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1. Topologiko� Q¸roi - B�sei
 - Upob�sei
Orismì
.(1) 'Ena
 topologikì
 q¸ro
 e�nai èna 
eug�ri (X,T ), ìpou X e�nai èna sÔnolo kai T mia oikogèneiauposunìlwn tou X tètoia ¸ste :(a') ∅, X ∈ T .(�') H T e�nai kleist  w
 pro
 ti
 (auja�rete
) en¸sei
. Dhlad  an Gi ∈ T , i ∈ I, tìte ⋃

i∈I
Gi ∈ T .(g') H T e�nai kleist  w
 pro
 ti
 peperasmène
 tomè
. Dhlad  an U,V ∈ T , tìte U ∩ V ∈ T .H T onom�zetai topolog�a kai ta stoiqe�a th
 anoiqt� sÔnola.(2) An T1, T2 e�nai duo topolog�e
 se k�poio sÔnolo kai T1 ⊂ T2, tìte lème ìti h T2 e�nai megalÔterh  isqurìterh apì thn T1.(3) 'Estw (X,T ) topologikì
 q¸ro
 kai x ∈ X. K�je U ∈ T me x ∈ U lègetai perioq  tou x.Par�deigma. 'Estw (X, ρ) metrikì
 q¸ro
 kai D(x, r) = {y ∈ X : ρ(x, y) < r} o anoiqtì
 d�sko
 me kèntro xkai akt�na r. H oikogèneia

Tρ = {G ⊂ X : Gia k�je x ∈ G up�rqei r tètoio ¸ste D(x, r) ⊂ G} = {G ⊂ X : G anoiqtì w
 pro
 thn ρ}e�nai mia topolog�a sto X. Lème ìti h Tρ ep�getai apì thn metrik .Orismì
. 'Ena
 topologikì
 q¸ro
 (X,T ) lègetai metrikopoi simo
 an up�rqei metrik  ρ sto X tètoia ¸ste
T = Tρ (dhlad  an h topolog�a ep�getai apì metrik ).Par�deigma (H tetrimmènh topolog�a). 'Estw X èna sÔnolo. H oikogèneia T = {∅, X} e�nai mia topolog�a.H T e�nai h mikrìterh topolog�a pou mpore� na èqei to X. An to X èqei perissìtera apì èna stoiqe�a, h
T den e�nai metrikopo�hsimh. Pr�gmati, a
 upojèsoume ìti T = Tρ gia k�poia metrik  ρ. Epilègoume
a, b ∈ X me a , b kai 0 < r < ρ(a, b). Tìte o d�sko
 D(a, r) e�nai sÔnolo anoiqtì, mh kenì kai diaforetikìapì to X, �topo.Par�deigma (H diakrit  topolog�a). 'Estw X èna sÔnolo. H oikogèneia T =P(X) (ìla ta uposÔnola tou
X) e�nai mia topolog�a. H T e�nai h megalÔterh topolog�a pou mpore� na èqei to X kai ep�getai apì thdiakrit  metrik 

ρ(x, y) =


0, an x = y

1, an x , y
.Par�deigma (H sumpeperasmènh topolog�a). 'Estw X èna sÔnolo. H oikogèneia

T = {G ⊂ X : X rG peperasmèno} ∪ {∅}e�nai mia topolog�a sto X. An to X e�nai peperasmèno, tìte h T e�nai h diakrit  topolog�a. An to Xe�nai �peiro tìte h T den e�nai metrikopoi simh diìti k�je duo mh ken� anoiqt� sÔnola tèmnontai (se ènametrikì q¸ro me duo toul�qisto shme�a mporoÔme p�nta na �roÔme duo mh ken� xèna anoiqt� sÔnola).Orismì
. 'Estw (X,T ) èna
 topologikì
 q¸ro
 kai B ⊂ T . H B lègetai ��sh gia thn T an k�je anoiqtìsÔnolo e�nai ènwsh sunìlwn th
 B, dhlad  gia k�je G ∈ T up�rqoun Bi ∈ B, i ∈ I, tètoia ¸ste G =
⋃

i∈I
Bi.Je¸rhma.(1) 'Estw (X,T ) èna
 topologikì
 q¸ro
 kai B ⊂ T . H B e�nai ��sh gia thn T an kai mìno an giak�je G ∈ T kai k�je x ∈ G up�rqei B ∈ B tètoio ¸ste x ∈ B ⊂ G.(2) 'Estw (X,T ) èna
 topologikì
 q¸ro
 kai B ⊂ T mia ��sh gia thn T . 'Ena sÔnolo G ⊂ X e�naianoiqtì an kai mìno an gia k�je x ∈ G up�rqei B ∈ B tètoio ¸ste x ∈ B ⊂ G.Apìdeixh.(1) (⇒) 'Estw G ⊂ X anoiqtì kai x ∈ G. AfoÔ h B e�nai ��sh up�rqoun Bi ∈ B, i ∈ I, tètoia ¸ste

G =
⋃

i∈I
Bi. Epomènw
 up�rqei i0 ∈ I tètoio ¸ste x ∈ Bi0 ⊂ G.

(⇐) 'Estw G ⊂ X anoiqtì. Apì upìjesh, gia k�je x ∈ G up�rqei Bx ∈ B tètoio ¸ste x ∈ Bx ⊂ G.Epomènw
 G =
⋃

x∈G
Bx, dhlad  to G e�nai ènwsh sunìlwn th
 B.(2) (⇒) Akrib¸
 ìpw
 to (⇒) tou (1).

(⇐) 'Estw G ⊂ X èna sÔnolo pou ikanopoie� thn upìjesh. Tìte gia k�je x ∈ G up�rqei Bx ∈ B4



tètoio ¸ste x ∈ Bx ⊂ G. 'Ara G =
⋃

x∈G
Bx. Epomènw
 to G e�nai anoiqtì san ènwsh anoiqt¸nsunìlwn.

�Parade�gmata.(1) Se k�je topologikì q¸ro h �dia h topolog�a e�nai mia ��sh gia thn topolog�a.(2) 'Estw (X, ρ) metrikì
 q¸ro
. Oi oikogèneie

{D(x, r) : x ∈ X, r > 0}, {D(x, 1/n) : x ∈ X, n ∈ N}e�nai ��sei
 gia thn Tρ.(3) Sto R me th sunhjismènh topolog�a (aut n pou ep�gei h sunhjismènh metrik ), oi oikogèneie

{(a, b) : a, b ∈ R, a < b}, {(p, q) : p, q ∈ Q, p < q}e�nai ��sei
 (ìla ta anoiqt� diast mata kai ìla ta anoiqt� diast mata me �ht� �kra).(4) S�èna diakritì topologikì q¸ro X (den �a gr�foume (X,T ) ìtan h topolog�a ennoe�tai   ìtanden up�rqei per�ptwsh na thn mperdèyoume me k�poia �llh), h oikogèneia {{x} : x ∈ X} (ìla tamonosÔnola) e�nai mia ��sh.Je¸rhma. 'Estw X èna sÔnolo kai B mia oikogèneia uposunìlwn tou X. H B e�nai ��sh gia k�poiatopolog�a sto X an kai mìno an :(1) ⋃

B∈B
B = X.(2) Gia k�je B1, B2 ∈ B kai k�je x ∈ B1 ∩ B2 up�rqei B3 ∈B tètoio ¸ste x ∈ B3 ⊂ B1 ∩ B2.
PSfrag �epla
ement
B1

B2

B3

xApìdeixh.
(⇒) 'Estw ìti h B e�nai ��sh gia k�poia topolog�a. To X e�nai anoiqtì �ra up�rqoun Bi ∈B, i ∈ I, tètoia¸ste X =

⋃

i∈I
Bi, epomènw
 X =

⋃

B∈B
B. T¸ra, èstw B1, B2 ∈ B kai x ∈ B1∩B2. To B1∩B2 e�nai anoiqtì, �ra,apì to prohgoÔmeno �e¸rhma, up�rqei B3 ∈ B3 tètoio ¸ste x ∈ B3 ⊂ B1 ∩ B2.

(⇐) Jètoume
T = {G ⊂ X : Gia k�je x ∈ G up�rqei B ∈B tètoio ¸ste x ∈ B ⊂ G}.Tìte h T e�nai mia topolog�a h opo�a èqei ��sh thn B. Pr�gmati, e�nai profanè
 ìti ∅ ∈ T kai ìti h Te�nai kleist  w
 pro
 ti
 en¸sei
. To ìti X ∈ T sunep�getai apì to (1). To ìti h T e�nai kleist  w
 pro
ti
 peperasmène
 tomè
 sunep�getai apì to (2). Tèlo
, to ìti h B e�nai ��sh prokÔptei apì to ìti B ⊂ Tkai to prohgoÔmeno �e¸rhma. �Parat rhsh. Mia oikogèneia uposunìlwn h opo�a e�nai kleist  w
 pro
 ti
 peperasmène
 tomè
 ikano-poie� autom�tw
 th deÔterh sunj kh sto prohgoÔmeno �e¸rhma (gia B3 pa�rnoume to �dio to B1 ∩ B2).Epomènw
 gia na elègxoume an e�nai ��sh arke� na de�xoume ìti ikanopoie� mìno thn pr¸th. To ant�stro-�o, �usik�, den isqÔei. Mia ��sh den e�nai kat�an�gkh kleist  w
 pro
 ti
 peperasmène
 tomè
. Giapar�deigma, sto R2, h tom  duo anoiqt¸n d�skwn den e�nai potè d�sko
 (ektì
 ki�an o èna
 perièqetai ston�llo).Par�deigma. Sto R h oikogèneia

{(−∞, a) : a ∈ R} ∪ {(b,+∞) : b ∈ R}ikanopoie� thn pr¸th all� ìqi th deÔterh sunj kh tou prohgoÔmenou �ewr mato
, �ra den e�nai ��shgia kam�a topolog�a. 5



Par�deigma (H topolog�a twn arister� hmi�noiktwn diasthm�twn). Sto R h oikogèneia
{(a, b] : a, b ∈ R, a < b}ikanopoie� ti
 duo sunj ke
 tou prohgoÔmenou �ewr mato
, �ra e�nai ��sh gia k�poia topolog�a T .H T e�nai gn sia isqurìterh apì th sunhjismènh topolog�a Tρ. Pr�gmati gia k�je anoiqtì di�sthmaèqoume

(a, b) =
∞⋃

n=1

(
a, b − 1

n

]
∈ T .Dhlad  ìla ta anoiqt� diast mata an koun sthn T . All� k�je anoiqtì sÔnolo w
 pro
 th sunhjismènhtopolog�a e�nai ènwsh anoiqt¸n diasthm�twn. 'Ara Tρ ⊂ T . Ap�thn �llh, (a, b] < Tρ, epomènw
 Tρ $ T .Je¸rhma. 'Estw X èna sÔnolo kai C mia auja�reth oikogèneia uposunìlwn tou X. Tìte h oikogèneia

BC =


n⋂

k=1

Ck : Ck ∈ C , k = 1, . . . , n, n ∈ N ∪ {X}(ìle
 oi peperasmène
 tomè
 sunìlwn th
 C ) e�nai ��sh gia mia topolog�a sto X. H topolog�a aut  sumbo-l�zetai me τ (C ) kai e�nai h mikrìterh topolog�a h opo�a perièqei thn C . H C onom�zetai upob�sh th
 τ (C )kai lème ìti h C par�gei thn τ (C ).Apìdeixh. AfoÔ X ∈ BC , h BC profan¸
 ikanopoie� thn pr¸th sunj kh tou prohgoÔmenou �ewr mato
.Ep�sh
, h BC e�nai kleist  w
 pro
 ti
 peperasmène
 tomè
, �ra ikanopoie� kai th deÔterh sunj kh.Epomènw
 e�nai ��sh gia k�poia topolog�a τ (C ). 'Estw t¸ra T mia �llh topolog�a sto X tètoia ¸ste
C ⊂ T . K�je sÔnolo th
 BC e�nai peperasmènh tom  sunìlwn th
 C . AfoÔ h T e�nai kleist  w
 pro
ti
 peperasmène
 tomè
, èqoume ìti BC ⊂ T . T¸ra, k�je sÔnolo th
 τ (C ) e�nai ènwsh sunìlwn th
 BC .Epomènw
 τ (C ) ⊂ T diìti h T e�nai kleist  w
 pro
 ti
 en¸sei
. Sunep¸
 h τ (C ) e�nai h mikrìterhtopolog�a pou perièqei thn C . �Parathr sei
.(1) H τ (C ) apotele�tai apì ìle
 ti
 dunatè
 en¸sei
 ìlwn twn dunat¸n peperasmènwn tom¸n sunìlwnth
 C .(2) An to X èqei  dh k�poia topolog�a T me ��sh B, tìte τ (B) = τ (T ) = T .(3) Mia dedomènh oikogèneia C mpore� na mhn e�nai ��sh gia k�poia topolog�a. E�nai ìmw
 p�ntaupob�sh th
 τ (C ). Me aut  thn ènnoia, k�je oikogèneia uposunìlwn {par�gei mia topolog�a}.Par�deigma. Sto R, h oikogèneia

{(−∞, a) : a ∈ R} ∪ {(b,+∞) : b ∈ R}par�gei th sunhjismènh topolog�a (all� den e�nai ��sh th
). Omo�w
, h oikogèneia
{(−∞, a] : a ∈ R} ∪ {(b,+∞) : b ∈ R}par�gei thn topolog�a twn arister� hmi�noiktwn diasthm�twn (all� den e�nai ��sh th
).Orismì
. 'Estw X topologikì
 q¸ro
 kai x ∈ X. Mia oikogèneia B apì anoiqt� sÔnola lègetai ��shperioq¸n tou x, an :(1) Gia k�je B ∈ B èqoume x ∈B.(2) Gia k�je perioq  U tou x up�rqei B ∈ B tètoio ¸ste B ⊂ U.Parade�gmata.(1) Sto R me th sunhjismènh topolog�a h oikogèneia {(x − 1/n, x + 1/n) : n ∈ N} e�nai mia ��shperioq¸n tou x.(2) Sto R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn h oikogèneia {(x − 1/n, x] : n ∈ N}e�nai mia ��sh perioq¸n tou x. H oikogèneia tou prohgoÔmenou parade�gmato
 den e�nai ��shperioq¸n kanenì
 shme�ou diìti, gia par�deigma, sto di�sthma (−∞, x], to opo�o e�nai perioq tou x, den perièqetai anoiqtì di�sthma me kèntro to x.6



2. Kleistìthta kai EswterikìOrismì
. 'Ena uposÔnolo enì
 topologikoÔ q¸rou lègetai kleistì an to sumpl rwm� tou e�nai anoiqtì.Parat rhsh. H oikogèneia twn kleist¸n sunìlwn e�nai kleist  w
 pro
 ti
 (auja�rete
) tomè
 kai ti
peperasmène
 en¸sei
.Parade�gmata.(1) Sto R me th sunhjismènh topolog�a, to (a, b] den e�nai oÔte anoiqtì oÔte kleistì, to Z e�naikleistì, ìqi anoiqtì, kai to {1/n : n ∈ N} den e�nai oÔte anoiqtì oÔte kleistì.(2) StoR me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn, to (a, b] e�nai anoiqtì kai kleistì,kai ta Z, {1/n : n ∈ N} e�nai kleist�, ìqi anoiqt�.(3) S� èna diakritì q¸ro, ìla ta sÔnola e�nai anoiqt� kai kleist�.(4) S� q¸ro me th sumpeperasmènh topolog�a èna sÔnolo e�nai kleistì an kai mìno an e�nai pepera-smèno   kenì   olìklhro
 o q¸ro
.Orismì
. 'Estw X topologikì
 q¸ro
 kai A ⊂ X. H kleistìthta tou A or�zetai na e�nai
A = cl A =

⋂

F kleistì
A⊂F

F.Ta shme�a tou A lègontai oriak� shme�a tou A.Parathr sei
.(1) To A e�nai to mikrìtero kleistì upersÔnolo tou A kai e�nai, �usik�, mh kenì an to A e�nai mhkenì.(2) To A e�nai kleistì an kai mìno an A = A.Parade�gmata.(1) Sto R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn, (a, b) = (a, b].(2) Sto R me thn sumpeperasmènh topolog�a, Z = R.Je¸rhma. 'Estw X topologikì
 q¸ro
, A ⊂ X, kai x ∈ X. Tìte x ∈ A an kai mìno an gia k�je perioq  U tou
x èqoume U ∩ A , ∅, dhlad  to x e�nai oriakì shme�o tou A an kai mìno an k�je perioq  tou x tèmnei to A.Apìdeixh.

(⇒) 'Estw x ∈ A kai upojètoume ìti up�rqei perioq  U tou x tètoia ¸ste U ∩ A = ∅. Tìte to X r Ue�nai kleistì kai A ⊂ X r U. 'Ara A ⊂ X r U. Idia�tera, x < U, �topo.
(⇐) 'Estw ìti k�je perioq  tou x tèmnei to A kai a
 upojèsoume ìti x < A. Tìte to X rA e�nai perioq tou x. 'Ara A ∩ (X r A) , ∅, �topo diìti A ⊂ A.

�Je¸rhma. 'Estw X topologikì
 q¸ro
 kai A, B ⊂ X. Tìte :(1) A ⊂ B⇒ A ⊂ B.(2) (A ∪ B) = A ∪ B.(3) (A ∩ B) ⊂ A ∩ B.Apìdeixh.(1) To B e�nai kleistì kai perièqei to A, �ra A ⊂ B.(2) To A ∪ B e�nai kleistì kai perièqei to A ∪ B, �ra (A ∪ B) ⊂ A ∪ B. Ap� thn �llh, to (1) d�nei
A ⊂ (A ∪ B) kai B ⊂ (A ∪ B). Epomènw
 (A ∪ B) ⊃ A ∪ B.(3) Apì to (1) èqoume (A ∩ B) ⊂ A kai (A ∩ B) ⊂ B. 'Ara (A ∩ B) ⊂ A ∩ B.

�Parathr sei
.(1) To (2) sto prohgoÔmeno �e¸rhma, genik�, den isqÔei gia �peire
 en¸sei
. Gia par�deigma sto Rme th sunhjismènh topolog�a
⋃

0<x<1

{x} = (0, 1) = [0, 1] , (0, 1) =
⋃

0<x<1

{x}.7



(2) Sto (3) tou prohgoÔmenou �wr mato
, den èqoume genik� isìthta : sto R me th sunhjismènhtopolog�a
(0, 1) ∩ (1, 2) = ∅ , {1} = (0, 1) ∩ (1, 2).Orismì
. 'Ena uposÔnolo A enì
 topologikoÔ q¸rou X lègetai puknì an A = X.Par�deigma. To Q e�nai puknì sto R w
 pro
 th sunhjismènh topolog�a kai thn topolog�a twn arister�hmi�noiqtwn diasthm�twn.Orismì
. 'Estw X topologikì
 q¸ro
 kai A ⊂ X. To eswterikì tou A or�zetai na e�nai

A◦ = int A =
⋃

G anoiqtì
G⊂A

G.Ta shme�a tou A◦ lègontai eswterik� shme�a tou A.Parathr sei
.(1) To A◦ e�nai to megalÔtero anoiqtì uposÔnolo tou A kai mpore� na e�nai kenì gia mh kenì A.(2) To A e�nai anoiqtì an kai mìno an A = A◦, dhlad  an ìla ta shme�a tou e�nai eswterik�.(3) 'Ena x ∈ X e�nai eswterikì shme�o tou A an kai mìno an up�rqei perioq  U tou x tètoia ¸ste
U ⊂ A.Parade�gmata.(1) Sto R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn, [a, b]◦ = (a, b].(2) Sto R me thn sumpeperasmènh topolog�a, [a, b]◦ = ∅.Je¸rhma. 'Estw X topologikì
 q¸ro
 kai A, B ⊂ X. Tìte :(1) A ⊂ B⇒ A◦ ⊂ B◦.(2) (A ∩ B)◦ = A◦ ∩ B◦.(3) (A ∪ B)◦ ⊃ A◦ ∪ B◦.Apìdeixh.(1) To A◦ e�nai anoiqtì uposÔnolo tou B, �ra A◦ ⊂ B◦.(2) To A◦ ∩ B◦ e�nai anoiqtì uposÔnolo tou A ∩ B, �ra A◦ ∩ B◦ ⊂ (A ∩ B)◦. Ep�sh
, apì to (1),
(A ∩ B)◦ ⊂ A◦ kai (A ∩ B)◦ ⊂ B◦, epomènw
 (A ∩ B)◦ ⊂ A◦ ∩ B◦.(3) To (1) d�nei A◦ ⊂ (A ∪ B)◦ kai B◦ ⊂ (A ∪ B)◦. 'Ara A◦ ∪ B◦ ⊂ (A ∪ B)◦.

�Parathr sei
.(1) To (2) sto prohgoÔmeno �e¸rhma, genik�, den isqÔei gia �peire
 tomè
. Gia par�deigma sto Rme th sunhjismènh topolog�a

⋂

x>0

(−x, x)


◦

= {0}◦ = ∅ , {0} =
⋂

x>0

(−x, x)◦.(2) Sto (3) tou prohgoÔmenou �wr mato
, den èqoume genik� isìthta : sto R me th sunhjismènhtopolog�a
([0, 1] ∪ [1, 2])◦ = (0, 2) , (0, 1) ∪ (1, 2) = [0, 1]◦ ∪ [1, 2]◦.Je¸rhma. 'Estw X topologikì
 q¸ro
 kai A ⊂ X. Tìte :(1) X r A = X r A◦.(2) (X r A)◦ = X r A.Apìdeixh.(1) To X r A◦ e�nai kleistì kai perièqei to X r A, �ra X r A ⊂ X r A◦. 'Estw t¸ra x < A◦. Tìte giak�je perioq  U tou x èqoume U 1 A, to opo�o shma�nei ìti U ∩ (X r A) , ∅. 'Ara x ∈ X r A,dhlad  X r A◦ ⊂ X r A.(2) Efarmìzoume to (1) me to X r A sth �èsh tou A kai pa�rnoume sumplhr¸mata sth sqèsh pouprokÔptei.

�8



Orismì
. 'Estw X topologikì
 q¸ro
, A ⊂ X, kai x ∈ X. To x lègetai shme�o suss¸reush
 tou A an gia k�jeperioq  U tou x èqoume A ∩ U r {x} , ∅, dhlad  an k�je perioq  tou x perièqei shme�a tou A diaforetik�apì to x. To sÔnolo twn shme�wn suss¸reush
 tou A onom�zetai par�gwgo sÔnolo tou A kai sumbol�zetaime A′. 'Ena shme�o tou A to opo�o den e�nai shme�o suss¸reush
 lègetai memonwmèno.Parat rhsh. Profan¸
 k�je shme�o suss¸reush
 enì
 sunìlou e�nai oriakì shme�o. To ant�strofo�usik� den isqÔei. Gia par�deigma sto R me th sunhjismènh topolog�a, Z′ = ∅.Par�deigma. Sto R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn, to a den e�nai shme�o sus-s¸reush
 tou diast mato
 [a, b], en¸ to b e�nai (se ant�jesh me th sunhjismènh topolog�a, sthn opo�a kaita dÔo �kra k�je tÔpou diast mato
 e�nai shme�a suss¸reush
).Je¸rhma. 'Estw X topologikì
 q¸ro
 kai A ⊂ X. Tìte A = A ∪ A′.Apìdeixh. K�je shme�o suss¸reush
 e�nai oriakì shme�o, �ra A∪A′ ⊂ A. Ant�strofa, èstw x ∈ A. An x ∈ Atìte telei¸same. 'Estw loipìn ìti x < A. Tìte gia k�je perioq  U tou x èqoume ìti h tom  U ∩ A e�nai mhken  (afoÔ to x e�nai oriakì shme�o) kai den perièqei to x (afoÔ x < A). Epomènw
 U ∩Ar {x} = U ∩A , ∅,to opo�o shma�nei ìti x ∈ A′. �

9



3. SÔgklishOrismì
. 'Estw X topologikì
 q¸ro
, xn ∈ X, n ∈ N, mia akolouj�a, kai x ∈ X. Lème ìti h xn sugkl�nei sto
x kai gr�foume xn → x, an gia k�je perioq  U tou x, up�rqei n0 tètoio ¸ste xn ∈ U gia k�je n ≥ n0.Parathr sei
.(1) S� èna metrikì q¸ro, o prohgoÔmeno
 orismì
 sump�ptei me ton gnwstì orismì th
 sÔgklish
.(2) An s� èna sÔnolo èqoume duo topolog�e
, h m�a isqurìterh th
 �llh
, tìte sÔgklish w
 pro
 thnisqur  topolog�a sunep�getai sÔgklish w
 pro
 thn asjen  topolog�a.(3) S� èna genikì topologikì q¸ro, mia akolouj�a mpore� na sugkl�nei se perissìtera apì ènashme�a. Gia par�deigma, stoN me thn sumpeperasmènh topolog�a, h akolouj�a xn = n sugkl�neise k�je �usikì arijmì. Pr�gmati, èstw U mia perioq  opoioud pote �usikoÔ arijmoÔ. TosÔnoloNrU e�nai peperasmèno, �ra up�rqei n0 tètoio ¸ste {n0, n0+1, n0+2, . . . } ⊂ U. Epomènw


xn = n ∈ U gia k�je n ≥ n0.Parade�gmata.(1) Se k�je topologikì q¸ro, mia telik� stajer  akolouj�a sugkl�nei (telik� stajer  shma�nei ìtiup�rqoun x kai n0 tètoia ¸ste xn = x gia k�je n ≥ n0).(2) S� èna diakritì q¸ro, mia akolouj�a sugkl�nei an kai mìno an e�nai telik� stajer  diìti tamonosÔnola e�nai perioqè
.(3) Ston tetrimmèno topologikì q¸ro, k�je akolouj�a sugkl�nei se k�je shme�o diìti h monadik perioq  opoioud pote shme�ou e�nai olìklhro
 o q¸ro
.(4) Sto R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn h akolouj�a 1/n den sugkl�nei.Pr�gmati, an sunèkline �a èprepe na sugkl�nei sto 0 diìti h topolog�a twn arister� hmi�noiqtwndiasthm�twn e�nai isqurìterh th
 sunhjismènh
. All� autì e�nai adÔnato afoÔ h akolouj�aapofeÔgei ex� olokl rou thn perioq  (−∞, 0].S� èna genikì topologikì q¸ro, oi akolouj�e
 mpore� na mhn eparkoÔn gia na perigr�youn mia seir�apì ènnoie
 gia ti
 opo�e
 sthn per�ptwsh enì
 metrikoÔ q¸rou e�nai diajèsimo
 ikanopoihtikì
 akolou-�iakì
 qarakthrismì
. Gia par�deigma, up�rqei èna
 topologikì
 q¸ro
 X, èna sÔnolo A ⊂ X, kai èna
x ∈ A, ètsi ¸ste kam�a akolouj�a shme�wn tou A den sugkl�nei sto x (an den gnwr�zete �ewr�a sunìlwnagno ste aut n thn parènjesh. 'Estw ω1 o pr¸to
 uperarijm simo
 diataktikì
 arijmì
. Sto sÔnolo
X = [0, ω1] �ewroÔme thn topolog�a h opo�a èqei gia ��sh ìla ta diast mata th
 morf 
 (ζ, ξ], ìpou
ζ < ξ ≤ ω1 (maz� me to {0}). Jètoume A = [0, ω1). Tìte A = X. All� to supremum opoiasd pote ako-louj�a
 arijm simwn diataktik¸n arijm¸n e�nai arijm simo
 diataktikì
 arijmì
, epomènw
 den up�rqeiakolouj�a sto A h opo�a na sugkl�nei sto ω1). To prìblhma autì mpore� na xeperaste� genikeÔonta
 thnènnoia th
 akolouj�a
. Autì �a g�nei mèsw twn parak�tw orism¸n.Orismì
. 'Ena prodiatetagmèno sÔnolo e�nai èna 
eug�ri (Λ,�) ìpou Λ e�nai èna sÔnolo kai � mia dimel 
sqèsh sto Λ tètoia ¸ste :

• λ � λ gia k�je λ ∈ Λ (autop�jeia).
• Gia k�je λ, µ, ν ∈ Λ, an λ � µ kai µ � ν tìte λ � ν (metabatikìthta).Par�deigma. Sto sÔnolo C twn migadik¸n arijm¸n or�zoume z � w an kai mìno an |z| ≤ |w|. Tìte to (C,�)e�nai prodiatetagmèno.Orismì
. 'Ena kateujunìmeno sÔnolo e�nai èna prodiatetagmèno sÔnolo (Λ,�) tètoio ¸ste gia k�je

λ1, λ2 ∈ Λ, up�rqei λ3 ∈ Λ tètoio ¸ste λ1 � λ3 kai λ2 � λ3.Parade�gmata.(1) To (N,≤), ìpou ≤ e�nai h sunhjismènh di�taxh, e�nai kateujunìmeno sÔnolo : an gia n1, n2 ∈ N�èsoume n3 = max{n1, n2} tìte n1 ≤ n3 kai n2 ≤ n3.(2) 'Estw X topologikì
 q¸ro
, x ∈ X k�poio shme�o, kai Bx mia ��sh perioq¸n tou x. Tìte to
(Bx,⊃) e�nai kateujunìmeno. Pr�gmati, an B1, B2 ∈ Bx tìte to B1 ∩ B2 e�nai perioq  tou x, �raup�rqei B3 ∈ Bx tètoio ¸ste B3 ⊂ B1 ∩ B2. Dhlad  B3 ⊂ B1 kai B3 ⊂ B2.Orismì
. 'Estw X èna sÔnolo, kai (Λ,�) èna kateujunìmeno sÔnolo. Mia sun�rthsh x : Λ → X lègetaid�ktuo sto X. Gr�foume xλ ant� x(λ) kai �antazìmaste to xλ san ton {λ-ostì} ìro tou diktÔou.Parathr sei
.(1) Mia akolouj�a e�nai eidik  per�ptwsh diktÔou, ìpou (Λ,�) = (N,≤).10



(2) Se mia akolouj�a xn oi de�kte
, dhlad  oi �usiko� arijmo�, e�nai sugkr�simoi : to x4 e�nai {met�}to x1 kai {prin} to x10.PSfrag �epla
ement

x1 x4 x10Se èna d�ktuo xλ, λ ∈ Λ, to mìno pou xèroume e�nai ìti gia k�je dÔo ìrou
 xλ1 , xλ2 up�rqei k�poio
tr�to
 ìro
 xλ3 o opo�o
 e�nai {met�} apì tou
 xλ1 kai xλ2 . Oi de�kte
 λ1 kai λ2 mpore�, k�llista,na mhn e�nai metaxÔ tou
 sugkr�simoi. Gia par�deigma, an p�roume (Λ,�) = (P(N),⊂), tìte oìro
 x{1,3,5} e�nai {prin} ton ìro xN kai {met�} tou
 ìrou
 x{3,5} kai x{1}, all� o x{1} den e�nai oÔte{prin} oÔte {met�} ton x{3,5}.PSfrag �epla
ement

x{1}

x{3,5}

x{1,3,5} xN
(3) Se èna d�ktuo den èqei genik� nìhma na mil soume gia ton {epìmeno}   ton {prohgoÔmeno} enì
ìrou. Gia par�deigma, sto d�ktuo xq = sin q, q ∈ Q, ìpou to Q èqei th sunhjismènh di�taxh,kanèna
 ìro
 den èqei oÔte epìmeno, oÔte prohgoÔmeno, par� to ìti ìloi oi de�kte
, dhlad  oi�hto� arijmo�, e�nai metaxÔ tou
 sugkr�simoi.Orismì
. 'Estw X topologikì
 q¸ro
, xλ ∈ X, λ ∈ Λ, èna d�ktuo, kai x ∈ X. Lème ìti to xλ sugkl�nei sto xkai gr�foume xλ → x, an gia k�je perioq  U tou x, up�rqei λ0 tètoio ¸ste xλ ∈ U gia k�je λ � λ0.Parathr sei
.(1) An Bx e�nai mia ��sh perioq¸n tou x, tìte xλ → x an kai mìno an gia k�je U ∈ Bx up�rqei λ0tètoio ¸ste xλ ∈ U gia k�je λ � λ0.(2) Prosèxte th diafor� an�mesa ston orismì th
 sugkl�nousa
 akolouj�a
 kai tou sugkl�nonto
diktÔou. O akoloujiakì
 orismì
 e�nai isodÔnamo
 me to ìti gia k�je perioq  tou x to polÔpeperasmèno pl jo
 ìrwn th
 akolouj�a
 �r�skontai èxw apì thn perioq , diìti to sÔnolo
{n ∈ N : n < n0} e�nai peperasmèno. Sthn per�ptwsh enì
 diktÔou den mporoÔme, genik�, napoÔme k�ti gia to sÔnolo {λ ∈ Λ : λ � λ0}. 'Etsi den apokle�etai na èqoume �peirou
 ìrou
 toudiktÔou èxw apì k�poia perioq  tou x.Parade�gmata.(1) Sto R me th sunhjismènh topolog�a, �ewroÔme to d�ktuo xr, r ∈ Z (to Z èqei th sunhjismènhdi�taxh), ìpou

xr =


r, an r ≤ 0

1/r, an r > 0
.Tìte xr → 0. Par� taÔta, �peiroi ìroi tou diktÔou �r�skontai èxw apì k�je �ragmènh perioq tou 0. Ep�sh
 to d�ktuo autì, an kai sugkl�nei, den e�nai �ragmèno. An t¸ra, me auja�retotrìpo, anadiat�xoume tou
 ìrou
 tou diktÔou ¸ste na to gr�youme san akolouj�a, dhlad 

{xr : r ∈ Z} = {yn : n ∈ N}, tìte h yn den sugkl�nei giat� den e�nai �ragmènh.(2) Sto R me th sunhjismènh topolog�a, �ewroÔme to d�ktuo xa = a, a ∈ R (to R èqei th sunhjismènhdi�taxh). Tìte to xa den sugkl�nei se kanèna pragmatikì arijmì. W
 pro
 th sumpeperasmènhtopolog�a, to xa sugkl�nei se k�je pragmatikì arijmì.Je¸rhma. 'Estw X topologikì
 q¸ro
, A ⊂ X, kai x ∈ X. Tìte x ∈ A an kai mìno an up�rqei d�ktuo xλ ∈ A,
λ ∈ Λ, tètoio ¸ste xλ → x.Apìdeixh.

(⇒) 'Estw (N ,⊃) h oikogèneia ìlwn twn perioq¸n tou x me sqèsh di�taxh
 to ant�strofo perièqesjai,dhlad  U � V an kai mìno an U ⊃ V. To (N ,⊃) e�nai kateujunìmeno giat� an U kai V e�nai duoperioqè
 tou x tìte h U ∩ V e�nai perioq  tou x kai U ∩ V ⊂ U, U ∩ V ⊂ V. AfoÔ x ∈ A, èqoumeìti gia k�je U ∈ N up�rqei xU ∈ A ∩ U. Tìte to d�ktuo xU , U ∈ N , sugkl�nei sto x. Pr�gmatian W e�nai tuqoÔsa perioq  tou x, tìte gia k�je U ∈ N me U ⊂ W èqoume xU ∈ U ⊂ W.11



(⇐) 'Estw xλ ∈ A, λ ∈ Λ, èna d�ktuo sto A tètoio ¸ste xλ → x. Ja de�xoume ìti x ∈ A. 'Estw loipìn Umia perioq  tou x. Tìte up�rqei λ0 ∈ Λ tètoio ¸ste xλ0 ∈ U. Dhlad  xλ0 ∈ A ∩ U, �ra U ∩ A , ∅,epomènw
 x ∈ A.
�
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4. SunèqeiaOrismì
. 'Estw X, Y topologiko� q¸roi, f : X → Y mia sun�rthsh, kai x ∈ X. H f lègetai suneq 
 sto x angia k�je perioq  V ⊂ Y tou f (x) up�rqei perioq  U ⊂ X tou x tètoia ¸ste f (U) ⊂ V. An h f e�nai suneq 
se k�je shme�o tou X tìte lègetai suneq 
.
PSfrag �epla
ement
 X

Y

x
f

U

Vf (x) f (U)

Parade�gmata.(1) K�je stajer  sun�rthsh, an�mesa se duo tuqìnte
 topologikoÔ
 q¸rou
, e�nai suneq 
.(2) K�je sun�rthsh me ped�o orismoÔ èna diakritì q¸ro e�nai suneq 
.Je¸rhma. 'Estw X, Y topologiko� q¸roi, f : X → Y mia sun�rthsh, kai x ∈ X. H f e�nai suneq 
 sto x ankai mìno an gia k�je d�ktuo xλ ∈ X, λ ∈ Λ, me xλ → x, èqoume f (xλ)→ f (x).Apìdeixh.
(⇒) 'Estw xλ ∈ X, λ ∈ Λ, èna d�ktuo me xλ → x, kai V mia perioq  tou f (x). AfoÔ h f e�nai suneq 
sto x, up�rqei perioq  U tou x tètoia ¸ste f (U) ⊂ V. AfoÔ to xλ sugkl�nei sto x. Up�rqei λ0 ∈ Λtètoio ¸ste xλ ∈ U gia k�je λ � λ0. Epomènw
 f (xλ) ∈ f (U) ⊂ V gia k�je λ � λ0.
(⇐) 'Estw ìti h f den e�nai suneq 
 sto x. Tìte up�rqei perioq  V tou f (x) tètoia ¸ste gia k�jeperioq  U tou x èqoume f (U) 1 V. Epomènw
 gia k�je perioq  U tou x up�rqei xU ∈ U tètoio¸ste f (xU) < V. 'Estw t¸ra N h oikogèneia ìlwn twn perioq¸n tou x diatetagmènh me th sqèshtou ant�strofou perièqesjai. Tìte to d�ktuo xU , U ∈ N , sugkl�nei sto x, �ra apì upìjesh

f (xU )→ f (x). Epomènw
 up�rqei U0 ∈ N tètoio ¸ste f (xU0 ) ∈ V, �topo.
�Je¸rhma. 'Estw f : X → Y mia sun�rthsh an�mesa se duo topologikoÔ
 q¸rou
. Ta akìlouja e�naiisodÔnama.(1) H f e�nai suneq 
.(2) Gia k�je G ⊂ Y anoiqtì, to f −1(G) e�nai anoiqtì.(3) Gia k�je F ⊂ Y kleistì, to f −1(F) e�nai kleistì.(4) Gia k�je A ⊂ A, f

(
A
)
⊂ f (A).Apìdeixh.

(1)⇒ (2) Arke� na de�xoume ìti k�je shme�o tou f −1(G) e�nai eswterikì. 'Estw loipìn x ∈ f −1(G). Tìte
f (x) ∈ G, �ra to G e�nai perioq  tou f (x), epomènw
 up�rqei perioq  U tou x tètoia ¸ste
f (U) ⊂ G, apì to opo�o sunep�getai ìti U ⊂ f −1( f (U)) ⊂ f −1(G).

(2)⇒ (1) 'Estw x ∈ X kai V mia perioq  tou f (x). Apì upìjesh, to U := f −1(V) e�nai anoiqtì, �ra e�naiperioq  tou x. All� f (U) = f ( f −1(V)) ⊂ V.
(2)⇒ (3) 'Estw F ⊂ Y kleistì. Tìte to Y r F e�nai anoiqtì, �ra apì upìjesh to f −1(Y r F) = X r f −1(F)e�nai anoiqtì, epomènw
 to f −1(F) e�nai kleistì.
(3)⇒ (2) Tele�w
 an�loga me to prohgoÔmeno. 13



(3)⇒ (4) To f (A) e�nai kleistì �ra, apì upìjesh, to f −1
(

f (A)
) e�nai kleistì. Ep�sh
, A ⊂ f −1

(
f (A)

).Epomènw
 A ⊂ f −1
(
f (A)

). Sunep¸
 f
(
A
)
⊂ f

(
f −1

(
f (A)

))
⊂ f (A).

(4)⇒ (3) 'Estw F ⊂ Y kleistì. Apì upìjesh èqoume f
(
f −1(F)

)
⊂ f ( f −1(F)) ⊂ F = F. Epomènw


f −1(F) ⊂ f −1(F), �ra to f −1(F) e�nai kleistì.
�Parathr sei
.(1) H sunepagwg  (2) ⇒ (1) exakolouje� na isqÔei an ant� th
 ant�strofh
 eikìna
 k�je anoiqtoÔsunìlou, p�roume thn ant�strofh eikìna k�je sunìlou mia
 ��sh
 gia thn topolog�a tou Y.(2) H sÔnjesh suneq¸n sunart sewn e�nai suneq 
 :

xλ → x⇒ f (xλ)→ f (x)⇒ g( f (xλ))→ g( f (x)).Par�deigma. 'Estw T h topolog�a twn arister� hmi�noiqtwn diasthm�twn sto R. JewroÔme ti
 sunart -sei
 f , g : (R,T )→ R (to ped�o tim¸n èqei th sunhjismènh topolog�a), me tÔpou

f (x) =


0, an x ≤ 0

1, an x > 0
g(x) =


0, an x < 0

1, an x ≥ 0
.Tìte h f e�nai suneq 
 diìti h ant�strofh eikìna opoioud pote sunìlou e�nai to ∅,   toR,   to (0,+∞),   to

(−∞, 0]. 'Ola aut� ta sÔnola e�nai anoiqt�. H g den e�nai suneq 
 diìti h ant�strofh eikìna opoioud poteanoiqtoÔ diast mato
 perièqei to 1 all� ìqi to 0 e�nai to mh anoiqtì sÔnolo [0,+∞). Fusik�, kam�a apìti
 duo sunart sei
 den e�nai suneq 
 w
 pro
 th sunhjismènh topolog�a.Orismì
. 'Estw X, Y topologiko� q¸roi kai f : X → Y mia antistrèyimh (1-1 kai ep�) sun�rthsh. H flègetai omoiomorfismì
 an e�nai suneq 
 kai èqei suneq  ant�strofh. An metaxÔ duo topologik¸n q¸rwnup�rqei omoiomorfismì
, tìte oi q¸roi lègontai omoiomorfiko�.Je¸rhma. 'Estw f : X → Y mia antistrèyimh sun�rthsh an�mesa se duo topologikoÔ
 q¸rou
. Ta akì-louja e�nai isodÔnama.(1) H f e�nai omoiomorfismì
.(2) H f e�nai suneq 
 kai gia k�je G ⊂ X anoiqtì, to f (G) e�nai anoiqtì.(3) H f e�nai suneq 
 kai gia k�je F ⊂ X kleistì, to f (F) e�nai kleistì.(4) Gia k�je A ⊂ X, f
(
A
)
= f (A).Apìdeixh.

(1)⇔ (2) H f −1 : Y → X e�nai suneq 
 an kai mìno gia k�je G ⊂ X anoiqtì, to ( f −1)−1(G) = f (G) e�naianoiqtì.
(2)⇒ (3) 'Estw F ⊂ X kleistì. Tìte to X r F e�nai anoiqtì, �ra apì upìjesh to f (X r F) = Y r f (F) e�naianoiqtì, epomènw
 to f (F) e�nai kleistì.
(3)⇒ (2) Tele�w
 an�loga me to prohgoÔmeno.
(3)⇒ (4) Apì upìjesh to f

(
A
) e�nai kleistì. Ep�sh
 f (A) ⊂ f

(
A
). 'Ara f (A) ⊂ f

(
A
). All� h f e�naisuneq 
, epomènw
, apì to prohgoÔmeno �e¸rhma, f (A) ⊃ f

(
A
). Sunep¸
 f (A) = f

(
A
)

(4)⇒ (3) 'Estw F ⊂ X kleistì. Tìte f (F) = f
(
F
)
= f (F). 'Ara to f (F) e�nai kleistì. Ep�sh
, f

(
A
)
⊂ f (A)gia k�je A ⊂ X, �ra h f e�nai suneq 
 apì to prohgoÔmeno �e¸rhma.

�Parade�gmata.(1) Duo arijm simoi diakrito� q¸roi e�nai omoiomorfiko�.(2) Sto R, h topolog�a T twn arister� hmi�noiqtwn diasthm�twn den e�nai omoiomorfik  me thnsunhjismènh topolog�a. Pr�gmati, an up rqe omoiomorfismì
 f : (R,T ) → R tìte to f ((a, b])�a  tan mh kenì, diaforetikì apì toR, anoiqtì kai kleistì (w
 pro
 th sunhjismènh topolog�a).Autì e�nai �topo.Parat rhsh. Mia idiìthta lègetai topologik  an diathre�tai apì k�je omoiomorfismì. 'Etsi duo omoio-morfiko� q¸roi èqoun ti
 �die
 topologikè
 idiìthte
, kai epomènw
 apì aut  thn �poyh tou
 taut�zoume.
14



5. H Sqetik  Topolog�a kai h Topolog�a GinìmenoOrismì
. 'Estw (X,T ) topologikì
 q¸ro
 kai Y ⊂ X. H oikogèneia TY = {G ∩ Y : G ∈ T } e�nai profan¸
mia topolog�a sto Y. H TY onom�zetai sqetik  topolog�a tou Y (w
 pro
 thn T ).PSfrag �epla
ement

X

Y

G

G ∩ Y

Ta sÔnola th
 TY �a ta lème anoiqt� sto Y. Omo�w
 kai me ti
 �lle
 topologikè
 ènnoie
. Gia par�deigma,�a mil�me gia thn kleistìthta enì
 sunìlou A ⊂ Y w
 pro
 th sqetik  topolog�a kai �a gr�foume cl Y (A),k.t.l. 'Otan lème apl¸
 {anoiqtì}, {kleistì}, k.t.l. qwr�
 k�poion �llo prosdiorismì, �a ennooÔme w
pro
 thn topolog�a olìklhrou tou X.Parathr sei
.(1) Ja èlege kane�
 ìti o logikìtero
 trìpo
 na or�sei kane�
 mia topolog�a sto Y e�nai na �ewr seithn oikogèneia {G ∈ T : G ⊂ Y}. To prìblhma e�nai ìti an to Y den e�nai anoiqtì tìte h oikogèneiaaut  den e�nai topolog�a. M�lista e�nai dunatì na apotele�tai mìno apì to kenì sÔnolo.(2) H sqetik  topolog�a e�nai h mikrìterh topolog�a sto Y w
 pro
 thn opo�a h tautotik  apeikìnish
ϕ : Y → X, ϕ(y) = y, e�nai suneq 
. Autì
 e�nai o lìgo
 gia ton opo�o h sqetik  topolog�a or�sthkeme ton trìpo pou or�sthke. H sunèqeia th
 ϕ e�nai h �usiologikìterh apa�thsh pou mpore� naèqei kane�
 apì mia topolog�a sto Y h opo�a e�nai {sumbat } me thn topolog�a olìklhrou tou X.Parade�gmata.(1) Sto R me th sunhjismènh topolog�a �ètoume Y = [0, 1] ∪ {2}. Tìte ta sÔnola [0, 1/2) kai {2} e�naianoiqt� sto Y (all� ìqi s� olìklhro to R).(2) StoR2 me th sunhjismènh topolog�a �ètoume Y = R× {0}. Tìte to sÔnolo (0, 1)× {0} e�nai anoiqtìsto Y. Parathr ste ìti kanèna uposÔnolo tou Y den e�nai anoiqtì sto R2 (to Y e�nai mia euje�agramm ). To shme�o {(0, 0)} den anoiqtì sto Y diìti kanèna
 anoiqtì
 d�sko
 den mpore� na tèmneimia euje�a s� èna monosÔnolo.Je¸rhma. 'Estw X topologikì
 q¸ro
 kai Y ⊂ X. Tìte :(1) An B e�nai mia ��sh (ant�stoiqa upob�sh) gia thn topolog�a tou X tìte h oikogèneia {B∩Y : B ∈ B}e�nai mia ��sh (ant�stoiqa upob�sh) gia th sqetik  topolog�a tou Y.(2) 'Ena sÔnolo A ⊂ Y e�nai kleistì sto Y an kai mìno an up�rqei F ⊂ X kleistì tètoio ¸ste A = F∩Y.(3) An to Y e�nai anoiqtì (ant�stoiqa kleistì), tìte èna sÔnolo A ⊂ Y e�nai anoiqtì (ant�stoiqa kleistì)sto Y an kai mìno e�nai anoiqtì (ant�stoiqa kleistì).(4) 'Estw yλ ∈ Y èna d�ktuo sto Y, kai y ∈ Y. Tìte yλ → y w
 pro
 th sqetik  topolog�a, an kai mìnoan yλ → y.(5) An A ⊂ Y, tìte cl Y (A) = Y ∩ cl (A) kai int Y (A) ⊃ Y ∩ int (A).(6) An Z e�nai k�poio
 �llo
 topologikì
 q¸ro
 kai f : X → Z mia suneq 
 sun�rthsh, tìte operiorismì
 f |Y : Y → Z e�nai suneq 
.Apìdeixh.(1) 'Estw A ⊂ Y anoiqtì sto Y. Tìte up�rqei G ⊂ X anoiqtì tètoio ¸ste A = G ∩ Y. AfoÔ h B e�nai��sh up�rqoun Bi ∈ B, i ∈ I, tètoia ¸ste G =

⋃
i∈I Bi. All� tìte A =

⋃
i∈I Bi ∩ Y. Omo�w
 gia thnupob�sh.(2) An to A e�nai kleistì sto Y tìte to Y r A e�nai anoiqtì sto Y, �ra up�rqei G ⊂ X anoiqtì tètoio¸ste Y r A = G ∩ Y, epomènw
 A = (X r G) ∩ Y me X r G kleistì. Ant�strofa, an A = F ∩ Y giak�poio F kleistì, tìte Y r A = (X r F) ∩ Y me X r F anoiqtì. 'Ara to Y r A e�nai anoiqtì sto Y,epomènw
 to A e�nai kleistì sto Y. 15



(3) 'Estw ìti to Y e�nai anoiqtì. An t¸ra to A e�nai anoiqtì sto Y tìte A = G∩Y gia k�poio G anoiqtì.'Ara kai to A e�nai anoiqtì w
 tom  duo anoiqt¸n sunìlwn. Ant�strofa, an to A e�nai anoiqtì tìtegr�foume A = A∩ Y kai sumpera�noume ìti to A e�nai anoiqtì sto Y apì ton orismì th
 sqetik 
topolog�a
. Omo�w
 gia ta kleist�.(4) 'Estw ìti yλ → y w
 pro
 th sqetik  topolog�a, kai èstw U mia perioq  tou y. H U ∩ Y e�naiperioq  tou y w
 pro
 th sqetik  topolog�a, �ra up�rqei λ0 tètoio ¸ste yλ ∈ U ∩ Y ⊂ U gia k�je
λ � λ0. Epomènw
 yλ → y. Ant�strofa, èstw ìti yλ → y, kai èstw A mia perioq  tou y w
 pro
th sqetik  topolog�a. Tìte A = V ∩ Y gia k�poia perioq  V tou y. AfoÔ to d�ktuo sugkl�neiup�rqei λ0 tètoio ¸ste yλ ∈ V gia k�je λ � λ0. All� to d�ktuo �r�sketai sto Y, �ra yλ ∈ V∩Y = Agia k�je λ � λ0, to opo�o shma�nei ìti yλ → y w
 pro
 th sqetik  topolog�a.(5) 'Estw y ∈ cl Y (A) ⊂ Y. Tìte up�rqei d�ktuo yλ ∈ A tètoio ¸ste yλ → y w
 pro
 th sqetik  topolog�a.Tìte, apì to (4), èqoume ìti yλ → y, �ra y ∈ Y ∩ cl (A). Ant�strofa, èstw y ∈ Y ∩ cl (A). Tìteup�rqei d�ktuo yλ ∈ A tètoio ¸ste yλ → y. AfoÔ y ∈ Y, apì to (4) sunep�getai ìti yλ → y w
 pro
th sqetik  topolog�a, �ra y ∈ cl Y (A).'Estw t¸ra y ∈ Y∩ int (A). Tìte up�rqei perioq  U tou y tètoia ¸ste U ⊂ A. All� tìte to U∩Ye�nai mia perioq  tou y w
 pro
 th sqetik  topolog�a h opo�a perièqetai sto A. 'Ara y ∈ int Y (A).(6) 'Estw yλ ∈ Y èna d�ktuo sto Y tètoio ¸ste, gia k�poio y ∈ Y, èqoume yλ → y w
 pro
 th sqe-tik  topolog�a. Tìte apì to (4), yλ → y. AfoÔ h f e�nai suneq 
, èqoume f (yλ) → f (y), �ra
f |Y (yλ)→ f |Y (y). Epomènw
 h f |Y e�nai suneq 
.

�Parat rhsh. Sto (5) tou prohgoÔmenou �ewr mato
 genik� èqoume int Y (A) , Y∩ int (A). Gia par�deigma,sto R me th sunhjismènh topolog�a, intZ({1}) = {1}, all� int ({1}) = ∅.Ja or�soume t¸ra mia �usiologik  topolog�a sto kartesianì ginìmeno mia
 oikogèneia
 topologik¸nq¸rwn.Orismì
. 'Estw Xi, i ∈ I, mia oikogèneia topologik¸n q¸rwn. Gia k�je j ∈ I �ewroÔme ti
 probolè

p j :

∏

i∈I
Xi → X j, p j(x) = x( j),kai �ètoume

C = {p−1
i (Gi) : Gi ⊂ Xi anoiqtì, i ∈ I}.H topolog�a pou par�gei h oikogèneia C onom�zetai topolog�a ginìmeno sto ∏

i∈I Xi.Parathr sei
.(1) H topolog�a ginìmeno e�nai h mikrìterh topolog�a sto ∏
i∈I Xi w
 pro
 thn opo�a oi probolè
e�nai suneqe�
.(2) Mia ��sh gia thn topolog�a ginìmeno e�nai h oikogèneia ìlwn twn sunìlwn th
 morf 


n⋂

k=1

p−1
ik (Gik ), Gik ⊂ Xik anoiqtì, i1, . . . , ik ∈ I, n ∈ N,dhlad  ìle
 oi peperasmène
 tomè
 sunìlwn th
 C . IsodÔnama, mia ��sh apotele�tai apì ìla tasÔnola th
 morf 
 ∏

i∈I Gi, ìpou ta Gi ⊂ Xi e�nai anoiqt� kai Gi , Xi gia to polÔ peperasmènopl jo
 i.(3) An p�roume mia peperasmènh oikogèneia topologik¸n q¸rwn X1, X2, . . . , Xm tìte mia ��sh gia thntopolog�a ginìmeno sto X1 × · · ·×Xm e�nai ìla ta {orjog¸nia} G1 × · · ·×Gm, ìpou ta Gk ⊂ Xk e�naianoiqt�. Autì prokÔptei apì th sqèsh
n∏

k=1

Gk =

n⋂

k=1

p−1
k (Gk).(4) An to G ⊂∏

i∈I Xi e�nai anoiqtì tìte to p j(G) e�nai anoiqtì gia k�je j.(5) H probol  enì
 kleistoÔ sunìlou den e�nai kat� an�gkh kleistì sÔnolo. Gia par�deigma sto R2,to sÔnolo F = {(x, 1/x) : x > 0} e�nai kleistì, all� p1(F) = p2(F) = (0,+∞).Parade�gmata.(1) H topolog�a ginìmeno sto Rn taut�zetai me th sunhjismènh topolog�a pou ep�gei h Eukle�deiametrik . Autì prokÔptei apì to ìti mèsa se k�je anoiqt  mp�la mporoÔme na �roÔme ènananoiqtì kÔbo me to �dio kèntro, kai antistrìfw
.16



(2) Sto Rn me thn topolog�a ginìmeno, to sÔnolo
n∏

k=1

(0, 1) = (0, 1)n
= (0, 1) × · · · × (0, 1)︸                 ︷︷                 ︸

n par�gonte
e�nai anoiqtì (san sÔnolo th
 ��sh
).(3) Sto RN me thn topolog�a ginìmeno, to sÔnolo
A =

∞∏

n=1

(0, 1) = (0, 1)N = (0, 1) × (0, 1) × · · ·DEN e�nai anoiqtì. Sthn pragmatikìthta A◦ = ∅. An to A e�qe mh kenì eswterikì, tìte �a up rqan
i1, . . . , in ∈ N kai anoiqt� sÔnola Gi1 , . . . ,Gin ⊂ R ètsi ¸ste

n⋂

k=1

p−1
ik (Gik ) ⊂ A.Epilègoume t¸ra m ∈ N r {i1, . . . , in}. TìteR = pm


n⋂

k=1

p−1
ik (Gik )

 ⊂ pm(A) = (0, 1),�topo. Genikìtera, s� èna kartesianì ginìmeno me �peirou
 par�gonte
, èna orjog¸nio, tupik�den e�nai anoiqtì sÔnolo.(4) An to {0, 1} èqei th diakrit  topolog�a tìte h topolog�a ginìmeno sto {0, 1}n e�nai h diakrit  giak�je n ∈ N. Ant�jeta, to {0, 1}N den èqei th diakrit  topolog�a.Je¸rhma. 'Estw Xi, i ∈ I, mia oikogèneia topologik¸n q¸rwn. Jètoume X =
∏

i∈I Xi.(1) 'Ena d�ktuo xλ ∈ X sugkl�nei se k�poio x ∈ X an kai mìno an pi(xλ)→ pi(x) gia k�je i ∈ I. Dhlad to d�ktuo sugkl�nei an kai mìno an sugkl�nei kat� suntetagmènh.(2) An Ai ⊂ Xi, i ∈ I, tìte
cl


∏

i∈I
Ai

 =
∏

i∈I
Ai,


∏

i∈I
Ai


◦

⊂
∏

i∈I
A◦i .(3) 'Estw Y èna
 �llo
 topologikì
 q¸ro
 kai f : Y → X mia sun�rthsh. H f e�nai suneq 
 an kaimìno an h pi ◦ f e�nai suneq 
 gia k�je i ∈ I.

Y X

Xi

-f

@
@@Rpi◦ f ?

piApìdeixh.(1) H mia kateÔjunsh prokÔptei apì th sunèqeia twn probol¸n pi. Gia thn �llh kateÔjunsh, èstw⋂n
k=1 p−1

ik
(Gik ) mia perioq  tou x. Tìte to Gik e�nai perioq  tou pik (x). AfoÔ pik (xλ) → pik (x),up�rqoun λ1, . . . , λn tètoia ¸ste pik (xλ) ∈ Gik gia k�je λ � λk. Epilègoume λ0 tètoio ¸ste λ0 � λkgia k�je k = 1, 2, . . . , n. Tìte xλ ∈

⋂n
k=1 p−1

ik
(Gik ) gia k�je λ � λ0, �ra xλ → x.(2) 'Estw x ∈ cl

(∏
i∈I Ai

). Tìte up�rqei d�ktuo xλ ∈
∏

i∈I Ai tètoio ¸ste xλ → x. T¸ra, apì to(1), èqoume ìti pi(xλ) → pi(x) gia k�je i. All� tìte pi(x) ∈ Ai gia k�je i, dhlad  x ∈ ∏
i∈I Ai.Ant�strofa, èstw x ∈ ∏

i∈I Ai, kai èstw ⋂n
k=1 p−1

ik
(Gik ) tuqoÔsa perioq  tou x. Tìte to Gik e�naiperioq  tou pik (x) ∈ Aik �ra Gik ∩Aik , ∅. Epomènw
 ⋂n

k=1 p−1
ik

(Gik )∩
∏

i∈I Ai , ∅ diìti oi ik-pleurè
tou orjogwn�ou ⋂n
k=1 p−1

ik
(Gik ) e�nai ta sÔnola Gik ta opo�a tèmnoun ta Aik , en¸ oi upìloipe
 i-pleurè
 e�nai olìklhroi oi q¸roi Xi oi opo�oi profan¸
 tèmnoun ta Ai. Sunep¸
 x ∈ cl

(∏
i∈I Ai

).Gia th deÔterh sqèsh, an to arister� mèlo
 e�nai kenì tìte den èqoume t�pota na de�xoume.'Estw loipìn x ∈ (∏
i∈I Ai

)◦. Tìte up�rqoun anoiqt� Gik ⊂ Xik , k = 1, . . . , n, tètoia ¸ste
x ∈

n⋂

k=1

p−1
ik

(Gik ) ⊂
∏

i∈I
Ai.17



'Ara pik (x) ∈ Gik ⊂ Aik gia k�je k, kai kat� an�gkh, A j = X j gia k�je j diaforetikì apì ta ik.Epomènw
 pik (x) ∈ A◦ik gia k�je k. Sunep¸
 x ∈ ∏
i∈I A◦i . Isìthta genik� den èqoume, ìpw
 de�qneito (3) twn prohgoÔmenwn paradeigm�twn.(3) An h f e�nai suneq 
 tìte h pi ◦ f e�nai suneq 
 san sÔnjesh suneq¸n sunart sewn. Gia toant�strofo, èstw yλ èna d�ktuo sto Y me yλ → y. Tìte pi( f (yλ))→ pi( f (y)) gia k�je i. 'Ara, apì to(1), f (yλ)→ f (y). Epomènw
 h f e�nai suneq 
.

�Parade�gmata.(1) Taut�zoume to sÔnolo ìlwn twn sunart sewn apì to R sto R me to ginìmeno RR. Tìte miaakolouj�a sunart sewn fn sugkl�nei kat� shme�o se k�poia sun�rthsh f an kai mìno an fn → fw
 pro
 thn topolog�a ginìmeno.(2) An �ewr soume to C([0, 1]) uposÔnolo tou R[0,1] tìte h topolog�a th
 �skhsh
 (10) tou 1ou�ullad�ou sump�ptei me thn sqetik  topolog�a ginìmeno.(3) 'EstwRs to sÔnolo twn pragmatik¸n arijm¸n me thn topolog�a twn arister� hmi�noiqtwn diasth-m�twn. Tìte to A = {(x,−x) : x ∈ R} (h antidiag¸nio
) den èqei shme�a suss¸reush
 w
 pro
 thntopolog�a ginìmeno ston Rs ×Rs. Pr�gmati, gia k�je x h perioq  (−∞, x]× (−∞,−x] tèmnei to Aakrib¸
 sto shme�o (x,−x). Ep�sh
 to A e�nai kleistì diìti e�nai kleistì w
 pro
 th sunhjismènhtopolog�a tou R2, �ra A′ = ∅.
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6. SunektikìthtaOrismì
. 'Ena
 topologikì
 q¸ro
 X onom�zetai sunektikì
 an den up�rqoun U,V ⊂ X mh ken�, anoiqt�kai xèna tètoia ¸ste X = U ∪V. 'Ena sÔnolo A ⊂ X onom�zetai sunektikì an e�nai sunektikì
 q¸ro
 w
 pro
th sqetik  topolog�a.Parade�gmata.(1) Se k�je topologikì q¸ro ta monosÔnola e�nai sunektik�.(2) 'Ena
 diakritì
 q¸ro
 me toul�qisto duo shme�a den e�nai sunektikì
, giat� an x ∈ X tìte
X = {x} ∪ (X r {x}).(3) To A = [0, 1) ∪ {2} den e�nai sunektikì giat� ta [0, 1) kai {2} e�nai anoiqt� sto A.(4) To Q den e�nai sunektikì diìti Q = (

(−∞,
√

2) ∩Q)
∪

(
(
√

2,+∞) ∩Q).(5) To R me thn topolog�a twn arister� hmi�noiqtwn diathm�twn den e�nai sunektikì diìtiR = (−∞, 0] ∪ (0,+∞).(6) To R me th sunhjismènh topolog�a e�nai sunektikì giat� an upojèsoume ìti up�rqoun U,V ⊂ Rmh ken�, anoiqt� kai xèna tètoia ¸ste R = U ∪ V, tìte to U = R r V e�nai anoiqtì, kleistì, mhkenì gn sio uposÔnolo tou R, �topo.Je¸rhma. 'Estw X topologikì
 q¸ro
. Ta akìlouja e�nai isodÔnama:(1) O X e�nai sunektikì
.(2) Ta monadik� uposÔnola tou X ta opo�a e�nai anoiqt� kai kleist� e�nai to ∅ kai to X.(3) Den up�rqei suneq 
 sun�rthsh f : X → {0, 1} h opo�a e�nai ep�.Apìdeixh.
(1)⇒ (2) 'Estw A ⊂ X anoiqtì kai kleistì. Tìte ta sÔnola A kai X r A e�nai anoiqt� kai xèna, kai

X = A ∪ (X r A). AfoÔ o X e�nai sunektikì
, prèpei e�te A = ∅   X r A = ∅. Dhlad  e�te A = ∅  
A = X.

(2)⇒ (3) A
 upojèsoume ìti up�rqei f : X → {0, 1} suneq 
 kai ep�. Tìte to f −1({0}) e�nai anoiqtì, kleistì,mh kenì gn sio uposÔnolo tou X, �topo.
(3)⇒ (1) 'Estw ìti o X den e�nai sunektikì
. Tìte up�rqoun U,V ⊂ X mh ken� anoiqt� kai xèna tètoia ¸ste

X = U ∪ V. Epomènw
 h sun�rthsh f : X → {0, 1} me
f (x) =


1, an x ∈ U

0, an x ∈ Ve�nai suneq 
 kai ep�, �topo.
�Je¸rhma. 'Ena uposÔnolo tou R e�nai sunektikì an kai mìno an e�nai di�sthma.Apìdeixh. An k�poio sunektikì A ⊂ R den e�nai di�sthma, tìte up�rqoun x, y ∈ A kai z < A me x < z < y.All� tìte A = ((−∞, z) ∩ A) ∪ ((z,+∞) ∩ A), �topo. Ant�strofa, an upojèsoume ìti k�poio di�sthma A dene�nai sunektikì, tìte up�rqei f : A→ R suneq 
 h opo�a pa�rnei akrib¸
 duo timè
. Autì e�nai �topo apìto �e¸rhma endi�mesh
 tim 
 tou apeirostikoÔ logismoÔ. �Je¸rhma. 'Estw X sunektikì
 q¸ro
 kai f : X → Y suneq 
 kai ep�. Tìte o Y e�nai sunektikì
.Apìdeixh. An o Y den  tan sunektikì
 tìte �a up rqe g : Y → {0, 1} suneq 
 kai ep�. All� tìte h sÔnjesh

g ◦ f : X → {0, 1} �a  tan suneq 
 kai ep�, �topo. �Parade�gmata.(1) O monadia�o
 kÔklo
 S 1
= {(x, y) ∈ R2 : x2

+ y2
= 1} e�nai h eikìna tou diast mato
 [0, 2π] mèswth
 suneqoÔ
 apeikìnish
 f (t) = (cos t, sin t), �ra e�nai sunektikì sÔnolo.(2) Sto Rn mia euje�a pou pern�ei apì to shme�o x0 kai èqei kateÔjunsh e e�nai sunektikì sÔnolow
 eikìna tou R mèsw th
 suneqoÔ
 f (t) = x0 + te.To akìloujo e�nai h {afhrhmènh èkdosh} tou �ewr mato
 endi�mesh
 tim 
.Je¸rhma. 'Estw X sunektikì
 q¸ro
 kai f : X → R suneq 
. Tìte h f pa�rnei k�je tim  an�mesa se duoopoiesd pote timè
 th
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Apìdeixh. AfoÔ o X sunektikì
 to f (X) e�nai sunektikì uposÔnolo tou R, �ra e�nai di�sthma. 'Estw t¸ra
ξ1, ξ2 ∈ f (X) duo timè
 th
 f me ξ1 < ξ2, kai ξ ∈ (ξ1, ξ2). AfoÔ to f (X) e�nai di�sthma, èqoume ìti ξ ∈ f (X),dhlad  to ξ e�nai tim  th
 f . �Je¸rhma. 'Estw Ai, i ∈ I, mia oikogèneia sunektik¸n sunìlwn me èna toul�qisto koinì shme�o. Tìte h ènwsh⋃

i∈I Ai e�nai sunektikì.Apìdeixh. 'Estw x0 ∈
⋂

i∈I Ai, kai f :
⋃

i∈I Ai → {0, 1} suneq 
. Ja de�xoume ìti h f e�nai stajer . 'Estw
x ∈ ⋃

i∈I Ai. Tìte x ∈ Ai gia k�poio i. All� o periorismì
 f |Ai e�nai stajer  sun�rthsh giat� to Ai e�naisunektikì. Epomènw
 f (x) = f (x0). H isìthta aut  isqÔei gia k�je x, �ra h f e�nai stajer . �Parat rhsh. H tom  duo sunektik¸n sunìlwn den e�nai kat� an�gkh sunektikì sÔnolo. Gia par�deigma,sto ep�pedo, èna
 kÔklo
 tèmnei mia di�metro tou se dÔo shme�a.Je¸rhma. An to A e�nai sunektikì kai A ⊂ B ⊂ A, tìte to B e�nai sunektikì. Idia�tera, h kleistìthta enì
sunektikoÔ sunìlou e�nai sunektik .Apìdeixh. 'Estw f : B → {0, 1} suneq 
. AfoÔ to A e�nai sunektikì, o periorismì
 f |A e�nai stajer sun�rthsh, dhlad  to f (A) e�nai monosÔnolo. All�
f (B) = f (B ∩ A) = f (cl BA) ⊂ f (A) = f (A).'Ara to f (B) e�nai monosÔnolo. Epomènw
 h f e�nai stajer . Sunep¸
 to B e�nai sunektikì. �Par�deigma. StoR2 �ètoume X = {(x, sin(1/x)) : x > 0}. To X e�nai sunektikì w
 suneq 
 eikìna sunektikoÔsunìlou. Epomènw
 to X = X ∪ ({0} × [−1, 1]) e�nai sunektikì.PSfrag �epla
ement


Parathr ste ìti an afairèsoume opoiod pote sÔnolo shme�wn apì to eujÔgrammo tm ma {0} × [−1, 1],to sÔnolo pou prokÔptei paramènei sunektikì giat� �r�sketai metaxÔ enì
 sunektikoÔ sunìlou kai th
kleistìthta
 tou.Je¸rhma. 'Estw Xi, i ∈ I, mia oikogèneia topologik¸n q¸rwn. Tìte to ginìmeno ∏
i∈I Xi e�nai sunektikì ankai mìno an k�je par�gonta
 Xi e�nai sunektikì
.Apìdeixh. An to ginìmeno e�nai sunektikì tìte k�je X j e�nai sunektikì w
 suneq 
 eikìna tou ∏

i∈I Xi mèswth
 probol 
 p j. Gia to ant�strofo, �a de�xoume arqik� ìti an X kai Y e�nai duo sunektiko� q¸roi tìte to
X × Y e�nai sunektikì. StajeropoioÔme (x0, y0) ∈ X × Y kai gia k�je x ∈ X �ewroÔme ton {staurì}

Cx = ({x} × Y) ∪ (X × {y0}) .

PSfrag �epla
ement


X

Y
(x0, y0)

(x, y0)

x20



Parathr ste ìti to {x} × Y e�nai sunektikì giat� e�nai omoiomorfikì me to Y. Omo�w
 to X × {y0} e�naisunektikì giat� e�nai omoiomorfikì me to X. Ep�sh

(x, y0) ∈ ({x} × Y) ∩ (X × {y0}) .'Ara to Cx e�nai sunektikì w
 ènwsh duo sunektik¸n sunìlwn me mh ken  tom . T¸ra, to shme�o (x0, y0)an kei se ìla ta Cx, epomènw
 h ènwsh ⋃

x∈X Cx = X × Y e�nai sunektik . Epagwgik�, to ginìmeno mia
peperasmènh
 oikogèneia
 sunektik¸n q¸rwn e�nai sunektikì. De�qnoume t¸ra th genik  per�ptwsh. 'Estw
Xi, i ∈ I, mia auja�reth oikogèneia sunektik¸n q¸rwn. StajeropoioÔme z = (zi)i∈I ∈

∏
i∈I Xi kai gia k�je

J ⊂ I peperasmèno �ètoume
YJ =

⋂

i∈IrJ

p−1
i ({zi}), Y =

⋃

J⊂I
J peperasmènoYJ.To YJ e�nai èna orjog¸nio h j-pleur� tou opo�ou e�nai o q¸ro
 X j, gia k�je j ∈ J. Oi upìloipe
 pleurè
e�nai monosÔnola. Epomènw
 to YJ e�nai omoiomorfikì me to peperasmèno ginìmeno ∏

j∈J X j, kai �ra e�naisunektikì. Ep�sh
 to shme�o z an kei se ìla ta YJ �ra h ènws  tou
, dhlad  to Y, e�nai sunektikì.ParathroÔme t¸ra ìti mia tuqoÔsa perioq  sto ginìmeno, dhlad  èna orjog¸nio th
 morf 
 ⋂n
k=1 p−1

ik
(Gik )tèmnei to orjog¸nio Y{i1,...,in}. Pr�gmati, h ik-pleur� tou deÔterou orjogwn�ou e�nai to Xik to opo�o tèmneithn ik-pleur� tou pr¸tou orjogwn�ou, kai gia i , ik h i-pleur� tou pr¸tou orjogwn�ou e�nai to Xi to opo�otèmnei thn i-pleur� tou deÔterou. Sumpera�noume ìti to Y e�nai puknì. 'Etsi, o q¸ro
 e�nai h kleistìthtaenì
 sunektikoÔ sunìlou, sunep¸
 e�nai sunektikì
. �D�noume t¸ra mia tupik  efarmog  th
 sunektikìthta
.Je¸rhma. 'Estw n ≥ 2. Tìte to R den e�nai omoiomorfikì me to Rn.Apìdeixh. A
 upojèsoume ìti up�rqei omoiomorfismì
 h : R→ Rn. Tìte toRr {0} e�nai omoiomorfikì metoRnr{h(0)}. Autì e�nai �topo diìti toRr{0} = (−∞, 0)∪(0,+∞) den e�nai sunektikì, en¸ to A = Rnr{h(0)}e�nai. Pr�gmati, stajeropoioÔme x0 ∈ A kai epilègoume mia euje�a ℓ h opo�a pern�ei apì to x0 kai ìqiapì to h(0). T¸ra gia k�je x ∈ A epilègoume mia euje�a ℓx h opo�a tèmnei thn ℓ kai den pern�ei apì to

h(0). Jètoume Lx = ℓ∪ ℓx. Tìte ta Lx e�nai sunektik� uposÔnola tou A, to shme�o x0 an kei se k�je Lx kaih ènws  tou
 e�nai to A. Epomènw
 to A e�nai sunektikì. �Sth sunèqeia �a de�xoume ìti k�je q¸ro
 {sp�ei sta sunektik� tou komm�tia}.Orismì
. 'Estw X topologikì
 q¸ro
. Gia k�je x ∈ X �ètoume
C(x) =

⋃

x∈A
A ⊂ X sunektikìA.To C(x) onom�zetai sunektik  sunist¸sa tou X sto shme�o x.Parathr sei
.(1) To C(x) e�nai mh kenì giat� to monosÔnolo {x} e�nai sunektikì.(2) To C(x) e�nai sunektikì w
 ènwsh sunektik¸n sunìlwn me èna toul�qisto koinì shme�o.(3) Mia sunektik  sunist¸sa e�nai èna megistikì sunektikì uposÔnolo tou X, dhlad  an to B e�naik�poio �llo sunektikì sÔnolo kai C(x) ⊂ B tìte C(x) = B. IsodÔnama den up�rqei sunektikìgn sio upersÔnolo tou C(x).Parade�gmata.(1) S� èna diakritì q¸ro èqoume C(x) = {x} gia k�je x.(2) Ston q¸ro (0, 1] ∪ [2, 3] ∪ {4} (me th sqetik  topolog�a) èqoume

C(x) =



(0, 1], an x ∈ (0, 1]

[2, 3], an x ∈ [2, 3]

{4}, an x = 4

.Dhlad  o q¸ro
 èqei mìno trei
 diakekrimène
 sunektikè
 sunist¸se
.(3) Sto Q (me th sqetik  topolog�a) den up�rqoun sunektik� sÔnola me perissìtera apì èna shme�agiat� an upojèsoume ìti x, y ∈ A me x < y, tìte epilègonta
 ènan �rrhto α metaxÔ twn x kai yèqoume A = ((−∞, α) ∩ A) ∪ ((α,+∞) ∩ A). Epomènw
 C(x) = {x} gia k�je x ∈ Q.(4) Omo�w
 sto R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn, ta monadik� sunektik�sÔnola e�nai ta monosÔnola, �ra C(x) = {x} gia k�je x.21



Orismì
. 'Ena
 q¸ro
 X me thn idiìthta C(x) = {x} gia k�je x ∈ X, onom�zetai olik� antisunektikì
.Parade�gmata. K�je diakritì
 q¸ro
 e�nai olik� antisunektikì
. To Q me th sqetik  topolog�a, to R methn topolog�a twn arister� hmi�noiqtwn diasthm�twn kai to {0, 1}N me thn topolog�a ginìmeno e�nai olik�antisunektiko� q¸roi.Je¸rhma. 'Estw X topologikì
 q¸ro
. Tìte(1) H ènwsh twn sunektik¸n sunistws¸n e�nai olìklhro
 o q¸ro
.(2) K�je sunektik  sunist¸sa e�nai kleistì sÔnolo.(3) Duo sunektikè
 sunist¸se
 e�te taut�zontai   e�nai xène
.Apìdeixh.(1) ProkÔptei �mesa apì ton orismì.(2) To C(x) e�nai sunektikì kai perièqei to C(x), epomènw
 apì th megistikìthta th
 sunist¸sa
prèpei na èqoume C(x) = C(x).(3) An duo sunist¸se
 C(x) kai C(y) tèmnontai tìte to C(x) ∪ C(y) e�nai sunektikì kai
C(x),C(y) ⊂ C(x) ∪ C(y),�ra apì megistikìthta, C(x) = C(x) ∪ C(y) = C(y).

�Orismì
. Mia kampÔlh s� èna topologikì q¸ro e�nai mia suneq 
 sun�rthsh γ : [0, 1]→ X. To γ(0) lègetaiarq  th
 kampÔlh
 kai to γ(1) tèlo
 th
 kampÔlh
.Parathr sei
.(1) An h γ èqei arq  to x kai tèlo
 to y, tìte h γ̃ me γ̃(t) = γ(1 − t) èqei arq  to y kai tèlo
 to x.(2) Suqn�, ìtan lème {mia kampÔlh γ} ennooÔme to sÔnolo γ([0, 1]).Orismì
. 'Ena
 topologikì
 q¸ro
 lègetai kat� tìxa sunektikì
 an gia k�je x, y ∈ X up�rqei kampÔlh sto
X me arq  to x kai tèlo
 to y.Par�deigma. K�je kurtì sÔnolo A ⊂ Rn e�nai kat� tìxa sunektikì, giat� an x, y ∈ A, tìte to eujÔgrammotm ma γ(t) = (1 − t)x + ty, t ∈ [0, 1], �r�sketai sto A kai sundèei ta x kai y.Parat rhsh. An s� èna q¸ro X up�rqei x0 tètoio ¸ste gia k�je x up�rqei kampÔlh h opo�a sundèei ta
x0 kai x, tìte o X e�nai kat� tìxa sunektikì
. Pr�gmati, èstw x, y ∈ X, kai kampÔle
 γ1, γ2 : [0, 1]→ X me
γ1(0) = x, γ1(1) = x0, γ2(0) = x0, γ2(1) = y. Tìte h γ : [0, 1]→ X

γ(t) =


γ1(2t), an t ∈ [0, 1/2]

γ2(2t − 1), an t ∈ [1/2, 1]e�nai mia kampÔlh me arq  to x kai tèlo
 to y.Je¸rhma. An o X e�nai kat� tìxa sunektikì
 tìte e�nai sunektikì
.Apìdeixh. StajeropoioÔme x0 ∈ X. Tìte gia k�je x ∈ X up�rqei kampÔlh γx : [0, 1] → X me arq  to x0kai tèlo
 to x. Ta sÔnola γx([0, 1]) e�nai sunektik� (w
 suneqe�
 eikìne
 tou sunektikoÔ [0, 1]), to x0 e�naikoinì shme�o tou
, kai h ènws  tou
 ìlo
 o q¸ro
 X. 'Ara o X e�nai sunektikì
. �Parat rhsh. To ant�strofo tou prohgoÔmenou �ewr mato
 den isqÔei. Pr�gmati, sto R2 �ètoume
Y = {(x, sin(1/x)) : x > 0} ∪ ({0} × [−1, 1]).'Opw
 e�dame, to Y e�nai sunektikì. Ja de�xoume ìti ta shme�a (0, 0) kai (1/π, 0) den mporoÔn na sundejoÔnme k�poia kampÔlh sto Y. A
 upojèsoume ìti up�rqei kampÔlh γ : [0, 1] → Y me γ(t) = (x(t), y(t)) tètoia¸ste γ(0) = (0, 0) kai γ(1) = (1/π, 0). Parathr ste ìti an x(t) > 0 tìte to shme�o (x(t), y(t)) e�nai stogr�fhma th
 sun�rthsh
 sin(1/x), �ra y(t) = sin(1/x(t)). T¸ra, èqoume x(0) = 0 kai x(1) = 1/π, �ra apì to�e¸rhma endi�mesh
 tim 
, up�rqei t1 ∈ (0, 1) tètoio ¸ste x(t1) = 2/(3π). Omo�w
, up�rqei t2 ∈ (0, t1) tètoio¸ste x(t2) = 2/(5π) k.o.k. Pa�rnoume ètsi mia �j�nousa, �ra sugkl�nousa, akolouj�a tn ∈ (0, 1) tètoia ¸ste

x(tn) = 2/((2n + 1)π) kai y(tn) = sin(1/x(tn)) = (−1)n. Epomènw

γ(tn) =

(
2

(2n + 1)π
, (−1)n

)
.Autì e�nai �topo diìti to arister� mèlo
 sugkl�nei en¸ to dexi� mèlo
 ìqi.22



Par� taÔta èqoume to akìloujo.Je¸rhma. 'Estw G ⊂ Rn anoiqtì kai sunektikì. Tìte to G e�nai kat� tìxa sunektikì.Apìdeixh. StajeropoioÔme x0 ∈ G kai �ètoume
A = {x ∈ G : Up�rqei kampÔlh sto G me arq  to x0 kai tèlo
 to x}.Profan¸
 x0 ∈ A, �ra to A e�nai mh kenì. Ja de�xoume ìti e�nai anoiqtì kai kleistì sto G, epomènw
,efìson to G e�nai sunektikì, prèpei na taut�zetai me olìklhro to G. 'Estw x ∈ A. AfoÔ to G e�naianoiqtì, up�rqei anoiqt  mp�la D(x, r) ⊂ G. T¸ra, k�je shme�o y th
 mp�la
 sundèetai me to x mèsw toueujugr�mmou tm mato
 ℓ(t) = (1 − t)x + ty, t ∈ [0, 1], to opo�o �r�sketai sto G giat� h mp�la �r�sketaisto G. Ap� thn �llh, to x0 sundèetai me to x mèsw k�poia
 kampÔlh
 γ : [0, 1] → G, γ(0) = x0, γ(1) = x.Epomènw
, to x0 sundèetai me to y mèsw th
 kampÔlh


σ(t) =


γ(2t), an t ∈ [0, 1/2]

ℓ(2t − 1), an t ∈ [1/2, 1]H opo�a profan¸
 �r�sketai sto G afoÔ ta duo komm�tia th
 (h γ kai to ℓ) �r�skontai sto G. Autì de�qneiìti y ∈ A, dhlad  D(x, r) ⊂ A, �ra to A e�nai anoiqtì.PSfrag �epla
ement


G

γ

x0

x

y

D(x, r)

ℓ

'Estw t¸ra a j ∈ A mia akolouj�a tètoia ¸ste a j → a gia k�poio a ∈ G. AfoÔ to G e�nai anoiqtì, up�rqeianoiqt  mp�la D(a, r) ⊂ G. All� a j → a, �ra up�rqei j0 tètoio ¸ste a j0 ∈ D(a, r). Sth sunèqeia, akrib¸
ìpw
 prin, sundèoume to a me to a j0 me èna eujÔgrammo tm ma kai met� to a j0 me to x0 me mia kampÔlhsto G kai sumpera�noume ìti a ∈ A. Dhlad  to A e�nai kleistì.'Eqoume loipìn ìti A = G, �ra k�je shme�o tou G mpore� na sundeje� me to x0 me k�poia kampÔlh,sunep¸
 to G e�nai kat� tìxa sunektikì. �
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7. H Topolog�a Phl�koOrismì
. 'Estw X èna
 topologikì
 q¸ro
, Y èna sÔnolo, kai f : X → Y mia apeikìnish ep�. Jètoume
T f = {G ⊂ Y : f −1(G) anoiqtì}.H T f onom�zetai topolog�a phl�ko tou Y w
 pro
 f .Parat rhsh. H topolog�a phl�ko e�nai h megalÔterh topolog�a sto Y w
 pro
 thn opo�a h f e�naisuneq 
.Par�deigma. An X = R me th sunhjismènh topolog�a, Y = [0,+∞), kai f (x) = x2, tìte h topolog�a phl�kotou Y w
 pro
 thn f e�nai akrib¸
 h sqetik  topolog�a.Je¸rhma. 'Estw X, (Y,T ) topologiko� q¸roi, kai f : X → Y suneq 
, anoiqt  (  kleist ) kai ep�. Tìte

T = T f .Apìdeixh. AfoÔ h T f e�nai h megalÔterh topolog�a sto Y w
 pro
 thn opo�a h f e�nai suneq 
, èqoumeìti T ⊂ T f . Ant�strofa, an G ∈ T f , tìte apì ton orismì th
 topolog�a
 phl�ko, to f −1(G) e�nai anoiqtì.All� h f e�nai anoiqt , �ra to G = f ( f −1(G)) e�nai anoiqtì w
 pro
 thn T . �Je¸rhma. 'Estw X topologikì
 q¸ro
, Y èna sÔnolo, f : X → Y ep�, kai Z èna
 �llo
 q¸ro
. Miasun�rthsh g : (Y,T f )→ Z e�nai suneq 
 an kai mìno an h g ◦ f e�nai suneq 
.
X (Y,T f )

Z

-f

@
@

@
@R

g◦ f

?

gApìdeixh. An h g e�nai suneq 
 tìte h g ◦ f e�nai suneq 
 san sÔnjesh suneq¸n sunart sewn. Ant�strofa,an h g ◦ f e�nai suneq 
, kai to G ⊂ Z e�nai anoiqtì tìte to f −1(g−1(G)) = (g ◦ f )−1(G) e�nai anoiqtì,epomènw
, apì ton orismì th
 topolog�a
 phl�ko, to g−1(G) e�nai anoiqtì. �'Otan, s� èna q¸ro, lème ìti {taut�zoume duo shme�a x, y} ennooÔme ìti up�rqei mia sqèsh isodunam�a

R tètoia ¸ste (x, y) ∈ R. 'Etsi, mia kl�sh isodunam�a
 apotele�tai apì ìla ta shme�a pou èqoume taut�sei.Orismì
. 'Estw X topologikì
 q¸ro
 kai R ⊂ X × X mia sqèsh isodunam�a
. JewroÔme thn apeikìnishphl�ko Q : X → X/R, me Q(x) = [x], ìpou [x] e�nai h kl�sh isodunam�a
 tou x kai X/R = {[x] : x ∈ X}to sÔnolo phl�ko. To X/R me thn topolog�a phl�ko w
 pro
 Q onom�zetai q¸ro
 phl�ko. Idia�tera, an
∆(X) = {(x, x) : x ∈ X} e�nai h diag¸nio
, kai A ⊂ X k�poio uposÔnolo, tìte mporoÔme na �ewr soume thsqèsh isodunam�a
 R = ∆(X) ∪ (A × A). Sthn per�ptwsh aut  gr�foume X/A ant� X/R.Diaisjhtik�, to X/R e�nai o q¸ro
 pou prokÔptei an {surrikn¸soume} k�je kl�sh isodunam�a
 s� ènanantiprìswpì th
. 'Etsi, to X/A prokÔptei an surrikn¸soume to A s� èna shme�o.Je¸rhma. 'Estw X topologikì
 q¸ro
, Y èna sÔnolo kai f : X → Y ep�. JewroÔme th sqèsh isodunam�a

R f = {(x1, x2) : f (x1) = f (x2)} (sthn per�ptwsh aut , h f lègetai apeikìnish taÔtish
). Tìte o q¸ro
 phl�ko
X/R f e�nai omoiomorfikì
 me ton (Y,T f ).Apìdeixh. JewroÔme thn apeikìnish h : X/R f → Y me h([x]) = f (x). H h e�nai kal� orismènh 1-1 kai ep�.ParathroÔme ìti h ◦ Q = f kai h−1 ◦ f = Q.

X (X/R f ,TQ)

Y

-Q

@
@

@
@
@R

f

?

h

X (Y,T f )

X/R f

-f

@
@

@@R
Q

?
h−1Epomènw
, apì to prohgoÔmeno �e¸rhma, oi h kai h−1 e�nai suneqe�
. �Parade�gmata. Ja qrhsimopoioÔme to sumbolismì X ≈ Y an oi X kai Y e�nai omoiomorfiko�. Ep�sh
, me

S n−1 �a sumbol�zoume thn epif�neia th
 monadia�a
 mp�la
 tou Rn, dhlad  thn monadia�a sfa�ra. Tèlo
�a qrhsimopoioÔme eleÔjera migadikì sumbolismì sto R2.24



(1) [0, 2π]/{0, 2π} ≈ S 1. Pr�gmati, �ewroÔme thn apeikìnish taÔtish
 f : [0, 2π] → S 1 me f (t) = eit.H f e�nai suneq 
 kai kleist , �ra h sunhjismènh topolog�a tou S 1 sump�ptei me thn topolog�aphl�ko w
 pro
 f . Ep�sh
 ∆([0, 2π]) ∪ ({0, 2π} × {0, 2π}) = R f . Epomènw

[0, 2π]/{0, 2π} = [0, 2π]/R f ≈ (S 1,T f ) = S 1.(2) Sto X = Rn r {0} �ewroÔme th sqèsh isodunam�a
 R me (x, y) ∈ R an kai mìno an up�rqei λ > 0tètoio ¸ste y = λx, dhlad  duo shme�a e�nai isodÔnama an an koun sthn �dia hmieuje�a me arq to 0. Tìte X/R ≈ S n−1. Ed¸ h apeikìnish taÔtish
 e�nai h f : X → S n−1 me f (x) = x/|x|, ìpou |x|e�nai to mètro tou x. H f e�nai suneq 
 kai anoiqt , �ra h topolog�a th
 S n−1 e�nai h topolog�aphl�ko w
 pro
 f . ParathroÔme ìti R = R f , ètsi

X/R = X/R f ≈ (S n−1,T f ) = S n−1.(3) Sto X = Rn r {0} �ewroÔme th sqèsh isodunam�a
 R me (x, y) ∈ R an kai mìno an up�rqei λ , 0tètoio ¸ste y = λx, dhlad  duo shme�a e�nai isodÔnama an an koun se k�poia euje�a pou pern�eiapì to 0. O q¸ro
 phl�ko X/R sumbol�zetai me RPn−1 kai onom�zetai pragmatikì
 probolikì
q¸ro
.(4) Sto [0, 1] × [0, 1], gia k�je x taut�zoume to (x, 0) me to (x, 1) kai gia k�je y to (0, y) me to (1, y).O q¸ro
 pou prokÔptei (to "torus") e�nai omoiomorfikì
 me ton S 1 × S 1. H apeikìnish taÔtish
e�nai h (s, t) 7→ (e2πis, e2πit). To S 1 × S 1 e�nai me th seir� tou omoiomorfikì me thn epif�neia tousq mato
.PSfrag �epla
ement


(5) Sto [0, 1] × [0, 1] taut�zoume to (0, y) me to (1, 1 − y) gia k�je y kai pa�rnoume thn {tain�a touMobius}.PSfrag �epla
ement


(6) Sto [0, 1]× [0, 1], gia k�je y taut�zoume to (0, y) me to (1, y) kai gia k�je x to (x, 0) me to (1− x, 1).Pa�rnoume mia kleist  epif�neia (thn {�i�lh tou Klein}) qwr�
 eswterikì   exwterikì h opo�a dene�nai omoiomorfik  me kanèna uposÔnolo tou R3.

PSfrag�epla

ement
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8. Q¸roi Hausdor�Orismì
. 'Ena
 topologikì
 q¸ro
 X lègetai T2   Hausdor� an gia k�je x, y ∈ X me x , y up�rqounperioqè
 U,V twn x, y ant�stoiqa tètoie
 ¸ste U ∩ V = ∅.
PSfrag �epla
ement


X
U

V

x y

Parade�gmata.(1) K�je metrikì
 q¸ro
 (X, ρ) e�nai Hausdor� giat� an x, y ∈ X me x , y tìte D(x, ε) ∩ D(y, ε) = ∅ìpou ε = ρ(x, y)/2.(2) 'Ena
 tetrimmèno
 q¸ro
 me toul�qisto duo shme�a den e�nai Hausdor� giat� to monadikì mh kenìanoiqtì sÔnolo e�nai o �dio
 o q¸ro
.(3) To N me th sumpeperasmènh topolog�a den e�nai Hausdor� giat� k�je duo mh ken� anoiqt�sÔnola tèmnontai.Parathr sei
.(1) An o (X,T ) e�naiHausdor� kaiS e�nai mia topolog�a sto X megalÔterh th
T , tìte o (X,S ) e�naiHausdor�. 'Etsi, gia par�deigma, to R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twne�nai Hausdor�.(2) S� èna q¸ro Hausdor� ta monosÔnola, �ra kai ta peperasmèna sÔnola, e�nai kleist�.Je¸rhma. 'Ena
 q¸ro
 X e�nai Hausdor� an kai mìno an k�je sugkl�non d�ktuo sugkl�nei se èna mìnoshme�o.Apìdeixh. 'Estw ìti o X e�nai Hausdor� kai èstw ìti gia k�poio d�ktuo xλ, λ ∈ Λ, èqoume ìti xλ → x kai
xλ → y me x , y. Epilègoume perioqè
 U,V twn x, y tètoie
 ¸ste U ∩V = ∅. Tìte up�rqoun λ1, λ2 ∈ Λ tètoia¸ste xλ ∈ U gia k�je λ � λ1 kai xλ ∈ V gia k�je λ � λ2. 'Etsi an p�roume λ0 ∈ Λ me λ0 � λ1 kai λ0 � λ1,�a èqoume xλ0 ∈ U ∩ V, �topo.Ant�strofa, èstw ìti o X den e�nai Hausdor�. Tìte up�rqoun x, y ∈ X me x , y tètoia ¸ste U ∩ V , ∅gia k�je perioq  U tou x kai k�je perioq  V tou y. JewroÔme to sÔnolo

Λ = {(U,V) : U perioq  tou x, V perioq  tou y}me sqèsh di�taxh

(U1,V1) � (U2,V2)⇔ U2 ⊂ U1 & V2 ⊂ V1.To (Λ,�) e�nai kateujunìmeno. T¸ra, gia k�je (U,V) ∈ Λ epilègoume x(U,V) ∈ U ∩ V. Tìte x(U,V) → x kai

x(U,V) → y. Pr�gmati, an U0,V0 e�nai tuqoÔse
 perioqè
 twn x, y, tìte gia k�je (U,V) � (U0,V0) èqoume
x(U,V) ∈ U ∩ V ⊂ U0 ∩ V0 ⊂ U0 kai x(U,V) ∈ U ∩ V ⊂ U0 ∩ V0 ⊂ V0. �Je¸rhma. 'Estw X topologikì
 q¸ro
. Ta akìlouja e�nai isodÔnama.(1) O X e�nai Hausdor�.(2) Gia k�je x, y ∈ X me x , y, up�rqei perioq  U tou x tètoia ¸ste y < U.(3) Gia k�je x ∈ X èqoume ⋂

U perioq  tou x

U = {x}.(4) H diag¸nio
 ∆(X) = {(x, x) : x ∈ X} e�nai kleistì uposÔnolo tou X × X.Apìdeixh. Ja qrhsimopoi soume thn isodunam�a A ∩ B = ∅ ⇔ (A × B) ∩ ∆(X) = ∅, gia k�je A, B ⊂ X.
(1)⇒ (2) AfoÔ o X e�nai Hausdor� up�rqoun perioqè
 U,V twn x, y me U∩V = ∅. Dhlad  up�rqei perioq tou y h opo�a den tèmnei to sÔnolo U. Autì shma�nei ìti to y den an kei sto U.
(2)⇒ (3) To x profan¸
 an kei sthn tom  ⋂

U perioq  tou x

U.26



An t¸ra y e�nai k�poio shme�o diaforetikì apì to x tìte up�rqei perioq  U tou x tètoia ¸ste
y < U. Epomènw


y <
⋂

U perioq  tou x

U.'Ara to x e�nai to monadikì stoiqe�o th
 tom 
.
(3)⇒ (4) 'Estw (x, y) < ∆(X). Tìte x , y, �ra

y <
⋂

U perioq  tou x

U.'Etsi up�rqei perioq  U tou x tètoia ¸ste y < U. Epomènw
 to X r U e�nai mia perioq  tou y me
U ∩

(
X r U

)
= ∅. Sunep¸
 to U ×

(
X r U

) e�nai mia perioq  tou (x, y) me (
U ×

(
X r U

))
∩∆(X) = ∅.Dhlad  to ∆(X) e�nai kleistì.

(4)⇒ (1) 'Estw x, y ∈ X me x , y. Tìte (x, y) < ∆(X). AfoÔ to ∆(X) e�nai kleistì, up�rqoun perioqè
 U,Vtwn x, y tètoie
 ¸ste (U × V) ∩ ∆(X) = ∅. Autì shma�nei ìti U ∩ V = ∅.
�Je¸rhma. 'Estw Xi, i ∈ I, mia oikogèneia topologik¸n q¸rwn. Tìte to ginìmeno ∏

i∈I Xi e�nai Hausdor� ankai mìno an k�je par�gonta
 Xi e�nai Hausdor�.Apìdeixh. 'Estw ìti k�je Xi e�nai Hausdor�, kai èstw x, y ∈
∏

i∈I Xi me x , y. Tìte up�rqei j ∈ I tètoio ¸ste
p j(x) , p j(y). AfoÔ o X j e�nai Hausdor�, up�rqoun U,V perioqè
 twn p j(x), p j(y) tètoie
 ¸ste U ∩ V = ∅.Tìte oi p−1

j (U), p−1
j (V) e�nai xène
 perioqè
 twn x, y. 'Ara to ginìmeno e�nai Hausdor�.Ant�strofa, èstw ìti to ginìmeno e�nai Hausdor�. StajeropoioÔme j ∈ I kai �a de�xoume ìti o X j e�naiHausdor�. 'Estw x j, y j ∈ X j me x j , y j. Epilègoume duo shme�a x, y ∈ ∏

i∈I Xi me pi(x) = pi(y) an i , j kai
p j(x) = x j, p j(y) = y j. Tìte x , y. AfoÔ to ginìmeno e�nai Hausdor� up�rqoun perioqè
 ∏

i∈I Ui, ∏
i∈I Vitwn x, y tètoie
 ¸ste (∏

i∈I Ui
)∩ (∏

i∈I Vi
)
= ∅. ParathroÔme ìti gia k�je i , j ta sÔnola Ui kai Vi tèmnontaiafoÔ perièqoun to shme�o pi(x) = pi(y). Epomènw
, kat� an�gkh, èqoume ìti U j ∩ V j = ∅. All� to U j e�naiperioq  tou x j kai to V j e�nai perioq  tou y j. Sumpera�noume ìti o X j e�nai Hausdor�. �Parathr sei
.(1) An o X e�nai Hausdor� kai Y ⊂ X, tìte o Y me th sqetik  topolog�a e�nai Hausdor�.(2) H idiìthta Hausdor�, genik�, den metafèretai apì suneqe�
 apeikon�sei
 (�usik�, metafèretaiapì omoiomorfismoÔ
). Gia par�deigma, an X = {0, 1} kai T = {∅, X, {0}}, tìte o (X,T ) dene�nai Hausdor� giat� h monadik  perioq  tou 1 e�nai olìklhro
 o q¸ro
. 'Omw
 h apeikìnish

f : R→ X me f = χ{1} e�nai suneq 
, anoiqt  kai ep�.(3) 'Ena
 q¸ro
 phl�ko enì
 q¸rou Hausdor� den e�nai kat� an�gkh Hausdor�. Gia par�deigma, stoR/Q, h stajer  akolouj�a ξn = [0] sugkl�nei se k�je [α] = {α}, α ∈ R r Q. Pr�gmati èstw
Q : R→ R/Q, Q(x) = [x], h apeikìnish phl�ko, kai èstw G tuqoÔsa perioq  tou [α]. To Q−1(G)e�nai anoiqtì uposÔnolo tou R, �ra up�rqei �htì
 r ∈ Q−1(G). Epomènw


ξn = [0] = [r] = Q(r) ∈ Ggia k�je n.Je¸rhma. 'Estw X topologikì
 q¸ro
 kai R mia sqèsh isodunam�a
 sto X tètoia ¸ste(1) To R e�nai kleistì uposÔnolo tou X × X.(2) H Q : X → X/R, Q(x) = [x], e�nai anoiqt  apeikìnish.Tìte o X/R e�nai Hausdor�.Apìdeixh. 'Estw Q(x),Q(y) ∈ X/R me Q(x) , Q(y). Tìte ta x, y den e�nai isodÔnama, �ra (x, y) < R. AfoÔ to
R e�nai kleistì, up�rqoun U,V perioqè
 twn x, y tètoie
 ¸ste (U × V) ∩ R = ∅. AfoÔ h Q e�nai anoiqt  ta
Q(U),Q(V) e�nai xène
 perioqè
 twn Q(x),Q(y) (an ta Q(U),Q(V) tèmnontan, �a up rqan z1 ∈ U, z2 ∈ V me
Q(z1) = Q(z2). All� tìte (z1, z2) ∈ (U × V) ∩ R, �topo). �Par�deigma. JewroÔme ton probolikì q¸ro RPn−1

= Rn r {0}/R, ìpou R e�nai h sqèsh isodunam�a

(x, y) ∈ R ⇔ up�rqei λ , 0 tètoio ¸ste y = λx. O RPn−1 e�nai Hausdor�. Pr�gmati, èstw (x j, y j) ∈ R me
(x j, y j) → (x, y). AfoÔ (x j, y j) ∈ R, up�rqoun λ j , 0 ¸ste y j = λ jx j, �ra |λ j| → |y|/|x| > 0. Epomènw
 h λ je�nai �ragmènh, sunep¸
 up�rqei upakolouj�a λk j tètoia ¸ste λk j → λ, gia k�poio λ , 0. Sumpera�noume27



ìti y = lim yk j = lim λk j xk j = λx, dhlad  (x, y) ∈ R kai ètsi to R e�nai kleistì. 'Estw t¸ra G ⊂ Rn r {0}anoiqtì. Tìte
Q−1(Q(G)) =

⋃

λ,0

λG,ìpou λG = {λg : g ∈ G}. All� ta sÔnola λG e�nai anoiqt� w
 eikìne
 tou G mèsw tou omoiomorfismoÔ
x 7→ λx, λ , 0. 'Ara, apì ton orismì th
 topolog�a
 phl�ko, to Q(G) e�nai anoiqtì. Dhlad  h Q e�naianoiqt . To sumpèrasma èpetai apì to prohgoÔmeno �e¸rhma.
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9. Kanoniko� Q¸roiOrismì
. 'Ena
 q¸ro
 Hausdor� X lègetai T3   kanonikì
 (regular), an gia k�je F ⊂ X kleistì kai k�je
x < F up�rqoun U,V ⊂ X anoiqt� kai xèna tètoia ¸ste x ∈ U kai F ⊂ V. Dhlad  ta x kai F diaqwr�zontaiapì anoiqt� sÔnola.

PSfrag �epla
ement
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x F

Parade�gmata.(1) K�je metrikì
 q¸ro
 (X, d) e�nai T3. Pr�gmati, èstw F ⊂ X kleistì kai a < F. JewroÔme thsun�rthsh f (x) = d(x, F) = inf{d(x, y) : y ∈ F}. H f e�nai suneq 
 giat� | f (x) − f (y)| ≤ d(x, y).Ep�sh
 f (a) > 0 giat� a < F kai F kleistì. Tèlo
 f |F = 0. Epomènw
 a ∈ f −1(( f (a)/2,+∞)) kai
F ⊂ f −1((−∞, f (a)/2)). Ta f −1(( f (a)/2,+∞), f −1((−∞, f (a)/2)) e�nai profan¸
 xèna kai anoiqt�san ant�strofe
 eikìne
 anoiqt¸n sunìlwn mèsw th
 suneqoÔ
 f .(2) To R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn e�nai T3. 'Estw F ⊂ R kleistì kai
x < F. Epilègoume mia perioq  (a, x] tou x tètoia ¸ste (a, x] ∩ F = ∅, kai gia k�je y ∈ F miaperioq  (by, y] tou y tètoia ¸ste x < (by, y]. Tìte

(a, x] ∩
⋃

y∈F
(by, y] = ∅.(3) Up�rqei q¸ro
 T2 o opo�o
 den e�nai T3. Ep�sh
 mia topolog�a isqurìterh mia
 kanonik 
topolog�a
, den e�nai kat� an�gkh kanonik . Aut� prokÔptoun apì to ex 
 par�deigma. Sto R�ewroÔme thn topolog�a pou par�getai apì thn oikogèneia

{(a, b) : a, b ∈ R, a < b} ∪ {Q}.'Etsi, mia ��sh gia thn topolog�a apotele�tai apì ìla ta anoiqt� diast mata kai ìla ta sÔnolath
 morf 
 (a, b) ∩ Q. H topolog�a aut  e�nai isqurìterh th
 sunhjismènh
, �ra e�nai T2.Parathr ste ìti to F = R r Q e�nai kleistì kai 0 < F. Isqurizìmaste ìti to F kai to x dendiaqwr�zontai apì anoiqt� sÔnola. Pr�gmati, èstw U tuqoÔsa perioq  tou 0 kai V tuqìn anoiqtìupersÔnolo tou F. H U perièqei èna sÔnolo th
 morf 
 (−δ, δ) ∩ Q. Epilègoume t¸ra ènan�rrhto α ∈ (−δ, δ). H V e�nai perioq  tou α, �ra perièqei k�poio di�sthma (α− ε, α+ ε) to opo�okat� an�gkh tèmnei to (−δ, δ) ∩Q. Dhlad  k�je perioq  tou 0 tèmnei k�je anoiqtì upersÔnolotou F. Autì shma�nei ìti o q¸ro
 den e�nai T3.Parathr sei
.(1) K�je upìqwro
 enì
 q¸rou T3 e�nai T3.(2) Akrib¸
 ìpw
 sthn per�ptwsh q¸rwn Hausdor�, h suneq 
 eikìna   èna phl�ko enì
 q¸rou T3den e�nai anagkastik� T3.Je¸rhma. 'Ena
 q¸ro
 Hausdor� X e�na T3 an kai mìno an gia k�je x ∈ X kai k�je perioq  U tou x,up�rqei perioq  V tou x tètoia ¸ste V ⊂ U.Apìdeixh. 'Estw ìti o X e�nai T3, kai èstw U mia perioq  tou x. Tìte x < X r U, �ra up�rqoun V,W ⊂ Xanoiqt� kai xèna tètoia ¸ste x ∈ V kai X r U ⊂ W. Epomènw
, V ⊂ X rW = X rW ⊂ U. Ant�strofa, èstw
F ⊂ X kleistì kai x < F. Tìte to X r F e�nai perioq  tou x, �ra up�rqei V perioq  tou x tètoia ¸ste
V ⊂ X r F. Tìte to X r V e�nai anoiqtì upersÔnolo tou F xèno me to V. �Parat rhsh. To prohgoÔmeno �e¸rhma ma
 d�nei mia enallaktik  apìdeixh ìti èna
 metrikì
 q¸ro
 e�nai
T3. Gia k�je x kai k�je ε > 0 èqoume D(x, ε/2) ⊂ D(x, ε).Je¸rhma. To ginìmeno mia
 oikogèneia
 q¸rwn Xi, i ∈ I, e�nai T3 an kai mìno an k�je par�gonta
 Xi e�nai
T3. 29



Apìdeixh. 'Estw ìti o X =
∏

i∈I Xi e�nai T3. StajeropoioÔme j ∈ I kai èna shme�o z = (zi)i∈I ∈ X. Tìte tosÔnolo A j =
⋂

i, j p−1
i ({zi}) e�nai q¸ro
 T3 w
 pro
 th sqetik  topolog�a. E�nai ep�sh
 omoiomorfikì me ton

X j mèsw tou omoiomorfismoÔ:
A j ∋ y 7→ p j(y) ∈ X j.'Ara o X j e�nai T3. Ant�strofa, upojètoume ìti ìloi oi par�gonte
 e�nai T3. Kat� arq�
 parathroÔme ìtio X e�nai T2 w
 ginìmeno q¸rwn T2. 'Estw t¸ra x ∈ X kai U =

⋂n
k=1 p−1

ik
(Uik ) mia perioq  tou x. Tìte to

Uik e�nai perioq  tou pik (x), �ra, apì to prohgoÔmeno �e¸rhma, up�rqei mia perioq  Vik tou pik (x) tètoia¸ste V ik ⊂ Uik . All� tìte to ⋂n
k=1 p−1

ik
(Vik ) e�nai mia perioq  tou x tètoia ¸ste

n⋂

k=1

p−1
ik

(Vik ) =
n⋂

k=1

p−1
ik

(
V ik

)
⊂

n⋂

k=1

p−1
ik (Uik ) = U.Epomènw
, p�li apì to prohgoÔmeno �e¸rhma, o X e�nai T3. �Je¸rhma. An o X e�nai T3 kai to A ⊂ X kleistì, tìte o X/A e�nai Hausdor�.Apìdeixh. 'Estw Q : X → X/A, Q(x) = [x], h apeikìnish phl�ko. Parathr ste ìti Q(x) = {x} an x < A kai

Q(x) = A an x ∈ A. 'Etsi h Q|XrA : XrA→ X/Ar {A} e�nai 1-1 kai ep�. 'Estw t¸ra [x], [y] ∈ X/A me [x] , [y].Tìte ta x kai y den e�nai isodÔnama �ra apokle�etai na an koun kai ta duo sto A.An x < A kai y < A, tìte afoÔ o X e�nai T2 kai to A kleistì, up�rqoun xène
 perioqè
 U,V ⊂ X r A twn
x, y. AfoÔ h Q|XrA e�nai 1-1 èqoume ìti Q(U) ∩ Q(V) = ∅. Ep�sh
 Q−1(Q(U)) = U kai Q−1(Q(V)) = V, �rata Q(U) kai Q(V) e�nai anoiqt� apì ton orismì th
 topolog�a
 phl�ko.An x < A kai y ∈ A, tìte afoÔ o X e�nai T3, up�rqoun U,V anoiqt� kai xèna tètoia ¸ste x ∈ U kai
A ⊂ V. Ta Q(U) kai Q(V) e�nai xèna giat� an up rqan u ∈ U kai v ∈ V me Q(u) = Q(v) tìte ta u, v �a  tanisodÔnama, dhlad  �a e�qame x = y   x, y ∈ A, epomènw
 ta U,V den �a  tan xèna. Ep�sh
 Q−1(Q(U)) = Ugiat� h Q|XrA e�nai 1-1, �ra to Q(U) e�nai anoiqtì. Tèlo


Q−1(Q(V)) = Q−1(Q(A ∪ (V r A))) = Q−1(Q(A)) ∪ Q−1(Q(V r A)) = Q−1({A}) ∪ (V r A) = A ∪ (V r A) = V.Dhlad  kai to Q(V) e�nai anoiqtì.

PSfrag �epla
ement
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Sumpera�noume ìti se k�je per�ptwsh, ta Q(U), Q(V) e�nai xène
 perioqè
 twn [x], [y].
�Parat rhsh. H upìjesh ìti to A e�nai kleistì den mpore� na paralhfje� ìpw
 �a�netai apì to par�-deigma R/Q.
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10. Fusiologiko� Q¸roiOrismì
. 'Ena
 q¸ro
 Hausdor� X lègetai T4   �usiologikì
 (normal), an gia k�je A, B ⊂ X kleist� kaixèna, up�rqoun U,V ⊂ X anoiqt� kai xèna tètoia ¸ste A ⊂ U kai B ⊂ V.

PSfrag �epla
ement
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Parade�gmata.(1) K�je metrikì
 q¸ro
 (X, d) e�nai T4, giat� an ta A, B ⊂ X e�nai kleist� kai xèna kai �ewr soumeth suneq  sun�rthsh
f (x) =

d(x, A)
d(x, A) + d(x, B)tìte èqoume A ⊂ f −1((−∞, 1/2)), B ⊂ f −1((1/2,+∞)).(2) To R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn e�nai T4. Pr�gmati, èstw A, B ⊂ Rkleist� kai xèna. Gia k�je x ∈ A epilègoume mia perioq  (ax, x] xènh me to B kai gia k�je y ∈ Bepilègoume mia perioq  (by, y] xènh me to A. Tìte

⋃

x∈A
(ax, x] ∩

⋃

y∈B

(by, y] = ∅.Je¸rhma. 'Ena
 q¸ro
 Hausdor� X e�nai T4 an kai mìno an gia k�je A ⊂ X kleistì kai k�je U ⊃ Aanoiqtì up�rqei V ⊃ A anoiqtì tètoio ¸ste V ⊂ U.Apìdeixh. Tele�w
 an�logh me thn apìdeixh tou ant�stoiqou �ewr mato
 gia q¸rou
 T3. �Je¸rhma.(1) 'Ena
 kleistì
 upìqwro
 enì
 q¸rou T4 e�nai T4.(2) An o X e�nai T4, o Y e�nai T2, kai h f : X → Y suneq 
, kleist  kai ep�, tìte o Y e�nai T4.Apìdeixh.(1) Duo xèna kai kleist� uposÔnola enì
 kleistoÔ upìqwrou e�nai kleist� s� olìklhro to q¸ro, �radiaqwr�zontai.(2) 'Estw A, B ⊂ Y kleist� kai xèna. Tìte ta f −1(A), f −1(B) ⊂ X e�nai kleist� kai xèna, �ra up�rqoun
U,V ⊂ X anoiqt� kai xèna tètoia ¸ste f −1(A) ⊂ U kai f −1(B) ⊂ V. AfoÔ h f e�nai kleist  ta
Y r f (X r U) kai Y r f (X r V) e�nai anoiqt� kai xèna upersÔnola twn A, B.

�Parat rhsh. 'Ena
 upìqwro
 enì
 �usiologikoÔ q¸rou den e�nai kat� an�gkh �usiologikì
. Gia pa-��deigma (ed¸ apaitoÔntai gn¸sei
 �ewr�a
 sunìlwn) an �ewr soume tou
 q¸rou
 diataktik¸n arijm¸n
[0, ω], [0, ω1] me thn topolog�a pou èqei ��sh ìla ta diast mata th
 morf 
 (α, β] (maz� me to {0}) kai�èsoume X = [0, ω] × [0, ω1], tìte o X e�nai �usiologikì
, all� o anoiqtì
 upìqwro
 Y = X r {(ω,ω1)} dene�nai giat� ta kleist� (ston Y) kai xèna sÔnola {ω} × [0, ω1) kai [0, ω) × {ω1} den diaqwr�zontai.H idiìthta T4 epib�llei periorismoÔ
 sto {pìso poll�} mpore� na e�nai ta kleist� kai xèna uposÔnolaenì
 q¸rou, ìpw
 �a�netai apì to akìloujo.Je¸rhma. 'Estw X èna
 �usiologikì
 q¸ro
, Y ⊂ X kleistì kai diakritì, kai D ⊂ X puknì. Tìte
|P(Y)| ≤ |P(D)|, ìpou me | · | sumbol�zoume ton plhj�rijmo.Apìdeixh. AfoÔ o Y e�nai diakritì
, k�je uposÔnolì tou e�nai kleistì ston X. Epomènw
 gia k�je A ⊂ Yup�rqoun UA,VA ⊂ X anoiqt� kai xèna tètoia ¸ste A ⊂ UA kai Y r A ⊂ VA. AfoÔ ta UA e�nai anoiqt� kaito D puknì, èqoume ìti UA ∩ D , ∅. JewroÔme t¸ra thn apeikìnish

ϕ : P(Y)→P(D), ϕ(A) = UA ∩ D.31



Tìte h ϕ e�nai 1-1. Pr�gmati, an A, B ⊂ Y me A , B tìte mporoÔme qwr�
 �l�bh th
 genikìthta
 naupojèsoume ìti A ∩ (Y r B) , ∅, �ra UA ∩ VB , ∅, epomènw
 UA ∩ VB ∩ D , ∅ giat� to D e�nai puknì. Anloipìn e�qame ìti ϕ(A) = ϕ(B) tìte
∅ , UA ∩ VB ∩ D = ϕ(A) ∩ VB = ϕ(B) ∩ VB = UB ∩ D ∩ VB = ∅,�topo. Sumpera�noume ìti |P(Y)| ≤ |P(D)|. �San efarmog , d�noume to akìloujo par�deigma to opo�o de�qnei ìti up�rqei q¸ro
 T3 o opo�o
 dene�nai T4, ìti to ginìmeno duo T4 q¸rwn den e�nai kat� an�gkh T4 kai ìti mia topolog�a isqurìterh mia
topolog�a
 T4 mpore� na mhn e�nai T4.Par�deigma. 'Estw Rs to sÔnolo twn pragmatik¸n arijm¸n me thn topolog�a twn arister� hmi�noiqtwndiasthm�twn. Jètoume X = Rs ×Rs, Y = {(x,−x) : x ∈ R} kai D = Q×Q. O X e�nai T3 san ginìmeno q¸rwn

T3. Ep�sh
, to D e�nai puknì giat� to Q e�nai puknì ston Rs. Tèlo
, ìpw
 èqoume dei, to Y e�nai kleistìkai diakritì. An o X  tan T4, tìte apì to prohgoÔmeno �e¸rhma �a e�qame ìti |P(Y)| ≤ |P(D)|. All�
|P(Y)| = |P(R)| kai |P(D)| = |P(N)| = |R|, �topo giat� o plhj�rijmo
 tou dunamosunìlou e�nai gn siamegalÔtero
 apì ton plhj�rijmo tou sunìlou.Je¸rhma. 'Estw X èna
 q¸ro
 T4 kai A ⊂ X kleistì. Tìte o X/A e�nai T4.Apìdeixh. An�logh me thn apìdeixh tou ant�stoiqou �ewr mato
 th
 prohgoÔmenh
 enìthta
. �
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11. To L mma tou Urysohn kai to Je¸rhma Epèktash
 tou TietzeH shmantikìterh idiìthta twn �usiologik¸n q¸rwn e�nai ìti duo kleist� kai xèna sÔnola mporoÔn nadiaqwristoÔn apì suneqe�
 sunart sei
, akrib¸
 ìpw
 kai sthn per�ptwsh twn metrik¸n q¸rwn.Je¸rhma (To L mma tou Urysohn). 'Estw X èna
 q¸ro
 T4 kai A, B ⊂ X kleist� kai xèna. Tìte up�rqei
f : X → [0, 1] suneq 
 tètoia ¸ste f |A = 0 kai f |B = 1.Apìdeixh. 'Estw D = {k/2n : n = 0, 1, 2, . . . k = 0, 1, 2, . . . , 2n} to sÔnolo ìlwn twn duadik¸n arijm¸n sto
[0, 1]. To D e�nai puknì. Ja or�soume epagwgik� mia oikogèneia Ur, r ∈ D, anoiqt¸n uposunìlwn tou Xme ti
 akìlouje
 idiìthte
.(1) A ⊂ Ur, B ∩ Ur = ∅.(2) An r < s tìte Ur ⊂ Us.

PSfrag �epla
ement


A

B

X

U0

U1/8
U1/4Jètoume U1 = X \ B. Tìte A ⊂ U1. AfoÔ to A e�nai kleistì kai o q¸ro
 �usiologikì
, up�rqei U0anoiqtì tètoio ¸ste A ⊂ U0 ⊂ U0 ⊂ U1. 'Estw t¸ra ìti ta Uk/2n−1 , k = 0, 1, . . . , 2n−1, èqoun oriste� ¸ste naikanopoioÔntai oi (1) kai (2). Ja or�soume ta Uk/2n , k = 0, 1, 2, . . . , 2n. An o k e�nai �rtio
, dhlad  k = 2ℓ,tìte to Uk/2n = Uℓ/2n−1 èqei  dh oriste�. An o k e�nai perittì
 tìte oi k − 1 kai k + 1 e�nai �rtioi epomènw
 ta

U(k−1)/2n , U(k+1)/2n èqoun oriste� kai èqoume U(k−1)/2n ⊂ U(k+1)/2n . AfoÔ o q¸ro
 e�nai �usiologikì
 up�rqei
Uk/2n anoiqtì tètoio ¸ste

U (k−1)/2n ⊂ Uk/2n ⊂ Uk/2n ⊂ U(k+1)/2n .Autì oloklhr¸nei ton epagwgikì orismì. AntikajistoÔme t¸ra to U1 me ìlo ton q¸ro X kai or�zoume
f : X → [0, 1], f (x) = inf{r ∈ D : x ∈ Ur}.AfoÔ U1 = X, h f e�nai kal� orismènh. An x ∈ A tìte to x an kei se ìla ta Ur epomènw
 f (x) = 0. An x ∈ Btìte to x an kei mìno sto U1 �ra f (x) = 1. De�qnoume tèlo
 ìti h f e�nai suneq 
. 'Estw x0 ∈ X. Qwr�
�l�bh th
 genikìthta
, f (x0) ∈ (0, 1). 'Estw t¸ra I = ( f (x0) − ε, f (x0) + ε) mia perioq  tou f (x0). AfoÔ to

D e�nai puknì, up�rqoun r1, r2 ∈ D tètoia ¸ste f (x0) − ε < r1 < r2 < f (x0). Tìte x0 < Ur2 , �ra x0 < Ur1 .Ep�sh
 f (x0) < f (x0) + ε, �ra up�rqei r3 ∈ D me f (x0) ≤ r3 < f (x0) + ε tètoio ¸ste x0 ∈ Ur3 . Epomènw
 to
W = Ur3 rUr1 e�nai perioq  tou x0. ParathroÔme ìti f (W) ⊂ I giat� an x ∈ W tìte r1 ≤ f (x) ≤ r3. Sunep¸
h f e�nai suneq 
. �Parathr sei
.(1) IsqÔei kai to ant�strofo tou l mmato
 tou Urysohn: An èna
 q¸ro
 Hausdor� X èqei thn idiìthtaìti gia k�je A, B ⊂ X kleist� kai xèna up�rqei f : X → R suneq 
 ¸ste f |A = 0 kai f |B = 1, tìte o

X e�nai T4. Pr�gmati, ta anoiqt� sÔnola f −1((−∞, 1/2)) kai f −1((1/2,+∞)) diaqwr�zoun ta A kai
B.(2) AfoÔ [0, 1] ≈ [a, b], èqoume ìti an o X e�nai T4 kai A, B ⊂ X kleist� kai xèna tìte up�rqei
f : X → [a, b] suneq 
 tètoia ¸ste f |A = a kai f |B = b.Je¸rhma (To Je¸rhma Epèktash
 tou Tietze). 'Estw X èna
 q¸ro
 T4, A ⊂ X kleistì kai f : A → Rsuneq 
. Tìte up�rqei h : X → R suneq 
 tètoia ¸ste h|A = f . Dhlad  h f èqei suneq  epèktash.Sthn apìdeixh �a qrhsimopoi soume thn akìloujh.33



Prìtash. 'Estw X q¸ro
 T4, A ⊂ X kleistì kai F : A → R suneq 
 tètoia ¸ste |F(x)| ≤ c gia k�je x ∈ A.Tìte up�rqei H : X → R suneq 
 tètoia ¸ste |H(x)| ≤ c/3 gia k�je x ∈ X kai |F(x) − H(x)| ≤ 2c/3 gia k�je
x ∈ A.Apìdeixh. Jètoume A+ = {x ∈ A : F(x) ≥ c/3} kai A− = {x ∈ A : F(x) ≤ −c/3}. Ta A+ kai A− e�nai kleist�sto A, �ra kai sto X afoÔ to A e�nai kleistì. Apì to l mma tou Urysohn up�rqei H : X → [−c/3, c/3]suneq 
 tètoia ¸ste H|A+ = c/3 kai H|A− = −c/3. H H e�nai profan¸
 h 
htoÔmenh. �Apìdeixh. (Tou Jewr mato
 tou Tietze.)1h per�ptwsh. Upojètoume ìti | f | ≤ c sto A kai de�qnoume ìti up�rqei suneq 
 epèktash h tètoia ¸ste |h| ≤ csto X. Efarmìzoume thn prohgoÔmenh prìtash gia F = f kai pa�rnoume mia h0 : X → Rsuneq  tètoia ¸ste |h0| ≤ c/3 sto X kai | f − h0| ≤ 2c/3 sto A. Sth sunèqeia efarmìzoume thnprìtash gia F = f − h0 kai pa�rnoume mia h1 : X → R suneq  tètoia ¸ste |h1| ≤ 1/3 · 2c/3sto X kai | f − h0 − h1| ≤ (2/3)2c sto A. Suneq�zonta
 me diadoqikè
 efarmogè
 th
 prìtash
,pa�rnoume mia akolouj�a suneq¸n sunart sewn hn : X → R tètoia ¸ste |hn| ≤ 1/3(2/3)nc sto Xkai | f −∑n

k=0 hk | ≤ (2/3)n+1c sto A. AfoÔ ∑∞
n=0(2/3)n < ∞, apì to krit rio Weierstrass èqoume ìtih h =

∑∞
n=0 hn e�nai suneq 
. Ep�sh
 |h| ≤ c/3

∑∞
n=0(2/3)n

= c sto X. Tèlo
 pa�rnonta
 ìria kaj¸

n→ ∞ sth sqèsh | f −∑n

k=0 hk | ≤ (2/3)n+1c èqoume ìti f = h|A.2h per�ptwsh. Upojètoume ìti | f | < c sto A kai de�qnoume ìti up�rqei suneq 
 epèktash h tètoia ¸ste |h| < c sto
X. Apì thn 1h per�ptwsh, up�rqei suneq 
 epèktash ĥ tètoia ¸ste |̂h| ≤ c. �ètoume

A0 = {x ∈ X : |̂h| = c}.Tìte to A0 e�nai kleistì kai xèno me to A, �ra apì to l mma tou Urysohn up�rqei ϕ : X → [0, 1]suneq 
 tètoia ¸ste ϕ|A0 = 0 kai ϕ|A = 1. Jètoume h = ϕ̂h.3h per�ptwsh. Den up�rqei periorismì
 gia thn f . Ed¸ �ewroÔme ènan omoiomorfismì ψ : R → (−1, 1). Tìteapì thn 2h per�ptwsh up�rqei g : X → (−1, 1) suneq 
 epèktash th
 ψ ◦ f . 'Etsi h h = ψ−1 ◦ ge�nai h 
htoÔmenh epèktash.
�Parat rhsh. IsqÔei kai to ant�strofo tou �ewr mato
 tou Tietze. An èna
 q¸ro
 Hausdor� èqei thnidiìthta ìti k�je suneq 
 sun�rthsh se k�je kleistì sÔnolo èqei suneq  epèktash, tìte o q¸ro
 e�nai T4.Pr�gmati, an A, B e�nai kleist� kai xèna, tìte h f : A∪ B→ [0, 1] me f |A = 0 kai f |B = 1 e�nai suneq 
, �raèqei suneq  epèktash s� olìklhro to q¸ro. Dhlad , ta A kai B diaqwr�zontai apì mia suneq  sun�rthsh,epomènw
 o q¸ro
 e�nai �usiologikì
.
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12. Sunj ke
 Arijmhsimìthta
Orismì
. 'Ena
 q¸ro
 lègetai diaqwr�simo
 an èqei èna arijm simo kai puknì uposÔnolo.Parade�gmata.(1) To R me th sunhjismènh topolog�a kai me thn topolog�a twn arister� hmi�noiqtwn diasthm�twne�nai diaqwr�simo
 q¸ro
 afoÔ kai sti
 duo peript¸sei
 to Q e�nai puknì.(2) 'Ena
 uperarijm simo
 diakritì
 q¸ro
 den e�nai diaqwr�simo
 afoÔ to monadikì puknì uposÔ-nolo e�nai o �dio
 o q¸ro
.Je¸rhma. 'Estw X diaqwr�simo
.(1) K�je anoiqtì
 upìqwro
 e�nai diaqwr�simo
.(2) An Y e�nai k�poio
 q¸ro
 kai f : X → Y suneq 
 kai ep�, tìte o Y e�nai diaqwr�simo
.Apìdeixh. 'Estw D ⊂ X arijm simo kai puknì.(1) An to A ⊂ X e�nai anoiqtì, tìte to D ∩ A e�nai puknì sto A diìti k�je U ⊂ A anoiqtì sto A e�naianoiqtì sto X epomènw
 tèmnei to D �ra kai to D ∩ A.(2) 'Eqoume Y = f (X) = f
(
D
)
⊂ f (D). 'Ara to f (D) e�nai puknì.

�Parat rhsh. 'Ena
 auja�reto
 upìqwro
 enì
 diaqwr�simou q¸rou den e�nai kat� an�gkh diaqwr�simo
.Gia par�deigma, an Rs e�nai to sÔnolo twn pragmatik¸n arijm¸n me thn topolog�a twn arister� hmi�-noiqtwn diasthm�twn tìte to Rs × Rs e�nai diaqwr�simo
 q¸ro
 afoÔ to Q × Q e�nai puknì. All� hantidiag¸nio
 {(x,−x) : x ∈ R} e�nai uperarijm simh kai diakrit , �ra den mpore� na e�nai diaqwr�simo
q¸ro
. Par� taÔta èqoume to akìloujo.Je¸rhma. An o (X, d) e�nai diaqwr�simo
 metrikì
 q¸ro
 kai Y ⊂ X, tìte o Y e�nai diaqwr�simo
.Apìdeixh. 'Estw {xn : n ∈ N} puknì sto X. Tìte gia k�je k ∈ N kai y ∈ Y up�rqei n(y, k) ∈ N tètoio ¸ste
d(y, xn(y,k)) < 1/k. To sÔnolo {n(y, k) : y ∈ Y} e�nai arijm simo, �ra up�rqoun yk

j ∈ Y, j ∈ N, tètoia ¸ste
{n(y, k) : y ∈ Y} = {n(yk

j, k) : j ∈ N}. Tìte to {yk
j : j, k ∈ N} e�nai puknì sto Y. Pr�gmati, èstw y ∈ Y kai ε > 0.Epilègoume k, j ∈ N me 1/k < ε/2 kai n(y, k) = n(yk

j, k). Tìte
d(y, yk

j) ≤ d(y, xn(y,k)) + d(xn(yk
j ,k), y

k
j) < 1/k + 1/k < ε.

�Par�deigma. O Rs ×Rs e�nai diaqwr�simo
 all� h antidiag¸nio
 den e�nai. 'Ara o q¸ro
 autì
 den e�naimetrikopoi simo
.Je¸rhma. 'Estw Xn, n ∈ N, mia akolouj�a diaqwr�simwn q¸rwn. Tìte to ginìmeno X =
∏∞

n=1 Xn e�naidiaqwr�simo
 q¸ro
.Apìdeixh. 'Estw Dn ⊂ Xn arijm simo kai puknì. StajeropoioÔme èna z = (zn)n∈N ∈ X. Tìte to sÔnolo
D =

∞⋃

n=1


n∏

j=1

D j ×
∞∏

j=n+1

{z j}
e�nai arijm simo kai puknì giat� to tuqìn anoiqtì �asikì sÔnolo U =

⋂n
k=1 p−1

ik
(Gik ), i1 < i2 < · · · < in,tèmnei to orjog¸nio R =

∏in
j=1 D j ×

∏∞
j=in+1{z j} ⊂ D. Pr�gmati, h ik-pleur� tou U dhlad  to anoiqtì sÔnolo

Gik , tèmnei thn ik pleur� tou R h opo�a e�nai to puknì sÔnolo Dik . Gia j , ik, h j-pleur� tou U e�naiolìklhro
 o q¸ro
 X j o opo�o
 �usik� tèmnei thn j-pleur� tou R. �Parat rhsh. 'Ena auja�reto ginìmeno diaqwr�simwn q¸rwn mpore� na mhn e�nai diaqwr�simo
 q¸ro
. Giapar�deigma to RI , ìpou o plhj�rijmo
 tou I e�nai gn sia megalÔtero
 apì ton plhj�rijmo tou R (hapìdeixh parale�petai).Orismì
. 'Ena
 q¸ro
 lègetai 1o
 arijm simo
 an k�je shme�o tou èqei arijm simh ��sh perioq¸n.Parade�gmata.(1) K�je metrikì
 q¸ro
 (X, d) e�nai 1o
 arijm simo
 afoÔ h oikogèneia {D(x, 1/n) : n ∈ N} e�nai��sh perioq¸n tou x.(2) To R me thn topolog�a twn arister� hmi�noiqtwn diasthm�twn e�nai 1o
 arijm simo
 q¸ro
 giat�h oikogèneia {(x − 1/n, x] : n ∈ N} e�nai ��sh perioq¸n tou x.35



(3) An to I e�nai èna uperarijm simo sÔnolo, tìte o q¸ro
 X = RI den e�nai 1o
 arijm simo
,�ra den e�nai metrikopoi simo
. Sthn pragmatikìthta kanèna shme�o den èqei arijm simh ��shperioq¸n. A
 upojèsoume ìti k�poio x = (xi)i∈I ∈ X èqei arijm simh ��sh perioq¸n {Un : n ∈ N},ìpou Un =
⋂

i∈Jn
p−1

i (Gn
i ), Jn ⊂ I peperasmèno, Gn

i ⊂ R anoiqtì. Tìte an epilèxoume i0 ∈ Ir
⋃

n∈N Jn�a èqoume ìti h perioq  U = p−1
i0

((xi0 − 1, xi0 + 1)) den perièqei kanèna Un, afoÔ h i0-pleur� th

U e�nai èna �ragmèno di�sthma, en¸ h i0-pleur� twn Un e�nai to R.Parat rhsh. 'Ena
 upìqwro
 enì
 1ou arijm simou q¸rou e�nai 1o
 arijm simo
.Je¸rhma. 'Estw Xn, n ∈ N, mia akolouj�a 1wn arijm simwn q¸rwn. Tìte to ginìmeno X =

∏∞
n=1 Xn e�nai1o
 arijm simo
 q¸ro
.Apìdeixh. 'Estw x = (xn)n∈N ∈ X, kai Bn arijm simh ��sh perioq¸n tou xn ∈ Xn. Tìte h oikogèneia

∞⋃

n=1


n⋂

k=1

p−1
k (Uk) : Uk ∈ Bk, k = 1, 2, . . . , n

e�nai mia arijm simh ��sh perioq¸n tou x. �Je¸rhma. 'Estw X 1o
 arijm simo
, A ⊂ X, x ∈ X, Y k�poio
 q¸ro
, kai f : X → Y.(1) x ∈ A an kai mìno an up�rqei akolouj�a xn ∈ A tètoia ¸ste xn → x.(2) H f e�nai suneq 
 sto x an kai mìno an gia k�je akolouj�a xn ∈ X me xn → x èqoume f (xn)→ f (x).Dhlad  s� èna 1o arijm simo q¸ro oi akolouj�e
 mporoÔn na pa�xoun to �ìlo twn diktÔwn.Apìdeixh. 'Estw {Bn:n ∈ N} mia ��sh perioq¸n tou x. Antikajist¸nta
 to Bn me to ⋂
k≤n Bk, mporoÔme naupojèsoume ìti h Bn e�nai mia �j�nousa akolouj�a sunìlwn.(1) An x ∈ A, epilègoume xn ∈ A ∩ Bn. Tìte xn → x. Pr�gmati, an U e�nai tuqoÔsa perioq  tou x tìteup�rqei n0 tètoio ¸ste Bn0 ⊂ U. Epomènw
 gia k�je n ≥ n0 èqoume xn ∈ Bn ⊂ Bn0 ⊂ U.(2) A
 upojèsoume ìti h f den e�nai suneq 
 sto x. Tìte up�rqei perioq  V tou f (x) tètoia ¸ste

f (Bn) 1 V gia k�je n. Epilègoume xn ∈ Bn me f (xn) < V. Tìte xn → x kai f (xn)9 f (x).
�Orismì
. 'Ena
 q¸ro
 (X,T ) lègetai 2o
 arijm simo
 an h T èqei arijm simh ��sh.Parathr sei
.(1) 'Ena
 upìqwro
 enì
 2ou arijm simou q¸rou e�nai 2o
 arijm simo
.(2) 'Ena
 2o
 arijm simo
 q¸ro
 e�nai 1o
 arijm simo
 kai diaqwr�simo
 giat� an {Bn : n ∈ N} e�naimia ��sh gia thn topolog�a, tìte h {Bn : x ∈ Bn} e�nai arijm simh ��sh perioq¸n tou tuqìnto


x. Ep�sh
, an epilèxoume xn ∈ Bn, tìte to sÔnolo {xn : n ∈ N} e�nai puknì. S� èna metrikì q¸roisqÔei kai to ant�strofo.Je¸rhma. 'Ena
 diaqwr�simo
 metrikì
 q¸ro
 (X, d) e�nai 2o
 arijm simo
.Apìdeixh. 'Estw {xn : n ∈ N} puknì. Tìte h oikogèneia {D(xn, 1/m) : n,m ∈ N} e�nai ��sh gia thn topolog�a.Pr�gmati, èstw G ⊂ X anoiqtì kai x ∈ G. Tìte up�rqei m ∈ N tètoio ¸ste D(x, 1/m) ⊂ G. Epilègonta
 xnme d(x, xn) < 1/(2m), pa�rnoume ìti x ∈ D(xn, 1/(2m)) ⊂ D(x, 1/m) ⊂ G. �Je¸rhma (Lindelof ). 'Estw X 2o
 arijm simo
.(1) An Gi, i ∈ I, e�nai mia oikogèneia anoiqt¸n uposunìlwn tou X, tìte up�rqei J ⊂ I arijm simo tètoio¸ste ⋃
i∈I Gi =

⋃
j∈J G j.(2) An B e�nai mia ��sh gia thn topolog�a tou X, tìte up�rqei C ⊂ B arijm simh tètoia ¸ste h C e�nai��sh.Apìdeixh. 'Estw {Un : n ∈ N} mia ��sh gia thn topolog�a tou X.(1) Jètoume G =

⋃
i∈I Gi. Gia k�je x ∈ G up�rqei i(x) ∈ I me x ∈ Gi(x), �ra up�rqei n(x) ∈ N tètoio¸ste x ∈ Un(x) ⊂ Gi(x). To sÔnolo {n(x) : x ∈ G} e�nai arijm simo, epomènw
 up�rqoun xk ∈ G,

k ∈ N, tètoia ¸ste {n(x) : x ∈ G} = {n(xk) : k ∈ N}. Jètoume J = {i(xk) : k ∈ N}. Tìte ⋃
j∈J G j = G.(2) AfoÔ h B e�nai ��sh, k�je Un gr�fetai san ènwsh sunìlwn th
 B. Epomènw
, apì to (1),up�rqei arijm simh upooikogèneia Bn ⊂ B tètoia ¸ste Un =

⋃
B∈Bn

B. Jètoume C =
⋃

n∈NBn.AfoÔ h {Un : n ∈ N} e�nai ��sh, kai h C e�nai ��sh.
�36



Par�deigma. O q¸ro
 Rs e�nai diaqwr�simo
, 1o
 arijm simo
 kai ìqi 2o
 arijm simo
 (�ra den e�naimetrikopoi simo
). An  tan 2o
 arijm simo
, tìte �a up rqan an < bn, n ∈ N, tètoia ¸ste h oikogèneia
{(an, bn] : n ∈ N} na e�nai ��sh gia thn topolog�a. An t¸ra epilèxoume x ∈ R diaforetikì apì ìla ta
bn, tìte h perioq  (−∞, x] den mpore� na perièqei k�poio di�sthma (an, bn] me x ∈ (an, bn] giat� �a e�qame
bn = x.Je¸rhma. 'Estw Xn, n ∈ N, mia akolouj�a 2wn arijm simwn q¸rwn. Tìte to ginìmeno X =

∏∞
n=1 Xn e�nai2o
 arijm simo
 q¸ro
.Apìdeixh. 'Estw Bn arijm simh ��sh gia thn topolog�a tou Xn. Tìte h oikogèneia

∞⋃

n=1


n⋂

k=1

p−1
k (Uk) : Uk ∈ Bk, k = 1, 2, . . . , n

e�nai mia arijm simh ��sh gia thn topolog�a tou X. �Parat rhsh. 'Ena uperarijm simo ginìmeno 2wn arijm simwn q¸rwn genik� den e�nai 2o
 arijm simo
q¸ro
, giat� ìpw
 e�dame mpore� na mhn e�nai oÔte 1o
 arijm simo
.Je¸rhma. An o X e�nai 2o
 arijm simo
 kai T3 tìte e�nai T4.Apìdeixh. 'Estw A, B ⊂ X kleist� kai xèna. AfoÔ o X e�nai T3, gia k�je x ∈ A up�rqei perioq  Ux tou xtètoia ¸ste U x ∩ B = ∅. Omo�w
, gia k�je y ∈ B up�rqei Vy perioq  tou y tètoia ¸ste Vy ∩ A = ∅. AfoÔ o
X e�nai 2o
 arijm simo
 up�rqoun xn ∈ A kai yn ∈ B tètoia ¸ste

⋃

x∈A
Ux =

∞⋃

n=1

Uxn ,
⋃

y∈B

Vy =

∞⋃

n=1

Vyn .Jètoume
Ũn = Uxn r

n⋃

k=1

Vyk , Ṽn = Vyn r

n⋃

k=1

U xk ,kai
U =

∞⋃

n=1

Ũn, V =
∞⋃

n=1

Ṽn.Tìte ta U,V e�nai anoiqt� kai xèna upersÔnola twn A, B. �
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13. MetrikopoihsimìthtaSthn enìthta aut  �a qarakthr�soume tou
 diaqwr�simou
 metrikopoi simou
 q¸rou
.Je¸rhma (Urysohn). 'Estw X 2o
 arijm simo
 kai T3, tìte o X e�nai metrikopoi simo
 (kai diaqwr�simo
).Gia thn apìdeixh �a qreiastoÔme mia seir� endi�mesa apotelèsmata.Je¸rhma. 'Estw (X, d) metrikì
 q¸ro
. Jètoume ρ = d/(1 + d). Tìte h topolog�a pou ep�gei h metrik  ρtaut�zetai me thn topolog�a pou ep�gei h d. 'Etsi, s� èna metrikopoi simo q¸ro mporoÔme p�nta na upojètoumeìti h topolog�a tou ep�getai apì mia metrik  �ragmènh apì to 1.Apìdeixh. 'Ena
 metrikì
 q¸ro
 e�nai 1o
 arijm simo
, epomènw
 arke� na de�xoume ìti mia akolouj�asugkl�nei w
 pro
 th mia metrik  an kai mìno an sugkl�nei w
 pro
 thn �llh. An xn → x w
 pro
 thn
d tìte ρ(xn, x) = d(xn, x)/(1 + d(xn, x)) → 0, �ra xn → x w
 pro
 th ρ. An xn → x w
 pro
 th ρ tìte
d(xn, x) = ρ(xn, x)/(1 − ρ(xn, x))→ 0, �ra xn → x w
 pro
 thn d. �Je¸rhma. 'Estw Xn, n ∈ N, mia akolouj�a metrikopoi simwn q¸rwn. Tìte to ginìmeno X =

∏∞
n=1 Xn e�naimetrikopoi simo
 q¸ro
.Apìdeixh. 'Estw ìti h topolog�a tou Xn ep�getai apì th metrik  dn. Qwr�
 �l�bh th
 genikìthta
, upojè-toume ìti dn ≤ 1. Sto X �ewroÔme th metrik 

d(x, y) =
∞∑

k=1

dk(x(k), y(k))
2k

.Ja de�xoume ìti h topolog�a pou ep�gei h d taut�zetai me thn topolog�a ginìmeno. AfoÔ oi duo topolo-g�e
 e�nai 1e
 arijm sime
, arke� na de�xoume ìti mia akolouj�a sugkl�nei w
 pro
 thn d an kai mìno ansugkl�nei kat� suntetagmènh, diìti sÔgklish w
 pro
 thn topolog�a ginìmeno e�nai isodÔnamh me kat�suntetagmènh sÔgklish. An d(xn, x) → 0, tìte gia k�je k èqoume dk(xn(k), x(k)) ≤ 2kd(xn, x) → 0. Ant�-strofa, èstw ìti xn(k) → x(k) gia k�je k, kai èstw ε > 0. Epilègoume k0 tètoio ¸ste ∑∞
k=k0+1 1/2k < ε.Tìte

d(xn, x) =
k0∑

k=1

dk(xn(k), x(k))
2k

+

∞∑

k=k0+1

dk(xn(k), x(k))
2k

<

k0∑

k=1

dk(xn(k), x(k))
2k

+ ε.Epomènw
 lim sup d(xn, x) ≤ ε. H sqèsh aut  isqÔei gia k�je ε, �ra d(xn, x)→ 0. �Parat rhsh. 'Ena uperarijm simo ginìmeno metrikopoi simwn q¸rwn den e�nai genik� metrikopoi simo,afoÔ mpore� na mhn e�nai 1o
 arijm simo
 q¸ro
.Prìtash. 'Estw X q¸ro
 Hausdor�, Xi, i ∈ I, mia oikogèneia topologik¸n q¸rwn, kai fi : X → Xi miaoikogèneia suneq¸n sunart sewn tètoia ¸ste gia k�je A ⊂ X kleistì kai k�je x < A up�rqei i ∈ I tètoio¸ste fi(x) < fi(A). Tìte h apeikìnish
f : X →

∏

i∈I
Xi, f (x) = ( fi(x))i∈Ie�nai omoiomorfismì
 tou X sto f (X).Apìdeixh. H f e�nai profan¸
 suneq 
 kai 1-1 giat� an x , y tìte, afoÔ ta monosÔnola e�nai kleist�,up�rqei i tètoio ¸ste fi(x) < fi({y}), �ra f (x) , f (y). Ja de�xoume ìti h f : X → f (X) e�nai anoiqt . 'Estw

G ⊂ X anoiqtì kai f (x) ∈ f (G). Tìte x < X rG, �ra up�rqei i tètoio ¸ste fi(x) < fi(X rG). Epomènw

f (x) ∈ p−1

i

(
Xi r fi(X rG)

)
∩ f (X) ⊂ f (G).Autì shma�nei ìti to f (G) e�nai anoiqtì sto f (X). �Apìdeixh. (Tou �ewr mato
 metrikopoihsimìthta
 tou Urysohn.) 'Estw {Un : n ∈ N} mia ��sh gia thntopolog�a tou X. Jètoume I = {(m, n) ∈ N ×N : Um ⊂ Un}. AfoÔ o X e�nai 2o
 arijm simo
 kai T3, e�nai�usiologikì
, �ra, apì to l mma tou Urysohn, gia k�je (m, n) ∈ I, up�rqei fm,n : X → [0, 1] suneq 
tètoia ¸ste fm,n|Um

= 0 kai fm,n|XrUn = 1. Ja de�xoume ìti h oikogèneia fm,n ikanopoie� thn upìjesh th
prohgoÔmenh
 prìtash
. 'Estw A ⊂ X kleistì kai x < A. Tìte up�rqei Un tètoio ¸ste x ∈ Un kai Un∩A = ∅.AfoÔ o X e�nai T3 up�rqei Um tètoio ¸ste x ∈ Um ⊂ Um ⊂ Un. Tìte (m, n) ∈ I kai
fm,n(x) = 0 < {1} = fm,n(A).38



Sumpera�noume ìti o X e�nai omoiomorfikì
 me ènan upìqwro tou metrikopoi simou q¸rou [0, 1]I (to Ie�nai arijm simo), �ra o X e�nai metrikopoi simo
. �Parathr sei
.(1) Fusik�, isqÔei kai to ant�strofo tou prohgoÔmenou �ewr mato
. 'Ena
 diaqwr�simo
 metrikì
q¸ro
 e�nai, ìpw
 èqoume dei, 2o
 arijm simo
 kai kanonikì
.(2) Up�rqei pl rh
 qarakthrismì
 twn metrikopoi simwn q¸rwn (anex�rthta apì to an e�nai diaqw-��simoi), xefeÔgei ìmw
 apì tou
 skopoÔ
 tou maj mato
.
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14. Sumpage�
 Q¸roiOrismì
. 'Estw X èna
 q¸ro
 kai A ⊂ X. Mia oikogèneia anoiqt¸n sunìlwn Gi, i ∈ I, tètoia ¸ste A ⊂ ⋃
i∈I Gilègetai anoiqt  k�luyh tou A.Orismì
. 'Ena
 q¸ro
 Hausdor� X lègetai sumpag 
 an k�je anoiqt  k�luyh tou X èqei peperasmènhupok�luyh. Dhlad  gia k�je oikogèneia anoiqt¸n sunìlwn Gi, i ∈ I, me ⋃

i∈I Gi = X, up�rqoun i1, . . . , in ∈ Itètoia ¸ste ⋃n
k=1 Gik = X. 'Ena uposÔnolo A ⊂ X lègetai sumpagè
 an e�nai sumpag 
 q¸ro
 w
 pro
 thsqetik  topolog�a.Parade�gmata.(1) To R me th sunhjismènh topolog�a kai thn topolog�a twn arister� hmi�noiqtwn diasthm�twn dene�nai sumpag 
 q¸ro
 giat� h anoiqt  k�luyh (−n, n), n ∈ N, den èqei peperasmènh upok�luyh.(2) 'Ena
 diakritì
 q¸ro
 X e�nai sumpag 
 an kai mìno an to X e�nai peperasmèno. H mia kateÔ-�unsh e�nai profan 
. Gia thn �llh kateÔjunsh, �ewroÔme thn anoiqt  k�luyh {{x} : x ∈ X}.AfoÔ o X e�nai sumpag 
 up�rqoun x1, . . . , xn ∈ X tètoia ¸ste X = {x1, . . . , xn}.Je¸rhma. An o X e�nai sumpag 
 q¸ro
 kai to A ⊂ X kleistì, tìte to A e�nai sumpagè
.Apìdeixh. 'Estw Gi, i ∈ I, mia anoiqt  k�luyh tou A. Tìte h oikogèneia {X r A} ∪ {Gi : i ∈ I}, e�nai anoiqt k�luyh tou X, �ra èqei peperasmènh upok�luyh {X rA}∪ {Gik : k = 1, . . . , n}. Epomènw
 ta Gik apoteloÔnpeperasmènh upok�luyh tou A. �Je¸rhma. An o X e�nai Hausdor�, to A ⊂ X sumpagè
, kai x < A, tìte up�rqoun U,V ⊂ X anoiqt� kai xènatètoia ¸ste x ∈ U kai A ⊂ V. Idia�tera, to A e�nai kleistì.Apìdeixh. 'Estw x < A. Tìte gia k�je y ∈ A up�rqoun perioqè
 Uy kai Vy twn x kai y ant�stoiqa tètoie
¸ste Uy ∩ Vy = ∅.
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A

X

x

yUy

Vy

H oikogèneia Vy, y ∈ A, e�nai anoiqt  k�luyh tou A, �ra up�rqoun y1, . . . , yn ∈ A tètoia ¸ste A ⊂ ⋃n
k=1 Vyk .Jètoume

U =
n⋂

k=1

Uyk , V =
n⋃

k=1

Vyk .

�Je¸rhma. An o X e�nai Hausdor� kai A, B ⊂ X sumpag  kai xèna, tìte up�rqoun U,V ⊂ X anoiqt� kai xènatètoia ¸ste A ⊂ U kai B ⊂ V.Apìdeixh. Apì to prohgoÔmeno �e¸rhma, gia k�je x ∈ A, up�rqoun Ux,Vx anoiqt� kai xèna tètoia ¸ste
x ∈ Ux kai B ⊂ Vx. H oikogèneia Ux, x ∈ A, e�nai anoiqt  k�luyh tou A, �ra up�rqoun x1, . . . , xn ∈ Atètoia ¸ste A ⊂ ⋃n

k=1 Uxk . Jètoume
U =

n⋃

k=1

Uxk , V =
n⋂

k=1

Vxk .Tìte ta U,V e�nai anoiqt� kai xèna upersÔnola twn A, B. �Je¸rhma. An o X e�nai sumpag 
, tìte e�nai T4. 40



Apìdeixh. An A, B ⊂ X e�nai kleist� kai xèna, tìte e�nai sumpag  kai to sumpèrasma èpetai apì toprohgoÔmeno �e¸rhma. �Je¸rhma. 'Estw X sumpag 
, Y Hausdor� kai f : X → Y suneq 
 kai ep�. Tìte(1) O Y e�nai sumpag 
.(2) An epiplèon h f e�nai 1-1, tìte e�nai omoiomorfismì
.Apìdeixh.(1) 'Estw Gi, i ∈ I, mia anoiqt  k�luyh tou Y. Tìte h f −1(Gi), i ∈ I, e�nai anoiqt  k�luyh tou X, �raèqei peperasmènh upok�luyh f −1(Gik ), k = 1, . . . , n. Sunep¸
 h Gik , k = 1, . . . , n e�nai k�luyh tou
f (X) = Y.(2) An to A ⊂ X e�nai kleistì, tìte e�nai sumpagè
 afoÔ o X e�nai sumpag 
. 'Ara apì to (1), to
f (A) e�nai sumpagè
, epomènw
 kleistì. 'Etsi h f e�nai 1-1, ep�, suneq 
 kai kleist , �ra e�naiomoiomorfismì
.

�To akìloujo �e¸rhma e�nai èna apì ta shmantikìtera apotelèsmata sth Genik  Topolog�a.Je¸rhma (Ty
hono� ). 'Estw Xi, i ∈ I, mia oikogèneia sumpag¸n q¸rwn. Tìte to ginìmeno X =
∏

i∈I Xi e�naisumpag 
 q¸ro
.Gia thn apìdeixh, �a qreiastoÔme ta ex 
.Je¸rhma (To l mma tou Zorn). 'Estw (X,�) èna merik� diatetagmèno sÔnolo, tètoio ¸ste k�je olik�diatetagmèno uposÔnolo A ⊂ X èqei �nw �r�gma, dhlad  up�rqei s ∈ X tètoio ¸ste a � s gia k�je a ∈ A.Tìte to X èqei megistikì (maximal) stoiqe�o, dhlad  up�rqei x0 ∈ X tètoio ¸ste gia k�je x ∈ X èqoume
x0 � x ⇒ x = x0 (autì shma�nei ìti den up�rqei stoiqe�o gn sia megalÔtero apì to x0. Den shma�nei kat�an�gkh ìti to x0 e�nai megalÔtero apì k�je stoiqe�o tou X, ektì
 ki� an h di�taxh e�nai olik ).Apìdeixh. G�netai sto m�jhma th
 Jewr�a
 Sunìlwn. �Je¸rhma (Alexander). 'Estw X q¸ro
 Hausdor� kaiA mia upob�sh. Upojètoume ìti k�je anoiqt  k�luyhtou X apì sÔnola th
 A èqei peperasmènh upok�luyh. Tìte o X e�nai sumpag 
.Sthn apìdeixh, an S e�nai k�poia oikogèneia sunìlwn tìte �a qrhsimopoioÔme ton sumbolismì ⋃

Sgia thn ènwsh ⋃
S∈S S .Apìdeixh. Upojètoume ìti o X e�nai den e�nai sumpag 
. Tìte up�rqei anoiqt  k�luyh tou X qwr�
peperasmènh upok�luyh. Jètoume loipìn

F = {C : H C e�nai anoiqt  k�luyh tou X qwr�
 peperasmènh upok�luyh}.Apì to l mma tou Zorn, to F èqei maximal (w
 pro
 th sqèsh tou perièqesjai) stoiqe�o, èstw C0. Dhlad h C0 den èqei peperasmènh upok�luyh, kai an C e�nai k�poia �llh anoiqt  k�luyh gn sia megalÔterhth
 C , tìte h C èqei peperasmènh upok�luyh. Pr�gmati, èstw {Dγ : γ ∈ Γ} èna olik� diatetagmènouposÔnolo tou F . Jètoume D =
⋃
γ∈ΓDγ kai de�qnoume ìti h D e�nai �nw �r�gma tou {Dγ : γ ∈ Γ} sto

F . Profan¸
 Dγ ⊂ D gia k�je γ. Ep�sh
, an h D den an ke sto F �a e�qe peperasmènh upok�luyh
G1, . . . ,Gn. Tìte, afoÔ oi Dγ e�nai sugkr�sime
 w
 pro
 th sqèsh tou perièqesjai, ìla ta Gk �a an kan sek�poio Dγ0 , �ra h Dγ0 �a e�qe peperasmènh upok�luyh, �topo.Jètoume t¸ra B = A ∩ C0 (h B mpore� na e�nai ken ). H B den kalÔptei ton q¸ro giat� an tonk�lupte �a e�qe peperasmènh upok�luyh (afoÔ B ⊂ A ). Autì e�nai �topo diìti B ⊂ C0. Epomènw
up�rqei x <

⋃
B. AfoÔ h C0 e�nai k�luyh, up�rqei V ∈ C0 me x ∈ V. AfoÔ h A e�nai upob�sh, up�rqoun

U1, . . . ,Un ∈ A tètoia ¸ste x ∈ U1 ∩ · · · ∩Un ⊂ V. An k�poio Ui an ke sthn C0 tìte �a an ke sthn B, �ra�a e�qame x ∈ ⋃
B, �topo. Epomènw
 Ui < C0, kai ètsi C0 $ C0∪{Ui} gia k�je i. AfoÔ h C0 e�naimaximal,èqoume ìti gia k�je i h C0 ∪ {Ui} den an kei sto F , sunep¸
 èqei peperasmènh upok�luyh. Epomènw
 giak�je i up�rqoun V i

j ∈ C0, j = 1, . . . , ki, tètoia ¸ste Ui ∪ V i
1 ∪ · · · ∪ V i

ki
= X. All� tìte

X =
n⋂

i=1

Ui ∪
ki⋃

j=1

V i
j

 ⊂


n⋂

i=1

Ui

 ∪
n⋃

i=1

ki⋃

j=1

V i
j ⊂ V ∪

n⋃

i=1

ki⋃

j=1

V i
j.Dhlad  h C0 èqei peperasmènh upok�luyh, �topo. �41



Apìdeixh. (Tou �ewr mato
 tou Ty
hono�.) 'Estw C mia k�luyh tou X apì upobasik� sÔnola, dhlad orjog¸nia th
 morf 
 p−1
i (G), ìpou i ∈ I, G ⊂ Xi anoiqtì. Gia k�je i �ètoume Ci = {G ⊂ Xi : p−1

i (G) ∈ C },(to Ci apotele�tai apì ìle
 ti
 mh tetrimmène
 i-pleurè
 twn orjogwn�wn th
 C ). Tìte up�rqei j ∈ I tètoio¸ste h C j kalÔptei to X j, diaforetik� �a mporoÔsame gia k�je i na epilèxoume xi <
⋃

Ci. All� tìte toshme�o x = (xi)i∈I den �a an ke se kanèna sÔnolo th
 C , �topo. AfoÔ o X j e�nai sumpag 
, up�rqoun
G1, . . . ,Gn ∈ C j tètoia ¸ste X j = G1 ∪ · · · ∪ Gn. 'Ara X = p−1

j (G1) ∪ · · · ∪ p−1
j (Gn). Dhlad  h C èqeipeperasmènh upok�luyh. To sumpèrasma èpetai apì to �e¸rhma tou Alexander. �Parat rhsh. H apìdeixh tou �ewr mato
 tou Ty
hono� e�nai ousiwd¸
 aploÔsterh an èqoume pepera-smèno pl jo
 q¸rwn. Sthn per�ptwsh aut  to �e¸rhma tou Alexander antikaj�statai apì thn sqedìntetrimmènh parat rhsh ìti èna
 q¸ro
 Hausdor� e�nai sumpag 
 an kai mìno an k�je anoiqt  k�luyhapì �asik� sÔnola èqei peperasmènh upok�luyh. A
 upojèsoume loipìn ìti X kai Y e�nai sumpage�
q¸roi kai èstw Uκ × Vκ, κ ∈ K, mia anoiqt  k�luyh tou X × Y apì �asik� sÔnola. ParathroÔme ìtigia k�je x ∈ X, h {�èta} {x} × Y e�nai sumpagè
 uposÔnolo tou X × Y giat� e�nai omoiomorfik  me ton Y.Epomènw
 up�rqei Kx ⊂ K peperasmèno tètoio ¸ste {x} × Y ⊂ ⋃

κ∈Kx
Uκ × Vκ.
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x X

Y

{x} × YJètoume Wx =
⋂
κ∈Kx

Uκ. Tìte h Wx, x ∈ X, e�nai anoiqt  k�luyh tou X, �ra up�rqoun x1, . . . , xn ∈ X tètoia¸ste X =
⋃n

j=1 Wx j . Sumpera�noume ìti
X × Y =

n⋃

j=1

Wx j × Y =
n⋃

j=1

Wx j ×
⋃

κ∈Kx j

Vκ

 ⊂
n⋃

j=1

⋃

κ∈Kx j

Uκ × Vκ.'Ara o X × Y e�nai sumpag 
.Ja parousi�soume t¸ra k�poie
 idiìthte
 twn sumpag¸n metrik¸n q¸rwn ti
 opo�e
, genik�, den èqounmh metrikopoi simoi sumpage�
 topologiko� q¸roi.Je¸rhma. 'Ena
 sumpag 
 metrikì
 q¸ro
 (X, d) e�nai diaqwr�simo
 kai �ragmèno
.Apìdeixh. Gia k�je n ∈ N, h oikogèneia D(x, 1/n), x ∈ X, e�nai anoiqt  k�luyh tou X, �ra up�rqei
Fn ⊂ X peperasmèno, tètoio ¸ste X =

⋃
x∈Fn

D(x, 1/n). Jètoume D =
⋃

n∈N Fn. Tìte to D e�nai arijm simokai puknì. Ep�sh
, gia stajeropoihmèno x0 ∈ X, h anoiqt  k�luyh D(x0, n), n ∈ N, èqei peperasmènhupok�luyh. 'Ara up�rqei n0 tètoio ¸ste X =
⋃n0

n=1 D(x0, n) = D(x0, n0), dhlad  o X e�nai �ragmèno
. �Parat rhsh. Up�rqoun sumpage�
 topologiko� q¸roi oi opo�oi den e�nai diaqwr�simoi. Gia par�deigma,o q¸ro
 {0, 1}I, ìpou to I èqei plhj�rijmo gn sia megalÔtero apì ton plhj�rijmo tou R (h apìdeixhparale�petai).Je¸rhma. 'Ena
 metrikì
 q¸ro
 (X, d) e�nai sumpag 
 an kai mìno an k�je akolouj�a èqei sugkl�nousaupakolouj�a.Apìdeixh. 'Estw ìti o X e�nai sumpag 
 kai xn ∈ X mia akolouj�a. Gia k�je n ∈ N �ètoume
Fn = {xn, xn+1, xn+2, . . . }.H Fn e�nai mia �j�nousa akolouj�a kleist¸n sunìlwn. AfoÔ o X e�nai sumpag 
, èqoume ìti ⋂∞n=1 Fn , ∅.Pr�gmati, an upojèsoume ìti h tom  e�nai ken , tìte h oikogèneia X r Fn, n ∈ N, e�nai anoiqt  k�luyhtou X, �ra up�rqei n0 tètoio ¸ste X =

⋃n0

n=1 X rFn = X rFn0 , epomènw
 Fn0 = ∅, �topo. Epilègoume loipìn
x ∈ ⋂∞

n=1 Fn. AfoÔ x ∈ F1, up�rqei n1 tètoio ¸ste d(x, xn1) < 1. Omo�w
, afoÔ x ∈ Fn1+1, up�rqei n2 > n1tètoio ¸ste d(x, xn2) < 1/2. Suneq�zonta
 me ton �dio trìpo pa�rnoume mia upakolouj�a xnk tètoia ¸ste
d(x, xnk ) < 1/k → 0. 42



Ant�strofa, èstw ìti k�je akolouj�a sto X èqei sugkl�nousa upakolouj�a. Isqurizìmaste kat� ar-q�
 ìti gia k�je n ∈ N, up�rqei Fn ⊂ X peperasmèno tètoio ¸ste X =
⋃

x∈Fn
D(x, 1/n). Pr�gmati, anupojèsoume ìti autì den e�nai al jeia, tìte up�rqei n0 tètoio ¸ste o X den kalÔptetai apì peperasmènopl jo
 d�skwn akt�na
 1/n0. Epilègoume tuqìn x1 ∈ X. Tìte X , D(x1, 1/n0), �ra up�rqei x2 < D(x1, 1/n0).Omo�w
, X , D(x1, 1/n0) ∪ D(x2, 1/n0), �ra up�rqei x3 < D(x1, 1/n0) ∪ D(x2, 1/n0). Suneq�zonta
 me ton�dio trìpo pa�rnoume mia akolouj�a xn tètoia ¸ste xn <

⋃
i<n D(xi, 1/n0), apì to opo�o sunep�getai ìti

d(xn, xm) ≥ 1/n0 gia k�je n , m. Autì shma�nei ìti h xn den mpore� na èqei sugkl�nousa upakolouj�a,�topo. T¸ra, to sÔnolo ⋃
n∈N Fn e�nai arijm simo kai puknì, �ra o X e�nai diaqwr�simo
, epomènw
 2o
arijm simo
. 'Estw ìti den e�nai sumpag 
. Tìte up�rqei anoiqt  k�luyh C qwr�
 peperasmènh upok�-luyh. AfoÔ o q¸ro
 e�nai 2o
 arijm simo
, apì to �e¸rhma Lindelof, h C èqei arijm simh upok�luyh,èstw D = {Gn : n ∈ N}. H D den èqei peperasmènh upok�luyh, �ra, ìpw
 prin, mporoÔme na epilèxoumemia akolouj�a xn <

⋃
i≤n Gi. Apì upìjesh, up�rqoun mia upakolouj�a xkn kai èna shme�o x ∈ X me xkn → x.AfoÔ h D e�nai k�luyh, èqoume x ∈ Gm0 gia k�poio m0. Epomènw
 up�rqei n0 ≥ m0 tètoio ¸ste xkn0

∈ Gm0 ,�topo giat� xkn0
<

⋃
i≤kn0

Gi. �Parat rhsh. S� èna mh metrikopoi simo q¸ro, to prohgoÔmeno �e¸rhma genik� den isqÔei. H perigraf twn sqetik¸n antiparadeigm�twn e�nai ektì
 twn skop¸n tou maj mato
.Par�deigma. 'Ena uposÔnolo touRn me th sunhjismènh topolog�a e�nai sumpagè
 an kai mìno e�nai klei-stì kai �ragmèno. Autì e�nai �mesh sunèpeia tou prohgoÔmenou �ewr mato
 kai tou ìti k�je �ragmènhakolouj�a sto Rn èqei sugkl�nousa upakolouj�a (Bolzano­Weierstrass).Je¸rhma. 'Estw X sumpag 
 topologikì
 q¸ro
 kai f : X → R suneq 
. Tìte h f pa�rnei mègisthkai el�qisth tim . An epiplèon o X e�nai metrikopoi simo
 tìte h f e�nai omoiìmorfa suneq 
 w
 pro
opoiad pote metrik  ep�gei thn topolog�a tou X.Apìdeixh. To f (X) e�nai sumpagè
 uposÔnolo touR �ra e�nai kleistì kai �ragmèno. Jètoume ℓ = inf f (X)kai u = sup f (X) kai epilègoume akolouj�e
 ℓn, un ∈ f (X) tètoie
 ¸ste ℓn → ℓ, un → u. AfoÔ to f (X)e�nai kleistì, èqoume ìti ℓ, u ∈ f (X). Dhlad  to f (X) èqei mègisto kai el�qisto stoiqe�o, epomènw
 h fpa�rnei mègisth kai el�qisth tim . 'Estw t¸ra ìti h topolog�a tou X ep�getai apì th metrik  d. Gia nade�xoume ìti h f e�nai omoiìmorfa suneq 
, arke� na de�xoume ìti gia k�je 
eug�ri akolouji¸n xn, yn ∈ Xme d(xn, yn)→ 0 èqoume f (xn)− f (yn)→ 0. A
 upojèsoume ìti f (xn)− f (yn)9 0. Tìte up�rqei upakolouj�a
f (xnk ) − f (ynk ) tètoia ¸ste | f (xnk ) − f (ynk )| ≥ ε gia k�poio ε > 0. AfoÔ o X e�nai sumpag 
, up�rqounupakolouj�e
 xnkℓ

, ynkℓ
, kai shme�a x, y ∈ X tètoia ¸ste xnkℓ

→ x, ynkℓ
→ y. All� d(xnkℓ

, ynkℓ
)→ 0, �ra x = y,epomènw
 ε ≤ | f (xnkℓ

) − f (ynkℓ
)| → | f (x) − f (y)| = 0, �topo. �Je¸rhma. 'Ena
 sumpag 
 metrikì
 q¸ro
 (X, d) e�nai pl rh
, dhlad  k�je akolouj�a Cau
hy sugkl�nei.Apìdeixh. 'Estw xn mia akolouj�a Cau
hy. AfoÔ o q¸ro
 e�nai sumpag 
, up�rqoun xkn kai x ∈ X tètoia¸ste xkn → x. All� tìte

d(xn, x) ≤ d(xn, xkn) + d(xkn , x)→ 0.

�Parat rhsh. Se èna auja�reto topologikì q¸ro oi ènnoie
 {�ragmèno sÔnolo}, {omoiìmorfa suneq 
sun�rthsh} kai {akolouj�a Cau
hy} den èqoun, genik�, nìhma.
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15. Topik� Sumpage�
 Q¸roiOrismì
. 'Ena uposÔnolo enì
 topologikoÔ q¸rou onom�zetai sqetik� sumpagè
 an h kleistìtht� tou e�naisumpagè
 sÔnolo. 'Ena
 q¸ro
 Hausdor� onom�zetai topik� sumpag 
 an k�je shme�o èqei mia sqetik�sumpag  perioq .Parade�gmata.(1) ToRn me th sunhjismènh topolog�a e�nai topik� sumpag 
 q¸ro
 giat� k�je d�sko
 e�nai sqetik�sumpagè
 sÔnolo.(2) 'Ena
 diakritì
 q¸ro
 e�nai topik� sumpag 
 giat� ta monosÔnola e�nai sumpag .(3) To Q den e�nai topik� sumpag 
 q¸ro
 giat� kanèna di�sthma den e�nai sumpagè
 (sto Q !).Je¸rhma. 'Estw X topik� sumpag 
 q¸ro
, x ∈ X kai U mia perioq  tou x. Tìte up�rqei sqetik� sumpag 
perioq  V tou x tètoia ¸ste V ⊂ U. Idia�tera, o X e�nai kanonikì
.Apìdeixh. 'Estw G sqetik� sumpag 
 perioq  tou x. To G e�nai sumpagè
, �ra T3. To G∩U e�nai perioq tou x stoG, epomènw
 up�rqei perioq  W tou x tètoia ¸ste cl G(W∩G) ⊂ G∩U. Dhlad , W ∩G∩G ⊂ G∩U,�ra W ∩G ⊂ G ∩U. Jètoume V = W ∩G. Tìte to V e�nai kleistì uposÔnolo tou sumpagoÔ
 G, �ra e�naisumpagè
, kai profan¸
 V ⊂ U. �Je¸rhma (Baire). 'Estw X topik� sumpag 
 kai Gn, n ∈ N, anoiqt� kai pukn�. Tìte to ⋂∞
n=1 Gn e�nai puknì.Apìdeixh. 'Estw U1 anoiqtì kai sqetik� sumpagè
. Jètoume D =

⋂∞
n=1 Gn. Ja de�xoume ìti to U1 tèmneito D. AfoÔ to G1 e�nai anoiqtì kai puknì, to G1 ∩ U1 e�nai mh kenì kai anoiqtì. Apì to prohgoÔmeno�e¸rhma, up�rqei U2 anoiqtì kai sqetik� sumpagè
 tètoio ¸ste U2 ⊂ G1 ∩ U1. Omo�w
, afoÔ to G2 e�naianoiqtì kai puknì, to G2 ∩ U2 e�nai mh kenì kai anoiqtì �ra up�rqei U3 anoiqtì kai sqetik� sumpagè
me U3 ⊂ G2 ∩ U2. Suneq�zonta
 me ton �dio trìpo, pa�rnoume mia �j�nousa akolouj�a anoiqt¸n kaisqetik� sumpag¸n sunìlwn Un tètoia ¸ste Un+1 ⊂ Gn ∩ Un. H Un e�nai mia �j�nousa akolouj�a kleist¸nuposunìlwn tou sumpagoÔ
 U1, �ra ⋂∞

n=1 Un , ∅. Sumpera�noume ìti D ∩U1 , ∅. �Parat rhsh. To �e¸rhma Baire den isqÔei an o q¸ro
 den e�nai topik� sumpag 
,   an h oikogèneia twnanoiqt¸n kai pukn¸n den e�nai arijm simh. Gia par�deigma sto Q ta sÔnola Qr {q}, q ∈ Q, e�nai anoiqt�kai pukn� all� h tom  tou
 e�nai ken . Omo�w
, stoR, h uperarijm simh oikogèneia Rr {x}, x ∈ R, èqeiken  tom .Orismì
. 'Ena uposÔnolo enì
 topologikoÔ q¸rou onom�zetai :(1) Poujen� puknì, an h kleistìtht� tou èqei kenì eswterikì.(2) 1h
 kathgor�a
, an e�nai arijm simh ènwsh poujen� pukn¸n sunìlwn.Me aut  thn orolog�a, to �e¸rhma Baire mpore� na diatupwje� w
 ex 
.Je¸rhma. 'Ena
 topik� sumpag 
 q¸ro
 den e�nai 1h
 kathgor�a
.Apìdeixh. 'Estw ìti X =
⋃∞

n=1 An, ìpou ta An e�nai poujen� pukn�. Tìte ta X r An e�nai anoiqt� kai pukn�me ken  tom , �topo. �Ta sÔnola 1h
 kathgor�a
 e�nai, apì topologik  �poyh, {mikr�}. Gia par�deigma, oi �hto� e�naisÔnolo 1h
 kathgor�a
. Oi �rrhtoi den e�nai, giat� an  tan tìte to R �a  tan 1h
 kathgor�a
.Parat rhsh. To �e¸rhma Baire isqÔei kai se pl rei
 metrikoÔ
 q¸rou
. H apìdeixh e�nai parìmoia.Qrhsimopoie� to gegonì
 ìti s� èna pl rh metrikì q¸ro, mia �j�nousa akolouj�a kleist¸n sunìlwn hdi�metro
 twn opo�wn te�nei sto mhdèn, èqei tom  èna monosÔnolo.Orismì
. 'Estw (X,T ) topik� sumpag 
, mh sumpag 
 q¸ro
 kai ∞ èna antike�meno me ∞ < X. Jètoume
X∞ = X∪{∞}, kai T∞ = T ∪{X∞ rK : K ⊂ X sumpagè
}. O q¸ro
 (X∞,T∞) onom�zetai sumpagopo�hsh enì
shme�ou   sumpagopo�hsh Alexandro� tou X.Parathr sei
.(1) H sqetik  topolog�a tou X san uposÔnolo tou X∞ e�nai h T .(2) H tautotik  apeikìnish ı : X → X∞ omoiomorfismì
 tou X ep� th
 eikìna
 tou.(3) To X e�nai puknì uposÔnolo tou X∞.(4) An ∞′ < X, tìte X∞ ≈ X∞′ . 44



Diaisjhtik�, o X∞ prokÔptei an prosjèsoume sto X èna shme�o (to {�peiro}). Ston kainoÔrgio q¸ro,mia ��sh perioq¸n èno
 shme�ou x e�nai oi perioqè
 tou x w
 pro
 T an x ∈ X, en¸ mia ��sh perioq¸n touape�rou e�nai ta sumplhr¸mata twn sumpag¸n uposunìlwn tou X. Gia par�deigma sto R∞ mia perioq tou ape�rou e�nai to (−∞,−1) ∪ (1,+∞).Je¸rhma. 'Estw X topik� sumpag 
. Tìte o X∞ e�nai sumpag 
.Apìdeixh. De�qnoume kat� arq�
 ìti o X∞ e�nai Hausdor�. 'Estw x, y ∈ X∞ me x , y. An x, y ∈ X tìte, afoÔ o
X e�nai Hausdor�, ta x, y diaqwr�zontai ston X, �ra kai ston X∞. An x ∈ X kai y = ∞, tìte, afoÔ o X e�naitopik� sumpag 
, up�rqei sqetik� sumpag 
 perioq  U tou x. 'Etsi ta U kai X∞rU diaqwr�zoun ta x kai
∞. 'Estw t¸ra Gi, i ∈ I, mia anoiqt  k�luyh tou X∞. Tìte up�rqei i0 ∈ I tètoio ¸ste ∞ ∈ Gi0 . Epilègoume
K ⊂ X sumpagè
 tètoio ¸ste ∞ ∈ X∞ r K ⊂ Gi0 . AfoÔ to K e�nai sumpagè
 up�rqoun i1, . . . , in ∈ I tètoia¸ste K ⊂ Gi1 ∪ · · · ∪Gin . Epomènw
 X∞ = Gi0 ∪Gi1 ∪ · · · ∪Gin , �ra o X∞ e�nai sumpag 
. �Parade�gmata.(1) An X = [0, 1), tìte X∞ ≈ [0, 1].(2) An X = R, tìte X∞ ≈ S 1. Pr�gmati, èstw f : R → S 1 r {N}, èna
 omoiomorfismì
, ìpou Ne�nai o {�ìreio
 pìlo
}. Tìte h g : X∞ → S 1 me g(x) = f (x), an x ∈ R, kai g(∞) = N e�naiomoiomorfismì
.Je¸rhma (To L mma tou Urysohn gia Topik� Sumpage�
 Q¸rou
). 'Estw X topik� sumpag 
, K ⊂ Xsumpagè
 kai U ⊃ K anoiqtì. Tìte up�rqei f : X → [0, 1] suneq 
 me f |K = 0 kai f |XrU = 1.Apìdeixh. O X∞ e�nai sumpag 
, �ra �usiologikì
, epomènw
 apì to l mma tou Urysohn up�rqei suneq 

g : X∞ → [0, 1] tètoia ¸ste g|K = 0 kai g|X∞rU = 1. Jètoume f = g|X. �
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