..., evw ot dpTiot ebvan
autol mou Ypdpovtow TN wopy 2n yia n axépato, dnAady ot ..., —4,-2,0,2,4,.... To
oOVOho Z 6hwv Twv axepalwy yweiletar ot 500, Zéva uetald Toug UTOGHVOIX

Zy = 70 0UVONO TWYV TEQITTOV UXEEAULWY

Zy = 7O GUYOAO TWV APTIWY AXECUWY ,

étol Wote

ZlﬂZOIQ,ZlLJZO:Z.

Mropotue va ywpicouye 10 Z 6 autd To UTOGUVOAL YPTCLOTOLOVTIS Ula OYECT), Tou Va
oudPoloouye Tpog 1o Tapdy Ue ~. Tam, n € Z optlouvue

m ~ n gqv xot YOVov qv m — n elvon ToAaridolo Tou 2.
Toéte
® Jor ov mepitTol cxépatot oyetiCovtan YEow TG ~,
® dAot ot dpTiol axépanol oyeTilovton Péow NG ~,
o kavévag dpTIog axépanog OeV oY ETICETOL UE XATOLO TEPLTTO AXEQULO,
o kavévag TeptToC oxpalog OeV oy ETICEToL UE XATOLO JOTIO AXEQUO.

Auth 7 BuvaTOTNTA OQEIAETAL OE XATOIES YEVIXEC WLOTNTEC TNS Oyéong ~ Ti¢ omoleg Va
e£ETACOUUE.

[evixdtepa, utoVEoTe 0TL EVa GOVOLO EVOL YWELOUEVO GE XdToLoL XOUUdTIoL Tou efvon EEval
avd 00o.

MmnogoUue va opicoupe wa oyéon ~

T~y €dv xan uovov edv  x xan y Peloxoviar 6To (B0 xouudTL

OTwe patvetor 6To Lyfua 2.8.
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Eyfor 2.7: XOVOho YwELOUEVO GE xouudTIa, CEVaL avd 500.

6% atisovtm
pE6w TN v

Sav extTitoviaL
pEew TG e

Yyfua 2.8: H oyéon ‘avixouy oo B0 xopudtt’.

AvticTpoga, Unopolue Vo THPOUUE To XOUPATIO and T1) OYEOT) ~: TO XOUUITL GTO 0Tolo

avixeL 10 oTouyelo T elvan To

E,={yeX|z~y}.
Edv xataoxeudcouye unocivola Ue avdAoYo TeOTO and UL GAAT GYECT), To TEAYUATO UTORE!
va ebvon dtapopetixd. o mopdderypua, unopel Ta xoupdtior v uny etvon Eéva uetall toug. Edv
Yenotwono|coude T oyéon ‘eivor dtoupétng Tou’, |, oto atvoro {1,2,3,4,5,6}, éyouue

Ey
Ey
E;
E,
Es
Eg

{1,2,3,4,5,6}
{2,4,6}

{3,6}

{4}

{5}

{6} -
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Edv yenotuonolticoupe tn oyéon > 6Toug Quotxols aplduolc, To T Bev avixel xav oTto E,,
T0 oTolo TEoPAvVKS OeV Elvat ‘To xouudTl 610 oTolo AVAXEL TO T

Ye Tl Draépet 1 oyEom ~ and TI¢ GAAES, WOTE GE EXEIVY TNV TEPINTWOY VoL TalpVouUE TO
ywetopo oo Ey; Hapatneolue TeeElC EVIEANS OTOLYELWOELS WOLOTNTES:

TO T avixel 6To (Bto xouudTL Ue Tov €auTéd Tou, dnhady| to Lebyoc (x, ) avixer ot
oyéon,
€dv T0 T avAxel 610 {OL0 XOUUATL UE TO Y, TOTE TO Y AVAXEL GTO (Bl0 XOoupdTL UE TO T,

€dv TO T avixeL GTO {DL0 XOUUATL UE TO Y, XL TO Y OVIXEL GTO (OL0 XOUUATL UE TO 2,
TOTE TO T AVAXEL GTO (B0 XOUUATL UE TO 2.

Ipogavag, o GYEGT ~ UE TNV WOLOTATA OTL T ~ ¥ €4V XAl UOVOV EAV TO T XL TO Y AVAXOUY
G0 {010 XOUUATL, TEETEL VAL EYEL TIC TEELS AVAAOYES LOLOTNTES, TIC OTOIEC DLATUTOVOUUE TUTLXL
oTov axohovdo oplouod.

Opopbée. M oyéon ~ oto olvolo X ovoudleton oyé€on tooduvapiog cto X €dv
€yEl TIC axOhOVVES BIOTNTES Yl Okt ToL T, ¥, 2 € X.
(XI1) &~z (n oyéon ~ eivon AVAXAXG TLXY).

(XI2) Edv o ~ y, 161 y ~ 2 (1 oyéon ~ eivoar CURUETELXY).

(XI3) Edv o~y xaw y ~ 2, 101€ & ~ 2 (n oyéon ~ eivar peToBotixy).

Oa dolue ot xdde oyéor wooduvauiog o€ Eva oOvolo X TEOXOTTEL A TO YWEIGUA TOU
ouvohou X o€ xoupdtio. [Tpwta duwe Yo oploouue axpBoe Tt EVVOOUUE UE YWEioUa o EEval
UETAC) TOUC XOPUATIAL

Oplopog. M Srapéplon tou ocuvohou X etvar €va cbvoro D Ttou omolou o GTotyela
elvoaw un kevd vrocivoha tou X, €10l OO TE

(A1) Kde x € X avixet oe xdmowo A € D,

(A2) Eédv A, BeDxuw A# B, t61c ANB = 2.

To ‘xopydmia’ eivon ta ototyeio tou D. H idtétnta (Al) Ael ot 1o X elvan 1) évwon GAwy
v xoppotiev. H (A2) Met ot ta xoppdtia Sev téuvovtoa petall Touc.

Edv ~ eivar wiar oyéon wooduvapiog, opiloupe v xAdon wooduvapiog (we mpog
oyéon ~) tou otolyeiov v € X vo elvor 10 6OVOLO

E,={ye X[z ~y}.

Ocedpnua 2.4 Eotw ~ ia oyéon wodvrauiag oe éva otvoro X. Téte D = {E,|x € X}
etvar drauépion tov X. H oyéon ‘avnke oto (o0 otoryeio tng D’ efvar n) ihwa pe ) ~.

Avtiotpoga, edv D efvar oapiépion tov X, Jewpole tn oxéon ~ mov opiletar wg x ~ y
edv ka1 pdvov edv x ka1 y Ppioxortar oo id10 ovoryeio tngD. Tote ~ eivar oyéon wodvrapiag,
ka1 n avtiotoiyn owauépion o€ kAdoeig wodvvapiag eivar n D.
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Anédedn. Egooov x € E, nidtdmnta (Al) yia ) dpéplon ixavoroteiton. Oa ehéyEouye
™ (A2). Trodétouvue ot B, N E, # @. Téte undpyer 2z € E, N Ey, yio 10 onoio oy et
T~z xon Yy~ 2z ATo T GUUPETEIXT WOLOTNTO, 2 ~ Y XoL OO UETOBATIXOTNTA T ~ Y.
Oa deifoupe ot auTéd ouvendyeta B, = E,. Edv u € E,, t61c © ~ u xou y ~ x, dpa
Yy ~u. Yuvenoe u € By xau B, C E,. Hapéuowa B, C E,. Auté Selyvel ot B, = E,,.
Eyouye dei€et ot f E, N Ey = @ 1 B, = E,. Auté ebvar hoyxd tooddvopo pe to (A2).
Topa opiCouye = & y va onuaiver ‘z xou y avixouy oTtny dla xhdomn woduvapias’. Tote

4 4 z 4
TRy €&y xou uévov €dv x, y € E, yio xdmoto 2
€4y xou UOVOY EAV 2 ~ T XU 2 ~ Y Yo XATOW0 2

€4V xou Uovoy €dv T ~ y .

Apa =~ xan ~ ebvon 1) (Bt oyéon.
To avtiotpogo arotéheoua anodexviETAL UE TapOUoto TeéT0, ahhd etvar euxoldtepo. To
AUPHYOUPE YLoL doxNOT).
O
Ov Wbt Teg o onoieg yapaxtneilouy pla oyéorn iooduvayiog elvat dpXETA ONUAVTIXES OO TE
VoL TIC €EETAGOUPE Xol UEUOVOUEVAL.

Opiwopbc. M oyéon p oto chvoho A héyetan
1. Avaxiaoctixy, edv vy xdle z € A, (z, ) € p.
2. JuppeTeixh, v yo xdde x, y € A, edv (z, y) € p t61€ (y, ) € p.
3. Metafoatixy, €dv v xdle z,y, 2 € A, edv (z,y) € p xu (y, 2) € p, T61€

(x, 2) € p.

‘Aoxnomn 2.6 Ocwpolye Tic oyéoelc p xa 0 oto X, dnhadr) p, 0 € X x X. Edv o p
xaL o elvon avaxhaotixég, 0ellte ot pU o xou 1 pN o ebvan enlong avaxiootixéc. Eivau 7
oyéon p \ o avoxhao xn;

‘Aoxnor 2.7 Aidouye dtdgopec oyéoec oto R. Tloe and autée elvon avoxhao Tixéc,
CUUUETEIXES, UETABATIXES;

o o<y
B.x>y
Y. lz—yl <1
8. lx—y| <0

’

e. x —y elvou pnToC

. x — y elvon dppntoc
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[Tapddelypa oyeonc wooduvaulac:
Aptduntixr; modulo 3.

O YENOWOTONCOUUE TNV EVVOLXL TNG OYECTC LGODLYAUING YId VoL YEVIXEOGOUUE T1) DLAXELO
UETUC) CPTIWY YO TEQLTTWY UXEEALWY, XAl VO ELOAYdYOUUE Touc axepaioug modulo n,
e n > 3.

Hpota e€etdloupe v nepintwon n = 3. OpiCouye ) oyéon wootipiag modulo 3,
=3, 010 Z

m=zmn €AV XU HOVOV EAY M — n elvat TOAATAAGIO TOU 3.
ITpotaom 2.5 =3 efvar oyéon 1w0odvvauiag.
Anodeln.
(X11) m—m=0=3-0.
(X12) Edv m —n = 3k téte n —m = 3(—k).
)

(X13) Edv m —n =3k xov n —p =3I, téte m —p = 3(k +1).

O

I'vwpiloupe ot ot xhdoeig woduvayiog, Tou og auTHY TNV TERPITTWOY ovoudlovtar XAd-

oclg unoloinwy mod3, arotelolv SlPépiorn Tou GUVOLOLU TwV axepaiwy. Ag dolue
uepwd mapadelyuaTaL.

Ey = {y|0=3y}
{y|y — 0 eivou ToMamhdolo tou 3}
= {y|ly = 3k v xdnow k € Z} .

Ey = {y| =3 y}
= {yly — 1 elvar torhanidoro tou 3}
= {yly=3k+1 vy xdnow k € Z} .

Ey, = {y|2=3y}
= {yly =3k +2 vy xdrowo k € Z} .

E; = {y|ly=3k+3 ywxdnow k € Z} .

OH(:)Q, 3k +3 = 3(k + 1), d(pO( E3 = Eo. HOLP(’)HOLO(, E4 = El, E5 = EQ, E_1 = EQ,
E_y = Ey, x.0.x. Kdde axéparog etvar tng popyrc 3k, 3k + 1 1 3k + 2, dpa €youue axpBog
Teelc xAdoEC UToAOITWY:

Ey = {..,—9,-6,-3,0,3,6,9,...}
B, = {...,—-8-5,-2,1,4,7,10,...}
By = {...,—-7,-4,-1,2,5,8,12,...}
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Ac¢ e€etdoouue TOPA €4V UTOROUUE VO XAVOUUE dpLUUNTIXES TPAZELC UE AUTEC TIC XAAOELS
teoduvoiog.

[ var amocagnvicouue to cuuBolioud, Yo cugBollcouue TNy xAdoT LTOAOITWY TOL N UE
ng avti v E,. ‘Etou ot tpewc xhdoewc ouuforilovta 03, 13, 23, xou 9étoupe Zg = {03, 13,23}
OpiCoupe mpdelg mpooveone xo TOAATAACLAGUO) GTO GUVOAD Zs3 w¢ eENC:

ms+ng = (m—i—n)g (21)

msng = (mn)3

[o mopddetypa, 1z 4+ 23 = 33 = 03, 2323 = 43 = 13.

A@AvovTag Tpog To TaROY TO EPWTNUA TNG YENOWOTNTAC EVOS TETOWOU 0pLoUo0, ag e&e-
Tdoouye €4V Tor Tpdypata efvon TG0 anAd 660 patvovTon. O SOUUE OTL ULl THO TEOGEXTIXN
UENETN UTOREL VOL G XAVEL VoL AVOUY NOOLUE, AAAS Alyo TeplocdTeRT) Tpocoy i Yo pog neloet
OTL OV UTIEYEL TEOPBANUA, TOUALYIGTOV GE AUTHY TNV TEPITTWOT).

[500 xdtt mou mpénet va pag tpoPBinuatioet: 1 O xAdor Eyel TOAASE BLUQOEETIXS OVOUATAL.
I3 =43 =73 = ..., 23 =053 =8 = .... O opopog umopel va d{del dlaopeTind
amoteAéoUaTa, avdAOYd UE TO o Ovoud yenotponotolue! Edoue ot 13 + 23 = 03. AAAd
13 = 73 xau 23 = 83, dpa Vé€Nouye 13 + 23 = T3 + 83 = 153. llpdyuat, 153 = 03, doa u€yot
Twpa tdue xohd. Tv cuuPaiver oty yeviny tepintwon;

Edv i3 = j3 t61€ © — j = 3k v xdnowo k, xou €dv ms = ng 161€¢ m — n = 3l ya xdnoto
l. Ao tov xavova (2.1) éyoupe 00 duvatéc anavTAoEL:

iz +mg = (i +m)s, gz +nz = (j+n)s.

‘Opwe
i+m=j+3k+n+3l=(j+n)+3k+1),

Ol GUVETC
(i +m)3 = (j+n)s.

‘Apa €youue To (B0 amoTéheopa 0TI 800 TEPITTWOELS, Xt 0 xavévag (2.1) optlel mporyuotind
TNV TEOGVECT] XAAOEWY UTOAOITWY.

Hapduota Teéner vo eEETACOUUE EQY €Y OUUE TRAYUATIXS OpIOEL TOV TOAAATAACLACUO X NS~
oewv Pe tov xavova (2.2). T ta 4, j,m, n 6nec topandve, Eyouue

ismgz = (im)s, Janz = (jn)s.
im = (j + 3k)(n + 3l) = jn+ 3(jl + nk + 3kl),

(im)s = (jn)s,
Tou onuaiver ott o (2.2) opilet Tov ToAhaTAoCLUGUS.

Auto To mpofBnua dnwovpyel apxeth ouyyvor. Eugavileton xdde gopd mou tpoctaol-
UE Vo 0ploOUUE TEAEELC AVAPESH OE GUVORX UE EVOL XAVOVAL TNG Hop@hc ‘OldAee oTovyelo and
Tot 0OVOAL, XAVE xdmoLa TEAET UETAEY TOUG, ot TEPE T GUYORO GTO OTO{0 AVHXEL TO ATOTE-
Aeopd’. Y€ TEQITTWOELS OTWE 1) TUPATAV®, ToU 0 GUUBOMGUOS xE0BEL Ui TéTota dradtxacta,
TEETEL Vo E(UAGTE TOAD TEOGEXTIXOL, Vo EEETACOUUE TL ONUAiVEL 0 GUUBOMOUOS oL VoL UNY
TopacuEVOUUE OE TUPAO YEIPIOUO TwV ouUBOAwY. TTpénel va eAéy&oupe 0Tl Ol DLAPORETIXES
emAoYEC didouv To {Blo anoTéleoual.
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OUte elvor ao@aréc Vo TOTEVOUUE OTL XATOL0¢ €0A0YOC 0plopoC Yo BoukeVel owoTd. T
TOUEAOELY A, a¢ TEOOTIOCOUUE Vo oplcouue duvduel 61o Zz. Evag guotohoyixdg tpdrog
v To x@voupe ebvor var pundolue g (2.1) xou (2.2), xou vo opicouye

[o topdderyua, 232 = (2%)3 = 43 = 13. Ou UTOPOVUCUUE axOUd Vo ATODEEOVUE OTL IXAVO-
TOLOUVTAL OL XUVOVES TV OUVAUEWY

mg" P = (m"P)g = (m"mP)s = (m")s(mP)s = ms" ms*. (*)
Av buwe £QupuOCOLUE AUTOV TOV ‘0pIoUO’, EQOCOY 23 = b3, £y0UNE
13 = 23% = 237 = (2°); = (32)3 = 2s.

AXNG 13 # 23, xon mpénet v topadeyYoUUE 0Tl 0 0ploUoS xat 0 xavovas (*) Tou cuunepdvae
elvon uLor EVAOYOQavHC, xou Yot emxivouvy, avonota. Ou yodnuotixol Aéve 0Tt TEEREL Vo
eCeTAOOLUE TG 1) TEAEN efvan ‘X ahd oplopév’.

Ac emotpédouye oty apduntixr Tou Zs. Mropolue Vo xUTAGHEVACOUVUE TVIXES TEO-
oleong xar TOAATAACIAGUOY

+ ‘ 03 13 23 X ‘ 03 13 23
0303 13 23 03|03 03 O3
I3 |13 23 03 13103 13 23
23023 03 13 2303 23 13

Mmnogoilue va erainlevooupe ToANOUS XaVOVES TNG aEtdunTIXY|S AVIAOYOUS UE AUTOUS TWY
oxepaiey, OTWC:
r+y=y+ax x(y+2) = xy + zz.

Edv avtl yia 3 ypnowonoticoupe xdrowov dhho axépouo n > 4, unopolue pe avdhoyo
TPOTO VAl XATAGKEVAGOLUE Toug axepaioug modulo n. OpiCouue 11 oyéon wotiplag modulo
n, =p:

T =y Y €4V xoU UOVOV €AV T — Y €lvol TOAATALGIO TOU N.

‘Eyoupe n dwgopetinéc xhdoeic vnohoinwy modn, 0y, 1n, 2,, ..., (0 — 1), evod n, =
On, (n+1), =1, x.0x. H xhdomn T, anoTeEAE(TOL AT TOUG UXEEALOUC TOU APHVOUY UTONOLTO
x 6Tay dtonpedoly Ue To n. 110 6UVOAO Zy TwV xhdoEwV utohoinwy mod n umopolue va
oplooupe aptiunTixéc TEdEEC OTWS 610 Zs.

‘Aoxnor 2.8 Bpeite 6ha to datetaypéva Lebyn otoyeinwy tou Zia, (a, b) yio ta onofa
oyVet: a- b= 0.

dxEoelgc ddTaEng

Or oyéoeig didtadng mou cuVAVTOUUE 6TaY Aoy ohoUUACTE UE aprluols, Otwe 4 < 5, 7 > 2,
22>0,1— 22 <1y xdde TEUYUOTIXG aptduo T, cuvdEovTAL OAEC YETAL) TOUC:

x <y onuolvel To (Bl ue ¥y > ,
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x <y onuolvel To Blo ue ¥y > x,
x <y onuotvel To o ue x <y T =y,
x <y onuolvel To Blo ue & <y xou T F Y .

O7av yenowonotolue cuyxexpévous aptiuoig, umopel vo elvar TPOTWOTERO VoL YET|CLUO-
TOUAOOVUE TS YVAoLEG avicdtnteg < 1 >. Aev Va ypdgope 2 + 2 > 4, (mop’oho Tou eivou
owoTo) ool yvepllouge x4t mo ouyxexpwévo, ot 2 4+ 2 = 4. Tlapépota, Yo ypdpaue
2+ 2> 3, yiorl auto didel mo cuyxexpévn TAnpogopia and 10 2+ 2 > 3. Ye YEVIAOTEPES
XoTao THoELS Elvor auy Ve tpoTwdtepo o avtideto. o mopdderyua, 6tav (a,) xo (by,) ebvar
axohovdieg Tou cuyxhivouv oTa dpLa a xou b avticTorya, Qv a, > by, yio xdde n, téTE UTO-
poluE Vo cuumepdvoude 0Tt a > b. Opwg 1 utddeon ot oy VEL 1) YV oL AVICOTNTA @y > by,
0ev ouvendyetar ott a > b. Oa Eexwvicouye e TN UEAETN TwV AGVEVWY GYEoEWY DLdTagnC.

Opwopbc. M oyéon p 610 cbvoho A ovoudletar acVevhc oYEoT dLaTaAENG €dv
€yet Tic axohovdec WLOTNTEC Yo oMol T @, Y, 2 € A.

(AA1) Edvxpy xaw ypz téte x p 2,
(AA2) T xéle dUo otoyeio & xou y tou A, woyler évaand oz py Yy px, § xa to dvo,

(AA3) Edv x # y xau woyler x py, t61€ dev toylel y px (N p eVl AVTICURUETELXY).

O totntee (AA2) xou (AA3) onuaivouy ott €8y = # y, oy lel akpiBds éva anbd 1 T py
H Y PT. YUVETKS EQY oY VOUY XaL T 000 T PY XU Y PT, TOTE T = Y.

AuTtéc ot IBOTNTEC TPOYAVAE Loy LoV Yia TIC OYEoEl > xou <. AuTd Bev TEETEL VoL UoC
exmhitTel. ['vowpiCouye ot yia xde oyéon p urmopolue va opicoupe v avtioTeogrn oyéon
o =p ! uébow g

Toy €dv xou uévov edv Yy pT.

‘Aoxnom 2.9 Edv p etvar oyéon acdevoic ddtaing, tote 1 avtiotpogn oyéon etvan eniong
acVeviic SLdTal.

Magddewypo 2.1 Edv A = {a,b, c}, énou 1o a, b, ¢ eivoan dha Srapopetind, wat aoVevic
owdtaln opileton and apb, apc, bpe, apa, bpb, cpc. Mnopolye va avamapac THGOUUE
auTr TN Btdtadn edv Yewprioouue Ta a, b, ¢ wg tpio onueio oE Wi Ypopun, UE T py €4V TO
x Bploxetan oTa apioTepd Tou Y 1) edv * = y. H avtiotpogn oyéon Bdler ta otoryeio o
oed ¢, b, a.

IMopdderypo 2.2 Opflouue o710 eninedo T oyéon p ue:

(1,91) p(T2,92) €dv  eite y1 < o
elte Y1 = yo xot 11 < 9

Y10 Lyhua 2.9 Brénouye ot (21, 41) p (@2, Y2) onuaiver ot gite 10 (21, Y1) Pploxeta o€
ot oplovTia ypauus yviowr xdtw and to (z2,y2), 1 ta 800 onueia Bploxovior oty B
opllovTia ypouprh xon 1o (21, Y1) ebvon ioo 1 Beloxeton oo apLotepd Tou (T2, Y2).

Magddevypa 2.3 1o ovvoro A = {{0}, {0,1}, {0,1,2}, {0,1,2,3}}, opilovue zpy
va onuaivet ¢ C y vz, y € A.
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, (%2 42)
R i
(X;:*JJ {(x2,42) {xe,4)

Yyfua 2.9: Xyéon ddtaing 610 eninedo.

‘Aoxnon 2.10 EléyZte ot ixavonotolvton ot wrotnteg (AAL), (AA2) xan (AA3) yux o
TPV TAUPUdELY AT
‘Aoxnon 2.11 Acicte ot xde oyéon acdevoic ddtaing etvar avoxhao Tixy.

H oyéon ‘eivar unocivolo tou’ (610 6UVOO TwY UTOGLVOAWY EVOS YWpou U) xavornotel
(XCYxuY CZ) ouverdyetw X C Z

(XCYxuY C X) ovvendyetn X =Y

aM\d ev yéver umopel va €youue olvola X, Y ye X € Y xu Y € X. Autd onpaivet
0Tl 0 €YXAEIOUOC oLUVOAWY txavorolel Yevixd Tic (AAL) xon (AA3), odAd oyt v (AA2).
Mo oyéon oe éva olvoho A mou wxavorotel tic wWidtnTee (AAL) xon AA(3) ovoudleta
pepwxy] dudtaln. Edv A eivon omolodrinote ohvoho tou onolou to otolyela eivon civola,
0 eYxheloUdg opiler Wi uepuxt| drdtaln oto A.

Edv p eivor ma acdeviic didtaln oto olvolo A, t61e 1) avtictotyn yvHoLa didtagn T
optleTon pe

T T Y €AV XL UOVOY EAV T PY XU T F Y .

[ mapdderypa, edv p ebvar 1 <, té1e 7 ebvan 1) <.
Ilgbétaon 2.6 Mia yvrjoa oidraén T oto olvolo A 1kavoroie:
(I'A1) aTb ka1 bT ¢ ovvendyovtai a T ¢
(I'A2) edva, b € A, téte akpifds pa and tg akélovdes oyéoes wyve (kar o1 dAAes 6o dy1)
aTth, bTa, a=D>.
ATn6delly. Ocwpolyue TN YvAcla Swdtaln T mou avtietotyel oty acdevr dudtaln p. T-

novétoupe ot toybouv ot aTb xaw b7 c. Téte woybouv apb xou bpc, xou ond tny (AAL)
ouunepatvouue ot a pc. Aev umopel va loylel a = ¢, yiotl edv {oyue, Ue avTixaTdoToo
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oty bpc nafpvovpe bpa xa pyali ye m apb xou v (AA3), éyouue a = b, mou eiva
adUvatov agol a T b. Eyouue enodndedoer ) (IAL).

Ané v (AA2) éyoupe, v xdde a, b € A, piaand tic apb i bpa. Apa woyler wior omd
ncarTbha=>brbTa Ha=0bavtgdoxel ue tic dAAec 600, dpa deV UTOROUY VoL Loy oLV
Tautoyeova. H aTb xoaw 1 b7 a dev propoly va toylouy Tautoyeova, ot Tote Yo efyaue
apbxobpa, xou and v (AA3), a = b, nou ndht didet avtigaon. Eyouue enraindedoet
(TA2).

O

H Wi6tnta (TA2) ovoudleton xavovag teiyotopiog.
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Aoxnoelg

‘Aoxnomn 2.12 Eléylate €dv woylUouy ot 16oTnTES
o«. (A\B)xC=(AxC)\(BxC(C)
. (AAB)xC=(AxC)a(BxC).

‘Aoxnor 2.13 Y10 A =N x N opilouye ™ oyéon o, dnhadr o C (N x N) x (N x N),
wg e

(m,n)o (r,s) ev m+s=r+n.
Aei€te ot 1 o eivan oyéon woduvapiag. Ov xhdoelg woduvoplag authc TNg oYEong ov-
TIOTOYOUY UE QUOLOAOYIXO TEOTO GTa oTotyela eVOC YvwoTtol cuvohou. Ilowd eivar autd;

‘Acxnomn 2.14 Ocwpolye Tic oyéoeg p xou 0 6o X, onhadtr) p, 0 € X x X. Edv ou p
xou o elvon GUUPETEIXES, eEeTdoTE €dv 1 pUO 1) pN O Xou 1) p\ o civar eniong GuUUETEIXEC.

‘Acxnomn 2.15 Trdpyel xdmoo Addog oTny Tapoxdtw anddeln ot edv pia oyéon ~ eivor
OLUUETEWT xou peTaatixt|, ToTe ebvan avaxhaotixd; E&nyhote tnv andvinor coc.
‘Anéoeln’ Eotw a ~ b. Agol 1 ~ elvar ouuuetpxt), b ~ a. Agol 1 ~ eivar yetafotix,
amo To a ~ b xan b ~ a cuurmepaivouue a ~ a. Apa 1 ~ efvar avaxAao Tixy.

‘Aoxnomn 2.16 Oewpolye 10 olvoro A = {1, 2, 3} xa 1 oyéoeg nov opilovton 610
Lyfuo 2.10.

o. Tlowo unocivoho tou A x A anotekel tn oyéon x > y o10 A;

B e oupPorilovue cuvidwe tn oyéon mou opiletal and to unoclvoro T Tou A x A;

3 ?rL
2 ’ 2
1 L I 3 1L
{ 2 3 1 2 3 1 2 &

Yyfua 2.10: Byéoec oto olvoro A = {1, 2, 3}.

Y. T xdde wa and g oyéoelc p xan o 610 A, eZe1doTe €dv efvan avaxAao Ty, GUUUE-
TEL(r, UETABaTIX.
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0. Edv xdmow and 1 oyéoeic p, o chvar oyéon wooduvauiog, motd elvon 1 avticToym
otapéptor Tou A;

‘Aoxnor 2.17 Ilow oyéon oto R opilet 0 xOxhoc C' C R x R; (EyAua 2.11)

Yyfuo 2.11: O xbxhog wg oyéon,.

‘Aoxnor 2.18 Xe xdle pio and T axolovdec TepTWOoES Peelte Ta EAAYLOTA GTOV
oprlué ototyeio ue to omola Teémel va cuumAnewiel To cUvoho X WoTe va opllel uio oyéon
(Eyhuo 2.12)

o, avaxhoo T,
B’ ouyueTpny,

Y. ueToBaTixd).

Yyfua 2.12: Eyéon oto olvoro A = {1, 2, 3}.
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‘Aoxnor 2.19 Y10 Z Yewpolye T oyéoelc =¢ xou =4. [lowd eivon 1 oyéon =¢ N =4;
‘Aoxnon 2.20 Ocewpolye ta olvoha A = {1, 2, 3}, B = {a, b} xu C = A x B.
o. T'pddhte 6ha o oToryeia Tou C.
B’ Yyeddote t0 xopTEcLavo yivouevo A x C.
Y'. OpiCouye 11 oyéon p petald Twv ouvolwy A xa C, ue
z p(u,v) edvy T >u.

Ynuewwote oto oyédto tou A x C' 10 urnoclvolo mou opilel Tn oyéon p.

‘Aoxnor 2.21 Y10 olvoho {1, 2, 3, 4, 5, 6} opilouue 11 oyéon
rpy €avv Yy elvol TOAMATALGLO TOU X .

Eetdote €dv 1 oyéon p ixavomolel Tn UETABATIX XL TNV AVTIOUUUETEIXY) WBOTATA, XL €AV
TI¢ txavoTotel, e€etdote T eldoug didtaly etvou.
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2IVVUETNOELS

H évvoia tng ouvdptnong €yel tepdotior onuacia ota olyypova Madnuatixd.  Apyixd 1
€vvola g ouvdpTnong xatéhafe xevtph Véorn otov Aneipootixd Aoyioud. H onuepvr év-
voua e€ehlydnxe otadoxnd and Ti¢ TewTeg Tpoondieies va oplolel 1) Evvola TNg cuvdpTnorg,
TOU NTAY XIS CLYXEYVUEVES. Lrucpa 1) Ocwpla Yuvohwy, didet Evay ToA) Yevixd xou anid
optopod. H peydhn yevixdtnta tou opiouol xdvel anopaitnTtn tny enBolr emnhiéov nepLopt-
OUWY GE BLAPOEOUS XAADOUS: GTOV ATELR0oTING AOYIONO, Yl TAPADELY UL, EVOLAPEQOUAC TE
o€ GUVOPTACELS oL Efval BLaPopioUES 1 OAOXANPWOUIES.

Ye aut6 to Kegdhono Vo avamtiEouye, W€ amd Topadely uota, TV £VVOLd TG CUVIETNoNG
%0 Yor DOUYE XITOLES OO TG YEVIXECS LOLOTNTES oLVOETHOEWY. To ypdpnua woag cuvdetnorng
GUVOEETAL TOCO UE TOV TUTIXO OPLOUO OGO XL TNV TUPADOGCLAXT| ELXOVAL.

/4 ’
H napadoociaxy stxdva

Hapadoowaxd, ewodyouvpe wa ‘YetaBANTH o, mou cuvilwe elvon mEorydaTindg apriudg, xou
wAdye v ) ‘ouvdptnon f(x) tou 2. To Baowé eivar ott uropolyue vo utoloyicouue Ty
nwh f(z) vy xdde dedopévn tur e = (mdoavév Ye xdmooug neploptopols, 6mwe & # 0
h x> 0, mtou eCoptdvton and T ouvdptnon). Etol 1 tetpaywvinh cuvdptnorn malpvel Tyt
z? v xdde x, n exdetind; cuvdptnon nadpvel TR T € v x&de mpaypaTixd opdud w,
n ouvdptnon tan malpver TRy T tan(x) v xdle x extde and To MEPLTTA TOANATAGGLYL
Tou /2, 1 hoyoprduxy cuvdptnon taipver Ty T log(x) v xdde mporypotikd x > 0, to
Tapayovtxd x! opiletor pbvo yia Yetixolc axepaioue.

Ye xdie mepintworn unopolue, Vewpntixd, vo uToAoYioOUUE TNV Ty NG GUVAETNONG
mou avTioTolyel oTic oyetxéc Twés tou z. H ouvdptnorn ouoyetiler oe xdie xatdiinio
TEUYUOTIXG aptdud T pal THun f(z) mou eivan eniong xdmolog mpaypaTixde aptduog.

Agv TRETEL VoL GUYYEOUE TIC TWES TNS CUVAETNONS UE TNV (Bl Tn ouvdptnor. H hoyoprd-
wxf ouvdptnon dev elvar 1 Ttun log(x), oddd o xavévag ‘mdpe to hoydpripo’ mou pog Aéel
¢ vo Ppodue v . Mropolue va modue ot ebvar to oluPolo log. Yxegtopacte uia
GLVAETNOT Cav Eva ‘xavéva’, Tou Yia xdUe TeayuaTxd aptdud , iavdy ue xdrotoug tegto-
plopove, opilel évay dhho mpoaypotixd aptdud f(z). Oa emyeivouye vo eivon 1) f(2) povadixd
TPOCOLOPLOUEVT: €VOC XAVOVAC TOU BIBEL B0 BLUPOPETIXES ATAVTNOELS OE EVAl EQWTNUA OEV
etvon otadtepal Yoo, Autd oTUUIVEL OTL TEETEL VA EUAOTE TEOGEXTIXO! UE GUVAPTHCELS
omwg ‘TeTpaywvixt pila’, xou vo tpocadtoptlouye edv evvoolue T Vet 1 Ty apvnTixt pila.

‘Aoxnor 3.1 H neplyetpog, oe yétpa, VOS TETPAYWOVOU UE TAEUEA s wétpa elvon P = 4s.

37
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o . Teddte authv 1 oyéomn oe popyr GLYAETNONC, OTOU g EiVOL TO GVOUN TNG CUVARTNOTC.
B YTrnohoyiote g(s+ 4) xou ypdte T onyaiver.
Y. Trohoyiote g(s) + 4 xou ypdte T onuaivet.

§". Trnoloyiote g(4s) xau ypdte Tv onuaivet.

H yevixn €vvola tng cuvdetnong

H mo yevixy) évvola tng cuvdptnong €pyetar and TNy Tapadoclauxt, GV aQutp€GOUUE TOV
neptoptopd va etvor o & xon f () mparypartixofl aprduol. To amhovotepo eivon vo un Véoouue
xovévay eploptopgd oto Tt etvan Tz xou f(x). Todte npénet vo xdvouue To GupéS Tl EVVOOUE
UE ‘XovOVaL.

Ocwpolye 800 clvola, A xar B. Apyuxd, ovoudlouue ouvvdptnon aré to A oto B évay
xavovoL Tou avTieTolyel o xdle atoryeio Tou A éva povadikd otovyeio Tou B.

Autog o oplopdg Oidet pla Toh eugela évvola.  TlepthaufBdver dha ta mporyolueva mo-
cadelypata: Vewpolye wg A éva xatdiiknho vrnocivolo tou R, xou wg B to R. T v
extetixr; ouvdptnon A = R, B = R xou o xavévae eivar f(z) = e*. T 1o hoydpriyo
A={x e Rlz > 0}, B =R xau o xavévac f(xz) = log(z). I'a to napayovuxd A = N,
B =N xo f(z) = x!

Hapadetypata dhhou eldoug cuVAPTHOEWY:

A = {6hot o1 xOxhot 610 eninedo}, B =R, f(x) = n oxtiva tou z.

A = {6ha ta un xevéd utoovvola tou {0, 2, 4}}, B = N, f(z) = o uxpdtepoc optd-
uog OTO .

A=17Z,B=1{0,1,2}, f(z) = 7o utdhono tou T HTay T0 SLUEECOUYE PE TO 3.

H ouviine oporoyia eivan var ovoudloupe 1o A nedio opiopot ¢ f xou to B nedlo
TLOV NS f, %ot Vo Ypdpouue
f:A—B

vt vo cupgPolicouye tn cuvdptnon f ue medio oplopol A xon nedio Tuwy B.

AUt TOU ATOUEVEL VA ATOGUPTVICOUUE YIa VoL £YOUUE TOV TUTIXO OPLOUO TNS GUVIRTNONG
ebvon 0 ‘xavovog’. Oa xata@lyoude 6Ty (Bl WO TOU YENOHIOTOWCAUUE Yia Ti¢ OYETELS: Va
EXPEACOVUE TN oLGYETIoN UETAEY Tou GTotyelou o € A xon Tou GTotyelou f(z) e B Bdalovtdc
o o€ éva dratetaypévo Lebyog (z, f(x)). O ‘xavévag’ tdpa yiveta évac ‘xatdhoyoc’, 1o
olvoho Ghwv Twv dotetayuévewy Leuyay (z, f(x)) v dha ta & oto A, xon autd dev eiva
tirote dAo and €va unoclvoho Tou xapTeatavol Yivouévou A X B. H araltnon va optleton
10 f(x) v xdde x € A onuaiver ot yio xdie x € A mpénel vo undipyet kdrow otoyeio (z,y)
oto olvoho. H povadixdtnta tou f(x) onuaiver ot 10 y mpénet va eivon povadikd. Tdpa
Brémouye TS To GUVORO TwV SateTayUévey (euymy exppdlel Tov xavova. [ va Beolue
10 f(2) avalntolue 610 clvoho éva Lelyos pe tpwto otoyeio . Eva tétowo Lebyoc (z,y)
untdpyet xat ebvor yovadixd. Oétouue f(x) = y.

Opwopbc. Edv A xau B eivon oOvola, wa ouvdptnom f: A — B eivon éva utocivolo
f tou A X B, té1t010 0OTE:
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Y1 Edv xz € A, t61e undpyer y € B tétolo ote (z,y) € f.

Y2 Auté o y elvar povadied. Anhadr edv € A xou undpyouv y, z € B tétola hote
(x,y) € f xou (x,2) € f, t61€ ¥y = 2.

M cuvdptnomn ovoudleTon enione ANELXOVLOT), 1) ETACY NUATLOWUOG.

BAénoupe ott uio ouvdptnon elvon wa oyéon, mou xavorotel Tig WwotnTEG X1 2o X2,
YOugeve ue autéY 10V 0plopd, N TETEAY VX cuvdptnon ¥ = z* oTo R elvou to unoclvolo
ouR xR

{(z,2?)|x € R} .

o vo enavéldoupe oo ouviin opioud Vétoupe f(x) to povadixd otoyeio y € B yia 10
onolo (z,y) € f. Eyoupe y = f(x) €dv xou yévov €dv (z, y) € f.

H rapadootaxt| Evvola Tng ouvdpetnong didet TEpLoGOTERT) EUPAUOT) GTOV TPOTO UE TOV 0Tolo
nodpvouye to f(x) and to x. Nta abyypove Madnuotixd npotiuolue, yio TV TUTXO 0ploUd
NG YEVIXTC EVVOLUC TN GUVERTNOTNS, Vo UnY avagepolue o€ autd, aAAd Vo VEwpAcOLUE OTL
1 (S 1 ouVdpTnon didel TV avtioTolynom, uéow twv Leuydv (x, f(x)). Xtnv xadnuepw
YP1ON YPNOLOTOLOUUE EXPRUGELS TLO XOVTE GTNY TOEAOOCLUXY) EVVOLY, OTWC:

‘Opilouye wa ouvdptnon f: A — B yéow e f(z) = ... yia xdde v € A’.

Ye xdie mepintworn o teAeleg ...

Beloxoupe 1o f(x) and 1o .
Auto mou mpénel va tpocéyoude o xdle mepintwor elvon Vo eEAEyEoupe 0Tt 1) dladtxaota
“...7 opiller o f(x) ye povadixd tpomo, xan ot 1ty f(x) avixet oto B yio xdle x € A.
Ag dolue Uepind mapadelypota 6TOU AUTEG Ot GUVINXES D€V 1KavomoUyTal.

avtixadiotovton and TN Swdixaocia uéow tng omolog

24172+ 93
‘Opilovpe f: R—Rye f(z) = %.’
Auté dev opiler suvdptnon yioti 6tav & = —1, to xAdopo dev opiletan, dpa n s f(—1) dev

€yl Tpoadloplo Tel we mpayUaTixog aprdudc. Edy adldEouue tov oploud o f : R\{-1} - R
T16TE elvan evtdiet.

‘Opilovpe f: {z €Q|z >0} — Que f(z) =V,

omou /o etvan 1) Vet TeTpaywvixt| ol Xe authv TNy TEpITTWoT Yiol XATOLES TWES ToU T
oto {z € Q|z > 0} 1w e /= dev elvor pntdc opriudce.

“ OpfCoupe f: R — Z pe f(x) = o minoéotepoc axépatog mpog 10 T .
Ye authy TNV mepinTwon 1 Ty f(%) oev op{leTton pe povadixd tpodmo.

’ 4 4 Z 7 4 7 7 4
Aoxnon 3.2 O nopoxdtw ouvapThoel €youy medio Tuwy 1o R, xa nedio opiopol xdmoto
uroclvolo tou R. Beelte oe xdie nepintwon mo elvon to peyakltepo duvatd edio oplouo.

o«. h(x)=logz
g. alv)=—v
Y. J(8) =
0" g(u)

0. g(u) = log log cosu
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['evixég BLOTNTEC CLVIETHOCEWY

Edv f: A — B elvor cuvdptnor, 1 ewxéva g f eivou 1o unocivoro tou B:

f(A) ={f(z)|x e A} .

H ewéva e f oupPorileta eniong im (f)

H ewéva tne f ebvar o ovoho twv tpdv f () tou nafpvoude yio 6ha ta 2 omd to medio
optopol. Aev eivar amoapaftnto va elvor 6ho To medio Tipav. [ mapdderypa, edv f: R — R
etvan 1) cuVapTNON e Tée f(x) = 2? téTE N exdva elvar To SOVORO TwY VETIXMY TEOYUATIXMY
apriuddy poli ue o undév (to oUVOLO TV 1N aPYNTIKGY TEOYUATIXWY optIUMY), Xou Oyt GAO
70 Tedio Tuwy R.

H éhewdn ouupetplac 6tov oploud tng ouvdpetnorg uropet vo gavel mapdevn. Anotolue
va opileton 1o f(2) yro xdde z € A, ahhd dev anoutolue xde b € B va eivan tne popehc f(x)
v xémowo x. O hoyog yu' autd elvon TpaxTiXog: OTAY YENOLLOTOLOVUE UL GUVAPTNOT) TEETEL
va E€poupe eav opiCeton. H axpi3ric yvwor tou nediou oplopol etvan howndy avayxala. Eivou
MyoTEQO onuavTixd va yvwellouue axpBoe mou Peloxovtar ot Tiwég f(z), xou UTOPOVUE VL
Stohé€ouye To TEdiO TV avdhoya Ue TNV TEp(nTwon (Und Tov G0 OTL 1) EXGVOL TERIEYETAL
oto medio Twov). o mopdderyua, edv f: N — R eivor 1 ouvdptnon pe tpée f(n) = v,
1 exova g f ebvar 10 6OVORo TV xUPBIXGY POV TV TAQXYOVTIXWY

{1, V2, V6, V24, V120,...}.

Eivar amholoTepo va opicouue pla GuVEETNOT ¥eNCIOTOWYTAS XUTOL0 EUPY TEDIO TYLWY, X
VoL APCOUUE TO EPWTNUA TTOLO aXEY3MS XOUUATL TOU TEDIOU TWWY ATOTEAEL 1) EdVAL YioL TNV
TEPITTWOT TOU TO YPELICTOVUE.

[Tpénel vo TopaTnECOLUE OTL, WADVTIC QUG TNRY, OEV UTOPOVUUE VO AVUPEROUAGTE ‘GTO’
TES{0 TWWY WG oLVAETNONG. OEWENOTE Yio TUPAOELY U TIC CUVARTYOELS

FiROR f(n)=a?,
g: R—R" g(x) =22 (3:1)

6mov Rt = {z € R|z > 0}. H npdt éyer nedio Ty R, 1 devtepn RT. Opwe o tumxde
0PIOUOC IS CUVERTNOTNS WS GUVOLD SLaTETAYUEVWY (EUYMY BIDEL Xat Yiar TIC BU0 TEQITTMOOELS
70 B0 olvoro Leuyov {(z,2?)|z € R}. Ou cuvopthoeic f xou g eivor {oec.

To medio TV pag cuvdptnomg 0ev elvar capwg Tpocdloptouévo. Omoldrtote clivoro
TEPLEYEL TNV EWOVAL TNE oLVAETNOTE unopel va Yewpnlel wg medio Tuwy. To wedio opiouoy,
avTéTee, etvar Lovadixd TpocdlopLoUEVO.

Mrnogolue va Eemepdoouye authy TNV aodgeta opllovTtag Wiot GUYAETNOT) VoL efvor Lot SLoTe-
Toryuévn tedda (f, A, B) xou byt anhade 1o ovvoho twv Leuydy f. e optoyévouc xAddouc
TV YodnuaTixey autd elvon anapaitnto, ahhd 0w Yo tpoTiuRcouue va deyYolue TNy acd-
geta Tou anholoTepou opioyol. O cuuBohiouds f @ A — B mpoodiopilel 6e oo medio
TIIWY AVUPEPOUACTE GE xAUe TERITTWO.

[a va mapacthcouye ouvapthoes f @ R — R ouyvd yenowonowiye to ypdgnua. [a
oLVETAGES UETAED GAAWY CUVOAWY elvar GUVHIWS TEOTOTERT Ulol TAPAG TACT) TNS HORPTS
Tou YUy fuatog 3.1.

[a xdde x € A 7 f(zx) Beloxeton 070 dxpo tou avtioToryou Béloug. Ot cuviixeg
TOU 0pLOUOU TNE OUVARTNONG GE AUTAY TN YRUPIXT| Toedc TooT elvou:
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Yyfua 3.1: Tlopdotaon cuvdptnong ue BEAN.

21" AxpiBac éva Béhog Lexvderl and xdlde otoryeio Tou A,
22" Oha ta BEAN xatahiyouy og otoyeia Tou B.

Avuth 1 ypagix| TapdoTaoT, OTw xou T dtarypdupata Venn, efvon yerioiun o amAd Togo-
OElyoTaL.
Ye authAv TNV TapdoTact 1N exova g [ anoteheiton and ta oTtoyela Tou B ota onola

xatoAfyouy BéRn, Lyruo 3.2.

l\(fl.‘ﬂ . ‘{l&s;u
f -cuc.uiv ™ ;f

09!6?.60 Ths

EivOvR Tas f.

Yyfuo 3.2: H eixdva tng ouvdptnong f.

H ewxdva Yo etvar 6ho 10 chvoho B edv xdle otoryelo tou B Bploxetar 610 1€hog xdmotou
Béhoug.

‘Acxnom 3.3 Ilpocdopiote Ty exdva yia Tig axdhovdeg cuvaptrioeg f: R — R.

o. f(z)=2?
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g. flx)=o0—-4
Y. f(x)=e"+3

5 f(x):{l/x gdv x # 0

0 vz =20

Optowds. Aéue ot wa ouvdptnon f @ A — B eivar erewxovixy (f enl Ttov B, A ot
etvou pio emeELxovion) edv xdle otoryeio Tou B eivon tng popgrc f(x) yia xdmowo = € A.

Auté ouyfaiver axptBoe dtav oyler f(A) = B. Edv wa ouvdptnon eivar 1 6yt enecovixs
eCoptdTon amd TNV EMAOYT TOU TEDIOL TV, 1) oTola TEETEL Vo elvor caghg and Ta GUUPEO-
Lopeva, 6nwe otn gpdon ‘f : A — B eivar emewovixy’ () ‘f etvan eni tou B’), 6mou 10
nedio nuy eivar 10 obvoro B. Etot, and g ouvaptioec f xaw g oty (3.1) n f dev ebvan
ETEXOVIXY, EVW® 1) g EIVOL.

Edv xavéva ototyeio Tou B dev BploxeTton 010 TEAOS 5U0 BLUPORETIXWOY BEAWY, EYOUUE €Vl
dAho onuavTixd eldog cuVaETNOTG:

Optowde. Aéue ot wa ouvdptnon f 1 A — B eivar evelrxovixy (1) éva mpog éva
oTL glvan Ul EVELXOVLIGT) EQV, Yo xdle x, y € A, 6tav f(z) = f(y), 161 v = y.

Y& authv TNV meplnTwon 1 emAoYY| Tou TEdlou TWWY OV Onuioupyel xavéva TEOBANuUL
€dv UL cLVAETNOT Elvon EVELXOVIXT| UE Wia ETAOY T TEBiOL TYWWVY EyEL TNV (DLor LOLOTNT XL UE
x8e & emhoyt). Ag Bolue xdmola TopadetyuoTa:

1. f: R—=R,énou f(z) =2? Auth dev elvor everxovixt), agol f(1) =1 = f(—1) ohr&
14 1.

2. h: Rt = R, 6nou h(x) = 2®. Auth elvar evetxovixh: €dv @ xou y efvon un apvntixot
rporypatixot aprdyol xaw 2? = y? t6te 0 =22 —y? = (v —y) (v +y), dpacle x —y =0
onote * =y, elte z+y = 0 mou Yo T %o Yy un apvnTixoug cuvendyeta v = 0 = y.
Ye xdie neplntwon r = y.

3. f: R\ {0} — R, 6nov f(z) = 1/z. Avuth eivou eveovxi: €dv 1/x = 1/y t61¢
r=y.

Or ‘xahiTepen’ ouvapTHOELS Elvon AUTEC TTOL €YUV XaL TIS BUO LOLOTNTES:

Optowdg. Aéue out wa ouvdptnon f 1 A — B eivar ouplirovooshov Ty (1 apgpeLxo-
VIXT) €4V elvar EVELXOVIXT, X0 ETELXOVIXT.

Auth n WoTta e€aptdton amd Ty enthoyn tou nediou Ty, Ilpogavae n f: A — B
efvon aUPLIOVOGHUAVTY €GY Xou u6vov €8y xdle b € B eivon tne woppric b = f(x) yio éva
uovodixo = € A.

‘O)ot ot duvatol cUVBUAOUOL TV WOLOTHTWY EVEIXOVIONG X0 ETELXOVIOTS UTOROUY Vo -
PAVIoTOLY, OTwe ety Vel TO Lyfuo 3.3.

Mo moh) omhfy xou TOAD onuavTXr cuvdpTtnon, Tou oplleton o xdde clvoho, eivar 1
TALTOTLXN cuVdptnon ig : A — A 1 onolo opilleton wg ia(a) = a yiou xdde a € A. H iy
Vol TEOPUVKS AUPLUOVOTHUAVTY).

‘Aoxnon 3.4 T xde plo and Tig cuvaptioeg g Aoxnong 3.3, Beeite edv elvan

o, EVELXOVIXT)
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ouTH

Syhuor 3.3: Tlopoadelypota cUVAPTACEWY.

7 / ’
ﬁ. ETEXOVIXT] ETL TOU R

Y. AUQLLOVOSHUAVTY).

‘Acxnomn 3.5 Adcocte mapadetyuata cuvapthoewy f 1 Z — Z mou va elvou:

’

of. 00TE EVEIXOVIXY|, OUTE ETMELXOVIXT),

’

’ /7 4 7 14

B, evewovint|, ahhd Oyt emEOVIXY),

/7 4 7 14

Y. emEovixy|, ahAd Oyt EVEIXOVIXY),
0'. EVELXOVIXT XU ERELXOVIXT.

IIpocéEte ot 1 edva g f mp€nel var teptéyeton oo Z.

To yvedopnua plag cuvdeTnong

Eyouye 500 dLopopeTinolc ToOTOUS VAl TUpAG THOOUUE Ypopixd cuvapThoelc and to R oto R.
To ypdonua tng cuvdptnong xar v Tapdctact ue BEAN. Eivar evdiagpépoy va cuyxpivouue
Ti¢ dVo mopactdoe. T ) ouvdptnon f(x) = 22, (x € R), 1 nopdotacn pe PEN éxer
wopyt Tou Xyfuatog 3.4.

MnopoUue va oyedtdooupe tnV tapdotaor xalitepa edv Tonodetrioouye 10 A opllovTia
®oTe va cuunintel ue to B o710 0, 6nwg oo Lyrua 3.5.

Av meplopiooupe ta BEAT va ebvan wovoy oplldvTia B xataxdpu@a EYOUUE TNV TURIC TUOT)
Tou Yy fuatog 3.6.

Ye autd To oy efvar Qavepd oTL To oNPAVTIXG elvon To onuelo 6To onolo uTdEyEL N
yowvia o xde Béroc. Kadwg petofdrouue 10 = dheg oL ywvieg Bploxovton o pio xoumiAn,
OTWe 670 LyAua 3.7, xan €4V agotp€couue T BEAT, 1) xoumOAY Tou eupavileTon 6o Ly rua
3.8 etvou o3¢ To ypdgnuo Tne ouvdpTtnong f.
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¢

4 4

2 /:2

> 1,

-2 '...2

-t | :‘_4_
1 L

Syhua 3.4: Topdotaon tne ouvdptnone f(x) = a2 ue Béhn, L.

Syhua 3.5: Topdotaon tne ouvdptnong f(x) = a2 ye Péhn, IL

AvtioTtpoga, oTo ypdgnua uropolue va tpoovécoupe to BéA: apyiCouue oto v € A
A0 XVOUUIO TE XATAXOPUPA PEYEL VAL CUVIVTAGOUUE TO YRAPTUaL, XaTOTY 0ptlovTio UéypL Vo
ouvavthicouue 10 B. Autd 1o onpeio Ya eivan to f(z).

T maplotdver To Yedgnua g cuvdptnong olugwva Ue T Yewpla cuvdiwy; To exinedo
ebvar 10 R X R, xou n ywvia oo Béhoc and 10 = oo f(x) Peloxeton oo onueio (z, f(x)).
Apa 1o ypdonua tng [ mapiotdver To cUvoho

{(z, f(2))|x € R}.

ANNG autod ebvan axpBoc 0 UKo oplode Tne (Blag T cuvdptnong f. Lyedtdlovtag o
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1

Syhua 3.6: Tlopdotaon tne ouvdptnone f(x) = a2 ue Péhn, IIL.

I SR SR W

Y
-
.

Yo 3.7: Tlagdotaon tng ocuvdptnong f(z) = x? ue Bérn, IV.

R x R cav 1o eninedo, 10 Ypd@nua TeoxOTTEL O 1 QUOLXY) TOEACTACY TNG cLVARTNHONG f.

[Ma o yevixry ouvdptnon f : A — B €youue wa avdroyn ewodva. Tlpénel va oyedidoouue
10 A X B, xon va ypnowonotiooupe autd avti tou emnédou. Edv A = {a, b, ¢} xou B =
{p, q}, xu f(a) =q, f(b) =p, f(c) =q, n f éyer o ‘Ypdynua' mou eppavileton oto Lyfua
3.9.

Kot” avoroyia, o yedgnua pag cuvdptnong and to R oto R Ya Enpene va €xel T wopon
Tou Yyfuatog 3.10, ahhd 1 mapadocloxt) TAPACTAGT), UE TOUG dEOVES OYEDIACUEVOUC UECA
070 exinedo, civon mo cuvricuévr xou mpoxtixy. Ilpémel duwe va Yugdpacte 0Tl ot dEoveg
0ev amoTeEAOLY U€poc TOU Ypaphuatog, ahhd yenotuelouy we deixtec Yy ta onuela (z, )
TOU ETUTEDOU.
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2

Eyfua 3.8: To ypdonua e ouvdptnone f(x) = x°.

Syfuo 3.9: Tedgnua cuvdptnong.

(8

Eyfuo 3.10: Tedgnua cuvdptnong.
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’ /4
>OvUeoT) CLUVIUETHCEWY

Edv f: A— Bxoug: C— D civau 600 cuvapTAOELS, o 1) exova TS f elvar utocivolo
Tou C, 16T Ynopolue vo cuvd€covpe Ty f xa T g, epapuoloviag TpwTo TRV f XL
UETA TN g.

Yyfuo 3.11: Xdvideon cuvapthcEny.

Tumxd, €dv xavonotolvton ol Tapandvw utodéoels, opllouue 0 GLUVAETNON
gof: A—D
uE
(90 f) (@) =g(f(z)).

H unédeon on f(A) C C eivan anopaitntn yior va ehéyEoude 0Tt €youue oploeL wa ouvdpTnon
ané 10 A 610 D, npdypo mou Sev Topouctdlel SuGKOAL.
Mt onuoyTied 1Bt6TnTaL TS GOUVUECTC CUVIRTHOEWY EIVAL 1) TEOGETALRLS TIXOTHTOL

Ilgétaon 3.1 Edv f : A — B, g: C — D kai h: E — F efva1 ouvvaptijoer, tétoleg
wote n eicéva g f elvar vrootrodo touv C' ka1 1) eikdra Tng g elvar vrooUvodo tov F, téte

optlovtar o1 dVo ovvaptroelg
ho(gof): A= F

(hog)of: A= F

Kai efvai (0e.

Arnodelr. Eixola ehéyyouue oti ixavomolobyvtan ol ouviiixeg woTe va opilovTon ot 800
ouvapTthoels. Aéyovtag ott oL cuvdpTroels elvon (oec evvoolue oTt ta 500 UTOGUVOAA TOU
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A x F nou optlouv Tic ouvapthcelc ebvan (oo Autd onuaivel ot yio xdde x € A ot 8o
cuvapThoelg Talpvouy TNy oo . Tlpdyuat

(ho(gef))(x)=h((gof)(x)) =hg(f(z))),
((hog)o f)(x) = (hog)(f(x)) = h(g(f(x))).

O

‘Aoxnomn 3.6 Aidovtor ot cuvaptioes f, g xou h and Toug Quotxols aptiuolc GToug
puotxoug apriuoie, Tou opillovTton ano:

o« f(n)=n+1
g. g(n)=2n

0 edv n ebvou dpTioc
,. h/ n)= , ’ 7
Y- h(n) 1 edv n ey mepittog

Kodopiote tic ouvapthoe fo f, fog,go f, goh, hogxu (fog)oh.

‘Aoxnom 3.7 Aildovtou ouvaptrioelc f xan g tétoteg wote va opiletan 1 ouvdeon g o f.
Acl&te ot

of. Edv 1 go f etvan emeixovixt), TOTE 1) g ebvan ETEXOVIXT.
B". Edv n go f eivar evetxovixy), T6te 1) f elvon everxovixt.

Y'. Beeite mopadelypata ouvapthioswy f xar g yia va 8etlete 0Tt eV Loy Uouv oL avtioTpo-
(PEC CLVETAYWYES, ONAAdY 0Tt €&V 1) g elvon emetxovixt| ) edv 1) f efvan everxovixy|, dev
1oy VEL UTOYPEWTIXG To {Bto Yia T olvieon g o f.

‘Aoxnon 3.8 Edv f : A — Bxa g : B — C civau auguovooriuavtee, Oelte ot
go f: A— C elvon augiuovoouavtr.

Avtiotpogeg Yuvoptroslg

Yuyvd oxe@topacTe otL 1 ouvdptnon f @ A — B naipvel éva otoryelo o € A xou Tou xdvel
%8ty va xatahhiZer ue to f(x) € B. Mepixéc gopéc unopolpe vo fpolie wior 6uVEeTnon
TOU XAVEL TO AVTIOTPOYO o avoupel auTd Tou éxave 1) f.

Opiopbg.  Ocewpolue wa ouvdptnon f @ A — B. Téte n ouvdptnon g : B — A
ovoudleton aviioTpopn ouvdptnon e f edv

L. g(f(z)) =z yia x&e x € A xou

2. f(g9(y)) =y vy xdde y € B.

ITpocéZte ott oL 800 cuvinxee YedpovTa, lodlvau, we go f =14 xaL fog =ip.
Y10 axdhovdo oyfua 1 f maploTdveTon Ue amAd BEAT xaL 1) g UE DLTAL.
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Eyfuo 3.12: Avtiotpogn cuvdptnor,.

Ocwpnpa 3.2 Mia ovvdptnon f: A — B éya avtiotpogn ovvdptnon edv kar pévo edv
n f etvar augipovooiuaven.

Arn6dely. Trodétouue ot 1) f €yel avtiotpogn cuvdptnon g. [o va anodeiloupe ot

n f ebvar everxovixr, utodétovye ot f(x) = f(y). Téte z = g(f(x)) = 9(f(y)) = v,
doa 1 f ebvon mpdypatt evetxdvior. Do va amodetlouye ot 1 f elvon emeoviny|, Yewpolye
y € B. Totey = f(g(y)), dpa 10 y elvan e poperic f(x), yio z = g(y). Suvende n f eivar
ETELXOVLOT).

Avtictpoga, unodétoupe ott 1 f ebvan augiuovooruavtn. Tote, agol 1 f elvon enexovix),
Y xdde y € B undpyer x € A oo dote y = f(x). Epdoov 1 f eivon evetxovixd, auté to
x eivon govadixd. Opilouye ) ouvdptnon g : B — A e g(y) = . H g etvon 1 avtiotpopn
ouvdptnon e f.

O

H avtiotpogn cuvdptnon, edv undpyet, etvor povadixr: umodétouue ot g xou h efvou
avtiotpogec cuvapthoec e f 1 A — B. Téte, vy xdde y € B, undpyet yovadixé z € A
€100 wote y = f(z), xou

Yuvenwe g = h.

Ty avtictpogr cuvdptnon e f : A — Bt oupfohiloupe f~': B — A. Tlopotnpei-
oTe 0Tt €dv Vewprooupe TV f wg uia oyéon petald Twv oTolyeiny Tou A xa Tou B, t61€
n avtiotpogn cuvdptrnon f=1 ebva owxeBwe 1 avtioTpogn oyéon petalld Twy oTolyElwy Tou
B xan tou A.

Mopddewypo 3.1 f: R — R, f(z) = 2% Auth ebvou apguovochuavty, xou €yeL

avtiotpogn ouvdetnon g : R — R, g(z) = /.

Mopdderype 3.2 f: R — R, f(z) = 2% Aev elvou o0te evexovixf 0)Te enetxovix),
doa dev Eyel avtiotpogrn cuvdptnon. Tl oupPatvel ye ¢ tetpaywvixéc pilec; Mnopolue
Vo VEWpNOOUUE TNV AUPLIOVOCTUAVTH ouvdptnoy f ue medio oplopol xou Tedio TV To
Rt = {z e R|z > 0}. Téte n f éyer avtiotpogo g(z) = /z (tr detnn tetpoywvixd| pila).

IMTopdderypo 3.3 Trovétouue YVOo TEC xdmoteg WoTNTES TNG EXVETIXNAS Xat TNG Aoy aptd-
uic ouvdptnone. Oewpolue t ouvdpetnon f: R — R, f(x) = e®. Auth eivon eveixovix,
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yiott €dv e = e tote Y = 1 dpa x —y = 0 xou ovvernwe = = y. ‘Ouwc dev eivar
ETEXOVIXT, XL CUVETWS OEV €yel avtiotpogn cuvdptnoy. Mrogolue duwe va Yewpricouue
1 ouvdptnon f @ R — R¥ énou R¥ = {& € R|z > 0} xu f(z) = €. Tapa n f ebvor
OUPLLOVOOHUAVTT), XL 1) § : R#* — R, g(y) = logy eivou n avtioTpogn cuvdpTno.

IMTopdderypo 3.4 TrnoUETouue YVWOTEC XATOIES WOLOTNTEC TWV TELYWVOUETELXWY CUVIQ-
Thoewv. Ocwpolue v f 1 R — R, f(z) = sinz. Auth Sev elvar olte eneixovixt| ov-
TE eveovixy, dpa dev €yel avtioTtpogn cuvdptnon. Ilog Vo opicouye to T6Z0 MUTOVOUL,
arcsin; Edv oplooupe arcsiny we to povodixd aprduéd = ye —m/2 < x < 7/2 tétoov wote
sinx = y, 161 éyouye sin(arcsiny) = y, ahld dev oy el arcsin(sinz) = x. o nopdderyua,
arcsin(sin 67) = arcsin0 = 0 # 67 .

Mepwég popéc Aéyetar oTL 7 arcsin elvon mAeidtiun, dnAadY) OTL oL TWES TNG Oev ebvon
HOVOOLXE OPLOMEVES. LUUQOVA UE TOV 0PIGUO TNG CUVIRTNONG TOU DWOUUE, TOTE OEV UTOPRE!
va. efvan GuvdpTno.

H xohOtepn Mo etvar va Yewpricouue tny

fi{reR —7/2<ax<7n2} 5 {zxeR| —-1<z<1}, f(zr)=sinz.

Tote v f elvar auguovoouavTy, xou arcsin eivon avtioTpo@n cUVAETNCT AUTAS TS CUVAE-
oG-

‘Aoxnon 3.9 ['a ™) ouvdptnon g Aoxnorg 3.1, oe Tl Yovddeg exppdletoun N TOGOHTHTA
-1
9 (8);

Ilgétaon 3.3 Edv f: A— Braig: B — C elvai augipovoonuavtes, tote gof : A — C
efvar approvoonuartn kai

(gof)t=flog™".

Anédedn. TDvopilovue ot g o f eivon aupiovoohuavtn, (Aoxnon 3.8). Enakndebouye
ott f~1og ! etvar 1 avtioTpown cuvdptnom, (dec Tyhua 3.13). Eyouue

(ftog™ol(gof) = flo(gto(gof))
= [flo(lgtog)ol)
= [flo(igof)
= flof

= 14.

[apbuow detyvoupe ot (go f)o (f~rog™) =ic.

Aeild xal oploTERS AVTICTEOpA

Eidaye ot wia ouvdptnon f : A — B éyel avtiotpogn cuvdptnon wévov 6tay eival oaupulo-
voofjpavty. Mepixéc @opéc umopolue va Peoldue uia cuvdptnon Tou vo avTioTeEPel Ty f
UOVOV amd TN ol TAEUEAL.

Opiwopbc.  Ocewpolue wa ovvdptnon f @ A — B. Toéte n ouvdptnon g : B — A
ovoudletou
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Yyfuo 3.13: Avtiotpogr cuvdpTnoT cUVIESTIC CUVILTHOEWY.

1. apiotepd aviicTpogo e [ edv g(f(x)) =z yio xdde x € A,

2. 8e&16 aviotepogo e fedv f(g(y)) =y v xdde y € B.

[TpooéZte 0Tt auTég oL GUVUTXES YRAPOVTAL, LOOBUVOUA, WS

1. H g elvon apiotepd avtiotpogo tng f €dv go f = iq,

2. H g etvan 8e&i6 avtiotpogo tng f €dv fog=1ip,
Ocwpnua 3.4 Mua ovvdptnon f: A — B éya

1. apiotepd avtiotpogo edv ka1 dvov edv eivar eveikovikn,

2. 0e&16 avtiotpogo edv ka1 dvov edv elvar emeikovikij,

Arn6delly. 1. Trnodétouue ol 1) f €yet apiotepd avtiotpogo g. I va anodeiloupe ot 1
[ etvon evewcovxd, unodétouvpe ot f(x) = f(y). Téte x = g(f(z)) = g(f(y)) =y, dpan f
elvol TEAYUATL EVELXOVLOT).

Avtiotpoga, utoVétoupe ott 1 f eivon evexovixr,. Edv y € B xa y = f(z), opilouye
g(y) = x. Egoéoov n f eivou evexovinr|, auté 1o = eivar povadixd. Edv 1o y Sev avrixel
oTny exova g f, TéTe dev undpyet tétoo T Awhéyouue omoodrmote a € A xou opiCouue
g(y) = a. Me autdv tov 1610 10 ¢(Y) Opiletar yio xde y € B xou g : B — A eivan
ouvdpTtnom. AMNG, and tov optoud, g(f(z)) = x, dpa n g elvar aploTepd avtioTpoyo.

2. Trolétouye otL 1 f éyel 8e€id avtiotpogo g. Edv y € B t6te y = f(g(y)), dpa 10 y
etvon tne popric f(x), vz = g(y). Xuvende 1 f eivon enexdvion.

Avtiotpoga, unodétoupe ot 1 f eivon emexovixd, xou Yewpovue y € B. Téte y = f(x)
Yo xdmoto ¢ € A, lowe Gyt povadixd. Ta xdie y € B opilouue g(y) va etvon xdmoto ototyeio
tou A tétowo dote f(g(y)) =y. Tote g eivar ouvdptnon xou etvor de€id avtiotpopo e f.

O

Mopgdderypo 3.5 f: R — R, f(z) = 2% Aev elvou o0te evexovixf 0)Te enetxovix),
doa 0ev €yel aviioTpogo xavevog eldouc. Mropolue va xdvoupe TV f emewoviny| €qv
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VYewphooupe we medio 1y 0 RT = {z € Rz > 0}. Tdpa 1 f éyet 8eli6 aviiotpopo
g(x) = V& (tn Jetier| tetpaywvixt| pila). H g dev eivar dpwe aptotepd avtiotpogo ago

Viz2=zxedvr>0xu V= —-x>0edvz<0.

IMopdderypa 3.6 Oewpolye tny amexévior f: C — R mou opiletu pe f(2) = 1(2+2).
Avut Bev ebvar auguiovooiuavty, adld civon emeixovixr|. H ouvdptnon g : R — C mou
opileton pe g(z) = x4 40 € C elvau oprotepd avtiotpogo: fog(z) = i(z + ) =z

Ilpbtaom 3.5 Edv pua ovvdptnon éyer apiotepd kar 0616 avtiotpogo, ToTe el avtiotpo-
@n ovvdptnon, kai kdle 0e&16 1 ap1oTepd avtiotpopo €ivar ioo e avtry.

Anodely. Edavn f: A — B éye opiotepd xou 0etd avtiotpogo, t6te 1 f elvon
AUPLLOVOSTLaYTY), xot €yel avtioTpowt cuvdptnon [~ Edv g elvon éva aptotepd avtiotpogo,
T0TE

g=goip=go(fof)=(gof)of =isof=f".

apbuota, €8v h etvon éva deZid avtiotpogo téte h = f~1.

Ewova xow aviictpopn euxxdva UTOGUVOAWY
Edv f: A — B eivon cuvdptnor,

1. I xdide unocivoro U C A, opiloupe Ty ewxdva tou U yéow tne f wg to utocivoho
Tou B mou anoteheiton axplBng and o oTotyeia oo onola ancixovilovton Ta GToyEld

tou U. Tnv ewéva tou U péow e f Vo cuuBoriloye, npoowpewd, ye fH(U) :

UCA ffU)={f(z)|z €U} C B

2. Ta xde vnoclvolo Y C B, opilouue Ty avtioTpopn ewxdva tou Y uéow tng
[ ¢ 1o unocUvoho tou A mou anoteheitar and Oho To oTotyelon Tou A T onola
anewoviCovtar oe ototyela Tou Y. Tnv avtiotpogn ewdva tou Y yéow g f da
oupPohilope, mpoowewd, pe f~(Y) :

YCB, [ (Y)={reA|f(x)eY}.

H ewdva xon 1) avtiotpogn exdva opllovtar yio xdle cuvdptnon xot yia xde utocivoro
Tou TEd{ou oplouol 1 Tou medlou TWWY, aviicToya. Ewddtepa, tpocédte otL 1 aviicTeonn
ewova opileton aveldptnTa and To €qv 1 f €yel avtioTpogn cuvdptnom,.

IMagdderypa 3.7 Oewpolye ta abvora A = {a, b, ¢, d} xou B = {p, ¢, r} xau 0 cuvdp-
mon f: A — B nou didetar oto Lyhua 3.14, xadode xon ta unoovvora U = {a, b, ¢} C A
x V. ={p, ¢} C B.
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U+ (v Ve Jc’*(u)

Yyfuo 3.14: Ewoveg xan avtiotpogeg etxdveg.

Hapatneriote 0Tt oy bouy oL axdroudeg LOOTNTES.

fT{a}) = {p} = f"({e})
[T = {4}
fT{a, b)) = {p, ¢} = fT({b, c})
f~{p) = {a ¢}
f~{a) = {bd}
f~{ry) = @
ffU) = {p, g4 =V
(V) = A#U

EWlwdtepa npocélte ot fT(UN{d}) # fT(U) N fH({d}).

Mmnogolue vo Yewpioovue Ty fT %o ™V [T ¢ CUVIPTACELS GTA GUVOAI TWY UTOGUVO-
Aov tou A xou Tou B avtiotouyo:

JTP(A) - B(B)
[~ B(B) = P(A)

[ToocéZte oti, mapd TNy ovouacio tne, 1 f~ Oev elvor v yével 1 avtioTpogn cuvdeTnon TS
[T PB(A) — P(B), 6mwc gaiveton and 1o Topdderyuo 3.7:

7 {a}) ={p} oné £~ ({p}) = {a, c}.

Ipétaon 3.6 Edv f: A — B elvai ovvdptnon, o1 ovvaptijoes f+: P(A) — P(B) ka
[~ PB(B) — P(A) épour tg axdhovies itnres: Edv U,V C Akt X, Y C B,

L fHe) =2, [(2@)=2, [ (B)=A
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2. [FUOV) = U)u (V)
3. fHUNV)C fHU)N V)
4 fF(XUY)= (XU (Y)
5. (X nY)=f(X)nf(Y)

6. f7(B\Y)=A\[(Y).

Anodelly. Oa anodeilovye ty 2. Edv y € fH(UUV), té1e undpyer x € U UV €010
oote y = f(x). Bdvx € U, t6te y € fH(U), evo edv x € V, t6te y € fT(V). Xe xdde
nepintwon y € fHU)U fH(V). Avtiotpoga, edv y € fH(U) U fH(V), tote undpyer v € U
o0 wote y = f(x), elte undpyel © € V tétoo wote y = f(z). e xdde nepintwon,
ye fHUuUVv).

Amé To mapdderypa 3.7 BAEmoude 0Tt 6To 3 OeV Loy Vel €V YEVEL 1) Llo6TNTAL. A@rVouuE TNV
AMOOEET) TV GAAWY IOTHTOY WS AoXTNOT).

O

Ed86 yenorponotioaue 1o oupPoloud fT(U) xou f~(Y) v euxpivera, ahhd o cugBoMouoc

TOoU Yenoulomololy ot yadnuatixof etvan

f(U) vy my exdva tou U C A péow tre f,

pqels

F7HV) vty aviotpoon exéva tou V C B péow e f

Yuvhdwe to vorua Tou oupfBohiopol f 1 1 etvan cagéc and to oupgpaldpeva, xou deV
umdeyet xivouvog clYyuong HETAEY TG oLuVAETNONG f %o TWY CUVIRTHOEWY ‘EXOVA PECW
e f7, ‘avtloTpogn exodva péow T f7. Idwitepn mpocoyn yeetdletan otay to Vo oebvan
wovoolvoro. ITohd ouyvé ot pardmpartixot avi v f~1 ({p}) yedgouv f~1(p) evvodovtag Ty
avtioTeogn exdva Tou govoouvdrou {p}. ‘Otav cuvavtdte auvtd 1o cuyBolioud dev mpénet
va YewphoeTe ot 1) f elvan avTioTeéYY cUVAETNOY EXTOC €AV aUTO YivETHL GAUQES amd Ta

OUUPEACOUEVAL.
‘Aoxnomn 3.10 Edv f: A — B civar ouvdptnon, xau U, V C A, X, Y C B, dellte ot

o f(@)=2, [flo)=2, [(B)=A

gL fUnv)Cfu)n f(v)

y. Edv f ebvan evewebwion, téte f(UNV) = f(U) N (V)
5. X UY) = FUX) U FY)

. fUXNY) = fHX)NfHY)

BN X) = AN fTI(X)
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[Tepropioudeg

Edv f: A — B eivon ouvdptnorn xoa X ebvon utocivoro tou A, opilouue tn cuvdptnon
fly: X—B

ToU ovoudleTol TEELORLOWOG T f o010 X, Ue

flx (@) = f(x) (z € X).

Aut| Swapéper and Ty f wévov €1 10 0Tl ayvoolpe Ta & mou dev avixouy oto X. Ilapoa-
TNEOUUE OTL 1) EXXOV f(X) touv cuvohouv X eivou 7 €OV TNG TEQLOPLOMEVTS GLVAPTNOTG,
im (f]x)-

O rmeproptopdg efvon uror pdhhov TeTpuuévn medln 6T ouvapthoets. Eivan yprowun xupiwe
YL VO ECTLICOUPE TNV TEOGOYY| WIS GTN) CUUTERLPopd Tne f oTo utocivoho X. Mepixéc
popec auth elvon yprowo: 610 mopddetyua 3.4 tapatnefooue ot N sin: R — I, onou [ =
{x e R| =1 <o <1}, dev etvor apgrpovoohpavty. Edv X = {2 € R| — /2 < < 7/2},
0 TEPLOPLOUOS sin|y : X — I elvan AUPLLOVOCTUAYTT] GUVELTNOT).

O mepoplopds e TawTouxg anewoviong 14 1 A — A oe éva utoclvoro X C A 8de
NV ERPUTEVOT

’iA‘X X — A

v v onofa ialy (7) = & v xdde x € X. Aut ebvan 1 B cuvpTnon pe TV ix ahAG
ue evplTEPO TEDIO TLUWV.

AxolouvIiec xol n-AOEC

MropoUue vo yeNnoLOTOCOUUE TIC CUVIRTHOELC YOl VAL OLEUXPLVICOUUE OPLOUEVES EVVOLEC.
Eyouye oploet dratetaypéva (elyT, DIATeTAYUEVES TOLABES, XAT. oA BEV EYOUUE €VOL YEVIXO
oploud.

Oewpolye 1o obvoro X, = {1,2,3,...,n} = {x € N|1 <z < n}. Edv S civou éva
o0OVOLO, Lo BLATETAYEVY] M-AB oTOLYEIWY TOu S, 1) TENEPACUEVY) axoAovdia 610
S, umopel va oploTel w¢ uio cuvdpTtnon

f:X,—S9.

Me autév tov tpémo Tpoadiopilouye ta otoryeia f(1), f(2), £(3), ..., f(n) touS. Av oddd-
Eoupe 1o oupPohioud o (fi, fa, ..., fa) BAémoupe ot 800 dratetaypévee n-6dec (f1, f2, ..., fa)

xou (g1, g2, - - -, Gn) EbVoOL [OEC €GV Xou ubVOY €&V f1 = g1, fo = g2, - .., fo = Gn. AUTO eivar
ToU VENOUUE VoL LoYVEL Yid OLUTETAYUEVES N-ADEC.
[Tapduota, wa axoAovdic ar, az, ... 010 S UTOPEL VoL 0ploTel WS ULl GUVARTNOT
f:N—=S

6mou Vétoupe f(n) = a,.

LNV TERINTOON TWV SLATETAYUEVWY (EUYWY, AUTOS O 0PLOPOS TUTIXE DIDEL BLOPORETIXG
avtixeiyevo and tov optoud tou Kuratowski, adhd éyer ndh tny widtna ou (f1, fo) =
(g1, g2) €dv xou pévov €dv fi = g1 xou fo = go, moU eivor autd mou {nTdye.
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Y UVARTNOELS TOAADY UETABANTOV
Y1ov Anepootind Aoyioud cuvavtdue ‘GuVapTHOES U0 UETABANTGY OIS
f(z,y) = 2* — 3y> + coszy (x,y € R).

Eivow oAl edxolo twpa va opicouye auotned autéc tig évvolec. H mapamdve f eivon wia
oLVAETNCT oV 0pileTal GTO GUVORO TWV OLATETAYUEVWY (EUYWY (x,y), OnAadN

f:RxR—=R.

[evixdtepa, €dv A xou B etvon cUvola, ula ouvdptnor 0o petaBintdy a € A xou b € B etvor
wa ouvdptnom mou opiletan 6to A X B 1| o€ éva unocivoléd tou. Ilapduoia, cuvaptrioeg n
UETABANTOV ebvon amhadg cuvapTAOELS Tou opllovtar 6E Eval GUVOAD DIATETAYUEVKDY N-GOWV.

Awpelelc tpdlelg

M Buperrc meddn oc éva olvoho A eivon amhd wia cuvdptnon f: A X A — A. Eyouye
TOMNG TIORUDELY UUTA TETOLWY AV TIXEWUEVWY.

IMopdderypo 3.8
1. Hpbodeon oo N, a: Nx N =N, a(z,y) =z +y.
2. Holamhoaowopdc oto N, g Nx N —= N, p(z,y) = zy.
3. Agaipeon cto Z, 0 : Z XL — L, o(x,y) =z — y.

4. ¥to Suvapooivoro P(X) eviéc ouvdrouv X opilovue tn Bipels) mpdln ‘évwon’, u :
PX) x P(X) = P(X), u(Y1,Y2) =Y1UYa.

5. Edv X elvon éva oOvolo, Yewpolue T0 clvoro M 6hwv Twv cuvapThoewy and 1o X
oto X, étor wote f € M onuaiver f: X — X. Opiloupe 0 ek mpdln tng
oOvieone ouvapthioewy, ¢: M x M — M, c(g, f) =go f.

o Tic TeptocdTepeg duehelc Tpdlelg mou ypnotwonoolvTar ot hadnuatixd éyel xadie-
ewiel Evag cuufolouds TG Yop@hic T 0 Y Yo To f(z,y). TV autd ouvitwe cupPolilouue
weor Sywe mpd&n o 1 A X A — A xou tny emdva o(x, y) ye xoy. Luyvd ovoudlovue To oy
Yvopevo ) oUrleon Twv T xon Y. L€ UEPES TEQITTOOELS TO EVOLIUECO GOUB0A0 xuTapyelTaL,
OTWS 0TOV TOAAATAACLAGUO Y, 1) 0T 0UVUEST, GUVAIPTAGEWY, TOU GUY VA YEAPoUUE g f avti
Y go f.

e o yevixt| SWer) mpdln Oev meptuévoude va oy el oy = y o x. [ mapdderyua, 1
agaipeon: 2 —1#1—2.

Edv zoy =yox vy xde x, y € A, hye ot 1 Otuehric mpdln elvor petadeTiny. Lo
mopodelypota 1, 2 xou 4 ot dwehelc mpdlelg eivon petaeTinée. YNto mapdderyua 5 Sev ebvan
uetadeTinn €dv to X €yel TeplochTERA and Eva G TOLYElA.

Edv dev yvwpilouue ot 1 mpdln eivon uetoadetinr, ivon onuavTixd vo dlatnpolue T
OLdTOL T TWV 6pwY GTO YVOUEVO. Mnropolue va emexteivouue TETOL YIVOUEVA GE TREC 1
TepLocTEPOLS Opous. Edv x, y, 2 € A 1o ywouevo x oy € A xou unopolue vo tdpouye To
YIVOUEVO oUTOU UE TO 2. XE auTod To oNueio TEENEL Vo eloaydyoupe TapeVIETELS, WOTE Vo
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Staxpivoupe To (zoy)oz and 1o xo(yoz). Av xon 010 delTERO YIVOUEVO oL Gpot epavilovta
ue NV {Ota SLdTaly), auTd Vo TO YWVOUEVO TOU T UE TO Y © 2 Xl UTopel EVOEYOUEVWS VoL Elval
SrapopeTind. o mopdderypo (3 —2) —1#3 — (2 —-1).

Edv (zoy)oz = xo(yoz) yw 6ot z, y, z € A, ovoudlouye tny mpdin o TpoCETOUEL-
oTwxn. Yta nopadelypata 1, 2, 4, 5 o1 mpdlelc Elva TOOCETAPIG TIXES, EVK GTO 3 OEV Efval.
Y1y meplnTwor TpooeTaplo Tixric TEdENg oUY VA YEAPOUUE X 0 Y O 2, YwpelC TapeVIETELS.

Ly avantudn g €vvolag Twv aprlumy, ol UETAUETIXEG Xal TPOoETAPIO TIXEG TPAEELS
(n mpbodeon xou o mOMAMAAGIIOUGS) OMOTENOUY onuovTiXd epyaheio. Ye xAddouc Twv
o0y Ypovey Madnuatixay epgaviovtor onUavTXd Tapadely oo U UETAHIETXMY 1| U1 TEO-
OETAUPLO TIXWY TEAEEWY.

Owxoyeveleg cLUVOALY

Y10 téhog Tou Kegahatou 1 avagepdrixaue oe olvoha twv onolwy ta ototyela elvar olvola,
OTC
S ={851, Sy, ..., Su}

omou xde S, etvar €va olvoro. XpnOoWOTOWVTAS TNV €VVOLN TNG CUVARTNOTS UTOPOVUUE
v ETEXTENVOUPE auTOY To oudfBohiopd. Edv X, = {1, 2, ..., n}, éyouue appuovooiuavtn
owvdptnon f: X, — S 6nou f(r) = S,. Aev undpyet AGYoS Vo TEPLOPLO TOVUE OE TETEQU-
ouéva oUvoha, oUTE Vo utodéoouue ott OAa o S, elvan StaopeTixd. Edv A etvar onolodrinote
obvoro xau f : A — S elvou ouvdptnon, f(a) = S,, 6mou xdde otoryeio tou S ebvon éval
oUVOhO, MEUE OTL €Y OUUE UL OLXOYEVELXL CUVOAWY,

S ={S.|acA}.

Ye authv Ty mepinTtwon 1o A ovopdleton GOVOAO BELXTOV.
H évwon wag té€totag ouxoyevelag,

US ={z|z € S, v xdnow o € A}

ouuPBoiileton eniong
U S
acA

eV, edv A # I, 1) Toun
ﬂS = {z|z € S, v xdnowo o € A}

ouuPolileton avdhoya

M S

acA

Otav A = X, yenotponootue xot 1o oupgBolopd J'_, S, xau (), Sy, evd 6tav A = N
Yenowonoteitor 0 GUUBOMGUOS U2, Sr xon (oo Sr. Aev undpyer Aoyog vo cac aAVNOL-
YNoeL To ‘00’ e auToUg Toug cuufollonols, Tou eivan xaTdAoLTo NG Lo Topg EEEMENS
Twv Madnuatixwyv. O cbyypovoc cuUBoMoUdS TO ATOPEDYEL XAl Y PNOILOTOLEL U, .on Sr %ot

mrEN ST'

reN
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Aoxnoelg

‘Acxnom 3.11 llpocdopicte Ty exdva yia Ti¢ axdhouvdeg ouvaptrioeg f: R — R,
o flz)=2*+2z+2
B f(z) = [z|
Y. f(z) =2 +x — |z

‘Acxnomn 3.12 T xde pio and Tic cuvapthoeig g Aoxnorng 3.11, Beeite €dv etvon
o, EvEOVIXT)

B’ emewovixy ent tou R
Y. AUQUOVOSTHUAVTY).

‘Acoxnor 3.13 Ot mapaxdte cuvapTthoel €youv medio Tuwy to R, xa medlo oplouoy
xdmoto uroclvoho tou R. Beelte oe xdle nepintwon mo efvon o ueyahitepo duvatéd medio
0ptopoV.

o. V(t) =log(l—t?)
. y = log(sin®z)

Y. p=/(u—1)(u—2)(u—3)(u—41).

‘Aoxnor 3.14 Edv A = {1, 2} xa B = {a, b, ¢, }, néoec Sapopetixéc cuVpTHOELS
undpyouv and 10 A oto B; Ilécec and 1o B oto A; Ildoec oe xdlde mepintworn etvan
EVELXOVIXES; TOOES EIVAL ETEXOVIXES; TOOES EIVAL AUPLUOVOCTUAVTES;

‘Acxnon 3.15 llpoBinua vy yepolg AOTEC.
Edv A = @ xou B # @, deilte ot undpyet axp3mg Wi ouvdptnon and 1o A 610 B, xou
xoior cuvdptnon and to B oto A. Trdpyel cuvdptnon and 0 & 610 I

‘Aoxnor 3.16 ' tic axérhoudeg ouvaptioeis ehéyEte edv undpyet 5eZ16 avtioTpoo ¥/ xou
Ao TERO avTIoTROYO, o €dv UTdpyEL Bpelte To.

o« frR—-R, f(r)=4r+2
. g: R->RM  g(z) =22

‘Aoxnor 3.17 T tic suvopthoes f xon g e doxnong 3.16, Peeite ta obvora f([—1, 1]),
F7H0, 2]), g([=3, =2]) xen g71([2, 4]).

‘Aoxnor 3.18 Aidetan v ouvdptnon f : {a, b, ¢} — {1, 2, 3, 4} 6nwe oto Lyhua 3.15.
(Trevdupileton ot f~1(U) pmopet va cuufoliler v avtictpogn exdva mou cuuBolicope
f(U), evod, €év 1 f dev ebvor apgrpovocstuavt, f~1(x) uropet va cupBoriler ™y avtiotpogn
ewobva ou {z}.)

Beelte ta ovora
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Yyfua 3.15: ‘Aoxnon 3.18

v {1
5. fH({2})
. f7H(3)
{1 2h

‘Aoxnom 3.19 Bpeelte 1o yeyahitepo utooivoro tou R X R 670 onolo opileton 1 ouvdp-
Tnom 0V0 UETABANTOY
r? + 3y

f(%y):m‘

‘Aoxnor 3.20 Bpelte Ty €vwon xat THY TOUY TV TUPAXITE OLXOYEVEWWY GUVOAWY UE
oOvoho dewxtwv A.

o. A={1,2,3,...,n} Sa = [0, a+1].
g. A=N Sp=(0,2)={zeR|0<z <L}

‘Aoxnor 3.21 Afdovtar 1o oGvoha A = {a, b, ¢} xu B = {p, ¢, r}, xou n ouvdptnon
f: A— B rou opiletan 610 Lyfua 3.16.

o, AM&Ete to medlo Ty Trg f, €tot woTe va unopeite va Beeite 8etd avtiotpogo tng
f. Bpeite 8o dapopeTtixd dedtd avtiotpopa tng f.
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Yyfue 3.16: "Aoxnon 3.21

f’. Bpeite do dapopetind olvoha Ay xau Ay tétoto dote Ay U Ay = A xau fla, vo ebvan
éva mpog éva. Bpelte oe xdle mepintwon 1o aptotepd avtiotpogo tng f|4,.

Y. Elvou 1o apiotepd avtiotpogo tou Perixate avtic Tpogr cuvaeTtnomn g fla, : A; — B;

‘Aoxmon 3.22 Aildetoun v ouvdptnor f: R — R mov opiletan f(z) = (z + 1)
o. XyedldoTe To Yedgnua g f.
B’ Tpoodopiote ta ohvora B = f(R), f~1([—1, 4]), f~*(—2), f~H([-2, 0)).

Y'. Bpelte 800 dwgpopetind dedid avtiotpoga tng f 1 R — B.

§". Bpeite 800 vrnoclvora tou R, Ay xou As, ttowa dote A; U Ay = R xar fla, v
© =1, 2, va elvor éva mpog €va. Beelte oe xdie mepintwon €va apliotepd avtictpogo
e fla, - A — R

‘Aoxnor 3.23 Optlouye Tic duelelc mpdlelc oo Z:

o« roy=x—1y

B woy=lr—y

Y. zoy=a+y+uay

0. zoy=3(x+y+3((-1)"+1)+1).

Enaindetote ot eivon duehelc mpdleic oto Z, dnhadt ouvopthoeg Z X Z — Z. Y& xdie
TepinTwon eEAEYETE €dv 1) TEALY efvon UETADETINT X TEOGETOUELO TLXT.

‘Aoxnor 3.24 Mia axohoudio 6UVOALY (Ap)nen, MyeTon @iivouoa av yio xdde n € Ny
Loy Vel
An+1 g An .
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of. Anodei€te ot av (A, )nen, evar pdivouoa, téte yia xde k € Ny:
o0 o0
(A=A
n=0 n==k

B Anodeilte ont av (Ap)nengs (Bn)nen, eivon @divouoeg, tdte

m(AnUBn) = (m An) U (ﬂ Bn)

‘Aoxnomn 3.25 Eow f : X — Y. Eow (Ai)wer owoyéver unoouvéhwy tou X.
Arodeite ot

o

f (U At> = (J 1,

teT

f <ﬂ At> C () (A,

teT

Y. Av 7 f elvon evetxovixt|, t6te

f (ﬂ At> = () f(A)

teT



Kegpdhawo 4

Moavnuotixn Aoy

H ooy wiotnta twv Madnuatixmy, tou to doplvel and SAAES LORPES YVMONE XAl EVOTOLE
Ohat Tar pordnpoTid amoteAéopata, etvon 1) yenon LadnuaTixey anodellewy yiol Vo GUUTERD-
YOUUE VEo amoTeEAéoUaTa and dAA 1on YVwoTd. Optopéveg teyvixés uadnuatixnc anodelng
gatvovtan xdnwe Topdievee. Iowe n o evotagépovoa amd auTéC elvan 1) ‘€l¢ dTOTOV ATy w-
YA’y v det€oupe ot x4t ebvon adndég, umovétouue ot elvor PEUDES xon ATOBELXVIOUUE
oTt auth 1 utodeo oonyel o avtigaor. 1600 Eva anid TopddEryL:

Ipoétaon 4.1 To pukpérepo dvo gpdypa tov ovvddov S = {x € Rz < 1} €ivar o apiiuds
1.

An6degy. O 1 eivon oiyoupa dve gedyua tou S. Trodétouue ot uTdpyet Eva GAho dvw
pedyua K yio 1o omolo toylet K < 1. And amholg xavoveg tng apudunTixric CUUTERAVOUUE
ot K < (K +1) <1 A tote 3(K+1) € Sxau K < (K +1) nou avipdoxer pe v
unodeon ot To K etvor dve gedyua tou S. Apa n unddeon otl undpyel dvew @pdyuo K e
K <1 etvan Qeudric. Xuvenog xdle dvw @pdyua tou S etvan yeyahltego and 1 (0o mpog To
1.

O

Auth elvon wa yopaxtnelo T TepinTwon tétolou €ldoug emyelpuatoc. Av P etvan 1
mpotaon ‘Edv K ebvar dvw gpdyua tou S 161 K > 17, pog evolapépel va amodelEoude oTL
n P adndedel. Trodétouue ot n P elvon heudrc, dnhadr ott umdpyet dvew @edyuo K tou S
ue K < 1, xou, petd and €va amhé emtyclpnua, xotoahfyouue oe avtigaor. Av to emtyelpnua
etvar owoTo, T6TE 1) P eV umopel va elvor (eudric, dpa eivar ahnivic.

ot var umopoUUe vou yenoLloTotcouUe auThY T LEV0D0, xaL Vo EYOUUE EUTICTOGUVT| GTd
anoTeAéoUaTd TNE, TEENEL va e€aopaliloupe dVo mpolnodéoels.

Ipwta, 1 mpdtacy P xa 6Aec oL UTOROITEG TEOTAOES OTO entyelpnua, TEEREL va elvon
caphe alndelc B copme Peudelic, oxxdun xar ov xatd TN OLIEXELL TOU EMLYELHUATOS OEV
Yvweilouye motd and 1o 6o Loy Vel Autd dev cuuPaivel UE TOAEC TROTACEIC TNG XUUTUECVHS
YAWOGCUC, TOL TEPIEYOLY YEVIXOTNTES OL OTOLEC Elval IANVEIC O TIC TEPLOCOTEPES TEPITTWOELS,
aAAG {owg byl o Oheg. LTig HodnuaTixég amodellelg OEV EMTEEROVTUL TETOIEG YEVIXOTNTEC:
x(de mpoTaon TEENEL va efvan copwe aAndng 1 heudrc.

H deltepn npolndldeon oe pa anddeiln Ye anaywyr| o€ 4Tomo €ivor Vo Uny TEpLEYOVTaL
AEVE OTOL EMLYELRHUATO TOU YPNOHIOTOOUVTOL VLol VoL XATUAREOUUE 6Ty avTigacn. Mévo o
auTHY TNV TEp{nTwoT unopolue va efyacte BEPotor oL 1 outla T avtigaong etvan 1 apyxt
unodeon, ot 1 P elvon eudric.

62
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ITootdoeig

Onwe eldaye, eivar anapaitnto xdde TEdTASY Tou dlatuTvouue o ta Madnuatixd va etvan
oapws ahndng ¥ beudhc. Ta va dtaxpivouue petadd ahniody xar Yeudwy TEOTAoEWY, AEUE OTL
x&de mpoTaoy €yel wa Aoyikn) tipn) ¥ tun aAnleiag, mou tn cuyBolMlouye Ye To YpduuaTo
A = andéc xou ¥ = deudéc. Yuyvd yenotponotolvtou ta cVuBora T 4 1 yio ‘akniéc’ xou
F 40y “dheudés’.

Edv P eivar wa npbdtact, 1 gpdon ‘oyt P, (n devnon e P), eivan enione wa tpdtaon,
ue v avtidetn tiun ahndeiog and v P. o mtopdderyya, €dv P etvor 1 Yeudric npdtaon
24+2=275, 10t ‘Ot 2+ 2 =05 etvan W aAndic mpdTaor. LuuPBoriCouue T gpdorn oyt P’

-P.

Orav avtixahotolue ot Véon Tou P uia ouyxexpylévr mpdTtact), Tpocupudlouye Tov 1010
mou OwBdloVUE TNV TEOTAGT GTOUC XAVOVEG TOU CUVTUXTIXOU XU TNG YROUUMATIXTG, OpXEl
QUTO VoL UNY AAROLWVEL TO UAINUATIXG VONUAL. 3TO TEONYOUUEVO Tapdderyud, avtl ‘oyt 2+2 =
5 Vo Aéyayue Bev oylet ot 2+2=5"12+2#5 1 2+ 2 =15 civou Peudrc’.

Katnyvopnuota

270 ouvTAXTIXO, ‘XaTNYOENUA’ elvon To PEPOG TNG TEOTACTC TOU ‘PAUVERWYVEL EXELVO oL AEYe-
Tow UEGOL GTNY TEOTACT) YId TO UTOXEUEVO . LTal HodNUoTind, XATNY OeNUd 1| TEOTACLO-
%x0¢ TUTOG ebvan Ui Exppaot) Tou TEPLEYEL €va GUUBONO, YL TAUPADELY YA TO T, XU 1 OTola
etvon oaps ahndnc 1 cagwe Yeudhc TEOTUCT) GTAY AVTIXATACTHOOUUE TO & UE GTOLYED EVOS
ouvohou S.

Mopdderypo 4.1 Edv P(z) elvon to xatnyopnua
‘O mpayuatixdg apuiude x etvan yeyahitepog amod 27,

t61€ P(3) eivon ahndic npdraom, evey P(1) eivon Qeudric. Edv Bpotue tnv T akndeiag tou
P(a) v xdde a € R, éyovue wa owdptnon ekndelag Tp : R — {A, U} v v omnola
Tp(a) = A edv P(a) eivar odndic, xau Tp(a) = ¥ €dv P(a) eivor Peudic.

Auth 1 évvola tanprdler e Tic éec e Vewplac ouvéhwv. To xatnydenua P(x) yweilet
10 oUvoho R oe 800 Eéva unoohvola, évar 6ou avixouy Ta ototyeia yio To ontoio P(z) efvou
oAnUC, xou 10 GAAO OTOU AVAXOLY TA GToLyElol Yol T oTola P(z) eivou bevdrc. To mpwto
10 oupPorilovpe {z € R| P(x)}. Yto napdderypa 4.1 auté yiveton {z € Rjz > 2}. To 4o
olvoho 1o oupPorilovue {x € R|~P(x)}, tou oto nopdderyud pog etvor {z € R|z < 2},

Levixd, yia xdde xatnyépnua P(x) oto olvoho S, €youpe ouvdptnon akndeioc Tp : S —
{A, ¥} xa

a€{recS|P(x)}  edvxm uovov edv P(a) eivon ahniv,
a€{reS|-P(x)} edvxm uovov edv P(a) eivar Yeudiic.

Avti va ypnotwonotolue acugelc exppdoelc 6Twe ‘xatnyopnua etvar éva eidog Exppacrg
mou ... ", Yo UmopoUCUUE VA YPNOOTOAGOUNE TNV WEX TS cuvdptnorg ahndeiog yio va
OWOOLUE EVA GUVOROVEWENTXG OPIGUO TOU XUTNYOEHUATOG.

Edv mepiocbtepeg and pio yetaBAntée eugaviCovton oe wior €x@paot), AEUE OTL €YOUUE
“xonyopnua 800 PETOBANTGY 1 ‘TEldY UeTaBANTOV x.0.x. T'a Topddetyya, n éxgppaon ‘x >
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Y’ elvon xatnydenua dvo yetoBintov. Edv to ocuyfBolicovpe Q(z,y), téte Q(3,2) eivan
ahndée, eved Q(15/2,10 +/2) eivan Yeudée. EdG 1 ouvdptnon ahndeiog eivan T : R xR —
{A, U}, énou To(x,y) = A edv Q(x,y) eivon ahndfic xou Ty(z,y) = ¥ edv Q(x,y) elvor
heudrc.

Yy mpdln, ot podnuatixol ToAG cuyvd SeV avapépouy pnTd Tolo eival T0 olvolo oTo
omolo opiletan éva xatnyoprnuo. o mapdderyua, Yewpeiton Tpopavég ot ‘o > 37 avagéoeTtal
oe mpaypatixolg aptipols. Eriong, xatd cuvihinn, opiouéva yedupota yenoylomtolo0vTaL Yo
orotyela evog cuyxexpévou cuvorou. Ta mapdderypa o n ypnowwonoeitar cuVHlwe Yo
va. guufolicet éva guotxd apriud. Etot 1o xatnyopnua n > 3 Va Yewpeito ott avagéoetar
UOVo oE Quotxolg apliuolc.

Auth 1 mpaxTixY| UTOPEl Vo QUIVETOL TOUTATOOUMXT|, OUWS EYEL Wa XUAT| Olxouohoyld.
Oco o avahutixd yedpouue xdmola TEAYUATH 6Ta Podnuatind, TOc0 mo ToAAd cOuBoAa
ypewloyaote. Y10 téhog 1 oehida yeuiler ouBoha, xou eivar 80ox0lo v avTikngUolue
TO GUVOMXO VoMU, AOYW TV UTEPBoAx®Y Aemtoucpewwy. Tote mpénel va emhéCouue To
oudBolopo mou Yo exppdoet TiC EEC PE TN UEYUAUTERT) BUVATY| Caprveld aAAd xon cuvTouia.

Ol o %o xdTolo

Edv éyouue éva xatnydenuo P(z) mou opiletar oe xdnoto 6hvoro S, UmopolUE va ovapo-
Trolue edv ahndelel yia 6ha Tor oTotyelor Tou S, 1 €dv ahndelel TOUAAYIGTOY Yol XATOLO
ototyeio tou S. Mropolue va Swtunwoouye Ty ooy ‘o xdle x € S, woyber P(x) ¥
™V Tp6TAcT) ‘UTdpyEl xdnow x € S, Y to onofo wyver P(x)’. Autéc ol tpotdoeic unopel
vo ebvan aknleic ¥ devdelc. Tig ypdgouue pe podnuotind cOuBola, YeNoUOTOLOVTIC TOV
xadoAx6 mocodeixty V xou tov unapdlaxd nocodeixtn 3.

VeeS: P(x) owpdletn  ‘yu xdde x €S, P(x).

JzeS: P(r) OSwpdletar  ‘undpyer (toukdytotov éva) z €S tétoo wote P(x)’.

Edv to xotnydenua P(x) eivar ohndéc yio 6hat T € S, t61€ 1) mpodtoon Ve €S 1 P(x)’
etvon oAn0tic, odhidg ebvan Peudric. Edv to xatnyéenua P(x) eivar odndéc yia touldyiotoy
éva x € S, t61e 1 mpbdtaon ‘Jr € S 1 P(x) elvon odndfc, ahhde eivon Peudric.  Otay
otoBdalouye autd Tor GOPBoAN UTOPOVUE Vol YPNOWOTOLGOUNE OLUPORETIXES EXPRAOCELS OTA
eEAVIXS, ou amodidouv to o vomuo: ‘yio xdde x € S, P(z) 1 ‘ywo 6kt ta z € S, P(z)
xou avtioTorya, ‘Undpyet x €S oo wote P(z) 1 ‘yio xdnowo x €S, P(z)’, x.0.x.

AZiler vo mapatneooupe ot 1 mpdtoon “yio xdmowo x € S, P(x)’ ot podnuatixd dev
untovoel 0Tt LTdpyeL xdmow dAho = € S Yy o onofo P(x) eivon Peudéc. Ltnv xadnuepw
YAWOGQ, 1) Gedor ‘xdmotor Toltixol efvon EvTyol’ umopel vor uTovoel 0Tl UTdEY oLV Xt XATOLOL
Tou dev efvon. Lta pordnuoTixd OeV UTdEY 0LV TETOLES TPOEXTACELS. ['tar TapddeLya, 1 TpdTAOT

‘xdmotog and toug aprupoie 3677, 601, 19, 257, 11119, 12563 etvon mpwtog ’

ebvon ahning, agol edxola BAénouvpe ot To 19 ebvar TpwTog apwudg. To yeyovog oTi xo
6hot ot dhhot eivor mpwToL deV aAAdlel autéd To ouumépacya. Etol, v va edéyEouue tnv
arflero e mpbtaone Jx €S ¢ P(x) apxel va Bpolye wa Ty tou x yio v onofa 1 P(x)
etvon oAnU7c.

Mopdderypo 4.2 Ve eR : 2? > 0 onuaiver ‘yia xdde 2 €R, 2% > 0’ 4 ‘10 1eTpdywvo x4t
TpoyoTixoU oprduol ebvar un apvnTixd’ 1| xdmota dhAr tooduvaun dtatirwor. H mpdtaom
etvon oAnU7C.
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7

Mopdderypo 4.3 FzeR: 2? > 0 onyabver ‘v xdmow z €R, 22 > 07 # ‘urdpyer xdmotoc
TR0 aptdudg Tou omolou To TETEdYWVO elvor un apvnTied’. Ko auth etvon adndrc.

Mopdderypo 4.4 VreR: a? > 0 eivor peudfc, agol 02 # 0.

Mopdderypo 4.5 JreR: 2 > 0 etvar adndic, agod 12 > 0. Se authv v tepintwon
uTdeEyouy ToAAd dAda cTovyeia Tou R extdg and To 1 mou enainledouv To xaTNYOEMUAL.

Mopdderypo 4.6 JreR: 2? < 0 ebvar Peudic. Avudétwg, n tpdtaon JzeR @ 2% < 0
etvor oAnUvg.

Edv oe pla mpotaon ye mocodeixteg aviixatacThoouue 10 oluBolo tng METUPANTAC @
x40e popd mou eupavileTal, Ue xdmolo dAho cluolo, Yewpolue ott dev ahdlel 1 TEdTACT).

JzeS: P(x) onuaivel to (8o ye Jy€S: P(y).

VrxeS: P(x) onuaivel to B0 pe YyeS : P(y).

Mopdderypo 4.7 Jz € R : 22 > 0 ebvor 100d0vapo pe o Iy € R : y? > 0. Ko o
000 exppdoelc AEve 0Tt © uTdpyEel Evag TEaYHATIXOS aptduog Tou omolou To TETEdYWVO Elvou
Yetind’.

Ilepiocdtepol TocOOBEIKTES

Edv €youue éva xatnyoprnuo ue 800 1 TEQLOCOTEPES UETABANTES, UTOPOUUE VoL YETOLLOTOLY-
oouye €vay Tocodelx T yio xdVe petaBAnth. o napdderypa, edv Pz, y) eivan to xatnyodpnuo
‘v +y =0, 161€ 7 TROTAOT

VeeR JyeR: P(x,y)

otoBaleton ‘yia xde x €R undpyet y €R tétoo wote v +y = 0",
Yuvndiletan var YpdpovTtal ol TOGOOEIXTEC TNV apyT| TNG TEOTACNHE G TNV OTola AVAPEQOY-
T, xou va doBdlovtar 6t oepd. o mapddetyua, n mpdTao

JyeRVzeR: P(z,y)

Yo draBalotay ‘undeyet y €ER tétolo wote i xde ER, x +y = 0.
H 8udtagn twv nocodeixtoy xdvel dtapopd. And Tic 800 TpoTIoEI TOU DWCE,

Y
VeeR3IyeR: P(x,y)

etvanr oAnOric (yro xdde x €R pmopolye va ndpovue y = —x yia vor €youue  +y = 0), ahAd,

Y
JyeRVzeR: P(z,y)

etvan Peudric, yatl utootneilet oL uTdpyel xdmoto y €R mou avoroiel x + y = 0 yio xde
r€R, mpdypa mou dev umopel va emteuyVel and wa WY Tou Y.

H tonodétnomn twv ntocodeixtedv o1 owoTh didtaln ot ua TpoTacT eival ouoLmdng yia
™ ooy wodnuatixr oxédn. Eivon éva apxetd xovd Adog, Tou xdvouv axoun xon EUTELRoL
wordnuortixof. Mo autior Tou mpofBhruatog epgavileton 6tay mpooradolue va yeddouue wia,
VoV caPOS BATUTWHEVT), AoYixY| TEOTACT) GE OAOOUEYY) nord ot YAwooo. H dudtaln
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TV AECEWY UTOPEl VoL OAAGEEL, Yt VoL YIVEL T G TeWTY 1) PedoT, xaL auTo vo BAddeL T copr-
vew. Edwétepa, ol tocodeixteg unopel va totovetnioly 610 E6wTERXO TNE TEOTACTG AV Ti
va Beloxovtar 6hot 6Ty apy . (To xGvaue aUTO o Tavw, dTay Yeddaue ot ‘...utooTneilel
otL undpyet xdnow y €R nou avoroel v 4y = 0 yi xdde v€R’.)

H npdtaon

‘wGe un undevixde pnToc aptiudg €yet pnTd avtioTpoo’

onuaiver ot ‘Bovévtoc x € Q, ue = # 0, undpyet otoryeio y € Q oo dote vy = 1. Xe
Aoyixd cuufohoud 1 TpdTucT) eivol

(VxeQ, z#0)IyeQ: zy=1.

‘Evag yadnuatixég Ya unopovoe va ahhdlel Tn OElpd NG TEOTAONG oL VO TEL ‘UTdpyEL
enTo avticTpogo Yio xdle un Undevixd pntd opulud’, oAAd auth 1 SlTiTWoY) PToEEl Vo
Tapepunveutel. Etvor oxdémuo va tpoctooldue va ebvar 660 Suvatdy mo Gaghc 1 EVVoLd Twv
HOUNUATIXWY EXPOUCEWY TOU YRAPOUE.

To mpoBhnua autd undpyel uovov otav eugavilovial dlapopeTixol TocOdEXTEC o Wl
mpétact. ‘Otav 6hot oL mocodeixteg eivar (Bou TOmOL, dev xdvel dagopd 1 dtdtaln ue
v onota epgaviovron. T mopdderypa, edv Pz, y) elvar to xotnybpnua ‘(z + y)? =
z? + 2zy + ¥, 161 o1 TpoTdoELC

VeeRVyeR: Pz, y)

X0l
VyeRVzeR: P(z, y)

ornuatvouy xa ot 800 To (B0 TEdyUw
‘“yio x&e 7, yeR, (z +y)? = 2% + 2y + y?,

10 omoio eivon BeBaing pio ahnivc npdtaon. Edv ot petaBintéc mou epgaviCovtar tpoépyovto
amd To (B0 6UVoAo, cuVHlwe arhomololUe Tov GUUBOAoUS, YEdPOVTAS

Ve, yeR: P(z, y).

To (S0 yivetou pe tov unapéioxd nocodeixtn. o mopdderyua, edv Q(z, y) eivon ‘z, y elvan
dopntol xaL T + y elvon eNToC’, TOTE OL TPOTACEL

Jze(R\Q)Iye(R\Q): Q(z, y)

Fe®R\Q)Ize(R\Q): Qz, y)

ornuatvouy to {dlo:
‘untdipyouv dV0 dpernTol aptiuol T xo ¥ TwV omoiwy To dlpotouw efvar pNTHC.

(Auth) n npotaon elvan aknidfic, agol ot opriuol V2 xon —v/2 eivon dopntot, ahhd V2 +
(—v/2) = 0 eivor pntéc). Auté umopolye emiong va 1o yeddoupe, i cuviouia,

Jz, ye(R\Q) : Q(z, y).
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Trdpyer axdun wio wxpr| toryido oo yeortd podnuotixd. O xadohixdc TocodEéxTnS OEV
avapEpETAL TAVTOTE PNTY, GUY VA EVVoeiTton and Ta cuUgpalopeva. Ag SoUUE TOV 0pIoUS TG
obyxhong uiog axorovdiog: Mia axodovdia mpaypatikdy apridudy ouykiiver oto dpio  edv,

yia kde € > 0, vrdpyer puoikds apiipés N térows dote |a, — ) < € ya kdde n > N.
Yty mpoondielo Vo GUVTOUENGOUY TOV 0plop0, ToAlol padnuatixol Yo Eypagay,

do0évtog € > 0, AN térowo dote n > N owvendyetar |a, — l]| < €.

Oa cLVAVTHCETE TOAES TapuAlaYEC auTO) TOU 0pIGHOY, ahAd TNV oucio GAoL GTUatvouY
70 {010 mpdypa. Edv 1o xatavoroete autd €yete xdvel YEYUAT TpG000 GTNY TEOCTAVEL Vo
xaToAdBeTe TO €(00¢ TV TEOPANUATWY Tou ugavilovTal 6TaY VENOUUE VoL ETIXOWOV COUUE
wordnuated ue tov xatdhinio Badud axpiBelog.

H dpvnon wiag npdtacng

Ytn oehioa 63 eldaue Vv dpvnon —F wag mpotacng P. H wuy akndeiog tng =P unopel va
Tapac el oTov axohovdo mivaxa, o omolog ovoudletar mivaxag aAnVeiog:

P -P
Al v
v A

AwBalovtoag xatd uRxog Twy Yeauuwy, o mivoxag Aéet ot 6tay 1 P etvan adndng , n =P
etvon Yeudric, xar otav 1 P etvan Yeudnc, n =P elvon adndric. Me tov (8o tpémo unopolue va
EQUPUOCOUYE TNV dpvnor oe éva xatnyopnue. Edv P(x) eivar to xotnydpnua ‘@ > 5, t61e
—P(x) SwPdleton ‘civan Peudéc ot & > 5, 1 100d0vaya ‘x F 5.

H dpvnom uiag mpdTaong mou tepléyet tocodeixteg 00NYel GE uio EVOLUPELOUGA XATAG TAGT).
Elxola avuhopBavépacte ot 1 npdtaom ‘eivar Peudéc ot Ve € S @ P(x)’, elvon to dto ue
‘Jrx e S : ~P(x). (Edv eivar Peudéc ott P(z) odndeler yioo xde = € S, t61e npénel va
undpyel xdnow x € Sy 1o onoio P(x) eivar Qeudéc, ondte —P(x) eivan adniéc). Autod
YedpeTon cuuBolnd:

-VaeS: P(x) ornuaivet 1o do pe JzreS:-P(x) (4.1)

[apouota
—JxeS: P(x) ornuaiver 10 dlo pe  VreS:-P(x) (4.2)

H Seltepn npdtaon Mel ot 1) éxgpaot ‘Dev undpyet = yia 10 onoio P(x) elvon odndéc’
onuodver to {Bto ye ‘yio xdle z €S, P(x) etvon Peudéc’.

IMTopdderypo 4.8
—Jz€R:2° <0 onpaiver  dev vndpyer R ya o omoio ¥ < 0.
VzeR: =(2* <0) onuaver  ya kdde z€R 10yve 22 £ 0.

Avutol ot 800 amhol xavédveg, ol omofot ovopdloviar xavoveg touv De Morgan yu
TOCO00EIXTES, EYOUV UEYAAT onuacia ota pordnuotixd extyeteruota. O 4.1 onuadver ot
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Ta va detéovyie ot éva katnydpnua P(x) dev elvar aAniés yia dha ta x €S, apkei va fpolue
éva x €S ya to ormoio P(x) elvar hevdés.

O 4.2 Méet ot
INa va deiéovpe ont Bev vndpyer x € S ya to onolo akndevear to katnydpnua P(x), eivar
arapaitnto va deiéovpe out P(x) elvar hevdés ya kdle x € S.
‘Aocxnor 4.1 Tpddte v dpvnon tne npdTaoTc
Ve>030>0Ve e RVyeR: [(|lz —y| <0) = (|f(z) — f(y)| <e)]

X0l DWITUTWO TE TNV OE GTEWTA EAANVIXAL.

{d¢ amhol xavoveS yia TV dpvNoT TEOTACEWY TOU TEPLAAUBAVOUY TOGOOEIXTES, Ol XUVOVES
Tou De Morgan eivou Wdiadtepa yeriowuor 6tay epgaviCovtor tohhof tocodeixeg oe ula tpdTao.
‘Eva yapoxtneto tind mopdderyua efvon o oploudc tng olyxhong wlag axoroudiag, o€ hoyixd
ouuBolMouo:

Ve>03dINeNVn>N: (Ja, — (| <e).

[ va Bei€ouue ot 1) axoloudia (a,) dev Telvel 6To 6pto £, amodEWYVOUPE TNV dvnoT aUTHS
TN¢ TEOTACNC, ONAAdT
- [Ve>03INeNVn>N: (|a, — 1] <e)].
Egapuélovtag tou xavoveg 4.1 xan 4.2 auty| yiveton, Stadoyxd,
de >0 -[ANeN;,Vn>N: (Ja, — ] <e)],
XOUTOTTLY
Je>0VNeN-[Vn>N: (Ja, — ] <e)],

Xl
Je>0VNeN In>N: —(la, — ] <e),

T0 0Tol0 TEAXA GTUOLVEL
Je>0VNeNIn>N: (la,— (] £e).

o va emakndedooupe ot 1 axolovdia (a,) dev ouyxhivet oo ¢, npénet va deifoupe authd
10 teheuTado, ONAAOY| OTL LUTAEYEL XdTOL0 CLUYXEXEIEVO € > 0 T€Tolo WoTE Yo xdUE QUOIXD
apwud NV undpyer Tévta xdrotog PeYahiTeQog Puotxdg aptiuds n > N yia Tov onolo oy el
la, — 4] £ €. Meydho uépoc NG OLOXOMaAS NG HonuaTiXig avdAuong ogeiletar GTOV
YEIPLoUo TETolwY TpoTdoewy. Me tny melpa xou Ty e€doxnom yiveton TOAD o UXONO, AAAY
TAVTA OVAUTEEYOUUE GTOUC XAVOVES YId TNV dEVNOT, TOGOOEXTWY.

Aoywol cbvoecuol

J L

Yta Madnuatixd yenotuonoovye toug cuvnhouévoug GUVOECUOUS OTwe © xat’, A, XAT.
Ue TOAU ouyxexptuévo vonua. T mapdderyua, o olvdeouog ‘R’ yenowonoteiton ye Ty
‘eyahetotxnhy’ évvota, Onhadh edv P xon @ elvon tpotdoete, tote ‘P Q' ( mou oupPolileta
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PV Q) eivor mpdtaon nou Yewpeiton ahndic edv touhdytotov uio and tic P, @, etvar ahndc.
Auté napotdvetar 6Tov axdloudo wivona ahrnielag:

PVQ

SIS g v
s = O
(S

AwBaloupe xatd urixoc twv oplloviiwy yeouuwy. I'a mopdderyua, 1 dedtepn yoouur Aéel
ot gdv P etvon ahnivig xan @ ebvon heudric, téte PV Q) ebvor akndrc.

AX\oL GUVBEGUOL TTOU YETCWUOTOL0UYTAL GUY VS o T hardnuaTind etvan oL ‘xon’, ‘cuvendyeton’
xa ‘€dv xan wovov €qv’, mou oupPBoiilovton avtioTtorya, A, =, <. 'Eyouv toug axodlouvdoug
mivorceg ahndeiog:

PlQ| PANQ
AlA A
AU 1
A v
v v 1
PlQ| P=Q
AlA A
AU 1
A A
v v A
P|Q|P&sQ
AlA A
AW 1
A 1
v v A

Avtol ot mivaxeg draPdlovton e tov B0 tpomo. O mpddTog xou 0 TEAeuTAlog Elvon dpxETd
mpogaveic. ‘P xor Q" Yewpeltar odndic wévo dtav n P xon 1 Q eivor akndeic. ‘P edv xou
uévov edv Q" Yewpeltan ahndfc uévov 6tay ot P xou @ €youv Tic Bieg Twwég aindeioc.

ITepioobtepo evdtagépov mapouctdler o mivaxag oinlelag tng ouveraywyrs. Edv n P
etvor aAndnic, TOTE amd TV TEWTY xak TN OEVTERT YRUUUY| TOQUTNEOVUUE OTL 1) CUVETUY WY
P = @ etvar adndfic 6tav n Q ebvon aknivig, eved ebvon Peudnc otav 1 Q) eivor Qeudrc. Autd
oetyver ot dtay odneter 1 P = @, €dv n P elvan aknivic tote 1 @ mpénel va ebvon akniric.
Auti| elvar 1) xavovixt| epunVveiol TNG CUVETAYWYHS =, ot YU'auTo To Aoyo 1 tpdtaot P = @
oLy va epunvedetan ‘€dv P, tote ). AN\ mpocédte Tt ouuPalvel otav 1 P etvon deudrc. H
Teltn xou 1 TETARTY Yeouuy| Oelyvouy ott 1) ouvenaywyr) P = Q) Yewpeltan ahndric, elte etvan
oaAndnic n Q eite oyt Luyvd axoler xavelc mohhég avonoieg YUauthy TNy TEpinTwon: ‘Tedg
etvan Suvatov 1o Yeddog tng P va cuvendyetar Ty adfeta Tng Q5

MnogoUue Vo xatavo|GOUUE XUADTEQY AUTAY TNV TEPITTWGT EQY YENOULOTOLAGOUUE TOUG
ouvdéopouc ue xotnyopriuata avti Y mpotdoelc. Edv P(z) xa Q(z) elvon xotnyophiuata
mou opilovtal 6To GUVOAO S, TOTE UTOPOUUE VA YENOWOTOLACOUUE TOUC GUVOEGUOUS Yol VO
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ndpouye ta xatnyophuota P(z)VQ(z), P(z)AQ(z), xhn. Edixdtepa éyouue to xotnydenua
P(z) = Q(x). Trndpyouv mepintdoeic 6mou 10 xatnyoenua P(z) = Q(x) eivor akndés v
xde x €S, Auty elvan 1 TepinTwon mou dtacagnvier T onuacio Tou mivaxa aindeiog. I
nopdderypa, edv P(x) eivar ‘x> 5" xaw Q(z) ebvon ‘x> 27, xdie yadnuatinde Yo ouppwvoloe
ot 10 xonybenua P(z) = Q(x) eivar ahndéc yio xdde R tou € R. Tlohhol Yo to
SdPolay ‘€dv & > 5 tote T > 27 xon Hev Vo ESwvary omuacio 6To Tt cuYPaiver 6tay T F 5. Ac
AVTIXATAC THOOUUE DLAPORES TWES TOU T, Vo DOVUUE Tt cupfalvel:

Nox =4, P(4) elvon Yeudrc xar Q(4) eivon odndrc.
Nox =2, P(2) eivar Yeudrc xaw Q(2) eivan Peudric.

Avtéc ebvon axpiBoc 1 tpitn xon 1 tétaptn Yeouuy| Tou mivoa ahndeiog g ouveraywyng =,
xat Bonddve Vo xaTayocoulE TNV axohoudn epunvela Tou Thvonca:

‘P = Q etvan ahndnc’

OTUolVEL OTL
o) edv P eivou akniic, toHte Q mpéner va eivon ok
INN]
B') edv P eivar Peudiic, tote QQ unopel va eivan eite ahndric eite Peudic.

‘Aoxnom 4.2 Eotw ott P ouuPolilel tny npdtact ‘H O eivon evilagpépovod’, Q) cuufo-
AMCer v mpoTaon ‘O aoxfoei ebvar dOoxohec” xow R ougPoliler Ty mpdtaon “To pdinua
etvan euydptoto’. I'pddte g Topaxdte Tpotdoeg 6e GuUBoAnY| Lop@Y.

of. H OAn elvon evdlagépouca xar oL aoxfoelg efvon BUOXOAES.

B". Edv 1 OAn Oev elvan evdLapépouoa xat ot aoxfoelg Oev efvan 0Uox0AES, TOTE TO Udinua
oV elvon euydpcTo.

Y. To ot n OAn elvon evdtapépouca onualvel 0Tt oL aoxhoelg ebvar 00GKOAES, xat TO avTi-
G TEOYO.

0. Elre n UAn ebvon evdragépouoa elte ot aoxfoelg dev efvon 0UOXOAES, OAAL Oyt %ot To
0v0.

Mmnogoiue va VewpRoouUe ot GANOUS GUVOECUOUS, OTWS YId TURADELY O TNV ATOKAEITTIKT
o1dlevén, mou ) cupPolilovue ¥, ue mivaxa oindetog

Pl Q|PYQ
AlA v
AW A
VA A
| v Y

H PYQ elvar ohndric otav wa omd g P, @ etvar ahndic, odhd oyt xan ot 500, dnhadt 6tay
alndeler axpBac ulo and tic P, Q.

Oa uropoloaue va oploouue mivaxeg adnVelag xar yia dAloug cuvdEououg, dAAd auTol
umopoly va xotaoxevacPoly cuviétovtag toug Pactxole. T'a mapddelyua, 1 amoxhelo TixY
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d1dlevin uropel va exgpoaotel we (PV Q) A (P A Q). Oa dolue mo avahutixd autd 10
Veua o€ endUEVY TapdyEAPO.

‘Otav pla gadnuatixdg yedper Modnuatixd, dev teptopiletal 6TOUS GUVIEGUOUS TOU avol-
pepape. Xpnotonolel xal IANOUS CUVBESUOUS TNG YAWOOUS, OTWS ‘ahAd’, ‘e, ‘EpbdooV’,
‘Do, ahm. Autég ot exgpdoelc €youv wla, ouvidwe Ttpogavy|, epunveio. o Topddetyya, o
mivorcag adnvetag e tedTaong ‘P akhd Q7 lvon o {Btog ye autov T tpdtaone ‘P xo Q7. H
TEOTAOT V2 etvon dppnTog aAAd (\/5)2 elvon pNto¢’ onuaiver To (Blo ue V2 elvon dppntog xou
(v/2)? eivau entoc’. Iopduowa, ‘P enedr Q' xou ‘Q dpa P’ éyouv tov Bo mivonca adndeiog
ue ™y ‘Q = P

H oyéon pe tn Yewpla cLuVO LYV
Av €QupuOCOLUE TOUC GUYBEGUOUS XU TNY dEVNoT) O xaTnYophuata ulog HeTaBANTAS, EYOUUE
utor amhfy oyéon e 1o ouvoholewpntixd cuufolioud. Trovétoupe ot P(x) xa Q(z) elvou

xatnyopruata mou opillovton 6To Bt abvolro S, xou e€eTdloupe To UTOGUVOAA Yol To OTOld
odpopeg ouvieTeg exppdoelg elvar ahndeic. I To olvoeoUo ‘Yo’ €youpE:

{reS|P(x) AQ(2)} = {zeS| P(z)} N{reS|Qx)},

Snhod” TV Toun Twv ouVeAwY oo omofa akndebouy T xatryophiuata P(x) xu Q(x).

P wdndis Q) ddndis

e\ /
B

To) A Q)

Yyfuo 4.1: Yuvohovewpntixh epunveia Tou cOVOEGUOL ‘xan’.

[Tapduota, yioo 1o oOVOEGUO ‘N’ €YOUUE:
{zeS|P(x) vV Q(z)} = {zeS|P(x)} U{reS|Q(x)},

dnhadr TV évwon Twv cuvélwy 6Ta ontoio oAndevouy Ta xatnyophuoata P(x) xa Q(x).
Autég ebvar évag AGYog Yl TOV 0T0l0 TEOTWOUUE Vo YENOWOTOWUUE TNV ‘EYXAELCTIXN
0ldlevin’, V, xou Oyl Ty ‘amoxhewotixny| 0udlevin’, ¥, 1 onola avticTolyel 6T GUUHETEIXY)
OLapopd ot Vewpiot GUVORWY.
H dpvnon — egopuolouevn ato xotnydenuo P(x) avtiototyel 610 cuVohoVewentixd cuy-
TARpUL.
{reS|-P(z)} = S\ {zeS| P(x)}
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P wanbes By dAndes

PV B®

Yyfuo 4.2: YuvohoVewpntixt epunveia Tou cuvdéouou ‘.

P60 adwibes Qo0 avdes

-y

Px) Q)

Yyfuo 4.3: Yuvohotewpntixr epunvela Tng anoxhelo Tinic Sldleugrg.

Ty ofandis

<Py ddndes
\ A

Yo 4.4: YuvohoVewpntixt| epunveta tng hoyixrg dpvnong.

Eidaye ot P(z) = Q(x) eivar odndric 6tav 1 Q(x) eivar odndic % dtav 1 P(x) ebvan
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heudic,
{zeS|P(z) = Qz)} = (S\{zeS[P(x)}) U{zeS|Q(x)}.

P whwDes Qo aﬁa%és

Py =» Qix)
Lyfuo 4.5: YuvohoVewpnTixt| EpUNVEid TNG CUVETAYWYTS.

Hepioobtepo evbiapépov mopoucidler 1 nepintwon 6mov P(x) = Q(z) elvor odndfic yia
Oha ta . e auth Ty mepintwon, €dv P(x) eivor ahnifc, to Bo mpéner vo woylel Y
0 Q(x), dnhad €dv a € {x € S| P(z)} téte a € {x€S5|Q(z)}, 10 onoio onuaiver ot
{x e S|P(z)} C {zeS|Q(x)}. H aridew tne éxgpaorc P(z) = Q(x) yw xdde z € S
AVTIOTOLYEL GTO GLUYOAOVEWENTXO EYXAELCUO.

(¢ )

QP

sanBég & AnPeg

i,

Yyfuo 4.6: Aoywr) cuveraywyr| xou EYXAEIGUOC.

Hopoépow, P(z) & Q(x) Y xdde x €S avtiototyel oy wodtnta

{zeS|P(r)} ={zeS[Q(x)}.

>Ovieteg expdoelg

XpnoWomoiwyTog CUVOECUOUS UTOPOUUE VO XUTACXEVIOOUUE o OUVIETEC TEOTAOEIS XAl
xonyopfuata and xdmowa dedouéva, 6nws (PAQ)V R. Auth v éxgpoon nepthaufdver Tpec
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TpoTaciakés petaPANTES, xon o mivoxac akndeioc tne éyel 23 = 8 ypouuéc’.

Evoiduecoc Trohoylouode
Pl Q|R PAQ (PANQ)VR
AlAA A A
AlA T A A
AU | A \J A
Alv | ¥ 1\ ]
viAlA \J A
AU \\J ]
v v A \J A
IRV \\J \J

HopatneRote ot 1 éxgpaon (P A Q) V R’ eivar oty mporyuotiedtnta ploe ouvtoryh yiar vor
AATUOXEVACOVUE Uit VEo TEdTACT 1 EVal VEO xaTnYopnud, and teia dovévta. Try ovoudlouye
olvleto tomo Tou TpoTactaxol hoyiouol, xo Jewpolue ta P, Q, R w¢ petafintéc mou
AVTITPOCWTEVOLY ATPOCOLOPLOTES TEOTAGELS 1) xoTnYopruato. ‘OTay avIiXaTaG THGOUNE TIg
uetafhntéc P, (Q, R Uye cuYXeEXQIUIEVEC TTPOTAOELS, YL TURADELY UL

(2>3AN2>6)V2>1,

mafpvouue pla otvdetn mpdraon. Edv Tic avTiATACTHOOUUE UE CUYXEXQUUEVO XATHYORTUITA,
ovopdlouye 10 anotéhecyo otvleto katnydpnua. T Topddetyya,

(>3 ANx>6)V2>1

elvon €var oOVUETO XaTNYOENUL.

‘Eva yeydho yépog xdie podnuatixhc amodellng el va xavel UE To YEIpIohd GOVIETWY
TEOTAGEWY Xt XaTHyopnudTwy. ‘Otay Ta xataoxeudlouye, eivar cuy VA anapaltnTo Vo Y-
olonoloVUe mapevIEoELC Yo Vo gadveTar 1) dour| Toug. [o mapdderyua o ovvldetog timog
P A (QV R) eivan Swagopetinde and tov (P A Q) V R. Av xortd&ovye otny €Bdoun yeouuy
Tou Tivaxa, BAénouye ot otav P etvan Qeudrc, Q eivon Peudhic xon R ebvon adndrc, tote
(PANQ)V R eivar adndric. ‘Ouwe unopolue vor ehéyEoue 0Tt € aUTHY TNV TEPITTOON
P A (QV R) eivor deudhc. Avdhoya toybouvy xar yioo xatnyopfipota. Ilpéner howndv va
tonoYetolye Ti¢ napevIEaEl 0Ty owoTh VEam, Yl vo uny dnuoupyolvton aodgetes. (Xe o-
CLOUEVES TEQITTWOELC UTOPOUKE Vo Topaheitovpe tapeviéoeic. o mapddeyua, o (PANQ)A\R
€yet Tov {Blo mivoxar akndeiac e tov PA(Q A R), dpa dev mpoxaheitor alyyuon av yeddouye
PAQAR)

Kad g xataoxeudlovye olvietoug TOTOUS YeNOYOTOWMVTAS GUVOEGUOUS, UTOREL VoL TRO-
«x0Qouy TimoL oL €y0uY dlapopeTixt| EupdVion ahrd Tov {Bio Tivoxa akndeiag. o Topddety-
ua, P = Q xou (—Q) = (—P):

PlQ|P=Q
AlA A
AU v
v A A
v | v A

Mlpooétte o yodwoupe cuotruotxd Tic Ttée ohndelac Twv PeToBANTOY oTov Tivana, eZacpalilovtac
ot eEaVTAOUHE GAOUS TOUC dUVATOUEC GUYBLACUOUC.
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PlQ|-P|-Q|(=Q) = (=P)
AJA| v | ¢ A
AT | ¥ | A \J
U A| A | T A
Ui | A | A A
1 TapahelmovTaS TOUG EVOIGUEGOUC UTOMOYIGHOUC,
PlQ| (=Q) = (=P)
AlA A
AT v
| A A
v | v A

Ye aut) TNV TepinTwor AéUe 0Tt oL BV clvieTol TOTOL Elvol AOYIXA LGOBVVAULOL.
Edv oupPohilouue dVo cividetoug TOmoug ue Sy xar Sa Yedpouue

Sl = SQ
vt v ougBohicouue ot eivon Aoyixd ioodivapol. To tponyoluevo anotéheoua cuuBohileto
P=Q = (-Q)=(=P).

Mia evdiagépovoa WwLoTNTA TwY oOVIETHY TUTKWY elvar 0Tt uepLxés Qopég B0 TOTOL UTopEl
vo. efvol 160d0vVopoL Top’6Ao Tou BeV TELEY oLV ToV (Blo apriud ueTaBAnTY. Autd ouuPBaivel
otav 1 ohhayh) e THung andeiog ploc yetaBAnTtic dev emnpedlel To TEAXO AMOTEAEGUOL.
['o mopdderypo, P A (—P) eivon mdvtote geudric. Troloyilouvye tov mivaxoa oindeiac tou

(PA(=P))V(=Q)

PlQ| (PAEP)V(=Q)
ATA 7
Alw A
WA v
VAR A

xou BAénovye ott (PA(—P))V (—=Q) éyer névto v (Boe T odndeiog pe o —Q, aveldptntor
and Ty Ty tou P. Mropolue va Yewprioouye tumixd o =@ wg cuvdptnor tou P xou tou
Q, onote o mivaxag odnelag yivetan

& e |y
e e O
SRR

Me autév Tov TpéTO €YOUNE OTL
~Q = (PA(P)V(-Q).
‘Evag clvietog tinog ovoudletan Tautohoyio edv eivon adndric yio omolesdrmote TYég
adnetag v petaBAnToy Tou. Xapaxnelo Tixd Ttapadelypota etvor
PV (=P)
P=(PVQ)
(PANQ)= P

(P = Q)< (-Q) = (=P))
(P Q)& (P=Q)N(Q=P)).



76 Ocuéia v Madnuatixdy

[Tpénetl va ehéyete ott ot mivaxeg aknieiog auT®Y TwV TOTWY Bidouy TdvToTte TNV Tty A.

Edv évag oivietog tinog etvar Yeudrc yia omoleadrmote Tiuég ahnielag Twy YeTaBAnToY
ToU, ovopdletar avtipaoT. T tapdderypo, P A (—P) eivon avtigaon.

Kdlde 800 tautohoyleg elvon hoywd t6oduvaues, ot xdde 800 avTipdoels elvor hoyixd
16odUvoues. Enlong, évac olvietog timog S etvan tawtohoyia edv xon udvov edy S ebvan
avtigaon.

YuuPoiiloupe pla tavtohoyio ye 17, xan pio avtigaon ue C. "Eyoupe 161 xdmolo evola-
pépovta anotehéopata. T napdderypa, (—FP) = C eivar hoyd woodivauo pe o P. O
nivoxec etvau:

P| (-P)=C PP
A A Al A
v v v

(TrohoyiCovtag tov mpwto nivoxa, tpocélte ot C' éyet ndvto tur akndeioc U.)
‘Eyouye 10 (B0 amotéheoua qv avuxataothooude 10 C' UE OTOWONTOTE GUYXEXQUEVT
avtigaon:

PlQ| (=P) = (QAN(=Q)) rplQ|P
ATA A ATA|A
Alw A Alw|A
v A v UA|T
v | v AR

[Toénel va eA€yEeTe OAOUC TOUC EVOLIUETOUS UTONOYIOUOUS GTOV TEWTO TVOXAL, Yol VoL XOUTO-
AdBete L axplBode ouuPBaivet.

Avti va ouyxpivoupe Toug mivaxeg aindeiog 600 civietwy Tinwy St xar S Yo var eAEy-
Eoupe edv ebvar Aoyxd 16odUvaUoL, UTopolUe va eEETAGOUUE POVO Tov Tivaxa Tou S < Ss.
Edv o S etvar hoyixd 16odivapog ye tov Sy 16T 0 S & Sy elvon Tawtohoyia, xou avtioTpo-
ga, €dv Sy & Sy elvon Tavtoloyia, 10t ST = Sy, T mopddetypa, 1 Aoyixy| tooduvoula Twy
P = @ xa (—Q) = (—P) avuotoyel 610 ot 0 nog [P = Q] & [(-Q) = (—=P)] eivau
TouToAOY oL

Aoyixd cCLUTERACUATA

H yevur) otpatnyn| wag amodeing ouyvd €yxettar 6to vo amoderydel, avtl yior tnv oy
¢ doveloag mpdTacNC, 1) Loy US MaC TEOTAOTE Tou Elvol AoYxd toodlvoun Ye tn doveloo.
Ynuavtixd Té€tola Topadelyuata efvar To axdrouta.

1. Avuiletoavtiotpogn.
(P=Q)=(-Q) = (=P))
o vo amodeiloupe P = @, enakndedouye tny npotaot (—Q) = (—P).
2. Amaywyn oe dromo.

P=((-P)=C)

6mou C eivon pla avtigaon. T'a va arodei€ouye to P, enahrndedouue tny mpdtoon
(=P)=C.
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3. ‘Edv ka1 povov edv’.
(PeQ)=((P=QA@=P).
4. ‘Edv ka1 puovov edv’, d6eUtepn exdoxn).
(PeQ)=(P=Q)AN((=P)=(—Q)).
[Ma var amodeiloupe v mpdtacn P < Q, enodndedouue Tic mpotdoeic P = @ xou
(=P) = (=Q).

[Na va eradndetoouye pla oOvietn TedTaoY), eEETALOUYE TWE XATACKEVALETAL 1) TEOTAOT
amO YVWOTEG TEOTAOEIS, xal Yeroomolue nivaxeg ahndeioc. Ag urmodéoouue ot yvwel-
Loupe nwe N P eivan ohndic, xar moc 1 (—Q) = (—P) etvor ahndric. And autd o dedopéva
UTOROUUE Vo GUUTERAVOUUE oTL 1) () efvar adnirg. Ta dovévta urnopel va eivon olvieTeg Tpo-
tdoeic, 6mwe 1 (—Q) = (—P), xon unopel va yvwpilouye ot 1 oGvietn tpbdtacy wknielet,
Ywelc va €youpe TAnpogopiec Yo Ty aAflelad TwY UV TWoKY TNg. 'Etot unopgel va yvwel-
Loupe ott (—Q) = (—P) elvon odniic, ywelc va yvwpilovue tic Twwée ahndeiog twv P xou Q.
Axopa xar oe quTHY TNV TERITTWOT UTOPOUUE VoL BYGAOUUE %ATO0 CUUTEQUOU, OTWS, VLo
TOEABELY A, OTL 1] AOYLXd t1oodUvauT Tpdtacy P = @ eivar adndrc. Xtov axolovdo mivoxa,
€dv YvoplCouue 0Tt oL TEOTAGE GTNY TEWTYN O TAAY ahNUelouY, UTOROUUE VO GUUTEREVOUUE
oTt aknldelel n TpdTacT 6T OENTERT GTHAY.

Edv aAnOetovr avtés o1 mpotdoei. .. ...tote aAnlevar kar avtn

P, (=Q) = (=P) Q

—P = C, 6mov C avtigouon P

P, P=Q Q

P=qQ, Q=R P=R

PvQ, -P Q

PAQ PVvQ

P=qQ, Q=P P<sQ

P, P, .. 6 P, PANP,AN...NP,

P,....,P,(PAN...ANP,) = Q Q

Autoc o mivaxag pmopel vo cuveylotel en’ dmepov. Tt var mdipoupe uio oaxoun yoouuy,

Yedpouue évay aprlud and civietoug Tpotactaxols TOToug S, ..., S, 0TIV APl TERY OTH-
An. Yty avtiotoryn Véorn otn 0edid oty Baloupe xdmoo clvieTo Tpotactaxd timo D,
Tou omolou 1 akfiewa eivon eac@ahiouévr dtav aknedouv ot Sy, ..., S,. T va o ehéy-
Eoupe autod e€etdlouue Toug mivaxeg ahndeiog Twv Si, ..., S, xaw D. Mropolue 6ung va

T0 ehéylouye e€etdlovTag Tov mivona aanlelag TN TpdTAoNC

(Sl/\SQ/\.../\Sn)ﬁD.
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Edv auty| elvon tautoroyia, toTE €dv adndedouy ot Sy, ..., S, akndedel xou 1 D.

Mua tawtoroyia e popehc (S1AS2 A...AS,) = D ovoudleton xavovas eSay wyhs
CUUTNEQACUATWY 1| XAVOVAG anaywYNe. Edv oe éva tétolo xavédva, otav avtixo-
TAOTHOOUUE CUYXEXPIIEVEC TROTACEIC YLl TI¢ UETABANTES oTouC oUVIETOUC TPOTACLUXOUS
TUTOUS, Ol TPOTAOELS S, ..., Sy elvon aAnUelc, TOTE UTOPOVUE VO CUUTERAVOUUE OTL XAl 1)
mpotaon D etvor aAndvg.

Otav ot tpotdoelc mou epgaviCovtar Tepthaudvouy TocodeixTeg, TEENEL Vo €EETACOUUE
TWS GLVOEOVTAL Yial VoL BOUUE €4V 1) Loy V¢ ulog TEdTAONS eVl PUOLXT) CUVETELN TWY DEBOUEVWY.
Ye yio anhf nepintwon, edv yvwpillovpe ot Vo € S @ P(x) eivon odndfc, unopolue vo
oupnepdvouue ot Jx €S 1 P(x) eivon enfong akndic. Edv yvwpilovye ot adndedouvy ot
VeeS : Plx) xaw Ve € S : Q(z), umopolue va ouumepdvoule ot akndebouv molhéc
npotdoele, 6nwe VoS : (P(x) ANQ(x)), VxeS: Plx)|V[VzeS: Qx)], Pla) AQ(b),
omou a, b€ S, xhr. Mrogolue ol va Ypdouue Eva Tivaxa xavOVwY GUUTEQACUITLY TOU
umopoUUe vo BYdhoUUE amd TEOTACEL UE TOCODEIXTES.

Edv aAnOetovr avtés o1 mpotdoei. .. ...tote aAnlever kar avtn
VeeS: P(z), VzeS: Qx) VzeS: [Plx) AQ(x)]
VzeS: P(x) (6mou S # ) JxeS: P(x)

VzesS: Px) P(a) yw onowdirote a € S
P(a) (6mou a€S) JxeS: P(x)

-(VxeS: P(x)) JdzeS: (-P(x))
—(JzxeS: P(x)) VzesS: (-P(x))

Autog o mivaxag progel vo cuveyto el ue TARUOC IAAWY XAVOVLDY CUUTEQUOUATOY. LTNY
OO TERT) OTANT YPAWPOUUE TEOTACELS ST, - . ., Sy, OL OTOIEC UTOPEL VoL TEPLEY OUY TOCOBEIXTES,
xou 0T 0e€Ld o THAN Yedpouue pla tedtacy D, 1 onola eivar uToypewTixd aAndrg, edv dAeg
ot 81, ..., S, ebvon akndeic. Autd umopolue va to eAéyEoude eCeTdloVTaC TNV TEOTAOT

(S1ASaA...NS,) = D. Ouwg o oOVIETEC EXPRACEIC TOU TEPIEYOUY XATNYOPHUATA
ue mooodeixteg efvar TOAD mo TOAOTAOXES Amd TIC TEOTAOELS, %ot BEV Vol BIATUTOOOUYE plal
yevixy) u€dodo eAéyyou G aUTAY TNV TERITTWOT), AvVAAOYT TV TVdxwY ohndeioc yio TiC
cUVUeTEC TPOTAOELC.

Anodeln

[a 1 hoyw| mopouctaon piag anddellng Cexvlue Ue xAMOIEC TPOTACELS, TIC UTOVECELS
Hy, Hy, ..., Hy, xon 9éhovpe va cUUTEQAVOUNE TNV Loyl ulog mpdtaone D, tou cuurepd-
ouatog. H dwducaoctia yropel vo ebvon apxetd moAdmAoxy, Ye TV ewoaywY? dhhwv Bondn-
Txwv tpotdoewy. Koataypdgouue Tt dwdixaocta o Prudta, Yed@oviag €va TEMEQUCUEVO
mAfoc yeauuwy, Ue exgpdoelc Li, Lo, ..., L, tétoiec wote L, = D, xau 6mou yua xdie
m =1,...,n, n yeauur| Ly, elte elvon xdmowa and ¢ vnoVéoewg Hy, Hy, ..., H,, elte -
VoL AoYxY| CUVETELRL TV Tponyoluerwy Ypapuuwy Ly, Lo, ..., Ly_1. Me autév tov 1p610
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eCacgarilovue ot 1 teheutala ypouur, D elvon oknifc €dv or vnovécewc Hy, Ho, ..., H,
etvon ahnleic. Edv n L, dev ebvar xdmota and tic unovéoelg, ehéyyouue otL elvor Aoyt
xf) ouvénel Twv Ly, Lo, ..., Ly e€etdlovtag v Ty adneiag tng odvietng mpdtaong
LiNLyN...NLpy_1 = L,,.

‘Otav 10 A6 ouurépaoua D elvon tng wopgric P = Q, 10t ouyvd ol uadnuatixof
alAGlouv T dradixaota TG AmOOEENS, YPAPOVTAS YEUUUES UE EXPEAOEC L1, ..., L, Omou
P civon 1) mpdtn €xgpaon Ly xan @ 1 tedeutaio L,. Kde evoidueon ypauur, eite etvon pia
amO TIg UTOVEGELS, €lTE Vol GUVETELX TWV TPOTYOUUEV®Y YRUUUMY.

IMopdderypa 4.9 Me tic unodéoeig
Hy :5>2
Hy :1Vz,y,zeR: ((x>y) AN (y>2) = (x> 2))

unopolue va ypddoupe Ty anddeln e mpdtaorne (z > 5) = (z > 2) wg edic
Ly :x>5

Ly :5>2
Ly Vo, y,zeR: ((x>y)AN(y>2)= (x> 2))
Ly:x>2

Av xou 10 GUYXEXPWEVO GUUTERAOUA DEV EIVOL EVTUTWOLOXO, DELYVEL TN YEVIXT) LOp®T TG
AmOOEIENS, TNV OTOLo ATOXEUO TAAAGDVOUUE GTOV axdAoLVO 0pIGUS.

Optopog. Mia anddeldn e npdtacne P = Q, (6nou P xaw Q eivor mpbtoon # xotn-

Yépnpa), ue 0edopéves Tig utoléoelg My, ... , H, anoteheltar and éva menepacuévo tAfvog
YOOV

Ll - P

Lo

L, : Q

omov xde Yoouuuy| L, yia 2 < m < n, eite ebvon plo and tig vnodeoeig Hy, 1 < s <7, elte
ula TedTAOT 1) EVOL XATNYOENUA, TETOO WO TE

(Ll/\Lg/\/\Lm_l) = L,
elvon aAnUYic TpdTUOT).

Tré autéc Tic ouvifixeg, €dv 1 P elvon aknidfc, tote xdle embuevrn ypouur etvon emi-
ong aAndng, xau ewwodTepa 1 Q ebvan adndric. Anéd tov mivaxa ahnielag g ouvemaywyhg
BAémouye ot autd eacparilel Ty ahfea g P = Q.

AZiCer va dolpe T ouyPaiver tav 1 P eivon deudrc. Autd pmopel va cuuPel, yio mopd-
ostyuo 6tay 1 P efvan xatnydpnua, 0TOTE 1 AV TIXATIO TUOT) GUYXEXPWEVGY TWWV BdEL (PeudY)
mpotaor. ‘Etol, 610 mponyoluevo mapddetypa, x > 5 dev etvon ahndéc otay = 1, xau n
yoouur, Ly yivetonw 1 > 2, to onolo eivon eniong Peudéc. And tny dAAn, edv o = 3, 16T 1) Ly
etvan Peudric, 3 > 5, aAAd 1) Ly bvon 3 > 2, ahndric. Me Alya Aoya, €dv 1 P etvon (eudric dev
UTopOUUE VoL BYJAOUUE XATOL0 GUUTEPAGUI WS TEOE TNV aAflEeLd 1} TO YelBOC TWV ENOUEVLY
Yoouuwy. I'vwptlovue duwe ot 1 ouvdetn npotacn P = () eivor aknirc.

Efdoue tov tumixd oploud Aoyixwyv Bnudtwy o pio anodeln. T duwe yedgoupe otny
TPALT, OTay Topouctdlouye uio amddelln; Autd Vo eEETACOUUE GTO ETOUEVO XEQPIANLO.



80 Ocuéiia twv Modnuatixdy

Aoxnoelg

‘Aoxnon 4.3 T'oddte wa ohvietn tpdtaocy 1 onola va etvon akndrc 6tay oxeB3og Vo and
TI¢ Tpelg mpotdoelg P, @ xou R eivon aindeic.

[eddte wa oOvietn mpdtaoy 1 omola va ebvon aknifc, otay xopio, # i, 1 800 ard TIC TEELS
mpotdoelc P, Q xon R elvon odnvelc.

‘Acoxnor 4.4 Kotaoxeudote nivaxeg aknielog yio i Togodtw TpoTdoelg
«. (P=-P)=(P=P)
. (P=RNQ=R)e (PNQ)=R)
Y. (P=Q) N Q= R)=(P=R)

‘Aoxnon 4.5 Pudlte évay (xowo) mivaxa odndeiouc yio Tic npotdoelg

o (P=QNQ=P) , P&sQ

‘Eyouv autéc ot mpotdoeic mavTa Tic (Oleg hAoYixéc TWIEC;
Kdvete 1o {810 xon ye o Ledyn mpotdoewy

G (P=Q)=R , P=(Q@=R)
7. (P=Q)N(Q=R) , P=R
J. P=Q , -PVQ

‘Aoxnon 4.6 I'oddre Tic napaxdtw tpotdoeic Ye hoyixd cluBola, xon eCETAOTE Qv €lvan
aAnvelc.

of. T %80 mporypartind aprdpd x, undpyel TpayuaTixoc opldude v, Tétotoc wote ¥* = .

B’ Trdpyer mpoyuatinog apudude ¥, té€Tolog WoTE, Yo xdlde mpaypatixd apudud , 1o
dpotopa = + y etvon Yetixd.

Y. T xde dppnro aptdud o, undpyer axépotog n T€Tolog WoTe T < n < T + 1.
0. To tetpdywvo xde axepatou agrvet utoroimo 0 A 1 otay dronpedel e to 4.
e’. To dipolopa Twv TETEAYWVKY BLO TEMOTOY APIUOY BLAPORETIXWY aTtd To 2 elvart dETIOC
aprdude.
‘Aoxnorn 4.7 ATUTOOTE TIC TAPUXATK TEOTACES GTA EAANVIXA.
o. VeeR IycR : 22 — 32y + 2y =0
p. yeRVreR:2? — 3zy +2y*> =0
Y. ANeNVecR: (e >0)A(n>N)) = (+ <e)

0. VeNVyeNdzeN:x+2=y
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e. VeelZVyeZ Ize€Z x4+ 2=y

Extoc and tny xatd cOYBolo UETAPEAOT), BOOTE XAl ULo DIATUTWOT) O TO OTEWTH YAWOOW,
ToU Vo unv ahhotwvel T onpacta. TTowég and tic mpotdoelc elvon adnvels;

‘Aocxnon 4.8 T'oddte v dpvnon xdde woag and Tig axdhovieg TEOTAGELS
o. Vo : (P(x) A Q(x))
8. 3 (Plr) = Q(a)
Y. VxeR JyeR : (z > vy)
0. VeeR VyeR 3z€eQ : (x+y > 2)

‘Aoxnon 4.9 Xymnuatiote Toug Tivoxeg aindeiog Twv TopaxdTe TEOTICEWY, Xt EEETAG TE
TOLEC oo AUTEC Elval TOUTOAOYILES.

o. P= (—-P)

. (P=RNQ=R)e (PNQ)=R)
Y. (PAQ)= (PVQ)

0. (P=Q)V(Q=P)V(-Q)

’ 7 7 7 Vé 7. Ié
Aoxnor 4.10 Eynuotiote Toug mivaxec aindeiog Twv Topoxdtw (EVYOY TEOTICEWY, Xou
eZeTdoTE GV oL 800 TEOTACELC €lvon AoYLXd [GOBUVIUEC.

o 2(PAQ)  (2P)V(=Q)
g.o(PVQ) , (2P)A (=)

Y. 2(PA(=P) . PV(=P)

. P=R , (-P)AR

. P=R , (WR)AP

. (P=Q) AR , P=(QAR)
C(PACQ)) = (RA(-R) , P=Q



Kegpdhawo 5
Moaodnuotixn Anooelln

Y70 mponYoUUEVO XEQPdAM0 EEETACAUE TN AoyixY| Yenhon Tne YAwooag oo Madnuoatixd, xou
TOV TPOTO UE Tov omolo 1 ahfiela plag TpdTacng TEoXUNTEL and dAAEC dedouéveg. Eida-
Ue 0Tt umopolue va Yewprooupe Uio amodely we uio axoloudio AoYIXOY CUUTEQAGUITOY.
YNy mpdln Oev elvor IXAVOTOTIXG VO YRAPOUUE ATODEIZEL UE AUTOV TOV TPOTO: EQY GUY-
repthdPouue xdle Brua to anotéheopa etvar eCapeTind UaxpooxeRES. Xe auTd TO XEQPIAAO
eZetdloupe TN YEVIXT| EOVA Wog porduotixfic anodeing, xou BAETOUUE TWS YEAPOUY ATOdE-
Eeig ot podnuatixol oty medln. Extog and 1o Aoywd oxeletd, 1o ypddiuo plag anddelng
amottel xplon Yio TNV TOGOTNTA TWV AETTOUEREIDY TTOU apU6LoUV T CUYXEXPUIEVY) TERITTW-
orn. T mpéner va cuumepingUel xon T umopel vo magodngiel. ITohd Alya otoryela unopel
VoL apioouy €Ew ONUAVTIXO PEPOS TOU ETLYEIPHUATOS, EVK TAEA TOMAG oTotyela unopel va
OUGXOTICOLY TNV GUVOMXT] EXOVAL.

Zexwape molpvovtog o xovovixy| anddelly, yeoupévn oe cuVcUEVo UaUnUaTIXG GTUA,
NV omola GUYXEIVOUUE UE TNV TUTIXT| DOPT| TNG ATOOEE NS OTO TEOTYOUUEVO XEQPAAO.

Oedpnua 5.1 Edv (a,) xai (b,) elvar akodovllies, tétoes dote a, — a kai b, — b kalog
n — 0o, tdte (a, + b,) — a +b.

An6dely. Eow e > 0. Agol a, — a, utdpyet N; t€1010 OOTE

1
n>N1:>|an—a|<§5

Agol b, — b, undpyer Ny 11010 WOTE

1
TL>NQ:|bn—b|<§€

©étouge N = max{Ny, No}. Edv n > N, t61€

1
n—al <= b, —bl < =¢,
la, — al 25 x| | 25

doat, amO TNV TELYWVIXT aVloOTN T

l(an +b,) — (a+b)| < |a, —a|+ |b, — b
1

554‘56

£.

IA

82



Kegdahoao 5 MaOnuatixrj Anédeln 83

‘Eneton ot (ay, + b,) — a + b.
O
[o var avadboouye T douy| Tng amodeling, TV CovaYPaQOUUE, YRoUUY — YRUUUY|, TEO-
o¥étovtag pepd oyl mou anocapnvilouv To entyeionua.
Ov unodéoelc Tou Yewprpatog etvou:
Hy: (ay) ebvon axohoudio mporypotieddy aptdumy, xon a, — a xadong n — oo.
Hy: (by) etvor axohoudio nporypatixdv aptduodv, xou b, — b xadde n — oo.
xaL To cuuTEpacua efvor
D: vy v axohoutio mpaypatixdy aprduay (a, + b,) éyouue ot a, + b, — a + b xadode
n — oo.

H anodeln etvon:

1. ' Eocwwe >0

2. Ago (a,) — a, utdpyet Ny tétow wote n > Ny = |a, —a| < 3¢

3. Agol (b,) — b, undpyer Na tétoo Gote n > Ny = |b, —b| < 3¢

4. 'Eotw N = max{Ny, Ny}

5. Edvn > N 16t |a, —a| < e xau |b, —b] < L1e.

6. |(an +bn) — (a+0b)| < |a, —al + |by, — b and ™y TEIYOVIXH oviobT AL

7. lan —a|+ b, — b < 3e+ 3¢

8. tetie=c¢

9. (Trdpyer N = max{Ny, No} tétow0 dote) n> N = |(a, +b,) — (a +b)| < e.
10. (an + b,) — a+ b, 0.€..

H ypayyn 1 eivor to xatnydpnue: P(e) : € > 0, xon xott@dvtag mo xdtw PAénovyue ot ot
Yeopun 9 xoatodiyouue oty Umopn evoe N tétowou dote n > N = |(an,+b,) —(a+b)| < e.
Edv Q(¢e) eivor 1o xatnydprnua

(AN eN):((n>N)= ([(a, +b,) — (a+b)| <¢)),

ot ypouuéc 1 — 9 anoteholv anddeln e ouvenaywyhc P(e) = Q(e). Xt ypauus 10 autd
EQUNVEVETAL WS TO ouunépoaoud, ot (a, + b,) — (a +b).

Y1 yeauués 2 xou 3 ov unovéoeg Hy, Hy, dtatum@vovTon avahuTixd, YernoulomolmyTog
TOV 0PIOUO TNG OUYXAIONG: Uy — @ XOWWS 1 — 00 OTULVEL

INa xdde € > 0 undpyer N tétowo bdote n > N = |a, —al <e.

[Tpooélte ot mapaheineton T0 emmAcoy Brua, ot edv € > 0 toTE %5 > 0. Yty npdln, tétol
wuxed Brpota, Tou anoteholV UE€p0C TNG TEYVIXYS, TapaheitovTal.

X yeouur, 4 ewdyeton évag vEog optoudc: opilloupe to cUBoro N GuVapTACEL WYV
N1 xou Ny Oo unopolooue v TopaAelpoute autd TOV 0pLoUO, XL VO AVTIXUTAC THCOU-
ue xdde gopd otny anddelln 1o oluoro N ue to max{ Ny, Na}, YWelS xold 0UCLAC T
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oapopd. Muvndleton Ouwe va yenotuomootvton véo cUUBola Yo oOVIETEC €VVOLEC TOU Xa-
TaoxeLdlovTon and GhAeg, Yo va dtatneeiton mo anhog 0 GUUBOAOUGS %o VoL AVAOELX VIOV TOL
onuavTIXd oTovyElo TG amOOELES.

H yoouuh, 5 elvon ovvénewor v 2, 3, 4+ n > N = n > Ny = |a, —a|] < %5 o
n>N=mn>Ny,= |b, —bl < %6. ITpocégte oTL oL TPoYavelc CUVETAYWYES, OTL EAQY
n > N =max{Ny, No} t61e n > Ny xou n > Ny nopaheinovton and tny anddetln.

Y ypour) 6 Tapodeinetoar 0 otoryewwdng olyefowde yewpouos |(an + by) — (a +b)| =
[(an — @) + (by — b)], xou xatémy epopuéleton 1 TEYOVIXH OVIGOTNTO YL Vo TIPOUUE TO
TEMXO amotéheoua. Av xou 1 TedTaoY) Holdler va elvon XaTyoenua 6To 1, YeEwpolUUE OTL 1)
uetoBAnty Seopevetar and tov (unovooluevo) mocodeixtn V(n > N) otn ypouur 5.

H yeouun 7 elvon ouvéneto twv 5 xon 6, epoapuélovtoc (otwnned) widtntee npdoieong
AVICOTAHTOV.

Y yeouur 8 exterodvton aniég apriuntixés mpdlels.

Téhog 1 yeauu?| 9 elvor cuvéEnew Twy 2 — 8.

T nopatneolue amd Ty avdluor avtAc g oYeTxd anhig amodeing; O podnuotixot
0eV Ypdpouv amodellels axp3m¢ UE Tov TEOTO Tou TEpyeddoue TV Tumx? andoelr. Ot
AUPLOTEPES OLUPOpES Elval OTL

1. TTopareinovton utodéoeic.
2. TMopakeirovton Bripata oty eoywyr GUUTEQUOUNTWY.
3. Ewodyovtar oplouol VEmY EVVOLOY.

To anotéheoua eivor va mapgouctdleton 1 anddelln oe Wio To PEUCTY YpapY an’ OTL 1)
ocohovdior TPOTACEWY TNG TUTLXAG ATOBEICTG.

Y1oy0¢ g amodelng lvon Vo xdvel xotavonTh Ty oAAnlouyla Twy cuprepaoudtwy. H
TopdAEUYT) AeTTOUEREWWY TOU YEWPOUVTOL TEQLTTES, X0l 1) ELCAYWYY) VEWY GUUBOAWY, ETITEETEL
va yiver 1 amodeiln o GUVIOUT oL EVAVEY VWO TY).

O avipwmivog voic xataoxeudlel Vewpleg avory vwpilovTog YV TES YupaxTNeio TiXéS Uop-
péc oTo emyelpruaTa, TapaueptlovTtag AemTouépeleg mou ebvar xohd xatavontés. O Baowodg
TEPLOPLO TIXOC TAEAY WY EiVOL 1) TOGOTNTA VEWY TATEOPOEIWY Tou Uropel vor ouyxpatel xdie
OTLYUR OTNV TEOGOYY 0 YOUC, XL 1) ‘CUUTUXVWOT, TOU TPOERYETUL ONO TOV TUQUUEQLOUO
AETTOUEQRELWY XL TNV €VOTOINGY EVVOLWY, elvor amapaltnTy yiow T oUMANY TN cuvohixrc
ewovag. ‘Etot, Buata tng Aoywhc anodelng, to omolo anotehoty uépog g Bacixnc Teyvi-
xNG, CUYTOUEVOYTAL, Yo Vo avadety Vel 1 cuvolxr eixova.

‘Otav plo podnuotindg avarntiooet uio véa ewpla, Tetver va dtaxpivel uetadd Twv YVwo Ty
OTOTEAEOUATWY, TOU ATOTEAOUV PEPOC TNG TEYVIXNC, X0l TOU VEOU LAXOU TOU oVOTTUCGCEL.
To yvwotd otoyeio utopody va cuvtoueutoly oe yeydio Badud, xadong Yo urogodoay va
avaAuoLy xou Vo supThnewioly edv etidevto und augoPBrtnon. Néa otovyela, Tou arote-
AoV TOV TUPRVAL TNG AVATTUGOOUEVYS Vewplag, avTiuetwnilovial e UEYUADTERY TROGOY Y.
Avagépoviar pntd we urddeon dtav yeerdlovTan.

Ye Tt Badud mpoywpedet auth 1) dtadcacio TapdAndng xou cuvtéuevorg, etvon (it bgoug
xou e€opTdTan and 1o %06 610 onolo aneudUvETOL 1 AmOOEET: DlapopeTind Vo YpapTEL Uia
anéoelln oe €va eyyelpidio, oe uio epeuvnTixy Lovoypapia, 1 o€ éva dpUpo OE ETOTNUOVIXO
TEQPLOOWXO.

H anédeiln oto mopddetypa, amcudiveton oc gottntée uadnuatix@y tou lou 1 tou 20u
étouc. Etol, ot pehétn tne pordnuatixic avdiuong, ot xavovee tne aptiuntixfc Yewpolvro
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EVTEANC OtxeloL, xat 0ev avapépovtal. Ot VEeC €VVoLES, OTWS ToL OPLOL AXOAOUILDY, AVUPEQOVTOL
entd.  H tprywviny| avicotnta Yewpeiton yvwotr|, adhd oyt 1600 ouxela, xon yivetar pla
avapopd Ge AT,

/ 4
ASLOUATIXNA CUC THUAT

H Swodixacto tng anodelng, onwe ldaye, eCAYeL XMoo CUUTERAOUATA ATd XATOIEG UTOVE-
OElg, Ol oToleg Umopel va eivon oNTd BLATUTWUEVES 1) VoL TPoadlopllovTal amd TO AVTIXEUEVO
e uehétng. o va €yel auth 1 Sadixactio o tépeeg BAoele, TEENEL VoL £YOUNE XATOIES ARy LXES
uTo¥€oELS, TIC OTOIEC DEYOUACTE WC AELWUATA, XL UTO AUTEC CUUTERAUVOUUE OAAL ToL GAAYL
amoteréopato Tne Yewplog.

Autd ta anoteréoyara ta ovopdlovue Jewpnuata, tpotdoes, Afjjuuata 1y topiopata. Autd
T OLapoEETIXE ovouaTa Bonolv va Tapouctdcoude o avdyhuga T dour Tng Yewplag xat
TNV AAANAEEdPTNOT TWY ATOTEAECUATWY. LuvAlng Vewpruota 0VoudCOoUUE To TLO ONUAVTIXG
ATOTEAEOUATOL, EVE TEOTAOELS Tol ALy 0TERO onpavTixd. T va dieuxohuviel 1 topoucioo ulag
UoXOOXENOUS ATOBELETC, UTOPOUUE VoL BLOXPIVOUUE UTOTEAECUATI TOU ATOTEAOLY GUG TUTLXO
NG anddedng, xar va mpotdlouue T andden tne. Tétown anotehéopata ta ovoudlouue
Mppota. Avtidétng, népioua etvon €va anoTéAECUA TOU ENETAL EVOS JANOU AMOTEAEOUATOC
amd 1o 0Tolo ATOOEXVUETAL JUETTL.

‘Eyouue apxetéc Yvwoeg Yo Toug guotxols aprduote. T va toug peletriooupe alw-
wotixd Yoo Tpémel Vo EMAECOUUE XATOLES WOLOTNTES TNG ApLIUNTIXNC w¢ Bootxd adtdpota, xou
Tévew 6g aUTd Vo 01x0doUicouPE OAN TN Yewpla, YENOUOTOIOVTIS TIG ATOOEXTIXES OLOOLXA-
olec. BePaiwe unopoldue va yenowonoticoude T dtucUntixy yvwon e aptiuntixfc tou
€y ouue Yo var dag xadodnyroet o1 altwUaTixy WEAETT.

Y10 eNOPEVO xEQIAAO Vo ECETACOUUE UE AUTOY TOV TEOTO TOUS Puatxoug aprduols. Ye
GAhor pordfpota, VeEmp®VTaC OEBOUEVA TA AMOTEAEGUATA YId TOUC Quoxols optduols, Vo
eCeTdoouUe GAAa aprdunTiXd cUG THUITA.
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Aoxnoelg

‘Aoxnomn 5.1 Oa anodeilouye, Ue €1g dTomo anaywyr|, 0Tt 1 elvar o yeyaliTepog axépatog.
Beeite to Advoc!

Arn6delly. Trodétouue ot o 1 dev eivon peyahitepoc axéponoc. Eotw n o yeyahitepoc
wpaog. Tote n > 1. Tote n? etvow eniong oxépatog, xou n=n-n>n-1=n. Apa
n? > n, Tou AVTLPAOXEL UE TNV UTOVEST OTL N EtValL 0 UEYUAUTEPOC oxépatoc. Apa 1 etvar o
UEYAAITEROC aXEQALOC.

‘Aocxnomn 5.2 Arnodeilte ye €ic dTomo anaywyy ot

Edvz,ye Rxawy <x+¢ yaxdde e > 0,e € R, t6te y < 2.

o. Tpddhte tnv anddeln oe oTpwTd wardnuatind eAAnVLXGL.

B AwtuneoTe TNy TPOTACT O TUTIXY YAWGOA, Xou a0l TE OTL 1) dEVNoT TNE TREOTACTS
cuvendyeton pio avtipao.



Kegpdhawo 6
Ov Puoixol Apriuol

Anodellr pe EnAYWYN

H an6deiln ye emaywyr| 0ev qatveton vor Tonpldler 61o oyfua tou teptypddoue oto Kegpdiao
5. Ac¢ dolye €va Tapdderyua.

ITebtaom 6.1 To dipowpa twy guoikdr apridudy ané to 1 éwg to n efval %n(n +1).

Anédeln. TNan =1, 1o ddpotoya eivar amhwe 1, o etvan mpdyuatt (60 Ue %1(1 +1).
Edv ahndeder yia to k, dnhadr edv

1
L4243+ +h=k(k+1),

T671€E, mpoovéTovtag b + 1 xou o7 800 TAeupég €youue

1
1+24+3+--+k+(k+1) = E/<:(/<:+1)+(k:+1)

= %(kz + 3k +2)
= Sk +2)

Apa o tOmog akndelel yia k + 1. Enaywyxd, o tinog aindeler yia xdde guoixd aprdud.
O
Ye toAhoU¢ avlp®roug autd To emtyelpnua poldlet va Boaciletar ot €va ‘xon 00Tw xod €&’
ool eaopaiiocovue TNy adfleta Tng TedTAoNE YioL N = 1, xou To yevixd Briua and 10 k 670
k+1, epopudlouye autod to Brua ue k = 1, yia va mdpe and 1 o7o 2, xatomy 1o e@apuélouue
Eavd yior vor TaUE amd To 2 0To 3, ka1 oUtw kal’€€ns, 6oec popéc Yéhouue. o mopdderyua,
UETd amod 592 eqapuoyeéc Tou YevixoU Bruatog Yo pidvaue to 593. Beflatwe yio vo @¥dcouue
UEYGAES TIWES Tou N amoutolvTaL TOMAES emavalfider Tou yevixol Bruatoc. To mpoBinua
elvol OTL UE AUTOV TOV TPOTO OEV EVOL BLUVATOV VoL xdALDOUPE TOTE GAOUC TOUC PUOIXOUS
aprduolg Ue Uar anddEIlr) TETEQUOUEVOU UHXOUG

Li, Lo, ..., L.

H Moo og autd to mpofinua eivon v Bydiouye o ‘ot 00Tw xad’e€hc’ and Ty andoeln
%0l Vo T0 TomoVeTACOVUE GTOV (B0 ToV 0ploud TwV Puotx®y apuwy. Tote 1 anddelln ue
emaywYr Vo Touptdlel UE TO oy Rud ToU TEPLYPAPUUE GTO TEOTYOUUEVO XEGIAALO.

87
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O guowxol agripol

Aev etvan duvatov va TEpLypdhoupe To GOVOLO TV PUOKY AELIUWY XATAYEAPOVTAS EVo-EVa
6o o otoryeio Tou. XpewdleTon Wiat Slapope T Tpocéyyior. Eutuymg, 1 Sincdntixn évvola
¢ anapiunong edxola uropel va exppactel ye ouvoroVewpntixd tpoémo. ApyiCouue ue o
1, yetd eivon t0 2, uetd T0 3, %o cuveyI{oVUE UE AUTOV TOV TPOTO, ovoudlovtac xdle popd
TOV ETMOUEVO QUOXO opiluo, 660 Véhouye. Ta v GUAREBouue OAN auTHY T dladixacta TS
amaptiunong oe wa Evvola, Vewpolue Tov ENOUEVO apuiud cav i GUVEETNOT 610 GOVORO
N,
e: N—N

e xatdhAnhes WLdTNTES, WOTE £(n) va eivon 0 enbuevog guotxoe, (1) = 2, €(2) = 3, xhn.
Abo mpogaveic 1BLOTNTES Elvan

e ¢ dev eivan enexovion et tou N, agol e(n) # 1 vy xdde n € N.
o ¢ civan everxdvion, dSmhadh m # n ouvendyetan e(m) # e(n).
Trdoyer wo Tpltn onuovTixny| WLOTNTA, TOU ETTEENEL TIC ATOOE(EES YE ERAY WY

e TroYétovue ot S C N ebvan €100 wote 1 € 5, xan Yy xdde n € N, edv n € S to1e
e(n) € S. Téte S =N.

Anhadn, edv éva olvolo meptéyet to 1, xou mepiéyel 1o €(n) xdVe @opd mou mepéyel To N,
TOTE TO GUYOAO XUAUTTEL GAOUG TOUG PuUOLXOUS apLiuolg.

Eivou evtunwotaxd ot autég ot TpELS WOTNTES ApXoLY YLol Vol TERLYPAPOUNE TOUG (PUGLXOUSG
apriuots. [a o aliwpatiny tpocéyyion tne Aprduntixic apxel va anuthcouye Ty UTopdn
€VOC GLUVOAOL UE TG TEELS aUTEC WLOTNTES. [Nl mpaTixoUg Adyoug elvar oLy Ve TEoTHTEROD
va apyloouue ye 1o 0 avti to 1. Otav yenowomowlue toug Quoxols apiuols Yia Vo
EXPEACOVUE OLATALT), Yiol TAUPAdELY A w¢ Oeixteg o wia axoloudia, elvar mo xatdAANA0 TO
N, yowpic t0 0. Av buwg ¥éhouye ot puoixol apriuol va exppdlouyv to TAKdog ctotyeiwy
TWV TEMEQUOUEVODY CUVOLWY, TOTE To Pohxd ebvar va €youue xou 0 0 wg Quotxd apriuo,
xodidC auTo exppdler To TAYoc oTotyeiwy Tou . XLtny apriuntid eniong elvar ypriowo va
éyoupe 1o otoryeto 0. I'Vautolg xon dhhoug Adyoug Va apyicouue pe 10 0 670 allwyatind
wog oVoTrua, xat Yo yenotwonoloouue to cUuforo Ny yiol va S1A®dGoUUE T0 GUVOAO TV
puotxwy apriuwy mou Tepteyel To 0.

Eyouvye ta adidpara Peano yia toug guowog apriuois, and tov Itodd yadnuotind mou
AVETTUEE QUTAY TNV TEOCEYYLON TV QUGIXWY aptduny oTo Téhog Tou 190U aicdva.

Oewpovue €va cuvoro Ny xan ya cuvdptnon € : Ny — Ny té€tota woTe:

(®1) H ouvdptnon e dev eivan enerxdvion eni Tou Ny 1 undpyel otoyeio 0 € Ny tétoto wote,
v xde n € Ny, e(n) # 0.

(®2) H ouvdptnom € eivan everxovixt: €dv e(m) = e(n) tote m = n.
(®3) Edv S C Ny eivar tétoto dote 0 € S xan yia xdde n € Ny -
(ne S=¢e(n)ebs)

16t S = Ny
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Aev mpoxinTeL ot UTdEYEL £va TéTolo alvoho Ny, xon meénet vo Jewpricouue Ty Uoed)
TOU WG EvaL antd T Baotxd aLOUATA TWV LOUNUATIXOVY LS.

Agiwpa Oroegng Ty Puoxoy Aptiudy
Trdpyet éva ahvoro Ny xou o cuvdptnon e @ Ny — Ny mou ixavorooty ta aliouata (®1),
(92), (®3).

Am6 autd ta adioyata Unopolue va anodeilouue dha Ta amoTEAECUITA TN aptdUnTIXAC,
VO XATUOAEVACOUUE TOUG aXEEALOUS, TOUS PNTOUG, TOUG TEAYHATIXOUE XoL TOUG UyadLXoUg
apripovc. Ao dovye enione ot to a&ivya ($3), mou Aéyeton Apy ) Enoaywynhg, eunepiéyet
TN BUYATOTNTA AMOBELETC UE ETAYWYT), OTWS GTO axOAOVYO TORADELY UL

IMgétaon 6.2 Edv n € Ny, n # 0, tére vndpyer povadixé otoryeio m € Ny térowo dote
n =e(m).

Arno6delly. Oétouue
S={neNy|n=017"n=ec(m) yo xdnoro m € Ny} .

O deifoupe ot S = Ny. IHpogavae 0 € S. Edv n € S, eite n =0, ondte e(n) = ¢(0) € S,
elte n = e(m) yw xdnowo m € Ny, ondte e(n) = e(e(m)) xa egp’ooov e(m) € Ny, e(n) € S.
Yuvende, and 1o aliwpa (83), S = No. Apa, ya xdde n € N\ {0}, uvndpyer m € Ny tétowo
wote €(m) = n. H yovadixdtnta eivon ouvéneio tou alidpoatog ($2).

0

H TlIpétaon 6.2 detyvel ott 1o 0 elvar 10 povadixd crovyeio mou dev elvol €mdpiero xdmotou
dANouU, Wiar LOLOTNTA TOV TO Btaxpivel amd oha o dhha otoryela Tou Ny. OpiCouye to clvolo
v guotkdy apiiudr, N = Ny \ {0}. XupPoriloupe 1o £(0) pe 1. Autd 1o otoyeio avixel
oto N.

H onodeln tne Hpotaong 6.2 €yer tnv axdroudn doury: optlouye €va cUvoro S, xot

(o) Sefyvouue ot 0 € S,
(B) Beiyvouue ot n € S =¢e(n) €5,
(v) emxoolyacte 1o ofioya ($3) yio vo ovunepdvouue ot S = Ny.
M amodelln pe emarywyn €yet mévta authy Tn dour. XNy mpdln to olvoho S elvon Tng

poppric
S ={neNy|P(n)}

6mou P(n) elvon éva xoatnydpnua mou opileta (Snhadh mou eivon akniéc 7 Peudéc) yio xdie
n € Ng. Ta Bhuata (o), (B), (y) yivovtou

(oar) Bebyvouue ot 1 npdtaon P(0) eivan ohndrc,
(BB) Beiyvouue ot edv P(n) eivar akndrc téte P(e(n)) eivan odndrc,

(yy) emxarolupoote 1o ofiwuo (®3) yio va oupnepdvouue ot P(n) adndedel yia xdie n €
Np.
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H yeron tou a€iduatoc (P3) ohoxhnewver tny anddelln ywelc vo ypetdletar xavéva ‘xau
o0t xad’elhc’. H Baocwur doury authc tng amddelng yenowonotdnxe oty Ilpdtaon oty
apyh Tou Kegahaiou, ye 1 diagopd ott apylooue and to 1 avtl and 1o 0 xou ypddoue n + 1
avtie(n). Apyotepa Yo deiloupe ott 1) (i u€Vodog e@apuoleTon EEXVOVTIS UTO OTOLOOHTOTE
k € Ny, ewdixdtepa and k = 1, xou cuverwg 1 Hpdtaon otny apyr) Tou Kepohaiou etvar €va
amA6 ToEddELYUa anddEEnC UE ETaY YT, Pactoyévn ato aliwya (P3).

Yy npdln to aliwua (P3) dev avagépeton prtd. H anddelln datundveton ot oyéon Ue
éva xotnyoenua P(n), xau 6tav anodeydoly ta Pruata (o) xon (BB), Mue ot ‘ue emorywy,
10 P(n) akndeder yia 6hot ta n’. Auth 1 dratinwon eivon pua avapopd 610 a&inya ($3), tou
ovopdletat, YUauTtov T0 Moo, alwua enaywyns. Kotd tn didpxeta tng anodeing, n undveon
ot P(n) akndeber ovoudleton enaywyikry vndleon xon n onddeln on P(n) = P(e(n))
ovopdletal enaywyrkd Prpa. Xtny apyr, 6toy YeAeTdue TiC Poaoctxéc wiotnteg Tou Ny Yo
AVAPEPOUACTE PNTE 6TO GUVORO S.

Avadpopixol oglopol

Oéhouye va oploouue TV Tpdo¥eaT) QuOLX®Y aPLIUWY CEXVHOVTAUS ATO TNV €VVold TOU ETO-
uévou. I xdde m € Ny Vétoupe
m+0=m

xou xatémy 0pilloude m + £(n) YpNOWOTOWVTUS TO M + N ot VETovTag
m+e(n) =ce(m+n).

To allwua emaywyrc gaivetar va touptdler oe wa tétota dradixactio. Ilpdyuat, To endye-
vo Yenpnua e€ac@arilel 0Tl UTOROUUE Vo 0pIGOUUE CUVORTHCELS UE [al TETOLL AVaDROUIXY
Otaduxaotio.

Ocedpnua 6.3 (Oedpnua Avadpouhs) Edv X evar éva otvodo, f: X — X jua

ovvdptnon, ka1 ¢ € X, tére vndpyer povaoikr) ovvdptnon ¢ : Ng — X térowa dote
a’. ¢(0) =c,
B w(e(n)) = f(e(n)) ya kdde n € N.

Treviuuilouye oti and T oxomd g Yewplag cuvorwy wa cuvdptnon ¢ @ Ng — X etvar
éva utoclvoro ¢ C Ny X X ue Tic 1810t teg

i. T xde n € Ny, undpyer v € X této0 dote (n,z) € ¢,
ii. Edv (n,x) xu (n,y) € ¢, 161e © = .

Apa vt vou oploouye T cuVAETNoT ¢ apxel Vo Tpocdlopicoupe 10 xatdAAnAo utocivoho. Ot
WOOTNTES TNG ¢ TN OLATUTWOT) TOU OEWEHUATOS GTUAVOUY OTL AUTO TO UTOCOVORO TEETEL
VOU LXOVOTIOLEL

A’ (0,¢) € ¢,

B". Edv (n,z) € ¢ t61€ xu (e(n), f(x)) € .
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Trdpyouy TOAG LUTOGUYOAY UE QUTEC TIC IBLOTNTES, OTWC Yio Tapddelyua 6ho to Ny x X.
To {nroluevo etvar 1 Toun OA®Y AUTGOY TWY UTOGLUVOLGY, Yot pOVoY auTh o xavoTotel Tig
wiotnree (i) xou (ii).

H anédeiln tou Oewprjuatoc Avadpourc dtdeton oto Iapdotnua, oto téhog tou Kego-
Aaiou.

Yav egapuoyt Tou Oewpruatoc Avadpouric didouue Toug axdhouvlous optouole:

1. Ilpéoteon
Opilouye tn ouvdpon ¢, : Ng — Ny, ¢m(n) = m + n avadpopixd ue

gOm(O) = m
pm(e(n)) = elpm(n)).
Ye authy TV mepinTwon, c =m, f =¢.

2. HoAarmAaoaouds
Optlovye tn ouvdptnon pm : No — Ny, pm(n) = mn avadpopixd ue

tm(0) = 0
tm(e(n)) = pm(n) +m.
Ed8w c=0, f(r) =71+ m.

3. Awvdueg
Opilovye 7y, : Ng — Ny, mp(n) = m™ ye
™Tm(0) = 1
Tm(e(n)) = mmn(n).

Edw c =1, f(r) =rm.

4. Eravaiapfavopevn odvieon
wag ouvdptnong f @ X — X, opiletou pe

folz) =
F(@) = F(f*(2)) yio bhe e @ € X.

O xavovee tng AptdunTtixng

Eyovtag opioer v mpooieon xar tov molharhactaoud, ebvor tmpa oyeTixd arthd va amo-

oetloupe Toug ouvnhouévous xavoves g aprluntxric. O amodeilelg dev ebvon EVIEAGDS

TETPWMEVES: 1) x0ptar Buoxola PBeloxetar oty €0pECT TG XATUIAANAOTERNC OELRAC UE TNV

omola va Yivouv ot amodeilelc. Ye xdie nepintwor to x0plo epyalelo elvon 1 emarywyh.
Treviuuilouye Touc oplopoc:

(rpl) m+0=0, (np2) m+e(n)=cec(m+n),
(th1) m0 =0, (mA\2) me(n) =mn+m.

Ané ta (np2) xan (mpl) BAénouye ot m +€(0) = e(m + 0) = e(m). LupBoiiloupe to
£(0) pe 1, dpo éyouvye e(m) =m + 1.
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Aqupa 6.4 I'a kdde m € Ny,
1. 0O+ m =m,
2. 1+m=c¢e(m),
3. Om =0,

4. Im = m.

ATnodelly. Ye xde tepintwon yenotonolye EnaywYr 6To m. ABoUUE Yio TopddeLyua
v anédedn tou (1). Oétouue

S={meNy|0+m=m}.
[oogavee, and 1o (npl), 0 € S. Edv m € §, t6te 0 + m = m, dpa and v (np2),
0+¢e(m) =¢e(04+m) =e(m). Svvenoe e(m) € S, xou and 1o (P3), S = No.
[
Ocedpnua 6.5 (Kavoveg tne aprduntixic) I da ta m, n, p € Ny,
1. Hpooetaipiotixi 1016tnTa tns npdéodeong:

(m+n)+p=m+(n+p)),

2. MeraOetikn) 1016tnta tng tpéoteons:

m+n=n-+m,
3. Ilpooetaipionikn 1016tnTa tov ToAAarAaoiaojiov:

(mn)p = m(np)
4. MeraOenikn 1016tnTa tov moAdarAaoiaopov:

mn =nm,

5. Empepionikn 1016tnta tov moAkarAaoiaopotl ws mpos tny mpéodeon:
m(n +p) =mn+ mp.
H an6deiln twv xavovwy tne apuduntixrc oideton oto [updptnua.
Aot éyouue amodetlel autd ol VeUEALMDOT ATOTEAECUATA, UTOPOUUE VoL EQUOUOLOVUE €-

Aeblepa Toug xavédvee tne apriuntixfic and ede xar mépa. Ilpwta, avtixaiotolue to £(n)
ue o n + 1. Etol 10 oiwya enayoyhc ($3) nafpver tny mo cuvniouévn popet

Edv SCNyp,0eSxu(neS=n+1e€bS), t6te S =Ny,

eve 10 ofimua (P2) yiveto
m+l=n+1l=m=n,

xal auTO umopel vo emextadel enaywyixd, 6nwe otny oxdhovldn Ipdtaoy.
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ITeotaom 6.6 I'a kde m, n, g € Ny,
I. m+qg=n+q = m=n
2. q#0, mqg=nqg = m=n.
Ano6deiln. I va anodeifoupe 1o (1) ypnowonowiye etaywyh oo . Oétouye
S={qeNg|m+qg=n+qg=m=n}.
Ipogavie 0 € S. Edv ¢ € S, unodétouye ot
m+(g+1)=n+(¢g+1)
XL TOTE, and 10 Owpenua 6.5,
(m+q)+1=(Mn+q) +1

xot a6 1o ($2)

m+qg=n-+gq
xaL €@’ocov q € 9,

m=n.
Yuvenwe ¢+ 1 € .5, xou enaywyxd S = Ny.
[N 1o (2) Yétouye
S={meNy|qg#0, mg=ng=m=n}.

[ va Bef€oupe ot 0 € S, urmodétouye ot g # 0, xou

ng=0g=0.

Téte g = p+1 v xdnow p. Edv n # 0 téte n = r+1 v xdrow r, xar ng = (pr+p+r)+1
doa dev ebvar 0. Xuverwe n =0, xou 0 € S.
Topa utodétouye ot m € S, xaw ¢ # 0, eved

(m+1)g =ngq.
Onwg mponyouuévwe, n # 0, dpon = r+1 yia xdmow r € Ny. Tote mg+q =rq+q. Ano
10 (1) éyoule ott mq = rq, xou anéd TV enaywY vrddeon m = r. Anhadi m+ 1 = n,
TIOU ONOXATIOWVEL TNV ATOOELLT).
O
Topa umopolue va avagepdolue otnyv apaipeon. Trodétouye ot p = r +q. And v
IpbTaom 6.6, To r mpocdiopiletar e Lovadixd TPOTO ATO TOL P XL ¢, XL CUVETWS UTOPOUUE
va 1o ouuPBoiiCoupe p — q. ' omowdrrote m, n € Ny optllouye 1 oyéon > ue
m > n onuoiver Ir € No (m =r+n).

[ dedoyéva m, n € Ny, 1 dwagpopd m — n opiletan povov 6tay m > n. Mropolue €0xola
VoL ETOANUEVGOUUE BLAPOPOUS XAVOVES TNG APAUPEOTS, OTWE
m—(n—r)=(m-n)+r braovm >n >,
m+n—r)=(m+n)—r btav n >,

m(n —r) =mn—mr otav n > 1.
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[ Tov TeheuTaio, yior TORADELYUN, EQ’ OGOV 1 > T, YPAPYOUUE N = S + T, 0L €)Y OUUE
mn =m(s+r)=ms+mr.

And tov oploud,
mn —mr =ms=m(n—r)

€Q’000V S =1 —T.

Mnopotye exniong va e&etdoouye n diadpeo), xou oty Tepintwon tou m = rn, (n # 0)
va ougBolicouye o 1 pe m/n.

H dudtaln twv guoxdy aptduoy
Eyoupe %01 opioet tn oyéon > o710 Ny. Ov dhdeg oyéoeig didtaing opilovton wg eChg:

m>n < m>nxim#n,
m<n & n>m,

m<n < n>m

Oéhouye va detoude 0Tl auTéS ebvan mpdypatt oyéoclg dtdtadng, ue tny Evvoia Tou Kegohalou
2. Aceiyvoupe mpwta ott 1 oyéon > eivor yetoBatxy, (AAT), xa avuovyuetpd, (AA3).

IIgotaom 6.7 m >n, n>p=m > p yd kdde m, n, p € No.

AnédeEn. Tndpyouv r xou s oto Ny towr dote m = r+n xu n = s+ p. Apa
m=r+(s+p)=(r+s)+p, xou GUVERLS M > p.
O

IIgbtaom 6.8 Edv m, n € Ny katm > n, n > m, tére m = n.

Arno6dely. Trndpyouv r, t € Ny tétow dote m =7 +n, n=t+m, dpam =1+t + m.
Anéb w Ipbdtaon 6.6 (1), 7+t =0. Edv ¢t # 0, t61€ t = ¢ + 1 vy xdnowo ¢ € Ny and v
[pbtaon 6.2, xaw t61e 0 = (r + q) + 1, t0 onolo avtipdoxel tpoc 10 AZiwua ®1. Apat =0
Ol CUVETWC 1L = M.
O
H anédeln ot n oyéorn > wovonotel v 6Tt (AA2) piag acdevoic owdTang etvon
TO TOAOTAOXT), XU TNV APHYOUNE Yo apyoTepa. Eivar mdvtwe ebxolo va ehéyloude oti 1
oY€on > GUUTEPLPERETAL XUAL WS TEOg Ti¢ aptdunTixés mpdlelc oo Ny.

Ilgbtaom 6.9 ['a da ta m, n, p, ¢ € N,
1. Edvm >n,p>gq, tote m+p>n-+gq.
2. Edv m > n, p > q, tote mp > nqg.

Ano6deln. [ 1o (1), mopatnpolue ot undpyouy 7, s € Ny, tétowa dote m = 7 + n,
p = s+ q. Apa, yetd and anhonoinon, Beloxouvye o m+p = (r+s) + (n+¢q). T'o 10 (2),
Topbuota, mp = ng + (rs + ns + rq).
O
To 0 eivan 0 wxpoTtepo atoryeio Tou Ny, ue Ty axdhoudr évvola:
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Aqppa 6.10 Edv m € Ny, tére m > 0.

Anédeln. m=m+ 0.

O
To 1 etvon t0 emOUEVO UXEOTERO:
Aqppa 6.11 Edv m € Ny katm > 0, tére m > 1.
Anodely. Edv m # 0, tote m = ¢+ 1 yw xdnowo g € Ng. Apam > 1.
O

[evixdtepa, woylel to axdhouo:
IIgbtaom 6.12 Edv m, n € Ny kai m > n, tére m > n + 1.

Anodely. Eyovue m = r +n yw xdmow r € Ny, xau v # 0, epboov m # n. Apa
r=q+ 1y xdnow q € Ng, xauo m = g+ (n + 1), dnhadry m > n + 1.
O
Tpa unopolue Vo OhOXANEWGOUUE TNV amOBEEY) 0Tl > eivon pia oyéor didTadng:

Ilpbtaom 6.13 H oyéon > etvar oyéon aolevoils didtaéng oto Ny.

ATn6delgy. Ao Tov opioud tng aclevols didtalng, Teénet vo anodeiloupe ot Yo GAa Ta
m, n, p € Ny

(AA1) m > n xow n > p ouvendyoviar m > p,

(AA2) T xdde dvo atotyela m xou n tou Ny, woylel éva and 1o m > n f n > m, 1 xot 1
000,

(AA3) m > n xow n > m cuverdyovior m = n.

Eyouye 17 anodeilet ott woybouv 1o (AAL) xou (AA3), ouc Ilpotdoeic 6.7 xon 6.8. T var
anodeilouue 0 (AA2) Yewpolue t0 6UVOLO

Sim)={neNy|m>n%Hn>m}.

Ytoyeboupe va def€oupe ot S(m) = Ny yio xdde m € Ny. T onowdrinote Sodév m,
éyoupe 0 € S(m), epdboov m > 0. Trnodétouue ot n € S(m). Téte elte m > n eite
n>m. Edvn>mtéten+1>m. Edvm > n to6te elte m =n xuw n+ 1 > m, &ite
m > n ondte m > n+ 1 and v Hpdtaon 6.12. Xe xdde nepintwon, n+1 € S(m) xou ond
enaywyn S(m) = No.
O
Aré ta anoteréoyata tou Kegohalou 2, éneton ot > elvon oyéon yviowg oidtadng:
weavorotel T ueToBotin WLHTN T

m>nxun>p=m>p
X0l TNV TeLYoTopla
Ahneter axpi3eg éva amd T m > n, m=m, n >m.

H oxohouvidn Ipdtaon elvon oyeddv 1o aviioteogo g Ipdtaong 6.6.
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ITebtaom 6.14 I'a dAa ta m, n, g € Ny,
I. m+g>n+qg=m>n

2. q#0, mg>ng=m>n.

Anodely. Edv m # n, tote and ty tpyotouio m < n. AME m < n ouvendyeton ot
m~+q < n+qanéd my lpdtaon 6.9. Autd avtipdoxer mpog Ty UTOVEST), X0 ATOBELXVUEL
70 TpwTo U€poc. To deltepo Yépog amodetxvieTal UE TOROUOLO TROTO.
O
Edv oty Ilpdtaon 6.14 avTixataoTHOOUPE TN OYECT > UE T =, €YOUNE axplBKS TO
avtiotpogo tng Ipotaong 6.6, To onolo ahnvelel.

AANNEC LOPYES ETAYWYNG

Ye pepXéS TEPITTWOELS, 1) UdUeoT, 0Tl aAnlelel 7 P(n) dev apxel yiar vor amodetilouue Ty
P(n +1). Mnopel va ypetdletar n unddeon ot dhec ov npotdoec P(1), P(2), ..., P(n)
alndedouy. e autiy TV Tepintwon avateéyouue ot AeYoUevn Toyuet wopr tne Apyric
Enoywyhc’.

e Edv 1 unddeon ot adndedouy or P(m) v xdde m < n, ouvendyeton o 1 P(n)
aAnelet,

o Téte n P(n) odndever yio xde n € N.

Apywd gaivetar ot autéd anoterel o ovolao Ty Yevixeuor e Apyrc e Eraywyrc,
OAAG EQY VEWPNOOUUE TO XUTNYORTUA

Q(n) : v xdde m € Ny, této10 bdote m < n, aknieder  P(m)

BAénoupe ot 1 ‘Toyver| wopyt e Apyhc Enaywyhc’ yiveta

Q(0) akndede

Edv odndeter n Q(n) téte ahndeder n Q(n + 1).
Apa ) Ioyupth popgt, e Apyfic Eraywytc elvan amhag enaywyr yia to xatnydenua (), xou
VewpnTixd OeV €lvar MO YEVIXT amd TNV ETAYWYN. LTNV Tedlrn ouyvd Bonddel va arhonoir-
ooupe amodeiec. Tn yenowonotoue yior vo amodelloupe ptar GAAT onuavTX? WBIOTNTA TWY
puotx@y aplluwy, Ttou uropet va yenotuwonotndel evodhoxtixd npog Ty Apy g Enaywyrc.

Ocdpnua 6.15 (Apyh Elaylotov) Kdle un kevé vrootroro tou Ny éyer éva eddyr-
oto ototyeio, OnAadr) éva otoiyeio Tov avikel 0TO VTOOUVYOAO auTd kai €lval HikpoTepo 1} 100
ard kdBe dAdo otoryelo Tov vToouridov.

Arno6delr. llpénel va dei€ouye ot edv S C Ny, S # I, t61€ undpyet a € S TéTol HOTE
v xde s € S, woybet a < s.

Trovétouye ot eV UTdEYEL TETOO @ XA XATAAYOUUE GE avTipacT. OewpolUe TO Xo-
wyoenua P(n) : n ¢ S. Tote P(0) eivon odndéc: edv 0 € S tH1e 10 0 eivan 10 ehdytoto
ototyeio tou S, aAAd utoVécaue ot Sev undpyEl eAdyioTo oTotyeio Tou S, doa 0 € S.
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Troétoupe ott P(m) akndelel yio xdde m < n, dSnhodf edv m < n té61e m € S. Edv
se€Stotes>n,dpas>n+1. Edvn+1e€ S t6te n+ 1 elvar 1o edyioto oTotyeio
tou S. An6 v unédeon éyoupe ot n+ 1 € S, xan cuvende P(n + 1) odndeder. And v
Ioyuet| wopgt, Tng Apyfic Enaywyrg, P(n) alndevet yio xde n € Ny, doa S = @. Auto
avTipdoxel Tpog Tic utodéoelg Tou Oewpruatog. Apa uTdpyel eAdyioTo oTolyelo oTo S.

O

Avalgeon

Edv m, n € Ny xou n # 0, 8ev eivon 5uvato vo SLap€GoUUE TO M UE TO T X0 VAL TEPOUUE €Val
puow6d apriud. Autd ouufouvel povov dv m eivon TOAATALCLO TOU N, BNAAdY| €AV M = qn
v xdmowo q € Ny. Edv dev toylel autd, t61e 1 dadixaota tng Sadpeong agrvel utdhoiro.

Ocedpnua 6.16 (Aryoprdpog dwalpeong) Edv m, n € Ny ka1 n # 0, tdre vndpyovr
povadirol guoikol apiuot, q, r € Ny, tétoion dote m = gqn +1r ka1 r < n.

Anodelr. Egapudlouue enaywyn oto m. 'Eotw
S={meNy:m=qn+ryeq,reNy r<n}.

Aol 0= 0n+0, woydet 0 € 5.
Trodétouye m € S. Téote m=qn +r, ye r < n, xa

m+1l=qgn+r—+1.
Aol r < n,wybetr+1<n. Edv r+1=mn, t161¢
m+1=(¢+1)n+0,
EVOD EQV r + 1 < n, téH1E
m+1l=qgn+(r+1) pe r+1l<n.

Ye xdie neplntwon, m+1 € S xo, emaywywd, S = Ny.
[ va Bef€oupe ott ¢ xou 1 ebvon povadixol, urodétoue ot

m=qn+r=q¢n+r pe r<nxur <n.

gn <m < (qg+1)n,
gn’ <m < (¢’ + 1)n.

Ané petofotixdtnta tne didtadng, gn < (¢ + 1)n, and v llpbtaon 6.14, ¢ < ¢’ + 1 o
ouvenwe and v Ilpdtaon 6.12 ¢ < ¢'. ANAG wyler enione ¢'n < (¢ + 1)n xou cuvende
¢ < q. Apa g = ¢, xu ond v Ilpbtaon 6.6, r =1’

[
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[Tagayovronoinon

Twpo unopolue vo aoyohndolue Ue TNV TopayOVIOTOIoTOT) OE TEWTOUS aptduols, xot EL0LX6-
TEPA VoL AmoBE(EOUPE T HOVadOTNTA. X T0 LTdAoito autol Tou Kegahaiou, Yo acyohndolue
HOVO UE U undevixoic uoxos aptiuoie, xot Yo epyalouacte 6to N = No\{0}. Apytlouye
ue xdmotoug Pactxols oplouolg.

Aépe out k € N elvor mopdyovtoag 7 Srapétng tou m € N, xou 10 oupgBoriloupe klm,
edv undpyel s € N tétooc wote m = ks. To 1 xou to m elvon teTpruPéva SLUEETEC TOU
m. Kdlde dilog dnpétne ovoudletar yvrorog dronpetng. Ovoudlouye évay aprdud m
TE®TO edv m > 1 xou 0 m ey éyel yviiatoug Sapétec. (Efvar mo Bolxd va unyv Yewpolye
Tov 1 TpdT0, 6Twe Vo Bovye, yia mapdderyua, oto Yewenuo Movadrc Ilapayovronoinong.)
Edxoha fAémouye 0Tt Evag danpétng k tou m mpénel va txavorotel 1 < k < m: edv k> m,
16T, ol s > 1, éyouue ks > m. "Apa évag yviiolog dlapétng k ixavorotet 1 < k < m.

Ilpbtaom 6.17 Kdle guoikés apriduds m > 1 efvar yiduevo mpdtwv aprudy.

Arn6dely. 'Eotw M 10 civolo 1wV Quowxay aptiucy ol onoiol eivar yeyalbTepol and
T0 1 xou Oev elvon ywouevo mpwtwyv aptduwdy. Edv M # @, and v Apyr Elayictou
umdeyet ehdytoto ototyelo m € M. O m etvon pyeyahltepog and to 1 xou dev elvor TeKTOS
(opot) Bev efvat YIVOUEVO TE®TWY). LUVETHOSC LTAPYOLY QUOLXOL aptduol 1 Xt s TETOLOL HOTE
IL<r<m,1l<s<muxum=rs. Agol m eivar To eAdyloT0 GTOtyElo TOU M, oL T XOu
s 0ev avixouv 6to M, xar GUVET®S €lvar YIVOUEVA TpWTwY aptiu®y. AMAG t6TE M = 15
ebvan eniong ywopevo mptwy aptduny: dromo. ‘Aga M = &, xou xdde guoixde aptduog
UEYOADTEROC amd ToV 1 elvor YIVOUEVO TEWTWY aptdudy.

OJ

Ocwpnua 6.18 Yrdpyovr dreipor mpTor aprdjol.

Ano6delr. Trovétouye 0Tl T0 GUVORO TWV TEWOTOY oEIUOY EiVoLl TETEPUCUEVO, E0TW
{p1, D2, -, pr}. O axéponog m = pipa -+ pr + 1 Exel éva TpdTO Slonpé Ty, CUUPLVOL UE TNV
IIpbtaom 6.17, éotw p;. Tote 0 p; donpet Tov m xou Tov m — 1 = pips - -+ P, GUVETWC O P;
otoupet Tov 1+ dromo.
O

Edv k etvor dtonpétng dvo aprduwy m, n € N, ovopdletar xowvog droupétng. O 1 ebvon
TavTa x0WOg dtonpétng. Edv dev umdpyel dhhog, Aéue ot oL m xan n givon TEWTOL LETAEY
Toug. Avtl vo yopaxTneiGOUUE TOV UEYIOTO XOWVO OLNEETN WS TOV UEYAAUTERO amd TOUG
%€0v00¢ DLLPETES, TEOTWOVUE Vo TOV 0plooUUE UE €va To yerowo teomo. Aéue ott h € N
elvot 0 UEYLOTOG XOLWVOG BLoUEETNG TV M, n € N, €dv h elvon x0vog Sloupétng Twv m, n
20 €YEL TNV LOLOTNTA 0TL xAE dAAOC Dlanpé€Tng Twv m, N etvar dtanp€tne tou h. Xuyolilouye
TOV UEYI6T0 x0owvo droupétn h = uxd (m, n).

O amholoTepog TROTOG va Oeilouue 0Tt VO OTOWWHTOTE W UNdevixol @uowol apriuol
€y0ouv UEYIOTO x0WO Olonpéty), eivon va Tov umohoyicoupe. Autd umopel vo Yiver Ye €vay
alyoprduo, tov Euxheidto Ahyopriuo, o omolog Baciletar otic 800 axdhoudeg DOTNTES.

1. Edv ry = qra, t61€ pxd (r1, ra) = 12

2. Edv ri = qro + 13, ye 13 # 0, t61€ Uxd (11, 12) = Uxd (72, 73).
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Or 1816TNTEC AMOBEVUOVTOL EUXOAA, YENOLLOTOLWVTAS TOV OPIGUO TOU HEYLOTOU X0WVOoU OLot-
e€tn. Ewwdtepa, n 2 woylel ywatl 1 wootnTa 71 = qra + 13 Oelyvel 0TEVIG %0OS OLouEETNS
TWYV T XOL T, TEETEL VO OLUPEL TOV 73, EVE EVAG XOWOG OLOLPETNG TWYV T2 XOL '3 TEETEL VA
oLoupet Tov 1.

O EuxAeidiog AAyoderdpog

[ vor Bpodue Tov UEYIGTO X0V DLPETN TWV 'y XL T2, YPNOLLOTOLOUUE ETAVELNNUUEVL TOV
alyopuluo Tng dtadpeong xou Pploxouue g;, T; TETOW WOTE

rLo= qira+73 r3 < T2
Ty = (Qor3+ 7y Ty < T3
Ti = qiTig1 + Tig2 Tit2 < Tit1
Aol rg > 13 > 14 > o0 > 1y, auTH 1) Sldxacio eV Ymopel va GUVEYLOTEL €T AOPIGTOY

yroti, and vy Apyr EhayioTtou, to 6Ovolo autiv twv aprdumy €yet éva eEAdyloTo GToLyEl.
Edv auté o ehdyloto otovyeio eivon 14, # 0, T61€ and tov akyoprduo tng Slalpeong €y ouuE
Th—1 = Qk—1Tk + Thy1, UE Th1 < T, dTOTO. ‘Apat 10 EAdYCTO GTOLYElD 11 = 0, 00 71— Ebvan
TO WxPOTERO VETIXO UTOAOLTO TOU TPOXUTTEL Ao ouTH T1) Stodixaocio. Otoupe h = 1,1 XL
YPTOWOTOLOVTIG TIG TUPATAVE WOIOTNTES €Y OUUE

h:

uxd (rp—2, Tk—1)
wxd (T5—3, Tk—2)

= P.XB (7’1, 7'2).

IHopdderypo 6.1 Trohoyiloupe Tov péyioTo %06 Slonpéth Twy apriuwy 612 xa 221:

612 = 2-221 4+ 170

221 = 1-170 + 51

170 = 3-51 + 17
5l = 3-17

Apa 17 = uxd (612, 221).
[TpooéZte ot auty| 1 u€Yodog Peloxel Tov uxd ywelic vor yeetdleTon ToEAYOVIOTONoT TV
aptduwy ot TEWTOUE TUEAYOVTEG.
Mopdderypa 6.2 Yrohoyiloupe to péyioTo xowd doupétn twy n'’ — 1 xou n® — 1:
n'®—1 = ninf—1)+n*-1
n—1 = n*(n*—1)+n>-1
nt—1 = (n?+1)(n?-1)
‘Apa
wd(n'®—1,n%—1) = wd(n®—1,n*-1)

uxd (n* =1, n* — 1)
= n?*—1.
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ITpotaom 6.19 Edv h efvai o puxd twv i, 12 € N, kain € N, téte 0 puxd twv nry kainry
etvar nh.

Anédedn. Edv Yewpriooupe ta Bruate tou Buxeidetou Akydprduou yia tov uxd (r1, 72),
xoL TOAATAAGIAGOVUE XAVE 1GOTNTA UE N, EYOUYE

nry = qinrg + nrs nrs < Nnrs
nre = @aNrs +nry nry < nrs
nrg—2 = (qg—2NTp—1

agol 1, = 0. H povadixétnta 1wy utohoitwy 1oV alyoprduo tng OLdpecTs, GUVETAYETL
OTL QUTEC 0L LOOTNTES Bidouy Tov Euxieldeio Alyopriuo yia Tov uxd (nry, nrg), xou ot

uxd (nry, nry) = nry_
= nuxd (r1, r2)

Auth 1 Togatenon odnyel 0TO EXOUEVO CTUAVTIXO ATOTEAEGUAL.

Afppa 6.20 Edv m, n € N ka1 p efvar tpdtos apidudés mov daipel to yvduevo mn, tote
efte o p Owaipel Tov m €fte o p daipel Tov n.

An6delly. Trolétoupe ott o p dev droupel Tov m. Tote, agol o p eivor TpwTog, oL yudvot
Sranpétec tou elvar 0 1 xou 0 p, xou 0 uxd (m, p) = 1. Anéd v Ipbdtaon 6.19 o uxd tou
mn xo Tou pn evor 0 n. AAAG o p el Tov mn xar Tov pn. And 10V 0ploUdd TOU uxd,
CUUTEPAUVOUUE OTL O P BLoLpEl TOV n.

O

To axbéhovdo moploua amodeELXVIETUL UE ETAYWYT 0TO k > 2.

ITopiopa 6.21 Edv o p elvar mpaytog apidjuds mov owaipel to yvopero myms . ..My, TOTE
0 p dwaipel Tovddyiotoy éva and Toug My, Ma, . .. M.

To Afuya 6.20 yenowonoieiton oTny anddeln ot o aptiuog V2 dev ebva ontog. Ipdy-
uott, €dv V2 = p/gq, 6Tou p xm g eivor puotxol aprduot, xor Pxd (p, q) = 1, téte p? = 2¢%.
Téte o 2 dupet tov p?, xon amd to Afuua 6.20, o 2 doupel Tov p. AANG 161€ 0 2 dronpel T0
q* xon cLYVETOS 0 2 Bdranpel Tov ¢. ‘Atoro, awol urodécape ot uxd (p, ¢) = 1.

Kietvouue autéd 1o Kegdhowo pe 1o Ocwpnua Movadixrc [agayovtonoinong, 1 Ocueiiw-
0e¢ Ocwprnuo Aptduntixic: 1 mapayovTonoinon evog guoxol aptluod o€ YIVOUEVO TEWTWY
elvorl LOVadLXY|, EXTOC ATO AVOBIATAULY) TWY TORUYOVIWV.

Oedpnua 6.22 ( Oedpnua Movadixrg Iapayovrtonoinorng) Yrodétovue oum €
N,m > 2 ka1 or1 vndpyovr mpddtor aprduot pi, pa, ..., Pr KA1 q1, G2, - . . Gs TETOIO HOTE

m=pip2---Pr = 4142 (gs .

Tére r = s ka1 vndpyer augipovooripaven araxovion ¢ = {1, ..., r} — {1, ..., s} téro
WOTE P1 = (u(i) Y10 kde v =1,..., 7
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Arno6delr. 'Eotw guoixdc aptduds m > 2, xot TpWTOL i, ..., Pr XU 1, - .., (s TETOLOL
WOTE
m:pl-..p,r:ql...qs

TroVétoupe ott 7 < 5, xou egoapuolovue enaywyr oto 7. Edv r = 1, t6t1e m = p; =
¢+ q¢s- Amb 1o Ilbpoya 6.21, o p; dangel xdmoov and T0Ug qi, ..., G5, EOT® TOV ¢;.
A)NG o g; elvon TEKTOS, XL GUVETWS p1 = ¢;. BEdv s > 1, and v Ipdtacn 6.6 €youue
L =q1¢i-1qi+1 " qs, dTOTO OV oL TEWTOL apwluol g; > 1. Xuunepatvoupe ot s = 1 xou
m=p1=q.

Edvr >1xum=pi-p = q (s, 0 TpOTOC apldUOC P, Otonpel YIVOUEVO ¢q - - - G,
x0L oLUVETWS dlanpel xdmolov amd ToUS ¢, - .., Gs, E0TW TOV G;. AN 0 ¢; elvon TEWTOS, XAl
OLVETWS Pr = (. LUUTERAVOUUE OTL

P1Pr—1=4q1" " qi-1Gi+1 " (Qs-

And my emaywywi unddeon, 7 — 1 = s — 1 xon undpyet apgrpovootuavtn ¢ = {1, ..., r—
1} = {1, ...,i—=1,i+1,..., s} o0 OCTE Pj = Qy(j). Apa 7 = 5, xou 1 {nroduevn
AUPLULOVOCTUAYTY] ATEXOVIOT] Efvan
. ) edvyi=1...,r—1

o(j) = {¢<]) J

1 Eqv j=r
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Aoxnoelg

‘Aoxnor 6.1 Opicte m”, yia m,n € Ny, avadpouixd ye

m® =1, m"* =m"m.

OewpOVTIUS YVWOTEG TIC IIOTNTES TNE TEOcUEGNC X0 TOU TOAAATAACLICUO, OELETE, UE %o-
TAAANAQL ETOY WYIXA ETLYELRHUATA, OTL

—+r

o. m"T =m"m”

g ™ = (")’

ToT

Y. (mn)"=m'n

‘Aoxnor 6.2 Eotwa e R, € R yeca+ [ >0. Anodellte ot yia xdde n € Ny:

an+ﬁn>(a+ﬁ)n
2 - 2 '

‘Aoxnon 6.3 Opiloupe avadpouxd to n! ue 0l =1 xau (n+ 1)l =n!(n+1).

o . AeiZte e enayoyh ot (n — )l 7! Sonpel o n! yio ko o pe 0 < < .

n!

B". Amd 1o o éyouue ot etvar guotxog apiuoc. Tov ovudlouue dwruuikd

(n—r)lr!

/7 7 n 7
ourtedeoTn) xou Tov oLUBoAilouue ( > Acl&te ot
r

n
) _
(i) <0>
.. n
o (1)
(iff) (r) a (n—r)
v Aceiéte ot
n n n+1
077
T r—1 r
0. Aellte pe Enaywy?| OTL Ol BlwVLUXOl CUVTEAECTES elvol axpLBOC Ol CUVTEAECTEC GTO
avdmTuype Tou Suwviuou (a + b)™:

n

(a+b)" = (g)a”—i-<1>a”_1b+-~-+<Z>a”_rbT+~--+(z>bn.

Y10 Kegdhowo 7 Vo 600ue ylar GANT EpUNVEIL TWY DIWVUULX @MY CUVTEAEC TWV.
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‘Aoxnor 6.4 Avtictpégovtoac 1 dadtxactio Tou Euxheideiou Alydprduou, urmopolue va
Beolue axéparoug aptduoig a, b € Z, T€Toloug Mo TE

uxd (p, q) = ap + bg.

Xpnowonomote auth TV Tapathenon Y va ypddete 1o 17 otn wopgr 612a + 221b, ue
a,be.

‘Aoxnor 6.5 Acite ot edv p, ¢, 7 € N, p|r, q|r xou uxd (p, ¢) = 1, 61 pqlr.

‘Acxnom 6.6 Trnoloylote Tov YEYIOTO X0WO DL€t Twv apriumy 2244 xau 2145,
o. yenowomowwvtog Tov Euxdeidio Alyoprdyo.

B’ mapayovromoiwvtag Toug 800 aprduols O TEWTOUS TURYOVTES.

‘Aoxnorn 6.7 Acite ot €dv p, ¢ xu n elvon guowol apriuotl, p™ g™ €dv xon ubvov edv plg.

‘Acxnomn 6.8 Acilte ot €dv p elvan npdtog aprdude xau p|g”, téte p”|q".
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[TapdpTnuo

Ocedpnua (Oswdpnua Avadpounrs) Edrv X evai éva otvoro, f: X — X jua ouvdp-

tnon, kai ¢ € X, téte vndpyer povadikn ovvdptnon ¢ : Ng — X térowa vote
a’ ¢(0) =c,
B w(e(n)) = fe(n)) ya kdde n € N.

Anodelly. Ané ) oxomd g Vewplag cuvorwy wa cuvdptnon ¢ @ Ng — X eivor éva
unoctvoho ¢ C Ny x X ye ti¢ ddtnteg

i. T xdde n € Ny, undpyer © € X této0 Hote (n,z) € ¢,
ii. Edv (n,x) xu (n,y) € ¢, 161e © = y.

Apa yta v oploouye 1 cuvdpTnoT ¢ aexel va Tpocdlopicoupe 10 xatdAAnio utocivoho. Ol
WOOTNTES TNG ¢ TN DLTUTWOY) ToU OEWEHUATOS GTNUAVOUY OTL AUTO TO UTOCOVORO TEETEL
VOU LXOVOTIOLEL

A’ (0,¢) € o,
B. Edv (n,z) € ¢ t61e xou ((n), f(x)) € .

Trdpyouv TOAAG LTOGUVOAY UE QUTEC TS LWOLOTNTES, 0T Yia Tapdderyua 6ho to Ny x X.
To {ntoluevo tvor 1) Tour OAWY AUTWY TWY UTOCLUYOALY, Yiatl uovoy auth Yo txavomolel Tig
wiotnteg (i) xou (ii). Oewpolye 10 clvoro V dAwv twv utocuvérwy U C Ny x X yio to
orola 1oy bouy

(0,¢) € U,
(n,x) e U = (e(n), f(z)) €eU.

‘Eyouue V # @, agol Ny x X € V. ©¢rouue ¢ = [ V. Téte ¢ xavoroet tic (A') xou (B),
elvor UGALoTa TO UixpoTERO GUVOAO ToU Tig xavoTotel. Amouéver va SelouUe 0Tt ¢ avoToLel
Tic (i) xoun (ii).
O¢Toupe
S={neNy|(n,x) € yaxdrow r € X}.

Anéb o (A), 0 € S xou and 10 (B') n§ = e(n) € S. Me enaywyy| éyouvue S = Ny, xou 1 (i)
IXAVOTOLELTAL.
o va Sef€oupe v (ii), Vétouye

T ={neNy|(n,z) e ¢y povadixé z € X}.

Ivwpiloupe ot (0,¢) € ¢. Edv (0,d) € ¢ xou ¢ # d, opilouvue ¢~ = p\{(0,d)}. Tore
@~ woavornoel v (A'). Edv (n,x) € ¢, t61€ (¢(n), f(x)) € ¢ xou dev eivon (oo pe (0, d)
ep’ooov e(n) # 0. Apa (e(n), f(x)) € ¢~ xou ¢~ xavonoel Ty (B’). AMNG 10 ¢ eivan t0
uxpoTEpo ohvoho ou xavorotel Tic (A”) xou (B'). Apa dev undpyer tétowo d, xar 0 € T
o o enaywyxd Phuca: edv n € T téte undpyet povadixd © € X tétoo wote (n, ) € ¢,
oo, yioo vor det€ouue ot e(n) € T mpéner va deioupe o dev umdpyer y # f(x) téow
oote (e(n),y) € ¢. Edv vnhpye tétoo Lebyog, Yewprote 10 ¢* = ¢\{(e(n),y)}. Onouc
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TPONYOUPEVLS, €@’oo0v 0 # £(n), ¢* xavorotel Ty (A”). T va det€oupe ot txavorotel Ty
(B') ehéyyouye ot

(m,z) € p* = (e(m), f(2)) € " yia x&d9e m € Ny .

[ m = n autd woydet, apol urdpyet uévov éva x € X tétoo GoTe (n, ) € @, xou Y1dUT6
w0 z, (e(n), f(z)) € ¢ and 1o (B'), xou dev eivan (e(n),y), agod y # f(z). T m # n,
youe (2(m), f(2)) € ¢, am6 7o (B), xon £(m) # £(m). Apat (<(m), f(x)) # (<(n), ), xan
ovvendc (e(m), f(2)) € ¢*. Ko otuic dlo nepintwoeis, ¢* wavornowel t (B), xou éyouye
avtigact, xadwg ¢ eivar eErdyioto. Enaywyind, T = Ny, tou oloxhnpodver tny anddeln).

O

Ocdpnua (Kavovee tng aprduntixrc) e dda ta m, n, p € Ny, woytovr ta akd-
Aovda:

1. Hpooetaipiotixi 1016tnTa tng npdodeong:

(m+n)+p=m+(n+p),

2. MeraOetikn 1016tnta tng mpéoteons:

m+n=n-+m,
3. Ilpooetaipionikn 1016tnTa tov ToAAarAaoiaojiov:

(mn)p = m(np),
4. MeraOenikn 1616tnta tov ToAdatAaoiaojov:

mn = nm,

5. Empuepronikn 1016tnta tov moAdardaoiaopot ws npos tny mpéodeon:

m(n +p) =mn+ mp.

An6deln. To (1) anodewvietor Ue Enaywy GTO P, YPNOLOTOUDOYTIAC TO GUVOLO
S={peNo|(m+n)+p=m+(n+p)}.
[TowTov

(m+n)+0 = m+noand my (npl)
= m+ (n+0) anéd v (npl),

doa 0 € S.
Katémy, edv p € S, t61e

(m4+n)+p=m+ (n+p), (6.1)
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(m+n)+e(p) = e((m+n)+p)ond my (1p2)
= e(m+ (n+p)) and my 6.1
= m+e(n+p) oand my (np2)
= m+ (n+e(p) and my (np2)

Tou ovverdyetor ot £(p) € S. Erayoywd, S = No.
To (2) amodexvieton e enaywyr 610 N, YENOWOTOIOVTIS TO

S={neNy|m+n=n+m}.
To Afupa 6.4 (1) delyver o 0 € S. Edv n € S, t61¢
m+4+n=n+m (6.2)
X0l

m+¢e(n) = e(m+n)anéd my (np2)
= ¢(n+m) and my 6.2

n+e(m) ond v (np2)

n+ (1 +m) and to AMfupo 6.4(2)

= (n+1)+m and 1o Ocwpnua 6.5(1)
= ¢e(n)+m,

xar ouverwg £(n) € S. Erayoywd S = Np.
Efvar mpotipétepo va anodelZouye xotomy o (5), YpnoulonowmvTous Enaywy s oto p. O¢-
TOUUE
S ={peNy|m(n+p)=mn+mp}.

m(n+0) = mn ond my (npl)

mn + 0 ané v (rpl)

= mn+m0 and my (tAl),

xoll ouvenwe 0 € S.
Edv p € S, t61e
m(n+p) =mn+mp (6.3)

Ol GUVETC

m(n+¢e(p)) = me(n+p) and my (np2)
= m(n+p)+moand my (Th2)
= (mn+mp)+m ané my 6.3
= mn+ (mp+m) ané my (1)
= mn+me(p) and v (1A2),
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doa e(p) € S xaw emaywywd, S = Ny.
H anédeiln tou (3) etvar TWEA GYETWY EOXOAN X0 OO UE TIC TPOTYOUUEVES. ATOUEVEL
va anodei&ouye to (4), mou elvor xdnwe mo tohlTAoxo. Oétouue

S ={neNy|mn=nm}.
Amo 1o Aupa 6.4(3), 0 € S. Edv n € S, tote
mn = nm (6.4)
xaL €Y OUUE

me(n) = mn+m ond my (TA2)

nm +m and v 6.4.

Edv yvwpilaye ot autéd eivan (oo pe e(n)m Vo elyaue telewdoet, ahhd Suotuytc autd dev
10 Yvwpilouue axdun. Mropolue dung va 1o anodelfouye, UE Wi OEUTERY ENAY WYY, GTO M.
O¢touue

T={meNy|nm+m=ce(n)m}.

Tote 0 € T, xar edv m € T t61e
nm+m = e(n)m (6.5)
Ol GUVETC

ne(m) +¢e(m) = n(m+1)+ (m+1)
= (nm+n)+ (m+1) and myv (
= nm+ (n+ (m+1)) ond my (1
= nm+ ((n+m)+1) ané my (1
= nm+ ((m+n)+1) oand myv (
= nm+ (m+ (n+1)) ané my (1
= (nm+m)+ (n+1) and my (
= g(n)m+¢e(n) oand v 6.5
= e(n)e(m) and v (1A2),
doae(m) € T xou T' = Ny. Emotpégovtoc atny mponyoluevn enaywyy, €yovue ot e(n) € S

xou S = Ny. Etor ohoxhnpdvetar 1 anddeiln tou (4).
0



Kegpdhawo 7

2JUVOLOC TLXT

Arnopldunor oc tengpacUEVA GUVOA

[o vae amapriuricouye ta oTotyeio evog GuvOhou, ONAADY| VoL UETEHGOUNE TOGA €lvar, To
oLY%EIVOLUE UE CUYXEXPUEVA UTOGUVOAX TwY QuoxaY aptiuwy. TTpdhta opilouue autd ta
uTooUVOAY, Yia xdie k € Ny:

N() = @

N(k) = {neN|n <k}, yiaxdde k € N.

A{ppa 7.1 Trdpyer augipovooripaven ovvdptnon f : N(k) — N(m) edv ka1 pévov edv
k=m.
Ano6deln. To anotéheopa eivor mpogoavae odndéc edv m = 0: t6te N(m) = &, xa 7
HOVOOLXY| AUPLLIOVOCAUAYTY CLYAETNOT| OO TO XEVO GUVOAO elvan 1) xevH cuvdptnon & — J.
Trovétouye 0Tl T0 anoTéleopa Loy el Yo xdnolo m € Ny xo Vewpolue Wi au@LuovocT-
HOVTY) CLUVAETNON
Y :N(m+1) — N(k).
Edv k = 0, t6te N(k) = @, xou ouvenme m+1 = 0, tou avuigdoxet npog 1o P1. Apa k # 0,
xar k= n+ 1y xdnowo n € No. Topa xataoxeudlovue uLor du@LUoVoSHUAVTY CUVIETNON
¥ :N(m + 1) — N(n + 1) yio mv onola toydet 9*(m + 1) = n + 1.
Edv v ™ ¥ woyder ot ¥(m + 1) = n + 1, 9étoupe ¥* = 1.
Edv 6y, t61e undpyet xdnoo ¢ < n yw 1o onoio ¥(q) = n + 1, xa opillovye ™ ¥* o
eghc:
¥(q) = I (m+1)
P(m+1) = n+1
9 (r) = J(r)ywr#qr#m+1.
Topa tepropillouue v U o1 cuvdptnon
ﬁ*’N(m) . N(m) — N(n)

Aut| ebvon TEOYAVHS AUPILOVOSTHUAVTY), XL aTO TNV ETaywyLxr unddeon, m = n. Apa
m+1=mn+1, xu ye emaywyn €youue o {nToduevo.
O

Opwopobg. Aéue ot éva olvoho A éya k oroeta, yio k € Ny, edv undpyet uio oupt-
uovoohuavtn ouvdpetnon f : N(k) — A. Eva olvolo eivar nenepacuévo edv éyel k

108
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otovyeio yia xdnowo k € Ny. Tov aptiud twv otoyelwy evoc nenepacuévou cuvolou A tov
oupPohrilouue |A| 1 card (A).

To Afupa 7.1 eCacgariler ott 0 aprluds TV GTOLYElWY EVOS TETEPAGUEVOU GUVOLOU
ebvot %xohd 0pLoPEVOS: €QV UTHPYOUY UUPILOVOCHUAVTEG CUVIPTACE [ : N(k) — A xo
g : N(m) — A, t6tengtof : N(k) — N(m) eivon oapguovoohpavtn, xou dpo k = m.

IMopdderypo 7.1 To @ éye 0 otoyeio, |F] = 0. To {@} éyer éva otoryeio: undpyet
appuovooipovtn anexovion ond o {J} oto {1}, dpa [{@}] = 1.

O opriude TwV cToYEIWY TETEQUOUEVWY GUVOAWY EYEL OPLOUEVES UTAES WOLOTNTES.

|AU B|
|AN B

Al +[B]

<
< min{[A], |B]}.

H oxeBric oyéomn avdueoa otoug t€ocepels aptduoie didetar otny axoloudn ToautdTnToL:

Ilgbétaon 7.2 Edv A ka1 B €fvar ovvola, téte

|AUB| = |A|+|B| - |AN BJ.

Aev Yo dwooLUE auoTNEY| amddelly Tne Tapardve Toawtotntog. Iapanéumouvye 610 BLd-
Yeopuo Venn, xou Ty mopatrhienon ot To otoyelad oty Tou) AN B amaprduodvton uio gopd
oto [AU B|, evé ato |A| + | B| anapripodvion 800 gopéc.

Ilégwopa 7.3 Edv AN B = @ téte |AUB| = |A| + |B|.

Me Alyn oxédn enextelvouye Tov TOTO Lol THY EVWOT) TELOY CUVOAWY.

|A1UA2UA3| - ‘A1‘+‘A2‘+‘A3|
—|A;1 N As| — |A1 N As| — |Ax N Asl
+]A1 N Ay N Az

IMopdderypo 7.2 Ilbcol apriyol and 1o 1 €wg to 100 dronpolivia ue to 2, t0 3 1 10 5;
50 apruol dranpolvton Ye to 2, 33 drarpolvton Ye to 3 xou 20 dronpolvtar pe to 5. O apriyot
TOL BlonEoLYTAL UE TO 2 xou To 3 efvan autol mou dronpovvton Ye to 6 xou efvon 16. O aprduol
TOU dLonpoUvTAL UE TO 2 ot To S efvan awtol mou dronpovvton Ue To 10 xou etvor 10. O aprduol
TOU BLouEOLYTAL UE TO 3 %ot To 5 elvon autol mou donpolvTon Ye To 15 xou eivon 6. Téhog
ot aptdpol mou drargolvton Ue To 2, To 3 xar To S ebvan Ta ToAhamAdota Tou 30 xou etvon 3.
Avuxohotdviag otov TOTo €)0UulE:

0+33+20-16—-10-6+3 =74

Apa undpyouv T4 apriyot and 1o 1 €wg to 100 mou dupolvton ye 10 2 10 3 1 T0 5.

To enduevo Oewpnua didel T0 YeEVIXO TOTO Yia Tov aptdud ctoyelwy oty Evworn 1 ou-
volwv. H Swatinwor tou anotelel doxnon ot yeron tou cuuBoiicuol tou adpoiocuatoq.
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Ocedpnua 7.4 (Apyh Evyxieiocpnod xouw Anoxieiwocwon) Edv Ay, As, ..., A, evar
Tenepaouéva oUvora, tdte

|A1UA2UUAT|:

r r—1 r
= Z|A11’_Z Z ‘AilmAi2|+"'

i1=1 11=1142=i1+1
r—k+1 r—k+2 r—k+j r

+(_1)k+1z Z Z Z |Ai N N A |+

i1=1 t9=01+1 ijZij,1+1 tp=1p—1+1

(=) A N Ay N AL

To Oewpnua anodewxvieton pe yerion e loyuerc woppnc e Apync Enaywyrc oto r,
Eexvavtag and r = 2. T va amo@iyoupe Tov ToAUTAoX0 cuuBohioud, dev Yo arnodeilouue
T0 yevixd emaywywod Bhuc, aAdd Yo unovécoupe ot o TOTog toyle Yo 2 xou 3, xou Yo
amodeilouue ott oy Vel Yo 4.

’A1UA2UA3UA4’ -
|(A; U Ay U As) U Ay
|A1 U Ay U Ag| + |Ay] — |(A1 U Ay U As) N Ay (7.1)

AN

(A1 U Ay U A3) N Ayl =
= [(A1NAY) U (AN Ay U (A3N Ay
= |A; N Ay + A2 N Ay + | Az N Ay
—(A1 M A) N (A N Ay — [(A; N Ay) N (AN Ay)|
—|(Aa N Ag) N (A3 N A+ (AL N Ag) N (AN Ay) N (A3 N Ay
= JAI N A+ |As N Ag| + | A3 N Ayl
—|A1 N Ay N Ay — |[A1 N A3 N Ay — |Ay N Ag N Ay
+]A; N Ay N A3 N Ay

Avuxohotoviag otny 7.1 €youue to {nToluevo.

Ocdpnua 7.5 (Apyh AVpolopatog) Edr Ay, Ay, ..., A, elvai olvoda, ava 60 Eéva
pewad tous, onkaon A;NA; = & edv i # j, tote

AU AU UA, | = A + A+ + |4,
Oewpnua 7.6 Edv A ka1 B elvar nerepaouéva ovvoda, tote A X B elvar temepaoiiévo, kai
|A x B|=1|A||B].

Anédeln. Eow |[A| =k, |B| =r. Edv A = {ay, as, ..., ar}, ¥étovpe A; = {a;}, v
i=1,2,..., k. Tote A = AJUAU- - -UAg, xou AxB = (A1 x B)U(A2x B)U- - -U(Ag X B).
To oOvoha A; X B xon A; x B eivon Eévor petall Toug €dv @ # j, apol (A; x B)N(A; x B) =
(AiNA)xB=0xB=g. Apa |Ax B| =|A; X B|+ |Ay x B| +--- + | A x B|. AM\&
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o otovyela Tou A; X B ebvan Ledyn (a;, b), b € B, xon undpyel au@uuovosHUayTy cuVAeTnon
A; x B — B, dpa |A; x B| = |B| = r. Kaddc undpyouv |A| = k bpot 610 ddpoioya,

k
|Ax B|=> r=k-r=|A||B].
=1

O

Ocedpnua 7.7 (Apyh I'wopévouv) Edv Ay, As, ..., A, elvai tenepaouéva odvola, to-
T€

|A1XA2XXAT.|:’A1HA2| |AT|

Anodelrn. Me cnaywy? oto 7, Lextvwvtag and r = 2. Oewpolue r + 1 menepaouéva
unocUvoha Ai, As, ..., Arp1. Oétoupe A = Ay X Ay X --- X Ay xou B = A4y, Tote
|A; x Ay x -+ x A| = |A x B| = |A]|B|, xou and v enoywywxr) utédeon autd etvon (0o
ME (|A1| ‘AZ‘ s |AT|)’AT+1"

0
Ocwpnua 7.8 Edv A elvar tenepacpiévo aivolo,
[B(A)| = 2.
Anddelgn. Me enayoy otor = |Al. Ot r =0, A= xu |P(2)| = {0} =1 =2°
Edv A = {a1, as, ..., ar41}, Vewpolye ta ohvola

S1={XCAla1 ¢ X}

pidoid)
SQZ{XQ/H(IT_HGX}.

Téote P(A) = 51 U S xau S1 NSy = @. Oéroupe B = A\ {a,11}. Toéte S; =P(B). And
10 Sy opilovue apgpovootuavtn ouvdptnon f @ Sy — S pe f(X) = X \ {a,41}. Apa
|S1] = [S2]. Ané v emaywyxr, unddeon, |Si| = 27, doa

[B(A)] = [S1] +182| =251 =227 =271

ZUVBUO(G‘CL%‘Y’]

Opopog. Ilelpopo otn cuvduaotixr ovoudlouue uio guotxy| dwadtxacio Tou €yetl €va
TEMEQUOUEVO GUVORO OO BUVATY TAUPATNEHOLUN ATOTENECUATA.

[apadeiypato téTotwy dadixact®y etvan
1. Emhéyouue k and ta n otovyela evog cuvolou.

2. ToroVetolue k xépuota o€ n xouTId.
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3. Kartavéuouue ypogela 6Touc yeTantuyloxois gortntés tou Tuhuotoc.
4. Piyvoupe 600 (dpla xon xatorypdoule T0 anoTéEAEoUA.

5. ‘YtplBouue’ éva vouroua 20 Qopég xou xaTaYpdPOLUE Tal ATOTEAECUATAL.
6. Mowdlouye uio TpdmovAia oe T€ocEPELS TUlXTES.

Y1oyoc g owdvaotiks eivon var amaptdUicouUE O Tal SUVITA ATOTEAECUATA EVOC
TELRAUATOC, 1) QUTA OO TO ATOTEAEGUOTA TOU €Y OUV XATOLL GUYXEXPUIEVOL Y OQUX TNELO TIXA.

Oa BLITUTWCOLUE TIG B0 Pacixég apyég amaptiunong yia Ty TepinTwor 600 TEWAUATODY.

Apy" 'wouévou: Edv éva nelpaya €yel k duvatd anoteléopoata xou €va Ao Telpoya
€yEL T OUVATA AmOTEAEOUATA, TOTE UTAEYOLY AT BuVITA amoTEAEoUUTA OTay YivovTal xou To
000 UTE TELPAUATOL.

Apy" AVYpolopatog: Edv éva teipaya €yel k duvatd arotehéoyata xat Eva dhho Tei-
popoL €YEL T BUVATY amoTEAECSUATA, TOTE UTdEYOLY k + 1 duvaTd amoTeAéouaTa GTay YiveTo
oEBwe Eva amd oL 000 TELRUTAL.

[t mapdderypa, €dv undpyouy 7 yadfuata Tou SdoxovToL To TEei xou 5 pouaTa Tou
OdoxovTL To andyeuua, Yo undpyouv 35 = 7 -5 emhoyéc Yo @ortnTéS Tou YENOLY va
Yeaptoly o €va udinuo Tou OdoxreTHL To TEwl Xor Ot €vo udinuo Tou BLOAGKETUL TO
amoyevpa. Eve Yo undpyouy 12 = 7+ 5 emdoyég yia gottntég mou Yéhouy va ypaptoly oe
éva udinua, elte To mpwl elte To andyeuya.

H avdluon tohh@dv Slapope Ty TeElpaudtov eivon, and podnuatix drodr, n o o
Topdderyua, To va pi€ouue dUo (dpla eivon and padnuatixr drodrn to Blo pe To va tomove-
THoouue 6Vo xépuata o 6 xouTid, apriunuéva and to 1 €we to 6. Na otpidouye éva xépua
20 gopéc elvar ouotacTxd To (B0 Ue To va Yotpdoouue 20 avtixelpeva o 5V0 xouTIdL.

Oa UEAETACOVUE AVOUAUTIXG OPIGUEVES TOQUAAXYESC TOU TEMTOU TROBANUATOS, TOU Telpd-
patog emAoyng: Emkéyoupe k and ta n otoyeio evog cuvohou.

Avdtalrn xow emavadingmn

Y10 melpopo EMAOYTC K avTXEWEVDY amO To 1 AVTIXEUEVA EVOS GUVOLOU, UTIEEYOLY VO
Baouxol mapdyovtec mou xadopillouv Tig duvaté mapahhayEc.

o Edv xataypdpouue tn oepd pe Ty omolo ETAEYOUUE To oToL el 1) OYL
4 Z Z AN 7 4 Z 7 4
o Edv emtpéneton va emAé€ouye 10 (810 GTotyEl0 TEQIOGOTERES YOREC 1) OYL.

To Baocwd melpopa tow Yo exteholue elvon 1o axolovdo: Mia coxolha nepiéyel n umdheg,
oprlunuéveg 1, 2, 3, ..., n. Ano autég emAéyouue k UTAAES, UE TOV TPOTO TOU TEPLYPAPETAL
oe xde mepintwon.

. Ynv mepintwon nou pog eVOLpEREL 1) OELRd e TNy oTtola yiveTtar 1 emA0Y Twv k GToL-
YElWY amd 1oL . OTOLYEld TOU GUVOAOL, %ot ETLTRENETAL VoL EMAECOUUE To (Blo oToLyElD
TEQPLOCOTERES POPES, hEUE OTL amaplluolue BLatdelg Twy n oTouyeiny avd k
we emavaindmn.
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IT. Yty nepintwon mou pog evilagépel 1 oetpd Ue tnv ool yiveton 1 emAoyrh twv k
oToyElwY and Ta N GTolyElo Tou GUVOAOU, xou OV EmITEENETAL Vo EmhéEouPe To (Bto
oToLyElo TEPLOGOTERES YOpEES, AEUE 0Tt amaplluoUue BLATAEELS TwY N oTolyelnwy
avd k (ywelc eravdindmn). e autrhv v nepintwon €yovue k < n.

III. ¥1ny neplntwon mou Oev pog eVOLapEpEL 1) oelpd Ue TNV omola yiveTtow 1 emthoyn Twv k
oTolyElwY amd Ta N GToLyElol TOU GUVOAOU, xou OEV ETITEENETAL Vol EThéEoupE To (Bto
oTolyeio TEPIOOOTERES YopEg, AéUe 0Tl amaptipoluE CUVBVACUOUE TWY N GTOL-
yelwv avd k (ywelc enavdindr). Xe authv tny nepintwon éyouye k < n.

IV. Yty mepintwor mou dev uag eVOLapEQeL 1 GeLpd e TNy omola Yivetal 1) emAoYY TwV k
oTotyelwy and To N oTOLYEld TOU GUVOLOL, XaL ETLTEETETL VoL ETAEEOUNE TO (Bl OTOL-
Yelo TEpIo0OTERES POPES, AéUE 0Tl amapliuoUue CUVOLACWUOUSE TWVY N GTOLYEIWY
avd k pe enavdindmn.

Autéc ebvan o1 Téooepelg Baocinég mapallayég Tou Tepduatog emhoy g Tou Yo UEAETHCOU-
ue. Ewwdtepec mapahhayéc Yo 000UUE OE CUYXEXPWEV TaQAdELYUATAL.

I. Awatdéelg n octoyslov avd k pe emavdindn.

And ) coaxolla Tou TEPLEYEL N APLIUNUEVES UTAAES, ETAEYOUUE BLadoyLxd b UTdAes, XaTo-
Yedpovtag Yid xde emAoyr| Tov aptiud TG UTdAAC Xt ETAVATOTOVETWVTAS TN UTdAa o1
caxo0ha eV TNV ETOUEVY emthoyT. Etol xatahfyouue ot pio dwotetorypévr k-dda apiumy
ané 1o 1 éwg 1o n. Ano v Apy I'vopévou, o apriudg v BuVATOY ATOTEAEGUITOY Ei-
YOI TO YIVOUEVO TV aptiu®y duvatwy anoteeopdtwy Yo xdle emhoyn. o xdlde emhoyn
éyoupe n duvatd amoteréouata, dpo cuvolxd éxouue nF SapopeTind duvatd anoteléopata.

Meétaon 7.9 O apiduds wwv datdéewy n ovotyeiwy avd k efvai n*.

IMTopadeiypoata

Edv pi€ouue éva {dpt 5 qopéc, €youue 6° OLUPOPETIXE DLVATY amoTEAEGHATA, €4V AouPd-
vetar u'ody 1) oelpd pe TNy ool EpyovTan ol aptiuof.

Edv otpldoupe éva vououa 20 gopéc, éyouue 220 dragopetind duvatd anotehéopata, €&y
howPBdveton ut’odty 1 oeLRd ue TNV omola epgavilovton x0pwva 1| YeduuaT.

II. Awatd&eigc n otoyxeinwy avd k ywelc enravdindn, k <n.

Emhéyouye xde pundha and 1t coxovAs 6Twe otny tepintwon I, ahhd yetd tny xotaypopy
OEV EMOTEEPOUNE T1) UTAAA OTH CUXOUAA. 1€ qUTHY TNV TEpInTwor Teénet va oy Vel k < n.
[ vo emAélovpe Ty mp@Tn undho €youue n duvatdtnteg. Metd Ty emhoyy| TS TEOTNG
umdhog, amouévouyv n — 1 undiec otn coxovla. Toéc elvon autéc eloptdTon amd TNV TEWT
emAoYh, ahhd o aprludg Toug elvon o xdle mepinTtwon n — 1. Apa yio TNV emAoYT| NG
OeUTERTC UndAag €youue n—1 duvatdtnteg. Metd tny emhoyy| Tng deltepng undhag undpyouy
n—2 undheg oTr coxoVAa, doo Yo TNV ETAOYT TNG TElTNG UTdAAS €Y OUUE 12— 2 BUVATOTNTES.
And v Apyr T'vopévou, yior Ty emAoYY TV TEIOV UTAAGY UTHRY 0LV

n(n—1)(n — 2)
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OLOLPOPETIXES BUVATOTNTES. BLVEY(COVTUC UE AUTOV TOV TEOTO, EYOUUE N — 3 BUVITOTNTES YLd
TNV EMAOYT NG TETARTNG UTAAAS, %x.0.X. uTahNYovTag Ue n — k + 1 duvatdtnteg Lo TV
emAoY" Tng Tehevtaiog k-00ThAg pndhac. Egapuélovrag ndht v Apyr ['vopévou, €youue
OUVOALXSL

nn—1)n-2)---(n—k+1)=

nn—1)n-2)---n—k+1)(n—~Fk)---1
n—k)n—k—-1)---1

n!

(n—k)!

OLVATOTNTES VoL ETAECOVUE k amd TIC 1 UTAAEC 0T coxoUA. Autdc o apiudc cupforiCeto
P(n, k).

ITpotaom 7.10 O apiduds twr datdéewr n otoyelwr avd k ywpls eravddngn efvar

n!
P(n, k) = Tk
IMopdderypo 7.3 Me noécoug tpoéTOUC UToEoLY Vo xAnewdoly 5 Slapopetixd dwpa ot
100 Aayvoic;
Egbcov ta dwpa eivor SlapopeTind UeTall ToUG UTOpOUUE Vo VEWPHGOUUE OTL €YOUUE ULd
owdtagn, lo 8wpo, 20 dwEO, %x.0.x. Apa T0 TEOBANUA APOEd TOUG TEOTOUS UE TOUS OToloUg
UTOPOUUE Vol ETAECOUUE ULal DLUTETAYUEVT) 5-ada, a6 To GUVOAO Twy 100 Aay vy, ywelc ema-
VO ool LUTOVETOUUE OTL EVag AayVOS TOU XANPWVETOL OEV CaVouTaiVEL 6TV XANEwTidA.

Apa o Inrotuevoc aprdude eivan P(100, 5) = 20—50!! = 9034 502 400.

Mia eduxy| uronepintwon e nepintwong II etvon 6tay b = n. Tote Aéye ott €youye pia
KETAVECT TWV N AVTIXEWUEVWY.

II.oe. MetaO€oelg N SLAPORETINWY AVILXELUEVD V.

Emthéyouye dradoyixd Oheg Tic undieg, ywelc exavatonodétnon. To duvatd anoteréopata
elvan Oheg ot yetadéoelc Tou ouvohou {1, 2, 3, ..., n}.

ITpotaom 7.11 O apiduds twr petaléoewr n avuikauévor efvar n!.

ITII. Yuvdvaocuol n ctouyelwy avd k, ywelc emavdindn.

Y autrv TNV TERITTWOT) OEV ETAVATOTOVETOVUE TIC UTAAES GTN GUXOVAA, OUTE XATHYPAPOL-
Ue TN oepd Ye Ty omola Tig emAéyoupe. Mnopolue va unotécouue ot maipvoupe b and
TIc N umdheg o€ pio emhoyy, xar ott e€etdlouye Tar uTooUvola Yeyédoug k Vo GuVOOU
ueyédoug n. To va amapriuicouvue autd T0 GUVORO TO GUYXEIVOUUE UE TO GUVOAO TWV
Slotdlewy n otoryeiwy avd k. And éva unocUvolo k oTolyeiwv uropolue va ndpouue k!
OLoLPOPETIXES DLATELELS TwY b oTolyeiwy. Apa, edv ouuBoiicouue (Z) Tov aptiud TV dLogo-
CETIXWY UTOOLUVOAWY U k ototyela, xou P(n, k) tov apriud twv dtdiewy n otoyeiwy avd

k, €youye:
k! (Z) — P(n, k).



Kegdiowo 7 Yuvovaotixy 115

Avtixahotovrag P(n, k) = (n+'k), €Y OUUE

n n!
(k)zm

ITeotaom 7.12 O apiduds twr ovvdvaousy n otoelwy avd k, ywpls eravdAnyn, eivai

n n!
(k)zm

4 n 4 ’ 4 INIVA ’
O apiudc (k) OVOUACETOL BLWVLULXOG CUVTEAEC TAHG, ENEWTY EU@avi{eTar W 0 GUVY-
TEAEGTAC ToU bpou a™FbF G0 avdrTuyue Tou drwvipou (a + b)".
7 7 ’ I3 n 7. 7 n n A
And tov tpém0 TOL Uoloyicaue Tov apriud (k) efvon Qovepd oTL Y ) (k) TRETEL VAL
vt (00 Ue TOV aptdud OAWY TV UTOGUVOLWY EVOC GUYOAOU UE N GTOLyEld:

()

Eyoupe det otny Acxnon 6.3 dAeg WOTNTES TV OLWVUIIXWY GUVTEAECTWY:

O-0"0 ()=

Ta emyetpuata Tou yenowonotioaue oty nepintwon III emttpénouy va yevixeboouue
T0 anotéheoya [La.

IIl.a. Metad€oeig n aviixelpévmy, Tou dlaxpivoviol xatd o-
LABECS.

TroUétouye 0Tl €YOUPE N UTIAES, YPWUAUTIOUEVEC UE T DLAQPOPETING YPOUATA: 71 UTAAES
YewUaTog 1, my UTAAES YeWUATOS 2, ..., My UTIAES YPOUATOC T, ETOL WO TE

n=ny+ng+---+n,.

[T6cec BlaopeTinéc DIATALES TWY N UTOADY UTHEYOLUY EAV UTOPOUUE Vo DLaxpiVOUUE To
OLUPOPETIXE YPWUAUTA AAAG OYL TIC DLAPOPETIXES UTAAES TOU LOIOU YPWUATOC;

IMopdderypo 7.4 Edv €youue umdhec 800 DLAPOLETIXWY YPWUATWY, UE N1 = 2, Ny = 2,
TOTE 0L OLPOPETIXES DLaTdlelg efvan oL axdhoudeg 6:

[o vae umohoyioouue Tov apulud ot Yevxr Tepintwor), unolétouye ot oL undheg elvon
OLES OLaPOPETIXES: APLIUOUUE TIC UTEAES TOu Ypmpatog 1 and 1 €wg ny, Tic UndAeg Tou Ypw-
uatog 2 and 1 €wg ng x.0.x. ToTE 0 0priudC TV BLAPORETIXWDY BLATALEWY Eival 0 apliudg TwY
uetadéoewy n orotyelwy n!. Oéhouue va utohoyicouue TOGEC and auTEC TIC ! BlapopETIXES
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OLaTtdEels dev dtaxpivoval av ayvonoouue thy apldunct twv unaiwy xdde yowuatoc. O ng
UTdAEC TOU YpouaTog 1, umopolv va avadtayYolv oe ny! dlagopetinols TpdToug, Tou Ya
0idouv To o anotélecua dGTav ayvorcoupe TNy apiduncr. Iapduola, oL ny Undies ypwua-
T0¢ 2, Umopoly va avadtotaydolyv oe na! BlagopeTixols TpdTouS, x.0.x. Edv cuuPolicouue

M(nq, ng, ..., n,) 0V oLl TV UETAVECEWY N AVTIXEWEV®Y TOU BlaxpivovTaL OE 1" OUAOES
ueyédoug ni, ng, ..., Ny, N ="n1 +Ng + ...+ Ny, TOTE ATO TA TEONYOUUEVA €Y OUUE
nilng! ... n M(ny, ng, ..., n.) =n!

ITpotaon 7.13 O apiduds twv petadéocwy n avtikeipévwy mov diakpivovtar o€ r opdoes
pney€dous Ny, ng, ..., Ny, =11 +No + ...+ n,, €var

n!
M(nl,ng,...,nk):—' ' '
nNying: ... 1My

IMopdderypa 7.5 Me 1660U¢ SLaPoReTIX00E TPOTOUS UToEoUY va SlartaryDolv To yeduuoTa
e AEENC
MIXYIEYIINIIHY?

‘Eyouue 5 dwgopetind yeduuoata, M, I, ¥, II, H. Ta M, H epgaviCovto ulo gopd, o II
eugpavileton 2 gopéc, to I tpelc @opéc xou 1o X mévie gopéc. Apan = 12, ny = ny =
1, ng =2, ny =3, ns = 5. Eyovue M(1, 1, 2, 3, 5) Swxpopetixéc datdiels,

12!

IV. Yuvdvaocpol n octoiyelwv avd k, ue enovdindmn.

Trovétoupe ot €youpe pio coaxovia Ye n UndAeg, aprlunuéves and to 1 g to n, xaL €va
Tivonca e 1 GTHAES:
1[2] ... |n

Emthéyouye pior umdhor amd 0 coxolAo Xl OTUELWVOUUE €V GTAURO GTN GTAAY TOU AVTL-
ototyel otov apriud tne. Katomy emotpépouye tn undia o1 coxovia. Enavoloufdvouue
™) Sradixacio k popéc (6mou k unopel va eivon peyolitepo and to n). To anotéleoua pnopel
va ebvar évag Tivaxac oav tov axohoudo, 6mouv n =4 xou k = 5:

Ye auth TV TepinTwon emAélaue 2 gopéc TN Undha 1, 2 gopéc T undha 3, xou Wio popd
N undia 4, eved dev emhéZoaue T pmdha 2. Mropolue va suuntiZouue Tov mivaxa, ywels va
Y4oOoUUE TNV TANPOQopia ToU TEPLEYEL, av Ypdhouue uio oElpd amd GTAVEOUS X %ot YEUUUES |:

X X || x x|x
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BAénoupe oTt umdpyel pla aQULOVOCHUOYTY GUVAETNOT ATd TOUC GUVBVAGHOUS 1L GTOLYEIWY
avé k pe emavdindn, otig dtdleg b otaupndy xou n — 1 ypouuov. Ané v tepintworn HLa.
YVvweilovde 0Tl 0 dprlUdC QUTOY TV SLATILEWY Elvor

n+k—1)! n+k—1
== G = (M)

ITpotaom 7.14 O apiduds wwy ovvdvaoudy n otoiyelwr avd k e enavdAnpn oidetar and

Ve / k_l
TO OIWVUUIKG OUVTEAETTT) ("+k )

ITelpopa Katavoung

E&etaloupe o melpapa totodétnorng k xepudtwy o€ n xoutid. Aev eivor 500X0A0 VoL AV TL-
Angdolue ott undpyel pla avtioTotyio avdusoa oe autd 1o TElpopa xon To TElpaua ETAOYYS.
Trovétouye 0Tt €youue n xouTid, apriunuéva ard to 1 €wg to n, xou k xépuota, apriun-
uéval and 1o 1 éwg 1o k. Tomodetolue ta k xéppata ota n xoutid. Ov mapahhayéc mou
oyetilovton ue T didtady xan TNy enavdhndn 61o telpaua emhoyhg, 6TO TEPUUA XATAVOUTS
€)0UV Vo XAVOUY UE TO EQV OTUELWVOUUE ToUug aptiuols TwV XEQUATWY, xot €4V ETLTRERETAL
vo Toto¥eTicouuE TEPLooOTERN amd Eva xEpuata o xdve xouTtl.
H yetdgppaon avdyeco oto 800 TeELpduoTa elvan oAt

EINIAOI'H KATANOMH
umdhar %OUTL
aprduog EmAOYHC aprlu6C (EPUATOS
J emAoYA elvon umdha i | x€pua j TomoVeTeiton 6To xouth 4

Or téooepelc Pacinéc TapaAAAYES TOU TELPAUATOS ETAOYAS AVTIOTOLYOLUY o Ta axohouda TEL-
OAUOITOL XATAVOUTIC.

I. Kdde xouti unopel va meptéyel aneptoploto dptdud XEQUATY, X0l CNUEWVOUUE TOUC
aptduole ota x€pUaTa.

IT. Kavéva xouti dev unopel va Teptéyel TeplocOTERN amtd VAl XEQUAL, XUl OTUELWVOUUE TOUG
aprduolg G Ta xEpUaToL.

II. Kavéva xouti 0ev unopel va TEQIEYEL TEPLOGOTERA ATO EVOL XEPUAL, 0L OEV CNUELOVOUUE
TOUG aPWUOUE o Tal XEPUATAL.

IV Kde xouti unopel va meptéyet ameploptoto apulud xepUdTmY, %ot OEV GTUELDVOUUE
Toug aptiuolc GTa xépuaTa.

Y€ 0pLOUEVES TEQITTWOELS, oL eTTAEOY UV e Tou VELouUE va emBdhouye oe Eva Telpoya,
exQEALOVTOL TLO QUGLONOYIXY YId TO TElPAUA XATAVOUNS Topd Yia TO Telpoua ETAOYTG.

IMopdderypo 7.6 Me n6c0uc TpOTOUC UTOROUUE Vo ywploouue 4 dtoua oe dYo LebyT;
To mpoBhnua avtiotoyel oto nefpopa xatavourc 4 xepudTtey o€ 5U0 xoUTId, ETOL WO TE Vo
Tonovetnloly oxpBmg 800 xépuata oe xdde xouti, xar hauBdvovtag ur’ ol Toug apriuoic
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ota xépuata. Bploxouye 3 duvatodTnTEC:

Autd elvon 0woTo €dv Sev evotagépet 1) SLdtadn twy 0o Leuydv. Edv duwe eviiapépet (yio
Topddetyua, 1o Tewto Lelyoc éyel 10 oepPic oe aywva Tévic) TOTE €youue dhhes Tpelc Suva-
TOTNTES, TOU TEOXUTTOLY and UeTadEoElC TV (Euy®y:

Ievixdtepa, eetdloupe to TEOPANUL xatavouric k aprdunuévwy xepudtwy, oe n apriun-
uéva xouTd, €tot wote va totodetnioly k; xépuata 6to xoutt j, ki + ko + ...+ k, = k.

‘Eyouue (,ﬁ) TeoTOUS Vo emhéCouue Ta Ky x€puata tou Yo Totovetndoly oo xouti 1. Ko-

TOTY €Y OUUE (k;;“) TPOTOUC Vol eMAEEOUUE T ko x€pUata Tou xouTiol 2, x.0.x. O apliudc

TWY TEOTWY VoL XATAVEILOUUE To xEpuata efvou:

) () ()

B ! (k — ki)! (k — ky — ky)!
Tl (k — k)| Eeol(k — Ky — ko)l Jegl(k — Koy — kg — Jig)!
(k—Fy — ko — ... — kn_y)!
‘ o, 0!
k!
Tk ky K

- M(k‘l, kQ, ,kn)



Kegdiowo 7 Yuvovaotixy 119

Aoxnoelg

Yrodeilelg yia Aoxroelg LuvBuao TLxnC

o, Edv oev Brénete nwg va mpoceyyioete éva TpOBANUA, 00XWAGTE xdmoLd TERINTWON
Ue oyeTd wxpoug aprduols. Autd da coc Porndroel vo emonudvete T TEETEL VA
uetenUel, xodwe xar Tuydy exavaibelc 1 mapakeidelc.

. Yndote o TeOBANUo o wxpdTERA, 4V auTd Elval amAOVGTESN GTO YELOIGUO. Lu-
)
xvd Bondd vo oradeponofioete plar ‘UETABANTA’ xow xUTOTLY VoL UETPROETE TIC OUOLEC
TEQITTWOELS.

Y. Aev elvor mévta oxdmo VoL ETLyEleoeTE Wa Briua Tpog Prua tpocéyyion. Ot nepimho-
x€¢ umopel v augdvouy andToua.

‘Aoxnorn 7.1 Oékete va ayopdoete yia dwpo évo toxduioo 1/ xou pla ypoPdta. Y rdpyouy
Telo SlapopeTind ToXdUIoN ot 500 DLAPORETIXES YPUPUTES.

of. II6oeg duvatdtnTeg EYETE VoL AYORACETE Eva TOXGUIGO 1) ula Yea3dTa;.

. IIéoec BuVATOTNTES EYETE VO AYOPACETE VAL TOXGULOO XOU ULoL YEAUBATA;

‘Aoxnomn 7.2 lléca diapopetind apyxd umopelte va ypddete pe 2 1 3 ypduuato TOU
eMNVIX00 ahpaf3|Tou;

‘Aoxnor 7.3 Me nd6coug BlapopeTinols TeOTOUS UTOPElTE Vo EMAECETE pla emiTpony| 3
atouwy omd 20 dtou;
Me néooug 1pdmouc unopeite va emAélete TpdedpO, Yoauuatéo xon Toulo and 20 dToua;

‘Aoxnor 7.4 Edv éyete 2 xéppota Tou 1 €up®, 2 eocdAento xou 3 TEVIAAETTA, TOOU
OLUPOPETIXY TOOA UTOPELTE VO TATPWOETE, Ywpic Vo Ypelao Telte pEo Ty

‘Aoxnomn 7.5 Me ndécoug Tpdmoug unopeite va Slodéiete 4 manolTow and 5 OLPOLETIXG
CeuydpLa;
Ye moooug and autolg Eyete ToLAdytoToV Eva (EuYdpy;

‘Acoxnorm 7.6 Me nécouc tpoémoug unopeite va potpdoete 10 Bihio oc dbo oTolfec, €tol
wote xde oToifa va €yer Toukdyiotov 1 Bidhio; Eletdote Tic téooepelc DapopeTinég
TEPITTWOELS, avdhoya ue To av ta BiSAla xou ot 61o{Beg VewpolvTon dlapopeTixd 1) dyL.

‘Aoxnor 7.7 Me n6c0oug Bla@opeTinols TPOTOUS UTopoly Vo ‘avaxatmdoly’ ta 52 yupTid
TNC TEATOVAAC;

Ye moooug and autolg Peloxovia ol T€coEpelg docol e dLadoyxEs VETELS;

e m6o0UC Ta D TEMTA YaeTId €Youy To {Blo “ypwud’;

(Xtnv tpdmovka undpyouy 4 BlopopeTixd ‘yewuota.)

‘Aoxnor 7.8 Me né6c0oUC TPOTOUC UTOPOUUE VO TOTOVETACOUUE N UTAAES OE N XOUTLY,
€10l woTe va elvel axpBng éva xouti ddeto. Eetdote 600 nepinT®oeig: €dv ot Undheg elvan
OMeg (DL 1) OAEC OLUPOPETIXES.
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To drewpo

I[TAnYuxol aprdpol

‘T etvon 0 dmerpo;” Mia mdavy andvinom nou Yo dwoeL €vag un EWxdS GE AUTO TO EPOTNUNL
ebvon ‘x4t peyohitepo and xdie puoxd apriud’. Me plo auotney| €vvola, auto elvar cwoTo.
‘Evag and toug detduPBoug tng Yewplog cuvorwy efvon ott 1 Evvola Tou anelpou umopel va
ABer cagéc vonua. Beloxouye ot 8ev untdpyet u6vo €va, aAAd TOAAS, uio TepdoTio tepagyia
amo dmetpa. Mmopolue va amavtcouue €va epwTnua OTwe ‘mécol mohhol ontol oprduof
UTGEYOLY;"  UE TNY ATEOCUEVY amdvtnoy ‘tocol dcol eivor ot guoxol aprluol’. To mo
Yerowa epwtAuata etvar autod Tou TOTou. Avil va pwtdue ‘méca’ oToryein UTdpy oLV oE
€va 6UVOAO, €lval TOAD TO ATOTEAEGUATIXO VO GUYXPIVOUUE 0UO GUVOAXL, X0 VO PWTAUE EQV
urdeyet To Bto TARYog oTotyelwy ota dVo. Aéue oti ‘umdpyet To Blo Ao oTotyElwY’
ota oUvoha A xou B €y undpyet uio ougruovocshuovtn ouvdptnon f : A — B. Avtl va
apyloouue pe 6N TNV Lepapyio TwY anelpwy, ac apyIcoUUE UE AUTO ToU, OIS Yo BoUYE, eivou
10 uxpodTERD. )¢ Pacikd clvolro yia oUyxpelor Yo Yewpriooupe Toug uoxois aptiuoig N.
Ebvar mpotydtepo va yenotwonotficouue to N avti yia to Ny, enedr) n auguuovoshuavtn
ouvdptnon f : N — B Bdlel ta otoyela tou B oe pla oxoloudio: ovoudlouue f(1) <o
npwto otoyelo tou B, f(2) 1o dedtepo, xhn. Me auth Tt Swdixaoia €youue éva TEOTO
vo. arapiiunoovue o B. Befolwe edv amapriuolue tor oTotyEld YenoOTOIWYTIS AUTH TNV
avuiototyia, ‘f(1), f(2),...", Sev @Tdvouue Toté oo Téhog, ahhd Yvwpilouvue ot Y xdde
otoyeio b € B, b= f(n) yu xdnow n € N, xau ouvende Yo ¢prdoouye xdmow otyur auto
T0 oTOLYElD.

Treviupilovye and 1o Kepdhowo 7 ot opioape N(0) = & xau yio xdde n € N, N(n) =
{m e N|1 < m < n}. Aéye ot 10 olvoro X eivar TENERACUEVO EQY UTEPYEL UPLUO-
vooruavty ouvdptnon f : N(n) — X y xdnow n € Nyg. Aépe ot X ebvar aprdpiolpo
elte edv To X elvan meEnEpUoUEVO Elte Qv LTdpyEL appruovooTuavTy ouvdptnon f N — X,
Edv undpyer augpovostuavtn ocuvdptnon f : N(n) — X, t6te Mye ot 10 X éyer n otot-
yeto.  Avty elvon 1 ouvrpdiouévn dradicacto anapldunone. Edv undpyet auguuovoohuavtn
ouvdptnon f : N — X, Mue ott 1o X éyel Ry otoryela. To oluBoho N elvar to mpwto
Yeduua Tou efpaixol ahgafrTou, xou ovoudletar dAep. Ny elvar T0 TEEOTO TAPAOELYUA TOU
cuvavtdue plag véag évvolag aptduol, Tou YEMOULOTOLETOL YL VO EXPEACOUUE TOGO UEYSAO
ebvon éva dmetpo oOvoro. ‘Otav Aéue ott €va alhvoro X €yel Ny otovyela, onuaivel anid ot
UTAEYEL au@LuoVoCTuavTr ouvdeTtnon uetald tou N xar tou X, mou onuaiver axp 3o o1t ‘1o
X éyet tov (810 TANOx6 aprdo (1 1o iBlo tAidoc ototyeinv) ve o N, Tlpw e€etdoouye

120



Kegdaiao 8  To dreipo 121

Aol aptdpolc YEVIXOTERQ, o DOUUE O TEOGEXTIXE TNV EVVOLX TNE optdUnotUoTnTIC.

IMopdderypa 8.1 Ny eivon aprduriowo. Opilovue f: N — Ny ue f(n) =n—1. H f ebvu
QUPLOVOCHUAYTY] cUVEETNON. AuTth elvan 1 TEOTN EXTANXTIXY WBIOTNTA AUTOV TOU TEOTOU
‘anapiunong anelpwv cuvorwv’. To N ebvar yrrjow vrooidvodo tou Ny, dpa Stancdntixd
Vo €mpeme va €yel MydTepa GTOLyYEld, OUWS UE THY €Vvola TNG UTARENS aUGLIOVOCHUOYTNG
ouvdpTNnoTg, T Vo chvoha £youy To Blo TAYog oTolyElwy.

lotopwd, o I'olhatoc €dwoe €va o evTuTwotaxd Tapdderyua To 1638, dtav enédelle pla
avTioToLy (o UETAEY TWY QUOXAY JEIIUWY XU TWY TETEAYWYWY QUOIXGOY AELIUOY:

Magdderypo 8.2 (Fakihaiog). Trdpyer avuiotoryio HeTall TwY GUOXGY apLdUDdY Xou
TWV TEAEIWY TETPAYOVWY:

123 4 ... n
Ll l
149 16 ... n?

Y1 oOyypovn cuvolodewpntixf Yhoooa, edv S = {n? € N|n € N}, n aneéviorn) f : N —
S, 6mou f(n) = n?, evon oapgruovoostjuavTn.

['a mepioobTEROUS amd 500 ADVES, QUTH 1) PoUVOPEVIXT| avTipacT) anéTpede xdle TpooTd-
Vet vor Yewpniel to drepo pe auotneotnta. O Leibniz égtace oto onueio va mpoteivel
0Tl TEEneL Vo e€ETALOUUE UOVO TEREPAOUEVA GUVORA, OLOTL 1) avTipuor TEoXUTTEL and ThY
amelplor TV puotx®y agtiuwy. H andvinon tou oto mpoBinua ftav ot edv Yewpolooue
UOVO TEREQUOUEVA GUVOAL QUK aptdU®Y, ag TOUUE Toug aptduolg YEypet To exaTo, TOTE
Oev LTy EL avTioToLy o UETAC) TWY PUOIXWY AELIUGY UEYEL TO EXUTO XL TWY TEAEWY TETEO-
yYovey uéyel o exatd. H enthuon tou napddoou and tov Cantor otny dexaetio Tou 1870
Aoy mo dpapatixr. Edeie ot edv epunvedoouue ‘to Blo Thdog otouyeiny’ vo onualvel
‘UTtdEYEL AUPLLOVOCTTUAVTT cUVIETNOTN UETAE) 800 GUVOLWY', TOTE xdle dnelo GUVOAO £YEL
70 (B0 TAYog oToyElwy pe Eva yvriolo utocivold Tou! Edd drelpo evvoeitan éva chvolo
By 10 omofo dev undpyer augruovoshiuavty ouvdptnon f 1 N(n) — B, yio onowdhnote
n c NQ.

IMgoétaoy 8.1 (Cantor) Edv éva ovvolo B elvai dreipo, téte vndpyer éva yrijoio vnoov-
voho A C B, A # B, ka1 pia augipovoonuavtn ovvdptnon f: B — A.

Arno6deln. Ilpota emhéyouye éva dnelpo unocivoho X Ttou B, ye tov axdloudo tpdTo.
Ao dev undpyet apgiuovooruavtn ouvdptnon petal N(0) xaw B, to B Sev eivor xevd, xou
undipyEL xdmolo oTotyeio 6to B, to onolo ovoudlouye x1. Opilouye uia cuvdptnon g : N —
B w¢ edrc: g(1) = x1, xou €dv €youue ETAECEL T DLUPORETIXG GTOYEld T1, T, ..., Ty,
apol dev undpyer augovoouavtn ouvdptnon ¢ : N(n) — B, mpénet va undpyet xdmoto
dA\ho cTotyelo Tou B, 10 0nolo 0VOUALOUUE Tpi1, XU TO OTO(O Eival DLUPOPETIXG ATd To
T1, ..., Ty Opilovpe g(n + 1) = zp41. Oewpolye 0 GUvolo

X ={z, € B|neN}
Topa Vewpolue 10 sOvoho A = B\ {x1} xou opilovye f: B — A ye
flzn) =z yaoz, € X

X0l
fb)=byub¢g X.
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H cuvdptnon f elvar augipovoshuavtr.
O
Xpnowwonotwvtog to mopdderypa tTou I'odthaiou, umopolue vo emhéouue xar €va uTo-
obvoho C' C B, 6mou B\ C v GTELPO, XAl OUWS UTEOYEL AUPLUOVOCTUAVTY GUVAQTNOT
[ B — C. Apxel va emhéCoude €va 6UVoAo X OTwe oTny anodellr, vo Vewpicouue To
oUvVolo
C =B\ {z, € X |n dev eivar téheto tetpdywvo}

xou var oplooupe TN ouvdptnon f : B — C ue
f(xn) =xp2 vz, € X

xou
f:(b)=bywb¢gX.

Eexwvovtag Ye éva dnepo ouvolo B, pnopolue vo agaipéoouye éva (aprdurioo) drelpo u-
TOGUVOAO, Xal GUGS Vo g Uetvel Eva utosUvoho C to omolo €yel ‘1o Blo TAog oTotyeiwy’
ue 1o B!

O Cantor é\voe t0 TEOPANUa Tou ancipou eilodyovTag TNV €vvola Tou TANYLxol o-
prduwob. Ilpoc otyury, Yo unodécouue ott yio xde ohvoro X umdpyet pla évvola, Tou
ovopdletan TANUXOC aptdudg Ue TNV WOTNTA OTL €AY UTERYEL AUPULOVOCTIUXYTY) CUVAETNOT)
J: X =Y, t6te 10 X xan 10 Y €youv tov {Bto mAnid aprdud, xou edv dev uTdpyEL TETol
ouvdptnor ot mAnduxol aprduol Toug etvan diaopetixol. o memepaouéva ohVoha €youue
éva xatdAAnio urodhplo yioo Thnded apdud. Edv umdpyer auguuovooruavtn cuvdptnom
f : N(n) — X, unopolyue va movue ot o mhndwde aprduée tou X eivon n. Iopbduota,
€dv undpyet augiuovoshuavtn ouvdptnon f @ N — X, Aue ott o mindog aprdude tou X
etvon No. Tt dAAa dmetpar ovoha pumopet var ypelactolpe véa olpfoha yio Toug TAndxoig
apriuole touc. Tevixd, Yo oupPorilouvye to mAndxd apdud (i mhndderduo) tou X e | X
f card (X), xou €dv undpyet auguovochuavty ouvdptnon f @ X — Y Yo dewpolye ot
| X| = |Y]. e authv v epintwon | X| xa |V eivon Srapopetind oufola yior Tov B0 -
V6 aprdud. Edv undpyer pio evewovix ouvdptnon f : X — Y téte Do Mépe ot | X| < |V
Edv | X| < Y| xou [ X| # Y|, Rpe ou | X| < |Y]. Tevxd, edv X eivon unosvoro tou Y, o
eyxhelouoc i 1 X — Y, i(x) = x, elvar evewdwion, doa toylet

XCY = [X|<|Y]

H Ilpbtaon 8.1 Ael o1, yia xde dnewpo olvolo B, undpyet yvrioto utoclvolo A té€toio
oote |A| = |B|. "Apa, yo dnepa oivora, X C Y o X # Y dev ouvendyovton ott X < Y.

To diknuuo mou édnxe and to mapdderyua tTou 'olhaiou elvor TeptoadTeRo Yuyoroynd
Tapd podnpatixd. Koog emextelvoupe 10 oOGTHUA ToV QUOIXGY aptiumy xot Thy andpiiurn-
o1 YL Vo cuTERLAGPBouye dretpoug TAndolg aprduols, To UEYUAUTEQD GUG TN UTOREL Vol
unv €yl OAeC TIC WOLOTNTES TOL WixpoTepou. H oixetdtnta ue To wixpdtepo oo Tnua Log odn-
Yel vau avauévouue optopéveg OTNTES, xat ouYLLOUAGTE 6TaY To XOUUdTI DEV TonpLdlouy
omwe o mepyévape. Tlapduota avacpdieia tpoéxule dTay To TETEAYWYO EVOS ULy adLXo) o-
erlo0 TapBlaoe TOV XaVHVAL TWV TEAYHATIXGY aptlU®Y 0Tt To TETEdYwVo xdle aptiuol eivo
Yetixd. Auto Cemepdotnxe otay avtiAngdrixaue ot ol uryadixof apruol dev emdéyovtar uin
oLdtaln, Omwe YiveTat Yol T0 UTOGUVOAD TV TEAYUATXWDY aptiu®y. Avahoya, 1) Qauvouevxy
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avtigaon tou Fahihalou emhdeton dtay avtthngdolue 0Tl €4y EVVOHCOUPE ‘TOV {(Blo TANULXO
aprlué’ we o apgruovoshuavTr avtiotoyio UeETald GUVOLLY, To Yvhcto utocivoho A Tou
B 0ev anoxheteton va €xel tov (Bl drerpo tAnixd apriud pe to B.

A¢ e€etdoouye twpa TNV Evvola T apuiunootnTog. Apyxd, yia xdle dnepo olvoro
B umopotye, onwe otny anédeln tne Ipdtaone 8.1 va emhéZouye éva drelpo aprdurotuo
obvoho X C B. Auto onuaiver ott Ry = |X| < |BJ, xou ouvende Ry elvon o wxpdtepog
dnepog mANdde apriude. Tlpoxahel ExnAnén TOco and 1o YVWOo Td Uag GUVORA, TOU QaiveTal
va ebvan ToA0 peyokltepa and 1o N, €youv tov (B0 mAndud aprdud Ny,

IMopdderypa 8.3 To clvoro twy axepalwy eivor apriunouo.
Opilouye f: N — Z ye

k v n =2k
f<n)_{1—k edv n=2k—-1

xaL €YOUUE TNV avTis Totyla

ITpooéZte ot av xou f ebvon apruovooiuaytn cuvdeTno, dev dlatneel T ddtaln: m < n
dev ouvendyeton ot f(m) < f(n), v napdderypo f(2) > f(3). ‘Otav opilouue aupuuo-
vooruavte avtio totyieg petadl ouvOLwY e OLdTalT, unopel va ypelao Tel Vo avaxatégouue
TOAD Tal TRy UATA, OIS OELYVEL TO ETOUEVO TaPAOELYUL.

IHopdderypa 8.4 To clvolro Twv pntwy aprluwy etvar apriufolpo. Oo to deilouue autd
oe PBrpata, apyilovtag and toug Yetxolc pnrols. Evag tpdmog va anaprdyicOUUE Toug
ento0g ebvon vau yedoupe dha tar xhdopata oe Eva Tvoa

1/1 1/2 1/3 1/4
2/1 2/2 2/3 2/4
3/1 3/2 3/3 3/4
4/1 4/2 4/3 4/4

xou oL toL droBdloupe xotd urhxog yrooti Staywviwy’, 1/1, xatdmy 1/2, 2/1, xatémy 1/3, 2/2,
3/1, x.0.x. Me autd tov tpbéT0 Tadpvouue wa oxolovdia 1/1, 1/2,2/1,1/3,2/2, 3/1,...
oty onola mepéyovian 6hot ot pntol, oAAd undpyouv enavolibe, exedn 1/1 = 2/2, xa
mo mépa Vo Eyoupe 3/3, 4/4 xhn. Iopduowo 1/2 = 2/4 = 3/6 xhn. Oewpolye xde
ootyelo oty axoloudia, xou o daypdpouue edv Eyel fon epgpoavictel. To apyxd xouudT
¢ axoloudiag Tou amouével efvan

1/1,1/2,2/1,1/3, 3/1, ...

Ovoudloupe 10 n-0676 aptdud 6Ny evarnoucivaoca oaxohovdio a,, xa 0ptlouvue Tn cLYVAETNOT
[ ané toug guoxolc otoug Yetxolc prtolc pe f(n) = a,. AMNE xdVe pntoc apriude etvon
elte VeTindg 1) UNdEV R apvnTixde, X GUVETGG 1) axoloutia

07 ay, —az, 2, —QA2,..., Qn, —0Qp, ...
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mepLéyel xdde pnTod aprduod axetBoc pla gopd. H cuvdpetnon g : N — Q mou optleton w¢

0 ev k=1
g(k) = a, €dv k=2n
—a, v k=2n+1

etvar 1 {nToduevy ou@iuovochuovtn ouvdptnor. AZIlel va ETOTUAVOUUE OTL, OV XaL OEV
€youpe dWoEL éva TUTO Yt TN 6LVEETNON g(n), €xoupe pla GUYXEXEWEVY Bradixaoia yio Tov
urohoytopo tng. Ot mpwtol dpol ebvan:

12 3 4 5 6 7 8 9 10 11 12
T
01 -13 —3 2 -231 -3 3 =3 1

xat Yo unopolooue va cuveyicouue 660 YEAOUYE.

Ye mo mpoywernuéva wadfuata Oswplag Luvokwy Vo dolue €va TOM) oY UEOTERO ATo-
éheopa (1o Yedpnuo Schroeder—Bernstein) mou pac emitpénetl vor det€ouye ott dU0 cUvoha
€youv tov B0 TANDXS aptdud Ywelc Vo YEELCTEL VO XUTAOKEVACOUUE Wi CUYXEXQUIEVT
AUPLLOVOCTUOVTT] UTELXOVICT).

O Aéyog Y Tov onolo oploaue Tov 6o aptiunolto va tepthau3dvel 1660 To TETEPATUEVY
660 xon T apLiUoLua dmELA GUVORA PAUEVETOL GTO ETOUEVO ATOTEAECUAL.

ITebtaom 8.2 Eva vrootvolo apifunoipov ovvédov efvar apridurnoio.

Anodely. Edv éyouye pla auguovooruavty cuvdptnon f : N — A xou B C A, t61¢
elte 0 B elvar nenepacpévo, elte unopolue vo opicoupe wla ouvdptnomn g : N — B ue

e g(1) = f(m) 6mou m eivar t0 ehdytoto m € N yio 10 onolo f(m) € B.

e Edv éyouye oploet ta g(1), g(2), ..., g(n), téte g(n) = f(m) 6mou m eivon to eNdyt-
oto m € Ny 1o onolo f(m) € B\ {g(1), ..., g(n)}.

O

Mia aloonuelwtn 1otoTNTa TwY Apliunoeny GUYOAWY EVaL OTL UTOPOVUE VO XATUOXEUACOUUE
oo oUTA GUYOAX ToU GatveTal Vo efvon TOAD UEYOADTERY, Tal oTtola oUW ebvon oL aprdur|oLua.

Ilpbtaom 8.3 H évwon ptag apiunoiuns oikoyéveas apridunouwy ovvddwr evar apid-
unoio ovvolo.

Arnodelly. Edv éyoupe wa apriurown culloyr cuvorewy, urtopolue va Yewpricouue to N
©¢ T0 6UVOhO dex TGV, xau va Ypdhouue ta oivora A,, n € N. (Edv n culhoyn nepthaufdvel
uévo nenepoouévo nhfdoc cuvorwy Ay, ..., Ay, Vétovge A, = D yion > k.) Agod xdde
A, elvou aprduriowo, urtopolue va ypdoupe to oTotyela Tou A, o pio ypouun,

Anly, An2y « -y Qumy - - -
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1 omola Yo TEAELOVEL €AY TO A, elvan Temepaouévo, evey Vo etvor uior dmeler oxxohoudio edv To
A, etvan drepo apriuriowo. Thpa xataypdgouye ta otoryelo T €vwong UneN A,, ot éva
Tivoxa,

a1 a2 a1z A4 Qa5

G21 Q22 Q23 (24 (25

a3z1  az2 ass

Q41 Q42 Q43 A44 445

xa To OLBACouNE xoTa UAXOS TWY Yoo Tl Sty wviwy, OTmS XAVUUE YLl Vo amaplduicouue
Toug eNToUC aEtU00S: a1, G12, 21, A13, (22, 31, A14, - ... Mmopel va uTdpyouy xevd oTov
nivaxa, €4 xdmoto and ta oUvola elvon menepaouéva (dnwe 10 Az 010 napdderyua), ¥ edv
T0 TAfY0og TwV cuVOhwY elvan Temepacuévo. Mropel va umdpyouy eravarfleg edv xdnota
cOvoha €youv xovd Grotyela, €161 WOTE Eva oToLyElo OTN Yeouur 1 Vo EnavaAduBdveTaL
o Yeouur m. ATAOC TPOOTEPVAUE ToL XEVA, XL ToL GTOLEld TOU €Y0UV NON EUPAVIOTEL.
Avuth 1 Swodixaoio 6idel eite ulo menepacpévn axolovdia, eite pio dreien axohoudio ywelc
emavohfibelc, xon Setyvet oTL 1) €vwon UneN A, elvou aprduriowo cbvolo.

O

ITpotaom 8.4 To kapreoiavd ywipevo 6vo apriunjouwy ovvddwy efvar apridunoipo otvo-
Ao.

Anodelly. Edv A xou B etvan aprdufioa, Yedgouye ta ototyeio Tou A wg ula axoloudia
ai, @z, .., Gy, -.. (1 onolo Ya tehewdvel edv A eivan menepaouévo). [apduowa yedgpouue to
ototyela Tou B ¢ by, by, ..., by, ... Tpa Ypdpouue tar oTOLyEl TOU XUOTECLAVOU YIVOUE-
vou A X B oe éva opdoydvio ivaxa,

(a1, b1)  (ai, b2) (a1, b3)
(az, b1) (az, b2) (ag, b3)
(a3, b1) (a3, b2) (a3, b3)

xou ta BtaPBdlouue xata prfxog twv ylaoti Srywviov. Edv éva and ta A ¥ B elvor nenepo-
ouévo, Yo undpyouy xevd, Ta onofa Tapakeinovue. Edv xou ta Vo elvon memepacuéva, TO
ywouevo A X B etvan nenepacuévo. Edv xou ta 800 elvon dnelpa , Unopolye va yedhouue avo-
AuTixd tov Tomo g auguuovooruavtng ouvdptnong f: N — A x B. Trdpyet éva otolyelo
oTNY TEWTN Yo Tl Blory®vlo, dU0o GTN BEVTERT, XAl YEVIXA 1 O TN N-00TY. ‘Apa uTdpyouy
1+2+...4+n= %n(n + 1) otoyela otic n mpwteS Yot dtayodvious. To r-001t6 ool
Yeto oTtnv enduevn ytaoTi dlaymvio ebvon To (ar, byto_r), Goa T QUPLLOVOCTUAYTT GUYVAETNOT)
f: N— Ax B elva
1
f(m) = (ay, byia—) 6TOU M = En(n—l—l)—i—r yoaol<r<n+1. O

Q¢ egagpoyt) tne Hpotaong 8.4 éyouue to axdrovdo amotéreoua.
IMopdderypa 8.5 To clvolo twv ornueiwy Tou EMTESOL UE ENTEC CUVTETAYUEVES Efvan
aprdunotuo.

Ye autd 10 onuelo, duxaworoynuéva, Yo unopoloe xavelc va utolécet 0Tl xdie dreipo Gi-

volo elvou aprduriolpo, ahhd autd dev 1oy Ve, OTwe Yo Bolue e€eTdlovVTag TOUS TRUYUATIXOUS
aprduoig.
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Ocwpnua 8.5 To ovrodo R twr mpaypatikdy apidudy dev elvar apiunoijio.

An6oelgy. Autd T0 amodeYUOUUE UE anaywyT| o€ dTomo, detyvovTag 0Tl xaula cuvdpTno
f + N — R dev yrnopel va eivon enf, xar dpa eV UTAOYEL AUPLULOVOCTHUAVTH GUVAOTNOT)
f:N—=R Edv f: N — R eivar pio ouvdptnon, ypdpouue xdde aprduéd f(m) € R oe
OEXAOWN | TUPAOTUOT

f(m) = am, am1 QGma a3 - Gy - - -

OTOL @, elvon axéponog, xau Yo XGUE N, Gy elvar 10 n-061H dexadixd Pngio tou f(m),
0 < apmy < 9. T Topdderypa, €dv f(m) = V2 = 1,41421356... EYOVUE Ay, = 1, Ay = 4,
amgzl, (lm3:4, CLm4:2,

Edv f(m) eivou Sexadixd xhdopa, 6mwe o %8 = 1,25, cuumAnewVouUE TNV BEXAOXT
Topdo Taot pe undevixd, 1,250000. .. Etot éyouue uio axoloudia

f(1) = ai, a1a2a3...
f(Q) = Qg2, (21 G22 Q23 . ..
f(3) = 4as, 31032033 ...
f(n) = an, apranaans. ..

Oa detloupe oTL 1) cuVAETNOT f Oev elvar enl, YEAPOVTAC T BEXADIXT| TORAC TAGT EVOS aptduol
Tou eivan StagopeTinde and 6ha T f(n). Eotw o aprdude =10, by by ... b, ... 61ou

bo_ 1 €& ap, =0
"1 0 &y A #0

Téte o [ eivon droopetinde and tov f(n), vt Swupéper 610 N-06T6 dexadixd Pnyio,
by # .

Auto to emyelpnua ovopdletar Sraywvio emiyeipnua tou Cantor xou detyver ot
IN| # |R|. Agov N C R, xou dpa [N| < |R|, ouunepaivoupe ot o mAndixde aprduds tou
GLVOAOL TV TEUYUATIXWY aptiu®y elvor yvAcla UEYAADTEROS amd Tov TANYG aprlud Twy
puoxdv aprudy, |R| > |N|. EuuBolilovye tov mhnxéd aprdud tou R pe ¢. "Eyouue deilet
ot

¢ > Ny

O

Mia mapahhayr Tou draywviou emtyeipruatog unopel va yenotuonomiel yio vo dei€oupe

ot vt xde mAndd apriud uropolue va Bpodue €vay peyahltepo. AmAd detyvouue ott o
x84 ovvoro A to duvapocivoho P(A) éyet yviota yeyohitepo mhndixd apliud.

IMgoétaocy 8.6 Ia kdde ovvoro A, |P(A)| > |A].

Ano6deln. llpogoavae n ouvdpton g : A — P(A) n onolo anerxoviler 1o ctoyeio a € A
oto povoolvoro {a}, g(a) = {a}, eivar éva mpoc éva, xou cuvenwe |A| < [P(A)|. Ipéne
va 8ei€oupe ot [A| # [PB(A)|. Oa deilloupe ot xopio suvdptnon f: A — P(A) dev eiva
eni. Edv éyouue pia ot ouvdptnon, f(a) € P(A) yia xdde a € A, dpo f(a) elvon éva
unocUvoho tou A. Apa yio xdie a € A unopolue vo 9€GoUPE TO EpOTNUA ‘AVAXEL TO @ GTO
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vroolvoro f(a);’. H andvtnon etvon ndvta eite ‘vou’ efte ‘Oyt’. Emléyouue ta otoryeia A
Yo Ta omoio 1) andvtnor ebvon Oyt, xou opilouue To Ghvolo

B={acAlag f(a)}.

Topa woyvpléuacte ot T0 utoclvoro B C A dev avixer oty emoéva tng f. Hpdyua,
edv B avixer oty edva e f, dSnhadn edv B = f(b) yio xdmowo b € A, odnyoluoacte o€
avtigaon:

edv b € B téte, and tov opopd tou B, b ¢ f(b) = B

edv b € B tote, and tov oplopd tou B, b e f(b) =B

Yuunepaivouye ott 0 B € P(A) dev avixer oty edva e f, xaw dpan f 1 A — P(A)
oev etvan emtl. Yuvenwe 1 f Oev umopel vau efvon apQUOVOGHUOVTY).
O
H Ipbtaon 8.6 debyver ot undpyet pio tepapyio and drelpo. Zexwvdye pe 10 Ry = |N|. To
IB(N)| eivar yvhiowa peyohitepo, 1o | P(P(N))| eivon mdht peyoldtepo, x.0.x.
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Aoxnoelg

‘Aoxnomn 8.1 Ocwpfiote 0 ohvoho X twv onuelov (z, y, z) € R? yu ta onola z, y, 2 €
Q. Eivaw to X apuduriowo;

‘Aoxnor 8.2 OcwpfoTe 10 GUVOAO S TOV CQUEWY GTO R? twv omolwy Ta xEvtpa €y 0LV
ENTEC CUVTETUYUEVES, ot TwV omolwy 1) axtiva elvar ontoc aprdudg. Actlte ot 10 S ebvan

aprurouo.

‘Aoxnon 8.3 Ilowd and o axdrouvdo clivola elvon aprdufowa; (Adote anddeln ot xde
nepintwon).

o. {n € N|n eivar tpdtoc}

g. {reQ|r>0}

Y. {z € R|1 <z < 101000000}
5. C

¢. {z € R|z? = 293" yia xdnow a, b € N}

‘Aoxnomn 8.4 Arodeilte ot i J : Ny x Ny — Ny ye
J(n,m)=2"2m+1) — 1
etvar 1 — 1 xou ent Tov Ny.

‘Aoxnor 8.5 Arnodelte ot xdde olvoho Lévwy dlaoctnudtwy oto R elvar apriuroio.
XpnowonotfoTe 10 TUPATdVE YLl Vo amodelEeTE 0TI TO GUVOAO OMUEiWwY ACUVEYELIC UAS
avgouvocac f: R — R eivar apriurowo.
Yro6s. Av f: R — R elvoar ablovoa, t6te yiao xdde a € R undpyouv to mheupixd dpLa
™ f oTo a xou
lim f(z) < lim f(z)

T—a~ z—a™t

‘Acxnomn 8.6 Anodellte ot xde clvolo dracTudtwy Ye pntd dxpa oo R elvan apriur-
owo. XpNoWoTol|oTE TO TOQATAVE YLl VAl ATOOEILETE 0TL TO GUVOLO TWV TOTIXWY PEYICTWY
(ehaylotwv) wag ouveyolc f: R — R eivar aprdurowo.

‘Aoxnon 8.7 Eow A civoho. T xdlde ¥ C A n yapoxInelioTixy cuvdeInom
Tou Y optletan wg &g

1 avteY
XY(t):{ 0 awvtgyY

AnodelZte ot 1 ouvdptnon F : P(A) — {0, 1} pe F(Y) = xy ebvor apgyuovoohuavty.



ErniAoyocg

Ocueilwon tng Yewplag cuVOrwY

Meéypet autd T0 onueio emixevipwooue Tig Tpoordieieg wag va Bpolue ula Tumixr| Sour| Yo ThY
apriunTixt|, ot Bdon tng Vewplag ouvdrwy. ARG dev €youpe avapeplel TNy atwyaTix
Vepehiwon tng Brog g Vewplog cuvélwy. e teheutala avdAucT), 0ev amotehel YeydAn
Tpo0d0o va Boacioouue wor Tumxr Yewplo Ty aptdumy oe pla dTumy, eTOTTIXY XAl APEAR
Yewpiot oUVOAWY. Od UTOPOUCUUE VO XPATACOLUE TNV GTUTY), ETOTTIXY Xol apelY| Vewplia
TV oaptiuy!

Amé v emoyr| Tou Cantor xau Tou Dedekind, mou eioryayav v enontixd Jewpio auvo-
AoV, €youv 60Vl ddpopa allwuatid cuoThdaTa Yo Th Yewpla GUVOAWY, TOU ATOPEDYOUV
To Topddola Tou cuvavthooue, 6mwe auté tou Russell. Ta mo yvwotd elvar outd twv
Zermelo-Fraenkel xou twv von Neumann-Bernays-Goedel. H Baowt| pédodog mou yen-
OLUOTO00Y Lol VoL amo@lYouy To Topddoda €ival Vo TEPLOPICOUY TNV €VVOoLd TOU GUVOAOU,
OO TE Vo YNV TEPLAAUBAvEL 0o TOTE ‘GUAAOYT GE Eva Ghov XxADOPLOUEVKDY AVTIXEEVWY
e oxédne A g emontelag Yag mou elvon EVTIEAWS dlaxEiT| METAEY Toug OTWS TNV ElyE
neptypdder o Cantor. Tiveton 1 didxpton uetalld tédewv (classes) xou ouvOhwy 1 uraivouv
Teploptopol oo alvoha.  Autéc ot aliwpatixée Vewpleg, yall ue to aliopo Onapdng twv
PuUOKY aptlu®y, erapxoly Yia v avanTO&ouv 1) Dewpio Twy apriudy, QUOIXWY, ENTOV,
TEOY UATIXGY, ULYAOLXWY.

Trdpyouv ouws dVo oliouata Tou €youv wla Wwiaitepn Véom, xar €youv amAcyOACEL
AEXETE TOUG PoNUoTIXOUE.

To a&lwpo enthoyng

Yny Ilpdtaon 8.1, yenowonotioaue Eva entyelpnua 670 omolo EMAEYOUUE €va GTOLyElD Ty
and éva oUvoho B, xatémy éva xo and 1o B\ {z1}, ..., xou yevixd éva otouyeio 41 and
10 oOvoho B\ {z1, z2, ..., x,}. Tlap’ 6ho mou awtd poidler e Ty avadpouxy Sdtxoaoio
optopo0, dev xahimtetar and to Yewpnua 6.3, Yol 10 T, emAéyetan ue audalpeTo TPOTO,
xa Oyt uéow uioc mpoxadoplouévne ouvdptnone. H uédodoc pac amoutel vo xdvouue ‘dnelpo
Adoc avdaipetwy emhoy@y’. Mnopel va anodetydel (av xou dev eivon evxoho!) ot to
unélowna atwpata g Yewplag ouvOAwY dev emapxoly yi' autd. Amouteitan éva enl mAéov
afiwua, 10 Afinua Emdoyhc (Axiom of Choice).

H ¥éon autod tou aliduatog ebvor dinc¥ntixd 60oxoho va yivel avTiinmth, ahhd €y
mhéov Yivel xahd xoatavonth. Olte 1 unddeon tng arfdeiag autol Tou aiUaTog, oUTE
1 devNnoT Tou, avTLPdoxouy UE Ta umdlota adlwuata TN Vewpiog cUVOAWY (6mwe 00Te n
amodoy | TOU AUTAUATOS TwV Tapdhhnhwy tou Euxheldn, olte 1 dovnon tou avtipdoxel ue
o undhotma aliwpoto e Fewpetplac). Edv 1o anodeydolue €youue pia mo xahf Yewpio

129
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ANV oprdumy: yia xdde dvo obvola X, Y 1oylel (touldytotov) éva and ta | X| < Y,
Y] < |X].

Hoapbuola Véon xatéyel Eva dhho allwpa. H Trodeon tou Xuveyol Aéel 0Tl Sev uTdpye
drepog TANYeoS aprduog wetald tou Ny xou Tou ¢, dnAadY| 0Tt dev undpyel oivoho X yia
70 omofo va toy Ve

IN| < | X[ < [R].

Ovte 1 anodoyr) ouTe 1) dpvnom tng Trdleong Tou Luvey ol avTipdoxovy Tedg Ta UTOAOLTA
adioyata, 1 mpog o Allwpa Emioyrc.

Y VUVETELN

Hopopéver axdpa to cpwtnua: €yoviag Peel T0 0lvoro Twv aiwpdtwy e Yewpiog cuVE-
AoV, ToS yrwpilovpe ot dev eugavilovton Tapddola; Meéypet Thpa o €y 0UUE anopUyEL (occpo()
xavelc 0ev €yel Bpel xdmolo) oAAd WS YUTOPOVUE VoL EUAG TE 0ToUpol OTL BEV UTHEYOUY XEUU-
uéveg avtipdoelg; Topa €youue pla cagn, Telxr andvtnon o autd T0 EpOTNUA. AUCTUYMS
outy| ebvon 1 €€f¢: Bev umopolue moté va eipacte olyougot.

['a va e€nyroovue autd, mpénel va mdue tiow otov Hilbert. Ag ovopdoouye éva obotn-
ua afiwudtwy cuvenég (consistent) edv dev odnyel o avugdoec. O Hilbert Hdeke va
amodeiel ot Ta adlwuata TG Vewplag cuVOAWY efvar GUVETH.

Mot pepud ouo ThAuaTa altwudtony auto eivon edxoro. Edy uropolue va Bpolue €va povtédo
yor to adLedporta, dSnhady wio doun 1 omola T txavorotel, Tote TEénet va eivan cuveny| (ahhoLide
dev Vo unpye 1o yovtého). To mpéBinua eivon Tl LAXE UTOPOUUE Vo yENOWWOTOMGOLUE
YU TNV XAUTAGXEVY) Tou povtéhou; Elvor yevixd amodextd oTt €va TEREPACUEVO HOVTEAO
ebvor Leavomonxd, agol xde toyvplouds YU autd pmopel vo eheyyvel, ot apyry, ot
TEMEQUOUEVO Ypovo. AN €va ol Trua Tou TEPIEYEL TOUS Quotxolg aptduols ey elvan
TETEQUCUEVO.

H éa tou Hilbert #tav va ypnowonoioel x4t MyOTERO TEPLOPIOTIXG, TOU OVOUAGCE
owdikacia anépaons. Xe olYYEOVY YAOCGA, €V TETEPACUEVO TROYPUUUN UTONOYLIGTH, OTO
onolo Otav dovel omoladhrote TEdHTAON 61N Vewpio cUVOAWY, exTehel i Sadtxactior xou
amogafvetan €qv 1 mpodTaot efvon aknifc ¥ oyt. Edv umopécouue vo xataoxcudoouue €va
TETOL0 TEOYEAUUUN Xt VoL amode{loupe 0Tl BOUAEVEL TdvTA, TOTE AEXEL VO TOU BWGOUUE TNV
TPOTAOT)

0+ 0.

Edv aravticel ‘ahniéc’ tote tor alidpata g Vewpiag cuvolwy Oev eivor cuvent. o xd-
TOL0 OLdo TN potvoTay ot 1) toéa Tou Hilbert unogoloe va douvkéder. AANE to Vewpriuata
tou Goedel anédeilav 1o avildeto. O Goedel anédeile ot umdpyouv otn Yewpin cUVO-
AoV potdoelc ol onofeg efvar aknveic, ahhd yio Tic omofeg Sev undpyet anddelln (Oedpnua
un H)\npémwg) x0Tt €dv 1 Vewpiot GLUYOAWY elvon GUVETY|E, TOTE OEV LTdpPYEL OLodtxactio
anbéoone mou vo o eZoxpifiver (Oempnua un AtoxpiodTnroc).

To anoteréouata tou Goedel diélvoay Tic eAnideg Tou mpoypduuatoc tou Hilbert. Y-
ualvouv 0Tt undpyouv xdmotol Eugutol teptoptouol oTny Bl TNV adlwuatixr uévodo. Aev
oty vouy ot awth efvar mepttth. AvtidéTwe, anotelel éva xavoroinTixd mAdioto Yo OAA ToL
o0y POV Lo NUTIXE, Xt EUTVELGT) Yol TNV avarTuEY VEWY eV, ARG Ue Ta amoTeAéoUoTa
Tou Goedel unopolye va amo@lYOUUE TNV AUTATATY OTL GAa €lvar TEAELX, Xat VoL oy TIAN@IolUE
TOUG TEPLOPLOUOUC NS adlwuatixrc UeV6d0ou, uall Ue TIC DUVATHTNTEC TOU TPOGHEREL.



