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1. TonoAoyikoi Xcpot - Baoeig - YnoBaoeig
Oplopog.

(1) 'Evag tomofoyikog xwpog eivai éva {euyapt (X, .T), onou X eivar éva ovvojlo kat J pia otkoyéveia
unoovvolwv tou X térola wote:
(@) 0,Xe 7.
(B) H T eivar kilewot og¢ mpog ti¢ (avdaipeteg) evaoeig. Andadn av G € 7,1 € |, 10te U G eJ.

i€l

(Y) H. eivai kiciot] o¢ mpog tg nengpaouéveg wouss. Aniadn av U,V € 7, e U NV € 7.
H 7 ovoualetar tonofloyia kai ta otoyeia g avoyytd ovvofa.

(2) Av A, D eivar buo tomofoyieg os Kkdmoio otvoflo kar T, C T, 101 féue dun J» eivar usyaivtepn
7 wxupdtepn and mv J.

(8) 'Eotw (X, 7) torofoyikog yopog kat X € X. Kade U € T ue x € U Aéyetar mepioxr) wou X.

Hapadetypa. 'Eoto (X, p) petpixog xopog kat D(X, 1) = {y € X : p(X,y) < r} o avoixtdg diokog pe kévipo X
Kat axktiva . H owkoyéveia

T, ={G c X: T'a k&be X € G undpxet I éro0 wote D(X, 1) € G} = {G c X : G avo o wg mpog mv p}
elvat pua torodoyia oto X. Aégpe ot n 7, endyetat arnod v HETPIKI).

Opiopdg. 'Evag tormofoyicog yapog (X, T) Aéyetal Uetpicomomjouog av udp el LETPIKN p oto X T101a OTE
T = T, (6nAadn av n onofloyla endyetal ano pelpikn).

Hapadetypa (H tetpippévn torodoyia). 'Eote X éva ouvodo. H owkoyévela 7 = {0, X} eivar pa tonodoyia.
H .7 eivai n pikpotepn tornodoyia mou propei va éxet to X. Av to X €xel meploodtepa ano éva otoixeia, n
T Bev eival perpikonoinown. Ipaypat, ag vriobécoupe ot 7 = .7, yla KAnowa Peipiky) p. Ermdéyoupe
a,be Xpsa#bxai 0<r <p(ab). Téte o diokog D(a,r) sivar cuvodo avoixtd, pn Kevd Kat S1aPpopetikd
ard o X, daroro.

Hapadetypa (H Siaxpirty torodoyia). 'Eotw X éva ouvodo. H owkoyévela .7 = F(X) (6Aa ta untoolvoda tou
X) eivai pia tonodoyia. H 7 eivat n peyadutepn tornodoyia mou propei va €xet 1o X kat endystatl ano )
dlaxkpit) perpikn

0, avx=y

1, avx#y '

MKW={

Mapadewypa (H ouprneniepaopévn torodoyia). Eoww X éva ouvodo. H owkoyévewa
T ={G c X: X\ G nenepaopévo} U {0}

elvat pia tormodoyia oto X. Av to X eival menepacuévo, 16te n 7 eivar n Swakpirty Tomodoyia. Av to X
elval damepo 16te n 7 Bev eival petpikonojoran 816t Kabe 5uo |n Kevd avolxtd cuvola tépvoviatl (oe éva
HEIPIKO XMPO Pe Huo Touddy1oto onueia propovpe ravia va Bpoupe duo un kevd §Eva avoixtd cuvola).
Opiopdg. 'Eotw (X, .T) évag tonofoyidg xopog kar B C 7. H A Aéyetar faon yia mu T av kade avoryto
ovvoflo eivai évoon ouvdAwv me B, niadn yia kade G € T undpyovv Bj € 4,1 € |, této1a dote G = U Bi.
i€l
Osmpnpa.
(1) 'Eotw (X, 7)) évag tonofoyikdg xwpog kar B C 7. H P eivar Baon yia qu T av kair uovo av yia
rxade G € T rai kade X € G unapyel B € B téroi0 vote x € BC G.
(2) 'Eoto (X,.7) évag tonofoyikdg ywpog kat B C . wa Baon yia mu 7. 'Eva ovvoilo G C X eva
avoyto av kai uovo av yia kade X € G vnapyet B € B této10 woe x € B C G.

Anddeiln.
(1) () Eow G c X avoixtd xkat X € G. Apou n £ eivai Baon unapyxouv B € A, i € |, téroia wote
G= U Bi. Eropéveg unidpxet ip € | tétoo wote X € By, ¢ G.
iel
(&) Eotw G C X avoixto. Ané undbeon, yia kabe X € G undpyet By € A této10 wote X € By C G.
Enopéveg G = U By, 6nAabn to G eival évwon ouvodov g .

xeG
(2) (=) AxpiBog 6rwg to (=) tou (1).
(&) Eoww G C X éva ouvodo nou ikavorolel tnv unoBeon. Tdote yia kGBe X € G undpyet By € 4
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této010 wote X € By ¢ G. Apa G = U Bx. Ermopéveg to G eival avoixtd oav éveorn avorytwv

xeG
OUVOAQV.

IMapadeiypata.
(1) Ze xdBe torodoylkod Xwpo 1 i6ta n tortodoyia eivat pia Bdaon yila tyv tonodoyia.
(2) 'Eote (X, p) perpirog xopog. Ot 01koyéveleg
{D(x,r): xe X, r>0}, {D(x,1/n):xe X, ne N}

elvat Baoetg ya mv 7.
(3) Zto R pe ) ouvnBiopévn torodoyia (authv mou endyet  ouvnO1oPEV PETPIKT), Ol OIKOYEVEIEG

{(ab):abeR, a<b), {(p.g):p.qeQ, p<q}

elval Bdoeig (0Aa ta avoixtd draotrpata kat 6Ad ta avolXtd daotrpata pe pnd akpa).

(4) Z’(va 8iakpitd tornodoyikd xopo X (6ev 9a ypagpoupe (X, 7)) étav n tonodoyia evvoeital f§ étav
dev unapyel nepirtwon va v priepdéwoupe pe karola dAAn), n owoyeévela {{X} : X € X} (6Aa ta
povoouvola) eivat pia Baon.

Osopnpa. 'Eotw X va ovvofo kar B pa owkoygveia vnoovvojov v X. H A sivar faon yia kamoia
onofoyia oto X av kat uovo av:

(1) U B=X.

Be#A
(2) Ta kade By, By € & rai kade X € By N By undpyet Bs € & této10 wote X € By € B1 N Boy.

Andbeiln.
(=) Eote 611 nf # sivai Bdon yia kanota torodoyia. To X eivat avoiytd dpa unapyouv Bj € 4, i € |, tétoa
wote X = U Bi, emopévag X = U B. Topa, éotw By, By € % xar X € ByN By, To By N By eivat avowyto, dpa,

i€l Be#
artd o mponyounevo Sewpnua, urapyetl B € %3 tétoo wote X € Bz € B N Ba.

(&) ®étoune

T ={G c X : Ta xd&Be X € G unapyxel B € A téro10 vote X € B G}
Tote 1 7 eivatl pia tonodoyia n oroia éxetl Bdon v A. Mpaypar, sivat mpopavég 6t @ € .7 kat 6t n 7
elvat kAeiot) @g mpog 11§ evaoelg. To 6t X € 7 ouvendyetat and 1o (1). To 6t n J eival kKAe1otr) ©G P0G
T1g MEMePaopéveg Topég ouvendyetrat ano to (2). Tédog, 1o ot n & eival Bdon mpoxkurttet and 1o ot B C T
Kdl TO IPONyoupevo Sempnpa. O

Mapatrpnorn. Mia 01Koyévela urtoouvOA@v 1 oroia eival KAE10T] ©§ PO TIG MEMEPACHIEVEG TOPEG IKAVO-
notel autopdtwg ) Seutepn ouvbrKn oto mpornyoupevo Yewpnua (ya Bs maipvoupe to 1610 1o By N By).
Ermopéveg yia va edéysoupe av eival Bdon apkei va deioupe 6t ikavorotei povo v mpot. To avtiotpo-
@0, QUOIKA, Sev 1oxVel. Mua Bdon Sev elval kat’avaykn KAE10T) ®G PO TI§ Mernepaopéveg topég. Ta
napadeypa, oto R2, 1 topfy 6uo avoxtov diokev Sev eivat moté blokog (eXTOG KU'av 0 €vag MePLEXETAL OTOV
AAAo).

Mapadewypa. 2o R 1 owkoyévewa
{(-0,a):a€e R}U{(b,+0) : be R}

IKAVOTIOLEl TNV M@t addd ot ) dedtepr ouvOnKn TOU Tponyoupevou dewprjiatog, apa dev eival Bdon
yla kapia torodoyia.



Mapadewypa (H torodoyia tov apiotepd nuiavoiktev dtactnpdmev). o R n owkoyévela
{(a,b]:a,be R, a< b}

kavorotet 11§ 8uo ouvBrkeg TOU TpPonyounevou dewpnpatog, dpa eivar Bdon yia xdnola tormoloyia 7.
H .7 eivat yvriowa woxupdtepn aro ) ouvnBiopévn torodoyia 7,. Tpdypat yia kdbe avoxto Sidotpa
gxoupe

(a,b):[](a,b—%]eﬁ.

n=1

AnAadr) 6Aa ta avoiyxtd Stacthpata avirouv oty 7. AAAG KABe avolyté oUVoAo ©g MPOog TN ouvrOiouévn
tortodoyia etvat éveorn avoixtav Swaotpatev. Apa 7, C 7. Arvuyv dAAn, (a,b] ¢ 7, enopéveg 7, & T .

Osopnpa. 'Eote X éva ovvofo kat € pa avdaipe oukoyveia unoouvoiav tou X. Tote n otkoyéveia

n
%g:{ﬂck:cke%, k=1,....n, ne]N}U{X}
k=1

(0eg o1 memepaougveg 1opég ovvoAwv g €) elvar Baon yia pa tonofoyia oto X. H tonofoyia avtr) cupuo-
Aidetar pe 7 (€) xar eivar n wikpdtepn tomofoyia n onoia wepiéxet v €. H € ovoudletar unoGaon mg 7 (%)
Kair Aéue ou n € napayet v T (€).

Anobeln. Apou X € By, N By MpoPaveg IKAVOIIOLE v TIP®TH CUVOAKT TOU MPONYOUHEVOU denpnatog.
Eniong, n $B¢ civar khelou] ©g 1pog 11§ MENMEPAOHEVEG TOPEG, APA 1KAVOTOlEl Katl tn Seutepn ouvoOrKr.
Ernopéveg sivat Bdon yla karnoia torodoyia 7(%). 'Eote topa 7 pia ddAn torodoyia oto X tétoia dote
¢ C 7. KdBe ouvolo tng Ay eival nmenepaouévn topr] ouvod@v tng 4. Agou n .7 eival KA&10TH) ©g TIPOg
T1g Memepacyéveg oG, éxoune 6t By C 7. Twpa, kdbe ouvodo tng 7 (%) etvatl éveon cuvédev g By .
Enopéveg 7(%) € 7 616 n .7 eival xAelotf) @g MmMPog TG evooelg. Zuvenog n 7 (%) sival n pikpotepn
tomoAoyia mou mepiéxel tmy 6. O

Mapatnproctg.

(1) H 7 (%) anotedeital and 6Aeg Tig Suvatég evaoelg 0A@V TV SUVATOV MEMEPACHEVOV TOIMV OUVOAGY
g €.

(2) Av 1o X £xe1 481 karnoia tornoAoyia .7 e Baon B, e 1(B) =7(T) = 7.

(3) Mia 8s6opévn okoyévela 6 pmopei va punv eivai Bdon yla kamnoia torodoyia. Eivatl épeg nmavia
unoBdon tng 7 (%). Me autr) Tnv £évvola, KAOe 01KOyEvEla UTTOOUVOAGV «TAPAYEL 111a TOTIOAoyiar.

Mapadewypa. o R, n owkoyévela
{(—0,a) :a€ R}U{(b, +0) : be R}

napayet 1 ouvnOiopévn tortodoyia (aAAd dev eivatl Bdon ng). Opoiwg, n okoyeévela
{(-0,a] :a€ R} U {(b,+0) : b e R}

APAYEL TNV TOTI0AOYIA T®V AploTeEPd NPAVOIKTOV dtaotnpatev (aAAd dev eival Bdon tng).

Oplopdg. 'Eotw X tonofoyuog ywpog kat X € X. Mia owoyéveia B ano avoyta ovvoia Aéyetar Baon
TEPLOY OV TOU X, av:

(1) Ia kade B € B éyouue X € AB.
(2) Ta kade meproxn U tou X unapyer B € £ 12010 wote B c U.

IMapadeiypata.

(1) Zto R pe ) ouvnBiopévn tomodoyia n owkoyévela {(X — 1/n,x+ 1/n) : n € N} eivat pia Baon
TEPLOXWV TOU X.

(2) Zto R pe tnv tonoAoyia tev apiotepd nuidvorxtev Stactnpdtev n owkoyéveia {(X—1/n, X] : n € N}
elval pa Bdorn neploxedv tou X. H owkoyévela tou mponyoupevou napadeiypatog dev eivat Bdon
MEPIOXOV Kavevog onpeiou 81611, yia mapddeiypa, oto didotua (—o0, X], 1o omoio eivail mepioxn
tou X, dev mepiéxetal avoixto Siaotnpa pe KEvpo 1o X.
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2. KAsiwotétnta rat Ecotepiro
Opilopodg. 'Eva umoovvojfo evdg tomofoyikol ywpou Aéyetal KAEIOTO av 10 CUUTLANP®UA ToU glvat avotyto.

Mapatrpnon. H owkoyévela tov KAEIOTOV ouvod®v eival KAelot] @G 1pog tig (aubaipeteg) topég Kat tg
TEMEPUONEVES EVOOELG.
IMapadeiypata.
(1) Zto R pe m ouvnbiouévn tormodoyia, 1o (a,b] Sev eival oute avoixtd oute kAsiotd, to Z eival
KAe10TO, 61 avoiyto, kat 1o {1/n: n e N} dev eivat oUte avoixto oute KAE10TO.
(2) Zto R e myv tomodoyia tev apiotepd nuidvolytev diactnudtev, to (8, b] eivat avoiyté kat xAeioto,
xat ta Z, {1/n: n e N} eivat kAetotd, Xt avoiytd.
(3) X’ éva Siaxkpitd x®po, 0Aa ta ouvola eivat avolytd Kat KAeotd.
(4) ¥’ Xx®Opo pe 1 CUPIENeEPAOPEVT TOTTOAOYIA £va oUVOAO eival KAE10TO av KAl POVOo av eival menepa-
OREVO 1] KEVO 1] 0AOKANPOG O XMPOS.

Oplopdg. 'Eotw X tonofoyucdg ywpog kat A C X. H kiswotdmia tou A opiletar va givat

A=cA= ﬂ F.
cF

F xAsiot0

A
Ta onueia tou A Aéyovtar opraka onueia tou A.
IMapatnprosig.

(1) To A eivat to pikpdtepo KAe10tO unepouUvodo tou A kat eival, Quotkd, pn Kevo av to A eivat pn
KEVO.
(2) To A eivai xAeitoté av kat povo av A = A,

IMapadeiypata.
(1) Zto R pe mv tomoAoyia 1ov apiotepd nuidvolxtev dactnudtav, (a,b) = (a, b].
(2) Zto R pe mv oupneniepaopévn torodoyia, 7 = R.

Ocdpnpa. Eotw X tonofoymog yopoc, A C X, kai X € X. Tote X € A av kat puovo av yia kade nepioxr; U tou
X éxoupe U N A £ 0, éndadn o X eivat opraxo onueio tou A av kar povo av kade mepioxn tou X téuvet to A.

Anddeiln.
(=) Eow X € A kat urobétoupe 6t undpyet mepoxfy U tou X tétowa dote U NA = 0. Tote o X\ U
eivatl kAot kat AC X\ U. Apa Ac X\ U. I6waitepa, X ¢ U, droro.
(&) Eote 611 kdbe meproxm) Tou X tépvel 10 A xat ag urtofécouie 6t X ¢ A. Tote 1o X \ A eivat mepioxn
ou X. Apa AN (XN A) # 0, atoro Siout A C A

O

Osdpnpa. 'Eoww X wonofoyikog xyopog kat A, B ¢ X. Tote:
(1) AcB=ACB.
3) (AnB)c AnB.

Anddeiln.
(1) To E sivgl KA£10TO Kat repiéxet 1o A, dpa AcB. o
(2) To AU B sival xAeiotd kat mepigxet to AU B, dpa (AUB) ¢ AU B. A’ mv dAAn, 1o (1) &ivel
Ac (AUB) xat Bc (AU B). Enopéveag (AU B) > AU B.
(3) A6 1o (1) éxoupe (AN B) c Axat (AN B) c B. Apa (AN B)c ANB.

Mapatnproctg.
(1) To (2) oto mponyouuevo dedpnud, yevikd, dev 1oxvet yia drepeg evooelg. Ma mapaderypa oo R
e 1 ouvnBiopévn TortoAoyia

Jx=0D=109+01= [ ™.

O<x<1 O<x<1




(2) Zto (3) tou mponyoupevou Swprpatog, dev éxoupe yevikda wootta: oto R pe ) ouvnBiopévn
tortodoyia

O0.DN1L2)=0+{1)=01n(L2).
Opiopdg. 'Eva vrmoovvoo A evog tomofoyikov ywpou X Aéyetat mukvo av A=X.

Mapadetypa. To ) eivar mukvo oto R @g mipog ) ouvnBiopévn torodoyia Kat tnv tonoAoyia v aplotepd
NUIAvVoIXTeV §1a0TtpPAateVv.

Opiopdg. 'Eotw X tonofoyikdg xwpog kat A C X. To ecwtepuko tou A opiletar va givar

A° = intA = U G.
G avoyto

GcA

Ta onueia tou A° Aéyovtar eowtepucad onueia tou A.
Mapatnproctg.

(1) To A® elvatl To peyaAuTePO AvVOLXTO UTIOOUVOAO Tou A kat propel va eivatl kevo yia un revo A.
(2) To A eival avoiytd av kat povo av A = A°, 8ndadn av 0Aa ta onueia tou gival E0GTEPIKA.
(3) 'Eva X € X eivatl eomtepiko onueio tou A av kat povo av unapyet nieptoxr] U tou X térola oote

UcA
Mapadeiypata.
(1) Zto R pe mv torodoyia tov apiotepd nuidvorxtev dactnudtaev, [a, b]° = (a, b).
(2) Zto R pe mv oupnenepaopévn tonodoyia, [a, b]° = 0.
Ocopnpa. 'Eotw X tonofoyikog yopog kai A, B C X. Tote:

(1) AcB= A° c B°.
(2) (AN B)°=A>NDB".
(38) (AuB)° > AU DB".

Anddeiln.

(1) To A® eival avoixté uroouvodo tou B, dpa A° C B°.

(2) To A° N B° eivat avoixtd unoouvoro tou AN B, dpa A° N B° c (AN B)°. Emiong, amnd to (1),
(AN B)° c A’ xa1 (AN B)° c B?, emopévag (AN B)° c A° N B°.

(8) To (1) &iver A° c (AU B)° xat1 B° c (AU B)°. ‘Apa A° U B° c (AU B)°.

Mapatnproctg.

(1) To (2) oto mponyoupevo Jedpnua, yevikd, dev 1oxvet yia drnelpeg topég. Na mapdadeypa oto R
He 1 ouvnBiopévr TortoAoyia

[ﬂ(—x, x)] ={0)°=0=+ {0} = ﬂ(—x, X)°.

x>0 x>0
(2) Zto (3) tou mponyoupevou Swprpatog, dev éxoupe yevikd wootta: oto R pe ) ouvnbiopévn
tortoAoyia
([0,1]U[L1,2])°=(0,2) # (0, 1)U (1,2) =[0,1]° U [1, 2]°.
Osopnpa. 'Eotw X tonofoyikog ywpog kat A C X. Tote:

(D X\A:X\A°._
(2) (XNA)° =XNA

Andbeiln.

(1) To X \ A° eivar kAelot6 xat repiéxet 0 X \ A, dpa X\ A c X \ A°. 'Eotw wpa X ¢ A°. Tote yia
xdBe meproxry U tou X éxoupe U ¢ A, 1o omoio onuaiver 6u U N (XN A) # 0. Apa X € X\ A,
SnAadn X\ A° ¢ X\ A.

(2) Egpapuodoupe to (1) pe to X \ A ot 9¢on tou A xat maipvoupe cuprminpopata otr oXEoT) Tou
MPOKUTTTEL.

O



Oplopog. 'Eotw X tonofoyucdg xwpog, A C X, kar X € X. To X Aéyetar onueio ovoowpeuvong tou A av yia kdade
nepoxn U tou X époupue AN U N\ {X} # 0, niabn av kade mepioxn ou X nepiéyer onueia wou A Srapopetikad
ano o X. To ovvoflo v onueiov oucowpevong tou A ovoudletar tapcdywyo ovvoflo tou A kat oupbofiletat
ue A'. 'Eva onueio tou A 1o onoio Sev givat onueio oucowpeuong Agyetat LEPOVOUEVO.

Hapatfpnon. [Ipopavog kaBe onueio cucowpeuong evog ouvolou eival oplako onueio. To avtiotpopo
@uotkd Sev woxvet. Ta napdderypa oto R pe ) ouvnOlopévn torodoyia, 7’ = 0.

Mapadewypa. 1o R pe v tornodoyia teov apiotepd npuiavolytov diactpdmev, 1o a dev eivatl onpeio ouo-
owpeuong tou dractruatog [a, b], eve to b etvar (oe avtiBeon pe tn cuvnBionévn Tonoloyia, otnv ornota xkat
ta 600 dkpa KABe TUIOU H1A0TPATOG €ival ONpEid CUCOOPEUOTG).

Ochpnpa. 'Eotw X tonofoyucés yopoc kat A C X. Tore A= AUA.

Anodeifn. KaBe onpeio oucsomdpeuong eivat optaké onueio, dpa AUA’ C A. Avtiotpoga, éoto X € A. Av X € A
tote tedeiwoape. 'Eowe dordv ou X ¢ A. Tote yia kabe nieproyr) U tou X éxoupe ou n topry U N A eivar pn
revh] (a@ou 1o X elvat opiakd onpeio) kat dev mepiéxet 1o X (apou X ¢ A). Enopévag U NAN{X} = UNA %0,
10 oroio onuaivel 6t X € A'. m]



3. TuykrAwon

Oplopdg. 'Eotw X tonofoyudg yapog, X, € X, N € N, ua axofoudia, kai X € X. Aéue ot n X, ovykilivet oto
X Kat ypagouue Xn — X, av yia kade neptoxn U tou X, undpyet Ny téroto wote Xy € U yia kade n > np.

Mapatnproctg.

(1) 2’ éva perpikd X®POo, 0 TIPONYOoUHEVOS OPLOIOG CUNITIITIEL PIE TOV YVOOTO OPLOH0 TG OUYKALONG.

(2) Av 0’ éva ouvolo €xoupe Suo TOTOAOYieG, N Pia 1W0XUPOTEPN TG AAANG, T0Te OUYKALON ®G TIPOG TNV
1oxUpr) tortodoyia cuvendyetat oUyKALonN ®G 1pog v acBevr) torodoyia.

(3) £’ éva yeviko TOmoAoylko X®po, pia akodoubia pmopel va ouykAivel oe meploocotepa amod eva
onpeia. MNa napddetypa, oo N pe v cuprneniepaocpévn tortodoyia, n akodoubia X, = N ouyxAivel
oe KGBe @uoko apBpo. Ilpdypatt, éotw U pia meploxn oroloudfmote puotkou apibuou. To
ouvodo N\ U eivat menepaopévo, apa undpyet Ny tétoto wote {Ng, Ng+1,Ng+2,...} € U. Eropévag
Xn = N e U yia kabe N > ng.

IMapadeiypata.

(1) Ze xkdBe TOMOAOYIKO XOPO, Pia TeAKa otabepr] akoAoubia ouykAivel (teAdika otabepr) onuaivet 6t
undpxouv X kAt Np T€Tola Oote X, = X yia kabe N > Ng).

(2) 2’ éva dakptd xopo, pia akodoubia ouykAivelr av kal povo av eivat tedika otabepry Sidt 1a
HOVOooUVOoAa eival mePLOXES.

(3) Ztov tetpiapévo TormoAoyiko Xdpo, kKaBe akodoubia ouykAivel oe kaBe onpeio 616t 1 povadiky
reployxr] orotoudote onpueiou eival 0AOKANPOG 0 X®OPOS.

(4) Zto R pe tnv torodoyia t@v aplotepd NUIavolXtov dtaotnudtev r akodoubia 1/n dev ouykAivet.
Tpayuatt, av ouvékAive 9a €nperte va ouykAivel oto 0 81611 1) torodoyia tov aplotepd NuIAvoIK TV
dlaotnudtev eivat woxupotepn g ouvnOiopévng. AAAG autd eivat aduvato adou n akodoubia
arogeuyet £§’ 0AokAfpou v nieptoxy) (—oo, 0].

¥’ éva YEVIKO TOTIOAOYIKO X®WPO, Ol aKOA0UBieg PIIMopel va Jnv eNApKOUV yid va MEPLyPAYouV fid oelpd
aro €VVoleg Y1a TIG OIOieg OTtnVv MEPIMI®OT evOg PEIPIKOU XWPOU gival §1a6£01110G 1KAVOTIOUTIKOG AKOAOU-
dwakog xapaxkmpopog. Ta napadetypa, vnidpyet évag torodoyikog xopog X, éva ouvodo A C X, kat éva
X € A, étol dote kapia akodouBia onpeiov tou A 8ev ouyklivel oto X (av Sev yvapilete 9ewpia ouvorev
ayvonote autnv v napévbeon. 'Eote wi 0 mpotog unepaplOunoiog §1ataktikog aptdpog. Lo oUvoAo
X = [0, w1] 9=wpovne v tomodoyia n oroia £xel yia Bdon 6Aa ta Sractiupata g popdng (£, €], omnou
{ < & < wp (pati pe 1o {0)). @ttoupe A = [0, w;). Tote A = X. AMAG 10 supremum ornoac8AHIote aKo-
Aoubiag apBunopey datakukoOv apldpav sival aptBpfioipog drataktikog aptbuog, eropévag Sev urtapyet
akolouBia oto A 1 oroia va cuykAivel oto wi). To npdBAnpa autd prnopei va Tenepaotei yevikevoviag v
évvola g akoAouBiag. Autd Sa yivel PE€oK TV MAPAKATE OPLOH®V.

Oplopdg. 'Eva npobiatetayusvo ovvofo givar éva Levyapt (A, <) émou A givar éva ovvojo kar < pia siueing
oxéon oto A térola wote:

e 1< Ayarade A € A (avtonadeia).
o [narade A,u,v €N, avd <y karyu < v 10te 1 L v (uetabarukomia).

Hapadetypa. 1o ouvoro € tov piyadikov apiBpov opidoune Z < W av kat povo av |7 < [wW. Tote to (C, <)
etval ipodiatetaypévo.

Opiopdg. 'Eva katevduvduevo ovvofo eivar éva mpobiatetaypévo ovvofo (A, X) tétowo wote yia kade
A1, A2 € A, untdpyer A3 € A t€1010 ddote Ay < A3 kat A < A3.

IMapadeiypata.

(1) To (N, <), 6mou < eivat n ouvnBilopévn didtadn, sival kateuBuvdpevo ouvoro: av yia Nz, Ny € N
9¢ooupe Nz = max{ng, Nz} téte N < N3 kat Ny < N3.

(2) 'Eotw X torodoyikog Xopog, X € X xdroilo onueio, kat HBy pia Bdon mneploxmv tou X. Tote 1o
(Px, D) eivar xateubuvopevo. Mpaypat, av By, By € %y téte 1o By N By eival meptoxny tou X, dpa
unapyetl B € %y tétoo wote Bz € B N By, AnAadry Bs € By xat B3 C Bo.

Opiopdg. 'Eotw X éva ovvofo, kat (A, X) éva katevduvduevo ovvofo. Mia ovvapmon X @ A — X déyeta
Siktuo oto X. Tpapouue X, avti X(1) kar gavialduacte 10 X, oav 1ov «1-001d» dpo 10U Siktlou.

IIapatnprosig.
(1) Mia akodouBia sival e181k1) niepimtwon diktvou, érou (A, <) = (N, <).
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(2) Ze pia akoAouBia Xy ot deikteg, SnAadn o1 puowkoi apiBpol, eival ouykpiowyiot: 10 Xg eivatl «petar
TO X1 Kdl «ITP1V» TO X10.
X1 X4 X10

00— @

Ze éva diktuo Xy, 4 € A, 10 povo rou §Epoupe eivat ot yla Kabe U0 6poug Xy, , Xy, UTIAPXEL KATTO10G
1pitog 6pog X;, 0 ormoiog eivatl quetdr amno toug Xy, Kat X;,. Ot deikteg A1 Kat A propei, kKaAdiora,
va pnv eivat petagu toug ouykpiolpot. T'a mapadeypa, av apoupe (A, <) = (Z(N), ©), 61 0
0pOG X(1,35) elvatl «aipiv» 1oV 6po XN Kdl «HIETA» TOUG OPOUG X35 KAl X1, AAAd o X(q Sev eivat oute
«IP1V» OUTE «HETA» TOV X(35).

X1

X(1,3,5) XN

X(35)

(3) Ze éva biktuo Sev €xel yevikd vonpua va HIANCOUME Yid TOV «EMTOHPEVO» 1] TOV «IIPONYOUHEVO» EVOG
opou. Ta mapdderyna, oto diktwo X3 = sing, g € Q. ormou o Q éxel ) ouvnOopévy Siatadn,
Kavévag 0pog Sev €xel OUTE EMTOPEVO, OUTE MPONYOUNEVO, TTAPdA TO OTl 0Aotl ot deikteg, SnAadn) ot
pntoi apiBpoti, eivat petady toug cuykpiopot.

Opiopdg. 'Eotw X tonofoyikog xwpog, X3 € X, 1 € A, éva diktvo, kai X € X. Aéue ou 1o Xy ovykiiver oto X
Kat yoapouue X; — X, av yia kade neproxn U wou X, undpyet Ag téroto wote Xy € U yia kade A = Ag.
IMapatnprosig.

(1) Av HBy eival pia Bdon neploxmv tou X, tote X; — X av kat pévo av ya kébe U € By unapyet Ao
této10 oote X € U ya xébe A > Ag.

(2) TIpooédte ) drapopd avdapeoa otov 0plopo g ouykAivouoag akolouBiag Kat Tou oUyKAIvVOvVTog
diktuou. O akoAoublarog oplopog eival 1006Uvapog pe 10 0Tt yia KABe TePLoyr) Tou X T0 TOAU
nenepaopévo mAnbog dpwv g axkodoubiag Ppiokovial £ amd v reploxr, 610t to oUvodo
{n € N : n < np} eivar menepaopévo. v mepinuoon evog Siktuou Hev Popoupe, YeEVIKA, va
roupe KAt yia 1o ouvodo {d € A 1 A # Ap}. 'Etot ev anoxAeietal va éXoupe Arneipoug 0poug tou
Bd1ktUoU £5m armd kAo TIEPLOXT] TOU X.

IMapadeiypata.
(1) Zto R pe ) ouvnBiopévn torodoyia, dewpoupe to Siktuo X, I € Z (o Z €xel i ouvnOiopévn

81atagn), orou
{r, avr<0
X = .
1/r, avr>0
Tote X — 0. Iapa tavta, arepot 6pot tou Siktvou Bpiokoviat €§m anod KaOe epaypévn meploxr)
tou 0. Erdong 1o 8iktuo autd, av kat ocuykAivel, Sev eival ppaypévo. Av topa, pe aubaipeto
TPOMo, avadlatd§oupe toug OPOUg TOU SIKTUOU MOTE va To ypdwoupe oav akolouBia, dnladn
{X 11 €Z}={yn: ne N}, tote n Yy 8ev ouyxAiver yiati Sev eivar ppaypévr.
(2) Zto R pe ) ouvnBiopévn torodoyia, Sempoupe 10 Siktuo X3 = &, a € R (to R €xet ) ouvnBiopévn
81atadn). Tote 1o Xy Hev ouykAivel oe Kavéva mpaypatko aptdpd. Qg rmpog tr) CUPIENEPAOHEVT)
torodoyia, 10 Xz ouykAivel oe KAOe rpaypatiko aptdpo.

Ocdpnpa. ‘Eotw X wonofoyoc xapog, A C X, kai X € X. Tote X € A av kai uévo av vrapyet Siktvo X, € A,
A € A, téro10 wote X; — X.

Anddeiln.

(=) Eotww (., D) n oikoyévela OAGV TV TIEPLOXOV TOU X P oxéon diatadng to avriotpogo niepiéxeodat,
8nAadn U <V av kat pévo av U o V. To (4, D) sival kateubuvopevo yiati av U kat V eivai Guo
rieptoxég tou X t6te n U NV egivat meproxry tou X ket U NV c U, U NV C V. Agou X € A, éxoune
ou yia xabe U € A4 unapxer Xy € AN U. Tote 1o Siktuo Xy, U € A7, ouykdivel oto X. Tlpdypat
av W eivai tuxouoa mieploxr tou X, 16te yia kabe U € A pe U € W éxoupe Xy € U c W.
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() Eow X3 € A, A € A, éva 8iktuo oto A 1010 Gote X; — X. Oa deifoupe 61 X € A, 'Eote doutév U
Ha rieproxn) tou X. Tdte undpxet Ag € A této10 Hote Xy, € U. Andadn X3, € ANU, apa U NA £ 0,
eropévag X € A

O
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4. Tuvéyxela

Opiopdg. 'Eotw X, Y tonofoyucoi yapor, f 1 X = Y pa ovvaptnon, kat X € X. H f Aéyetar ouvexri¢ oto X av
yia kade nepoxn; V C Y tou f(X) urdpyet mepoyn U C X tou X térowa wote f(U) c V. Avn f elvai ovveyric
oe kade onueio tou X t0te féyetar ouvexmg.

Y

IMapadeiypata.

(1) Kabe otabepr) ouvaptnor, avapeoa oe Huo TuXOVIeg TOITOAOYIKOUG XDPOUG, eival ouvexng.
(2) Kdabe ouvaptnon pe niedio oplopou éva §1akpitd X@po eival ouvexng.

@sdpnpa. 'Eotw X, Y torofoyikot yapor, f : X = Y wa ovvdpmon, kai X € X. H f eivar ouveyric oto X av
Kat povo av yia kade diktvo X3 € X, A € A, ue X3 — X, gpouvpe f(x3) = f(X).

Anddeiln.

(=) Eow x; € X, 1 € A, éva dixtuo ne X; — X, xat V pa nieproxny tou f(X). Apou n f eival ouvexnig
oto X, urtdpyet meproxn) U tou X téroia oote f(U) C V. Agou 1o X; ouykrAivet oto X. Yrapyet g € A
této10 ote Xy € U yia kaBe A = Ag. Enopéveg (X)) € f(U) c V yia kabe A > Ao.

(&) Eow 6t n f 6ev eival ouvexnig oto X. Tote undapyxet mepoxny V tou f(X) tétowa dote yia xkdbe
rieproxty U tou X éxoupe f(U) ¢ V. Enopévag yia kdbe neploxn U tou X unidpyel Xy € U tétoo
oote f(Xy) € V. Eote tpa A4 n okoyévela 6A@v TV MePLOX®V TOU X dlatetaypévn 1 ) ox£on
ToU avtiotpodou mepiéxeobat. Tote 1o Siktuo Xy, U € A, ouykdivel oto X, dpa and undbeon
f(xy) = f(X). Enopévag unidpxet Ug € A tétoro oote f(xy,) € V, atoro.

O

@sopnpa. Eoto f : X — Y wa ovvapmon avdaueoa oe 6vo tomofoyikots yapoug. Ta axdiovda eivar
wobvvaya.

(1) H f eivai ovveyrg.

(2) Ia kade G C Y avoiyto, 1o f’l(G) glvat avolyo.
(3) I'a kade F C Y rkAsio16, 10 f_l(F) elvar KA10TO.
(4) I'axads Ac A, f (ﬂ) - m

Andbeiln.

(1) = (2) Apkel va 8eifoune 6u kaBe onueio ou f(G) eivar eowtepkd. ‘Eotw Adowdv X € f1(G). Tote
f(X) € G, dpa 10 G eivar mepoxn tou f(X), emopévag undpxel nepoxy U tou X tétowa wote
f(U) ¢ G, and 1o onoio ouvendyetat 6 U ¢ f-1(f(U)) c f1(G).

(2) = (1) Eow x € X xat V pia neploxn) ou f(X). And unébeon, o U = f71(V) eival avoixto, apa sivai
rieploxn) tou X. AAAG f(U) = f(f1(V)) c V.

(2) = (3) Eow F C Y xAewotd. Tote 10 Y \ F givar avowxtd, dpa arné vnidbeon to F1(Y N F) = X\ f1(F)
elvat avoixtd, eropévag to f1(F) eivar kAeioto.

(3) = (2) TeAeing avddoya pe T0 IPONYOUNEVO.
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(3) = (4) To f(A) eivar xkAewotd dpa. andé unédeon, o 1 (m) gival kAewoto. Emiong, A ¢ 1 (m)
Eropévog Ac f1 (m) Tuvenog f (ﬂ) cf (f’l (m)) c f(A).

(4) = (3) Eotw F C Y xAewotd. Amnoé umobeon éxoupe f(f‘l(F)) c f(f-X(F)) ¢ F = F. Enopévag
f-1(F) c f1(F). dpa o f71(F) eivar xAeiot0.

Mapatnproctg.
(1) H ouvenayeyn (2) = (1) s§akodoubei va 1oxvet av avti g avtiotpopng £1k6vag Kabe avoiytou

ouvodou, rapoupe Vv avtiotpodr elkova Kabe ocuvodou piag Baong yia v torodoyia tou Y.
(2) H ouvBeon ouvexmv ouvaptroemv eival OUVEXHS:

X1 = x= () = f(x) = g(f(x1) — 9(f(x)).

Hapadetypa. 'Eoto .7 1 tonodoyia t@v aplotepd nuiavoixtov diaotnpdtev oto R. @swpolpe g ouvapty-
oeg f,9: (R, .7) - R (to medio tipedv €xet ) ouvnOiopévn tornoAoyia), pe TUMOUG

F(x) = 0, avx<O () = 0, avx<O0
a 1, avx>0 99 = 1, avx=>0"

Tote 1 T etvat ouvexrg 6161 1 avtiotpogn eikéva ormotoudrmote cuvodou eivai to 0, 1 to R, 1 10 (0, +0), 1 T0
(=0, 0Q]. 'OAa autd ta cuvola etvat avorytd. H g Sev eival ouveyxrg 616T1  aviiotpodn e1kéva omo1oudnote
avoiytou Sraotrpatog reptéxel 1o 1 addd 6t to 0 eival o pn avoixtd ouvodo [0, +00). duocikd, kapia amd
11§ duo ouvaptroelg dev elval oUVeEXNG WG MPOG T ouvnO1olEvn ToTtoAoyia.

Opiopdg. 'Eotw X, Y wornofoyikoi xwpor kar f : X — Y wa avuoréwyun (1-1 kar eni) ovvapmon. H f
Aéyetar opoopop@opog av givatr ovvexng Kat exel ovvexn avtiopo@n. Av pueralt Suo 1omoAoYIKOU XOPU
UTLAP X EL OUOIOUOPPLOUOG, TOTE Ol X WPOL JEyovtal OUOLOUOP PUKOL.
Osopnpa. Eoto f 1 X = Y wa avuopéypun ovvapmon avdaueoa oe dvo tonofoyucovg ywpouvg. Ta aro-
Aouvda eivar wobvvaya.

(1) H f eivar opoopoppioudg.

(2) H f eivar ovvexri¢ kat yia kade G C X avoyyto, 1o f(G) eivar avoryto.
(8) H f eivar ouvexri¢ kat yia kade F C X kiewod, 1o f(F) eivar keioto.
)

(4) T'axade AcC X, f(ﬂ)=m

Andbeiln.

(D e (2 Hf1:Y —= Xeival ouvexig av kat povo yia kabe G ¢ X avoixtd, 1o (f1)G) = f(G) sivar
avoryto.

(2) = (3) 'Eotw F ¢ X xAetotd. Tote 1o X \ F etvar avoiytd, dpa amnd undbeon 1o F(X N F) = Y \ f(F) etvar
avoiyto, eropévag 1o f(F) sival kAeioto.

(3) = (2) TeAeing avddoya pe 10 IPONYOUHEVO.

(3) = (4) And undbeon 1O f(ﬂ) eival kAeot6. Emiong f(A) C f(ﬂ) Apa f(A) f(ﬂ) AN n T oeivan
ouVveEXNG, EMOPEVROG, ATO TO MTPONyounevo Sempnpd, m o f (K) Zuvenmng m =f (K)

(4) = (3) Eoww F c X xAsiot6. Tote f(F) = f (E) = f(F). Apa 1 f(F) eivat kAeiot6. Emiong, f (K) c f(A)
yia kdbe A C X, dpa n f eivat cuvexng ano to mponyounevo Seopnpua.

O

IMapadeiypata.

(1) Auvo apiBpnfopotl S1akpitol XMPEOt eival OO0 PoPPIKOL.

(2) Zto R, 1 tomodoyia 7 te@v apiotepd nuidvoixtev Stactnpdrev Sev eival opolopopeIkY pe v
ouvnBiopévn tonodoyia. Ipdypat, av urtpxe opotopopeiopdg f 1 (R, 7) - R tote 1o f((a, b))
9a frav pn kevo, drapopetiko arod to R, avoiyto kat kAelotd (@G ripog tn ouvnOiopévn torodoyia).
Auto eival atorno.

Mapatrpnon. Mia 1516tta Aéyetal tornodoyikn av Statpeital and kdbe opotopopdpiopo. 'Etot Suo opoto-
HOpdIKOl X®POot €X0ouv TG 161G TOITOAOYIKEG 1810TNTEG, KAl EMOPEVROG ATTO AUTH TV Aroyn toug tautioupe.
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5. H Zxetikrn TonolAoyia rat nj TonoAoyia I'tvopevo

Opiopdg. 'Eotw (X, T) tonofoyikdg yaopog kar Y C X. H ouoyeveia 4y = {GNY : G € T} eivar npopavag
wa tonofoyia oto Y. H 95 ovopaletar oxetucr) torofoyia tou Y (w¢ mpog v ).

Ta ouvoda tng Jy 9a ta Aépe avoiytd oto Y. Opoing kat pe 1ig dAAeg Tomodoyikég évvoieg. TMa napadsiypa,
9a piddpe yia v ®Astotdtnta evog ouvodou A C Y og pog T oXetikt) torodoyia kat 9a ypagpoupe ¢l y(A),
K.T.A. ‘'Otav Aépe amog «avoixtdr, «kKAE0To», K.T.A. X®PIg KArolov aAdo rpoodiopiopd, 9a evvooupe wg
POG TNV ToroAoyia oA6rAnpou tou X.
IMapatnprosig.
(1) ®a éAeye kaveig OTL 0 AOYIKOTEPOG TPOTIOG va 0pioetl Kaveig pia torodoyia oto Y eival va Sewprioet
v owoyévela {G € .7 : G C Y}. To mpoBAnua sivat étt av 1o Y ev etval avoiyto tote n o1koyévela
auty Sev eivatl tortodoyia. MdAiota eivatl Suvato va aroteAeital povo arod 10 Kevo oUVOAO.
(2) H oxeukn toriodoyia eival n pikpotepn torodoyia oto Y @G rpog tv oroid 1) TaUToTIKY| Aretkovior)
¢ :Y > X, o(y) =Y, elvai cuvexnig. Autdg eival 0 Adyog yia Tov omoio n oxetikt) tornoloyia opiotnke
e tov Tporto Tou opiotnke. H ouvéxela g ¢ elval n @uoloAoylKOTEPT Anaitnorn mov Propet va
éxel kaveig anod pa torodoyia oto Y ) oroia eivat «oupBatr) pe tv tortoAoyia 0AorAnpou tou X.

IMapadeiypata.

(1) Zto R e ) ouvnBiopévn torodoyia Séroupe Y = [0, 1] U {2}. Téte ta ouvolra [0, 1/2) xat {2} sivar
avoixta oto Y (adAd oxt o oAdrAnpo to R).

(2) Zto R? pe ) ouvnBiopév torodoyia 9ttoupe Y = R x {0}. Téte to ouvodo (0, 1) x {0} eivar avorytd
oto Y. Mapamprote éu kavéva urootvodo tou Y dev elvar avorxto oo R? (o Y eivar pa subeia
ypapnury). To onueio {(0, 0)} ev avorxtd oto Y 61611 kavévag avorxtog diokog dev pmopei va tépvet
pia gubeia o’ éva povoouvodo.

Osopnpa. 'Eotw X tonofoyikog ywpog kar Y C X. Tote:

(1) Av Z eivar ua Baon (avtiotoyya vro6aon) yia t torofoyia tou X te 1 ocoyévera {BNY : B € A}
eivar wa Baon (avtiotoya vrto6aon) yia ) oxewxr tonofoyia ou Y.

(2) 'Eva ovvoio A C Y eivat kieioto oo Y av kat uovo av vrapyet F C X kieioto téroo wote A= FNY.

(3) Av oY givar avoiyto (avtiotorya kAgioto), 1ote éva ovvojo A C Y elvar avoiyto (avtiotoya Kieiotd)
oto Y av kat uovo elvar avoryto (avtiotoyya KA010).

(4) 'Eocww Yy, €Y éva diktvo owo Y, kary € Y. Tote Y, — Y ¢ mpog ) oxetky tonofoyia, av kat puovo
avy,; =Y.

(5) AvAcY, wecly(A) =Yncl (A katinty(A) D Y nint(A).

(6) Av Z givar karowg difog torofoyucds yapos kar f @ X — Z wa ovvexrigc ovvapnon, e o
nepiopioucg fly 1 Y = Z eivai ovveyrig.

Anddeiln.

(1) 'Eotw A C Y avoixtd oto Y. Tote untdpxelt G € X avoiryto tétoo wote A= GN Y. Apou n & sivar
Bdon untdpyouv By € A, i € 1, téroia wote G = | Jig Bi. AAAG 1612 A = i BiN'Y. Opoiwg yia v
urtoBaor.

(2) Av 1o A eival kAe10t6 oto Y 10t 10 Y \ A gival avoiyto oto Y, dpa undpxert G € X avoixto tétoio
oote YNA=GNY, eopévag A= (XN G)NY pe X\ G xAetotd. Avtiotpopa, av A= FNY ya
xamnowo F xAeioto, téte YN A= (XN F)NY e X\ F avoixts. Apa 1o Y \ A eivat avoiyté oto Y,
eropévag to A eivat kAgiotod oto Y.

15



(3) 'Eote 6t 10 Y eival avoiytd. Av topa 1o A givat avoixto oto Y tote A = GNY yia karowo G avoiyto.
‘Apa xat o A eival avoiXto @g topr 8uo avorXtdv ouvodev. Avtiotpoga, av to A givat avoixto tote
ypdpoupe A = ANY kat ouprnepaivoupe 6t to A elvat avoiyxtd oto Y arnd tov optopd g OXEUKLG
tortodoyiag. Opoieg yia ta KAeiotd.

(4) 'Eow o6t Y, — Y @G mpog tr) oXetkr tortodoyia, kat éotw U pia nepoyxn tou y. HU NY eivar
TIEPLOXT) TOU Y @G MPOG Tr) OXETIKN TOTIoAOyid, apa urtdpxet Ag tétoo wote Y, € UNY C U yia kabe
A = Ao. Enopévag Y, — Y. Avtiotpoga, £€0te ot Y, — VY, kat €0te A pid meployn tou Y oG rpog
1 oyeuxr) torodoyia. Tote A = V N'Y yua kanowa nieproyr) V tou Y. Agpou to Siktuo ouykAivet
unapyet dp tétoo wote Y, € V yia kabe A > dp. AN 1o diktuo Bpioketat oo Y, dpay, e VNY = A
yia kébe A > Ap, 1o oroio onpaivel 6t Y, — Y ®@G 1pog ) OXETIKY toroAoyia.

(5) Eotay € ¢l y(A) C Y. Téte unidpyet dixtuo Y, € A této10 ®ote Y — Y ©G IPOG TN OXETIKT TOoroAoyia.
Tote, and 1o (4), éxoupe ot Y, — Y, apa 'y € Y Ncl (A). Avtiotpoga, é¢ot@ Y € Y N ¢l (A). Tote
unapyet ikruo Y, € A tétoo wote Y, — Y. Apou Y € Y, amnd 1o (4) ouverndyetat ot Y, — Y ©g 1pog
N OXeTiKY) toroAoyia, dpa 'y € cl y(A).

"Eoto tapa y € YNint (A). Téte undpyet meproxry U tou Y tétoia vote U € AL AAdG toteto UNY
elval pia meptoxn) 10U Y ©g Pog Tn OXETIKY TomoAoyia n ormoia mepiéxetatl oto A. Apa y € inty(A).

(6) Eotw Y, € Y éva &iktuo oto Y této10 ®ote, yia karow Y € Y, éxoupe Y, — Y @G pog T OXe-
Tikt) TomoAoyia. Toéte amod to (4), Yo — Y. Agpou n f eivar ocuvexng, éxoune f(y,) — f(y), dpa
flv(y) — flv(y). Emopévag n fly eivat ouvexrg.

O

Mapatipnon. Z1o (5) tou mponyoupevou Jewmpruatog yevika exoupe inty(A) # YNint (A). Ta napddetyna,
oto R pe ) ouvnBiopévn tomodoyia, intz({1}) = {1}, aAda int({1}) = 0.

®a oplooUlE TOPA J11d PUOLOAOYIKI] TOMOAOYIA OTO KAPTECIAVO YIVOHEVO 11AG OIKOYEVELAS TOTIOAOYIKMV
XOPGV.
Opiopdg. 'Eotw X, i € |, wa owwoyéveia tonofoyukav yopov. INa kade | € | ewpovue tig mpoGoaeg

o[ [ X% =X P =x(),
iel
Kat 9étovue
C = {pfl(Gi) . Gj C Xi avowyto, 1€ |}

H tonoAoyia nou napdyetl n oucoyeveia € ovouddetar tonofoyia ywouevo oto [ g X.

Mapatnproctg.
(1) H tormoAoyia ywopevo eivatl np pikpotepn torodoyia oto [[ig Xi @g mpog trv oroia ot ripoBoAég
eivat ouveyxeig.
(2) Mua Bdon yia v torodoyia yivopevo eival 1 01KOyEveld OA®V TV OUVOA®V TG Hopdng

n
ﬂ pil(Gik), G, C X, avoixto, ii,...,ikel, ne N,
k=1

8nAadr) 6Aeg o1 nenepaopéveg topég ouvodav tng % . looduvapa, pia Baon anotedeital ano 6Aa ta
ouvolda mg popdrs [lig Gi, érou ta Gi C X eivar avoixta xat Gj # X yia 10 oAy menepacpévo
mAnoog i.

(3) Av ripoupie P MEMEPACHEVT OIKOYEVELA TOTIOAOYIKOV XWOP®V X1, X2, . . ., Xy 10Te pia Baon ya v
tortodoyia yivopevo oto Xi X - - - X Xy, eivatl 6Aa ta «opboyoviar G1 X - - - X G, orou ta Gk € X givat
avolytd. Auto TPOKUIITEL ATTO T OXEO0T)

n n
[ ]6c=rG0.
k=1 k=1

(4) Av o G C []jg X elvar avoixto tote o pj(G) eivar avoixto yia xabe j.
(5) H rpoBoAn evog kKAe1otoU ouvoAou dev eival Kat’ avaykn KAe1oto ouvodo. T'a napadetypa oto R?,
10 ouvodo F = {(X, 1/X) : X > 0} eivat xkAeioto, adrd p1(F) = p2(F) = (0, +c0).

Mapadeiypata.

(1) H toroAoyia ywonevo oto R" tautiletat pe m ouvnOiopévn tomoloyia mou endyet n Euxleideia
HEIPIKT. AUTO MPOKUITIEL A0 T0 OTl PEoa oe KABe avolytr] urdla priopoupe va Bpoupe évav
avoiyto KuBo pe 1o 1610 KEVIpo, Kal avilotpodp®s.
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(2) Zto R" pe v toroAoyia ywvépevo, To oUVOAo

ﬁ(O,l) =(0,1)"=(0,1) x --- x (0, 2)

k=1

N napayovieg

elvatl avoixto (oav ouvodo tng Bdorng).
(3) o RN pe v tortoAoyia yivopevo, 1o oUvoAo

A=[]0.2)=01"=01x(01)x-
n=1
AEN eivat avoixto. Zinv rpaypauxkotna A° = 0. Av to A eixe pn Kevo eomtepiko, tote 9a unrjpxav
i1,...,in € N xat avotyta ouvoda Gj,,...,Gj, € R éwot vote

n
(PG c A
k=1
EmAéyoupe topa me N \ iy, ..., in}. Tote
n
IR‘ = pm [ﬂ pil(le)] c pm(A) = (O, 1)’
k=1

atorto. evikotepa, 0’ éva KAPTECIAVO YIVOUEVO € AMELPOUG rapdyovieg, Eva 0pBoydvio, TUriKa
Sev elval avoiytd ouvolo.

(4) Av 10 {0, 1} £xe1 ) Sakpity) TomoAoyia t6te N tornoAoyia ywvopevo oto {0, 1}" eival n Swakpiryy ya
xaBe N € N. Avrifeta, 1o {0, 1}N 8ev éxet ) Sraxpirr) torodoyia.

Osopnpa. 'Eotw X, | € |, pua oikoyéveia tonofoyikav yopov. Ocrovue X = [[ig Xi.
(1) 'Eva 6ixtvo X, € X ovykiliver oe karow X € X av kat uovo av Pi(X)) = pi(X) yra kadei € |. Andadn
70 6IKTUO oUYKAIVEL av Kat LOVvo av OUYKAIVEL KAtd OUVTETAYUELT].
(2) AvA c X,i€el, tote

d (]—[A.] 1A []—[A] [

iel i€l i€l iel

(3) 'Eotw Y évag aifog onofoyucég xwpog kar f : Y — X pa ovvdpmon. H f eivar ovvexric av kar
udvo av n pj o T eivar ovvexrg yia kadei € I.

f
Y — X

SNk

X

Anddeiln.

(1) H pia xateybuvorn mpokUIIel ano T ouveéXela Tov poBoAov Pi. Twa v dAAn kateubuvon, £0te
Mie1 pil(Gik) Ha mepoxy ou X. Tote o G, efvar meproxry ou P (X). Agou pi (X)) — pi (%),
unapxouv Ay, ..., Ay t€toa oote P, (X)) € Gi, yia xabe A = . Ermudéyoupe g tétoo wote dg = Ak
yia xébe k=1,2,...,n. Téte X3 € (g, pa(l(Gik) yla KaBe A > Ao, dpa X3 — X.

(2) 'Eoww X € ¢l ([]ig A)- Téte undpyetl dixtuo X; € [[ig A tétolo wote X3 — X. Topa, and 1o
(1), éxoupe ou Pi(X) — Pi(X) yia xabe i. AAAG tote Pi(X) € A yia kéBe i, 6nAadn X € []ig Al
Avtiotpopa, £0to X € [[ig A, kat £0te Mie1 pa(l(Gik) wyouoa neptoxr) tou X. Tote o Gj, eivat
neploxny tou P, (X) € A, apa G, N A, # 0. Emopévag Miet pil(Gik) N [Tt A # 0 61011 ot ig-TiAeupég
tou opBoyeviou Ny, pa(l(Gik) etvat ta ouvoda Gj, ta onoia tépvouv ta A, eved o1 urolotreg i-
mAeupég etval 0AdkAnpot o1 xopot X ot orotor mpopaveg tépvouv ta A Zuverwg X € ¢l ([T AY).

TMa ) 6evtepn oxéon, av to aplotepd 1EAog eival Kevo tote Sev €xouyie timota va dei§oupe.
'Eote downév X € ([Tig A)°. Toéte unidpxouv avoixtda Gi, € X, k=1,...,n, tétowa dote

X € Dl PGy C 1;[ A.
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Apa P (X) € G, € A, via xaBe K, xat kat’ avaykn, Aj = Xj yia kdbe j Sapopetikod amnd ta i.
Ernopévag pi, (X) € Aiok yia kaBe K. Zuvenog X € [[ig A, Tootnta yevikd dev €xoupe, orwg Seixvet
10 (3) TV nponyovpevev apadetypdt®y.

(8) Av n f eivar ouvexng tote n pj o f eivar ouvexrig oav ouvBeon ouvexmv ouvaptioswv. Ta to
avtiotpogo, ¢ote Y, éva diktuo oto Y pe Yy, — Y. Tote Pi(f(ya)) — pi(f(Y)) yia xabe i. Apa, and to
(1), f(y)) — f(y). Enopévag n f etvat ouvexnig.

m}

IMapadeiypata.

(1) Taurti¢oupe 1o oUVoAo GAwv twv ouvaptroenv arnd o R oo R pe to ywvopevo RE. Tote pua
akolouBia ouvaptiiosav fy ouyxkAivel katd onpeio oe kanoila ouvdaptnon f av kat povo av f — f
®G TIPOG TNV TOTIAOYia YIVOUEVO.

(2) Av 9ewpricoupe 0 C([0,1]) umootvoro tou RI®Y téte n tonodoyia g doxknong (10) ou lou
@UAAQSIOU CUNITIITIEL PE TNV OXETIKY] TOTIOAOYIA YIVOHEVO.

(3) 'Eoto R 10 0UVOAO TeV IMPaypatikoV apiBuov He tnv TOroAoyid oV aplotepd NUIAVOLXTOV dtaotrn-
patav. Tote o A = {(X,—X) : X € R} (n avudiayoviog) Sev £xel onpeia oUCOMPEUONG BG TIPOG TIV
tornodoyia ywvopevo otov Rs X Rs. Hpaypat, yia kdbe X n neproxr) (—oo, X] X (—co, —X] tépvet to A
akp18og oto onpueio (X, —X). Emiong to A sival kAe10t6 61611 eival KAL10T6 ©g mPog T cuvnOiopévn
torodoyia tou R?, dpa A’ = 0.
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6. TuvekTKOTHTA

Oplopodg. 'Evag tonofoyucdg ywpog X ovoudaletar ovvektikog av dev unapyovv U,V C X un keva, avoyta
Kkat fva térota wote X = U UV, 'Eva ovvoo A C X ovoualetal ouvektiko av eivat OUVEKTIKOC XWPOE O TLPOC
m oxeukn onofoyia.
Mapadeiypata.

(1) Xe xABe TOMOAOYIKO X®PO T POVOOUVOAd eival OUVEKTIKA.

(2) 'Evag 6iakpitog xmpog e toulddyxioto duo onpeia 6ev elval ouvertikog, ylati av X € X tote

X={x} U (X~ {x}).
(8) To A=10, 1)U {2} 6ev eivat cuvektikd yiati ta [0, 1) xat {2} eival avoirxta oto A.
(4) To Q 6ev eival ouvektkd 8ot Q) = ((—00, V2)n Q) v (( V2, +00) N Q)

(5) To R pe v torodoyia tov aplotepd NEIAVOLXT®OV Statnudtev Sev eival ouvekTiko S0t
R = (-o0,0] U (O, +0).

(6) To R pe tn ouvnBiopévn torodoyia elvat ouvektukd ylati av unoBécoupe ot vntdpyxouv U,V C R
un Kevd, avoixtd xat &va térowa oote R = U UV, téte to U = R \ V eival avoiktd, xkAeioto, pn
Kevo yvrjolo urtoouvodo tou R, droro.

Osdpnpa. 'Eoww X wonofoyikog yopog. Ta axéfovda eivar wwodvvaua:

(1) O X eivat ovvektikog.
(2) Ta povadika vnoovvoia tou X ta onola eivar avoyyta kat kigwota eivar to () kai to X.
(3) Aev urdpyet ouvexrig ovvapton T 1 X — {0, 1} n onoia eivar emi.

Andbeiln.

(1) = (2) Eotw A c X avoiytd xat kAeioto. Tote ta ouvoda A kat X \ A sival avoixtd kat &Eva, kat
X =AU (XN A). Apou o X eival ouvektikdg, mipénet eite A= 01 XN A= 0. Andadr) eite A= 0 1
A=X.

(2) = (3) Ag uroBéooupe 6t undpyet f 1 X — {0, 1} ouvexrig kat eni. Tote to F71({0}) eivar avoiytd, kAelotd,
M1 KEVO YVI|O10 UrtooUvolo tou X, Atoro.

3) = (1) 'Eotww 61t 0 X 8ev eival ouvektikog. Téte undpyouv U,V C X pn kevd avoiytd xat §éva térola oote
X =U U V. Enopéveg n ouvaptnon f : X — {0, 1} pe

F(x) = 1, avxeU
0, avxeV

elval ouvexng Kat e, AtorO.

Oswpnpa. 'Eva vroovvoso tou R eivar ouvektnd av kat udvo av sivar siaomua.

Anobeln. Av xkaroio ouvektuko A C R dev eivar Siaotnua, tote unidpyxouv X,y € Arat Z¢ Ape X < z<Yy.
AMG 16Te A = ((—00,2) N A) U ((Z +00) N A), dtomo. Avtiotpoda, av uroBécoupe oTt kamnoto didotnua A dev
elvat ouvektiko, t6te untapyet f : A = R ouvexng n onoia maipvel axpiBmg uo tipég. Autd eivat dtoro amd
10 Yedpnpa eviidpeong TUAG TOU AMEIPOOTIKOU AOY10110U. O

Ocopnpa. 'Eoww X ovvektdg yapos kar f 1 X — Y ovveyrig kaw eni. Tote o Y givar ovvektikdg.

Anoberln. Av o Y Sev frav ouvektikog tote 9a urtipxe g Y — {0, 1} ouvexrg xat erti. AAAG tote ) oUvOeoT
go f : X — {0, 1} 9a Arav cuvexng xat emi, drormo. O
IMapadeiypata.
(1) O povadiaiog xkukAog St = {(x,y) € R? : X% + y? = 1} eivar ) edva tou Sraotiparog [0, 27] péow
1ng ouvexoug aneikoviong f(t) = (cost, sint), dpa eival cuvektikd cuvodo.

(2) Zto R" pia eubeia mou mepvdetl and 1o onpeio Xg Kat £xel kateuBuvorn € eival oUVeKTIKO oUVOAO
©¢ £1ikova tou R péoe mg ouvexoug f(t) = X + te.

To axkoAoubo eival n «apnpnpévn Ekdoor tou dewpnpatog eviidpeong TRng.

Osopnpa. 'Eotwo X ovvekurdg yopog kat f 1 X — R ovveyng. Tote n f naipver kade upr) avapeoa oe vo
OTOlE0ONTIOTE TIUEG TNG.
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Anodealn. Agou o X ouvektikog to f(X) elvat cuvektikd unocuvodo tou R, dpa eivat Sidotnua. ‘Eote topa
&, & € T(X) 6uo tinég ing f pe & < &, xat € € (€1, £). Apou 1o f(X) etvar Sidotnua, éxoune ou € € f(X),
8nAadn to £ eivat ipn g f. O

Osopnpa. 'Eotw A, i € |, wa oucoyéveia ovvektikov ovvddev ue va touflayioto kowo onueio. Tote 1 Evoon
Uial Al givar ovvertixo.

Anobealn. Eow Xg € Nig A, kat f 1 Ui A = {0, 1} ouvexng. @a 8eifoupe ét n f eivar otabepr). Eote
X € Ui Ai. Tote X € A yia karoto i. AXAG o neproplopog fla elvar otaBepr) ouvdpnon yiatl to A eivat
ouvektik6. Eropévag f(X) = f(Xg). H 106tta aut) 1oxvet yia ka6e X, dpa n f eival orabepr. O

Mapatfipnon. H tour) §uo ouvekTKOV ouvoAwVv dev eival Kat’ avaykn ouvektikd ouvolo. a mapddeypa,
oto erinedo, évag KUKAOG TEPVEL 11a S1apPeTpo Tou oe U0 onpeia.

Osdpnpa. Av 0 A givar ovvexktud kat A C B C A, 0te 10 B givar ovvekuxo. Idwaitepa, 1 kisiwotomta evog
OUVEKTIKOU OUVOfloU €lval OUVEKTIKT].

Andbeaifn. Eow f @ B — {0,1} ouvexiig. Agou to A eivar ouvektikd, o niepropiopog fla eivar otabepn
ouvaptnon, 8ndadn to f(A) eivai povoouvodo. Adda

f(B) = f(BNA) = f (clgA) c f(A) = f(A).
Apa to f(B) eivat povoouvodo. Enopévag 1 f eivat otabepry. Tuvenog to B eivat ouvektiko. O

Mapadetypa. Lo R? 9¢toune X = {(X, SiN(1/x)) : X > 0}. To X eival cuVEKTIKO ¥G CUVEXTIG EIKOVA GUVEKTIKOU
ouvorou. Eropéveg to X = X U ({0} x [-1, 1]) eivat ouvektiko.

|/
v\

TMapatnpriote 6Tt av apaipécoupe OmOOdNIoTe oUVOAo onueiov and to eubuypappo anpa {0} x [-1,1],
TO OUVOAO TIOU MPOKUITIEL MAPAPEVEL OUVEKTIKO ylati Bpioketal petady evog OCUVEKTIKOU OUVOAOU Kdl TNg
KA£10TOTNTAg TOU.

Ocopnpa. 'Eow X, i € |, ua oxoyéveia torofoyikav ywpav. Tote 1o ywouevo [ Xi eivar ovvektikd av
Kat uovo av kade mapdayoviag X £ivar CUVEKTIKOG.

Anodeiln. Av 1o yIVOpPEVO elval ouveKTIKO tote KABe X| elval GUVEKTIKO ©G GUVEXTS £1KOVa Tou [ [ig Xi péow
g rpoBoArig Pj. Ia to avtiorpopo, Ha Seifoune apyika ot av X xat Y eivat §uo ouvektikol X@pot tote T0
X x Y eivatl ouvektiko. Ztabeporoovpe (Xo, Yo) € X X Y kat yia kabe X € X 9e@poue tov «otaupd»

Cx = ({X} x Y) U (XX {yo}) .

(%0, Yo)

(X’ YO)
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Mapatnpriote ot 1o {X} X Y eival ouvektko yuati eivat opoopop@ko pe 1o Y. Opoing to X X {Yo} eivat
OUVEKTIKO yiati eivat opotopopdiko pe to X. Emiong

(X Yo) € ({x} x Y) N (X x {yo}) .

Apa 10 Cy ival cuvektikd G £vmor BUO CUVEKTIKGOV OUVOA®V pe ur Kevr topny. Topa, to onueio (Xo, Yo)
avrirel oe 6Aa ta Cy, eropévag i évaon Uyex Cx = X X Y eival ouvektiky). Enayoyikd, 1o ywvopevo piag
MEMEPAONEVNG OIKOYEVELNG OUVEKTIKOV XOP®V Elval OUVEKTIKO. AelXVOUPE TOPA T YEVIKT] Tepinmtworn. 'Eote
Xi, 1 € 1, ma auBaipetn okoyévela ouvektikav Xopav. Trabeporootpe Z = (Z)ia € [[ig Xi kat yia xabe

J C | menepaopévo Yétoupe
Vo= () ptz), Y=Y

i€l Jcl
J nenepaopévo

To Yj eivat éva opBoymvio 1 j-Aeupd Tou onoiou eival o xOpog Xj, yia kdfe j € J. Ot unddoirneg mAeupeg
elvat povoouvola. Enopévag to Y eival opo1opop@iko He 10 MEMEPACHEVO YIVOIEVO ]_[je_] Xj, xat dpa etvat
ouvektiko. Ermiong to onpelo Z aviiket og 0Aa ta Yj dpa n évwon toug, 6ndadr to Y, elvat ouvekuko.
. . . . B . Lo . , n 1/
[Mapatnpoupe tOpa OTL pid TUXoUoa MEPLOXT] OTO YIVOHEVO, dnAadn) éva opBoymvio tng 1opdng [,y P, Gi)
Vv ik-TAeupd Tou mpaTou opboywviou, kat yia i # ix 1 i-mAeupd tou potou opboyaviou eivat to X to omoio
Ténvel v i-mAeupd tou Sevtepou. Tunnepaivoupe 6t to Y eival mukvo. 'Etot, 0 Xopog eival n kAsiotdtta
€VOG OUVEKTIKOU OUVOAOU, OUVEN®G £1VAl CUVEKTIKOG. O

Alvoupe TopaA J1a TUTUKE £PpAPHOYT TG OUVEKTIKOTITAG.
@cdpnpa. 'Eotw N > 2. Téte 0 R Sev eivar opoopoppiko ue 1o R

Anodaln. Ag unobicoupne 6Tt untdpxet opotopopdiopog h i R — R, Téte to R\ {0} eival opolopopdpixo pe
1o R"\{h(0)}. Aut6 eivat dromo 816t 1o R\ {0} = (-0, 0)U(0, +0) 6ev eival ouvektixod, eve to A = R"\ {h(0)}
elvat. Tlpaypat, otaBeporoovpe Xy € A kat ermdéyoupe pia eubeia € n orola mepvdetl and 1o Xp KAt Ot
a6 1o h(0). Topa yia k&Be X € A ermdéyoune pia subeia fx n omoia tépvel v € katl Sev mepvdst ano o
h(0). ®ttoune Ly = £U €. Tote ta Ly eivat ouvexktikd unoouvoda tou A, 1o onueio Xg aviket o kabe Ly kat
n éveor toug elvat 1o A. Enopéveg 1o A eival ouvektiko. O

Yt ouvéyxela 9a dei§oupe 0Tl KABe XOPOG «OTIAEL 0TA OUVEKTIKA TOU KOoppdtiay.

Opiopdg. 'Eotw X tonofoyikog yapog. Ia kade X € X 9étouue

C(x) = U A

XeA
A c X ovvekurxod

To C(X) ovopdletar ouvektiky ovviotwoa tou X oto onueio X.

Mapatnproctg.
(1) To C(X) etvat un xevd yiati To povoouvodo {X} etval ouvekTiko.
(2) To C(X) eival ouveKTIKO G £VROOT] CUVEKTIKOV GUVOAGV 1€ £va TOUAUY10TO KOO Onueio.
(3) Mia ouvekTIKI] OUVIOT®OA £ival éva PEYIOTIKO OUVEKTIKO UTtOoUVOAo tou X, 6ndadr) av to B eivat
KAmo1o aAdo ouvektikd ouvodo kat C(X) € B téte C(X) = B. IooSuvapa &sv umdpyel ouvekTiKo
yvrjolo uniepouvoro tou C(X).

Mapadeiypata.
(1) =’ éva diaxpitd xmpo éxoupe C(X) = {X} yia kdbe X.
(2) Ztov xopo (0,1] U[2, 3] U {4} (e tn oxeuxn tomoloyia) éxoupe
(0,1], avxe(0,1]
C(x) =4[2,3], avxe[273].
{4}, avXx=4
AnAadr) o XOPog £Xel 1OVO TPELS SIAKERPIIEVEG OUVEKTIKEG OUVIOTOOES.

(3) Zro Q (e ) oxeuxkr) torodoyia) dev UTTIAPKOUV CUVEKTIKA GUVOAA HE MEPLO0OTEPA Ao €va onueia
ylati av unioBéooupe ot X,y € A pe X < Y, 16te erudéyoviag évav dppnto @ petal v X kat 'y
éxoupe A = ((—oo,@) N A) U ((a, +0) N A). Emopévag C(X) = {X} yia kdbe X € Q).

(4) Opoiwg oto R pe tnv tomoloyia t@v aplotepd NUIAVOIXTOV S1a0TNRATOV, TA POVASIKA CUVEKTIKA
oUvoAa etvat ta povoouvolda, dpa C(X) = {X} yia xd6e X.
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Opiopdg. 'Evag yapog X ue mu domnra C(X) = {X} yia kdde X € X, ovoudletar ofikd aviiovvektkog.

Mapadeiypata. Kabe diakpitog xopog eivat oAdika avuouvektkog. To QQ pe ) oxeukr torodoyia, to R pe
Vv Toroloyia v aplotepd nuiavolxtev Siaotnpdatev kat to {0, N pe v tortodoyia ywvopevo eivat oAtka
OVTIOUVEKTIKOL X®POL.

Osdpnpa. 'Eoww X tonofoyikog yopog. Tote

(1) H évwon tov OUVEKTIKOU OUVIOT®O®V givat 0710K1pog 0 x@pog.
(2) Kade ovvektikn ovviotwoa sivat Kjleioto ovvojlo.
(38) Avo ovvektikég ovviotwoeg eite tavtifovtar 1 elvar §Eveg.

Anddeiln.
(1) Tpoxurttel Apeoa Ao TOV OPLOHO.
(2) To C(X) etvat ouvektikd xat mepiéxet 10 C(X), emopévog amd tn Pey1oTKOTNTA TG CUVIOTOOAS

npénet va £xoupe C(X) = C(X).
(8) Av 8uo ouvicthoeg C(X) kat C(y) tépvoviar tote 1o C(X) U C(Y) etvatl ouvextikoé xat
C(x), C(y) < C(x) U C(y),
apa and peytouxotra, C(X) = C(X) U C(y) = C(y).
O

Op1opdg. Mia kaunvin o’ éva tonofoyikd yapo sivai ua ovvexng ovvaptnon y . [0, 1] — X. To y(0) Aéyerar
apxn e kauruing kat to y(1) téiog mg Kaumuang.
Mapatnproctg.

(1) Av n ¥ éxet apxt) 1o X kat tédog 1o Y, tote 11 ¥ e y(t) = y(1 —t) £xet apxn 1o Y ka1 tédog 1o X.

(2) Zuyxva, dtav Aépe quia Kapmudn y» evwooupe to ouvodo ¥([0, 1]).
Oplopog. 'Evag tonofloyikog yapog A¢yetar kata t0fa ovvektikdg av yia kade X,y € X vndpxet kaunvn oto
X ue apxn to X kat téAog 10'y.
Mapaderypa. Kabe kuptd ovvodo A C R" eivar katd 16§a ouvektikd, yiati av X,y € A, 16te 10 cubuypappo

anua y(t) = (L -t)x+ty, t € [0, 1], Bpiokerat oto A kat ouvdéet Ta X xat Y.

Hapatfipnon. Av o’ éva xopo X UTtdpXel Xp TETO0 OOTE yid KABe X UMApXel KAPMmUAn 1 oroia ouvdéet ta
Xo xat X, téte 0 X eivat xatd 16§a cuvektikdg. [pdypartt, £¢ote X, Y € X, xat kaprmudeg y1, vz : [0, 1] — X e
¥1(0) = X, ¥1(1) = %o, ¥2(0) = Xo, y2(1) = y. Tore ny : [0,1] — X

(0 = v1(2t), avte[0,1/2]
~ |ye(2t-1), avte[1/2,1]

elval pia kaprmuAn pe apxn o X kat teAog 1o Y.

Osopnpa. Av o X gival kata 1ofa OUVEKTIKOQ TOTE elvAl OUVEKTIKOC.

Anodaln. Trabepomoovpe Xg € X. Tote yia kdbe X € X undpxel kapmudn vy : [0,1] — X pe apxn 10 Xo
xat 18Aog 1o X. Ta ouvoda y«([0, 1]) eival ouvektikd (©g ouveyeig eikoveg Tou cuvektikou [0, 1]), to Xp eivat
KOO onpueio toug, Kat n éveor] Toug 0Aog 0 Xopog X. Apa o X eival ouvekTtikog. m|

HMapatfpnon. To avtiotpo@o tou mpornyoupevou dewprnatog dev woxvet. [pdypartt, oto R? 9¢toupe
Y = {(x,sin(1/x)) : x> 0} U ({0} x [-1, 1]).

'Onwg eidape, 10 Y eival ouvektikd. @a Sei§oune 6t ta onueia (0, 0) xat (1/7, 0) 6ev propouv va cuvdeBouv
He Kanola kapmudn oto Y. Ag unoBéooupe ot urtdpyel kapmudn y [0, 1] = Y pe y(t) = (X(t), y(t)) téro1a
oote y(0) = (0,0) xat y(1) = (1/n,0). Mapatmptriote 6t av X(t) > 0 téte 1o onueio (X(1), y(t)) sivar oto
ypaenua tng cuvaptnong SiN(1/X), apa y(t) = sin(1/x(t)). Topa, éxoune X(0) = 0 xat X(1) = 1/x, dpa anod 1o
9ewpnua evdidpeong tang, uvndpyet ty € (0, 1) téroo wote X(t1) = 2/(371). Opoiwg, undpyet to € (0, ty) tétoo
oote X(t2) = 2/(57) x.0.x. Taipvoune £tot pa @Bivouca, dpa ouyxkAivouoa, akodoubia t, € (0, 1) tétola dote
X(th) = 2/((2n+ D7) xar y(tn) = Sin(1/x(tn)) = (-1)". Entopéveg

) =gy ().

Auto eival atoro 8161t 1o apilotepd péAog ouyKAivel eve To 8e§1d pédog Oxt.
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IMapd tavta £€xoupe to akdAoubo.

@codpnpa. 'Eotw G C R" avoytd kat ovvektind. Tote 1o G eivar katd 16fa oUVEKTIKO.

Anobeln. Trabeporoovpe Xg € G kat 9éroupe
A = {Xx e G : Ynapxet kapruAn oto G pe apxr) to Xg Kat t€dog to X}.

Tpopavwg Xp € A, dpa to A eival pun kevo. Oa Seifoupe oul eival avoixtd kat xkAeioto oto G, ernopévag,
epooov 1o G eival ouvektiko, mpénetl va tautidetal pe oAdkAnpo o G. 'Eoww X € A. Agou 0 G sivat
avoiytd, unapyet avolxty pridda D(X, r) € G. Topa, kGOe onueio Y tng pnddag ouvdéstat pe 10 X p€oam tou
gubuypdppou anuatog £(t) = (1 —t)x+ty, t € [0, 1], to omoio Bpioketal oto G yatl n undda Bpiokerat
oto G. A’ tnv dAAn, 10 Xg ouvdéetal pe 1o X péow kamolag xaprudng v : [0,1] — G, v(0) = Xo, (1) = X
Enopévag, 10 Xp ouvdéstal pe 10 Y PE€om TG KAPmuUAng

(0 = v(2t), avte[0,1/2]
S le@t-1), avte[1/2,1]

H onoia npogaveg Bpioketatl oto G apou ta Suo koppdatia g (n y kat to €) Bpiokoviat oto G. Autd eixvet
ouy € A, 6ndadn D(x,r) C A, dpa 1o A eival avoiyto.

D(x,r)

‘Eotw tdpa 8 € A pa akodoubia tétola wote &) — a yia xarow a € G. Agou o G etvar avoiyto, undpxet
avot) prtdda D(a, r) € G. AAAG @ — a, dpa undapxet jo oo wote aj, € D(a,r). T ouvéxela, arpBog
OM®G PV, OUVEEOUE TO A JIE TO aj, Pe éva eubUypappo TuRPa Kal PHetd 10 aj, PE T0 Xp e |la KAPITuAn
oto G kat ouprniepaivoupe o6t @ € A. Andady to A eivat KAeloto.

"Exoupe dowrov 6t A = G, dpa kébe onueio tou G pnopei va ouvdebel pe 10 Xg pe KAmota Kapruan,

ouverniog o G eival katd t6§a ouVeEKTIKO. O
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7. H TonoAoyia IInAiko
Opiopdg. 'Eotw X gvag tonofoyikdg yapog, Y éva ovvofo, kar f 1 X — Y pua arnsucovion eni. Oérovpe
i ={G c Y : fXG) avoyyw).
H 9% ovopdletai orofloyia nniirxo tou Y w¢ mpog f.

Hapatipnon. H tornodoyia mmAiko eivar n peyadutepn tomodoyia oto Y g mpog tv omoia n f eivat
ouVvEXNG.

Mapadeiypa. Av X = R pe m ouvnBiopévn tonodoyia, Y = [0, +00), kat f(X) = X2, t6te 1) tonodoyia rmAixo
10U Y g mipog tnv f eival axpiBmg n oxetxy) Tomoloyia.

@cdpnpa. 'Eotw X, (Y,.7) tonofoyucoi xapor, kar f 1 X — Y ovveyrig, avoytr (1 kisiotn) kar eni. Tote
T = 9.

Anobeain. Apou n It eival n peyadutepn tonodoyia oto Y @g mpog v oroia n f eival ouvexng, éxoups
on 7 c Ji. Aviiorpoga, av G € J, tote and tov oplopd g tonodoyiag mixo, to f1(G) eivar avoryto.

AMG 11 T etvar avowt, dpa 1o G = f(f71(G)) eivat avoxtd g rpog v 7. O

@sdpnpa. 'Eotw X onofoyikdg ywpog, Y éva ovvoflo, f : X — Y eni, kar Z évag difog yopog. Mia
ovvapmon g : (Y, Tt) — Z eivar ovveyrg av kat uévo av n go f eivar ovvexrg.

X — Y, F)

gof
z

Anobeifn. Av 1 g eival ouvexig tote n go f eival ouvexig oav ouvBeon cuvexov ouvaptroemv. Aviiotpoda,
av n go f eival ouvexrg, xat 1o G € Z sivat avoixté tote o f-1H(g(G)) = (go f)1(G) sivar avoiyro,
EMOPEVMG, AMO TOV 0p1od g torodoyiag mAiko, o g~ H(G) eivar avoryto. O

'‘Otav, 0’ éva xopo, Aépe 6t «tautiloupe Suo onueia X, Y» evvooupie OTL UMAPYEL pla ox€on wooduvapiag
R tétola wote (X, Y) € R. 'Etot, pia kAdon ooduvapiag anoteleitatl amd 6Aa ta onueia mou £xoune tautiost.
Oplopdg. 'Eotw X wonofoyog ywpog kat R € X X X wa oyéon wobdvvauiag. Ozwpouue v ameukovion
mmAiko Q : X = X/R, ue Q(X) = [X], orov [X] eivar 1 kidon wobvvauiag tou X kar X/R = {[X] : X € X}
10 ovvojlo mtnAiko. To X/R pe mu tonofoyia mniiko wg mpog Q ovoudletar ywpog nniiko. I&waitepa, av
AX) = {(X,X) : X € X} elvar n 6raydviog, kar A C X kamoio vmoovvolo, 10te umopovue va Ie@pNoouus
oxéon wobvvauia¢ R= A(X) U (AX A). Zmnv nepintwon avt) yodgpouue X/A avti X/R.

AtaoBnuikd, 1o X/R gival 0 xmpog rmou mpokUIIel av «ouppikveooouer kKOs kAdorn 1ooduvapiag o’ évav
avurpooenod wg. ‘Etol, to X/A npoxurtel av ouppikvoooupie to A o’ éva onpueio.

Osopnpa. 'Eotw X tonofoyikdg xwpog, Y éva ovvofo kai f 1 X — Y eni. Bewpovue m oxéon wobvvauiag
Ri = {(X1, X2) : f(X1) = f(X2)} (omqv mepinwwon avtn, n T Aéyetar aneucdvion tavtiong). Tote o ywpog mniiko
X/R¢ eivar oporopoppucsc ue wov (Y, T%).

Anodaln. Beswpouvne v aneikovion h: X/Rs — Y ne h([X]) = f(X). H h eivat xadd opiopévn 1-1 xat emi.
Hapatnpovtpe 6ttho Q= f xath™to f = Q.

X —2 (X/Ry, T) X —— (Y, 7)

h—l

v X/Rg¢

Enopéveg, ano 1o mponyounevo deopnua, ot h xat h1 eivar OUVEYEILS. m]

Mapadeiypata. Oa xprowporoovpe 1o oupBodiopd X = Y av ot X kat Y eivat opoopopgikoi. Eriong, pe
S™1 9q oupBoAidoupe v emgdveia g povadiatag prddag tou R", dnAadn v povadiaia opaipa. Tédog
9a xpnopornolovpe eAeuBepa piyadikd oupBoAiopod oto R2.
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(1) [0,27]/{0, 21} ~ SL. Mpaypat, Sewpoupe v anewodvion tavtong | : [0,21] — St pe f(t) = €.
H f elvat ouvexrg kat kAetotr], dpa n cuvnBiopévn tonoloyia tou S! gupniret pe mv tortoAoyia
nnAixo g npog . Emiong A([0, 27]) U ({0, 27} x {0, 2}) = Rt. Enopéveg

[0, 27]/{0, 21} = [0, 2] /R¢ ~ (S*, F%) = S™.

(2) Zto X = R" \ {0} Sewpovpe tn oxéon wooduvapiag R pe (X,y) € R av xat povo av undpxer 4 > 0
této1o ote Y = AX, dnAadr) duo onpeia eival woduvapa av avikouv oty i61a nuieubeia pe apxn
10 0. Téte X/R~ S™L. E6¢ n arnewdvion tavtong eivar i f 1 X — S e f(X) = x/|X|, érou |X|
eivat 1o pérpo tou X. H f eival ouvexng kat avoiyt, dpa n tornodoyia tng S givar n tortodoyia
nnAiko wg pog f. Mapatnpoupe 6u R = Ry, étot

X/R= X/Rs ~ (S"%, .7) = s™ L.

(8) Zto X = R" \ {0} Sewpovpe tn oxéon ooduvaniag R pe (X,Y) € R av xat pévo av unapxet 4 # 0
1€t010 Kote Y = AX, dnAadr Suo onpeia eivat wwooduvapa av avrikouv oe KArola eubeia rmou nepvdst
arté to 0. O xwpog nniAiko X/R oupBoAiletar pe RP"™ ! xat ovopddetal mPaypatikog rpoBoAkog
X®OPOG.

(4) Zwo [0,1] x [0,1], yia xkabe X tautiloupe to (X, 0) pe to (X, 1) xat yia kabe Y o (0,Y) pe o (1,Y).
O X®pog rou npokuIttet (to "torus”) eivat opoloPopPPIKOG PE TOV Stx Sl H ATEIKOVIOT TAUTIONG
givat 1 (s, t) — (6775, €¥M), To S! x ST eivar pe ) oe1pd TOU OPOOPOPPIKS JE TNV erUPAEvELd TOU
oXNuatog.

(5) Zwo [0,1] x [0, 1] tautioupe to (0,y) pe o (1,1 -Y) yia xabe Y xat naipvoupe v «tatvia tou
Mobius».

(6) Zwo [0,1] X [0, 1], yia xabe y tautitoupe to (0,Y) pe o (1,Y) kat yia kabe X 1o (X, 0) pe o (1 - X, 1).
[Maipvoupe pia kAstotr) eruddvela (tnv «pidAn tou Kleiny) xopig e00tepko 1) e§@TePIKO 1) omoia Hev
elval OpoIOPOPPIKY He Kavéva uroouvoio tou RE.
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8. Xopotr Hausdorff

Oplopdg. 'Evag tonofoyucdg xwpog X Aeyerar To 1) Hausdorff av yia kade X,y € X pe X # Y undpyouvv
nepoyég U,V tov X, Y avtiotoyca tétoieg wote U NV = 0.

X U

Mapadeiypata.
(1) Kd&bBe perpixog xmpog (X, p) eivar Hausdorff yiati av X,y € X pe X # y téte D(X, &) N D(y,&) = 0
orou € = p(X,y)/2.
(2) 'Evag tetpippévog X@pog pe touddyioto duo onpeia dev eivart Hausdorft yiati to povadiko pn kevo
avotyto ouvolo eivat o 1610g 0 X®pog.
(3) To N pe ) oupnenepacpévn torodoyia dev eivar Hausdorff yiati kdBe 6uo pn xevd avoiyta
oUvoAd Tépvovtat.

IIapatnprosig.
(1) Avo (X, 7) eivat Hausdorff kat . eivat pia torodoyia oto X peyadvtepn wg 7, wte o (X, ) eivat
Hausdorfl. 'Etot, yia napddeypa, to R pe v toroloyia tov aplotepd nuidvoixtov Siaotnpdtov

eivat Hausdorff.
(2) X’ éva xopo Hausdorff ta povoouvola, dpa xat ta rernepaopéva ouvold, eivatl KAe1otd.

Osopnpa. 'Evac yeopog X eivar Hausdorff av kat uovo av kade ovykiivov Siktvo ovykiver oe éva uovo
onueio.

Anobeln. Eoww 6t o X eivat Hausdorff xat éote 6u yia xkaroio §iktuo Xy, 4 € A, €xoupe o X; — X Kat
X3 — Y pe X # Y. Emdéyoupe nieploxég U, V taov X, Y tétoteg wote U NV = (. Tote untdpyouv A1, A2 € A tétowa
oote X3 € U yua xaBe A = A1 xat X3 € V yua kdBe A = A2, 'Etot av apoupe g € A pe Ag = A1 xat Ag = A1,
9a éxoupe X, € U NV, atoro.

Avtiotpoga, ¢otw ot o X 8ev eivar Hausdorff. Tdote untapyxouv X, ¥ € X pe X # Y térowa wote U NV # 0
yla kaBe nieproyr) U tou X kat kabe nieproxn) V tou Y. Bempoupe 1o 6UVOAo

A ={(U,V) : U neproxn tou X, V mepioxn tou Y}
e oxéon datagng
(U, V1) 2 (U, Vo) © Uy cUp & Vo C Vs
To (A, <) etvat kateuBuvopevo. Topa, yia kabe (U, V) € A emmdéyoupe Xuy) € U NV, Tote Xuy) — X kat

Xuy) = Y. Tpaypatt, av Ug, Vo eivatl tuxovoeg meptoxés v X, Y, tote yia kébe (U, V) > (Ug, Vo) €xoupe
X(va)GUﬂVCUoﬁVoCUoKCllX(va)GUﬁVCUoﬁVoCVo. O

Osdpnpa. 'Eoww X tonofoyikog yopog. Ta axéfovda sivar ivodvvaua.
(1) O X eivar Hausdorff. .
(2) TI'a kade X,y € X ue X #Y, unapyet nepoxn U tou X téroia wotey ¢ U.
(3) I'ta kade X € X gxouue
(U=

U neproxr tou X
(4) H buayoviog A(X) = {(X, X) : X € X} eivar kfewotd vnoovvoo tou X X X.

Anobeifn. Ba xpnoiponoijooupe v 10oduvapia AN B =0 © (Ax B) N A(X) = 0, yia xabe A, B c X.
(1) = (2) Apou o X etvat Hausdorff untapyouv niepoxég U, V tav X, Yy ue UNV = 0. Andadry unidpxel ep1oxn
tou Y n oroia dev tépvet to ouvoro U. Autd onuaivet 6t to Y 8ev avrikel oto U.
(2) = (3) To X mpopaveg avhket otnv Toun
no

U neproxr] tou X
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Av topa Y eivatl kdmowo onueio Siapopetiko arnd to X tote undpyet riepoxyy U tou X tétowa wote

y ¢ U. Enopévag
ye() U

U neproxr) tou X
‘Apa 10 X gival 10 povadiko oToiXelo g TOPnG.
(3) = (4) Eotww (X,Y) ¢ A(X). Tote X £ Y, dpa
ye() U

U neproxr) tou X

"Etot uniapyet nieproxr) U tou X tétola oote Y ¢ U. Emopéveg to X \ U sivat Hla mePloxn tou Y pe
un (X \ U) = (. Tuvenwg to U X (X N U) elvat pia meploxr ou (X, Y) ne (U X (X N U)) NA(X) = 0.
AnAadr to A(X) eival xkAeloto.

(4) = (1) Eow X,y € X pe X#Y. Tote (XY) ¢ A(X). Apou to A(X) eivar xAewotd, unapyouv nieptoxég U, V
v X, Y téroteg oote (U X V) N A(X) = 0. Auto onpaivet ot U NV = 0.

O

Osopnpa. 'Eotw X, i € |, pua owoyeveia tonofoyikav yopwv. Tote to ywiuevo [lig Xi eivar Hausdorff av
Kat udvo av kade mapayoviag X; elvar Hausdorff.

Anobeifn. 'Eoww 6u kabe X eivat Hausdorfl, kat éota X, Y € [[ig Xi pe X # y. Tote undpyet j € | téroio wote
Pi(X) # pj(y). Apou o Xj eivar Hausdorff, uridpxouv U,V meproxég tov pj(X), pj(y) tétoteg wote U NV = 0.
Téte o1 pj_l(U), pj_l(V) elvat §éveg mep1oxég Tov X, Y. Apa 1o yvopevo eivar Hausdorff.

Avtiotpoga, £0te 6Tt 10 ywopevo eivar Hausdorff. ZtaBeporotovne j € | xat 9a Seifoupe 6t o Xj eivat
Hausdorff. Eotw Xj,Yj € Xj pe Xj # Yj. Ermdéyoune duo onueia XY € []ig X pe pi(X) = pi(y) avi # j xat
Pi(X) = Xj. Pj(y) = yj. Tote X # Y. Apou 10 ywopevo eivar Hausdorff unidpyouv rieproxés [lie Ui, [Tie Vi
10V X, Y tétoteg 0ote ([Tig Ui) N ([Tia Vi) = 0. Hapatnpovpe 61 yia kGOe i # | ta ouvoda U kat Vi tépvovrat
agpou mepiéxouv 1o onpeto Pi(X) = Pi(y). Enopévag, xat’ avaykrn, éxoupe ot Uj NV = 0. AAAa to Uj eiva
neploxn tou Xj xat to Vj etvat meptoxr) tou yj. Zupnepaivoupe 6t o Xj etvar Hausdorff. m]

Mapatnproctg.

(1) Av o X eivar Hausdorff kat Y C X, tote 0 Y pe ) oxetukn torodoyia eivar Hausdorft.

(2) H 1&616tnta Hausdorfl, yevika, Sev petadépetatl anod ouveyeig aneikovioelg (puoikd, petadpépetat
an6 opotopopPiopoug). Ta mapddsiypa, av X = {0,1} xar 7 = {0, X, {0}, ote o (X, .T) Bev
elvat Hausdorff yiati n povadikr niepioxr) tou 1 eivat oAdrAnpog o xopog. ‘'Opng n aneikoviorn
f:R — Xnue f =y eivar ouvexng, avoxtyy kat ert.

(3) 'Evag xopog rinAiko evog xowpou Hausdorff dev eival kat’ avaykn Hausdorff. Ta napadeiypa, oto
R/Q, n otabepr) akodoubia &y = [0] ouyrAivet oe k&Oe [a] = {a}, @ € R\ Q. Tpdaypau éote
Q:R — R/Q. Q(X) = [X]. n anewdvion nnhiko, kat ¢oto G tuxouoa neploxt ou [a]. To Q(G)
elvat avoiyxto urtoouvodo tou R, dpa undpxet pnuog r € Q’l(G). Enopéveg

&m=[0=[]=Q(r) G
yla ke n.

Ozapnpa. 'Eoww X tonofoyikog yopog kat R pia oyéon wodvvapiag oto X téroia wote
(1) To R eivar kAsio16 vroovvoo tou X X X.
(2) HQ: X - X/R Q(X) = [X], eivar avoiytr areicovion.

Tote o X/R eivar Hausdorff.

Anodaln. Eoto Q(X), Q(y) € X/Rue Q(X) # Q(Y). Tdte ta X, Y dev eival 10o6uvana, dpa (X,y) € R. Apou to
R etvat xAeioto, unapyouv U, V neploxég tov X, Y tétoteg oote (U X V) N R = 0. Apou n Q sivat avowxtr ta
Q(U), Q(V) etvat géveg meproxég tav Q(X), Q(Y) (av ta Q(U), Q(V) ténvovtav, 9a urtipxav zz € U, 2 € V e
Q(Z]_) = Q(Zz). AMAG tOTE (Zl, Zz) € (U X V) N R, atono). O

Mapadeiypa. Ocopoupe 10V mpoBoAKd XOPO RP™ = R" \ {0}/R. érou R eival i oxéon 1006uvaniag
(x,y) € R & unapyer 4 # 0 oo dote Y = AX. O RP™? eivar Hausdorff. TMpaypat, éote (Xj,Yj) € Rue
(Xj,¥i) = (XY). Apou (Xj,Yj) € R unapxouv 4j # 0 dote y; = 1jXj. apa |4j| = yl/IX| > 0. Eropéveg n A;
etvat ppaypévy, ouveneg vndpxel vnakodoubia Ay, tétola wote Ay, — 4, ylia kanow 4 # 0. Zuprnepaivoupe
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ony = limyg, = limag X, = AX, dndadn (X, y) € R xat éto1 10 R eivar xAeoto. ‘Eotw tpa G ¢ R" \ {0}
avoiyto. Tote
Q*QE) =| 6.
A#0
orou AG = {Ag : g € G}. AAAG ta ouvoda AG eival avoixtd og eikoveg tou G péow Tou OPOIOPOPPLO0U
Xt AX, A # 0. Apa, and tov 0piouod g tornodoyiag nndiko, 1o Q(G) sivar avoixtd. Andadn n Q sivai
avoiyt). To oupnépaopa €netatl ano 1o rponyoupevo Sempnua.
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9. Kavovikoi Xmpot

Opiopdg. 'Evag ywpo¢ Hausdorff X Aéyetar T3 1) kavovikog (regular), av yia kade F C X kieioto kat kade
X ¢ F unapyouvv U,V C X avoyta kar Eva tétoia wote X € U kat F C V. AnAdaén ta X kat F Siaxwpifoviar
ano avoyyta ovvosla.

IMapadeiypata.

(1) Ka&Be perpirog xopog (X, d) sivar Tz, Tpdyupat, ¢otw F C X kAeiotd kat @ ¢ F. @swpoupe m)
ouvdaptnon f(X) = d(x,F) = inf{d(x,y) : y € F}. H f elvat ouvexng yiati |f(X) — f(y)| < d(x,y).
Eriong f(a) > 0 yiati @ ¢ F ka1 F xAewotd. Tédog flr = 0. Ermopéveg a € f1((f(a)/2, +0)) xat
F c (-0, f(a)/2)). Ta f71((f(a)/2, +o0), f~1((—=c0, f(a)/2)) eivar mpopavag Eva kat avoryta
oav avtioTpoPeg E1KOVEG aVOLXTOV OUVOA®Y NEo® thg ouvexoug f.

(2) To R pe tnv torodoyia tov apiotepa nuiavoixtev Stactnpdtwv eivat Tz, ‘Eoww F € R xAsioto kat
X ¢ F. Emdéyoupe pia mepoxr) (8, X] tou X térowa wote (&, X] N F = 0, ka1 yia xabe y € F pa
rieprox1] (by, y] tou y tétowa dote X ¢ (by,y]. Tote

@xn| Jio.y=o0.

yeF

(3) Yrniapxel xwpog T2 o ornoiog Sev eivar Tz. Emiong pia torodoyia 10Xupotepn piag KAVOVIKAG
tortodoyiag, dev eival kat’ avaykr KAavoviky. Autd rpokurnrouv and 1o &§ng rapddetypa. o R
Yewpoupe v ToroAoyia mou nmapayetal aro v OIKOYEVELQ

{(a,b):a,beR, a<blu{Q}.

‘Etot, pua Baon yia v toroAoyia anotedeital aro 0Ad td avolytd Siaotpata Kat 6Ad ta oUvoAd
g popeng (a,b) N Q. H tomoloyia auty sivat 1oxupdtepn tng cuvnOiopévng, dpa eivar To.
Mapatnprote 6t 1o F = R N\ Q eival kAewotd xat 0 ¢ F. Ioxupwopaote ot to F xat to X dev
dlaxepilovtal ano avoiytd cuvoda. Ipdaypat, ¢otw U tuxouoa riepioyxr) tou 0 kat V tuxov avoiytd
untepouvodo tou F. H U mepiéxet éva ouvodo mg popens (—6,6) N Q. Emdéyoupe topa évav
appnro a € (—6,6). H V eivatl meploxn tou @, dpa mepiéxel kamnoio didotmpua (@ — €, @ + &) 10 onoio
xat’ avaykn tépvet 1o (—6,0) N Q. Andadr) xabe meproxr) tou 0 tépvel kGOe avoiytd uMepPoUVoOAo
tou F. Autd onpatvet 6t o xodpog dev eivat Ts.

IMapatnprosig.
(1) Kdbe unoxwpog evog xwpou T3 eivar Ts.
(2) AkpiBag orwg otnv mepimwon xopwv Hausdorff, n ouvexnig eikdva 1fj éva mnAiko evog xopou T3
dev eivat avaykaouka Ts.

Osopnpa. 'Evag yopo¢ Hausdorff X eiva T3 av kai uovo av yia kade X € X kar kade nepioxn U wou X,
unapyet mepoxn V tou X tetoia wote V C U.

Anddeln. 'Eoww ot o X eivatl Ts, kat éotw U pa meploxr) tou X. Tote X ¢ X \ U, dpa ungpyouv V,W c X
avorytd kat &va térowa wote X € V kat X\ U ¢ W. Enopévag, V. X~ W = X\ W c U. Avtiotpoga, ot
F c X xAcioto xat X ¢ F. Toéte to X \ F eivar mepioxt) tou X, dpa urndpyet V meploxn 1ou X t€101a Oote
V c X\ F. Téte 1o X \ V givat avoxté unepotvodo tou F Evo pe o V. ]

Mapatfpnon. To riponyounevo Yempnua pag 6ivel pia evaAAaktiky) arodeign ot évag PETPIKOG XOPOG eivat
T3. TNa xa0e X ka1 k&Oe € > 0 éxoupe D(X, £/2) C D(X, &).

@sdpnpa. To ywouevo pag okoyveiag yapov X, i € |, eivai T3 av kar uévo av kdde mapdayovtag X; eivai

Ts.
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Anodaln. Eotw o1t 0 X = [[ig Xi etvat T3. Ztabgporolotpe | € | xat éva onueio Z = (7)ie) € X. Toéte 10
oUvoA0 Aj = ik pi_l({Zi 1) etvat xopog T3 og mpog ) oxetiky] TomoAoyia. Eival ermiong 01101010p (1Ko pe Tov
Xj nE€0® TOU OPOPOPPIOROT ©
Aj 3y piy) € X;.

Apa o Xj eivat Ts. Avtiotpoga, uroBétoupie o1t Aot ot mapdyovieg eival Ts. Kat’ apxdg napatnpovpe ot
o X etvat T2 ag ywopevo xopov To. ‘Eote tpa X € X kat U = NP, pil(Uik) Hpia meptloxty tou X. Tote 10
U;, eivat nieploxn tou P, (X), apa, ano to nponyoupevo 9edpnpa, unapyet pa reptoxy Vi, tou P (X) tétoa
oote Vik C Uj,. AMa téte 0 (i, pa(l(Vik) eivatl pia neploxn) tou X téroia Mote

(VP =()p (W) < () piu) = U,
k=1 k=1 k=1

Ermopéveg, ndlt and 1o nmponyouuevo Sempnua, o X eivat Ts. O
Osopnpa. Av o X givar Tz kat 1o A C X kAo, tote o X/A givar Hausdorff.

Anodbealn. Eow Q : X — X/A, Q(X) = [X], n aneikoévion nnAiko. Mapatnpnote 6t Q(X) = {X} av X ¢ A ka1
Q(X) = Aav x € A. 'Eto1n Qlxa : XNA = X/AN{A} eivat 1-1 xat enti. 'Eote wopa [X], [y] € X/Ane [X] # [y].
Tote ta X xat Y Sev elvat 100duvapa dpa anoxrAeietal va aviirkouv kat ta duo oto A.

Av X ¢ Axrary ¢ A, tote apou o X eivar T2 kat to A xAelotd, urtdpyouv &éveg rieproxég U,V € X\ A tov
X, Y. Apou n Qlx.a eivat 1-1 éxoupe 6t QU) N Q(V) = 0. Emiong Q~1(Q(U)) = U xar QX(Q(V)) =V, dpa
ta Q(U) a1 Q(V) eivat avoixtd and tov opioud g torodoyiag rmmAiko.

Av X ¢ Arary € A, tdte agou o X eivar T3, untdpyouv U,V avoixtd kat §Eva térowa oote X € U kat
A c V. Ta Q(U) ka1 Q(V) eivar &va yiati av unijpxav U € U a1 vV € V pe Q(u) = Q(V) téte ta U,V Sa frav
1woduvapa, dndadrn 9a eixape X =y 1 X,y € A, eropévag ta U, V 8ev 9a fitav &va. Emniong Q1(Q(U)) = U
yiat n Qlx.a etvat 1-1, dpa 1o Q(U) eivar avorxtd. Tédog

QHQV) = QHQAU (VN A)) = QHQAN U QHQAV N A) = Q (AN U (VN A) = AU (VN A) = V.
AnAadr) xat 1o Q(V) eivat avoytd.
X X

“@9 &)

Yuunepatvoupe 61 o kGO nepimeon, ta Q(U), Q(V) sivat &veg neproxég twv [X], [Y].
O

Mapathpnon. H unobeon ot to A eivatl kAeiotd dev propei va nmapaAneBel onwg @aiveral and o mapa-

derypa R/Q.
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10. Puorodoyikoi Xmpot

Opiopdg. 'Evag ywpog¢ Hausdorff X Aéyetar T4 1) euotofoyicog (normal), av yia kade A, B C X kieiota kat
Eeva, vntapyovv U,V C X avoiyta kat fEva tetoia wote AC U kat BcC V.

X U

\%

Mapadeiypata.

(1) Ka&Be perpirog xopog (X, d) eivar Ty, yiati av ta A, B € X sival kAeiotd kat §Eva kat Seoprjcoups
1] OUVEXI OUVAPTION

F(x) = d(x, A)

d(x, A) + d(x, B)

tote éxoupe A C f1((~0,1/2)), B c f71((1/2, +c0)).

(2) To R pe v torodoyia v apiotepd nuiavoltov dtaoctudatev eivat T4. pdypat, éoww A, BC R
KAel0td Kat gEva. Ta kabes X € A emdéyoupe pia nieptoxty (ax, X] §évn pe to B xat yia xkabe y € B
eruAéyounie pa riepoxy) (By, y] §évn ne to A. Tote

U@ nl by =0.
XeA yeB

Ocopnpa. 'Evag yeopo¢ Hausdorff X eivar T4 av kat uovo av yia kade A C X riewoto kat kade U D A
avowyto vriapyet V O A avoytd térowo wote V C U.

Anobeiln. Tedeing avddoyn pe v anodedn tou aviiotolyou Sewprjpatog yia xmpoug Ts3. m|

Osmpnpa.
(1) 'Evag kieotog unoxwpog evog xwpou T4 eivar Ta.
(2) Avo X eivai Ty, oY eivar Ty, karn f 1 X = Y ovveyric, kieiot) kar eni, 10te 0 Y eivar Ty.

Andbeiln.

(1) Auo &va rat KA£10Td UTooUVoAd £VOG KAEIOTOU UTIOX®POU eival KAe1otd ¢” 0AOKANPO TO X®PO, dpa
draxwpidovrat.

(2) 'Eoww A B C Y xAetotd xat &va. Tote ta f1(A), f1(B) c X eivar kAewotd xar Eva, dpa undpyouv
U,V c X avoixtd kat &va tétowa aote F1(A) ¢ U xar f1(B) € V. Agpou 1 f eivar xAetoty ta
Y\ f(XNU) xat Y\ f(X\ V) eivar avoiytd kat §Eva unepouvoda tov A, B.

O

Hapatfpnon. Evag undxmpog evog @UOoloAoyikoU XOpou Sev eival kat’ avaykn @uolodoyikog. [a ma-
padeypa (edo artattouvial yvooelg dewpiag ouvodmv) av 9e@prjooupe ToUg XOPOoUS S1aTaKTIKOV apldpuov
[0, w], [0, w1] pe tnv tomodoyia mou £xet Bdon 6Aa ta Swaotipata g popeng (@, Bl (nadi pe to {0}) rat
9¢ooupe X = [0, w] X [0, wq], tote 0 X eival puolodoyikdg, addd o avoiytdg urdxmpog Y = X \ {(w, w1)} dev
elvat yiati ta xAeiotd (otov Y) kat §Eva ouvoda {w} X [0, w1) ka1 [0, w) X {w1} 8ev iaxwpilovrat.

H 1810tnta T4 eruBaAAet rieploplopioug oto «rmdo0 MOAAG» UIOPEl va eival ta KAE10Td Kat $Eva UTtooUvoAd
EVOG X®MPOU, Onw®g @aiveral arod to akoAoubo.

Osopnpa. 'Eotw X gvag guoofoyikoe yopog, Y C X kiewotd katr Siakpud, kar D € X mukvo. Tote
|2(Y)| < |2 (D), émou e | - | ouuBoilouue tov TANdcoduo.

Anobefn. Apou o Y eival Siakpitdg, KGBe uroouvodo tou gival kAewoto oov X. Enopéveg yia kédbe A C'Y
untapyouv Ua, Va C X avoixtd kat &éva tétola oote A C Ua kat Y N A C Va. Apou ta Ua eival avoiytd kat
to D rukvo, éxoupe 6t Up N D # 0. Bewpoupie topa v aneikdvion

p: 2Y) > Z(D), (A) =UanD.
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Tote n ¢ eivar 1-1. Tlpayupat, av A,B € Y pe A # B téte pnopoupe xopig PAGBn tng yevikdntag va
urnoBéocoupe 6t AN (Y N\ B) # 0, dpa Ua N Vg # 0, emopévag Ua N Ve N D # 0 yiati to D eivat uxvo. Av
Aowndy sixape 6t ¢(A) = ¢(B) tote

0+UpanVgND=¢p(A)NVg=¢(B)nVg=UgnNn DN Vg =10,
artorto. Tupnepaivoune ot | 2(Y)| < |2 (D)). O
Yav epappoyn, divoupe 1o akodoubo mapddeiypa to oroio Seixvel Ot umtdpyxel XHOpog T3 o omoiog dev

elvat Ty, ou 1o yivopevo duo T4 xopev Sev eival kat” avdykn T4 kat 6t pia torodoyia 10Xupotepn piag
tortodoyiag T4 propei va pnv eivar Ty.

Mapadeiypa. Eotw Rs 10 0Uvodo twv mpaypatikdv aptBu@v pe v T0roloyia twv aplotepd npiavolytov
draotuatav. @étoupe X = RgXRg, Y = {(X,—X) : X€ R} xa1 D = Q X Q. O X eivat T3 cav yivépuevo xopav
T3. Erntiong, to D eivat ukvo yiati to @ eivat mukvo otov Rs. Tédog, onwg exoupe det, to Y gival kAeioto
xat Siaxkpitd. Av o X Atav Ty, téte ano to nponyoupevo Jedpnua Sa sixape ou | 2(Y)| < | £(D)]. AAAG
|2(Y)| = |Z(R)| ka1 |Z(D)| = |Z(N)| = IR, droro yiati o mAnd&piBpog tou Suvapoouvédou eivat yvrola
peyaAutepog anod tov mAnbdapiBpio tou cuvodou.

Osopnpa. 'Eotw X évag yopog T4 kat A C X kieioto. Tote o X/A eivar Ty.

Amnodeiln. AvdAoyn pe v anddedn 10U aviiotolou Ye@PPATOg TG IPONYOUHEVNG EVOTITAG. m|
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11. To Afppa tou Urysohn kat 1o @smdpnpa Enéktaong tou Tietze
H onpavukotepn 1810tta 1oV QuotodoyiKoOV XOpaVv eivat ott uo KAelotd Kat §éva ouvoda propouv va
Slaxwplotouv and ouvexeig ouvapthoelg, akpiBmOg Or®g KAl OINV MEPIIOOT TOV PETPIKOV XOPDV.

Ocsopnpa (To Anppa tou Urysohn). 'Eotw X gvag xaopog T4 kat A, B C X kAeiota kar eva. Tote undpyet
f : X = [0, 1] ovvexrig téroia wote flp = 0 kar flg = 1.

Anddaln. Eotw D = (k/2": n=0,1,2,... k=0,1,2,...,2" 10 ouvodo dAwv tav duadikwv ap®uov oto
[0,1]. To D sival muxvé. @a opicoupe enayoyikd pia oikoyéveia Ur, 1 € D, avoiyt@v unoouvodev tou X
HE 11§ akoAoubeg 1810t teg.

(1) AcU,, BnU; =0.

(2) Avr < stote Uy c Ug.

X

Uo

U1
U/a

®¢toupe Up = X\ B. Tdoe A € Uz, Agou 1o A eival KA£10T0 Kat 0 XOPog @uotodoyikog, urdpyet Ug
avoito tétoo oote A C Ug € Ug € Uz, Eow wpa 6t ta Ui, K=0,1,..., 21 ¢youv opiotel Gote va
wkavortotovvtat ot (1) xat (2). @a opicoupe ta Uy, k=0,1,2,...,2". Av o Kk eivat dptiog, dnradn k = 2¢,
tote 1o Uy = Uyon1 €xer 161 oprotel. Av o K eivat mepiredg tote ot K — 1 xat K + 1 etvar aptiot enopéveg ta
Uk-1)/2n, Uks1)/2n €xouv optotet kat £xoupie Uk-_1)/on C Us1)/2n. APOU 0 XOPOG eival puoioAoyikog umdpyet
Uy/2n avoryto tétoto wote
U(k—l)/Z” C Uk/2" C Uk/zn C U(k+1)/2n.
AuTO 0AOKANP®VEL TOV EMAYOYIKO 0plopo. AvtikaBiotoupe topa to U e 6Ao tov xopo X xat opidoupe
f:X—>1]0,1], f(X)=inf{reD:xeU}.

Agpou U = X, n f eival kadd optopévn. Av X € A tdte 1o X aviket oe 6Aa ta Uy enopéveg f(X) = 0. Av xe B
161e 10 X aviikel poévo oto Up dpa f(X) = 1. Asixvoupe tédog 6t n f etval ouvexng. Eoto Xp € X. Xapig
BA&BN g yevikotntag, f(Xo) € (0,1). 'Eote topa | = (f(Xo) — &, f(X0) + £) mia meproxny tou f(Xp). Agou to
D eivat rukvo, undpxouv rq, 1z € D tétoa wote f(Xp) —& <11 <1y < f(X). Tote Xo ¢ Uy, dpa Xo ¢ Url-
Erniong f(xp) < f(Xo) + &, apa undpyet r3 € D pe f(Xg) < r3 < f(Xo) + € oo vote Xg € Uy,. Enopéveg to
W = U, \ Uy, eivat meploxty tou Xo. Mapatnpotpe 6t f(W) € | yuati av X € W tote 1y < f(X) < r3. Suvenog
n f elvail ouvexng. O

Mapatnproctg.

(1) Ioxuet xat to aviiotpopo tou Afjppatog tou Urysohn: Av évag xwpog Hausdorff X €xet tnv 1816tnta
ot yia kafe A, B € X kAetotd kat &éva undpyet f 1 X — R ouvexng oote fla = Okat flg = 1, t6te 0
X eivar T4. Hpaypartt, ta avoxtd ouvoda f=1((—0, 1/2)) xar f71((1/2, +00)) Sraxepifouv ta A kat
B.

(2) Apou [0,1] ~ [a,b], éxoune 611t av o X eivar T4 xat A,B Cc X xleiotd xat §va tote undpyet
f : X - [a, b] ouvexnig tétoia wote flp = akat flg = b.

Oshpnpa (To Osopnpa Enéxkraong tou Tietze). 'Eotw X évag ywpoc T4, A C X kiewoto kar f : A - R
ovveyrjg. Tote undpyerh : X = R ovveyrig tétowa wote hia = f. Andaén n f éxer ovvexn enértaon.

v anodeign 9a Xpnoponotjooupe v akdAoudr.
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Mpédtaon. Eotw X xaopog T4, A C X kiewoto kar F 1 A = R ovveyrig tétoia wote |F(X)| < € yia kade X € A.
Tote urapyet H © X = R ovveyrig téroia wote |H(X)| < ¢/3 yia kade X € X kai [F(X) — H(X)| < 2¢/3 yia kade
Xe A

Anobealn. Bétoupe AL = {(Xe A: F(X) > ¢/3} xat A_ = {x e A: F(X) < —c/3}. Ta A; ka1 A_ sival KAeiotd
oto A, dpa xat oto X apou 1o A etval kAetotd. Améd to Afupa tou Urysohn undpyxet H @ X — [-¢/3,¢/3]
ouveyrg tétowa wote H|a, = ¢/3 xat H|a. = —¢/3. H H eivai mpogpavag n {ntovpevn. m]

Anobeiln. (Tou Bswprpatog tou Tietze.)

1n nmepimwon. Yrmobétoune 6t |f| < € oto A xat deixvoune 6t undpxel ouvexng enéktaon h tétola dote |h| < €
oto X. Egapuoloupe v mponyouuevn npotaotn yia F = f kat nmaipvoupe pa hg @ X - R
ouvexny tétola wote |yl < ¢/3 oto X xat |f — hg| < 2¢/3 oto A. =t ouvéxela epapuosloupe tnv
npdtaon yia F = f — hy xat maipvoupe pia hy © X — R ouvexyy téroa oote |hy| < 1/3-2¢/3
oo X xat |f — hg — hy| < (2/3)%C oto A. Zuveyilovtag pe Siadoyikég epappoyég g rpdraong,
naipvoupe pia akodouBia cuvexmv cuvaptiosav h, @ X = R téroa oote |hy| < 1/3(2/3)"c oto X
xat |f — Yp_ohi < (2/3)™1c oto A. Agot ¥ (2/3)" < o0, aré 1o xprrplo Weierstrass éxoupe ot
n h= 3" hn eivar ouvexnig. Emiong || < ¢/3 X7 ;(2/3)" = ¢ oto X. Téhog naipvoviag dpia kabog
N — oo ot oxéon |f — X o Ml < (2/3)"c éxoupe 6t f = hia.

2n nepimwon. Yrmobétoupe ot |f| < € oto A ka1 Seixvoupe ot undpyet ouvexnig eréxtaon h tétowa dote |h| < € oto
X. Anté v 1n nepintoon, untdpyel OUVEXTG EMEKTAOT) h ttroa Gote IFI < C. 9étoupe

Aoz{xex:ﬂzc}.

Tote 1o Ag eivat kAeiotd kat &Evo e 1o A, dpa amod 1o Afppa tou Urysohn undpyet ¢ @ X — [0,1]
ouvexng tetola oote ¢la, = 0 kat ¢lp = 1. Béroupe h = tpﬁ.

3n mepimwon. Asv umtdpxet meptopionog yia my f. Edo Sewpoupe évav opotopoppiopd ¢ : R — (—1,1). Tote
and mv 2n nepinoon vridpyel g : X — (=1, 1) ouvexrg enéktaon mg Yo f. Etoinh=ytog
eivat n {ntovpevn enékraon.

O

Mapatfpnon. loxvel kat to avtiotpopo tou Jewprjpatog tou Tietze. Av évag xopog Hausdorff €xel tnv
1810t ta 0T KABe ouveEXIg OUVAPTNON O KABe KAEIOTO GUVOAO £XEL OUVEXT] EMEKTAOT], TOTE O XOPOG elvat T4.
Mpaypat, av A, B sivat kAstotd xat §va, tote n f : AUB — [0, 1] pe fla = 0 xat f|g = 1 eivat ouvexng, dpa
£Xel ouveyT) enéKTact) 0° OAOKANPO o X®po. Andadh, ta A kat B iaxwpidovral amd pila ouvexn ouvaptnon,
EMOPEVRAG O XDPOG ELVAL PUOIOAOYIKOG.
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12. ZuvOnkeg Ap1Ounopotntag
Oplopodg. 'Evag ywpog Aéyetal Siaywpioog av xel éva apidunouo Kat Tukvo urtoouvoslo.
IMapadeiypata.
(1) To R pe ) ouvnBiopévn tomoloyia Kal pe v ToToAoyid TV aplotepd NIAVOIXT®OV S1aotnudtev
elval Sraxwpiopog xmpog apou xat otig duo reputtwoetg 0 Q sivat rukvo.
(2) 'Evag umntepapibpropog Siakpitdg xwpog dev eivat Siaxwpiotlog apou 10 Povadikod mMUKVO UTtoouU-
volo eivat o 810G 0 X®pog.
Osopnpa. 'Eotw X diaywpioyog.
(1) Kade avoiytog unoxwpog ivar diayopiouog.
(2) AvY eivai karowog yapog kair f 1 X — Y ovveyric kat eni, 1612 0 Y eivar Siaywpioyiog.
Anddeln. 'Eotw D € X apiBuroio xat mukvo.

(1) Av to A C X givat avoiyto, tote 1o D N A eivat rtukvo oto A 81011 xaBe U C A avoiyto oto A eival
avoiyto oto X eropévag tépvet to D dpa kat to D NA.

(2) Exounpe Y = f(X) = f (B) c f(D). ‘Apa to f(D) etvat muxvo.

m}
HMapatfpnon. Evag aubaipetog undoxwpog evog Staxwpiotpou xmpou dev eival kat’ avaykn diaxwpioyiog.
IMa napdderypa, av Rg eivat 1o oUvodo tewv mpaypatik®v apiOpov pe v Tormoloyia tov aplotepd nuid-
voitwv Sraotnpdtwv tote 10 Rg X R eival Siaxwpiopog xopog apou to Q X Q eivar mukvoe. AAAaG 1
avubiayeoviog {(X, —X) : X € R} eivat unepapBufioun kat Siakpity, apa dev prnopet va eivar S iaxopiopog
Xopog. IMapd tavta €xoupe to akdéAoubo.
Osdpnpa. Av o (X, d) eivar Siaywpiowog ustpucde xwpog karY C X, 1dte 0o Y eivai Siay@pioqog.
Anobeiln. Eoww {X; : N € N} mukvo oto X. Téte yia kabe k € N katr y € Y unapyet Ny, k) € N téroio wote
d(y, Xnyk) < 1/k. To ouvodo {n(y,K) : y € Y} eivat apiBuropo, dpa unapxouv y‘; €Y, j € N, téroia dote
{n(y,k) :yeY}= {n(y‘lf, K) : j € N}. Tote 1o {y‘]? .}, k € N} eivat mukvé oto Y. Tpdaypat, éote Y € Y kat € > 0.
EmAéyoune K, j € N pe 1/k < £/2 xat n(y, k) = n(y']?, K). Tote

d(y. ¥§) < d(¥. Xnuig) + d%pisgs V) < Lk + Lk <.
O
Mapadewypa. O Rs X R eival Suaxepiopog addd n avudiaymviog Sev eivat. Apa o Xopog autdg Sev eivat
HETPLKOITOO1110G.
@cwpnpa. ‘Eotw Xy, N € N, wa axoflovdia Siaxwpiomev ywopwv. Tote 1o ywduevo X = [ Xn eivar
Staxwpiouog xwpog.
Anodbefn. Eow D, C X, apibprjopo kat mukvo. Ztabeporoiovpe éva Z = (Zy)pen € X. Tdte 10 0UvoAo
00 n 00
o-U([Torx 1)
n=1\j=1 j=n+1

elvat apilBufiopo xat nukvé yiatd to tuxdv avoixtd Paokd ouvoro U = NP, pa(l(Gik), i1 <lip <+ <ip,
tépvet 1o opBoymvio R = ]—I'J"Zl D; x ]—I?iinﬂ{zj} c D. Hpaypart, n ik-mAeupd tou U 8nAabdn to avoixto ouvolo
Gi,. tnver my ik mMeupd tou R n oroia eivat to ruxkvo ouvodo Dj,. Twa j # ik, 1 j-mAeupd tou U eivar
0AOKANPOG 0 XOPog Xj 0 oroiog Puotkd tépvet v j-mieupd tou R. m|
Mapatrpnorn. 'Eva aubaipeto yivopevo diaxmpiopev X@peov pmopet va pny eivat diayxmpiotpog xopog. Ta
napadetypa to R', érou o mAnBa&pBpog tou | sivai yvfiola peyaldutepog amnod tov rmAinbapidpo tou R (n
anodedn napaleinetan).
Opiopodg. 'Evag ywpog Acyetat 1o¢ apidunoyiog av kade onueio 1ouv Exel apdunoyun Baon Teplox .
IMapadeiypata.

(1) Ka&be perpixog xopog (X, d) eivar 1og apiOunomiog apou n oxoyéveia {D(X,1/n) : n € N} eivar

Bdon meploxmv tou X.
(2) To R pe v torodoyia t@v aplotepd nEIAvolXtev dtaotnpdtav eivat 1og ap1buroiog xwpog yati

n owkoyéveia {(X—1/n,X] : n € N} eivar Baon meproxev tou X.
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(3) Av 10 | eivat éva unepapiOpfioyo ouvodo, tdte 0 XHpog X = R' 8ev eivat log apiBpropog,
apa dev elval PETPIKOMOINO}10G. LIV MPAYHATIKOTTA Kavéva onpeio dev €xel apOpnoan Bdon
nep1oXeov. Ag unoBécoupe 6t Kamoio X = (X)) € X é€xe1 api®unjoun Bdon nepioxeov {Upy 1 N € N},
orou Up = Mgy, pi’l(Gi”), Jn C | nenepaopévo, G' € R avoryto. Tote av erudégoupe i € I\ Unen Jn
9a éxoupe 6u n reploxn U = pi)l((xio -1, %, + 1)) 8ev nepiéxet kavéva Up, agou 1 ig-rideupd g
U eivar éva ppaypévo didotnua, eve n ig-mAeupd tov Uy eivat o R.

IMapathpnon. 'Evag unidxmpog evog lou apiburjoipou xopou eival 1og apiburopog.

@cdpnpa. 'Eotw Xy, N € N, wa arofovdia 1ov apduropwv yopov. Tote 1o ywopevo X = [, Xn givar
log apdurionog xwpog.

Anobeiln. Eoww X = (Xn)nen € X, ka1 %, apiBufioan Baon meploxmv tou X, € Xy. Tote n oikoyéveia

O{ﬁ Pt(Uk) : Uk € B, k= 1,2,...,n}

n=1 k=1
eivat pa apiBpnomn Baon reploxmv tou X. m|

Oshpnpa. Eotw X lo¢ apdurioog, A C X, X € X, Y kanoto¢ yapog, kat f 1 X =Y,
(1) xe€ A avrar uovo av vrapyet akoflovdia Xp € A téroia wote Xn — X.
(2) H f elvar ovveyrig oto X av kai uévo av yia kade arxofovdia Xn € X pe Xn — X éxovue f(X,) = f(X).

Aniabdn o’ éva 1o apdurnoyo xwpo ot akoAovdicg uropouv va rai§ouv 1o pOoAo v SIKTUGU.

Anodedn. Eown {By:n € IN} pia Bdon neploxeov tou X. Avukabiotwviag to By pe to (i, Bk, propotpe va
unobeooupe o6t n By eivat pia pbivouoa akodoubia ouvodmv.
(1) Av X € A, erudéyoupe X, € AN By. Tote X, — X. Mpaypat, av U eivar tuxotoa meptoxr} tou X tote
undpxet Np t€too wote By, € U. Enopéveg yia kdbe N > Ng €xoupe Xy € By € By, € U.
(2) Ag umoBécoupe ot n f Sev eival ouvexng oto X. Tote undpyel meproxyy V tou f(X) térola wote
f(Bn) ¢ V yia xdbe n. Emdéyoune X, € By ne f(Xp) ¢ V. Tote Xy = X xat f(x,) +» f(X).
O

Opopdg. 'Evag yapoc (X, T) Aéystar 20¢ apdunowog avn T éxer apdurowun Baon.
IMapatnprosig.
(1) 'Evag unidxmpog evog 20U aplOpfjoliou Xopou eivat 20§ aptOpfjoiog.
(2) 'Evag 20g apiBpnopog xepog eival 1log apiBuroog kat Siaxepiopog yiat av {By @ n e N} eivan
pa Baorn yla v torodoyia, tote n {By @ X € By} eival apiBurfioman Bdon nepioxov tou tuxdviog
X. Eniong, av emAéioupe X, € By, tdte 1o ouvodo {X, : N € N} eivat mukvo. ¥’ éva perpikd Xwpo
1OXUEL KAl TO aviioTpogo.

Osopnpa. 'Evag Siaywpioog petpikog xopog (X, d) eivar 20¢ apdurjoqog.

Anddealn. Eotw (X, : N € N} mukvd. Tdte i owkoyéveta {D(Xy, 1/M) : N, m € N} etvar Bdon yia tnv tornodoyia.
Mpaypat, é¢otw G C X avoixto kat X € G. Téte undpyxet M € N téroo dote D(X, 1/mM) ¢ G. Emdéyoviag Xn
ne d(X, X,) < 1/(2m), maipvoupe ou X € D(Xy, 1/(2m)) € D(x, 1/m) c G. O

Ozdpnpa (Lindelof). 'Eoww X 20¢ apdunouog.

(1) AvG;, i €|, eivar pa owoyéveia avorytwv vmoouvédwv tou X, 1ote urdpyet J C | apidurowo téroio
wote Uil Gi = Ujes G-

(2) Av A eivai pa Baon yia o worofoyia tou X, tote undpyet 6 C B apiduroyn tétoia wote N6 eva
PBaon.

Anobeiln. 'Eoww {Up : n e N} pa Baon yua v torodoyia tou X.

(1) ®étoupe G = Ui Gi. Ta xabe X € G unapxet i(X) € | pe X € Gjy. dpa unapxet N(X) € N téroo
wote X € Upxy C Gjx). To ouvodo {n(X) : X € G} etvat apiBurioo, enopévag urdpxouv Xc € G,
ke N, téroa wote {N(X) : X € G} = {n(X) : k€ N}. @¢roupe J = {i(X) : ke N}. Tote Jje3Gj = G.

(2) Agpou n A eivar Bdon, kabe U, ypagpetal cav évaon ocuvodev g #. Ernopéveg, and to (1),
unapxet aplOpfon vrooikoyévela Ay C A térowa wote Up = Jgey, B. Ottoupe € = Unen %
Agou n {Up : n € N} eivar Bdon, xat n € eivat Bdaon.

O
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Mapadewypa. O xopog Rs eivar Siaxwpioog, log apiBpnonog kat oxt 20g apBuropog (apa dev eivar
HEeTPIKOIOIo10G). Av ftav 20¢ apibunfonog, tote 9a unmpxav a, < by, N € N, tétoa dote n owkoyévela
{(an, bn] : N € N} va eivat Baon yia mv tormodoyia. Av topa ermdéioupe X € R Sapopetikd and dda ta
b, tote n meploxr (—o0, X] ev pnopet va nepiéxel kanoio Sidotnpa (an, bp] pe X € (an, by] yiati Sa sixape
b, = x.

@cwpnpa. ‘Eotw Xp, N € N, pa axofovdia 20v apdunoqev xopov. Tote 1o ywopevo X = [oq Xn eivar
20¢ apdunoyog xwpog.

Anobeiln. 'Eoww Bh apiBurfjoan Baon yua v torodoyia tou X,. Tote n oikoyévela

O{ﬁ P (UK) : Uy € By, k= 1,2,...,n}

n=1 \k=1
elval pa ap®unoyan Baon ya v tortodoyia tou X. O
HMapatfpnon. Eva urniepap®pnoio yvopevo 20v aplbpufioipaov Xopov yevika Sev eival 20g apiburfoiaog
X®Pog, ylati onwg eidape propet va pnv etvat oute 1og apibpropog.
Osopnpa. Av o X givar 20¢ apdunowog kar T3 tote eivai Ty.
Anddeln. 'Eoww A, B C X xAelotd xkat §va. Agpou o X eivat T3, yia kébe X € A untdpxet riepoxr) Uy tou X

tétowa oote Uy N B = 0. Opoiwg, yia kabe Y € B undpyet Vy meploxn tou Yy tétoia wote Vy NA=0. Apou o
X givat 20g ap1Buroog urdpxouv X, € A xat Y, € B tétowa dote

Uw:OUW[szgwr
xeA n=1 yeB n=1
®¢toupe ] .
Up = Uy, \ vak, Vo = V., \ UUXw
xat =

k=1
U:O&hvzgm.
n=1 n=1

Tote ta U, V eivat avoiyxtd kat &Eva urepouvoda twv A, B. O
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13. Metpikonoiugoipotnta
Znv evotnta autr] 9a Xapaktnpiooupe toug H1aX0piolioug PEIPIKOO 010U XOPOUG.
Ozopnpa (Urysohn). 'Eoww X 2o0¢ apdunoog kat T3, tote o X givat perpucononjoyiog (kar Staxopioyiog).
Ta v anddedn 9a xpelaotovpie pia oelpd evdldpeoa amoteAéopartd.

Osopnpa. 'Eoto (X, d) perouoe yopog. Ocrovue p = d/(1+ d). Tote n tonofoyia mouv emcayer ) petoisn p
tavtiletal pe mo tonofoyia nou enayetnd. 'Etol, 0’ éva PEPIKOTOWOUO YDOPO UTTOPOUNE TTAVTA VA UTLOD ETOUUE
ou p tonofoyla tou endyetal ano uia petpikn epayuévn ano to 1.

Anddeiln. 'Evag petpikog xopog eivat log apiOpnowyiog, enopéveg apkel va eloupe 6t pia akodoubia
OUYKAIVEL @G TIPOG T H1d HETPIKE AV KAl POVO AV OUYKAIVEL WG TIPOG tnv GAAn. Av X, — X ®@g pog tnv
d tote p(Xn, X) = d(Xn, X)/ (L + d(Xn, X)) — 0O, dpa Xy — X ©g mpog ) p. Av Xy — X ©G MPOG TN P TOTE
d(%n, X) = p(Xn, X)/(1 = p(Xn, X)) = 0, dpa Xn — X &g mpog v d. o

@cwpnpa. ‘Eotw Xp, N € N, a axofovdia petpikononjomov xopwv. Tote 1o ywouevo X = [oq Xn eivar
UETPIKOTIOOUOC X WDPOG.

Anddealn. Eote 6t n tornodoyia tou X, endyetal ano tn perpiky] dy. Xeopig BAd6n tng yevikdtntag, urodé-
toupe ot dy < 1. Zro X 9ewpoupe T PEIpIKY

d(x.y) =ZM.

k
k=1 2

®a deifoupe 6 n torodoyia mou enmdyet n d tauvtidetatl pe v TomoAoyia ywvopevo. Agou ot Suo toroAo-
yieg eivail 1leg apiBpnopeg, apkei va deifoupe ot pia akodoubia cuykdivel og ripog v d av kat pévo av
OuyKAlvel Katd ouvietaypéve), 810tt OUYKAION ©G IIPOg TNV torodoyia yivopevo eivat wooduvapn pe ratd
ouvtetaypévn ovykAon. Av d(X,, X) — 0, tote yia xdBe K éxoupe di(%n(K), X(K)) < 2%d(X,, X) — 0. Avri-
otpoda, ¢ot® 6t Xn(K) — X(K) yia xaBe K, xat éotw & > 0. Emdéyoune Ko tétoto dote Yl g 1/2% < .
Tote

O Ak, XK) o de(Xa(K), X(K) <& dh(a(K), X(K))
d(Xn,X)=kZ=;—k x +k=%;r1k x <kZ:;k x +&

Enopéveg limsupd(Xn, X) < €. H oxéon auth) woxUel yia kdbe &, dpa d(X,, X) — 0. O

Mapatfpnon. Eva urepaptBufioipio yivopevo NETPIKOMOOIH®V XOP®V SeV elval YEVIKA PETPIKOIIO 0110,
agou unopet va pnyv elvat 1og apbpfoiog Xwpog.

Ipétaoyn. Eotw X yopo¢c Hausdorff, Xi, i € |, wa owcoyéveia onmofoyav yopov, kat fi : X — X wa
OIKOYEVELa OUVEX AV oUVaptioemv tétola wote yia kade A C X kieotd kar kade X ¢ A undpyeri € | této10
aote fi(X) ¢ fi(A). Tote n aneucdvion

FoXo X f09=(fi09)e
iel
etvar oporopop@ioudg ou X oto f(X).

Anddaln. H f eivar mpogaveg ouvexrig xat 1-1 yiati av X # Y 16te, apou ta povoouvolda sivat kAsiotd,

undpyet | téroo wote fi(X) ¢ fi({y}), dpa f(X) # f(y). ®a 6ei§oupe 6u n f : X — f(X) eivar avoiyt. 'Eowe
G c X avoxto xat f(X) € f(G). Tote X ¢ X\ G, dpa undpyet i tétoo oote fi(X) ¢ fi(X \ G). Enonévag
f(x) € prt (X \ (XN G))n £(X) ¢ (G).

Auto onuativet ot to f(G) eivar avoixtd oto f(X). O
Anobeiln. (Tou Sewprpatog perpikononotpotntag ou Urysohn.) ‘Eow {U, @ n € N} pa Baon yua v
torodoyia tou X. @¢toupe | = {(Mn) € Nx N : Uy c Uy}, Apou o X eivar 20¢ apiburoipog kat T3, eival
@UO10A0Y1KOG, dpa, amd to Afppa tou Urysohn, yia kdBe (M N) € |, undpyet fmn @ X — [0, 1] ouvexng
tétola Oote fmnIUm = 0 xat fmnlxwu, = 1. @a 8ei§oupe 6 n owoyévela fmp kavoroiel v vnobeon g

nponyoupevng ripotaong. Eotw A C X kAetwotd kat X ¢ A. Tote untapyet Uy tétoo dote X € Up kat UpNA = 0.
Agpou o X eivar T3 unapyet Up, této1o eote X € Uy € Uy € Uy, Tote (M n) € | xat

fun(X) = 0 ¢ {1} = fnn(A).
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Tupnepaivoupe 61t 0 X gival op010p0pPIKOg 1E £vav UMOX®EO TOU HETpIKOTootppou Xopou [0, 1]I (to |

elvat apiBpfowo), dpa o X gival PETPIKOMOOIHOG. O

IMapatnprosig.
(1) duoikd, oxUel Katl 1o aviiotpopo Tou mponyoupevou dewprpatog. 'Evag Siaxwpionyiog Hetpikog
X®POog elvatl, ornwg Exoupe 6et, 20§ aplOPNO1}10g KAl KAVOVIKOG.
(2) Yridpyxel mAnpng Xapaxtnpilopog 1@V PETPIKOMOIAOII®V XOPaV (ave§dptnta amno to av eivat Siaxo-
piopoy), Sepevyel OPEG Ard TOUG OKOIOUG TOU pabnpartog.
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14. Zupnayeig Xwpot

Opiopdg. 'Eotw X évag yapog kat A C X. Mia oucoygveia avoiytov ovvoidwv Gi, i € |, téroia wote A C i Gi
Néyetar avoyty kadvyn tou A.

Opiopdg. 'Evag yopog¢ Hausdorff X Aéyetar oupmayng av kade avoyty kauyn tou X &xel TENepacuevn
vrmokdaduyn. Anjaén yia kade oucoyéveia avorytav ovvdiwv Gi, i € |, ue Uiq) Gi = X, undpyxouviy,...,in €|
tétoia wote | Jp_; Gi, = X. 'Eva urnootvoflo A C X féyetar oupmayés av eivar oupmayns xopog og mpog
oxeuKn tonojoyia.

Mapadeiypata.

(1) To R pe ) ouvnBopévn toroAoyia Kat v TormoAoyida t@v aplotepd NUIavolyt@v Staotnpdtav dev
elval cupnayng x®peog yiati n avorxtyy kaduwn (=N, n), N € N, dgv £xe1 menepaopévn UOKAAUYT).

(2) 'Evag diakpitog xmpog X eival ouprayng av kat povo av to X eivat mernepaopévo. H pia kateu-
Yuvon eivatl mpopavrg. Ta v dAAn kateubuvor], 9e@poupe v avoirxt) kdAuvyn {{X} : X € X}.
Agou o X gival ouprayng unapxouv X, . .., Xp € X tétowa oote X = {Xg, ..., Xn}.

Osdpnpa. Av o X elvar ouurayrg yopog kat 1o A C X kieoto, tote o A givar oupnayég.
Anodbeafn. Eow Gj, i € |, pia avoiytr) kdAuyn tou A. Tdte 1 owkoyévela {X N\ A} U {G; : i € |}, eival avoixth

kdAuyn tou X, apa éxet nenepacpévr) vriokduyn {(XNALU{G;, 1 k=1,...,n}. Enopéveg ta Gj, anotedouv
nenepaopév) unokailuyn tou A. O

Ocsopnpa. Av o X eivar Hausdorff, o A C X cuurayég, kar X ¢ A, tote undpyouvv U,V C X avoytd kai féva
éroia wote X € U kar A C V. I6aitepa, 1o A givar kAeio1o.

Anodeiln. Eoww X ¢ A. Tote yia xabe Y € A unapxouv nieploxég Uy kat Vy tov X xat y aviiotoixa tétoteg
oote Uy NVy = 0.

X
A
Uy
Vy
H owoyéveila Vy, Y € A, eivat avorytry kGAuyn tou A, dpa umdpxouv yi, . .., Yn € A tétowa wote A C Ur-1 Vy,-

®¢toupe

n n
U= Dluyk, V= kL:leyk.

O

Ocsopnpa. Av o X eivar Hausdorff kat A, B C X ovurayn kat eva, tote unapyouvv U,V C X avoyta kai féva
eroia wote AC U katBC V.

Anddeln. Amo 1o mponyoupevo dedpnuda, ya kdbe X € A, untdpyxouv Uy, Vyx avorytd xkat Séva tétola dote
X € Uy xat B € V. H owoyévera Uy, X € A, eivat avoixtty kdAuwn tou A, dpa umdpyouv Xi,..., X, € A

tétowa oote A C |Jp_; Uy, ®étoupe
n n
U=[JUs V={Ve
k=1 k=1

Tote ta U, V eivat avoiytd kat §Eva uriepouvoda twv A, B. O
Osopnpa. Av o X glvar ovurayng, 1te givar Tq.
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Anddeln. Av A B C X eivar xAewotd kat &Eva, 10T eival oupmayn Kat T0 OUMRIEPAOHA EMETAL ATIO TO
nponyoupevo dewpnpad. O

@sdpnpa. 'Eoto X ovurayric, Y Hausdorff kai f : X — Y ovveyng kar eni. Tote

(1) OY eivar oupnayrg.
(2) Av emmiéov n T eivar 1-1, 1d1e eivar opoopop PLoUdg.

Andbeiln.

(1) 'Eoww Gi, i € |, pua avoity) xdAuyn tou Y. Tote i F-1(G)). i € |, eivar avoiyt) xdAuyn tou X, dpa
¢xet menepaopévn urokdAuyn f71(Gy,), k= 1,...,n. Zuvenog n Gi, k= 1,..., N eivat kdAuyn tou
f(X)=Y.

(2) Av o A C X eivat kAeiwotd, tdte eival ouprayég agou o X egivat ouprayrg. Apa ano to (1), o
f(A) eivar oupmayég, emopévag kAeloto. 'Etot n f etvat 1-1, emi, ouvexig kat xAewotr}, dpa sivat
O01010PPLOOG.

m}

To akoAoubBo Sedpnpa eival éva anod ta onpavukotepa anotedéopata otn evikn ToroAoyia.

Osopnpa (Tychonoff). 'Eotw X;, i € |, pa owoyéveia ovpnayaov yapwv. Tote 1o ywouevo X = [ig Xi eivar
OUUTIAyNG X OPOG.
Ia v anédedn, Sa xpelaotovyie ta e§ng.

Osopnpa (To Afupa tou Zorn). '‘Eotw (X, X) éva uspika biatetaypévo ovvoo, t€woio wote kade ofuka
Sratetaypévo uroovvofo A C X gxet avw gpayua, bniadn vndpyer S € X téowo wote a < S ya kade a € A.
Tote 10 X éxet peyotno (maximal) otoiyeio, dnAadn unapyet Xg € X tétowo wote yia kade X € X éyouvue
Xo £ X = X = X (avid onuaiver ot dev unapyel otoryeio yvrjota ueyaduvtepo ano 1o Xo. Asgv onuaiver kat’
avaykn ot 1o Xy givar peyaivtepo and kade otoryeio tou X, ektdg ki’ av n Sataln elvar oflucr).

Amnodein. Tivetal oto pabnpa tng Oswpiag Zuvolwv. O

Osopnpa (Alexander). 'Eote X yopo¢ Hausdorff kat </ pia umo6aon. Yrnodétouue ot kade avorytr kKauyn
tou X and ovvofa g &/ éxer nenepaouévn vnokajuyn. Tote o X elvar oupnayng.

Yy anédeidn, av . eival karola oikoyévela ouvodav tote 9a XPro1oroloUpe tov ouBoAouo | .7
yia v évaon Uses S.

Anddeln. YrnoBétoupe ot o X elvat ev eival ouprnayng. Tote umdpyel avoixtr] kaAuwn tou X xopig
METEPAOEVT] UTIOKAAUYWT). @€toupe Aorov

F ={%€ : H € sival avoixttj kdAuyn tou X Xopig nenepaopévn urokdduyn}.

A6 1o Afjppa tou Zorn, 1o # £xet maximal (©g Tipog T oX£on tou TiepiExenbal) otoixeio, L0t Gp. AnAadn
n %o Bev éxel nmenepaopévn unokAAuY, Kat av § eival karota dAAn avoiytr) KGAuyrn yvrola peyadutepn
g ¢, wte n € éxer nenepaopévn vrokaduyrn. Ipaypar, éoww {2, @y € I'} éva ohikd Siatetaypévo
uroolvodo tou #. Bétoupe 7 = Uy 2 xat Seixvoune 6t n Z eival ave gpdypa tou {Z, @ y € '} oto
F. Tpogpaves 2, C P yua xabe y. Emiong, av n Z ev aviike oto & 9a eixe mernepaopévr umokaAuyn
Gy, ...,Gy. Tote, apou ot 2, eival ouykpiolpeg @g ripog t ox£on tou nepiéxecbat, 0Aa ta Gk 9a avrkav o
KAroto %y, dpa n Z,, 9a eixe nenepacpévn UMOKAAUYWN, ATOTIO.

®¢toupe wpa B = o N 6y (N B pnopet va sivar kevr)). H £ 8ev kadurret tov XOpo ylati av tov
xdAurtte 9a eixe menepaopévn urokdAuwn (apou B C &). Auto sivar droro 8ot B C Gp. Eropévag
unapxel X € | J . Apou n %o eivar kaAuyn, uridpyel V € 6o e X € V. Apou n &7 eivat urtoBaor, urapxouv
Uig,...,Up € & tétoia wote Xe Uy N--- N Uy C V. Av xdnowo Uj avjke otnv % tote Sa avike oty %, dpa
Sa sixape X € |J &4, drono. Enopéveg U ¢ 6, kat éto1 6o & 6oU{Ui} yia xabe i. Apou n 6p eival maximal,
éxoupe ot yia kabe i n 6o U {Uj} 8ev avikel oto .F, ouvenmg £xel menepaopévn unokdduyn. Enopéveg yia
KA0e | undpyouv V} € %o, j =1,...,k, této1a wote U; UVi1 U---u VliQ = X. AAAG tote

n ki n n ok n k

— . i . i i

= (oo 0t (o0 evoJ0w

i=1 j=1 i=1 i j j

AndAadt) n 6o £xet memepaocpév UTOKAAuY ), AToTo. m|
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Anobeln. (Tou Sswprjpatog tou Tychonoff.) 'Eotw 4 pia kdAuwn tou X arnod uroBaocikd ouvoda, dniadn
opBoyovia tng popPng pi_l(G), orou i € I, G C X avoixtd. Ta xdbe i 9étoupe 6 = (G C X : pi_l(G) € ¢},
(to 6; anotedeital and dAeg 11§ ¥n TEPIIpEveg I-MAsupég 1oV opboyaviov g €). Tote undpyet | € | téroio
®ote 11 ¢} kadvret o Xj, Stagopetikd Ya priopovoape yia kabe i va erudéoupe X € (J €. AMG t0te 0
onpeio X = (X)ier 6ev 9a avrjke oe kavéva oUvodo g ¢, atoro. Apou o X| eival oupmayrng, urnapxouv
Gi,...,Gph € € ttrowa wote Xj = Gy U --- UGy Apa X = pj_l(Gl) U---u pj_l(Gn). Andadn n € éxe1
Merepaopévn urtokaduywrn. To cupnépaopa €retatl aro o dempnua tou Alexander. O

Hapatfpnon. H anddeiln tou Sewprpatog tou Tychonoff eivatl ouoiwdog armdovotepn av €Xoupe memepa-
opévo TANB0g XWpwv. Xinv repintwon aut 1o Yewpnua tou Alexander avukabiotatat and tnv oxedov
TETPIIPEVT) Ttapatfpnon ot évag xopog Hausdorff eival ouprnayng av kat povo av kabe avoiytr] KaAuyn
arnd Baoika ouvoda éxel menepacpévn urokdAuyn. Ag urobécoupe Aowtov ot X kat Y eivar ocupnayeig
xopot xkat ot U, X V,, k € K, pla avoiyt] kédAuyrn tou X X Y and Baoikd ouvoda. Ilapatnpovpe ot
yia kéBe X € X, n «pérar {X} X Y eivar cuprnayég urtoouvodo tou X X Y yuati eival opotopoppikn pe wov Y.
Enonévag urtapxet Ky C K nertepaopévo této1o wote {X} X Y C (Jyek, Ui X Vi

X X

@¢toupe Wy = ek, U Tote n Wy, X € X, elvat avorxtr) kGAduyn tou X, dpa undpxouyv X, ..., X, € X tétola
wote X = U?:l Wy, . Zupmepaivoupe 6t

vazLUWijY:O Wy, x ) Vi anJ L) Uex V.
=1 =1

KEKxj =1 keri
Apa o X X Y eival ouprayrg.

®a rapouctacoUpE TOPA KATTO1EG 1810TNTES TOV CUNITAY®V NETPIKOV XMP®V T1G OITO1eg, YEVIKA, Sev Exouv
I PETPIKOIIO|O11101 OCUHPTTIAYEIG TOTTIOAOYIKOT X®WPOt.

Osopnpa. 'Evag ouunayrg petpucog xopog (X, d) eivar siaxwpioog kar gpayuévog.

Anodailn. Ta xdbe n € N, n owoyévela D(X,1/n), X € X, eivat avoixty xdAuyn tou X, dpa undpxet
Fn € X nmenepaopévo, tétoo wote X = (Jyer, D(X, 1/n). @étoune D = (Jpew Fn. Tote 10 D eivar apiBuriomo
kal ukvo. Emiong, yia otaBepornioinpévo Xg € X, n avoixtty kdduywn D(Xp, N), N € N, éxet menepaopévn
unokdAuyn. Apa undpxet Ny tétoto wote X = Ug‘ll D(xg, N) = D(Xo, Np), 6nAadyy o X eivatl gpaypévog. O

Mapatipnon. Yidpxouv ouprayeig tornodoyikoi xmpot ot oroiot Sev eivat Staxwpiopot. Ta napddeypa,
o xopog {0,1})', érou 1o | éxer mMAnBApPIBRO yvhiowa peyaAutepo ard tov mAnddpBuo tou R (n anodeidn
rapaleinetay).

@sdpnpa. 'Evag petpikog yapog (X, d) eivar oupumayrc av kair uévo av kdde arxofoudia éxer ovykiivovoa
vntaxofouvdia.

Anobeifn. 'Eoww ot o X gival oupriayng kat X, € X pia akodouBia. TMa xkaBe N € N 9étoupe

FI"I = {Xn, Xn+1, Xn+2, e }

H Fp eivat pia @Bivouca akodoubia kAewotmv cuvodav. Agou o X eivat ouprnayrg, £€xoupe 6t (. Fn # 0.
[paypatn, av unioBecoupe ol n topn eival kevr, tote 1 owkoyévela X \ Fp, n € N, eivar avoiyt) kédAuyn
tou X, dpa urdpxet Np tétoo wote X = Ug‘ll XN Fn = XN Fp,, eropévag Fry = 0, droro. Erudéyoupie Aowrov
X € N1 Fn. Agou x € Fq, unapxet Ny oo wote d(X, Xn,) < 1. Opoiwg, apov X € Fp 11, undpxet Nz > Ny
o0 oote d(X, Xn,) < 1/2. Zuveyilovtag pe tov id10 tporo maipvoupe pia unakodoubia X, térowa wote

d(x, xp,) < 1/k — 0.
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Avtiotpoga, €0t otl kKGBe akodoubia oto X €xel ouykAivouoa urakodoubia. loxupilopaote kat’ ap-
xdas ot yia kabe n € N, vnapxer Fy € X menepaopévo tétoo dote X = (Jyer, D(X, 1/n). TMpdaypat, av
unobgooupe Ot autd Hev eival adnBeia, tote untdpyet Ny tétolo wote 0 X §ev KaAuntetal and neEnepacyEvo
mAn0og Siokav aktivag 1/Ng. Emdéyoupe tuydv X1 € X. Tote X # D(Xg, 1/Ng), apa undpxet X2 & D(Xg, 1/Ng).
Opoimg, X # D(xg,1/ng) U D(X2,1/Ng), dpa umdpyer X3 ¢ D(X1,1/Ng) U D(X2,1/Ng). Tuveyilovtag pe tov
1810 tpomo maipvoupe pia akoloubia X, tétowa dote Xy ¢ Uiy D(X, 1/Ng), amo to oroio cuvendyetat ot
d(Xn, Xm) = 1/Np yia xdBe N # M. Auté onuaivel 6T n X, Sev propet va éxel ouykAivouoa unaxkoloubia,
atorto. Tapa, 1o ouvoro Jnen Fn eival apibproo kat ukvo, dpa o X eivar Siaxwpiopog, eropévag 204
apiOpnoog. 'Eote 6t Sev eival oupnayig. Tote undpyel avoiytr) KGAuywn € Xwpig menepacpév) umoka-
Auyn. AQou o Xmpog sivail 20g apiOurfopog, and o dewpnua Lindelof, n € £xe1 apiOprompn unokdduyn,
¢otw Z = {Gp: ne N} H Z dev éxel nenepaopévn unokaluyr, apd, Oneg mptv, Propovpe va erméioupe
pia akodouBia Xn € Ui<p Gi. Ao undbeor), unidpxouv pa urtakodoubia Xy, kat éva onpeio X € X pe X, — X.
Agou n Z eival kaduyn, éxoupe X € G, yia karoo My. Eropévag undpxet Ny = Mo €010 Gote Xy, € Gmy»
droro yati X, ¢ Uiskno Gi. O

Mapatrpnorn. X’ £va pr PETPLKOIIOOIH0 XOPO, TO [PONyoUnevo dedpnpa yevika 8ev woxuetl. H neptypapn
TOV OXETIKOV aVTIapadelypdtaVv eival eKTog TV OKOMKOV T0U pabnpatog.

Hapadetypa. 'Eva untoouvodo tou R" pe ) ouvnBiopévn tonodoyia eival ouprnayég av kat povo eivatl kAet-
OT0 Katl @paypévo. Auto eival ApeoT OUVENELQ TOU TTPONYOUHEVOU de@Piatog Kal Tou 0Tl KABe @paypévn
axoAoubia oto R" éxet ouykAivouoa untakodoubia (Bolzano-Weierstrass).

Ocopnpa. 'Eoww X ovurayric tonofoyikdg xopog kar f : X — R ovveyrig. Tote n f naipver péyom
Kar efldayiom uun. Av emmiéov o X eivar ustpuconomowuog te n T eivar opoiduoppa ovvexrc wg mpog
omowadnnote petpkn enayet v tonofoyia tou X.

Anodedn. To f(X) eivar oupnayég urtoouvodo tou R dpa eivat kAelotd xkat ppaypévo. Octoune £ = inf f(X)
xat U = sup f(X) xat emdéyoupe axodoubieg n, Uy € f(X) tétoleg dote € — €, Uy — U. Agou 1o f(X)
elvat xAewoto, éxoupe ot £, U € f(X). Andadn to f(X) éxet péyloto kar eddyioto otoixeio, emopévag n f
naipvel péylotn kat eddyiotn tpr. 'Eote topa o1t ) torodoyia tou X endyetat amno m petpiky d. Ta va
8eifoupe 6u 1 f eival opodpopepa ouvexrg, apkei va dei§oupe o yia kaBe {euydpt akoAoubiav X,, Yn € X
e d(Xn, Yn) — 0 éxoupe f(Xn)— f(Yn) = 0. AgunoBécoupe ot f(X,)— f(yn) - 0. Tote unapyel unakoAoubia
f(Xn) — T(Yn) rowa oote |f(Xy) — f(Yn)l = € yia xdrnow € > 0. Agou o X eival ouprayrg, undpyxouv
unaxoAoubies Xn,, . Yn,, . Kat onpeia X,y € X tétoia 0ote X, = X, Y, — Y. AAAa d(Xn,, Yn,) — 0, dpa X =,
eropévag & < (X, ) = f(Yn, )l = [f(X) = f(y)l = 0, aroro. O

Osopnpa. 'Evag ovunayrig petoucdg xopog (X, d) eivar nirpeng, éniabn kade axofouvdia Cauchy ovykiivet

Anodeiln. Eoww X pia akodouBia Cauchy. Aoy o Xdpog eival ouprnayng, undpxouv X, kat X € X tétowa
OOTE Xk, — X. AAAG tdte
d(Xn, X) < d(Xn, X,) + d(Xg,, X) = O.
O

Mapatfpnon. Ze éva aubBaipeto TOTIOAOYIKO X®PO Ol EVVOIEG «@PAYHEVO GUVOAO», «OLOIOMOPPA OUVEXNG
ouvdptnorn kat «akodouBia Cauchy» Sev €xouv, yevikd, vonua.
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15. Toruka Zupnayeig Xopot

Opiopodg. 'Eva urmoouvolo evdg tomofoytcot x@pou ovoualetal OXetkd CUUTAYES av 1 KAEOTOTnId Tou givat
ovunayeg ovvofo. 'Evag xwpog¢ Hausdorff ovoualetar tomika ovumayng av Kade ONUEIO EXEL WA OXETKA
ouuTayn mEPox.
Mapadeiyparta.

(1) To R" pe t ocuvnBiopévn tonoAoyia eivat torukd oupnayng XOpog ylatt kabe diokog eival oxetikd

ouprnayég oUvolo.
(2) 'Evag 61arp1tog Xxopog ivatl tormkda ouprnayng ylati ta povoouvoldd eivat oupnayy).
(3) To Q 6ev eivatl torukd cupnayrg XOPog ylati kavéva didotnpa dev eival ouprnayég (oto @ ).

Osopnpa. 'Eotw X omikd ouunayng ywpog, X € X katU pa nepioxr) tou X. Tote undpy et Oxetkd CUUTAyng
neptoxn V tou X téroia wote V C U. I6waitepa, o X givat kavovikdg.

Anobeln. Eotw G oxeukd ouprnayng reploxn tou X. To G eiva ouurnayeg, dpa Tz. To GNU eival meproxn

tou X oto G, ernopévag urdpyet epoxfy W tou X tétota eote cl E(Wﬁé) c GNU. AnAady, WNGNG c GNU,
Gpa WNG c GNU. ®toupe V= WNG. Tote 10 V eivat KAewotd urioouvolo tou cupriayoug G, dpa eivat
ouprnayég, xkat npodpaveag V c U. O

@cdpnpa (Baire). 'Eotw X tonukd oupnayrg katGp, N € N, avoiytd kai nukvd. Tote 1o (4 Gn elvar tukvo.

Anodaifn. Eoww U avoxtd kat oxeukd ouvprnayég. @¢roupe D = (N7, Gn. @a Seifoupe ot 1o Uy tépver
10 D. Agpou 1o G; eival avoixto kat rukvo, 1o G1 N U; elval pn xevd kat avoiytd. Ao 1o mponyoupevo
9edpnpa, uriapyet Uz avorytd kat oxetikd oupnayég oo eote Uz € Gy N Uz, Opoieg, agou to G; eivat
avoiXto kat rukvo, to Gy N Uz elval pn kevd xkat avorytd dpa vndpyet Uz avoiytd kat oxeuxkd oupnayég
He Uz c Gy, N Us. Tuveyilovtag pe tov 1610 tpomo, maipvoupe pia @Bivouca akoloubia avolXtov Kat
OXeUKA ouprnayov ouvodev U, tétola dote U € Gy N U, H U, sivat pta bivouoa akodoubia KAslOTOV
UrooUVGAGY Tou ouprnayoug U1, dpa MNnet Uy, # 0. Supnepaivoupe 6u D N U7 # 0. O

HMapatfpnon. To Sedpnua Baire dev 1oxUel av o xdpog dev eival tormkd cupnayng, 1 av r OlKOyEveld TV
avolXTOV Kal IUKVeV dev eival apibpnomn. Ta rapddetypa oto Q ta cuvoda Q N\ {q}, g € Q, ivar avoiytd
Kdl TIURvVA adAd n topn toug eivat kevry. Opoiag, oto R, n uniepapi®pfioman owoyévela R\ {X}, X € R, éxet
KEVH] TOPH.

Opiopdg. 'Eva umoovvoo evog tomofoyikot ywpou ovouddetai:
(1) IHoudeva mukvo, av n KA0TOTNTA TOU EXEL KEVO E0WDTEPLKO.
(2) Ing katyopiag, av givar apduUNoUn £VEON TOVAEVA TUKVOU CUVOAMU.
Me autr) v opoloyia, to Sedpnpa Baire propel va Siatunodei og e&hg.
@swpnpa. 'Evag tomikd cuunayng xwpog dev givat 1ng karnyopiag.

Anodeiln. Eoww 6u X = [J; 1 An, 6mou ta A, eivat ouBeva rukva. Tote ta X \ Ay eivat avotytd kat rmukva
HE KevR) Tour)], Atorto. |

Ta ouvoda 1ng katnyopiag eivai, amd tomodoyikn darowrn, «pikpd». la napddeiypa, ot pnroi eivat
ouvolo Ing katnyopiag. Ot dppnrot Sev eivat, yuati av ftav tote 10 R 9a Atav 1ng katnyopiag.

Mapathpnon. To Sswpnua Baire 10xVel Kal o AAPEIS PETPIKOUG XOpoug. H amddeidn sivar mapdpoa.
Xpnowporotel 1o yeyovog Ott 0’ éva mANPn HEIPIKO XOPo, pia @divouca akodoubia KAE10T®V CUVOA®V 1)
Saperpog tov oroimv teivel oto Pndev, €xel Topun €va PLovoouvoAo.

Opiopdg. 'Eotw (X, .7) tonika ouumayrg, un OUPTAyng xwpog Kat oo éva avtikeiuevo pe oo ¢ X. Orouue
Koo = XU{o0}, kat To = T U{Xeo N\ K : K C X ovunayeg). O xopog (Xeo, Too) ovOUGTETAL OUNTIAYOTIONOT) EVOG
onueiou 1 ouurayonoinon Alexandroff tou X.

Mapatnproctg.

(1) H oxetkr) torodoyia tou X oav umocuvolo tou X elvar n 7.

(2) H tautotukn arekovion I - X — X, 0H010popPlopog tou X erti g 1KOvag Tou.
(8) To X eivat rrukvo urtooUVoAO T0U Xeo.
)

(4) Av 0o’ ¢ X, 101e Xoo & Koo' -
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AtaoBnukd, o X, MPOKUTTTEL av rpoobéoouiie oto X éva onueio (to «arepo»). TTov Kavoupylo Xopo,
pa Baon meploxmv £vog onueiou X etvat o1 ep1oxEg Tou X oG 1pog 7 av X € X, eve pia BAon Meptoxav Tou
areipou gival ta ouprinpepata v cupnayov urioouvodev ou X. IMa napddetypa oto R pia meployn
Tou aneipou eivai 1o (—o0, —1) U (1, +00).

Osopnpa. 'Eoww X tomka ovunayrg. Tote o X elvar oupnayng.
Anobeiln. Asiyvoupe kat’ apydag ot o X eivat Hausdorff. 'Eoto X,y € X pe X # Y. Av X,y € X 10te, agou o
X eivar Hausdorff, ta X, y Siaxwpiovrat otov X, dpa kat otov Xe. Av X € X kat Yy = oo, tdte, apou o X givat

TOMKA OUPTIAYHG, UMTAPXEL OXETKA ouprnayng rieptoxt) U tou X. ‘Etot ta U xkat X \ U draxwpidouv ta X kat
o0. 'Eoww wpa Gi, | € |, pia avot) kdAuyn tou Xe. Tdte undpxet ig € | tétoo oote oo € Gj,. Ermdéyoupe

K ¢ X ouprnayég tétoo wote o € X \ K C Gj,. Apou to K eivat oupniayég unapxouv iq, ..., in € | térowa
oote K € G, U---UG;,. Enopévag X = Gj, UGj, U---UG;,, apa o X, eivat ouprnayng. O
Mapadeiypata.

(1) Av X =[0,1), téte X =~ [0, 1].

(2) Av X = R, tte X, St Mpdypar, éoto f @ R — S\ {N}, évag opotopopgiopdg, érou N
eivat o «Bopetog moAog. Tote n g & Xoo — St pe g(X) = f(X), av X € R, xat g(e0) = N eivat
O01010PPLOOG.

Ozapnpa (To Afjppa tou Urysohn yia Torukd Zupnayeig Xwpoug). 'Eotw X tomuca ovunayrg, K € X
ovunayég kar U O K avoiyto. Tote urdpyer T+ X — [0, 1] ovveyric ue flk = 0 kar flx.u = 1.

Anobeiln. O X elval oupnayng, apa @uotodoyikog, enopéveg anod to Afjppa tou Urysohn unidpyet ouvexng
0: X — [0, 1] této1a dote glk = 0 ka1 glx,u = 1. ®@¢toupe f = glx. O
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