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6 PERIEQ�OMENADÔo lìgiaOi shmei¸sei
 autè
 apoteloÔn m�a pr¸th prosp�jeia kai e�nai, emfan¸
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 w
 pro
 thn epilog  Ôlh
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. Ja  mouneugn¸mwn se ìsou
, pa�rnont�
 te
 sta qèria tou
, ti
 prosèxoun kai mou k�nounparathr sei
 gia th belt�ws  tou
.Gia ti
 shmei¸sei
 autè
 qrhsimopoi jhkan, kur�w
, ta ex 
 bibl�a:1. Functional Analysis tou K. Yosida.2. Functional Analysis tou P. Lax.3. Introduction to Functional Analysis twn A. Taylor kai D. Lay.4. Functional Analysis tou W. Rudin.5. Analyse Fonctionnelle tou H. Brezis.M. Papadhmhtr�kh
, 5 Ioul�ou 2004.



Kef�laio 1Eisagwgik�1.1 Diat�xei
Orismì
 1.1'Estw A èna mh-kenì sÔnolo kai ≺ ⊆ A×A. Lème ìti to sÔnolo
≺ e�nai sqèsh di�taxh
   di�taxh sto A, an gia k�je a, a1, a2, a3 ∈ A,
(i) (a, a) ∈ ≺,
(ii) an (a1, a2) ∈ ≺ kai (a2, a1) ∈ ≺, tìte a1 = a2,
(iii) an (a1, a2) ∈ ≺ kai (a2, a3) ∈ ≺, tìte (a1, a3) ∈ ≺ .Tìte to sÔnolo A onom�zetai diatetagmèno apì thn ≺ .An to ≺ e�nai di�taxh sto A, gr�foume a ≺ a′ ant� (a, a′) ∈ ≺ .Epomènw
, oi sqèsei
 tou prohgoÔmenou orismoÔ gr�fontai
(i) a ≺ a,
(ii) an a1 ≺ a2 kai a2 ≺ a1, tìte a1 = a2,
(iii) an a1 ≺ a2 kai a2 ≺ a3, tìte a1 ≺ a3 .Par�deigma To sÔnolo R me th sunhjismènh di�taxh ≤ .Par�deigma To sÔnolo N me th di�taxh th
 diairetìthta
 / . Dhlad , a/b anto a diaire� to b.Par�deigma An Q e�nai opoiod pote mh-kenì sÔnolo, jewroÔme A = P(Q),to sÔnolo tou opo�ou stoiqe�a e�nai ìla ta uposÔnola tou Q, kai w
 di�taxhjewroÔme ton egkleismì ⊆ .Sto pr¸to par�deigma, gia k�je x, y ∈ R isqÔei ìti e�te x ≤ y e�te y ≤ x.'Omw
, sto deÔtero par�deigma den isqÔei oÔte 2/3 oÔte 3/2. Omo�w
, sto tr�topar�deigma, an to Q perièqei toul�qiston dÔo stoiqe�a q1, q2, tìte gia ta stoiqe�a
{q1}, {q2} tou P(Q) den isqÔei oÔte {q1} ⊆ {q2} oÔte {q2} ⊆ {q1}.Orismì
 1.2'Estw A sÔnolo me di�taxh ≺. 'Ena B ⊆ A onom�zetai olik�diatetagmèno an gia k�je b1, b2 ∈ B isqÔei ìti e�te b1 ≺ b2 e�te b2 ≺ b1.7
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 1.3'Estw A sÔnolo me di�taxh ≺ , B ⊆ A kai a ∈ A. To a onom�zetai�nw-fr�gma tou B, an b ≺ a gia k�je b ∈ B.Orismì
 1.4'Estw A sÔnolo me di�taxh ≺ kai a ∈ A. To a onom�zetai maxi-

mal stoiqe�o tou A, an den up�rqei a′ ∈ A me a ≺ a′ kai a′ 6= a.Sth Jewr�a Sunìlwn deqìmaste w
 Ax�wma toL mma tou Zorn : 'Estw A diatetagmèno sÔnolo. An k�je olik� dia-tetagmèno uposÔnolo tou A èqei �nw-fr�gma sto A, tìte to A èqeitoul�qiston èna maximal stoiqe�o  k�poia apì ti
 isodÔname
 me autì prot�sei
, ìpw
 to Ax�wma Epilog 
 pouja sunant soume parak�tw.1.2 Topologiko� q¸roi1.2.1 Anoikt� kai kleist� sÔnolaOrismì
 1.5'Estw A èna mh-kenì sÔnolo kai T m�a sullog  uposunìlwn tou
A me ti
 idiìthte

(i) ∅, A ∈ T
(ii)

⋃ C ∈ T gia k�je sullog  C ⊆ T
(iii)

⋂ C ∈ T gia k�je peperasmènh sullog  C ⊆ T .H T onom�zetai topolog�a sto A kai ta stoiqe�a th
 T onom�zontai anoikt�(w
 pro
 thn T ) sÔnola tou A. To A efodiasmèno me m�a topolog�a onom�zetaitopologikì
 q¸ro
.To (ii) lèei, me apl� lìgia, ìti h ènwsh opoiasd pote sullog 
 sunìlwn pouan koun sthn T e�nai sÔnolo pou an kei sthn T . To (iii) lèei ìti h tom  opoias-d pote peperasmènh
 sullog 
 sunìlwn pou an koun sthn T e�nai sÔnolo pouan kei sthn T .Orismì
 1.6An to A e�nai topologikì
 q¸ro
, tìte k�je uposÔnolo tou A touopo�ou to sumpl rwma e�nai anoiktì onom�zetai kleistì.Prìtash 1.1'Estw A topologikì
 q¸ro
.
(i) Ta ∅, A e�nai kleist� sÔnola.
(ii) To ⋂ C e�nai kleistì gia k�je sullog  C kleist¸n sunìlwn.
(iii) To ⋃ C ∈ T e�nai kleistì gia k�je peperasmènh sullog  C kleist¸n sunì-lwn.Apìdeixh: H apìdeixh bas�zetai stou
 orismoÔ
 kai stou
 nìmou
 tou de Morgangia ta sumplhr¸mata kai ti
 en¸sei
/tomè
.Orismì
 1.7'Estw A topologikì
 q¸ro
 kai U ⊆ A.
(i) To sÔnolo int(U) =

⋃{O|O e�nai anoiktì ⊆ U} onom�zetai eswterikì tou
U .
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(ii) To sÔnolo cl(U) =

⋂{C|C e�nai kleistì ⊇ U} onom�zetai kleist  j khtou U .Prìtash 1.2'Estw A topologikì
 q¸ro
 kai U ⊆ A.(1) To int(U) e�nai to megalÔtero anoiktì uposÔnolo tou U .(2) To U e�nai anoiktì an kai mìnon an int(U) = U .(3) To cl(U) e�nai to mikrìtero kleistì upersÔnolo tou U .(4) To U e�nai kleistì an kai mìnon an cl(U) = U .Apìdeixh: (1) Profanè
, b�sei twn orism¸n.(2) An to U e�nai anoiktì, tìte autì e�nai to megalÔtero anoiktì uposÔnolo tou
U . Antistrìfw
, an int(U) = U , epeid  to int(U) e�nai anoiktì, sunep�getaiìti to U e�nai anoiktì.(3),(4) 'Askhsh.Orismì
 1.8'Estw A topologikì
 q¸ro
 kai x ∈ A. K�je anoiktì sÔnolo toopo�o perièqei to x onom�zetai anoikt  perioq  tou x.Orismì
 1.9'Estw A topologikì
 q¸ro
 kai U ⊆ A.
(i) To x ∈ U onom�zetai eswterikì shme�o tou U an up�rqei anoiktì sÔnolo O¸ste x ∈ O ⊆ U .
(ii) To x onom�zetai shme�o suss¸reush
 tou U an k�je anoikt  perioq  tou
x perièqei èna toul�qiston stoiqe�o tou U diaforetikì apì to x.Prìtash 1.3'Estw A topologikì
 q¸ro
 kai U ⊆ A.(1) int(U) = {x|x e�nai eswterikì shme�o tou U}.(2) cl(U) = {x|x ∈ U   x e�nai shme�o suss¸reush
 tou U}.Apìdeixh: (1) Profanè
.(2) 'Estw x ∈ cl(U) kai x /∈ U . Tìte to x an kei se k�je kleistì sÔnolo toopo�o perièqei to U . 'Ara, an jewr soume opoiad pote anoikt  perioq  O tou x,epeid  to x den an kei sto kleistì X \ O, sunep�getai ìti to sÔnolo autì denperièqei to U kai, epomènw
, h O èqei toul�qiston èna shme�o koinì me to U . Toshme�o autì den e�nai to x, afoÔ x /∈ U . 'Ara to x e�nai shme�o suss¸reush
 tou
U . Antistrìfw
, an x ∈ U , tìte x ∈ cl(U). An to x e�nai shme�o suss¸reush
tou U kai jewr soume opoiod pote kleistì C to opo�o perièqei to U , tìte x ∈ C.Diaforetik�, toX\C ja  tan anoikt  perioq  tou x qwr�
 na èqei kanèna shme�okoinì me to U . 'Ara to x an kei se k�je kleistì sÔnolo to opo�o perièqei to Ukai, epomènw
, x ∈ cl(U).1.2.2 Metriko� q¸roiOrismì
 1.10'Estw A èna mh-kenì sÔnolo kai d : A×A→ R+

0
me ti
 idiìthte


(i) d(x1, x2) = 0 an kai mìnon an x1 = x2.
(ii) d(x1, x2) = d(x1, x2) gia k�je x1, x2 ∈ A.
(iii) d(x1, x3) ≤ d(x1, x2) + d(x2, x3) gia k�je x1, x2, x3 ∈ A.H sun�rthsh d onom�zetai metrik  sto A kai to A efodiasmèno me m�a metrik onom�zetai metrikì
 q¸ro
.
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 1.11'Estw A metrikì
 q¸ro
 me metrik  d.
(i) An x ∈ A kai r ∈ R+, to sÔnolo B(x; r) = {y ∈ A|d(y, x) < r} onom�zetaianoikt  mp�la me kèntro x kai akt�na r.
(ii) 'Ena uposÔnolo O tou A onom�zetai anoiktì (w
 pro
 th metrik  d) angia k�je x ∈ O up�rqei r ∈ R+ ¸ste B(x; r) ⊆ O.L mma 1.1'Estw A metrikì
 q¸ro
 me metrik  d, x ∈ A kai r ∈ R+. H mp�la
B(x; r) e�nai anoiktì sÔnolo.Apìdeixh: An p�roume tuqìn y ∈ B(x; r), tìte, me s = r− d(y, x) > 0, isqÔei ìti
B(y; s) ⊆ B(x; r).Prìtash 1.4'Estw A èna
 metrikì
 q¸ro
 me metrik  d. Tìte h sullog 
T = {O|to O e�nai anoiktì w
 pro
 th d} apotele� topolog�a sto A. Epomènw
,k�je metrikì
 q¸ro
 e�nai topologikì
 q¸ro
.Apìdeixh: 'Askhsh.Orismì
 1.12(i) 'Estw A metrikì
 q¸ro
 me metrik  d. H topolog�a T th
prohgoÔmenh
 prìtash
 lème ìti ep�getai apì thn d.
(ii) 'Ena
 topologikì
 q¸ro
 A me topolog�a T onom�zetai metrikopoi simo
an up�rqei metrik  d sto A ¸ste h topolog�a h opo�a ep�getai apì thn d nataut�zetai me thn T . Tìte h T onom�zetai topolog�a metrikoÔ q¸rou.Prìtash 1.5'Estw A èna
 metrikì
 q¸ro
 me metrik  d, èstw x ∈ A kai
U ⊆ A.(1) To x e�nai eswterikì shme�o tou U an kai mìnon an up�rqei r ∈ R+ ¸ste
B(x; r) ⊆ U .(2) To x e�nai shme�o suss¸reush
 tou U an kai mìnon an gia k�je r ∈ R+ h
B(x; r) perièqei toul�qiston èna stoiqe�o tou U diaforetikì apì to x.Apìdeixh: (1) An to x e�nai eswterikì shme�o tou U , tìte up�rqei anoiktì O¸ste x ∈ O ⊆ U . 'Ara up�rqei r ∈ R+ ¸ste B(x; r) ⊆ O ⊆ U . Antistrìfw
,an up�rqei r ∈ R+ ¸ste B(x; r) ⊆ U , tìte, b�sei tou L mmato
 1.1, h B(x; r)e�nai anoiktì sÔnolo kai, epomènw
, to x e�nai eswterikì shme�o tou U .(2) An to x e�nai shme�o suss¸reush
 tou U , tìte, epeid  k�je B(x; r) e�naianoiktì sÔnolo, sunep�getai ìti k�je B(x; r) perièqei toul�qiston èna stoiqe�otou U diaforetikì apì to x. Antistrìfw
, an p�roume tuqoÔsa anoikt  perioq 
O tou x, up�rqei B(x; r) ⊆ O, opìte h O perièqei toul�qiston èna stoiqe�o tou
U diaforetikì apì to x. 'Ara to x e�nai shme�o suss¸reush
 tou U .1.2.3 Akolouj�e
Orismì
 1.13'Estw A èna
 topologikì
 q¸ro
 me topolog�a T kai {xn} m�aakolouj�a sto A. Lème ìti h {xn} sugkl�nei (w
 pro
 thn T ) an up�rqei x ∈ A¸ste k�je perioq  tou x na perièqei ìlou
 tou
 ìrou
 th
 {xn} apì ènan de�kthkai pèra. Tìte lème ìti to x e�nai ìrio th
 akolouj�a
 kai gr�foume xn → x.



1.2. TOPOLOGIKO�I Q�WROI 11Prìtash 1.6'Estw A èna
 metrikì
 q¸ro
 me metrik  d.(1) xn → x sto A an kai mìnon an gia k�je r ∈ R+ h B(x; r) perièqei ìlou
tou
 ìrou
 th
 {xn} apì ènan de�kth kai pèra.(2) K�je akolouj�a sto A èqei to polÔ èna ìrio.Apìdeixh: (1) 'Askhsh.(2) An upojèsoume ìti h {xn} èqei dÔo toul�qiston ìria z1 kai z2, tìte r =
1
2 d(z1, z2) > 0 kai oi mp�le
 B(z1; r) kai B(z2; r) e�nai xène
 metaxÔ tou
. Autìantif�skei me ton orismì tou or�ou.Prìtash 1.7'Estw A èna
 metrikì
 q¸ro
 me metrik  d kai U ⊆ A.(1) 'Ena x ∈ A e�nai shme�o suss¸reush
 tou U an kai mìnon an up�rqei akolou-j�a sto U th
 opo�a
 ìloi oi ìroi e�nai diaforetiko� apì to x kai èqei ìrio x.(2) To U e�nai kleistì an kai mìnon an gia k�je akolouj�a sto U h opo�a sugkl�neiisqÔei ìti to ìriì th
 perièqetai sto U .Apìdeixh: (1) An to x e�nai shme�o suss¸reush
 tou U , pa�rnoume èna shme�o
xn ∈ B(x; 1

n )∩U diaforetikì apo to x kai tìte h {xn} e�nai sto U kai èqei ìrio
x. Antistrìfw
, èstw ìti k�poia {xn} me ìlou
 tou
 ìrou
 th
 diaforetikoÔ
apo to x e�nai sto U kai èqei ìrio x. Tìte k�je anoikt  perioq  tou x perièqeiìrou
 th
 akolouj�a
 kai, epomènw
, to x e�nai shme�o suss¸reush
 tou U .(2) 'Askhsh.H prohgoÔmenh prìtash d�nei, gia metrikì q¸ro, ènan qarakthrismì twnshme�wn suss¸reush
 kai twn kleist¸n sunìlwn (kai, kat' epèktash, twn anoi-kt¸n sunìlwn) b�sei th
 sÔgklish
 akolouji¸n. Epishma�netai ìti k�ti tètoioden e�nai dunatì gia tuqìnta topologikì q¸ro.Par�deigma: O q¸ro
 Rn.Me ton tÔpo d(x, y) =

√
(x1 − y1)2 + · · · + (xn − yn)2 gia k�je dÔo stoiqe�a

x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Rn or�zetai h gnwst  eukle�dia metrik ston Rn.1.2.4 Suneqe�
 sunart sei
Orismì
 1.14'Estw A,B dÔo topologiko� q¸roi me topolog�e
 T kai S anti-sto�qw
 kai M ⊆ A.
(i) M�a sun�rthsh f : M → B lème ìti e�nai suneq 
 sto x ∈ M an gia k�je
N ∈ S me f(x) ∈ N up�rqei O ∈ T ¸ste x ∈ O ∩M ⊆ f−1(N).
(ii) H f : M → B lème ìti e�nai suneq 
 sto M an e�nai suneq 
 se k�je
x ∈M .Prìtash 1.8'Estw A,B dÔo topologiko� q¸roi me topolog�e
 T kai S anti-sto�qw
, M ⊆ A kai sun�rthsh f : M → B. H f e�nai suneq 
 sto M an kaimìnon an gia k�je N ∈ S up�rqei O ∈ T ¸ste f−1(N) = O ∩M .Apìdeixh: 'Estw ìti h f e�nai suneq 
 sto M kai èstw N ∈ S. Gia k�je
x ∈ f−1(N) up�rqei Ox ∈ T ¸ste x ∈ Ox ∩M ⊆ f−1(N). Tìte to sÔnolo
O =

⋃{Ox|x ∈ f−1(N)} an kei sthn T kai f−1(N) = O ∩M .
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, jewroÔme tuqìn x ∈ M kai tuqìn N ∈ S me f(x) ∈ N . Tìteup�rqei O ∈ T ¸ste f−1(N) = O ∩ M , opìte x ∈ O ∩ M ⊆ f−1(N) kai,epomènw
, h f e�nai suneq 
 sto x.Prìtash 1.9'Estw A,B dÔo metriko� q¸roi,M ⊆ A kai f : M → B. H f e�naisuneq 
 sto x ∈ M an kai mìnon an f(xn) → f(x) sto B gia k�je akolouj�a
{xn} sto M me xn → x sto A.Apìdeixh: 'Askhsh.O qarakthrismì
 th
 sunèqeia
 b�sei th
 sÔgklish
 akolouji¸n pou peri-gr�fetai sthn prohgoÔmenh prìtash den isqÔei gia tuqìnte
 topologikoÔ
 q¸-rou
.Prìtash 1.10(1) 'Estw A,B,C topologiko� q¸roi, M ⊆ A, N ⊆ B, f : M →
N kai g : N → C. An h f e�nai suneq 
 sto x ∈ M kai h g e�nai suneq 
 sto
f(x), tìte h g ◦ f e�nai suneq 
 sto x.(2) 'Estw topologikì
 q¸ro
 A, M ⊆ A, f, g : M → Rn kai κ ∈ R. An o
Rn èqei thn topolog�a pou ep�getai apì thn eukle�dia metrik  kai oi f, g e�naisuneqe�
 sto x ∈M , tìte oi f + g, κf e�nai suneqe�
 sto x.Apìdeixh: (1) 'Estw L anoiktì ston C ¸ste g ◦ f(x) = g(f(x)) ∈ L. Tìteup�rqei V anoiktì ston B ¸ste f(x) ∈ V ∩ N ⊆ g−1(L). Ep�sh
 up�rqei
O anoiktì ston A ¸ste x ∈ O ∩ M ⊆ f−1(V ). Epomènw
, x ∈ O ∩ M ⊆
f−1(V ∩N) ⊆ f−1

(
g−1(L)

)
= (g ◦ f)−1(L).(2) 'Estw N anoikt  perioq  tou f(x)+g(x) ston Rn, opìte up�rqei r > 0 ¸ste

B(f(x) + g(x); r) ⊆ N . Epeid  oi f, g e�nai suneqe�
 sto x, up�rqoun anoikt�uposÔnola O1, O2 tou A ¸ste x ∈ O1 ∩ O2 kai f(O1 ∩ M) ⊆ B(f(x); 1
2 r),

g(O2 ∩M) ⊆ B(g(x); 1
2 r). Tìte to O = O1 ∩ O2 e�nai anoiktì uposÔnolo tou

A kai (f + g)(O ∩M) ⊆ B(f(x); 1
2 r) + B(g(x); 1

2 r) = B(f(x) + g(x); r) ⊆ N .'Ara h f + g e�nai suneq 
 sto x.H apìdeixh gia thn κf e�nai parìmoia.1.2.5 Omoiomorfismo�Orismì
 1.15'Estw A,B dÔo topologiko� q¸roi. M�a sun�rthsh f : A → Bonom�zetai omoiomorfismì
 tou A me ton B an e�nai 1-1 kai ep�, h f e�naisuneq 
 sto A kai h f−1 e�nai suneq 
 sto B. Tìte lème ìti o A e�nai o-moiomorfikì
 me ton B kai gr�foume A ∼= B.Prìtash 1.11'Estw topologiko� q¸roi A,B,C. Tìte,(1) A ∼= A,(2) an A ∼= B, tìte B ∼= A,(3) an A ∼= B kai B ∼= C, tìte A ∼= C.Apìdeixh: 'Askhsh.An A,B e�nai dÔo omoiomorfiko� q¸roi kai f : A→ B e�nai o omoiomorfismì
tou
, mporoÔme na taut�soume tou
 dÔo q¸rou
. Dhlad , taut�zoume k�je shme�o
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a ∈ A me to ant�stoiqo b = f(a) ∈ B kai, antistrìfw
, k�je b ∈ B to taut�zoumeme to ant�stoiqo a = f−1(b) ∈ A. Tìte k�je anoiktì uposÔnolo U tou Ataut�zetai me to anoiktì uposÔnolo V = f(U) tou B kai, antistrìfw
, k�jeanoiktì uposÔnolo V tou B taut�zetai me to anoiktì uposÔnolo U = f−1(V )tou B.Orismì
 1.16'Estw mh-kenì sÔnolo A kai dÔo metrikè
 d1, d2 sto A. Lème ìtioi d1, d2 e�nai isodÔname
 an h tautotik  apeikìnish IA : A→ A e�nai omoiomor-fismì
 an�mesa ston A me thn topolog�a pou ep�getai apì thn d1 kai ston A methn topolog�a pou ep�getai apì thn d2  , isodÔnama, an oi metrikè
 d1, d2 or�zounta �dia anoikt� uposÔnola ston A.Par�deigma: Ston Rn or�zoume metrik  me tÔpo d1(x, y) = |x1 − y1| + · · · +
|xn − yn| gia k�je x = (x1, . . . , xn), y = (y1, . . . , yn). To ìti h d1 e�nai metrik e�nai aplì na apodeiqje�, ìpw
, ep�sh
, e�nai aplì na apodeiqje� ìti, an d2 e�naih eukle�dia metrik  ston Rn, tìte isqÔei d2(x, y) ≤ d1(x, y) ≤ √

n d2(x, y) giak�je x, y ∈ Rn. Me b�sh autè
 ti
 anisìthte
, eÔkola apodeiknÔetai ìti taanoikt� sÔnola pou or�zontai apì thn d1 e�nai ta �dia me ta anoikt� sÔnola pouor�zontai apì thn d2. Dhlad , oi d1, d2 ston Rn e�nai isodÔname
.Orismì
 1.17'Estw metriko� q¸roi A,B me metrikè
 d,D antisto�qw
. M�asun�rthsh f : A → B onom�zetai isometr�a tou A me ton B an e�nai 1-1kai ep� kai D(f(x), f(y)) = d(x, y) gia k�je x, y ∈ A. Tìte lème ìti o A e�naiisometrik� omoiomorfikì
   isometrikì
 me ton B kai sumbol�zoume A iso
= B.1.2.6 Pl rei
 metriko� q¸roiOrismì
 1.18'Estw A èna
 metrikì
 q¸ro
 me metrik  d. M�a akolouj�a {xn}sto A onom�zetai akolouj�a Cauchy an d(xn, xm) → 0 ìtan n,m→ +∞.Prìtash 1.12K�je sugkl�nousa akolouj�a se metrikì q¸ro e�nai akolouj�a

Cauchy .Apìdeixh: 'Askhsh.Orismì
 1.19'Ena uposÔnolo B metrikoÔ q¸rou A onom�zetai pl re
 an k�jeakolouj�a Cauchy sto B sugkl�nei se stoiqe�o tou B.Prìtash 1.13O Rn me thn eukle�dia metrik  e�nai pl rh
.Apìdeixh: 'Estw {xk} akolouj�a Cauchy ston Rn me xk = (xk,1, . . . , xk,n).Tìte gia k�je j = 1, . . . , n èqoume |xk,j − xl,j | ≤ d(xk, xl) → 0 ìtan k, l → +∞.Epeid  o R e�nai pl rh
, sunep�getai ìti up�rqei x(j) ∈ R ¸ste xk,j → x(j) ìtan
k → +∞. An jèsoume x = (x(1), . . . , x(n)), tìte d(xk, x)

2 = |xk,1−x(1)|2 + · · ·+
|xk,n − x(n)|2 → 0. 'Ara h {xk} sugkl�nei sto x.Prìtash 1.14'Estw metrikì
 q¸ro
 A.(1) An to B ⊆ A e�nai pl re
 tìte e�nai kleistì.(2) An B ⊆ C ⊆ A, to C e�nai pl re
 kai to B e�nai kleistì, tìte to B e�naipl re
.



14 KEF�ALAIO 1. EISAGWGIK�AApìdeixh: 'Askhsh.Orismì
 1.20'Estw A èna
 topologikì
 q¸ro
. 'Ena B ⊆ A onom�zetai puknìan cl(B) = A.Orismì
 1.21'Estw metrikì
 q¸ro
 A me metrik  d. Onom�zoume di�metroenì
 mh-kenoÔ B ⊆ A to diam(B) = sup{d(b1, b2)|b1, b2 ∈ B}.L mma 1.2'Estw A èna
 pl rh
 metrikì
 q¸ro
 me metrik  d. An gia k�je
i ∈ N to Ci e�nai mh-kenì kleistì uposÔnolo tou A, Ci+1 ⊆ Ci gia k�je i ∈ Nkai diam(Ci) → 0, tìte to sÔnolo ∩+∞

i=1Ci perièqei akrib¸
 èna stoiqe�o.Apìdeixh: Epilègoume èna opoiod pote stoiqe�o xi ∈ Ci. An k ≤ l, tìte xk, xl ∈
Ck, opìte d(xk, xl) ≤ diam(Ck) → 0 ìtan k, l → +∞. Epomènw
, up�rqei
x ∈ A ¸ste xk → x. Epeid , gia k�je i, h {xk} perièqetai, apì ènan de�kthkai pèra, sto kleistì Ci, sunep�getai apì thn Prìtash 1.7(2) ìti x ∈ Ci. 'Ara
x ∈ ∩+∞

i=1Ci.An to ∩+∞
i=1Ci perièqei kai èna y, tìte d(x, y) ≤ diam(Ci) gia k�je i kai,epomènw
, d(x, y) = 0. 'Ara x = y.Je¸rhma 1.1(Baire ) An o A e�nai pl rh
 metrikì
 q¸ro
 kai giak�je i ∈ N to Oi e�nai anoiktì kai puknì uposÔnolo tou A, tìte to

∩+∞
i=1Oi e�nai puknì.Apìdeixh: Jètoume U = ∩+∞

i=1Oi kai upojètoume ìti to U den e�nai puknì.Dhlad , up�rqei x ∈ A to opo�o den an kei sto cl(U). 'Ara up�rqei r > 0¸ste B(x; r) ∩ U = ∅.'Omw
 to O1 e�nai puknì kai, epomènw
, up�rqei x1 ∈ B(x; r)∩O1 . Epeid  to
O1 e�nai anoiktì, up�rqei r1 > 0 ¸ste r1 ≤ 1

2 r kai cl(B(x1; r1)) ⊆ B(x; r) ∩O1.To O2 e�nai puknì kai, epomènw
, up�rqei x2 ∈ B(x1; r1) ∩ O2. Epeid  to
O2 e�nai anoiktì, up�rqei r2 > 0 ¸ste r2 ≤ 1

2 r1 ≤ 1
22 r kai cl(B(x2; r2)) ⊆

B(x1; r1) ∩O2.Suneq�zonta
 epagwgik�, br�skoume gia k�je i ∈ N mp�la B(xi; ri) ¸ste
ri ≤ 1

2i r kai cl(B(xi+1; ri+1)) ⊆ B(xi; ri) ∩Oi+1 gia k�je i ∈ N.Efarmìzoume, t¸ra, to prohgoÔmeno l mma me ta sÔnola Ci = cl(B(xi; ri))kai blèpoume ìti up�rqei y ∈ ∩+∞
i=1Ci. Autì sunep�getai ìti y ∈ B(x; r) ∩U kaikatal goume se �topo.1.2.7 Sump�geiaOrismì
 1.22'Estw A topologikì
 q¸ro
 me topolog�a T . O A onom�zetaiq¸ro
 Hausdorff an gia k�je x1, x2 ∈ A me x1 6= x2 up�rqoun xèna metaxÔtou
 O1, O2 ∈ T ¸ste x1 ∈ O1 kai x2 ∈ O2.Prìtash 1.15K�je metrikì
 q¸ro
 e�nai q¸ro
 Hausdorff .Apìdeixh: An o A èqei metrik  d kai x1, x2 ∈ A me x1 6= x2, pa�rnoume r =

1
2 d(x1, x2) > 0 kai O1 = B(x1; r), O2 = B(x2; r).
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 1.23'Estw A topologikì
 q¸ro
 me topolog�a T kai K ⊆ A. Lèmeìti m�a sullog  anoikt¸n sunìlwn C apotele� anoikt  k�luyh tou K an isqÔei
K ⊆ ⋃ C.Orismì
 1.24'Estw A topologikì
 q¸ro
 me topolog�a T kai K ⊆ A. To Konom�zetai sumpagè
 (w
 pro
 thn T ) an gia k�je anoikt  k�luyh C tou Kup�rqei peperasmènh anoikt  k�luyh C′ ⊆ C tou K.Prìtash 1.16'Estw A topologikì
 q¸ro
.(1) An to K ⊆ A e�nai sumpagè
 kai o A e�nai q¸ro
 Hausdorff , tìte to K e�naikleistì.(2) An to K ⊆ A e�nai sumpagè
 kai to K ′ ⊆ K e�nai kleistì, tìte to K ′ e�naisumpagè
.Apìdeixh: (1) 'Estw x /∈ K. Gia k�je z ∈ K jewroÔme anoikt� sÔnola Oz , Vzxèna metaxÔ tou
 ¸ste z ∈ Oz kai x ∈ Vz . Tìte h sullog  C = {Oz|z ∈ K}apotele� anoikt  k�luyh tou K, opìte up�rqoun n ∈ N kai z1, . . . , zn ∈ K ¸ste
K ⊆ Oz1 ∪· · ·∪Ozn

. Blèpoume amèsw
 ìti to anoiktì sÔnolo V = Vz1 ∩· · ·∩Vzne�nai xèno me to K kai perièqei to x. 'Ara to A \ K e�nai anoiktì, opìte to Ke�nai kleistì.(2) 'Estw anoikt  k�luyh C tou K ′. Tìte h C ∪ {A \ K ′} apotele� anoikt k�luyh tou K. Epomènw
 up�rqoun n ∈ N kai O1, . . . , On ∈ C ¸ste K ⊆
O1 ∪ · · · ∪On ∪ (A \K ′). 'Ara K ′ ⊆ O1 ∪ · · · ∪On.Prìtash 1.17'Estw topologiko� q¸roi A,B,M ⊆ A kai suneq 
 f : M → B.An to K ⊆ M e�nai sumpagè
 (w
 pro
 thn topolog�a tou A), to f(K) e�naisumpagè
 uposÔnolo tou B.Apìdeixh: 'Askhsh.Orismì
 1.25'Estw A metrikì
 q¸ro
. 'Ena K ⊆ A onom�zetai olik� frag-mèno an gia k�je ǫ > 0 up�rqoun n ∈ N kai x1, . . . , xn ∈ K ¸ste K ⊆
∪n

i=1B(xi; ǫ).Je¸rhma 1.2'Estw A metrikì
 q¸ro
 kai K ⊆ A. Ta epìmena e�naiisodÔnama(1) To K e�nai sumpagè
.(2) K�je akolouj�a sto K èqei toul�qiston m�a upo-akolouj�a pousugkl�nei kai to ìriì th
 an kei sto K.(3) To K e�nai pl re
 kai olik� fragmèno.Apìdeixh: 'Estw ìti isqÔei to (1) kai ìqi to (2). 'Ara up�rqei {xn} sto K¸ste kamm�a upo-akolouj�a th
 de sugkl�nei se shme�o tou K. Tìte gia k�je
x ∈ K up�rqei B(x; rx) h opo�a perièqei to polÔ peperasmènou pl jou
 ìrou
th
 {xn}. H sullog  {B(x; rx)|x ∈ K} apotele� anoikt  k�luyh tou K kai,epomènw
, up�rqoun x1, . . . , xn ∈ K ¸ste K ⊆ B(x1; rx1) ∪ · · · ∪ B(xn; rxn

).Tìte, ìmw
, to K perièqei to polÔ peperasmènou pl jou
 ìrou
 th
 {xn} toopo�o e�nai, profan¸
, �topo.



16 KEF�ALAIO 1. EISAGWGIK�A'Estw ìti isqÔei to (2). JewroÔme akolouj�a Cauchy {xn} sto K kai èstw
{xnk

} upo-akolouj�a th
 h opo�a sugkl�nei se k�poio x ∈ K. Epeid  nk ≥ k giak�je k, sunep�getai ìti d(xk, x) ≤ d(xk, xnk
) + d(xnk

, x) → 0 ìtan k → +∞.'Ara to K e�nai pl re
. 'Estw, t¸ra, tuqìn ǫ > 0 kai èstw tuqìn x1 ∈ K.An to K den perièqetai sthn B(x1; ǫ), èstw tuqìn x2 ∈ K \ B(x1; ǫ). An to
K den perièqetai sthn B(x1; ǫ) ∪ B(x2; ǫ), èstw tuqìn x3 ∈ K \

(
B(x1; ǫ) ∪

B(x2; ǫ)
). H diadikas�a aut  prèpei na stamat sei, diìti, se ant�jeth per�ptwsh,ja sqhmatisje� h akolouj�a {xn} h opo�a den ja èqei kamm�a sugkl�nousa upo-akolouj�a afoÔ, ek kataskeu 
, d(xk, xl) ≥ ǫ gia k�je k, l me k 6= l.'Estw ìti isqÔei to (3) kai èstw anoikt  k�luyh C tou K h opo�a den è-qei kamm�a anoikt  upo-k�luyh tou K. Me ǫ = 1 jewroÔme x1, . . . , xn ∈ K¸ste K ⊆ ∪n

i=1B(xi; 1). Tìte gia toul�qiston èna apì ta x1, . . . , xn, toopo�o onom�zoume y1, h K ∩ B(y1; 1), den kalÔptetai apì kamm�a peperasmè-nh upo-sullog  th
 C. Me ǫ = 1
2 jewroÔme (nèa) x1, . . . , xn ∈ K ¸ste K ⊆

∪n
i=1B(xi;

1
2 ). Tìte gia toul�qiston èna apì ta x1, . . . , xn, to opo�o onom�-zoume y2, h K ∩ B(y1; 1) ∩ B(y2;

1
2 ), den kalÔptetai apì kamm�a peperasmènhupo-sullog  th
 C. Suneq�zonta
 epagwgik�, kataskeu�zoume akolouj�a {yn}sto K ¸ste, gia k�je n h K ∩ B(y1; 1) ∩ · · · ∩ B(yn; 1

2n−1 ) den kalÔptetaiapì kamm�a peperasmènh upo-sullog  th
 C. Autì, eidik¸tera, sunep�getai ìti
B(yn; 1

2n−1 )∩B(yn+1;
1
2n ) 6= ∅, opìte d(yn, yn+1) <

3
2n gia k�je n. Tìte gia k�-je k, l me k ≤ l isqÔei d(yk, yl) ≤ d(yk, yk+1)+· · ·+d(yl−1, yl) <

3
2k +· · ·+ 3

2l−1 <
3

2k−1 → 0 ìtan k, l → +∞. Dhlad , h {yn} e�nai akolouj�a Cauchy sto K kai,epomènw
, sugkl�nei se k�poio y ∈ K.Tìte to y an kei se k�poio O ∈ C, opìte up�rqei r > 0 ¸ste B(y; r) ⊆
O. Apì thn anisìthta d(yk, yl) < 3

2k−1 pa�rnoume d(yk, y) ≤ 3
2k−1 , opìte

B(yk; 1
2k−1 ) ⊆ B(y; 1

2k−3 ). An, t¸ra, epilèxoume k tìso meg�lo ¸ste 1
2k−3 ≤ r,tìte K ∩ B(y1; 1) ∩ · · · ∩ B(yk; 1

2k−1 ) ⊆ B(yk; 1
2k−1 ) ⊆ B(y; r) ⊆ O. Autìantif�skei me thn kataskeu  th
 {yn}.Prìtash 1.18Ston q¸ro Rn me thn eukle�dia metrik  èna K ⊆ Rn e�naisumpagè
 an kai mìnon an e�nai kleistì kai fragmèno.Apìdeixh: An to K e�nai sumpagè
, b�sei twn Prot�sewn 1.16(1) kai 1.15, to

K e�nai kleistì. Jewr¸nta
 thn anoikt  k�luyh {B(x0;n)|n ∈ N} tou K,blèpoume ìti up�rqei n ¸ste K ⊆ B(x0;n) kai, epomènw
, to K e�nai fragmèno.'Estw, t¸ra, ìti to K e�nai kleistì kai fragmèno. W
 kleistì uposÔnolo toupl rou
 q¸rou Rn to K e�nai pl re
. Pa�rnoume ènan kÔbo arket� meg�lo ¸stena perièqei to K, kai ton qwr�zoume se peperasmènou pl jou
 kÔbou
 diamètroumikrìterh
 tou ǫ. Autì, profan¸
, apodeiknÔei ìti to K e�nai olik� fragmènoopìte, b�sei th
 teleuta�a
 prìtash
, e�nai sumpagè
.Prìtash 1.19'Estw A topologikì
 q¸ro
 Hausdorff . Gia k�je dÔo sumpag uposÔnola K,L tou A xèna metaxÔ tou
 up�rqoun anoikt� sÔnola O,Q ep�sh
xèna metaxÔ tou
 ¸ste K ⊆ O kai L ⊆ Q.Apìdeixh: Sthn apìdeixh th
 Prìtash
 1.16(1) apode�xame ìti gia k�je x /∈ Kup�rqei èna anoiktì sÔnolo Ox (to Oz1 ∪ · · · ∪ Ozn
pou emfan�zetai eke�) kai



1.2. TOPOLOGIKO�I Q�WROI 17èna anoiktì sÔnolo Vx (to Vz1 ∩ · · · ∩ Vzn
) ta opo�a e�nai xèna metaxÔ tou
 kaiperièqoun to K kai to x antisto�qw
. Tìte h sullog  {Vx|x ∈ L} e�nai anoikt k�luyh tou L, opìte up�rqoun x1, . . . , xm ∈ L ¸ste L ⊆ Vx1 ∪ · · · ∪ Vxm

. Tìte,ta O = Ox1 ∩ · · · ∩Oxm
kai Q = Vx1 ∪ · · · ∪ Vxm

e�nai anoikt�, xèna metaxÔ tou
kai perièqoun ta K,L antisto�qw
.1.2.8 Topolog�a-upìqwrouPrìtash 1.20'Estw topologikì
 q¸ro
 A me topolog�a T kai uposÔnolo Btou A. H sullog  S = {O ∩B|O ∈ T } apotele� topolog�a tou B.Apìdeixh: ∅ = ∅ ∩B kai B = X ∩B, opìte ta ∅, B an koun sthn S.An k�je stoiqe�o Q mi�
 sullog 
 C an kei sthn S, dhlad  gr�fetai Q =
OQ∩B gia k�poio OQ ∈ T , tìte sqhmat�zoume thn D = {OQ|Q ∈ C} kai èqoumeìti ⋃ C = (

⋃D) ∩B. 'Ara ⋃ C ∈ S.An ta Q1, . . . , Qn an koun sthn S, dhlad  Qi = Oi ∩B gia k�poia Oi ∈ T ,tìte Q1 ∩ · · · ∩Qn = (O1 ∩ · · · ∩On) ∩B. 'Ara Q1 ∩ · · · ∩Qn ∈ S.Orismì
 1.26'Estw topologikì
 q¸ro
 A me topolog�a T kai uposÔnolo B tou
A. H topolog�a S tou B pou perigr�fetai sthn prohgoÔmenh prìtash onom�zetaitopolog�a-upìqwrou gia to B (w
 pro
 to A)   sqetik  topolog�a tou B(w
 pro
 to A).'Otan to B ⊆ A èqei thn topolog�a-upìqwrou w
 pro
 to A, ta stoiqe�a th
topolog�a
 tou A ja ta onom�zoume, apl¸
, anoikt� sto A en¸ ta stoiqe�a th
sqetik 
 topolog�a
 tou B ja ta onom�zoume anoikt� sto B.Prìtash 1.21'Estw topologikì
 q¸ro
 A kai B ⊆ A me thn topolog�a- upì-qwrou.(1) To Q ⊆ B e�nai anoiktì sto B an kai mìnon an up�rqei O ⊆ A anoiktì sto
A ¸ste Q = O ∩B.(2) To D ⊆ B e�nai kleistì sto B an kai mìnon an up�rqei C ⊆ A kleistì sto
A ¸ste D = C ∩B.(3) An x ∈ B kai D ⊆ B, tìte to x e�nai shme�o suss¸reush
 tou D w
 pro
thn topolog�a-upìqwrou tou B an kai mìnon an e�nai shme�o suss¸reush
 tou Dw
 pro
 thn topolog�a tou A.(4) An U ⊆ B, tìte intA(U) ⊆ intB(U) kai clB(U) = clA(U) ∩B.Apìdeixh: (1) E�nai o orismì
.(2) 'Estw C ⊆ B kleistì sto B. Tìte to B \ C e�nai anoiktì sto B kai,epomènw
, B \ C = O ∩ B gia k�poio O anoiktì sto A. 'Ara C = (A \ O) ∩ Bkai to A \O e�nai kleistì sto A. H apìdeixh tou antistrìfou e�nai parìmoia.(3) 'Estw ìti to x e�nai shme�o suss¸reush
 tou D w
 pro
 thn topolog�a-upìqwrou tou B. An O e�nai anoikt  perioq  tou x sthn topolog�a tou A,tìte to O ∩B e�nai anoikt  perioq  tou x sthn topolog�a-upìqwrou tou B kai,epomènw
, aut  perièqei èna toul�qiston shme�o tou D diaforetikì apì to x.'Ara kai h O perièqei èna toul�qiston shme�o (to �dio) tou D diaforetikì apìto x kai to x e�nai shme�o suss¸reush
 tou D w
 pro
 thn topolog�a tou A. H



18 KEF�ALAIO 1. EISAGWGIK�Aapìdeixh tou ant�strofou e�nai parìmoia.(4) To intA(U) e�nai anoiktì sto A me intA(U) ⊆ U . Tìte to intA(U) =
intA(U) ∩B e�nai anoiktì sto B, opìte intA(U) ⊆ intB(U).To clA(U) e�nai kleistì sto A me U ⊆ clA(U). Tìte to clA(U) ∩ B e�naikleistì sto B kai U ⊆ clA(U) ∩ B. 'Ara clB(U) ⊆ clA(U) ∩ B. Antistrìfw
,to clB(U) e�nai kleistì sto B opìte clB(U) = C ∩B gia k�poio C kleistì sto
A. 'Ara clA(U) ∩B ⊆ C ∩B = clB(U).Prìtash 1.22'Estw metrikì
 q¸ro
 A me metrik  d : A×A→ R+

0
kaiB ⊆ A.(1) An x ∈ B kai r ∈ R+, h anoikt  mp�la ston B me kèntro x kai akt�na risoÔtai me B(x; r) ∩B.(2) An to A èqei thn topolog�a pou ep�getai apì th d, tìte h topolog�a-upìqwroutou B ep�getai apì ton periorismì th
 d sto B ×B ⊆ A×A.Apìdeixh: 'Askhsh.Prìtash 1.23'Estw topologiko� q¸roi A,B,C ìpou B ⊆ A kai o B èqei thntopolog�a-upìqwrou (w
 pro
 ton A). 'Estw f : M → C ìpou M ⊆ B.(1) An x ∈M , tìte h f e�nai suneq 
 sto x w
 pro
 thn topolog�a tou A an kaimìnon an e�nai suneq 
 sto x w
 pro
 thn topolog�a-upìqwrou tou B.(2) H f e�nai suneq 
 sto M w
 pro
 thn topolog�a tou A an kai mìnon an e�naisuneq 
 sto M w
 pro
 thn topolog�a-upìqwrou tou B.Apìdeixh: (1) 'Estw ìti h f e�nai suneq 
 sto x w
 pro
 thn topolog�a tou

A. An N e�nai anoiktì sto C kai perièqei to f(x), tìte up�rqei O anoiktì sto
A ¸ste x ∈ O ∩M ⊆ f−1(N). Tìte to Q = O ∩ B e�nai anoiktì sto B kai
x ∈ Q ∩M ⊆ f−1(N). 'Ara h f e�nai suneq 
 sto x w
 pro
 thn topolog�a-upìqwrou tou B.Antistrìfw
, èstw ìti h f e�nai suneq 
 sto x w
 pro
 thn topolog�a-upìqwrou tou B. An N e�nai anoiktì sto C kai perièqei to f(x), tìte up�rqei
Q anoiktì sto B ¸ste x ∈ Q ∩M ⊆ f−1(N). Epeid  Q = O ∩B gia k�poio Oanoiktì sto A, sunep�getai ìti x ∈ O ∩M ⊆ f−1(N). 'Ara h f e�nai suneq 
sto x w
 pro
 thn topolog�a tou A.(2) 'Askhsh.Prìtash 1.24'Estw A metrikì
 q¸ro
 kai B ⊆ A me thn topolog�a-upìqw-rou. An M ⊆ B, tìte to M e�nai pl re
 w
 uposÔnolo tou B an kai mìnon ane�nai pl re
 w
 uposÔnolo tou A.Apìdeixh: Epeid  h metrik  tou B e�nai, apl¸
, o periorismì
 th
 metrik 
 tou Asto B, sunep�getai ìti m�a akolouj�a tou B e�nai akolouj�a Cauchy w
 pro
 thntopolog�a tou A an kai mìnon an e�nai akolouj�a Cauchy w
 pro
 thn topolog�a-upìqwrou tou B. Ep�sh
, m�a akolouj�a tou B sugkl�nei se stoiqe�o tou B w
pro
 thn topolog�a-upìqwrou an kai mìnon an sugkl�nei sto �dio stoiqe�o w
pro
 thn topolog�a tou A.Prìtash 1.25'Estw topologiko� q¸roi A,B ìpou B ⊆ A kai o B èqei thntopolog�a-upìqwrou. An M ⊆ B, tìte to M e�nai sumpagè
 w
 uposÔnolo tou Ban kai mìnon an e�nai sumpagè
 w
 uposÔnolo tou A.



1.2. TOPOLOGIKO�I Q�WROI 19Apìdeixh: 'Estw ìti to M e�nai sumpagè
 w
 uposÔnolo tou B. Pa�rnoumetuqoÔsa anoikt  k�luyh C tou M w
 pro
 thn topolog�a tou A. H sullog 
D = {O ∩ B|O ∈ C} e�nai anoikt  k�luyh tou M ¸
 pro
 thn topolog�a-upìqwrou, opìte up�rqoun n ∈ N kai O1, . . . , On ∈ C ¸ste M ⊆ (O1 ∩ B) ∪
· · · ∪ (On ∩B) = (O1 ∪ · · · ∪ On) ∩B. 'Ara M ⊆ O1 ∪ · · · ∪ On. 'Epomènw
, to
M e�nai sumpagè
 w
 uposÔnolo tou A.To ant�strofo apodeiknÔetai me parìmoio trìpo.1.2.9 Pl rwsh metrikoÔ q¸rouJe¸rhma 1.3An A,B metriko� q¸roi me metrikè
 d,D antisto�qw
,
B e�nai pl rh
, K puknì uposÔnolo tou A, f : K → B kai C > 0me D(f(x), f(y)) ≤ Cd(x, y) gia k�je x, y ∈ K, tìte up�rqei monadik epèktash F : A → B th
 f, suneq 
 sto A. Ep�sh
, D(F (x), F (y)) ≤
Cd(x, y) gia k�je x, y ∈ A kai, an h arqik  anisìthta gia thn f e�-nai isìthta, tìte kai gia thn F isqÔei isìthta.Apìdeixh: 'Estw tuqìn x ∈ A. Epeid  to K e�nai puknì ston A, up�rqei {xn}sto K ¸ste xn → x ston A. 'Ara D(f(xk), f(xl)) ≤ Cd(xk, kl) → 0 kai,epomènw
, h {f(xn)} sugkl�nei ston B. An up�rqei kai �llh {x′n} sto K ¸ste
x′n → x, tìte D(f(x′n), f(xn)) ≤ Cd(x′n, xn) → 0, opìte lim f(x′n) = lim f(xn).'Ara or�zetai kal¸
 sun�rthsh F : A → B me tÔpo F (x) = lim f(xn) ∈ B giak�je x ∈ A, ìpou {xn} e�nai opoiad pote akolouj�a sto K me xn → x.An gia opoiod pote x ∈ K jewr soume th stajer  akolouj�a {x} sto K,tìte aut  sugkl�nei sto x kai, epomènw
, F (x) = lim f(x) = f(x). 'Ara h F e�naiepèktash th
 f .Gia opoiad pote x, y ∈ A pa�rnoume {xn} kai {yn} sto K ¸ste xn → x kai
yn → y. Tìte gia k�je n, D(F (x), F (y)) ≤ D(F (x), f(xn))+D(f(xn), f(yn))+
D(f(yn), F (y)) ≤ D(F (x), f(xn)) + Cd(xn, yn) +D(f(yn), F (y)) ≤
D(F (x), f(xn))+Cd(xn, x)+Cd(x, y)+Cd(y, yn)+D(f(yn), F (y)). Opìte, me
n→ +∞, pa�rnoume D(F (x), F (y)) ≤ Cd(x, y).An h F1 : A → B e�nai epèktash th
 f suneq 
 sto A, tìte gia k�je x ∈ Apa�rnoume {xn} sto K me xn → x kai èqoume F1(x) = limF1(xn) = lim f(xn) =
limF (xn) = F (x).Je¸rhma 1.4'Estw A metrikì
 q¸ro
 me metrik  d. Up�rqei pl rh
metrikì
 q¸ro
 Ã me metrik  d̃, ¸ste A ⊆ Ã, h d e�nai o periori-smì
 th
 d̃ sto A kai A e�nai puknì ston Ã.An Â e�nai pl rh
 metrikì
 q¸ro
 me metrik  d̂, ¸ste A ⊆ Â, h de�nai o periorismì
 th
 d̂ sto A kai A e�nai puknì ston Â, tìteup�rqei isometr�a φ : Ã→ Â ¸ste φ(x) = x gia k�je x ∈ A.Apìdeixh: JewroÔme to sÔnolo X me stoiqe�a ìle
 ti
 akolouj�e
 Cauchy tou
A. Sto X or�zoume m�a sqèsh ≡ w
 ex 
: gr�foume {xn} ≡ {yn} gia dÔoakolouj�e
 Cauchy tou A an d(xn, yn) → 0. E�nai profanè
 ìti h ≡ e�nai sqèshisodunam�a
 sto X kai, epomènw
, or�zetai to sÔnolo X̃ me stoiqe�a ìle
 ti
kl�sei
 isodunam�a
 [{xn}] twn stoiqe�wn tou X .



20 KEF�ALAIO 1. EISAGWGIK�AApodeiknÔetai polÔ eÔkola ìti, |d(x, y) − d(z, w)| ≤ d(x, z) + d(y, w) giak�je x, y, z, w ∈ A kai, me b�sh autì, ìti h {d(xn, yn)} e�nai akolouj�a Cauchysto [0,+∞) gia k�je dÔo akolouj�e
 Cauchy {xn}, {yn} sto A. 'Ara to ìrio
lim d(xn, yn) up�rqei kai e�nai mh-arnhtikì
 pragmatikì
 arijmì
 gia k�je dÔoakolouj�e
 Cauchy {xn}, {yn} sto A. An {xn} ≡ {x′n} kai {yn} ≡ {y′n}, tìte,me b�sh thn �dia anisìthta, apodeiknÔetai ìti lim d(xn, yn) = lim d(x′n, y

′
n). E-pomènw
, or�zetai kal¸
 h sun�rthsh D̃ : X̃×X̃ → R+

0
me tÔpo D̃([{xn}], [{yn}])

= lim d(xn, yn). Kai p�li e�nai profanè
 ìti h D̃ e�nai metrik  ston X̃ .An me {x} sumbol�soume th stajer  akolouj�a me ìlou
 tou
 ìrou
 �sou
 me
x, tìte or�zoume i : A→ X̃ me tÔpo i(x) = [{x}] gia k�je x ∈ A.Gia k�je x, y ∈ A èqoume D̃(i(x), i(y)) = lim d(x, y) = d(x, y) kai jaapode�xoume ìti to i(A) e�nai puknì ston Q̃. Pa�rnoume tuqìn [{xn}] ston
Q̃ kai tuqìn r > 0. Epeid  h {xn} e�nai akolouj�a Cauchy , up�rqei N ¸-ste |xk − xl| < 1

2 r gia k�je k, l ≥ N . 'Ara, |xk − xN | < 1
2 r gia k�je

k ≥ N . JewroÔme th stajer  akolouj�a {xN} kai thn kl�sh isodunam�a
 th
,
i(xN ) = [{xN}] ∈ i(A). Tìte, D̃([{xN}], [{xn}]) = lim d(xN , xn) ≤ 1

2 r < r kai,epomènw
, [{xN}] ∈ B([{xn}]; r). Autì apodeiknÔei ìti to i(A) e�nai puknì ston
X̃. Tèlo
, o X̃ e�nai pl rh
. Gia na to apode�xoume pa�rnoume m�a akolouj�a
Cauchy {qm} sto X̃. Epeid  to i(A) e�nai puknì ston X̃, gia k�je m up�rqei
i(xm) ∈ i(A) ¸ste D̃(qm, i(xm)) < 1

m → 0 ìtan m→ +∞. AfoÔ D̃(qk, ql) → 0,sunep�getai eÔkola ìti d(xk, xl) = D̃(i(xk), i(xl)) → 0, opìte h {xn} e�naiakolouj�a Cauchy sto A kai, epomènw
 to q = [{xn}] e�nai stoiqe�o tou X̃. Tìte
D̃(qm, q) ≤ D̃(qm, i(xm)) + D̃(i(xm), q) = D̃(qm, i(xm)) + D̃([{xm}], [{xn}]) =

D̃(qm, i(xm)) + lim d(xm, xn) → 0 ìtan m → +∞. (To lim d(xm, xn) shma�neiìrio w
 pro
 n.)Mèqri t¸ra èqoume apode�xei ìti up�rqei pl rh
 metrikì
 q¸ro
 X̃ me metrik 
D̃ kai i : A→ X̃ ¸ste D̃(i(x), i(y)) = d(x, y) gia k�je x, y ∈ A kai to i(A) e�naipuknì ston X̃ .Or�zoume Ã = A∪(X̃ \ i(A)) (dhlad , antikajistoÔme to i(A) me to A) kai thsun�rthsh π : Ã→ X̃ me tÔpo π(x) = i(x) gia k�je x ∈ A kai π(x) = x gia k�je
x ∈ X̃ \ i(A). Ep�sh
, or�zoume d̃ : Ã× Ã→ R+

0
me tÔpo d̃(x, y) = D̃(π(x), π(y))gia k�je x, y ∈ Ã. Epeid  h π e�nai 1-1 kai ep�, e�nai profanè
 ìti h d̃ e�nai metrik ston Ã kai ìti o Ã me th metrik  d̃ e�nai isometrikì
 me ton X̃ me th metrik 

D̃. Epomènw
, e�nai profanè
 ìti o Ã e�nai pl rh
 kai, afoÔ to π(A) = i(A)e�nai puknì ston X̃, e�nai kai to A puknì ston Ã. Tèlo
, an x, y ∈ A, tìte
d̃(x, y) = D̃(i(x), i(y)) = d(x, y) kai, epomènw
, h d e�nai o periorismì
 th
 d̃ sto
A. 'Estw, t¸ra, pl rh
 metrikì
 q¸ro
 Â me metrik  d̂ ¸ste A ⊆ Â, h d e�nai operiorismì
 th
 d̂ sto A kai to A e�nai puknì ston Â.JewroÔme thn tautotik  sun�rthsh IA : A → A, opìte d̂(IA(x), IA(y)) =

d̂(x, y) = d(x, y) = d̃(x, y) gia k�je x, y ∈ A. SÔmfwna me to prohgoÔmeno



1.2. TOPOLOGIKO�I Q�WROI 21je¸rhma, up�rqei monadik  epèktash φ : Ã → Â th
 IA suneq 
 sto Ã kai,m�lista, d̂(φ(z), φ(w)) = d̃(z, w) gia k�je z, w ∈ Ã. Autì, profan¸
, sunep�ge-tai ìti h φ e�nai 1-1. 'Estw {zn} ∈ Ã me φ(zn) → q gia k�poio q ∈ Â. Tìte,
d̃(zk, zl) = d̂(φ(zk), φ(zl)) → 0, opìte zk → z gia k�poio z ∈ Ã. Epomènw
,
q = limφ(zn) = φ(z). Autì apodeiknÔei ìti to sÔnolo tim¸n th
 φ e�nai kleistìston Â. Epeid  to sÔnolo tim¸n th
 φ perièqei to A kai autì e�nai puknì ston
Â, sunep�getai ìti to sÔnolo tim¸n th
 φ isoÔtai me ton Â. 'Ara h φ e�nai ep�kai, epomènw
, isometr�a tou Ã me ton Â.Orismì
 1.27'Estw metrikì
 q¸ro
 A me metrik  d. Opoiosd pote pl rh
metrikì
 q¸ro
 Â me metrik  d̂ o opo�o
 perièqei ton A ¸ste h d na èinai operiorismì
 th
 d̂ sto A kai ¸ste to A na e�nai puknì ston Â onom�zetai pl rwshtou A.To teleuta�o je¸rhma apèdeixe ìti up�rqei pl rwsh opoioud pote metrikoÔq¸rou A kai ìti opoiesd pote dÔo plhr¸sei
 tou �diou metrikoÔ q¸rou A e�naiisometriko� metriko� q¸roi (kai h isometr�a, periorismènh ston A, e�nai h tautotik apeikìnish tou A). Lìgw th
 fusiologik 
 taÔtish
 isometrik¸n metrik¸n q¸-rwn, anaferìmaste sun jw
 sthn pl rwsh enì
 metrikoÔ q¸rou.1.2.10 Topolog�a-ginìmenoOrismì
 1.28'Estw I èna sÔnolo to opo�o ja onom�zetai sÔnolo deikt¸n kaim�a sullog  sunìlwn {Ai|i ∈ I}. Or�zoume to sÔnolo ∏

i∈I Ai = {x|x : I →⋃
i∈I Ai me x(i) ∈ Ai gia k�je i ∈ I}. To sÔnolo autì onom�zetai kartesianìginìmeno th
 {Ai|i ∈ I}.Je¸rhma 1.5(Ax�wma Epilog 
) An to I e�nai mh-kenì kai gia k�je

i ∈ I to Ai e�nai mh-kenì, tìte to kartesianì ginìmeno th
 {Ai|i ∈
I} e�nai mh-kenì.Apìdeixh: JewroÔme to sÔnolo C stoiqe�a tou opo�ou e�nai ìle
 oi sunart sei

x : J → ⋃

i∈I Ai, ìpou J e�nai tuqìn mh-kenì uposÔnolo tou I kai x(i) ∈ Ai giak�je i ∈ J .Epilègonta
 tuqìn i0 ∈ I kai tuqìn a0 ∈ Ai0 ìr�zoume th sun�rthsh x0 :
{i0} → ⋃

i∈I Ai me tÔpo x(i0) = a0. Profan¸
, x0 ∈ C.JewroÔme di�taxh sto C w
 ex 
. An x1, x2 ∈ C, gr�foume x1 ≺ x2 an h
x2 e�nai epèktash th
 x1. Dhlad , an to ped�o orismoÔ th
 x2 perièqei to ped�oorismoÔ th
 x1 kai oi dÔo sunart sei
 taut�zontai sto ped�o orismoÔ th
 x1.E�nai profanè
 ìti h ≺ e�nai sqèsh di�taxh
 sto C.'Estw D èna olik� diatetagmèno uposÔnolo th
 C. Dhlad , an x1, x2 ∈ D,tìte e�te h x2 e�nai epèktash th
 x1 e�te h x1 e�nai epèktash th
 x2. JewroÔmeto J0 =

⋃{J |to J e�nai ped�o orismoÔ k�poia
 x ∈ D} ⊆ I. An i ∈ J0, tìteup�rqei x ∈ D me to i na perièqetai sto ped�o orismoÔ th
. An x′ ∈ D e�naiopoiad pote �llh sun�rthsh me to i na perièqetai sto ped�o orismoÔ th
, tìte,epeid  k�poia apì ti
 x, x′ e�nai epèktash th
 �llh
, sunep�getai ìti x(i) = x′(i).



22 KEF�ALAIO 1. EISAGWGIK�A'Ara mporoÔme na or�soume sun�rthsh x0 : J0 → ⋃
i∈I Ai me tÔpo x0(i) = x(i) ∈

Ai ìpou x ∈ D èqei to i sto ped�o orismoÔ th
. E�nai profanè
 ìti h x0 e�naiepèktash ìlwn twn x ∈ D kai ìti e�nai stoiqe�o th
 C. 'Ara h x0 e�nai �nw-fr�gmath
 D sto C.Sunep�getai apì to L mma tou Zorn ìti up�rqei toul�qiston èna maximalstoiqe�o x th
 C. H x e�nai stoiqe�o tou kartesianoÔ ginomènou ∏
i∈I Ai, arke� naapodeiqje� ìti to ped�o orismoÔ th
 e�nai to I. 'Estw, loipìn, ìti x : J → ⋃

i∈I Aikai J 6= I. Pa�rnoume i0 ∈ I\J kai a0 ∈ Ai0 kai or�zoume x0 : J∪{i0} → ⋃
i∈I Ai¸ste na taut�zetai me thn x sto J kai x(i0) = a0. Profan¸
, h x0 e�nai gn siaepèktash th
 x kai an kei sthn C. 'Atopo.'Opw
 me ti
 akolouj�e
, m�a bolik  graf  twn stoiqe�wn x tou kartesianoÔginomènou ∏

i∈I Ai e�nai h x = (xi)i∈I , ìpou thn tim  x(i) ∈ Ai th gr�foume
xi kai thn onom�zoume i-suntetagmènh tou x. An to sÔnolo deikt¸n e�nai topeperasmèno I = {1, 2, . . . , n}, tìte to kartesianì ginìmeno gr�fetai ∏n

i=1 Ai  A1 × · · · × An kai ta stoiqe�a tou x = (xi)
n
i=1   x = (x1, . . . , xn). Omo�w
,an to sÔnolo deikt¸n e�nai to arijm simo N = {1, 2, . . .}, tìte to kartesianìginìmeno gr�fetai ∏+∞

i=1 Ai   A1 × A2 × · · · kai ta stoiqe�a tou x = (xi)
+∞
i=1  

x = (x1, x2, . . .).Orismì
 1.29Gia k�je j ∈ I or�zoume th sun�rthsh πj :
∏

i∈I Ai → Aj metÔpo π(x) = xj gia k�je x = (xi)i∈I . H sun�rthsh aut  onom�zetai j-probol .Prìtash 1.26'Estw A èna mh-kenì sÔnolo kai D m�a sullog  topologi¸n tou
A. Tìte h ⋂

D apotele� topolog�a tou A.Apìdeixh: 'Askhsh.Prìtash 1.27'Estw A èna mh-kenì sÔnolo kai C m�a mh-ken  sullog  upo-sunìlwn tou A. H sullog  T =
⋂{S|h S e�nai topolog�a tou A kai C ⊆ S}apotele� th mikrìterh topolog�a tou A h opo�a perièqei thn C.Apìdeixh: 'Amesh apì thn prohgoÔmenh prìtash.Orismì
 1.30'Estw A èna mh-kenì sÔnolo kai C m�a mh-ken  sullog  upo-sunìlwn tou A. H mikrìterh topolog�a tou A h opo�a perièqei thn C (kai peri-gr�fthke sthn prohgoÔmenh prìtash) lème ìti e�nai h topolog�a pou par�getaiapì thn C.Prìtash 1.28'Estw A èna mh-kenì sÔnolo kai C m�a mh-ken  sullog  upo-sunìlwn tou A.(1) To O ⊆ A e�nai anoiktì w
 pro
 thn topolog�a pou par�getai apì thn C ankai mìnon an to O gr�fetai w
 ènwsh (auja�retou pl jou
) sunìlwn to kajènaek twn opo�wn e�nai tom  peperasmènou pl jou
 stoiqe�wn th
 C.(2) To x ∈ A e�nai eswterikì shme�o tou U ⊆ A an kai mìnon an up�rqoun n ∈ Nkai C1, . . . , Cn ∈ C ¸ste x ∈ C1 ∩ · · · ∩ Cn ⊆ U .



1.2. TOPOLOGIKO�I Q�WROI 23Apìdeixh: (1) JewroÔme th sullog  T stoiqe�a th
 opo�a
 e�nai ìla ta sÔnola
O ta opo�a perigr�fontai sth diatÔpwsh th
 prìtash
. EÔkola apodeiknÔoumeìti h T e�nai topolog�a tou A kai ìti perièqei ìla ta stoiqe�a th
 C. 'Ara htopolog�a pou par�getai apì thn C e�nai uposÔnolo th
 T .Antistrìfw
, an S e�nai opoiad pote topolog�a tou A h opo�a perièqei thn C,e�nai profanè
 ìti k�je stoiqe�o th
 T an kei s' aut n. 'Ara h T e�nai uposÔnoloth
 S kai, epomènw
, h T e�nai uposÔnolo th
 topolog�a
 pou par�getai apì thn
C.(2) An up�rqoun n ∈ N kai C1, . . . , Cn ∈ C ¸ste x ∈ C1 ∩ · · · ∩ Cn ⊆ U , tìte,sÔmfwna me to (1), to sÔnolo autì e�nai anoiktì sthn paragìmenh apì thn Ctopolog�a kai to x e�nai eswterikì shme�o tou U . Antistrìfw
, an to x e�naieswterikì shme�o tou U , tìte up�rqei sÔnolo O ìpw
 sth diatÔpwsh tou (1)¸ste x ∈ O ⊆ U . 'Ara to x perièqetai se k�poio apì ta sÔnola h ènwsh twnopo�wn e�nai to O.Orismì
 1.31'Estw I èna mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I èna
topologikì
 q¸ro
 Ai me topolog�a Ti. JewroÔme ìla ta uposÔnola C tou∏

i∈I Ai ta opo�a e�nai th
 morf 
 C =
∏

i∈I Oi, ìpou Oi ∈ Ti gia k�je i ∈ Ikai Oi = Ai gia ìlou
 ektì
 apì to polÔ peperasmènou pl jou
 de�kte
 i ∈ I.An C e�nai h sullog  ìlwn aut¸n twn uposunìlwn, tìte thn topolog�a h opo�apar�getai apì thn C thn onom�zoume topolog�a-ginìmeno twn Ti, i ∈ I, gia tokartesianì ginìmeno.Prìtash 1.29'Estw I èna mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I èna
topologikì
 q¸ro
 Ai me topolog�a Ti.(1) 'Ena O ⊆ ∏
i∈I Ai e�nai anoiktì w
 pro
 thn topolog�a-ginìmeno an kai mìnonan to O e�nai ènwsh (auja�retou pl jou
) sunìlwn C apì aut� pou perigr�fontaiston prohgoÔmeno orismì.(2) 'Ena x = (xi)i∈I e�nai eswterikì shme�o tou U ⊆ ∏

i∈I Ai an kai mìnon anup�rqei sÔnolo C apì aut� pou perigr�fontai ston prohgoÔmeno orismì ¸ste
x ∈ C ∈ U .Apìdeixh: Profan 
 b�sei th
 Prìtash
 1.28.Orismì
 1.32'Estw topologiko� q¸roi A,B kai f : A → B. H f onom�zetaianoikt  an to f(O) e�nai anoiktì ston B gia k�je O anoiktì ston A.Prìtash 1.30'Estw I èna mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I èna
topologikì
 q¸ro
 Ai me topolog�a Ti. 'Estw ìti to kartesianì ginìmeno ∏

i∈I Aièqei thn topolog�a-ginìmeno. Tìte k�je sun�rthsh-probol  πj :
∏

i∈I Ai → Aje�nai suneq 
 kai anoikt  sto ∏
i∈I Ai.Apìdeixh: Pa�rnoume opoiod poteOj anoiktì uposÔnolo touAj kai parathroÔmeìti π−1

j (Oj) =
∏

i∈I Qi, ìpou Qi = Ai gia k�je i 6= j kai Qj = Oj . 'Ara to
π−1

j (Oj) e�nai anoiktì w
 pro
 thn topolog�a-ginìmeno.'Estw, t¸ra, opoiod pote sÔnolo C =
∏

i∈I Oi, ìpou k�je Oi e�nai anoiktìston Ai kai Oi = Ai gia ìla ektì
 apì to polÔ peperasmènou pl jou
 i ∈ I.



24 KEF�ALAIO 1. EISAGWGIK�ATìte, gia k�je j ∈ I, to πj(C) e�te e�nai �so me ∅, an C = ∅, e�te e�nai �so meto Oj , an C 6= ∅. Se k�je per�ptwsh to πj(C) e�nai anoiktì sto Aj . To tuqìnanoiktì sÔnolo O sto ∏
i∈I Ai e�nai ènwsh tètoiwn sunìlwn C kai, epeid  heikìna (mèsw opoiasd pote sun�rthsh
) mi�
 ènwsh
 isoÔtai me thn ènwsh twneikìnwn, sunep�getai ìti to πj(O) e�nai anoiktì sto Aj .Orismì
 1.33'Estw mh-kenì sÔnolo A kai sullog  C uposunìlwn tou A. Lèmeìti h C èqei thn idiìthta peperasmènh
 tom 
 an gia k�je peperasmènh C′ ⊆ Ch tom  ⋂ C′ e�nai mh-ken .Prìtash 1.31'Estw topologikì
 q¸ro
 A. O A e�nai sumpag 
 an kai mìnonan gia k�je sullog  F uposunìlwn tou A pou èqei thn idiìthta peperasmènh
tom 
 isqÔei ìti h ⋂{cl(F )|F ∈ F} e�nai mh-ken .Apìdeixh: 'Askhsh.Je¸rhma 1.6(Tychonov) 'Estw I èna mh-kenì sÔnolo kai gia k�je

i ∈ I èna
 topologikì
 q¸ro
 Ai me topolog�a Ti. An k�je Ai e�naisumpagè
 w
 pro
 thn topolog�a Ti, tìte to ∏
i∈I Ai e�nai sumpagè
w
 pro
 thn topolog�a-ginìmeno.Apìdeixh: Ja jewr soume tuqoÔsa sullog  F uposunìlwn tou ∏

i∈I Ai me thnidiìthta peperasmènh
 tom 
 kai ja apode�xoume ìti h ⋂{cl(F )|F ∈ F} e�naimh-ken .Or�zoume th sullog  P th
 opo�a
 stoiqe�a e�nai ìle
 oi sullogè
 G ⊇ Fuposunìlwn tou ∏
i∈I Ai me thn idiìthta peperasmènh
 tom 
. Sthn P qrhsi-mopoioÔme th sqèsh di�taxh
 tou egkleismoÔ kai pa�rnoume opoiad pote olik�diatetagmènh P0 ⊆ P. Katìpin, or�zoume thn F0 =

⋃
P0. Aut  e�nai sullog uposunìlwn tou ∏

i∈I Ai me thn idiìthta peperasmènh
 tom 
. Pr�gmati, anp�roume opoiad pote C1, . . . , Cn ∈ F0, tìte C1 ∈ G1, . . . , Cn ∈ Gn gia k�poia
G1, . . . ,Gn ∈ P0. Epeid  h P0 e�nai olik� diatetagmènh, up�rqei k�poia apì ti

G1, . . . ,Gn h opo�a perièqei ìle
 ti
 �lle
. 'Ara ta C1, . . . , Cn an koun ìla sem�a apì ti
 G ∈ P0 kai, epomènw
, èqoun mh-ken  tom . Apode�xame, loipìn, ìtih F0 e�nai �nw-fr�gma th
 P0 sthn P.SÔmfwna me to L mma tou Zorn , h P èqei toul�qiston èna maximal stoi-qe�o. Dhlad  up�rqei sullog  G ⊇ F uposunìlwn tou ∏

i∈I Ai me thn idiìthtapeperasmènh
 tom 
 kai den up�rqei kamm�a gnhs�w
 megalÔterh sullog  me thn�dia idiìthta.Autì sunep�getai, eidik¸tera, ìti k�je tom  peperasmènou pl jou
 sunìlwnth
 G an kei sthn G. Pr�gmati, an to G e�nai tom  peperasmènou pl jou
sunìlwn th
 G kai den an kei sthn G, tìte h G ∪ {G} e�nai gnhs�w
 megalÔterhapì thn G kai èqei thn idiìthta peperasmènh
 tom 
.Arke� na apode�xoume ìti h ⋂{cl(G)|G ∈ G} e�nai mh-ken , afoÔ G ⊇ F .JewroÔme gia k�je j ∈ I th sullog  Gj = {πj(G)|G ∈ G} uposunìlwn tou
Aj . E�nai eÔkolo na doÔme ìti h Gj èqei thn idiìthta th
 peperasmènh
 tom 
.Pr�gmati, an p�roume tuqìnta G1, . . . , Gn ∈ G, tìte up�rqei x ∈ G1 ∩ · · · ∩Gn,opìte xj = πj(x) ∈ πj(G1) ∩ · · · ∩ πj(Gn) ⊆ cl(πj(G1)) ∩ · · · ∩ cl(πj(Gn)).



1.2. TOPOLOGIKO�I Q�WROI 25T¸ra, epeid  o Aj e�nai sumpag 
, sunep�getai ìti ⋂{cl(πj(G))|G ∈ G} 6= ∅.Pa�rnoume èna xj ∈ ⋂{cl(πj(G))|G ∈ G} gia k�je j ∈ I kai sqhmat�zoume to
x = (xi)i∈I ∈ ∏

i∈I Ai.Ja apode�xoume ìti x ∈ ⋂{cl(G)|G ∈ G}.Epeid  xj ∈ ⋂{cl(πj(G))|G ∈ G}, k�je anoikt  perioq  Oj tou xj ston Ajèqei mh-ken  tom  me to πj(G) gia k�je G ∈ G. Epomènw
, to anoiktì uposÔnolotou ∏
i∈I Ai, O(j) =

∏
i∈I Qi, ìpou Qi = Ai gia k�je i 6= j kai Qj = Oj ,èqei mh-ken  tom  me to G gia k�je G ∈ G. Epomènw
, h sullog  G ∪ {O(j)}èqei thn idiìthta peperasmènh
 tom 
, opìte O(j) ∈ G. MporoÔme, t¸ra, nade�xoume epagwgik� ìti gia k�je n ∈ N, k�je ji, . . . , jn ∈ I kai k�jeOj1 , . . . , Ojnanoiktè
 perioqè
 twn xj1 , . . . , xjn

stou
 Aj1 , . . . , Ajn
h tom  O(j1) ∩ · · · ∩O(jn)èqei mh-ken  tom  me to G gia k�je G ∈ G. 'Omw
, k�je anoikt  perioq  tou xston ∏

i∈I Ai perièqei èna sÔnolo th
 morf 
 O(j1) ∩ · · · ∩O(jn) kai, epomènw
,k�je anoikt  perioq  tou x èqei mh-ken  tom  me to G gia k�je G ∈ G. 'Ara
x ∈ cl(G) gia k�je G ∈ G kai, epomènw
, x ∈ ⋂{cl(G)|G ∈ G}.1.2.11 Asjen 
 topolog�aOrismì
 1.34'Estw èna mh-kenì sÔnolo A kai m�a mh-ken  sullog  T topolo-gik¸n q¸rwn. Dhlad , k�je stoiqe�o B th
 T e�nai topologikì
 q¸ro
 metopolog�a TB . 'Estw gia k�je B ∈ T m�a sun�rthsh fB : A→ B.JewroÔme th sullog  ìlwn twn topologi¸n S tou A me thn idiìthta: an to
A èqei thn topolog�a S, tìte gia k�je B ∈ T h fB : A → B e�nai suneq 
 sto
A .An T e�nai h tom  th
 sullog 
 aut 
, tìte, b�sei th
 Prìtash
 1.26, h
T e�nai h mikrìterh topolog�a tou A me thn (�dia) idiìthta: an to A èqei thntopolog�a T , tìte gia k�je B ∈ T h fB : A→ B e�nai suneq 
 sto A .H T onom�zetai h asjen 
 topolog�a tou A h opo�a ep�getai apì thsullog  twn sunart sewn {fB|B ∈ T}. Ta stoiqe�a th
 T onom�zontaiasjen¸
 anoikt�.Prìtash 1.32'Estw èna mh-kenì sÔnolo A kai m�a mh-ken  sullog  T topo-logik¸n q¸rwn. 'Estw gia k�je B ∈ T m�a sun�rthsh fB : A→ B.JewroÔme th sullog  uposunìlwn tou A: C = {f−1

B (OB)|B ∈ T kai OBanoiktì sto B}.(1) Tìte h asjen 
 topolog�a T tou A h opo�a ep�getai apì th sullog  twnsunart sewn {fB|B ∈ T} taut�zetai me thn topolog�a tou A h opo�a par�getaiapì thn C.(2) 'Ena O ⊆ A e�nai asjen¸
 anoiktì an kai mìnon an gr�fetai w
 ènwsh(auja�retou pl jou
) sunìlwn to kajèna ek twn opo�wn e�nai tom  peperasmènoupl jou
 stoiqe�wn th
 C.(3) To x ∈ A e�nai eswterikì shme�o tou U ⊆ A an kai mìnon an up�rqoun
n ∈ N, B1, . . . , Bn ∈ T kai O1, . . . , On anoikt� stou
 B1, . . . , Bn, antisto�qw
,¸ste x ∈ f−1

B1
(O1) ∩ · · · ∩ f−1

Bn
(On) ⊆ U .Apìdeixh:(1) Gia na e�nai ìle
 oi sunart sei
 fB : A → B, B ∈ T , suneqe�
sto A gia k�poia topolog�a tou A, prèpei kai arke� h topolog�a aut  tou A na



26 KEF�ALAIO 1. EISAGWGIK�Aperièqei ìla ta sÔnola f−1
B (OB) ìpou B ∈ T kai OB anoiktì sto B, dhlad  tastoiqe�a th
 C. Epomènw
, h el�qisth topolog�a T tou A me aut n thn idiìthtataut�zetai me thn el�qisth topolog�a h opo�a perièqei ìla aut� ta uposÔnolatou A. 'Ara h T taut�zetai me thn topolog�a pou par�getai apì thn C.(2),(3) 'Amesh apì to (1) kai thn Prìtash 1.28.Prìtash 1.33'Estw èna mh-kenì sÔnolo A, m�a mh-ken  sullog  T topolo-gik¸n q¸rwn kai gia k�je B ∈ T m�a sun�rthsh fB : A → B. 'Estw T hasjen 
 topolog�a tou A h opo�a ep�getai apì th sullog  twn sunart sewn

{fB|B ∈ T}.Gia k�je topologikì q¸ro C me topolog�a R kai k�je sun�rthsh f : C → AisqÔei ìti: h f e�nai suneq 
 ston C an kai mìnon an gia k�je B ∈ T h fB ◦ f :
C → B e�nai suneq 
 ston C.Apìdeixh: An h f e�nai suneq 
 ston C, tìte, profan¸
, h fB ◦ f : C → B e�naisuneq 
 ston C gia k�je B ∈ T.Antistrìfw
, èstw ìti h fB ◦ f : C → B e�nai suneq 
 sto C gia k�je
B ∈ T. Pa�rnoume tuqìn x ∈ C kai tuqìn asjen¸
 anoiktì sÔnolo O sto A me
f(x) ∈ O. SÔmfwna me thn Prìtash 1.32(3), up�rqoun n ∈ N, B1, . . . , Bn ∈ Tkai O1, . . . , On anoikt� stou
 B1, . . . , Bn, antisto�qw
, ¸ste f(x) ∈ f−1

B1
(O1) ∩

· · · ∩ f−1
Bn

(On) ⊆ O. Epomènw
, x ∈ f−1
(
f−1

B1
(O1) ∩ · · · ∩ f−1

Bn
(On)

)
⊆ f−1(O)kai autì gr�fetai x ∈ (fB1 ◦ f)−1(O1) ∩ · · · ∩ (fBn

◦ f)−1(On) ⊆ f−1(O). TosÔnolo (fB1 ◦ f)−1(O1) ∩ · · · ∩ (fBn
◦ f)−1(On) e�nai anoiktì uposÔnolo tou Ckai, epomènw
 h f e�nai suneq 
.Oi epìmene
 dÔo prot�sei
 apodeiknÔoun ìti h topolog�a-upìqwrou kai htopolog�a-ginìmeno e�nai eidikè
 peript¸sei
 topologi¸n pou ep�gontai se ènasÔnolo apì sullog  sunart sewn.Prìtash 1.34'Estw A topologikì
 q¸ro
 me topolog�a T kai B ⊆ A. Jew-roÔme th sun�rthsh-emfÔteush i : B → A me tÔpo i(x) = x gia k�je x ∈ B.H topolog�a-upìqwrou sto B taut�zetai me thn asjen  topolog�a tou B pouep�getai apì th (m�a) sun�rthsh i.Apìdeixh: SÔmfwna me thn Prìtash 1.32(1), h asjen 
 topolog�a tou B pouep�getai apì th sun�rthsh i taut�zetai me thn topolog�a pou par�getai apì thsullog  C = {i−1(O)|to O e�nai anoiktì sto A} = {O ∩ B|to O e�nai anoiktìsto A}. 'Omw
, h sullog  aut  e�nai h topolog�a-upìqwrou tou B.Prìtash 1.35'Estw I mh-kenì sÔnolo deikt¸n kai gia k�je i ∈ I èna
 topolo-gikì
 q¸ro
 Ai me topolog�a Ti. JewroÔme to kartesianì ginìmeno A =

∏
i∈I Aikai ti
 sunart sei
-probolè
 πi : A→ Ai. H topolog�a-ginìmeno tou A taut�zetaime thn asjen  topolog�a tou A pou ep�getai apì th sullog  sunart sewn {πi|i ∈

I}.Apìdeixh: SÔmfwna me thn Prìtash 1.32(1), h topolog�a tou ∏
i∈I Ai pou ep�ge-tai apì th sullog  {πi|i ∈ I} taut�zetai me thn topolog�a pou par�getai apì th



1.3. GRAMMIKO�I Q�WROI 27sullog  C = {π−1
j (Oj)|j ∈ I kai Oj e�nai anoiktì sto Aj}. Arke� na parathr -soume ìti k�je sÔnolo π−1

j (Oj) gr�fetai w
 ∏
i∈I Qi, ìpou Qi = Ai gia k�je

i 6= j kai Qj = Oj , gia na sumper�noume ìti tomè
 peperasmènou pl jou
 tètoi-wn sunìlwn gr�fontai w
 ∏
i∈I Qi, ìpou Qi = Ai gia ìlou
 ektì
 apì to polÔpeperasmènou pl jou
 de�kte
 i ∈ I. Aut� e�nai ta sÔnola pou emfan�zontai sthdiatÔpwsh tou OrismoÔ 1.27.1.3 Grammiko� Q¸roi1.3.1 Pr�xei
JewroÔme F = R   F = C.Orismì
 1.35To mh-kenì sÔnolo X onom�zetai grammikì
 q¸ro
 ep� tou Fan sto X e�nai orismènh m�a (eswterik ) pr�xh + h opo�a se k�je (x, y) ∈ X×Xantistoiq�zei to �jroisma x+ y ∈ X ¸ste

(i) x+ y = y + x gia k�je x, y ∈ X
(ii) (x+ y) + z = x+ (y + z) gia k�je x, y, z ∈ X
(iii) up�rqei stoiqe�o 0 ∈ X ¸ste x+ 0 = x gia k�je x ∈ X
(iv) gia k�je x ∈ X up�rqei stoiqe�o −x ∈ X ¸ste x+ (−x) = 0kai m�a (exwterik ) pr�xh · h opo�a se k�je (κ, x) ∈ F × X antistoiq�zei toginìmeno κx ∈ X ¸ste
(v) κ(x+ y) = κx+ κy gia k�je κ ∈ F kai k�je x, y ∈ X
(vi) (κ+ λ)x = κx+ λx gia k�je κ, λ ∈ F kai k�je x ∈ X
(vii) (κλ)x = κ(λx) gia k�je κ, λ ∈ F kai k�je x ∈ X
(viii) 1x = x gia k�je x ∈ X , ìpou 1 e�nai to monadia�o stoiqe�o tou F .E�nai profanè
 ìti, an o X e�nai grammikì
 q¸ro
 ep� tou C, tìte e�nai gram-mikì
 q¸ro
 kai ep� tou R.'Otan gr�foume x− y ennooÔme to x+ (−y).Prìtash 1.36'Estw grammikì
 q¸ro
 X ep� tou F .(1) To 0 ∈ X me thn idiìthta (iii) tou orismoÔ e�nai monadikì.(2) Gia k�je x ∈ X to −x ∈ X me thn idiìthta (iv) tou orismoÔ e�nai monadikì.(3) (−1)x = −x gia k�je x ∈ X .(4) 0x = 0 gia k�je x ∈ X .(5) κ0 = 0 gia k�je κ ∈ F .(6) An κ ∈ F , x ∈ X kai κx = 0, tìte e�te κ = 0 e�te x = 0.Apìdeixh: 'Askhsh.Orismì
 1.36'Estw grammikì
 q¸ro
 X ep� tou F .
(i) An b ∈ X , h 1-1 kai ep� apeikìnish x 7→ x+ b onom�zetai metafor� ston Xkat� b.
(ii) An κ ∈ F \ {0}, h 1-1 kai ep� apeikìnish x 7→ κx onom�zetai omoiojes�aston X me lìgo κ.
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 1.37'Estw grammikì
 q¸ro
 X ep� tou F .
(i) An κ ∈ F kai A ⊆ X , or�zoume κA = {κa|a ∈ A}.
(ii) An A,B ⊆ X , or�zoume A+B = {a+ b|a ∈ A, b ∈ B}.
(iii) An A ⊆ X , or�zoume −A = {−a|a ∈ A}.
(iv) An x ∈ X kai A ⊆ X , or�zoume x+A = {x+ a|a ∈ A}.1.3.2 Grammiko� upìqwroiOrismì
 1.38'Estw grammikì
 q¸ro
 X ep� tou F kai mh-kenì Y ⊆ X . To Yonom�zetai grammikì
 upìqwro
 tou X an
(i) x+ y ∈ Y gia k�je x, y ∈ Y kai
(ii) κx ∈ Y gia k�je κ ∈ F kai k�je x ∈ Y .To {0} kai to X apoteloÔn, profan¸
, grammikoÔ
 upìqwrou
 tou X .Prìtash 1.37'Estw grammikì
 q¸ro
 X ep� tou F . An o Y e�nai grammikì
upìqwro
 tou X , tìte to Y me ti
 pr�xei
 + kai · tou X periorismène
 sto Yapotele� grammikì q¸ro ep� tou F .Apìdeixh: An de�xoume ìti 0 ∈ Y kai ìti −y ∈ Y gia k�je y ∈ Y , tìte ìle
 oi�lle
 idiìthte
 grammikoÔ q¸rou isqÔoun gia ta stoiqe�a tou Y afoÔ isqÔoungia ìla ta stoiqe�a tou X .'Omw
, to Y den e�nai kenì kai, an y0 ∈ Y , tìte 0 = 0y0 ∈ Y . Omo�w
, an
y ∈ Y , tìte −y = (−1)y ∈ Y .Prìtash 1.38'Estw grammikì
 q¸ro
 X ep� tou F .(1) An oi Y, Z e�nai grammiko� upìqwroi tou X , tìte to Y + Z e�nai grammikì
upìqwro
 tou X .(2) An ta stoiqe�a tou mh-kenoÔ Y e�nai grammiko� upìqwroi tou X , tìte to ⋂Ye�nai grammikì
 upìqwro
 tou X .Apìdeixh: (1) 'Askhsh.(2) 'Estw x, y ∈ ⋂Y. Tìte x, y ∈ Y gia k�je Y ∈ Y kai, epeid  k�je tètoio Ye�nai grammikì
 upìqwro
, x+y ∈ Y gia k�je Y ∈ Y. 'Ara x+y ∈ ⋂Y. Omo�w
de�qnoume ìti, an x ∈ ⋂Y kai κ ∈ F tìte κx ∈ ⋂Y.Orismì
 1.39'Estw grammikì
 q¸ro
 X ep� tou F kai A ⊆ X . Or�zoume thgrammik  j kh tou A
< A >=

⋂{Y |Y e�nai grammikì
 upìqwro
 tou X kai A ⊆ Y }.Prìtash 1.39'Estw grammikì
 q¸ro
 X ep� tou F kai A ⊆ X .(1) To < A > e�nai o mikrìtero
 grammikì
 upìqwro
 tou X o opo�o
 perièqei to
A.(2) < A >= {κ1a1 + · · · + κnan|n ∈ N, κ1, . . . , κn ∈ F, a1, . . . , an ∈ A}.Apìdeixh: (1) Profanè
 logw th
 Prìtash
 1.38(2).(2) Onom�zoume B to sÔnolo sth dexi� meri� th
 isìthta
. K�je stoiqe�o κ1a1+
· · · + κnan perièqetai se k�je grammikì upìqwro o opo�o
 perièqei to A. 'Arak�je tètoio stoiqe�o perièqetai sto < A > kai, epomènw
, B ⊆< A >.



1.3. GRAMMIKO�I Q�WROI 29E�nai polÔ eÔkolo na de�xoume ìti to sÔnolo B e�nai grammikì
 upìqwro
 kaiìti perièqei to A. 'Ara < A >⊆ B.Orismì
 1.40'Estw grammikì
 q¸ro
 X ep� tou F kai x, a1, . . . , an ∈ X . To xonom�zetaigrammikì
 sunduasmì
 twn a1, . . . , an an up�rqoun κ1, . . . , κn ∈ F¸ste x = κ1a1 + · · · + κnan.H Prìtash 1.39(2) lèei ìti to < A > apotele�tai akrib¸
 apì ìlou
 tou
grammikoÔ
 sunduasmoÔ
 twn (opoioud pote peperasmènou pl jou
) stoiqe�wntou A.1.3.3 B�sei
 kai di�stashOrismì
 1.41'Estw grammikì
 q¸ro
 X ep� tou F kai A ⊆ X .
(i) To A onom�zetai grammik� anex�rthto, an gia k�je n ∈ N, k�je κ1, . . . , κn

∈ F kai k�je a1, . . . , an ∈ A h isìthta κ1a1 + · · · + κnan = 0 sunep�getai ìti
κ1 = . . . = κn = 0.
(ii) Lème ìti to A par�gei ton X , an < A >= X  , isodÔnama, k�je stoiqe�otou X e�nai grammikì
 sunduasmì
 stoiqe�wn tou A.
(iii)To A onom�zetai b�sh   b�shHamel touX , an e�nai grammik� anex�rthtokai par�gei ton X .Je¸rhma 1.7K�je grammikì
 q¸ro
 X 6= {0} èqei b�sh.Apìdeixh: JewroÔme to sÔnolo B stoiqe�a tou opo�ou e�nai ìla ta grammik�anex�rthta uposÔnola tou X . To B den e�nai kenì, afoÔ gia k�je a 6= 0 to
{a} e�nai grammik� anex�rthto. 'Estw C opoiod pote olik� diatetagmèno upo-sÔnolo tou B me th di�taxh tou egkleismoÔ. Dhlad , an B1, B2 ∈ C, tìte e�te
B1 ⊆ B2 e�te B2 ⊆ B1. Or�zoume to sÔnolo B =

⋃ C. 'Estw b1, . . . , bn ∈ B,
κ1, . . . , κn ∈ F kai κ1b1 + · · · + κnbn = 0. Tìte b1 ∈ B1, . . . , bn ∈ Bn giak�poia B1, . . . , Bn ∈ C. Epeid  k�poio apì ta B1, . . . , Bn perièqei ta upìloipa,sunep�getai ìti b1, . . . , bn ∈ Bj gia k�poio Bj ∈ C. To Bj e�nai grammik�anex�rthto, opìte κ1 = . . . = κn = 0. 'Ara to B e�nai grammik� anex�rthto kai,epomènw
, an kei sto B. Ep�sh
, e�nai profanè
 ìti to B e�nai �nw-fr�gma tou
C. Apode�xame ìti k�je olik� diatetagmèno uposÔnolo tou B me th di�taxh touegkleismoÔ èqei �nw-fr�gma sto B. Apì to l mma tou Zorn sunep�getai ìti to Bèqei toul�qiston èna maximal stoiqe�o. Dhlad , up�rqei grammik� anex�rthto
B to opo�o den perièqetai se kanèna gnhs�w
 megalÔtero grammik� anex�rthtosÔnolo. Ja apode�xoume ìti to B par�gei ton X .'Estw ìti to B den par�gei ton X , opìte up�rqei x ∈ X to opo�o den e�naigrammikì
 sunduasmì
 stoiqe�wn tou B. Profan¸
, x /∈ B, opìte to B ∪ {x}den e�nai grammik� anex�rthto. 'Ara up�rqoun b1, . . . , bn ∈ B, κ, κ1, . . . , κn ∈ F ,ìqi ìla mhdèn, ¸ste κx + κ1b1 + · · · + κnbn = 0. An κ 6= 0, tìte to x e�naigrammikì
 sunduasmì
 twn b1, . . . , bn, en¸, an κ = 0, tìte ta b1, . . . , bn e�naigrammik� exhrthmèna. Kai sti
 dÔo peript¸sei
 katal goume se �topo.



30 KEF�ALAIO 1. EISAGWGIK�AL mma 1.3'Estw grammikì
 q¸ro
 X ep� tou F , A grammik� anex�rthto upo-sÔnolo tou X , B to opo�o par�gei ton X kai C = A ∩ B. An C 6= A, up�rqei
a0 ∈ A \ C kai b0 ∈ B \ C ¸ste to sÔnolo (A \ {a0}) ∪ {b0} na e�nai grammik�anex�rthto.Apìdeixh: JewroÔme ìlou
 tou
 grammikoÔ
 sunduasmoÔ
 v stoiqe�wn tou A oiopo�oi perièqoun toul�qiston èna stoiqe�o tou A\C me mh-mhdenikì suntelest .Epeid  to B par�gei ton X , k�je tètoio
 v èqei m�a deÔterh graf  w
 grammikì
sunduasmì
 (me mh-mhdenikoÔ
 suntelestè
) stoiqe�wn tou B. S' aut  th graf ,an ta stoiqe�a tou B e�nai ìla sto C, tìte, exis¸nonta
 tou
 dÔo sunduasmoÔ
,prokÔptei grammikì
 sunduasmì
 stoiqe�wn tou A �so
 me 0 qwr�
 na e�nai ìloioi suntelestè
 �soi me 0. Autì e�nai �topo diìti to A e�nai grammik� anex�rthto.'Ara sth deÔterh graf  tou v up�rqei toul�qiston èna stoiqe�o tou B \ C.Epilègoume grammikì sunduasmì v0 stoiqe�wn tou A \ C o opo�o
 perièqeitoul�qiston èna stoiqe�o tou A \ C me mh-mhdenikì suntelest  ¸ste h deÔterhgraf  tou w
 grammikì
 sunduasmì
 stoiqe�wn tou B na perièqei ton el�qistoarijmì n ∈ N stoiqe�wn tou B \ C (me mh-mhdenikoÔ
 suntelestè
). Pa�rnoumeèna a0 ∈ A\C sthn pr¸th graf  tou v0 kai èna stoiqe�o b0 ∈ B \C sth deÔterhgraf  tou v0.An to (A\{a0})∪{b0} den e�nai grammik� anex�rthto, tìte up�rqei grammikì
sunduasmì
 stoiqe�wn tou �so
 me 0 qwr�
 na e�nai ìloi oi suntelestè
 0. Epeid to A \ {a0} e�nai grammik� anex�rthto, o suntelest 
 tou b0 ston sunduasmìautì den e�nai 0. 'Ara to b0 gr�fetai w
 grammikì
 sunduasmì
 stoiqe�wn tou
A \ {a0}. Antikajist¸nta
 to b0 sth deÔterh graf  tou v0 kai exis¸nonta
 ti
dÔo grafè
 prokÔptei grammikì
 sunduasmì
 v stoiqe�wn tou A, èqonta
 to a0me ton �dio suntelest  ìpw
 kai o v0, �so
 me grammikì sunduasmì stoiqe�wn tou
B all� me to polÔ n − 1 stoiqe�a tou B \ C. Autì antif�skei me thn epilog tou v0.'Ara to (A \ {a0}) ∪ {b0} e�nai grammik� anex�rthto.Je¸rhma 1.8'Estw grammikì
 q¸ro
 X ep� tou F kai A,B ⊆ X.(1) An to A e�nai grammik� anex�rthto kai to B par�gei ton X,tìte card(A) ≤ card(B).(2) An A,A′ e�nai b�sei
 tou X, tìte card(A) = card(A′).Apìdeixh: (1) Arke� na apode�xoume ìti up�rqei f : A → B h opo�a e�nai 1-1.An C = A ∩ B kai C = A, tìte arke� na jewr soume thn tautotik  sun�rthsh
i : C → C me tÔpo i(c) = c gia k�je c ∈ C. 'Ara, èstw A 6= C.JewroÔme to sÔnolo F tou opo�ou stoiqe�a e�nai ìle
 oi 1-1 sunart sei

f oi opo�e
 e�nai epekt�sei
 th
 i me ped�o orismoÔ D(f) ¸ste C ⊆ D(f) ⊆ A,sÔnolo tim¸n R(f) ¸ste C ⊆ R(f) ⊆ B kai to sÔnolo (A\D(f))∪R(f) na e�naigrammik� anex�rthto. Sto sÔnolo F or�zoume th di�taxh f1 ≺ f2 na shma�neiìti h f2 e�nai epèktash th
 f1. Dhlad , D(f1) ⊆ D(f2) kai f1(x) = f2(x) giak�je x ∈ D(f1).SÔmfwna me to L mma 1.3, up�rqei a0 ∈ A \ C kai b0 ∈ B \ C ¸ste to
(A\{a0})∪{b0} na e�nai grammik� anex�rthto. Or�zoume f : C∪{a0} → C∪{b0}



1.3. GRAMMIKO�I Q�WROI 31¸ste na e�nai epèktash th
 i me f(a0) = b0. Profan¸
, f ∈ F , opìte to F dene�nai kenì.'Estw tuqìn olik� diatetagmèno G ⊆ F . An x ∈ ⋃{D(f)|f ∈ G}, tìte
x ∈ D(f) gia k�poia f ∈ G. An x ∈ D(f ′) gia k�poia akìmh f ′ ∈ G, tìtem�a apì ti
 f, f ′ e�nai epèktash th
 �llh
 kai, epomènw
, f(x) = f ′(x). 'Araor�zetai kal¸
 sun�rthsh F :

⋃{D(f)|f ∈ G} → B me tÔpo F (x) = f(x) giaopoiad pote f ∈ G me x ∈ D(f).Profan¸
, C ⊆ D(F ) =
⋃{D(f)|f ∈ G} ⊆ A kai C ⊆ R(F ) =

⋃{R(f)|f ∈
G} ⊆ B kai h F e�nai epèktash ìlwn twn f ∈ G.An F (x1) = F (x2) gia k�poia x1, x2 ∈ ⋃{D(f)|f ∈ G}, tìte x1 ∈ D(f1),
x2 ∈ D(f2) gia k�poie
 f1, f2 ∈ G kai, epeid  m�a apì ti
 f1, f2, èstw h f2, e�naiepèktash th
 �llh
, sunep�getai f2(x1) = f2(x2), opìte x1 = x2. 'Ara h F e�nai1-1.'Estw ìti to (A\D(F ))∪R(F ) den e�nai grammik� anex�rthto. Tìte up�rqoun
a1, . . . , an ∈ A \ D(F ), b1, . . . , bm ∈ R(F ) kai κ1, . . . , κn, λ1, . . . , λm, ìqi ìlamhdèn, ¸ste κ1a1+ · · ·+κnan+λ1b1+ · · ·+λmbm = 0. Up�rqoun f1, . . . , fm ∈ G¸ste b1 ∈ R(f1), . . . , bm ∈ R(fm) kai, epeid  k�poia apì ti
 f1, . . . , fm, èstw h
fm, e�nai epèktash ìlwn twn �llwn, sunep�getai ìti b1, . . . , bm ∈ R(fm). Tìte,profan¸
, a1, . . . , an ∈ A \ D(fm), b1, . . . , bm ∈ R(fm) kai katal goume se�topo.'Ara F ∈ F kai e�nai �nw-fr�gma tou G. Apì to L mma tou Zorn sunep�getaiìti up�rqei maximal sun�rthsh f ∈ F . Dhlad  h f e�nai 1-1 me C ⊆ D(f) ⊆ A,
C ⊆ R(f) ⊆ B, to (A \D(f))∪R(f) e�nai grammik� anex�rthto kai den up�rqeikamm�a gn sia epèktas  th
 me ti
 �die
 idiìthte
. Arke� na apode�xoume ìti
D(f) = A.An D(f) 6= A, jètoume A1 = (A\D(f))∪R(f) kai parathroÔme ìti A1∩B =
R(f). Efarmìzoume to L mma 1.3 sta A1, B kai sumpera�noume ìti up�rqei
a0 ∈ A \D(f) kai b0 ∈ B \ R(f) ¸ste to (

A \ (D(f) ∪ {a0})
)
∪ (R(f) ∪ {b0})na e�nai grammik� anex�rthto. Katìpin or�zoume sun�rthsh F : D(f) ∪ {a0} →

R(f) ∪ {b0} me tÔpo F (a) = f(a) gia k�je a ∈ D(f) kai F (a0) = b0. E�naiprofanè
 ìti h F e�nai gn sia epèktash th
 f kai stoiqe�o tou F . Autì e�nai�topo.(2) An ta A,A′ e�nai b�sei
 tou X , tìte, sÔmfwna me to (1) isqÔei card(A) ≤
card(A′) kai card(A′) ≤ card(A) kai, apì to Je¸rhma Schröder-Bernstein ,sumpera�noume ìti card(A) = card(A′).B�sei twn dÔo teleuta�wn prot�sewn dikaiologe�tai o epìmeno
 orismì
.Orismì
 1.42'Estw grammikì
 q¸ro
 X ep� tou F kai A opoiad pote b�shtou X . An X 6= {0}, or�zoume th di�stash tou X w
 ton plhj�rijmo th

A: dim(X) = card(A). An X = {0} or�zoume dim(X) = 0.Prìtash 1.40'Estw grammikì
 q¸ro
 X ep� tou F .(1) An to A e�nai grammik� anex�rthto uposÔnolo tou X , up�rqei b�sh B tou
X ¸ste A ⊆ B, opìte card(A) ≤ dim(X).(2) An to B par�gei ton X , up�rqei b�sh A tou X ¸ste A ⊆ B, opìte dim(X) ≤
card(B).



32 KEF�ALAIO 1. EISAGWGIK�A(3) An o Y e�nai grammikì
 upìqwro
 tou X , tìte dim(Y ) ≤ dim(X).(4) An dim(X) < +∞, to A e�nai grammik� anex�rthto uposÔnolo tou X kai
card(A) = dim(X), to A e�nai b�sh tou X .(5) An dim(X) < +∞, to A par�gei ton X kai card(A) = dim(X), to A e�naib�sh tou X .Apìdeixh: (1) Epanalamb�noume thn apìdeixh Ôparxh
 b�sh
 tou X jewr¸nta
,t¸ra, to sÔnolo B me stoiqe�a ìla ta grammik� anex�rthta uposÔnola tou Xta opo�a perièqoun to A.(2) Epanalamb�noume thn apìdeixh Ôparxh
 b�sh
 tou X jewr¸nta
 to sÔnolo
B me stoiqe�a ìla ta grammik� anex�rthta uposÔnola touX ta opo�a perièqontaisto B.(3) Pa�rnoume m�a b�sh A tou Y kai, b�sei tou (1), thn epekte�noume se b�sh Btou X .(4) kai (5) Profan , b�sei twn (1) kai (2) antisto�qw
.Prìtash 1.41'Estw grammikì
 q¸ro
 X ep� tou C. An oi diast�sei
 tou
X w
 grammikoÔ q¸rou ep� tou C kai ep� tou R e�nai dimC(X) kai dimR(X),antisto�qw
, tìte dimR(X) = 2 dimC(X).Apìdeixh: An B e�nai b�sh tou X jewroÔmenou w
 grammikoÔ q¸rou ep� tou C,tìte e�nai eÔkolo na apode�xoume ìti to sÔnolo {b, ib|b ∈ B} e�nai b�sh tou XjewroÔmenou w
 grammikoÔ q¸rou ep� tou R.1.3.4 Q¸ro
-phl�koOrismì
 1.43'Estw grammikì
 q¸ro
 X ep� tou F , Y grammikì
 upìqwro
tou X kai x1, x2 ∈ X . Lème ìti to x1 e�nai isodÔnamo mod Y me to x2 kaigr�foume x1 ≡ x2 modY , an x1 − x2 ∈ Y .Prìtash 1.42'Estw grammikì
 q¸ro
 X ep� tou F kai Y grammikì
 upìqwro
tou X .(1) x ≡ x modY gia k�je x ∈ X .(2) An x1 ≡ x2 modY , tìte x2 ≡ x1 modY .(3) An x1 ≡ x2 modY kai x2 ≡ x3 modY , tìte x1 ≡ x3 modY .(4) An x1 ≡ x2 modY kai z1 ≡ z2 modY , tìte x1 + z1 ≡ x2 + z2 modY .(5) An x1 ≡ x2 modY kai κ ∈ F , tìte κx1 ≡ κx2 modY .Apìdeixh: 'Askhsh.Orismì
 1.44'Estw grammikì
 q¸ro
 X ep� tou F , Y grammikì
 upìqwro
tou X kai x ∈ X . To sÔnolo [x]Y = {z ∈ X |z ≡ x modY } onom�zetai kl�shisodunam�a
 mod Y me antiprìswpo x.Prìtash 1.43'Estw grammikì
 q¸ro
 X ep� tou F kai Y grammikì
 upìqwro
tou X . Gia k�je x ∈ X isqÔei [x]Y = x+ Y .



1.3. GRAMMIKO�I Q�WROI 33Apìdeixh: An z ∈ [x]Y , tìte z ≡ x modY , opìte z−x ∈ Y . 'Ara z = x+(z−x) ∈
x + Y . Antistrìfw
, an z ∈ x + Y , tìte z − x ∈ Y , opìte z ≡ x modY . 'Ara
z ∈ [x]Y .L mma 1.4'Estw grammikì
 q¸ro
 X ep� tou F , Y grammikì
 upìqwro
 tou
X kai x, z ∈ X .(1) x ∈ [x]Y .(2) An z ∈ [x]Y , tìte [z]Y = [x]Y .(3) [x]Y = [z]Y an kai mìnon an x ≡ z modY .(4) An [x]Y ∩ [z]Y 6= ∅, tìte [x]Y = [z]Y .Apìdeixh: (1) Diìti x ≡ x modY .(2) z ∈ [x]Y sunep�getai ìti z ≡ x modY . B�sei th
 Prìtash
 1.42, w ∈ [z]Yan kai mìnon an w ≡ z modY an kai mìnon an w ≡ x modY an kai mìnon an
w ∈ [x]Y .(3) An [x]Y = [z]Y , tìte, epeid  x ∈ [x]Y , sunep�getai ìti x ∈ [z]Y , opìte
x ≡ z modY . Antistrìfw
, an x ≡ z modY , tìte w ∈ [x]Y an kai mìnon an
w ≡ x modY an kai mìnon an w ≡ z modY an kai mìnon an w ∈ [z]Y .(4) An w ∈ [x]Y ∩ [z]Y , tìte, b�sei tou (2), [x]Y = [w]Y = [z]Y .Orismì
 1.45'Estw grammikì
 q¸ro
 X ep� tou F , Y grammikì
 upìqwro
tou X . Or�zoume to q¸ro-phl�ko tou X modY w
 to sÔnolo
X/Y = {ξ|up�rqei x ∈ X ¸ste ξ = [x]Y }.Prìtash 1.44'Estw grammikì
 q¸ro
 X ep� tou F kai Y grammikì
 upìqwro
tou X . Ta stoiqe�a tou X/Y e�nai xèna an� dÔo uposÔnola tou X kai h ènws tou
 isoÔtai me to X . Dhlad  to X/Y apotele� diamèrish tou X .Apìdeixh: Apì to L mma 1.4.Prìtash 1.45'Estw grammikì
 q¸ro
 X ep� tou F kai Y grammikì
 upìqwro
tou X .(1) An ξ, η ∈ X/Y , tìte ξ + η ∈ X/Y . Pio sugkekrimèna, an ξ = [x]Y kai
η = [z]Y , tìte ξ + η = [x+ z]Y .(2) An ξ ∈ X/Y kai κ ∈ F , tìte κξ ∈ X/Y . Pio sugkekrimèna, an ξ = [x]Y ,tìte κξ = [κx]Y .Apìdeixh: (1) 'Estw ξ = [x]Y kai η = [z]Y . An w ∈ ξ + η = [x]Y + [z]Y ,tìte up�rqoun x′ ∈ [x]Y kai z′ ∈ [z]Y ¸ste w = x′ + z′ ≡ x + z modY . 'Ara
w ∈ [x + z]Y . Antistrìfw
, an w ∈ [x + z]Y , tìte w − (x + z) ∈ Y , opìte
w = x+ {z +

(
w − (x+ z)

)
} ∈ [x]Y + [z]Y = ξ + η.(2) 'Askhsh.B�sei th
 Prìtash
 1.43 oi isìthte
 th
 teleuta�a
 prìtash
 gr�fontai

(x+ Y ) + (z + Y ) = (x+ z) + Y kai κ(x+ Y ) = (κx) + Y.Prìtash 1.46'Estw grammikì
 q¸ro
 X ep� tou F kai Y grammikì
 upìqwro
tou X . Tìte to sÔnolo X/Y me ti
 pr�xei
 (ξ, η) 7→ ξ+η kai (κ, ξ) 7→ κξ apotele�grammikì q¸ro ep� tou F .



34 KEF�ALAIO 1. EISAGWGIK�AApìdeixh: To mhdenikì stoiqe�o touX/Y e�nai to [0]Y = 0+Y = Y . To ant�jetotou [x]Y e�nai to [−x]Y . O èlegqo
 twn idiot twn e�nai aplì
.Orismì
 1.46'Estw grammikì
 q¸ro
 X ep� tou F , Y grammikì
 upìqwro
tou X . H di�stash tou grammikoÔ q¸rou X/Y onom�zetai sundi�stash tou Y(w
 pro
 ton X) kai sumbol�zetai codim(Y ) = dim(X/Y ).Prìtash 1.47'Estw grammikì
 q¸ro
 X ep� tou F kai Y grammikì
 upìqwro
tou X . Tìte dim(Y ) + codim(Y ) = dim(X).Apìdeixh: JewroÔme m�a b�sh A tou Y kai thn epekte�noume, qrhsimopoi¸nta
thn Prìtash 1.40(1), se b�sh B tou X . Or�zoume to sÔnolo C = {[b]Y |b ∈
B \A}, opìte arke� na apode�xoume ìti to C e�nai b�sh tou X/Y .'Estw b1, . . . , bn ∈ B\A kai κ1, . . . , κn ∈ F me κ1[b1]Y + · · ·+κn[bn]Y = [0]Y .Sunep�getai [κ1b1 + · · · + κnbn]Y = [0]Y , opìte κ1b1 + · · · + κnbn ∈ Y . 'Ara,up�rqoun a1, . . . , am ∈ A kai λ1, . . . , λm ∈ F ¸ste κ1b1 + · · · + κnbn = λ1a1 +
· · · + λmam. 'Ara κ1 = . . . = κn(= λ1 = . . . = λm) = 0. Epomènw
, to C e�naigrammik� anex�rthto.'Estw [x]Y ∈ X/Y . Tìte x = λ1a1+· · ·+λmam+κ1b1+· · ·+κnbn gia k�poia
a1, . . . , am ∈ A, b1, . . . , bn ∈ B \ A kai λ1, . . . , λm, κ1, . . . , κn ∈ F . Epomènw
,
[x]Y = λ1[a1]Y +· · ·+λm[am]Y +κ1[b1]Y +· · ·+κn[bn]Y = κ1[b1]Y +· · ·+κn[bn]Y .'Ara to C par�gei ton X/Y .1.3.5 Grammiko� Telestè
Orismì
 1.47'Estw X,Y grammiko� q¸roi epi tou F . M�a sun�rthsh T :
X → Y onom�zetai grammikì
 telest 
   grammikì
 metasqhmatismì
  grammik  apeikìnish (apì ton X ston Y ) an
(i) T (x1 + x2) = T (x1) + T (x2) gia k�je x1, x2 ∈ X
(ii) T (κx) = κT (x) gia k�je κ ∈ F kai k�je x ∈ X .Pollè
 forè
 ja gr�foume Tx ant� gia T (x).Gia par�deigma, o mhdenikì
 telest 
 O me tÔpo O(x) = 0 gia k�je x ∈ Xe�nai grammikì
 telest 
. Ep�sh
, o tautotikì
 telest 
 IX : X → X me tÔpo
IX(x) = x gia k�je x ∈ X e�nai grammikì
 telest 
.Orismì
 1.48Sumbol�zoume me R(T ) to sÔnolo tim¸n T (X) = {Tx|x ∈ X}tou grammikoÔ telest  T : X → Y . Ep�sh
, sumbol�zoume me N(T ) to sÔnolo
T−1({0}) = {x ∈ X |Tx = 0}. To N(T ) onom�zetai mhdenìqwro
   pur na
tou T .Prìtash 1.48'Estw grammikì
 telest 
 T : X → Y .(1) AnX1 e�nai grammikì
 upìqwro
 touX , tìte h eikìna tou mèsw tou T , T (X1),e�nai grammikì
 upìqwro
 tou Y .(2) An Y1 e�nai grammikì
 upìqwro
 tou Y , tìte h ant�strofh eikìna tou mèswtou T , T−1(Y1), e�nai grammikì
 upìqwro
 tou X .Apìdeixh: 'Askhsh.



1.3. GRAMMIKO�I Q�WROI 35Prìtash 1.49'Estw grammikì
 telest 
 T : X → Y . O R(T ) e�nai grammikì
upìqwro
 tou Y kai o N(T ) e�nai grammikì
 upìqwro
 tou X .Apìdeixh: 'Askhsh.Prìtash 1.50'Estw grammikì
 telest 
 T : X → Y .(1) O T e�nai 1-1 an kai mìnon an N(T ) = {0}.(2) O T e�nai ep� an kai mìnon an R(T ) = Y .Apìdeixh:(1) An o T e�nai 1-1 kai x ∈ N(T ), tìte Tx = 0 = T 0, opìte x = 0.'Ara N(T ) ⊆ {0}, opìte N(T ) = {0}. Antistrìfw
, èstw N(T ) = {0}. An
Tx1 = Tx2, tìte T (x1 − x2) = 0, opìte x1 − x2 = 0.(2) Profanè
.Orismì
 1.49An X,Y e�nai grammiko� q¸roi ep� tou F , sumbol�zoume
(i) L(X,Y ) = {T |T e�nai grammikì
 telest 
 apì ton X ston Y }
(ii) L(X) = L(X,X)
(iii) X ′ = L(X,F )Ta stoiqe�a tou L(X) onom�zontai grammiko� telestè
 tou X . Ta stoiqe�a tou
X ′ onom�zontai grammik� sunarthsoeid  tou X .An jèloume na ton�soume to sugkekrimèno F pou qrhsimopoioÔme, gr�foume
R-grammikì
 telest 
   C-grammikì
 telest 
 kai R-grammikì sunarthsoeidè
  C-grammikì sunarthsoeidè
.Orismì
 1.50'Estw X,Y grammiko� q¸roi ep� tou F .
(i) An T, S ∈ L(X,Y ), or�zoume T + S : X → Y me tÔpo: (T + S)x = Tx+ Sxgia k�je x ∈ X .
(ii) An T ∈ L(X,Y ) kai κ ∈ F , or�zoume κT : X → Y me tÔpo: (κT )x = κTxgia k�je x ∈ X .Prìtash 1.51An T, S ∈ L(X,Y ) kai κ ∈ F , tìte T + S, κT ∈ L(X,Y ).Apìdeixh: 'Askhsh.Prìtash 1.52O L(X,Y ) me ti
 pr�xei
 pou or�sjhkan ston Orismì 1.45 apote-le� grammikì q¸ro ep� tou F .Apìdeixh: To mhdenikì stoiqe�o tou L(X,Y ) e�nai o mhdenikì
 telest 
O : X →
Y me tÔpo O(x) = 0 gia k�je x ∈ X . To ant�jeto stoiqe�o tou T ∈ L(X,Y )e�nai o −T : X → Y me tÔpo (−T )(x) = −Tx gia k�je x ∈ X . O èlegqo
 twnidiot twn grammikoÔ q¸rou e�nai eÔkolo
.Suqn� qrhsimopoioÔme to sÔmbolo ST gia th sÔnjesh S ◦ T .Prìtash 1.53An T ∈ L(X,Y ) kai S ∈ L(Y, Z), tìte ST ∈ L(X,Z).Apìdeixh: 'Askhsh.



36 KEF�ALAIO 1. EISAGWGIK�APrìtash 1.54(1) An T ∈ L(X,Y ), S ∈ L(Y, Z) kai R ∈ L(Z,W ), tìte
(RS)T = R(ST ).(2) An T, S ∈ L(X,Y ) kai R ∈ L(Y, Z), tìte R(T + S) = RT +RS.(3) An T ∈ L(X,Y ) kai R,S ∈ L(Y, Z), tìte (R+ S)T = RT + ST .(4) An o T ∈ L(X,Y ) e�nai 1-1 kai ep�, tìte T−1 ∈ L(Y,X).(5) An oi T ∈ L(X,Y ), S ∈ L(Y, Z) e�nai 1-1 kai ep�, tìte (ST )−1 = T−1S−1.Apìdeixh: (1)-(3) kai (5) 'Askhsh.(4) An y1, y2 ∈ Y , pa�rnoume ta (monadik�) x1, x2 ∈ X ¸ste Tx1 = y1 kai
Tx2 = y2. Tìte T (x1 + x2) = Tx1 + Tx2 = y1 + y2, opìte T−1(y1 + y2) =
x1 + x2 = T−1y1 + T−1y2. Omo�w
 apodeiknÔoume ìti T−1(κy) = κT−1y.Prìtash 1.55'Estw T ∈ L(X,Y ) kai A b�sh tou X .(1) O T e�nai 1-1 an kai mìnon an o T periorismèno
 sto A e�nai 1-1 kai to T (A)e�nai grammik� anex�rthto uposÔnolo tou Y .(2) O T e�nai ep� an kai mìnon an to T (A) par�gei ton Y .(3) O T e�nai antistrèyimo
 an kai mìnon an o T periorismèno
 sto A e�nai 1-1kai to T (A) e�nai b�sh tou Y .Apìdeixh: (1) 'Estw ìti o T e�nai 1-1. An Ta1, . . . , T an ∈ T (A), κ1, . . . , κn ∈ Fkai κ1Ta1 + · · · + κnTan = 0, tìte T (κ1a1 + · · · + κnan) = 0 = T 0, opìte
κ1a1 + · · ·+ κnan = 0. 'Ara κ1 = · · · = κn = 0. Antistrìfw
, èstw ìti to T (A)e�nai grammik� anex�rthto uposÔnolo tou Y kai èstw Tx1 = Tx2. Gr�foume
x1−x2 = κ1a1 + · · ·+κnan gia k�poia (diaforetik� metaxÔ tou
) a1, . . . , an ∈ Akai k�poia κ1, . . . , κn ∈ F , opìte 0 = T (x1−x2) = κ1Ta1 + · · ·+κnTan. Epeid ta Ta1, . . . , T an e�nai diaforetik� metaxÔ tou
, sunep�getai κ1 = · · · = κn = 0.'Ara x1 − x2 = 0.(2) 'Askhsh.(3) Sunduasmì
 twn (1),(2).H epìmenh prìtash lèei ìti èna
 grammikì
 telest 
 kajor�zetai monadik�apì th dr�sh tou se m�a b�sh.Prìtash 1.56'Estw X,Y grammiko� q¸roi ep� tou F kai A b�sh tou X . Giak�je sun�rthsh f : A → Y up�rqei monadikì
 T ∈ L(X,Y ) ¸ste T (a) = f(a)gia k�je a ∈ A.Apìdeixh: 'Estw x ∈ X . Gr�foume x = κ1a1 + · · ·+κnan gia k�poia (monadik�)
a1, . . . , an ∈ A, κ1, . . . , κn ∈ F . Or�zoume Tx = κ1f(a1) + · · · + κnf(an) ∈ Y .Tìte, gia k�je a ∈ A, epeid  a = 1a, sunep�getai Ta = 1f(a) = f(a).Ep�sh
, e�nai eÔkolo na apodeiqje� ìti o T e�nai grammikì
 telest 
.An o T : X → Y e�nai grammikì
 telest 
 me T (a) = f(a) gia k�je a ∈ A,tìte gia k�je x = κ1a1 + · · · + κnan èqoume Tx = κ1Ta1 + · · · + κnTan =
κ1f(a1)+· · ·+κnf(an). Epomènw
, oi eikìne
 tou T e�nai monadik� kajorismène
.1.3.6 Isomorfismo�Orismì
 1.51(i) 'Estw X,Y grammiko� q¸roi ep� tou F kai T ∈ L(X,Y ). Ano T e�nai antistrèyimo
, onom�zetai isomorfismì
 tou X me ton Y .
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(ii) An up�rqei isomorfismì
 tou X me ton Y , lème ìti o X e�nai isomorfikì
me ton Y kai gr�foume X ∼= Y .Prìtash 1.57Gia k�je grammikoÔ
 q¸rou
 X,Y, Z isqÔei ìti:(1) X ∼= X(2) An X ∼= Y , tìte Y ∼= X(3) An X ∼= Y kai Y ∼= Z, tìte X ∼= Z.Apìdeixh: 'Askhsh.Prìtash 1.58Gia k�je grammikoÔ
 q¸rou
 X,Y isqÔei ìti: o X e�nai isomor-fikì
 me ton Y an kai mìnon an dim(X) = dim(Y ).Apìdeixh: 'Estw isomorfismì
 T : X → Y . An A e�nai b�sh tou X , apì thnPrìtash 1.55(3) sunep�getai ìti to T (A) e�nai b�sh tou Y . Epeid  o T e�nai1-1, dim(X) = card(A) = card(T (A)) = dim(Y ).Antistrìfw
, èstw dim(X) = dim(Y ). JewroÔme b�sh A tou X kai b�sh
B tou Y , opìte card(A) = card(B). 'Ara up�rqei f : A→ B 1-1 kai ep�. B�seith
 Prìtash
 1.56 up�rqei T ∈ L(X,Y ) ¸ste Ta = f(a) gia k�je a ∈ A. Apìthn Prìtash 1.55(3) sunep�getai ìti o T e�nai antistrèyimo
.Prìtash 1.59'Estw grammikì
 q¸ro
 X ep� tou F me dim(X) < +∞ kai
T ∈ L(X). O T e�nai 1-1 an kai mìnon an e�nai ep�.Apìdeixh: Pa�rnoume m�a b�sh A tou X kai qrhsimopoioÔme ti
 Prot�sei
 1.55kai 1.40(4)(5).L mma 1.5'Estw T ∈ L(X,Y ) kai x, z ∈ X . Tx = Tz an kai mìnon an
x ≡ z modN(T ).Apìdeixh: Tx = Tz an kai mìnon an T (x− z) = 0 an kai mìnon an x− z ∈ N(T )an kai mìnon an x ≡ z modN(T ).B�sei tou L mmato
 o epìmeno
 orismì
 e�nai kalì
.Orismì
 1.52An T ∈ L(X,Y ), or�zoume sun�rthsh T̃ : X/N(T ) → Y metÔpo T̃ ξ = Tx gia opoiod pote x ∈ X me ξ = [x]N(T ).Prìtash 1.60'Estw T ∈ L(X,Y ) kai T̃ : X/N(T ) → Y h sun�rthsh poumìli
 or�sjhke.(1) T̃ ∈ L(X/N(T ), Y ).(2) R(T̃ ) = R(T ).(3) O T̃ e�nai 1-1.(4) X/N(T ) ∼= R(T ).(5) dim(X) = dim(N(T )) + dim(R(T )).Apìdeixh: (1) An ξ = [x]N(T ) kai η = [z]N(T ), tìte T̃ (ξ + η) = T̃ ([x]N(T ) +

[z]N(T )) = T̃ ([x+ z]N(T )) = T (x+ z) = Tx+ Tz = T̃ ξ + T̃ η. Omo�w
, T̃ (κξ) =

κT̃ξ.



38 KEF�ALAIO 1. EISAGWGIK�A(2) Profanè
.(3) An ξ = [x]N(T ) kai η = [z]N(T ), tìte: T̃ ξ = T̃ η an kai mìnon an Tx = Tzan kai mìnon an T (x − z) = 0 an kai mìnon an x − z ∈ N(T ) an kai mìnon an
[x]N(T ) = [z]N(T ) an kai mìnon an ξ = η.(4) Apì ta (1)-(3).(5) Apì ti
 Prot�sei
 1.47 kai 1.58.1.3.7 Uperep�peda kai hmiq¸roiOrismì
 1.53'Estw grammikì
 q¸ro
 X ep� tou F kai grammikì
 upìqwro
 Y .An codim(Y ) = 1, tìte gia k�je x ∈ X to sÔnolo x+Y onom�zetai uperep�pedoston X .DÔo uperep�peda L kai M ston X onom�zontai par�llhla an up�rqei gram-mikì
 upìqwro
 Y me codim(Y ) = 1 ¸ste L = x+ Y kai M = z + Y gia k�poia
x, z ∈ X .E�nai eÔkolo na apodeiqje� ìti an èna uperep�pedo L ston X gr�fetai L =
x+Y kai L = x′ +Y ′ gia k�poia x, x′ ∈ X kai k�poiou
 grammikoÔ
 upìqwrou

Y, Y ′ tou X sundi�stash
 1, tìte Y = Y ′ kai x− x′ ∈ Y .H epìmenh prìtash antistoiq�zei (mh-mhdenik�) grammik� sunarthsoeid  megrammikoÔ
 upìqwrou
 sundi�stash
 1.Prìtash 1.61'Estw grammikì
 q¸ro
 X ep� tou F .(1) An x′ ∈ X ′ \ {0}, o N(x′) e�nai grammikì
 upìqwro
 tou X sundi�stash
 1.(2) An o Y e�nai grammikì
 upìqwro
 touX sundi�stash
 1, up�rqei x′ ∈ X ′\{0}¸ste Y = N(x′).Apìdeixh: (1) E�nai gnwstì ìti o N(x′) e�nai grammikì
 upìqwro
 tou X . 'Estw
x0 ∈ X me x′(x0) 6= 0. Pa�rnoume tuqìn x ∈ X kai èqoume x′(x − x′(x)

x′(x0)
x0

)
=

x′(x) − x′(x)
x′(x0)

x′(x0) = 0. 'Ara x − x′(x)
x′(x0)

x0 ∈ N(x′). Autì sunep�getai ìti
[x]N(x′) = x′(x)

x′(x0)
[x0]N(x′). Epomènw
, k�je stoiqe�o tou X/N(x′) e�nai pol-lapl�sio tou [x0]N(x′) kai, epeid  to [x0]N(x′) den e�nai to mhdenikì stoiqe�otou X/N(x′), sunep�getai ìti to {[x0]N(x′)} apotele� b�sh tou X/N(x′). 'Ara

codim(N(x′)) = 1.(2) 'Estw x0 ∈ X ¸ste to {[x0]Y } na apotele� b�sh tou X/Y . JewroÔmetuqìn x ∈ X , opìte up�rqei (monadikì) κ ∈ F ¸ste [x]Y = κ[x0]Y . Or�zoume
x′ : X → F me tÔpo x′(x) = κ.An [x1]Y = κ1[x0]Y , [x2]Y = κ2[x0]Y kai κ ∈ F , tìte [x1 + x2]Y = (κ1 +
κ2)[x0]Y kai [κx1]Y = κκ1[x0]Y . Epomènw
, x′(x1 + x2) = κ1 + κ2 = x′(x1) +
x′(x2) kai x′(κx1) = κκ1 = κx′(x1). 'Ara x′ ∈ X ′.T¸ra, x′(x) = 0 an kai mìnon an κ = 0 an kai mìnon an [x]Y e�nai to mhdenikìstoiqe�o tou X/Y an kai mìnon an x ∈ Y . 'Ara N(x′) = Y .Prìtash 1.62'Estw grammikì
 q¸ro
 X ep� tou F .(1) Gia k�je x′ ∈ X ′ \ {0} ta sÔnola {x ∈ X |x′(x) = 0} = N(x′) kai {x ∈
X |x′(x) = 1} e�nai uperep�peda ston X . To pr¸to e�nai grammikì
 upìqwro
,



1.3. GRAMMIKO�I Q�WROI 39en¸ to deÔtero den e�nai grammikì
 upìqwro
.(2) Gia k�je uperep�pedo L ston X up�rqei x′ ∈ X ′ \ {0} ¸ste e�te L = {x ∈
X |x′(x) = 0} = N(x′), an to L e�nai grammikì
 upìqwro
, e�te L = {x ∈
X |x′(x) = 1}, an to L den e�nai grammikì
 upìqwro
. Sth deÔterh per�ptwshto x′ e�nai monadikì en¸ sthn pr¸th per�ptwsh, an L = N(x′1) = N(x′2) tìte ta
x′1, x

′
2 e�nai to èna pollapl�sio tou �llou.Apìdeixh: (1) To N(x′) e�nai grammikì
 upìqwro
 sundi�stash
 1 opìte kaiuperep�pedo. To deÔtero sÔnolo den e�nai grammikì
 upìqwro
 diìti den perièqeito 0. An x′(x0) = 1, tìte apodeiknÔoume eÔkola ìti {x ∈ X |x′(x) = 1} =

x0 +N(x′).(2) An L = Y e�nai grammikì
 upìqwro
 sundi�stash
 1, b�sei th
 Prìtash
1.61(2), up�rqei x′ ∈ X ′ \ {0} ¸ste L = N(x′).An L = a + Y , ìpou o Y e�nai grammikì
 upìqwro
 sundi�stash
 1 kai
a /∈ Y , up�rqei x′0 ∈ X ′ \ {0} ¸ste Y = N(x′0). ApodeiknÔoume eÔkola ìti
L = {x ∈ X |x′0(x) = x′0(a)}. An jèsoume x′ = 1

x′
0(a) x

′
0, tìte x′ ∈ X ′ \ {0} kai

L = {x ∈ X |x′(x) = 1}.'Estw x′1, x
′
2 ∈ X ′ \ {0} me {x ∈ X |x′1(x) = 1} = {x ∈ X |x′2(x) = 1}. Tìtegia k�je κ ∈ F \ {0} isqÔei ìti x′1(x) = κ an kai mìnon an x′1( 1

κ x) = 1 an kaimìnon an x′2( 1
κ x) = 1 an kai mìnon an x′2(x) = κ. 'Ara x′1 = x′2.An N(x′1) = N(x′2) kai p�roume x0 ¸ste x′1(x0) = 1, tìte eÔkola blèpoumeìti x′2 = x′2(x0)x

′
1.Orismì
 1.54'Estw grammikì
 q¸ro
 X ep� tou R kai L èna uperep�pedo ston

X . An x′ ∈ X ′ \ {0} ¸ste L = {x|x′(x) = λ}, ìpou λ = 0   1, tìte tasÔnola {x|x′(x) < λ} kai {x|x′(x) > λ} onom�zontai oi anoikto� hmiq¸roipou kajor�zontai apì to L kai ta sÔnola {x|x′(x) ≤ λ} kai {x|x′(x) ≥ λ}onom�zontai oi kleisto� hmiq¸roi pou kajor�zontai apì to L.1.3.8 Kurt� sÔnolaOrismì
 1.55'Estw grammikì
 q¸ro
 X ep� tou F . An x, y ∈ X , to sÔnolo
[x, y] = {tx+ (1 − t)y|0 ≤ t ≤ 1} onom�zetai eujÔgrammo tm ma me �kra ta
x, y.Orismì
 1.56'Estw grammikì
 q¸ro
 X ep� tou F . 'Ena A ⊆ X onom�zetaikurtì an [x, y] ⊆ A gia k�je x, y ∈ A.Parade�gmata To ∅, o X , k�je monosÔnolo, k�je eujÔgrammo tm ma, k�jegrammikì
 upìqwro
 kai k�je uperep�pedo e�nai kurt� sÔnola.Prìtash 1.63'Estw grammiko� q¸roi X,Y ep� tou F kai T ∈ L(X,Y ).(1) An ta A,B e�nai kurt� uposÔnola tou X , κ ∈ F kai a ∈ X , tìte ta A+ B,
κA kai a+A e�nai kurt�.(2) An k�je stoiqe�o th
 sullog 
 C e�nai kurtì uposÔnolo tou X , tìte to ⋂ Ce�nai kurtì.(3) An to A e�nai kurtì uposÔnolo tou X , tìte to T (A) e�nai kurtì uposÔnolo



40 KEF�ALAIO 1. EISAGWGIK�Atou Y .(4) An to B e�nai kurtì uposÔnolo tou Y , tìte to T−1(B) e�nai kurtì uposÔnolotou X .Apìdeixh: 'Askhsh.L mma 1.6'Estw grammikì
 q¸ro
X ep� tou F . An to A e�nai kurtì uposÔnolotou X , tìte gia k�je n ∈ N, k�je a1, . . . , an ∈ A kai k�je t1, . . . , tn ≥ 0 me
t1 + · · · + tn = 1 isqÔei t1a1 + · · · + tnan ∈ A.Apìdeixh: Me epagwg  w
 prì
 to n. 'Estw ìti to apotèlesma isqÔei gia n− 1.An tn = 1, to apotèlesma e�nai profanè
. An 0 ≤ tn < 1, tìte t1a1+· · ·+tnan =
(1 − tn)

(
t1

1−tn
a1 + · · · + tn−1

1−tn
an−1

)
+ tnan ∈ A diìti t1

1−tn
+ · · · + tn−1

1−tn
= 1.Orismì
 1.57'Estw grammikì
 q¸ro
 X ep� tou F . An A ⊆ X , to sÔnolo

co(A) =
⋂{B|to B ⊆ X e�nai kurtì ⊇ A} onom�zetai kurt  j kh tou A.Prìtash 1.64'Estw grammikì
 q¸ro
 X ep� tou F kai A ⊆ X .(1) To co(A) e�nai to mikrìtero kurtì uposÔnolo tou X to opo�o perièqei to A.(2) co(A) = {t1a1 + · · ·+ tnan|n ∈ N, a1, . . . , an ∈ A, t1 ≥ 0, . . . , tn ≥ 0 kai t1 +

· · · + tn = 1}.Apìdeixh: (1) Profanè
, b�sei th
 Prìtash
 1.63(2).(2) ApodeiknÔoume ìti to sÔnolo B = {t1a1 + · · · + tnan|n ∈ N, a1, . . . , an ∈
A, t1 ≥ 0, . . . , tn ≥ 0 kai t1 + · · · + tn = 1} e�nai kurtì kai perièqei to A kai,epomènw
 co(A) ⊆ B. B�sei tou L mmato
 1.6, k�je stoiqe�o tou B an kei sek�je kurtì sÔnolo to opo�o perièqei to A. 'Ara to B perièqetai se k�je kurtìsÔnolo to opo�o perièqei to A kai, epomènw
, B ⊆ co(A).1.3.9 EujÔ �jroismaOrismì
 1.58'Estw grammiko� q¸roi Y, Z ep� tou F . Or�zoume pr�xei
 sto
Y × Z

(y1, z1) + (y2, z2) = (y1 + y2, z1 + z2) κ(y, z) = (κy, κz)gia k�je (y1, z1), (y2, z2), (y, z) ∈ Y ×Z kai k�je κ ∈ F . To Y ×Z me ti
 pr�xei
autè
 sumbol�zetai Y ⊕ Z kai onom�zetai eujÔ �jroisma twn Y, Z.Prìtash 1.65'Estw grammiko� q¸roi Y, Z ep� tou F .(1) O Y ⊕ Z e�nai grammikì
 q¸ro
 ep� tou F .(2) Up�rqoun grammiko� upìqwroi Y ′, Z ′ tou Y ⊕ Z isomorfiko� me tou
 Y, Z,antisto�qw
, ¸ste Y ′ + Z ′ = Y ⊕ Z kai Y ′ ∩ Z ′ = {(0, 0)}.Apìdeixh: (1) 'Askhsh.(2) An Y ′ = {(y, 0)| y ∈ Y } kai Z ′ = {(0, z)| z ∈ Z}, tìte oi apeikon�sei

y 7→ (y, 0) kai z 7→ (0, z) e�nai isomorfismo� apì to Y sto Y ′ kai apì to Z sto
Z ′, antisto�qw
.



1.4. PARADE�IGMATA GRAMMIK�WN Q�WRWN 41Prìtash 1.66'Estw grammiko� q¸roi Y, Z ep� tou F . Tìte dim(Y ⊕ Z) =
dim(Y ) + dim(Z).Apìdeixh: An B e�nai b�sh tou Y kai C e�nai b�sh tou Z, tìte to sÔnolo
{(b, 0)|b ∈ B} ∪ {(0, c)|c ∈ C} apotele� b�sh tou Y ⊕ Z. 'Ara dim(Y ⊕ Z) =
card(B) + card(C) = dim(Y ) + dim(Z).Prìtash 1.67'Estw grammikì
 q¸ro
 X ep� tou F kai grammiko� upìqwroi
Y, Z tou X ¸ste Y + Z = X kai Y ∩ Z = {0}. Tìte X ∼= Y ⊕ Z.Apìdeixh: H apeikìnish T : Y⊕Z → X me tÔpo T (y, z) = y+z e�nai isomorfismì
tou Y ⊕ Z me ton X .Prìtash 1.68'Estw T ∈ L(X,Y ). Tìte X ∼= X/N(T )⊕N(T ).Apìdeixh: dim(X) = dim(N(T ))+codim(N(T )) = dim(N(T ))+dim(X/N(T ))
= dim(X/N(T )⊕N(T )). 'Ara X ∼= X/N(T )⊕N(T ).1.4 Parade�gmata grammik¸n q¸rwn1.4.1 O q¸ro
 F n.An x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Fn kai κ ∈ F , or�zoume

x+ y = (x1 + y1, . . . , xn + yn) κx = (κx1, . . . , κxn).E�nai eÔkolo na doÔme ìti, me epilog  0 = (0, . . . , 0) kai −x = (−x1, . . . ,−xn)gia k�je x = (x1, . . . , xn), o Fn e�nai grammikì
 q¸ro
 ep� tou F .An or�soume gia k�je j = 1, . . . , n to ej = (0, . . . , 0, 1, 0, . . . , 0) me ìle
 ti
suntetagmène
 �se
 me 0 ektì
 apì th suntetagmènh sth jèsh j h opo�a e�nai �sh me
1, tìte to sÔnolo {e1, . . . , en} apotele� b�sh tou Fn. Epomènw
, dim(Fn) = n.An pollaplasi�zoume ta stoiqe�a tou Cn me pragmatikoÔ
 arijmoÔ
, ant�gia migadikoÔ
, dhlad  jewr soume san F to R, ant� gia to C, tìte o Cn e�naigrammikì
 q¸ro
 ep� tou R kai h di�stas  tou e�nai �sh me 2n. B�sh, t¸ra,apotele� to sÔnolo {e1, . . . , en, f1, . . . , fn}, ìpou ta ej e�nai ìpw
 prohgoumènw
kai fj = (0, . . . , 0, i, 0, . . . , 0) me ìle
 ti
 suntetagmène
 �se
 me 0 ektì
 apì thsuntetagmènh sth jèsh j h opo�a e�nai �sh me i, th fantastik  mon�da.1.4.2 Q¸roi akolouji¸n.Or�zoume tou
 ex 
 q¸rou
 akolouji¸n:
s = {(x1, x2, . . .)|xj ∈ F, j ∈ N}
c = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai h {xj} sugkl�nei}
c0 = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai xj → 0}
l∞ = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai {xj} e�nai fragmènh akolouj�a}
lp = {(x1, x2, . . .)|xj ∈ F, j ∈ N, kai ∞∑

j=1

|xj |p < +∞}, 1 ≤ p < +∞ .



42 KEF�ALAIO 1. EISAGWGIK�AOi pr�xei
 stou
 q¸rou
 autoÔ
 or�zontai kat� suntetagmène
, ìpw
 ston
Fn. Dhlad , gia k�je x = (x1, x2, . . .), y = (y1, y2, . . .) kai k�je κ ∈ F or�zoume

x+ y = (x1 + y1, x2 + y2, . . .) κx = (κx1, κx2, . . .).EÔkola blèpoume ìti oi pr�xei
 autè
 or�zontai stou
 parap�nw q¸rou
, anskeftoÔme ìti, an oi akolouj�e
 x, y sugkl�noun   sugkl�noun sto 0   e�naifragmène
, tìte kai oi akolouj�e
 x + y kai κx sugkl�noun   sugkl�noun sto 0  e�nai fragmène
, antisto�qw
. 'Oson afor� ston teleuta�o q¸ro, kat' arq nparathroÔme ìti, an ∑∞
j=1 |xj |p < +∞, tìte kai
∞∑

j=1

|κxj |p = |κ|p
∞∑

j=1

|xj |p < +∞.Ep�sh
, an ∑∞
j=1 |xj |p < +∞ kai ∑∞

j=1 |yj |p < +∞, tìte
∞∑

j=1

|xj + yj|p ≤ 2p−1
∞∑

j=1

|xj |p + 2p−1
∞∑

j=1

|xj |p < +∞.Aut� apodeiknÔoun ìti, an x, y ∈ lp kai κ ∈ F , tìte x+ y, κx ∈ lp.Gia thn teleuta�a anisìthta qrhsimopoi same th stoiqei¸dh anisìthta
(a+ b)p ≤ 2p−1(ap + bp) gia k�je a, b ≥ 0 kai 1 ≤ p < +∞.H anisìthta aut  apodeiknÔetai jewr¸nta
 th sun�rthsh f : R+

0
→ R me tÔpo

f(t) = 2p−1tp − (t+ 1)p + 2p−1. Melet¸nta
 thn par�gwgì th
 blèpoume eÔko-la ìti h f e�nai fj�nousa sto di�sthma [0, 1] kai aÔxousa sto [1,+∞). 'Ara
f(t) ≥ f(1) = 0 gia k�je t ≥ 0. An a > 0, jètoume t = b

a kai, pollaplasi�-zonta
 katìpin me ap, pa�rnoume thn epidiwkìmenh anisìthta. An a = 0, h arqik anisìthta e�nai profan 
.Sumpera�noume, loipìn, ìti oi q¸roi auto� e�nai grammiko� q¸roi ep� tou F .To mhdenikì stoiqe�o se ìlou
 e�nai to 0 = (0, 0, . . .) kai −x = (−x1,−x2, . . .)gia k�je x = (x1, x2, . . .).Gnwr�zonta
 ìti, an m�a seir� sugkl�nei, tìte o genikì
 ìro
 th
 sugkl�neisto 0 kai ìti k�je sugkl�nousa akolouj�a e�nai fragmènh, blèpoume ìti oi q¸roiauto� èqoun th di�taxh egkleismoÔ
lp ⊆ c0 ⊆ c ⊆ l∞ ⊆ s.Ep�sh
, mporoÔme na apode�xoume ìti

lp ⊆ lq , an 1 ≤ p < q < +∞ .Autì apodeiknÔetai w
 ex 
. 'Estw x = (x1, x2, . . .) ∈ lp. Tìte ∑+∞
j=1 |xj |p <

+∞, opìte |xj | → 0. Epomènw
, up�rqei j0 ¸ste |xj | ≤ 1 gia k�je j ≥ j0.Tìte,
+∞∑

j=1

|xj |q =

j0−1∑

j=1

|xj |q +
+∞∑

j=j0

|xj |q ≤
j0−1∑

j=1

|xj |q +
+∞∑

j=j0

|xj |p < +∞.



1.4. PARADE�IGMATA GRAMMIK�WN Q�WRWN 43'Ara x ∈ lq.An gia k�je j ∈ N or�soume ej = (0, . . . , 0, 1, 0, . . .) me ìle
 ti
 suntetagmène
�se
 me 0 ektì
 th
 suntetagmènh
 sth jèsh j pou e�nai �sh me 1, tìte to sÔnolo
{ej|j ∈ N} e�nai grammik� anex�rthto uposÔnolo ìlwn twn q¸rwn all� denpar�gei kanènan apì autoÔ
.1.4.3 Q¸roi sunart sewn.1. JewroÔme to q¸ro

FA = {f |f : A→ F}gia tuqìn sÔnolo A. An f, g : A→ F kai κ ∈ F or�zoume f+g : A→ F me tÔpo
(f+g)(a) = f(a)+g(a) gia k�je a ∈ A kai κf : A→ F me tÔpo (κf)(a) = κf(a)gia k�je a ∈ A.E�nai profanè
 ìti o q¸ro
 FA me autè
 ti
 pr�xei
 apotele� grammikì q¸roep� tou F . To mhdenikì stoiqe�o e�nai h sun�rthsh 0 : A → F me tÔpo 0(a) = 0gia k�je a ∈ A kai to ant�jeto stoiqe�o tou f ∈ FA e�nai h −f : A→ F me tÔpo
(−f)(a) = −f(a) gia k�je a ∈ A.2. JewroÔme to q¸ro

B(A) = {f |f : A→ F kai h f e�nai fragmènh sto A}twn fragmènwn sunart sewn apì to A sto F . An oi f, g e�nai fragmène
 sto Akai κ ∈ F , tìte oi f + g, κf e�nai fragmène
 sto A. 'Ara o B(A) e�nai grammikì
upìqwro
 tou FA kai, epomènw
, e�nai grammikì
 q¸ro
 ep� tou F .3. An upojèsoume ìti to sÔnolo A e�nai topologikì
 q¸ro
 kai jewr soume to
F efodiasmèno me th sunhjismènh eukle�dia metrik  tou, or�zoume to q¸ro

C(A) = {f |f : A→ F kai h f e�nai suneq 
 sto A}twn suneq¸n sunart sewn apì to A sto F . O C(A) e�nai uposÔnolo tou FAkai, epeid  to �jroisma suneq¸n sunart sewn e�nai suneq 
 sun�rthsh kai toginìmeno arijmoÔ kai suneqoÔ
 sun�rthsh
 e�nai suneq 
 sun�rthsh, sunep�ge-tai ìti o C(A) e�nai grammikì
 upìqwro
 tou FA kai, epomènw
, grammikì
 q¸ro
ep� tou F .4. An, p�li, to A e�nai topologikì
 q¸ro
, or�zoume
BC(A) = B(A) ∩ C(A)to q¸ro twn fragmènwn suneq¸n sunart sewn apì to A sto F . Profan¸
, o

BC(A) e�nai grammikì
 upìqwro
 twn B(A) kai C(A).5. 'Estw (Ω,Σ) èna
 metr simo
 q¸ro
. Dhlad , èna mh kenì sÔnolo Ω kai m�as-�lgebra Σ uposunìlwn tou Ω. Or�zoume to
M(Ω) = M(Ω,Σ) = {f |f : Ω → F kai f e�nai metr simh w
 pro
 thn Σ}.Epeid  to �jroisma metr simwn sunart sewn e�nai metr simh sun�rthsh kaito ginìmeno arijmoÔ kai metr simh
 sun�rthsh
 e�nai metr simh sun�rthsh, sune-p�getai ìti o M(Ω) e�nai grammikì
 upìqwro
 tou FΩ.



44 KEF�ALAIO 1. EISAGWGIK�A6. 'Estw (Ω,Σ, µ) èna
 q¸ro
 mètrou. Gia k�je p me 1 ≤ p < +∞ or�zoume
Lp(Ω) = Lp(Ω,Σ, µ) = {f ∈ M(Ω)|

∫

Ω

|f |pdµ < +∞}.Ep�sh
, or�zoume
L∞(Ω) = L∞(Ω,Σ, µ) = {f ∈ M(Ω)| |f(a)| ≤Mf gia µ-sqedìn k�je a ∈ Ω}.An h f ∈ M(Ω) èqei ìle
 ti
 timè
 th
 sto R, tìte or�zoume

ess.supΩf = inf{M ∈ R|f(a) ≤M gia µ-sqedìn k�je a ∈ Ω}kai
ess.infΩf = sup{m ∈ R|m ≤ f(a) gia µ-sqedìn k�je a ∈ Ω},opìte isqÔei ìti

ess.infΩf ≤ f(a) ≤ ess.supΩfgia µ-sqedìn k�je a ∈ Ω.Oloklhr¸nonta
 thn anisìthta |f(a) + g(a)|p ≤ 2p−1|f(a)|p + 2p−1|g(a)|pblèpoume amèsw
 ìti, an f, g ∈ Lp(Ω), tìte
∫

Ω

|f + g|p dµ ≤ 2p−1

∫

Ω

|f |p dµ+ 2p−1

∫

Ω

|g|p dµ < +∞kai, epomènw
, f + g ∈ Lp(Ω). Ep�sh
, an |f(a)| ≤ Mf gia m-sqedìn k�je a kai
|g(a)| ≤ Mg gia m-sqedìn k�je a, tìte |f(a) + g(a)| ≤ Mf +Mg gia m-sqedìnk�je a. 'Ara, an f, g ∈ L∞(Ω), tìte f + g ∈ L∞(Ω).Omo�w
, an f ∈ Lp(Ω) kai κ ∈ F , tìte

∫

Ω

|κf |p dµ = |κ|p
∫

Ω

|f |p dµ < +∞,opìte κf ∈ Lp(Ω). Ep�sh
, an |f(a)| ≤Mf gia m-sqedìn k�je a, tìte |κf(a)| ≤
|κ|Mf gia m-sqedìn k�je a, opìte, an f ∈ L∞(Ω), tìte κf ∈ L∞(Ω).'Ara oi q¸roi Lp(Ω), me 1 ≤ p ≤ +∞, e�nai grammiko� upìqwroi tou M(Ω).7. 'Estw U èna anoiktì uposÔnolo tou Rn kai f : U → F . K�je α =
(α1, . . . , αn) ∈ Nn

0
onom�zetai polude�kth
 kai or�zoume |α| = α1 + · · · + αnto m ko
 tou polude�kth α. Tìte, me Dαf(x) = ∂|α|f

∂xα (x) = ∂|α|f
∂x

α1
1 ···∂xαn

n
(x) sum-bol�zoume th (mikt ) par�gwgo th
 f t�xh
 |α| sto x, α1 forè
 w
 pro
 to

x1, . . . , αn forè
 w
 pro
 to xn.Gia k�je k ∈ N ∪ {+∞} or�zoume
Ck(U) = {f |f : U → F, h f èqei k�je par�gwgo t�xh
 ≤ k se k�je x ∈ U}.Ep�sh
, or�zoume C0(U) = C(U).E�nai profanè
 ìti oi q¸roi Ck(U) e�nai grammiko� q¸roi ep� tou F kai

C∞(U) ⊆ Ck(U) ⊆ Cl(U) ⊆ C(U), gia k�je k, l ∈ N0 me k ≥ l.



1.4. PARADE�IGMATA GRAMMIK�WN Q�WRWN 458. 'Estw U anoiktì uposÔnolo tou C. Or�zoume
H(U) = {f |f : U → C, h f e�nai olìmorfh sto U}.Epeid  to �jroisma olìmorfwn sunart sewn e�nai olìmorfh sun�rthsh kai toginìmeno arijmoÔ me olìmorfh sun�rthsh e�nai olìmorfh sun�rthsh, sunep�ge-tai ìti o H(U) e�nai grammikì
 q¸ro
 ep� tou C.1.4.4 Q¸roi pragmatik¸n   migadik¸n mètrwn1. 'Estw èna mh-kenì sÔnolo Ω kai Σ m�a s-�lgebra uposunìlwn tou Ω. M�asun�rthsh µ : Σ → F onom�zetai pragmatikì, an F = R,   migadikì, an

F = C, mètro w
 pro
 thn Σ an µ(∅) = 0 kai µ(∪+∞
j=1Aj) =

∑+∞
j=1 µ(Aj) giak�je epilog  Aj ∈ Σ, j ∈ N, xènwn an� dÔo sunìlwn. (Sunep�getai, eidik¸tera,ìti h seir� sthn teleuta�a isìthta sugkl�nei.)Or�zoume

A(Ω) = A(Ω,Σ) = {µ|µ e�nai pragmatikì   migadikì mètro w
 pro
 thn Σ}.E�nai eÔkolo na apodeiqje� ìti, an µ, ν ∈ A(Ω) kai κ ∈ F , tìte µ+ ν ∈ A(Ω)kai κµ ∈ A(Ω). 'Ara o q¸ro
 A(Ω) e�nai grammikì
 upìqwro
 tou FΣ kai,epomènw
, e�nai grammikì
 q¸ro
 ep� tou F .An èna pragmatikì   migadikì mètro µ èqei thn idiìthta µ(A) ≥ 0 gia k�je
A ∈ Σ, tìte to µ onom�zetai mh-arnhtikì pragmatikì mètro kai e�nai eidik per�ptwsh mètrou, ìpw
 maja�noume thn ènnoia aut  sta pr¸ta maj mata jewr�a
mètrou (èna mètro mpore� na èqei w
 tim  to +∞): èna mètro µ e�nai mh-arnhtikìpragmatikì mètro an kai mìnon an µ(Ω) < +∞.2. Eidik  per�ptwsh e�nai ìtan to Ω e�nai topologikì
 q¸ro
 kai h s-�lgebrapou jewroÔme e�nai h s-�lgebra h opo�a par�getai apì th sullog  twn anoikt¸nuposunìlwn tou Ω. Aut  h s-�lgebra sumbol�zetai B = B(Ω) kai onom�zetais-�lgebra twn Borel-sunìlwn tou Ω. Dhlad 
B(Ω) =

⋂
{Σ|h Σ e�nai s-�lgebra kai perièqei k�je anoiktì uposÔnolo tou Ω}.To ìti h B(Ω) e�nai s-�lgebra fa�netai amèsw
 an jumhjoÔme ìti h tom  opoias-d pote sullog 
 s-algebr¸n e�nai s-�lgebra. Ep�sh
, e�nai amèsw
 fanerì ìtih B(Ω) e�nai h mikrìterh s-�lgebra sto Ω h opo�a perièqei ìla ta anoikt� upo-sÔnola tou Ω. Epeid  e�nai s-�lgebra, perièqei ep�sh
 ìla ta kleist� sÔnolakaj¸
 kai ìle
 ti
 arijm sime
 en¸sei
 kleist¸n kai ti
 arijm sime
 tomè
 anoi-kt¸n sunìlwn. Ta stoiqe�a th
 B(Ω) onom�zontai Borel-sÔnola tou Ω. K�jepragmatikì   migadikì mètro sto Ω ¸
 pro
 thn B(Ω) onom�zetai pragmatikì  migadikì Borel-mètro sto Ω.'Ena mètro µ sto Ω ¸
 pro
 thn B(Ω) onom�zetai Borel-mètro sto Ω an

µ(K) < +∞ gia k�je sumpagè
 K ⊆ Ω.
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1. 'Estw X grammikì
 q¸ro
 ep� tou F kai grammiko� upìqwroi Y, Z tou X .Apode�xte ìti Y + Z =< Y ∪ Z >.2. 'Estw X grammikì
 q¸ro
 ep� tou F kai grammiko� upìqwroi Y, Z tou X .(1) Apode�xte ìti h apeikìnish Y +Z → Z/Y ∩Z me tÔpo x→ [z]Y ∩Z gia k�je
x = y + z ∈ Y + Z e�nai kal¸
 orismènh kai ìti e�nai grammikì
 telest 
.(2) Apode�xte ìti Y + Z/Y ∼= Z/Y ∩ Z.3. 'Estw X,Z grammiko� q¸roi ep� tou F , grammikì
 upìqwro
 Y tou X kai
T ∈ L(Y, Z). Apode�xte ìti up�rqei S ∈ L(X,Z) o opo�o
 e�nai epèktash tou T .4. 'Estw X grammikì
 q¸ro
 ep� tou F kai x ∈ X . An x′(x) = 0 gia k�je
x′ ∈ X ′, apode�xte ìti x = 0.5. 'Estw X grammikì
 q¸ro
 ep� tou F kai grammikì
 upìqwro
 Y tou X me
Y 6= X . Apode�xte ìti up�rqei grammikì
 upìqwro
 Z tou X ¸ste Y + Z = Xkai Y ∩ Z = ∅.6. 'Estw X grammikì
 q¸ro
 ep� tou F me dim(X) = n ∈ N kai b�sh B =
{e1, . . . , en} tou X .(1) Apode�xte ìti k�je x ∈ X gr�fetai me monadikì trìpo w
 x = κ1e1 + · · · +
κnen me κ1, . . . , κn ∈ F .(2) Gia k�je j = 1, . . . , n or�zoume e′j : X → F me tÔpo e′j(x) = κj gia k�je
x ∈ X , ìpou ta κj kajor�zontai apì to (1). Apode�xte ìti e′j ∈ X ′ kai ìti to
B′ = {e′1, . . . , e′n} e�nai b�sh tou X ′.Orismì
:'Estw X grammikì
 q¸ro
 ep� tou F me dim(X) = n ∈ N kai B =
{e1, . . . , en} b�sh tou X . H b�sh B′ tou X ′ pou or�zetai sthn prohgoÔmenh�skhsh onom�zetai b�sh duik  th
 B.7. 'Estw X grammikì
 q¸ro
 ep� tou F . Gia k�je x ∈ X or�zoume Jx : X ′ → Fme tÔpo Jx(x′) = x′(x) gia k�je x′ ∈ X ′.(1) Apode�xte ìti Jx ∈ X ′′.(2) Apode�xte ìti h J : X → X ′′ e�nai 1-1 grammikì
 telest 
 apì ton X ston
X ′′.Orismì
: 'Estw X grammikì
 q¸ro
 ep� tou F . O X onom�zetai algebrik�autopaj 
 an h apeikìnish J th
 prohgoÔmenh
 �skhsh
 e�nai ep�, opìte, ei-dik¸tera, X ∼= X ′′.8. 'Estw X grammikì
 q¸ro
 ep� tou F me dim(X) = n ∈ N kai b�sh B =
{e1, . . . , en} tou X .(1) An B′ e�nai h b�sh tou X ′ h duik  th
 B kai B′′ e�nai h b�sh tou X ′′ h duik th
 B′, apode�xte ìti B′′ = {Je1, . . . , Jen}.(2) Apode�xte ìti o X e�nai algebrik� autopaj 
.



1.5. ASK�HSEIS 479. 'Estw X grammikì
 q¸ro
 ep� tou F me �peirh di�stash. Apode�xte ìti o Xden e�nai algebrik� autopaj 
.Orismì
: 'Estw X grammikì
 q¸ro
 ep� tou F .
(i). An A ⊆ X , or�zoume A⊥ = {x′ ∈ X ′|x′(a) = 0 gia k�je a ∈ A}.
(ii). An B ⊆ X ′, or�zoume ⊥B = {x ∈ X |b′(x) = 0 gia k�je b′ ∈ B}.10. 'Estw X grammikì
 q¸ro
 ep� tou F kai x′, x′1, . . . , x′n ∈ X ′. Apode�xte ìti
N(x′1) ∩ · · · ∩ N(x′n) ⊆ N(x′) an kai mìnon an up�rqoun κ1, . . . , κn ∈ F ¸ste
x′ = κ1x

′
1 + · · · + κnx

′
n.11. 'Estw X grammikì
 q¸ro
 ep� tou F .(1) Apode�xte ìti X⊥ = {0}, ⊥(X ′) = {0}, {0}⊥ = X ′, ⊥{0} = X .(2) Gia k�je A ⊆ X kai gia k�je B ⊆ X ′, apode�xte ìti to A⊥ e�nai grammikì
upìqwro
 tou X ′ kai to ⊥B e�nai grammikì
 upìqwro
 tou X .(3) Apode�xte ìti, an A1 ⊆ A2 ⊆ X , tìte A⊥

2 ⊆ A⊥
1 kai ìti, an B1 ⊆ B2 ⊆ X ′,tìte ⊥B2 ⊆ ⊥B1.(4) Gia k�je A ⊆ X kai gia k�je B ⊆ X ′, apode�xte ìti < A >= ⊥(A⊥) kai

< B >⊆ (⊥B)⊥.12. 'Estw X grammikì
 q¸ro
 ep� tou F kai grammikì
 upìqwro
 Y tou X .(1) Gia k�je x′ ∈ Y ⊥ apode�xte ìti h sun�rthsh Px′ : X/Y → F me tÔpo
Px′([x]Y ) = x′(x) e�nai kal¸
 orismènh kai ìti Px′ ∈ (X/Y )′.(2) Apode�xte ìti (X/Y )′ ∼= Y ⊥,(3) Gia k�je x′ ∈ X ′ jewre�ste thn Qx′ : Y → F na e�nai o periorismì
 tou x′ston Y , opìte Qx′ ∈ Y ′.(4) Apode�xte ìti X ′/Y ⊥ ∼= Y ′.13. 'Estw X,Y grammiko� q¸roi ep� tou F kai T ∈ L(X,Y ). Jewre�ste gia k�je
y′ ∈ Y ′ sun�rthsh T ty′ : X → F me tÔpo T ty′(x) = y′(Tx) gia k�je x ∈ X .(1) Apode�xte ìti T ty′ ∈ X ′.(2) Apode�xte ìti h sun�rthsh T t : Y ′ → X ′ e�nai grammikì
 telest 
 apì ton
Y ′ ston X ′.(3) Apode�xte ìti R(T )⊥ = N(T t), R(T ) = ⊥N(T t) kai ìti o T e�nai ep� an kaimìnon an o T t e�nai 1-1.(4) Apode�xte ìti N(T ) = ⊥R(T t), N(T )⊥ = R(T t) kai ìti o T e�nai 1-1 an kaimìnon an o T t e�nai ep�.14. 'Estw X grammikì
 q¸ro
 ep� tou F kai grammikì
 upìqwro
 Y tou Xsundi�stash
 1.(1) An L,M e�nai opoiad pote uperep�peda par�llhla me ton Y , apode�xte ìtiup�rqei metafor� h opo�a apeikon�zei to L ep� tou M .(2) An L,M e�nai opoiad pote uperep�peda par�llhla me ton Y kai diaforetik�apì ton Y , apode�xte ìti up�rqei omoiojes�a h opo�a apeikon�zei to L ep� touM .
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Kef�laio 2To Je¸rhma Hahn-Banach2.1 H analutik  morf Orismì
 2.1'Estw grammikì
 q¸ro
 X ep� tou F . M�a sun�rthsh p : X → Ronom�zetai jetik�-omogenè
 kai upoprosjetikì sunarthsoeidè
 an
(i) p(tx) = tp(x) gia k�je x ∈ X kai t ≥ 0,
(ii) p(x+ y) ≤ p(x) + p(y) gia k�je x, y ∈ X .Orismì
 2.2'Estw grammikì
 q¸ro
 X ep� tou F . M�a sun�rthsh p : X → Ronom�zetai hminìrma an
(i) p(κx) = |κ|p(x) gia k�je x ∈ X kai κ ∈ F ,
(ii) p(x+ y) ≤ p(x) + p(y) gia k�je x, y ∈ X .K�je hminìrma e�nai jetik�-omogenè
 kai upoprosjetikì sunarthsoeidè
.L mma 2.1(1) An to p e�nai jetik�-omogenè
 kai upoprosjetikì sunarthsoeidè
ston X , tìte p(0) = 0, −p(−x) ≤ p(x) gia k�je x ∈ X kai p(x) − p(y) ≤
p(x− y) ≤ p(x) + p(−y) gia k�je x, y ∈ X .(2) An to p e�nai hminìrma ston X , tìte p(0) = 0, p(−x) = p(x) gia k�je x ∈ Xkai |p(x) − p(y)| ≤ p(x − y) gia k�je x, y ∈ X . Eidik¸tera, p(x) ≥ 0 gia k�je
x ∈ X .Apìdeixh: 'Askhsh.Je¸rhma 2.1(Hahn-Banach) 'Estw grammikì
 q¸ro
 X ep� tou R kaijetik�-omogenè
 kai upoprosjetikì sunarthsoeidè
 p ston X, gram-mikì
 upìqwro
 Y tou X kai grammikì sunarthsoeidè
 f ∈ Y ′. Anupojèsoume ìti f(y) ≤ p(y) gia k�je y ∈ Y , tìte up�rqei grammikìsunarthsoeidè
 F ∈ X ′ ¸ste(1) F (y) = f(y) gia k�je y ∈ Y ,(2) F (x) ≤ p(x) gia k�je x ∈ X. 49



50 KEF�ALAIO 2. TO JE�WRHMA HAHN-BANACHMe �llh diatÔpwsh: An èna f , R-grammikì sunarthsoeidè
 se grammikì upì-qwro, kuriarqe�tai ston upìqwro autìn apì èna jetik�-omogenè
 kai upopro-sjetikì sunarthsoeidè
 p, tìte up�rqei epèktash F tou f se R-grammikì sunar-thsoeidè
 se olìklhro to q¸ro to opo�o kuriarqe�tai se olìklhro to q¸ro apìto p.Apìdeixh: JewroÔme to sÔnolo F tou opo�ou stoiqe�a e�nai k�je g me ti
 idiìth-te
:
(i) to g : D(g) → R e�nai grammikì sunarthsoeidè
 se tuqìnta grammikì upìqwro
D(g) tou X ,
(ii) to g e�nai epèktash tou f , dhlad  Y = D(f) ⊆ D(g) kai g(y) = f(y) giak�je y ∈ Y ,
(iii) g(z) ≤ p(z) gia k�je z ∈ D(g).To F den e�nai kenì diìti to f e�nai stoiqe�o tou kai sto F eis�goume thdi�taxh ≺ h opo�a or�zetai w
 ex 
: g1 ≺ g2 shma�nei ìti to g2 e�nai epèktashtou g1.'Estw tuqìn olik� diatetagmèno G ⊆ F . JewroÔme to Z =

⋃{D(g) |g ∈ G},uposÔnolo tou X pou perièqei to Y = D(f). An z1, z2 ∈ Z, tìte up�rqoun
g1, g2 ∈ G ¸ste z1 ∈ D(g1) kai z2 ∈ D(g2). Epeid  k�poia apì ti
 g1, g2, èstw h
g2, e�nai epèktash th
 �llh
, sunep�getai ìti z1, z2 ∈ D(g2) kai epeid  o D(g2)e�nai grammikì
 upìqwro
, z1 + z2 ∈ D(g2), opìte z1 + z2 ∈ Z. Ep�sh
, an
z ∈ Z, tìte up�rqei g ∈ G ¸ste z ∈ D(g), opìte, gia k�je κ ∈ R, κz ∈ D(g)kai, epomènw
, κz ∈ Z. 'Ara o Z e�nai grammikì
 upìqwro
 tou X . Katìpin,pa�rnoume tuqìn z ∈ Z, opìte z ∈ D(g) gia k�poia g ∈ G. An up�rqei k�poiaakìmh g′ ∈ G me z ∈ D(g′), epeid  m�a apì ti
 g, g′ e�nai epèktash th
 �llh
,sunep�getai ìti g(z) = g′(z). 'Ara mporoÔme na or�soume sun�rthsh g0 : Z → Rme tÔpo g0(z) = g(z), ìpou g e�nai opoiod pote stoiqe�o tou G me z ∈ D(g).E�dame l�go prin ìti, an z1, z2 ∈ Z, tìte up�rqei g ∈ G ¸ste z1, z2 ∈ D(g) kai,epomènw
, g0(z1 + z2) = g(z1 + z2) = g(z1) + g(z2) = g0(z1) + g0(z2). Omo�w
,apodeiknÔoume ìti g0(κz) = κg0(z) gia k�je z ∈ Z kai k�je κ ∈ R. 'Ara to g0e�nai grammikì sunarthsoeidè
 tou Z. E�nai profanè
 ìti to g0 e�nai epèktashtou f kai ìti g0(z) ≤ p(z) gia k�je z ∈ Z. 'Ara g0 ∈ G. Ep�sh
, e�nai profanè
ìti to g0 e�nai epèktash ìlwn twn g ∈ G kai, epomènw
, e�nai �nw-fr�gma tou G.Apì to L mma tou Zorn sunep�getai ìti to F èqei toul�qiston èna maximalstoiqe�o. Dhlad , up�rqei F me ti
 idiìthte
 (i), (ii) kai (iii) kai den up�rqeikanèna �llo g to opo�o na èqei ti
 �die
 idiìthte
 kai na e�nai gn sia epèktashtou F .Arke� na apode�xoume ìti D(F ) = X .'Estw D(F ) 6= X kai tuqìn x0 ∈ X \D(F ). JewroÔme to grammikì upìqwro
Z = {a+ κx0|a ∈ D(F ), κ ∈ R} tou opo�ou o D(F ) e�nai gn sio
 upìqwro
 kaija or�soume grammikì sunarthsoeidè
 g : Z → R ¸ste g(a) = F (a) gia k�je
a ∈ D(F ) kai g(z) ≤ p(z) gia k�je z ∈ Z. Tìte to g ja e�nai gn sia epèktashtou F me ti
 idiìthte
 (i), (ii) kai (iii) kai ja prokÔyei ant�fash.An to g e�nai grammikì sunarthsoeidè
 ston Z me g(x0) = κ0 kai g(a) = F (a)gia k�je a ∈ D(F ), tìte g(a+κx0) = g(a)+κg(x0) = F (a)+κκ0. Antistrìfw
,an p�roume tuqìn κ0 ∈ R kai or�soume g : Z → R me tÔpo g(a + κx0) =
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F (a) + κκ0, tìte e�nai eÔkolo na doÔme ìti to g e�nai grammikì sunarthsoeidè
ston Z kai g(a) = F (a) gia k�je a ∈ D(F ). Apomènei na epilèxoume to κ0 ¸stena isqÔei g(a+ κx0) ≤ p(a+ κx0) gia k�je a ∈ D(F ), κ ∈ R. Autì isoduname�me F (a) + κκ0 ≤ p(a+ κx0) gia k�je a ∈ D(F ), κ ∈ R.An κ = 0, pa�rnoume F (a) ≤ p(a) gia k�je a ∈ D(F ) to opo�o isqÔei.An κ > 0, prèpei na isqÔei κ0 ≤ 1

κp(a + κx0) − 1
κF (a) = p(a

κ + x0) − F (a
κ )gia k�je a ∈ D(F ), κ > 0. Autì isoduname� me κ0 ≤ p(b + x0) − F (b) gia k�je

b ∈ D(F ).An κ < 0, prèpei na isqÔei κ0 ≥ 1
κp(a+κx0)− 1

κF (a) = −p( a
|κ| −x0)+F ( a

|κ|)gia k�je a ∈ D(F ), κ < 0. Autì isoduname� me κ0 ≥ −p(b− x0) +F (b) gia k�je
b ∈ D(F ).'Ara prèpei to κ0 na epilege� ¸ste −p(b−x0)+F (b) ≤ κ0 ≤ p(b+x0)−F (b)gia k�je b ∈ D(F ).An apode�xoume ìti −p(b1 − x0) + F (b1) ≤ p(b2 + x0) − F (b2) gia k�je
b1, b2 ∈ D(F ), tìte sup{−p(b1 − x0) + F (b1)|b1 ∈ D(F )} ≤ inf{p(b2 + x0) −
F (b2)|b2 ∈ D(F )}, opìte mporoÔme na epilèxoume to κ0 w
 opoiond pote arijmìan�mesa se aut� ta sup kai inf.'Omw
, to ìti −p(b1−x0)+F (b1) ≤ p(b2+x0)−F (b2) gia k�je b1, b2 ∈ D(F )isoduname� me F (b1) + F (b2) ≤ p(b1 − x0) + p(b2 + x0) gia k�je b1, b2 ∈ D(F ).All� to teleuta�o isqÔei diìti F (b1) + F (b2) = F (b1 + b2) ≤ p(b1 + b2) =
p(b1 − x0 + b2 + x0) ≤ p(b1 − x0) + p(b2 + x0).L mma 2.2'Estw grammikì
 q¸ro
 X ep� tou C.(1) Gia k�je C-grammikì sunarthsoeidè
 f : X → C to pragmatikì tou mèro

ℜ(f) : X → R e�nai R-grammikì sunarthsoeidè
 kai f(x) = ℜ(f)(x)− iℜ(f)(ix)gia k�je x ∈ X .(2) Gia k�je R-grammikì sunarthsoeidè
 hR : X → C, up�rqei monadikì C-grammikì sunarthsoeidè
 f : X → C ¸ste na isqÔei ℜ(f) = hR ston X .Apìdeixh: (1) Exis¸nonta
 pragmatik� mèrh sti
 f(x1 + x2) = f(x1) + f(x2)kai f(κx) = κf(x) me κ ∈ R, sumpera�noume ìti to ℜ(f) e�nai R-grammikìsunarthsoeidè
.Apì thn f(x) = ℜ(f)(x)+ iℑ(f)(x) pa�rnoume iℜ(f)(x)−ℑ(f)(x) = if(x) =
f(ix) = ℜ(f)(ix) + iℑ(f)(ix), opìte ℑ(f)(x) = −ℜ(f)(ix). 'Ara f(x) =
ℜ(f)(x) − iℜ(f)(ix) gia k�je x ∈ X .(2) Or�zoume f : X → C me tÔpo f(x) = hR(x) − ihR(ix) gia k�je x ∈ X . Giak�je x, y ∈ X èqoume f(x+ y) = hR(x+ y) − ihR(ix+ iy) = hR(x) + hR(y) −
ihR(ix) − ihR(iy) = f(x) + f(y). Ep�sh
, an κ = µ + iν ∈ C, tìte f(κx) =
f(µx+ iνx) = f(µx) + f(iνx) = hR(µx) − ihR(iµx) + hR(iνx) − ihR(−νx) =
µhR(x) − iµhR(ix) + νhR(ix) + iνhR(x) = µf(x) + iνf(x) = κf(x). 'Ara to fe�nai C-grammikì sunarthsoeidè
 kai, profan¸
, ℜ(f) = hR.An ℜ(f1) = ℜ(f2) gia dÔo C-grammik� sunarthsoeid  f1, f2, tìte f1(x) =
ℜ(f1)(x) − iℜ(f1)(ix) = ℜ(f2)(x) − iℜ(f2)(ix) = f2(x) gia k�je x ∈ X , opìte
f1 = f2.Je¸rhma 2.2(Bohnenblust-Sobczyk) 'Estw grammikì
 q¸ro
 X ep�tou C, hminìrma p ston X, grammikì
 upìqwro
 Y tou X kai gram-
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 f ∈ Y ′. An upojèsoume ìti |f(y)| ≤ p(y) gia k�-je y ∈ Y , tìte up�rqei grammikì sunarthsoeidè
 F ∈ X ′ ¸ste(1) F (y) = f(y) gia k�je y ∈ Y ,(2) |F (x)| ≤ p(x) gia k�je x ∈ X.'Askhsh: O X mpore� na jewrhje� grammikì
 q¸ro
 kai ep� tou R. SÔmfwname to L mma 2.2, to ℜ(f) : Y → R e�nai R-grammikì sunarthsoeidè
 tou Y kai
f(y) = ℜ(f)(y) − iℜ(f)(iy) gia k�je y ∈ Y .Ep�sh
, blèpoume ìti ℜ(f)(y) ≤ p(y) gia k�je y ∈ Y .Efarmìzonta
 to prohgoÔmeno je¸rhma, blèpoume ìti up�rqei R-grammikìsunarthsoeidè
 g : X → R ¸ste g(y) = ℜ(f)(y) gia k�je y ∈ Y kai g(x) ≤ p(x)gia k�je x ∈ X .SÔmfwna, p�li, me to L mma 2.2, up�rqei C-grammikì sunarthsoeidè
 F :
X → C ¸ste ℜ(F ) = g kai gia k�je y ∈ Y isqÔei ìti F (y) = g(y) − ig(iy) =
ℜ(f)(y) − iℜ(f)(iy) = f(y), opìte to F e�nai epèktash tou f .Tèlo
, gia k�je x ∈ X jewroÔme κ ∈ C me |κ| = 1 ¸ste |F (x)| = κF (x).Opìte èqoume |F (x)| = F (κx) = ℜ(F )(κx) = g(κx) ≤ p(κx) = |κ|p(x) = p(x)gia k�je x ∈ X .2.2 H gewmetrik  morf Orismì
 2.3'Estw grammikì
 q¸ro
 X ep� tou F kai A kurtì uposÔnolo tou
X me 0 ∈ A.(1) Lème ìti to A aporrof� ton X an gia k�je x ∈ X up�rqei r > 0 ¸ste
x ∈ rA (, opìte [0, x] ⊆ rA, afoÔ to A e�nai kurtì).(2) Lème ìti to A e�nai isorrophmèno an κa ∈ A gia k�je a ∈ A kai κ ∈ F me
|κ| ≤ 1.An to kurtì A pou perièqei to 0 aporrof� ton X kai x ∈ X kai p�roumeopoiod pote r > 0 ¸ste na isqÔei x ∈ rA, tìte x ∈ sA gia k�je s > r.Pr�gmati, epeid  [0, x] ⊆ rA, to shme�o r

s x an kei sto rA, opìte x ∈ s
r rA = sA.ParathroÔme, loipìn, ìti to sÔnolo {r > 0|x ∈ rA} e�nai hmieuje�a tou R+.Orismì
 2.4'Estw grammikì
 q¸ro
 X ep� tou F kai A kurtì uposÔnolo tou

X me 0 ∈ A to opo�o aporrof� ton X . Or�zoume to sunarthsoeidè
-Minkowskitou A, pA : X → R+
0 , me tÔpo

pA(x) = inf{r > 0|x ∈ rA}gia k�je x ∈ X .SÔmfwna me thn parat rhsh prin apì ton orismì, x ∈ rA gia k�je r > pA(x).Ep�sh
, e�nai profanè
 ìti, an 0 < r < pA(x), tìte x /∈ rA.Prìtash 2.1'Estw grammikì
 q¸ro
 X ep� tou F kai A kurtì uposÔnolo tou
X me 0 ∈ A to opo�o aporrof� ton X . An pA e�nai to sunarthsoeidè
-Minkowskitou A, tìte



2.2. H GEWMETRIK�H MORF�H 53(1) to pA e�nai jetik�-omogenè
 kai upoprosjetikì,(2) an to A e�nai kai isorrophmèno, to pA e�nai hminìrma,(3) {x ∈ X |pA(x) < 1} ⊆ A ⊆ {x ∈ X |pA(x) ≤ 1}.Apìdeixh: (1) An t > 0, pA(tx) = inf{r > 0|tx ∈ rA} = inf{r > 0|x ∈ r
t A} =

inf{ts > 0|x ∈ sA} = t inf{s > 0|x ∈ sA} = tpA(x).An x ∈ rA kai y ∈ sA gia opoiad pote r, s > 0, tìte, epeid  to A e�nai kurtì,
1

r+s (x + y) = r
r+s

1
r x + s

r+s
1
s y ∈ A. 'Ara x + y ∈ (r + s)A kai, epomènw
,

pA(x + y) ≤ r + s. Autì isqÔei gia k�je r > pA(x) kai k�je s > pA(y), opìte
pA(x + y) ≤ pA(x) + pA(y).(2) An κ 6= 0, pA(κx) = inf{r > 0|κx ∈ rA} = inf{r > 0| κ

|κ|
|κ|
r x ∈ A} =

inf{r > 0| |κ|r x ∈ A} = inf{r > 0|x ∈ r
|κ| A} = |κ| inf{s > 0|x ∈ sA} = |κ|pA(x).(3) An pA(x) < 1, tìte x ∈ 1A = A. An x ∈ A = 1A, tìte pA(x) ≤ 1.H epìmenh prìtash e�nai sthn ant�strofh kateÔjunsh.Prìtash 2.2'Estw grammikì
 q¸ro
 X ep� tou F kai p : X → R èna jetik�-omogenè
 kai upoprosjetikì sunarthsoeidè
.(1) Ta sÔnola B = {x ∈ X |p(x) < 1} kai C = {x ∈ X |p(x) ≤ 1} e�nai kurt�,perièqoun to 0, kai aporrofoÔn ton X .(2) An to p e�nai hminìrma, ta B,C e�nai kai isorrophmèna.(3) Gia k�je kurtì sÔnolo A me B ⊆ A ⊆ C, isqÔei ìti pA = max(p, 0). Ei-dik¸tera, an to p e�nai hminìrma, tìte pA = p.Apìdeixh: (1) An x, y ∈ B kai 0 ≤ t ≤ 1, p(tx+(1− t)y) ≤ p(tx)+p((1− t)y) =

tp(x) + (1 − t)p(y) < t + (1 − t) = 1, opìte tx + (1 − t)y ∈ B kai to B e�naikurtì. Omo�w
 apodeiknÔetai ìti to C e�nai kurtì. 0 ∈ B diìti p(0) = 0.'Estw x ∈ X . Pa�rnonta
 opoiod pote r > max(p(x), 0), èqoume p(1
r x) =

1
r p(x) < 1. Epomènw
, 1

r x ∈ B   x ∈ rB. 'Ara to B kai, epomènw
, to CaporrofoÔn ton X .(2) 'Askhsh.(3) To A aporrof� ton X , afoÔ to B aporrof� ton X . Apì thn prohgoÔmenhprìtash èqoume {x ∈ X |pA(x) < 1} ⊆ A ⊆ {x ∈ X |pA(x) ≤ 1} kai, epomènw
,
p(x) ≤ 1 gia k�je x me pA(x) < 1 kai pA(x) ≤ 1 gia k�je x me p(x) < 1. Gia k�je
λ > max(p(x), 0), p( 1

λ x) < 1, opìte pA( 1
λ x) ≤ 1 kai, epomènw
, pA(x) ≤ λ. 'Ara

pA(x) ≤ max(p(x), 0). Omo�w
, gia k�je λ > pA(x)(≥ 0), pA( 1
λ x) < 1, opìte

p( 1
λ x) ≤ 1 kai, epomènw
, p(x) ≤ λ. 'Ara p(x) ≤ pA(x). Apì aut� sunep�getaiìti pA(x) = max(p(x), 0) gia k�je x ∈ X .Orismì
 2.5'Estw grammikì
 q¸ro
 X ep� tou F , kurtì A ⊆ X kai a ∈ A.Lème ìti to A aporrof� ton X me kèntro to a an to (kurtì) A− a aporrof�ton X .H idiìthta aut  mènei amet�blhth apì metaforè
 kai omoiojes�e
. Dhlad ,an to A aporrof� ton X me kèntro to a ∈ A, tìte gia k�je b ∈ X kai k�je

κ ∈ F to A+ b aporrof� ton X me kèntro to a+ b kai to κA aporrof� ton Xme kèntro to κa.



54 KEF�ALAIO 2. TO JE�WRHMA HAHN-BANACHJe¸rhma 2.3'Estw grammikì
 q¸ro
 X ep� tou R kai kurtì A ⊆ Xto opo�o aporrof� ton X me kèntro k�je shme�o tou. An b /∈ A, tì-te up�rqei uperep�pedo tou X to opo�o perièqei to b ¸ste to A naperièqetai se ènan apì tou
 dÔo anoiktoÔ
 hmiq¸rou
 pou or�zontaiapì to uperep�pedo autì. IsodÔnama, to A e�nai �so me thn tom ìlwn twn anoikt¸n hmiq¸rwn pou to perièqoun.Apìdeixh: Upojètoume, kat' arq n, ìti to A perièqei to 0 opìte or�zetai tosunarthsoeidè
-Minkowski , pA, tou A. Apì thn Prìtash 2.1, pA(a) ≤ 1 giak�je a ∈ A. An p�roume tuqìn a ∈ A, epeid  to A− a aporrof� ton X , up�rqei
r > 0 ¸ste a ∈ r(A − a), opìte 1+r

r a ∈ A. Tìte pA(1+r
r a) ≤ 1 kai, epomènw
,

pA(a) ≤ r
1+r < 1. Apode�xame, loipìn, ìti pA(a) < 1 gia k�je a ∈ A.JewroÔme to grammikì upìqwro Y = {κb|κ ∈ R} tou X kai or�zoume togrammikì sunarthsoeidè
 f : Y → R me tÔpo f(κb) = κ gia k�je κ ∈ R.An κ ≤ 0, tìte f(κb) = κ ≤ 0 ≤ pA(κb). An κ > 0, tìte f(κb) = κ ≤

κpA(b) = pA(κb), afoÔ b /∈ A. 'Ara f(y) ≤ pA(y) gia k�je y ∈ Y .SÔmfwna me to Je¸rhma 2.1, up�rqei grammikì sunarthsoeidè
 F : X → Rto opo�o e�nai epèktash tou f ¸ste F (x) ≤ pA(x) gia k�je x ∈ X . Tìte,
F (b) = f(b) = 1 kai F (a) ≤ pA(a) < 1 gia k�je a ∈ A. To uperep�pedo
L = {x ∈ X |F (x) = 1} perièqei to b kai to A perièqetai ston anoiktì hmiq¸ro
{x ∈ X |F (x) < 1}.An to A den perièqei to 0, jewroÔme tuqìn a0 ∈ A kai to kurtì A0 = A− a0to opo�o perièqei to 0. Profan¸
, to A0 aporrof� ton X me kèntro k�je shme�otou kai to b0 = b − a0 den an kei sto A0. Me b�sh ìsa apode�xame, up�rqeiuperep�pedo L0 to opo�o perièqei to b0 ¸ste to A0 na perièqetai se ènan apìtou
 dÔo anoiktoÔ
 hmiq¸rou
 tou L0. Tìte to b perièqetai sto uperep�pedo
L = L+ a0 kai to A perièqetai se ènan apì tou
 dÔo hmiq¸rou
 tou L.Je¸rhma 2.4'Estw grammikì
 q¸ro
 X ep� tou R kai kurtì A ⊆ Xto opo�o aporrof� ton X me kèntro k�poio shme�o tou. Gia k�je
b /∈ A up�rqei uperep�pedo tou X to opo�o perièqei to b ¸ste to Ana perièqetai se ènan apì tou
 dÔo kleistoÔ
 hmiq¸rou
 pou or�zo-ntai apì to uperep�pedo autì. IsodÔnama, to A isoÔtai me thn to-m  ìlwn twn kleist¸n hmiq¸rwn pou to perièqoun.Apìdeixh: Epanalamb�noume thn apìdeixh tou prohgoÔmenou jewr mato
, qwr�
na qreiaste� na apode�xoume ìti pA(a) < 1 gia k�je a ∈ A. Arke� to ìti pA(a) ≤
1 gia k�je a ∈ A. Kat' arq n ja upojèsoume ìti to A aporrof� ton X mekentro to 0 kai, katìpin, an den isqÔei autì, ja jewr soume to A0 = A− a0 anto A aporrof� ton X me kèntro to a0 ∈ A.Je¸rhma 2.5'Estw grammikì
 q¸ro
 X ep� tou R, kurt� A,B ⊆ Xxèna metaxÔ tou
 kai èstw ìti to A aporrof� ton X me kèntro k�-poio (  k�je) shme�o tou. Tìte up�rqei uperep�pedo tou X ¸ste to
A na perièqetai se ènan apì tou
 dÔo kleistoÔ
 (antisto�qw
, a-noiktoÔ
) hmiq¸rou
 pou or�zontai apì to uperep�pedo autì kai to
B na perièqetai ston �llo kleistì hmiq¸ro.



2.3. ASK�HSEIS 55Apìdeixh: JewroÔme to C = A − B. To C e�nai kurtì kai den perièqei to 0.Ep�sh
, e�nai eÔkolo na apode�xoume ìti to C aporrof� ton X me kèntro k�poio(  k�je) shme�o tou. Pr�gmati, an to A aporrof� ton X me kèntro to a0 ∈ Akai an b0 ∈ B, tìte, profan¸
, to A− b0 aporrof� ton X me kèntro to a0 − b0.Epomènw
 kai to A − B, pou perièqei to A − b0, aporrof� ton X me kèntro to
a0 − b0.B�sei twn dÔo prohgoumènwn jewrhm�twn, up�rqei uperep�pedo to opo�o per-ièqei to 0 (dhlad  grammikì
 upìqwro
 sundi�stash
 1) ¸ste to C na perièqetaise ènan apì tou
 dÔo kleistoÔ
 (antisto�qw
, anoiktoÔ
) hmiq¸rou
 tou up-erepipèdou. Dhlad , up�rqei (mh-mhdenikì) grammikì sunarthsoeidè
 f : X → R¸ste f(c) ≤ 0 (antisto�qw
, f(c) < 0) gia k�je c ∈ C. IsodÔnama, f(a− b) ≤ 0,dhlad  f(a) ≤ f(b), (antisto�qw
, f(a) < f(b)) gia k�je a ∈ A kai b ∈ B.Tìte sup{f(a)|a ∈ A} ≤ inf{f(b)|b ∈ B}, opìte, an p�roume opoiod pote κ ∈ Ran�mesa sto sup kai sto inf, tìte A ⊆ {x ∈ X |f(x) ≤ κ} kai B ⊆ {x ∈
X |f(x) ≥ κ}.E�nai eÔkolo na doÔme ìti an toA aporrof� tonX me kèntro to a, tìte f(a) <
κ. Pr�gmati, upojètoume ìti f(a) = κ kai pa�rnoume èna c ∈ X me f(c) > κ.Tìte, gia k�je t > 0 èqoume ìti f(a+ t(c− a)) > κ, opìte a+ t(c− a) /∈ A kai,epomènw
, to A− a den aporrof� ton X .'Ara, an to A aporrof� ton X me kèntro k�je shme�o tou, tìte A ⊆ {x ∈
X |f(x) < κ}To zhtoÔmeno uperep�pedo e�nai to L = {x ∈ X |f(x) = 0}, an κ = 0,   to
L = {x ∈ X |( 1

κf)(x) = 1}, an κ 6= 0.2.3 Ask sei
1. 'Estw X grammikì
 q¸ro
 ep� tou F , A kurtì uposÔnolo tou X kai upe-rep�pedo L tou X . Apode�xte ìti to A perièqetai se ènan apì tou
 dÔo anoiktoÔ
hmiq¸rou
 tou L an kai mìnon an A ∩ L = ∅.2. 'Estw X grammikì
 q¸ro
 ep� tou F , grammikì
 upìqwro
 Y 6= {0} tou
X , Z grammikì
 upìqwro
 tou X sundi�stash
 1 kai L = a + Z opoiod poteuperep�pedo par�llhlo tou Z. Apode�xte ìti o Y perièqetai ston ènan apì tou
dÔo kleistoÔ
 upìqwrou
 tou L an kai mìnon an Y ⊆ Z.3. 'Estw X grammikì
 q¸ro
 ep� tou F , grammikì
 upìqwro
 Y tou X kai Akurtì uposÔnolo tou X to opo�o aporrof� ton X me kèntro k�poio shme�o tou.Apode�xte ìti up�rqei uperep�pedo L tou X ¸ste Y ⊆ L kai to A na perièqetaise ènan apì tou
 dÔo kleistoÔ
 upìqwrou
 tou L.4. 'Estw X grammikì
 q¸ro
 ep� tou F , kurt� A,B ⊆ X xèna metaxÔ tou
ìpou to A aporrof� ton X me kèntro k�je shme�o tou. Apode�xte ìti up�rqeiuperep�pedo L tou X ¸ste to A na perièqetai ston ènan apì tou
 dÔo anoiktoÔ
hmiq¸rou
 tou L kai to B na perièqetai ston �llo kleistì hmiq¸ro tou L.5. 'Estw X grammikì
 q¸ro
 ep� tou F , kurtì A ⊆ X to opo�o aporrof� ton X



56 KEF�ALAIO 2. TO JE�WRHMA HAHN-BANACHkai pA to sunarthsoeidè
-Minkowski tou A.(1) Apode�xte ìti pA(x) < 1 an kai mìnon an to A aporrof� ton X me kèntro to
x.(2) Apode�xte ìti pA(x) = 1 an kai mìnon an tx ∈ A gia k�je t ∈ [0, 1) kai
tx /∈ A gia k�je t ∈ (1,+∞).6. 'Estw X grammikì
 q¸ro
 ep� tou F .(1) Apode�xte ìti h apeikìnish p 7→ B = {x ∈ X |p(x) < 1} e�nai 1-1 kai ep�apì to sÔnolo ìlwn twn mh-arnhtik¸n jetik�-omogen¸n kai upoprosjetik¸nsunarthsoeid¸n p sto sÔnolo ìlwn twn kurt¸n sunìlwn B pou aporrofoÔn ton
X me kèntro k�je shme�o tou
.(2) Apode�xte ìti h apeikìnish p 7→ B = {x ∈ X |p(x) < 1} e�nai 1-1 kai ep� apìto sÔnolo ìlwn twn hminorm¸n p sto sÔnolo ìlwn twn kurt¸n kai isorrophmènwnsunìlwn B pou aporrofoÔn ton X me kèntro k�je shme�o tou
.



Kef�laio 3Topologiko� grammiko�q¸roi3.1 Q¸roi me nìrma3.1.1 Nìrme
Orismì
 3.1'Estw grammikì
 q¸ro
 X ep� tou F . M�a sun�rthsh ‖·‖ : X →
R+

0
onom�zetai nìrma ston X an

(i) ‖x‖ = 0 an kai mìnon an x = 0
(ii) ‖κx‖ = |κ| ‖x‖ gia k�je x ∈ X kai k�je κ ∈ F
(iii) ‖x+ y‖ ≤ ‖x‖ + ‖y‖ gia k�je x, y ∈ X .Parathr ste ìti m�a hminìrma e�nai nìrma an kai mìnon an mhden�zetai mìnonsto 0 ∈ X .Orismì
 3.2M�a nìrma ston X or�zei metrik  ston X me ton tÔpo d(x, y) =
‖x− y‖ gia k�je x, y ∈ X . Lème ìti h sugkekrimènh metrik  ep�getai apì thnìrma.Pr�gmati, d(x, y) = 0 an kai mìnon an ‖x− y‖ = 0 an kai mìnon an x− y = 0an kai mìnon an x = y. Ep�sh
, d(y, x) = ‖y − x‖ = ‖x− y‖ = d(x, y) kai
d(x, z) = ‖x− z‖ = ‖(x− y) + (y − z)‖ ≤ ‖x− y‖ + ‖y − z‖ = d(x, y) + d(y, z)gia k�je x, y, z ∈ X .H metrik  h opo�a ep�getai apì m�a nìrma ep�gei, me th seir� th
, m�atopolog�a ston grammikì q¸ro X kai, epomènw
, or�zontai anoikt�, kleist�,pl rh kai sumpag  uposÔnola tou X , sugkl�nouse
 akolouj�e
 ston X kaisuneqe�
 sunart sei
. Eidik¸tera, oi mp�le
 èqoun th morf 

B(x; r) = {y ∈ X | ‖y − x‖ < r}.Prìtash 3.1Se k�je q¸ro X me nìrma isqÔei(1) B(a+ x; r) = a+B(x; r) gia k�je a, x ∈ X kai k�je r ∈ R+,(2) B(κx; |κ|r) = κB(x; r) gia k�je x ∈ X , k�je r ∈ R+ kai k�je κ ∈ F \ {0}.57



58 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIApìdeixh: 'Askhsh.Prìtash 3.2'Estw X q¸ro
 me nìrma. Tìte oi pr�xei

X ×X ∋ (x, y) 7→ x+ y ∈ X kai F ×X ∋ (κ, x) 7→ κx ∈ Xe�nai suneqe�
 (ìtan ta kartesian� ginìmena efodiastoÔn me ti
 ant�stoiqe
 topo-log�e
-ginìmeno).Apìdeixh: (1) 'Estw anoiktì O ⊆ X me x + y ∈ O. Autì shma�nei ìti up�rqei

r ∈ R+ ¸ste B(x + y; r) ⊆ O. Tìte to anoiktì B(x; 1
2 r) ×B(y; 1

2 r) ⊆ X ×Xperièqei to (x, y) kai h prìsjesh to apeikon�zei mèsa sto B(x+ y; r) kai, epomè-nw
, mèsa sto O. 'Ara h prìsjesh e�nai suneq 
 sto tuqìn (x, y) ∈ X ×X .(2) 'Estw anoiktì O ⊆ X me κx ∈ O. Dhlad  up�rqei r ∈ R+ ¸ste B(κx; r) ⊆
O. Pa�rnoume t = min(1, r

3‖x‖ ) kai s = min(1, r
3|κ|) kai apodeiknÔoume eÔkolaìti to anoiktì {λ ∈ F | |λ−κ| < t}×B(x; s) perièqei to (κ, x) kai o pollaplasi-asmì
 to apeikon�zei mèsa sto B(κx; r) kai, epomènw
, mèsa sto O. 'Ara opollaplasiasmì
 e�nai suneq 
 sto tuqìn (κ, x) ∈ F ×X .Prìtash 3.3'Estw X q¸ro
 me nìrma. K�je metafor� kai k�je omoiojes�aston X e�nai omoiomorfismì
 tou X me ton eautì tou.Apìdeixh: (1) 'Estw b ∈ X kai Tb : X → X h metafor� me tÔpo Tb(x) = b + xgia k�je x ∈ X . 'Estw anoiktì O ⊆ X me b + x ∈ O. 'Ara up�rqei r ∈ R+¸ste B(b + x; r) ⊆ O. Tìte Tb(B(x; r)) = b + B(x; r) = B(b + x; r) ⊆ O kai,epomènw
, h Tb e�nai suneq 
 sto x. 'Ara h Tb e�nai suneq 
 ston X kai, epeid 

T−1
b = T−b, h T−1

b e�nai kai aut  suneq 
 ston X .(2) 'Estw κ ∈ F \ {0} kai Hκ : X → X h omoiojes�a me tÔpo Hκ(x) = κxgia k�je x ∈ X . An O e�nai tuqìn anoiktì uposÔnolo tou X me κx ∈ O,up�rqei r ∈ R+ ¸ste B(κx; r) ⊆ O. Tìte Hκ(B(x; 1
|κ| r)) = B(κx; r) ⊆ Okai, epomènw
, h Hκ e�nai suneq 
 sto x. 'Ara h Hκ e�nai suneq 
 ston X kai,epomènw
 h H−1

κ = Hκ−1 e�nai suneq 
 ston X .Epomènw
, gia k�je O anoiktì ston X to b+O kai to κO e�nai anoikt� ston
X gia k�je b ∈ X kai κ ∈ F \ {0}.Prìtash 3.4'Estw X q¸ro
 me nìrma ‖·‖. Tìte h ‖·‖ : X → R+

0
e�naisuneq 
.Apìdeixh: H apìdeixh e�nai apl  sunèpeia th
 anisìthta
 ∣∣‖x‖− ‖y‖

∣∣ ≤ ‖x− y‖gia k�je x, y ∈ X .Orismì
 3.3DÔo nìrme
 sto grammikì q¸ro X onom�zontai isodÔname
 anor�zoun thn �dia topolog�a ston X .Prìtash 3.5'Estw grammikì
 q¸ro
 X . Oi nìrme
 ‖·‖1 kai ‖·‖2 ston X e�naiisodÔname
 an kai mìnon an up�rqoun c, C ∈ R+ ¸ste c ‖x‖1 ≤ ‖x‖2 ≤ C ‖x‖1gia k�je x ∈ X .



3.1. Q�WROI ME N�ORMA 59Apìdeixh: 'Estw ìti c, C ∈ R+ ¸ste c ‖x‖1 ≤ ‖x‖2 ≤ C ‖x‖1 gia k�je x ∈ X .Pa�rnoume tuqìn O ⊆ X anoiktì w
 pro
 th nìrma ‖·‖1. 'Ara up�rqei r ∈ R+¸ste {y ∈ X | ‖y − x‖1 < r} ⊆ O. Tìte {y ∈ X | ‖y − x‖2 < cr} ⊆ {y ∈
X | ‖y − x‖1 < r} ⊆ O kai, epomènw
, to O e�nai anoiktì w
 pro
 th nìrma ‖·‖2.Omo�w
 apodeiknÔetai ìti k�je O anoiktì w
 pro
 th nìrma ‖·‖2 e�nai anoiktìw
 pro
 th nìrma ‖·‖1.Antistrìfw
, èstw ìti oi nìrme
 ‖·‖1 kai ‖·‖2 e�nai isodÔname
. To {x ∈
X | ‖x‖1 < 1} e�nai anoikt  perioq  tou 0 w
 pro
 thn ‖·‖1, opìte e�nai anoikt perioq  tou 0 kai w
 pro
 thn ‖·‖2. 'Ara up�rqei r ∈ R+ ¸ste {x ∈ X | ‖x‖2 <
r} ⊆ {x ∈ X | ‖x‖1 < 1}. Pa�rnoume tuqìnta x ∈ X \ {0} kai t > 1 kaiparathroÔme ìti ∥∥ r

t‖x‖2
x
∥∥

2
= r

t < r. 'Ara ∥∥ r
t‖x‖2

x
∥∥

1
< 1, opìte ‖x‖1 <

t
r ‖x‖2.Epomènw
, ‖x‖1 ≤ 1

r ‖x‖2 gia k�je x ∈ X \ {0}. H anisìthta aut  isqÔei,profan¸
, kai gia x = 0. 'Ara apode�qjhke h c ‖x‖1 ≤ ‖x‖2 gia k�je x ∈ X me
c = r. Omo�w
 apodeiknÔetai kai h deÔterh anisìthta ‖x‖2 ≤ C ‖x‖1 gia k�je
x ∈ X .Prìtash 3.6'Estw X q¸ro
 me nìrma.(1) An o Y e�nai grammikì
 upìqwro
 tou X , tìte to cl(Y ) e�nai grammikì
upìqwro
 tou X .(2) An to A e�nai kurtì uposÔnolo tou X , tìte to cl(A) e�nai kurtì kaj¸
 kaito int(A) sthn per�ptwsh pou int(A) 6= ∅.Apìdeixh: (1) 'Estw x, y ∈ cl(Y ). Pa�rnoume tuqìn r ∈ R+, opìte up�rqoun
x1 ∈ Y ∩ B(x; r

2 ) kai y1 ∈ Y ∩ B(y; r
2 ). Epeid  o Y e�nai grammikì
 upìqwro
,sunep�getai ìti x1 + y1 ∈ Y ∩ B(x + y; r). 'Ara x + y ∈ cl(Y ). Me parìmoiotrìpo apodeiknÔetai ìti, an x ∈ cl(Y ) kai κ ∈ F , tìte κx ∈ Y .(2) 'Estw x, y ∈ cl(A) kai 0 < t < 1. Pa�rnoume tuqìn r ∈ R+, opìte up�rqoun

x1 ∈ A ∩B(x; r) kai y1 ∈ A ∩B(y; r). Epeid  to A e�nai kurtì, sunep�getai ìti
tx1 + (1− t)y1 ∈ A∩B(tx+ (1− t)y; r). 'Ara tx+ (1− t)y ∈ cl(A) kai to cl(A)e�nai kurtì.'Estw int(A) 6= ∅. Pa�rnoume x, y ∈ int(A) kai 0 < t < 1. Tìte up�rqei
r ∈ R+ ¸ste B(x; r) ⊆ A kai B(y; r) ⊆ A. Epeid  to A e�nai kurtì, B(tx +
(1 − t)y; r) = tB(x; r) + (1 − t)B(y; r) ⊆ A, opìte tx+ (1 − t)y ∈ int(A) kai to
int(A) e�nai kurtì.3.1.2 Isomorfismo�Orismì
 3.4'Estw X,Y dÔo q¸roi me nìrme
 ‖·‖X kai ‖·‖Y antisto�qw
. Lèmeìti o X e�nai topologik� isomorfikì
 me ton Y kai gr�foume X ∼= Y , anup�rqei 1-1 kai ep� grammikì
 telest 
 T : X → Y o opo�o
 e�nai suneq 
¸ste kai o T−1 : Y → X na e�nai suneq 
. Tìte o T onom�zetai topologikì
isomorfismì
 tou X me ton Y .An gia autìn ton T isqÔei ìti ‖Tx‖Y = ‖x‖X gia k�je x ∈ X , tìte lème ìtio X e�nai isometrik� isomorfikì
   isometrikì
 me ton Y , o T onom�zetaiisometr�a tou X me ton Y kai gr�foume X iso

= Y .



60 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIPrìtash 3.7Gia k�je q¸rou
 me nìrma X,Y, Z isqÔei ìti X ∼= X , ìti an
X ∼= Y tìte Y ∼= X kai ìti an X ∼= Y kai Y ∼= Z tìte X ∼= Z. Ta �dia isqÔounkai gia th sqèsh iso

= .Apìdeixh: 'Askhsh.Prìtash 3.8'Estw X,Y dÔo q¸roi me nìrme
 ‖·‖X kai ‖·‖Y antisto�qw
. Ogrammikì
 telest 
 T : X → Y e�nai topologikì
 isomorfismì
 tou X me ton
Y an kai mìnon an e�nai ep� kai up�rqoun c, C ∈ R+ ¸ste c ‖x‖X ≤ ‖Tx‖Y ≤
C ‖x‖X gia k�je x ∈ X .Apìdeixh: 'Estw ìti o T : X → Y e�nai topologikì
 isomorfismì
. Epeid  o Te�nai suneq 
, to {x ∈ X | ‖Tx‖Y < 1} = T−1(BY (0; 1)) e�nai anoikt  perioq tou 0 ston X . 'Ara up�rqei r ∈ R+ ¸ste BX(0; r) ⊆ {x ∈ X | ‖Tx‖Y < 1}.An x ∈ X kai x 6= 0, tìte gia k�je t > 1 èqoume ∥∥∥ r

t‖x‖X
x
∥∥∥

X
< r. 'Ara

∥∥∥T ( r
t‖x‖X

x)
∥∥∥

Y
< 1, opìte ‖Tx‖Y < t

r ‖x‖X kai, epomènw
, ‖Tx‖Y ≤ 1
r ‖x‖X .Autì, profan¸
, isqÔei kai gia x = 0. 'Ara isqÔei h dexi� anisìthta me C = 1

r .Qrhsimopoi¸nta
 ìti o T−1 e�nai suneq 
, apodeiknÔoume me parìmoio trìpo kaithn arister  anisìthta.Antistrìfw
, èstw ìti o T e�nai ep� kai up�rqoun c, C ∈ R+ ¸ste c ‖x‖X ≤
‖Tx‖Y ≤ C ‖x‖X gia k�je x ∈ X . Apì th dexi� anisìthta sunep�getai ìtio T e�nai 1-1. An xm → x ston X , tìte ‖Txm − Tx‖Y = ‖T (xm − x)‖Y ≤
C ‖xm − x‖X → 0, opìte Txm → Tx ston Y . 'Ara o T e�nai suneq 
 ston Xkai apì thn arister  anisìthta sunep�getai me parìmoio trìpo ìti kai o T−1e�nai suneq 
 ston Y .An oi q¸roi me nìrma X,Y e�nai isometriko� mèsw mia
 isometr�a
 T : X → Y ,tìte jewroÔme tou
 dÔo autoÔ
 q¸rou
 �diou
 taut�zonta
 k�je x ∈ X me toant�stoiqo y = Tx ∈ Y kai k�je y ∈ Y me to ant�stoiqo x = T−1y ∈ X .An oi dÔo q¸roi e�nai topologik� isomorfiko� mèsw tou topologikoÔ isomor-fismoÔ T : X → Y , p�li jewroÔme tou
 dÔo autoÔ
 q¸rou
 �diou
 taut�zonta
k�je x ∈ X me to ant�stoiqo y = Tx ∈ Y kai k�je y ∈ Y me to ant�stoiqo
x = T−1y ∈ X .'Isw
 h fÔsh th
 taÔtish
 aut 
 fane� pio kajar� an parathr soume ìti o Tep�gei m�a nèa nìrma ston X me tÔpo ‖x‖T = ‖Tx‖Y gia k�je x ∈ X . Dhlad ,h nèa nìrma tou x ∈ X e�nai, apl¸
, h nìrma tou shme�ou ston Y me to opo�o to
x taut�zetai. (Epeid  o T e�nai 1-1, e�nai polÔ eÔkolo na doÔme ìti h ‖·‖T e�nainìrma ston X .) An o T e�nai isometr�a, tìte oi dÔo nìrme
 ston X , h ‖·‖X kaih nèa ‖·‖T , e�nai �die
 kai oi mp�le
 pou or�zontai apì th m�a e�nai �die
 me ti
mp�le
 pou or�zontai apì thn �llh.An o T e�nai topologikì
 isomorfismì
, tìte up�rqoun c, C ∈ R+ ¸ste
c ‖x‖X ≤ ‖Tx‖Y ≤ C ‖x‖X kai, epomènw
, c ‖x‖X ≤ ‖x‖T ≤ C ‖x‖X gia k�je
x ∈ X . 'Ara èqoume

BT (x; cr) ⊆ BX(x; r) ⊆ BT (x;Cr)
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 mp�le
 BX , BT pou or�zontai ston X apì ti
 nìrme
 ‖·‖X , ‖·‖Tantisto�qw
. Dhlad , o T dhmiourge�, kat� k�poion trìpo, m�a paramìrfwshsti
 mp�le
 tou X .3.1.3 Q¸roi peperasmènh
 di�stash
H anisìthta Hölder. 'Estw p, q > 1 me 1
p + 1

q = 1. Gia k�je n ∈ Nkai k�je x1, y1, . . . , xn, yn ∈ F isqÔei
|x1y1 + · · · + xnyn| ≤ (|x1|p + · · · + |xn|p)

1
p (|y1|q + · · · + |yn|q)

1
qkai

|x1y1 + · · · + xnyn| ≤ (|x1| + · · · + |xn|)max(|y1|, . . . , |yn|).Apìdeixh: H deÔterh anisìthta e�nai profan 
. Gia na apode�xoume thn pr¸thanisìthta parathroÔme (me melèth th
 parag¸gou) ìti h sun�rthsh f : R+ → Rme tÔpo f(t) = 1
p t

p + 1
q − t gia k�je t ∈ R+ èqei el�qisth tim  f(1) = 0. Dhlad 

t ≤ 1
p t

p + 1
q gia k�je t ∈ R+. Jètoume t = α

β
q
p

kai br�skoume αβ ≤ 1
p α

p + 1
q β

qgia k�je α, β ∈ R+, opìte kai gia k�je α, β ∈ R+
0
.An |x1|p + · · · + |xn|p = |y1|q + · · · + |yn|q = 1, tìte |x1y1 + · · · + xnyn| ≤

|x1||y1| + · · · + |xn||yn| ≤ 1
p (|x1|p + · · · + |xn|p) + 1

q (|y1|q + · · · + |yn|q) = 1.An |x1|p + · · ·+ |xn|p, |y1|q + · · ·+ |yn|q 6= 0, jètoume A = (|x1|p + · · ·+ |xn|p)
1
pkai B = (|y1|q+· · ·+|yn|q)

1
q kai parathroÔme ìti |x1

A |p+· · ·+|xn

A |p = |y1

B |q+· · ·+
|yn

B |q = 1. Epomènw
, |x1y1 + · · ·+ xnyn| = AB|x1

A
y1

B + · · ·+ xn

A
yn

B | ≤ AB. 'Araapode�qthke kai h pr¸th anisìthta sthn per�ptwsh pou |x1|p + · · ·+ |xn|p, |y1|q +
· · · + |yn|q 6= 0. 'Omw
, an èna apì ta |x1|p + · · · + |xn|p,|y1|q + · · · + |yn|q e�nai�so me 0, h pr¸th anisìthta e�nai profan 
.H anisìthta Minkowski. 'Estw p ≥ 1. Gia k�je n ∈ N kai k�je
x1, y1, . . . , xn, yn ∈ F isqÔei
(|x1 + y1|p + · · · + |xn + yn|p)

1
p ≤ (|x1|p + · · · + |xn|p)

1
p + (|y1|p + · · · + |yn|p)

1
pkai

max(|x1 + y1|, . . . , |xn + yn|) ≤ max(|x1|, . . . , |xn|) + max(|y1|, . . . , |yn|).Apìdeixh: H deÔterh anisìthta e�nai profan 
 kaj¸
 kai h pr¸th ìtan p = 1.JewroÔme, epomènw
, p > 1 kai or�zoume q = p
p−1 , opìte 1

p + 1
q = 1. Tìtegr�foume |x1 +y1|p + · · ·+ |xn +yn|p ≤ |x1||x1 +y1|p−1 + · · ·+ |xn||xn +yn|p−1 +

|y1||x1+y1|p−1+· · ·+|yn||xn+yn|p−1 kai, qrhsimopoi¸nta
 thn anisìthtaHölder,

|x1 + y1|p + · · · + |xn + yn|p ≤ (|x1|p + · · · + |xn|p)
1
p (|x1 + y1|p + · · · + |xn +

yn|p)
1
q + (|y1|p + · · · + |yn|p)

1
p (|x1 + y1|p + · · · + |xn + yn|p)

1
q . AplopoioÔme kaikatal goume sthn pr¸th anisìthta.Epeid  max(|x1|, . . . , |xn|) ≤ (|x1|p + · · · + |xn|p)

1
p ≤ n

1
p max(|x1|, . . . , |xn|),sunep�getai ìti limp→+∞(|x1|p + · · · + |xn|p)

1
p = max(|x1|, . . . , |xn|). B�sei
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 th
 parat rhsh
, h deÔterh anisìthta Minkowski jewre�tai w
 h èkfrashth
 pr¸th
 anisìthta
 sthn per�ptwsh p = +∞.An p, q > 1 kai 1
p + 1

q = 1, o q onom�zetai suzug 
 tou p. Lìgw summetr�a
,o p e�nai o suzug 
 tou q. An, epiplèon, deqtoÔme 1
+∞ = 0, tìte oi 1,+∞jewroÔntai amoiba�a suzuge�
. Me aut n thn ènnoia kai b�sei th
 prohgoÔmenh
parat rhsh
, h deÔterh anisìthta Hölder jewre�tai w
 h èkfrash th
 pr¸th
anisìthta
 sthn per�ptwsh pou p = 1, q = +∞   p = +∞, q = 1.Orismì
 3.5'Estw grammikì
 q¸ro
 X ep� tou F , {b1, . . . , bn} opoiad poteb�sh tou X kai 1 ≤ p ≤ +∞. Or�zoume ‖·‖p : X → R+

0
me tÔpo

‖x‖p =

{
(|x1|p + · · · + |xn|p)

1
p , an 1 ≤ p < +∞,

max(|x1|, . . . , |xn|), an p = +∞,gia k�je x ∈ X , ìpou x = x1b1 + · · · + xnbn e�nai h (monadik ) èkfrash tou xw
 grammikì
 sunduasmì
 twn b1, . . . , bn.B�sei th
 anisìthta
 Minkowski, h ‖·‖p e�nai nìrma kai onom�zetai p-nìrmatou X.Je¸rhma 3.1'Estw grammikì
 q¸ro
 X ep� tou F me dim(X) < +∞.Tìte opoiesd pote dÔo nìrme
 ston X e�nai isodÔname
.Apìdeixh: JewroÔme opoiad pote b�sh {b1, . . . , bn} tou X kai ja apode�xoumeìti opoiad pote nìrma ‖·‖ ston X e�nai isodÔnamh me thn 2-nìrma tou X .'Estw ìti den up�rqei c > 0 ¸ste c ‖x‖2 ≤ ‖x‖ gia k�je x ∈ X . 'Ara up�rqeiakolouj�a {y(m)} ¸ste ‖y(m)‖
‖y(m)‖

2

→ 0. KanonikopoioÔme thn akolouj�a, dhlad or�zoume x(m) = 1

‖y(m)‖
2

y(m), kai èqoume ∥∥x(m)
∥∥

2
= 1 gia k�jem kai ∥∥x(m)

∥∥ →

0. An x(m) = x
(m)
1 b1 + · · · + x

(m)
n bn, tìte |x(m)

1 |2 + · · · + |x(m)
n |2 = 1 gia k�je

m. Epeid  k�je kleistì kai fragmèno uposÔnolo tou Fn e�nai sumpagè
 (me thneukle�dia metrik ), up�rqei upo-akolouj�a {x(mk)} ¸ste gia k�je j = 1, . . . , nna isqÔei x(mk)
j → xj gia k�poio xj ∈ F me |x1|2 + · · · + |xn|2 = 1. Tìte,an or�soume x = x1b1 + · · · + xnbn, èqoume ‖x‖ ≤

∥∥x− x(mk)
∥∥ +

∥∥x(mk)
∥∥ ≤

|x1 − x
(mk)
1 | ‖b1‖ + · · · + |xn − x

(mk)
n | ‖bn‖ +

∥∥xmk)
∥∥ → 0. Epomènw
, ‖x‖ = 0,opìte x1b1 + · · · + xnbn = x = 0. Autì e�nai �topo diìti ta x1, . . . , xn den e�naiìla mhdèn.E�nai pio eÔkolo na de�xoume ìti up�rqei C > 0 ¸ste ‖x‖ ≤ C ‖x‖2 gia k�je

x ∈ X . Pr�gmati, ‖x‖ = ‖x1b1 + · · · + xnbn‖ ≤ |x1| ‖b1‖ + · · · + |xn| ‖bn‖ ≤
(‖b1‖2

+ · · · + ‖bn‖2
)

1
2 (|x1|2 + · · · + |xn|2) 1

2 = C ‖x‖2 gia k�je x ∈ X me C =

(‖b1‖2 + · · · + ‖bn‖2)
1
2 .Prìtash 3.9'Estw q¸ro
 X ep� tou F me nìrma kai dim(X) < +∞. Tìte(1) k�je kleistì kai fragmèno uposÔnolo tou X e�nai sumpagè
 kai(2) o X e�nai pl rh
.



3.1. Q�WROI ME N�ORMA 63Apìdeixh: (1) 'Estw ‖·‖ h nìrma tou X , m�a b�sh {b1, . . . , bn} kai ‖·‖2 h 2-nìrma tou. SÔmfwna me thn prohgoÔmenh prìtash, up�rqoun c, C ∈ R+ ¸ste
c ‖x‖2 ≤ ‖x‖ ≤ C ‖x‖2 gia k�je x ∈ X . JewroÔme A ⊆ X kleistì kai fragmèno(w
 pro
 thn ‖·‖) kai akolouj�a {x(m)} sto A. Tìte to A e�nai fragmèno kaiw
 pro
 thn ‖·‖2, opìte, an x(m) = x

(m)
1 b1 + · · · + x

(m)
n bn, up�rqei K ¸ste

|x(m)
1 |2 + · · · + |x(m)

n |2 ≤ K gia k�je m. 'Ara up�rqei upo-akolouj�a {x(mk)}¸ste gia k�je j = 1, . . . , n na isqÔei x(mk)
j → xj gia k�poio xj ∈ F . An or�soume

x = x1b1 + · · · + xnbn, èqoume ∥∥x− x(mk)
∥∥ ≤ |x1 − x

(mk)
1 | ‖b1‖ + · · · + |xn −

x
(mk)
n | ‖bn‖ → 0.'Ara to A e�nai sumpagè
 (w
 pro
 thn ‖·‖).(2) 'Estw {x(m)} me ∥∥x(k) − x(l)

∥∥ → 0. Lìgw th
 isodunam�a
 twn norm¸n tou
X , sunep�getai ìti ∥∥x(k) − x(l)

∥∥
2
→ 0. An x(m) = x

(m)
1 b1 + · · · + x

(m)
n bn,epeid  o Fn e�nai pl rh
 (me thn eukle�dia metrik  tou), èqoume ìti up�rqei

x = x1b1 + · · · + xnbn ¸ste ∥∥x(m) − x
∥∥

2
→ 0. P�li lìgw th
 isodunam�a
 twnnorm¸n tou X , sunep�getai ìti ∥∥x(m) − x
∥∥ → 0.Prìtash 3.10'Estw q¸ro
 X ep� tou F me nìrma kai grammikì
 upìqwro
 Ytou X me dim(Y ) < +∞. Tìte o Y e�nai kleistì
 (w
 uposÔnolo tou X).Apìdeixh: An jewr soume ton periorismì th
 nìrma
 tou X ston Y , tìte autì
apotele� nìrma ston Y . Apì thn prohgoÔmenh prìtash èqoume ìti o Y e�naipl rh
, opìte e�nai kai kleistì uposÔnolo tou X .3.1.4 Q¸roi BanachOrismì
 3.6'Estw q¸ro
 X me nìrma. An o X e�nai pl rh
 tìte onom�zetaiq¸ro
 Banach .Je¸rhma 3.2(Pl rwsh q¸rou me nìrma) 'Estw q¸ro
 X ep� tou F menìrma. Tìte up�rqei q¸ro
 Banach X̃ ¸ste o X na e�nai grammikì
upìqwro
 tou X̃, h nìrma tou X na e�nai o periorismì
 th
 nìrma
tou X̃ ston X kai o X na e�nai puknì uposÔnolo tou X̃.An X̂ e�nai deÔtero
 q¸ro
 me ti
 �die
 ìpw
 o X̃ idiìthte
,tìte up�rqei isometr�a an�mesa stou
 X̂, X̃ ¸ste o periorismì
 th
ston X na e�nai h tautotik  apeikìnish tou X.Apìdeixh: 'Estw ‖·‖ h nìrma tou X . Tìte o X e�nai metrikì
 q¸ro
 me metrik 

d me tÔpo d(x, y) = ‖x− y‖ gia k�je x, y ∈ X .Gnwr�zoume, apì to Je¸rhma 1.4, ìti up�rqei pl rh
 metrikì
 q¸ro
 X̃ memetrik  d̃ ¸ste X ⊆ X̃ , h d e�nai o periorismì
 ston X th
 d̃ kai o X e�nai puknì
ston X̃ .Pa�rnoume tuqìnta x, y ∈ X̃ . Tìte up�rqoun {xn}, {yn} ston X ¸ste xn →
x kai yn → y ston X̃. Epeid  oi {xn}, {yn} e�nai akolouj�e
 Cauchy ston X̃,sunep�getai ìti d̃(xk +yk, xl +yl) = d(xk +yk, xl +yl) = ‖(xk + yk) − (xl + yl)‖
≤ ‖xk − xl‖ + ‖yk − yl‖ = d(xk, xl) + d(yk, yl) = d̃(xk, xl) + d̃(yk, yl) → 0.



64 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI'Ara h {xn + yn} e�nai akolouj�a Cauchy ston X̃ kai, epomènw
, sugkl�nei ston
X̃. Or�zoume x + y = lim(xn + yn) ∈ X̃ . An {x′n}, {y′n} e�nai ep�sh
 ston
X kai x′n → x, y′n → y, tìte d̃(xn + yn, x

′
n + y′n) = d(xn + yn, x

′
n + y′n) =

‖(xn + yn) − (x′n + y′n)‖ ≤ ‖xn − x′n‖ + ‖yn − y′n‖ = d(xn, x
′
n) + d(yn, y

′
n) =

d̃(xn, x
′
n) + d̃(yn, y

′
n) → 0. 'Ara lim(xn + yn) = lim(x′n + y′n) kai o orismì
tou x + y pou d¸same e�nai kalì
. Ep�sh
, an x, y ∈ X , pa�rnoume ti
 stajerè
akolouj�e
 {x}, {y} kai èqoume to nèo �jroisma, x+y = lim(x+y) = x+y, �so meto pro�p�rqon �jroisma. Me autìn ton trìpo or�zoume thn pr�xh th
 prìsjesh
ston X̃, ¸ste o periorismì
 th
 stonX na taut�zetai me thn pro�p�rqousa pr�xhth
 prìsjesh
 ston X .Me parìmoio trìpo or�zoume pr�xh pollaplasiasmoÔ ston X̃ me ta stoiqe�atou F , ¸ste o periorismì
 th
 ston X na taut�zetai me thn pro�p�rqousa pr�xhtou pollaplasiasmoÔ ston X . Sunoptik�, pa�rnoume tuqìnta x ∈ X̃ kai κ ∈ F ,akolouj�a {xn} ston X me xn → x ston X̃ , apodeiknÔoume ìti h {κxn} e�naiakolouj�a Cauchy ston X̃ kai or�zoume κx = lim(κxn) ∈ X̃. ApodeiknÔoumeìti, an {x′n} e�nai ep�sh
 ston X me x′n → x ston X̃, tìte lim(κxn) = lim(κx′n),opìte o orismì
 tou κx e�nai kalì
 kai, tèlo
, apodeiknÔoume ìti o nèo
 orismì
tou κx taut�zetai ton pro�p�rqonta an x ∈ X .E�nai polÔ eÔkolo, mèsw akolouji¸n apì ton X , na apodeiqjoÔn ìle
 oiidiìthte
 grammikoÔ q¸rou gia ti
 pr�xei
 pou or�sjhkan ston X̃, opìte o X̃e�nai grammikì
 q¸ro
 ep� tou F kai o X e�nai grammikì
 upìqwro
 tou X̃ .Or�zoume ‖x‖̃ = d̃(x, 0) gia k�je x ∈ X̃ . An x ∈ X , tìte ‖x‖̃ = d̃(x, 0) =

d(x, 0) = ‖x‖. An x, y ∈ X̃, pa�rnoume {xn}, {yn} ston X ¸ste xn → x, yn →
y ston X̃ kai èqoume ‖κx‖̃ = d̃(κx, 0) = lim d̃(κxn, 0) = lim d(κxn, 0) =

lim ‖κxn‖ = |κ| lim ‖xn‖ = |κ| lim d(xn, 0) = |κ| lim d̃(xn, 0) = |κ|d̃(x, 0) =

|κ| ‖x‖̃ . Ep�sh
, ‖x+ y‖̃ = d̃(x+ y, 0) = lim d̃(xn + yn, 0) = lim d(xn + yn, 0) =

lim ‖xn + yn‖ ≤ lim ‖xn‖+lim ‖yn‖ = lim d(xn, 0)+lim d(yn, 0) = lim d̃(xn, 0)+

d̃(yn, 0) = d̃(x, 0) + d̃(y, 0) = ‖x‖̃ + ‖y‖̃ . Epomènw
, h ‖·‖̃ apotele� nìrma ston
X̃ o periorismì
 th
 opo�a
 ston X taut�zetai me thn ‖·‖.Me to sumbolismì th
 prohgoÔmenh
 paragr�fou, ‖x− y‖̃ = d̃(x − y, 0) =

lim d̃(xn − yn, 0) = lim d(xn − yn, 0) = lim ‖xn − yn‖ = lim d(xn, yn) =

lim d̃(xn, yn) = d̃(x, y) kai, epomènw
 h metrik  d̃ ep�getai apì th nìrma ‖·‖̃ ston
X̃. 'Ara o X̃ me th nìrma ‖·‖̃ e�nai q¸ro
 Banach .'Estw, t¸ra, deÔtero
 q¸ro
 Banach X̂ me nìrma ‖·‖̂ ¸ste o X na e�naipuknì
 grammikì
 upìqwro
 tou X̂ kai o periorismì
 th
 ‖·‖̂ ston X na taut�ze-tai me thn ‖·‖. An d̂ e�nai h metrik  pou ep�getai ston X̂ apì thn ‖·‖̂ , tìte operiorismì
 th
 d̂ ston X taut�zetai me thn d, opìte, sÔmfwna me to Je¸rhma1.4, up�rqei isometr�a metrik¸n q¸rwn T : X̃ → X̂ o periorismì
 th
 opo�a
ston X e�nai h tautotik  apeikìnish tou X . Apomènei na apode�xoume ìti o Te�nai grammikì
 telest 
. An x, y ∈ X̃, pa�rnoume {xn}, {yn} ston X ¸ste
xn → x, yn → y ston X̃ kai èqoume xn + yn → x+ y ston X̃ , opìte T (x+ y) =
limT (xn +yn) = lim(xn +yn) = limxn +lim yn = limTxn +limTyn = Tx+Ty.
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 apodeiknÔoume ìti T (κx) = κTx gia k�je x ∈ X kai κ ∈ F .Orismì
 3.7'Estw q¸ro
 me nìrma X . Opoiosd pote q¸ro
 Banach X̂ oopo�o
 perièqei w
 grammikì upìqwro ton X , ¸ste h nìrma tou X na e�nai operiorismì
 ston X th
 nìrma
 tou X̂ kai o X na e�nai puknì
 ston X̂, onom�zetaipl rwsh tou X se q¸ro Banach.Sto teleuta�o je¸rhma apode�qthke ìti k�je q¸ro
 X me nìrma èqei toul�qi-ston m�a pl rwsh se q¸ro Banach kai ìti opoiesd pote dÔo tètoie
 plhr¸sei
e�nai isometriko� q¸roi Banach (¸ste h isometr�a, periorismènh ston X , na e�naih tautotik  apeikìnish tou X). Lìgw th
 taÔtish
 isometrik¸n q¸rwn anafer-ìmaste, sun jw
, sthn pl rwsh tou X se q¸ro Banach .3.1.5 Q¸roi akolouji¸nH anisìthta Hölder gia seirè
. 'Estw p, q > 1 me 1
p + 1

q = 1. Gia k�je
x1, y1, x2, y2, . . . ∈ F isqÔei

∣∣
+∞∑

j=1

xjyj

∣∣ ≤
(+∞∑

j=1

|xj |p
) 1

p
(+∞∑

j=1

|yj|q
) 1

qkai
∣∣
+∞∑

j=1

xjyj

∣∣ ≤
(+∞∑

j=1

|xj |
)
sup

j
|yj |.Autì shma�nei ìti, an oi dexiè
 pleurè
 e�nai peperasmène
,tìte oi seirè
 twn arister¸n pleur¸n sugkl�noun sto F kai isqÔounoi anisìthte
.Apìdeixh: Efarmìzoume thn anisìthta Hölder gia k�je n (me tou
 arijmoÔ


|x1|, |y1|, . . . , |xn|, |yn|) kai èqoume ∑n
j=1 |xj ||yj | ≤

(∑n
j=1 |xj |p

) 1
p
(∑n

j=1 |yj |q
) 1

q

≤
(∑+∞

j=1 |xj |p
) 1

p
(∑+∞

j=1 |yj |q
) 1

q . Pa�rnonta
 ìrio ìtan n → +∞ br�skoume
∑+∞

j=1 |xj ||yj | ≤
(∑+∞

j=1 |xj |p
) 1

p
(∑+∞

j=1 |yj |q
) 1

q . An h dexi� pleur� e�nai pepera-smènh, tìte h seir� ∑+∞
j=1 xjyj sugkl�nei apolÔtw
. 'Ara h seir� aut  sugkl�nei,opìte pa�rnonta
 ìrio ìtan n → +∞ sthn anisìthta Hölder

∣∣∑n
j=1 xjyj

∣∣ ≤
(∑n

j=1 |xj |p
) 1

p
(∑n

j=1 |yj |q
) 1

q katal goume sthn pr¸th anisìthta.H deÔterh anisìthta apodeiknÔetai me ton �dio trìpo.H anisìthta Minkowski gia seirè
. 'Estw p ≥ 1. Gia k�je n ∈ N kaik�je x1, y1, x2, y2, . . . ∈ F isqÔei
(+∞∑

j=1

|xj + yj |p
) 1

p ≤
(+∞∑

j=1

|xj |p
) 1

p +
(+∞∑

j=1

|yj |p
) 1

p
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sup

j
|xj + yj | ≤ sup

j
|xj | + sup

j
|yj |.Apìdeixh: H deÔterh anisìthta e�nai profan 
 kai h pr¸th prokÔptei an p�roumeìrio ìtan n→ +∞ sthn anisìthta Minkowski gia peperasmèna ajro�smata.Orismì
 3.8An 1 ≤ p ≤ +∞, or�zoume ‖·‖p : lp → R+

0
me tÔpo

‖x‖p =

{
(
∑+∞

j=1 |xj |p)
1
p , an 1 ≤ p < +∞,

supj |xj |, an p = +∞,gia k�je x = (x1, x2, . . .) ∈ lp.E�nai fanerì apì thn anisìthta Minkowski gia seirè
 ìti h ‖·‖p e�nai nìrmaston lp.Je¸rhma 3.3Gia k�je 1 ≤ p ≤ +∞, o lp me nìrma ‖·‖p e�nai q¸ro

Banach.Apìdeixh: JewroÔme kat' arq n thn per�ptwsh 1 ≤ p < +∞. 'Estw {x(m)} ston
lp ¸ste ∥∥x(k) − x(l)

∥∥
p
→ 0. Epeid  |x(k)

j − x
(l)
j | ≤

∥∥x(k) − x(l)
∥∥

p
, sunep�getaiìti gia k�je j h {x(m)

j } e�nai akolouj�a Cauchy sto F . 'Ara up�rqoun xj ∈ F¸ste x(m)
j → xj gia k�je j kai or�zoume x = (x1, x2, . . .).Pa�rnoume N ¸ste ∥∥x(k) − x(l)

∥∥
p
< 1 gia k�je k, l ≥ N , opìte gia k�-je M kai k�je k ≥ N èqoume (

∑M
j=1 |x

(k)
j |p) 1

p ≤ (
∑M

j=1 |x
(k)
j − x

(N)
j |p) 1

p +

(
∑M

j=1 |x
(N)
j |p) 1

p ≤ (
∑+∞

j=1 |x
(k)
j −x

(N)
j |p) 1

p +(
∑+∞

j=1 |x
(N)
j |p) 1

p < 1+
∥∥xN)

∥∥
p
. Anp�roume to ìrio kaj¸
 k → +∞ kai, katìpin, to ìrio kaj¸
 M → +∞ katal -goume sto (

∑+∞
j=1 |xj |p)

1
p ≤ 1 +

∥∥xN)
∥∥

p
< +∞. 'Ara x ∈ lp. Pa�rnoume tuqìn

ǫ > 0 kai ant�stoiqo N ¸ste na isqÔei ∥∥x(k) − x(l)
∥∥

p
< ǫ gia k�je k, l ≥ N .Tìte gia k�jeM kai k�je k, l ≥ N èqoume (

∑M
j=1 |x

(k)
j −x(l)

j |p) 1
p ≤ ǫ, opìte, anp�roume to ìrio kaj¸
 l → +∞, br�skoume (

∑M
j=1 |x

(k)
j − xj |p)

1
p ≤ ǫ gia k�je

M kai k�je k ≥ N . Pa�rnonta
 to ìrio kaj¸
 M → +∞, katal goume sto∥∥x(k) − x
∥∥

p
≤ ǫ gia k�je k ≥ N . 'Ara x(m) → x ston lp.H per�ptwsh p = +∞ e�nai parìmoia kai h apìdeix  th
 af netai w
 �skhsh.Oi grammiko� q¸roi c kai c0 e�nai grammiko� upìqwroi tou l∞ kai, epomènw
,e�nai q¸roi me nìrma ton periorismì th
 ‖·‖∞ stou
 q¸rou
 autoÔ
.Je¸rhma 3.4Oi q¸roi c, c0 me nìrma thn ‖·‖∞ e�nai q¸roi Banach.Apìdeixh: Epeid  o l∞ e�nai q¸ro
 Banach, arke� na apode�xoume ìti oi c, c0 e�naikleist� uposÔnola tou l∞.'Estw {x(m)} ston c kai x(m) → x ston l∞. Gia tuqìn ǫ > 0 up�rqei N ¸stegia k�je k ≥ N kai k�je j na isqÔei |x(k)

j − xj | ≤
∥∥x(k) − x

∥∥
∞ ≤ ǫ. Epeid h {x(N)

j } e�nai akolouj�a Cauchy sto F , up�rqei J ¸ste |x(N)
j − x

(N)
i | ≤ ǫ gia



3.1. Q�WROI ME N�ORMA 67k�je j, i ≥ J . Tìte |xj − xi| ≤ |xj − x
(N)
j | + |x(N)

j − x
(N)
i | + |x(N)

i − xi| ≤ 3ǫgia k�je j, i ≥ J . 'Ara h x = (x1, x2, . . .) e�nai akolouj�a Cauchy sto F kai,epomènw
, e�nai stoiqe�o tou c.'Estw, t¸ra, {x(m)} ston c0 kai x(m) → x ston l∞. Gia tuqìn ǫ > 0 up�rqei
N ¸ste gia k�je k ≥ N kai k�je j na isqÔei |x(k)

j − xj | ≤
∥∥x(k) − x

∥∥
∞ ≤ ǫ.Epeid  x(N)

j → 0 ìtan j → +∞, up�rqei J ¸ste |x(N)
j | ≤ ǫ gia k�je j ≥ J .Opìte |xj | ≤ |xj − x

(N)
j | + |x(N)

j | ≤ 2ǫ gia k�je j ≥ J . 'Ara x ∈ c0.3.1.6 UpìqwroiOrismì
 3.9'Estw X q¸ro
 me nìrma kai Y grammikì
 upìqwro
 tou X . Operiorismì
 ston Y th
 nìrma
 tou X e�nai, profan¸
, nìrma ston Y . O Y meaut n th nìrma onom�zetai upìqwro
 tou X .E�nai profanè
 ìti, an o Y e�nai upìqwro
 tou q¸rou me nìrma X , tìte
BY (x; r) = BX(x; r) ∩ Y , ìpou BY , BX e�nai oi mp�le
 ston Y kai ston Xantisto�qw
. Epomènw
, h topolog�a pou ep�getai ston Y apì th nìrma toutaut�zetai me thn topolog�a-upìqwrou pou ep�getai apì ton X ston Y .Prìtash 3.11'Estw q¸ro
 Banach X kai upìqwro
 Y tou X . O Y e�naiq¸ro
 Banach an kai mìnon an to Y e�nai kleistì uposÔnolo tou X .Apìdeixh: 'Askhsh.3.1.7 Q¸roi-phl�koOrismì
 3.10'Estw X q¸ro
 me nìrma ‖·‖ kai Y kleistì
 upìqwro
 tou X .Or�zoume ‖·‖X/Y : X/Y → R+

0
me tÔpo

‖ξ‖X/Y = inf{ ‖x‖ |x ∈ ξ}gia k�je ξ ∈ X/Y .Prìtash 3.12'Estw X q¸ro
 me nìrma ‖·‖ kai Y kleistì
 upìqwro
 tou X .(1) H ‖·‖X/Y : X/Y → R+
0
tou prohgoÔmenou orismoÔ e�nai nìrma ston X/Y .(2) An o X e�nai q¸ro
 Banach , tìte o X/Y me th nìrma ‖·‖X/Y e�nai q¸ro


Banach.Apìdeixh: (1) An ‖ξ‖X/Y = 0 gia k�poio ξ ∈ X/Y , tìte up�rqei akolouj�a
{xn} sto ξ ¸ste ‖xn‖ → 0, opìte xn → 0 ston X . To ξ gr�fetai ξ = b + Ygia k�poio b ∈ X kai, epeid  k�je metafor� e�nai omoiomorfismì
 tou X me toneautì tou, sunep�getai ìti to ξ e�nai kleistì uposÔnolo tou X . 'Ara 0 ∈ ξ,opìte ξ = Y , to mhdenikì stoiqe�o tou X/Y .An κ ∈ F , tìte ‖κξ‖X/Y = inf{ ‖x‖ |x ∈ κξ} = inf{ ‖κy‖ |y ∈ ξ} =

|κ| inf{ ‖y‖ |y ∈ ξ} = |κ| ‖ξ‖X/Y .An x ∈ ξ ∈ X/Y kai y ∈ η ∈ X/Y , tìte x+ y ∈ ξ + η, opìte ‖ξ + η‖X/Y ≤
‖x+ y‖ ≤ ‖x‖ + ‖y‖. 'Ara ‖ξ + η‖X/Y ≤ ‖ξ‖X/Y + ‖η‖X/Y .



68 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI(2) 'Estw akolouj�a Cauchy {ξn} ston X/Y . Gia k�je k up�rqei nk ¸ste
‖ξn − ξm‖X/Y ≤ 1

2k gia k�je n,m ≥ nk. E�nai eÔkolo na epilèxoume ta nk ¸ste
nk < nk+1 gia k�je k. ParathroÔme, t¸ra, ìti ∥∥ξnk

− ξnk+1

∥∥
X/Y

≤ 1
2k gia k�je

k. Epilègoume tuqìn x1 ∈ ξn1 . Epeid  ‖ξn1 − ξn2‖X/Y ≤ 1
2 , up�rqei x2 ∈ ξn2¸ste ‖x1 − x2‖ ≤ 1. Epeid  ‖ξn2 − ξn3‖X/Y ≤ 1

22 , up�rqei x3 ∈ ξn3 ¸ste
‖x2 − x3‖ ≤ 1

2 . Suneq�zonta
 epagwgik�, kataskeu�zoume akolouj�a {xk} ston
X ¸ste xk ∈ ξnk

kai ‖xk − xk+1‖ ≤ 1
2k−1 gia k�je k.An k < l, tìte ‖xk − xl‖ ≤ ‖xk − xk+1‖ + · · · + ‖xl−1 − xl‖ ≤ 1

2k−1 + · · · +
1

2l−2 ≤ 1
2k−2 kai, epomènw
, h {xk} e�nai akolouj�a Cauchy ston X . 'Ara xk → xgia k�poio x ∈ X .Pa�rnoume ξ = [x]Y , opìte ‖ξnk

− ξ‖X/Y ≤ ‖xk − x‖ → 0. Tèlo
, epeid 
nk ≥ k gia k�je k, sunep�getai ‖ξk − ξ‖X/Y ≤ ‖ξk − ξnk

‖X/Y + ‖ξnk
− ξ‖X/Y

→ 0 ìtan k → +∞.H epìmenh prìtash perigr�fei to fusiologikì trìpo na dhmiourghje� nìr-ma apì m�a hminìrma: taut�zoume ta stoiqe�a tou q¸rou ta opo�a mhden�zei hhminìrma.Prìtash 3.13'Estw grammikì
 q¸ro
 X kai m�a hminìrma p ston X .(1) To Y = {y ∈ X |p(y) = 0} e�nai grammikì
 upìqwro
 tou X .(2) Gia k�je x, z ∈ X isqÔei ìti [z]Y = [x]Y an kai mìnon an p(z − x) = 0.(3) H ‖·‖X/Y : X/Y → R+
0
me tÔpo

‖ξ‖X/Y = p(x)gia k�je ξ ∈ X/Y , ìpou x ∈ ξ, or�zetai kal¸
 kai e�nai nìrma ston X/Y .(4) 'Estw ìti gia k�je {xn} ston X me p(xk − xl) → 0 up�rqei x ∈ X ¸ste
p(xn − x) → 0. Tìte o X/Y e�nai q¸ro
 Banach.Apìdeixh: (1) 'Ameso apì ti
 idiìthte
 th
 p.(2) [z]Y = [x]Y an kai mìnon an z − x ∈ Y an kai mìnon an p(z − x) = 0.(3) An x, x′ ∈ ξ ∈ X/Y , tìte x− x′ ∈ Y , opìte |p(x) − p(x′)| ≤ p(x− x′) = 0.'Ara p(x) = p(x′) kai o orismì
 th
 ‖·‖X/Y e�nai kalì
. To ìti h ‖·‖X/Y e�nainìrma ston X/Y apodeiknÔetai eÔkola apì ti
 idiìthte
 th
 p.(4) 'Estw ‖ξk − ξl‖X/Y → 0 kaj¸
 k, l → +∞. Pa�rnoume opoiad pote xn ∈ ξn,opìte xk − xl ∈ ξk − ξl kai, epomènw
, p(xk − xl) = ‖ξk − ξl‖X/Y → 0 kaj¸

k, l → +∞. 'Ara up�rqei x ∈ X ¸ste p(xn−x) → 0. Pa�rnoume ξ = [x]Y , opìte
xn − x ∈ ξn − ξ kai, epomènw
, ‖ξn − ξ‖X/Y = p(xn − x) → 0.3.1.8 Q¸roi sunart sewnOrismì
 3.11'Estw A èna mh-kenì sÔnolo kai B(A) o q¸ro
 ìlwn twn frag-mènwn sunart sewn apì to A sto F . Or�zoume ‖·‖u : B(A) → R+

0
me tÔpo

‖f‖u = sup{|f(a)| |a ∈ A}



3.1. Q�WROI ME N�ORMA 69gia k�je f ∈ B(A). EÔkola fa�netai ìti h ‖·‖u e�nai nìrma ston B(A) kaionom�zetai omoiìmorfh nìrma ston B(A).An h {fn} kai h f e�nai ston B(A) kai ‖fn − f‖u → 0, lème ìti h {fn}sugkl�nei omoiìmorfa sthn f sto A.Je¸rhma 3.5'Estw mh-kenì sÔnolo A. O B(A) me thn omoiìmorfhnìrma e�nai q¸ro
 Banach.Apìdeixh: 'Estw {fn} ston B(A) me ‖fk − fl‖u → 0 ìtan k, l → +∞. Gia k�je
a ∈ A isqÔei |fk(a) − fl(a)| ≤ ‖fk − fl‖u → 0, opìte up�rqei to lim fn(a) ∈ F .Or�zoume f : A→ F me tÔpo f(a) = lim fn(a) gia k�je a ∈ A.Up�rqei N ¸ste |fk(a)− fl(a)| ≤ ‖fk − fl‖u ≤ 1 gia k�je k, l ≥ N kai k�je
a ∈ A. Pa�rnonta
 ìrio ìtan l → +∞, br�skoume |fN (a) − f(a)| ≤ 1 gia k�je
a ∈ A kai, epomènw
, |f(a)| ≤ 1 + |fN (a)| ≤ 1 + ‖fN‖u gia k�je a ∈ A. 'Ara
f ∈ B(A).Omo�w
, up�rqei N ¸ste |fk(a) − fl(a)| ≤ ‖fk − fl‖u ≤ ǫ gia k�je k, l ≥ Nkai k�je a ∈ A. Pa�rnonta
 ìrio ìtan l → +∞, br�skoume |fk(a) − f(a)| ≤ ǫgia k�je k ≥ N kai k�je a ∈ A kai, epomènw
, ‖fk − f‖u ≤ ǫ gia k�je k ≥ N .'Ara ‖fk − f‖u → 0.Orismì
 3.12'Estw A èna
 topologikì
 q¸ro
 kai BC(A) o q¸ro
 ìlwn twnfragmènwn kai suneq¸n sunart sewn apì to A sto F . Or�zoume ‖·‖u : BC(A) →
R+

0
me tÔpo

‖f‖u = sup{|f(a)| |a ∈ A}gia k�je f ∈ BC(A). E�nai profanè
 ìti h ‖·‖u e�nai o periorismì
 ston
BC(A) th
 omoiìmorfh
 nìrma
 tou B(A) kai onom�zetai omoiìmorfh nìrmaston BC(A).Je¸rhma 3.6'Estw A topologikì
 q¸ro
. O BC(A) me thn omoiì-morfh nìrma e�nai q¸ro
 Banach.Apìdeixh: Arke� na apode�xoume ìti o BC(A) e�nai kleistì uposÔnolo tou B(A).JewroÔme {fn} ston BC(A) kai f ∈ B(A) ¸ste ‖fn − f‖u → 0. Pa�rnoume
a ∈ A kai tuqìn ǫ ∈ R+. Up�rqei N ¸ste |fk(b) − f(b)| ≤ ‖fk − f‖u ≤ 1

3 ǫgia k�je k ≥ N kai k�je b ∈ A. Epeid  h fN e�nai suneq 
 sto a, up�rqeianoiktì O sto A, ¸ste a ∈ O kai |fN (b) − fN (a)| ≤ 1
3 ǫ gia k�je b ∈ O. Tìte

|f(b)−f(a)| ≤ |f(b)−fN(b)|+|fN(b)−fN (a)|+|fN (a)−f(a)| ≤ 1
3 ǫ+

1
3 ǫ+

1
3 ǫ = ǫgia k�je b ∈ O. 'Ara h f e�nai suneq 
 se k�je a kai, epomènw
, sto A.H anisìthta Hölder gia oloklhr¸mata. 'Estw p, q > 1 me 1

p + 1
q = 1kai (Ω,Σ, µ) èna
 q¸ro
 mètrou. Gia k�je f, g ∈ M(Ω) isqÔei

∣∣
∫

Ω

fg
∣∣ ≤

(∫

Ω

|f |p
) 1

p
(∫

Ω

|g|q
) 1

qkai ∣∣
∫

Ω

fg
∣∣ ≤

(∫

Ω

|f |
)
ess.supΩ|g|.
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 pleurè
 e�nai peperasmène
,tìte h fg e�nai oloklhr¸simh kai isqÔoun oi anisìthte
.Apìdeixh: Gia th deÔterh anisìthta èqoume ìti |f(a)g(a)| ≤ |f(a)|ess.supΩ|g|gia µ-sqedìn k�je a ∈ A, opìte ∫
Ω |fg| ≤

(∫
Ω |f |

)
ess.supΩ|g| < +∞. 'Ara h fge�nai oloklhr¸simh kai ∣∣∫

Ω
fg

∣∣ ≤
∫
Ω
|fg| ≤

(∫
Ω
|f |

)
ess.supΩ|g|.Gia thn pr¸th anisìthta upojètoume kat' arq n ìti ∫

Ω |f |p =
∫
Ω |g|q = 1kai oloklhr¸noume thn anisìthta |f(a)||g(a)| ≤ 1

p |f(a)|p + 1
q |g(a)|q, opìte br�-skoume ∫

Ω |fg| ≤ 1
p

∫
Ω |f |p + 1

q

∫
Ω |g|q = 1.An ∫

Ω
|f |p,

∫
Ω
|g|q 6= 0, jètoume A =

(∫
Ω
|f |p

) 1
p kai B =

(∫
Ω
|g|q

) 1
q kaiparathroÔme ìti ∫

Ω

∣∣ f
A

∣∣p =
∫
Ω

∣∣ g
B

∣∣q = 1. Epomènw
, ∫
Ω
|fg| = AB

∫
Ω

∣∣ f
A

g
B

∣∣ ≤
AB.An èna apì ta ∫

Ω
|f |p,

∫
Ω
|g|q e�nai �so me 0, h teleuta�a anisìthta e�nai pro-fan 
.An h dexi� pleur� th
 pr¸th
 anisìthta
 e�nai peperasmènh, tìte ∫

Ω
|fg| <

+∞ kai h fg e�nai oloklhr¸simh. 'Ara ∣∣∫
Ω
fg

∣∣ ≤
∫
Ω
|fg| ≤

(∫
Ω
|f |p

) 1
p
(∫

Ω
|g|q

) 1
q .H anisìthta Minkowski gia oloklhr¸mata. 'Estw p ≥ 1 kai (Ω,Σ, µ)èna
 q¸ro
 mètrou. Gia k�je f, g ∈ M(Ω) isqÔei

(∫

Ω

|f + g|p
) 1

p ≤
(∫

Ω

|f |p
) 1

p +
(∫

Ω

|g|p
) 1

pkai
ess.supΩ|f + g| ≤ ess.supΩ|f | + ess.supΩ|g|.Apìdeixh: Gr�foume |f(a) + g(a)| ≤ ess.supΩ|f | + ess.supΩ|g| gia µ-sqedìnk�je a ∈ Ω, opìte ess.supΩ|f+g| ≤ ess.supΩ|f |+ess.supΩ|g|. Ep�sh
, h pr¸thanisìthta e�nai profan 
 ìtan p = 1.JewroÔme, epomènw
, p > 1 kai or�zoume q = p

p−1 , opìte 1
p + 1

q = 1. Tìtegr�foume ∫
Ω
|f + g|p ≤

∫
Ω
|f ||f + g|p−1 +

∫
Ω
|g||f + g|p−1 kai, b�sei th
 anisìth-ta
 Hölder,

∫
Ω
|f + g|p ≤

(∫
Ω
|f |p

) 1
p
(∫

Ω
|f + g|p

) 1
q +

(∫
Ω
|g|p

) 1
p
(∫

Ω
|f + g|p

) 1
q .AplopoioÔme kai katal goume sthn pr¸th anisìthta.An (Ω,Σ, µ) e�nai èna
 q¸ro
 mètrou kai p ≥ 1, or�zoume pp(f) =

(∫
Ω |f |p

) 1
pgia k�je f ∈ Lp(Ω). Ep�sh
, an p = +∞, or�zoume p∞(f) = ess.supΩ|f | giak�je f ∈ L∞(Ω).H anisìthta Minkowski sunep�getai ìti h pp e�nai hminìrma ston ant�stoiqo

Lp(Ω). ParathroÔme ìti pp(f) = 0 an kai mìnon an f(a) = 0 gia µ-sqedìnk�je a ∈ A. An jèsoume Y = {f ∈ M(Ω)|pp(f) = 0} = {f ∈ M(Ω)|f(a) =
0 gia µ-sqedìn k�je a ∈ Ω}, tìte, sÔmfwna me thn Prìtash 3.13, o Y e�naigrammikì
 upìqwro
 k�je q¸rou Lp(Ω). Ep�sh
, an f ∈ Lp(Ω), tìte to stoiqe�o
ξ = [f ]Y tou Lp(Ω)/Y apotele�tai apì ìle
 ti
 sunart sei
 ston Lp(Ω) oi
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 e�nai �se
 me thn f µ-sqedìn pantoÔ sto Ω: [f ]Y = {g ∈ M(Ω)|g(a) =
f(a) gia µ-sqedìn k�je a ∈ Ω}. B�sei th
 Prìtash
 3.13, o epìmeno
 orismì
e�nai kalì
.Orismì
 3.13'Estw 1 ≤ p ≤ +∞ kai

Y = {f ∈ M(Ω)|f(a) = 0 gia µ-sqedìn k�je a ∈ Ω}.Or�zoume
Lp(Ω) = Lp(Ω,Σ, µ) = Lp(Ω)/Ykai

‖[f ]Y ‖p =

{(∫
Ω |f |p

) 1
p , an 1 ≤ p < +∞,

ess.supΩ|f |, an p = +∞,gia k�je [f ]Y ∈ Lp(Ω).Je¸rhma 3.7H ‖·‖p : Lp(Ω) → R+
0

e�nai nìrma ston Lp(Ω) (onom�ze-tai p-nìrma) kai o Lp(Ω) me aut n th nìrma e�nai q¸ro
 Banach.Apìdeixh: H Prìtash 3.13 apodeiknÔei ìti h ‖·‖p e�nai nìrma. Ep�sh
, sÔmfwname thn �dia prìtash, gia na apode�xoume ìti o Lp(Ω) e�nai q¸ro
 Banach, arke�na apode�xoume ìti an h {fn} e�nai ston Lp(Ω) kai pp(fk − fl) → 0, tìte up�rqei
f ∈ Lp(Ω) ¸ste pp(fn − f) → 0.Gia k�je k up�rqei nk ¸ste p(fn − fm) ≤ 1

2k gia k�je n,m ≥ nk. Epeid ,profan¸
, mporoÔme na epilèxoume ta nk ¸ste nk < nk+1 gia k�je k, èqoumeupo-akolouj�a {fnk
} ¸ste pp(fnk

− fnk+1
) ≤ 1

2k gia k�je k.Kat' arq n, èstw 1 ≤ p < +∞.Or�zoume sk = |fn1 |+ |fn2 − fn1 |+ · · ·+ |fnk
− fnk−1

| ∈ Lp(Ω), opìte, b�seith
 anisìthta
 Minkowski,
(∫

Ω
sp

k

) 1
p ≤ (

∫
Ω
|fn1 |p

) 1
p + (

∫
Ω
|fn2 − fn1 |p

) 1
p + · · ·+

(
∫
Ω
|fnk

− fnk−1
|p

) 1
p ≤ pp(fn1) + 1

2 + · · · + 1
2k−1 ≤ pp(fn1) + 1. H teleuta�-a posìthta den exart�tai apì to k kai h {sp
k} e�nai aÔxousa akolouj�a ston

L1(Ω). SÔmfwna me to je¸rhma Monìtonh
 SÔgklish
, gia th sun�rthsh S =
limk→+∞ sp

k : Ω → R+
0
∪ {+∞} isqÔei ∫

Ω S < +∞ kai, epomènw
, S(a) < +∞gia µ-sqedìn k�je a ∈ Ω. 'Ara gia aut� ta a h seir� fn1+
∑+∞

k=2(fnk
−fnk−1

) sug-kl�nei apolÔtw
 kai, epomènw
, sugkl�nei. Dhlad  up�rqei to limk→+∞
(
fn1(a)+

(fn2(a)−fn1(a))+· · ·+(fnk
(a)−fnk−1

(a))
)

= limk→+∞ fnk
(a) ∈ F gia µ-sqedìnk�je a ∈ Ω.Or�zoume f(a) = limk→+∞ fnk

(a) an S(a) < +∞ kai f(a) = 0 an S(a) =
+∞. E�nai fanerì ìti |fnk

|p = |fn1 +(fn2−fn1)+· · ·+(fnk
−fnk−1

)|p ≤ sp
k ≤ S,

µ-sqedìn pantoÔ sto Ω kai, epomènw
, |f |p ≤ S, µ-sqedìn pantoÔ sto Ω. Epeid ∫
Ω S < +∞, sÔmfwna me to je¸rhma Kuriarqhmènh
 SÔgklish
, pp(fnk

− f) =
(∫

Ω |fnk
− f |p

) 1
p → 0.AfoÔ nk ≥ k gia k�je k, katal goume sto pp(fk − f) ≤ pp(fk − fnk

) +
pp(fnk

− f) → 0.Tèlo
, èstw p = +∞.
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 thn ènwsh arijm simou pl jou
 sunìlwn µ-mètrou mhdèn, blè-poume ìti up�rqei Ω′ ⊆ Ω me µ(Ω\Ω′) = 0 ¸ste |fk(a)−fl(a)| ≤ ess.supΩ|fk−fl|gia k�je a ∈ Ω′ kai k�je k, l. 'Ara up�rqei to ìrio limn fn(a) gia k�je a ∈ Ω′.Or�zoume f(a) = limn fn(a) gia a ∈ Ω′ kai f(a) = 0 gia a ∈ Ω \ Ω′.Gia tuqìn ǫ > 0 up�rqei N ¸ste |fk(a) − fl(a)| ≤ ess.supΩ|fk − fl| ≤ ǫgia k�je a ∈ Ω′ kai k�je k, l ≥ N . Pa�rnoume ìrio ìtan l → +∞, opìte
|fk(a) − f(a)| ≤ ǫ gia k�je a ∈ Ω′ kai k�je k ≥ N . 'Ara ess.supΩ|fk − f | ≤ ǫgia k�je k ≥ N kai, epomènw
, ess.supΩ|fk − f | → 0.Epeid  h ‖·‖p e�nai nìrma ston Lp(Ω) en¸ h pp den e�nai nìrma ston Lp(Ω)(ektì
 an to monadikì uposÔnolo tou Ω me µ-mètro mhdèn e�nai to kenì), seìle
 ti
 efarmogè
 twn q¸rwn aut¸n qrhsimopoie�tai en gènei o Lp(Ω). Epeid ,ìmw
, to sÔmbolo [f ]Y e�nai dÔsqrhsto, gr�foume p�ntote f ant� [f ]Y . Taut�-zoume, dhlad , k�je kl�sh isodunam�a
 me opoiod pote stoiqe�o th
, èqonta
kat� nou ìti, kat' autìn ton trìpo, opoiad pote f taut�zetai me opoiad pote�llh sun�rthsh h opo�a isoÔtai me thn f µ-sqedìn pantoÔ. Gr�foume, loipìn,

‖f‖p =
(∫

Ω

|f |p
) 1

pant� twn tupik� swstìterwn ‖[f ]Y ‖p =
(∫

Ω
|f |p

) 1
p kai pp(f) =

(∫
Ω
|f |p

) 1
p .Orismì
 3.14'Estw U èna anoiktì uposÔnolo tou Rn, m to mètro Lebesgue,

k ∈ N0 kai 1 ≤ p < +∞. Or�zoume
‖f‖k,p =

{ (∑
|α|≤k

∫
U |Dαf |p dm

) 1
p , an 1 ≤ p < +∞∑

|α|≤k ‖Dαf‖u , an p = +∞gia k�je f ∈ Ck(U).Ep�sh
, or�zoume Ck,p(U) w
 ton q¸ro ìlwn twn f ∈ Ck(U) me ‖f‖k,p < +∞.Prìtash 3.14H ‖·‖k,p : Ck,p(U) → R+
0
e�nai nìrma ston Ck,p(U).Apìdeixh: An 1 ≤ p < +∞, ‖f + g‖k,p =

(∑
|α|≤k

∫
U |Dαf + Dαg|p dm

) 1
p ≤

(∑
|α|≤k

[(∫
U |Dαf |p dm

) 1
p +

(∫
U |Dαg|p dm

) 1
p
]p

) 1
p ≤

(∑
|α|≤k

∫
U |Dαf |p dm

) 1
p

+
(∑

|α|≤k

∫
U |Dαg|p dm

) 1
p = ‖f‖k,p + ‖g‖k,p , ìpou qrhsimopoi jhkan oi anisì-thte
 Minkowski gia ajro�smata kai gia oloklhr¸mata. 'Ole
 oi upìloipe
idiìthte
 th
 nìrma
 e�nai �mese
, ìpw
 kai h per�ptwsh p = +∞.Orismì
 3.15'Estw topologikì
 q¸ro
 X kai f : X → F suneq 
 ston X .To supp(f) = cl({x ∈ X |f(x) 6= 0}) onom�zetai forèa
 th
 f . An to supp(f)e�nai sumpagè
, tìte lème ìti h f èqei sumpag  forèa.E�nai eÔkolo na doÔme ìti to X \ supp(f) e�nai to megalÔtero anoiktì upo-sÔnolo tou X sto opo�o h f e�nai tautotik� mhdèn.
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 3.16Ck,p
c (U) = {f ∈ Ck,p(U)|h f èqei sumpag  forèa ⊆ U}.L mma 3.1'Estw topologikì
 q¸ro
 X , κ ∈ F kai f, g : X → F suneqe�
 ston

X . Tìte supp(κf) ⊆ supp(f) kai supp(f + g) ⊆ supp(f) ∪ supp(g).Apìdeixh: 'Askhsh.Prìtash 3.15O Ck,p
c (U) me th nìrma ‖·‖k,p e�nai upìqwro
 tou Ck,p(U).Apìdeixh: Apì to teleuta�o l mma e�nai fanerì ìti an oi f, g ∈ Ck,p(U) èqounta supp(f), supp(g) sumpag  uposÔnola tou U , tìte to supp(κf), w
 kleistìuposÔnolo tou supp(f), e�nai sumpagè
 uposÔnolo tou U kai to supp(f + g), w
kleistì uposÔnolo tou sumpagoÔ
 supp(f)∪supp(g), e�nai sumpagè
 uposÔnolotou U . 'Ara κf, f + g ∈ Ck,p

c (U).Kanèna
 apì tou
 Ck,p(U), Ck,p
c (U) den e�nai pl rh
, ektì
 apì ton Ck,∞(U).Je¸rhma 3.8O Ck,∞(U) e�nai q¸ro
 Banach.Apìdeixh: An k = 0, tìte C0,∞(U) = BC(U) kai gnwr�zoume  dh ìti e�nai q¸ro


Banach.'Estw k ≥ 1 kai akolouj�a Cauchy {fm} ston Ck,∞(U). Dhlad ∑
|α|≤k ‖Dαfm −Dαfl‖u → 0 ìtan m, l → +∞. 'Ara gia k�je α me |α| ≤ kèqoume ‖Dαfm −Dαfl‖u → 0 ìtan m, l → +∞, opìte h {Dαfm} e�nai akolou-j�a Cauchy ston BC(U). 'Ara up�rqei fα : U → F suneq 
 sto U ¸ste

‖Dαfm − fα‖u → 0 ìtan m→ +∞.JewroÔme x = (x1, . . . , xj , . . . , xn) ∈ U kai mikrì h ∈ R ¸ste to eujÔgram-mo tm ma me �kra to x kai to x + hej = (x1, . . . , xj + h, . . . , xn) na perièqetaisto U . Tìte gia k�je m, fm(x1, . . . , xj + h, . . . , xn)− fm(x1, . . . , xj , . . . , xn) =∫ h

0
∂fm

∂xj
(x1, . . . , xj + t, . . . , xn)dt. An m → +∞, tìte h arister  pleur� sug-kl�nei sto f(0,...,0)(x1, . . . , xj + h, . . . , xn) − f(0,...,0)(x1, . . . , xj , . . . , xn) en¸ hdexi� pleur� sugkl�nei sto ∫ h

0
f(0,...,1,...,0)(x1, . . . , xj + t, . . . , xn)dt, ìpou to 1ston teleuta�o polude�kth emfan�zetai sth j jèsh. 'Ara f(0,...,0)(x1, . . . , xj + h,

. . . , xn) − f(0,...,0)(x1, . . . , xj , . . . , xn) =
∫ h

0
f(0,...,1,...,0)(x1, . . . , xj + t, . . . , xn)dt.Epeid  h sun�rthsh mèsa sto olokl rwma e�nai suneq 
 sun�rthsh tou t, sÔm-fwna me to Jemeli¸de
 Je¸rhma tou apeirostikoÔ logismoÔ, mporoÔme na parag-wg�soume w
 pro
 h sto h = 0 kai pa�rnoume ∂f(0,...,0)

∂xj
(x) = f(0,...,1,...,0)(x). 'Ara,an or�soume f = f(0,...,0), tìte f(0,...,1,...,0) = ∂f

∂xj
sto U .Me ton �dio trìpo mporoÔme epagwgik� na apode�xoume ìti gia k�je α me

|α| ≤ k isqÔei fα = Dαf sto U .'Ara gia k�je α me |α| ≤ k isqÔei ‖Dαfm −Dαf‖u → 0 ìtan m → +∞,opìte ‖fm − f‖k,∞ =
∑

|α|≤k ‖Dαfm −Dαf‖u → 0 ìtan m→ +∞.Orismì
 3.17Ck,∞
o (U) or�zetai na e�nai h kleist  j kh tou Ck,∞

c (U) ston
Ck,∞(U) kai k�je stoiqe�o tou lème ìti e�nai sun�rthsh h opo�a e�nai k forè
suneq¸
 paragwg�sime
 sto U kai mhden�zetai aut  kai ìle
 oi par�gwgo�th
 t�xh
 ≤ k sto sÔnoro, ∂(U), tou U .
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L mma 3.2H seir� 1 − ∑+∞
k=1

1·3···(2n−3)
2nn! (1 − t2)n sugkl�nei omoiìmorfa sto

[−1, 1] sth sun�rthsh |t|.Apìdeixh: Efarmìzonta
 to je¸rhma Taylor, pa�rnoume ìti √
1 − x = 1 −∑+∞

k=1
1·3···(2n−3)

2nn! xn gia k�je x me 0 ≤ x < 1. 'Ara ∑+∞
k=1

1·3···(2n−3)
2nn! xn <

1 gia ta �dia x. Epeid  k�je ìro
 e�nai mh-arnhtikì
, gia k�je N èqoume∑N
k=1

1·3···(2n−3)
2nn! xn < 1 kai, pa�rnonta
 ìrio ìtan x → 1−, ∑N

k=1
1·3···(2n−3)

2nn! ≤
1. 'Ara ∑+∞

k=1
1·3···(2n−3)

2nn! ≤ 1 kai, epomènw
, h seir� 1−∑+∞
k=1

1·3···(2n−3)
2nn! xn sug-kl�nei omoiìmorfa sto [0, 1] kai or�zei sun�rthsh suneq  sto �dio di�sthma. 'Ara√

1 − x = 1 − ∑+∞
k=1

1·3···(2n−3)
2nn! xn omoiìmorfa sto [0, 1]. Apomènei na jèsoume

x = 1 − t2 me t ∈ [−1, 1].Je¸rhma 3.9(Kakutani-Krein) 'Estw sumpag 
 topologikì
 q¸ro

A kai X èna
 grammikì
 upìqwro
 tou C(A) = BC(A) me thn omoiì-morfh nìrma kai me F = R. An o X èqei ti
 idiìthte
:(1) h stajer  sun�rthsh 1 an kei ston X,(2) |f | ∈ X gia k�je f ∈ X,(3) gia k�je a, a′ ∈ A me a 6= a′ up�rqei f ∈ X ¸ste f(a) 6= f(a′),tìte cl(X) = C(A).Apìdeixh: JewroÔme tuqoÔsa f ∈ C(A) kai èstw a, a′ ∈ A me a 6= a′. Tìteup�rqei h ∈ X ¸ste h(a) 6= h(a′). E�nai profanè
 ìti, me kat�llhlh epilog twn κ1, κ2 ∈ R, h ga,a′ = κ1h + κ2 ∈ X èqei thn idiìthta ga,a′(a) = f(a) kai
ga,a′(a′) = f(a′). Up�rqei anoikt  perioq  Va′ tou a′ ¸ste |ga,a′(b) − f(b)| ≤
|ga,a′(b) − ga,a′(a′)| + |f(a′) − f(b)| < ǫ gia k�je b ∈ Va′ . Lìgw sump�geia
,up�rqoun a′1, . . . , a′n ∈ A ¸ste A = Va′

1
∪ · · · ∪ Va′

n
.H (2) sunep�getai ìti gia k�je f1, f2 ∈ X isqÔei ìti max(f1, f2) = 1

2 (f1 +
f2 + |f1 − f2|) ∈ X kai min(f1, f2) = 1

2 (f1 + f2 − |f1 − f2|) ∈ X .Epomènw
, h sun�rthsh ga = max(ga,a′
1
, . . . , ga,a′

n
) an kei ston X kai isqÔeiìti ga(a) = f(a) kai ga(b) > f(b) − ǫ gia k�je b ∈ A.Up�rqei anoikt  perioq  Ua tou a ¸ste |ga(b) − f(b)| ≤ |ga(b) − ga(a)| +

|f(a) − f(b)| < ǫ gia k�je b ∈ Ua. Lìgw sump�geia
, up�rqoun a1, . . . , am ∈ A¸ste A = Va1 ∪ · · · ∪ Vam
. H sun�rthsh g = min(ga1 , . . . , gam

) an kei ston Xkai isqÔei ìti f(b) − ǫ < g(b) < f(b) + ǫ gia k�je b ∈ A.'Ara h f prosegg�zetai aperiìrista me stoiqe�a tou X kai, epomènw
, f ∈
cl(X). 'Ara cl(X) = C(A).Je¸rhma 3.10(Stone-Weierstrass) 'Estw sumpag 
 topologikì
 q¸-ro
 A kai X èna
 grammikì
 upìqwro
 tou C(A) = BC(A) me thn o-moiìmorfh nìrma. An o X èqei ti
 idiìthte
:(1) fg ∈ X gia k�je f, g ∈ X,(2) h stajer  sun�rthsh 1 an kei ston X,(3) f ∈ X gia k�je f ∈ X,(4) gia k�je a, a′ ∈ A me a 6= a′ up�rqei f ∈ X ¸ste f(a) 6= f(a′),tìte cl(X) = C(A).



3.1. Q�WROI ME N�ORMA 75Apìdeixh: JewroÔme to q¸ro CR(A) ⊆ C(A) me stoiqe�a ìle
 ti
 pragmatikè
sunart sei
 ston C(A) kaj¸
 kai ton ant�stoiqo XR. Tìte o XR e�nai gram-mikì
 upìqwro
 tou CR(A) kai èqei, profan¸
, ti
 idiìthte
 (1) kai (2). An
a, a′ ∈ A me a 6= a′ up�rqei f ∈ X ¸ste f(a) 6= f(a′). Tìte oi ℜf = 1

2 (f+f) kai
ℑf = 1

2i (f −f) an koun ston XR kai e�te ℜf(a) 6= ℜf(a′) e�te ℑf(a) 6= ℑf(a′).'Ara o XR èqei kai thn idiìthta (4). E�nai eÔkolo na doÔme ìti kai o upìqwro

cl(XR) èqei ti
 idiìthte
 (1),(2) kai (4).'Estw tuqoÔsa f ∈ cl(XR) kai ǫ > 0. Pa�rnoume K > 0 ¸ste −K ≤ f(a) ≤
K gia k�je a ∈ A kai pragmatikì polu¸numo P (t) ¸ste ∣∣|t|−P (t)

∣∣ ≤ ǫ
K gia k�je

t ∈ [−1, 1]. H Ôparxh tou P exasfal�zetai apì to prohgoÔmeno l mma. Tìte∣∣| f(a)
K | − P ( f(a)

K )
∣∣ ≤ ǫ

K kai, epomènw
, ∣∣|f(a)| −KP ( f(a)
K )

∣∣ ≤ ǫ gia k�je a ∈ A.ParathroÔme ìti h sun�rthsh KP ( f
K ) gr�fetai κ0 + κ1f + · · · + κnf

n, opìte,lìgw th
 (1), e�nai stoiqe�o tou cl(XR). 'Ara h |f | prosegg�zetai aperiìristaapì stoiqe�a tou cl(XR) kai, epeid  autì
 e�nai kleistì
, |f | ∈ cl(XR).Epomènw
, o cl(XR) ikanopoie� ti
 upojèsei
 tou Jewr mato
 3.9, opìte
cl(XR) = CR(A).An f ∈ C(A), tìte ℜf,ℑf ∈ CR(A), opìte ℜf,ℑf ∈ cl(XR) kai, epomènw
,
f ∈ cl(X).Ta dÔo epìmena apotelèsmata e�nai gnwstè
 efarmogè
 tou Jewr mato

Stone-Weierstrass.Je¸rhma 3.11(Weierstrass) An A ⊆ Rn e�nai sumpagè
, tìte giak�je sun�rthsh f : A→ F suneq  sto A kai k�je ǫ > 0 up�rqei polu-¸numo P (x1, . . . , xn), me suntelestè
 apì to F, ¸ste |f(x) − P (x)| ≤ ǫgia k�je x ∈ A.Apìdeixh: An Y ⊆ C(A) e�nai o grammikì
 upìqwro
 twn poluwnÔmwn P mesuntelestè
 apì to F , tìte o Y ikanopoie� ìle
 ti
 upojèsei
 tou Jewr mato

Stone-Weierstrass ektì
 apì to na e�nai kleistì
. Epomènw
 o cl(Y ) ikanopoie�ìle
 ti
 upojèsei
, opìte cl(Y ) = C(A).Orismì
 3.18Sunart sei
 oi opo�e
 e�nai grammiko� sunduasmo� me suntelestè
apì to F sunart sewn th
 morf 
 ei2π(k1x1+···+knxn), ìpou k1, . . . , kn ∈ Z,onom�zontai ekjetik� polu¸numa.Je¸rhma 3.12Gia k�je f : Rn → F, 1-periodik  w
 pro
 k�je me-tablht  kai suneq  ston Rn, kai k�je ǫ > 0 up�rqei ekjetikì polu-¸numo P ¸ste |f(x) − P (x)| ≤ ǫ gia k�je x ∈ Rn.Apìdeixh: JewroÔme to sÔnolo T = {y ∈ R2| ‖y‖2 = 1}, thn perifèreia kèntrou
0 kai akt�na
 1 ston R2, kai to sÔnolo Q = T×· · ·×T , me n ìrou
 sto ginìmeno,to opo�o e�nai sumpagè
 w
 uposÔnolo tou R2n.K�je f : Rn → F h opo�a e�nai 1-periodik  w
 pro
 k�je metablht  kaisuneq 
 ston Rn or�zei sun�rthsh f̃ : Q→ F me tÔpo

f̃(y1, . . . , yn) = f(x1, . . . , xn)



76 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIìpou yk = ei2πxk gia k�je k me 1 ≤ k ≤ n.Se k�je yk antistoiqoÔn poll� xk ta opo�a, ìmw
, an� dÔo diafèroun kat�akèraio arijmì, opìte, lìgw 1-periodikìthta
 th
 f , h tim  f̃(y1, . . . , yn) e�-nai kal¸
 orismènh. E�nai eÔkolo na apodeiqje� ìti h f̃ e�nai suneq 
 sto Q.Pr�gmati, an ta (y1, . . . , yn), (y′1, . . . , y
′
n) èqoun mikr  apìstash, tìte ta ant�s-toiqa (x1, . . . , xn), (x′1, . . . , x

′
n) mporoÔn na epilegoÔn ¸ste na èqoun ep�sh
 mikr apìstash, opìte oi timè
 f(x1, . . . , xn), f(x′1, . . . , x

′
n) diafèroun el�qista.Antistrìfw
, k�je f̃ : Q→ F suneq 
 sto Q or�zei m�a f : Rn → F h opo�ae�nai 1-periodik  w
 pro
 k�je metablht  kai suneq 
 ston Rn me tÔpo

f(x1, . . . , xn) = f̃(ei2πx1 , . . . , ei2πxn).Pa�rnoume, t¸ra, 1-periodik  f : Rn → F suneq  ston Rn kai thn ant�stoiqh
f̃ : Q → F h opo�a e�nai suneq 
 sto sumpagè
 Q ⊆ R2n. SÔmfwna me toprohgoÔmeno je¸rhma, up�rqei polu¸numo P̃ ¸ste |f̃(y) − P̃ (y)| ≤ ǫ gia k�je
y ∈ Q. Tìte h P : Rn → F pou or�zetai apì thn P̃ e�nai ekjetikì polu¸numokai |f(x) − P (x)| ≤ ǫ gia k�je x ∈ Rn.Ta prohgoÔmena apotelèsmata anafèrontai se prosèggish w
 pro
 thn o-moiìmorfh nìrma. To epìmeno anafèretai se prosèggish w
 pro
 thn p-nìrma.Je¸rhma 3.13An 1 ≤ p < +∞, tìte to sÔnolo {f ∈ C(Rn)|h f èqeisumpag  forèa} e�nai puknì ston Lp(Rn,B(Rn),m).Apìdeixh: 'Estw diast mata I = [a, b] kai I ′ = [a′, b′] me a < a′ < b′ < b.Or�zoume th suneq  sto R sun�rthsh gI,I′ h opo�a e�nai �sh me 1 sto I ′, �sh me 0èxw apì to I kai grammik  sta [a, a′] kai [b′, b]. An P = [a1, b1]×· · ·× [an, bn] kai
P ′ = [a′1, b

′
1]× · · ·× [a′n, b

′
n] e�nai parallhlep�peda ston Rn me aj < a′j < b′j < bjgia k�je j, jewroÔme th suneq  sto Rn sun�rthsh gP,P ′ = gI1,I′

1
· · · gIn,I′

n
hopo�a e�nai �sh me 1 sto P ′, �sh me 0 èxw apì to P kai isqÔei 0 ≤ gP,P ′ ≤ 1 sto

P \ P ′. An m(P \ P ′) ≤ δ, tìte ‖χP − gP,P ′‖p ≤ δ
1
p .JewroÔme tuqoÔsa f ∈ Lp(Rn,B(Rn),m) kai ǫ > 0. Up�rqei apl  sun�rth-sh h =

∑K
k=1 akχAk

, ìpou ak ∈ F kai Ak ∈ B(Rn) gia k�je k, ¸ste ‖f − h‖p ≤
1
3 ǫ. Gia k�je k up�rqei sÔnolo Bk = Pk,1 ∪ · · · ∪Pk,nk

me ìla ta Pk,1, . . . , Pk,nkna e�nai xèna an� dÔo parallhlep�peda kai m(Ak△Bk) ≤
(

ǫ
3KA

)p, ìpou A =

max(|a1|, . . . , |aK |). An jèsoume q =
∑K

k=1 akχBk
, tìte ‖h− q‖p ≤ ∑K

k=1 |ak|
‖χAk

− χBk
‖p ≤ KA ǫ

3KA = 1
3 ǫ.Tèlo
, gia k�je Pk,j pa�rnoume l�go mikrìtero parallhlep�pedo P ′

k,j ¸ste
m(Pk,j \ P ′

k,j) ≤
(

ǫ
3KAN

)p, ìpou N = max(n1, . . . , nK). Ep�sh
, jètoume g =
∑K

k=1 ak

∑nk

j=1 gPk,j ,P ′
k,j

kai èqoume ‖q − g‖p ≤ KAN ǫ
3KAN = 1

3 ǫ.H g e�nai suneq 
 ston Rn, èqei sumpag  forèa kai ‖f − g‖ < ǫ.3.1.10 Q¸roi mètrwnOrismì
 3.19'Estw (Ω,Σ) èna
 metr simo
 q¸ro
, dhlad  èna mh-kenì sÔnolo
Ω kai Σ m�a s-�lgebra uposunìlwn tou Ω. 'Estw kai èna migadikì mètro µ



3.1. Q�WROI ME N�ORMA 77orismèno sthn Σ. Or�zoume gia k�je A ∈ Σ,
|µ|(A) = sup{

n∑

m=1

|µ(Am)| |n ∈ N, Am ∈ Σ e�nai xèna an� dÔo kai ∪n
m=1Am ⊆ A}.To |µ|(A) onom�zetai olik  kÔmansh tou µ sto A.L mma 3.3'Estw K èna peperasmèno uposÔnolo tou C. Tìte up�rqei k�poio

M ⊆ K, ¸ste |∑κ∈M κ| ≥ 1
6

∑
κ∈K |κ|.Apìdeixh: To C e�nai ènwsh twn Q1 = {κ|ℜ(κ) ≥ |ℑ(κ)|}, Q2 = {κ|ℜ(κ) ≤

−|ℑ(κ)|}, Q3 = {κ|ℑ(κ) ≥ |ℜ(κ)|}, Q4 = {κ|ℑ(κ) ≤ −|ℜ(κ)|}.An k�poioi λ1, . . . , λN perièqontai sto Q1, tìte |λ1 + · · · + λN | ≥ ℜ(λ1 +
· · ·+λN ) = ℜ(λ1)+ · · ·+ℜ(λN ) ≥ 1√

2
(|λ1|+ · · ·+ |λN |). H �dia anisìthta isqÔeian ìloi oi λ1, . . . , λN perièqontai se èna apì ta Q2, Q3, Q4.Qwr�zoume to K se tèssera xèna an� dÔo uposÔnola K1,K2,K3,K4 ìpouto kajèna perièqei stoiqe�a tou K sta Q1, Q2, Q3, Q4 antisto�qw
. Tìte giaèna toul�qiston apì aut�, to opo�o ja onom�soume M , ja isqÔei ∑

κ∈M |κ| ≥
1
4

∑
κ∈K |κ|. B�sei th
 prohgoÔmenh
 paragr�fou, |∑κ∈M κ| ≥ 1√

2

∑
κ∈M |κ| ≥

1
4
√

2

∑
κ∈K |κ| ≥ 1

6

∑
κ∈K |κ|.Je¸rhma 3.14An to µ e�nai migadikì mètro ston (Ω,Σ), tìte to

|µ| e�nai mh-arnhtikì pragmatikì mètro ston (Ω,Σ). Eidik¸tera,
|µ|(Ω) < +∞.Apìdeixh: E�nai profanè
 ìti |µ|(A) ≥ 0 gia k�je A ∈ Σ kai ìti |µ|(∅) = 0.'Estw A1, A2, . . . ∈ Σ xèna an� dÔo kai A = ∪+∞

j=1A
j .Pa�rnoume A1, . . . , An ∈ Σ xèna an� dÔo me ∪n

m=1Am ⊆ A. Jètoume Aj
m =

Aj∩Am, opìte Am = ∪+∞
j=1A

j
m kai ∪n

m=1A
j
m ⊆ Aj . Epomènw
, ∑n

m=1 |µ(Am)| =∑n
m=1 |

∑+∞
j=1 µ(Aj

m)| ≤ ∑n
m=1

∑+∞
j=1 |µ(Aj

m)| =
∑+∞

j=1

∑n
m=1 |µ(Aj

m)| ≤
∑+∞

j=1 |µ|(Aj). 'Ara |µ|(A) ≤ ∑+∞
j=1 |µ|(Aj).Pa�rnoume tuqìn M kai gia k�je j = 1, . . . ,M tuqìnte
 arijmoÔ
 λj <

|µ|(Aj). Tìte up�rqoun Aj
1, . . . , A

j
nj

∈ Σ xèna an� dÔo me ∪nj

m=1A
j
m ⊆ Aj kai

λj <
∑nj

m=1 |µ(Aj
m)|. Tìte ta sÔnola A1

1, . . . , A
M
nM

e�nai xèna an� dÔo kai hènws  tou
 perièqetai sto A. 'Ara ∑M
j=1 λj <

∑M
j=1

∑nj

m=1 |µ(Aj
m)| ≤ |µ|(A).'Ara ∑M

j=1 |µ|(Aj) ≤ |µ|(A) kai, epomènw
, ∑+∞
j=1 |µ|(Aj) ≤ |µ|(A).Katal goume sto ∑+∞

j=1 |µ|(Aj) = |µ|(A), opìte to |µ| e�nai mètro kai apomè-nei na apode�xoume ìti |µ|(Ω) < +∞.'Estw |µ|(Ω) = +∞. Ja apode�xoume ìti up�rqoun B1, B2, . . . ∈ Σ ¸ste
B1 ⊇ B2 ⊇ . . ., |µ|(Bk) = +∞ kai |µ(Bk)| ≥ k − 1 gia k�je k. Pa�rnoume
B1 = Ω kai èstw ìti èqoume apode�xei thn Ôparxh twn B1, . . . , Bk. AfoÔ
|µ|(Bk) = +∞, up�rqoun A1, . . . , An ∈ Σ xèna an� dÔo ¸ste ∪n

m=1Am ⊆ Bk kai∑n
m=1 |µ(Am)| ≥ 6(|µ(Bk)|+ k). SÔmfwna me to prohgoÔmeno l mma, up�rqounk�poia apì ta A1, . . . , An, ta opo�a me allag  ar�jmhsh
 upojètoume ìti e�nai ta

A1, . . . , Al, ¸ste |∑l
m=1 µ(Am)| ≥ 1

6

∑n
m=1 |µ(Am)| ≥ |µ(Bk)| + k. Or�zoume
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S = ∪l

m=1Am ⊆ Bk, opìte |µ(S)| ≥ |µ(Bk)| + k. Epeid  |µ|(S) + |µ|(Bk \ S) =
|µ|(Bk) = +∞, sunep�getai ìti e�te |µ|(S) = +∞ e�te |µ|(Bk \ S) = +∞. Sthnpr¸th per�ptwsh jètoume Bk+1 = S ⊆ Bk, opìte |µ(Bk+1)| ≥ |µ(Bk)| + k ≥ k.Sth deÔterh per�ptwsh jètoume Bk+1 = Bk \ S ⊆ Bk, opìte |µ(Bk+1)| ≥
|µ(S)| − |µ(Bk)| ≥ k.T¸ra or�zoume ta xèna an� dÔo A1 = B1 \B2, A2 = B2 \B3, . . . kai to B∞ =
∩+∞

k=1Bk, opìte µ(B1)−µ(B∞) = µ(B1 \B∞) = µ(∪+∞
m=1Am) =

∑+∞
m=1 µ(Am) =

limk→+∞
∑k−1

m=1 µ(Am) = limk→+∞(µ(B1) − µ(Bk)). 'Ara limk→+∞ µ(Bk) =
µ(B∞) kai katal goume se ant�fash.Orismì
 3.20An to µ e�nai migadikì mètro ston (Ω,Σ), tìte to mh-arnhtikìpragmatikì mètro |µ| onom�zetai apìluth kÔmansh tou µ kai o arijmì
 |µ|(Ω)onom�zetai olik  kÔmansh tou µ.Sumbol�zoume ‖µ‖ = |µ|(Ω).Je¸rhma 3.15H ‖·‖ : A(Ω,Σ) → R+

0
e�nai nìrma ston A(Ω,Σ) kai oq¸ro
 autì
 e�nai q¸ro
 Banach.Apìdeixh: 'Estw ‖µ‖ = 0. Tìte, gia k�je A ∈ Σ, |µ(A)| ≤ |µ|(Ω) = 0, opìte

µ(A) = 0. 'Ara to µ e�nai to mhdenikì mètro.An κ ∈ F , tìte eÔkola apodeiknÔetai ìti ‖κµ‖ = |κ| ‖µ‖.'Estw µ, ν ∈ A(Ω,Σ). Gia k�je A1, . . . , An ∈ Σ xèna an� dÔo èqoume∑n
m=1 |(µ + ν)(Am)| ≤ ∑n

m=1 |µ(Am)| +
∑n

m=1 |ν(Am)| ≤ ‖µ‖ + ‖ν‖. 'Ara
‖µ+ ν‖ ≤ ‖µ‖ + ‖ν‖.'Estw {µ(n)} ston A(Ω,Σ) me ∥∥µ(k) − µ(l)

∥∥ → 0. Gia tuqìn A ∈ Σ èqoume
|µ(k)(A)−µ(l)(A)| ≤

∥∥µ(k) − µ(l)
∥∥ → 0, opìte up�rqei to ìrio limn→+∞ µ(n)(A)sto F .Or�zoume µ : Σ → F me tÔpo µ(A) = limn→+∞ µ(n)(A) gia k�je A ∈ Σ.Profan¸
, µ(∅) = limn→+∞ µ(n)(∅) = 0.'Estw A1, A2, . . . ∈ Σ xèna an� dÔo kai A = ∪+∞

j=1Aj . Gia tuqìn ǫ > 0 up�rqei
N ¸ste ∥∥µ(k) − µ(l)

∥∥ ≤ ǫ gia k�je k, l ≥ N . Epeid  ∑+∞
j=1 µ

(N)(Aj) = µ(N)(A),up�rqei J0 ¸ste |µ(N)(A) − ∑J
j=1 µ

(N)(Aj)| ≤ ǫ gia k�je J ≥ J0. An l ≥ N ,tìte |(µ(N)(A)−µ(l)(A))−∑J
j=1(µ

(N)(Aj)−µ(l)(Aj))| = |∑+∞
j=J+1(µ

(N)(Aj)−
µ(l)(Aj))| ≤

∑+∞
j=J+1 |µ(N)(Aj)−µ(l)(Aj)| ≤

∥∥µ(N) − µ(l)
∥∥ ≤ ǫ. Pa�rnonta
 ìriokaj¸
 l → +∞ br�skoume |(µ(N)(A)−µ(A))−∑J

j=1(µ
(N)(Aj)−µ(Aj))| ≤ ǫ kai,epomènw
, |µ(A)−∑J

j=1 µ(Aj)| ≤ 2ǫ gia k�je J ≥ J0. 'Ara ∑+∞
j=1 µ(Aj) = µ(A),opìte µ ∈ A(Ω,Σ).Gia tuqìn ǫ > 0 epilègoume N ìpw
 prin. An A1, . . . , An ∈ Σ e�nai xè-na an� dÔo, tìte gia k�je k, l ≥ N èqoume ∑n

m=1 |µ(k)(Am) − µ(l)(Am)| ≤∥∥µ(k) − µ(l)
∥∥ ≤ ǫ. Pa�rnonta
 ìrio ìtan l → +∞ br�skoume ∑n

m=1 |µ(k)(Am) −
µ(Am)| ≤ ǫ, opìte ∥∥µ(k) − µ

∥∥ ≤ ǫ gia k�je k ≥ N . 'Ara ∥∥µ(k) − µ
∥∥ → 0.Orismì
 3.21An to µ e�nai pragmatikì mètro ston (Ω,Σ), tìte ta mh-arnhti-k� pragmatik� mètra µ+ = 1

2 (|µ| + µ) kai µ− = 1
2 (|µ| − µ) onom�zontai jetik kÔmansh tou µ kai arnhtik  kÔmansh tou µ antisto�qw
.



3.1. Q�WROI ME N�ORMA 79To ìti ta mètra aut� e�nai mh-arnhtik� isqÔei diìti, lìgw tou orismoÔ tou
|µ|(A), èqoume |µ|(A) ≥ |µ(A)| gia k�je A ∈ Σ. Oi dÔo tautìthte


µ = µ+ − µ− kai |µ| = µ+ + µ−e�nai profane�
. Ep�sh
, e�nai eÔkolo na apodeiqjoÔn, me ton orismì, oi
|ℜµ|, |ℑµ| ≤ |µ| kai |µ| ≤ |ℜµ| + |ℑµ|ìpw
 kai oi genikìtere


|µ1 + µ2| ≤ |µ1| + |µ2| , |µ| = |µ| kai |κµ| = |κ||µ| .3.1.11 DiaqwrisimìthtaOrismì
 3.22'Ena
 q¸ro
 me nìrma onom�zetai diaqwr�simo
 an èqei arijm -simo puknì uposÔnolo.Prìtash 3.16'Oloi oi q¸roi lp me 1 ≤ p < +∞ kai oi c, c0 e�nai diaqwr�simoi.O l∞ den e�nai diaqwr�simo
.Apìdeixh: 'Ena
 κ ∈ C onom�zetai rhtì
 an ℜκ,ℑκ ∈ Q. E�nai profanè
 ìti tosÔnolo twn rht¸n migadik¸n arijm¸n e�nai puknì sto C.JewroÔme to A = {λ1e1 + · · · + λnen|n ∈ N, λ1, . . . , λn e�nai rhto� sto F},ìpou ej = (0, . . . , 0, 1, 0, . . .) èqei ìle
 ti
 suntetagmène
 �se
 me mhdèn ektì
 th

j suntetagmènh
 pou e�nai �sh me 1. To A e�nai arijm simo.'Estw tuqìn x = (x1, x2, . . .) ∈ lp (1 ≤ p < +∞) kai tuqìn ǫ > 0. Up�rqei
N ¸ste ∑+∞

j=N+1 |xj |p ≤ ǫp

2 . Gia k�je j = 1, . . . , N up�rqei rhtì λj ∈ F¸ste |xj −λj | ≤ ǫ

2
1
p N

1
p

. Tìte ‖x− (λ1e1 + · · · + λNeN)‖p
p =

∑N
j=1 |xj −λj |p +

∑+∞
j=N+1 |xj |p ≤ ǫp, opìte ‖x− (λ1e1 + · · · + λNeN )‖p ≤ ǫ. 'Ara to A e�naipuknì ston lp kai o lp e�nai diaqwr�simo
.An p�roume tuqìn x = (x1, x2, . . .) ∈ c0 kai tuqìn ǫ > 0, up�rqei N ¸ste

|xj | ≤ ǫ gia k�je j ≥ N + 1. Gia k�je j = 1, . . . , N up�rqei rhtì λj ∈ F ¸ste
|xj − λj | ≤ ǫ. Tìte ‖x− (λ1e1 + · · · + λNeN)‖∞ = sup{|x1 − λ1|, . . . , |xN −
λN |, |xN+1|, . . .} ≤ ǫ. 'Ara to A e�nai puknì ston c0 kai o c0 e�nai diaqwr�simo
.Gia ton c jewroÔme to arijm simo sÔnolo B = {λe+ λ1e1 + · · · + λnen|n ∈
N, λ, λ1, . . . , λn e�nai rhto� sto F}, ìpou e = (1, 1, . . .) èqei ìle
 ti
 suntetag-mène
 �se
 me 1. 'Estw tuqìn x = (x1, x2, . . .) ∈ c kai tuqìn ǫ > 0. An κ = limxj ,tìte x − κe ∈ c0. Pa�rnoume rhtì λ ∈ F ¸ste |κ − λ| ≤ ǫ

2 kai, me b�shta prohgoÔmena, a ∈ A ¸ste ‖(x− κe) − a‖∞ ≤ ǫ
2 . Tìte ‖x− (λe+ a)‖∞ ≤

‖(x− κe) − a‖∞ + ‖κe− λe‖∞ ≤ ǫ. Epeid  λe + a ∈ B, sunep�getai ìti to Be�nai puknì ston c.Tèlo
, èstw ìti o l∞ èqei arijm simo puknì uposÔnolo C = {x(1), x(2), . . .}.Gia k�je j pa�rnoume xj ∈ F ¸ste |xj | ≤ 1 kai |xj − x
(j)
j | ≥ 1 kai sqhmat�zoumeto x = (x1, x2, . . .). Tìte to x an kei ston l∞ kai ∥∥x− x(j)

∥∥
∞ ≥ |xj − x

(j)
j | ≥ 1gia k�je j. 'Ara den up�rqei stoiqe�o tou C se apìstash apì to x mikrìterhapì 1. 'Atopo.



80 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIPrìtash 3.17An A ⊆ Rn e�nai sumpagè
, tìte o C(A) me thn omoiìmorfhnìrma e�nai diaqwr�simo
.Apìdeixh: JewroÔme to sÔnolo B me stoiqe�a ìla ta polu¸numa Q(x1, . . . , xn)twn opo�wn oi suntelestè
 e�nai ìloi rhto� sto F . To B e�nai arijm simo kaipuknì ston C(A). Diìti, an p�roume tuqoÔsa f ∈ C(A) kai ǫ > 0, up�rqei,sÔmfwna me to Je¸rhma 3.11, polu¸numo P (x1, . . . , xn) me suntelestè
 apì to F¸ste |f(x)−P (x)| ≤ 1
2 ǫ gia k�je x ∈ A. 'Estw ìti to P èqeiN ìrou
 th
 morf 


axk1
1 · · ·xkn

n , ìti k1, . . . , kn ≤ K gia k�je ìro tou P kai ‖x‖2 ≤ R gia k�je x ∈ A.Gia k�je suntelest  a epilègoume rhtì b ∈ F ¸ste |b − a| ≤ δ = ǫ
2NRnK . Ansqhmat�soume to polu¸numo Q me tou
 �diou
 ìrou
 tou P all� me suntelestè


b ant� a, tìte |Q(x) − P (x)| ≤ NδRnK = 1
2 ǫ gia k�je x ∈ A. Epomènw
,

|f(x) −Q(x)| ≤ ǫ gia k�je x ∈ A.Prìtash 3.18'Estw q¸ro
 mètrou (Ω,Σ, µ) kai upojètoume ìti up�rqei m�aarijm simh sullog  Ξ ⊆ Σ ¸ste gia k�je A ∈ Σ me µ(A) < +∞ kai k�je ǫ > 0up�rqei B ∈ Ξ me µ(B△A) ≤ ǫ. Tìte, gia k�je p me 1 ≤ p < +∞ o Lp(Ω,Σ, µ)e�nai diaqwr�simo
.Apìdeixh: JewroÔme tuqoÔsa f ∈ Lp(Ω,Σ, µ) kai ǫ > 0. Gnwr�zoume apìth stoiqei¸dh jewr�a mètrou ìti up�rqei apl  sun�rthsh g =
∑n

k=1 κkχAk
∈

Lp(Ω,Σ, µ), (opìte µ(Ak) < +∞ gia k�je k) me κ1, . . . , κn ∈ F kai A1, . . . , An ∈
Σ ¸ste (∫

Ω
|f − g|p dµ

) 1
p < 1

2 ǫ.Epilègoume η > 0 to opo�o exart�tai apì to ǫ me trìpo pou ja prosdior�soumese l�go. Gia k�je k br�skoume Bk ∈ Ξ ¸ste µ(Bk △Ak) ≤ η kai br�skoume rhtì
λk ∈ F ¸ste |λk − κk| ≤ η. Jètoume h =

∑n
k=1 λkχBk

kai èqoume
(∫

Ω

|f − h|p dµ
) 1

p ≤
(∫

Ω

|f − g|p dµ
) 1

p +
(∫

Ω

|g − h|p dµ
) 1

p

≤ 1

2
ǫ+

n∑

k=1

|κk − λk|
(∫

Ω

|χBk
|p dµ

) 1
p

+

n∑

k=1

|κk|
(∫

Ω

|χAk
− χBk

|p dµ
) 1

p

=
1

2
ǫ+

n∑

k=1

|κk − λk|(µ(Bk))
1
p +

n∑

k=1

|κk|(µ(Bk △ Ak))
1
p

≤ 1

2
ǫ+ η

n∑

k=1

(µ(Ak) + η)
1
p + η

1
p

n∑

k=1

|κk|.Epeid  η
∑n

k=1(µ(Ak) + η)
1
p + η

1
p

∑n
k=1 |κk| → 0 kaj¸
 η → 0+, mporoÔmena epilèxoume to η ¸ste to teleuta�o �jroisma na e�nai ≤ 1

2 ǫ kai, epomènw
,(∫
Ω
|f − h|p dµ

) 1
p ≤ ǫ.'Ara to Q = {∑n

k=1 λkχBk
|n ∈ N, λ1, . . . , λn e�nai rhto�, B1, . . . , Bn ∈ Ξ}e�nai arijm simo kai puknì ston Lp(Ω,Σ, µ).



3.1. Q�WROI ME N�ORMA 81E�nai gnwstì ìti an to Ω e�nai Borel-sÔnolo ston Rn, Σ = B(Ω) kai µ = me�nai to mètro Lebesgue, tìte h sullog  Ξ twn sunìlwn th
 morf 
 B = P ∩Ω,ìpou P e�nai ènwsh peperasmènou pl jou
 parallhlepipèdwn twn opo�wn oi ko-rufè
 èqoun rhtè
 suntetagmène
, èqei thn idiìthta sthn upìjesh th
 teleu-ta�a
 prìtash
. 'Ara oi ant�stoiqoi q¸roi Lp(Ω,B(Ω),m), 1 ≤ p < +∞, e�naidiaqwr�simoi.3.1.12 Sump�geia'Eqoume  dh apode�xei ìti k�je kleistì kai fragmèno uposÔnolo enì
 q¸roupeperasmènh
 di�stash
 me nìrma e�nai sumpagè
. Ja doÔme ìti k�ti tètoio e�naiadÔnato se q¸ro �peirh
 di�stash
.Je¸rhma 3.16(L mma tou F. Riesz)'Estw q¸ro
 X me nìrma ‖·‖ kaign sio
 kleistì
 upìqwro
 Y tou X. Tìte gia k�je t me 0 < t < 1up�rqei x ∈ X ¸ste ‖x‖ = 1 kai ‖x− y‖ ≥ t gia k�je y ∈ Y .Apìdeixh: Pa�rnoume x0 ∈ X \ Y kai, epeid  o Y e�nai kleistì uposÔnolo tou
X , up�rqei r ∈ R+ ¸ste B(x0; r) ∩ Y = ∅. JewroÔme to d = inf{‖y − x0‖ |y ∈
Y }. Profan¸
, to d e�nai peperasmèno, afoÔ d ≤ ‖0 − x0‖, kai d ≥ r >
0. An 0 < t < 1, up�rqei y0 ∈ Y ¸ste ‖y0 − x0‖ ≤ d

t kai or�zoume x =
1

‖y0−x0‖ (y0 − x0). Tìte ‖x‖ = 1 kai gia k�je y ∈ Y isqÔei ìti ‖x− y‖ =
1

‖y0−x0‖ ‖(y0 − x0) − ‖y0 − x0‖ · y‖ = 1
‖y0−x0‖ ‖y1 − x0‖ ≥ 1

‖y0−x0‖d ≥ t, ìpou
y1 = y0 − ‖y0 − x0‖ y ∈ Y .Prìtash 3.19An o X e�nai q¸ro
 �peirh
 di�stash
 me nìrma, tìte k�jesumpagè
 uposÔnolì tou èqei kenì eswterikì.Apìdeixh: 'Estw ìti o X me nìrma ‖·‖ èqei �peirh di�stash, to K ⊆ X e�naisumpagè
 kai èqei eswterikì shme�o x0. Tìte up�rqei r ∈ R+ ¸ste h klei-st  mp�la cl(B(x0; r)) na perièqetai sto K, opìte aut  h kleist  mp�la e�naisumpagè
 sÔnolo. H kleist  mp�la cl(B(0; 1)) = {x ∈ X | ‖x‖ ≤ 1} prokÔpteiapì thn cl(B(x0; r)) me metafor� kat� −x0 kai omoiojes�a me lìgo 1

r . 'Ara h
{x ∈ X | ‖x‖ ≤ 1} e�nai sumpagè
 uposÔnolo tou X .Pa�rnoume tuqìn x1 me ‖x1‖ = 1. O Y1 =< {x1} > e�nai grammikì
 upìqwro
peperasmènh
 di�stash
 kai, epomènw
, e�nai gn sio
 kleistì
 upìqwro
 tou X .SÔmfwna me to L mma tou F. Riesz up�rqei x2 me ‖x2‖ = 1 kai ‖x2 − x1‖ ≥ 1

2 .O Y2 =< {x1, x2} > e�nai grammikì
 upìqwro
 peperasmènh
 di�stash
 kai,epomènw
, e�nai gn sio
 kleistì
 upìqwro
 tou X . SÔmfwna me to L mma tou F.
Riesz up�rqei x3 me ‖x3‖ = 1 kai ‖x3 − x1‖ ≥ 1

2 , ‖x3 − x2‖ ≥ 1
2 . Suneq�zonta
epagwgik� blèpoume ìti up�rqei akolouj�a {xn} sto sumpagè
 {x ∈ X | ‖x‖ ≤ 1}¸ste ‖xm − xn‖ ≥ 1

2 gia k�je n,m me n 6= m. Autì, ìmw
, èrqetai se ant�fashme to ìti prèpei na up�rqei sugkl�nousa upo-akolouj�a th
 {xn}.To epìmeno apotèlesma apotele� mh-tetrimmèno par�deigma sumpagoÔ
 su-nìlou se q¸ro me nìrma �peirh
 di�stash
.



82 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIOrismì
 3.23'Estw topologikì
 q¸ro
 A kai F m�a sullog  sunart sewn
f : A→ F .
(i) H F onom�zetai fragmènh sto a ∈ A an up�rqei K > 0 ¸ste |f(a)| ≤ Kgia k�je f ∈ F .
(ii) H F onom�zetai isosuneq 
 sto a ∈ A an gia k�je ǫ > 0 up�rqei anoikt perioq  U tou a ¸ste |f(a′) − f(a)| < ǫ gia k�je a′ ∈ U kai k�je f ∈ F .Je¸rhma 3.17(Arzelà-Ascoli) 'Estw sumpag 
 topologikì
 q¸ro
 Akai F ⊆ C(A) m�a sullog  sunart sewn f : A→ F fragmènh kai iso-suneq 
 se k�je shme�o tou A. Tìte to cl(F) e�nai sumpagè
 ston
C(A) me thn omoiìmorfh nìrma.Apìdeixh: Pa�rnoume tuqìn n ∈ N kai gia k�je a ∈ A br�skoume anoik-t  perioq  Ua,n tou a ¸ste |f(a′) − f(a)| < 1

n gia k�je a′ ∈ Ua,n kai k�-je f ∈ F . Lìgw sump�geia
 tou A, up�rqoun an,1, . . . , an,mn
∈ A ¸ste

A = Uan,1,n ∪ · · · ∪ Uan,mn ,n. Sqhmat�zoume to arijm simo sÔnolo B ⊆ A mestoiqe�a ta an,1, . . . , an,mn
gia ìla ta n ∈ N. Ek kataskeu 
 to B èqei thnidiìthta: se k�je b ∈ B antistoiqe� m�a anoikt  perioq  tou, Vb, ¸ste gia k�je

ǫ > 0 up�rqoun b1, . . . , bn ∈ B me A = Vb1 ∪ · · · ∪ Vbn
kai |f(a) − f(bj)| ≤ ǫ giak�je a ∈ Vbj

kai k�je f ∈ F .'Estw tuqoÔsa akolouj�a {fk} sto F . Tìte gia k�je b ∈ B h {fk(b)} e�naifragmènh akolouj�a sto F , opìte èqei sugl�nousa upo-akolouj�a. Epeid  to Be�nai arijm simo, qrhsimopoi¸nta
 to diag¸nio epiqe�rhma tou Cantor, blèpoumeìti up�rqei upo-akolouj�a {fkl
} ¸ste gia k�je b ∈ B h {fkl

(b)} sugkl�nei sto
F . 'Estw tuqìn ǫ > 0. Epilègoume b1, . . . , bn ∈ B me A = Vb1 ∪ · · · ∪ Vbn

kai
|f(a) − f(bj)| ≤ ǫ gia k�je a ∈ Vbj

kai k�je f ∈ F . Pa�rnoume opoiod pote
a ∈ A, opìte a ∈ Vbj

gia k�poio j = 1, . . . , n. Tìte |fkl
(a) − fkm

(a)| ≤
|fkl

(a)−fkl
(bj)|+|fkl

(bj)−fkm
(bj)|+|fkm

(bj)−fkm
(a)| ≤ 2ǫ+|fkl

(bj)−fkm
(bj)|.Epeid  ta b1, . . . , bn e�nai peperasmèna, up�rqei M ¸ste |fkl

(bj) − fkm
(bj)| ≤ ǫgia k�je l,m ≥ M kai k�je j = 1, . . . , n. Epomènw
, |fkl

(a) − fkm
(a)| ≤ 3ǫ giak�je l,m ≥M kai k�je a ∈ A. Dhlad  ‖fkl

− fkm
‖u ≤ 3ǫ gia k�je l,m ≥M .'Ara h {fkl

} e�nai akolouj�a Cauchy ston C(A) kai, epomènw
, sugkl�nei sestoiqe�o tou C(A). Apode�xame, loipìn, ìti k�je akolouj�a sto F èqei upo-akolouj�a sugkl�nousa ston C(A). Autì arke� gia na isqÔei ìti to cl(F) e�naisumpagè
. Pr�gmati, èstw akolouj�a {gk} sto cl(F). Gia k�je k pa�rnoume
fk ∈ F me ‖gk − fk‖u ≤ 1

k . Up�rqei {fkl
} ¸ste fkl

→ g gia k�poio g ∈ C(A),opìte ‖gkl
− g‖u ≤ 1

kl
+ ‖fkl

− g‖u → 0 ìtan l → +∞. Profan¸
, g ∈ cl(F).'Ara k�je akolouj�a sto cl(F) èqei upo-akolouj�a sugkl�nousa sto cl(F), opìteto cl(F) e�nai sumpagè
.3.1.13 Omoiìmorfa kurtè
 nìrme
Orismì
 3.24M�a nìrma ‖·‖ se grammikì q¸ro X onom�zetai omoiìmorfakurt  an gia k�je ǫ > 0 up�rqei δ > 0 ¸ste ‖x‖ , ‖y‖ ≤ 1 kai ∥∥1
2 (x+ y)

∥∥ > 1−δsunep�getai ìti ‖x− y‖ < ǫ.



3.1. Q�WROI ME N�ORMA 83To epìmeno je¸rhma e�nai arket� qr simo. Exasfal�zei, k�tw apì orismène
sunj ke
, thn elaqistopo�hsh th
 apìstash
 shme�ou apì kurtì sÔnolo. 'Opw
e�dame, h sump�geia h opo�a e�nai h sunhjismènh sunj kh gia elaqistopo�hshsuneqoÔ
 sun�rthsh
, den isqÔei akìmh kai gia apl� kurt� sÔnola, ìpw
 oikleistè
 mp�le
 se apeirodi�stato q¸ro me nìrma.Je¸rhma 3.18'Estw q¸ro
 X me omoiìmorfa kurt  nìrma ‖·‖ kai ènakurtì kai pl re
 K ⊆ X. Tìte gia k�je x ∈ X up�rqei monadikì
y0 ∈ K ¸ste ‖y0 − x‖ = inf{‖y − x‖ | y ∈ K}.Apìdeixh: An x ∈ K, tìte to monadikì y0 e�nai, profan¸
, to y0 = x.'Estw x /∈ K. Epeid  to K e�nai kleistì, sunep�getai ìti up�rqei r > 0¸ste B(x; r) ∩K = ∅. An jèsoume D = inf{‖y − x‖ | y ∈ K}, tìte D ≥ r > 0.Up�rqei {yn} sto K ¸ste ‖yn − x‖ → D. Or�zoume xn = 1

‖yn−x‖ (yn − x) kaièqoume ìti ‖xn‖ = 1 kai 1
2 (xn+xm) =

(
1

2‖yn−x‖+ 1
2‖ym−x‖

)( ‖ym−x‖
‖yn−x‖+‖ym−x‖ yn+

‖yn−x‖
‖yn−x‖+‖ym−x‖ ym−x

). IsqÔei ìti ‖ym−x‖
‖yn−x‖+‖ym−x‖ yn + ‖yn−x‖

‖yn−x‖+‖ym−x‖ ym ∈ K,afoÔ toK e�nai kurtì, opìte ∥∥1
2 (xn + xm)

∥∥ ≥
(

1
2‖yn−x‖+ 1

2‖ym−x‖
)
D → 1. 'Ara

‖xn − xm‖ → 0. Tìte ‖yn − ym‖ → 0 kai, epeid  to K e�nai pl re
, up�rqei
y0 ∈ K ¸ste yn → y0. 'Ara ‖y0 − x‖ = lim ‖yn − x‖ = D.'Estw D = ‖y0 − x‖ = ‖y′0 − x‖ me y0, y′0 ∈ K. Jètoume x0 = 1

‖y0−x‖ (y0 −
x) = 1

D (y0 − x) kai x′0 = 1

‖y′
0−x‖ (yn − x) = 1

D (y′0 −x), opìte ‖x0‖ = ‖x′0‖ = 1.Tìte ∥∥1
2 (x0 + x′0)

∥∥ = 1
D

∥∥1
2 (y0 + y′0) − x

∥∥ ≥ 1 kai, epomènw
 ‖x0 − x′0‖ = 0.L mma 3.4'Estw 0 < t ≤ 1 kai κ, λ ∈ C. An 1 < p ≤ 2, tìte
[
(1+ t)p−1 +(1− t)p−1

]
|κ|p +

[(1

t
+1

)p−1−
(1

t
−1

)p−1
]
|λ|p ≤ |κ+λ|p + |κ−λ|p.An 2 ≤ p < +∞, tìte h prohgoÔmenh anisìthta isqÔei me ≥ ant� ≤ .An, epiplèon, 0 < λ ≤ κ kai t = λ

κ , tìte h prohgoÔmenh anisìthta isqÔei w
isìthta gia k�je p me 1 < p < +∞.Apìdeixh: Me melèth th
 parag¸gou th
 sun�rthsh
 (w
 pro
 t) sthn arister pleur� th
 anisìthta
 prokÔptei ìti, an 0 < t ≤ 1, tìte isqÔei [
(1 + t)p−1 +

(1 − t)p−1
]
|κ|p +

[(
1
t + 1

)p−1 −
(

1
t − 1

)p−1
]
|λ|p ≤ ||κ| + |λ||p + ||κ| − |λ||p, an

1 < p ≤ 2, kai h �dia anisìthta me ≥ ant� ≤ , an 2 ≤ p < +∞.Apomènei na apodeiqje� h ||κ| + |λ||p + ||κ| − |λ||p ≤ |κ + λ|p + |κ − λ|p, an
1 < p ≤ 2, kai h �dia anisìthta me ≥ ant� ≤ , an 2 ≤ p < +∞.Jètoume λ

κ = r cos θ + ir sin θ kai anagìmaste sth sÔgkrish tou (1 + r)p +

(1− r)p me to (1+ r2 +2rs)
p

2 +(1+ r2−2rs)
p

2 ìtan −1 ≤ s ≤ 1. P�li me melèthth
 parag¸gou, blèpoume ìti h sun�rthsh (1+ r2 +2rs)
p
2 +(1+ r2 −2rs)

p
2 èqeisto di�sthma [−1, 1] el�qisth tim  sta s = ±1, an 1 < p ≤ 2, kai mègisth tim sta �dia shme�a, an 2 ≤ p < +∞. H tim  aut  e�nai �sh me (1 + r)p + (1 − r)p.Prìtash 3.20(Anisìthte
 Hanner.) An 1 < p ≤ 2, tìte

‖x+ y‖p
p + ‖x− y‖p

p ≥
∣∣ ‖x‖p + ‖y‖p

∣∣p +
∣∣ ‖x‖p − ‖y‖p

∣∣p



84 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIgia k�je x, y ston lp   se q¸ro peperasmènh
 di�stash
 kai
‖f + g‖p

p + ‖f − g‖p
p ≥

∣∣ ‖f‖p + ‖g‖p

∣∣p +
∣∣ ‖f‖p − ‖g‖p

∣∣pgia k�je f, g ∈ Lp(Ω,Σ, µ).An 2 ≤ p < +∞, tìte isqÔoun oi �die
 anisìthte
 me ≤ .Apìdeixh: Estw 1 < p ≤ 2.Jètoume κ = xj kai λ = yj sthn anisìthta tou prohgoÔmenou l mmato
kai prosjètoume gia 1 ≤ j ≤ n. Tìte, ∑n
j=1 |xj + yj|p +

∑n
j=1 |xj − yj |p ≥

[
(1 + t)p−1 + (1− t)p−1

] ∑n
j=1 |xj |p +

[(
1
t + 1

)p−1 −
(

1
t − 1

)p−1
]∑n

j=1 |yj |p. Anupojèsoume ìti 0 <
∑n

j=1 |yj |p ≤ ∑n
j=1 |xj |p, tìte jètoume tp =

∑
n

j=1
|yj |p∑

n

j=1
|xj |p

kaibr�skoume∑n
j=1 |xj+yj|p+

∑n
j=1 |xj−yj|p ≥

∣∣∣
(∑n

j=1 |xj |p
) 1

p +
(∑n

j=1 |yj|p
) 1

p

∣∣∣
p

+
∣∣∣
(∑n

j=1 |xj |p
) 1

p −
(∑n

j=1 |yj |p
) 1

p

∣∣∣
p

. H anisìthta aut  isqÔei, profan¸
, ìtan
∑n

j=1 |yj |p = 0 kai, lìgw summetr�a
, ìtan ∑n
j=1 |yj |p ≥ ∑n

j=1 |xj |p.An 2 ≤ p < +∞, tìte h anisìthta isqÔei me ≤ .An dim(X) = n kai ‖·‖p e�nai h p-nìrma tou X (w
 pro
 opoiad pote b�sh),tìte aut  h anisìthta gr�fetai
‖x+ y‖p

p + ‖x− y‖p
p ≥

∣∣ ‖x‖p + ‖y‖p

∣∣p +
∣∣ ‖x‖p − ‖y‖p

∣∣p,an 1 < p ≤ 2, kai me ≤ , an 2 ≤ p < +∞.Pa�rnonta
 ìrio ìtan n→ +∞, apodeiknÔontai oi �die
 anisìthte
 ston lp.An jèsoume κ = f(a) kai λ = g(a) kai akolouj soume thn �dia diadikas�abr�skoume
‖f + g‖p

p + ‖f − g‖p
p ≥

∣∣ ‖f‖p + ‖g‖p

∣∣p +
∣∣ ‖f‖p − ‖g‖p

∣∣pgia k�je f, g ∈ Lp(Ω,Σ, µ), an 1 < p ≤ 2, kai me ≤ , an 2 ≤ p < +∞.Je¸rhma 3.19An 1 < p < +∞, h p-nìrma ston Lp(Ω,Σ, µ), ston lpkai se k�je q¸ro peperasmènh
 di�stash
 e�nai omoiìmorfa kurt .Apìdeixh: 'Estw 2 ≤ p < +∞.An ‖x‖p , ‖y‖p ≤ 1 kai ∥∥1
2 (x+ y)

∥∥
p
≥ 1 − δ, tìte ‖x‖p + 1 ≥ ‖x+ y‖p >

2− 2δ, opìte ‖x‖p > 1− 2δ kai, omo�w
, ‖y‖p > 1− 2δ. 'Ara −2δ < ‖x‖p − 1 ≤
‖x‖p − ‖y‖p ≤ 1 − ‖y‖p < 2δ, dhlad  ∣∣ ‖x‖p − ‖y‖p

∣∣ < 2δ.B�sei th
 anisìthta
 Hanner, 2p(1−δ)p+‖x− y‖p
p < ‖x+ y‖p

p+‖x− y‖p
p ≤

2p +
∣∣ ‖x‖p − ‖y‖p

∣∣p < 2p + 2pδp. 'Ara ‖x− y‖p < 2
(
1 + δp − (1 − δ)p

) 1
p < ǫ,an to δ e�nai arket� mikrì. H �dia apìdeixh isqÔei kai gia sunart sei
, opìteèqoume apode�xei ìti h p-nìrma e�nai omoiìmorfa kurt , an 2 ≤ p < +∞.'Estw 1 < p ≤ 2. Antikajist¸nta
 sthn anisìthta Hanner ta x, y me x+y

2kai x−y
2 , br�skoume ‖x‖p

p + ‖x‖p
p ≥

∣∣ ∥∥x+y
2

∥∥
p
+

∥∥x−y
2

∥∥
p

∣∣p +
∣∣ ∥∥x+y

2

∥∥
p
−

∥∥x−y
2

∥∥
p

∣∣p.



3.1. Q�WROI ME N�ORMA 85An ‖x‖p , ‖y‖p ≤ 1 kai ∥∥1
2 (x+ y)

∥∥
p
≥ 1−δ, tìte qrhsimopoioÔme thn anisìth-ta |1 + t|p + |1 − t|p ≥ 2 + p(p − 1)t2 gia k�je t me 0 < t < 1 kai èqoume taex 
. An ∥∥x−y

2

∥∥
p
≥

∥∥x+y
2

∥∥
p
, tìte pa�rnoume 2 ≥ ‖x‖p

p + ‖y‖p
p ≥ 2

∥∥x−y
2

∥∥p

p
+

p(p− 1)
∥∥x−y

2

∥∥p−2

p

∥∥x+y
2

∥∥2

p
≥ (2 + p(p− 1))

∥∥x+y
2

∥∥p

p
> (2 + p(p− 1))(1− δ)p kai,epomènw
, δ > 1 −

(
2

2+p(p−1)

) 1
p .'Ara, epilègonta
 δ < 1 −
(

2
2+p(p−1)

) 1
p , sunep�getai ìti ∥∥x−y

2

∥∥
p
≤

∥∥x+y
2

∥∥
p
,opìte 2 ≥ ‖x‖p

p + ‖y‖p
p ≥ 2

∥∥x+y
2

∥∥p

p
+ p(p− 1)

∥∥x+y
2

∥∥p−2

p

∥∥x−y
2

∥∥2

p
≥ 2(1 − δ)p +

p(p − 1)(1 − δ)p−2
∥∥x−y

2

∥∥2

p
. Epomènw
, ‖x− y‖p ≤ 2

( 2−2(1−δ)p

p(p−1)(1−δ)p−2

) 1
2 < ǫ, anto δ e�nai arket� mikrì. 'Ara h p-nìrma e�nai omoiìmorfa kurt , an 1 < p ≤ 2.3.1.14 Seirè
Orismì
 3.25'Estw I èna mh-kenì sÔnolo deikt¸n kai {αi|i ∈ I} èna sÔnolomh-arnhtik¸n pragmatik¸n arijm¸n. Lème ìti h seir� ∑

i∈I αi sugkl�nei an
sup{∑i∈J αi|J peperasmèno ⊆ I} < +∞. Tìte lème ìti h seir� sugkl�neisto S   ìti to S e�nai to �jroisma th
 {αi|i ∈ I} kai gr�foume ∑

i∈I αi = S,ìpou S e�nai h tim  autoÔ tou supremum.Prìtash 3.21'Estw I èna mh-kenì sÔnolo deikt¸n kai {αi|i ∈ I} ⊆ R+
0
. Anh ∑

i∈I αi sugkl�nei kai èqei �jroisma S, tìte to I0 = {i ∈ I|ai 6= 0} e�nai topolÔ arijm simo uposÔnolo tou I. Ep�sh
, an I0 = {i1, i2, . . .} e�nai opoiad potear�jmhsh tou I0, tìte
S =

N∑

k=1

αik
,ìpou N = card(I0) e�nai e�te mh-arnhtikì
 akèraio
 arijmì
 e�te N = +∞.Apìdeixh: Or�zoume In = {i ∈ I|αi ≥ 1

n}, opìte I0 = ∪+∞
n=1In. Pa�rnoumeopoiod pote peperasmèno uposÔnoloM tou In, opìte 1

n card(M) ≤ ∑
i∈M αi ≤

S. 'Ara card(M) ≤ nS kai, epomènw
, to In e�nai peperasmèno me card(In) ≤ nS.'Ara to I0 e�nai to polÔ arijm simo.'Estw I0 = {i1, i2, . . .} opoiad pote ar�jmhsh tou I0 kai N = card(I0).An N < +∞, opìte I0 = {i1, . . . , iN}, tìte to mègisto �jroisma peperas-mènou pl jou
 stoiqe�wn tou {αi|i ∈ I} e�nai, profan¸
, to ∑N
k=1 αik

. 'Ara
S =

∑N
k=1 αik

.'Estw N = +∞. Gia k�je n ∈ N to {i1, . . . , in} e�nai peperasmèno up-osÔnolo tou I kai, epomènw
, ∑n
k=1 αik

≤ S. Ep�sh
, gia k�je ǫ > 0, up�rqeipeperasmèno J ⊆ I ¸ste ∑
i∈J αi > S − ǫ. MporoÔme, profan¸
, na upojè-soume ìti J ⊆ I0, opìte up�rqei k�poio n0 ∈ N ¸ste J ⊆ {i1, . . . , in} gia k�je

n ≥ n0. Tìte, ìmw
, S − ǫ <
∑

i∈J αi ≤
∑n

k=1 αik
≤ S gia k�je n ≥ n0. 'Ara

S =
∑+∞

k=1 αik
.
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 3.26'Estw X q¸ro
 me nìrma ‖·‖ kai akolouj�a {xn} ston X . Lèmeìti h ∑+∞
n=1 xn sugkl�nei sto s ∈ X an x1 + · · · + xn → s. Tìte lème ìti h∑+∞

n=1 xn èqei �jroisma s kai gr�foume s =
∑+∞

n=1 xn.Je¸rhma 3.20'Estw X q¸ro
 Banach me nìrma ‖·‖ kai {xi|i ∈ I} ⊆ Xìpou I e�nai èna mh-kenì sÔnolo deikt¸n. An h seir� ∑
i∈I ‖xi‖ su-gkl�nei, tìte to I0 = {i ∈ I|xi 6= 0} e�nai to polÔ arijm simo.An card(I0) = +∞ kai an I0 = {i1, i2, . . .} e�nai tuqoÔsa ar�jmhshtou I0, tìte h seir� ∑+∞

k=1 xik
sugkl�nei ston X kai to �jroisma

s =
∑+∞

k=1 xik
den exart�tai apì thn ar�jmhsh tou I0.Apìdeixh: SÔmfwna me thn prohgoÔmenh prìtash, to I0 e�nai to polÔ arijm simo.Upojètoume ìti card(I0) = +∞ kai èstw I0 = {i1, i2, . . .} opoiad pote ar�jmhshtou I0. Tìte h ∑+∞

k=1 ‖xik
‖ sugkl�nei.Jètoume sn = xi1 + · · ·+xin

, opìte, an n ≤ m, ‖sm − sn‖ ≤
∥∥xin+1

∥∥ + · · ·+
‖xim

‖ → 0 ìtan n,m→ +∞. 'Ara sn → s gia k�poio s ∈ X .JewroÔme opoiad pote �llh ar�jmhsh I0 = {j1, j2, . . .} kai pa�rnoume tuqìn
ǫ > 0. Tìte up�rqei n1 ¸ste ∑+∞

k=n1+1 ‖xik
‖ < ǫ. Ep�sh
, up�rqei n2 ¸ste

{i1, . . . , in1} ⊆ {j1, . . . , jn} gia k�je n ≥ n2. An n0 = max(n1, n2), tìte to
{i1, . . . , in1} perièqetai sto {i1, . . . , in} kai sto {j1, . . . , jn} gia k�je n ≥ n0.'Ara gia k�je n ≥ n0, to ∑n

k=1 xik
−∑n

k=1 xjk
den perièqei ìrou
 me de�kte
 apìto {i1, . . . , in1} kai perièqei to polÔ ènan ìro gia k�je de�kth apì to {in1+1, . . .}me suntelest  ±1. Epomènw
, ‖∑n

k=1 xik
− ∑n

k=1 xjk
‖ ≤ ∑+∞

k=n1+1 ‖xik
‖ < ǫgia k�je n ≥ n0. 'Ara lim

∑n
k=1 xik

= lim
∑n

k=1 xjk
kai, tèlo
, ∑+∞

k=1 xik
=∑+∞

k=1 xjk
.Orismì
 3.27'Estw X q¸ro
 me nìrma ‖·‖ kai {xi|i ∈ I} ⊆ X ìpou I e�naièna mh-kenì sÔnolo deikt¸n.

(i) An h seir� ∑
i∈I ‖xi‖ sugkl�nei, lème ìti h ∑

i∈I xi sugkl�nei apolÔtw
.
(ii) An to I0 = {i ∈ I|xi 6= 0} e�nai to polÔ arijm simo, h ∑+∞

k=1 xik
sugkl�neiston X gia k�je ar�jmhsh I0 = {i1, i2, . . .} kai to �jroisma den exart�tai apìthn ar�jmhsh, tìte lème ìti h seir� ∑

i∈I xi sugkl�nei qwr�
 proüpojèsei
.Epomènw
, to teleuta�o je¸rhma lèei ìti se q¸ro Banach, an m�a seir� sug-kl�nei apolÔtw
, tìte sugkl�nei qwr�
 proüpojèsei
.3.2 Q¸roi me eswterikì ginìmeno3.2.1 Eswterikì ginìmeno kai nìrmaOrismì
 3.28'Estw grammikì
 q¸ro
 X ep� tou F kai sun�rthsh ( · | · ) :
X ×X → F ¸ste gia k�je x, y, z ∈ X kai k�je κ ∈ F
(i) (x+ z|y) = (x|y) + (z|y), (κx|y) = κ(x|y)
(ii) (y|x) = (x|y)
(iii) (x|x) ≥ 0
(iv) (x|x) = 0 an kai mìnon an x = 0.H sun�rthsh ( · | · ) onom�zetai eswterikì ginìmeno ston X .
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 (i) kai (ii) sunep�getai ìti (x|y + z) = (x|y) + (x|z) kai (x|λy) =
λ(x|y). An sundu�soume ìla aut� pa�rnoume to genikìtero

(

n∑

k=1

κkxk|
m∑

l=1

λlyl) =

n∑

k=1

m∑

l=1

κkλl(xk|yl).An F = R, tìte, fusik�, parale�poume to sÔmbolo tou migadikoÔ suzugoÔ
apì ìla ta prohgoÔmena, afoÔ λ = λ gia k�je λ ∈ R.Je¸rhma 3.21(Anisìthta tou Schwarz) 'Estw X q¸ro
 me eswterikìginìmeno ( · | · ). Tìte
|(x|y)|2 ≤ (x|x)(y|y)gia k�je x, y ∈ X. H anisìthta aut  isqÔei w
 isìthta an kai mì-non an èna apì ta x, y e�nai pollapl�sio tou �llou.Apìdeixh: An x = 0, tìte af' enì
 (0|0) = (0|y) = 0, opìte h anisìthta isqÔeiw
 isìthta, af' etèrou 0 = 0y kai to 0 e�nai pollapl�sio tou y. Arke�, epomènw
,na upojèsoume ìti x 6= 0.Gia k�je κ ∈ F èqoume

0 ≤ (κx+ y|κx+ y)

= (x|x)|κ|2 + 2ℜ
(
(x|y)κ

)
+ (y|y)

=
∣∣∣
√

(x|x) κ+
(x|y)√
(x|x)

∣∣∣
2

+
(x|x)(y|y) − |(x|y)|2

(x|x) .T¸ra jètoume κ = − (x|y)
(x|x) kai br�skoume (x|x)(y|y) − |(x|y)|2 ≥ 0.An h anisìthta isqÔei w
 isìthta, (x|x)(y|y) = |(x|y)|2, tìte me thn �diaepilog  gia to κ èqoume (− (x|y)

(x|x) x+y|− (x|y)
(x|x) x+y) = 0 kai, epomènw
, y = (x|y)

(x|x) xopìte to y e�nai pollapl�sio tou x.An, antistrìfw
, y = κx gia k�poio κ ∈ F , tìte |(x|κx)|2 = |κ|2(x|x)2 =
(x|x)(κx|κx). Omo�w
, an to x e�nai pollapl�sio tou y, tìte h anisìthta isqÔeiw
 isìthta.ParathroÔme ìti h idiìthta (iv) tou eswterikoÔ ginomènou qrhsimopoi jhkemìno gia thn per�ptwsh th
 isìthta
 sthn anisìthta tou Schwarz.E�nai qr simo na gnwr�zoume ìti h anisìthta tou Schwarz isqÔeigia k�je sun�rthsh ( · | · ) h opo�a ikanopoie� ti
 idiìthte
 (i), (ii)kai (iii) tou eswterikoÔ ginomènou.Orismì
 3.29'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ). Or�zoume ‖x‖ =√

(x|x) gia k�je x ∈ X . H sun�rthsh ‖·‖ : X → R+
0
lème ìti e�nai h nìrmapou ep�getai apì to eswterikì ginìmeno.Prìtash 3.22H sun�rthsh ‖·‖ : X → R+

0
pou mìli
 or�sjhke e�nai nìrmaston X .



88 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIApìdeixh: Gia k�je x, y ∈ X èqoume ‖x+ y‖2 = (x+y|x+y) = (x|x)+2ℜ(x|y)+
(y|y) ≤ (x|x)+2

√
(x|x)

√
(y|y)+(y|y) = ‖x‖2

+2 ‖x‖ ‖y‖+‖y‖2
=

(
‖x‖+‖y‖

)2.'Ara ‖x+ y‖ ≤ ‖x‖ + ‖y‖.Oi upìloipe
 idiìthte
 th
 nìrma
 apodeiknÔontai polÔ eÔkola.H nìrma ‖·‖ h opo�a ja emfan�zetai sth melèth ma
 twn idiot twn enì
 q¸roume eswterikì ginìmeno ( · | · ) ja e�nai h nìrma pou ep�getai apì to eswterikìginìmeno.Epomènw
, k�je q¸ro
 me eswterikì ginìmeno e�nai q¸ro
 me nìrma kai, w
ek toÔtou, metrikì
 q¸ro
.Prìtash 3.23'EstwX q¸ro
 me eswterikì ginìmeno ( · | · ). Tìte h sun�rthsh
( · | · ) : X ×X → F e�nai suneq 
 sto X ×X .Apìdeixh: |(x|y)− (x′|y′)| ≤ ‖x‖ ‖y − y′‖+ ‖y‖ ‖x− x′‖ + ‖x− x′‖ ‖y − y′‖ giak�je x, x′, y, y′ ∈ X .Orismì
 3.30'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ). An o Y e�naigrammikì
 upìqwro
 tou X , tìte o periorismì
 tou ( · | · ) sto Y × Y apotele�eswterikì ginìmeno ston Y kai o Y me autì to eswterikì ginìmeno onom�zetaiupìqwro
 tou X.3.2.2 Isometr�e
Orismì
 3.31'Estw X,Y q¸roi me eswterik� ginìmena ( · | · )X kai ( · | · )Y . Anup�rqei 1-1 kai ep� grammikì
 telest 
 T : X → Y ¸ste (Tx |Tz )Y = (x | z )Xgia k�je x, z ∈ X , tìte o T onom�zetai isometr�a tou X me ton Y , lème ìti o
X e�nai isometrikì
 me ton Y kai gr�foume X iso

= Y .H sqèsh th
 isometr�a
 e�nai, profan¸
, sqèsh isodunam�a
. W
 sun jw
,taut�zoume dÔo isometrikoÔ
 q¸rou
 me eswterikì ginìmeno.Prìtash 3.24'Estw X,Y q¸roi me eswterik� ginìmena ( · | · )X kai ( · | · )Y kaiant�stoiqe
 nìrme
 ‖·‖X kai ‖·‖Y . Ep�sh
, èstw 1-1 kai ep� grammikì
 telest 

T : X → Y . Tìte o T e�nai isometr�a an kai mìnon an ‖Tx‖Y = ‖x‖X gia k�je
x ∈ X .Apìdeixh: An o T e�nai isometr�a, tìte ‖Tx‖Y =

√
(Tx |Tx )Y =

√
(x |x )X =

‖x‖X .Antistrìfw
, èstw ìti ‖Tx‖Y = ‖x‖X gia k�je x ∈ X . Tìte gia x, z ∈ Xèqoume ‖Tx‖2
Y + 2ℜ(Tx |Tz )Y + ‖Tz‖2

Y = ‖T (x+ z)‖2
Y = ‖x+ z‖2

X = ‖x‖2
X +

2ℜ(x | z )X + ‖z‖2
X . 'Ara ℜ(Tx |Tz )Y = ℜ(x | z )X gia k�je x, z ∈ X .An F = R, tìte (Tx |Tz )Y = (x | z )X gia k�je x, z ∈ X .An F = C, tìte jètoume ix sth jèsh tou x kai pa�rnoume ℑ(Tx |Tz )Y =

ℑ(x | z )X kai, epomènw
, (Tx |Tz )Y = (x | z )X gia k�je x, z ∈ X .'Ara èna
 T e�nai isometr�a q¸rwn w
 pro
 to eswterikì tou
 ginìmeno an kaimìnon an e�nai isometr�a twn �diwn q¸rwn w
 pro
 th nìrma tou
.



3.2. Q�WROI ME ESWTERIK�O GIN�OMENO 893.2.3 H omoiìmorfh kurtìthta th
 nìrma
Prìtash 3.25(Tautìthta tou Parallhlogr�mmou) 'Estw X q¸ro
 me eswte-rikì ginìmeno ( · | · ). Tìte
‖x+ y‖2

+ ‖x− y‖2
= 2 ‖x‖2

+ 2 ‖y‖2gia k�je x, y ∈ X .Je¸rhma 3.22H nìrma h opo�a ep�getai apì eswterikì ginìmenoe�nai omoiìmorfa kurt .Apìdeixh: 'Amesh apì thn tautìthta tou parallhlogr�mmou.Je¸rhma 3.23'Estw X q¸ro
 me eswterikì ginìmeno kai K pl re
kai kurtì uposÔnolo tou X. Tìte gia k�je x ∈ X up�rqei monadikì
y0 ∈ K ¸ste ‖x− y0‖ = inf{‖x− y‖ | y ∈ K}. Epiplèon, isqÔei ìti
ℜ(y − y0|x− y0) ≤ 0 gia k�je y ∈ K.Apìdeixh: H Ôparxh kai h monadikìthta tou y0 e�nai �mesh sunèpeia tou Jewr -mato
 3.18.'Estw tuqìn y ∈ K. Tìte gia k�je t me 0 < t < 1 èqoume ty+(1− t)y0 ∈ K,opìte

‖x− y0‖2 ≤ ‖x− (ty + (1 − t)y0)‖2

= ‖x− y0‖2 − 2tℜ(y − y0|x− y0) + t2 ‖y − y0‖2
.'Ara ℜ(y − y0|x − y0) ≤ 1

2 t ‖y − y0‖2 gia k�je t me 0 < t < 1 kai, pa�rnonta
ìrio ìtan t→ 0+, br�skoume ℜ(y − y0|x− y0) ≤ 0.3.2.4 Q¸roi HilbertOrismì
 3.32'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ). O X onom�zetaiq¸ro
 Hilbert an e�nai pl rh
.Orismì
 3.33Se grammikì q¸ro X me dim(X) < +∞, pa�rnoume opoiad poteb�sh {b1, . . . , bn} kai or�zoume eswterikì ginìmeno me tÔpo
(x|y)2 = x1y1 + · · · + xnyngia k�je x = x1b1 + · · · + xnbn, y = y1b1 + · · · + ynbn ∈ X .Orismì
 3.34Ston l2 or�zoume eswterikì ginìmeno me tÔpo

(x|y)2 =

+∞∑

j=1

xjyjgia k�je x = (x1, x2, . . .), y = (y1, y2, . . .) ∈ l2.
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 3.35Ston L2(Ω,Σ, µ) or�zoume eswterikì ginìmeno me tÔpo
(f |g)2 =

∫

Ω

f(a)g(a) dµ(a)gia k�je f, g ∈ L2(Ω,Σ, µ).E�nai profanè
 ìti se kajènan apì tou
 trei
 autoÔ
 q¸rou
 to eswterikìginìmeno pou or�sjhke ep�gei thn ant�stoiqh 2-nìrma. Ep�sh
, parathroÔme ìtih anisìthta tou Schwarz e�nai h anisìthta Hölder me p = q = 2.Je¸rhma 3.24Oi q¸roi peperasmènh
 di�stash
, o l2 kai oi q¸roi
L2(Ω,Σ, µ) e�nai q¸roi Hilbert me to eswterikì ginìmeno (·|·)

2
pouep�gei thn 2-nìrma.Apìdeixh: Profan 
.Je¸rhma 3.25(Pl rwsh q¸rou me eswterikì ginìmeno) Gia k�je q¸ro

X me eswterikì ginìmeno up�rqei q¸ro
 Hilbert X̃ ¸ste o X na e�-nai puknì
 upìqwro
 tou X̃.An o X̂ èqei ti
 �die
 idiìthte
 me ton X̃, up�rqei isometr�atou X̃ me ton X̂ th
 opo�a
 o periorismì
 ston X e�nai h tautoti-k  apeikìnish tou X.Apìdeixh: An ‖·‖ e�nai h nìrma tou X pou ep�getai apì to eswterikì ginìmeno
(·|·) tou X , gnwr�zoume ìti up�rqei q¸ro
 Banach X̃ me nìrma ‖·‖̃ , ¸ste o X nae�nai puknì
 upìqwro
 tou X̃ . Apomènei na epekte�noume to eswterikì ginìmeno
(·|·) tou X se eswterikì ginìmeno (·|·)̃ tou X̃, ¸ste h ‖·‖̃ na ep�getai apì to
(·|·)̃.Gia tuqìnta x, y ∈ X̃ pa�rnoume {xn} kai {yn} ston X me xn → x kai
yn → y ston X̃ . E�nai eÔkolo na de�xoume ìti, epeid  autè
 oi akolouj�e
 e�naiakolouj�e
 Cauchy, h {(xn|yn)} e�nai akolouj�a Cauchy sto F kai, epomènw
,èqei ìrio sto F . Ep�sh
, apodeiknÔoume ìti, an {x′n} kai {y′n} e�nai ston X kai
x′n → x kai y′n → y ston X̃, tìte lim(x′n|y′n) = lim(xn|yn). 'Ara or�zetai kal¸
to (x|y)̃ = lim(xn|yn).'Ole
 oi idiìthte
 tou eswterikoÔ ginomènou apodeiknÔontai eÔkola. Giapar�deigma, èstw ìti x ∈ X̃ kai (x|x)̃ = 0. Tìte, me {xn} ston X kai xn → x,èqoume 0 = (x|x)̃ = lim(xn|xn) = lim ‖xn‖2

= lim ‖xn‖̃ 2 = ‖x‖̃ 2 kai, epomèn-w
, x = 0.Fusik�, o �dio
 upologismì
 apodeiknÔei ìti h ‖·‖̃ ep�getai apì to (·|·)̃.Tèlo
, h isometr�a q¸rwn me nìrma pou gnwr�zoume ìti up�rqei an�mesa s-tou
 X̃ kai X̂ e�nai, sÔmfwna me thn Prìtash 3.24, isometr�a q¸rwn me eswterikìginìmeno.Orismì
 3.36An o X e�nai q¸ro
 me eswterikì ginìmeno, k�je q¸ro
 Hilbert

X̂ me thn idiìthta o X na e�nai puknì
 upìqwro
 tou X̂ onom�zetai pl rwshtou X se q¸ro Hilbert .



3.2. Q�WROI ME ESWTERIK�O GIN�OMENO 91To prohgoÔmeno je¸rhma lèei ìti opoiesd pote plhr¸sei
 tou X e�nai i-sometriko� q¸roi Hilbert kai, epomènw
, sun jw
 anaferìmaste sthn pl rwshtou X se q¸ro Hilbert .3.2.5 KajetìthtaOrismì
 3.37'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ).
(i) Ta x, y ∈ X onom�zontai k�jeta an (x|y) = 0. S' aut n thn per�ptwshgr�foume x⊥y.
(ii) Lème ìti to x ∈ X e�nai k�jeto sto S ⊆ X an x⊥y gia k�je y ∈ S.Gr�foume x⊥S.
(iii) Lème ìti ta S, T ⊆ X e�nai k�jeta an x⊥y gia k�je x ∈ T kai k�je y ∈ S.Gr�foume T⊥S.Prìtash 3.26'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ).
(i) Gia k�je x ∈ X isqÔei x⊥x an kai mìnon an x = 0.
(ii) An x⊥y, tìte y⊥x.
(iii) An to x ∈ X e�nai k�jeto se k�poia stoiqe�a tou X , tìte e�nai k�jeto kai sek�je stoiqe�o to opo�o e�nai ìrio grammik¸n sunduasm¸n aut¸n twn stoiqe�wn.Dhlad , an x⊥S, tìte x⊥cl(< S >).Apìdeixh: 'Askhsh.Orismì
 3.38'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ) kai mh-kenì S up-osÔnolo tou X . Or�zoume

S⊥ = {x ∈ X |x⊥y gia k�je y ∈ S}.Prìtash 3.27'Estw X q¸ro
 me eswterikì ginìmeno ( · | · ) kai mh-ken� S, TuposÔnola tou X .
(i) To S⊥ e�nai kleistì
 upìqwro
 tou X .
(ii) cl(< S >) ⊆ (S⊥)⊥.
(iii) An S ⊆ T , tìte T⊥ ⊆ S⊥.
(iv) [cl(< S >)]⊥ = S⊥.Apìdeixh: 'Askhsh.Je¸rhma 3.26'Estw X q¸ro
 me eswterikì ginìmeno, pl rh
 upìqw-ro
 Y tou X kai tuqìn x ∈ X. Tìte
(i) up�rqei monadikì y0 ∈ Y me ‖x− y0‖ = infy∈Y ‖x− y‖
(ii) gia to y0 tou (i) isqÔei x− y0 ⊥Y
(iii) to x gr�fetai me monadikì trìpo x = y0+z0 me y0 ∈ Y kai z0⊥Y .
(iv) X = Y + Y ⊥ kai Y ∩ Y ⊥ = {0}.
(v) Y = (Y ⊥)⊥.An o X e�nai q¸ro
 Hilbert, tìte ta prohgoÔmena isqÔoun giak�je kleistì upìqwro Y tou X.



92 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIApìdeixh: (i) To Je¸rhma 3.23.
(ii) Apì to Je¸rhma 3.23 èqoume ìti ℜ(x − y0|y − y0) ≤ 0 gia k�je y ∈ Y .Jètoume y + y0 sth jèsh tou y kai pa�rnoume ℜ(x − y0|y) ≤ 0 gia k�je y ∈ Y .Jètonta
 −y sth jèsh tou y, pa�rnoume ℜ(x − y0|y) ≥ 0 gia k�je y ∈ Y kai,epomènw
, ℜ(x− y0|y) = 0 gia k�je y ∈ Y . An F = R, tìte (x − y0|y) = 0 giak�je y ∈ Y . An F = C, jètonta
 iy sth jèsh tou y pa�rnoume ℑ(x− y0|y) = 0kai, epomènw
, (x− y0|y) = 0 gia k�je y ∈ Y . Se k�je per�ptwsh, x− y0 ⊥Y .
(iii) An z0 = x − y0, tìte x = y0 + z0 kai z0 ⊥Y . An x = y1 + z1 me y1 ∈ Ykai z1 ⊥Y , tìte z0 − z1 = y1 − y0 ∈ Y ∩ Y ⊥, opìte (z0 − z1|z0 − z1) = 0. 'Ara
z0 = z1 kai y0 = y1.
(iv) To X = Y + Y ⊥ mìli
 apode�qjhke kai, an x ∈ Y ∩ Y ⊥, tìte (x|x) = 0,opìte x = 0.
(v) Gnwr�zoume  dh ìti Y ⊆ (Y ⊥)⊥. 'Estw x ∈ (Y ⊥)⊥. Gr�foume x = y0 +z0 me
y0 ∈ Y kai z0⊥Y , opìte x⊥z0 (afoÔ z0 ∈ Y ⊥). Apì ta x⊥z0, y0⊥z0 sunep�getaiìti z0 = x0 − y0 ⊥ z0 kai, epomènw
, z0 = 0. 'Ara x = y0 ∈ Y .To (v) tou teleuta�ou jewr mato
 diatup¸netai isodÔnama: an o Y e�naipl rh
 upìqwro
 q¸rou me eswterikì ginìmeno, tìte k�je stoiqe�opou e�nai k�jeto se ìla ta stoiqe�a pou e�nai k�jeta ston Y an -kei ston Y .Je¸rhma 3.27An o X e�nai q¸ro
 Hilbert, tìte gia k�je mh-kenì
S ⊆ X isqÔei cl(< S >) = (S⊥)⊥.Apìdeixh: Efarmìzoume to prohgoÔmeno je¸rhma me Y = cl(< S >).To teleuta�o je¸rhma diatup¸netai isodÔnama: an to S e�nai mh-kenìuposÔnolo enì
 q¸rou Hilbert, tìte k�je stoiqe�o pou e�nai k�jetose ìla ta stoiqe�a pou e�nai k�jeta sto S prosegg�zetai aperiìri-sta me grammikoÔ
 sunduasmoÔ
 stoiqe�wn tou S.3.2.6 Orjokanonik� sÔnolaOrismì
 3.39'EstwX q¸ro
 me eswterikì ginìmeno (·|·) kai epag¸menh nìrma
‖·‖ kai A ⊆ X . To A onom�zetai orjog¸nio an a 6= 0gia k�je a ∈ A kai
(a|a′) = 0 gia k�je a, a′ ∈ A me a 6= a′.To A onom�zetai orjokanonikì an ‖a‖ = 1gia k�je a ∈ A kai (a|a′) = 0 giak�je a, a′ ∈ A me a 6= a′.E�nai profanè
 ìti k�je orjog¸nio sÔnolo A metatrèpetai se orjokanonikì
A′ = { 1

‖a‖ a|a ∈ A}.Orismì
 3.40'Estw X q¸ro
 me eswterikì ginìmeno (·|·) kai orjokanonikìsÔnolo A ⊆ X . To A onom�zetai maximal orjokanonikì sÔnolo sto X anden up�rqei orjokanonikì sÔnolo gn sia megalÔtero apì to A.To A onom�zetai orjokanonik  b�sh tou X an cl(< A >) = X .



3.2. Q�WROI ME ESWTERIK�O GIN�OMENO 93Me �lla lìgia, to orjokanonikì sÔnolo A e�nai maximal an den up�rqei
x ∈ X me x 6= 0 kai x⊥A. Ep�sh
, to A e�nai orjokanonik  b�sh an k�je x ∈ Xprosegg�zetai aperiìrista apì grammikoÔ
 sunduasmoÔ
 stoiqe�wn tou A.Prìtash 3.28Se q¸ro me eswterikì ginìmeno k�je orjokanonik  b�sh e�nai
maximal orjokanonikì sÔnolo.Se q¸ro Hilbert k�je maximal orjokanonikì sÔnolo e�nai orjokanonik  b�sh.Apìdeixh: 'Estw orjokanonik  b�sh A tou q¸rou X me eswterikì ginìmeno (·|·)kai epag¸menh nìrma ‖·‖. An up�rqei x ∈ X me x⊥A, tìte x⊥cl(< A >) = X ,opìte x⊥x kai, epomènw
, x = 0. 'Ara to A e�nai maximal orjokanonikì sÔnolo.'Estw ìti o X e�nai q¸ro
 Hilbert kai to A e�nai maximal orjokanonikìsÔnolo. JewroÔme ton kleistì upìqwro Y = cl(< A >) kai pa�rnoume tuqìn
x ∈ X . Gr�foume x = y0 + z0 me y0 ∈ Y kai z0⊥Y . Tìte z0⊥A kai, epomènw
,
z0 = 0. 'Ara x ∈ cl(< A >).Je¸rhma 3.28K�je q¸ro
 X 6= {0} me eswterikì ginìmeno èqei maxi-

mal orjokanonikì sÔnolo kai k�je q¸ro
 Hilbert èqei orjokanonik b�sh.An K e�nai orjokanonikì sÔnolo ston X, tìte to maximal orjo-kanonikì sÔnolo   h orjokanonik  b�sh mporoÔn na epilegoÔn ¸stena perièqoun to K.Apìdeixh: 'Estw X q¸ro
 me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖.Sqhmat�zoume th sullog  A me stoiqe�a ìla ta orjokanonik� uposÔnola tou
X   ta orjokanonik� sÔnola pou perièqoun to K, an to K jewre�tai dedomèno.An a 6= 0 e�nai tuqìn stoiqe�o tou X , tìte to { 1

‖a‖ a} e�nai stoiqe�o th
 A  , anto K e�nai dedomèno, to K e�nai stoiqe�o th
 A. JewroÔme sthn A th di�taxhtou egkleismoÔ kai pa�rnoume opoiad pote olik� diatetagmènh uposullog  C.Or�zoume to A0 =
⋃{A|A ∈ C}. K�je a ∈ A0 an kei se k�poio A ∈ C kai,epomènw
, ‖a‖ = 1. An a, a′ ∈ A0 kai a 6= a′, tìte up�rqoun A,A′ ∈ C ¸ste

a ∈ A kai a′ ∈ A′. Ta a, a′ an koun se èna apì ta A,A′, opìte (a|a′) = 0. 'Ara
A0 ∈ A kai, profan¸
, e�nai �nw-fr�gma th
 C. SÔmfwna me to L mma tou Zornup�rqei maximal stoiqe�o th
 A.Je¸rhma 3.29(Anisìthta Bessel.)'Estw q¸ro
 X me eswterikì gi-nìmeno (·|·) kai epag¸menh nìrma ‖·‖ kai orjokanonikì sÔnolo A ⊆ X.Gia k�je x ∈ X isqÔei

∑

a∈A

|(x|a)|2 ≤ ‖x‖2
.Apìdeixh: JewroÔme opoiod pote peperasmèno {a1, . . . , an} ⊆ A kai or�zoumeto z = x− ∑n

k=1(x|ak)ak. Tìte gia k�je j me 1 ≤ j ≤ n èqoume
(z|aj) = (x|aj) −

n∑

k=1

(x|ak)(ak|aj) = (x|aj) − (x|aj) = 0.
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‖x‖2

=

∥∥∥∥∥z +

n∑

k=1

(x|ak)ak

∥∥∥∥∥

2

= ‖z‖2
+

n∑

k=1

|(x|ak)|2 ‖ak‖2

≥
n∑

k=1

|(x|ak)|2.SÔmfwna me ton Orismì 3.24, sunep�getai ∑
a∈A |(x|a)|2 ≤ ‖x‖2

.Je¸rhma 3.30(F.Riesz, Fischer ) 'Estw q¸ro
 Hilbert X me esw-terikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖ kai orjokanonikì sÔ-nolo A ⊆ X.Gia k�je sÔnolo {κa ∈ F |a ∈ A} me ∑
a∈A |κa|2 < +∞, h seir�∑

a∈A κa a sugkl�nei qwr�
 proüpojèsei
 ston X. An x =
∑

a∈A κa a,tìte
(i) (x|a) = κa gia k�je a ∈ A,
(ii) ‖x‖2

=
∑

a∈A |κa|2 kai
(iii) (x|y) =

∑
a∈A κa(y|a) gia k�je y ∈ X.Apìdeixh: Apo thn Prìtash 3.21 èqoume ìti to A0 = {a ∈ A|κa 6= 0} e�naito polÔ arijm simo. JewroÔme opoiad pote ar�jmhsh A0 = {a1, a2, . . .}, opìte∑

a∈A |κa|2 =
∑N

k=1 |κak
|2, ìpou N = card(A0). Kat' arq n upojètoume ìti

N = +∞.An jèsoume sn =
∑n

k=1 κak
ak, gia k�je n,m me n < m èqoume ‖sm − sn‖2

=∥∥∑m
k=n+1 κak

ak

∥∥2
=

∑m
k=n+1 |κak

|2 → 0 ìtan n,m→ +∞. 'Ara up�rqei x ∈ X¸ste sn → x. Dhlad  x =
∑+∞

k=1 κak
ak. Ep�sh
, profan¸
, x ∈ cl(< A >)kai (x|a) = lim(sn|a) = lim

∑n
k=1 κak

(ak|a) =
∑+∞

k=1 κak
(ak|a) = κa gia k�je

a ∈ A.An jewr soume opoiad pote �llh ar�jmhsh A0 = {a′1, a′2, . . .}, tìte up�rqeip�li to x′ =
∑+∞

k=1 κa′
k
a′k ∈ X kai x′ ∈ cl(< A >) me (x′|a) = κa gia k�je

a ∈ A. Tìte x− x′ ∈ cl(< A >) kai x − x′⊥cl(< A >) (afoÔ x− x′⊥A). 'Ara
x−x′ = 0 kai, epomènw
, to �jroisma th
 seir�
 den exart�tai apì thn ar�jmhshtou A0. Epomènw
 h seir� ∑

a∈A κa a sugkl�nei qwr�
 proüpojèsei
 ston X kai∑
a∈A κa a = x =

∑+∞
k=1 κak

ak.Gia k�je y ∈ X èqoume ìti (x|y) = lim(sn|y) = lim
∑n

k=1 κak
(ak|y) =∑+∞

k=1 κak
(ak|y) =

∑+∞
k=1 κak

(y|ak) =
∑

a∈A κa(y|a), afoÔ to apotèlesma denexart�tai apì thn ar�jmhsh tou A0.Aut  e�nai h isìthta (iii) kai, jètonta
 y = x, pa�rnoume thn (ii).H per�ptwsh N < +∞ e�nai tele�w
 stoiqei¸dh
.Orismì
 3.41'Estw X q¸ro
 me eswterikì ginìmeno (·|·), A orjokanonikìsÔnolo ston X kai x ∈ X . Oi arijmo� (x|a) onom�zontai suntelestè
 Fouriertou x kai h seir� ∑
a∈A(x|a)a onom�zetai seir� Fourier tou x w
 pro
 to A.



3.2. Q�WROI ME ESWTERIK�O GIN�OMENO 95Je¸rhma 3.31'Estw q¸ro
 Hilbert X me eswterikì ginìmeno (·|·),epag¸menh nìrma ‖·‖ kai orjokanonik  b�sh A ⊆ X. Tìte gia k�je
x ∈ X h seir� ∑

a∈A(x|a) a sugkl�nei qwr�
 proüpojèsei
 ston X kai
(i) x =

∑
a∈A(x|a) a,

(ii) ‖x‖2
=

∑
a∈A |(x|a)|2 kai

(iii) (x|y) =
∑

a∈A(x|a)(y|a) gia k�je y ∈ X.Oi dÔo teleuta�e
 isìthte
 onom�zontai tautìthte
 Parseval.Apìdeixh: Apì ta dÔo prohgoÔmena jewr mata èqoume ìti h seir� ∑
a∈A(x|a) asugkl�nei qwr�
 proüpojèsei
 ston X . An jèsoume x′ =

∑
a∈A(x|a) a, tìte

(x′|a) = (x|a) gia k�je a ∈ A. Epomènw
 x − x′⊥A kai, epeid  to A e�nai
maximal orjokanonikì sÔnolo, sunep�getai ìti x = x′. 'Ara x =

∑
a∈A(x|a) akai ta (ii), (iii) prokÔptoun apì to prohgoÔmeno je¸rhma.3.2.7 Orjog¸nie
 probolè
Orismì
 3.42'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai upìqwro
 Y tou

X . An up�rqei upìqwro
 Z ¸ste
(i) Z + Y = X kai Z ∩ Y = {0}
(ii) Z⊥Ytìte o Z onom�zetai orjog¸nio sumpl rwma tou Y kai lème ìti o Y èqeiorjog¸nio sumpl rwma.Profan¸
, an o Z e�nai orjog¸nio sumpl rwma tou Y , tìte o Y e�nai or-jog¸nio sumpl rwma tou Z.Prìtash 3.29'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai upìqwro
 Y tou
X . An o Y èqei orjog¸nio sumpl rwma, tìte o Y e�nai kleistì
 kai to orjog¸niosumpl rwm� tou e�nai o Y ⊥.Apìdeixh: 'Estw ìti up�rqei upìqwro
 Z ¸ste Z + Y = X , Z ∩ Y = {0} kai
Z⊥Y . An h {yn} e�nai ston Y kai yn → x ∈ X , gr�foume x = z + y me z ∈ Zkai y ∈ Y . Tìte (z|x) = lim(z|yn) = 0 kai, epeid  (z|y) = 0, sunep�getai ìti
(z|z) = (z|x) − (z|y) = 0. 'Ara z = 0 kai x = y ∈ Y . Epomènw
, o Y e�naikleistì
.E�nai profanè
 ìti Z ⊆ Y ⊥. Pa�rnoume tuqìn x ∈ Y ⊥ kai to gr�foume
x = z + y me z ∈ Z kai y ∈ Y . Tìte z⊥Y kai x⊥Y , opìte y = x − z⊥Y . 'Ara
y = 0 kai x = z ∈ Z.Prìtash 3.30K�je pl rh
 upìqwro
 q¸rou me eswterikì ginìmeno kai k�jekleistì
 upìqwro
 q¸rou Hilbert èqei orjog¸nio sumpl rwma.Apìdeixh: 'Amesh apì to Je¸rhma 3.26.Orismì
 3.43'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai upìqwro
 Y tou
X me orjog¸nio sumpl rwma Y ⊥. Or�zoume sun�rthsh PY : X → X me tÔpo
PY (x) = y, ìpou x = y + z me y ∈ Y kai z ∈ Y ⊥.Summetrik�, or�zetai kai h PY ⊥ : X → X me tÔpo PY ⊥(x) = z.H PY onom�zetai orjog¸nia probol  tou X ston Y .



96 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIPrìtash 3.31'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai upìqwro
 Y tou
X me orjog¸nio sumpl rwma Y ⊥. Tìte(1) PY , PY ⊥ ∈ L(X,X) kai R(PY ) = Y = N(PY ⊥), N(PY ) = Y ⊥ = R(PY ⊥),(2) PY PY = PY kai PY ⊥PY ⊥ = PY ⊥ ,(3) PY +PY ⊥ = I kai PY PY ⊥ = PY ⊥PY = O, ìpou I e�nai o tautotikì
 telest 
tou X kai O e�nai o mhdenikì
 telest 
 tou X .Apìdeixh: 'Askhsh.Prìtash 3.32'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai pl rh
 upì-qwro
 Y tou X , opìte o Y èqei orjokanonik  b�sh A kai orjog¸nio sumpl rwma.Tìte gia k�je x ∈ X isqÔei

PY (x) =
∑

a∈A

(x|a) a .Apìdeixh: An x ∈ X , gr�foume x = y+z me y ∈ Y kai z ∈ Y ⊥. Efarmìzoume toJe¸rhma 3.31 ston Y kai pa�rnoume PY (x) = y =
∑

a∈A(y|a) a =
∑

a∈A(x|a) a,afoÔ (y|a) = (x|a) − (z|a) = (x|a).3.2.8 DiaqwrisimìthtaJe¸rhma 3.32(E. Schmidt) 'Estw diaqwr�simo
 q¸ro
 X me eswte-rikì ginìmeno kai �peirh di�stash. Tìte(1) o X èqei arijm simh orjokanonik  b�sh kai k�je orjokanonik b�sh tou X e�nai arijm simh,(2) an o X e�nai q¸ro
 Hilbert, tìte o X e�nai isometrikì
 meton l2.Apìdeixh: (1) 'Estw A = {a1, a2, . . .} èna arijm simo puknì uposÔnolo tou X .An C e�nai opoiod pote orjokanonikì sÔnolo ston X , tìte gia k�je c ∈ CjewroÔme th mp�la B(c;
√

2
2 ) kai parathroÔme ìti oi mp�le
 autè
 e�nai an� dÔoxène
. Gia k�je c ∈ C up�rqei a ∈ A ∩ B(c;

√
2

2 ). Or�zetai, loipìn, sun�rthsh
C ∋ c 7→ a ∈ A h opo�a e�nai 1-1. 'Ara to C e�nai to polÔ arijm simo. An, epi-plèon, to C e�nai orjokanonik  b�sh tou X , tìte e�nai arijm simo. Diaforetik�,ja  tan C = {c1, . . . , cn}, opìte to X = cl(< {c1, . . . , cn} >) =< {c1, . . . , cn} >ja e�qe peperasmènh di�stash. (QrhsimopoioÔme to ìti k�je upìqwro
 peperas-mènh
 di�stash
 e�nai kleistì
.)'Estw n1 o el�qisto
 fusikì
 ¸ste an1 6= 0. Katìpin, èstw n2 o el�qisto
fusikì
 ¸ste to an2 na mhn e�nai pollapl�sio tou an1 . Suneq�zonta
 epagwgik�,an èqoume bre� ta n1, . . . , nk−1, èstw nk o el�qisto
 fusikì
 ¸ste to ank

dene�nai grammikì
 sunduasmì
 twn an1 , . . . , ank−1
. An aut  h diadikas�a stamat -sei se k�poio st�dio, tìte up�rqei N ¸ste ìla ta aN+1, . . . e�nai grammiko�sunduasmo� twn a1, . . . , aN . Tìte, ìmw
, k�je stoiqe�o tou X prosegg�zetaiaperiìrista me stoiqe�a tou {a1, . . . , aN}   grammikoÔ
 sunduasmoÔ
 stoiqe�wntou. Dhlad , X = cl(< {a1, . . . , aN} >) =< {a1, . . . , aN} > kai, epomènw
, o X



3.2. Q�WROI ME ESWTERIK�O GIN�OMENO 97èqei peperasmènh di�stash. Autì e�nai �topo, opìte dhmiourgoÔme to arijm simosÔnolo B = {an1 , an2 , . . .} ⊆ A.Epeid  kanèna ank
den e�nai grammikì
 sunduasmì
 twn an1 , . . . , ank−1

, sune-p�getai ìti to B e�nai grammik� anex�rthto.'Estw tuqìn x ∈ X kai ǫ > 0. Tìte up�rqei aj ∈ A ¸ste ‖x− aj‖ < ǫ.Tìte up�rqei k ¸ste j < nk, opìte to aj e�nai grammikì
 sunduasmì
 twn
an1 , . . . , ank−1

. 'Ara to tuqìn x prosegg�zetai aperiìrista apì grammikoÔ
 sun-duasmoÔ
 stoiqe�wn tou B kai, epomènw
, X = cl(< B >).Q�rin aplìthta
, sumbol�zoume bk = ank
.Or�zoume c1 = 1

‖b1‖ b1, opìte < {c1} >=< {b1} >, kai èstw ìti èqoumeor�sei ta c1, . . . , ck−1 ¸ste to {c1, . . . , ck−1} na e�nai orjokanonikì sÔnolo kai
< {c1, . . . , ck−1} >=< {b1, . . . , bk−1} >.An sumbol�soume Mk−1 =< {c1, . . . , ck−1} >=< {b1, . . . , bk−1} >, tìte
bk /∈ Mk−1, opìte bk − PMk−1

6= 0. Or�zoume ck = 1

‖bk−PMk−1‖ (bk − PMk−1
)kai èqoume ìti to ck e�nai k�jeto ston Mk−1 me ‖ck‖ = 1. Ep�sh
, to cke�nai grammikì
 sunduasmì
 twn b1, . . . , bk kai to bk e�nai grammikì
 sundua-smì
 twn c1, . . . , ck. Epomènw
 to {c1, . . . , ck} e�nai orjokanonikì sÔnolo kai

< {c1, . . . , ck} >=< {b1, . . . , bk} >.E�nai fanerì ìti dhmiourge�tai to sÔnolo C = {c1, c2, . . .} to opo�o e�naiorjokanonikì kai èqei thn idiìthta < C >=< B >, opìte X = cl(< B >) =
cl(< C >). 'Ara to C e�nai arijm simh orjokanonik  b�sh tou X .(2) 'Estw C = {c1, c2, . . .} orjokanonik  b�sh tou X . An x ∈ X , tìte, sÔmfwname to Je¸rhma 3.31, ∑+∞

k=1 |(x|ck)|2 = ‖x‖2 < +∞, opìte or�zetai h sun�rthsh
T : X → l2 me tÔpo

Tx =
(
(x|c1), (x|c2), . . .

)gia k�je x ∈ X . E�nai eÔkolo na doÔme ìti o T e�nai grammikì
 telest 
.An Tx = Ty, tìte (x − y|ck) = 0 gia k�je k, opìte x − y = 0, afoÔ to Ce�nai maximal orjokanonikì sÔnolo. 'Ara o T e�nai 1-1.An κ = (κ1, κ2, . . .) ∈ l2, tìte, apì to Je¸rhma 3.30 èqoume ìti up�rqei
x ∈ X ¸ste (x|ck) = κk gia k�je k. 'Ara Tx = κ kai o T e�nai ep�.O T e�nai isometr�a, afoÔ ‖Tx‖2

2 =
∑+∞

k=1 |(x|ck)|2 = ‖x‖2.To teleuta�o je¸rhma e�nai arket� qr simo, afoÔ pollo� klassiko� q¸roi
Hilbert, ìpw
 oi L2(Ω,B(Ω),m) me Ω na e�nai Borel-sÔnolo ston Rn kai m nae�nai to mètro Lebesgue, e�nai diaqwr�simoi.3.2.9 Tr�a parade�gmata orjokanonik¸n b�sewnPrìtash 3.33To sÔnolo {e1, e2, . . .} apotele� orjokanonik  b�sh tou l2.Apìdeixh: SÔmfwna me thn apìdeixh th
 Prìtash
 3.16, an C = {e1, e2, . . .},tìte cl(< C >) = l2. To ìti to C e�nai orjokanonikì e�nai profanè
.JewroÔme ton L2([−1, 1]) w
 pro
 thn σ-�lgebra B([−1, 1]) kai to mètro
Lebesgue m. SÔmfwna me to Je¸rhma 3.13, to C([−1, 1]) e�nai puknì ston
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L2([−1, 1]). Pr�gmati, pa�rnoume f ∈ L2([−1, 1]) kai ǫ > 0 kai jètoume F = fsto [−1, 1] kai F = 0 sto R \ [−1, 1]. Tìte F ∈ L2(R), opìte up�rqei Gsuneq 
 kai me sumpag  forèa sto R ¸ste (∫

R
|G − F |2dm

) 1
2 < ǫ. Tìte operiorismì
 g th
 G sto [−1, 1] e�nai suneq 
 sto [−1, 1] kai ikanopoie� thn

(∫ 1

−1 |g−f |2dm
) 1

2 < ǫ. Apì to Je¸rhma 3.11 sunep�getai ìti max[−1,1] |g−P | <
ǫ gia k�poio polu¸numo P . 'Ara, (∫ 1

−1 |P − f |2dm
) 1

2 ≤
(∫ 1

−1 |g − f |2dm
) 1

2 +
(∫ 1

−1 |g − P |2dm
) 1

2 ≤ ǫ+
√

2max[−1,1] |g − P | < 3ǫ.Autì ma
 lèei ìti to sÔnolo A = {p0, p1, p2, . . .}, ìpou pk(t) = tk, èqei thnidiìthta cl(< A >) = L2([−1, 1]).To A e�nai, profan¸
, grammik� anex�rthto kai, epomènw
, mporoÔme na e-farmìsoume th diadikas�a sthn apìdeixh tou Jewr mato
 3.32 kai na broÔmeorjokanonik  b�sh C tou L2([−1, 1]) apoteloÔmenh apì polu¸numa. Upolog�-zoume to pr¸to stoiqe�o th
 b�sh
 Q0(t) = p0(t)
‖p0‖2

= 1√
2
. Katìpin Q1(t) =

p1(t)−(p1|Q0)2Q0(t)
‖p1−(p1|Q0)2Q0‖2

=
√

3
2 t, Q2(t) = p2(t)−(p2|Q0)2Q0(t)−(p2|Q1)2Q1(t)

‖p1−(p1|Q0)2Q0−(p2|Q1)2Q1‖2
= 1

2

√
5
2 (3t2

−1) kai oÔtw kaj' ex 
. H sugkekrimènh orjokanonik  b�sh C = {Q0, Q1, . . .}èqei �mesh sqèsh me ta klassik� polu¸numa Legendre,

Pn(t) =
1

2nn!
Dn

(
(t2 − 1)n

)
, me Dn =

dn

dtn
.ParathroÔme ìti to Pn e�nai polu¸numo bajmoÔ n, me suntelest  megisto-b�jmiou ìrou to (2n)!

2n(n!)2 kai ìti gia k�je k = 0, 1, . . . , n − 1 to Dk
(
(t2 − 1)n

)mhden�zetai sta t = ±1.An n < m, tìte 2n+mn!m!(Pn|Pm)2 =
∫ 1

−1
Dn

(
(t2−1)n

)
Dm

(
(t2 −1)m

)
dt =

−
∫ 1

−1D
n+1

(
(t2 − 1)n

)
Dm−1

(
(t2 − 1)m

)
dt = · · · = (−1)n+1

∫ 1

−1D
2n+1

(
(t2 −

1)n
)
Dm−n−1

(
(t2 − 1)m

)
dt = 0, katìpin diadoqik¸n oloklhr¸sewn kat� mèrhkai parathr¸nta
 ìti D2n+1

(
(t2 − 1)n

)
= 0.Me ton �dio trìpo, 22n(n!)2(Pn|Pn)2 = (−1)n

∫ 1

−1
D2n

(
(t2−1)n

)
(t2−1)ndt =

(2n)!
∫ 1

−1
(1 − t2)ndt = 22n+1(n!)2

2n+1 .Epomènw
, an Q∗
n =

√
n+ 1

2 Pn, tìte to sÔnolo {Q∗
0, Q

∗
1, . . .} e�nai orjo-kanonikì kai k�je Q∗

n èqei bajmì n. 'Ara < {Q0, . . . , Qn} >=< {Q∗
0, . . . , Q

∗
n} >gia k�je n, opìte Qn = κnQ

∗
n + · · · + κ0Q

∗
0 gia k�poia κn, . . . , κ0 ∈ F . Tìte

0 = (Qn|Q∗
k)2 = κk gia k = n− 1, . . . , 0 kai, epeid  ta Qn, Q

∗
n èqoun �dia nìrma,�sh me 1, sumpera�noume Qn = Q∗

n. 'Ara apode�xame toJe¸rhma 3.33O L2([−1, 1]) èqei w
 orjokanonik  b�sh to sÔnolo
{
√
n+ 1

2 Pn |n ∈ N0}, ìpou Pn e�nai to n-ostì polu¸numo Legendre.Gia k�je f, g ∈ L2([−1, 1]) isqÔei(1) f =
∑+∞

n=0(n+ 1
2 )(f |Pn)2Pn,(2) ‖f‖2

2 =
∑+∞

n=0(n+ 1
2 )|(f |Pn)2|2,(3) (f |g)2 =

∑+∞
n=0(n+ 1

2 )(f |Pn)2(g|Pn)2,ìpou h seir� sthn (1) sugkl�nei w
 pro
 th nìrma tou L2([−1, 1]).
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 L2(Q0) = L2(Q0,B(Q0),m), ìpou Q0 = [0, 1]× · · · × [0, 1] ⊆
Rn kai m e�nai to mètro Lebesgue.Pa�rnoume opoiad pote f ∈ L2(Q0) kai jètoume F = f sto Q0 kai F = 0 sto
Rn\Q0. Tìte F ∈ L2(Rn), opìte up�rqeiG suneq 
 kai me sumpag  forèa ston
Rn ¸ste (∫

Rn
|G−F |2 dm

) 1
2 ≤ ǫ. An g e�nai o periorismì
 th
G stoQ0, tìte h ge�nai suneq 
 sto Q0 kai (∫
Q0

|g − f |2 dm
) 1

2 ≤ ǫ. JewroÔme èna l�go mikrìterokÔbo Q′
0 ⊆ Q0 kai th sun�rthsh gQ0,Q′

0
pou sunant same sthn apìdeixh touJewr mato
 3.13. Tìte (∫

Q0
|g−ggQ0,Q′

0
|2 dm

) 1
2 ≤

(∫
Q0\Q′

0
|g|2 dm

) 1
2 ≤ ǫ, arke�to m(Q0 \Q′

0) na e�nai arket� mikrì. Epomènw
, (∫
Q0

|f − ggQ0,Q′
0
|2 dm

) 1
2 ≤ 2ǫ,opìte h f prosegg�zetai aperiìrista ston L2(Q0) me sunart sei
 g1 = ggQ0,Q′

0oi opo�e
 e�nai suneqe�
 sto Q0 kai e�nai �se
 me mhdèn sto sÔnoro tou Q0. Gi'autìn to lìgo , h g1 epekte�netai w
 sun�rthsh 1-periodik  w
 pro
 ìle
 ti
metablhtè
 kai suneq 
 sto Rn. Thn epèktash sumbol�zoume, ep�sh
, g1.SÔmfwna me to Je¸rhma 3.12, up�rqei ekjetikì polu¸numo P ¸ste |g1(x)−
P (x)| ≤ ǫ gia k�je x ∈ Rn. Tìte (∫

Q0
|P − f |2 dm

) 1
2 ≤ 3ǫ.'Ara to sÔnolo twn ekjetik¸n poluwnÔmwn e�nai puknì ston L2(Q0). Dhlad ,h kleist  grammik  j kh tou sunìlou {ei2π(k1x1+···+knxn) | k1, . . . , kn ∈ Z} isoÔ-tai me ton L2(Q0). Epeid  to sÔnolo autì e�nai kai orjokanonikì, èqoumeapode�xei toJe¸rhma 3.34To sÔnolo {ei2π(k|·) | k ∈ Zn} e�nai orjokanonik  b�shston L2(Q0). Gia k�je f, g ∈ L2(Q0) isqÔei:(1) f =

∑
k∈Zn(f |ei2π(k|·))2ei2π(k|·),(2) ‖f‖2

2 =
∑

k∈Zn |(f |ei2π(k|·))2|2,(3) (f |g)2 =
∑

k∈Zn(f |ei2π(k|·))2(g|ei2π(k|·))2 ,ìpou h seir� sto (1) sugkl�nei w
 pro
 th nìrma tou L2(Q0).Apì ti
 seirè
 pou anafèrontai se autì to je¸rhma proèrqontai oi ìroi:seir� Fourier kai suntelestè
 Fourier. O Fourier melèthse ti
 seirè
 autè
,sthn per�ptwsh n = 1, se sqèsh me to prìblhma di�dosh
 th
 jermìthta
.3.3 Topik� kurto� q¸roi3.3.1 Topik� kurt  topolog�aOrismì
 3.44'Estw X èna
 grammikì
 q¸ro
 ep� tou F kai P m�a mh-ken sullog  hminorm¸n ston X me thn idiìthta: gia k�je x ∈ X me x 6= 0 up�rqei
p ∈ P ¸ste p(x) > 0. Tìte, h P onom�zetai diaqwr�zousa sullog  hminorm¸nston X .Orismì
 3.45'Estw X èna
 grammikì
 q¸ro
 ep� tou F kai P m�a diaqwr�zousasullog  hminorm¸n ston X .



100 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIOr�zoume th sullog  N 0
P th
 opo�a
 stoiqe�a e�nai ìla ta uposÔnola U0 tou

X pou gr�fontai U0 = {x ∈ X |p1(x) < ǫ1} ∩ · · · ∩ {x ∈ X |pn(x) < ǫn}, ìpou to
n ∈ N, oi p1, . . . , pn ∈ P kai ta ǫ1, . . . , ǫn > 0 e�nai auja�reta.Tèlo
, or�zoume th sullog  TP th
 opo�a
 stoiqe�o e�nai k�je sÔnolo O methn idiìthta: gia k�je x ∈ O up�rqei U0 ∈ N 0

P ¸ste x+ U0 ⊆ O.Prìtash 3.34'Estw X èna
 grammikì
 q¸ro
 ep� tou F kai P m�a diaqwr�-zousa sullog  hminorm¸n ston X .(1) K�je U0 ∈ N 0
P perièqei to 0, e�nai kurtì, isorrophmèno kai aporrof� ton X .(2) An U0

1 , . . . , U
0
m ∈ N 0

P , tìte U0
1 ∩ · · · ∩ U0

m ∈ N 0
P .(3) K�je U0 ∈ N 0

P an kei sthn TP .Apìdeixh: (1) EÔkolo, afoÔ k�je sÔnolo {x ∈ X |p(x) < ǫ} perièqei to 0, e�naikurtì, isorrophmèno kai aporrof� ton X .(2) Profanè
.(3) 'Estw U0 = {x ∈ X |p1(x) < ǫ1}∩· · ·∩{x ∈ X |pn(x) < ǫn} me p1, . . . , pn ∈ P .Pa�rnoume tuqìn x ∈ U0 kai δj = ǫj − pj(x) > 0 gia k�je j = 1, . . . , n. Jètoume
V 0 = {y ∈ X |p1(y) < δ1} ∩ · · · ∩ {y ∈ X |pn(y) < δn}, to opo�o e�nai stoiqe�oth
 N 0

P , kai blèpoume eÔkola ìti x+ V 0 ⊆ U0. 'Ara U0 ∈ TP .Je¸rhma 3.35'Estw X èna
 grammikì
 q¸ro
 ep� tou F kai P m�adiaqwr�zousa sullog  hminorm¸n ston X. H TP e�nai h el�qisthtopolog�a ston X me ti
 idiìthte
:
(i) o X me thn TP e�nai q¸ro
 Hausdorff,

(ii) oi pr�xei
 + : X ×X → X kai · : F ×X → X e�nai suneqe�
,
(iii) k�je p ∈ P e�nai suneq 
.Apìdeixh: E�nai profanè
 ìti ∅, X ∈ TP . T¸ra, èstw O1, . . . , Om ∈ TP . Giatuqìn x ∈ O1∩· · ·∩Om up�rqoun U0

1 , . . . , U
0
m ∈ N 0

P ¸ste x+U0
j ⊆ Oj gia k�je

j. Apì thn prohgoÔmenh prìtash èqoume ìti U0 = U0
1 ∩ · · · ∩U0

m ∈ N 0
P kai tìte

x+ U0 ⊆ O1 ∩ · · · ∩Om. 'Ara O1 ∩ · · · ∩Om ∈ TP . Tèlo
, èstw C opoiad poteupo-sullog  th
 TP kai O =
⋃{O′|O′ ∈ C}. Gia tuqìn x ∈ O up�rqei O′ ∈ C¸ste x ∈ O′, opìte up�rqei U0 ∈ N 0

P me x + U0 ⊆ O′. Tìte x + U0 ⊆ O kai,epomènw
, O ∈ TP .'Ara h TP e�nai topolog�a ston X .'Estw x ∈ X kai U0 ∈ N 0
P . Tìte x+U0 ∈ TP . Pr�gmati, an p�roume tuqìn

z ∈ x+ U0, tìte z − x ∈ U0 kai apì thn prohgoÔmenh prìtash sunep�getai ìtiup�rqei V 0 ∈ N 0
P ¸ste z − x+ V 0 ⊆ U0. Epomènw
, z + V 0 ⊆ x+ U0.'Estw x, y ∈ X me x 6= y. Pa�rnoume p ∈ P ¸ste δ = p(x − y) > 0 kaito U0 = {z ∈ X |p(z) < 1

2 δ} ∈ N 0
P . Tìte, sÔmfwna me thn prohgoÔmenhpar�grafo, ta x+U0, y+U0 e�nai anoikt� kai, ìpw
 fa�netai polÔ eÔkola, xènametaxÔ tou
. 'Ara o X e�nai q¸ro
 Hausdorff.'Estw x, y ∈ X kai O ∈ TP me x + y ∈ O. Up�rqei U0 = {z ∈ X |p1(z) <

ǫ1} ∩ · · · ∩ {z ∈ X |pn(z) < ǫn} me p1, . . . , pn ∈ P ¸ste x + y + U0 ⊆ O.Pa�rnoume V 0 = {z ∈ X |p1(z) <
1
2 ǫ1} ∩ · · · ∩ {z ∈ X |pn(z) < 1

2 ǫn} ∈ N 0
P ,opìte (x + V 0) + (y + V 0) = x + y + V 0 + V 0 ⊆ x + y + U0 ⊆ O. Tìte, ta

x+ V 0, y+ V 0 e�nai anoikt� (dhlad , an koun sthn TP), perièqoun ta x, y kai h
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+ apeikon�zei to (x+ V 0)× (y+ V 0) sto O. 'Ara h prìsjesh e�nai suneq 
 sto
(x, y) ∈ X ×X .'Estw κ ∈ F , x ∈ X kai O ∈ TP me κx ∈ O. Up�rqei U0 = {z ∈ X |p1(z) <
ǫ1}∩ · · · ∩ {z ∈ X |pn(z) < ǫn} me p1, . . . , pn ∈ P ¸ste κx+U0 ⊆ O. Pa�rnoume
δj < min(1,

ǫj

pj(x)+|κ|+1), δ ≤ min(δ1, . . . , δn) kai N = {λ ∈ F | |λ − κ| < δ},
V 0 = {z ∈ X |p1(z) < δ1} ∩ · · · ∩ {z ∈ X |pn(z) < δn} ∈ N 0

P . Tìte e�nai eÔkolona doÔme ìti to N × (x+V 0) apeikon�zetai me ton pollaplasiasmì sto κx+U0.Epeid  to N ∋ κ e�nai anoiktì sto F kai to x + V 0 ∋ x e�nai anoiktì ston X ,sunep�getai ìti o pollaplasiasmì
 e�nai suneq 
 sto (κ, x).Tèlo
, èstw x ∈ X , p ∈ P kai ǫ > 0. Pa�rnoume U0 = {z ∈ X |p(z) < ǫ} ∈
N 0

P , opìte to x+ U0 ∋ x e�nai anoiktì ston X kai gia k�je y ∈ x+ U0 èqoume
y − x ∈ U0, opìte |p(y) − p(x)| ≤ p(y − x) < ǫ. 'Ara h p e�nai suneq 
 sto x.'Estw, t¸ra, opoiad pote topolog�a T ston X me ti
 idiìthte
 (i), (ii) kai
(iii). Tìte gia k�je ǫ > 0 kai k�je p ∈ P , to {x ∈ X |p(x) < ǫ} an kei sthn
T w
 ant�strofh eikìna anoiktoÔ sto F mèsw suneqoÔ
 sun�rthsh
. 'Ara kaik�je tom  peperasmènou pl jou
 tètoiwn sunìlwn, dhlad  k�je stoiqe�o th

N 0

P , an kei sthn T . Epeid  h prìsjesh e�nai suneq 
, sunep�getai ìti, gi� k�je
U0 ∈ N 0

P kai k�je x ∈ X , to x+U0 an kei sthn T . T¸ra, k�je stoiqe�o O th

TP e�nai, ex orismoÔ, ènwsh sunìlwn th
 morf 
 x+U0 me x ∈ X kai U0 ∈ N 0

P .'Ara, epeid  h T e�nai topolog�a, k�je O th
 TP an kei sthn T . Epomènw
,
TP ⊆ T .Orismì
 3.46'Estw X èna
 topologikì
 q¸ro
 me topolog�a T kai x ∈ X .An N x e�nai m�a sullog  apì anoikt� sÔnola pou perièqoun to x ¸ste gia k�jeanoiktì sÔnolo O to opo�o perièqei to x up�rqei U ∈ N x me U ⊆ O, tìte h N xonom�zetai b�sh anoikt¸n perioq¸n tou x.SÔmfwna me ton orismì autìn, se k�je metrikì q¸ro X me metrik  d h sul-log  {B(x; 1

n )|n ∈ N} twn mpal¸n me kèntro to x apotele� b�sh anoikt¸nperioq¸n tou x.An X e�nai èna
 grammikì
 q¸ro
 ep� tou F kai P m�a diaqwr�zousa sullog hminorm¸n ston X , tìte h N 0
P apotele� b�sh anoikt¸n perioq¸n tou 0 sthntopolog�a TP kai gia k�je x ∈ X h sullog  {x+ U0|U0 ∈ N 0

P} apotele� b�shanoikt¸n perioq¸n tou x.Orismì
 3.47'Estw X èna
 grammikì
 q¸ro
 ep� tou F kai m�a topolog�a Tston X ¸ste oi pr�xei
 th
 prìsjesh
 kai tou pollaplasiasmoÔ na e�nai suneqe�
kai o X na e�nai Hausdorff. An up�rqei b�sh anoikt¸n perioq¸n tou 0 ìla tastoiqe�a th
 opo�a
 e�nai kurt�, isorrophmèna kai aporrofoÔn ton X , tìte lèmeìti h T e�nai topik� kurt  topolog�a kai ìti o X e�nai topik� kurtì
 q¸ro
.Epomènw
, an o X e�nai èna
 grammikì
 q¸ro
 ep� tou F kai P e�nai m�adiaqwr�zousa sullog  hminorm¸n ston X , tìte o X me thn topolog�a TP e�naitopik� kurtì
 q¸ro
. To epìmeno je¸rhma ekfr�zei to ant�strofo.Je¸rhma 3.36'Estw X grammikì
 q¸ro
 ep� tou F me m�a topik�kurt  topolog�a. Tìte up�rqei diaqwr�zousa sullog  P hminorm¸nston X ¸ste h topolog�a tou na taut�zetai me thn TP.



102 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIApìdeixh: 'Estw T h topolog�a ston X ¸ste o X na e�nai Hausdorff, oi pr�xei
th
 prìsjesh
 kai tou pollaplasiasmoÔ na e�nai suneqe�
 kai na up�rqei b�sh
N 0 anoikt¸n perioq¸n tou 0 ìla ta stoiqe�a th
 opo�a
 e�nai kurt�, isorrophmènakai aporrofoÔn ton X .JewroÔme gia k�je U0 ∈ N 0 to ant�stoiqo sunarthsoeidè
-Minkowski pU0 ,to opo�o e�nai hminìrma, kai th sullog  P = {pU0 |U0 ∈ N 0}.An x ∈ X kai x 6= 0, tìte up�rqei U0 ∈ N 0 ¸ste x /∈ U0. Epomènw
,
pU0(x) ≥ 1, opìte h P e�nai diaqwr�zousa.'Estw U0 ∈ N 0 kai x ∈ U0. Epeid  to U0 e�nai anoiktì, o pollaplasiasmì
e�nai suneq 
 kai 1 · x ∈ U0, sunep�getai ìti up�rqei δ > 0 ¸ste κ · x ∈ U0gia k�je κ ∈ F me |κ − 1| < δ. Eidik¸tera, (1 + 1

2 δ)x ∈ U0, opìte pU0((1 +
1
2 δ)x) ≤ 1 kai, epomènw
, pU0(x) < 1. 'Ara U0 ⊆ {x ∈ X |pU0(x) < 1}. Oant�strofo
 egkleismì
 e�nai genik  idiìthta, opìte U0 = {x ∈ X |pU0(x) < 1}.Amèsw
 sunep�getai ìti gia k�je ǫ > 0 isqÔei {x ∈ X |pU0(x) < ǫ} = ǫU0kai, epeid  o pollaplasiasmì
 e�nai suneq 
, k�je sÔnolo {x ∈ X |pU0(x) < ǫ}e�nai anoiktì. 'Ara kai k�je tom  peperasmènou pl jou
 tètoiwn sunìlwn e�naianoiktì sÔnolo. Dhlad , h sullog  N 0

P apotele�tai apì anoiktè
 (sthn T )perioqè
 tou 0. Epiplèon, e�nai fanerì ìti h N 0
P apotele� b�sh perioq¸n tou 0gia thn T , afoÔ ta sÔnola U0 = {x ∈ X |pU0(x) < 1} e�nai stoiqe�a th
 N 0

P kaih sullog  tou
, N 0, apotele� b�sh perioq¸n tou 0 gia thn T .'Estw, t¸ra, O anoiktì sÔnolo sthn topolog�a TP . Pa�rnoume tuqìn x ∈ O,opìte up�rqei V 0 ∈ N 0
P ¸ste x + V 0 ⊆ O. 'Opw
 e�dame, V 0 ∈ T kai, epeid h prìsjesh e�nai suneq 
 w
 pro
 thn topolog�a T , sunep�getai ìti to x + V 0e�nai anoiktì sthn T . 'Ara to O e�nai anoiktì sthn T .'Estw O anoiktì sthn T kai tuqìn x ∈ O. Epeid  h prìsjesh e�nai suneq 
kai 0 + x ∈ O, up�rqei U0 ∈ N 0 ¸ste U0 + x ⊆ O. To U0 e�nai anoiktìsthn topolog�a TP kai, epeid  h prìsjesh e�nai suneq 
 kai w
 pro
 aut n thntopolog�a, to U0 + x e�nai anoiktì sthn TP . 'Ara to O e�nai anoiktì sthn TP .'Ara oi topolog�e
 TP kai T taut�zontai.An m�a diaqwr�zousa sullog  hminorm¸n P ston grammikì q¸ro X apotele�-tai apì m�a mìnon hminìrma, P = {p}, tìte aut  prèpei na e�nai nìrma, p = ‖·‖,kai tìte h topolog�a TP èqei w
 b�sh anoikt¸n perioq¸n tou 0 th sullog  ìl-wn twn mpal¸n {x ∈ X | ‖x‖ < ǫ}, ǫ > 0. Epomènw
, h TP taut�zetai me thntopolog�a pou ep�getai apì th nìrma. Sumpera�noume, loipìn, ìti k�je q¸ro
me nìrma e�nai topik� kurtì
 q¸ro
.Ston Orismì 3.46 jewre�tai dedomènh m�a topolog�a ston grammikì q¸ro Xme k�poia b�sh anoikt¸n perioq¸n tou 0. To epìmeno je¸rhma perigr�fei ti
proüpojèsei
 kai ton trìpo me ton opo�o m�a dedomènh sullog  uposunìlwn enì
grammikoÔ q¸rou ep�gei topik� kurt  topolog�a sto q¸ro ¸ste h sullog  aut na apotele� b�sh anoikt¸n perioq¸n tou 0 gia aut n thn topolog�a.Je¸rhma 3.37'Estw grammikì
 q¸ro
 X ep� tou F kai mh-ken sullog  N 0 uposunìlwn tou X me ti
 idiìthte
:(1) k�je U0 ∈ N 0 e�nai kurtì, isorrophmèno kai aporrof� ton X,(2) gia k�je x ∈ X me x 6= 0 up�rqei U0 ∈ N 0 ¸ste x /∈ U0,



3.3. TOPIK�A KURTO�I Q�WROI 103(3) gia k�je U0, V 0 ∈ N 0 up�rqei W 0 ∈ N 0 ¸ste W 0 ⊆ U0 ∩ V 0,(4) gia k�je U0 ∈ N 0 up�rqei V 0 ∈ N 0 ¸ste V 0 + V 0 ⊆ U0,(5) gia k�je U0 ∈ N 0 kai x ∈ U0 up�rqei V 0 ∈ N 0 ¸ste x+ V 0 ⊆ U0.Tìte up�rqei monadik  topolog�a T ston X me ti
 idiìthte
:
(i) o X me thn T e�nai topik� kurtì
 q¸ro
,
(ii) h N 0 apotele� b�sh anoikt¸n perioq¸n tou 0 ston X me thn T .Apìdeixh: Arke� na apode�xoume ìti up�rqei topolog�a T ston X ¸ste o X nae�nai q¸ro
 Hausdorff, oi pr�xei
 na e�nai suneqe�
 kai h N 0 na apotele� b�shanoikt¸n perioq¸n tou 0 ston X . Ep�sh
, ìti h topolog�a me autè
 ti
 idiìthte
e�nai monadik .Or�zoume th sullog  T stoiqe�a th
 opo�a
 e�nai ìla ta O ⊆ X me thnidiìthta: gia k�je x ∈ O up�rqei U0 ∈ N 0 ¸ste x+ U0 ⊆ O.Profan¸
, ta ∅, X an koun sthn T . An C e�nai opoiad pote upo-sullog th
 T kai O =

⋃{O′|O′ ∈ C}, tìte O ∈ T . Pr�gmati, gia tuqìn x ∈ Oup�rqei O′ ∈ C ¸ste x ∈ O′, opìte up�rqei U0 ∈ N 0 ¸ste x + U0 ⊆ O′ ⊆ O.Tèlo
, an O1, . . . , On ∈ T kai p�roume tuqìn x ∈ O1 ∩ · · · ∩On, tìte up�rqoun
U0

1 , . . . , U
0
n ∈ N 0 ¸ste x + U0

1 ⊆ O1, . . . , x + U0
n ⊆ On. Apì thn idiìthta (2)sunep�getai ìti up�rqei U0 ∈ N 0 ¸ste U0 ⊆ U0

1 ∩ · · · ∩ U0
n kai, epomènw
,

x+ U0 ⊆ O. 'Ara O ∈ T .Epomènw
 h T e�nai topolog�a ston X .Apì thn idiìthta (5) sunep�getai ìti k�je U0 ∈ N 0 e�nai anoiktì (dhlad an kei sthn T ) kai, epomènw
, apì ton orismì th
 T sunep�getai ìti h N 0apotele� b�sh anoikt¸n perioq¸n tou 0 gia thn T . Akìmh, an U0 ∈ N 0 kai
x ∈ X kai p�roume tuqìn y ∈ x+ U0, tìte y − x ∈ U0, opìte up�rqei V 0 ∈ N 0¸ste y − x + V 0 ⊆ U0. 'Ara y + V 0 ⊆ x + U0 kai, epomènw
, to x + U0 e�naianoiktì.'Estw x, y ∈ X me x 6= y. Apì ti
 idiìthte
 (2) kai (4) sunep�getai ìtiup�rqei V 0 ∈ N 0 ¸ste x − y /∈ V 0 + V 0. An z ∈ (x + V 0) ∩ (y + V 0), tìte
z − x ∈ V 0 kai z − y ∈ V 0 kai, epeid  to V 0 e�nai isorrophmèno, x− z ∈ V 0 kai
z − y ∈ V 0. 'Ara x− y = (x− z) + (z − y) ∈ V 0 + V 0. Autì e�nai �topo, opìteta anoikt� sÔnola x+ V 0, y + V 0 ta opo�a perièqoun ta x, y e�nai xèna. 'Ara o
X e�nai q¸ro
 Hausdorff.An x, y ∈ X kai to O e�nai anoiktì me x + y ∈ O, lìgw th
 (4), up�rqei
V 0 ∈ N 0 ¸ste (x+ V 0) + (y+ V 0) = x+ y+ V 0 + V 0 ⊆ O. Ta x+ V 0 ∋ x kai
y+ V 0 ∋ y e�nai anoikt� kai h prìsjesh apeikon�zei to (x+ V 0)× (y + V 0) sto
O. 'Ara h prìsjesh e�nai suneq 
 sto tuqìn (x, y) ∈ X ×X .'Estw κ ∈ F , x ∈ X kai anoiktì O me κx ∈ O. Pa�rnoume U0 ∈ N 0 ¸ste
κx + U0 ⊆ O. Me b�sh thn (4) pa�rnoume V 0 ∈ N 0 ¸ste V 0 + V 0 ⊆ U0.Epeid  to V 0 e�nai isorrophmèno kai aporrof� ton X , up�rqei ǫ ∈ (0, 1] ¸ste
µx ∈ V 0 gia k�je µ ∈ F me |µ| ≤ ǫ. Katìpin, br�skoume arket� meg�lo n ¸ste
2n ≥ |κ| + 1 kai, me b�sh thn (4), W 0 ∈ N 0 ¸ste W 0 + · · · +W 0 ⊆ V 0, ìpouto �jroisma èqei 2n ìrou
. Epeid  0 ∈W 0, sunep�getai ìti |κ|W 0 +W 0 ⊆ V 0,opìte sundu�zonta
 ìla ta prohgoÔmena, èqoume gia k�je λ ∈ F me |λ− κ| < ǫkai k�je y ∈ x + W 0 ìti λy = κx + (λ − κ)x + (λ − κ)(y − x) + κ(y − x) ∈
κx+V 0+ǫW 0+ |κ|W 0 ⊆ κx+V 0+W 0+ |κ|W 0 ⊆ κx+V 0+V 0 ⊆ κx+U0 ⊆ O.



104 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIT¸ra, to N = {λ ∈ F | |λ − κ| < ǫ} ∋ κ e�nai anoiktì sto F , to x + W 0 ∋ xe�nai anoiktì ston X kai o pollaplasiasmì
 apeikon�zei to N × (x +W 0) sto
O. 'Ara o pollaplasiasmì
 e�nai suneq 
 sto tuqìn (κ, x) ∈ F ×X .Tèlo
, èstw T ′ topolog�a ston X ¸ste o X na e�nai topik� kurtì
 q¸ro
 kaihN 0 na e�nai b�sh anoikt¸n perioq¸n tou 0. Epeid  h prìsjesh e�nai suneq 
 kaiw
 pro
 ti
 dÔo topolog�e
 sunep�getai ìti k�je metafor� e�nai omoiomorfismì
tou X kai w
 pro
 ti
 dÔo topolog�e
, opìte e�nai profanè
 ìti h sullog  N x =
{x+U0|U0 ∈ N 0} e�nai b�sh anoikt¸n perioq¸n tou x ∈ X kai w
 pro
 ti
 dÔotopolog�e
. An to O e�nai anoiktì w
 pro
 thn T ′ kai p�roume tuqìn x ∈ O,tìte up�rqei U0 ∈ N 0 ¸ste x + U0 ⊆ O. 'Ara to O e�nai anoiktì kai w
 pro
thn T . Summetrik�, k�je sÔnolo anoiktì w
 pro
 thn T e�nai anoiktì kai w
pro
 thn T ′.Ta Jewr mata 3.35 kai 3.37 d�noun dÔo trìpou
 me tou
 opo�ou
 èna
 gram-mikì
 q¸ro
 efodi�zetai me topik� kurt  topolog�a: b�sei m�a
 sullog 
 hmi-norm¸n   b�sei m�a
 sullog 
 �perioq¸n� tou mhdenì
. To Je¸rhma 3.36 lèei ìtioi dÔo auto� trìpoi e�nai isodÔnamoi.Tèlo
, e�nai qr simo na doÔme pìte dÔo sullogè
 hminorm¸n   dÔo sullogè
�perioq¸n� tou mhdenì
 or�zoun thn �dia topolog�a.Prìtash 3.35'Estw grammikì
 q¸ro
 X kai N 1 b�sh anoikt¸n perioq¸n tou
0 gia m�a topik� kurt  topolog�a T1 tou X kai N 2 b�sh anoikt¸n perioq¸n tou 0gia m�a deÔterh topik� kurt  topolog�a T2 tou X . Oi dÔo topolog�e
 taut�zontaian kai mìnon an gia k�je U1 ∈ N 1 up�rqei U2 ∈ N 2 ¸ste U2 ⊆ U1 kai gia k�je
U2 ∈ N 2 up�rqei U1 ∈ N 1 ¸ste U1 ⊆ U2.Apìdeixh: 'Estw ìti oi T1 kai T2 taut�zontai. K�je U1 ∈ N 1 e�nai anoiktì w
pro
 thn T1, opìte e�nai anoiktì kai w
 pro
 thn T2. Epeid  0 ∈ U1, sunep�getaiìti up�rqei U2 ∈ N 2 ¸ste U2 ⊆ U1. Summetrik� apodeiknÔetai kai ìti gia k�je
U2 ∈ N 2 up�rqei U1 ∈ N 1 ¸ste U1 ⊆ U2.Antistrìfw
, èstw ìti gia k�je U1 ∈ N 1 up�rqei U2 ∈ N 2 ¸ste U2 ⊆ U1kai gia k�je U2 ∈ N 2 up�rqei U1 ∈ N 1 ¸ste U1 ⊆ U2. Pa�rnoume tuqìn Oanoiktì w
 pro
 thn T1. Tìte gia k�je x ∈ O, to −x+O e�nai anoiktì w
 pro
thn T1 kai perièqei to 0. 'Ara up�rqei U1 ∈ N 1 ¸ste U1 ⊆ −x+O. Tìte, ìmw
,up�rqei kai U2 ∈ N 2 ¸ste U2 ⊆ −x+O. T¸ra, to x+U2 ∋ x e�nai anoiktì w
pro
 thn T2 kai x+U2 ⊆ O. AfoÔ to x e�nai tuqìn stoiqe�o tou O, sunep�getaiìti to O e�nai anoiktì kai w
 pro
 thn T2. Summetrik� apodeiknÔetai kai ìti, anto O e�nai anoiktì w
 pro
 thn T2, tìte e�nai anoiktì kai w
 pro
 thn T1.L mma 3.5'Estw grammikì
 q¸ro
 X , hminìrme
 p, p1, . . . , pn ston X kai α,
α1, . . . , αn > 0. Tìte {x ∈ X |p1(x) < α1} ∩ · · · ∩ {x ∈ X |pn(x) < αn} ⊆ {x ∈
X |p(x) < α} an kai mìnon an p(x) ≤ αmax1≤k≤n

pk(x)
αk

.Apìdeixh: An p(x) ≤ αmax1≤k≤n
pk(x)

αk
kai p1(x) < α1, . . . , pn(x) < αn, tìte

p(x) < α.Antistrìfw
, èstw ìti {x ∈ X |p1(x) < α1} ∩ · · · ∩ {x ∈ X |pn(x) < αn} ⊆
{x ∈ X |p(x) < α} kai pa�rnoume tuqìn x ∈ X . An p1(x) = · · · = pn(x) = 0,



3.3. TOPIK�A KURTO�I Q�WROI 105tìte gia k�je t > 0 isqÔei p1(tx) = 0 < α1, . . . , pn(tx) = 0 < αn, opìte
tp(x) = p(tx) < α. 'Ara p(x) = 0 ≤ αmax1≤k≤n

pk(x)
αk

.An pk(x) > 0 gia toul�qiston èna k, tìte gia tuqìn t > 1 jètoume z =
1

t max1≤k≤n
pk(x)

αk

x. Gia k�je j pa�rnoume pj(z) ≤ pj(x)

t
pj(x)

αj

< αj . Epomènw
,
p(z) < α, opìte p(x) < α tmax1≤k≤n

pk(x)
αk

kai, pa�rnonta
 ìrio ìtan t → 1+,sumpera�noume ìti p(x) ≤ αmax1≤k≤n
pk(x)

αk
kai s' aut n thn per�ptwsh.Prìtash 3.36'Estw grammikì
 q¸ro
 X kai P1 diaqwr�zousa sullog  hmi-norm¸n pou ep�gei thn topik� kurt  topolog�a TP1 ston X kai P2 diaqwr�zousasullog  hminorm¸n pou ep�gei thn topik� kurt  topolog�a TP2 ston X . Oi dÔotopolog�e
 taut�zontai an kai mìnon an gia k�je p(1) ∈ P1 up�rqoun C > 0 kai

p
(2)
1 , . . . , p

(2)
n ∈ P2 ¸ste p(1) ≤ Cmax1≤k≤n p

(2)
k kai gia k�je p(2) ∈ P2 up�rqoun

D > 0 kai p(1)
1 , . . . , p

(1)
m ∈ P1 ¸ste p(2) ≤ Dmax1≤k≤m p

(1)
k .Apìdeixh: 'Estw ìti oi TP1 kai TP2 taut�zontai. Gia k�je p(1) ∈ P1 to {x ∈

X |p(1)(x) < 1} e�nai anoiktì w
 pro
 thn TP1 , kai, epomènw
, kai w
 pro
 thn
TP2 , kai perièqei to 0. 'Ara up�rqoun p(2)

1 , . . . , p
(2)
n ∈ P2 kai ǫ1, . . . , ǫn > 0¸ste {x ∈ X |p(2)

1 (x) < ǫ1} ∩ · · · ∩ {x ∈ X |p(2)
n (x) < ǫn} ⊆ {x ∈ X |p(x) < 1}.Apì to prohgoÔmeno l mma sunep�getai ìti, me C = 1

min1≤k≤n ǫk
, isqÔei p(1) ≤

Cmax1≤k≤n p
(2)
k . Summetrik� apodeiknÔetai ìti gia k�je p(2) ∈ P2 up�rqoun

D > 0 kai p(1)
1 , . . . , p

(1)
m ∈ P1 ¸ste p(2) ≤ Dmax1≤k≤m p

(1)
k .Tèlo
, h apìdeixh tou ant�strofou e�nai parìmoia kai af netai w
 eÔkolh�skhsh.3.3.2 Q¸roi Fréchet.Prìtash 3.37'Estw X èna
 topik� kurtì
 q¸ro
. Ta parak�tw e�nai isodÔ-nama.(1) O X e�nai metrikopoi simo
.(2) Up�rqei arijm simh b�sh anoikt¸n perioq¸n tou 0 ston X .(3) Up�rqei arijm simh diaqwr�zousa sullog  P hminorm¸n ston X ¸ste htopolog�a tou na taut�zetai me thn TP .Apìdeixh: (1) 'Estw ìti o X e�nai metrikopoi simo
, opìte up�rqei metrik  dston X ¸ste h topolog�a tou X na taut�zetai me thn topolog�a pou ep�getaiapì thn d. Tìte h arijm simh sullog  mpal¸n B(0; 1

n ) = {x ∈ X |d(x, 0) < 1
n},

n ∈ N, apotele� b�sh anoikt¸n perioq¸n tou 0 ston X .(2) 'Estw ìti h {Vn|n ∈ N} e�nai b�sh anoikt¸n perioq¸n tou 0 ston X . 'Estw
P ′ sullog  hminorm¸n ston X ¸ste h topolog�a tou na taut�zetai me thn TP′ .Tìte gia k�je n up�rqei U0

n = {x ∈ X |pn,1(x) < ǫn,1}∩· · ·∩{x ∈ X |pn,mn
(x) <

ǫn,mn
} ∈ N 0

P′ , me pn,1, . . . , pn,mn
∈ P ′, ¸ste U0

n ⊆ Vn.JewroÔme thn arijm simh sullog  P = ∪+∞
n=1{pn,1, . . . , pn,mn

}.An x ∈ X me x 6= 0, epeid  o X e�nai q¸ro
 Hausdorff, up�rqei k�poio n¸ste x /∈ Vn. Epomènw
 pn,j(x) > 0 gia toul�qiston èna j = 1, . . . ,mn. 'Ara h
P e�nai diaqwr�zousa.



106 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIJa apode�xoume, t¸ra, ìti oi topolog�e
 TP kai TP′ taut�zontai. 'Estw Oanoiktì w
 pro
 thn TP . Pa�rnoume tuqìn x ∈ O, opìte up�rqei U0 ∈ N 0
P ¸ste

x + U0 ⊆ O. Epeid , ìmw
, U0 ∈ N 0
P′ , (afoÔ P ⊆ P ′), sunep�getai ìti to Oe�nai anoiktì kai w
 pro
 thn TP′ . Antistrìfw
, èstw ìti to O e�nai anoiktì w
pro
 thn TP′ . An x ∈ O, up�rqei Vn ¸ste x+ Vn ⊆ O. Opìte gia thn U0

n ∈ N 0
PisqÔei ìti x+ U0

n ⊆ O kai, epomènw
, to O e�nai anoiktì kai w
 pro
 thn TP .(3) Tèlo
, èstw ìti up�rqei arijm simh diaqwr�zousa sullog  P = {pn|n ∈ N}hminorm¸n ston X ¸ste h topolog�a tou na taut�zetai me thn TP . Or�zoume
d : X ×X → R+

0
me tÔpo

d(x, y) =

+∞∑

n=1

1

2n

pn(x− y)

1 + pn(x − y)gia k�je x, y ∈ X .E�nai polÔ eÔkolo na apodeiqjoÔn oi idiìthte
 th
 metrik 
 gia thn d. Giapar�deigma, an d(x, y) = 0, tìte pn(x − y) = 0 gia k�je n kai, epeid  h P e�naidiaqwr�zousa, sunep�getai ìti x = y. Ep�sh
, h trigwnik  anisìthta e�nai �meshsunèpeia th
 stoiqei¸dou
 anisìthta
 α+β
1+α+β ≤ α

1+α + β
1+β gia k�je α, β ≥ 0.Ja apode�xoume, t¸ra, ìti h topolog�a pou ep�getai apì thn d taut�zetai methn TP .'Estw sÔnolo O ⊆ X anoiktì w
 pro
 thn d. Pa�rnoume tuqìn x ∈ O, opìteup�rqei ǫ > 0 ¸ste {y ∈ X |d(x, y) < ǫ} ⊆ O. JewroÔme N ¸ste 1

2N < 1
2 ǫ kaito U0 = {z ∈ X |p1(z) <

1
2 ǫ} ∩ · · · ∩ {z ∈ X |pN(z) < 1

2 ǫ} ∈ N 0
P . Gia k�je

z ∈ U0 isqÔei d(x, x+ z) =
∑+∞

n=1
1
2n

pn(z)
1+pn(z) ≤ ∑N

n=1
1
2n pn(z) +

∑+∞
n=N+1

1
2n ≤

1
2 ǫ

∑N
n=1

1
2n + 1

2N < ǫ. Epomènw
, x+ U0 ⊆ {y ∈ X |d(x, y) < ǫ} ⊆ O, opìte to
O e�nai anoiktì w
 pro
 thn topolog�a TP .'Estw O anoiktì w
 pro
 thn TP kai pa�rnoume x ∈ O. Tìte up�rqoun
p1, . . . , pN ∈ P kai U0 = {z ∈ X |p1(z) < ǫ1} ∩ · · · ∩ {z ∈ X |pN(z) < ǫN} ∈ N 0

P¸ste x + U0 ⊆ O. JewroÔme ǫ = min(1
2

ǫ1
1+ǫ1

, . . . , 1
2N

ǫN

1+ǫN
), opìte gia k�je

y ∈ X me d(x, y) < ǫ èqoume 1
2n

pn(y−x)
1+pn(y−x) <

1
2n

ǫn

1+ǫn
gia k�je n me 1 ≤ n ≤ N .Tìte pn(y − x) < ǫn gia k�je n me 1 ≤ n ≤ N kai, epomènw
, y ∈ x + U0.'Ara {y ∈ X |d(x, y) < ǫ} ⊆ x + U0 ⊆ O. 'Ara to O e�nai anoiktì w
 pro
 thntopolog�a pou ep�getai apì thn d.Orismì
 3.48O X onom�zetai q¸ro
 Fréchet an e�nai topik� kurtì
, metri-kopoi simo
 kai pl rh
.Oi q¸roi Banach kai oi q¸roi Hilbert apoteloÔn ta profan  parade�gmataq¸rwn Fréchet kai sth sunèqeia ja doÔme arket� parade�gmata topik� kurt¸nq¸rwn kai q¸rwn Fréchet oi opo�oi den e�nai q¸roi me nìrma.Prìtash 3.38(Kolmogorov) 'Estw topik� kurtì
 q¸ro
 X . Tìte h topolog�atou X ep�getai apì k�poia nìrma an kai mìnon an up�rqei anoikt  perioq  V 0tou 0 me thn idiìthta: gia k�je anoikt  perioq  U0 tou 0 up�rqei t > 0 ¸ste

tV 0 ⊆ U0.



3.3. TOPIK�A KURTO�I Q�WROI 107Apìdeixh: 'Estw ìti h topolog�a tou X ep�getai apì th nìrma ‖·‖. Pa�rnoume
V 0 = B(0; 1) = {x ∈ X | ‖x‖ < 1}. An U0 e�nai opoiad pote anoikt  perioq tou 0, up�rqei r > 0 ¸ste B(x; r) ⊆ U0, opìte rV 0 ⊆ U0.Antistrìfw
, èstw anoikt  perioq  V 0 tou 0 me thn parap�nw idiìthta. Autìshma�nei ìti h sullog  {tV 0|t > 0} apotele� b�sh anoikt¸n perioq¸n tou 0. An
P e�nai h diaqwr�zousa sullog  hminorm¸n h opo�a ep�gei thn topolog�a tou
X , tìte up�rqoun p1, . . . , pn ∈ P kai ǫ1, . . . , ǫn > 0 ¸ste {x ∈ X |p1(x) <
ǫ1} ∩ · · · ∩ {x ∈ X |pn(x) < ǫn} ⊆ V 0.Or�zoume hminìrma p me tÔpo p(x) = max1≤k≤n

pk(x)
ǫk

gia k�je x ∈ X kaiisqÔei ìti {x ∈ X |p(x) < 1} = {x ∈ X |p1(x) < ǫ1} ∩ · · · ∩ {x ∈ X |pn(x) < ǫn},opìte {x ∈ X |p(x) < 1} ⊆ V 0. 'Ara h anoikt  perioq  W 0 = {x ∈ X |p(x) < 1}tou 0 èqei thn idiìthta ìti h sullog  {tW 0|t > 0} apotele� b�sh anoikt¸nperioq¸n tou 0.An x ∈ X me x 6= 0, up�rqei t > 0 ¸ste x /∈ tW 0, opìte p(x) > 0. 'Ara h pe�nai nìrma, p = ‖·‖, opìte W 0 = B(0; 1). Epomènw
, h sullog  {B(0; t)|t > 0}e�nai b�sh anoikt¸n perioq¸n tou 0, opìte h ‖·‖ ep�gei thn topolog�a tou X .3.3.3 Q¸roi akolouji¸nOrismì
 3.49Ston s or�zoume gia k�je n ∈ N thn hminìrma pn me tÔpo
pn(x) = |xn|gia k�je x = (x1, x2, . . .) ∈ s. H P = {pn|n ∈ N} e�nai diaqwr�zousa sullog hminorm¸n ston s kai, epomènw
, ep�gei topik� kurt  topolog�a ston s. Epeid h P e�nai arijm simh, o s e�nai metrikopoi simo
.Metrik  ston s e�nai h d me tÔpo

d(x, y) =

+∞∑

n=1

1

2n

pn(x− y)

1 + pn(x − y)
=

+∞∑

n=1

1

2n

|xn − yn|
1 + |xn − yn|gia k�je x = (x1, x2, . . .), y = (y1, y2, . . .) ∈ s.Prìtash 3.39An {x(m)} e�nai akolouj�a stoiqe�wn tou s kai x ∈ s, tìte

x(m) → x, w
 pro
 thn topolog�a tou s pou mìli
 or�same, an kai mìnon an
x

(m)
n → xn gia k�je n.Apìdeixh: 'Estw x(m) → x ston s. Epeid  k�je pn e�nai suneq 
, sunep�getaiìti |x(m)

n − xn| = pn(x(m) − x) → 0.Antistrìfw
, èstw ìti x(m)
n → xn gia k�je n. Pa�rnoume tuqìn anoiktì

O me x ∈ O, opìte up�rqoun N kai ǫ1, . . . , ǫN > 0 ¸ste {y ∈ s|p1(y − x) <
ǫ1}∩ · · ·∩{y ∈ s|pN(y−x) < ǫN} ⊆ O. Epeid  to N e�nai peperasmèno, up�rqei
M ¸ste p1(x

(m) − x) = |x(m)
1 − x1| < ǫ1, . . . , pN (x(m) − x) = |x(m)

N − xN | < ǫNgia k�je m ≥ M . Autì shma�nei ìti x(m) ∈ O gia k�je m ≥ M kai, epomènw
,
x(m) → x.



108 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIOrismì
 3.50Ex ait�a
 tou apotelèsmato
 th
 prohgoÔmenh
 prìtash
, h topo-log�a ston s h opo�a ep�getai apì thn P = {pn|n ∈ N} onom�zetai topolog�ath
 kat� suntetagmènh sÔgklish
.Je¸rhma 3.38O s me thn topolog�a th
 kat� suntetagmènh sÔgkli-sh
 e�nai q¸ro
 Fréchet.Apìdeixh: Apomènei na apode�xoume ìti o s e�nai pl rh
. 'Estw, loipìn, akolou-j�a {x(m)} ston s me d(x(k), x(l)) → 0. Tìte gia k�je n èqoume 1
2n

|x(k)
n −x(l)

n |
1+|x(k)

n −x
(l)
n |

≤
d(x(k), x(l)) → 0, opìte gia k�je n isqÔei ìti |x(k)

n − x
(l)
n | → 0. 'Ara gia k�je

n up�rqei xn ∈ F ¸ste x(m)
n → xn. Jètoume x = (x1, x2, . . .) ∈ s kai èqoume

x(m) → x ston s.3.3.4 Q¸roi sunart sewnTo epìmeno par�deigma e�nai gen�keush tou s.Orismì
 3.51'Estw mh-kenì sÔnolo A kai jewroÔme to grammikì q¸ro FA.Gia k�je a ∈ A or�zoume thn hminìrma pa ston FA me tÔpo
pa(f) = |f(a)|gia k�je f ∈ FA. E�nai profanè
 ìti h P = {pa|a ∈ A} e�nai diaqwr�zousasullog  hminorm¸n, opìte ep�gei topik� kurt  topolog�a ston FA.Ta sÔnola U0 = {f ∈ FA|pa1(f) < ǫ1}∩· · ·∩{f ∈ FA|pan

(f) < ǫn} = {f ∈
FA||f(a1)| < ǫ1} ∩ · · · ∩ {f ∈ FA||f(an)| < ǫn}, ìpou ta n ∈ N, a1, . . . , an ∈ Akai ǫ1, . . . , ǫn > 0 e�nai auja�reta, apoteloÔn b�sh anoikt¸n perioq¸n tou 0 ston
FA me aut n thn topolog�a.Prìtash 3.40An {fm} e�nai akolouj�a stoiqe�wn tou FA kai f ∈ FA, tìte
fm → f , w
 pro
 thn topolog�a tou FA pou mìli
 or�same, an kai mìnon an
fm(a) → f(a) gia k�je a ∈ A.Apìdeixh: 'Estw fm → f ston FA. Epeid  k�je pa e�nai suneq 
, sunep�getaiìti |fm(a) − f(a)| = pa(fm − f) → 0.Antistrìfw
, èstw ìti fm(a) → f(a) gia k�je a ∈ A. Pa�rnoume tuqìnanoiktì O me f ∈ O, opìte up�rqoun n, a1, . . . , an ∈ A kai ǫ1, . . . , ǫn > 0 ¸ste
{g ∈ FA||g(a1)−f(a1)| < ǫ1}∩· · ·∩{g ∈ FA||g(an)−f(an)| < ǫn} ⊆ O. Epeid to n e�nai peperasmèno, up�rqei M ¸ste |fm(a1) − f(a1)| < ǫ1, . . . , |fm(an) −
f(an)| < ǫn gia k�je m ≥ M . Autì shma�nei ìti fm ∈ O gia k�je m ≥ M kai,epomènw
, fm → f .Orismì
 3.52H topik� kurt  topolog�a pou ep�getai sto FA apì th sullog hminorm¸n {pa|a ∈ A} onom�zetai topolog�a th
 kat� shme�o sÔgklish
.Epomènw
, èqoume apode�xei to



3.3. TOPIK�A KURTO�I Q�WROI 109Je¸rhma 3.39To FA me thn topolog�a th
 kat� shme�o sÔgklish
e�nai topik� kurtì
 q¸ro
.Orismì
 3.53'Estw topologikì
 q¸ro
 A. Gia k�je sumpagè
K ⊆ A or�zoumehminìrma pK ston C(A) me tÔpo
pK(f) = max

a∈K
|f(a)|gia f ∈ C(A). H sullog  P = {pK |K e�nai sumpagè
 uposÔnolo tou A} e�naidiaqwr�zousa sullog  hminorm¸n ston C(A) kai or�zei topik� kurt  topolog�aston C(A).Prìtash 3.41An {fm} e�nai akolouj�a stoiqe�wn tou C(A) kai f ∈ C(A), tìte

fm → f , w
 pro
 thn topolog�a tou C(A) pou mìli
 or�same, an kai mìnon an,gia k�je sumpagè
 K ⊆ A, fm → f omoiìmorfa sto K.Apìdeixh: 'Estw fm → f ston C(A). Epeid  k�je pK e�nai suneq 
, sunep�getaiìti maxa∈K |fm(a)− f(a)| = pK(fm − f) → 0. 'Ara fm → f omoiìmorfa sto K.Antistrìfw
, èstw ìti fm → f omoiìmorfa sto K gia k�je sumpagè
 K ⊆
A. Pa�rnoume tuqìn anoiktìO me f ∈ O, opìte up�rqoun sumpag K1, . . . ,Kn ⊆
A kai ǫ1, . . . , ǫn > 0 ¸ste {g ∈ C(A)|maxa∈K1 |g(a) − f(a)| < ǫ1} ∩ · · · ∩ {g ∈
C(A)|maxa∈Kn

|g(a)−f(a)| < ǫn} ⊆ O. Epeid  to n e�nai peperasmèno, up�rqei
M ¸ste maxa∈K1 |fm(a)−f(a)| < ǫ1, . . . ,maxa∈Kn

|fm(a)−f(a)| < ǫn gia k�je
m ≥M . Autì shma�nei ìti fm ∈ O gia k�je m ≥M kai, epomènw
, fm → f .Orismì
 3.54'Estw topologikì
 q¸ro
 A. H topik� kurt  topolog�a pouep�getai ston C(A) apì th sullog  {pK |K e�nai sumpagè
 uposÔnolo tou A}onom�zetai topolog�a th
 omoiìmorfh
 sÔgklish
 sta sumpag  uposÔnolatou A.M�a arket� qr simh eidik  per�ptwsh perigr�fetai parak�tw.Orismì
 3.55'Estw topologikì
 q¸ro
 A.(1) An up�rqei m�a akolouj�a {Kk} sumpag¸n uposunìlwn tou A me ti
 idiìthte
:
(i) Kk ⊆ Kk+1 gia k�je k,
(ii) gia k�je sumpagè
 K ⊆ A up�rqei k ¸ste K ⊆ Kk,tìte o A onom�zetai σ-sumpag¸
 paragìmeno
.(2) An gia k�je x ∈ A up�rqei anoikt  perioq  V tou x ¸ste to cl(V ) na e�naisumpagè
, tìte o A onom�zetai topik� sumpag 
.'Ena par�deigma e�nai ìtan o �dio
 o A e�nai sumpag 
, opìte pa�rnoume Kk =
A gia k�je k kai V = A.'Ena pio endiafèron par�deigma e�nai ìtan A = U e�nai opoiod pote anoiktìuposÔnolo tou Rn. E�nai eÔkolo na de�xoume ìti gia k�je k to sÔnolo

Uk = {x ∈ U | ‖x‖2 < k, ‖x− y‖2 >
1

k
gia k�je y /∈ U}



110 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROIe�nai anoiktì, ìti Uk ⊆ Uk+1 kai ìti U = ∪+∞
k=1Uk. Ep�sh
, ìti to

Kk = cl(Uk) = {x ∈ U | ‖x‖2 ≤ k, ‖x− y‖2 ≥ 1

k
gia k�je y /∈ U}e�nai sumpagè
 uposÔnolo tou U , ìti Kk ⊆ Uk+1 ⊆ Kk+1 gia k�je k kai ìti giak�je sumpagè
 K ⊆ U up�rqei k ¸ste K ⊆ Kk.Ep�sh
, gia k�je x ∈ U up�rqei mikrì r > 0 ¸ste cl(B(x; r)) ⊆ U .'Ara k�je anoiktì uposÔnolo tou Rn e�nai σ-sumpag¸
 paragìmeno kai top-ik� sumpagè
.Je¸rhma 3.40'Estw σ-sumpag¸
 paragìmeno
 kai topik� sumpag 
topologikì
 q¸ro
 A. Ston C(A) h topolog�a th
 omoiìmorfh
 sÔ-gklish
 sta sumpag  uposÔnola tou A ep�getai apì th diaqwr�zousaarijm simh sullog  hminorm¸n {pKk

|k ∈ N}, ìpou Kk e�nai ta sÔnolatou prohgoÔmenou orismoÔ, kai o C(A) e�nai q¸ro
 Fréchet.Apìdeixh: An P = {pK |K e�nai sumpagè
 uposÔnolo tou A} kai P ′ = {pKk
|k ∈

N}, tìte k�je pKk
an kei sthn P kai gia k�je pK ∈ P up�rqei Kk ⊇ K kai,epomènw
, pK ≤ pKk
. Apì thn Prìtash 3.36 sunep�getai ìti oi P kai P ′ ep�gounthn �dia topolog�a ston C(A).Epeid  h P ′ e�nai arijm simh, sunep�getai ìti o C(A) e�nai metrikopoi simo
me metrik  d me tÔpo

d(f, g) =
+∞∑

k=1

1

2k

maxa∈Kk
|f(a) − g(a)|

1 + maxa∈Kk
|f(a) − g(a)|gia k�je f, g ∈ C(A). Mènei na apode�xoume ìti o C(A) e�nai pl rh
.'Estw {fm} ston C(A) me d(fm, fl) → 0. Tìte gia k�je k èqoume ìti

maxa∈Kk
|fm(a) − fl(a)| → 0 kai, epeid  o C(Kk) me thn omoiìmorfh nìrmae�nai pl rh
, sunep�getai ìti up�rqei f (k) ∈ C(Kk) ¸ste maxa∈Kk

|fm(a) −
f (k)(a)| → 0. E�nai profanè
 ìti, epeid  Kk ⊆ Kk+1, k�je f (k+1) e�nai epèktashth
 f (k) sto Kk+1 kai, epomènw
, or�zetai f sto A h opo�a e�nai koin  epèktashìlwn twn f (k).Pa�rnoume tuqìn x ∈ A kai anoikt  perioq  V tou x ¸ste to cl(V ) na e�naisumpagè
. Tìte cl(V ) ⊆ Kk gia kat�llhlo k, opìte h f = f (k) e�nai suneq 
sthn V . 'Ara h f e�nai suneq 
 sto x kai, epomènw
, sto A.'Ara f ∈ C(A) kai h {fm} sugkl�nei sthn f omoiìmorfa se k�je Kk. 'Arah {fm} sugkl�nei sthn f omoiìmorfa se k�je sumpagè
 K ⊆ A kai, epomènw
,
fm → f ston C(A).Orismì
 3.56'Estw anoiktì U ⊆ Rn. Sto q¸ro C∞(U) me stoiqe�a ìle
ti
 ape�rw
 paragwg�sime
 sunart sei
 f : U → F or�zoume gia k�je sumpagè

K ⊆ U kai k�je k ∈ N0 thn hminìrma pK,k me tÔpo

pK,k(f) = max
x∈K,|α|≤k

|Dαf(x)|.H diaqwr�zousa sullog  hminorm¸n {pK,k|K sumpagè
 ⊆ U kai k ∈ N0} ep�geitopik� kurt  topolog�a ston C∞(U). O q¸ro
 autì
 me th sugkekrimènhtopolog�a sumbol�zetai E(U).



3.3. TOPIK�A KURTO�I Q�WROI 111Prìtash 3.42An {fm} e�nai akolouj�a stoiqe�wn tou E(U) kai f ∈ E(U), tìte
fm → f ston E(U) an kai mìnon an gia k�je sumpagè
 K ⊆ U kai k�je α ∈ Nn

0isqÔei Dαfm → Dαf omoiìmorfa sto K.Apìdeixh: 'Estw fm → f ston E(U). Pa�rnoume opoiod pote sumpagè
 K ⊆
U kai α ∈ Nn

0 . An k = |α|, tìte, epeid  h pK,k e�nai suneq 
, sunep�getaiìti maxx∈K |Dαfm(x) − Dαf(x)| ≤ pK,k(fm − f) → 0. 'Ara Dαfm → Dαfomoiìmorfa sto K.Antistrìfw
, èstw ìti Dαfm → Dαf omoiìmorfa sto K gia k�je sumpagè

K ⊆ U kai k�je α ∈ Nn

0 . Pa�rnoume opoiod pote anoiktì O ston E(U)me f ∈ O, opìte up�rqoun sumpag  K1, . . . ,KN ⊆ U , k1, . . . , kN ∈ N kai
ǫ1, . . . , ǫN > 0 ¸ste {g ∈ E(U)|maxx∈K1,|α|≤k1

|Dαg(x)−Dαf(x)| < ǫ1}∩ · · · ∩
{g ∈ E(U)|maxx∈KN ,|α|≤kN

|Dαg(x)−Dαf(x)| < ǫN} ⊆ O. Epeid  to N kai ì-la ta k1, . . . , kN e�nai peperasmèna, up�rqeiM ¸ste maxx∈K1,|α|≤k1
|Dαfm(x)−

Dαf(x)| < ǫ1, . . . ,maxx∈KN ,|α|≤kN
|Dαfm(x)−Dαf(x)| < ǫN gia k�jem ≥M .Autì shma�nei ìti fm ∈ O gia k�je m ≥M kai, epomènw
, fm → f .Je¸rhma 3.41'Estw anoiktì U ⊆ Rn kai Uk,Kk ta sÔnola pou pe-rigr�fontai met� ton Orismì 3.54. Tìte h topolog�a tou E(U) ep�-getai apì thn arijm simh diaqwr�zousa sullog  {pKk,k|k ∈ N} kai o

E(U) e�nai q¸ro
 Fréchet.Apìdeixh: An jèsoume P = {pK,k|K e�nai sumpagè
 ⊆ A kai k ∈ N0} kai
P ′ = {pKk,k|k ∈ N}, tìte k�je pKk,k an kei sthn P kai gia k�je pK,k ∈ Pup�rqei l ¸ste Kl ⊇ K kai l ≥ k, kai, epomènw
, pK,k ≤ pKl,l. Apì thn Prìtash3.36 sunep�getai ìti oi P kai P ′ ep�goun thn �dia topolog�a ston E(U).Epeid  h P ′ e�nai arijm simh, sunep�getai ìti o E(U) e�nai metrikopoi simo
me metrik  d me tÔpo

d(f, g) =

+∞∑

k=1

1

2k

maxx∈Kk,|α|≤k |Dαf(x) −Dαg(x)|
1 + maxx∈Kk,|α|≤k |Dαf(x) −Dαg(x)|gia k�je f, g ∈ E(U). Mènei na apode�xoume ìti o E(U) e�nai pl rh
.'Estw {fm} ston E(U) me d(fm, fl) → 0. Tìte gia k�je k èqoume ìti

maxx∈Kk,|α|≤k |Dαfm(x) − Dαfl(x)| → 0, opìte efarmìzonta
 to Je¸rhma3.8 sto sÔnolo Uk ⊆ Kk, sunep�getai ìti up�rqei f (k) ∈ Ck,∞(Uk) ¸ste
maxx∈Uk,|α|≤k |Dαfm(x) −Dαf (k)(x)| → 0. Epeid  Uk ⊆ Uk+1, e�nai profanè
ìti k�je f (k+1) e�nai epèktash th
 f (k) sto Uk+1 kai, epomènw
, or�zetai f sto
U h opo�a e�nai koin  epèktash ìlwn twn f (k).Gia tuqìn x ∈ U up�rqei k0 ¸ste x ∈ Uk gia k�je k ≥ k0. 'Ara f = f (k) ∈
Ck,∞(Uk) ⊆ Ck,∞(Uk0) gia k�je k ≥ k0. 'Ara h f e�nai ape�rw
 paragwg�simhse k�je x ∈ U kai, epomènw
, f ∈ E(U).An p�roume tuqìn sumpagè
 K ⊆ U kai α ∈ Nn

0 , tìte up�rqei k ¸ste
K ⊆ Kk kai |α| ≤ k. 'H {Dαfm} sugkl�nei sthn Dαf omoiìmorfa sto Uk+1,opìte kai sto K ⊆ Kk ⊆ Uk+1. 'Ara fm → f ston E(U).
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 3.57M�a f ∈ C∞(Rn) onom�zetai sun�rthsh Schwartz an giak�je k ∈ N0 isqÔei supx∈Rn,|α|≤k(1 + ‖x‖2)
k|Dαf(x)| < +∞.To sÔnolo ìlwn twn sunart sewn Schwartz onom�zetai q¸ro
 Schwartzkai sumbol�zetai S(Rn).E�nai eÔkolo na apodeiqje� ìti o q¸ro
 Schwartz e�nai grammikì
 q¸ro
 ep�tou F .Orismì
 3.58Ston S(Rn) or�zoume gia k�je k thn hminìrma pk me tÔpo

pk(f) = sup
x∈Rn,|α|≤k

(1 + ‖x‖2)
k|Dαf(x)|gia k�je f ∈ S(Rn). H arijm simh sullog  hminorm¸n P = {pk|k ∈ N0}ep�gei topik� kurt  topolog�a ston S(Rn).Je¸rhma 3.42O S(Rn) e�nai q¸ro
 Fréchet.Apìdeixh: H metrik  d ston S(Rn) d�netai apì ton tÔpo

d(f, g) =

+∞∑

k=1

1

2k

pk(f − g)

1 + pk(f − g)gia k�je f, g ∈ S(Rn).An h {fm} e�nai ston S(Rn) kai d(fm − fl) → 0, tìte gia k�je k isqÔeiìti supx∈Rn,|α|≤k |Dαfm(x) −Dαfl(x)| ≤ pk(fm − fl) → 0. Epomènw
, up�rqei
f (k) ∈ Ck,∞(Rn) ¸ste gia k�je α me |α| ≤ k na èqoume ìti Dαfm → Dαf (k)omoiìmorfa ston Rn. Eidik¸tera, fm → f (k) omoiìmorfa ston Rn, opìte ìle
oi f (k) taut�zontai me m�a koin  sun�rthsh f ∈ C∞(Rn) ¸ste gia k�je α naisqÔei Dαfm → Dαf omoiìmorfa ston Rn. Mènei na de�xoume ìti d(fm, f) → 0.'Estw tuqìn ǫ > 0. Pa�rnoume N ¸ste 1

2N ≤ 1
2 ǫ. Katìpin, epeid  to N e�naipeperasmèno, up�rqeiM ¸ste supx∈Rn,|α|≤k(1+ ‖x‖2)

k|Dαfm(x)−Dαfl(x)| =

pk(fm−fl) ≤ 1
2 ǫ gia k�je k ≤ N ìtanm, l ≥M . Pa�rnonta
 ìrio ìtan l → +∞,br�skoume p(fm − f) = supx∈Rn,|α|≤k(1 + ‖x‖2)

k|Dαfm(x) −Dαf(x)| ≤ 1
2 ǫ giak�je k ≤ N ìtan m ≥M . 'Ara d(fm, f) =

∑+∞
k=1

1
2k

pk(fm−f)
1+pk(f−g) ≤ ∑N

k=1
1
2k

1
2 ǫ+

∑+∞
k=N+1

1
2k ≤ 1

2 ǫ+ 1
2N ≤ ǫ ìtan m ≥M .3.4 Topologiko� grammiko� q¸roiOrismì
 3.59'Estw grammikì
 q¸ro
 X ep� tou F kai m�a topolog�a T ston

X me ti
 idiìthte
:
(i) o X me thn T e�nai q¸ro
 Hausdorff,
(ii) oi pr�xei
 + : X ×X → X kai · : F ×X → X e�nai suneqe�
.Tìte o X onom�zetai topologikì
 grammikì
 q¸ro
.
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 e�dame, oi q¸roi me nìrma, opìte kai oi q¸roi me eswterikì ginìmeno,all� kai oi genikìteroi topik� kurto� q¸roi e�nai eidikè
 peript¸sei
 topologik¸ngrammik¸n q¸rwn.Ed¸ den ja asqolhjoÔme me th genik  jewr�a twn topologik¸n grammik¸nq¸rwn, all� mìnon ja doÔme dÔo gnwst� parade�gmata ta opo�a ent�ssontai seautì to pla�sio.Orismì
 3.60'Estw (Ω,Σ, µ) èna
 q¸ro
 mètrou me µ(Ω) < +∞. Sto gram-mikì q¸ro M(Ω,Σ) or�zoume
d(f, g) =

∫

Ω

|f(a) − g(a)|
1 + |f(a) − g(a)| dµ(a)gia k�je f, g ∈ M(Ω,Σ).E�nai eÔkolo na doÔme ìti h d èqei ti
 idiìthte
 d(f, g) = d(g, f) kai d(f, h) ≤

d(f, g) + d(g, h) m�a
 metrik 
, all� d(f, g) = 0 an kai mìnon an f(a) = g(a) gia
µ-sqedìn k�je a ∈ Ω.An jèsoume Y = {f ∈ M(Ω,Σ)|f(a) = 0 gia µ-sqedìn k�je a ∈ Ω}, tìtee�nai profanè
 ìti o Y e�nai grammikì
 upìqwro
 tou M(Ω,Σ).Orismì
 3.61'Estw (Ω,Σ, µ) èna
 q¸ro
 mètrou me µ(Ω) < +∞. Ston gram-mikì q¸ro-phl�ko M(Ω,Σ, µ) = M(Ω,Σ)/Y , or�zoume metrik  d0 me tÔpo

d0([f ]Y , [g]Y ) = d(f, g) =

∫

Ω

|f(a) − g(a)|
1 + |f(a) − g(a)| dµ(a)gia k�je [f ]Y , [g]Y ∈M(Ω,Σ, µ).E�nai profanè
 ìti h tim  tou d0([f ]Y , [g]Y ) den exart�tai apì tou
 antipros¸-pou
 twn kl�sewn isodunam�a
 [f ]Y kai [g]Y .'Opw
 kai gia tou
 q¸rou
 Lp kai Lp, akoloujoÔme kai t¸ra th sun jh pra-ktik  na taut�zoume thn kl�sh [f ]Y me to opoiod pote stoiqe�o th
 f . Dhlad ,taut�zoume k�je dÔo sunart sei
 f, g an autè
 e�nai �se
 µ-sqedìn pantoÔ sto

Ω. Gr�foume, loipìn,
d0(f, g) =

∫

Ω

|f(a) − g(a)|
1 + |f(a) − g(a)| dµ(a)gia k�je f, g ∈M(Ω,Σ, µ).Prìtash 3.43An h {fn} kai h f e�nai ston M(Ω,Σ, µ), tìte d0(fn, f) → 0an kai mìnon an fn → f kat� mètro. Autì shma�nei ìti gia k�je δ > 0 isqÔei

µ({a ∈ Ω||fn(a) − f(a)| ≥ δ}) → 0.Apìdeixh: 'Estw d0(fn, f) → 0 kai tuqìn δ > 0. JètoumeAn,δ = {a ∈ Ω||fn(a)−
f(a)| ≥ δ}, opìte δ

1+δ µ(An,δ) ≤
∫

An,δ

|fn(a)−f(a)|
1+|fn(a)−f(a)| dµ(a) ≤ d0(fn, f)

→ 0. 'Ara µ(An,δ) → 0 kai, epomènw
, fn → f kat� mètro.'Estw fn → f kat� mètro. Pa�rnoume ǫ > 0 kai br�skoume δ > 0 ¸ste
δ

1+δ ≤ ǫ
2µ(Ω) . Katìpin, br�skoume N ¸ste µ(An,δ) ≤ 1

2 ǫ gia k�je n ≥ N . Tìte



114 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI
d0(fn, f) =

∫
An,δ

|fn(a)−f(a)|
1+|fn(a)−f(a)| dµ(a) +

∫
Ω\An,δ

|fn(a)−f(a)|
1+|fn(a)−f(a)| dµ(a) ≤ µ(An,δ) +

δ
1+δ µ(Ω \An,δ) ≤ 1

2 ǫ+ ǫ
2µ(Ω) µ(Ω) ≤ ǫ gia k�je n ≥ N . 'Ara d0(fn, f) → 0.Je¸rhma 3.43'Estw (Ω,Σ, µ) èna
 q¸ro
 mètrou me µ(Ω) < +∞. O

M(Ω,Σ, µ) me th metrik  d0 e�nai pl rh
 topologikì
 grammikì
q¸ro
.Apìdeixh: O M(Ω,Σ, µ) e�nai q¸ro
 Hausdorff, afoÔ e�nai metrikì
 q¸ro
.'Estw d0(fn, f) → 0 kai d0(gn, g) → 0. Tìte, apì thn prohgoÔmenh prìtash,èqoume ìti fn → f kai gn → g kat� mètro. 'Ara, ìpw
 eÔkola fa�netai, fn+gn →
f + g kat� mètro, opìte d0(fn + gn, f + g) → 0.Omo�w
, an |κn − κ| → 0 kai d0(fn, f) → 0, tìte d0(κnfn, κf) → 0.Epomènw
, oi pr�xei
 e�nai suneqe�
 kai oM(Ω,Σ, µ) e�nai topologikì
 gram-mikì
 q¸ro
.'Estw d0(fn, fm) → 0. An p�roume δ > 0 kai or�soume An,m,δ = {a ∈
Ω||fn(a) − fm(a)| ≥ δ}, tìte δ

1+δ µ(An,m,δ) ≤
∫

An,m,δ

|fn(a)−fm(a)|
1+|fn(a)−fm(a)| dµ(a) ≤

d(fn, fm) → 0. MporoÔme, t¸ra, na broÔme n1 < n2 < · · · ¸ste µ(Ank,nk+1, 1

2k
)

≤ 1
2k gia k�je k. An jèsoume Am = ∪+∞

k=mAnk,nk+1, 1

2k
, tìte µ(Am) ≤ 1

2m−1 .Den e�nai dÔskolo na apodeiqje� ìti h {fnk
} sugkl�nei omoiìmorfa se k�je Ω \

Am. Pr�gmati, gia k�je a ∈ Ω \ Am, èqoume |fnk+1
(a) − fnk

(a)| ≤ 1
2k giak�je k ≥ m kai ∑+∞

k=m
1
2k < +∞. 'Ara h seir� fn1(a) +

∑+∞
k=1(fnk+1

(a) −
fnk

(a)) sugkl�nei omoiìmorfa sto Ω\Am, opìte up�rqei to f(a) = lim fnk
(a) =

lim
(
fn1(a) +

∑k−1
j=1 (fnj+1(a) − fnj

(a))
) omoiìmorfa sto Ω \Am.'Ara h f = lim fnk

or�zetai sto ∪+∞
m=1(Ω \ Am) kai, epeid  µ(Am) → 0,sunep�getai ìti to sumpl rwma tou ∪+∞
m=1(Ω \ Am) èqei µ-mètro mhdèn. E-pomènw
 h f mpore� na orisje� pantoÔ sto Ω, jètonta
 f = 0 sto sumpl rw-ma tou ∪+∞

m=1(Ω \ Am). Epomènw
, lim sup
∫
Ω

|fnk
(a)−f(a)|

1+|fnk
(a)−f(a)| dµ(a) ≤ µ(Am) +

lim sup
∫
Ω\Am

|fnk
(a)−f(a)|

1+|fnk
(a)−f(a)| dµ(a) ≤ 1

2m−1 , lìgw omoiìmorfh
 sÔgklish
 sto
Ω \ Am. Apì autì sunep�getai ìti d0(fnk

, f) → 0 kai, epomènw
, d0(fk, f) ≤
d0(fk, fnk

) + d0(fnk
, f) → 0.Prìtash 3.44O M([0, 1],B([0, 1]),m) den e�nai topik� kurtì
.Apìdeixh: Arke� na apode�xoume ìti h monadik  kurt , anoikt  perioq  tou 0 ston

M([0, 1],B([0, 1]),m) e�nai o �dio
 oM([0, 1],B([0, 1]),m). Pr�gmati, an o q¸ro
 tan topik� kurtì
, tìte ja up rqe b�sh anoikt¸n perioq¸n tou 0 apoteloÔmenhapì kurt� sÔnola.'Estw kurt , anoikt  perioq  V tou 0.Tìte up�rqei r > 0 ¸ste {f | d0(f, 0) < r} ⊆ V .JewroÔme tuqoÔsa f ∈ M([0, 1],B([0, 1]),m) kai upojètoume arqik� ìti
|f(a)| ≥ 1 gia k�je a ∈ [0, 1]. 'Estw A =

∫ 1

0
|f(a)|

1+|f(a)| dm(a) kai pa�rnoume
n > 2A

r − 1. Katìpin br�skoume a0, . . . , an ¸ste 0 = a0 < a1 < · · · < an = 1kai ∫ aj

aj−1

|f(a)|
1+|f(a)| dm(a) = A

n gia k�je j = 1, . . . , n. Or�zoume gj = nχ[aj−1,aj)fgia k�je j = 1, . . . , n − 1 kai gn = nχ[an−1,an]f , opìte ∫ 1

0
|gj(a)|

1+|gj(a)| dm(a) ≤
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2n

n+1

∫ aj

aj−1

|f(a)|
1+|f(a)| dm(a) = 2A

n+1 < r gia k�je j. 'Ara ìla ta gj an koun sthn V .Epeid  h V e�nai kurt  kai f = 1
n (g1 + · · · + gn), sunep�getai ìti to f an keisthn V .ParathroÔme ìti k�je f ∈ M([0, 1],B([0, 1]),m) gr�fetai f = 1

2 (f1 + f2)me f1, f2 ∈ M([0, 1],B([0, 1]),m) kai |f1(a)|, |f2(a)| ≥ 1 gia k�je a ∈ [0, 1].Pr�gmati, mporoÔme na or�soume f1(a) = f(a) an |f(a)| ≥ 1, f1(a) = − f(a)
|f(a)| an

0 < |f(a)| < 1 kai f1(a) = −1 an f(a) = 0 kai na or�soume f2 = 2f − f1.Tìte èqoume f1, f2 ∈ V kai, epeid  h V e�nai kurt  kai f = 1
2 (f1 + f2),sunep�getai f ∈ V .'Ara h V perièqei k�je stoiqe�o tou M([0, 1],B([0, 1]),m).Orismì
 3.62'Estw q¸ro
 mètrou (Ω,Σ, µ) kai 0 < p < 1. Or�zoume gia k�je

f, g ∈ Lp(Ω,Σ, µ)

dp(f, g) =

∫

Ω

|f(a) − g(a)|p dµ(a).Oi idiìthte
 dp(f, g) = dp(g, f) kai dp(f, h) ≤ dp(f, g)+ dp(g, h) e�nai eÔkolona apodeiqjoÔn. H deÔterh bas�zetai sth stoiqei¸dh (α + β)p ≤ αp + βp giak�je α, β ≥ 0. Aut  e�nai apl : 1 = α
α+β + β

α+β ≤
(

α
α+β

)p
+

(
β

α+β

)p
= αp+βp

(α+β)p .Epeid  dp(f, g) = 0 an kai mìnon an f(a) = g(a) gia µ-sqedìn k�je a ∈ Ω,or�zoume, w
 sun jw
, to grammikì upìqwro Y = {f ∈ Lp(Ω,Σ, µ) | f = 0 µ −sqedìn pantoÔ sto Ω} tou Lp(Ω,Σ, µ).Orismì
 3.63'Estw q¸ro
 mètrou (Ω,Σ, µ) kai 0 < p < 1. Or�zoume stogrammikì q¸ro Lp(Ω,Σ, µ) = Lp(Ω,Σ, µ)/Y metrik  dp me tÔpo
dp([f ]Y , [g]Y ) = dp(f, g) =

∫

Ω

|f(a) − g(a)|p dµ(a)gia k�je [f ]Y , [g]Y ∈ Lp(Ω,Σ, µ).E�nai profanè
 ìti h dp or�zetai kal¸
 kai ìti e�nai metrik  ston Lp(Ω,Σ, µ).W
 sun jw
, taut�zoume thn [f ]Y me to f .Je¸rhma 3.44'Estw q¸ro
 mètrou (Ω,Σ, µ) kai 0 < p < 1. O q¸ro

Lp(Ω,Σ, µ) me th metrik  dp e�nai pl rh
 topologikì
 grammikì
 q¸-ro
.Apìdeixh: O Lp(Ω,Σ, µ) e�nai q¸ro
 Hausdorff, afoÔ e�nai metrikì
 q¸ro
.'Estw dp(fn, f) → 0 kai dp(gn, g) → 0. Tìte d(fn + gn, f + g) ≤ dp(fn, f) +
dp(gn, g) → 0. Omo�w
, an |κn − κ| → 0 kai dp(fn, f) → 0, tìte dp(κnfn, κf) ≤
|κn|pdp(fn, f) + |κn − κ|pdp(f, 0) → 0.Epomènw
, oi pr�xei
 e�nai suneqe�
 kai o Lp(Ω,Σ, µ) e�nai topologikì
 gram-mikì
 q¸ro
. H plhrìthta tou q¸rou apodeiknÔetai me ton �dio trìpo pouapodeiknÔetai h plhrìthta sthn per�ptwsh p ≥ 1.Prìtash 3.45O Lp([0, 1],B([0, 1]),m) den e�nai topik� kurtì
.
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 sthn apìdeixh th
 Prìtash
 3.44, arke� na apode�xoume ìti hmonadik  kurt , anoikt  perioq  tou 0 ston Lp([0, 1],B([0, 1]),m) e�nai o �dio
 o
Lp([0, 1],B([0, 1]),m) kai èstw kurt , anoikt  perioq  V tou 0.Tìte up�rqei r > 0 ¸ste {f | dp(f, 0) < r} ⊆ V .JewroÔme tuqoÔsa f ∈ Lp([0, 1],B([0, 1]),m) kai A =

∫ 1

0 |f(a)|p dm(a).Katìpin pa�rnoume n > (A
r )

1
1−p kai br�skoume a0, . . . , an ¸ste 0 = a0 < a1 <

· · · < an = 1 kai ∫ aj

aj−1
|f(a)|p dm(a) = A

n gia k�je j = 1, . . . , n. Or�zoume
gj = nχ[aj−1,aj)f gia k�je j = 1, . . . , n − 1 kai gn = nχ[an−1,an]f , opìte∫ 1

0
|gj(a)|p dm(a) = np

∫ aj

aj−1
|f(a)|p dm(a) = Anp−1 < r gia k�je j. 'Ara ì-la ta gj an koun sthn V . Epeid  h V e�nai kurt  kai f = 1

n (g1 + · · · + gn),sunep�getai ìti h f an kei sthn V .'Ara h V perièqei k�je stoiqe�o tou Lp([0, 1],B([0, 1]),m).3.5 Ask sei
1. 'Estw q¸ro
 X me nìrma ‖·‖. Apode�xte ìti gia k�je x ∈ X kai r ∈ R+:(1) cl({y ∈ X | ‖y − x‖ < r}) = {y ∈ X | ‖y − x‖ ≤ r},(2) ∂({y ∈ X | ‖y − x‖ < r}) = {y ∈ X | ‖y − x‖ = r}.2. 'Estw {pi | i ∈ I} èna sÔnolo hminorm¸n ston grammikì q¸ro X . An 0 <
supi∈I pi(x) < +∞ gia k�je x ∈ X \ {0}, apode�xte ìti h ‖·‖ : X → R+

0
me tÔpo

‖x‖ = supi∈I pi(x) gia k�je x ∈ X e�nai nìrma ston X .3. 'Estw q¸ro
 X me nìrma kai A,B ⊆ X .(1) An ta A,B e�nai anoikt�, apode�xte ìti to A+B e�nai anoiktì.(2) An ta A,B e�nai sumpag , apode�xte ìti to A+B e�nai sumpagè
.(3) An to A e�nai kleistì kai to B sumpagè
, apode�xte ìti to A+B e�naikleistì.(4) Ston R2 ta A = {(x, 0)|x ∈ R} kai B = {(x, y)|x, y ∈ R, xy = 1} e�naikleist�, all� to A+B den e�nai kleistì.4. (1) 'Estw grammikì
 q¸ro
 X kai kurt� A1, . . . , An ⊆ X . Apode�xte ìti
co(A1 ∪ · · · ∪ An) = {t1a1 + · · · + tnan|a1 ∈ A1, . . . , an ∈ An, t1, . . . , tn ≥ 0,
t1 + · · · + tn = 1}.(2) 'Estw q¸ro
 X me nìrma kai kurt� sumpag  A1, . . . , An ⊆ X . Apode�xte ìtito co(A1 ∪ · · · ∪An) e�nai sumpagè
.(3) 'Estw q¸ro
 X me nìrma kai olik� fragmèno K ⊆ X . Apode�xte ìti to
co(K) e�nai olik� fragmèno.(4) An o X e�nai q¸ro
 Banach kai to K ⊆ X e�nai sumpagè
, apode�xte ìti to
cl[co(K)] e�nai sumpagè
.5. Apode�xte ìti opoioid pote q¸roi peperasmènh
 di�stash
 me nìrma e�naitopologik� isomorfiko� an kai mìnon an èqoun thn �dia di�stash.Orismì
:'Estw X grammikì
 q¸ro
 ep� tou F me nìrma ‖·‖ kai x1, x2, . . . ∈ X .
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j=1 xj sugkl�nei ston X an h akolouj�a {sn} twn merik¸najroism�twn sn = x1 + · · ·+ xn sugkl�nei ston X . Se aut n thn per�ptwsh, an

sn → s, gr�foume ∑+∞
j=1 xj = s. Lème ìti h seir� sugkl�nei apolÔtw
 an h

∑+∞
j=1 ‖xj‖ sugkl�nei.6. (1) Apode�xte ìti èna
 q¸ro
 X me nìrma e�nai pl rh
 an kai mìnon an k�jeapolÔtw
 sugkl�nousa seir� stoiqe�wn tou X sugkl�nei ston X .(2) Jewre�ste ton l1 me thn 1-nìrma kai ton upìqwro X =< {ej | j ∈ N} >.Apode�xte ìti ston X h ∑+∞

j=1
1
j2 ej sugkl�nei apolÔtw
 all� de sugkl�nei.Orismì
: 'Estw X q¸ro
 Banach. To {bj|j ∈ N} onom�zetai b�sh Schaud-

er tou X an gia k�je x ∈ X up�rqoun monadik� κ1, κ2, . . . ∈ F ¸ste x =∑+∞
j=1 κjbj .7. Bre�te b�sh Schauder gia tou
 lp, 1 ≤ p < +∞.8. Apode�xte ìti ta stoiqe�a m�a
 b�sh
 Schauder se q¸ro Banach e�nai memon-wmèna.9. 'Estw q¸ro
 X me nìrma kai Y kleistì
 upìqwro
 tou X .(1) An oi Y,X/Y e�nai pl rei
, apode�xte ìti o X e�nai pl rh
.(2) An oi Y,X/Y e�nai diaqwr�simoi, apode�xte ìti o X e�nai diaqwr�simo
.10. (1) An o X e�nai q¸ro
 me nìrma kai o Y e�nai gn sio
 upìqwro
 tou X ,apode�xte ìti int(Y ) = ∅.(2) An o X e�nai q¸ro
 Banach kai Yn e�nai gn sioi upìqwroi tou X pepera-smènh
 di�stash
, apode�xte ìti int(∪+∞

n=1Yn) = ∅.(3) Apode�xte ìti den up�rqei apeirodi�stato
 q¸ro
 Banach me arijm simh b�sh.11. (1) 'Estw q¸ro
 X peperasmènh
 di�stash
 me nìrma ‖·‖ kai grammikì
 upì-qwro
 Y 6= X . Apode�xte ìti up�rqei x ∈ X me ‖x‖ = inf{‖y − x‖ |y ∈ Y } = 1.(2) Ston C([0, 1]) = BC([0, 1]) me thn omoiìmorfh nìrma jewroÔme ton upìqwro
X = {f ∈ C([0, 1])|f(0) = 0} kai ton Y = {f ∈ X |

∫ 1

0 f = 0}. Apode�xte ìtio X e�nai kleistì
 upìqwro
 tou C([0, 1]), ìti Y 6= X kai ìti, gia opoiod pote
f ∈ X me ‖f‖u = 1, isqÔei inf{‖g − f‖u |g ∈ Y } < 1.12. (1) 'Estw q¸ro
 X me nìrma, M kleistì
 upìqwro
 tou X kai Y upìqwro
tou X me dim(Y ) < +∞ kaiM∩Y = {0}. Apode�xte ìti oM+Y e�nai kleistì
upìqwro
 tou X .(2) Apode�xte to �dio apotèlesma me ti
 �die
 upojèsei
 ektì
 th
 M ∩ Y = {0}.13. 'Estw q¸ro
 X me nìrma,M kleistì
 upìqwro
 tou X me codim(M) < +∞kai Y upìqwro
 tou X . Apode�xte ìti o M +Y e�nai kleistì
 upìqwro
 tou X .14. Ston q¸ro l2 jewroÔme tou
 upìqwrou
 M = cl(< {e2j|j ∈ N} >) kai
Y = cl(< {e2j + 1

j e2j−1|j ∈ N} >). Apode�xte ìti o M + Y e�nai puknì
 ston
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l2 kai (1, 0, 1

2 , 0,
1
3 , 0, . . .) /∈M + Y . 'Ara o M + Y den e�nai kleistì
.15. 'Estw X èna
 grammikì
 q¸ro
 ep� tou F o opo�o
 e�nai apeirodi�stato
 kaièstw B m�a b�sh tou X . Or�zoume ‖·‖(1) kai ‖·‖(2) ston X me tÔpo

‖x‖(1)
=

n∑

j=1

|κj |, ‖x‖(2)
= max

1≤j≤n
|κj |gia k�je x ∈ X , ìpou x =

∑n
j=1 κjxj me κ1, . . . , κn ∈ F kai x1, . . . , xn ∈ B.Apode�xte ìti oi ‖·‖(1), ‖·‖(2) e�nai nìrme
 ston X kai ìti den e�nai isodÔname
.16. JewroÔme ton l1 kai gia k�je x = (x1, x2, . . .) ∈ l1 or�zoume ‖x‖′ =∑+∞

j=1
1
2j |xj |. Apode�xte ìti h ‖·‖′ e�nai nìrma ston l1 h opo�a den e�nai isodÔnamhme thn 1-nìrma tou l1 kai ìti o l1 den e�nai pl rh
 w
 pro
 thn ‖·‖′.Orismì
: M�a sun�rthsh f : R → F onom�zetai sun�rthsh fragmènh
 kÔ-mansh
 an up�rqei M ≥ 0 ¸ste ∑n−1

j=1 |f(tj+1) − f(tj)| ≤ M gia k�je n ∈ Nkai t1, . . . , tn ∈ R me t1 < · · · < tn.Or�zoume to sÔnolo BV (R) me stoiqe�a ìle
 ti
 sunart sei
 fragmènh
 kÔ-mansh
 sto R kai gia k�je f ∈ BV (R) or�zoume
‖f‖BV = |f(0)| + sup{

n−1∑

j=1

|f(tj+1) − f(tj)| |n ∈ N, t1 < · · · < tn}.17. Apode�xte ìti o BV (R) e�nai grammikì
 q¸ro
 ep� tou F , ìti h ‖·‖BV e�nainìrma ston BV (R) kai ìti o BV (R) e�nai q¸ro
 Banach me aut n th nìrma.Orismì
: 'Estw 0 < α ≤ 1. M�a sun�rthsh f : R → F onom�zetai sun�rthsh
Lipschitz t�xh
 α an up�rqeiM ≥ 0 ¸ste |f(t)− f(s)| ≤Mδα gia k�je δ > 0kai gia k�je t, s ∈ R me |t− s| ≤ δ.Or�zoume Lipα ton q¸ro me stoiqe�a ìle
 ti
 sunart sei
 Lipschitz t�xh
 αkai gia k�je f ∈ Lipα or�zoume ωδ(f) = sup{|f(t) − f(s)| | |t− s| ≤ δ} kai

‖f‖Lipα
= |f(0)| + sup

δ>0

ωδ(f)

δα
.18. Apode�xte ìti o Lipα e�nai grammikì
 q¸ro
 ep� tou F , ìti h ‖·‖Lipα

e�nainìrma ston Lipα kai ìti o Lipα e�nai q¸ro
 Banach.Orismì
: 'Estw 0 < α ≤ 1. Or�zoume to sÔnolo lipα me stoiqe�a ìle
 ti
sunart sei
 f ∈ Lipα me thn idiìthta limδ→0+
ωδ(f)

δα = 0.19. Apode�xte ìti o lipα e�nai kleistì
 upìqwro
 tou Lipα. Apode�xte ìti tastoiqe�a tou lip1 e�nai oi stajerè
 sunart sei
.Orismì
: 'Estw ∆ = {z ∈ C | |z| < 1} o anoiktì
 monadia�o
 d�sko
 sto C. Gia



3.5. ASK�HSEIS 119
1 ≤ p < +∞ jewroÔme to sÔnolo Hp(∆) me stoiqe�a ìle
 ti
 sunart sei
 oiopo�e
 e�nai olìmorfe
 sto ∆ me thn idiìthta sup0≤r<1

∫ 2π

0
|f(reiθ)|pdθ < +∞.Gia k�je f ∈ Hp(∆) or�zoume

‖f‖p = sup
0≤r<1

( 1

2π

∫ 2π

0

|f(reiθ)|pdθ
) 1

p

.20. Apode�xte ìti to Hp(∆) e�nai grammikì
 q¸ro
 ep� tou C, ìti h ‖·‖p e�nainìrma ston Hp(∆) kai ìti o Hp(∆) e�nai q¸ro
 Banach.Orismì
: Or�zoume to sÔnolo H∞(∆) me stoiqe�a ìle
 ti
 sunart sei
 oi opo�e
e�nai olìmorfe
 sto ∆ kai èqoun thn idiìthta supz∈∆ |f(z)| < +∞.Gia k�je f ∈ H∞(∆) or�zoume
‖f‖∞ = sup

z∈∆
|f(z)|.21. Apode�xte ìti to H∞(∆) e�nai grammikì
 q¸ro
 ep� tou C, ìti h ‖·‖∞ e�nainìrma ston H∞(∆) kai ìti o H∞(∆) e�nai q¸ro
 Banach.Orismì
: Or�zoume to sÔnolo A(∆) me stoiqe�a ìle
 ti
 sunart sei
 f oi opo�e
e�nai suneqe�
 sto cl(∆) = {z ∈ C| |z| ≤ 1} kai olìmorfe
 sto ∆.Gia k�je f ∈ A(∆) or�zoume

‖f‖∞ = max
z∈cl(∆)

|f(z)|.22. Apode�xte ìti to A(∆) e�nai grammikì
 q¸ro
 ep� tou C, ìti h ‖·‖∞ e�nainìrma ston A(∆) kai ìti o A(∆) e�nai q¸ro
 Banach.23. 'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖.(1) An oi {xn}, {yn} e�nai ston X me ‖xn‖ ≤ 1, ‖yn‖ ≤ 1 kai (xn|yn) → 1,apode�xte ìti ‖xn − yn‖ → 0.(2) An h {xn} kai to x e�nai ston X me ‖xn‖ → ‖x‖ kai (xn|y) → (x|y) gia k�je
y ∈ X , apode�xte ìti ‖xn − x‖ → 0.24. 'Estw q¸ro
 X me nìrma ‖·‖ kai èstw ìti isqÔei h tautìthta tou parallhlo-gr�mmou.(1) An F = R kai or�soume (x|y) = 1

4 ‖x+ y‖2
+ 1

4 ‖x− y‖2 gia k�je x, y ∈ X ,apode�xte ìti to (·|·) e�nai eswterikì ginìmeno ston X kai ep�gei thn ‖·‖.(2) An F = C, apode�xte to �dio pr�gma me (x|y) = 1
4 ‖x+ y‖2 − 1

4 ‖x− y‖2
+

i
4 ‖x+ iy‖2 − i

4 ‖x− iy‖2 gia k�je x, y ∈ X .25. Apode�xte ìti k�je orjog¸nio sÔnolo se q¸ro me eswterikì ginìmeno e�naigrammik� anex�rthto.26. 'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖. An
x, y ∈ X , prosdior�ste ìle
 ti
 peript¸sei
 ¸ste na isqÔei h isìthta ‖x+ y‖ =
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‖x‖ + ‖y‖.27. Apode�xte ìti, an 1 ≤ p ≤ +∞ kai p 6= 2, o lp me thn p-nìrma den e�nai q¸ro
me eswterikì ginìmeno. Apode�xte to �dio gia ton Lp(Ω,Σ, µ) me thn p-nìrma,ektì
 apì el�qiste
 exairèsei
 ti
 opo�e
 prèpei na prosdior�sete.28. 'Estw q¸ro
 X me nìrma ‖·‖, s ∈ X kai {xi}i∈I ston X . Apode�xte ìti∑

i∈I xi = s qwr�
 proüpojèsei
 an kai mìnon an gia k�je ǫ > 0 up�rqei peperas-mèno Iǫ ⊆ I ¸ste ∥∥∑
i∈J xi − s

∥∥ < ǫ gia k�je peperasmèno J me Iǫ ⊆ J ⊆ I.29. 'Estw q¸ro
 X me eswterikì ginìmeno (·|·) kai epag¸menh nìrma ‖·‖.(1) An x, a1, . . . , an ∈ X kai to {a1, . . . , an} e�nai orjokanonikì, apode�xte ìtito mìno stoiqe�o tou < {a1, . . . , an} > to opo�o èqei thn el�qisth apìstash apìto x e�nai to (x|a1)a1 + · · · + (x|an)an.(2) An A e�nai orjokanonik  b�sh tou X , apode�xte ìti x =
∑

a∈A(x|a)a giak�je x ∈ X .30. JewroÔme ton upìqwro c00 tou l2 me stoiqe�a ìle
 ti
 akolouj�e
 x =
(x1, x2, . . .) oi opo�e
 èqoun to polÔ peperasmènou pl jou
 mh-mhdenikè
 sunte-tagmène
.(1) Apode�xte ìti to K = {y ∈ c00|

∑+∞
j=1

1
j yj = 1} e�nai kleistì kai kurtì all�ìti den up�rqei y0 ∈ K me ‖y0‖2 = infy∈K ‖y‖2.(2) An Y = {y ∈ c00|

∑+∞
j=1

1
j yj = 0}, apode�xte ìti o Y e�nai kleistì
 upìqwro
tou c00, all� Y 6= (Y ⊥)⊥.31. Apode�xte ìti ston upìqwro Y =< {∑+∞

k=1
1
k ek, e2, e3, . . .} > tou l2 to

{e2, e3, . . .} e�nai maximal orjokanonikì sÔnolo all� ìqi orjokanonik  b�sh.Orismì
: (EujÔ �jroisma q¸rwn me eswterikì ginìmeno) 'Estw ìti gia k�-je i ∈ I o Xi e�nai q¸ro
 me eswterikì ginìmeno (·|·)i kai epag¸menh nìrma
‖·‖i. Or�zoume ⊕

i∈I Xi na e�nai to sÔnolo ìlwn twn x = (xi)i∈I ∈ ∏
i∈I Xi me∑

i∈I ‖xi‖2
i < +∞.32. Gia x = (xi)i∈I , y = (yi)i∈I ∈ ⊕

i∈I Xi or�zoume (x|y) =
∑

i∈I(xi|yi)i.(1) Apode�xte ìti h seir� pou or�zei to (x|y) sugkl�nei qwr�
 proüpojèsei
 kaito (·|·) e�nai eswterikì ginìmeno ston ⊕
i∈I Xi.(2) Apode�xte ìti, an k�je Xi e�nai pl rh
, tìte kai o ⊕

i∈I Xi e�nai pl rh
.Orismì
: 'Estw Xi = F gia k�je i ∈ I. Or�zoume l2(I) =
⊕

i∈I F . Dhlad ,gia k�je x = (xi)i∈I , y = (yi)i∈I ∈ ⊕
i∈I F e�nai (x|y) =

∑
i∈I xiyi kai ‖x‖2

=∑
i∈I |xi|2.33. Apode�xte ìti o l2(I) e�nai q¸ro
 Hilbert.34. Apode�xte ìti k�je dÔo maximal orjokanonik� sÔnola enì
 q¸rou meeswterikì ginìmeno èqoun ton �dio plhj�rijmo.
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: An X e�nai q¸ro
 me eswterikì ginìmeno kai A e�nai opoiod pote
maximal orjokanonikì sÔnolo tou X , o card(A) onom�zetai di�stash Hilberttou X .35. 'Estw q¸ro
 Hilbert X me orjokanonik  b�sh {xi|i ∈ I}. Apode�xte ìti
X

iso
= l2(I).36. 'Estw o q¸ro
 H2(∆) o opo�o
 or�sjhke akrib¸
 pr�n apì thn �skhsh 41.K�je f ∈ H2(∆) gr�fetai f(z) =

∑
n=0 anz

n gia k�je z ∈ ∆, ìpou h dunamo-seir� aut  sugkl�nei omoiìmorfa sthn f se k�je sumpagè
 uposÔnolo tou ∆.(1) Apode�xte ìti gia k�je r ∈ [0, 1) isqÔei 1
2π

∫ 2π

0 |f(reiθ)|2 dθ =
∑+∞

n=1 |an|2r2n.(2) Apode�xte ìti h 1
2π

∫ 2π

0
|f(reiθ)|2 dθ e�nai aÔxousa sun�rthsh tou r kai ìti

‖f‖2 = limr→1−
(

1
2π

∫ 2π

0
|f(reiθ)|2 dθ

) 1
2 .(3) An h f e�nai olìmorfh sto ∆ kai f(z) =

∑
n=0 anz

n gia k�je z ∈ ∆,apode�xte ìti f ∈ H2(∆) an kai mìnon an ∑+∞
n=1 |an|2 < +∞ kai ìti, s' aut nthn per�ptwsh, ‖f‖2 =

∑+∞
n=1 |an|2.(4) Apode�xte ìti gia k�je f, g ∈ H2(∆) me f(z) =

∑
n=0 anz

n kai g(z) =∑
n=0 bnz

n gia k�je z ∈ ∆, h seir� ∑
n=0 anbn sugkl�nei kai ìti, an or�soume

(f |g)2 =
∑

n=0 anbn, tìte to (·|·)2 e�nai eswterikì ginìmeno stonH2(∆) to opo�oep�gei th nìrma ‖·‖2.37. 'Estw U anoiktì uposÔnolo touRn kai k ∈ N0. Gia k�je f, g ∈ Ck,2(U) or�-zoume (f |g)k,2 =
∑

|α|≤k

∫
U
DαfDαg dm. Apode�xte ìti to (·|·)k,2 e�nai eswteri-kì ginìmeno ston Ck,2(U) kai ìti ep�gei th nìrma ‖·‖k,2.Orismì
: (Sunart sei
 me timè
 se q¸ro me eswterikì ginìmeno). 'Estw di-aqwr�simo
 q¸ro
 X me eswterikì ginìmeno (·|·)X kai q¸ro
 mètrou (Ω,Σ, µ).An f : Ω → X , lème ìti h f e�nai metr simh an gia k�je x ∈ X h (f(·)|x)X :

Ω → F e�nai metr simh.38. 'Estw diaqwr�simo
 q¸ro
 X me eswterikì ginìmeno (·|·)X kai epag¸menhnìrma ‖·‖X . An oi f, g : Ω → X e�nai metr sime
, apode�xte ìti oi ‖f(·)‖X : Ω →
R+

0
kai (f(·)|g(·))X : Ω → F e�nai metr sime
.Orismì
: (Sunart sei
 me timè
 se q¸ro me eswterikì ginìmeno). 'Estw di-aqwr�simo
 q¸ro
 X me eswterikì ginìmeno (·|·)X kai epag¸menh nìrma ‖·‖X .Or�zoume to L2(Ω,Σ, µ;X) w
 to sÔnolo ìlwn twn metr simwn f : Ω → X me∫

Ω
‖f(a)‖2

X dµ(a) < +∞.39. 'Estw diaqwr�simo
 q¸ro
 X me eswterikì ginìmeno (·|·)X , epag¸menh nìrma
‖·‖X kai orjokanonik  b�sh {x1, x2, . . .}.(1) Apode�xte ìti gia k�je f, g ∈ L2(Ω,Σ, µ;X) to (f |g) =

∫
Ω
(f(a)|g(a))X dµ(a)sugkl�nei kai ìti to (·|·) e�nai eswterikì ginìmeno ston L2(Ω,Σ, µ;X).(2) Gia k�je f, g ∈ L2(Ω,Σ, µ;X) apode�xte ìti f(·) =

∑+∞
k=1(f(·)|xk)Xxk kai

(f |g) =
∑+∞

k=1

∫
Ω
(f(a)|xk)X(g(a)|xk)X dµ(a).



122 KEF�ALAIO 3. TOPOLOGIKO�I GRAMMIKO�I Q�WROI40. 'Estw µ1 kai µ2 dÔo mètra ston �dio metr simo q¸ro (Ω,Σ), ta opo�a e�naiamoiba�a idi�zonta, µ1⊥µ2. Apode�xte ìti L2(Ω,Σ, µ1 + µ2)
iso
= L2(Ω,Σ, µ1) ⊕

L2(Ω,Σ, µ2).41. 'Estw q¸ro
 X me eswterikì ginìmeno (·|·)X . Gia k�je x1, . . . , xn ∈ Xjètoume G(x1, . . . , xn) = det
(
(xi|xj)

).(1) Apode�xte ìti G(x1, . . . , xn) ≥ 0 kai ìti isqÔei G(x1, . . . , xn) = 0 an kaimìnon an to {x1, . . . , xn} e�nai grammik� exarthmèno.(2) An x ∈ X , M =< {x1, . . . , xn} > kai to {x1, . . . , xn} e�nai grammik�anex�rthto, apode�xte ìti miny∈M ‖x− y‖2
= G(x,x1,...,xn)

G(x1,...,xn) .(3) An to {x1, . . . , xn} e�nai grammik� anex�rthto sÔnolo ston Rn, apode�xte ìtio ìgko
 tou parallhlep�pedouP = {t1x1+· · ·+tnxn|0 ≤ t1 ≤ 1, . . . , 0 ≤ tn ≤ 1}e�nai �so
 me √
G(x1, . . . , xn).42. 'Estw q¸ro
 X me eswterikì ginìmeno kai orjokanonikì sÔnolo A. An hseir� ∑

a∈A κaa sugkl�nei qwr�
 proüpojèsei
, apode�xte ìti ∑a∈A |κa|2 < +∞.Orismì
: Ta polu¸numa Hermite or�zontai gia k�je n ∈ N0 me ton tÔpo
Hn(t) = (−1)net2Dn(e−t2).43. Apode�xte ìti oi sunart sei
 ψn(t) = 1√√

π2nn!
Hn(t)e−

1
2 t2 , n ∈ N0,apoteloÔn orjokanonikì sÔnolo ston L2(R,B(R),m).Orismì
: Ta polu¸numa Laguerre or�zontai me ton tÔpo Ln(t) = etDn(tne−t)gia k�je n ∈ N0.44. Apode�xte ìti oi sunart sei
 φn(t) = 1

n! Ln(t)e−
1
2 t, n ∈ N0, apoteloÔnorjokanonikì sÔnolo ston L2(R+,B(R+),m).Orismì
: Or�zoume ti
 sunart sei
 Rademacher rk, k ∈ N0, na e�nai oi 1 −periodikè
 sunart sei
 sto R me r0(t) = 1, an 0 ≤ t < 1

2 , kai r0(t) = −1, an
1
2 ≤ t < 1 kai me rk(t) = r0(

1
2k t) gia k�je k ≥ 1 kai t ∈ R.Oi sunart sei
 Walsh Wn, n ∈ N0, or�zontai w
 ex 
: W0(t) = 1 gia k�je

t ∈ R kai, an n ≥ 1, gr�foume th duadik  anapar�stash n =
∑+∞

k=0 ξk2k (meanagkastik� peperasmènou pl jou
 ìrou
) tou n, ìpou ξk ∈ {0, 1} gia k�je k,kai jètoume Wn(t) =
∏+∞

k=0(rk(t))ξk .45. Apode�xte ìti to sÔnolo twn sunart sewn Walsh apotele� orjokanonikìsÔnolo ston L2([0, 1],B([0, 1]),m).46. 'Estw anoiktì U ⊆ Rn kai Cc(U) to sÔnolo ìlwn twn f : U → F suneq¸nkai me sumpag  forèa supp(f) ⊆ U . Pa�rnoume opoiad pote sumpag  Kk ⊆ U ,
k ∈ N, me Kk ⊆ Kk+1 gia k�je k ¸ste gia k�je sumpagè
 K ⊆ U na up�rqei
k me K ⊆ Kk. Katìpin, gia k�je akolouj�a E = {ǫk} sto R+, jewroÔmeta Bk(ǫk) = {f ∈ C(U)| supp(f) ⊆ Kk, ‖f‖u < ǫk} gia k�je k kai to U0

E =
co

(
∪+∞

k=1Bk(ǫk)
).



3.5. ASK�HSEIS 123Apode�xte ìti or�zetai topik� kurt  topolog�a ston Cc(U) ¸ste h sullog 
N 0 = {U0

E|E} na apotele� b�sh anoikt¸n perioq¸n tou 0.47. 'Estw {fm} kai f ston Cc(U). Apode�xte ìti fm → f w
 pro
 thn topolog�-a pou or�sjhke sthn prohgoÔmenh �skhsh an kai mìnon an up�rqei k ¸ste
supp(fm) ⊆ Kk gia k�je m kai fm → f omoiìmorfa sto U .48. 'Estw anoiktì U ⊆ Rn kai C∞

c (U) to sÔnolo ìlwn twn f : U → F ape�r-w
 paragwg�simwn kai me sumpag  forèa supp(f) ⊆ U . Pa�rnoume opoiad -pote sumpag  Kk ⊆ U , k ∈ N, me Kk ⊆ Kk+1 gia k�je k ¸ste gia k�jesumpagè
 K ⊆ U na up�rqei k me K ⊆ Kk. Katìpin, gia k�je akolouj�a
E = {ǫk} sto R+ kai gia k�je akolouj�a N = {nk} sto N0, jewroÔme ta
Bk(ǫk, nk) = {f ∈ C(U)| supp(f) ⊆ Kk, pKk,nk

(f) < ǫk} gia k�je k kai to
U0

E,N = co
(
∪+∞

k=1Bk(ǫk, nk)
).Apode�xte ìti or�zetai topik� kurt  topolog�a ston C∞

c (U) ¸ste h sullog 
N 0 = {U0

E,N |E,N} na apotele� b�sh anoikt¸n perioq¸n tou 0.Orismì
: O C∞
c (U) me thn topik� kurt  topolog�a pou or�sjhke sthn prohgoÔ-menh �skhsh sumbol�zetaiD(U) kai onom�zetaiq¸ro
 twn test functions sto

U .49. 'Estw {fm} kai f ston D(U). Apode�xte ìti fm → f w
 pro
 thn topolog�-a pou or�sjhke sthn prohgoÔmenh �skhsh an kai mìnon an up�rqei k ¸ste
supp(fm) ⊆ Kk gia k�je m kai Dαfm → Dαf omoiìmorfa sto U gia k�je
α.50. 'Estw topik� kurtì
 q¸ro
 X tou opo�ou h topolog�a ep�getai apì thn sul-log  hminorm¸n {p1, . . . , pn}. Apode�xte ìti h p = max(p1, . . . , pn) e�nai nìrmaston X kai ìti ep�gei thn topolog�a tou X .51. Apode�xte ìti k�je topik� kurt  topolog�a se q¸ro peperasmènh
 di�stash

X taut�zetai me thn topolog�a h opo�a ep�getai ston X apì opoiad pote nìrmatou.52. 'Estw X opoiosd pote topik� kurtì
 q¸ro
. Apode�xte ìti k�je grammikì
upìqwro
 Y tou X me dim(Y ) < +∞ e�nai pl rh
.53. 'Estw X opoiosd pote topik� kurtì
 q¸ro
. Apode�xte ìti k�je sumpagè
uposÔnolo tou X èqei kenì eswterikì.54. 'Estw topik� kurtì
 q¸ro
 X tou opo�ou h topolog�a ep�getai apì thndiaqwr�zousa sullog  hminorm¸n P .(1) An p e�nai opoiad pote hminìrma ston X , apode�xte ìti h p e�nai suneq -
 ston X an kai mìnon an up�rqoun C > 0 kai p1, . . . , pn ∈ P ¸ste p ≤
Cmax(p1, . . . , pn).(2) An P0 e�nai h sullog  ìlwn twn hminorm¸n ston X oi opo�e
 e�nai suneqe�
ston X , apode�xte ìti h topik� kurt  topolog�a tou X h opo�a ep�getai apì thn
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P0 taut�zetai me thn arqik  topolog�a tou X .



Kef�laio 4O duikì
 q¸ro
4.1 Fragmèna grammik� sunarthsoeid Orismì
 4.1'Estw q¸ro
 X me nìrma ‖·‖ kai grammikì sunarthsoeidè
 x′ :
X → F . To x′ onom�zetai fragmèno an up�rqei C ≥ 0 ¸ste

|x′(x)| ≤ C ‖x‖gia k�je x ∈ X .Prìtash 4.1'Estw q¸ro
 X me nìrma ‖·‖ kai grammikì sunarthsoeidè
 x′ :
X → F . Ta parak�tw e�nai isodÔnama:(1) To x′ e�nai suneq 
 sun�rthsh ston X .(2) To x′ e�nai suneq 
 sun�rthsh sto 0 ∈ X .(3) To x′ e�nai fragmèno.Apìdeixh: E�nai profanè
 ìti to (1) sunep�getai to (2).An to x′ den e�nai fragmèno, tìte gia k�je n ∈ N up�rqei xn ∈ X me
|x′(xn)| > n ‖xn‖. Tìte xn 6= 0 kai, jètonta
 yn = 1

n‖xn‖ xn, èqoume yn → 0all� |x′(yn)| > 1, opìte to x′ den e�nai suneq 
 sun�rthsh sto 0.'Estw ìti up�rqei C ≥ 0 ¸ste |x′(x)| ≤ C ‖x‖ gia k�je x ∈ X . An xn → xston X , tìte |x′(xn) − x′(x)| = |x′(xn − x)| ≤ C ‖xn − x‖ → 0 kai, epomènw
,to x′ e�nai suneq 
 sun�rthsh ston X .Orismì
 4.2'Estw q¸ro
 X me nìrma ‖·‖. To sÔnolo ìlwn twn suneq¸n ston
X  , isodÔnama, fragmènwn grammik¸n sunarthsoeid¸n touX onom�zetai duikì
q¸ro
 tou X kai sumbol�zetai X∗.E�nai fanerì ìti o q¸ro
 X∗ e�nai grammikì
 upìqwro
 tou q¸rou X ′ ìlwntwn grammik¸n sunarthsoeid¸n tou X . Ja sumbol�zoume ta stoiqe�a tou X∗ meta sÔmbola x∗, y∗ klp.E�nai gnwstì ìti o mhdenìqwro
 enì
 grammikoÔ sunarthsoeidoÔ
 e�nai gram-mikì
 upìqwro
 sundi�stash
 1   0. To epìmeno apotèlesma d�nei sqetikì qara-kthrismì th
 sunèqeia
. 125



126 KEF�ALAIO 4. O DUIK�OS Q�WROSPrìtash 4.2'Estw q¸ro
 X me nìrma ‖·‖ kai x∗ ∈ X∗. To x∗ e�nai fragmènoan kai mìnon an o N(x∗) e�nai kleistì
.Apìdeixh: An to x∗ e�nai suneqè
, tìte to N(x∗) = (x∗)−1({0}) e�nai kleistìw
 ant�strofh eikìna kleistoÔ sunìlou.'Estw ìti to N(x∗) e�nai kleistì. An x∗ e�nai to mhdenikì sunarthsoeidè
tìte e�nai, profan¸
, suneqè
. An ìqi, tìte up�rqei x0 ∈ X ¸ste x∗(x0) = 1.Epeid  oi metaforè
 e�nai omoiomorfismo� tou X , to uperep�pedo x0 + N(x∗) =
{x ∈ X |x∗(x) = 1} e�nai kleistì ston X . Kai, epeid  0 /∈ x0 +N(x∗), up�rqei
R > 0 ¸ste B(0;R) ∩ (x0 +N(x∗)) = ∅. 'Estw, t¸ra, ìti |x∗(x)| > 1

R ‖x‖ giak�poio x ∈ X . Br�skoume κ ∈ F ¸ste |κ| < 1 kai κx∗(x) = 1
R ‖x‖ kai jètoume

y = κR
‖x‖ x. Tìte y ∈ B(0;R) kai x∗(y) = κR

‖x‖ x
∗(x) = 1. Autì e�nai �topo,opìte |x∗(x)| ≤ 1

R ‖x‖ gia k�je x ∈ X .Prìtash 4.3'Estw q¸ro
 X me nìrma ‖·‖ kai x∗ ∈ X∗. Tìte up�rqei to
min{C ≥ 0 | |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X}.Apìdeixh: 'Estw C0 = inf{C ≥ 0 | |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X}. Pa�rnou-me opoiod pote C ≥ 0 me |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X kai, krat¸nta
stajerì to tuqìn x ∈ X , pa�rnoume to infimum th
 dexi�
 pleur�
 w
 pro
 to
C. Br�skoume |x∗(x)| ≤ C0 ‖x‖ gia to tuqìn x ∈ X .Orismì
 4.3'Estw q¸ro
 X me nìrma ‖·‖ kai x∗ ∈ X∗. Or�zoume th nìrmatou x∗ me ton tÔpo

‖x∗‖ = min{C ≥ 0 | |x∗(x)| ≤ C ‖x‖ gia k�je x ∈ X}.'Ara
|x∗(x)| ≤ ‖x∗‖ ‖x‖gia k�je x ∈ X kai k�je x∗ ∈ X∗.Prìtash 4.4'Estw q¸ro
 X me nìrma ‖·‖ kai x∗ ∈ X∗. Tìte

‖x∗‖ = sup
x∈X,‖x‖≤1

|x∗(x)| = sup
x∈X,‖x‖=1

|x∗(x)| = sup
x∈X,x 6=0

|x∗(x)|
‖x‖ .Apìdeixh: Jètoume C = supx∈X,x 6=0

|x∗(x)|
‖x‖ , opìte |x∗(x)| ≤ C ‖x‖ gia k�je

x ∈ X me x 6= 0. Epeid  autì isqÔei kai gia x = 0, o orismì
 th
 nìrma
tou x∗ d�nei thn pr¸th apì ti
 aniso/isìthte
 ‖x∗‖ ≤ supx∈X,x 6=0
|x∗(x)|
‖x‖ =

supx∈X,x 6=0 |x∗( x
‖x‖ )| = supx∈X,‖x‖=1 |x∗(x)| ≤ supx∈X,‖x‖≤1 |x∗(x)| ≤ ‖x∗‖.Prìtash 4.5'Estw q¸ro
 X me nìrma ‖·‖. H sun�rthsh ‖·‖ : X∗ → R+

0pou or�sjhke ston teleuta�o orismì e�nai nìrma ston X∗ kai o X∗ e�nai q¸ro

Banach.Apìdeixh: An x∗ ∈ X∗ kai ‖x∗‖ = 0, tìte x∗(x) = 0 gia k�je x ∈ X , opìte to
x∗ e�nai to mhdenikì stoiqe�o tou X∗.



4.2. Q�WROI PEPERASM�ENHS DI�ASTASHS 127Gia k�je x ∈ X kai k�je x∗1, x∗2 ∈ X∗ èqoume |(x∗1 + x∗2)(x)| ≤ |x∗1(x)| +
|x∗2(x)| ≤ ‖x∗1‖ ‖x‖ + ‖x∗2‖ ‖x‖ = (‖x∗1‖ + ‖x∗2‖) ‖x‖. Epomènw
 ‖x∗1 + x∗2‖ ≤
‖x∗1‖ + ‖x∗2‖.Gia k�je x∗ ∈ X∗ kai κ ∈ F èqoume ‖κx∗‖ = supx∈X,‖x‖≤1 |(κx∗)(x)| =
supx∈X,‖x‖≤1 |κ||x∗(x)| = |κ| supx∈X,‖x‖≤1 |x∗(x)| = |κ| ‖x∗‖.'Ara h ‖·‖ : X∗ → R+

0
e�nai nìrma ston X∗.'Estw {x∗n} ston X∗ me ‖x∗n − x∗m‖ → 0. Gia tuqìn x ∈ X èqoume |x∗n(x) −

x∗m(x)| = |(x∗n−x∗m)(x)| ≤ ‖x∗n − x∗m‖ ‖x‖ → 0, opìte h {x∗n(x)} e�nai akolouj�a
Cauchy sto F . 'Ara up�rqei to ìriì th
 sto F . Or�zoume x∗ : X → F me tÔpo
x∗(x) = limx∗n(x) gia k�je x ∈ X . Epeid  k�je x∗n e�nai grammikì, isqÔei giak�je x, y ∈ X kai κ ∈ F ìti x∗(x+y) = limx∗n(x+y) = lim x∗n(x)+lim x∗n(y) =
x∗(x) + x∗(y) kai x∗(κx) = limx∗n(κx) = κ limx∗n(x) = κx∗(x). 'Ara to x∗ e�naigrammikì sunarthsoeidè
 tou X .Epeid  up�rqei N ¸ste ‖x∗n − x∗m‖ ≤ 1 gia k�je n,m ≥ N , èqoume |x∗n(x)−
x∗N (x)| ≤ ‖x∗n − x∗N‖ ‖x‖ ≤ ‖x‖ gia k�je n ≥ N kai x ∈ X kai, pa�rnonta
 ìrioìtan n→ +∞, br�skoume |x∗(x)−x∗N (x)| ≤ ‖x‖. 'Ara |x∗(x)| ≤ |x∗N (x)|+‖x‖ ≤
(‖x∗N‖ + 1) ‖x‖ gia k�je x ∈ X . Epomènw
 to x∗ e�nai fragmèno kai x∗ ∈ X∗.Gia tuqìn ǫ > 0 up�rqei N ¸ste ‖x∗n − x∗m‖ ≤ ǫ gia k�je n,m ≥ N . Tìte
|x∗n(x) − x∗m(x)| ≤ ‖x∗n − x∗m‖ ‖x‖ ≤ ǫ ‖x‖ gia k�je n,m ≥ N kai k�je x ∈ X .Pa�rnonta
 ìrio ìtan m → +∞ br�skoume |x∗n(x) − x∗(x)| ≤ ǫ ‖x‖ gia k�je
n ≥ N kai k�je x ∈ X , opìte ‖x∗n − x∗‖ ≤ ǫ gia k�je n ≥ N . 'Ara x∗n → x∗ston X∗.4.2 Q¸roi peperasmènh
 di�stash
Je¸rhma 4.1An o X e�nai q¸ro
 me nìrma kai dim(X) < +∞, tìte
X∗ ∼= X.Apìdeixh: 'Estw ‖·‖ h nìrma tou X kai {b1, . . . , bn} m�a b�sh tou. Epeid  ìle
oi nìrme
 tou X e�nai isodÔname
, up�rqoun C, c > 0 ¸ste c ‖z‖ ≤ ‖z‖2 ≤ C ‖z‖gia k�je z ∈ X .Pa�rnoume tuqìn x ∈ X , gr�foume x = x1b1 + · · · + xnbn kai or�zoume
lx(y) = x1y1 + · · · + xnyn gia k�je y = y1b1 + · · · + ynbn ∈ X . E�nai eÔkolona apodeiqje� ìti h sun�rthsh lx : X → F e�nai grammikì sunarthsoeidè
 tou
X . Ep�sh
, |lx(y)| ≤ ‖x‖2 ‖y‖2 ≤ C ‖x‖2 ‖y‖ kai, epomènw
, lx ∈ X∗ me ‖lx‖ ≤
C ‖x‖2 ≤ C2 ‖x‖.JewroÔme th sun�rthsh T : X → X∗ me tÔpo T (x) = lx gia k�je x ∈ X . An
x = x1b1 + · · ·+ xnbn kai x′ = x′1b1 + · · ·+ x′nbn, tìte lx+x′(y) = (x1 + x′1)y1 +
· · · + (xn + x′n)yn = lx(y) + lx′(y) gia k�je y ∈ X , opìte lx+x′ = lx + lx′ . 'Ara
T (x + x′) = T (x) + T (x′). Omo�w
 apodeiknÔetai ìti T (κx) = κT (x), opìte o
T : X → X∗ e�nai grammikì
 telest 
.An T (x) = T (x′), tìte xj = lx(bj) = lx′(bj) = x′j gia k�je j kai, epomènw
,
x = x′. 'Ara o T e�nai 1 − 1.JewroÔme tuqìn l ∈ X∗ kai or�zoume x = l(b1)b1 + · · · + l(bn)bn ∈ X . Tìtegia k�je y = y1b1 + · · · + ynbn ∈ X èqoume lx(y) = l(b1)y1 + · · · + l(bn)yn =
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l(y1b1 + · · · + ynbn) = l(y), opìte T (x) = lx = l. 'Ara o T e�nai ep�.'Hdh èqoume ìti ‖T (x)‖ = ‖lx‖ ≤ C2 ‖x‖ gia k�je x ∈ X . Ep�sh
, gia k�je
x = x1b1 + · · · + xnbn ∈ X me x 6= 0 pa�rnoume z = x1b1 + · · · + xnbn kaièqoume ìti ‖T (x)‖ = ‖lx‖ ≥ |lx(z)|

‖z‖ =
‖x‖2

2

‖z‖ ≥ c
‖x‖2

2

‖z‖2
≥ c2 ‖x‖. Epomènw
 o Te�nai topologikì
 isomorfismì
.E�nai profanè
 apì thn prohgoÔmenh apìdeixh ìti, an oX (me dim(X) < +∞)èqei thn 2-nìrma, opìte C = c = 1, tìte X∗ iso

= X .An B = {b1, . . . , bn} e�nai h b�sh tou X , T : X → X∗ e�nai o prohgoÔmeno
isomorfismì
 kai jèsoume b∗j = T (bj) = lbj
gia k�je j = 1, . . . , n, tìte to

B∗ = {b∗1, . . . , b∗n} apotele� b�sh tou X∗ h opo�a onom�zetai duik  b�sh th

B. K�je b∗j qarakthr�zetai apì th dr�sh tou sta stoiqe�a th
 b�sh
 B w
 ex 
:
b∗j (bi) = 1 an i = j kai b∗j (bi) = 0 an i 6= j.4.3 Q¸roi akolouji¸nJe¸rhma 4.2'Estw 1 ≤ p < +∞ kai 1

q + 1
p = 1.(1) Gia k�je l ∈ (lp)∗ up�rqei monadikì x = (x1, x2, . . .) ∈ lq ¸ste ‖l‖ =

‖x‖q kai l(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈ lp.(2) (lp)∗
iso
= lq.Sthn per�ptwsh p = +∞, q = 1 up�rqei isometrik  emfÔteush tou l1ston (l∞)∗.Apìdeixh: Pa�rnoume tuqìn x = (x1, x2 . . .) ∈ lq kai or�zoume lx : lp → F metÔpo lx(y) = x1y1 +x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈ lp. E�nai profanè
 ìtih lx e�nai grammikì sunarthsoeidè
 tou lp. Ep�sh
, |lx(y)| ≤ ‖x‖q ‖y‖p gia k�je

y ∈ lp kai, epomènw
, lx ∈ (lp)∗ me ‖lx‖ ≤ ‖x‖q.An 1 < p < +∞, opìte 1 < q < +∞, tìte jètoume yj = xj |xj |q−2 an xj 6= 0kai yj = 0 an xj = 0. Tìte |y1|p + |y2|p + · · · = |x1|q + |x2|q + · · · < +∞, opìteto y = (y1, y2, . . .) an kei ston lp, kai x1y1 + x2y2 + · · · = |x1|q + |x2|q + · · ·.Epomènw
, ‖x‖q
q = lx(y) ≤ ‖lx‖ ‖y‖p = ‖lx‖ ‖x‖

q

p
q , opìte ‖x‖q ≤ ‖lx‖.An p = +∞, opìte q = 1, tìte, epilègonta
 to �dio y, èqoume ‖x‖1 =

x1y1 + x2y2 + · · · = lx(y) ≤ ‖lx‖ ‖y‖∞ = ‖lx‖.An p = 1, opìte q = +∞, tìte |xj | = |lx(ej)| ≤ ‖lx‖ ‖ej‖1 = ‖lx‖ gia k�je
j, opìte ‖x‖∞ ≤ ‖lx‖.'Ara se k�je per�ptwsh ‖x‖q = ‖lx‖.JewroÔme thn T : lq → (lp)∗ me tÔpo T (x) = lx gia k�je x ∈ lq. 'Opw
 kaisthn apìdeixh tou prohgoÔmenou jewr mato
, e�nai eÔkolo na doume ìti o T e�naigrammikì
 telest 
. 'Eqoume  dh apode�xei ìti ‖T (x)‖ = ‖lx‖ = ‖x‖q gia k�je
x ∈ lq. Apì thn isìthta aut  sunep�getai ìti o T e�nai 1-1 (diìti, an x = 0, tìte
T (x) = 0) kai ìti, an de�xoume ìti o T e�nai ep�, tìte o T e�nai isometr�a.'Estw, t¸ra, opoiod pote l ∈ (lp)∗.'Estw, kat' arq n, ìti 1 < p < +∞, opìte jètoume xj = l(ej) gia k�je jkai zj = xj |xj |q−2 an xj 6= 0 kai zj = 0 an xj = 0. Tìte gia k�je N èqoume
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|x1|q + · · ·+ |xN |q = x1z1 + · · ·+xNzN = l(z1e1 + · · ·+zNeN) ≤ ‖l‖ (|z1|p + · · ·+
|zN |p) 1

p = ‖l‖ (|x1|q+· · ·+|xN |q) 1
p . Sunep�getai ìti |x1|q+· · ·+|xN |q ≤ ‖l‖q giak�je N , opìte, an or�soume x = (x1, x2, . . .), tìte x ∈ lq kai ‖x‖q ≤ ‖l‖ < +∞.An p = 1, jètonta
 p�li xj = l(ej), èqoume |xj | ≤ ‖l‖ ‖ej‖1 = ‖l‖ gia k�je

j, opìte, an or�soume x = (x1, x2, . . .), tìte x ∈ l∞ kai ‖x‖∞ ≤ ‖l‖ < +∞.'Ara se k�je per�ptwsh èqoume x ∈ lq.Gia k�je y = (y1, y2, . . .) ∈ lp pa�rnoume y(N) = (y1, . . . , yN , 0, 0, . . .) kaièqoume lx(y(N)) = x1y1 + · · · + xNyN = l(e1)y1 + · · · + l(eN)yN = l(y(N)).Epeid  ta lx, l e�nai suneq  kai y(N) → y ston lp, sunep�getai ìti lx(y) = l(y).'Ara T (x) = lx = l kai o T e�nai ep�.Ax�zei, sthn per�ptwsh p = +∞, q = 1, na skeftoÔme se poiì shme�o touparousi�zei prìblhma to mèro
 th
 prohgoÔmenh
 apìdeixh
 to opo�o afor� stoan o T e�nai ep�. To prìblhma e�nai ìti den isqÔei gia k�je y ∈ l∞ ìti y(N) → yston l∞ !Je¸rhma 4.3(1) Gia k�je l ∈ (c0)
∗ up�rqei monadikì x = (x1, x2, . . .)

∈ l1 me ‖l‖ = ‖x‖1 kai l(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈
c0.(2) Gia k�je l ∈ c∗ up�rqei monadikì x = (x0, x1, . . .) ∈ l1 ¸ste ‖l‖ =
‖x‖1 kai l(y) = x0 lim yn + x1y1 + · · · gia k�je y = (y1, y2, . . .) ∈ c.(3) IsqÔei ìti (c0)

∗ iso
= l1 kai c∗

iso
= l1.Apìdeixh: Pa�rnoume tuqìn x = (x1, x2 . . .) ∈ l1 kai or�zoume lx : c0 → F metÔpo lx(y) = x1y1 + x2y2 + · · · gia k�je y = (y1, y2, . . .) ∈ c0. H seir� aut sugkl�nei (apolÔtw
) diìti h y e�nai fragmènh akolouj�a kai e�nai profanè
 ìtih lx e�nai grammikì sunarthsoeidè
 tou c0. Ep�sh
, |lx(y)| ≤ ‖x‖1 ‖y‖∞ gia k�je

y ∈ c0 kai, epomènw
, lx ∈ (c0)
∗ me ‖lx‖ ≤ ‖x‖1.Jètoume yj =

xj

|xj| an xj 6= 0 kai yj = 0 an xj = 0. Tìte gia k�je Nèqoume |x1| + · · · + |xN | = x1y1 + · · · + xNyN = lx
(
(y1, . . . , yN , 0, . . .)

)
≤

‖lx‖ ‖(y1, . . . , yN , 0, . . .)‖∞ ≤ ‖lx‖. Epeid  to N e�nai tuqìn, sunep�getai ìti
‖x‖1 ≤ ‖lx‖ kai, epomènw
 ‖x‖1 = ‖lx‖.JewroÔme thn T : l1 → (c0)

∗ me tÔpo T (x) = lx gia k�je x ∈ l1. E�naieÔkolo na doume ìti o T e�nai grammikì
 telest 
 kai èqoume  dh apode�xei ìti
‖T (x)‖ = ‖lx‖ = ‖x‖1 gia k�je x ∈ l1. 'Ara arke� na apodeiqje� ìti o T e�naiep� ¸ste na e�nai isometr�a.'Estw, t¸ra, opoiod pote l ∈ (c0)

∗. Jètoume xj = l(ej) gia k�je j kai
zj =

xj

|xj| an xj 6= 0 kai zj = 0 an xj = 0. Tìte gia k�je N èqoume |x1| + · · · +
|xN | = x1z1 + · · · + xNzN = l(z1e1 + · · · + zNeN) ≤ ‖l‖ max(|z1|, · · · , |zN |) ≤
‖l‖. 'Ara, an or�soume x = (x1, x2, . . .), tìte x ∈ l1 kai ‖x‖1 ≤ ‖l‖. Giak�je y = (y1, y2, . . .) ∈ c0 pa�rnoume y(N) = (y1, . . . , yN , 0, 0, . . .) kai èqoume
lx(y(N)) = x1y1 + · · · + xNyN = l(e1)y1 + · · · + l(eN)yN = l(y(N)). Epeid ta lx, l e�nai suneq  kai y(N) → y ston c0, sunep�getai ìti lx(y) = l(y). 'Ara
T (x) = l kai o T e�nai ep�.Sthn per�ptwsh tou c qrhsimopoioÔme kai to stoiqe�o e = (1, 1, . . .) ektì
apì ta ej kai, q�rin eukol�a
, to sumbolismì x = (x0, x1, . . .) gia ta stoiqe�a



130 KEF�ALAIO 4. O DUIK�OS Q�WROStou l1. H apìdeixh e�nai parìmoia me ti
 prohgoÔmene
, opìte pa�rnoume x =
(x0, x1 . . .) ∈ l1 kai or�zoume lx : c → F me tÔpo lx(y) = x0 lim yn + x1y1 + · · ·gia k�je y = (y1, y2, . . .) ∈ c. H lx e�nai grammikì sunarthsoeidè
 tou c kai
|lx(y)| ≤ ‖x‖1 ‖y‖∞ gia k�je y ∈ c, opìte lx ∈ c∗ me ‖lx‖ ≤ ‖x‖1.Gia j ≥ 0 jètoume yj =

xj

|xj| an xj 6= 0 kai yj = 0 an xj = 0. Tìte gi-a k�je N èqoume |x0| + |x1| + · · · + |xN | + xN+1y0 + xN+2y0 + · · · = x0y0 +
x1y1 + · · · + xNyN + xN+1y0 + xN+2y0 + · · · = lx

(
(y1, . . . , yN , y0, y0, . . .)

)
≤

‖lx‖ ‖(y1, . . . , yN , y0, y0, . . .)‖∞ ≤ ‖lx‖. Epeid  to N e�nai tuqìn kai epeid 
xN+1y0 + xN+2y0 + · · · → 0 ìtan N → +∞, sunep�getai ìti ‖x‖1 ≤ ‖lx‖kai, epomènw
 ‖x‖1 = ‖lx‖.JewroÔme thn T : l1 → c∗ me tÔpo T (x) = lx gia k�je x ∈ l1. O T e�naigrammikì
 telest 
 kai èqoume apode�xei ìti ‖T (x)‖ = ‖lx‖ = ‖x‖1 gia k�je
x ∈ l1, opìte apomènei na apodeiqje� ìti o T e�nai ep�.'Estw, t¸ra, opoiod pote l ∈ c∗. Kat' arq n, jètoume xj = l(ej) gia k�je jkai zj =

xj

|xj| an xj 6= 0 kai zj = 0 an xj = 0. Tìte gia k�je N èqoume |x1|+ · · ·+
|xN | = x1z1+· · ·+xNzN = l(z1e1+· · ·+zNeN ) ≤ ‖l‖ max(|z1|, · · · , |zN |) ≤ ‖l‖.'Ara h seir� x1+x2+· · · sugkl�nei (apolÔtw
) kai jètoume x0 = l(e)−x1−x2−· · ·.Sumplhr¸noume me z0 = x0

|x0| an x0 6= 0 kai z0 = 0 an x0 = 0 kai or�zoume x =

(x0, x1, . . .), opìte x ∈ l1. Gia k�jeN pa�rnoume z(N) = (z1, . . . , zN , z0, z0, . . .) ∈
c kai èqoume |x0| + · · · + |xN | = x0z0 + · · · + xNzN = z0l(e) + (z1 − z0)l(e1) +
· · ·+(zN −z0)l(eN)−z0(xN+1 + · · ·) ≤ l

(
z0e+(z1−z0)e1 + · · ·+(zN −z0)eN

)
+

|z0|(|xN+1| + · · ·) = l(z(N)) + |xN+1| + · · · ≤ ‖l‖
∥∥z(N)

∥∥
∞ + |xN+1| + · · · ≤

‖l‖ + |xN+1| + · · ·. Pa�rnonta
 ìrio ìtan N → +∞, br�skoume ‖x‖1 ≤ ‖l‖.Gia k�je y = (y1, y2, . . .) ∈ c jètoume y(N) = (y1, . . . , yN , lim yn, lim yn, . . .)kai èqoume lx(y(N)) = x0 lim yn + x1y1 + · · · + xNyN + xN+1 lim yn + · · · =
l(e) lim yn + l(e1)(y1 − lim yn) + · · · + l(eN)(yN − lim yn) = l(y(N)). Epeid ta lx, l e�nai suneq  kai y(N) → y ston c, sunep�getai ìti lx(y) = l(y). 'Ara
T (x) = l kai o T e�nai ep�.4.4 Q¸roi HilbertOrismì
 4.4'Estw grammiko� q¸roi X,Y ep� tou F kai T : X → Y . O Tonom�zetai anti-grammikì
 telest 
 an

T (x+ x′) = T (x) + T (x′) kai T (κx) = κT (x)gia k�je x, x′ ∈ X kai κ ∈ F .An o T e�nai kai 1-1 kai ep�, tìte onom�zetai anti-isomorfismì
.An oi X,Y e�nai q¸roi me nìrma kai, ektì
 twn anwtèrw, ‖T (x)‖Y = ‖x‖Xgia k�je x ∈ X , tìte o T onom�zetai anti-isometr�a.Je¸rhma 4.4(F. Riesz)'Estw q¸ro
 Hilbert X.(1) Gia k�je x∗ ∈ X∗ up�rqei monadikì x ∈ X ¸ste x∗(u) = (u|x) giak�je u ∈ X.(2) Up�rqei anti-isometr�a T : X → X∗.



4.5. Q�WROI SUNART�HSEWN 131Apìdeixh: Gia tuqìn x ∈ X or�zoume lx : X → F me tÔpo lx(u) = (u|x) gia k�je
u ∈ X . E�nai profanè
 ìti h lx e�nai grammikì sunarthsoeidè
 tou X kai èqoumeìti |lx(u)| ≤ ‖x‖ ‖u‖ gia k�je u ∈ X . 'Ara lx ∈ X∗ kai ‖lx‖ ≤ ‖x‖.Ep�sh
, ‖x‖2

= (x|x) = lx(x) ≤ ‖lx‖ ‖x‖. 'Ara ‖x‖ ≤ ‖lx‖ kai, epomènw
,
‖x‖ = ‖lx‖.Or�zoume T : X → X∗ me tÔpo T (x) = lx, opìte eÔkola blèpoume ìti
T (x + x′) = T (x) + T (x′) kai T (κx) = κT (x) gia k�je x, x′ ∈ X kai κ ∈ F .'Eqoume  dh apode�xei ìti ‖T (x)‖ = ‖lx‖ = ‖x‖.An T (x) = T (x′), tìte (x − x′|x − x′) = (x − x′|x) − (x − x′|x′) = lx(x −
x′) − lx′(x− x′) = 0, opìte x = x′ kai o T e�nai 1-1.'Estw tuqìn l ∈ X∗. An l e�nai to mhdenikì sunarthsoeidè
, tìte me x = 0èqoume, profan¸
, ìti T (x) = lx = l. Upojètoume ìti to l den e�nai to mhdenikìsunarthsoeidè
, opìte o N(l) e�nai kleistì
 upìqwro
 tou X , kai pa�rnoume
x0 ∈ X me l(x0) = 1. Tìte to x0 gr�fetai x0 = y0 + z0 me y0 ∈ N(l) kai
z0⊥N(l), opìte l(z0) = 1. Katìpin, pa�rnoume opoiod pote u ∈ X kai gr�foume
u = y+ z me y ∈ N(l) kai z⊥N(l). Upolog�zoume l(z− l(z)z0) = l(z)− l(z) = 0,opìte z − l(z)z0 ∈ N(l). Epeid  z − l(z)z0⊥N(l) sunep�getai z − l(z)z0 = 0kai, epomènw
, z = l(z)z0. 'Ara (u|z0) = (y|z0) + (z|z0) = (z|z0) = l(z) ‖z0‖2

=

l(u) ‖z0‖2. Jètoume x = 1
‖z0‖2 z0, opìte lx(u) = (u|x) = l(u) gia k�je u ∈ X .Dhlad , T (x) = lx = l kai o T e�nai ep�.4.5 Q¸roi sunart sewnOrismì
 4.5'Estw q¸ro
 mètrou (Ω,Σ, µ) kai ν ∈ A(Ω,Σ).

(i) To µ onom�zetai σ-peperasmèno an up�rqoun A1, A2, . . . ∈ Σ me Ω = A1 ∪
A2 ∪ · · · kai µ(Aj) < +∞ gia k�je j.
(ii) To ν onom�zetai apolÔtw
 suneqè
 w
 pro
 to µ an ν(A) = 0 gia k�je
A ∈ Σ me µ(A) = 0.To epìmeno je¸rhma e�nai èna gnwstì apotèlesma th
 klassik 
 jewr�a
mètrou kai ed¸ ja doÔme thn apìdeix  tou apì ton von Neumann me mejìdou
q¸rwn Hilbert.Je¸rhma 4.5(Radon-Nikodym) 'Estw q¸ro
 mètrou (Ω,Σ, µ) kai èstw
ν ∈ A(Ω,Σ). An to µ e�nai σ-peperasmèno kai to ν e�nai apolÔtw
suneqè
 w
 pro
 to µ, tìte up�rqei monadik  h ∈ L1(Ω,Σ, µ) ¸ste
ν(A) =

∫
A h dµ gia k�je A ∈ Σ.Apìdeixh: 1. Kat' arq n jewroÔme thn per�ptwsh pou to ν e�nai mh-arnhtikì kai

µ(Ω) < +∞.Jètoume λ(A) = µ(A) + ν(A) gia k�je A ∈ Σ, opìte to λ : Σ → R e�naimh-arnhtikì mètro me λ(Ω) < +∞. Katìpin, or�zoume l : L2(Ω,Σ, λ) → F metÔpo
l(f) =

∫

Ω

f dν , f ∈ L2(Ω,Σ, λ).



132 KEF�ALAIO 4. O DUIK�OS Q�WROSTo l e�nai grammikì sunarthsoeidè
 tou L2(Ω,Σ, λ) kai |l(f)| ≤
∫
Ω
|f | dν ≤∫

Ω
|f | dλ ≤ (λ(Ω))

1
2 (

∫
Ω
|f |2 dλ) 1

2 = (λ(Ω))
1
2 ‖f‖2 gia k�je f ∈ L2(Ω,Σ, λ).Epomènw
, to l e�nai suneqè
 kai, epeid  o L2(Ω,Σ, λ) e�nai q¸ro
 Hilbert,sunep�getai ìti up�rqei g ∈ L2(Ω,Σ, λ) ¸ste ∫

Ω f dν = l(f) =
∫
Ω fg dλ giak�je f ∈ L2(Ω,Σ, λ).Pa�rnoume tuqìn n ∈ N kai to An = {a ∈ Ω| ℑg(a) ≥ 1

n} ∈ Σ. An sthnteleuta�a isìthta jèsoume f = χAn
, h opo�a an kei ston L2(Ω,Σ, λ) (afoÔ

λ(Ω) < +∞), kai an exis¸soume ta fantastik� mèrh twn dÔo pleur¸n, br�skoume
0 ≥ 1

n λ(An). 'Ara λ(An) = 0 kai, epeid  {a ∈ Ω|ℑg(a) > 0} = ∪+∞
n=1An,sunep�getai ìti λ({a ∈ Ω|ℑg(a) > 0}) = 0. Me ton �dio trìpo apodeiknÔetai ìti

λ({a ∈ Ω|ℑg(a) < 0}) = 0, opìte g(a) ∈ R gia λ-sqedìn k�je a ∈ Ω. Katìpin,gia tuqìn n jètoume An = {a ∈ Ω|ℜg(a) ≥ 1 + 1
n} kai f = χAn

sthn isìthtakai exis¸noume pragmatik� mèrh. 'Etsi br�skoume ν(An) ≥ (1 + 1
n )λ(An) kai,epomènw
, λ(An) = 0. 'Ara λ({a ∈ Ω|ℜg(a) > 1}) = 0. Tèlo
, me An = {a ∈

Ω|ℜg(a) ≤ − 1
n} kai f = χAn

, br�skoume ν(An) ≤ − 1
n λ(An), opìte λ(An) = 0kai λ({a ∈ Ω|ℜg(a) < 0}) = 0.'Ara 0 ≤ g(a) ≤ 1 gia λ-sqedìn k�je a ∈ Ω, opìte mporoÔme na upojèsoumeìti 0 ≤ g(a) ≤ 1 gia k�je a ∈ Ω.H isìtht� ma
 gr�fetai isodÔnama,

∫

Ω

f(1 − g) dν =

∫

Ω

fg dµgia k�je f ∈ L2(Ω,Σ, λ), opìte, an jèsoume B = {a ∈ Ω|g(a) = 1} kai f = χB,pa�rnoume 0 = µ(B) kai, epomènw
, ν(B) = 0. 'Ara mporoÔme na upojèsoume ìti
0 ≤ g(a) < 1 gia k�je a ∈ Ω.T¸ra gia tuqìn A ∈ Σ jètoume f = (1 + g + g2 + · · ·+ gn)χA kai pa�rnoume∫

A(1 − gn+1) dν =
∫

A(g + g2 + · · · + gn+1) dµ. Pa�rnonta
 ìrio ìtan n → +∞sÔmfwna me to je¸rhma Monìtonh
 SÔgklish
, br�skoume ν(A) =
∫

A
g

1−g dµ.Or�zoume h = g
1−g , opìte ν(A) =

∫
A
h dµ gia k�je A ∈ Σ. IsqÔei, profan¸
,ìti 0 ≤ h(a) < +∞ gia k�je a ∈ Ω kai, me A = Ω, èqoume ∫

Ω h dµ = ν(Ω) < +∞,opìte h ∈ L1(Ω,Σ, µ).2. JewroÔme, t¸ra, thn per�ptwsh pou to ν e�nai mh-arnhtikì kai up�rqoun
A1, A2, . . . ∈ Σ me A1 ∪A2 ∪ · · · = Ω kai µ(Aj) < +∞ gia k�je j.Jètoume B1 = A1, B2 = A2 \ A1, B3 = A3 \ (A1 ∪ A2), . . ., opìte ta
B1, B2, . . . ∈ Σ e�nai xèna an� dÔo kai B1 ∪ B2 ∪ · · · = Ω me µ(Bj) < +∞gia k�je j.'Estw h σ-�lgebra uposunìlwn tou Bj pou or�zetai w
 Σj = {A ∈ Σ|A ⊆
Bj} kai µj , νj oi periorismo� twn µ, ν sthn Σj . E�nai profanè
 ìti to νj e�naimh-arnhtikì kai apolÔtw
 suneqè
 w
 pro
 to µj , opìte up�rqei mh-arnhtik 
hj ∈ L1(Bj ,Σj , µj) ¸ste νj(A) =

∫
A hj dµj gia k�je A ∈ Σj .T¸ra, or�zoume th mh-arnhtik  sun�rthsh h sto Ω me h(a) = hj(a) an a ∈ Bj .Gia k�je A ∈ Σ jètoume Cj = A∩Bj ∈ Σj , opìte ν(A) = ν(C1)+ ν(C2)+ · · · =

ν1(C1)+ν2(C2)+ · · · =
∫

C1
h1 dµ1+

∫
C2
h2 dµ2+ · · · =

∫
C1
h dµ+

∫
C2
h dµ+ · · · =∫

A
h dµ.
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Ω
h dµ = ν(Ω) < +∞, opìte h ∈ L1(Ω,Σ, µ).3. T¸ra, upojètoume ìti to ν e�nai pragmatikì mètro.JewroÔme thn apìluth kÔmansh |ν| kaj¸
 kai th jetik  kÔmansh ν+ =

1
2 (|ν|+ ν) kai thn arnhtik  kÔmansh ν− = 1

2 (|ν|− ν) tou ν sthn Σ. An µ(A) = 0kai jewr soume opoiad pote xèna an� dÔo A1, . . . , Am ∈ Σ me A1∪· · ·∪Am ⊆ A,tìte µ(Aj) = 0, opìte ν(Aj) = 0, gia k�je j. 'Ara |ν(A1)| + · · · + |ν(Am)| = 0,opìte apì ton orismì tou |ν|(A) èqoume |ν|(A) = 0 kai, epomènw
, ν+(A) =
ν−(A) = 0. 'Ara ta |ν|, ν+ kai ν− e�nai apolÔtw
 suneq  w
 pro
 to µ.SÔmfwna me to deÔtero mèro
, up�rqoun h+ ≥ 0 kai h− ≥ 0 ston L1(Ω,Σ, µ)¸ste ν+(A) =

∫
A h

+ dµ kai ν−(A) =
∫

A h
− dµ gia k�je A ∈ Σ. Jètoume

h = h+ − h− ∈ L1(Ω,Σ, µ) kai èqoume ν(A) = ν+(A) − ν−(A) =
∫

A h dµ giak�je A ∈ Σ.4. JewroÔme, tèlo
, th genik  per�ptwsh.Pa�rnoume ta pragmatik� mètra ℜν kai ℑν, ta opo�a e�nai apolÔtw
 suneq w
 pro
 to µ, opìte up�rqoun pragmatikè
 h1, h2 ∈ L1(Ω,Σ, µ) ¸ste ℜν(A) =∫
A h1 dµ kai ℑν(A) =

∫
A h2 dµ gia k�je A ∈ Σ. Tìte me h = h1 + ih2 ∈

L1(Ω,Σ, µ) èqoume ν(A) =
∫

A
h dµ gia k�je A ∈ Σ.5. An h1, h2 ∈ L1(Ω,Σ, µ) me ∫

A h1 dµ =
∫

A h2 dµ gia k�je A ∈ Σ, jètoume
h = h1 − h2 ∈ L1(Ω,Σ, µ) kai èqoume ∫

A h dµ = 0 gia k�je A ∈ Σ. Gia k�je ndokim�zoume An = {a ∈ Ω|ℜh(a) ≥ 1
n} sthn isìthta, exis¸noume ta pragmatik�mèrh twn dÔo pleur¸n kai br�skoume 1

n µ(An) ≤ 0. 'Ara µ(An) = 0 gia k�je
n, opìte µ({a ∈ Ω|ℜh(a) > 0}) = 0. Me ton �dio trìpo apodeiknÔoume ìti
µ({a ∈ Ω|ℜh(a) < 0}) = 0, opìte ℜh = 0 µ-sqedìn pantoÔ. Omo�w
, ℑh = 0
µ-sqedìn pantoÔ kai, epomènw
, oi h1 kai h2 e�nai to �dio stoiqe�o tou L1(Ω,Σ, µ).Je¸rhma 4.6'Estw q¸ro
 mètrou (Ω,Σ, µ) kai 1 < p < +∞, 1

p + 1
q = 1.(1) Gia k�je l ∈

(
Lp(Ω,Σ, µ)

)∗ up�rqei monadik  f ∈ Lq(Ω,Σ, µ) ¸ste
l(g) =

∫
Ω
gf dµ gia k�je g ∈ Lp(Ω,Σ, µ).(2) (

Lp(Ω,Σ, µ)
)∗ iso

= Lq(Ω,Σ, µ).An to µ e�nai σ-peperasmèno, tìte ta prohgoÔmena isqÔoun kaisthn per�ptwsh p = 1, q = +∞.Sthn per�ptwsh p = +∞, q = 1 up�rqei isometrik  emfÔteush tou
L1(Ω,Σ, µ) ston (L∞(Ω,Σ, µ)

)∗.Apìdeixh: Gia k�je f ∈ Lq(Ω,Σ, µ) or�zoume lf : Lp(Ω,Σ, µ) → F me tÔpo
lf(g) =

∫

Ω

gf dµgia k�je g ∈ Lp(Ω,Σ, µ). To olokl rwma e�nai kal¸
 orismèno lìgw th
anisìthta
 Hölder , h lf e�nai grammikì sunarthsoeidè
 kai |lf (g)| ≤ ‖f‖q ‖g‖pgia k�je g ∈ Lp(Ω,Σ, µ). 'Ara lf ∈
(
Lp(Ω,Σ, µ)

)∗ kai ‖lf‖ ≤ ‖f‖q.An 1 < p < +∞, opìte 1 < q < +∞, jètoume g(a) = f(a)|f(a)|q−2 an
f(a) 6= 0 kai g(a) = 0 an f(a) = 0 kai èqoume ìti g ∈ Lp(Ω,Σ, µ), afoÔ∫
Ω
|g|p dµ =

∫
Ω
|f |q dµ < +∞. Ep�sh
, ∫

Ω
fg dµ =

∫
Ω
|f |q dµ kai, epomènw
,

‖f‖q
q = lf(g) ≤ ‖lf‖ ‖g‖p = ‖lf‖ ‖f‖

q

p
q . 'Ara ‖f‖q ≤ ‖lf‖.



134 KEF�ALAIO 4. O DUIK�OS Q�WROSAn p = +∞, q = 1, me thn �dia g èqoume ‖f‖1 = lf (g) ≤ ‖lf‖ ‖g‖∞ ≤ ‖lf‖.An p = 1, q = +∞ kai to µ e�nai σ-peperasmèno, tìte, ìpw
 e�dame sthnapìdeixh tou prohgoÔmenou jewr mato
, up�rqoun xèna an� dÔo B1, B2, . . . ∈ Σme Ω = B1∪B2∪· · · kai µ(Bj) < +∞ gia k�je j. An ‖f‖∞ = 0, tìte f = 0, to lfe�nai to mhdenikì sunarthsoeidè
 kai epomènw
 ‖lf‖ = ‖f‖∞ = 0. An ‖f‖∞ > 0,tìte gia tuqìnta j kai n pa�rnoume Bn,j = {a ∈ Bj | |f(a)| ≥ (1 − 1
n ) ‖f‖∞}kai g = f

|f | χBn,j
. 'Eqoume, loipìn, (1 − 1

n ) ‖f‖∞ µ(Bn,j) ≤ lf (g) ≤ ‖lf‖ ‖g‖1 =

‖lf‖µ(Bn,j). Epeid  µ(Bn,j) > 0 gia toul�qiston èna j, sunep�getai gia k�je
n ≥ 2 ìti (1− 1

n ) ‖f‖∞ ≤ ‖lf‖, opìte, pa�rnonta
 ìrio ìtan n→ +∞, br�skoumeìti ‖f‖∞ ≤ ‖lf‖.'Ara se k�je per�ptwsh isqÔei ìti ‖lf‖ = ‖f‖q gia k�je f ∈ Lq(Ω,Σ, µ).Or�zoume T : Lq(Ω,Σ, µ) →
(
Lp(Ω,Σ, µ)

)∗ me tÔpo T (f) = lf gia k�je
f ∈ Lq(Ω,Σ, µ). E�nai profanè
 ìti o T e�nai grammikì
 telest 
 kai èqoume  dhapode�xei ìti ‖T (f)‖ = ‖f‖q gia k�je f ∈ Lq(Ω,Σ, µ). Autì sunep�getai ìti o
T e�nai 1-1 kai ìti arke� na e�nai ep� gia na e�nai isometr�a.1. Upojètoume kat' arq n ìti µ(Ω) < +∞ kai 1 ≤ p < +∞.Pa�rnoume tuqìn l ∈

(
Lp(Ω,Σ, µ)

)∗ kai or�zoume ν(A) = l(χA) gia k�je
A ∈ Σ.Profan¸
, ν(∅) = 0. An ta A1, A2, . . . ∈ Σ e�nai xèna an� dÔo kai A =
A1 ∪ A2 ∪ · · ·, jètoume Cn = A1 ∪ · · · ∪ An, opìte ν(A) − ν(Cn) = l(χA) −
l(χCn

) = l(χA − χCn
) = l(χA\Cn

) ≤ ‖l‖
∥∥χA\Cn

∥∥
p

= ‖l‖
(
µ(A \ Cn)

) 1
p → 0,diìti 1 ≤ p < +∞, A \ Cn ↓ ∅ kai to µ e�nai peperasmèno. 'Ara ν(Cn) → ν(A).Epomènw
, ν(A1) + · · ·+ ν(An) = l(χA1) + · · ·+ l(χAn

) = l(χA1 + · · ·+ χAn
) =

l(χCn
) = ν(Cn) → ν(A). 'Ara ν(A) = ν(A1)+ν(A2)+ · · · kai to ν e�nai migadikìmètro sthn Σ.An µ(A) = 0, tìte |ν(A)| = |l(χA)| ≤ ‖l‖ ‖χA‖p = ‖l‖

(
µ(A)

) 1
p = 0. 'Ara to

ν e�nai apolÔtw
 suneqè
 w
 pro
 to µ, opìte up�rqei f ∈ L1(Ω,Σ, µ) ¸ste
ν(A) =

∫

A

f dµgia k�je A ∈ Σ. An g = κ1χA1+· · ·+κnχAn
e�nai tuqoÔsa apl  sun�rthsh, tìte

l(g) = κ1l(χA1)+ · · ·+κnl(χAn
) = κ1ν(A1)+ · · ·+κnν(An) = κ1

∫
A1
f dµ+ · · ·+

κn

∫
An

f dµ =
∫
Ω fg dµ. Gia opoiad pote g ∈ L∞(Ω,Σ, µ) up�rqei akolouj�aapl¸n sunart sewn {gk} ¸ste gk → g ston L∞(Ω,Σ, µ). Epeid  to µ e�naipeperasmèno, sunep�getai ìti gk → g kai ston Lp(Ω,Σ, µ). T¸ra, epeid  to

l e�nai suneqè
, èqoume ìti l(gk) → l(g). Ep�sh
, |
∫
Ω
fgk dµ −

∫
Ω
fg dµ| ≤

‖f‖1 ‖gk − g‖∞ → 0. 'Ara l(g) = lim l(gk) = lim
∫
Ω fgk dµ =

∫
Ω fg dµ gia k�jefragmènh g.An 1 < p < +∞, tìte gia tuqìn n jètoume An = {a ∈ Ω| |f(a)| ≤ n} kai

g(a) = f(a)|f(a)|q−2 χAn
(a) an f(a) 6= 0 kai g(a) = 0 an f(a) = 0. H g e�naifragmènh, opìte ∫

An
|f |q dµ =

∫
Ω
fg dµ = l(g) ≤ ‖l‖ ‖g‖p = ‖l‖

(∫
An

|f |q dµ
) 1

p .'Ara ∫
An

|f |q dµ ≤ ‖l‖q gia k�je n kai, epomènw
 ‖f‖q ≤ ‖l‖ < +∞.An p = 1 jètoume An,m = {a ∈ Ω| (1 + 1
m ) ‖l‖ ≤ |f(a)| ≤ n} kai g =
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f
|f |χAn,m

, opìte (1 + 1
m ) ‖l‖µ(An,m) ≤

∫
An,m

|f | dµ =
∫
Ω
fg dµ ≤ ‖l‖ ‖g‖1 =

‖l‖µ(An,m). 'Ara µ(An,m) = 0 gia k�je n,m kai, epomènw
 |f | ≤ ‖l‖ µ-sqedìnpantoÔ. 'Ara ‖f‖∞ ≤ ‖l‖ < +∞.'Ara se k�je per�ptwsh, f ∈ Lq(Ω,Σ, µ). Tìte gia k�je g ∈ Lp(Ω,Σ, µ)pa�rnoume akolouj�a apl¸n sunart sewn {gk} me gk → g ston Lp(Ω,Σ, µ) kai,epeid  to l e�nai suneqè
 kai lìgw th
 anisìthta
 Hölder, sunep�getai ìti l(g) =
lim l(gk) = lim

∫
Ω fgk dµ =

∫
Ω fg dµ = lf (g). 'Ara l = lf = T (f) kai o T e�naiep�.2. T¸ra upojètoume ìti to µ e�nai σ-peperasmèno, opìte up�rqoun A1, A2, . . . ∈

Σ me Ω = A1∪A2∪· · · kai µ(Aj) < +∞ gia k�je j. JètoumeDn = A1∪· · ·∪An ∈
Σ, opìte Dn ↑ Ω kai µ(Dn) < +∞ gia k�je n. 'Estw l ∈

(
Lp(Ω,Σ, µ)

)∗.JewroÔme th σ-�lgebra Σn = {A ∈ Σ|A ⊆ Dn} uposunìlwn tou Dn kaiton periorismì µn tou µ sthn Σn. Gia k�je gn ∈ Lp(Dn,Σn, µn) pa�rnoume thnepèktas  th
 me tÔpo g(a) = gn(a) an a ∈ Dn kai g(a) = 0 an a ∈ Ω \ Dnkai or�zoume ln(gn) = l(g). E�nai profanè
 ìti to ln e�nai grammikì sunarth-soeidè
 tou Lp(Dn,Σn, µn) kai |ln(gn)| ≤ ‖l‖ ‖g‖p = ‖l‖
(∫

Dn
|gn|p dµn

) 1
p giak�je gn ∈ Lp(Dn,Σn, µn). 'Ara ln ∈

(
Lp(Dn,Σn, µn)

)∗ kai ‖ln‖ ≤ ‖l‖. Apìto pr¸to mèro
 sunep�getai ìti up�rqei fn ∈ Lq(Dn,Σn, µn) me ‖fn‖q = ‖ln‖kai ln(gn) =
∫

Dn
gnfn dµn =

∫
Dn

gnfn dµ gia k�je gn ∈ Lp(Dn,Σn, µn). An f ′
ne�nai o periorismì
 th
 fn+1 sto Dn kai gn+1 e�nai h epèktash th
 opoiasd pote

gn ∈ Lp(Dn,Σn, dµn) sto Dn+1 me gn+1(a) = 0 an a ∈ Dn+1 \ Dn, tìte oi
gn, gn+1 èqoun thn �dia epèktash g sto Ω, opìte ln(gn) = l(g) = ln+1(gn+1) =∫

Dn+1
gn+1fn+1 dµ =

∫
Dn

gnf
′
n dµ. Lìgw monadikìthta
 th
 fn, sunep�getai ìti

f ′
n = fn. Epomènw
, or�zetai kal¸
 h koin  epèktash f ìlwn twn fn sto Ω.An p = 1, tìte e�nai profanè
 ìti ‖f‖∞ = supn ‖fn‖∞ = supn ‖ln‖ ≤ ‖l‖ <

+∞. An 1 < p < +∞, tìte ∫
Dn

|f |q dµ =
∫

Dn
|fn|q dµ = ‖ln‖q ≤ ‖l‖q gia k�je

n, opìte f ∈ Lq(Ω,Σ, µ) kai ‖f‖q ≤ ‖l‖.Gia tuqoÔsa g ∈ Lp(Ω,Σ, µ) jewroÔme ton periorismì gn sto Dn kai thn
g′n = gχDn

. Tìte ∫
Ω g

′
nf dµ =

∫
Dn

gnfn dµ = ln(gn) = l(g′n) apì ton orismìtou ln. Epeid  g′n → g ston Lp(Ω,Σ, µ), epeid  to l e�nai suneqè
 kai lìgw th
anisìthta
 Hölder, sunep�getai ìti ∫
Ω
gf dµ = l(g). 'Ara l = lf = T (f) kai o Te�nai ep�.3. Tèlo
, jewroÔme th genik  per�ptwsh me 1 < p < +∞ kai tuqìn l ∈(

Lp(Ω,Σ, µ)
)∗.Pa�rnoume opoiod pote B ∈ Σ me µ(B) < +∞ kai jewroÔme th σ-�lgebra

ΣB = {A ∈ Σ|A ⊆ B} uposunìlwn tou B kai ton periorismì µB tou µ sthn
ΣB. Gia k�je gB ∈ Lp(B,ΣB, µB) jewroÔme thn epèktash g sto Ω me g = 0sto Ω \ B kai or�zoume lB(gB) = l(g). Tìte to lB e�nai grammikì sunarth-soeidè
 tou Lp(B,ΣB, µB) kai m�lista suneqè
, afoÔ |lB(gB)| ≤ ‖l‖ ‖g‖p =

‖l‖
(∫

B
|gB|p dµB

) 1
p , opìte ‖lB‖ ≤ ‖l‖. Apì to pr¸to mèro
 sunep�getai ìtiup�rqei monadik  fB ∈ Lq(B,ΣB, µB) me (∫

B
|fB|q dµ

) 1
q = ‖lB‖ kai lB(gB) =∫

B
gBfB dµB =

∫
B
gBfB dµ gia k�je gB ∈ Lp(B,ΣB, µB).'Opw
 apode�xame sto deÔtero mèro
, an B ⊆ B′ me µ(B′) < +∞, tìte o
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 th
 fB′ sto B taut�zetai me thn fB. Opìte eÔkola blèpoume ìti,genikìtera, an µ(B), µ(B′) < +∞, tìte oi periorismo� twn fB, fB′ sto B ∩ B′taut�zontai me thn fB∩B′ . Ep�sh
, e�nai profanè
 ìti, an µ(B), µ(B′) < +∞ kai
B ∩B′ = ∅, tìte ∫

B∪B′ |fB∪B′ |q dµ =
∫

B
|fB|q dµ+

∫
B′ |fB′ |q dµ.Or�zoume M = sup{

(∫
B |fB|q dµ

) 1
q |B ∈ Σ me µ(B) < +∞} ≤ ‖l‖ kaipa�rnoume {Bn} me µ(Bn) < +∞ kai (∫

Bn
|fBn

|q dµ
) 1

q → M . SÔmfwna methn teleuta�a parat rhsh sthn prohgoÔmenh par�grafo, an jèsoume Dn =

B1∪· · ·∪Bn ∈ Σ kaiD = D1∪D2∪· · ·, èqoumeDn ↑ D kai (∫
Dn

|fDn
|q dµ

) 1
q ↑M .Epeid  o periorismì
 th
 fDn+1 sto Dn taut�zetai me thn fDn

, or�zetai kal¸
h koin  epèktash f ìlwn twn fDn
sto D kai èqoume ìti (∫

D |f |q dµ
) 1

q = M .JewroÔme thn f epektetamènh me f = 0 sto Ω \ D, opìte (∫
Ω
|f |q dµ

) 1
q =

(∫
D
|f |q dµ

) 1
q = M .'Estw tuqìn B ∈ Σ me µ(B) < +∞ kai B ∩D = ∅. Apì ton orismì tou Mèqoume M q ≥

∫
B∪Dn

|fB∪Dn
|q dµ =

∫
B
|fB|q dµ+

∫
Dn

|fDn
|q dµ ↑

∫
B
|fB|q dµ +

M q kai, epomènw
, ∫
B
|fB|q dµ = 0. Dhlad , fB = 0 kai to lB e�nai to mhdenikìsunarthsoeidè
 ston Lp(B,ΣB, µB).JewroÔme, t¸ra, opoiad pote g ∈ Lp(Ω,Σ, µ) kai ti
 g(1) = gχD kai g(2) =

gχΩ\D. Ep�sh
, jètoume Bn = {a ∈ Ω \ D| |g(a)| ≥ 1
n} kai g(2)

n = g(2)χBn
=

gχBn
.Epeid  1

npµ(Bn) ≤
∫
Ω
|g|p dµ < +∞, sunep�getai ìti µ(Bn) < +∞ kai, epei-d  Bn∩D = ∅, sunep�getai (apì ton orismì tou lBn

) ìti l(g(2)
n ) = lBn

(g
(2)
n ) = 0.Epomènw
, epeid  to l e�nai suneqè
 kai g(2)

n → g(2) ston Lp(Ω,Σ, µ), sunep�ge-tai ìti l(g(2)) = 0. 'Ara l(g) = l(g(1)) = lim l(g(1)χDn
) = lim

∫
Dn

g(1)χDn
f dµ =∫

D
g(1)f dµ =

∫
Ω
gf dµ = lf (g), afoÔ f = 0 èxw apì to D.'Ara T (f) = lf = l kai o T e�nai ep�.To epìmeno apotèlesma e�nai eidik  per�ptwsh enì
 gnwstoÔ L mmato
 tou

Urysohn.L mma tou Urysohn: An X e�nai sumpag 
, Hausdorff topologikì
q¸ro
 kai K,L dÔo xèna metaxÔ tou
 kleist� uposÔnola tou X, tìteup�rqei sun�rthsh f : X → [0, 1] suneq 
 ston X me f = 0 sto K kai
f = 1 sto L.Apìdeixh: Gnwr�zoume (Prìtash 1.16) ìti k�je uposÔnolo tou X e�nai kleistìan kai mìnon an e�nai sumpagè
.'Estw kleistì A kai anoiktì B me A ⊆ B ⊆ X . SÔmfwna me thn Prìtash1.19, up�rqoun xèna metaxÔ tou
 anoikt� sÔnola O,Q ¸ste A ⊆ O kai X \B ⊆
Q. Tìte to X \Q e�nai kleistì kai perièqei to O, opìte A ⊆ O ⊆ cl(O) ⊆ B.Sumbol�zoume A0 = K kai B1 = X \ L. Tìte up�rqei anoiktì B 1

2
¸ste

A0 ⊆ B 1
2
⊆ cl(B 1

2
) ⊆ B1. Omo�w
, up�rqoun anoikt� B 1

4
kai B 3

4
¸ste A0 ⊆

B 1
4
⊆ cl(B 1

4
) ⊆ B 1

2
⊆ cl(B 1

2
) ⊆ B 3

4
⊆ cl(B 3

4
) ⊆ B1. Suneq�zonta
 epagwgik�,
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 morf 
 r = k
2n me 0 < k ≤ 2n antistoiq�zoume èna anoiktìsÔnolo Br, me thn idiìthta A0 ⊆ Br ⊆ cl(Br) ⊆ Bs gia k�je dÔo tètoiou
 rhtoÔ


r, s me r < s. 'Estw Qd to sÔnolo me stoiqe�a ìlou
 autoÔ
 tou
 rhtoÔ
.Or�zoume f(x) = inf{r ∈ Qd|x ∈ Br} an x ∈ B1 kai f(x) = 1 an x ∈ X \B1.Amèsw
 blèpoume ìti f = 0 sto K kai f = 1 sto L kaj¸
 kai ìti f : X →
[0, 1] kai mènei na de�xoume ìti h f e�nai suneq 
 ston X .'Estw x ∈ X kai ǫ > 0. An 0 < f(x) < 1 up�rqoun r, r′, s ∈ Qd ¸ste
f(x) − ǫ < r < r′ < f(x) < s < f(x) + ǫ. An y ∈ Bs, tìte f(y) ≤ s <
f(x) + ǫ. An y ∈ (X \ cl(Br)), tìte y /∈ Br, opìte f(y) ≥ r > f(x)− ǫ. Ep�sh
,
x ∈ Bs kai x /∈ Br′ , opìte x ∈ (X \ cl(Br)). Epomènw
, to anoiktì sÔnolo
V = Bs ∩ (X \ cl(Br)) perièqei to x kai f(x) − ǫ < f(y) < f(x) + ǫ gia k�je
y ∈ V . 'Ara h f e�nai suneq 
 sto x.An f(x) = 1, pa�rnoume, ìpw
 prin, r, r′ ∈ Qd ¸ste 1 − ǫ < r < r′ < 1 kaiblèpoume ìti to anoiktì V = X \cl(Br) perièqei to x kai 1−ǫ < f(y) ≤ 1 < 1+ǫgia k�je y ∈ V . Omo�w
, an f(x) = 0, pa�rnoume s ∈ Qd ¸ste 0 < s < ǫ kaièqoume ìti to anoiktì V = Bs perièqei to x kai −ǫ < 0 ≤ f(y) < ǫ gia k�je
y ∈ V . 'Ara se k�je per�ptwsh h f e�nai suneq 
 sto x.Prèpei na poÔme ìti to teleuta�o l mma isqÔei genikìtera stou
 kanonikoÔ
topologikoÔ
 q¸rou
, dhlad  stou
 q¸rou
 Hausdorff stou
 opo�ou
 gia k�jedÔo xèna kleist� tou
 uposÔnola up�rqoun dÔo xèna anoikt� uposÔnola pouta perièqoun. Aut  e�nai h mình idiìthta pou qrhsimopoi jhke sthn apìdeixhtou l mmato
. M�a kathgor�a tètoiwn q¸rwn e�nai, ìpw
 e�dame, oi sumpage�

Hausdorff topologiko� q¸roi kai m�a �llh e�nai oi metriko� q¸roi. M�lista, sthnper�ptwsh metrikoÔ q¸rou X to l mma èqei idia�tera apl  apìdeixh: jewroÔmeth sun�rthsh me tÔpo f(x) = d(x,K)

d(x,K)+d(x,L) gia k�je x ∈ X , ìpou d(x,A) =

infy∈A d(x, y) gia opoiod pote A ⊆ X .L mma 4.1(Diamer�sei
 th
 mon�da
) 'Estw X sumpag 
, Hausdorff topolo-gikì
 q¸ro
, sumpagè
 K ⊆ X kai anoikt� U1, . . . , Un ⊆ X ¸ste K ⊆ U1∪· · ·∪
Un. Up�rqoun f1, . . . , fn : X → [0, 1] suneqe�
 ston X ¸ste supp(fj) ⊆ Uj giak�je j kai f1 + · · · + fn = 1 sto K.Apìdeixh: Apì thn upìjesh sunep�getai ìti K \ (U2 ∪ · · · ∪ Un) ⊆ U1 opìteup�rqei anoiktì V1 ¸ste K \ (U2 ∪ · · · ∪ Un) ⊆ V1 ⊆ cl(V1) ⊆ U1. Tìte K ⊆
V1 ∪ U2 ∪ · · · ∪ Un kai, epomènw
, K \ (V1 ∪ U3 ∪ · · · ∪ Un) ⊆ U2. 'Ara up�rqeianoiktì V2 ¸ste K \ (V1 ∪ U3 ∪ · · · ∪ Un) ⊆ V2 ⊆ cl(V2) ⊆ U2. Tìte K ⊆
V1 ∪ V2 ∪ U3 ∪ · · · ∪ Un. Suneq�zonta
 epagwgik� antikajistoÔme diadoqik� ta
U1, . . . , Un me anoikt� V1, . . . , Vn ¸ste K ⊆ V1 ∪ · · · ∪ Vn kai cl(Vj) ⊆ Uj giak�je j.H diadikas�a epanalamb�netai, opìte up�rqoun anoikt� W1, . . . ,Wn ¸ste
K ⊆W1 ∪ · · · ∪Wn kai cl(Wj) ⊆ Vj ⊆ cl(Vj) ⊆ Uj gia k�je j.SÔmfwna me to L mma tou Urysohn up�rqoun g1, . . . , gn : X → [0, 1] ¸ste
gj = 1 sto cl(Wj) kai gj = 0 èxw apì to Vj . Ep�sh
 up�rqei g0 : X → [0, 1] ¸ste
g0 = 0 sto K kai g0 = 1 èxw apì to W1 ∪ · · · ∪Wn. Jètoume fj =

gj

g0+g1+···+gngia k�je j = 1, . . . , n.



138 KEF�ALAIO 4. O DUIK�OS Q�WROSAn gia to x ∈ X den isqÔei g0(x) = 1, tìte x ∈ W1 ∪ · · · ∪ Wn, opìte
gj(x) = 1 gia k�poio j = 1, . . . , n. 'Ara g0 + g1 + · · · + gn ≥ 1 ston X , opìte oi
f1, . . . , fn : X → [0, 1] e�nai suneqe�
 ston X .An x /∈ Vj , tìte gj(x) = 0, opìte fj(x) = 0. 'Ara supp(fj) ⊆ cl(Vj) ⊆ Uj .Ep�sh
, f1 + · · · + fn = g1+···+gn

g0+g1+···+gn
= 1 sto K, diìti g0 = 0 sto K.Orismì
 4.6'Estw topologikì
 q¸ro
 X , K sumpagè
, U1, . . . , Un anoikt�uposÔnola tou X kai K ⊆ U1 ∪ · · · ∪ Un. An oi f1, . . . , fn : X → [0, 1] e�naisuneqe�
 ston X me supp(fj) ⊆ Uj gia k�je j kai f1 + · · ·+ fn = 1 sto K, tìteh sullog  {f1, . . . , fn} onom�zetai diamèrish th
 mon�da
 gia to K w
 pro
thn anoikt  tou k�luyh {U1, . . . , Un}.Upenjum�zetai ìti èna Borel-mètro µ se topologikì q¸ro X e�nai mètro ori-smèno sth σ-�lgebra B(X) twn Borel-sunìlwn tou X me µ(K) < +∞ gia k�jesumpagè
 K ⊆ X .L mma 4.2'Estw topologikì
 q¸ro
 X kai µ èna migadikì Borel-mètro ston

X . Gia k�je f ∈ C(X) isqÔei ∣∣∫
X
f dµ

∣∣ ≤
∫

X
|f | d|µ| ≤ ‖f‖u ‖µ‖.Apìdeixh: Arke� na apode�xoume thn arister  anisìthta. Aut  e�nai gnwst  anh f e�nai pragmatik  kai to µ e�nai mh-arnhtikì.An h f e�nai pragmatik  kai to µ pragmatikì, gr�foume µ = µ+ − µ−, opìte∣∣∫

X
f dµ

∣∣ ≤
∣∣∫

X
f dµ+

∣∣ +
∣∣∫

X
f dµ−∣∣ ≤

∫
X
|f | dµ+ +

∫
X
|f | dµ− =

∫
X
|f | d|µ|.An h f e�nai migadik  kai to µ e�nai migadikì, tìte ∣∣∫

X
f dµ

∣∣ ≤
∣∣∫

X
ℜf dℜµ

∣∣+∣∣∫
X ℜf dℑµ

∣∣ +
∣∣∫

X ℑf dℜµ
∣∣ +

∣∣∫
X ℑf dℑµ

∣∣ ≤
∫

X |ℜf | d|ℜµ| +
∫

X |ℜf | d|ℑµ| +∫
X
|ℑf | d|ℜµ| +

∫
X
|ℑf | d|ℑµ| ≤ 4

∫
X
|f | d|µ|.T¸ra diamer�zoume to d�sko {κ ∈ C | |κ| ≤ ‖f‖u} se xèna an� dÔo Borel-sÔnola Q1, . . . , Qn ìpou to kajèna apì aut� èqei di�metro to polÔ ǫ > 0kai jètoume Aj = {x ∈ X | f(x) ∈ Qj}. Ep�sh
, epilègoume gia k�je j è-na κj ∈ Qj kai upolog�zoume ∣∣∫

X f dµ
∣∣ ≤ ∑n

j=1

∣∣∫
Aj
f dµ

∣∣ ≤ ∑n
j=1

∣∣∫
Aj

(f −
κj) dµ

∣∣ +
∑n

j=1 |κj||µ(Aj)| ≤ 4
∑n

j=1 ǫ|µ|(Aj) +
∑n

j=1 |κj ||µ|(Aj) ≤ 4ǫ|µ|(X) +∑n
j=1

∫
Aj

|f | d|µ| + ∑n
j=1

∫
Aj

|f − κj | d|µ| ≤ 5ǫ|µ|(X) +
∫

X |f | d|µ|. Epeid  to ǫe�nai tuqìn, sunep�getai ∣∣∫
X
f dµ

∣∣ ≤
∫

X
|f | d|µ|.Orismì
 4.7'Estw topologikì
 q¸ro
 X kai µ èna Borel-mètro ston X . To µonom�zetai omalì an gia k�je Borel-sÔnolo A isqÔei:

(i) µ(A) = inf{µ(U)|U anoiktì kai A ⊆ U ⊆ X} kai
(ii) µ(A) = sup{µ(K)|K sumpagè
 kai K ⊆ A}.An to µ e�nai pragmatikì Borel-mètro ston X , tìte to µ onom�zetai omalì anta µ+, µ− e�nai omal�.An to µ e�nai migadikì Borel-mètro ston X , tìte to µ onom�zetai omalì anta ℜµ,ℑµ e�nai omal�. To sÔnolo ìlwn twn migadik¸n Borel-mètrwn ston Xsumbol�zetai AR(X,B(X)).E�nai profanè
 ìti, an to µ e�nai Borel-mètro kai µ(A) < +∞, tìte ta (i)kai (ii) ston orismì e�nai isodÔnama me to ìti gia k�je ǫ > 0 up�rqoun anoiktì
O ⊇ A kai sumpagè
 K ⊆ A ¸ste µ(O \K) < ǫ.
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 q¸ro
 X kai µ èna migadikì Borel-mètro ston
X . To µ e�nai omalì an kai mìnon an to |µ| e�nai omalì.Apìdeixh: 'Estw ìti to µ e�nai pragmatikì. An to µ e�nai omalì, tìte ta µ+kai µ− e�nai omal�, opìte gia k�je Borel-sÔnolo A kai ǫ > 0 up�rqoun anoikt�
O+, O− ⊇ A kai sumpag  K+,K− ⊆ A ¸ste µ+(O+ \ K+) < ǫ kai µ−(O− \
K−) < ǫ. Jètoume K = K+ ∪ K− ⊆ A kai O = O+ ∩ O− ⊇ A, opìte
µ+(O \K) < ǫ kai µ−(O \K) < ǫ. Prosjètoume kai br�skoume |µ|(O \K) < 2ǫkai, epomènw
, to |µ| e�nai omalì.'Estw ìti to |µ| e�nai omalì. Tìte gia k�je Borel-sÔnolo A kai ǫ > 0up�rqoun anoiktì O ⊇ A kai sumpagè
 K ⊆ A me |µ|(O \ K) < ǫ kai, epeid 
µ+, µ− ≤ |µ|, èqoume ti
 �die
 anisìthte
 gia ta µ+ kai µ−. Epomènw
, ta µ+kai µ− e�nai omal�, opìte kai to µ e�nai omalì.An to µ e�nai migadikì, h apìdeixh e�nai parìmoia kai qrhsimopoie� ti
 anisì-thte
 |ℜµ|, |ℑµ| ≤ |µ| kai |µ| ≤ |ℜµ| + |ℑµ|.Je¸rhma 4.7An o X e�nai topologikì
 q¸ro
, tìte o AR(X,B(X))e�nai kleistì
 grammikì
 upìqwro
 tou A(X,B(X)) kai, epomènw
,e�nai q¸ro
 Banach.Apìdeixh: An µ1 kai µ2 e�nai omal� migadik� Borel-mètra ston X , tìte ta |µ1|kai |µ2| e�nai omal�. 'Ara gia k�je Borel-sÔnolo A kai ǫ > 0 up�rqoun anoikt�
O1, O2 ⊇ A kai sumpag  K1,K2 ⊆ A ¸ste |µ1|(O1 \K1) < ǫ kai |µ2|(O2 \K2) <
ǫ. Jètoume K = K1 ∪ K2 ⊆ A kai O = O1 ∩ O2 ⊇ A, opìte pa�rnoume ti
�die
 anisìthte
 gia ta K kai O. Prosjètoume qrhsimopoi¸nta
 thn |µ1 +µ2| ≤
|µ1|+ |µ2| kai br�skoume |µ1 + µ2|(O \K) < 2ǫ kai, epomènw
, to |µ1 + µ2| e�naiomalì. 'Ara to µ1 + µ2 e�nai omalì.Akìmh piì apl� apodeiknÔetai ìti, an to µ e�nai omalì kai κ ∈ F , tìte to κµe�nai omalì.'Ara o AR(X,B(X)) e�nai grammikì
 upìqwro
 tou A(X,B(X)).'Estw, t¸ra, ìti h {µn} e�nai akolouj�a omal¸n migadik¸n Borel-mètrwnston X kai µn → µ, ìpou to µ e�nai migadikì Borel-mètro. Pa�rnoume tuqìn
Borel-sÔnolo A kai ǫ > 0 kai br�skoume N ¸ste ‖µN − µ‖ < ǫ kai, katìpin,epeid  to |µN | e�nai omalì, br�skoume anoiktì O ⊇ A kai sumpagè
 K ⊆ A ¸ste
|µN |(O \K) < ǫ. Epomènw
, |µ|(O \K) ≤ |µN |(O \K) + ‖µN − µ‖ < 2ǫ, opìteto µ e�nai omalì. Dhlad , o AR(X,B(X)) e�nai kleistì
.IsqÔei ìti an o X e�nai sumpag 
 metrikì
 q¸ro
   an o X e�nai sumpag 
,
Hausdorff topologikì
 q¸ro
 tou opo�ou k�je anoiktì uposÔnolo e�nai ènwsharijm simou pl jou
 sumpag¸n sunìlwn, tìte AR(X,B(X)) = A(X,B(X)).Je¸rhma 4.8(F.Riesz-Radon-Banach-Kakutani)'Estw X sumpag 
,
Hausdorff topologikì
 q¸ro
.(1) Gia k�je l ∈ C(X)∗ up�rqei monadikì omalì migadikì Borel-mètro
µ ston X ¸ste ‖l‖ = ‖µ‖ kai l(f) =

∫
X f dµ gia k�je f ∈ C(X).An to l e�nai mh-arnhtikì, dhlad  l(f) ≥ 0 gia k�je mh-arnhtik 

f ∈ C(X), tìte to µ e�nai mh-arnhtikì.
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f ∈ C(X), tìte to µ e�nai pragmatikì.(2) C(X)∗

iso
= AR(X,B(X)).Apìdeixh: Gia k�je omalì migadikì Borel-mètro µ ston X or�zoume lµ : C(X) →

F me tÔpo
lµ(f) =

∫

X

f dµgia k�je f ∈ C(X). H lµ e�nai grammikì sunarthsoeidè
 tou C(X) kai |lµ(f)| =∣∣∫
X f dµ

∣∣ ≤ ‖µ‖ ‖f‖u gia k�je f ∈ C(X). 'Ara lµ ∈ C(X)∗ kai ‖lµ‖ ≤ ‖µ‖.Apì ton orismì tou ‖µ‖ sunep�getai ìti up�rqoun xèna an� dÔo Borel-sÔnola
A1, . . . , An ⊆ X ¸ste ‖µ‖ − ǫ < |µ(A1)| + · · · + |µ(An)|. Epeid  to µ e�naiomalì, gia k�je j up�rqei sumpagè
 Kj ⊆ Aj ¸ste |µ|(Aj \ Kj) <

1
n ǫ. E-pomènw
, ‖µ‖ − 2ǫ < |µ(K1)| + · · · + |µ(Kn)|. Epeid  ta K1, . . . ,Kn e�nai xènaan� dÔo, e�nai eÔkolo na apode�xoume b�sei th
 Prìtash
 1.19 ìti up�rqounxèna an� dÔo anoikt� O1, . . . , On ¸ste Kj ⊆ Oj gia k�je j kai, pa�rnont�
ta mikrìtera an qreiaste�, |µ|(Oj \ Kj) <

1
n ǫ gia k�je j. Gia k�je j up�rqei

fj : X → [0, 1] suneq 
 ston X ¸ste fj = 1 sto Kj kai fj = 0 èxw apì to Oj .Tèlo
, jètoume κj =

∫
Oj

fj dµ
∣∣∫

Oj

fj dµ
∣∣ an ∫

Oj
fj dµ 6= 0 kai κj = 0 an ∫

Oj
fj dµ = 0kai f = κ1f1 + · · · + κnfn. Upolog�zoume ‖lµ‖ ≥ ‖f‖u ‖lµ‖ ≥

∣∣∫
X
f dµ

∣∣ =∣∣∑n
j=1 κj

∫
Oj
fj dµ

∣∣ =
∑n

j=1

∣∣∫
Oj
fj dµ

∣∣ ≥ ∑n
j=1 |µ(Kj)|−

∑n
j=1

∣∣∫
Oj\Kj

fj dµ
∣∣ >

‖µ‖ − 2ǫ − ∑n
j=1 |µ|(Oj \Kj) > ‖µ‖ − 3ǫ. Epeid  to ǫ > 0 e�nai tuqìn, sumpe-ra�noume ‖lµ‖ ≥ ‖µ‖ kai, epomènw
, ‖lµ‖ = ‖µ‖.'Estw ìti lµ(f) ∈ R gia k�je pragmatik  f ∈ C(X). JewroÔme tuqìn Borel-sÔnolo A, sumpagè
 K ⊆ A kai anoiktì O ⊇ A me |µ|(O \K) < ǫ. Pa�rnoume

f : X → [0, 1] suneq  sto X me f = 1 sto K kai f = 0 èxw apì to O. Tìte
0 =

∣∣ℑ
∫

X f dµ
∣∣ ≥ |ℑµ(K)| −

∣∣ℑ
∫

O\K f dµ
∣∣ ≥ |ℑµ(A)| − |ℑµ(A \K)| − |µ|(O \

K) ≥ |ℑµ(A)| − 2|µ|(O \ K) ≥ |ℑµ(A)| − 2ǫ. 'Ara ℑµ(A) = 0 kai to µ e�naipragmatikì mètro.'Estw ìti lµ(f) ≥ 0 gia k�je mh-arnhtik  f ∈ C(X). Me thn �dia epilog  twn
A,K,O, f ìpw
 sthn prohgoÔmenh par�grafo, èqoume 0 ≤

∫
X f dµ = µ(K) +∫

O\K
f dµ ≤ µ(A) + 2|µ|(O \ K) ≤ µ(A) + 2ǫ. 'Ara µ(A) ≥ 0 kai to µ e�naimh-arnhtikì.Or�zoume T : AR(X,B(X)) → C(X)∗ me tÔpo T (µ) = lµ. E�nai eÔkolona apodeiqje� ìti o T e�nai grammikì
 kai e�dame  dh ìti ‖T (µ)‖ = ‖lµ‖ = ‖µ‖gia k�je µ ∈ AR(X,B(X)). Arke�, epomènw
, na apodeiqje� ìti o T e�nai ep�.Dhlad  prèpei na apode�xoume ìti gia k�je l ∈ C(X)∗ up�rqei migadikì (an

F = C)   pragmatikì (an F = R) Borel-mètro µ ¸ste l(f) =
∫

X f dµ gia k�je
f ∈ C(X).(A) 'Estw l ∈ C(X)∗ kai upojètoume kat' arq n ìti to l e�nai mh-arnhtikì.Gia k�je anoiktì O ⊆ X kai k�je f ∈ C(X) sumbol�zoume f ≺ O ìtan
f : X → [0, 1] kai supp(f) ⊆ O.
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µ(O) = sup{l(f) | f ≺ O}kai, katìpin, gia k�je E ⊆ X or�zoume

µ∗(E) = inf{µ(O) |O anoiktì ⊇ E}.An ta O,O′ e�nai anoikt� kai O ⊆ O′, tìte f ≺ O sunep�getai f ≺ O′, opìte
µ(O) ≤ µ(O′). 'Ara µ∗(O) = µ(O) gia k�je anoiktì O.An f ≺ O, tìte l(f) ≤ ‖l‖ ‖f‖u ≤ ‖l‖. 'Ara µ(O) ≤ ‖l‖ kai, epomènw
,
µ∗(E) ≤ ‖l‖ gia k�je E ⊆ X .E�nai profanè
 ìti µ∗(∅) = µ(∅) = 0, ìpw
, ep�sh
, ìti µ∗(E) ≤ µ∗(E′) giak�je E,E′ me E ⊆ E′. 'Estw, t¸ra, E = E1 ∪ E2 ∪ · · ·. Gia k�je j br�skoumeanoiktì Oj ⊇ Ej ¸ste µ(Oj) < µ∗(Ej) + ǫ

2j kai jètoume O = O1 ∪ O2 ∪ · · ·.'Estw f ≺ O, opìte jètoume K = supp(f) ⊆ O. Up�rqei, epomènw
, N ¸ste
K ⊆ O1∪· · ·∪ON kai jewroÔme diamèrish th
 mon�da
 {f1, . . . , fN} gia toK w
pro
 thn {O1, . . . , ON}. Tìte f = ff1+· · ·+ffN kai supp(ffj) ≺ Oj gia k�je j,opìte l(f) = l(ff1)+ · · ·+ l(ffN) ≤ µ(O1)+ · · ·+µ(ON ) ≤ µ(O1)+µ(ON )+ · · ·.Sunep�getai ìti µ(O) ≤ µ(O1) + µ(ON ) + · · · ≤ µ∗(E1) + µ∗(E2) + · · · + ǫ kai,epeid  E ⊆ O, èqoume µ∗(E) ≤ µ∗(E1) +µ∗(E2) + · · ·+ ǫ. To ǫ > 0 e�nai tuqìn,opìte µ∗(E) ≤ µ∗(E1)+µ∗(E2)+ · · ·. 'Ara to µ∗ e�nai exwterikì mètro orismènosto dunamosÔnolo tou X .SÔmfwna me th diadikas�a Caratheodory, or�zetai h σ-�lgebra twn µ∗-metr -simwn uposunìlwn tou X sthn opo�a periorismèno to µ∗ apotele� mètro.JewroÔme tuqìn anoiktì O kai opoiod pote E. Pa�rnoume anoiktì O′ ⊇ Eme µ(O′) < µ∗(E)+ ǫ kai f ≺ O′∩O ¸ste l(f) > µ(O′∩O)− ǫ. To O′ \supp(f)e�nai anoiktì, opìte pa�rnoume g ≺ O′ \ supp(f) ¸ste l(g) > µ(O′ \ supp(f))− ǫ.ParathroÔme ìti f + g ≺ O′, opìte µ∗(E) + ǫ > µ(O′) ≥ l(f + g) = l(f) +
l(g) > µ(O′ ∩ O) + µ(O′ \ supp(f)) − 2ǫ ≥ µ∗(E ∩ O) + µ∗(E \ O) − 2ǫ. 'Ara
µ∗(E) ≥ µ∗(E ∩ O) + µ∗(E \ O) kai autì shma�nei ìti to O e�nai µ∗-metr simo.Epomènw
, h σ-�lgebra twn µ∗-metr simwn sunìlwn èqei w
 stoiqe�a ìla taanoikt� sÔnola, opìte perièqei thn B(X). Or�zoume µ na e�nai o periorismì
tou µ∗ sthn B(X), opìte to µ e�nai mh-arnhtikì Borel-mètro µ ston X . (To µtaut�zetai me to  dh orismèno µ sta anoikt� sÔnola, afoÔ èqei  dh apodeiqje�ìti µ∗(O) = µ(O) gia k�je anoiktì O.)T¸ra ja apode�xoume ìti

(♯) µ(K) = inf{l(f) | f ∈ C(X) kai χK ≤ f ston X}gia k�je sumpagè
 K ⊆ X .Pa�rnoume opoiad pote f ∈ C(X) me f ≥ χK (dhlad , f ≥ 0 ston X kai,eidik�, f ≥ 1 sto K) kai jewroÔme to anoiktì sÔnolo O = {x ∈ X | f(x) >
1 − ǫ} ⊇ K. An g ≺ O, tìte g ≤ 1

1−ǫ f ston X , opìte l(g) ≤ 1
1−ǫ l(f) afoÔto l e�nai mh-arnhtikì. 'Ara µ(O) ≤ 1

1−ǫ l(f), opìte µ(K) ≤ 1
1−ǫ l(f). Epeid to ǫ > 0 e�nai tuqìn, sunep�getai ìti µ(K) ≤ l(f) kai, epomènw
, µ(K) ≤

inf{l(f) | f ∈ C(X) kai χK ≤ f ston X}. T¸ra, pa�rnoume anoiktì O ⊇ K me
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µ(O) < µ(K) + ǫ kai, katìpin, m�a f : X → [0, 1] suneq  sto X me f = 1 sto
K kai supp(f) ⊆ O. Tìte f ≥ χK kai f ≺ O, opìte l(f) ≤ µ(O) < µ(K) + ǫ.AfoÔ to ǫ e�nai tuqìn, inf{l(f) | f ∈ C(X) kai χK ≤ f ston X} ≤ µ(K).Katìpin ja apode�xoume thn omalìthta tou µ.Gia k�je Borel-sÔnolo E èqoume µ(E) = µ∗(E) = inf{µ(O) |O anoiktì ⊇
E} kai aut  e�nai h pr¸th sunj kh omalìthta
. Pa�rnoume tuqìn Borel-sÔnolo
E kai br�skoume anoiktì O ⊇ E ¸ste µ(O) < µ(E) + ǫ. Katìpin, br�skoume
g ≺ O ¸ste l(g) > µ(O)− ǫ kai jètoume K = supp(g) ⊆ O. Gia k�je f ∈ C(X)me f ≥ χK , sunep�getai ìti f ≥ g, opìte l(f) ≥ l(g). Apì thn (♯) sunep�getaiìti µ(K) ≥ l(g). 'Ara èqoume sumpagè
 K ⊆ O me µ(K) > µ(O) − ǫ. Epeid 
µ(O\E) = µ(O)−µ(E) < ǫ, up�rqei anoiktìO′ ⊇ O\E ¸ste µ(O′) < 2ǫ. T¸rajètoume L = K \ O′ kai parathroÔme ìti to L e�nai sumpagè
 uposÔnolo tou Ekai ìti E \ L ⊆ (O \K) ∪O′. 'Ara µ(E) − µ(L) ≤ µ(O \K) + µ(O′) < 3ǫ kai,epomènw
, µ(E) = sup{µ(L)|L sumpagè
 ⊆ E}. Aut  e�nai h deÔterh sunj khomalìthta
.Tèlo
, ja apode�xoume ìti l(f) =

∫
X f dµ gia k�je f ∈ C(X) kai, lìgwgrammikìthta
, arke� na to apode�xoume gia pragmatik  f . (Fusik�, an F =

R, tìte ìle
 oi sunart sei
 pou melet�me e�nai pragmatikè
.) An h f e�naipragmatik , gr�foume f+ = 1
2 (|f | + f) ≥ 0 kai f− = 1

2 (|f | − f) ≥ 0, opìte
f = f+ − f−. 'Ara arke� na jewr soume f ≥ 0 kai, pollaplasi�zonta
 mekat�llhlh jetik  stajer�, upojètoume ìti f ∈ C(X) kai 0 ≤ f ≤ 1 ston X .Pa�rnoume tuqìn N kai jètoume Kk = {x ∈ X | f(x) ≥ k

N } gia 0 ≤ k ≤ N .K�je Kk e�nai sumpagè
 sÔnolo kai, profan¸
, K0 = X . Ep�sh
, gia k�je
j = 0, . . . , N − 1 jètoume

fj = min
(
max

(
f,

j

N

)
,
j + 1

N

)
− j

N
,opìte k�je fj e�nai suneq 
 ston X kai isqÔei

1

N
χKj+1 ≤ fj ≤ 1

N
χKjgia k�je j = 0, . . . , N − 1 kaj¸
 kai

f = f0 + f1 + · · · + fN−1.Prosjètonta
 ti
 teleuta�e
 anisìthte
 kai oloklhr¸nonta
 pa�rnoume
1

N
(µ(K1) + · · · + µ(KN )) ≤

∫

X

f dµ ≤ 1

N
(µ(K0) + · · · + µ(KN−1)).Apì thn χKj+1 ≤ Nfj kai thn (♯) sunep�getai ìti µ(Kj+1) ≤ l(Nfj) =

Nl(fj). Apì thn Nfj ≤ χKj
sunep�getai Nfj ≺ O kai, epomènw
, Nl(fj) ≤

µ(O) gia k�je anoiktì O ⊇ Kj. 'Ara, apì ton orismì tou µ(Kj) = µ∗(Kj)èqoume ìti Nl(fj) ≤ µ(Kj). 'Ara
1

N
µ(Kj+1) ≤ l(fj) ≤

1

N
µ(Kj)
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 pa�rnoume
1

N
(µ(K1) + · · · + µ(KN )) ≤ l(f) ≤ 1

N
(µ(K0) + · · · + µ(KN−1)).Epomènw
 ∣∣∫

X f dµ− l(f)
∣∣ ≤ 1

N (µ(K0) + · · ·+ µ(KN−1))− 1
N (µ(K1) + · · ·+

µ(KN)) = 1
N µ(K0\KN) ≤ 1

N µ(X) kai, epeid  toN e�nai auja�reto, sunep�getai
l(f) =

∫

X

f dµkai telei¸same me thn per�ptwsh pou to l e�nai mh-arnhtikì.(B) 'Estw, t¸ra, ìti to l e�nai pragmatikì. Gia k�je mh-arnhtik  f ∈ C(X)or�zoume
l+(f) = sup{l(g) | g ∈ C(X), 0 ≤ g ≤ f ston X}.Profan¸
, l+(f) ≥ l(0) = 0 kai l+(f) ≥ l(f). Ep�sh
, an 0 ≤ g ≤ f , tìte

|l(g)| ≤ ‖l‖ ‖g‖u ≤ ‖l‖ ‖f‖u, opìte l+(f) = |l+(f)| ≤ ‖l‖ ‖f‖u < +∞.Gia k�je κ > 0 kai mh-arnhtik  f ∈ C(X) èqoume l+(κf) = sup{l(g) | g ∈
C(X), 0 ≤ g ≤ κf ston X} = sup{l(κh) |h ∈ C(X), 0 ≤ h ≤ f ston X} =
κ sup{l(h) |h ∈ C(X), 0 ≤ h ≤ f ston X} = κl+(f).An f1, f2 ∈ C(X) e�nai mh-arnhtikè
, 0 ≤ g1 ≤ f1 kai 0 ≤ g2 ≤ f2, tìte
l(g1) + l(g2) = l(g1 + g2) kai, epeid  0 ≤ g1 + g2 ≤ f1 + f2, sunep�getai l(g1) +
l(g2) ≤ l+(f1 + f2). Pa�rnonta
 supremum w
 pro
 ti
 g1 kai g2 br�skoume
l+(f1) + l+(f2) ≤ l+(f1 + f2). T¸ra, èstw 0 ≤ g ≤ f1 + f2. Jètoume g1 =
min(f1, g), opìte 0 ≤ g1 ≤ f1 kai g1 ≤ g. An jèsoume g2 = g − g1, tìtee�nai eÔkolo na doÔme ìti 0 ≤ g2 ≤ f2 kai, fusik�, g = g1 + g2. 'Ara l(g) =
l(g1)+l(g2) ≤ l+(f1)+l

+(f2), opìte l+(f1+f2) ≤ l+(f1)+l
+(f2). Sumpera�noumeìti l+(f1 + f2) = l+(f1) + l+(f2).Mèqri t¸ra to l+(f) e�nai orismèno mìnon gia mh-arnhtikè
 f ∈ C(X). Giaopoiad pote pragmatik  f ∈ C(X) jètoume f+ = 1

2 (|f | + f) ≥ 0 kai f− =
1
2 (|f | − f) ≥ 0, opìte f = f+ − f−. Or�zoume, loipìn, gia k�je pragmatik 
f ∈ C(X)

l+(f) = l+(f+) − l+(f−).ParathroÔme ìti an f = g − h gia opoiesd pote mh-arnhtikè
 g, h ∈ C(X),tìte f+ + h = f− + g, opìte l+(f+) + l+(h) = l+(f+ + h) = l+(f− + g) =
l+(f−) + l+(g). 'Ara l+(f) = l+(g) − l+(h).An f1, f2 ∈ C(X) e�nai pragmatikè
, tìte apì thn teleuta�a tautìthta èqoume
f1 + f2 = (f+

1 + f+
2 )− (f−

1 + f−
2 ), opìte l(f1 + f2) = l(f+

1 + f+
2 )− l(f−

1 + f−
2 ) =

l(f+
1 ) + l(f+

2 ) − l(f−
1 ) − l(f−

2 ) = l(f1) + l(f2).An f ∈ C(X) e�nai pragmatik  kai κ ≥ 0, tìte l+(κf) = l+(κf+)−l+(κf−) =
κl+(f+) − κl+(f−) = κl+(f), en¸ an κ < 0, tìte l+(κf) = l+(|κ|f−) −
l+(|κ|f+) = |κ|l+(f−) − |κ|l+(f+) = κl+(f).An F = R, èqoume  dh apode�xei ìti to l+ : C(X) → R e�nai grammikìsunarthsoeidè
.An F = C, gia k�je migadik  f ∈ C(X) or�zoume

l+(f) = l+(ℜf) + il+(ℑf)



144 KEF�ALAIO 4. O DUIK�OS Q�WROSkai e�nai eÔkolo na doÔme ìti h l+ : C(X) → C e�nai grammikì sunarthsoei-dè
. An h f ∈ C(X) e�nai pragmatik , tìte |l+(f)| = |l+(f+) − l+(f−)| ≤
max(l+(f+), l+(f−)) ≤ max(‖l‖ ‖f+‖u , ‖l‖ ‖f−‖u) = ‖l‖ ‖f‖u. En¸, an h fe�nai migadik , tìte, me kat�llhlo κ ∈ C me |κ| = 1 èqoume |l+(f)| = κl+(f) =
l+(κf) = ℜ

(
l+(κf)

)
= l+(ℜ(κf)) ≤ ‖l‖ ‖ℜ(κf)‖u ≤ ‖l‖ ‖f‖u. Epomènw
, to l+e�nai mh-arnhtikì suneqè
 grammikì sunarthsoeidè
 tou C(X) me ‖l+‖ ≤ ‖l‖.Or�zoume, ep�sh
, l− = l+ − l : C(X) → F . Autì e�nai, profan¸
, suneqè
grammikì sunarthsoeidè
 tou C(X) kai e�nai mh-arnhtikì, afoÔ gia k�je mh-arnhtik  f ∈ C(X) isqÔei l−(f) = l+(f) − l(f) ≥ 0.SÔmfwna me to mèro
 (A), up�rqoun dÔo mh-arnhtik� Borel-mètra µ1 kai µ2ston X ¸ste l+(f) =

∫
X
f dµ1 kai l−(f) =

∫
X
f dµ2 gia k�je f ∈ C(X). 'Aragia to pragmatikì Borel-mètro µ = µ1 − µ2 èqoume l(f) = l+(f) − l−(f) =∫

X f dµ1 −
∫

X f dµ2 =
∫

X f dµ gia k�je f ∈ C(X).Sto shme�o autì telei¸nei h apìdeixh, an F = C kai to l e�nai pragmatikì  an F = R (opìte to l e�nai autom�tw
 pragmatikì).(G) An F = C kai to l e�nai migadikì, tìte ta ℜl kai ℑl e�nai suneq  pragmatik�
R-grammik� sunarthsoeid  ston C(X) kai, epomènw
, e�nai suneq  R-grammik�sunarthsoeid  ston CR(X), ton R-grammikì q¸ro twn pragmatik¸n suneq¸nsunart sewn stonX . SÔmfwna me to (B), up�rqoun dÔo pragmatik� Borel-mètra
µ1 kai µ2, ¸ste ℜl(f) =

∫
X f dµ1 kai ℑl(f) =

∫
X f dµ2 gia k�je pragmatik 

f ∈ C(X). 'Ara, an jèsoume µ = µ1 + iµ2, tìte to µ e�nai migadikì Borel-mètroston X kai gia k�je pragmatik  f ∈ C(X) èqoume l(f) = ℜl(f) + iℑl(f) =∫
X
f dµ1 + i

∫
X
f dµ2 =

∫
X
f dµ. Epomènw
, gia k�je f ∈ C(X) isqÔei l(f) =

l(ℜf) + il(ℑf) =
∫

X
ℜf dµ+ i

∫
X
ℑf dµ =

∫
X
f dµ.4.6 To je¸rhma Hahn-BanachTo epìmeno e�nai èna apì ta jemeli¸dh apotelèsmata th
 jewr�a
 twn q¸rwn menìrma.Je¸rhma 4.9(Hahn-Banach)'Estw q¸ro
 X me nìrma ‖·‖ kai upìqwro


Y tou X. Gia k�je y∗ ∈ Y ∗ up�rqei x∗ ∈ X∗ ¸ste x∗(y) = y∗(y) giak�je y ∈ Y kai ‖x∗‖ = ‖y∗‖.Apìdeixh: JewroÔme thn hminìrma p : X → R+
0
me tÔpo p(x) = ‖y∗‖ ‖x‖ gia k�je

x ∈ X . Tìte to grammikì sunarthsoeidè
 y∗ tou Y ikanopoie� thn |y∗(y)| ≤ p(y)gia k�je y ∈ Y .An F = C, tìte apì to Je¸rhma 2.2 sunep�getai ìti up�rqei grammikìsunarthsoeidè
 x∗ tou X me x∗(y) = y∗(y) gia k�je y ∈ Y kai |x∗(x)| ≤
p(x) = ‖y∗‖ ‖x‖ gia k�je x ∈ X . Epomènw
 x∗ ∈ X∗ kai ‖x∗‖ ≤ ‖y∗‖. 'Omw
,
‖y∗‖ = supy∈Y,‖y‖≤1 |y∗(y)| = supy∈Y,‖y‖≤1 |x∗(y)| ≤ supx∈X,‖x‖≤1 |x∗(x)| =
‖x∗‖. 'Ara ‖x∗‖ = ‖y∗‖.An F = R, epeid  y∗(y) ≤ p(y) gia k�je y ∈ Y , apì to Je¸rhma 2.1sunep�getai ìti up�rqei grammikì sunarthsoeidè
 x∗ tou X me x∗(y) = y∗(y)gia k�je y ∈ Y kai x∗(x) ≤ p(x) = ‖y∗‖ ‖x‖ gia k�je x ∈ X . An sthn anisìthtaaut  jèsoume −x sth jèsh tou x, pa�rnoume −‖y∗‖ ‖x‖ ≤ x∗(x) kai, epomènw
,
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|x∗(x)| ≤ ‖y∗‖ ‖x‖ gia k�je x ∈ X . 'Opw
 prohgoumènw
, sunep�getai ìti
‖x∗‖ = ‖y∗‖.Orismì
 4.8'Estw q¸ro
 X me nìrma ‖·‖.
(i) An S ⊆ X , or�zoume S⊥ = {x∗ ∈ X∗|x∗(a) = 0 gia k�je a ∈ S}.
(ii) An S ⊆ X∗, or�zoume ⊥S = {x ∈ X |a∗(x) = 0 gia k�je a∗ ∈ S}Sthn per�ptwsh pou o X e�nai q¸ro
 me eswterikì ginìmeno (·|·) kai S ⊆ X ,tìte to S⊥ èqei orisje� me dÔo trìpou
: S⊥ = {x ∈ X |(a|x) = 0 gia k�je a ∈ S}kai S⊥ = {x∗ ∈ X∗|x∗(a) = 0 gia k�je a ∈ S}. Gnwr�zoume apì to pr¸to mèro
th
 apìdeixh
 tou Jewr mato
 4.4 ìti up�rqei 1-1 apeikìnish X ∋ x 7→ lx ∈ X∗¸ste ‖x‖ = ‖lx‖ gia k�je x ∈ X . To lx èqei tÔpo lx(u) = (u|x) gia k�je u ∈ X ,opìte (a|x) = 0 an kai mìnon an lx(a) = 0. Blèpoume, loipìn, ìti h eikìna toupr¸tou S⊥ mèsa ston X∗ mèsw th
 parap�nw emfÔteush
 perièqetai sto deÔtero
S⊥. An, epiplèon, o X e�nai q¸ro
 Hilbert, opìte h apeikìnish x 7→ lx e�nai ep�,tìte h eikìna tou pr¸tou S⊥ taut�zetai me to deÔtero S⊥.Prìtash 4.7'Estw q¸ro
 X me nìrma ‖·‖.(1) An S ⊆ X , tìte to S⊥ e�nai kleistì
 upìqwro
 tou X∗.(2) An S ⊆ X∗, tìte to ⊥S e�nai kleistì
 upìqwro
 tou X .Apìdeixh: 'Askhsh.Je¸rhma 4.10'Estw q¸ro
 X me nìrma ‖·‖, x ∈ X kai Y upìqwro
tou X. Tìte

max
x∗∈Y ⊥,‖x∗‖≤1

|x∗(x)| = inf
y∈Y

‖x− y‖ .Apìdeixh: Gia k�je x∗ ∈ Y ⊥ me ‖x∗‖ ≤ 1 kai gia k�je y ∈ Y èqoume |x∗(x)| =
|x∗(x) − x∗(y)| = |x∗(x− y)| ≤ ‖x∗‖ ‖x− y‖ ≤ ‖x− y‖. 'Ara

sup
x∗∈Y ⊥,‖x∗‖≤1

|x∗(x)| ≤ inf
y∈Y

‖x− y‖ .Epomènw
, mènei na apode�xoume ìti up�rqei x∗ ∈ Y ⊥ me ‖x∗‖ ≤ 1 kai
|x∗(x)| = infy∈Y ‖x− y‖.An x ∈ Y , tìte infy∈Y ‖x− y‖ = 0 kai |x∗(x)| = 0 gia k�je x∗ ∈ Y ⊥. 'Ara,sthn per�ptwsh aut , h apìdeixh e�nai pl rh
. 'Estw, loipìn, ìti x /∈ Y , opìtejewroÔme ton grammikì upìqwro Y1 tou X o opo�o
 par�getai apì to Y ∪ {x}.E�nai eÔkolo na apodeiqje� ìti k�je stoiqe�o tou Y1 gr�fetai me monadikì trìpow
 y + κx me y ∈ Y kai κ ∈ F : Y1 = {y + κx | y ∈ Y, κ ∈ F}. Or�zoume, t¸ra,
y∗ : Y1 → F me tÔpo

y∗(y + κx) = κdgia k�je y ∈ Y kai κ ∈ F , ìpou jètoume d = infy∈Y ‖x− y‖. E�nai profanè
 ìtih y∗ e�nai grammikì sunarthsoeidè
 tou Y1.An κ = 0, tìte |y∗(y + κx)| = |κ|d = 0 ≤ ‖y + κx‖, en¸ an κ 6= 0, tìte
|y∗(y + κx)| = |κ|d ≤ |κ|

∥∥x−
(
− 1

κ y
)∥∥ = ‖y + κx‖. 'Ara y∗ ∈ Y ∗

1 kai ‖y∗‖ ≤ 1.Apì to je¸rhma Hahn-Banach sunep�getai ìti up�rqei x∗ ∈ X∗ ¸ste x∗(y+
κx) = κd gia k�je y ∈ Y kai κ ∈ F kai ‖x∗‖ = ‖y∗‖ ≤ 1. T¸ra, x∗(y) =
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x∗(y+0x) = 0d = 0 gia k�je y ∈ Y , opìte x∗ ∈ Y ⊥, kai |x∗(x)| = |x∗(0+1x)| =
1d = d.Je¸rhma 4.11'Estw q¸ro
 X me nìrma ‖·‖. Tìte gia k�je x ∈ X

‖x‖ = max
‖x∗‖≤1

|x∗(x)| .Apìdeixh: E�nai �mesh efarmog  tou prohgoÔmenou jewr mato
 me Y = {0}.Tìte {0}⊥ = X∗ kai infy∈{0} ‖x− y‖ = ‖x− 0‖ = ‖x‖.Je¸rhma 4.12'Estw q¸ro
 X me nìrma ‖·‖, S ⊆ X kai x ∈ X. Tìte
x ∈ cl(< S >) an kai mìnon an x∗(x) = 0 gia k�je x∗ ∈ S⊥.Apìdeixh: An x∗ ∈ S⊥, tìte x∗(a) = 0 gia k�je a ∈ S, opìte, lìgw grammikìth-ta
, x∗(a) = 0 gia k�je a to opo�o e�nai grammikì
 sunduasmì
 stoiqe�wn tou
S, dhlad  gia k�je a ∈< S >. 'Ara, an x ∈ cl(< S >), opìte up�rqei {an} sto
< S > me an → x, èqoume, lìgw sunèqeia
, x∗(x) = limx∗(an) = 0.Antistrìfw
, upojètoume ìti x∗(x) = 0 gia k�je x∗ ∈ S⊥, all� x /∈ Y ,ìpou jètoume Y = cl(< S >). Epeid  o Y e�nai kleistì
, sunep�getai ìti
infy∈Y ‖x− y‖ > 0. 'Ara, apì to Je¸rhma 4.10 sunep�getai ìti up�rqei x∗ ∈ Y ⊥me x∗(x) 6= 0. 'Omw
, epeid  S ⊆ Y , èqoume ìti x∗ ∈ S⊥ kai katal goume seant�fash.L mma 4.3'Estw q¸ro
 X ep� tou C me nìrma ‖·‖.(1) Gia k�je C-grammikì suneqè
 sunarthsoeidè
 x∗ : X → C to pragmatikìtou mèro
 ℜx∗ : X → R e�nai R-grammikì suneqè
 sunarthsoeidè
, x∗(x) =
ℜx∗(x) − iℜx∗(ix) gia k�je x ∈ X kai ‖x∗‖ = ‖ℜx∗‖.(2) Gia k�jeR-grammikì suneqè
 sunarthsoeidè
 x∗

R
: X → C, up�rqei monadikì

C-grammikì suneqè
 sunarthsoeidè
 x∗ : X → C ¸ste na isqÔei ℜx∗ = x∗
R
ston

X kai tìte ‖x∗‖ = ‖x∗
R
‖.Apìdeixh: To mìno pou apomènei apì to L mma 2.2 e�nai na apodeiqje� h isìthtatwn norm¸n. E�nai profanè
 ìti |ℜx∗(x)| ≤ |x∗(x)| ≤ ‖x∗‖ ‖x‖ gia k�je x ∈ X ,opìte ‖ℜx∗‖ ≤ ‖x∗‖.Gia k�je x ∈ X èqoume, me kat�llhlo κ ∈ C me |κ| = 1, ìti |x∗(x)| =

κx∗(x) = x∗(κx) = ℜx∗(κx) ≤ |ℜx∗(κx)| ≤ ‖ℜx∗‖ ‖κx‖ = ‖ℜx∗‖ ‖x‖. 'Ara
‖x∗‖ ≤ ‖ℜx∗‖.Je¸rhma 4.13(Mazur) 'Estw q¸ro
 X me nìrma ‖·‖, kurtì sÔnolo Ato opo�o èqei to 0 w
 eswterikì shme�o kai kurtì sÔnolo B xènopro
 to A. Tìte(1) Up�rqei x∗ ∈ X∗ ¸ste ℜx∗(a) ≤ 1 gia k�je a ∈ A kai ℜx∗(b) ≥ 1gia k�je b ∈ B. An B(0;R) ⊆ A, tìte ‖x∗‖ ≤ 1

R.(2) An, akìmh, to A e�nai anoiktì, tìte ℜx∗(a) < 1 gia k�je a ∈ A.Apìdeixh: 'Estw B(0;R) ⊆ A. E�nai profanè
 ìti h mp�la B(0;R) kai, epomèn-w
, to A aporrofoÔn ton X . Ep�sh
, an to A e�nai anoiktì, tìte to A aporrof�ton X me kèntro k�je shme�o tou.
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 x∗ : X → R kai κ = 0   κ = 1 ¸ste to A na perièqetaise ènan apì tou
 kleistoÔ
 hmiq¸rou
 oi opo�oi or�zontai kai to B na perièqetaiston �llo. Epeid  0 ∈ A kai x∗(0) = 0, apokle�etai to A na perièqetai ston
{x ∈ X |x∗(x) ≥ 1}. An p�roume x0 me x∗(x0) 6= 0, tìte kai ta dÔo shme�a
± R

2‖x0‖ x0 an koun sthn B(0;R) kai s' aut� to x∗ èqei ant�jete
 timè
. 'Arato A den perièqetai se kanènan apì tou
 hmiq¸rou
 {x ∈ X |x∗(x) ≤ 0} kai
{x ∈ X |x∗(x) ≥ 0}.Epomènw
, x∗(a) ≤ 1 gia k�je a ∈ A kai x∗(b) ≥ 1 gia k�je b ∈ B. Ep�sh
,an to A e�nai anoiktì, tìte x∗(a) < 1 gia k�je a ∈ A.Pa�rnoume, t¸ra, opoiod pote t > 1 kai x ∈ X me x 6= 0. Tìte ± R

t‖x‖ x ∈
B(0;R), opìte x∗(± R

t‖x‖ x) ≤ 1. 'Ara |x∗(x)| ≤ t
R ‖x‖ kai, epeid  to t > 1 e�naituqìn, sunep�getai ìti |x∗(x)| ≤ 1

R ‖x‖. H anisìthta aut  isqÔei kai gia x = 0,opìte to x∗ e�nai fragmèno kai ‖x∗‖ ≤ 1
R .An F = C, jewroÔme ton X w
 R-grammikì q¸ro kai br�skoume, apì to pr¸-to mèro
, R-grammikì suneqè
 sunarthsoeidè
 x∗

R
me ‖x∗

R
‖ ≤ 1

R ¸ste x∗
R

(a) ≤ 1gia k�je a ∈ A kai x∗
R

(b) ≥ 1 gia k�je b ∈ B. Ta upìloipa e�nai apl  efarmog tou L mmato
 4.3(2).Prìtash 4.8'Estw q¸ro
 X me nìrma ‖·‖. An o X∗ e�nai diaqwr�simo
, tìtekai o X e�nai diaqwr�simo
.Apìdeixh: 'Estw {x∗n|n ∈ N} arijm simo puknì uposÔnolo tou X∗. Gia k�je
n pa�rnoume xn ∈ X ¸ste ‖xn‖ = 1 kai |x∗n(xn)| ≥ 1

2 ‖x∗n‖ kai jètoume S =
{xn|n ∈ N}.An up�rqei x ∈ X me x /∈ cl(< S >), tìte sÔmfwna me to prohgoÔmenoje¸rhma up�rqei x∗ ∈ S⊥ me x∗(x) 6= 0. Dhlad , x∗(xn) = 0 gia k�je n, en¸to x∗ den e�nai to mhdenikì sunarthsoeidè
 kai, epomènw
, ‖x∗‖ > 0.Epeid  to {x∗n|n ∈ N} e�nai puknì, up�rqei N ¸ste ‖x∗ − x∗N‖ < 1

3 ‖x∗‖.Tìte ‖x∗N‖ ≥ ‖x∗‖ − ‖x∗ − x∗N‖ > 2 ‖x∗ − x∗N‖, opìte 1
2 ‖x∗N‖ ≤ |x∗N (xN )| =

|x∗N (xN ) − x∗(xN )| ≤ ‖x∗N − x∗‖ < 1
2 ‖x∗N‖ kai katal goume se �topo.'Ara k�je x ∈ X an kei ston cl(< S >). Autì shma�nei ìti gia k�je ǫ > 0up�rqoun n ∈ N kai κ1, . . . , κn ∈ F ¸ste ‖x− (κ1x1 + · · · + κnxn)‖ < ǫ. T¸rapa�rnoume rhtoÔ
 λ1, . . . , λn ∈ F ¸ste |λj−κj| < ǫ

n‖xj‖ gia k�je j kai br�skoumeeÔkola ìti ‖x− (λ1x1 + · · · + λnxn)‖ < 2ǫ.'Ara to arijm simo sÔnolo me stoiqe�a ìlou
 tou
 grammikoÔ
 sunduasmoÔ
stoiqe�wn tou S me rhtoÔ
 suntelestè
 e�nai puknì ston X .Pìrisma O l1 den e�nai topologik� isomorfikì
 me ton (l∞)∗.Apìdeixh: 'Estw ìti up�rqei grammikì
 telest 
 T : l1 → (l∞)∗ o opo�o
 e�naiep� kai stajerè
 c, C > 0 ¸ste c ‖x‖1 ≤ ‖T (x)‖ ≤ C ‖x‖1 gia k�je x ∈ l1.O l1 e�nai diaqwr�simo
, opìte up�rqei puknì uposÔnolì tou, {xn|n ∈ N}.Tìte to {T (xn)|n ∈ N} e�nai puknì ston (l∞)∗. Pr�gmati, an l ∈ (l∞)∗,pa�rnoume x ∈ l1 me T (x) = l kai n ¸ste ‖x− xn‖1 < ǫ. Tìte ‖l− T (xn)‖ =
‖T (x) − T (xn)‖ < Cǫ.
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, o (l∞)∗ e�nai diaqwr�simo
, opìte kai o l∞ e�nai diaqwr�simo
.Autì, ìmw
, e�nai l�jo
.Je¸rhma 4.14'Estw q¸ro
 X me nìrma ‖·‖, upìqwro
 Y tou X kai
x∗ ∈ X∗. Tìte

sup
y∈Y,‖y‖≤1

|x∗(y)| = min
z∗∈Y ⊥

‖x∗ − z∗‖ .Apìdeixh: Gia k�je y ∈ Y me ‖y‖ ≤ 1 kai k�je z∗ ∈ Y ⊥ èqoume |x∗(y)| =
|x∗(y) − z∗(y)| ≤ ‖x∗ − z∗‖ ‖y‖ ≤ ‖x∗ − z∗‖. 'Ara

sup
y∈Y,‖y‖≤1

|x∗(y)| ≤ inf
z∗∈Y ⊥

‖x∗ − z∗‖ .Mènei na apode�xoume ìti up�rqei z∗ ∈ Y ⊥ ¸ste supy∈Y,‖y‖≤1 |x∗(y)| =
‖x∗ − z∗‖.An onom�soume y∗ ton periorismì tou x∗ ston Y , tìte èqoume ìti ‖y∗‖ =
supy∈Y,‖y‖≤1 |y∗(y)| = supy∈Y,‖y‖≤1 |x∗(y)|. Apì to je¸rhma Hahn-Banachsunep�getai ìti up�rqei x∗1 ∈ X∗ ¸ste x∗1(y) = y∗(y) = x∗(y) gia k�je y ∈ Ykai ‖x∗1‖ = ‖y∗‖. Jètoume z∗ = x∗ − x∗1 ∈ X∗, opìte ‖x∗ − z∗‖ = ‖y∗‖ =
supy∈Y,‖y‖≤1 |x∗(y)| kai z∗(y) = x∗(y) − x∗1(y) = 0 gia k�je y ∈ Y , opìte
z∗ ∈ Y ⊥.4.7 DÔo jewr mata parembol 
Je¸rhma 4.15'Estw q¸ro
 X me nìrma ‖·‖, èna sÔnolo deikt¸n I,
{xi|i ∈ I} ⊆ X, {ai|i ∈ I} ⊆ F kai M ≥ 0. Ta ex 
 e�nai isodÔnama:(1) Up�rqei x∗ ∈ X∗ me ‖x∗‖ ≤M kai x∗(xi) = ai gia k�je i ∈ I.(2) IsqÔei |κ1ai1 +· · ·+κnain

| ≤M ‖κ1xi1 + · · · + κnxin
‖ gia k�je n ∈ N,

i1, . . . , in ∈ I kai κ1, . . . , κn ∈ F.Apìdeixh: An isqÔei to (1), tìte |κ1ai1+· · ·+κnain
| = |x∗(κ1xi1+· · ·+κnxin

)| ≤
M ‖κ1xi1 + · · · + κnxin

‖.Antistrìfw
, èstw ìti isqÔei to (2). JewroÔme ton upìqwro Y =< {xi|i ∈
I} >, opìte k�je y ∈ Y gr�fetai y = κ1xi1 + · · ·+ κnxin

, kai or�zoume y∗(y) =
κ1ai1 + · · ·+ κnain

. An to y gr�fetai me dÔo trìpou
 y = κ1xi1 + · · ·+ κnxin
=

κ′1xi1 + · · · + κ′nxin
, tìte |(κ1ai1 + · · · + κnain

) − (κ′1ai1 + · · · + κ′nain
)| =

|(κ1 − κ′1)ai1 + · · · + (κn − κ′n)ain
| ≤ M ‖(κ1 − κ′1)xi1 + · · · + (κn − κ′n)xin

‖ =
‖y − y‖ = 0. Epomènw
, o orismì
 tou y∗(y) e�nai kalì
 kai e�nai polÔ eÔkolo nadoÔme ìti to y∗ e�nai grammikì sunarthsoeidè
 tou Y kai ìti |y∗(y)| = |κ1ai1 +
· · · + κnain

| ≤M ‖κ1xi1 + · · · + κnxin
‖ ≤M ‖y‖ gia k�je y ∈ Y .'Ara y∗ ∈ Y ∗ kai ‖y∗‖ ≤ M , opìte up�rqei x∗ ∈ X∗ me ‖x∗‖ = ‖y∗‖ ≤ Mkai x∗(y) = y∗(y) gia k�je y ∈ Y . Eidik¸tera, x∗(xi) = y∗(xi) = ai gia k�je

i ∈ I.L mma 4.4'Estw grammikì
 q¸ro
 X ep� tou F kai grammik� sunarthsoeid 
x′, x′1, . . . , x

′
n tou X ¸ste x′(x) = 0 gia k�je x ∈ X me x′1(x) = · · · = x′n(x) = 0.Tìte up�rqoun κ1, . . . , κn ∈ F ¸ste x′ = κ1x

′
1 + · · · + κnx

′
n.



4.7. D�UO JEWR�HMATA PAREMBOL�HS 149Apìdeixh: Ja qrhsimopoi soume epagwg  kai arq�zoume me n = 1: x′(x) = 0gia k�je x ∈ X me x′1(x) = 0. An x′ e�nai to mhdenikì sunarthsoeidè
, tìte
x′ = 0x′1. An ìqi, tìte up�rqei x0 ¸ste x′(x0) 6= 0 kai, epomènw
, x′1(x0) 6= 0.Upolog�zoume: x′1(x′1(x0)x − x′1(x)x0

)
= x′1(x0)x

′
1(x) − x′1(x)x

′
1(x0) = 0. 'Ara

x′
(
x′1(x0)x − x′1(x)x0

)
= 0 kai, epomènw
, x′1(x0)x

′(x) − x′1(x)x
′(x0) = 0 giak�je x ∈ X . 'Ara x′(x) = κx′1(x) gia k�je x ∈ X , ìpou κ = x′(x0)

x′
1(x0)

.'Estw ìti to apotèlesma isqÔei gia opoiond pote X kai k�je x′, x′1, . . . , x′nkai èstw x′(x) = 0 gia k�je x ∈ X me x′1(x) = · · · = x′n(x) = x′n+1(x) = 0.JewroÔme ton N(x′n+1), opìte x′(x) = 0 gia k�je x ∈ N(x′n+1) me x′1(x) =
· · · = x′n(x) = 0. 'Ara up�rqoun κ1, . . . , κn ∈ F ¸ste x′ = κ1x

′
1 + · · · + κnx

′
nston N(x′n+1). Dhlad  to x′ − (κ1x

′
1 + · · ·+ κnx

′
n) mhden�zetai gia k�je x ∈ Xme x′n+1(x) = 0. Apì to pr¸to mèro
 sunep�getai ìti up�rqei kn+1 ∈ F ¸ste

x′ − (κ1x
′
1 + · · · + κnx

′
n) = κn+1x

′
n+1.L mma 4.5'Estw grammikì
 q¸ro
 X ep� tou F kai grammik� sunarthsoeid 

x′1, . . . , x
′
n touX . An aut� e�nai grammik� anex�rthta, tìte gia k�je a1, . . . , an ∈

F up�rqei x ∈ X ¸ste x′j(x) = aj gia k�je j = 1, . . . , n.Apìdeixh: Upojètoume ìti to sumpèrasma den isqÔei, opìte to sÔnolo tim¸n
R(T ) tou grammikoÔ telest  T : X → Fn me tÔpo Tx = (x′1(x), . . . , x

′
n(x))den isoÔtai me ton Fn. 'Ara o R(T ) e�nai gn sio
 grammikì
 upìqwro
 tou Fn,opìte up�rqei mh-mhdenikì (κ1, . . . , κn)⊥R(T ). Autì shma�nei ìti κ1x

′
1(x)+ · · ·+

κnx
′
n(x) = 0 gia k�je x ∈ X kai, epomènw
, κ1x

′
1 + · · · + κnx

′
n = 0.Je¸rhma 4.16(Helly)'Estw q¸ro
 X me nìrma ‖·‖, x∗1, . . . , x

∗
n ∈ X∗,

M ≥ 0 kai a1, . . . , an ∈ F. Ta ex 
 e�nai isodÔnama:(1) Gia k�je ǫ > 0 up�rqei x ∈ X me ‖x‖ < M + ǫ kai x∗j (x) = aj giak�je j = 1, . . . , n.(2) IsqÔei |κ1a1+· · ·+κnan| ≤M ‖κ1x
∗
1 + · · · + κnx

∗
n‖ gia k�je κ1, . . . , κn

∈ F.Apìdeixh: An isqÔei to (1), tìte me to kat�llhlo x èqoume |κ1a1 + · · ·+κnan| =
|κ1x

∗
1(x) + · · · + κnx

∗
n(x)| ≤ ‖κ1x

∗
1 + · · · + κnx

∗
n‖ ‖x‖ ≤ ‖κ1x

∗
1 + · · · + κnx

∗
n‖

(M + ǫ). 'Ara |κ1a1 + · · ·+κnan| ≤ (M + ǫ) ‖κ1x
∗
1 + · · · + κnx

∗
n‖ kai, pa�rnonta
ìrio ìtan ǫ→ 0+, br�skoume to (2).'Estw ìti isqÔei to (2) kai a
 upojèsoume, kat' arq n, ìti to {x∗1, . . . , x∗n}e�nai grammik� anex�rthto.Apì to L mma 4.5 sunep�getai ìti up�rqei x0 ∈ X ¸ste x∗1(x0) = a1, . . . ,

x∗n(x0) = an. An den isqÔei to (1), tìte h anoikt  mp�la B(0;M + ǫ) e�nai xènhpro
 to mh-kenì kurtì sÔnolo {x ∈ X |x∗1(x) = a1, . . . , x
∗
n(x) = an}.Apì to Je¸rhma 4.13 sunep�getai ìti up�rqei mh-mhdenikì x∗ ∈ X∗ ¸ste

‖x∗‖ ≤ 1
M+ǫ kai ℜx∗(x) < 1 gia k�je x ∈ B(0;M + ǫ) kai ℜx∗(x) ≥ 1 gia k�je

x ∈ X me x∗1(x) = a1, . . . , x
∗
n(x) = an.An up rqan dÔo x, x̂ ∈ X me x∗1(x) = x∗1(x̂) = a1, . . . , x

∗
n(x) = x∗n(x̂) = an¸ste ℜx∗(x) 6= ℜx∗(x̂), tìte, kaj¸
 to κ diatrèqei to R, gia to y = κx+(1−κ)x̂èqoume x∗1(y) = a1, . . . , x

∗
n(y) = an en¸ ℜx∗(y) = κℜx∗(x) + (1 − κ)ℜx∗(x̂) < 1gia kat�llhla κ. 'Ara up�rqei akrib¸
 èna λ ≥ 1 ¸ste ℜx∗(x) = λ gia k�je
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x ∈ X me x∗1(x) = a1, . . . , x

∗
n(x) = an. Pa�rnoume èna x0 ∈ X me x∗1(x0) =

a1, . . . , x
∗
n(x0) = an kai èqoume ìti gia k�je x ∈ X me x∗1(x) = · · · = x∗n(x) = 0isqÔei x∗1(x + x0) = a1, . . . , x

∗
n(x + x0) = an, opìte ℜx∗(x + x0) = λ, opìte

ℜx∗(x) = 0. 'Omw
, an gia to x isqÔei x∗1(x) = · · · = x∗n(x) = 0, tìte to�dio isqÔei kai gia to ix, opìte ℜx∗(ix) = 0 kai, epomènw
, x∗(x) = ℜx∗(x) −
iℜx∗(ix) = 0. Apì to L mma 4.4 sunep�getai ìti up�rqoun κ1, . . . , κn ∈ F ¸ste
x∗ = κ1x

∗
1 + · · · + κnx

∗
n.Tèlo
, 1 ≤ λ = ℜx∗(x0) = ℜ(κ1x

∗
1(x0) + · · · + κnx

∗
n(x0)) = ℜ(κ1a1 + · · · +

κnan) ≤ M ‖κ1x
∗
1 + · · · + κnx

∗
n‖ = M ‖x∗‖ ≤ M

M+ǫ < 1 kai katal goume se�topo.An to {x∗1, . . . , x∗n} den e�nai grammik� anex�rthto, dialègoume èna maximalgrammik� anex�rthto uposÔnolì tou, to opo�o met� apì allag  ar�jmhsh
, upo-jètoume ìti e�nai to {x∗1, . . . , x∗m} kai, epomènw
, k�je x∗m+1, . . . , x
∗
n e�nai gram-mikì
 sunduasmì
 twn x∗1, . . . , x∗m.Apì ta prohgoÔmena sunep�getai ìti up�rqei x ∈ X me ‖x‖ < M + ǫ kai

x∗j (x) = aj gia k�je j = 1, . . . ,m. Gia k�je j = m + 1, . . . , n up�rqoun
λ1, . . . , λm ∈ F ¸ste x∗j = λ1x

∗
1 + · · · + λmx

∗
m. Apì thn (2) sunep�getaiìti aj = λ1a1 + · · · + λmam, opìte x∗j (x) = λ1x

∗
1(x) + · · · + λmx

∗
m(x) =

λ1a1 + · · · + λmam = aj .4.8 O deÔtero
 duikì
O deÔtero
 duikì
 q¸ro
 X∗∗ = (X∗)∗ enì
 q¸rou X me nìrma e�nai q¸ro

Banach me nìrma ‖·‖ h opo�a èqei tÔpo

‖x∗∗‖ = sup
x∗∈X∗,‖x∗‖≤1

|x∗∗(x∗)|gia k�je x∗∗ ∈ X∗∗.Orismì
 4.9'Estw X q¸ro
 me nìrma. Gia k�je x ∈ X or�zoume sun�rthsh
τx : X∗ → F me tÔpo

τx(x∗) = x∗(x)gia k�je x ∈ X .Je¸rhma 4.17'Estw X q¸ro
 me nìrma. Gia k�je x ∈ X h τx e�naistoiqe�o tou X∗∗ kai h sun�rthsh
J : X → X∗∗me tÔpo J(x) = τx gia k�je x ∈ X e�nai isometrik  emfÔteush.Apìdeixh: 'Eqoume τx(x∗1 +x∗2) = (x∗1 +x∗2)(x) = x∗1(x)+x

∗
2(x) = τx(x∗1)+τx(x∗2)kai τx(κx∗) = (κx∗)(x) = κx∗(x) = κτx(x∗) gia k�je x∗1, x∗2, x∗ ∈ X∗ kai κ ∈ F .Apo to Je¸rhma 4.11 sunep�getai sup‖x∗‖≤1 |τx(x∗)| = sup‖x∗‖≤1 |x∗(x)| =

‖x‖ kai autì shma�nei ìti τx ∈ X∗∗ me ‖τx‖ = ‖x‖.
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∗) = x∗(x1 + x2) = x∗(x1) + x∗(x2) = τx1(x

∗) + τx2(x
∗) giak�je x∗ ∈ X∗ kai, epomènw
, τx1+x2 = τx1 + τx2 . Ep�sh
, τκx(x∗) = x∗(κx) =

κx∗(x) = κτx(x∗) gia k�je x∗ ∈ X∗ kai, epomènw
, τκx = κτx. 'Ara h J e�naigrammik .'Opw
 e�dame, ‖J(x)‖ = ‖τx‖ = ‖x‖ gia k�je x ∈ X , opìte h J e�nai i-sometrik  emfÔteush.Orismì
 4.10'Estw X q¸ro
 me nìrma. H isometrik  emfÔteush J : X →
X∗∗ tou prohgoÔmenou jewr mato
 onom�zetai fusiologik  emfÔteush tou Xston X∗∗.An h J e�nai ep�, tìte o X onom�zetai autopaj 
.Epomènw
, an èna
 q¸ro
 X me nìrma e�nai autopaj 
, tìte X iso

= X∗∗.'Omw
, to ant�strofo den isqÔei: up�rqoun q¸roi X me nìrma oi opo�oi e�naiisometriko� me tou
 deÔterou
 duikoÔ
 twn, qwr�
 ìmw
 h fusiologik  emfÔteush
J na e�nai ep�.ParathroÔme ìti anagka�a sunj kh gia na e�nai èna
 q¸ro
 autopaj 
 e�naih plhrìtht� tou.M�a deÔterh parat rhsh e�nai ìti h eikìna J(X) ⊆ X∗∗ tou X e�nai q¸ro
isometrikì
 me ton X , opìte an taut�soume ton X me ton J(X), tìte o X1 =
cl(J(X)) apotele� pl rwsh tou X : af' enì
 o X1 e�nai kleistì
 upìqwro
 toupl rou
 q¸rou X∗∗ kai, epomènw
, e�nai pl rh
, af' etèrou o X e�nai puknì
ston X1.Prìtash 4.9K�je q¸ro
 Hilbert e�nai autopaj 
.Apìdeixh: JewroÔme thn anti-isometr�a tou Jewr mato
 4.4, T : X → X∗,me tÔpo Tx(u) = (u|x) gia k�je x ∈ X kai u ∈ X . Ja apode�xoume ìti hfusiologik  emfÔteush J : X → X∗∗ e�nai ep�. Pa�rnoume, loipìn, tuqìn x∗∗ ∈
X∗∗ kai jewroÔme thn apeikìnish x∗∗ ◦ T : X → F . E�nai eÔkolo na apodeiqje�ìti aut  e�nai grammik  kai |x∗∗ ◦ T (u)| = |x∗∗(Tu)| = |x∗∗(Tu)| ≤ ‖x∗∗‖ ‖Tu‖ =
‖x∗∗‖ ‖u‖, opìte x∗∗ ◦ T ∈ X∗.'Ara up�rqei x ∈ X ¸ste x∗∗ ◦ T = Tx. Dhlad , x∗∗(Tu) = (u|x) gia k�je
u ∈ X . Sunep�getai ìti x∗∗(Tu) = (x|u) = Tu(x) = Jx(Tu) gia k�je x ∈ Xkai, epeid  o T e�nai ep�, ìti x∗∗(x∗) = Jx(x∗) gia k�je x∗ ∈ X∗. 'Ara x∗∗ = Jxkai h J e�nai ep�.Prìtash 4.10An 1 < p < +∞ kai (Ω,Σ, µ) e�nai q¸ro
 mètrou, tìte oi q¸roi
lp kai Lp(Ω,Σ, µ) e�nai autopaje�
.Apìdeixh: JewroÔme to q me 1

p + 1
q = 1 kai ti
 isometr�e
 T (p) : lq → (lp)∗kai T (q) : lp → (lq)∗ me tÔpou
 T (p)x(y) =

∑+∞
j=1 xjyj = T (q)y(x) gia k�je

x = (x1, x2, . . .) ∈ lq kai y = (y1, y2, . . .) ∈ lp. JewroÔme kai th fusiologik emfÔteush J : lp → (lp)∗∗.Pa�rnoume tuqìn y∗∗ ∈ (lp)∗∗ kai or�zoume to grammikì sunarthsoeidè
 y∗∗ ◦
T (p) : lq → F . Tìte |y∗∗◦T (p)(x)| ≤ ‖y∗∗‖

∥∥T (p)x
∥∥ = ‖y∗∗‖ ‖x‖ gia k�je x ∈ lq,opìte y∗∗ ◦T (p) ∈ (lq)∗. Epomènw
, up�rqei y ∈ lp ¸ste y∗∗ ◦T (p) = T (q)y. 'Ara
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Jy(T (p)x) = T (p)x(y) = T (q)y(x) = y∗∗(T (p)x) gia k�je x ∈ lq. Epeid  o T (p)e�nai ep�, sunep�getai Jy(y∗) = y∗∗(y∗) gia k�je y∗ ∈ (lp)∗. 'Ara Jy = y∗∗ kaio J e�nai ep�.H per�ptwsh tou Lp(Ω,Σ, µ) èqei thn �dia apìdeixh.Je¸rhma 4.18(Milman) K�je omoiìmorfa kurtì
 q¸ro
 Banach e�naiautopaj 
.Apìdeixh: 'Estw omoiìmorfa kurtì
 q¸ro
 Banach X me nìrma ‖·‖ kai èstwtuqìn x∗∗ ∈ X∗∗ me ‖x∗∗‖ = 1.Pa�rnoume opoiad pote {x∗n} ston X∗ me ‖x∗n‖ = 1 kai |x∗∗(x∗n)| → 1. Giak�je n isqÔei ìti |κ1x

∗∗(x∗1)+ · · ·+ κnx
∗∗(x∗n)| ≤ ‖κ1x

∗
1 + · · · + κnx

∗
n‖ gia k�je

κ1, . . . , κn ∈ F . 'Ara apì to Je¸rhma tou Helly sunep�getai ìti gia k�je nup�rqei xn ∈ X ¸ste ‖xn‖ ≤ 1+ 1
n kai x∗1(xn) = x∗∗(x∗1), . . . , x

∗
n(xn) = x∗∗(x∗n).'Eqoume ìti ‖xn‖ → 1, diìti |x∗∗(x∗n)| = |x∗n(xn)| ≤ ‖x∗n‖ ‖xn‖ ≤ 1 + 1

n .An n < m, tìte 2|x∗∗(x∗n)| = |x∗n(xn+xm)| ≤ ‖x∗n‖ ‖xn + xm‖ = ‖xn + xm‖.Lìgw th
 omoiìmorfh
 kurtìthta
 sunep�getai ìti ‖xn − xm‖ → 0 ìtan n,m→
+∞. 'Ara up�rqei to x = limxn ∈ X .Profan¸
, ‖x‖ = 1 kai x∗j (x) = x∗∗(x∗j ) gia k�je j = 1, 2, . . ..An up�rqei k�poio y ∈ X me ‖y‖ = 1 kai x∗j (y) = x∗∗(x∗j ) gia k�je j =

1, 2, . . ., tìte 2|x∗∗(x∗j )| = |x∗j (y+x)| ≤
∥∥x∗j

∥∥ ‖y + x‖ = ‖y + x‖. P�li lìgw th
omoiìmorfh
 kurtìthta
 sunep�getai ìti y = x.T¸ra, èstw tuqìn x∗ ∈ X∗ me ‖x∗‖ = 1. An jewr soume thn akolouj�a
x∗, x∗1, x

∗
2, . . . tou X , tìte isqÔoun kai gi' aut n ìsa e�pame gia thn {x∗n}. 'Araup�rqei y ∈ X me ‖y‖ = 1 kai x∗(y) = x∗∗(x∗), x∗j (y) = x∗∗(x∗j ) gia k�je

j = 1, 2, . . .. Apì thn prohgoÔmenh par�grafo sumpera�noume ìti y = x, opìte
x∗(x) = x∗∗(x∗). Epeid  autì isqÔei gia k�je x∗ ∈ X∗ me ‖x∗‖ = 1, sunep�getaiìti isqÔei gia k�je x∗ ∈ X∗ kai, epomènw
, Jx = x∗∗, ìpou J e�nai h fusiologik emfÔteush tou X ston X∗∗.'Ara h J e�nai ep�.To apotèlesma autì, se sunduasmì me to Je¸rhma 3.19, parèqei deÔterhapìdeixh tou ìti oi q¸roi lp kai Lp(Ω,Σ, µ) e�nai autopaje�
 gia k�je p me 1 <
p < +∞. Me th seir� tou, autì d�nei deÔterh apìdeixh th
 isometr�a
 an�mesaston (lp)∗ kai ton lq ìpw
 kai an�mesa ston (

Lp(Ω,Σ, µ)
)∗ kai ton Lq(Ω,Σ, µ).Pìrisma An 1 < p < +∞ kai 1

p + 1
q = 1, tìte (lp)∗

iso
= lq kai (

Lp(Ω,Σ, µ)
)∗ iso

=

Lq(Ω,Σ, µ).Apìdeixh: Gnwr�zoume  dh thn isometrik  emfÔteush lq ∋ x 7→ lx ∈ (lp)∗, ìpou
lx(y) =

∑+∞
j=1 xjyj gia k�je y = (y1, y2, . . .) ∈ lp. Autì pou apomènei e�naina apodeiqje� ìti h emfÔteush aut  e�nai ep�. JewroÔme tuqìn y∗∗ ∈ (lp)∗∗kai upojètoume ìti y∗∗(lx) = 0 gia k�je x ∈ lq. Lìgw th
 autop�jeia
 tou

lp, up�rqei y ∈ lp ¸ste y∗∗ = Jy, ìpou J e�nai h fusiologik  emfÔteush tou
lp ston (lp)∗∗. Autì shma�nei ìti 0 = y∗∗(lx) = lx(y) =

∑+∞
j=1 xjyj gia k�je

x ∈ lq. Dokim�zonta
 ta x = ej, br�skoume ìti yj = 0 gia k�je j kai, epomènw
,
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y = 0. 'Ara to y∗∗ e�nai to mhdenikì sunarthsoeidè
 kai apì to Je¸rhma 4.12sunep�getai ìti h eikìna th
 emfÔteush
 x 7→ lx e�nai olìklhro
 o (lp)∗.Sthn per�ptwsh twn q¸rwn sunart sewn jewroÔme, en suntom�a, thn isome-trik  emfÔteush Lq(Ω,Σ, µ) ∋ f 7→ lf ∈

(
Lp(Ω,Σ, µ)

)∗, ìpou lf (g) =
∫
Ω
fg dµgia k�je g ∈ Lp(Ω,Σ, µ). Pa�rnoume tuqìn g∗∗ ∈

(
Lp(Ω,Σ, µ)

)∗∗ ¸ste g∗∗(lf ) =
0 gia k�je f ∈ Lq(Ω,Σ, µ) kai br�skoume g ∈ Lp(Ω,Σ, µ) ¸ste g∗∗ = Jg. Tìte
0 = g∗∗(lf ) = lf (g) =

∫
Ω
fg dµ gia k�je f ∈ Lq(Ω,Σ, µ). Jètoume An = {a ∈

Ω|ℜg(a) ≥ 1
n}, opìte µ(An) < +∞ kai, epomènw
, χAn

∈ Lq(Ω,Σ, µ). Sthnteleuta�a isìthta dokim�zoume f = χAn
, pa�rnoume pragmatik� mèrh kai sumper-a�noume ìti µ(An) = 0. AfoÔ to n e�nai tuqìn, sunep�getai ìti to sÔnolo ìpou

ℜg > 0 èqei µ-mètro mhdèn. Me ton �dio trìpo ergazìmaste gia ta sÔnola ìpou
ℜg < 0, ℑg > 0 kai ℑg < 0 kai katal goume sto ìti g = 0 µ-sqedìn pantoÔ. 'Ara
g∗∗ e�nai to mhdenikì sunarthsoeidè
, opìte apì to Je¸rhma 4.12 sunep�getaiìti h eikìna th
 emfÔteush
 f 7→ lf e�nai olìklhro
 o (

Lp(Ω,Σ, µ)
)∗.Je¸rhma 4.19'Estw q¸ro
 X me nìrma kai kleistì
 upìqwro
 Y tou

X. An o X e�nai autopaj 
, tìte kai o Y e�nai autopaj 
.Apìdeixh: 'Estw y∗∗ ∈ Y ∗∗. Or�zoume x∗∗ : X∗ → F me tÔpo x∗∗(x∗) = y∗∗(x∗Y )gia k�je x∗ ∈ X∗, ìpou x∗Y ∈ Y ∗ e�nai o periorismì
 tou x∗ ∈ X∗ ston Y .E�nai jèma rout�na
 na apodeiqje� ìti to x∗∗ e�nai grammikì kai |x∗∗(x∗)| =
|y∗∗(x∗Y )| ≤ ‖y∗∗‖ ‖x∗Y ‖ ≤ ‖y∗∗‖ ‖x∗‖ gia k�je x∗ ∈ X∗. 'Ara x∗∗ ∈ X∗∗ kai,epeid  o X e�nai autopaj 
, up�rqei x ∈ X ¸ste Jx = x∗∗, ìpou J e�nai hfusiologik  emfÔteush tou X ston X∗∗. Autì shma�nei ìti x∗∗(x∗) = x∗(x) giak�je x∗ ∈ X∗ kai, epomènw
, y∗∗(x∗Y ) = x∗(x) gia k�je x∗ ∈ X∗.JewroÔme tuqìn x∗ ∈ Y ⊥ kai èqoume ìti x∗Y = 0, opìte x∗(x) = y∗∗(0) = 0.Apì to Je¸rhma 4.10 sunep�getai ìti infy∈Y ‖x− y‖ = 0 kai, epeid  o Y e�naikleistì
, x ∈ Y .'Ara y∗∗(x∗Y ) = x∗(x) = x∗Y (x) gia k�je x∗ ∈ X∗. T¸ra, apì to je¸rhma
Hahn-Banach sunep�getai ìti gia k�je y∗ ∈ Y ∗ up�rqei x∗ ∈ X∗ ¸ste x∗Y = y∗.'Ara gia k�je y∗ ∈ Y ∗ èqoume y∗∗(y∗) = y∗(x) = J ′x(y∗), ìpou J ′ e�nai hfusiologik  emfÔteush tou Y ston Y ∗∗. 'Ara y∗∗ = J ′x me x ∈ Y kai o J ′ e�naiep�.4.9 Arq  Omoiìmorfou Fr�gmato
Arq  Omoiìmorfou Fr�gmato
: JewroÔme pl rh metrikì q¸ro X,metrikì q¸ro Y , y0 ∈ Y kai sullog  F sunart sewn f : X → Y sune-q¸n ston X. Upojètoume ìti supf∈F d(f(x), y0) < +∞ gia k�je x ∈ XTìte up�rqei anoiktì O ⊆ X kai M ≥ 0 ¸ste d(f(x), y0) ≤M gia k�je
x ∈ O kai k�je f ∈ F. Dhlad , supx∈O,f∈F d(f(x), y0) < +∞.Apìdeixh: Gia k�je n ∈ N jètoume Pn = {x ∈ X | d(f(x), y0) ≤ n gia k�je f ∈
F} =

⋂
f∈F{x ∈ X | d(f(x), y0) ≤ n}.To Pn e�nai kleistì uposÔnolo tou X kai X = ∪+∞

n=1Pn. An On = X \ Pn,sunep�getai ìti k�je On e�nai anoiktì kai ∩+∞
n=1On = ∅. Apì to Je¸rhma tou



154 KEF�ALAIO 4. O DUIK�OS Q�WROS
Baire sunep�getai ìti up�rqei N ¸ste to ON den e�nai puknì ston X . Autìshma�nei ìti up�rqei anoiktì O ⊆ PN , opìte katal goume sto epidiwkìmenosumpèrasma me M = N .Je¸rhma 4.20'Estw q¸ro
 Banach X kai F ⊆ X∗ ¸ste supx∗∈F |x∗(x)|
< +∞ gia k�je x ∈ X. Tìte supx∗∈F ‖x∗‖ < +∞.Apìdeixh: Apì thn Arq  Omoiìmorfou Fr�gmato
 sunep�getai ìti up�rqei x0 ∈
X , R > 0 kai M ≥ 0 ¸ste |x∗(x)| ≤M gia k�je x∗ ∈ F kai x ∈ B(x0;R).Gia k�je x ∈ B(0;R) èqoume ìti |x∗(x)| ≤ |x∗(x + x0)| + |x∗(x0)| ≤ 2Mgia k�je x∗ ∈ F . 'Ara gia k�je x 6= 0 kai t > 1 isqÔei |x∗( R

t‖x‖ x)| ≤ 2M kai,epomènw
, |x∗(x)| ≤ 2Mt
R ‖x‖ gia k�je x∗ ∈ F . 'Ara |x∗(x)| ≤ 2M

R ‖x‖ gia k�je
x ∈ X kai x∗ ∈ F .Sumpera�noume ìti supx∗∈F ‖x∗‖ ≤ 2M

R .Je¸rhma 4.21'Estw q¸ro
 X me nìrma kai F ⊆ X me supx∈F |x∗(x)|
< +∞ gia k�je x∗ ∈ X∗. Tìte supx∈F ‖x‖ < +∞.Apìdeixh: JewroÔme th fusiologik  emfÔteush J : X → X∗∗ kai th sullog 
J(F) ⊆ X∗∗ twn sunart sewn Jx : X∗ → F gia k�je x ∈ F . Efarmìzoume toprohgoÔmeno je¸rhma ston q¸ro Banach X∗ kai sth sullog  J(F) ⊆ (X∗)∗,afoÔ supJx∈J(F) |Jx(x∗)| = supx∈F |x∗(x)| < +∞ gia k�je x∗ ∈ X∗.Sumpera�noume ìti supx∈F ‖x‖ = supJx∈J(F) ‖Jx‖ < +∞.4.10 Asjen 
 sÔgklish kai asjen 
∗ sÔgklishOrismì
 4.11'Estw q¸ro
 X me nìrma.
(i) Lème ìti h {xn} ston X sugkl�nei asjen¸
 sto x ∈ X an x∗(xn) → x∗(x)gia k�je x∗ ∈ X∗. Tìte gr�foume xn

w→ x   x = w − lim xn.
(ii) Lème ìti h {x∗n} ston X∗ sugkl�nei asjen¸
∗ sto x∗ ∈ X∗ an x∗n(x) →
x∗(x) gia k�je x ∈ X . Gr�foume x∗n

w∗

→ x∗   x∗ = w∗ − limx∗n.Fusik�, ìtan gr�foume xn → x   x∗n → x∗ ennooÔme ‖xn − x‖ → 0  
‖x∗n − x∗‖ → 0, antisto�qw
. Gia na ton�soume th diafor� an�mesa sti
 sugk-l�sei
, lème pollè
 forè
 ìti h {xn} sugkl�nei isqur� sto x, an xn → x,  ìti h {x∗n} sugkl�nei isqur� sto x∗, an x∗n → x∗, kai gr�foume xn

s→ x  
x = s− limxn kai x∗n s→ x∗   x∗ = s− limx∗n , antisto�qw
. H orolog�a aut ofe�letai sthnPrìtash 4.11'Estw q¸ro
 X me nìrma. An xn → x ston X , tìte xn

w→ xkai, an x∗n → x∗, tìte x∗n w∗

→ x∗.Apìdeixh: An xn → x ston X , tìte gia k�je x∗ ∈ X∗ èqoume |x∗(xn)−x∗(x)| ≤
‖x∗‖ ‖xn − x‖ → 0. 'Ara xn

w→ x.An x∗n → x∗ ston X∗, tìte gia k�je x ∈ X èqoume |x∗n(x) − x∗(x)| ≤
‖x∗n − x∗‖ ‖x‖ → 0. 'Ara x∗n w∗

→ x∗.
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 X me nìrma.(1) An xn
w→ x, yn

w→ y ston X kai κn → κ sto F , tìte xn + yn
w→ x + y kai

κnxn
w→ κx.(2) An x∗n w∗

→ x∗, y∗n w∗

→ y∗ ston X∗ kai κn → κ sto F , tìte x∗n + y∗n
w∗

→ x∗ + y∗kai κnx
∗
n

w∗

→ κx∗.(3) An xn
w→ x kai xn

w→ x̂ ston X , tìte x = x̂.(4) An x∗n w∗

→ x∗ kai x∗n w∗

→ x̂∗ ston X∗, tìte x∗ = x̂∗.Apìdeixh: (1) kai (2). 'Askhsh.(3) Gia k�je x∗ ∈ X∗ èqoume x∗(x) = limx∗(xn) = x∗(x̂), opìte x∗(x− x̂) = 0.Apì to Je¸rhma 4.11 sunep�getai ìti x− x̂ = 0.(4) Gia k�je x ∈ X èqoume x∗(x) = limx∗n(x) = x̂∗(x), opìte x∗ = x̂∗.E�nai axioprìsekth h diafor� sth fÔsh twn (3) kai (4) th
 prohgoÔmenh
prìtash
, h opo�a antanakl�tai sth diafor� duskol�a
 twn apode�xe¸n twn.Parade�gmata: 1. An 1 < p ≤ +∞, tìte en
w→ 0 ston lp kai stou
 c, c0,en¸ h {en} den èqei asjenè
 ìrio ston l1.Se ìle
 ti
 peript¸sei
 h nìrma twn en e�nai stajer  kai �sh me 1 kai h {en}de sugkl�nei diìti h nìrma th
 diafor�
 diadoqik¸n ìrwn e�nai stajer  kai �shme arijmì 6= 0.2. An to {an|n ∈ N} e�nai orjokanonikì sÔnolo se q¸ro X me eswterikìginìmeno, tìte an

w→ 0 ston X .Je¸rhma 4.22'Estw q¸ro
 X me nìrma kai xn
w→ x ston X. Tìte

supn ‖xn‖ < +∞ kai ‖x‖ ≤ lim inf ‖xn‖.Apìdeixh: Gia k�je x∗ ∈ X∗ h {x∗(xn)} sugkl�nei sto x∗(x) sto F , opìte e�naifragmènh. Apì to Je¸rhma 4.21 sunep�getai ìti supn ‖xn‖ < +∞.'Estw q = lim inf ‖xn‖. Gia k�je ǫ > 0 up�rqei upoakolouj�a {xnk
} ¸ste

‖xnk
‖ ≤ q + ǫ gia k�je k. Tìte gia k�je x∗ ∈ X∗ isqÔei ìti x∗(xnk

) → x∗(x),opìte |x∗(x)| ≤ ‖x∗‖ (q + ǫ). Apì to Je¸rhma 4.11 sunep�getai ìti ‖x‖ =
max‖x∗‖≤1 |x∗(x)| ≤ q + ǫ kai, epomènw
, ‖x‖ ≤ q.Je¸rhma 4.23'Estw q¸ro
 Banach X kai x∗n

w∗

→ x∗ ston X∗. Tìte
supn ‖x∗n‖ < +∞ kai ‖x∗‖ ≤ lim inf ‖x∗n‖.Apìdeixh: Gia k�je x ∈ X h {x∗n(x)} sugkl�nei sto x∗(x) sto F , opìte e�naifragmènh. Apì to Je¸rhma 4.20 sunep�getai ìti supn ‖x∗n‖ < +∞.'Estw q = lim inf ‖x∗n‖. Gia k�je ǫ > 0 up�rqei upoakolouj�a {x∗nk

} ¸ste∥∥x∗nk

∥∥ ≤ q + ǫ gia k�je k. Tìte gia k�je x ∈ X isqÔei ìti x∗nk
(x) → x∗(x),opìte |x∗(x)| ≤ ‖x‖ (q+ ǫ). 'Ara ‖x∗‖ = sup‖x‖≤1 |x∗(x)| ≤ q+ ǫ kai, epomènw
,

‖x∗‖ ≤ q.Orismì
 4.12'Estw q¸ro
 X me nìrma.
(i) 'Ena K ⊆ X onom�zetai akoloujiak� asjen¸
 kleistì an gia k�je {xn}
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 ston X isqÔei ìti w − limxn ∈ K.
(ii) 'Ena K ⊆ X∗ onom�zetai akoloujiak� asjen¸
∗ kleistì an gia k�je {x∗n}sto K h opo�a sugkl�nei asjen¸
∗ ston X∗ isqÔei ìti w∗ − limxn ∈ K.E�nai profanè
 apì thn Prìtash 4.11 ìti, an èna sÔnolo e�nai akoloujiak�asjen¸
 kleistì   akoloujiak� asjen¸
∗ kleistì, tìte e�nai kleistì.Je¸rhma 4.24'Estw q¸ro
 X me nìrma kai kurtì K ⊆ X. To Ke�nai kleistì an kai mìnon an e�nai akoloujiak� asjen¸
 kleistì.Apìdeixh: Upojètoume ìti to K e�nai kleistì kai ja apode�xoume ìti an h {xn}e�nai sto K kai xn

w→ x ston X , tìte x ∈ K. Kat' arq n upojètoume ìti F = R.Efarmìzonta
 metafor� kat� −x, mporoÔme na upojèsoume ìti xn
w→ 0 giana apode�xoume ìti 0 ∈ K. An 0 /∈ K, up�rqei R > 0 ¸ste K ∩ B(0;R) = ∅.Apì to Je¸rhma 4.13 sunep�getai ìti up�rqei mh-mhdenikì x∗ ∈ X∗ me ‖x∗‖ ≤ 1

R¸ste ℜx∗(z) < 1 gia k�je z ∈ B(0;R) kai ℜx∗(z) ≥ 1 gia k�je z ∈ K.T¸ra, gia k�je n èqoume ℜx∗(xn) ≥ 1, en¸ x∗(0) = 0. Epeid  xn
w→ 0sunep�getai ìti x∗(xn) → x∗(0) = 0 kai katal goume se ant�fash. 'Ara 0 ∈ K.Orismì
 4.13'Estw q¸ro
 X me nìrma.

(i) To K ⊆ X onom�zetai akoloujiak� asjen¸
 sumpagè
 an k�je akolouj�asto K èqei upoakolouj�a h opo�a sugkl�nei asjen¸
 ston X se stoiqe�o tou K.
(ii) To K ⊆ X∗ onom�zetai akoloujiak� asjen¸
∗ sumpagè
 an k�je akolou-j�a sto K èqei upoakolouj�a h opo�a sugkl�nei asjen¸
∗ ston X se stoiqe�o tou
K.Prìtash 4.13'Estw q¸ro
 X me nìrma.(1) An to K ⊆ X e�nai akoloujiak� asjen¸
 sumpagè
, tìte e�nai akoloujiak�asjen¸
 kleistì kai fragmèno.(2) An to K ⊆ X∗ e�nai akoloujiak� asjen¸
∗ sumpagè
, tìte e�nai akoloujiak�asjen¸
∗ kleistì kai, an o X e�nai q¸ro
 Banach, fragmèno.Apìdeixh: (1) An to K den e�nai fragmèno, up�rqei {xn} sto K ¸ste ‖xn‖ →
+∞. Pa�rnoume upoakolouj�a {xnk

} h opo�a sugkl�nei asjen¸
 se k�poio x ∈
K kai katal goume se �topo lìgw tou Jewr mato
 4.22.An h {xn} e�nai sto K kai sugkl�nei asjen¸
 sto x ∈ X , pa�rnoume {xnk

} hopo�a sugkl�nei asjen¸
 se k�poio x̂ ∈ K. Tìte x = w − limxnk
= x̂ apì thnPrìtash 4.12. 'Ara x ∈ K.(2) H apìdeixh e�nai �dia me thn apìdeixh tou (1).Je¸rhma 4.25'Estw autopaj 
 q¸ro
 X me nìrma kai kurtì K ⊆ X.Tìte to K e�nai akoloujiak� asjen¸
 sumpagè
 an kai mìnon an e�-nai kleistì kai fragmèno.Apìdeixh: 'Estw fragmèno, kurtì, kleistì uposÔnolo K tou X kai {xn} sto

K. Epeid  to K e�nai fragmèno, up�rqei M ≥ 0 ¸ste ‖xn‖ ≤M gia k�je n.Jètoume Y = cl
(
< {xn|n ∈ N} >

), opìte o Y e�nai kleistì
 upìqwro
tou X . K�je y ∈ Y prosegg�zetai apì grammikoÔ
 sunduasmoÔ
 stoiqe�wn tou
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{xn|n ∈ N}, opìte kai apì grammikoÔ
 sunduasmoÔ
 me rhtoÔ
 suntelestè
stoiqe�wn tou {xn|n ∈ N}. 'Ara o Y e�nai diaqwr�simo
. Epeid  o X e�naiautopaj 
 kai o Y kleistì
, apì to Je¸rhma 4.19 sunep�getai ìti o Y e�naiautopaj 
. 'Ara kai o Y ∗∗, w
 isometrikì
 me ton Y , e�nai diaqwr�simo
. Apìthn Prìtash 4.8 sunep�getai ìti kai o Y ∗ e�nai diaqwr�simo
.JewroÔme èna arijm simo puknì uposÔnolo {y∗m|m ∈ N} tou Y ∗. Gia k�je
y∗m isqÔei ìti |y∗m(xn)| ≤ ‖y∗m‖ ‖xn‖ ≤ ‖y∗m‖M , opìte h akolouj�a {y∗m(xn)}e�nai fragmènh sto F . Efarmìzonta
 to diag¸nio epiqe�rhma tou Cantor, br�sk-oume upoakolouj�a {xnk

} ¸ste na up�rqei to limk y
∗
m(xnk

) ∈ F gia k�je m.Pa�rnoume, t¸ra, opoiod pote y∗ ∈ Y ∗ kai br�skoume m ¸ste ‖y∗ − y∗m‖ < ǫ.Tìte |y∗(xnk
)−y∗(xnl

)| ≤ |y∗(xnk
)−y∗m(xnk

)|+|y∗m(xnk
)−y∗m(xnl

)|+|y∗m(xnl
)−

y∗(xnl
)| ≤ ǫM + |y∗m(xnk

) − y∗m(xnl
)| + ǫM . 'Ara lim supk,l→+∞ |y∗(xnk

) −
y∗(xnl

)| ≤ 2ǫM gia k�je ǫ > 0 kai, epomènw
, up�rqei to lim y∗(xnk
) ∈ F .Or�zoume y∗∗ : Y ∗ → F me tÔpo y∗∗(y∗) = limk y

∗(xnk
) gia k�je y∗ ∈ Y ∗.E�nai aplì na apodeiqje� ìti to y∗∗ e�nai grammikì kai |y∗∗(y∗)| ≤ M ‖y∗‖ giak�je y∗ ∈ Y ∗. 'Ara y∗∗ ∈ Y ∗∗.Lìgw th
 autop�jeia
 tou Y , up�rqei y ∈ Y ¸ste J ′y = y∗∗, ìpou J ′e�nai h fusiologik  emfÔteush tou Y ston Y ∗∗. Dhlad , y∗(y) = y∗∗(y∗) =

limk y
∗(xnk

) gia k�je y∗ ∈ Y ∗.'Estw, t¸ra, tuqìn x∗ ∈ X∗. Pa�rnoume y∗ ∈ Y ∗ na e�nai o periorismì
 tou
x∗ ston Y . AfoÔ ìla ta xnk

kai to y an koun ston Y , isqÔei x∗(y) = y∗(y) =
limk y

∗(xnk
) = limk x

∗(xnk
). 'Ara y = w − limk xnk

. Tèlo
, epeid  to K e�naikurtì kai kleistì, apì to Je¸rhma 4.24 sunep�getai ìti y ∈ K.'Ara to K e�nai akoloujiak� asjen¸
 sumpagè
.Antistrìfw
, èstw ìti to K e�nai kurtì kai akoloujiak� asjen¸
 sumpagè
.Apì thn Prìtash 4.13 sunep�getai ìti e�nai fragmèno kai akoloujiak� asjen¸
kleistì kai, epomènw
, kleistì.IsqÔei kai to ant�strofo tou teleuta�ou jewr mato
 kai se (fainomenik�)isqurìterh morf . Dhlad : an h kleist  monadia�a mp�la enì
 q¸rou
Banach e�nai akoloujiak� asjen¸
 sumpag 
, tìte o q¸ro
 e�nai au-topaj 
. Autì e�nai èna je¸rhma twn Eberlein-Shmulyan.Je¸rhma 4.26'Estw autopaj 
 q¸ro
 X me nìrma kai kurtì, klei-stì K ⊆ X. Tìte gia k�je x ∈ X up�rqei y0 ∈ K ¸ste ‖x− y0‖ =
inf{‖x− y‖ | y ∈ K}.Apìdeixh: 'Estw y1 ∈ K kai R = ‖x− y1‖. Jètoume K1 = K ∩ cl(B(x;R)),opìte to K1 e�nai kurtì, kleistì kai fragmèno. Pa�rnoume {yn} sto K ¸ste
‖x− yn‖ → d, ìpou d = inf{‖x− y‖ | y ∈ K}, kai ‖x− yn‖ ≤ R gia k�je
n. Tìte h {yn} e�nai sto K1 kai apì to prohgoÔmeno je¸rhma sunep�getai ìtiup�rqei upoakolouj�a {ynk

} ¸ste na up�rqei to y0 = w − lim ynk
sto K.Apì to Je¸rhma 4.22 sunep�getai ìti d ≤ ‖x− y0‖ ≤ lim inf ‖x− ynk

‖ = d.'Ara ‖x− y0‖ = d.Je¸rhma 4.27(Helly)'Estw diaqwr�simo
 q¸ro
 Banach X me nìrma.'Ena K ⊆ X∗ e�nai akoloujiak� asjen¸
∗ sumpagè
 an kai mìnon ane�nai akoloujiak� asjen¸
∗ kleistì kai fragmèno.



158 KEF�ALAIO 4. O DUIK�OS Q�WROSEidik¸tera, h kleist  monadia�a mp�la tou X∗ e�nai akoloujiak�asjen¸
∗ sumpag 
.Apìdeixh: 'Estw ìti to K e�nai akoloujiak� asjen¸
∗ kleistì kai fragmèno.Pa�rnoume {x∗n} sto K, opìte up�rqei M ≥ 0 ¸ste ‖x∗n‖ ≤M gia k�je n.JewroÔme arijm simo {xm|m ∈ N} puknì ston X . Tìte gia opoiod pote xmèqoume |x∗n(xm)| ≤ M ‖xm‖ gia k�je n, opìte h {x∗n(xm)} e�nai fragmènh sto
F . Me to diag¸nio epiqe�rhma tou Cantor br�skoume upoakolouj�a {x∗nk

} ¸stegia k�je xm na up�rqei to limk x
∗
nk

(xm) sto F . T¸ra gia opoiod pote x ∈ Xup�rqei xm me ‖x− xm‖ < ǫ, opìte |x∗nk
(x) − x∗nl

(x)| ≤ |x∗nk
(x) − x∗nk

(xm)| +
|x∗nk

(xm) − x∗nl
(xm)| + |x∗nl

(xm) − x∗nl
(x)| ≤ ǫM + |x∗nk

(xm) − x∗nl
(xm)| + ǫM .'Ara lim supk,l→+∞ |x∗nk

(x) − x∗nl
(x)| ≤ 2ǫM kai, epeid  to ǫ > 0 e�nai tuqìn,sunep�getai ìti up�rqei to limk x
∗
nk

(x) sto F .Jètoume x∗ : X → F me tÔpo x∗(x) = limk x
∗
nk

(x) gia k�je x ∈ X . E�naijèma rout�na
 na apodeiqje� ìti to x∗ e�nai grammikì ston X kai |x∗(x)| ≤M ‖x‖gia k�je x ∈ X . 'Ara x∗ ∈ X∗ kai x∗ = w∗ − limk x
∗
nk
. Epeid  to K e�naiakoloujiak� asjen¸
∗ kleistì, sunep�getai ìti x∗ ∈ K kai, epomènw
 to Ke�nai akoloujiak� asjen¸
∗ sumpagè
.To ant�strofo perièqetai sthn Prìtash 4.13.Apomènei na apodeiqje� ìti h kleist  monadia�a mp�la tou X∗ e�nai akolou-jiak� asjen¸
∗ kleist . 'Estw {x∗n} ston X∗ me ‖x∗n‖ ≤ 1 gia k�je n kai

x∗n
w∗

→ x∗ ∈ X∗. Apì to Je¸rhma 4.23 sunep�getai ìti ‖x∗‖ ≤ 1.4.11 Asjene�
 topolog�e
Orismì
 4.14'Estw grammikì
 q¸ro
 X kai L m�a mh-ken  sullog  gram-mik¸n sunarthsoeid¸n tou X me thn idiìthta: gia k�je x ∈ X me x 6= 0 up�rqei
x′ ∈ L ¸ste x′(x) 6= 0. Tìte h L onom�zetai diaqwr�zousa sullog  gramm.sunarthsoeid¸n tou X .ParathroÔme, t¸ra, ìti, an jèsoume P = {|x′| |x′ ∈ L}, tìte h P e�naidiaqwr�zousa sullog  hminorm¸n tou X . Epomènw
, or�zetai h sullog  N 0

P ,thn opo�a sth sugkekrimènh per�ptwsh sumbol�zoume N 0
L, me stoiqe�a ìla tauposÔnola U0 tou X pou gr�fontai U0 = {x ∈ X | |x′1(x)| < ǫ1} ∩ · · · ∩ {x ∈

X | |x′n(x)| < ǫn}, ìpou to n ∈ N, ta x′1, . . . , x′n ∈ L kai ta ǫ1, . . . , ǫn > 0 e�naiauja�reta.Ep�sh
, or�zetai h sullog  TP , thn opo�a t¸ra sumbol�zoume TL, me stoiqe�aìla ta sÔnola O me thn idiìthta: gia k�je x ∈ O up�rqei U0 ∈ N 0
L ¸ste

x+ U0 ⊆ O.'Amesh efarmog  th
 Prìtash
 3.34 apoteloÔn ta:(1) K�je U0 ∈ N 0
L perièqei to 0, e�nai kurtì, isorrophmèno kai aporrof� ton X .(2) An U0

1 , . . . , U
0
m ∈ N 0

L, tìte U0
1 ∩ . . . ∩ U0

m ∈ N 0
L.(3) K�je U0 ∈ N 0

L an kei sthn TL.L mma 4.6'Estw grammikì
 q¸ro
 X , x′ grammikì sunarthsoeidè
 tou X kai
T topolog�a ston X w
 pro
 thn opo�a h pr�xh + : X×X → X e�nai suneq 
.
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 ston X an kai mìnon an h hminìrma |x′| e�nai suneq 
ston X .Apìdeixh: 'Estw ìti to x′ e�nai suneqè
 sto tuqìn x ∈ X . Tìte gia k�je ǫ > 0up�rqei anoikt  perioq  O tou x ¸ste |x′(y) − x′(x)| < ǫ gia k�je y ∈ O. 'Ara
||x′(y)| − |x′(x)|| < ǫ gia k�je y ∈ O kai, epomènw
, h |x′| e�nai suneq 
 sto x.Antistrìfw
, èstw ìti h |x′| e�nai suneq 
 sto 0. Autì e�nai tautìshmo meto ìti to x′ e�nai suneqè
 sto 0. Dhlad , gia k�je ǫ > 0 up�rqei anoikt  perioq 
O tou 0 ¸ste |x′(y)| < ǫ gia k�je y ∈ O. Lìgw th
 sunèqeia
 th
 prìsjesh
,to sÔnolo O + x e�nai anoikt  perioq  tou x kai, profan¸
, |x′(y) − x′(x)| =
|x′(y − x)| < ǫ gia k�je y ∈ O + x. 'Ara to x′ e�nai suneqè
 sto x.Me to l mma autì na exasfal�zei thn isqÔ tou parak�tw (iii), to Je¸rhma3.35 diatup¸netai, t¸ra, w
 ex 
.H TL e�nai h el�qisth topolog�a ston X me ti
 idiìthte
:
(i) o X me thn TL e�nai q¸ro
 Hausdorff,

(ii) oi pr�xei
 + : X ×X → X kai · : F ×X → X e�nai suneqe�
,
(iii) k�je x′ ∈ L e�nai suneq 
.Orismì
 4.15'Estw grammikì
 q¸ro
 X kai diaqwr�zousa sullog  L gramm.sunarthsoeid¸n tou X . Tìte h topik� kurt  topolog�a TL tou X onom�zetaih asjen 
 topolog�a tou X h opo�a ep�getai apì thn L kai sumbol�zetai
σ(X,L).An oX e�nai q¸ro
 me nìrma, tìte apì to je¸rhma Hahn-Banach sunep�getaiìti h L = X∗ e�nai diaqwr�zousa sullog  grammik¸n sunarthsoeid¸n.Orismì
 4.16'Estw q¸ro
 X me nìrma. H σ(X,X∗) onom�zetai h asjen 
topolog�a tou X .'Ena uposÔnolo tou X to opo�o e�nai anoiktì   kleistì   sumpagè
 w
 pro
thn σ(X,X∗) onom�zetai asjen¸
 anoiktì   asjen¸
 kleistì   asjen¸
sumpagè
, antisto�qw
.An o X e�nai q¸ro
 me nìrma, tìte kai o X∗ e�nai q¸ro
 me nìrma kai o duikì
tou e�nai o X∗∗. 'Ara h asjen 
 topolog�a tou X∗ e�nai h σ(X∗, X∗∗). 'Omw
,ston X∗ or�zetai akìma m�a endiafèrousa topolog�a.Orismì
 4.17'Estw q¸ro
 X me nìrma kai J : X → X∗∗ h fusiologik emfÔteush. H σ(X∗, J(X)) onom�zetai h asjen 
∗ topolog�a tou X∗. Lìgwth
 taÔtish
 tou X me thn eikìna tou, J(X), h topolog�a aut  sumbol�zetai,q�rin eukol�a
, σ(X∗, X).'Ena uposÔnolo tou X∗ to opo�o e�nai anoiktì   kleistì   sumpagè
 w
 pro
thn σ(X∗, X) onom�zetai asjen¸
∗ anoiktì   asjen¸
∗ kleistì   asjen¸
∗sumpagè
, antisto�qw
.H tupik  anoikt  perioq  tou 0 w
 pro
 thn σ(X,X∗) e�nai h {x ∈ X | |x∗1(x)|
< ǫ1} ∩ · · · ∩ {x ∈ X | |x∗n(x)| < ǫn}, ìpou to n ∈ N, ta x∗1, . . . , x

∗
n ∈ X∗kai ta ǫ1, . . . , ǫn > 0 e�nai auja�reta. Omo�w
, h tupik  anoikt  perioq  tou
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0 w
 pro
 thn σ(X∗, X∗∗) e�nai h {x∗ ∈ X∗ | |x∗∗1 (x∗)| < ǫ1} ∩ · · · ∩ {x∗ ∈
X∗ | |x∗∗n (x∗)| < ǫn}, en¸ h tupik  anoikt  perioq  tou 0 w
 pro
 thn σ(X∗, X)e�nai h {x∗ ∈ X∗ | |x∗(x1)| < ǫ1} ∩ · · · ∩ {x∗ ∈ X∗ | |x∗(xn)| < ǫn}.Epomènw
, se k�je q¸ro X me nìrma èqoume or�sei dÔo topolog�e
: thnasjen  topolog�a kai thn topolog�a pou ep�getai apì th nìrma tou X , h opo�aonom�zetai kai h isqur  topolog�a tou X .Ep�sh
, ston X∗ èqoume or�sei tre�
 topolog�e
: thn isqur  topolog�a, thnasjen  topolog�a kai thn asjen ∗ topolog�a tou X∗.E�nai profanè
 ìti, an o X e�nai autopaj 
, tìte h asjen 
 topolo-g�a kai h asjen 
∗ topolog�a tou X∗ taut�zontai.Ston X∗∗ èqoume or�sei dÔo topolog�e
: thn isqur  kai thn asjen ∗ topolo-g�a.H epìmenh prìtash ekfr�zei th sqèsh an�mesa sthn asjen  topolog�a tou
X kai thn asjen ∗ topolog�a tou X∗∗ mèsw th
 fusiologik 
 emfÔteush
 tou
X ston X∗∗. Autì pou sumba�nei e�nai ìti, me thn taÔtish twn X kai J(X), hasjen 
 topolog�a tou X kai h asjen 
∗ topolog�a tou J(X) (akribèstera, operiorismì
 th
 asjenoÔ
∗ topolog�a
 tou X∗∗ sto J(X)) taut�zontai.Prìtash 4.14'Estw q¸ro
 X me nìrma kai J : X → X∗∗ h fusiologik emfÔteush. An o X èqei thn asjen  topolog�a, o X∗∗ thn asjen ∗ topolog�akai to J(X) thn topolog�a-upìqwrou, tìte h J : X → J(X) e�nai omoiomorfismì
.Apìdeixh: 'Estw tuqìn x ∈ X . Me paramètrou
 ta n ∈ N, x∗1, . . . , x∗n ∈ X∗kai ǫ1, . . . , ǫn > 0 èqoume thn anoikt  perioq  Ux = {z ∈ X | |x∗1(z) − x∗1(x)| <
ǫ1}∩· · ·∩{z ∈ X | |x∗n(z)−x∗n(x)| < ǫn} tou x w
 pro
 thn asjen  topolog�a tou
X . Me ti
 �die
 paramètrou
 èqoume thn anoikt  perioq  {z∗∗ ∈ X∗∗ | |z∗∗(x∗1)−
Jx(x∗1)| < ǫ1} ∩ · · · ∩ {z∗∗ ∈ X∗∗ | |z∗∗(x∗n) − Jx(x∗n)| < ǫn} tou Jx w
 pro
thn asjen ∗ topolog�a tou X∗∗. Perior�zonta
 to z∗∗ sto J(X), dhlad  jè-tonta
 z∗∗ = Jz, kai gr�fonta
 Jx(x∗j ) = x∗j (x) kai Jz(x∗j ) = x∗j (z), pa�rnoumethn anoikt  perioq  V Jx = {Jz ∈ J(X) | |x∗1(z) − x∗1(x)| < ǫ1} ∩ · · · ∩ {Jz ∈
J(X) | |x∗n(z) − x∗n(x)| < ǫn} tou x w
 pro
 thn topolog�a-upìqwrou tou J(X).E�nai fanerì ìti V Jx = J(Ux).An O e�nai anoiktì w
 pro
 thn topolog�a-upìqwrou tou J(X) kai Jx ∈ O,tìte up�rqei V Jx ⊆ O. 'Ara gia thn ant�stoiqh Ux isqÔei ìti Jz ∈ O gia k�je
z ∈ Ux. Autì shma�nei ìti h J e�nai suneq 
 sto x.An Q e�nai asjen¸
 anoiktì ston X kai x ∈ Q, tìte up�rqei Ux ⊆ Q. 'Aragia thn ant�stoiqh V Jx isqÔei ìti J−1(Jz) ∈ Q gia k�je Jz ∈ V Jx. Autìshma�nei ìti h J−1 e�nai suneq 
 sto Jx.Prìtash 4.15'Estw q¸ro
 X me nìrma.(1) IsqÔei xn

w→ x ston X an kai mìnon an h {xn} sugkl�nei sto x w
 pro
 thnasjen  topolog�a tou X .(2) IsqÔei x∗n w∗

→ x∗ ston X∗ an kai mìnon an h {x∗n} sugkl�nei sto x∗ w
 pro
thn asjen ∗ topolog�a tou X∗.Apìdeixh: (1) 'Estw xn
w→ x ston X . JewroÔme tuqìn anoiktì O w
 prì
thn σ(X,X∗) me x ∈ O. Tìte up�rqei U0 = {y ∈ X | |x∗1(y)| < ǫ1} ∩ · · · ∩
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{y ∈ X | |x∗n(y)| < ǫn}, me n ∈ N, x∗1, . . . , x∗n ∈ X∗ kai ǫ1, . . . , ǫn > 0, ¸ste
x + U0 ⊆ O. Epeid  x∗(xn) → x∗(x) gia k�je x∗ ∈ X∗, up�rqei N ¸ste
|x∗j (xn − x)| = |x∗j (xn) − x∗j (x)| < ǫj gia k�je n ≥ N kai k�je j = 1, . . . , n.Autì shma�nei ìti xn − x ∈ U0 gia k�je n ≥ N kai, epomènw
, xn ∈ O gia k�je
n ≥ N . 'Ara h {xn} sugkl�nei sto x w
 pro
 thn asjen  topolog�a tou X .Antistrìfw
, èstw ìti h {xn} sugkl�nei sto x w
 pro
 thn asjen  topolog�atou X . Pa�rnoume tuqìn x∗ ∈ X∗ kai thn anoikt  perioq  x+{y ∈ X | |x∗(y)| <
ǫ} tou x. Tìte up�rqei N ¸ste xn ∈ x+ {y ∈ X | |x∗(y)| < ǫ} gia k�je n ≥ N ,opìte |x∗(xn)−x∗(x)| = |x∗(xn−x)| < ǫ gia k�je n ≥ N . 'Ara x∗(xn) → x∗(x)gia tuqìn x∗ ∈ X∗, opìte xn

w→ x ston X .(2) H apìdeixh e�nai ìmoia.Prìtash 4.16'Estw q¸ro
 X me nìrma.(1) H asjen 
 topolog�a tou X e�nai mikrìterh   �sh apì thn isqur  topolog�atou X .(2) H asjen 
∗ topolog�a tou X∗ e�nai mikrìterh   �sh apì thn asjen  topolog�atou X∗ kai aut  e�nai mikrìterh   �sh apì thn isqur  topolog�a tou X∗.Apìdeixh: 'Askhsh.Prìtash 4.17'Estw grammikì
 q¸ro
 X kai diaqwr�zousa sullog  L gram-mik¸n sunarthsoeid¸n tou X . Or�zoume sun�rthsh φ : X → ∏
x′∈L F me tÔpo

φ(x) =
(
x′(x)

)
x′∈L gia k�je x ∈ X . Dhlad , h x′-suntetagmènh tou φ(x) e�naih φ(x)x′ = x′(x) gia k�je x′ ∈ L. Tìte h φ e�nai 1-1.An o X èqei thn asjen  topolog�a σ(X,L), o ∏

x′∈L F èqei thn topolog�a-ginìmeno (ìpou k�je F èqei thn eukle�dia topolog�a) kai to φ(X) èqei thntopolog�a-upìqwrou, tìte h φ : X → φ(X) e�nai omoiomorfismì
 tou X me to
φ(X).Apìdeixh: 'Estw ìti x1, x2 ∈ X kai φ(x1) = φ(x2). Tìte φ(x1)x′ = φ(x2)x′kai, epomènw
, x′(x1) = x′(x2) gia k�je x′ ∈ L. Epeid  h L e�nai diaqwr�zousa,sunep�getai ìti x1 = x2. 'Ara h φ e�nai 1-1.'Ara h φ : X → φ(X) e�nai 1-1 kai ep� kai mènei na apode�xoume ìti aut  kaih φ−1 : φ(X) → X e�nai suneqe�
 se k�je shme�o tou ped�ou orismoÔ tou
.An x ∈ X , tìte me paramètrou
 ta n ∈ N, x′1, . . . , x′n ∈ L kai ǫ1, . . . , ǫn > 0or�zetai h anoikt  perioq  Ux = {z ∈ X | |x′1(z) − x′1(x)| < ǫ1} ∩ · · · ∩ {z ∈
X | |x′n(z) − x′n(x)| < ǫn} tou x w
 pro
 thn σ(X,L).H �dia epilog  twn paramètrwn aut¸n or�zei thn anoikt  perioq  {w ∈∏

x′∈L F | |wx′
1
− yx′

1
| < ǫ1} ∩ · · · ∩ {w ∈ ∏

x′∈L F | |wx′
n
− yx′

n
| < ǫn} tou ysto ∏

x′∈L F w
 pro
 thn topolog�a-ginìmeno. T¸ra, an perior�soume ta y, wsto φ(X) kai jèsoume y = φ(x), w = φ(z) me x, z ∈ X , ja èqoume anoikt perioq  V y tou y ∈ φ(X) sto φ(X) w
 pro
 thn topolog�a-upìqwrou. Gr�-fonta
 yx′
j

= x′j(x) kai wx′
j

= x′j(z) gia k�je j = 1, . . . , n, br�skoume ìti
V y = {φ(z) ∈ φ(X) | |x′1(z)−x′1(x)| < ǫ1}∩ · · · ∩{z ∈ X | |x′n(z)−x′n(x)| < ǫn}.ParathroÔme ìti V y = φ(Ux).'Estw tuqìn x ∈ X kai O ∋ y = φ(x) anoiktì sto φ(X) w
 pro
 thntopolog�a-upìqwrou. Dhlad , up�rqei anoikt  perioq  th
 morf 
 V y ¸ste
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V y ⊆ O. JewroÔme thn ant�stoiqh anoikt  perioq  Ux tou x kai èqoume ìti giak�je z ∈ Ux isqÔei φ(z) ∈ φ(Ux) = V y, opìte φ(z) ∈ O. 'Ara h φ e�nai suneq 
sto x.'Estw tuqìn y = φ(x) ∈ φ(X) kai Q ∋ x = φ−1(y) anoiktì sto X w
 pro
thn σ(X,L). Dhlad , up�rqei anoikt  perioq  th
 morf 
 Ux ¸ste Ux ⊆ Q.JewroÔme thn ant�stoiqh anoikt  perioq  V y tou y kai èqoume ìti gia k�je
w ∈ V y isqÔei φ−1(w) ∈ φ−1(V y) = Ux, opìte φ−1(w) ∈ Q. 'Ara h φ−1 e�naisuneq 
 sto y.Prìtash 4.18'Estw q¸ro
 X me nìrma.(1) An to K ⊆ X e�nai asjen¸
 sumpagè
, tìte e�nai asjen¸
 kleistì kai frag-mèno.(2) An to K ⊆ X∗ e�nai asjen¸
∗ sumpagè
, tìte e�nai asjen¸
∗ kleistì kai, ano X e�nai q¸ro
 Banach, fragmèno.Apìdeixh: (1) Epeid  o X me thn topolog�a σ(X,X∗) e�nai q¸ro
 Hausdorff,sunep�getai ìti to asjen¸
 sumpagè
 K ⊆ X e�nai asjen¸
 kleistì. K�je
x∗ ∈ X∗ e�nai suneq 
 ston X me thn σ(X,X∗), opìte e�nai fragmènh sun�rthshsto K. Dhlad  supx∈K |x∗(x)| < +∞ gia k�je x∗ ∈ X∗. Apì to Je¸rhma 4.21sunep�getai ìti supx∈K ‖x‖ < +∞, opìte to K e�nai fragmèno.(2) 'Askhsh.Je¸rhma 4.28(Alaoglou) 'Estw q¸ro
 X me nìrma. An K ⊆ X∗ e�-nai asjen¸
∗ kleistì kai fragmèno, tìte e�nai asjen¸
∗ sumpagè
.Eidik¸tera, h kleist  monadia�a mp�la tou X∗ e�nai asjen¸
∗sumpag 
.Antistrìfw
, an to K e�nai asjen¸
∗ sumpagè
, tìte e�nai asje-n¸
∗ kleistì kai, an o X e�nai q¸ro
 Banach, fragmèno.Apìdeixh: Efarmìzoume thn Prìtash 4.17 sto q¸ro X∗ me L = J(X) ⊆ X∗∗kai thn epag¸menh asjen ∗ topolog�a tou X∗. JewroÔme ton omoiomorfismì
φ : X∗ → φ(X∗) ⊆ ∏

J(x)∈J(X) F =
∏

x∈X F th
 prohgoÔmenh
 prìtash
.JewroÔme asjen¸
∗ kleistì kai fragmèno K ⊆ X∗, opìte up�rqei M ≥ 0¸ste ‖x∗‖ ≤ M gia k�je x∗ ∈ K. Tìte gia k�je x ∈ X kai x∗ ∈ K èqoume
|φ(x∗)x| = |Jx(x∗)| = |x∗(x)| ≤ M ‖x‖. Epomènw
, an x∗ ∈ K, tìte φ(x∗)x ∈
[−M ‖x‖ ,M ‖x‖] gia k�je x ∈ X . 'Ara

φ(K) ⊆ φ(X∗) ∩
∏

x∈X

[−M ‖x‖ ,M ‖x‖] ⊆
∏

x∈X

F.Arke� na apode�xoume ìti to φ(K) e�nai kleistì uposÔnolo tou ∏
x∈X F w
pro
 thn topolog�a-ginìmeno. Tìte to φ(K) ja e�nai kleistì uposÔnolo tou∏

x∈X [−M ‖x‖ ,M ‖x‖], to opo�o e�nai sumpagè
 lìgw tou Jewr mato
 tou Ty-
chonov. 'Ara to φ(K) ja e�nai sumpagè
 kai, epomènw
, to K, w
 suneq 
 eikìnatou φ(K), e�nai asjen¸
∗ sumpagè
.'Estw y = (yx)x∈X ∈ ∏

x∈X F shme�o suss¸reush
 tou φ(K). JewroÔmetuqìnta x1, x2 ∈ X , κ ∈ F kai ǫ > 0 kai thn anoikt  perioq  tou y th
 morf 

{w ∈ ∏

x∈X F | |wx1 − yx1 | < ǫ} ∩ {w ∈ ∏
x∈X F | |wx2 − yx2| < ǫ} ∩ {w ∈
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∏

x∈X F | |wx1+x2 −yx1+x2 | < ǫ}∩{w ∈ ∏
x∈X F | |wκx1 −yκx1| < ǫ}. Pa�rnoume

x∗ ∈ K ¸ste to φ(x∗) na an kei sthn perioq  aut . Autì shma�nei ìti |x∗(x1)−
yx1|, |x∗(x2)−yx2|, |x∗(x1+x2)−yx1+x2 |, |x∗(κx1)−yκx1| < ǫ. Epeid  to x∗ e�naigrammikì, eÔkola apodeiknÔoume ìti |yx1+x2 −yx1 −yx2 | < 3ǫ kai |yκx1 −κyx1 | <
(1+ |κ|)ǫ. Tèlo
, epeid  to ǫ e�nai auja�reto, sunep�getai ìti yx1+x2 = yx1 +yx2kai yκx1 = κyx1 gia k�je x1, x2 ∈ X kai κ ∈ F .Epeid  φ(K) ⊆ ∏

x∈X [−M ‖x‖ ,M ‖x‖] kai to ginìmeno autì e�nai kleistìsto ∏
x∈X F , sunep�getai ìti y ∈ ∏

x∈X [−M ‖x‖ ,M ‖x‖], opìte |yx| ≤ M ‖x‖gia k�je x ∈ X .Or�zoume x∗ : X → F me tÔpo x∗(x) = yx gia k�je x ∈ X . Apì taprohgoÔmena sunep�getai amèsw
 ìti x∗ ∈ X∗ kai φ(x∗) = y. Epeid  h φ−1e�nai suneq 
 sto y ∈ φ(X∗), sunep�getai ìti to x∗ e�nai shme�o suss¸reush
tou K w
 pro
 thn asjen ∗ topolog�a kai, epomènw
, x ∈ K. 'Ara y ∈ φ(K).To ant�strofo perièqetai sthn Prìtash 4.18.Mènei na apode�xoume ìti h kleist  monadia�a mp�la tou X∗ e�nai asjen¸
∗kleist . 'Estw tuqìn x∗ ∈ X∗ me ‖x∗‖ > 1. Pa�rnoume x ∈ X ¸ste ‖x‖ = 1kai |x∗(x)| > 1, jètoume ǫ = |x∗(x)| − 1 > 0 kai jewroÔme thn anoikt  perioq 
Ux∗

= {z∗ ∈ X∗ | |z∗(x) − x∗(x)| < ǫ} tou x∗ w
 pro
 thn asjen ∗ topolog�atou X∗. Tìte gia k�je z∗ ∈ Ux∗ èqoume ‖z∗‖ ≥ |z∗(x)| > |x∗(x)| − ǫ = 1 kai,epomènw
, h Ux∗ e�nai xènh pro
 thn kleist  monadia�a mp�la tou X∗.Je¸rhma 4.29'Estw q¸ro
 X me nìrma kai kurtì K ⊆ X. Tìte to
K e�nai asjen¸
 kleistì an kai mìnon an e�nai kleistì.Apìdeixh: 'Estw ìti toK e�nai kurtì kai kleistì. Pa�rnoume tuqìn x /∈ K kai jaapode�xoume ìti up�rqei anoikt  perioq  tou x w
 pro
 thn asjen  topolog�a tou
X xènh pro
 to K. Epeid  k�je metafor� e�nai omoiomorfismì
 kai w
 pro
 thnisqur  kai w
 pro
 thn asjen  topolog�a, mporoÔme na upojèsoume ìti x = 0.Katìpin pa�rnoume R > 0 ¸ste B(0;R) ∩K = ∅.Apì to Je¸rhma 4.13 sunep�getai ìti up�rqei mh-mhdenikì x∗ ∈ X∗ me
‖x∗‖ ≤ 1

R ¸ste ℜx∗(x) < 1 gia k�je x ∈ B(0;R) kai ℜx∗(x) ≥ 1 gia k�je
x ∈ K.H anoikt  perioq  U0 = {x ∈ X | |x∗(x)| < 1} tou 0 w
 pro
 thn asjen topolog�a tou X e�nai, profan¸
, xènh pro
 to K.Je¸rhma 4.30'Estw autopaj 
 q¸ro
 X me nìrma kai kurtì K ⊆ X.Tìte to K e�nai asjen¸
 sumpagè
 an kai mìnon an e�nai kleistìkai fragmèno.Apìdeixh: Apì thn Prìtash 4.18 sunep�getai ìti, an to K e�nai asjen¸
 sumpa-gè
, tìte e�nai fragmèno kai asjen¸
 kleistì kai, epomènw
, kleistì.Antistrìfw
, èstw ìti to K e�nai kurtì, kleistì kai fragmèno. Apì toJe¸rhma 4.29 sunep�getai ìti to K e�nai asjen¸
 kleistì.'Eqoume  dh parathr sei ìti, mèsw th
 taÔtish
 twn X,X∗∗, h asjen 
topolog�a touX kai h asjen 
∗ topolog�a touX∗∗ taut�zontai. Pio sugkekrimè-na, apì thn Prìtash 4.14 sunep�getai ìti h fusiologik  emfÔteush J : X → X∗∗e�nai omoiomorfismì
 an o X èqei thn asjen  topolog�a kai o X∗∗ èqei thnasjen ∗ topolog�a.
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, to J(K) e�nai kurtì, fragmèno kai asjen¸
∗ kleistì ston X∗∗,opìte apì to Je¸rhma 4.28 sunep�getai ìti e�nai asjen¸
∗ sumpagè
. 'Ara,lìgw tou omoiomorfismoÔ, to K e�nai asjen¸
 sumpagè
.Je¸rhma 4.31'Estw q¸ro
 X me nìrma kai J : X → X∗∗ h fusiolo-gik  emfÔteush. An BX e�nai h kleist  monadia�a mp�la tou X,tìte to J(BX) e�nai puknì sthn BX∗∗ w
 pro
 thn asjen ∗ topolo-g�a tou X∗∗.Apìdeixh: Epeid  h J e�nai isometrik  emfÔteush, èqoume ìti J(BX) ⊆ BX∗∗ .'Estw x∗∗ me ‖x∗∗‖ ≤ 1 kai asjen¸
∗ anoiktì sÔnolo O ⊆ X∗∗ me x∗∗ ∈ O.Tìte up�rqoun x∗1, . . . , x
∗
n ∈ X∗ kai ǫ1, . . . , ǫn > 0 ¸ste h anoikt  perioq 

Ux∗∗

= {z∗∗ ∈ X∗∗ | |z∗∗(x∗1) − x∗∗(x∗1)| < ǫ1} ∩ · · · ∩ {z∗∗ ∈ X∗∗ | |z∗∗(x∗n) −
x∗∗(x∗n)| < ǫn} tou x∗∗ w
 prì
 thn asjen ∗ topolog�a na perièqetai sto O.Jètoume ǫ = min

(
ǫ1

‖x∗
1‖ , . . . ,

ǫn

‖x∗
n‖

) kai efarmìzoume to Je¸rhma 4.16. Giak�je κ1, . . . , κn ∈ F èqoume ìti |κ1x
∗∗(x∗1) + · · · + κnx

∗∗(x∗n)| = |x∗∗(κ1x
∗
1 +

· · · + κnx
∗
n)| ≤ ‖κ1x

∗
1 + · · · + κnx

∗
n‖. 'Ara up�rqei z ∈ X ¸ste ‖z‖ < 1 + ǫ kai

x∗j (z) = x∗∗(x∗j ) gia k�je j = 1, . . . , n.Jètoume x = 1
1+ǫ z, opìte ‖x‖ ≤ 1 kai |Jx(x∗j ) − x∗∗(x∗j )| = |x∗j (x) −

x∗∗(x∗j )| = ǫ
1+ǫ |x∗∗(x∗j )| < ǫ

∥∥x∗j
∥∥ ≤ ǫj gia k�je j. 'Ara Jx ∈ Ux∗∗ ⊆ Okai, epomènw
, to x∗∗ e�nai shme�o suss¸reush
 tou J(BX) w
 prì
 thn asjen ∗topolog�a tou X∗∗.To epìmeno apotèlesma e�nai to ant�strofo tou Jewr mato
 4.30.Je¸rhma 4.32'Ena
 q¸ro
 Banach e�nai autopaj 
 an kai mìnon anh kleist  monadia�a mp�la tou e�nai asjen¸
 sumpag 
.Apìdeixh: 'Estw ìti o X e�nai autopaj 
. Apì to Je¸rhma 4.30 sunep�getaiìti h BX e�nai asjen¸
 sumpag 
.Antistrìfw
, èstw ìti h BX e�nai asjen¸
 sumpag 
. Apì thn Prìtash4.14 sunep�getai ìti to J(BX) e�nai asjen¸
∗ sumpagè
 uposÔnolo tou BX∗∗ .Apì to prohgoÔmeno je¸rhma sunep�getai ìti J(BX) = BX∗∗ kai, epomènw
,

J(X) = X∗∗.4.12 To je¸rhma twn Krein kai MilmanOrismì
 4.18'Estw grammikì
 q¸ro
 X kaiM,K dÔo mh-ken� uposÔnola tou
X me M ⊆ K. To M onom�zetai akra�o uposÔnolo tou K an èqei thn ex 
idiìthta: an x, y ∈ K, 0 < κ < 1 kai κx+ (1 − κ)y ∈M , tìte x, y ∈M .An a ∈ K, to a onom�zetai akra�o shme�o tou K an to {a} e�nai akra�ouposÔnolo tou K.Dhlad , to ìti to a ∈ K e�nai akra�o shme�o tou K shma�nei ìti: an x, y ∈ K,
0 < κ < 1 kai κx+ (1 − κ)y = a, tìte x = y = a.E�nai profanè
 ìti k�je mh-kenì sÔnoloK e�nai akra�o uposÔnolo tou eautoÔtou.
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 oi korufè
, ìle
 oi akmè
 kai, en gènei, ìle
 oi k-di�state
 èdre
 (0 ≤
k ≤ n) enì
 kurtoÔ poluèdrou ston Rn e�nai akra�a uposÔnol� tou. Ep�sh
,k�je shme�o th
 epif�neia
 mia
 eukle�dia
 mp�la
 tou Rn e�nai akra�o shme�o th
mp�la
. Autì isqÔei genikìtera se opoiond pote q¸ro me eswterikì ginìmenokai apodeiknÔetai eÔkola.L mma 4.7'Estw grammikì
 q¸ro
 X kai K ⊆ X .(1) An to M e�nai akra�o uposÔnolo tou K kai to N e�nai akra�o uposÔnolo tou
M , tìte to N e�nai akra�o uposÔnolo tou K.(2) An ìla ta stoiqe�a th
 sullog 
 M e�nai akra�a uposÔnola tou K, tìte to⋂M, an den e�nai kenì, e�nai akra�o uposÔnolo tou K.(3) An to x′ e�nai R-grammikì sunarthsoeidè
 tou X kai to sÔnolo K ′ = {x ∈
K|x′(x) = minK x′} e�nai mh-kenì, tìte to K ′ e�nai akra�o uposÔnolo tou K.Apìdeixh: 'Askhsh.To fusiologikì pla�sio tou Jewr mato
 twn Krein kaiMilman e�nai autì twntopik� kurt¸n q¸rwn kai ja qreiastoÔme th gen�keush enì
 basikoÔ apotelès-mato
 twn q¸rwn me nìrma.Je¸rhma 4.33(Mazur) 'Estw grammikì
 q¸ro
 X me thn topik� kur-t  topolog�a TP h opo�a ep�getai apì thn diaqwr�zousa sullog  h-minorm¸n P. An to A e�nai kurtì uposÔnolo tou X kai èqei to 0w
 eswterikì shme�o kai an to B e�nai mh-kenì kurtì uposÔnolo tou
X xèno pro
 to A, tìte up�rqei suneqè
 grammikì sunarthsoeidè

x′ tou X ¸ste

ℜx′(a) ≤ 1 ≤ ℜx′(b)gia k�je a ∈ A kai k�je b ∈ B.Apìdeixh: JewroÔme m�a anoikt  perioq  U0 = {x ∈ X |p1(x) < ǫ1} ∩ · · · ∩ {x ∈
X |pn(x) < ǫn} tou 0 w
 pro
 thn TP , ìpou p1, . . . , pn ∈ P kai ǫ1, . . . , ǫn > 0. H
U0 aporrof� ton X , opìte kai to A aporrof� ton X .Upojètoume, kat' arq n ìti F = R, opìte apì to Je¸rhma 2.5 sunep�getaiìti up�rqoun mh-mhdenikì grammikì sunarthsoeidè
 x′ tou X kai κ = 0   1 ¸steto A na perièqetai ston ènan apì tou
 kleistoÔ
 hmiq¸rou
 pou or�zontai kaito B na perièqetai ston �llo. Epeid  0 ∈ A kai x′(0) = 0, apokle�etai to A naperièqetai ston {x ∈ X |x′(x) ≥ 1}. An p�roume x0 me x′(x0) 6= 0, epeid  h U0aporrof� ton X kai e�nai isorrophmènh, up�rqei t > 0 ¸ste kai ta dÔo shme�a
±tx0 na perièqontai sthn U0. 'Omw
 to x′ èqei ant�jete
 timè
 sta dÔo aut�shme�a, opìte to A den perièqetai se kanènan apì tou
 {x ∈ X |x′(x) ≤ 0} kai
{x ∈ X |x′(x) ≥ 0}.'Ara ℜx′(a) ≤ 1 ≤ ℜx′(b) gia k�je a ∈ A kai k�je b ∈ B.Sunep�getai ìti x′(±x) ≤ 1, opìte |x′(x)| ≤ 1 < 2 gia k�je x ∈ U0. 'Ara
|x′(x)| < ǫ gia k�je x ∈ ǫ

2 U
0, opìte e�nai fanerì ìti to x′ e�nai suneqè
 sto 0kai, epomènw
, se k�je shme�o tou X .An F = C, jewroÔme ton X w
 R-grammikì q¸ro, opìte, sÔmfwna meta prohgoÔmena, up�rqei R-grammikì suneqè
 sunarthsoeidè
 x′

R
tou X ¸ste
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x′
R

(a) ≤ 1 ≤ x′
R

(b) gia k�je a ∈ A kai k�je b ∈ B. Ta upìloipa e�nai �meshefarmog  tou L mmato
 2.2.Pìrisma 'Estw topik� kurtì
 q¸ro
 X . Gia k�je x1, x2 ∈ X me x1 6= x2 up-�rqei suneqè
 grammikì sunarthsoeidè
 x′ tou X ¸ste ℜx′(x1) 6= ℜx′(x2).Apìdeixh: Jètoume x0 = x1−x2 6= 0 kai pa�rnoume m�a hminìrma p apì autè
 pouep�goun thn topolog�a tou X ¸ste p(x0) > 0. JewroÔme thn anoikt  perioq 
U0 = {x ∈ X |p(x) < 1

2 p(x0)} kai efarmìzoume to prohgoÔmeno je¸rhma staxèna kurt� sÔnola U0 kai {x0}. Sumpera�noume ìti up�rqei suneqè
 grammikìsunarthsoeidè
 x′ tou X ¸ste 1 ≤ ℜx′(x0), opìte ℜx′(x1) 6= ℜx′(x2).Je¸rhma 4.34(Krein-Milman) 'Estw K èna mh-kenì sumpagè
 uposÔ-nolo enì
 topik� kurtoÔ q¸rou X. Tìte.(1) Up�rqei toul�qiston èna akra�o shme�o tou K.(2) An E e�nai to sÔnolo ìlwn twn akra�wn shme�wn tou K, tìte
K ⊆ cl(co(E)).(3) An to K e�nai kai kurtì, tìte K = cl(co(E)).Apìdeixh: (1) JewroÔme th sullog  M ìlwn twn sumpag¸n akra�wn uposunìl-wn tou K. H M den e�nai ken , afoÔ perièqei to K. Sthn M jewroÔme thdi�taxh ≺ h opo�a or�zetai ¸
 ex 
: M1 ≺M2 an M2 ⊆M1. Katìpin pa�rnoumeèna olik� diatetagmèno uposÔnolo C tou M kai jètoume M0 =

⋂ C. Tìte:
(i) To M0 e�nai mh-kenì kai sumpagè
.To M0 e�nai sumpagè
 w
 tom  sumpag¸n sunìlwn. An M0 = ∅, tìtepa�rnoume opoiod pote M ′ ∈ C kai parathroÔme ìti h sullog  {X \M |M ∈
C,M ⊆M ′} apotele� anoikt  k�luyh touM ′. Epomènw
, up�rqounM1, . . . ,Mn

∈ C, ìla uposÔnola tou M ′, ¸ste M ′ ⊆ (X \ M1) ∪ · · · ∪ (X \ Mn). Autìsunep�getai ìti M1 ∩ · · · ∩Mn = ∅, to opo�o e�nai adÔnaton afoÔ aut  h tom e�nai èna apì ta M1, . . . ,Mn.
(ii) To M0 e�nai akra�o uposÔnolo tou K.H apìdeix  tou e�nai �mesh apì to L mma 4.7(2).Apì ta (i) kai (ii) sunep�getai ìti toM0 e�nai �nw-fr�gma th
 C. 'Ara apì toL mma tou Zorn sumpera�noume ìti up�rqei sumpagè
 akra�o uposÔnolo M tou
K, tou opo�ou kanèna gn sio uposÔnolo den e�nai sumpagè
 akra�o uposÔnolotou K.A
 upojèsoume ìti toM perièqei toul�qiston dÔo diaforetik� shme�a x1, x2.Tìte, sÔmfwna me to prohgoÔmeno pìrisma, up�rqei suneqè
 grammikì sunarth-soeidè
 x′ tou X ¸ste ℜx′(x1) 6= ℜx′(x2). Epeid  to M e�nai sumpagè
, tosÔnolo M ′ = {x ∈ M |ℜx′(x) = minM ℜx′} e�nai mh-kenì kai sumpagè
 gn siouposÔnolo tou M . Apì to L mma 4.7(3) kai (1) sunep�getai ìti, kat' arq n, to
M ′ e�nai akra�o uposÔnolo tou M kai, katìpin, tou K.Katal goume se �topo, opìte to mh-kenì M e�nai opwsd pote monosÔnolokai, fusik�, to monadikì stoiqe�o tou e�nai akra�o shme�o tou K.(2) A
 upojèsoume ìti up�rqei x0 ∈ K \ cl(co(E)). Apì to Je¸rhma 4.33sunep�getai eÔkola ìti up�rqei suneqè
 grammikì sunarthsoeidè
 x′ tou X ¸-ste ℜx′(x0) < infcl(c0(E)) ℜx′. (Arke� na parathr soume ìti to 0 den perièqetai



4.12. TO JE�WRHMA TWN KREIN KAI MILMAN 167sto kleistì kurtì cl(co(E))−x0 kai na jewr soume anoikt  kurt  perioq  U0tou 0 xènh pro
 to sÔnolo autì.) Epomènw
, an jèsoume K ′ = {x ∈ K|ℜx′(x) =
minK ℜx′}, tìte to K ′ e�nai mh-kenì, sumpagè
, xèno pro
 to cl(co(E)) kai, sÔm-fwna me to L mma 4.7(3), akra�o uposÔnolo touK. Apì to mèro
 (1) gnwr�zoumeìti toK ′ èqei toul�qiston èna akra�o shme�o x1. Apì to L mma 4.7(1) sunep�ge-tai ìti to x1 e�nai akra�o shme�o kai tou K.Epomènw
, to akra�o shme�o x1 tou K an kei sto K ′, to opo�o e�nai xèno pro
to E. Autì apotele�, fusik�, ant�fash.(3) An to K e�nai kai kurtì, tìte e�nai fanerì ìti cl(co(E)) ⊆ K.Prìtash 4.19'Estw q¸ro
 X me nìrma. Tìte h kleist  monadia�a mp�la BX∗tou X∗ e�nai �sh me thn asjen¸
∗ kleist  kurt  j kh tou sunìlou twn akra�wnshme�wn th
.Apìdeixh: Gnwr�zoume apì to Je¸rhma 4.28 ìti h BX∗ e�nai asjen¸
∗ sumpag 
.Epeid  h σ(X∗, X) e�nai topik� kurt  topolog�a, to sumpèrasma e�nai �meshsunèpeia tou Jewr mato
 4.34.Par�deigma: To sÔnolo twn akra�wn shme�wn th
 kleist 
 monadia�a
 mp�la

Bl1 tou l1 e�nai to {λej |j ∈ N, |λ| = 1}.Pr�gmati, èstw opoiod pote x = (x1, x2, . . .) ∈ l1 me ‖x‖1 ≤ 1. An 0 <

‖x‖1 < 1, tìte pa�rnoume y = x
‖x‖1

, z = − x
‖x‖1

kai κ = 1+‖x‖1

2 kai blèpoumeeÔkola ìti x = κy+(1−κ)z. 'Ara to x den e�nai akra�o shme�o th
 Bl1 . Omo�w
,oÔte to 0 e�nai akra�o shme�o th
 Bl1 , afoÔ 0 = 1
2e1 + 1

2 (−e1).JewroÔme, t¸ra, opoiod pote x me ‖x‖1 = 1 to opo�o èqei toul�qiston dÔomh-mhdenikè
 suntetagmène
: xn 6= 0 kai xm 6= 0 mem < n. Tìte 0 < |xn| < 1 kai
0 < |xm| < 1, kai mporoÔme na broÔme ǫ, δ ∈ (0, 1) ¸ste ǫ|xm| = δ|xn|. Jètoume
y = (. . . , (1+ ǫ)xm, . . . , (1−δ)xn, . . .) kai z = (. . . , (1− ǫ)xm, . . . , (1+δ)xn, . . .),ìpou yj = zj = xj gia k�je j 6= m,n. Kat' arq n, e�nai profanè
 ìti x = 1

2y+ 1
2zkai ìti y 6= x 6= z. Akìmh, ‖y‖1 = ‖x‖1 + ǫ|xm| − δ|xn| = ‖x‖1 = 1 kai

‖z‖1 = ‖x‖1 − ǫ|xm| + δ|xn| = ‖x‖1 = 1, opìte to x den e�nai akra�o shme�o th

Bl1 .Tèlo
, an to x èqei m�a mìnon mh-mhdenik  suntetagmènh, tìte up�rqei j ∈ Nkai λ me |λ| = 1 ¸ste x = λej kai ja apode�xoume ìti to x e�nai akra�o shme�oth
 Bl1 . An y, z ∈ Bl1 , 0 < κ < 1 kai λej = κy + (1 − κ)z, tìte 1 = |λ| =
|κyj + (1 − κ)zj | ≤ κ|yj| + (1 − κ)|zj | ≤ κ + (1 − κ) = 1. Sunep�getai ìti
|yj| = |zj | = 1 kai yj = zj. Epomènw
, yn = zn = 0 gia k�je n 6= j, opìte
y = z = λej = x.Par�deigma: H kleist  monadia�a mp�la Bc0 tou c0 den èqei kanèna akra�oshme�o.Gia na to apode�xoume jewroÔme opoiod pote x = (x1, x2, . . .) ∈ Bc0 kai,epeid  xn → 0, up�rqei n ¸ste |xn| < 1. Pa�rnoume opoiod pote λ 6= 0 ¸ste
|λ| + |xn| ≤ 1 kai jètoume y = (. . . , xn + λ, . . .) kai z = (. . . , xn − λ, . . .), ìpou
yj = zj = xj gia k�je j 6= n. E�nai fanerì ìti x = 1

2y + 1
2z, ìti y 6= x 6= z kaiìti y, z ∈ Bc0 . 'Ara to x den e�nai akra�o shme�o th
 Bc0 .
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1. 'Estw q¸ro
 X me nìrma.(1) An o Y e�nai grammikì
 upìqwro
 tou X , apode�xte ìti Y ∗ iso
= X∗/Y ⊥.(Upìd.: Gia k�je [x∗]Y ⊥ jewre�ste th sun�rthsh T ([x∗]Y ⊥) : Y → F me tÔpo

T ([x∗]Y ⊥)(y) = x∗(y) gia k�je y ∈ Y . Apode�xte ìti o orismì
 e�nai kalì
 kaiìti o T e�nai isometr�a tou X∗/Y ⊥ me ton Y ∗.)(2) An o Y e�nai kleistì
 upìqwro
 tou X , apode�xte ìti (
X/Y

)∗ iso
= Y ⊥.(Upìd.: Gia k�je x∗ ∈ Y ⊥ jewre�ste th sun�rthsh S(x∗) : X/Y → F me tÔpo

S(x∗)([x]Y ) = x∗(x). Apode�xte ìti o orismì
 e�nai kalì
 kai ìti o S e�nai i-sometr�a tou Y ⊥ me ton (
X/Y

)∗.)2. 'Estw q¸ro
 X me nìrma kai kleistì
 upìqwro
 Y touX . Gia k�je x ∈ X jè-toume PY (x) = {y0 ∈ Y | ‖x− y0‖ = d(x, Y )}, ìpou d(x, Y ) = infy∈Y ‖x− y‖.An x ∈ X \ Y kai y0 ∈ Y , apode�xte ìti y0 ∈ PY (x) an kai mìnon an up�rqei
x∗ ∈ Y ⊥ me ‖x∗‖ = 1 kai x∗(x− y0) = ‖x− y0‖.3. 'Estw q¸ro
 X me nìrma. Apode�xte ìti gia k�je x∗ ∈ X∗ up�rqei x ∈ Xme ‖x‖ = 1 kai x∗(x) = ‖x∗‖ an kai mìnon an k�je kleistì uperep�pedo tou Xperièqei stoiqe�o el�qisth
 nìrma
.4. An o X e�nai q¸ro
 Banach, apode�xte ìti o X e�nai autopaj 
 an kai mìnonan o X∗ e�nai autopaj 
.(Upìd.: Jewre�ste ti
 fusiologikè
 emfuteÔsei
 J0 : X → X∗∗ kai J1 : X∗ →
X∗∗∗. An o X e�nai autopaj 
, p�rte x∗∗∗ ∈ X∗∗∗, jewre�ste to x∗ = x∗∗∗ ◦ J0kai apode�xte ìti x∗∗∗ = J1(x

∗). Antistrìfw
, èstw ìti o X∗ e�nai autopaj 
,en¸ o X den e�nai. Apode�xte ìti o J0(X) e�nai gn sio
 kleistì
 upìqwro
 tou
X∗∗ kai ìti up�rqei mh-mhdenikì x∗∗∗ ∈ X∗∗∗ me x∗∗∗(J0(x)) = 0 gia k�je x ∈ X .Katal xte se �topo.)5. An o X e�nai autopaj 
, apode�xte ìti gia k�je x∗ ∈ X∗ up�rqei x ∈ X me
‖x‖ = 1 kai x∗(x) = ‖x∗‖.6. 'Estw grammikì
 q¸ro
 X , L m�a diaqwr�zousa sullog  grammik¸n sunarth-soeid¸n tou X kai x′ èna grammikì sunarthsoeidè
 tou X . Apode�xte ìti to x′e�nai suneqè
 ston X w
 pro
 thn topolog�a σ(X,L) an kai mìnon an to x′ an keisth grammik  j kh th
 L. Katìpin, apode�xte ìti σ(X,< L >) = σ(X,L).(Upìd.: De�te ti shma�nei h sunèqeia tou x′ sto 0 gia ǫ = 1 kai efarmìste toL mma 4.3.)7. 'Estw grammikì
 q¸ro
 X �peirh
 di�stash
 kai L m�a diaqwr�zousa sullog grammik¸n sunarthsoeid¸n tou X . Apode�xte ìti k�je anoikt  perioq  tou 0 w
pro
 thn topolog�a σ(X,L) perièqei ènan upìqwro �peirh
 di�stash
.8. 'Estw q¸ro
 X me nìrma. Apode�xte ìti h asjen 
 topolog�a tou X taut�ze-tai me thn isqur  topolog�a tou an kai mìnon an o X èqei peperasmènh di�stash.
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 X me nìrma kai a
 e�nai X̂ h pl rws  tou. Apode�xte ìti
X∗ = (X̂)∗, all� ìti oi topolog�e
 σ(X∗, X) kai σ(X∗, X̂) den taut�zontai.10. 'Estw q¸ro
 X me nìrma kai xn

w→ x ston X . Apode�xte ìti up�rqei {yn}ston X k�je ìro
 th
 opo�a
 e�nai kurtì
 sunduasmì
 ìrwn th
 {xn} ¸ste
yn → x.11. 'Estw autopaj 
 q¸ro
 X me nìrma kai Z èna
 grammikì
 upìqwro
 touX∗.Apode�xte ìti o Z apotele� diaqwr�zousa sullog  grammik¸n sunarthsoeid¸ntou X an kai mìnon an e�nai puknì
 ston X∗.12. 'Estw q¸ro
 X me nìrma. Apode�xte ìti o X e�nai autopaj 
 an kai mìnonan k�je kleistì
 upìqwro
 tou X∗ e�nai asjen¸
∗ kleistì
.(Upìd.: An o X e�nai autopaj 
, tìte h asjen 
 kai h asjen 
∗ topolog�a tou
X∗ taut�zontai. Gia to ant�strofo, p�rte mh-mhdenikì x∗∗ ∈ X∗∗ kai jewre�steto {x∗ ∈ X∗|x∗∗(x∗) = 1}. Apode�xte ìti autì e�nai asjen¸
∗ kleistì ston X∗kai p�rte anoikt  perioq  tou 0 w
 pro
 thn σ(X∗, X) h opo�a na e�nai xènh pro
to sÔnolo autì. Efarmìste to L mma 4.3.)Orismì
: 'Estw topologikì
 q¸ro
 A kai B ⊆ A. To B onom�zetai sÔnolopr¸th
 kathgor�a
 ston A an up�rqoun Bn ⊆ A me B = ∪+∞

n=1Bn ¸ste k�je
cl(Bn) na èqei kenì eswterikì. To B onom�zetai sÔnolo deÔterh
 kathgor�a
ston A an den e�nai sÔnolo pr¸th
 kathgor�a
 ston A.13. Apode�xte ìti k�je pl rh
 metrikì
 q¸ro
 e�nai sÔnolo pr¸th
 kathgor�a
ston eautì tou.14. 'Estw q¸ro
 X me nìrma.(1) 'Estw ìti to M e�nai sÔnolo deÔterh
 kathgor�a
 ston X∗. An K ⊆ X kai
supx∈K |x∗(x)| < +∞ gia k�je x∗ ∈M , apode�xte ìti supx∈K ‖x‖ < +∞.(2) 'Estw ìti to M e�nai sÔnolo deÔterh
 kathgor�a
 ston X . An K ⊆ X∗ kai
supx∗∈K |x∗(x)| < +∞ gia k�je x ∈M , apode�xte ìti supx∗∈K ‖x∗‖ < +∞.15. (1) 'Estw 1 ≤ p < +∞ kai x = (x1, x2, . . .) ∈ s. An gia k�je y =
(y1, y2, . . .) ∈ lp h seir� ∑+∞

k=1 xkyk sugkl�nei, apode�xte ìti x ∈ lq, ìpou
1
p + 1

q = 1.(Upìd.: Gia k�je n ∈ N jewre�ste to ln ∈ (lp)∗ me tÔpo ln(y) =
∑n

k=1 xkyk giak�je y ∈ lp kai upologe�ste th nìrma tou ln.)(2) 'Estw x = (x1, x2, . . .) ∈ s. An gia k�je y = (y1, y2, . . .) ∈ c0 h seir�∑+∞
k=1 xkyk sugkl�nei, apode�xte ìti x ∈ l1.16. 'Estw (Ω,Σ, µ) èna
 q¸ro
 mètrou kai µ-metr simh sun�rthsh f : Ω → F .(1) An 1 < p ≤ +∞ kai fg ∈ L1(Ω,Σ, µ) gia k�je g ∈ Lp(Ω,Σ, µ), apode�xteìti f ∈ Lq(Ω,Σ, µ), ìpou 1

p + 1
q = 1.(2) An to µ e�nai σ-peperasmèno kai fg ∈ L1(Ω,Σ, µ) gia k�je g ∈ L1(Ω,Σ, µ),apode�xte ìti f ∈ L∞(Ω,Σ, µ).
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 Banach X kai m�a b�sh Schauder B = {b1, b2, . . .} tou X .Jètoume K = {κ = (κ1, κ2, . . .) | h seir� ∑+∞
j=1 κjbj sugkl�nei ston X}, kaj¸
kai ‖κ‖K = supn

∥∥∥
∑n

j=1 κjbj

∥∥∥ gia k�je κ ∈ K.(1) Apode�xte ìti h ‖·‖K e�nai nìrma ston K kai ìti o K me th nìrma aut  e�naiq¸ro
 Banach.(2) Jètoume T : K → X me tÔpo T (κ) =
∑+∞

j=1 κjbj gia k�je κ = (κ1, κ2, . . .) ∈
K. Apode�xte ìti o T e�nai topologikì
 isomorfismì
 tou K me ton X .(3) Jètoume L = {λ = (λ1, λ2, . . .) | h seir� ∑+∞

j=1 κjλj sugkl�nei gia k�je κ ∈
K} kai ‖λ‖L = sup‖T (κ)‖≤1

∣∣∑+∞
j=1 κjλj

∣∣. Apode�xte ìti h ‖·‖L e�nai nìrma ston
L kai ìti L iso

= X∗.Orismì
: 'Estw q¸ro
 X me nìrma kai upìqwro
 L tou X∗. Lème ìti o L pros-dior�zei th nìrma tou X an up�rqei c > 0 ¸ste c ‖x‖ ≤ supx∗∈L, ‖x∗‖≤1 |x∗(x)|gia k�je x ∈ X .18. 'Estw q¸ro
 X me nìrma kai ‖·‖ upìqwro
 L tou X∗ o opo�o
 prosdior�zeith nìrma tou X .(1) Jètoume ‖x‖′ = supx∗∈L, ‖x∗‖≤1 |x∗(x)| gia k�je x ∈ X . Apode�xte ìti h ‖·‖′e�nai nìrma ston X isodÔnamh me thn ‖·‖.(2) An K ⊆ X kai supx∈K |x∗(x)| < +∞ gia k�je x∗ ∈ L, apode�xte ìti
supx∈K ‖x‖ < +∞.19. 'Estw q¸ro
 X me nìrma.(1) 'Estw cl(< L >) = X∗. Apode�xte ìti, an x∗(xn) → x∗(x) gia k�je x∗ ∈ Lkai supn ‖xn‖ < +∞, tìte xn

w→ x ston X .(2) 'Estw cl(< L >) = X . Apode�xte ìti, an x∗n(x) → x∗(x) gia k�je x ∈ L kai
supn ‖x∗n‖ < +∞, tìte x∗n w∗

→ x∗ ston X∗.20. Ston l2 gia k�je m,n me 1 ≤ m < n jewroÔme to stoiqe�o em,n = em +men.Jètoume A = {em,n|1 ≤ m < n}. Apode�xte ìti to 0 an kei sthn kleist  j khtou A w
 pro
 thn asjen  topolog�a, all� den up�rqei akolouj�a sto A h opo�asugkl�nei asjen¸
 sto 0.21. 'Estw diaqwr�simo
 q¸ro
 X me nìrma. Apode�xte ìti h asjen 
∗ topolog�asthn kleist  monadia�a mp�la tou X∗ e�nai metrikopoi simh.22. 'Estw q¸ro
 X me nìrma kai asjen¸
∗ sumpagè
 K ⊆ X∗.(1) An o X e�nai diaqwr�simo
, apode�xte ìti to K e�nai akoloujiak� asjen¸
∗sumpagè
.(2) An o X e�nai autopaj 
, apode�xte ìti to K e�nai akoloujiak� asjen¸
∗sumpagè
.23. (1) An 1 < p ≤ +∞, tìte en
w→ 0 ston lp kai stou
 c, c0, en¸ h {en} denèqei asjenè
 ìrio ston l1.(2) An to {an|n ∈ N} e�nai orjokanonikì sÔnolo se q¸ro X me eswterikì
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w→ 0 ston X .24. 'Estw 1 < p < +∞. Apode�xte ìti x(n) w→ x ston lp an kai mìnon an

supn

∥∥x(n)
∥∥

p
< +∞ kai x(n)

m → xm sto F gia k�je m ∈ N.25. (Schur) Apode�xte ìti x(n) w→ x ston l1 an kai mìnon an x(n) → x ston l1.26. 'Estw diaqwr�simo
 q¸ro
 Banach X .(1) Apode�xte ìti o X∗ perièqei arijm simo uposÔnolo to opo�o apotele� diaqwr�-zousa sullog  suneq¸n grammik¸n sunarthsoeid¸n tou X .(2) An to K ⊆ X e�nai asjen¸
 sumpagè
 apode�xte ìti h asjen 
 topolog�asto K e�nai metrikopoi simh.27. 'Estw q¸ro
 X me nìrma. Apode�xte ìti up�rqei sumpag 
, Hausdorfftopologikì
 q¸ro
 K kai isometrik  emfÔteush T : X → C(K).(Upìd.: Efarmìste to je¸rhma tou Alaoglou.)28. 'Estw q¸ro
 Banach X kai asjen¸
∗ sumpagè
 K ⊆ X∗. Apode�xte ìti hasjen¸
∗ kleist  kurt  j kh tou K e�nai asjen¸
∗ sumpag 
.29. An o X e�nai autopaj 
 q¸ro
 me nìrma kai o Y e�nai kleistì
 upìqwro
tou X , apode�xte ìti o X/Y e�nai autopaj 
.30. 'Estw q¸ro
 �peirh
 di�stash
 X me nìrma. Apode�xte ìti h kleist  j khtou {x ∈ X | ‖x‖ = 1} w
 pro
 thn asjen  topolog�a e�nai h kleist  monadia�amp�la tou X .31. 'Estw 1 < p < +∞ kai xn
w→ x ston lp. Apode�xte ìti ‖xn − x‖ → 0 an kaimìnon an ‖xn‖ → ‖x‖.Orismì
: 'Estw q¸ro
 X me nìrma kai akolouj�a {xn} ston X . H {xn}onom�zetai asjen¸
 sugkl�nousa an to limn x

∗(xn) up�rqei sto F gia k�-je x∗ ∈ X∗. O X onom�zetai akoloujiak� asjen¸
 pl rh
 an k�je asjen¸
sugkl�nousa akolouj�a tou X sugkl�nei asjen¸
 se k�poio stoiqe�o tou.H {x∗n} ston X∗ onom�zetai asjen¸
∗ sugkl�nousa an to limn x
∗
n(x) up�r-qei sto F gia k�je x ∈ X . O X∗ onom�zetai akoloujiak� asjen¸
∗ pl rh
an k�je asjen¸
∗ sugkl�nousa akolouj�a tou X∗ sugkl�nei asjen¸
∗ se k�poiostoiqe�o tou.32. 'Estw sumpag 
, Hausdorff topologikì
 q¸ro
 A kai {fn} ston C(A) hopo�a sugkl�nei kat� shme�o sto A se m�a f : A → F h opo�a den e�nai suneq 
sto A. An supn ‖fn‖u < +∞, apode�xte ìti h {fn} e�nai asjen¸
 sugkl�nousaston C(A), all� ìti de sugkl�nei asjen¸
 se kanèna stoiqe�o tou C(A).33. (1) An o X e�nai autopaj 
 q¸ro
 me nìrma, tìte o X e�nai akoloujiak�asjen¸
 pl rh
.(Upìd.: 'Estw {xn} ston X me to limn x

∗(xn) na up�rqei sto F gia k�je



172 KEF�ALAIO 4. O DUIK�OS Q�WROS
x∗ ∈ X∗. Jèsate x∗∗(x∗) = limn x

∗(xn) kai apode�xte ìti x∗∗ ∈ X∗∗.)(2) An o X e�nai q¸ro
 Banach, apode�xte ìti o X∗ e�nai akoloujiak� asjen¸
∗pl rh
.34. (Vitali-Hahn-Saks) (1) 'Estw q¸ro
 mètrou (Ω,Σ, µ) kai akolouj�a mi-gadik¸n (  pragmatik¸n) mètrwn {λn} ston A(Ω,Σ). Upojètoume ìti k�je λne�nai apolÔtw
 suneqè
 w
 pro
 to µ kai ìti to limn λn(A) up�rqei sto F giak�je A ∈ Σ. Jètoume λ(A) = limn λn(A) gia k�je A ∈ Σ. Apode�xte ìti to λan kei ston A(Ω,Σ) kai ìti e�nai apolÔtw
 suneqè
 w
 pro
 to µ.(2) 'Estw metr simo
 q¸ro
 (Ω,Σ) kai akolouj�a migadik¸n (  pragmatik¸n)mètrwn {λn} ston A(Ω,Σ). Upojètoume ìti to limn λn(A) up�rqei sto F giak�je A ∈ Σ. Jètoume λ(A) = limn λn(A) gia k�je A ∈ Σ. Apode�xte ìti to λan kei ston A(Ω,Σ).35. 'Estw q¸ro
 mètrou (Ω,Σ, µ) kai akolouj�a {fn} ston L1(Ω,Σ, µ). Apode�-xte ìti h {fn} sugkl�nei asjen¸
 se k�poio stoiqe�o tou L1(Ω,Σ, µ) an kai mìnonan supn ‖fn‖1 < +∞ kai to limn

∫
A
fn dµ up�rqei sto F gia k�je A ∈ Σ.Apode�xte ìti o L1(Ω,Σ, µ) e�nai akoloujiak� asjen¸
 pl rh
.36. 'Estw q¸ro
 mètrou (Ω,Σ, µ) kai fn

w→ f ston L1(Ω,Σ, µ). Apode�xte ìti
fn → f an kai mìnon an fn → f kat� mètro se k�je A ∈ Σ me µ(A) < +∞.37. (Olokl rwma Riemann sunart sewn me timè
 se q¸ro Banach.) 'Estwq¸ro
 Banach X , a, b ∈ R me a < b kai f : [a, b] → X suneq 
 sto [a, b].Apode�xte ìti up�rqei monadikì x ∈ X me thn idiìthta: gia k�je ǫ > 0 up�r-qei δ > 0 ¸ste gia k�je diamèrish t0 = a < t1 < · · · < tn−1 < tn = b me
max1≤j≤n |tj − tj−1| < δ kai k�je epilog  shme�wn ξ1, . . . , ξn me tj−1 ≤ ξj ≤ tjisqÔei ∥∥∥

∑n
j=1 f(ξj)(tj − tj−1) − x

∥∥∥ < ǫ.Orismì
: 'Estw q¸ro
 Banach X , a, b ∈ R, a < b kai f : [a, b] → X suneq 
sto [a, b]. To x ∈ X me thn idiìthta th
 prohgoÔmenh
 �skhsh
 onom�zetaiolokl rwma Riemann th
 f kai sumbol�zetai ∫ b

a f .38. 'Estw q¸ro
 Banach X , a, b ∈ R me a < b kai f : [a, b] → X suneq 
sto [a, b]. Parathr ste ìti gia k�je x∗ ∈ X∗ h sun�rthsh x∗ ◦ f : [a, b] → Fe�nai suneq 
 sto [a, b] me timè
 sto F kai, epomènw
, or�zetai sto pla�sio touapeirostikoÔ logismoÔ to ∫ b

a
x∗ ◦ f . Apode�xte ìti ∫ b

a
x∗ ◦ f = x∗

(∫ b

a
f
).39. 'Estw q¸ro
 BanachX , a, b, c ∈ R me a < c < b, f, g : [a, b] → X suneqe�
 s-to [a, b] kai κ ∈ F . Apode�xte ti
 anamenìmene
 idiìthte
: ∫ b

a (f+g) =
∫ b

a f+
∫ b

a g,∫ b

a
(κf) = κ

∫ b

a
f kai ∫ b

a
f =

∫ c

a
f +

∫ b

c
f . Ep�sh
, thn ∣∣∫ b

a
f
∣∣ ≤ (b− a) ‖f‖u.Orismì
: (Olìmorfe
 sunart sei
 me timè
 se q¸ro Banach.) 'Estw q¸ro


Banach X ep� tou C, anoiktì uposÔnolo U tou C kai f : U → X .
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(i) H f onom�zetai olìmorfh sto U an up�rqei g : U → X ¸ste

lim
C∋h→0

f(z + h) − f(z)

h
= g(z)gia k�je z ∈ U . Tìte h g onom�zetai par�gwgo
 th
 f kai sumbol�zetai f ′.

(ii) H f onom�zetai asjen¸
 olìmorfh sto U an h x∗ ◦ f : U → C e�nai olì-morfh sto U (me th gnwst  ènnoia) gia k�je x∗ ∈ X∗.40. 'Estw q¸ro
 Banach X ep� tou C, anoiktì uposÔnolo U tou C kai f :
U → X . Apode�xte ìti h f e�nai olìmorfh sto U an kai mìnon an e�nai asjen¸
olìmorfh sto U kai ìti tìte (x∗ ◦ f)′ = x∗ ◦ f ′ gia k�je x∗ ∈ X∗.41. 'Estw q¸ro
 Banach X ep� tou C, anoiktì uposÔnolo U tou C, κ ∈ C kai
f, g : U → X kai h : U → C olìmorfe
 sto U .(1) Apode�xte ìti oi κf , f + g kai hg e�nai olìmorfe
 sto U .(2) Apode�xte ìti h f e�nai suneq 
 sto U kai, epomènw
, or�zetai to epikampÔlioolokl rwma ∫

γ f(z) dz =
∫ b

a f◦z z′ gia k�je kampÔlh γ sto U me parametrikopo�-hsh z : [a, b] → U , ìpou h z′ e�nai suneq 
 sto [a, b].(3) (Je¸rhma tou Cauchy.) Apode�xte ìti ∫
γ
f(z) dz = 0 an to U e�nai apl�-sunektikì   an h γ e�nai omìlogh tou mhdenì
 w
 pro
 to U (dhlad , ind(γ;w) =

0 gia k�je w ∈ C \ U).(4) (TÔpo
 tou Cauchy.) Apode�xte ìti f(z0)ind(γ; z0) = 1
2πi

∫
γ

f(z)
z−z0

dz gia k�-je z0 ∈ U , an to U e�nai apl�-sunektikì   an h γ e�nai omìlogh tou mhdenì
 w
pro
 to U .(5) (An�ptugma Taylor.) Apode�xte ìti gia k�je z0 ∈ U up�rqoun a0, a1, . . . ∈ X¸ste na isqÔei f(z) =
∑+∞

k=1 ak(z − z0)
k gia k�je z ∈ ∆(z0;R), ìpou R =

dist(z0,C \ U). Apode�xte ìti ak = f(k)(z0)
k! = 1

2πi

∫
C(z0;r)

f(z)
(z−z0)k+1 dz , me

C(z0; r) na e�nai h perifèreia kèntrou z0 kai akt�na
 r < R me thn parametriko-po�hsh z(t) = z0 + reit, 0 ≤ t ≤ 2π.(6) (Arq  Meg�stou.) An up�rqei z0 ∈ U ¸ste ‖f(z)‖ ≤ ‖f(z0)‖ gia k�je
z ∈ U , tìte h f e�nai stajer  sth sunektik  sunist¸sa tou U h opo�a perièqeito z0.(7) (Je¸rhma tou Liouville.) An U = C kai supz∈C ‖f(z)‖ < +∞, apode�xteìti h f e�nai stajer  sto C.
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Kef�laio 5Fragmènoi grammiko�telestè
5.1 Nìrme
 grammik¸n telest¸nOrismì
 5.1'An X,Y e�nai dÔo q¸roi me nìrma ep� tou F kai T : X → Y e�naigrammikì
 telest 
, o T onom�zetai fragmèno
 grammikì
 telest 
 apì ton
X ston Y an up�rqei C ≥ 0 ¸ste ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X .Pio swst�, ja èprepe na gr�foume ‖Tx‖Y ≤ C ‖x‖X gia na dhl¸netai ìti oinìrme
 sti
 dÔo pleurè
 th
 anisìthta
 e�nai nìrme
 diaforetik¸n q¸rwn, all�ti
 perissìtere
 forè
 to agnooÔme q�rin aplìthta
.Prìtash 5.1'Estw q¸roi X,Y me nìrma kai grammikì
 telest 
 T : X → Y .Ta parak�tw e�nai isodÔnama:(1) O T e�nai suneq 
 sun�rthsh ston X .(2) O T e�nai suneq 
 sun�rthsh sto 0 ∈ X .(3) O T e�nai fragmèno
.Apìdeixh: E�nai profanè
 ìti to (1) sunep�getai to (2).An o T den e�nai fragmèno
, tìte gia k�je n ∈ N up�rqei xn ∈ X me
‖Txn‖ > n ‖xn‖. Tìte xn 6= 0 kai, jètonta
 yn = 1

n‖xn‖ xn, èqoume yn → 0all� ‖Tyn‖ > 1, opìte o T den e�nai suneq 
 sun�rthsh sto 0.'Estw ìti up�rqei C ≥ 0 ¸ste ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X . An xn → xston X , tìte ‖Txn − Tx‖ = ‖T (xn − x)‖ ≤ C ‖xn − x‖ → 0 kai, epomènw
, o
T e�nai suneq 
 sun�rthsh ston X .Orismì
 5.2'Estw q¸roi X,Y me nìrma. To sÔnolo ìlwn twn suneq¸n  ,isodÔnama, fragmènwn grammik¸n telest¸n apì ton X ston Y sumbol�zetai
L(X,Y ).An Y = X , tìte sumbol�zoume L(X) ant� gia L(X,X).175



176 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESE�nai fanerì ìti o q¸ro
 L(X,Y ) e�nai grammikì
 upìqwro
 tou q¸rou
L(X,Y ) ìlwn twn grammik¸n telest¸n apì ton X ston Y .An Y = F , tìte, profan¸
, L(X,F ) = X∗.Prìtash 5.2'Estw q¸roi X,Y me nìrma kai fragmèno
 grammikì
 telest 

T : X → Y . Tìte up�rqei to min{C ≥ 0 | ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X}.Apìdeixh: 'Estw C0 = inf{C ≥ 0 | ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X}. Pa�rnoumeopoiod pote C ≥ 0 me ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X kai, krat¸nta
 stajerì totuqìn x ∈ X , pa�rnoume to infimum th
 dexi�
 pleur�
 w
 pro
 to C. Br�skoume
‖Tx‖ ≤ C0 ‖x‖ gia to tuqìn x ∈ X .Orismì
 5.3'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Or�zoume th nìrmatou T me ton tÔpo

‖T ‖ = min{C ≥ 0 | ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ X}.'Ara
‖Tx‖ ≤ ‖T ‖ ‖x‖gia k�je x ∈ X kai k�je T ∈ L(X,Y ) kai, an gia k�poio C isqÔei ‖Tx‖ ≤ C‖x‖gia k�je x ∈ X , tìte ‖T ‖ ≤ C.Prìtash 5.3'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Tìte

‖T ‖ = sup
x∈X,‖x‖≤1

‖Tx‖ = sup
x∈X,‖x‖=1

‖Tx‖ = sup
x∈X,x 6=0

‖Tx‖
‖x‖ .Apìdeixh: Jètoume C = supx∈X,x 6=0

‖Tx‖
‖x‖ , opìte ‖Tx‖ ≤ C ‖x‖ gia k�je x ∈ Xme x 6= 0. Epeid  autì isqÔei kai gia x = 0, o orismì
 th
 nìrma
 tou T d�nei thnpr¸th apì ti
 aniso/isìthte
 ‖T ‖ ≤ supx∈X,x 6=0

‖Tx‖
‖x‖ = supx∈X,x 6=0

∥∥∥T ( x
‖x‖)

∥∥∥ =

supx∈X,‖x‖=1 ‖Tx‖ ≤ supx∈X,‖x‖≤1 ‖Tx‖ ≤ ‖T ‖.Gia par�deigma, an o T e�nai isometrikì
 isomorfismì
, ìpw
 o tautotikì
telest 
 I, tìte ‖T ‖ = supx∈X,x 6=0
‖Tx‖
‖x‖ = supx∈X,x 6=0

‖x‖
‖x‖ = 1.Prìtash 5.4'Estw q¸roi X,Y me nìrma. H sun�rthsh ‖·‖ : L(X,Y ) → R+

0pou or�sjhke ston teleuta�o orismì e�nai nìrma ston L(X,Y ) kai, an o Y e�naiq¸ro
 Banach, tìte kai o L(X,Y ) e�nai q¸ro
 Banach.Apìdeixh: An T ∈ L(X,Y ) kai ‖T ‖ = 0, tìte Tx = 0 gia k�je x ∈ X , opìte o
T e�nai o mhdenikì
 telest 
.Gia k�je x ∈ X kai k�je T, S ∈ L(X,Y ) èqoume ‖(T + S)x‖ ≤ ‖Tx‖ +
‖Sx‖ ≤ ‖T ‖ ‖x‖+‖S‖ ‖x‖ = (‖T ‖+‖S‖) ‖x‖. Epomènw
 ‖T + S‖ ≤ ‖T ‖+‖S‖.Gia k�je T ∈ L(X,Y ) kai κ ∈ F èqoume ‖κT ‖ = supx∈X,‖x‖≤1 ‖(κT )x‖ =
supx∈X,‖x‖≤1 |κ| ‖Tx‖ = |κ| supx∈X,‖x‖≤1 ‖Tx‖ = |κ| ‖T ‖.'Ara h ‖·‖ : L(X,Y ) → R+

0
e�nai nìrma ston L(X,Y ).



5.1. N�ORMES GRAMMIK�WN TELEST�WN 177'Estw ìti o Y e�nai pl rh
 kai jewroÔme {Tn} ston L(X,Y ) me ‖Tn − Tm‖ →
0. Gia tuqìn x ∈ X èqoume ‖Tnx− Tmx‖ = ‖(Tn − Tm)x‖ ≤ ‖Tn − Tm‖ ‖x‖ →
0, opìte h {Tnx} e�nai akolouj�a Cauchy ston Y . 'Ara up�rqei to ìriì th
 ston
Y . Or�zoume T : X → Y me tÔpo Tx = limTnx gia k�je x ∈ X . Epeid  k�je Tne�nai grammikì
, isqÔei gia k�je x, y ∈ X kai κ ∈ F ìti T (x+y) = limTn(x+y) =
limTnx + limTny = Tx+ Ty kai T (κx) = limTn(κx) = κ limTnx = κTx. 'Arao T e�nai grammikì
 telest 
 apì ton X ston Y .Epeid  up�rqei N ¸ste ‖Tn − Tm‖ ≤ 1 gia k�je n,m ≥ N , sunep�getaiìti ‖Tnx− TNx‖ ≤ ‖Tn − TN‖ ‖x‖ ≤ ‖x‖ gia k�je n ≥ N kai x ∈ X kai,pa�rnonta
 ìrio ìtan n → +∞, br�skoume ‖Tx− TNx‖ ≤ ‖x‖. 'Ara ‖Tx‖ ≤
‖TNx‖+ ‖x‖ ≤ (‖TN‖+ 1) ‖x‖ gia k�je x ∈ X . Epomènw
 o T e�nai fragmèno
kai T ∈ L(X,Y ).Gia tuqìn ǫ > 0 up�rqei N ¸ste ‖Tn − Tm‖ ≤ ǫ gia k�je n,m ≥ N . Tìte
‖Tnx− Tmx‖ ≤ ‖Tn − Tm‖ ‖x‖ ≤ ǫ ‖x‖ gia k�je n,m ≥ N kai k�je x ∈ X .Pa�rnonta
 ìrio ìtan m→ +∞ br�skoume ‖Tnx− Tx‖ ≤ ǫ ‖x‖ gia k�je n ≥ Nkai k�je x ∈ X , opìte ‖Tn − T ‖ ≤ ǫ gia k�je n ≥ N . 'Ara Tn → T ston
L(X,Y ).Prìtash 5.5'Estw q¸roi X,Y, Z me nìrma kai T ∈ L(X,Y ) kai S ∈ L(Y, Z).Tìte S ◦ T ∈ L(X,Z) kai ‖S ◦ T ‖ ≤ ‖S‖ ‖T ‖.Apìdeixh: Gia k�je x ∈ X èqoume ‖(S ◦ T )x‖ = ‖S(Tx)‖ ≤ ‖S‖ ‖Tx‖ ≤
‖S‖ ‖T ‖ ‖x‖. 'Ara o S ◦ T e�nai fragmèno
 kai ‖S ◦ T ‖ ≤ ‖S‖ ‖T ‖.Ja qrhsimopoioÔme to sumbolismì ST ant� tou S ◦ T .Prìtash 5.6'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Tìte o N(T ) e�naikleistì
 upìqwro
 tou X .Apìdeixh: O N(T ) = T−1({0}) e�nai ant�strofh eikìna kleistoÔ sunìlou.H epìmenh prìtash qrhsimeÔei ìtan jèloume na metatrèyoume ènan telest se 1-1 telest .Prìtash 5.7'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Or�zoume T1 :
X/N(T ) → Y me tÔpo T1ξ = Tx gia opoiod pote x ∈ X me [x]N(T ) = ξ ∈
X/N(T ). O T1 e�nai kal¸
 orismèno
 fragmèno
 grammikì
 telest 
. Ep�sh
,o T1 e�nai 1-1 kai isqÔei ‖T1‖ = ‖T ‖ kai R(T1) = R(T ).Apìdeixh: An [x]N(T ) = [z]N(T ), tìte x−z ∈ N(T ), opìte Tx−Tz = T (x−z) =
0. 'Ara o T1 e�nai kal¸
 orismèno
. 'Eqoume T1([x]N(T ) + [z]N(T )) = T1([x +
z]N(T )) = T (x + z) = Tx+ Tz = T1([x]N(T )) + T1([z]N(T )) kai T1(κ[x]N(T )) =
T1([κx]N(T )) = T (κx) = κTx = κT1([x]N(T )). 'Ara o T1 e�nai grammikì
. Ep�sh-
, e�nai profanè
 ìti R(T1) = R(T ).T¸ra, gia k�je x me [x]N(T ) = ξ èqoume ‖T1ξ‖ = ‖Tx‖ ≤ ‖T ‖ ‖x‖. Pa�rnon-ta
 infimum w
 pro
 ìla ta x me [x]N(T ) = ξ, sumpera�noume ìti ‖T1ξ‖ ≤ ‖T ‖ ‖ξ‖kai, epomènw
, o T1 e�nai fragmèno
 kai ‖T1ξ‖ ≤ ‖T ‖.



178 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESAn p�roume tuqìn ǫ > 0, up�rqei x ∈ X me ‖x‖ ≤ 1 ¸ste ‖Tx‖ > ‖T ‖ − ǫ.Pa�rnoume ξ = [x]N(T ) kai èqoume ‖ξ‖ ≤ ‖x‖ ≤ 1 kai, epomènw
, ‖T1‖ ≥ ‖T1ξ‖ =
‖Tx‖ > ‖T ‖ − ǫ. Epeid  to ǫ e�nai auja�reto, sunep�getai ‖T1‖ ≥ ‖T ‖.'Ara ‖T1‖ = ‖T ‖.To apotèlesma pou akolouje� epitrèpei na epekte�noume èna fragmèno tele-st  sthn pl rwsh tou ped�ou orismoÔ tou.Prìtash 5.8'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). An X̂, Ŷ e�naiplhr¸sei
 twn X,Y , tìte up�rqei monadik  epèktash T̂ ∈ L(X̂, Ŷ ) tou T kaigia thn epèktash isqÔei ‖T̂‖ = ‖T ‖.Apìdeixh: ParathroÔme ìti T : X → Ŷ kai ‖Tx− Tz‖ ≤ ‖T ‖ ‖x− z‖ giak�je x, z ∈ X . Apì to Je¸rhma 1.3 sunep�getai ìti up�rqei monadik  epèktash
T̂ : X̂ → Ŷ tou T ¸ste ‖T̂ x− T̂ z‖ ≤ ‖T ‖ ‖x− z‖ gia k�je x, z ∈ X̂ .Apo thn anisìthta aut  sunep�getai ìti h T̂ e�nai suneq 
 ston X̂.An x, z ∈ X̂, up�rqoun {xn}, {zn} ston X ¸ste xn → x kai zn → z. Epeid o T e�nai grammikì
, èqoume T̂ x+ T̂ z = lim T̂ xn+lim T̂ zn = lim Txn+limTzn =

limT (xn + zn) = lim T̂ (xn + zn) = T̂ (x+ z). Omo�w
 apodeiknÔetai ìti T̂ (κx) =

κT̂x gia k�je x ∈ X̂ kai κ ∈ F kai, epomènw
, o T̂ e�nai grammikì
 telest 
.Apì thn anisìthta pou apode�xame sunep�getai, me z = 0, ìti ‖T̂ x‖ ≤
‖T ‖ ‖x‖ gia k�je x ∈ X̂, opìte ‖T̂‖ ≤ ‖T ‖.Epeid  o T̂ e�nai epèktash tou T , èqoume ‖T̂‖ = sup

x∈X̂,‖x‖≤1
‖T̂x‖ ≥

supx∈X,‖x‖≤1 ‖T̂ x‖ = supx∈X,‖x‖≤1 ‖Tx‖ = ‖T ‖.'Ara ‖T̂‖ = ‖T ‖.5.2 H �lgebra L(X).Orismì
 5.4O grammikì
 q¸ro
 X ep� tou F onom�zetai �lgebra ep� tou Fan, ektì
 apì thn (eswterik ) pr�xh th
 prìsjesh
 kai thn (exwterik ) pr�x-h tou pollaplasiasmoÔ me stoiqe�a tou F , èqei kai m�a (eswterik ) pr�xh pol-laplasiasmoÔ · h opo�a se k�je (x, y) ∈ X×X antistoiq�zei toginìmeno xy ∈ X¸ste
(ix) (xy)z = x(yz) gia k�je x, y, z ∈ X
(x) x(y + z) = xy + xz kai (x + y)z = xz + yz gia k�je x, y, z ∈ X
(xi) (κx)y = x(κy) = κ(xy) gia k�je κ ∈ F kai k�je x, y ∈ X .An up�rqei stoiqe�o e ∈ X \ {0} ¸ste
(xii) ex = xe = x gia k�je x ∈ Xtìte to e onom�zetai monadia�o stoiqe�o th
 �lgebra
 X kai h X onom�zetai�lgebra me monadia�o stoiqe�o.An isqÔei
(xiii) xy = yx gia k�je x, y ∈ X ,tìte h X onom�zetai antimetajetik  �lgebra.



5.3. O DUIK�OS TELEST�HS 179An h �lgebra X èqei monadia�o stoiqe�o kai gia k�poio x ∈ X me x 6= 0up�rqei x−1 ∈ X ¸ste xx−1 = x−1x = e, tìte to x onom�zetai antistrèyimokai to x−1 onom�zetai ant�strofo tou x.Prìtash 5.9'Estw �lgebra X ep� tou F .(1) x0 = 0x = 0 gia k�je x ∈ X , ìpou 0 e�nai to mhdenikì stoiqe�o th
 X ,(2) An up�rqei monadia�o stoiqe�o, tìte autì e�nai monadikì.(3) An up�rqei monadia�o stoiqe�o kai k�poio x ∈ X èqei ant�strofo, tìte autìe�nai monadikì.(4) An up�rqei monadia�o stoiqe�o kai ta x, y ∈ X e�nai antistrèyima, tìte to xye�nai antistrèyimo kai (xy)−1 = y−1x−1.Apìdeixh: 'Askhsh.Orismì
 5.5'Estw �lgebra X . An h ‖·‖ e�nai nìrma ston grammikì q¸ro Xkai isqÔei
(iv) ‖xy‖ ≤ ‖x‖ ‖y‖ gia k�je x, y ∈ Xtìte h X onom�zetai �lgebra me nìrma.An, epiplèon, h X e�nai pl rh
, tìte onom�zetai �lgebra Banach.An h X èqei monadia�o stoiqe�o kai
(v) ‖e‖ = 1tìte h X onom�zetai �lgebra me nìrma me monadia�o stoiqe�o.Prìtash 5.10'Estw q¸ro
 X me nìrma. Tìte o L(X), ektì
 apì th dom grammikoÔ q¸rou, èqei kai th dom  �lgebra
 me monadia�o stoiqe�o. An o X e�naiq¸ro
 Banach, tìte h L(X) e�nai �lgebra Banach me monadia�o stoiqe�o.Apìdeixh: W
 pr�xh pollaplasiasmoÔ an�mesa sta stoiqe�a tou L(X) jewroÔmeth sÔnjesh ◦ : L(X)×L(X) → L(X) kai w
 monadia�o stoiqe�o ton tautotikìtelest  I : X → X .Oi idiìthte
 (TS)R = T (SR), T (S+R) = TS+TR, (T + S)R = TR+SR,
(κT )S = T (κS) = κ(TS), IT = TI = T , ‖TS‖ ≤ ‖T ‖ ‖S‖ kai ‖I‖ = 1qarakthr�zoun m�a �lgebra me nìrma kai h apìdeix  tou
 e�nai profan 
.An o T ∈ L(X) e�nai antistrèyimo
 kai o T−1 : X → X e�nai fragmèno
,tìte o T−1 ∈ L(X) e�nai to ant�strofo stoiqe�o tou T sthn �lgebra L(X):
T−1T = TT−1 = I.Ja apode�xoume l�go argìtera ìti, an o X e�nai q¸ro
 Banach, tìte gia k�jeantistrèyimo T ∈ L(X) o T−1 e�nai, autom�tw
, fragmèno
 kai, epomènw
 o Te�nai antistrèyimo stoiqe�o th
 �lgebra
 Banach L(X).Sthn �lgebra L(X) qrhsimopoioÔme to sumbolismì T k ant� gia T ◦ · · · ◦T (kforè
) ìtan k ∈ N. Ep�sh
, gr�foume T 0 = I kai, an o T e�nai antistrèyimo
kai T−1 ∈ L(X), jètoume T−k = (T−1)k ìtan k ∈ N.5.3 O duikì
 telest 
Prìtash 5.11'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Gia k�je y∗ ∈ Y ∗or�zoume T ′y∗ : X → F me tÔpo T ′y∗(x) = y∗(Tx) gia k�je x ∈ X . Tìte
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T ′y∗ ∈ X∗ kai h orizìmenh sun�rthsh T ′ : Y ∗ → X∗ e�nai fragmèno
 grammikì
telest 
 me ‖T ′‖ = ‖T ‖.Apìdeixh: Epeid  T ∈ L(X,Y ) kai y∗ ∈ L(Y, F ), sunep�getai ìti T ′y∗ = y∗◦T ∈
L(X,F ) = X∗ kai ‖T ′y∗‖ ≤ ‖y∗‖‖T ‖.IsqÔei T ′y∗1 + T ′y∗2 = y∗1 ◦ T + y∗2 ◦ T = (y∗1 + y∗2) ◦ T = T ′(y∗1 + y∗2) kai
T ′(κy∗) = (κy∗) ◦ T = κ(y∗ ◦ T ) = κT ′y∗. 'Ara o T ′ : Y ∗ → X∗ e�nai grammikì
telest 
 kai apì thn ‖T ′y∗‖ ≤ ‖y∗‖‖T ‖ sunep�getai ìti T ′ ∈ L(Y ∗, X∗) kai
‖T ′‖ ≤ ‖T ‖.Pa�rnoume tuqìn x ∈ X , opìte, sÔmfwna me to Je¸rhma 4.11, up�rqei y∗ ∈
Y ∗ me ‖y∗‖ ≤ 1 ¸ste ‖Tx‖ = |y∗(Tx)|. Tìte ‖Tx‖ = |T ′y∗(x)| ≤ ‖T ′y∗‖‖x‖ ≤
‖T ′‖‖x‖. Sunep�getai ìti ‖T ‖ ≤ ‖T ′‖ kai, epomènw
, ‖T ′‖ = ‖T ‖.Orismì
 5.6'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). O telest 
 T ′ ∈
L(Y ∗, X∗) pou or�sjhke sthn prohgoÔmenh prìtash onom�zetai duikì
 telest 
tou T .Prìtash 5.12(1) An T, S ∈ L(X,Y ) kai κ ∈ F , tìte (T + S)′ = T ′ + S′ kai
(κT )′ = κT ′.(2) An T ∈ L(X,Y ) kai S ∈ L(Y, Z), tìte (ST )′ = T ′S′.(3) I ′ = I kai 0′ = 0, ìpou I e�nai o tautotikì
 telest 
 kai 0 e�nai o mhdenikì
telest 
.Apìdeixh: 'Askhsh.Prìtash 5.13'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Tìte(1) N(T ′) = R(T )⊥,(2) N(T ) = ⊥R(T ′),(3) cl(R(T ′)) ⊆ N(T )⊥,(4) cl(R(T )) = ⊥N(T ′).Apìdeixh: (1) y∗ ∈ N(T ′) an kai mìnon an T ′y∗ = 0 an kai mìnon an T ′y∗(x) = 0gia k�je x ∈ X an kai mìnon an y∗(Tx) = 0 gia k�je x ∈ X an kai mìnon an
y∗ ∈ R(T )⊥.(2) x ∈ N(T ) an kai mìnon an Tx = 0 an (apì Je¸rhma 4.11) kai mìnon an
y∗(Tx) = 0 gia k�je y∗ ∈ Y ∗ an kai mìnon an T ′y∗(x) = 0 gia k�je y∗ ∈ Y ∗ ankai mìnon an x ∈ ⊥R(T ′).(3) An y∗ ∈ Y ∗, tìte gia k�je x ∈ N(T ) èqoume T ′y∗(x) = y∗(Tx) = y∗(0) = 0.'Ara T ′y∗ ∈ N(T )⊥ kai, epomènw
, R(T ′) ⊆ N(T )⊥. Epeid  o N(T )⊥ e�naikleistì
, sunep�getai ìti cl(R(T ′)) ⊆ N(T )⊥.(4) An x ∈ X , tìte gia k�je y∗ ∈ N(T ′) èqoume y∗(Tx) = T ′y∗(x) = 0(x) = 0.'Ara Tx ∈ ⊥N(T ′) kai, epomènw
, R(T ) ⊆ ⊥N(T ′). Epeid  o ⊥N(T ′) e�naikleistì
, sunep�getai ìti cl(R(T )) ⊆ ⊥N(T ′). Antistrìfw
, èstw ìti y /∈
cl(R(T )). Apì to Je¸rhma 4.12 sunep�getai ìti up�rqei y∗ ∈ Y ∗ ¸ste y∗(y) 6= 0kai y∗(Tx) = 0 gia k�je x ∈ X . Tìte T ′y∗(x) = 0 gia k�je x ∈ X , opìte
T ′y∗ = 0. Dhlad , y∗ ∈ N(T ′) kai y∗(y) 6= 0. Autì shma�nei ìti y /∈ ⊥N(T ′).



5.4. Q�WROI PEPERASM�ENHS DI�ASTASHS 181Apì ta (1) kai (4) th
 teleuta�a
 prìtash
 sunep�getai ìti o T ′ e�nai1-1 an kai mìnon an o R(T ) e�nai puknì
 ston Y , en¸ apì ta (2) kai (3)sunep�getai ìti o T e�nai 1-1 an o R(T ′) e�nai puknì
 ston X∗.5.4 Q¸roi peperasmènh
 di�stash
'Estw n = dim(X) < +∞ kai m = dim(Y ) < +∞ kai èstw opoiad pote b�sh
B = {b1, . . . , bn} tou X kai opoiad pote b�sh C = {c1, . . . , cm} tou Y .Apì th grammik  �lgebra gnwr�zoume ìti se k�je grammikì telest  T :
X → Y antistoiqe� o m × n p�nak�
 tou [T ]BC = [aij ], ìpou oi arijmo� aijor�zontai monos manta apì ti
 sqèsei
 T (bj) = a1jc1 + · · · + amjcm gia k�je
j = 1, . . . , n. Antistrìfw
, k�jem×n p�naka
 [aij ] kajor�zei monos manta ènangrammikì telest  T : X → Y ¸ste [T ]BC = [aij ]. Pr�gmati, apì tou
 arijmoÔ

aij kajor�zontai ta T (bj) = a1jc1 + · · · + amjcm ∈ Y gia k�je j = 1, . . . , nkai apì aut� kajor�zetai o T me ton tÔpo T (x) = T (κ1b1 + · · · + κnbn) =
κ1T (b1) + · · · + κnT (bn).'Ara o L(X,Y ) br�sketai se amfimonos manth antistoiq�a me to sÔnolo twn
m× n pin�kwn mèsw th
 apeikìnish
 T 7→ [T ]BC .An se k�je x ∈ X antistoiq�soume ton n × 1 p�naka (di�nusma tou Fn)
[x]B = [κj ], ìpou ta κj or�zontai monos manta apì thn x = κ1b1+ · · ·+κnbn, kaise k�je y ∈ Y antistoiq�soume ton m× 1 p�naka (di�nusma tou Fm) [y]C = [λi],ìpou ta λi or�zontai monos manta apì thn y = λ1c1 + · · ·+λmcm, tìte h sqèsh

y = Txisoduname� me thn
[y]C = [T ]BC [x]B ,ìpou to ginìmeno e�nai to gnwstì ginìmeno pin�kwn. Pr�gmati, h y = Tx gr�fe-tai λ1c1 + · · ·+λmcm = T (κ1b1 + · · ·+κnbn)  , isodÔnama, λ1c1 + · · ·+λmcm =

κ1Tb1+ · · ·+κnTbn  , isodÔnama, λ1c1+ · · ·+λmcm = κ1(a11c1+ · · ·+am1cm)+
· · ·+ κn(a1nc1 + · · ·+ amncm)  , isodÔnama, λ1c1 + · · ·+λmcm = (a11κ1 + · · ·+
a1nκn)c1 + · · ·+(am1κ1 + · · ·+amnκn)cm  , isodÔnama, λi = ai1κ1 + · · ·+ainκngia k�je i = 1, . . . ,m  , isodÔnama, [y]C = [T ]BC [x]B .Me parìmoiou
 upologismoÔ
 rout�na
 e�nai eÔkolo na dei kane�
 ìti gia k�je
κ ∈ F kai k�je dÔo grammikoÔ
 T, S : X → Y isqÔei

[κT ]BC = κ[T ]BC kai [T + S]BC = [T ]BC + [S]BC .Autì sunep�getai ìti h apeikìnish T 7→ [T ]BC e�nai isomorfismì
 tou L(X,Y )me to sÔnolo twn m× n pin�kwn.An l = dim(Z) < +∞ kai jewr soume b�sh D = {d1, . . . , dl} tou Z, tìtegia k�je dÔo grammikoÔ
 T : X → Y kai S : Y → Z isqÔei
[ST ]BD = [S]CD[T ]BC .E�nai profanè
 ìti, an I : X → X e�nai o tautotikì
 telest 
, tìte o [I]BB =

[δij ] e�nai o monadia�o
 p�naka
, ìpou δij = 1 an i = j kai δij = 0 an i 6= j. Ep�sh
,an 0 : X → Y e�nai o mhdenikì
 telest 
, tìte o [0]BC e�nai o mhdenikì
 p�naka
.
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, sthn per�ptwsh pou m = n, o grammikì
 T : X → Y e�nai antistrèy-imo
 an kai mìnon an o [T ]BC e�nai antistrèyimo
 p�naka
 kai tìte
([T ]BC)−1 = [T−1]CB.Autì to teleuta�o parèqei kai ènan upologistikì trìpo prosdiorismoÔ tou anèna
 grammikì
 T : X → Y e�nai antistrèyimo
: autì sumba�nei an kai mìnon an

det([T ]BC) 6= 0.'Estw B∗ = {b∗1, . . . , b∗n} e�nai h duik  b�sh th
 B gia ton X∗ kai C∗ =
{c∗1, . . . , c∗n} e�nai h duik  b�sh th
 C gia ton Y ∗. Tìte h sqèsh an�mesa stou
p�nake
 tou T : X → Y kai tou duikoÔ telest  T ′ : Y ∗ → X∗ e�nai h

[T ′]C∗B∗ = ([T ]BC)′,ìpou [aij ]
′ = [aji] e�nai o an�strofo
 tou [aij ]. Pr�gmati, autì isoduname�me T ′(c∗i ) = ai1b

∗
1 + · · · + ainb

∗
n gia k�je i = 1, . . . ,m to opo�o isoduname� me

T ′(c∗i )(bj) = (ai1b
∗
1 + · · · + ainb

∗
n)(bj) gia k�je i = 1, . . . ,m kai j = 1, . . . , nto opo�o isoduname� me c∗i (Tbj) = aij gia k�je i = 1, . . . ,m kai j = 1, . . . , n toopo�o isoduname� me c∗i (a1jc1 + · · · + amjcm) = aij gia k�je i = 1, . . . ,m kai

j = 1, . . . , n to opo�o e�nai alhjè
.Ja doÔme, t¸ra, ìti k�je grammikì
 T : X → Y e�nai fragmèno
. Epeid  ìle
oi nìrme
 se q¸ro peperasmènh
 di�stash
 e�nai an� dÔo isodÔname
, arke� najewr soume ti
 ∞-nìrme
 stou
 X,Y . Autì ja ma
 epitrèyei na upolog�soumeakrib¸
 thn ant�stoiqh nìrma
‖T ‖∞∞ = sup

x∈X,x 6=0

‖Tx‖∞
‖x‖∞tou T .An [T ] = [aij ], tìte gia k�je x = κ1b1 + · · · + κnbn ∈ X èqoume, sÔmfwname tou
 prohgoÔmenou
 upologismoÔ
, y = Tx = (a11κ1 + · · ·+ a1nκn)c1 + · · ·+

(am1κ1+· · ·+amnκn)cm, opìte ‖Tx‖∞ = max1≤i≤m |ai1κ1+· · ·+ainκn|. Gia k�-je i = 1, . . . ,m èqoume |ai1κ1+· · ·+ainκn| ≤ (|ai1|+· · ·+|ain|)max1≤j≤n |κj| =
(|ai1|+· · ·+|ain|)‖x‖∞. 'Ara ‖Tx‖∞ ≤ max1≤i≤m(|ai1|+· · ·+|ain|)‖x‖∞, opìte
‖T ‖∞∞ ≤ max1≤i≤m(|ai1| + · · · + |ain|).Epilègoume, t¸ra, i0 ¸ste |ai01|+ · · ·+ |ai0n| = max1≤i≤m(|ai1|+ · · ·+ |ain|)kai katìpin epilègoume κ1, . . . , κn ¸ste |κj | = 1 kai ai0jκj = |ai0j | gia k�je
j = 1, . . . , n. Tìte |ai01κ1+· · ·+ai0nκn| = |ai01|+· · ·+|ai0n|, opìte, an jèsoume
x = κ1b1 + · · ·+ κnbn, èqoume ìti ‖T ‖∞∞ ≥ ‖Tx‖∞ ≥ |ai01κ1 + · · ·+ ai0nκn| =
|ai01| + · · · + |ai0n| = max1≤i≤m(|ai1| + · · · + |ain|).'Ara

‖T ‖∞∞ = max
1≤i≤m

(|ai1| + · · · + |ain|).Fusik�, gia k�je p, q me 1 ≤ p, q ≤ +∞, or�zontai kai oi nìrme

‖T ‖pq = sup

x∈X,x 6=0

‖Tx‖q

‖x‖p
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 epishm�njhke, lìgw isodunam�a
 twn norm¸n, up�rqoun stajerè

c, C > 0 ¸ste c‖T ‖∞∞ ≤ ‖T ‖pq ≤ C‖T ‖∞∞. Den e�nai dÔskolo na apodeiqje�ìti oi c, C mporoÔn na epilegoÔn ¸ste na exart¸ntai mìnon apì ti
 paramètrou

p, q,m, n.5.5 Arq  omoiìmorfou fr�gmato
Je¸rhma 5.1'Estw q¸ro
 Banach X, q¸ro
 Y me nìrma kai sullog 
F ⊆ L(X,Y ). An isqÔei supT∈F ‖Tx‖ < +∞ gia k�je x ∈ X, tìte
supT∈F ‖T ‖ < +∞.Apìdeixh: Apì thn Arq  Omoiìmorfou Fr�gmato
 sunep�getai ìti up�rqei x0 ∈
X , R > 0 kai M ≥ 0 ¸ste ‖Tx‖ ≤M gia k�je T ∈ F kai x ∈ B(x0;R).Gia k�je x ∈ B(0;R) èqoume ìti ‖Tx‖ ≤ ‖T (x + x0)‖ + ‖Tx0‖ ≤ 2M giak�je T ∈ F . 'Ara gia k�je x 6= 0 kai t > 1 isqÔei ‖T ( R

t‖x‖ x)‖ ≤ 2M kai,epomènw
, ‖Tx‖ ≤ 2Mt
R ‖x‖ gia k�je T ∈ F . 'Ara ‖Tx‖ ≤ 2M

R ‖x‖ gia k�je
x ∈ X kai T ∈ F .Sumpera�noume ìti supT∈F ‖T ‖ ≤ 2M

R .Je¸rhma 5.2'Estw q¸ro
 Banach X, q¸ro
 Y me nìrma kai sullog 
F ⊆ L(X,Y ). An isqÔei supT∈F |y∗(Tx)| < +∞ gia k�je x ∈ X kaik�je y∗ ∈ Y ∗, tìte supT∈F ‖T ‖ < +∞.Apìdeixh: Apì to Je¸rhma 4.21 sunep�getai ìti supT∈F ‖Tx‖ < +∞ gia k�je
x ∈ X kai to prohgoÔmeno je¸rhma d�nei to epijumhtì sumpèrasma.5.6 SÔgklish ston L(X, Y ).Orismì
 5.7'Estw q¸roi X,Y me nìrma, akolouj�a {Tn} ston L(X,Y ) kai
T ∈ L(X,Y ).
(i) Lème ìti h {Tn} sugkl�nei omoiìmorfa ston T  , apl¸
, ìti sugkl�neiston T an ‖Tn − T ‖ → 0. Sumbol�zoume: Tn → T   T = limTn.
(ii) Lème ìti h {Tn} sugkl�nei isqur� ston T an Tnx→ Tx (ston Y ) gia k�je
x ∈ X . Sumbol�zoume: Tn

s→ T   T = s− limTn.
(iii) Lème ìti h {Tn} sugkl�nei asjen¸
 ston T an y∗(Tnx) → y∗(Tx) giak�je x ∈ X kai k�je y∗ ∈ Y ∗. Sumbol�zoume: Tn

w→ T   T = w − limTn.E�nai fanerì ìti h asjen 
 sÔgklish th
 {Tn} ston T e�nai tautìshmh me toìti Tnx
w→ Tx ston Y gia k�je x ∈ X .O ìro
 omoiìmorfh sÔgklish dikaiologe�tai apì thn isìthta ‖Tn − T ‖ =

supx∈X,‖x‖≤1 ‖(Tn − T )x‖ = supx∈BX
‖(Tn − T )x‖.E�nai profanè
 ìti h omoiìmorfh sÔgklish sunep�getai thn isqur  sÔgklishkai aut  sunep�getai thn asjen  sÔgklish ston L(X,Y ).Prìtash 5.14'Estw q¸roi X,Y, Z me nìrma, {Tn} kai T ston L(X,Y ) kai

{Sn} kai S ston L(Y, Z). An Tn → T kai Sn → S, tìte SnTn → ST .



184 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESApìdeixh: 'Askhsh.Prìtash 5.15'Estw q¸roi X,Y me nìrma, akolouj�a {Tn} ston L(X,Y ) kai
T ∈ L(X,Y ). An Tn → T , tìte T ′

n → T ′.Apìdeixh: ‖T ′
n − T ′‖ = ‖(Tn − T )′‖ = ‖Tn − T ‖ → 0.Je¸rhma 5.3'Estw q¸ro
 Banach X, q¸ro
 Y me nìrma, {Tn}, Tston L(X,Y ). An T = s−lim Tn   T = w−limTn, tìte supn ‖Tn‖ < +∞kai ‖T ‖ ≤ lim infn ‖Tn‖.Apìdeixh: To ìti supn ‖Tn‖ < +∞ e�nai �mesh efarmog  tou Jewr mato
 5.2.An T = w − limTn, tìte Tnx

w→ Tx ston Y gia k�je x ∈ X . Apì to Je¸rhma4.21 sunep�getai ìti ‖Tx‖ ≤ lim infn ‖Tnx‖ gia k�je x ∈ X . 'Ara ‖Tx‖ ≤
(lim infn ‖Tn‖)‖x‖ gia k�je x ∈ X kai, epomènw
, ‖T ‖ ≤ lim infn ‖Tn‖.H epìmenh prìtash e�nai merik¸
 ant�strofh tou prohgoÔmenou jewr mato
.Prìtash 5.16'Estw q¸roi X,Y me nìrma kai {Tn} ston L(X,Y ) ¸ste naisqÔei supn ‖Tn‖ < +∞.(1) An o Y e�nai q¸ro
 Banach kai up�rqei to s− limTnx ston Y gia k�je x sek�poio puknì uposÔnolo tou X , tìte up�rqei to s− limTn ston L(X,Y ).(2) An up�rqei to w− lim Tnx ston Y gia k�je x se k�poio puknì uposÔnolo tou
X , tìte up�rqei to w − limTn ston L(X,Y ).Apìdeixh: (1) 'Estw ìti to A ⊆ X e�nai puknì ston X kai up�rqei to s −
limTnx ston Y gia k�je x ∈ A. Pa�rnoume tuqìn x ∈ X kai br�skoume z ∈
A ¸ste ‖z − x‖ < ǫ. An jèsoume M = supn ‖Tn‖, tìte ‖Tnx − Tmx‖ ≤
‖Tnx− Tnz‖+ ‖Tnz − Tmz‖ + ‖Tmz − Tmx‖ ≤Mǫ+ ‖Tnz − Tmz‖+Mǫ. 'Ara
lim supn,m→+∞ ‖Tnx−Tmx‖ ≤ 2Mǫ kai, epomènw
, ‖Tnx−Tmx‖ → 0. Dhlad h {Tnx} e�nai akolouj�a Cauchy ston Y , opìte up�rqei to s− limTnx ston Ygia k�je x ∈ X .Or�zoume T : X → Y me tÔpo Tx = s − limTnx kai e�nai jèma rout�na
 naapodeiqje� ìti o T e�nai fragmèno
 grammikì
 telest 
 me ‖T ‖ ≤M . Profan¸
,
T = s− limTn.(2) 'Askhsh.5.7 Je¸rhma anoikt 
 apeikìnish
Je¸rhma 5.4'Estw q¸ro
 Banach X, q¸ro
 Y me nìrma kai telest 

T ∈ L(X,Y ) kai K > 0. An {y ∈ Y | ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < K}), tìte
{y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ < 2K} kai o T e�nai ep� tou Y .Apìdeixh: Apì thn {y ∈ Y | ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < K}) sunep�getai eÔkolaìti {y ∈ Y | ‖y‖ < r} ⊆ cl({Tx| ‖x‖ < rK}) gia k�je r > 0.'Estw y ∈ Y me ‖y‖ < 1. Up�rqei x1 ∈ X me ‖x1‖ < K ¸ste ‖y−Tx1‖ < 1

2 .'Ara up�rqei x2 ∈ X me ‖x2‖ < K
2 ¸ste ‖y − Tx1 − Tx2‖ < 1

22 . 'Ara up�rqei
x3 ∈ X me ‖x3‖ < K

22 ¸ste ‖y − Tx1 − Tx2 − Tx3‖ < 1
23 . Suneq�zonta




5.8. JE�WRHMA KLEISTO�U GRAF�HMATOS 185epagwgik�, apodeiknÔoume ìti gia k�je k up�rqei xk ∈ X me ‖xk‖ < K
2k−1 ¸ste

‖y − Tx1 − · · · − Txk‖ < 1
2k .Epeid  ∑+∞

k=1 ‖xk‖ < +∞, sunep�getai apì to Je¸rhma 3.20 ìti h seir�∑+∞
k=1 xk sugkl�nei ston X kai èstw x =

∑+∞
k=1 xk. Apì thn trigwnik  anisìthtaèqoume ìti ‖x‖ ≤ ∑+∞

k=1 ‖xk‖ <
∑+∞

k=1
K

2k−1 = 2K. Ep�sh
, lìgw sunèqeia
 tou
T , sunep�getai ìti y =

∑+∞
k=1 Txk = T (

∑+∞
k=1 xk) = Tx.Je¸rhma 5.5(Anoikt 
 Apeikìnish
) 'Estw q¸roi Banach X,Y kaitelest 
 T ∈ L(X,Y ) o opo�o
 e�nai ep� tou Y . Tìte(1) up�rqei M > 0 ¸ste gia k�je y ∈ Y me ‖y‖ < 1 up�rqei x ∈ X me

‖x‖ < M kai Tx = y,(2) o T apeikon�zei anoikt� uposÔnola tou X se anoikt� uposÔnolatou Y ,(3) an o T e�nai kai 1-1, tìte T−1 ∈ L(X,Y ).Apìdeixh: Epeid  o T e�nai ep� tou Y , isqÔei Y = ∪+∞
n=1{Tx| ‖x‖ < n}, opìtekai Y = ∪+∞

n=1cl({Tx| ‖x‖ < n}). Apì to Je¸rhma tou Baire sunep�getai ìtiup�rqei n ¸ste to cl({Tx| ‖x‖ < n}) na èqei mh-kenì eswterikì ston Y . Dhlad ,up�rqei y0 ∈ Y kai R > 0 ¸ste {y ∈ Y | ‖y − y0‖ < R} ⊆ cl({Tx| ‖x‖ < n}).Dhlad , gia k�je y ∈ Y me ‖y − y0‖ < R up�rqei {xk} me ‖xk‖ < n gia k�je
k kai Txk → y. 'Ara kai gia to y0 up�rqei {x(0)

k } me ‖x(0)
k ‖ < n gia k�je kkai Tx(0)

k → y0. 'Ara T (xk − x
(0)
k ) → y − y0 kai ‖xk − x

(0)
k ‖ < 2n gia k�je k.Autì shma�nei ìti {y ∈ Y | ‖y‖ < R} ⊆ cl({Tx| ‖x‖ < 2n}), opìte, profan¸
,

{y ∈ Y | ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < K}, ìpou K = 2n
R .Apì to prohgoÔmeno je¸rhma sunep�getai {y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ <

2K}, opìte apode�qjhke to (1) me M = 2K.'Estw anoiktì U ⊆ X gia na apode�xoume ìti to T (U) e�nai anoiktì ston
Y . 'Estw tuqìn y0 = Tx0 ∈ T (U) me x0 ∈ U . Tìte up�rqei r > 0 ¸ste
{x ∈ X | ‖x− x0‖ < r} ⊆ U kai e�nai eÔkolo na apodeiqje�, lìgw grammikìthta
tou T kai lìgw th
 {y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ < M}, ìti {y ∈ Y | ‖y − y0‖ <
r
M } ⊆ {Tx| ‖x− x0‖ < r} ⊆ T (U). 'Ara to T (U) e�nai anoiktì.An o T e�nai 1-1, tìte o T−1 : Y → X e�nai grammikì
 telest 
 kai e�naisuneq 
 diìti apì to (2) sunep�getai ìti to (T−1)−1(U) = T (U) e�nai anoiktìston U gia k�je U anoiktì ston X . Me �llo trìpo: gia k�je y ∈ Y me
y 6= 0 kai t > 1 èqoume, lìgw th
 {y ∈ Y | ‖y‖ < 1} ⊆ {Tx| ‖x‖ < M}, ìti
‖T−1( 1

t‖y‖ y)‖ < M . 'Ara, gia k�je y ∈ Y kai t > 1 èqoume ‖T−1y‖ < Mt‖y‖,opìte ‖T−1y‖ ≤M‖y‖. Dhlad , o T−1 e�nai fragmèno
 kai ‖T−1‖ ≤M .5.8 Je¸rhma kleistoÔ graf mato
Orismì
 5.8'Estw q¸roi X,Y me nìrma kai grammikì
 telest 
 T : X → Y .O T onom�zetai kleistì
 an gia k�je sugkl�nousa akolouj�a {xn} ston X giathn opo�a kai h {Txn} e�nai sugkl�nousa ston Y isqÔei ìti limTxn = T (limxn).Dhlad , o T e�nai kleistì
 an, me thn upìjesh ìti xn → x ston X kai
Txn → y ston Y , sumpera�noume ìti y = Tx.



186 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESAn oi X,Y e�nai q¸roi me nìrma, tìte to eujÔ �jroisma X⊕Y me ti
 pr�xei

(x1, y1)+(x2, y2) = (x1 +x2, y1 +y2) kai κ(x, y) = (κx, κy) e�nai q¸ro
 me nìrmaan or�soume ‖(·, ·)‖ : X ⊕ Y → R+

0
me tÔpo

‖(x, y)‖ = ‖x‖ + ‖y‖gia k�je x ∈ X kai y ∈ Y .L mma 5.1An oi X,Y e�nai q¸roi Banach, tìte o X ⊕ Y e�nai q¸ro
 Banach.Apìdeixh: 'Askhsh.Orismì
 5.9An f : A → B onom�zoume gr�fhma th
 f to sÔnolo G(f) =
{(a, f(a))|a ∈ A} ⊆ A×B.E�nai stoiqei¸de
 ìti an oi A,B e�nai grammiko� q¸roi ep� tou F kai h f e�naigrammik , tìte to G(f) e�nai grammikì
 upìqwro
 tou A⊕B.L mma 5.2'Estw q¸roi X,Y me nìrma kai grammikì
 telest 
 T : X → Y . O
T e�nai kleistì
 an kai mìnon an o G(T ) e�nai kleistì
 upìqwro
 tou X ⊕ Y .Apìdeixh: 'Askhsh.Prìtash 5.17'Estw q¸roi X,Y me nìrma kai grammikì
 telest 
 T : X → Y .An o T e�nai fragmèno
, tìte o T e�nai kleistì
.Apìdeixh: 'Askhsh.Je¸rhma 5.6(KleistoÔ Graf mato
) 'Estw q¸roi Banach X,Y kaigrammikì
 telest 
 T : X → Y . An o T e�nai kleistì
, tìte o Te�nai fragmèno
.Apìdeixh: Apì ta L mmata 5.1 kai 5.2 sunep�getai ìti o G(T ) e�nai kleistì
upìqwro
 tou q¸rou Banach X ⊕ Y kai, epomènw
, e�nai q¸ro
 Banach .Or�zoume S : G(T ) → X me tÔpo S(x, Tx) = x gia k�je x ∈ X . E�nai pro-fanè
 ìti o S e�nai grammikì
 telest 
 1-1 kai ep�. Ep�sh
, o S e�nai fragmèno
diìti ‖S(x, Tx)‖ = ‖x‖ ≤ ‖x‖ + ‖Tx‖ = ‖(x, Tx)‖ gia k�je x ∈ X .Apì to Je¸rhma Anoikt 
 Apeikìnish
 sunep�getai ìti o S−1 e�nai frag-mèno
, opìte up�rqei C ≥ 0 ¸ste ‖x‖ + ‖Tx‖ = ‖(x, Tx)‖ = ‖S−1x‖ ≤ C‖x‖gia k�je x ∈ X . 'Ara C ≥ 1 kai ‖Tx‖ ≤ (C − 1)‖x‖ gia k�je x ∈ X .5.9 Telestè
 se q¸rou
 akolouji¸nAn T : lp → lq e�nai grammikì
 telest 
, or�zetai �peiro
 p�naka
 [T ] = [aij ],ìpou oi arijmo� aij (1 ≤ i, j < +∞) kajor�zontai apì ti
 isìthte
 T (ej) =
(a1j , a2j , . . .) gia k�je j = 1, 2, . . . . To prìblhma th
 eÔresh
 twn pin�kwn oiopo�oi antistoiqoÔn se fragmènou
 T : lp → lq den e�nai aplì. Ja doÔme merik�shmantik� parade�gmata.1. 'Estw akolouj�a {κj} sto F kai or�zoume T : lp → lp me tÔpo y = Tx =
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(κ1x1, κ2x2, . . .) gia k�je x = (x1, x2, . . .) ∈ lp. (O T antistoiqe� se diag¸niop�naka me diag¸nia stoiqe�a κ1, κ2, . . . .)An {κj} ∈ l∞, tìte Tx ∈ lp gia k�je x ∈ lp kai o T : lp → lp e�nai fragmèno
.Pr�gmati, an 1 ≤ p < +∞, tìte gia k�je x = (x1, x2, . . .) ∈ lp èqoume ‖Tx‖p

p =
|κ1x1|p+|κ2x2|p+· · · ≤ ‖{κj}‖p

∞(|x1|p+|x2|p+· · ·) = ‖{κj}‖p
∞‖x‖p

p. Epomènw
,
‖T ‖ ≤ ‖{κj}‖∞. E�nai, m�lista, eÔkolo na apode�xoume ìti isqÔei h isìthtasthn teleuta�a sqèsh. Pa�rnoume tuqìn ǫ > 0 kai br�skoume j0 ¸ste |κj0 | ≥
‖{κj}‖∞−ǫ. Tìte ‖T ‖ ≥ ‖Tej0‖p = |κj0 | ≥ ‖{κj}‖∞−ǫ , opìte ‖T ‖ ≥ ‖{κj}‖∞kai, epomènw
, ‖T ‖ = ‖{κj}‖∞.H per�ptwsh p = +∞ den parousi�zei kamm�a duskol�a.E�nai eÔkolo na apode�xoume kai to ant�strofo. Dhlad , an o T : lp → lpe�nai fragmèno
, tìte {κj} ∈ l∞. Pr�gmati, gia k�je j èqoume |κj | = ‖Tej‖p ≤
‖T ‖‖ej‖p = ‖T ‖.MporoÔme, ìmw
, na apode�xoume kai èna isqurìtero ant�strofo. Dhlad , ìtian Tx ∈ lp gia k�je x ∈ lp (qwr�
 na upojèsoume ìti o T e�nai fragmèno
), tìte o
T e�nai fragmèno
 kai, epomènw
, {κj} ∈ l∞. Gia thn apìdeixh parathroÔme ìti o
T e�nai grammikì
 telest 
 kai katìpin pa�rnoume opoiad pote {x(n)} ston lp kaiupojètoume ìti x(n) → x ston lp kai ìti Tx(n) → y ston lp. Autì sunep�getaigia k�je j ìti x(n)

j → xj sto F kai κjx
(n)
j → yj sto F . 'Ara yj = κjxj gia k�je

j kai, epomènw
, y = Tx.Autì shma�nei ìti o T e�nai kleistì
 kai apì to Je¸rhma KleistoÔ Graf -mato
 sunep�getai ìti o T e�nai fragmèno
.2. JewroÔme ton telest  Sl : lp → lp me tÔpo y = Slx = (x2, x3, . . .) gia k�je
x = (x1, x2, . . .) ∈ lp. O Sl onom�zetai arister  met�jesh.Omo�w
 or�zetai kai o telest 
 dexi� met�jesh Sr : lp → lp me tÔpo y =
Srx = (0, x1, x2, . . .) gia k�je x = (x1, x2, . . .) ∈ lp.E�nai profanè
 ìti kai oi dÔo telestè
 e�nai fragmènoi kai ìti oi nìrme
 tou
e�nai ‖Sl‖ = ‖Sr‖ = 1. O Sl antistoiqe� se p�naka o opo�o
 èqei ìle
 ti
 sunte-tagmène
 �se
 me 0 ektì
 apì ti
 suntetagmène
 sth diag¸nio akrib¸
 p�nw apìthn kÔria diag¸nio (dhlad  j − i = 1) oi opo�e
 e�nai �se
 me 1. O Sr antistoiqe�se p�naka o opo�o
 èqei ìle
 ti
 suntetagmène
 �se
 me 0 ektì
 apì ti
 suntetag-mène
 sth diag¸nio akrib¸
 k�tw apì thn kÔria diag¸nio (dhlad  i− j = 1) oiopo�e
 e�nai �se
 me 1.3. DÔo akìmh parade�gmata e�nai oi telestè
 Toeplitz kai oi telestè
 Hankel.SumfwnoÔme na gr�foume ta stoiqe�a tou lp w
 x = (x0, x1, . . .) kai jewroÔmeopoiad pote akolouj�a dipl 
 kateÔjunsh
 c = {ck}+∞

k=−∞ sto F . Or�zoume
Tc : lp → lp me tÔpo yi = (Tcx)i = cix0 + ci−1x1 + ci−2x2 + · · · gia k�je
i = 0, 1, . . . . O Tc onom�zetai telest 
 Toeplitz pou or�zetai apì thn c kai op�nak�
 tou e�nai th
 morf 
 [Tc] = [aij ] ìpou aij = ci−j gia k�je i, j. Dhlad se k�je diag¸nio h opo�a e�nai par�llhlh me thn kÔria diag¸nio o p�naka
 èqeiti
 �die
 suntetagmène
.JewroÔme opoiad pote akolouj�a (mon 
 kateÔjunsh
) s = {sk}+∞

k=0 kai or�-zoume Hs : lp → lp me tÔpo yi = (Hsx)i = six0 + si+1x1 + si+2x2 + · · · gia k�je
i = 0, 1, . . . . O Hs onom�zetai telest 
 Hankel pou or�zetai apì thn s kai op�nak�
 tou e�nai th
 morf 
 [Hs] = [aij ] ìpou aij = si+j gia k�je i, j. Dhlad 
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 thn kÔria diag¸nio o p�naka
 èqei ti
�die
 suntetagmène
.Oi telestè
 auto� e�nai idia�tera shmantiko� (kai gia ti
 efarmogè
 tou
), all�den ja tou
 melet soume. Akìmh kai h eÔresh ikan¸n kai anagka�wn sunjhk¸ngia ti
 akolouj�e
 c kai s pou tou
 or�zoun ¸ste na e�nai fragmènoi br�sketaipèra apì ta ìria tou maj mato
.5.10 Telestè
 se q¸rou
 sunart sewn1. To pr¸to par�deigma melet� m�a tupik  per�ptwsh oloklhrwtikoÔ telest .Je¸rhma 5.7'Estw σ-peperasmènoi q¸roi mètrou (Ω1,Σ1, µ1) kai
(Ω2,Σ2, µ2). JewroÔme to q¸ro mètrou (Ω1×Ω2,Σ1×Σ2, µ1×µ2) kai me-tr simh sun�rthsh K : Ω1 × Ω2 → F. Upojètoume ìti
(i)

∫
Ω1

|K(a, b)| dµ1(a) ≤M2 gia µ2-sqedìn k�je b ∈ Ω2

(ii)
∫
Ω2

|K(a, b)| dµ2(b) ≤M1 gia µ1-sqedìn k�je a ∈ Ω1.Tìte, gia k�je p me 1 < p < +∞ or�zetai o fragmèno
 telest 

T : Lp(Ω1,Σ1, µ1) → Lp(Ω2,Σ2, µ2) me tÔpo

Tf(b) =

∫

Ω1

K(a, b)f(a) dµ1(a)gia µ2-sqedìn k�je b ∈ Ω2 kai
‖T ‖ ≤M

1
p

1 M
1
q

2 ,ìpou 1
p + 1

q = 1.An p = 1, isqÔoun ta �dia me mình upìjesh thn (ii), en¸, an p =
+∞, isqÔoun ta �dia me mình upìjesh thn (i).Apìdeixh: Upojètoume ìti 1 < p < +∞ kai èstw tuqoÔsa f ∈ Lp(Ω1,Σ1, µ1).Tìte gia µ2-sqedìn k�je b ∈ Ω2 sunep�getai apì thn anisìthta Hölder ìti
∫
Ω1

|K(a, b)f(a)| dµ1(a) ≤
(∫

Ω1
|K(a, b)| dµ1(a)

) 1
q
(∫

Ω1
|K(a, b)||f(a)|p dµ1(a)

) 1
p

≤M
1
q

2

(∫
Ω1

|K(a, b)||f(a)|p dµ1(a)
) 1

p . 'Ara ∫
Ω2

(∫
Ω1

|K(a, b)f(a)| dµ1(a)
)p
dµ2(b)

≤M
p
q

2

∫
Ω2

(∫
Ω1

|K(a, b)||f(a)|p dµ1(a)
)
dµ2(b) kai, epomènw
, apì to gnwstì Je-¸rhma tou Tonelli sumpera�noume ìti ∫

Ω2

(∫
Ω1

|K(a, b)f(a)| dµ1(a)
)p
dµ2(b) ≤

M
p

q

2

∫
Ω1

(∫
Ω2

|K(a, b)| dµ2(b)
)
|f(a)|p dµ1(a) ≤M

p

q

2 M1

∫
Ω1

|f(a)|p dµ1(a) < +∞.'Ara ∫
Ω1

|K(a, b)f(a)| dµ1(a) < +∞ gia µ2-sqedìn k�je b ∈ Ω2, opìte or�ze-tai to Tf(b) gia µ2-sqedìn k�je b ∈ Ω2 kai |Tf(b)| ≤
∫
Ω1

|K(a, b)f(a)| dµ1(a)gia µ2-sqedìn k�je b ∈ Ω2. Apì thn anisìthta pou apode�qjhke sthn prohgoÔ-menh par�grafo sunep�getai ìti ∫
Ω2

|Tf(b)|p dµ2(b) ≤M1M
p

q

2

∫
Ω1

|f(a)|p dµ1(a)kai, epomènw
, ‖Tf‖p ≤M
1
p

1 M
1
q

2 ‖f‖p.T¸ra, èstw p = 1 kai f ∈ Lp(Ω1,Σ1, µ1). Apì to Je¸rhma tou Tonelli∫
Ω2

(∫
Ω1

|K(a, b)f(a)| dµ1(a)
)
dµ2(b) =

∫
Ω1

(∫
Ω2

|K(a, b)| dµ2(b)
)
|f(a)| dµ1(a) ≤
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M1

∫
Ω1

|f(a)| dµ1(a) < +∞. 'Ara ∫
Ω1

|K(a, b)f(a)| dµ1(a) < +∞ gia µ2-sqedìnk�je b ∈ Ω2, opìte or�zetai to Tf(b) gia µ2-sqedìn k�je b ∈ Ω2 kai |Tf(b)| ≤∫
Ω1

|K(a, b)f(a)| dµ1(a) gia µ2-sqedìn k�je b ∈ Ω2. 'Ara ∫
Ω2

|Tf(b)| dµ2(b) ≤
M1

∫
Ω1

|f(a)| dµ1(a) kai, epomènw
, ‖Tf‖1 ≤M1‖f‖1.Tèlo
, èstw p = +∞ kai f ∈ L∞(Ω1,Σ1, µ1). Tìte ∫
Ω1

|K(a, b)f(a)| dµ1(a)

≤ M2‖f‖∞ gia µ2-sqedìn k�je b ∈ Ω2. 'Ara to Tf(b) or�zetai gia µ2-sqedìnk�je b ∈ Ω2 kai |Tf(b)| ≤M2‖f‖∞ gia µ2-sqedìn k�je b ∈ Ω2. 'Ara ‖Tf‖∞ ≤
M2‖f‖∞.2. To epìmeno e�nai to tupikì par�deigma pollaplasiastikoÔ telest .Je¸rhma 5.8'Estw σ-peperasmèno
 q¸ro
 mètrou (Ω,Σ, µ), metr -simh g : Ω → F kai 1 ≤ p ≤ +∞. Ta parak�tw e�nai isodÔnama:(1) Gia k�je f ∈ Lp(Ω,Σ, µ) isqÔei gf ∈ Lp(Ω,Σ, µ).(2) g ∈ L∞(Ω,Σ, µ).An g ∈ L∞(Ω,Σ, µ), tìte o telest 
 Mg : Lp(Ω,Σ, µ) → Lp(Ω,Σ, µ)me tÔpo Mg(f) = gf gia k�je f ∈ Lp(Ω,Σ, µ) e�nai fragmèno
 kai
‖Mg‖ = ‖g‖∞.Apìdeixh: E�nai profanè
 ìti to (2) sunep�getai to (1) kai ìti tìte o Mg e�naifragmèno
 kai ‖Mg‖ ≤ ‖g‖∞. H upìjesh ìti to µ e�nai σ-peperasmèno denqrei�zetai.'Estw, t¸ra, ìti isqÔei to (1). Tìte o Mg e�nai grammikì
 telest 
 kaie�nai eÔkolo na doÔme ìti e�nai kleistì
. Pr�gmati, èstw ìti fn → f ston
Lp(Ω,Σ, µ) kai gfn = Mgfn → h ston Lp(Ω,Σ, µ). MporoÔme na broÔme {fnk

}¸ste fnk
→ f kai gfnk

→ h µ-sqedìn pantoÔ sto Ω, opìte h = gf = Mgf . Apìto Je¸rhma KleistoÔ Graf mato
 sunep�getai ìti o Mg e�nai fragmèno
.Gia tuqìn n ≥ 1 jètoume An = {a ∈ Ω| |g(a)| ≥ ‖Mg‖ + 1
n}. Epeid  to µe�nai σ-peperasmèno sunep�getai ìti up�rqoun Bk ∈ Σ ¸ste ∪+∞
k=1Bk = Ω kai

µ(Bk) < +∞ gia k�je k. Tìte An = ∪+∞
k=1(Bk ∩ An) kai µ(Bk ∩ An) < +∞gia k�je k. An µ(Bk ∩ An) > 0, pa�rnoume f = χBk∩An

kai upolog�zoume
(‖Mg‖ + 1

n )(µ(Bk ∩ An))
1
p ≤ ‖gf‖p ≤ ‖Mg‖‖f‖p = ‖Mg‖(µ(Bk ∩ An))

1
p ìtan

1 ≤ p < +∞, en¸ ‖Mg‖ + 1
n ≤ ‖gf‖∞ ≤ ‖Mg‖‖f‖∞ = ‖Mg‖ ìtan p = +∞.Kai sti
 dÔo peript¸sei
 katal goume se �topo, opìte µ(Bk ∩An) = 0 gia k�je

k. 'Ara µ(An) = 0 gia k�je n, opìte ‖g‖∞ ≤ ‖Mg‖.3. 'Estw o telest 
 parag¸gish
 D : C1([0, 1]) → C([0, 1]) me tÔpo Df(x) =
f ′(x) gia 0 ≤ x ≤ 1 kai f ∈ C1([0, 1]). JewroÔme to C1([0, 1]) w
 upìqwro tou
C([0, 1] (dhlad , me thn omoiìmorfh nìrma).O D e�nai kleistì
. Pr�gmati, èstw {fn} me fn → f ston C1([0, 1]) kai
Dfn → h ston C([0, 1]). Dhlad , ‖fn − f‖u → 0 kai ‖f ′

n − h‖u → 0. Pa�rnoumeopoiad pote a, b me 0 ≤ a < b ≤ 1 kai èqoume ìti fn(b)−fn(a) =
∫ b

a
f ′

n(x) dx giak�je n. Lìgw omoiìmorfh
 sÔgklish
 sunep�getai ìti f(b)−f(a) =
∫ b

a h(x) dx.Autì shma�nei ìti h = f ′ = Df .'Omw
, o D den e�nai fragmèno
. Diìti, pa�rnonta
 fn(x) = xn upolog�zoume
‖Dfn‖u

‖fn‖u
= n gia k�je n.
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 upìqwro
 tou C([0, 1]), den e�nai q¸ro
 Banach.E�nai eÔkolo na doÔme ìti o C1([0, 1]) e�nai puknì
 ston C([0, 1]). (Pr�gmati,k�je sun�rthsh f ∈ C([0, 1]) e�nai omoiìmorfo, sto [0, 1], ìrio poluwnÔmwn,sÔmfwna me to Je¸rhma tou Weierstrass.) Dhlad , h pl rwsh tou C1([0, 1])(me thn omoiìmorfh nìrma) e�nai o C([0, 1]).5.11 Je¸rhma kleistoÔ sunìlou tim¸nJe¸rhma 5.9(KleistoÔ Sunìlou Tim¸n) (Banach) 'Estw q¸roi Banach

X,Y kai T ∈ L(X,Y ). Ta parak�tw e�nai isodÔnama.(1) O R(T ) e�nai kleistì
 upìqwro
 tou Y .(2) O R(T ′) e�nai kleistì
 upìqwro
 tou X∗.(3) R(T ) = ⊥N(T ′).(4) R(T ′) = N(T )⊥.Apìdeixh: Apì thn Prìtash 5.13(4) sunep�getai ìti ta (1) kai (3) e�nai isodÔ-nama. Ep�sh
, e�nai profanè
 ìti to (4) sunep�getai to (2). 'Ara arke� naapode�xoume ìti ta (1) kai (2) e�nai isodÔnama kai ìti to (1) sunep�getai to(4).H (1) sunep�getai thn (2).O R(T ), w
 kleistì
 upìqwro
 tou Y , e�nai q¸ro
 Banach, opìte, apìto Je¸rhma Anoikt 
 Apeikìnish
 gia ton T : X → R(T ), sunep�getai ìtiup�rqei M > 0 ¸ste gia k�je y ∈ R(T ) me ‖y‖ < 1 up�rqei x ∈ X me
‖x‖ < M kai Tx = y. Pa�rnoume tuqìn y∗ ∈ Y ∗ kai tuqìn y ∈ R(T ) me
‖y‖ < 1. QrhsimopoioÔme to x ∈ X me ‖x‖ < M kai Tx = y kai gr�foume
|y∗(y)| = |y∗(Tx)| = |T ′y∗(x)| ≤ ‖x‖‖T ′y∗‖ < M‖T ′y∗‖. Apì to Je¸rhma 4.14sunep�getai ìti minz∗∈R(T )⊥ ‖y∗ − z∗‖ = supy∈R(T ),‖y‖<1 |y∗(y)| ≤M‖T ′y∗‖.Lìgw th
 Prìtash
 5.13(1) èqoume ìti T ′y∗ = T ′(y∗ − z∗) gia k�je z∗ ∈
R(T )⊥. 'Ara h teleuta�a anisìthta mpore� na diatupwje� w
 ex 
: gia k�je
x∗ ∈ R(T ′) up�rqei y∗ ∈ Y ∗ me ‖y∗‖ ≤M‖x∗‖ ¸ste T ′y∗ = x∗.T¸ra ja apode�xoume ìti o R(T ′) e�nai kleistì
. 'Estw {x∗n} ston R(T ′) kai
x∗n → x∗ ston X∗. Br�skoume {nk} ¸ste ‖x∗nk

− x∗‖ < 1
2k+1 gia k�je k, opìte

‖x∗nk+1
−x∗nk

‖ < 1
2k gia k�je k. Katìpin br�skoume {y∗k} ston Y ∗ ¸ste ‖y∗k‖ ≤ M

2kkai T ′y∗k = x∗nk+1
−x∗nk

gia k�je k. Epeid  ∑+∞
k=1 ‖y∗k‖ < +∞, sunep�getai ìti hseir� ∑+∞

k=1 y
∗
k sugkl�nei ston Y ∗ kai èstw y∗ =

∑+∞
k=1 y

∗
k. Tìte, lìgw sunèqeia
tou T ′ èqoume x∗ = x∗n1

+
∑+∞

k=1(x
∗
nk+1

−x∗nk
) = x∗n1

+
∑+∞

k=1 T
′y∗k = x∗n1

+T ′y∗ ∈
R(T ′). 'Ara o R(T ′) e�nai kleistì
 upìqwro
 tou X∗.H (1) sunep�getai thn (4).Lìgw th
 Prìtash
 5.13(3), arke� na apode�xoume ìti N(T )⊥ ⊆ R(T ′).'Opw
 prin, èqoume ìti up�rqei M > 0 ¸ste gia k�je y ∈ R(T ) me ‖y‖ < 1up�rqei x ∈ X me ‖x‖ < M kai Tx = y.Pa�rnoume tuqìn x∗ ∈ N(T )⊥ kai or�zoume y∗1 : R(T ) → F me tÔpo y∗1(y) =
x∗(x) gia k�je y = Tx ∈ R(T ). O orismì
 e�nai kalì
, diìti, an Tx = Tx′,tìte x − x′ ∈ N(T ), opìte x∗(x) − x∗(x′) = x∗(x − x′) = 0 kai e�nai eÔkolo nadoÔme ìti to y∗1 e�nai grammikì. To y∗1 e�nai kai fragmèno, diìti gia y ∈ R(T )



5.11. JE�WRHMA KLEISTO�U SUN�OLOU TIM�WN 191me ‖y‖ < 1 pa�rnoume x ∈ X me ‖x‖ < M kai Tx = y kai èqoume ìti |y∗1(y)| =
|x∗(x)| ≤ ‖x∗‖‖x‖ ≤ ‖x∗‖M . Epomènw
, ‖y∗1‖ ≤ ‖x∗‖M kai y∗1 ∈ (R(T ))∗.Apì to Je¸rhma Hahn-Banach sunep�getai ìti up�rqei y∗ ∈ Y ∗ to opo�o e�naiepèktash tou y∗1 apì ton R(T ) ston Y . Tìte gia k�je x ∈ X èqoume T ′y∗(x) =
y∗(Tx) = y∗1(Tx) = x∗(x) kai, epomènw
, T ′y∗ = x∗. 'Ara x∗ ∈ R(T ′) kai
N(T )⊥ ⊆ R(T ′).H (2) sunep�getai thn (1).Epeid  o R(T ′), w
 kleistì
 upìqwro
 tou X∗, e�nai q¸ro
 Banach, sunep�-getai apì to Je¸rhma Anoikt 
 Apeikìnish
 gia ton T ′ : Y ∗ → R(T ′) ìti up�rqei
M > 0 ¸ste gia k�je x∗ ∈ R(T ′) me ‖x∗‖ < 1 up�rqei y∗ ∈ Y ∗ me ‖y∗‖ < Mkai T ′y∗ = x∗.Jètonta
 Y1 = cl(R(T )), ja èqoume {y ∈ Y1| ‖y‖ < 1} ⊆ cl({Tx| ‖x‖ < M}.Katìpin, apì to Je¸rhma 5.4 ja sumper�noume ìti o T e�nai ep� tou Y1, dhlad 
R(T ) = Y1 = cl(R(T )), kai h apìdeixh ja e�nai pl rh
.Ja katal xoume se ant�fash upojètonta
 ìti up�rqei y ∈ Y1 me ‖y‖ < 1 kai
y /∈ cl({Tx| ‖x‖ < M}. Tìte up�rqei r > 0 ¸ste B(y; r) ∩ {Tx| ‖x‖ < M} = ∅.Apì to Je¸rhma 4.13 sunep�getai eÔkola ìti up�rqei y∗ ∈ Y ∗ ¸ste y∗(y) = Mkai supx∈X,‖x‖<M |y∗(Tx)| < M .To teleuta�o shma�nei ìti ‖T ′y∗‖ = supx∈X,‖x‖<1 |T ′y∗(x)| < 1.'Ara up�rqei y∗0 ∈ Y ∗ me ‖y∗0‖ < M kai T ′y∗0 = T ′y∗. Opìte, gia k�je x ∈ Xèqoume y∗0(Tx) = T ′y∗0(x) = T ′y∗(x) = y∗(Tx). 'Ara ta y∗0 kai y∗ taut�zontaiston R(T ) kai, epomènw
, kai ston Y1 = cl(R(T )). 'Ara M = y∗(y) = y∗0(y) ≤
‖y∗0‖‖y‖ ≤ ‖y∗0‖ < M kai katal goume se ant�fash.L mma 5.3'Estw q¸ro
 Banach X , q¸ro
 Y me nìrma kai T ∈ L(X,Y ). Ano T : X → R(T ) èqei fragmèno ant�strofo, tìte o R(T ) e�nai kleistì
 upìqwro
tou Y .Apìdeixh: Apì thn upìjesh èqoume ìti up�rqei M > 0 ¸ste ‖x‖ ≤M‖Tx‖ giak�je x ∈ X .'Estw {yn} ston R(T ) me yn → y ston Y . Gia k�je n up�rqei (monadikì)
xn ∈ X ¸ste Txn = yn. Epeid  ‖xn − xm‖ ≤M‖T (xn − xm)‖ = M‖yn − ym‖,sunep�getai ìti h {xn} e�nai akolouj�aCauchy kai, epomènw
, xn → x gia k�poio
x ∈ X . Lìgw sunèqeia
 tou T sunep�getai ìti y = lim yn = limTxn = Tx.'Ara y ∈ R(T ) kai o R(T ) e�nai kleistì
.Prìtash 5.18'Estw q¸roi Banach X,Y kai T ∈ L(X,Y ).(1) R(T ) = Y an kai mìnon an o T ′ : Y ∗ → R(T ′) ⊆ X∗ èqei fragmèno ant�stro-fo.(2) R(T ′) = X∗ an kai mìnon an o T : X → R(T ) ⊆ Y èqei fragmèno ant�strofo.Apìdeixh: (1) An R(T ) = Y , tìte N(T ′) = R(T )⊥ = {0}, opìte o T ′ : Y ∗ →
R(T ′) e�nai antistrèyimo
. Epeid  o R(T ) = Y e�nai kleistì
, sunep�getai apìto Je¸rhma 5.9 ìti o R(T ′) e�nai q¸ro
 Banach. Apì to Je¸rhma Anoikt 
Apeikìnish
 sunep�getai ìti (T ′)−1 ∈ L(R(T ′), X∗).Antistrìfw
, èstw ìti o T ′ : Y ∗ → R(T ′) èqei fragmèno ant�strofo, opìte,sÔmfwna me to L mma 5.3, o R(T ′) e�nai kleistì
 upìqwro
 tou X∗. Apì to



192 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESJe¸rhma 5.9 sunep�getai ìti R(T ) = ⊥N(T ′) = ⊥{0} = Y .(2) An R(T ′) = X∗, tìteN(T ) = ⊥R(T ′) = {0}, opìte o T : X → R(T ) e�nai an-tistrèyimo
. Epeid  o R(T ′) = X∗ e�nai kleistì
, sunep�getai apì to Je¸rhma5.9 ìti o R(T ) e�nai q¸ro
 Banach. Apì to Je¸rhma Anoikt 
 Apeikìnish
sunep�getai ìti T−1 ∈ L(R(T ), X).Antistrìfw
, èstw ìti o T : X → R(T ) èqei fragmèno ant�strofo, opìte,apì to L mma 5.3, o R(T ) e�nai kleistì
 upìqwro
 tou Y . Apì to Je¸rhma 5.9sunep�getai ìti R(T ′) = N(T )⊥ = {0}⊥ = X∗.Je¸rhma 5.10'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ).(1) An o T : X → Y èqei fragmèno ant�strofo, tìte o T ′ : Y ∗ → X∗èqei fragmèno ant�strofo kai (T ′)−1 = (T−1)′.(2) An o X e�nai pl rh
, tìte isqÔei kai to ant�strofo tou (1).Apìdeixh: (1) 'Estw ìti o T ∈ L(X,Y ) èqei fragmèno ant�strofo T−1 ∈
L(Y,X). Tìte T ′ ∈ L(Y ∗, X∗) kai (T−1)′ ∈ L(X∗, Y ∗) kai I = I ′ = (TT−1)′ =
(T−1)′T ′ kai I = I ′ = (T−1T )′ = T ′(T−1)′. 'Ara o T ′ : Y ∗ → X∗ èqei fragmènoant�strofo kai (T ′)−1 = (T−1)′.(2) Antistrìfw
, èstw ìti oX e�nai pl rh
 kai ìti o T ′ : Y ∗ → X∗ èqei fragmènoant�strofo. Apì thn Prìtash 5.13 sunep�getai ìti N(T ) = ⊥R(T ′) = ⊥X∗ =
{0}, opìte o T e�nai 1-1, kai ìti cl(R(T )) = ⊥N(T ′) = ⊥{0} = Y , opìte to R(T )e�nai puknì ston Y . An apode�xoume ìti o ant�strofo
 tou T : X → R(T ) e�naifragmèno
, tìte apì to L mma 5.3 ja sumper�noume ìti to R(T ) e�nai kleistì,opìte R(T ) = Y kai, epomènw
, o T ∈ L(X,Y ) èqei fragmèno ant�strofo.Apì to (1) sunep�getai ìti o T ′′ : X∗∗ → Y ∗∗ èqei fragmèno ant�strofo.Autì shma�nei ìti up�rqei C > 0 ¸ste ‖x∗∗‖ ≤ C‖T ′′x∗∗‖ gia k�je x∗∗ ∈ X∗∗.JewroÔme ti
 fusiologikè
 emfuteÔsei
 JX : X → X∗∗ kai JY : Y → Y ∗∗ kaiblèpoume ìti T ′′(JXx) = JY (Tx) gia k�je x ∈ X . Pr�gmati, gia k�je y∗ ∈ Y ∗èqoume T ′′(JXx)(y

∗) = (JXx)(T
′y∗) = T ′y∗(x) = y∗(Tx) = JY (Tx)(y∗).'Ara gia k�je x ∈ X èqoume ‖x‖ = ‖JXx‖ ≤ C‖T ′′(JXx)‖ = C‖JY (Tx)‖ =

C‖Tx‖. Autì shma�nei ìti o ant�strofo
 tou T : X → R(T ) e�nai fragmèno
.5.12 F�smata telest¸nOrismì
 5.10'Estw q¸ro
 X me nìrma kai T ∈ L(X). Lème ìti o λ ∈ Fan kei sto analÔon sÔnolo tou T an o λI − T èqei ti
 idiìthte
:
(i) e�nai 1-1,
(ii) o R(λI − T ) e�nai puknì
 upìqwro
 tou X kai
(iii) o (λI − T )−1 : R(λI − T ) → X e�nai fragmèno
.An aut� isqÔoun, tìte sumbol�zoume R(λ;T ) = (λI − T )−1 kai onom�zoumeton R(λ;T ) analÔonta telest  tou T sto λ.To analÔon sÔnolo tou T sumbol�zetai ρ(T ) kai to sumpl rwm� tou sto Fonom�zetai f�sma tou T kai sumbol�zetai σ(T ).'Ara, an λ ∈ σ(T ), tìte èna toul�qiston apì ta (i), (ii) kai (iii) den isqÔei.'Ara to σ(T ) diamer�zetai sta tr�a xèna an� dÔo sÔnola pou or�zontai w
 ex 
.
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 5.11'Estw q¸ro
 X me nìrma kai T ∈ L(X).
(i) Pσ(T ) e�nai to sÔnolo ìlwn twn λ ∈ F gia ta opo�a o λI − T den e�nai 1-1.
(ii) Rσ(T ) e�nai to sÔnolo ìlwn twn λ ∈ F gia ta opo�a o λI − T e�nai 1-1 all�den èqei puknì sÔnolo tim¸n.
(iii) Cσ(T ) e�nai to sÔnolo ìlwn twn λ ∈ F gia ta opo�a o λI − T e�nai 1-1 mepuknì sÔnolo tim¸n all� me mh-fragmèno ant�strofo.To Pσ(T ) onom�zetai shmeiakì f�sma tou T kai ta stoiqe�a tou onom�zontaiidiotimè
 tou T . To Rσ(T ) onom�zetai perijwriakì f�sma tou T kai to Cσ(T )onom�zetai suneqè
 f�sma tou T .Orismì
 5.12'Estw q¸ro
 X me nìrma kai T ∈ L(X). E�nai profanè
 ìtito λ e�nai idiotim  tou T an kai mìnon an N(λI − T ) 6= {0}. O N(λI − T )onom�zetai idiìqwro
 tou T pou antistoiqe� sto λ kai h di�stas  tou onom�ze-tai pollaplìthta tou λ. K�je mh-mhdenikì stoiqe�o tou N(λI − T ), dhlad k�je x ∈ X me x 6= 0 kai Tx = λx, onom�zetai idiodi�nusma tou T w
 pro
 to
λ.Par�deigma'Estw n = dim(X) < +∞ kai grammikì
 telest 
 T : X → X . O T e�naiautom�tw
 fragmèno
 kai gia k�je λ ∈ F èqoume dÔo peript¸sei
: e�te o λI−T :
X → X den e�nai 1-1, opìte to λ e�nai idiotim  tou T , e�te o λI−T : X → X e�nai1-1, opìte e�nai autom�tw
 ep� tou X , o ant�strofo
 e�nai kai autì
 fragmèno
kai, epomènw
, to λ an kei sto analÔon sÔnolo tou T .'Ara to f�sma tou T apotele�tai mìnon apì to shmeiakì f�sma, σ(T ) =
Pσ(T ).An B = {b1, . . . , bn} e�nai opoiad pote b�sh touX kai jewr soume ton p�nakatou T , [T ]BB = [aij ], w
 pro
 th B, tìte to λ e�nai idiotim  tou T an kai mìnon an
det([λδij − aij ]) = 0. H par�stash arister� e�nai polu¸numo tou λ bajmoÔ n mesuntelestè
 apì to F kai onom�zetai qarakthristikì polu¸numo tou T . 'An
F = C, tìte to polu¸numo autì èqei toul�qiston m�a r�za (kai m�lista, akrib¸

n r�ze
, an metr soume ti
 pollaplìthte
), opìte to f�sma tou T e�nai p�ntotemh-kenì. An F = R, tìte up�rqei per�ptwsh to qarakthristikì polu¸numo namhn èqei kamm�a r�za kai to f�sma tou T na e�nai kenì. 'Ena tètoio par�deigma,an n = 2, e�nai o T me tÔpo T (κ1b1 + κ2b2) = −κ2b1 + κ1b2 gia k�je κ1, κ2 ∈ R,tou opo�ou to qarakthristikì polu¸numo e�nai to λ2 + 1.Sto ex 
 perior�zoume th melèth ma
 se q¸rou
 Banach.Prìtash 5.19'Estw q¸ro
 Banach X kai T ∈ L(X). To λ ∈ F an kei stoanalÔon sÔnolo tou T an kai mìnon an o λI − T e�nai 1-1 kai ep� tou X kai
(λI − T )−1 ∈ L(X).Apìdeixh: Arke� na apodeiqje� ìti, an to λ an kei sto analÔon sÔnolo tou T ,tìte R(λI − T ) = X . 'Omw
, apì to L mma 5.3 sunep�getai ìti o R(λI − T )e�nai kleistì
 kai, epeid  e�nai puknì
 ston X , sunep�getai ìti R(λI − T ) = X .Dhlad , ìtan o X e�nai q¸ro
 Banach, tìte to λ ∈ F an kei sto analÔonsÔnolo tou T an kai mìnon an o λI −T e�nai antistrèyimo stoiqe�o th
 �lgebra




194 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ES
Banach L(X).L mma 5.4'Estw q¸ro
 Banach X kai T ∈ L(X) me ‖T ‖ < 1. Tìte o I − Te�nai antistrèyimo stoiqe�o tou L(X) kai ‖(I − T )−1‖ ≤ 1

1−‖T‖ .Apìdeixh: Epeid  1 +
∑+∞

k=1 ‖T k‖ ≤ 1 +
∑+∞

k=1 ‖T ‖k < +∞ kai o L(X) e�naiq¸ro
 Banach, sunep�getai ìti h seir� I +
∑+∞

k=1 T
k sugkl�nei ston L(X) kaièstw S = I +

∑+∞
k=1 T

k. Gia k�je n ∈ N èqoume (I + T + · · · + T n)(I − T ) =
(I−T )(I+T+· · ·+T n) = I−T n+1. Epeid  ‖T n+1‖ ≤ ‖T ‖n+1 → 0, sunep�getaiìti T n+1 → 0 ston L(X), opìte S(I − T ) = (I − T )S = I.'Ara o I − T e�nai antistrèyimo
 kai (I − T )−1 = S.Ep�sh
, ‖S‖ ≤ 1 +

∑+∞
k=1 ‖T ‖k = 1

1−‖T‖ , opìte S ∈ L(X) kai o S e�nai toant�strofo stoiqe�o tou I − T ston L(X).Prìtash 5.20'Estw q¸ro
 Banach X kai T ∈ L(X). Tìte ρ(T ) = ρ(T ′) kai
R(λ;T )′ = R(λ;T ′) gia k�je λ ∈ ρ(T ).Apìdeixh: Apl  efarmog  tou Jewr mato
 5.10.Je¸rhma 5.11'Estw q¸ro
 Banach X kai T ∈ L(X). Tìte to σ(T )e�nai sumpagè
 uposÔnolo tou F kai h R( · ;T ) : ρ(T ) → L(X) e�naisuneq 
 sun�rthsh sto anoiktì ρ(T ).Gia k�je λ, µ ∈ ρ(T ) isqÔei R(λ;T )−R(µ;T ) = (µ−λ)R(λ;T )R(µ;T ).Apìdeixh: 'Estw λ ∈ ρ(T ), opìte o λI − T e�nai antistrèyimo
 kai R(λ;T ) =
(λI −T )−1 ∈ L(X). JewroÔme opoiod pote µ ∈ F me |µ−λ| < ‖R(λ;T )‖−1 kaigr�foume µI − T = λI − T − (λ− µ)I = (λI − T )

[
I − (λ − µ)R(λ;T )

].Apì to L mma 5.4 sunep�getai ìti o I − (λ − µ)R(λ;T ) èqei ant�strofoston L(X). 'Ara o µI − T èqei ant�strofo ston L(X) kai R(µ;T ) =
[
I − (λ −

µ)R(λ;T )
]−1

R(λ;T ). Epomènw
 ‖R(µ;T )‖ ≤ ‖R(λ;T )‖
1−|µ−λ|‖R(λ;T )‖ .Apode�xame ìti, an λ ∈ ρ(T ), tìte ìla ta kontin� tou shme�a µ an koun sto

ρ(T ). 'Ara to ρ(T ) e�nai anoiktì kai epomènw
 to σ(T ) e�nai kleistì uposÔnolotou F .Epeid  λI − T = λ(I − λ−1T ), apì to L mma 5.4 sunep�getai ìti, gia k�je
λ ∈ F me |λ| > ‖T ‖, o λI − T e�nai antistrèyimo
 kai R(λ;T ) = (λI − T )−1 ∈
L(X). Dhlad , σ(T ) ⊆ {λ| |λ| ≤ ‖T ‖} kai, epomènw
, to σ(T ) e�nai sumpagè
.Gia k�je λ, µ ∈ ρ(T ) upolog�zoume R(λ;T ) = R(λ;T )(µI − T )R(µ;T ) =
R(λ;T )

[
(µ − λ)I + (λI − T )

]
R(µ;T ) = (µ − λ)R(λ;T )R(µ;T ) + R(µ;T ). E-pomènw
, R(λ;T ) −R(µ;T ) = (µ− λ)R(λ;T )R(µ;T ).Apì thn teleuta�a isìthta kai apì thn ‖R(µ;T )‖ ≤ ‖R(λ;T )‖

1−|µ−λ|‖R(λ;T )‖ ìtan
|µ− λ| < ‖R(λ;T )‖−1, pa�rnoume ‖R(λ;T )−R(µ;T )‖ ≤ |µ− λ| ‖R(λ;T )‖2

1−|µ−λ|‖R(λ;T )‖gia k�je λ ∈ ρ(T ) kai µ me |µ− λ| < ‖R(λ;T )‖−1.'Ara R(µ;T ) → R(λ;T ) ston L(X) ìtan µ→ λ sto ρ(T ).Orismì
 5.13'Estw q¸ro
 Banach X kai T ∈ L(X). An σ(T ) 6= ∅, tìte omh-arnhtikì
 arijmì
 rσ(T ) = maxλ∈σ(T ) |λ| onom�zetai fasmatik  akt�na tou
T .



5.12. F�ASMATA TELEST�WN 195An F = R, tìte to [−rσ(T ), rσ(T )] e�nai to mikrìtero kleistì di�sthma mekèntro to 0 to opo�o perièqei to σ(T ). An F = C, tìte o cl(∆(0; rσ(T ))) e�naio mikrìtero
 kleistì
 d�sko
 me kèntro to 0 o opo�o
 perièqei to σ(T ).Je¸rhma 5.12'Estw q¸ro
 Banach X kai T ∈ L(X). Tìte(1) up�rqei to lim ‖T n‖ 1
n kai lim ‖T n‖ 1

n ≤ ‖T k‖ 1
k gia k�je k,(2) an σ(T ) 6= ∅, tìte rσ(T ) ≤ lim ‖T n‖ 1

n ,(3) R(λ;T ) =
∑+∞

k=1 λ
−kT k−1 gia k�je λ ∈ F me |λ| > lim ‖T n‖ 1

n kai(4) ìtan |λ| < lim ‖T n‖ 1
n , h ∑+∞

k=1 λ
−kT k−1 de sugkl�nei se stoiqe�otou L(X).Apìdeixh: (1) Pa�rnoume opoiod pote k ∈ N kai gia k�je n ∈ N me n ≥ kgr�foume n = pk+ q, ìpou p, q ∈ N kai 0 ≤ q ≤ k− 1. Tìte, pk

n → 1 kai q
n → 0ìtan n → +∞. Epeid  ‖T n‖ 1

n ≤ ‖T pk‖ 1
n ‖T q‖ 1

n ≤ ‖T k‖ p

n ‖T ‖ q

n , sunep�getaiìti lim sup ‖T n‖ 1
n ≤ ‖T k‖ 1

k .AfoÔ autì isqÔei gia k�je k, sunep�getai lim sup ‖T n‖ 1
n ≤ lim inf ‖T n‖ 1

n .'Ara to lim ‖T n‖ 1
n up�rqei kai lim ‖T n‖ 1

n ≤ ‖T k‖ 1
k gia k�je k.(3) An |λ| > lim ‖T n‖ 1

n , tìte pa�rnoume τ ¸ste |λ| > τ > lim ‖T n‖ 1
n kai N ¸ste

τ ≥ ‖T k‖ 1
k gia k�je k ≥ N . Tìte ∑+∞

k=N+1 ‖λ−kT k−1‖ ≤ ∑+∞
k=N+1 |λ|−kτk−1

< +∞, opìte h seir� ∑+∞
k=1 λ

−kT k−1 sugkl�nei se stoiqe�o tou L(X).An S =
∑+∞

k=1 λ
−kT k−1, tìte (λI − T )S = lim(λI − T )λ−1(I + λ−1T + · · ·

+λ−nT n) = lim(I − λ−n−1T n+1) = I. Omo�w
 apodeiknÔetai ìti S(λI − T ) = Ikai, epomènw
, R(λ;T ) =
∑+∞

k=1 λ
−kT k−1.(2) 'Amesh sunèpeia tou (3).(4) An h ∑+∞

k=1 λ
−kT k−1 sugkl�nei ston L(X), sunep�getai ìti ‖λ−k−1T k‖ → 0.'Ara up�rqei N ¸ste ‖λ−k−1T k‖ ≤ 1 ìtan k ≥ N . Tìte |λ| k+1

k ≥ ‖T k‖ 1
k ìtan

k ≥ N , opìte |λ| ≥ lim ‖T n‖ 1
n .Parade�gmata1. Pa�rnoume opoiad pote {κk} ∈ l∞ kai jewroÔme ton telest  T : l2 → l2 metÔpo Tx = (κ1x1, κ2x2, . . .) gia k�je x = (x1, x2, . . .) ∈ l2. Gnwr�zoume ìti o Te�nai fragmèno
 kai ‖T ‖ = ‖{κk}‖∞.O λ ∈ F e�nai idiotim  tou T an kai mìnon an up�rqei mh-mhdenikì x =

(x1, x2, . . .) ∈ l2 ¸ste κjxj = λxj gia k�je j. Autì, profan¸
, e�nai dunatìnan kai mìnon an λ = κj gia k�poio j me ant�stoiqo idiodi�nusma to ej. 'Ara
Pσ(T ) = {κj|j ∈ N}.An to λ an kei sto perijwriakì f�sma tou T , tìte to λ den e�nai idiotim  kai o
R(λI−T ) den e�nai puknì
 ston l2, opìte up�rqei mh-mhdenikì y = (y1, y2, . . .) ∈
l2 k�jeto ston R(λI − T ). Autì isoduname� me (λx− Tx|y) = 0 gia k�je x ∈ l2kai, pa�rnonta
 x = ej, èqoume ìti (λ − κj)yj = 0 gia k�je j. AfoÔ to λ dene�nai idiotim , katal goume se �topo, opìte to perijwriakì f�sma e�nai kenì,
Rσ(T ) = ∅.'Estw, t¸ra, ìti to λ den e�nai idiotim  tou T , opìte e�te ja an kei stoanalÔon sÔnolo e�te ja an kei sto suneqè
 f�sma tou T . An λ ∈ ρ(T ), tìte
R(λI−T ) = l2 kai o (λI−T )−1 e�nai fragmèno
 ston l2. O tÔpo
 tou (λI−T )−1
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λ−κ1

y1,
1

λ−κ2
y2, . . .) gia k�je y = (y1, y2, . . .) kai èqoumeapode�xei ìti autì
 or�zetai gia k�je y ∈ l2 an kai mìnon an { 1

λ−κj
} ∈ l∞kai se aut n thn per�ptwsh e�nai fragmèno
. To { 1

λ−κj
} ∈ l∞ isoduname� me

λ /∈ cl({κj|j ∈ N}).Sumpera�noume ìti σ(T ) = cl({κj|j ∈ N}) kai, eidik¸tera, Pσ(T ) = {κj |j ∈
N}, Rσ(T ) = ∅ kai Cσ(T ) = cl({κj|j ∈ N}) \ {κj|j ∈ N}.2. JewroÔme th dexi� met�jesh Sr : l2 → l2 me tÔpo Srx = (0, x1, x2, . . .) giak�je x = (x1, x2, . . .) ∈ l2.To λ e�nai idiotim  tou Sr an kai mìnon an up�rqei x = (x1, x2, . . .) 6= 0 ston
l2 ¸ste λx1 = 0 kai λxj+1 = xj gia k�je j ≥ 1. EÔkola fa�netai ìti autì e�naiadÔnato, opìte o Sr den èqei idiotimè
 kai, epomènw
, Pσ(Sr) = ∅.To λ an kei sto perijwriakì f�sma tou Sr an kai mìnon an o R(λI − Sr)den e�nai puknì
 ston l2, dhlad , an kai mìnon an up�rqei mh-mhdenikì y =
(y1, y2, . . .) ∈ l2 k�jeto ston R(λI − Sr). Autì isoduname� me (λx − Srx|y)gia k�je x ∈ l2 kai autì isoduname� me x1(λy1 − y2) + x2(λy2 − y3) + · · · = 0gia k�je x ∈ l2, dhlad  me λyj = yj+1 gia k�je j. An |λ| < 1, tìte to
y = (1, λ, λ

2
, . . .) an kei ston l2 kai lÔnei to sÔsthma autì, opìte λ ∈ Rσ(Sr).An |λ| ≥ 1, den up�rqei lÔsh y ∈ l2 tou sust mato
, opìte λ /∈ Rσ(Sr). 'Ara

Rσ(Sr) = {λ ∈ F | |λ| < 1}.Apì to prohgoÔmeno je¸rhma gnwr�zoume ìti rσ(Sr) ≤ ‖Sr‖ = 1. Epomènw
,
{λ ∈ F | |λ| < 1} ⊆ σ(Sr) ⊆ {λ ∈ F | |λ| ≤ 1} kai, epeid  to σ(Sr) e�nai kleistì,sunep�getai ìti σ(Sr) = {λ ∈ F | |λ| ≤ 1}. 'Ara Cσ(Sr) = {λ| |λ| = 1}.3. Tèlo
, jewroÔme thn arister  met�jesh Sl : l2 → l2 me Slx = (x2, x3, . . .) giak�je x = (x1, x2, . . .) ∈ l2.To λ e�nai idiotim  tou Sl an kai mìnon an up�rqei x = (x1, x2, . . .) 6= 0 ston
l2 ¸ste λxj = xj+1 gia k�je j ≥ 1. An |λ| ≥ 1, tìte eÔkola fa�netai ìti autìe�nai adÔnato, en¸, an |λ| < 1, tìte to x = (1, λ, λ2, . . .) an kei ston l2 kai lÔneito sÔsthma. 'Ara Pσ(Sl) = {λ| |λ| < 1}.To λ an kei sto perijwriakì f�sma tou Sl an kai mìnon an o R(λI − Sl)den e�nai puknì
 ston l2, dhlad , an kai mìnon an up�rqei mh-mhdenikì y =
(y1, y2, . . .) ∈ l2 k�jeto ston R(λI − Sl). Autì isoduname� me (λx − Slx|y) giak�je x ∈ l2 kai autì isoduname� me x1λy1 + x2(λy2 − y1) + · · · = 0 gia k�je
x ∈ l2, dhlad  me λy1 = 0 kai λyj+1 = yj gia k�je j. Autì e�nai adÔnato, opìte
Rσ(Sl) = ∅.Apì to teleuta�o je¸rhma sunep�getai ìti rσ(Sl) ≤ ‖Sl‖ = 1. Epomènw
,
{λ ∈ F | |λ| < 1} ⊆ σ(Sl) ⊆ {λ ∈ F | |λ| ≤ 1} kai, epeid  to σ(Sl) e�nai kleistì,sunep�getai ìti σ(Sl) = {λ ∈ F | |λ| ≤ 1}. 'Ara Cσ(Sl) = {λ| |λ| = 1}.Orismì
 5.14'Estw q¸ro
 Banach Z ep� tou C, anoiktì uposÔnolo U tou Ckai sun�rthsh f : U → Z. H f onom�zetai olìmorfh sto U me timè
 ston
Z an gia k�je λ ∈ U up�rqei to ìrio limU∋κ→λ

f(κ)−f(λ)
κ−λ ston Z. To ìrio autìsumbol�zetai f ′(λ) kai h f ′ : U → Z onom�zetai par�gwgo
 th
 f sto U .Prìtash 5.21'Estw q¸ro
 Banach Z ep� tou C, anoiktì U ⊆ C kai olìmorfh
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f sto U me timè
 ston Z. Tìte gia k�je z∗ ∈ Z∗ h sun�rthsh z∗ ◦ f : U → Ce�nai olìmorfh sto U .Apìdeixh: 'Askhsh.Prìtash 5.22'Estw q¸ro
 Banach Z ep� tou C kai f olìmorfh sto C metimè
 ston Z. An h f e�nai fragmènh, dhlad  up�rqei M ≥ 0 ¸ste ‖f(κ)‖ ≤Mgia k�je κ ∈ C, tìte h f e�nai stajer  sto C.Apìdeixh: Upojètoume ìti h f den e�nai stajer  sto C, opìte up�rqoun κ1 kai
κ2 ¸ste f(κ1) 6= f(κ2). Apì to Je¸rhma Hahn-Banach sunep�getai ìti up�rqei
z∗ ∈ Z∗ ¸ste z∗(f(κ1)) 6= z∗(f(κ2)). H sun�rthsh z∗ ◦ f e�nai olìmorfh, lìgwth
 prohgoÔmenh
 prìtash
, kai fragmènh sto C, diìti |(z∗◦f)(κ)| ≤ ‖z∗‖M giak�je κ ∈ C. Apì to klassikì Je¸rhma tou Liouville sunep�getai ìti h z∗ ◦ fe�nai stajer  sto C. Autì antif�skei me to ìti (z∗ ◦ f)(κ1) 6= (z∗ ◦ f)(κ2).Je¸rhma 5.13An X e�nai q¸ro
 Banach X ep� tou C kai T ∈ L(X),tìte(1) h R( · ;T ) : ρ(T ) → L(X) e�nai olìmorfh sto ρ(T ) me timè
 ston
L(X),(2) to σ(T ) den e�nai kenì kai(3) rσ(T ) = lim ‖T n‖ 1

n .Apìdeixh: (1) Apì thn tautìthta R(λ;T ) − R(µ;T ) = (µ − λ)R(λ;T )R(µ;T )kai th sunèqeia th
 R( · ;T ) sto ρ(T ) sunep�getai ìti
R′(λ;T ) = lim

ρ(T )∋µ→λ

R(µ;T )−R(λ;T )

µ− λ
= −R(λ;T )2gia k�je λ ∈ ρ(T ).(2) An to σ(T ) e�nai kenì, tìte h R( · ;T ) e�nai olìmorfh sto ρ(T ) = C.Epeid  ‖T n‖ ≤ ‖T ‖n gia k�je n, sunep�getai ìti lim ‖T n‖ 1

n ≤ ‖T ‖. Apìto Je¸rhma 5.12(3) sunep�getai ìti gia k�je λ ∈ C me |λ| ≥ 2‖T ‖ isqÔei
‖R(λ;T )‖ ≤ ∑+∞

k=1 |λ|−k‖T ‖k−1 ≤ 2|λ|−1. 'Ara h sun�rthsh R( · ;T ) e�nai frag-mènh sto C.Apì thn Prìtash 5.22 sunep�getai ìti h R( · ;T ) e�nai stajer  sto C. Ep�sh-
, apì thn teleuta�a anisìthta th
 prohgoÔmenh
 paragr�fou sunep�getai ìti
lim|λ|→+∞ ‖R(λ;T )‖ ≤ lim|λ|→+∞ 2|λ|−1 = 0 kai, epomènw
, R(λ;T ) = 0 giak�je λ ∈ C. Autì e�nai adÔnato, afoÔ o R(λ;T ) e�nai antistrèyimo
.(3) 'Estw ìti rσ(T ) 6= lim ‖T n‖ 1

n , opìte apì to Je¸rhma 5.12(2) sunep�getaiìti rσ(T ) < lim ‖T n‖ 1
n . Lìgw tou (1), h R( · ;T ) e�nai olìmorfh sto anoiktìsÔnolo {λ ∈ C| |λ| > rσ(T )} me timè
 ston L(X). 'Ara gia k�je z∗ ∈ (L(X))∗ h

z∗◦R( · ;T ) e�nai olìmorfh sto �dio anoiktì sÔnolo me timè
 sto C kai, epomènw
,èqei mia seir� Laurent: z∗(R(λ;T )) =
∑+∞

k=−∞ akλ
−k gia k�je λ me |λ| > rσ(T ).Oi suntelestè
 ak = ak(z∗) exart¸ntai apì to z∗ kai isqÔei o gnwstì
 tÔpo


ak(z∗) =
1

2πi

∫

|λ|=r

z∗(R(λ;T ))λk−1 dλ



198 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESìpou r e�nai opoiosd pote arijmì
 me r > rσ(T ).JewroÔme r ¸ste rσ(T ) < r < lim ‖T n‖ 1
n . Epeid  h R( · ;T ) e�nai suneq 
,up�rqei K ¸ste ‖R(λ;T )‖ ≤ K gia k�je λ me |λ| = r. 'Ara |z∗(R(λ;T ))λk−1| ≤

K‖z∗‖rk−1 gia k�je λ me |λ| = r, opìte |ak(z∗)| ≤ 1
2π K‖z∗‖rk−12πr =

K‖z∗‖rk gia k�je k ≥ 1.Apì to Je¸rhma 5.12(3), lìgw sunèqeia
 tou z∗ èqoume ìti z∗(R(λ;T )) =∑+∞
k=1 z

∗(T k−1)λ−k gia k�je λ me |λ| > lim ‖T n‖ 1
n .Lìgw monadikìthta
 th
 seir�
 Laurent, sunep�getai ìti ak(z∗) = z∗(T k−1)ìtan k ≥ 1 kai ak(z∗) = 0 ìtan k ≤ 0 kai

z∗(R(λ;T )) =

+∞∑

k=1

z∗(T k−1)λ−kgia k�je λ me |λ| > rσ(T ).'Ara |z∗(T k−1)| = |ak(z∗)| ≤ K‖z∗‖rk gia k�je k ≥ 1, opìte apì to Je¸rhma4.11 sunep�getai ìti ‖T k−1‖ = maxz∗∈(L(X))∗,‖z∗‖≤1 |z∗(T k−1)| ≤ Krk gia k�je
k ≥ 1.Epomènw
, r < lim ‖T n‖ 1

n ≤ limK
1
n r

n+1
n = r kai katal goume se �topo.5.13 Sumpage�
 telestè
Orismì
 5.15'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). O T onom�zetaisumpag 
   tele�w
 suneq 
 an to T (BX) èqei sumpag  kleist  j kh ston

Y , ìpou BX e�nai h kleist  monadia�a mp�la tou X .To sÔnolo ìlwn twn sumpag¸n T ∈ L(X,Y ) sumbol�zetai K(X,Y ) en¸ tosÔnolo ìlwn twn sumpag¸n T ∈ L(X) sumbol�zetai K(X).Prìtash 5.23'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ).(1) O T e�nai sumpag 
 an kai mìnon an gia k�je fragmènh {xn} ston X up�rqei
{xnk

} ¸ste h {Txnk
} na sugkl�nei ston Y .(2) O T e�nai sumpag 
 an kai mìnon an gia k�je fragmèno K ⊆ X to T (K) èqeisumpag  kleist  j kh ston Y .(3) An o Y e�nai pl rh
, tìte o T e�nai sumpag 
 an kai mìnon an gia k�jefragmèno K ⊆ X to T (K) e�nai olik� fragmèno.Apìdeixh: (1) 'Estw ìti o T e�nai sumpag 
 kai èstw fragmènh {xn} ston X . An

‖xn‖ ≤ M gia k�je n, tìte h {T (xn

M )} e�nai sto T (BX) kai, epomènw
, up�rqei
{xnk

} ¸ste h {T (
xnk

M )}, opìte kai h {Txnk
}, na sugkl�nei ston Y .Antistrìfw
, èstw {yn} sto cl(T (BX)). Gia k�je n pa�rnoume xn ∈ BX¸ste ‖Txn − yn‖ < 1

n , opìte up�rqei {xnk
} ¸ste h {Txnk

} na sugkl�nei sek�poio y ∈ Y . Tìte ynk
→ y kai, epeid  to cl(T (BX)) e�nai kleistì, y ∈

cl(T (BX)). 'Ara to cl(T (BX)) e�nai sumpagè
.(2) 'Estw ìti o T e�nai sumpag 
 kai èstw fragmèno K ⊆ X . Tìte up�rqei M¸ste ‖x‖ ≤ M gia k�je x ∈ K, opìte T (K) ⊆ MT (BX) = Mcl(T (BX)). 'Arato cl(T (K)) e�nai kleistì uposÔnolo sumpagoÔ
 sunìlou kai, epomènw
, e�nai
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. To ant�strofo e�nai profanè
.(3) An gia k�je fragmèno K ⊆ X to T (K) e�nai olik� fragmèno, tìte kaito cl(T (K)) e�nai olik� fragmèno. To cl(T (K)) e�nai kai pl re
, opìte e�naisumpagè
. To ant�strofo e�nai profanè
.Prìtash 5.24'Estw q¸roi X,Y, Z me nìrma.(1) O K(X,Y ) e�nai grammikì
 upìqwro
 tou L(X,Y ).(2) An o Y e�nai pl rh
, tìte o K(X,Y ) e�nai kleistì
 upìqwro
 tou L(X,Y ).(3) An T ∈ L(X,Y ) kai S ∈ L(Y, Z), tìte o ST e�nai sumpag 
 an èna
 toul�qi-ston apì tou
 S, T e�nai sumpag 
.Apìdeixh: (1) 'Askhsh.(2) 'Estw {Tn} ston K(X,Y ), T ∈ L(X,Y ) kai ‖Tn − T ‖ → 0. Pa�rnoumeopoiod pote fragmèno K ⊆ X , opìte up�rqei M ¸ste ‖x‖ ≤ M gia k�je
x ∈ K, kai ja apode�xoume ìti to T (K) e�nai olik� fragmèno. An ǫ > 0,br�skoume n ¸ste ‖Tn − T ‖ < ǫ

2M . Epeid  to Tn(K) e�nai olik� fragmèno,up�rqoun y1, . . . , yN ∈ Y ¸ste Tn(K) ⊆ ∪N
k=1B(yk; ǫ

2 ). T¸ra, e�nai eÔkolo nadoÔme ìti T (K) ⊆ ∪N
k=1B(yk; ǫ), opìte to T (K) e�nai olik� fragmèno kai o Te�nai sumpag 
. Pr�gmati, an y = Tx me x ∈ K, tìte ‖y−Tnx‖ = ‖Tx−Tnx‖ <

ǫ
2M M = ǫ

2 . Gia k�poio k = 1, . . . , N èqoume ‖Tnx − yk‖ < ǫ
2 kai, epomènw
,

‖y − yk‖ < ǫ. 'Ara k�je y ∈ T (K) an kei sthn ∪N
k=1B(yk; ǫ).(3) An o T e�nai sumpag 
, tìte ST (BX) ⊆ S(cl(T (BX))). To cl(T (BX)) e�naisumpagè
 kai, epeid  o S e�nai suneq 
, to S(cl(T (BX))) e�nai sumpagè
. 'Arato cl(ST (BX)) ⊆ S(cl(T (BX))) e�nai sumpagè
.'Estw ìti o S e�nai sumpag 
. Epeid  o T e�nai fragmèno
, to T (BX) e�naifragmèno, opìte, sÔmfwna me thn prohgoÔmenh prìtash, to cl(S(T (BX))) e�naisumpagè
.Prìtash 5.25'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). An o R(T ) èqeipeperasmènh di�stash, tìte T ∈ K(X,Y ).Apìdeixh: O R(T ) e�nai kleistì
 upìqwro
 tou Y , opìte cl(T (BX)) ⊆ R(T ).Epeid  o T e�nai fragmèno
, to T (BX) kai, epomènw
, to cl(T (BX)) e�nai frag-mèno. 'Ara to cl(T (BX)) e�nai kleistì kai fragmèno uposÔnolo q¸rou pepera-smènh
 di�stash
, opìte e�nai sumpagè
.Prìtash 5.26'Estw q¸roi X,Y me nìrma, dim(Y ) = +∞ kai T ∈ L(X,Y ).An o T e�nai sumpag 
, tìte to T (BX) èqei kenì eswterikì. Eidik¸tera, an o Te�nai topologikì
 isomorfismì
, tìte o T den e�nai sumpag 
.Apìdeixh: 'Amesh apì thn Prìtash 3.19.Je¸rhma 5.14(Schauder) 'Estw q¸roi X,Y me nìrma kai telest 


T ∈ L(X,Y ). An o T e�nai sumpag 
 tìte o T ′ e�nai sumpag 
. Ano Y e�nai pl rh
, tìte isqÔei kai to ant�strofo.Apìdeixh: 'Estw ìti o T e�nai sumpag 
. JewroÔme thn kleist  monadia�a mp�la
BY ∗ tou Y ∗ kai ja apode�xoume ìti to cl(T ′(BY ∗)) e�nai sumpagè
. To sÔnolo
BY ∗ = {y∗ ∈ Y ∗| ‖y∗‖ ≤ 1} e�nai m�a sullog  sunart sewn y∗ : cl(T (Bx)) → F
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 se k�je shme�o tou sumpagoÔ
 cl(T (Bx)). Pr�gmati,an p�roume opoiod pote y ∈ cl(T (Bx)) èqoume |y∗(y)| ≤ ‖y∗‖‖y‖ ≤ ‖y‖ gia k�je
y∗ ∈ BY ∗ , opìte h BY ∗ e�nai fragmènh sto y. Ep�sh
, gia k�je ǫ > 0 pa�rnoume
U = {u ∈ cl(T (Bx))| ‖u − y‖ < ǫ} kai tìte |y∗(u) − y∗(y)| ≤ ‖y∗‖‖u − y‖ < ǫgia k�je y∗ ∈ BY ∗ . 'Ara h BY ∗ e�nai isosuneq 
 sto y.Apì to Je¸rhma Arzelà-Ascoli sunep�getai ìti gia k�je akolouj�a {y∗n} ∈
BY ∗ up�rqei {y∗nk

} h opo�a sugkl�nei omoiìmorfa sto cl(T (Bx)) se k�poiasun�rthsh f ∈ C(cl(T (Bx))). Sunep�getai ìti h {y∗nk
} sugkl�nei omoiìmor-fa sto T (Bx) sth sun�rthsh f kai, epomènw
, h {y∗nk

◦T } sugkl�nei omoiìmorfasto BX sth sun�rthsh g = f ◦ T . Dhlad , T ′y∗nk
→ g omoiìmorfa sto BX .Autì shma�nei, eidik¸tera, ìti T ′y∗nk

(x) → g(x) gia k�je x ∈ BX kai, epomè-nw
, T ′y∗nk
(x) = ‖x‖T ′y∗nk

( x
‖x‖) → ‖x‖g( x

‖x‖ ) gia k�je x ∈ X . 'Ara h T ′y∗nksugkl�nei kat� shme�o ston X se k�poia sun�rthsh x∗ : X → F . H x∗ e�nai,profan¸
, grammikì sunarthsoeidè
 tou X kai to ìti h sÔgklish e�nai omoiì-morfh sto BX sunep�getai ìti ‖T ′y∗nk
−x∗‖ = supx∈BX

|T ′y∗nk
(x)−x∗(x)| → 0.Dhlad , T ′y∗nk

→ x∗ ston X∗.Apode�xame ìti gia k�je {y∗n} ∈ BY ∗ up�rqei {y∗nk
} ¸ste h {T ′y∗nk

} na su-gkl�nei ston X∗. Apì thn Prìtash 5.23(1) sunep�getai ìti o T ′ e�nai sumpag 
.'Estw, antistrìfw
, ìti o Y e�nai pl rh
 kai ìti o T ′ e�nai sumpag 
. Apìto pr¸to mèro
 sunep�getai ìti o T ′′ : X∗∗ → Y ∗∗ e�nai sumpag 
, opìte to
cl(T ′′(BX∗∗)) e�nai sumpagè
 ston Y ∗∗.Ja apode�xoume (ìpw
 kai sthn apìdeixh tou Jewr mato
 5.10) ìti, an JXkai JY e�nai oi fusiologikè
 emfuteÔsei
 twn X kai Y stou
 X∗∗ kai Y ∗∗, anti-sto�qw
, tìte T ′′ ◦ JX = JY ◦ T . Pr�gmati, gia k�je x ∈ X kai k�je y∗ ∈ Y ∗èqoume T ′′(JXx)(y

∗) = (JXx)(T
′y∗) = T ′y∗(x) = y∗(Tx) = JY (Tx)(y∗), opìte

T ′′(JXx) = JY (Tx), opìte T ′′ ◦ JX = JY ◦ T .Apì thn teleuta�a sqèsh kai apì to ìti JX(BX) ⊆ BX∗∗ sunep�getai ìti
JY (T (BX)) = T ′′(JX(BX)) ⊆ T ′′(BX∗∗) ⊆ cl(T ′′(BX∗∗)). To teleuta�o sÔnoloe�nai sumpagè
 kai, epomènw
, olik� fragmèno. 'Ara kai to JY (T (BX)) e�nai olik�fragmèno. Epeid  h JY e�nai isometrik  emfÔteush, sunep�getai ìti to T (BX)e�nai olik� fragmèno ston Y . Tèlo
, epeid  o Y e�nai pl rh
, to cl(T (BX)) e�naiolik� fragmèno kai pl re
, opìte e�nai sumpagè
. 'Ara o T e�nai sumpag 
.Parade�gmata.1. JewroÔme ton telest  T : lp → lp me tÔpo Tx = (κ1x1, κ2x2, . . .) gia k�je
x = (x1, x2, . . .) ∈ lp. H akolouj�a {κk} sto F e�nai fragmènh, opìte o T e�naifragmèno
. Ja apode�xoume ìti o T e�nai sumpag 
 an kai mìnon an κk → 0.An h {κk} de sugkl�nei sto 0, tìte up�rqei λ 6= 0 kai {kl} ¸ste κkl

→ λ.'Ara gia k�je l,m me l 6= m èqoume ìti ‖Tekl
−Tekm

‖p = ‖κkl
ekl

−κkm
ekm

‖p ≥
|λ|‖ekl

−ekm
‖p−|κkl

−λ|‖ekl
‖p−|κkm

−λ|‖ekm
‖p = 2

1
p |λ|−|κkl

−λ|−|κkm
−λ|.Epomènw
, den up�rqei sugkl�nousa upoakolouj�a th
 {Tekl

} kai o T den e�naisumpag 
.T¸ra, èstw ìti κk → 0. JewroÔme gia k�je n ton telest  Tn : lp → lpme tÔpo Tnx = (κ1x1, . . . , κnxn, 0, 0, . . .) gia k�je x = (x1, x2, . . .) ∈ lp. E�naiprofanè
 ìti R(Tn) ⊆< {e1, . . . , en} >, opìte, sÔmfwna me thn Prìtash 5.25,
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. Akìmh, èqoume gia k�je x ∈ lp ìti ‖Tnx − Tx‖p ≤
supk≥n+1 |κk|‖x‖p, opìte ‖Tn − T ‖ ≤ supk≥n+1 |κk| → 0. Apì thn Prìtash5.24(2) sunep�getai ìti o T e�nai sumpag 
.2. To par�deigma autì afor� se oloklhrwtikì telest  se q¸ro suneq¸nsunart sewn.Je¸rhma 5.15'Estw sumpage�
, Hausdorff topologiko� q¸roi X,Y ,sun�rthsh K : X × Y → F suneq 
 sto X × Y kai Borel-mètro µ ston
X (me timè
 sto F). Tìte o telest 
, pou or�zetai me ton tÔpo

Tf(y) =

∫

X

K(x, y)f(x) dµ(x)gia k�je y ∈ Y , e�nai sumpag 
 telest 
 apì ton C(X) ston C(Y ).Apìdeixh: JewroÔme tuqoÔsa f ∈ C(X), y ∈ Y kai ǫ > 0. Epeid  h K e�naisuneq 
 sto X × Y , gia k�je x ∈ X up�rqoun anoiktè
 perioqè
 Ux tou xkai Vx tou y ¸ste |K(x′, y′) − K(x, y)| < ǫ gia k�je x′ ∈ Ux kai y′ ∈ Vx.Br�skoume x1, . . . , xn ∈ X ¸ste X = ∪n
j=1Uxj

kai jètoume Vy = ∩n
j=1Vxj

. Tìte,
|K(x, y′) − K(x, y)| < ǫ gia k�je x ∈ X kai y′ ∈ Vy . 'Ara, gia k�je y′ ∈
Vy isqÔei |Tf(y′) − Tf(y)| ≤

∫
X |K(x, y′) −K(x, y)||f(x)| d|µ|(x) ≤ ‖µ‖‖f‖uǫkai, epomènw
, h Tf e�nai suneq 
 sto y. 'Ara o T e�nai sun�rthsh tou C(X)ston C(Y ), e�nai (profan¸
) grammikì
 kai e�nai fragmèno
 diìti |Tf(y)| ≤∫

X |K(x, y)||f(y)| d|µ|(x) ≤ ‖K‖u‖µ‖‖f‖u, opìte ‖Tf‖u ≤ ‖K‖u‖µ‖‖f‖u giak�je f ∈ C(X).Apomènei na apode�xoume ìti h kleist  j kh tou T (BC(X)) ston C(Y ) e�naisumpag 
. SÔmfwna me to Je¸rhma Arzelà-Ascoli, arke� na apode�xoume ìti to
T (BC(X)) e�nai fragmèno kai isosuneqè
 se k�je y ∈ Y . 'Omw
, kai ta dÔo aut�ta èqoume  dh apode�xei: pr¸ton, gia tuqìn y kai gia k�je f ∈ BC(X) èqoume
|Tf(y)| ≤ ‖K‖u‖µ‖ kai, deÔteron, gia tuqìn y kai gia k�je ǫ > 0 up�rqeianoikt  perioq  Vy tou y ¸ste |Tf(y′)−Tf(y)| ≤ ‖µ‖ǫ gia k�je f ∈ BC(X) kaik�je y′ ∈ Vy.3. 'Ena akìmh par�deigma oloklhrwtikoÔ telest .Je¸rhma 5.16'Estw 1 < p < +∞, 1

p + 1
q = 1, σ-peperasmènoi q¸roimètrou (Ω1,Σ1, µ1) kai (Ω2,Σ2, µ2). JewroÔme to q¸ro mètrou (Ω1×Ω2,

Σ1×Σ2, µ1×µ2) kai metr simh sun�rthsh K : Ω1×Ω2 → F. Upojètoumeìti (∫

Ω1

(∫

Ω2

|K(a, b)|p dµ2(b)
) q

p dµ1(a)
) 1

q

= M < +∞.Tìte, or�zetai o telest 
 T : Lp(Ω1,Σ1, µ1) → Lp(Ω2,Σ2, µ2) me tÔpo
Tf(b) =

∫

Ω1

K(a, b)f(a) dµ1(a)gia µ2-sqedìn k�je b ∈ Ω2, kai o T e�nai sumpag 
 me
‖T ‖ ≤M.



202 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESApìdeixh: Upojètoume, proswrin�, ìti ta µ1 kai µ2 e�nai peperasmèna mètrakai ìti h f kai h K e�nai fragmène
 sunart sei
. Tìte, gia k�je b ∈ Ω2 jè-toume h(b) =
∫
Ω1

|K(a, b)f(a)| dµ1(a), opìte, efarmìzonta
 to Je¸rhma tou
Tonelli kai, katìpin, thn anisìthta Hölder, br�skoume ìti ∫

Ω2
h(b)p dµ2(b) =∫

Ω2
h(b)h(b)p−1 dµ2(b) =

∫
Ω1

(∫
Ω2

|K(a, b)|h(b)p−1 dµ2(b)
)
|f(a)| dµ1(a) ≤

(∫
Ω2
h(b)p dµ2(b)

) 1
q

∫
Ω1

(∫
Ω2

|K(a, b)p dµ2(b)
) 1

p |f(a)| dµ1(a).Epomènw
, (∫
Ω2
h(b)p dµ2(b))

1
p ≤

∫
Ω1

(∫
Ω2

|K(a, b)p dµ2(b)
) 1

p |f(a)| dµ1(a) ≤
(∫

Ω1

(∫
Ω2

|K(a, b)|p dµ2(b)
) q

p dµ1(a)
) 1

q (∫
Ω1

|f(a)|p dµ1(a)
) 1

p .An oi proswrinè
 upojèsei
 den isqÔoun, pa�rnoume sÔnola Ω
(N)
1 kai Ω

(N)
2me µ1(Ω

(N)
1 ) < +∞ kai µ2(Ω

(N)
2 ) < +∞ gia k�je N , ¸ste Ω

(N)
1 ↑ Ω1 kai

Ω
(N)
2 ↑ Ω2, kai jètoume fN = min(N, f) kai KN = min(N,K). Gr�foume thnanisìthta sthn opo�a katal xame gia ta Ω

(N)
1 , Ω

(N)
2 , fN , KN kai to ant�stoiqo

hN kai efarmìzoume to Je¸rhma Monìtonh
 SÔgklish
. Sumpera�noume ìtigenik� isqÔei (∫
Ω2
h(b)p dµ2(b))

1
p ≤M(

∫
Ω1

|f(a)|p dµ1(a)
) 1

p .An f ∈ Lp(Ω1,Σ1, µ1), tìte h(b) < +∞ gia µ2-sqedìn k�je b ∈ Ω2.Sunep�getai ìti to Tf(b) =
∫
Ω1
K(a, b)f(a) dµ1(a) or�zetai gia µ2-sqedìn k�je

b ∈ Ω2 kai (∫
Ω2

|Tf(b)|p dµ2(b))
1
p ≤M(

∫
Ω1

|f(a)|p dµ1(a)
) 1

p .'Ara o T : Lp(Ω1,Σ1, µ1) → Lp(Ω2,Σ2, µ2) e�nai fragmèno
 kai ‖T ‖ ≤M.Gia na apode�xoume ìti o T e�nai sumpag 
 arke�, sÔmfwna me ti
 Prot�sei
5.24(2) kai 5.25, na apode�xoume ìti gia k�je ǫ > 0 up�rqei S : Lp(Ω1,Σ1, µ1) →
Lp(Ω2,Σ2, µ2) me dim(R(S)) < +∞ ¸ste ‖T − S‖ < ǫ. E�nai profanè
, di-asp¸nta
 thn K sto pragmatikì kai sto arnhtikì mèro
 th
 kai kajèna apìaut� sto jetikì kai sto arnhtikì mèro
 tou, ìti arke� na upojèsoume pw

K(a, b) ≥ 0 gia k�je (a, b) ∈ Ω1 × Ω2. JewroÔme, ìpw
 prin, ta Ω

(N)
1 , Ω

(N)
2kai KN = min(N,K) kai jètoume K(N)(a, b) = KN (a, b)χ

Ω
(N)
1

(a)χ
Ω

(N)
2

(b). An
T (N) e�nai o oloklhrwtikì
 telest 
 pou or�zetai me thn sun�rthsh K(N),tìte apì to Je¸rhma Kuriarqhmènh
 SÔgklish
 sunep�getai ìti ‖T − T (N)‖ ≤
(∫

Ω1

(∫
Ω2

|K(a, b) − K(N)(a, b)|p dµ2(b)
) q

p dµ1(a)
) 1

q → 0. 'Ara up�rqei N ¸-ste ‖T − T (N)‖ < ǫ
3 . Katìpin, jewroÔme ta sÔnola Cm,M = {(a, b)|m−1

M N <

K(N)(a, b) ≤ m
MN} gia 1 ≤ m ≤ M kai jètoume LM = N

∑M
m=1

m
M χCm,M

. An
SM e�nai o oloklhrwtikì
 telest 
 pou or�zetai me thn sun�rthsh LM , tìteèqoume ‖T (N) − SM‖ ≤

(∫
Ω1

(∫
Ω2

|K(N)(a, b) − LM (a, b)|p dµ2(b)
) q

p dµ1(a)
) 1

q ≤
N
M (µ1(Ω

(N)
1 ))

1
q (µ2(Ω

(N)
2 ))

1
p . 'Ara, up�rqei M ¸ste ‖T (N) − SM‖ < ǫ

3 . Tèlo
,gia k�je Cm,M up�rqoun Cm,M,k kajèna apì ta opo�a e�nai ènwsh peperasmè-nou pl jou
 xènwn an� dÔo sunìlwn th
 morf 
 A1 ×A2 me A1 ∈ Σ1, A2 ∈ Σ2¸ste χCm,M,k
↑ χCm,M

sqedìn pantoÔ sto Ω1 × Ω2. Autì sunep�getai ìti
‖SM − SM,k‖ → 0 an SM,k e�nai o oloklhrwtikì
 telest 
 pou or�zetai me thnsun�rthsh LM,k = N

∑M
m=1

m
M χCm,M,k

.



5.14. F�ASMATA SUMPAG�WN TELEST�WN 203Or�zoume S = SM,k, ìpou to k e�nai arket� meg�lo ¸ste na isqÔei ‖SM −
SM,k‖ < ǫ

3 . Epomènw
, ‖T − S‖ < ǫ kai e�nai eÔkolo na doÔme ìti dim(R(S)) <
+∞. Pr�gmati, o S e�nai grammikì
 sunduasmì
 oloklhrwtik¸n telest¸n th
morf 
 Uf(b) =

∫
Ω1
χA1×A2(a, b)f(a) dµ1(a) =

(∫
A1
f(a) dµ1(a)

)
χA2(b) kaiparathroÔme ìti R(U) ⊆< {χA2} >.5.14 F�smata sumpag¸n telest¸nL mma 5.5(F. Riesz) 'Estw q¸ro
 X me nìrma, sumpag 
 T ∈ L(X) kai λ ∈ Fme λ 6= 0. Tìte o R(λI − T ) e�nai kleistì
 upìqwro
 tou X .Apìdeixh: 'Estw {xn} ston X me λxn − Txn → y ston X . Ja apode�xoume ìti

y ∈ R(λI − T ).An y = 0, tìte èqoume telei¸sei, opìte upojètoume ìti y 6= 0. Epeid  o
N(λI − T ) e�nai kleistì
, sunep�getai ìti, apì k�poion de�kth kai pèra, isqÔei
xn /∈ N(λI −T ). Qwr�
 bl�bh th
 genikìthta
, upojètoume ìti xn /∈ N(λI −T )gia k�je n.Jètoume dn = infw∈N(λI−T ) ‖xn − w‖, opìte dn > 0 kai pa�rnoume wn ∈
N(λI − T ) ¸ste dn ≤ ‖xn − wn‖ ≤ 2dn.An h {dn} e�nai fragmènh, tìte, lìgw th
 sump�geia
 tou T , up�rqei {nk}¸ste na up�rqei to limT (xnk

− wnk
) ston X . Epeid  λ(xnk

− wnk
) − T (xnk

−
wnk

) → y, sunep�getai ìti up�rqei to limλ(xnk
− wnk

) ston X opìte, epeid 
λ 6= 0, up�rqei kai to x = lim(xnk

− wnk
) ston X . Lìgw sunèqeia
 tou T ,èqoume ìti λx− Tx = y kai, epomènw
, y ∈ R(λI − T ).An h {dn} den e�nai fragmènh, tìte up�rqei {nk} ¸ste ‖xnk

−wnk
‖ → +∞.Apì th sqèsh λ(xnk

− wnk
) − T (xnk

− wnk
) → y pa�rnoume λ xnk

−wnk

‖xnk
−wnk

‖ −
T (

xnk
−wnk

‖xnk
−wnk

‖ ) → 0. Jètoume zk =
xnk

−wnk

‖xnk
−wnk

‖ , opìte, p�li lìgw sump�geia
 tou
T , up�rqei {kl} ¸ste na up�rqei to limT (zkl

) ston X . Apì thn λzkl
− Tzkl

→
0 sunep�getai ìti up�rqei to limλzkl

ston X kai, epeid  λ 6= 0, up�rqei to
z = lim zkl

ston X . Lìgw sunèqeia
 tou T br�skoume λz − Tz = 0, dhlad 
z ∈ N(λI − T ).'Omw
, t¸ra, èqoume ìti 1

2 ≤ dnkl

‖xnkl
−wnkl

‖ ≤
∥∥xnkl

−wnkl
−‖xnkl

−wnkl
‖z

∥∥
‖xnkl

−wnkl
‖ =

‖znkl
− z‖ → 0 kai katal goume se �topo.Je¸rhma 5.17'Estw q¸ro
 Banach X, sumpag 
 T ∈ L(X) kai λ ∈ Fme λ 6= 0. An to λ den e�nai idiotim  tou T, tìte to λ an kei stoanalÔon sÔnolo tou T.Apìdeixh: An apode�xoume ìti R(λI − T ) = X , tìte o λI − T : X → X ja e�nai1-1, ep� kai fragmèno
, opìte, sÔmfwna me to Je¸rhma Anoikt 
 Apeikìnish
,ja èqei fragmèno ant�strofo. 'Ara to λ ja an kei sto analÔon sÔnolo tou T .Upojètoume, gia na katal xoume se �topo, ìti o R(λI − T ) e�nai gn sio
upìqwro
 tou X kai ja melet soume tou
 upìqwrou
 Yn = R

(
(λI − T )n

) gia
n ≥ 1.
(i) K�je Yn e�nai kleistì
 upìqwro
 tou X .



204 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESGia n = 1, autì e�nai �meso sumpèrasma tou prohgoÔmenou l mmato
. 'Omw
,kai gia k�je �llo n parathroÔme ìti o (λI − T )n = λnI − T [nλn−1I − · · · +
(−1)n−2nλT n−2 +(−1)n−1T n−1] èqei th morf  µI−S, ìpou µ 6= 0 kai o S e�naisumpag 
 w
 ginìmeno sumpagoÔ
 kai fragmènou telest . 'Ara, apì to prohgoÔ-meno l mma sunep�getai ìti k�je Yn = R(µI − S) e�nai kleistì
 upìqwro
 tou
X .
(ii) Gia k�je n, o Yn+1 e�nai gn sio
 upìqwro
 tou Yn.Kat' arq n parathroÔme ìti Yn+1 = R

(
(λI − T )n+1

)
= (λI − T )n+1(X) =

(λI − T )
(
(λI − T )n(X)

)
= (λI − T )

(
R

(
(λI − T )n

))
= (λI − T )(Yn) gia k�je

n. Epeid  o Y1 = R(λI − T ) e�nai gn sio
 upìqwro
 tou X kai o T e�nai1-1, sunep�getai ìti o Y2 = (λI − T )(Y1) e�nai gn sio
 upìqwro
 tou (λI −
T )(X) = Y1. An upojèsoume ìti o Yn+1 e�nai gn sio
 upìqwro
 tou Yn, tìte,epeid  o λI − T e�nai 1-1, o Yn+2 = (λI − T )(Yn+1) e�nai gn sio
 upìqwro
 tou
(λI − T )(Yn) = Yn+1.Apì to Je¸rhma 3.16, lìgw twn (i) kai (ii), sunep�getai ìti gia k�je nup�rqei yn ∈ Yn me ‖yn‖ = 1 kai infy∈Yn+1 ‖yn − y‖ > 1

2 .T¸ra, gr�foume Tym − Tyn = λym −
[
λyn + (λI − T )ym − (λI − T )yn

] kaiparathroÔme ìti, an n > m to [
λyn + (λI − T )ym − (λI − T )yn

] e�nai stoiqe�otou Ym+1. 'Ara ‖Tym − Tyn‖ ≥ |λ|
2 , opìte den up�rqei {nk} ¸ste na sugkl�neih {Tynk

}. Autì antif�skei me th sump�geia tou T .To je¸rhma autì lèei ìti, an o T ∈ L(X) e�nai sumpag 
, tìte ìla tamh-mhdenik� stoiqe�a tou σ(T ) (an up�rqoun tètoia) e�nai idiotimè
. Dhlad ,
σ(T ) \ {0} = Pσ(T ) \ {0}.L mma 5.6'Estw q¸ro
 X me nìrma kai T ∈ L(X). An A e�nai sÔnolo idiodi-anusm�twn tou T ta opo�a antistoiqoÔn se diaforetikè
 an� dÔo idiotimè
 tou T ,tìte to A e�nai grammik� anex�rthto.Apìdeixh: 'Estw ìti to A e�nai grammik� exhrthmèno kai èstw n to el�qistopl jo
 grammik� exhrthmènou uposunìlou tou A. Tìte n ≥ 2, afoÔ k�je idio-di�nusma e�nai mh-mhdenikì. 'Estw, loipìn, grammik� exhrthmèno {x1, . . . , xn} ⊆
A, ìpou λ1, . . . , λn e�nai oi diaforetikè
 an� dÔo idiotimè
 tou T pou antistoiqoÔnsta x1, . . . , xn.Upojètoume ìti κ1x1 + · · · + κnxn = 0 me κn 6= 0. Tìte κ1λ1x1 + · · · +
κnλnxn = T (κ1x1 + · · ·+ κnxn) = 0, opìte κ1(λ1 − λn)x1 + · · ·+ κn−1(λn−1 −
λn)xn−1 = 0. Apì ton trìpo epilog 
 tou n sunep�getai ìti ìloi oi suntelestè
sthn teleuta�a isìthta e�nai �soi me 0 kai, epeid  oi idiotimè
 e�nai diaforetikè
an� dÔo, sunep�getai ìti κ1 = . . . = κn−1 = 0. Autì e�nai �topo.L mma 5.7'Estw q¸ro
 X me nìrma kai sumpag 
 telest 
 T ∈ L(X). An to
{xn|n ∈ N} e�nai grammik� anex�rthto kai ìla ta stoiqe�a tou e�nai idiodianÔ-smata tou T , ìpou gia k�je n e�nai λn h idiotim  pou antistoiqe� sto xn, tìte h
{λn} de sugkl�nei se mh-mhdenikì stoiqe�o tou F .Apìdeixh: 'Estw λn → λ kai λ 6= 0. JètoumeXn =< {x1, . . . , xn} >, opìte k�je
Xn e�nai gn sio
 kleistì
 upìqwro
 tou Xn+1. Apì to Je¸rhma 3.16 èqoumeìti gia k�je n ≥ 2 up�rqei yn ∈ Xn ¸ste ‖yn‖ = 1 kai infy∈Xn−1 ‖yn − y‖ > 1

2 .
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[
λmym + (λnI − T )yn − (λmI − T )ym

] kaiparathroÔme ìti, an n > m ≥ 2, tìte to λmym + (λnI − T )yn − (λmI − T )yme�nai stoiqe�o tou Xn−1. Pr�gmati, an jèsoume yn = κ1x1 + · · · + κnxn, tìte
(λnI −T )yn = (λn −λ1)κ1x1 + · · ·+(λn−1 −λn)κn−1xn−1 ∈ Xn−1 kai, omo�w
,
(λmI − T )ym ∈ Xm−1 ⊆ Xn−1.'Ara, an n > m ≥ 2, tìte ‖Tyn − Tym‖ ≥ |λn|

2 , opìte katal goume seant�fash me th sump�geia tou T , afoÔ λn → λ 6= 0.To epìmeno je¸rhma d�nei sqedìn ìlh thn plhrofor�a gia to f�sma sumpa-goÔ
 telest .Je¸rhma 5.18(F.Riesz-Schauder) 'Estw q¸ro
 Banach X kai sumpa-g 
 T ∈ L(X). Tìte(1) An dim(X) = +∞, tìte to 0 e�nai stoiqe�o tou σ(T ).(2) To σ(T ) e�nai e�te peperasmèno e�te �peiro arijm simo. SthdeÔterh per�ptwsh, ta stoiqe�a tou apoteloÔn akolouj�a h opo�asugkl�nei sto 0.(3) K�je λ ∈ σ(T ) \ {0} e�nai idiotim  peperasmènh
 pollaplìthta
.(4) An λ 6= 0, tìte to λ e�nai idiotim  tou T an kai mìnon an e�-nai idiotim  tou T ′ kai me thn �dia pollaplìthta.(5) An λ 6= 0, tìte R(λI − T ) = ⊥N(λI − T ′).(6) An λ 6= 0, tìte R(λI − T ′) = N(λI − T )⊥.Apìdeixh: (1) An to 0 den an kei sto σ(T ), tìte o T e�nai topologikì
 isomor-fismì
 touX me ton eautì tou kai autì ant�keitai sto sumpèrasma th
 Prìtash
5.26.(2) 'An to sÔnolo σn(T ) = σ(T ) ∩ {λ ∈ F | rσ(T )
n ≤ |λ| ≤ rσ(T )}  tan �peiro,tìte, sÔmfwna me to Je¸rhma 5.17, ja up rqe akolouj�a diaforetik¸n an� dÔoidiotim¸n tou T me mh-mhdenikì ìrio. Apì ta dÔo teleuta�a l mmata sunep�ge-tai ìti autì e�nai adÔnato, opìte to sÔnolo autì e�nai peperasmèno. Epeid 

σ(T ) \ {0} = ∪+∞
n=1σn(T ), apode�qjhke to (2).(3) An λ 6= 0 kai h di�stash tou N(λI − T ) e�nai �peirh, tìte up�rqei arijm si-mo grammik� anex�rthto sÔnolo idiodianusm�twn tou T gia thn �dia mh-mhdenik idiotim . Autì antif�skei me to teleuta�o l mma.H apìdeixh twn (5) kai (6) e�nai �mesh sunèpeia tou L mmato
 5.5 kai tou Jew-r mato
 KleistoÔ Sunìlou Tim¸n.(4) Apì thn Prìtash 5.20 sunep�getai ìti σ(T ) = σ(T ′) kai, epomènw
, σ(T ) \

{0} = σ(T ′) \ {0}. To Je¸rhma 5.14 lèei ìti o T ′ e�nai sumpag 
, opìte apì toJe¸rhma 5.17 sunep�getai ìti, an λ 6= 0, tìte to λ e�nai idiotim  tou T an kaimìnon an e�nai idiotim  tou T ′.Apomènei na apode�xoume ìti gia k�je λ 6= 0 isqÔei dim(N(λI − T )) =
dim(N(λI − T ′)).Upojètoume ìti λ 6= 0 e�nai idiotim  twn T, T ′ kai jètoume n = dim(N(λI −
T )) < +∞ kai m = dim(N(λI − T ′)) < +∞.Ja katal xoume se �topo an n < m. 'Estw, loipìn, b�sh {x1, . . . , xn} tou
N(λI−T ) kai b�sh {y∗1 , . . . , y∗m} touN(λI−T ′). Apì to Je¸rhma Hahn-Banach



206 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ESsunep�getai ìti up�rqoun x∗1, . . . , x∗n ∈ X∗ ¸ste x∗i (xj) = δij kai apì to L mma4.4 sunep�getai ìti up�rqoun y1, . . . , ym ¸ste y∗i (yj) = δij .Or�zoume to grammikì telest  U : X → X me tÔpo Ux = x∗1(x)y1 + · · · +
x∗n(x)yn gia k�je x ∈ X . O U e�nai fragmèno
, diìti ‖Ux‖ ≤ |x∗1(x)|‖y1‖ +
· · · + |x∗n(x)|‖yn‖ ≤ (‖x∗1‖‖y1‖ + · · · + ‖x∗n‖‖yn‖)‖x‖ gia k�je x ∈ X . Epeid 
R(U) ⊆< {y1, . . . , yn} >, apì thn Prìtash 5.25 sunep�getai ìti o U e�naisumpag 
, opìte kai o S = T + U e�nai sumpag 
.IsqÔei ìti N(λI−S) = {0}. Pr�gmati, èstw x ∈ N(λI−S), opìte x∗1(x)y1+
· · ·+ x∗n(x)yn = λx− Tx ∈ R(λI − T ) = ⊥N(λI − T ′). Tìte, gia k�je i èqoume
x∗i (x) = y∗i (x∗1(x)y1+· · ·+x∗n(x)yn) = 0, opìte λx−Tx = 0. 'Ara x ∈ N(λI−T ),opìte x = κ1x1 + · · · + κnxn gia k�poia κ1, . . . , κn. T¸ra, gia k�je i èqoume
κi = x∗i (κ1x1 + · · · + κnxn) = x∗i (x) = 0, opìte x = 0.Epomènw
, to λ den e�nai idiotim  tou sumpagoÔ
 S, opìte apì to Je¸rhma5.17 sunep�getai ìti R(λI−S) = X . 'Ara up�rqei x ∈ X ¸ste ym = (λI−T )x−
Ux. Tìte ym +x∗1(x)y1 + · · ·+x∗n(x)yn = (λI−T )x ∈ R(λI−T ) = ⊥N(λI−T ′)kai, epomènw
, 1 = y∗m(ym + x∗1(x)y1 + · · ·+ x∗n(x)yn) = 0, to opo�o e�nai �topo.Sumpera�noume, loipìn, ìti dim(N(λI −T ′)) ≤ dim(N(λI −T )) kai, efarmì-zont�
 to sto sumpag  T ′, pa�rnoume dim(N(λI − T ′′)) ≤ dim(N(λI − T ′)) ≤
dim(N(λI − T )).'Omw
, an J e�nai h fusiologik  emfÔteush tou X ston X∗∗ kai Q ∈ L(X),èqoume apode�xei dÔo forè
 mèqri t¸ra ìti Q′′◦J = J ◦Q (de�te ti
 apode�xei
 twnJewrhm�twn 5.10 kai 5.14). Sunep�getai amèsw
 ìti J(N(λI − T )) ⊆ N(λI −
T ′′), opìte dim(N(λI − T )) = dim(J(N(λI − T ))) ≤ dim(N(λI − T ′′)). Apìautì sumpera�noume ìti dim(N(λI − T )) = dim(N(λI − T ′)).5.15 Ask sei
1. 'Estw q¸ro
 Hilbert X kai T ∈ L(X). Apode�xte ìti up�rqei kleistì
 upì-qwro
 Y tou X ¸ste T = PY an kai mìnon an T 2 = T kai (Tx|z) = (x|Tz) giak�je x, z ∈ X .2. 'Estw q¸roi Hilbert X,Y kai T ∈ L(X,Y ).(1) Apode�xte ìti up�rqei monadikì
 T ∗ ∈ L(Y,X) ¸ste (Tx|y) = (x|T ∗y) giak�je x ∈ X kai y ∈ Y .(Upìd.: De�te to (T (·)|y) w
 sunarthsoeidè
 tou X .)(2) Apode�xte ìti ‖T ‖ = ‖T ∗‖.(3) Bre�te th sqèsh an�mesa ston T ∗ kai ston T ′.Orismì
: 'Estw q¸ro
 Hilbert X kai T ∈ L(X). O telest 
 T ∗, o opo�o
or�sjhke sthn prohgoÔmenh �skhsh, onom�zetai suzug 
 tou T .An T = T ∗, tìte o T onom�zetai autosuzug 
.3. 'Estw q¸roi X,Y me nìrma kai grammikì
 telest 
 T : X → Y . Apode�xteìti o T : X → R(T ) èqei fragmèno ant�strofo an kai mìnon an up�rqei c > 0¸ste c‖x‖ ≤ ‖Tx‖ gia k�je x ∈ X .
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 Hilbert X kai T ∈ L(X). An up�rqei c > 0 ¸ste ℜ(Tx|x) ≥
c‖x‖2 gia k�je x ∈ X , apode�xte ìti R(T ∗) = X .5. 'Estw q¸ro
 Hilbert X kai T ∈ L(X). Apode�xte ìti oi I +T ∗T kai I +TT ∗e�nai autosuzuge�
 kai èqoun fragmènou
 ant�strofou
.(Upìd.: Bre�te c > 0 ¸ste ((I + T ∗T )x|x) ≥ c‖x‖2 kai qrhsimopoie�ste thn�skhsh 120. Katìpin, prèpei na apode�xete ìti o R(I + T ∗T ) e�nai kleistì
 kai,tèlo
, ìti R(I + T ∗T ) = X .)6. 'Estw q¸ro
 Hilbert X kai T ∈ L(X). An o T e�nai autosuzug 
, de�xte ìti
‖T ‖ = supx∈X,‖x‖≤1 |(Tx|x)|.7. 'Estw q¸ro
 Hilbert X kai B : X ×X → F me ti
 idiìthte
:
(i) B(x+ y, z) = B(x, z) +B(y, z) kai B(κx, z) = κB(x, z) gia k�je x, y, z ∈ Xkai κ ∈ F ,
(ii) B(x, y+z) = B(x, y)+B(x, z) kai B(x, κz) = κB(x, z) gia k�je x, y, z ∈ Xkai κ ∈ F ,
(iii) up�rqei C > 0 ¸ste |B(x, y)| ≤ C‖x‖‖y‖ gia k�je x, y ∈ X ,
(iv) up�rqei c > 0 ¸ste B(x, x) ≥ c‖x‖2 gia k�je x ∈ X .Apode�xte ìti up�rqei S ∈ L(X) me fragmèno ant�strofo S−1 ∈ L(X) me
‖S−1‖ ≤ 1

c kai ‖S‖ ≤ C ¸ste B(x, y) = (x|Sy) gia k�je x, y ∈ X .8. 'Estw q¸roi X,Y me nìrma. An o L(X,Y ) e�nai pl rh
, apode�xte ìti o Ye�nai pl rh
.9. 'Estw q¸ro
 Banach X kai q¸ro
 Y me nìrma. An o T ∈ L(X,Y ) e�nai ep�tou Y kai anoikt  apeikìnish, apode�xte ìti o Y e�nai pl rh
.10. 'Estw q¸roi X,Y me nìrma kai grammikì
 telest 
 T : X → Y . An
y∗ ◦ T ∈ X∗ gia k�je y∗ ∈ Y ∗, apode�xte ìti T ∈ L(X,Y ).11. 'Estw q¸roi X,Y me nìrma èna
 toul�qiston ek twn opo�wn e�nai q¸ro

Banach. An h B : X × Y → F èqei thn idiìthta ìti gia k�je x ∈ X isqÔei
B(x, ·) ∈ Y ∗ kai gia k�je y ∈ Y isqÔei B(·, y) ∈ X∗, apode�xte ìti up�rqei
C ≥ 0 ¸ste |B(x, y)| ≤ C‖x‖‖y‖ gia k�je x ∈ X kai y ∈ Y .(Upìd.: Arq  Omoiìmorfou Fr�gmato
.)12. 'Estw q¸ro
 X me nìrma kai {xn} ston X me thn idiìthta ∑+∞

n=1 |x∗(xn)| <
+∞ gia k�je x∗ ∈ X∗. Apode�xte ìti up�rqei C > 0 ¸ste ∑+∞

n=1 |x∗(xn)| ≤
C‖x∗‖ gia k�je x∗ ∈ X∗.13. 'Estw X èna
 kleistì
 upìqwro
 tou L1([0, 1]). An gia k�je f ∈ X up�rqei
p > 1 ¸ste f ∈ Lp([0, 1]), apode�xte ìti up�rqei p > 1 ¸ste X ⊆ Lp([0, 1]).14. 'Estw 1 ≤ p < +∞. Apode�xte ìti h {Sn

l } sugkl�nei isqur� all� ìqi omoiì-morfa ston 0 kai ìti h {Sn
r } sugkl�nei asjen¸
 all� ìqi isqur� ston 0.
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 q¸ro
 X me dÔo nìrme
 ‖·‖1 kai ‖·‖2, o opo�o
 e�nai pl rh
kai me ti
 dÔo nìrme
. An up�rqei C > 0 ¸ste ‖x‖1 ≤ C‖x‖2 gia k�je x ∈ X ,apode�xte ìti oi dÔo nìrme
 e�nai isodÔname
.(Upìd.: Je¸rhma Anoikt 
 Apeikìnish
.)16. 'Estw grammikì
 q¸ro
 X me dÔo nìrme
 ‖ · ‖1 kai ‖ · ‖2 ¸ste o X na e�-nai pl rh
 kai me ti
 dÔo autè
 nìrme
. Upojètoume ìti, an m�a {xn} ston Xsugkl�nei sto x w
 pro
 thn ‖ · ‖1 kai sto x′ w
 pro
 thn ‖ · ‖2, tìte x = x′.Apode�xte ìti oi dÔo nìrme
 e�nai isodÔname
.(Upìd.: Je¸rhma KleistoÔ Graf mato
.)17. 'Estw ‖ · ‖ opoiad pote nìrma ston C([0, 1]) me thn opo�a o C([0, 1]) e�naipl rh
. An gia k�je {fn} kai f ston C([0, 1]) me ‖fn − f‖ → 0 sunep�getaiìti fn → f kat� shme�o sto [0, 1], apode�xte ìti h ‖ · ‖ e�nai isodÔnamh me thnomoiìmorfh nìrma.18. 'Estw X kleistì
 upìqwro
 tou L1([0, 2]) kai gia k�je f ∈ L1([0, 1]) up�r-qei F ∈ X th
 opo�a
 o periorismì
 sto [0, 1] e�nai h f . Apode�xte ìti up�rqei
C > 0 ¸ste gia k�je f ∈ L1([0, 1]) up�rqei F ∈ X me ‖F‖1 ≤ C‖f‖1 th
 opo�a
o periorismì
 sto [0, 1] e�nai h f .19. 'Estw q¸roi Banach X,Y kai T ∈ L(X,Y ). An o R(T ) èqei peperasmènhsundi�stash, apode�xte ìti o R(T ) e�nai kleistì
.20. 'Estw q¸ro
 Banach X kai kleisto� upìqwroi Y, Z tou X ¸ste X = Y ⊕Z.Or�zoume tou
 telestè
 PY , PZ : X → X me tÔpou
 PY x = y kai PZx = zgia k�je x ∈ X , ìpou y, z e�nai ta monadik� stoiqe�a twn Y, Z ¸ste x = y + z.Apode�xte ìti PY , PZ ∈ L(X) kai P 2

Y = PY , P 2
Z = PZ , PY PZ = PZPY = 0 kai

R(PY ) = Y,R(PZ) = Z.21. 'Estw q¸ro
 BanachX kai {xi|i ∈ N} m�a b�sh Schauder touX . Gia k�je njewroÔme Pn : X → X me tÔpo Pnx =
∑n

i=1 κixi gia k�je x =
∑+∞

i=1 κixi ∈ X .Ep�sh
, gia k�je x ∈ X or�zoume ‖x‖′ = sup ‖Pnx‖.(1) Apode�xte ìti h ‖ · ‖′ e�nai nìrma ston X .(2) Apode�xte ìti o X me thn ‖ · ‖′ e�nai pl rh
.(3) Apode�xte ìti up�rqei C ≥ 1 ¸ste ‖x‖ ≤ ‖x‖′ ≤ C‖x‖ gia k�je x ∈ X .(4) Apode�xte ìti gia k�je sumpagè
 K ⊆ X isqÔei ìti ‖Pnx − x‖ → 0 omoiì-morfa sto K.22. 'Estw q¸roi Banach X,Y kai T ∈ L(X,Y ). Apode�xte ìti o R(T ) e�nai k-leistì
 upìqwro
 tou Y an kai mìnon an up�rqei C > 0 ¸ste infz∈N(T ) ‖x−z‖ ≤
C‖Tx‖ gia k�je x ∈ X .23. Apode�xte ìti up�rqei sun�rthsh f : [0, 1] → R h opo�a e�nai suneq 
 sto
[0, 1] kai se kanèna shme�o tou [0, 1] paragwg�simh.24. Apode�xte ìti up�rqei f : R → R h opo�a e�nai 2π-periodik  kai suneq 
 sto
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R th
 opo�a
 h seir�-Fourier apokl�nei se opoiod pote dosmèno shme�o.25. 'Estw q¸ro
 Hilbert X kai grammikì
 telest 
 T : X → X me (Tx|y) =
(x|Ty) gia k�je x, y ∈ X . Apode�xte ìti T ∈ L(X).26. (1) 'Estw q¸ro
 Banach X kai T ∈ L(X). An gia k�je x ∈ X h seir�
x+

∑+∞
n=1 T

nx sugkl�nei ston X , apode�xte ìti o I −T èqei fragmèno ant�stro-fo.(Upìd.: E�nai profanè
 to p¸
 ja orisje� o (I − T )−1. 'Isw
 qreiasje� h Arq Omoiìmorfou Fr�gmato
.)(2) 'Estw K ∈ C([0, 1] × [0, 1]). JewroÔme thn ex�swsh Volterra: f(t) =

g(t)+
∫ t

0
K(s, t)f(s) ds, ìpou g ∈ C([0, 1]). Apode�xte ìti h ex�swsh èqei monadik lÔsh f ∈ C([0, 1]) gia k�je g ∈ C([0, 1]).(Upìd.: Jèsate Tf(t) =

∫ t

0
K(s, t)f(s) ds gia k�je t ∈ [0, 1] kai apode�xte epag-wgik� ìti ‖T nf‖u ≤ ‖K‖u

n! ‖f‖u.)27. 'Estw q¸roi Banach X kai Y . An U e�nai to sÔnolo ìlwn twn fragmènwntelest¸n apì ton X ep� tou Y , apode�xte ìti to U e�nai anoiktì uposÔnolo tou
L(X,Y ).28. 'Estw q¸ro
 Banach X , T ∈ L(X) kai polu¸numo p. Apode�xte ìti
p(σ(T )) = σ(p(T )).29. 'Estw q¸ro
 Hilbert X kai autosuzug 
 T ∈ L(X). Apode�xte ìti σ(T ) ⊆
R, ìti maxλ∈σ(T ) = sup‖x‖≤1(Tx|x) kai ìti minλ∈σ(T ) = inf‖x‖≤1(Tx|x).30. 'Estw q¸ro
 Banach X ep� tou C kai S, T ∈ L(X) me ST = TS. Apode�xteìti rσ(S + T ) ≤ rσ(S) + rσ(T ) kai rσ(ST ) ≤ rσ(S)rσ(T ).31. 'Estw q¸ro
 Banach X , T ∈ L(X).(1) An to anoiktì U ⊆ F perièqei to σ(T ), apode�xte ìti up�rqei ǫ > 0 ¸ste
σ(S) ⊆ U gia k�je S ∈ L(X) me ‖S − T ‖ < ǫ.(Upìd.: H R(· ;T ) e�nai fragmènh sto F \ U . Parathr ste ìti λI − S =
[I + (T − S)R(λ;T )](λI − T ).)(2) An Tn → T ston L(X), apode�xte ìti lim sup rσ(Tn) ≤ rσ(T ).32. 'Estw q¸ro
 Banach X kai S, T ∈ L(X). An λ ∈ F \ {0}, apode�xte ìti
λ ∈ σ(ST ) an kai mìnon an λ ∈ σ(TS).33. 'Estw q¸ro
 Banach X kai T ∈ L(X). Apode�xte ìti Rσ(T ) ⊆ Pσ(T ′) kai
Pσ(T ) ⊆ Pσ(T ′) ∪Rσ(T ′).34. 'Estw opoiod pote sumpagè
 K ⊆ F . Apode�xte ìti up�rqei T ∈ l2 ¸ste
σ(T ) = K.35. 'Estw q¸ro
 Banach X kai T ∈ L(X). Apode�xte ìti, an to λ e�nai sunori-akì shme�o tou σ(T ), tìte R(λI − T ) 6= X .



210 KEF�ALAIO 5. FRAGM�ENOI GRAMMIKO�I TELEST�ES36. 'Estw q¸roi X,Y me nìrma kai sumpag 
 telest 
 T : X → Y . Apode�xteìti o R(T ) e�nai diaqwr�simo
.37. 'Estw q¸roi X,Y me nìrma kai sumpag 
 telest 
 T : X → Y . An o R(T )e�nai pl rh
, tìte dim(R(T )) < +∞.38. 'Estw q¸roi X,Y me nìrma kai T ∈ L(X,Y ). Apode�xte ìti, an o T e�naisumpag 
, tìte h {Txn} e�nai sugkl�nousa ston Y gia k�je asjen¸
 sugkl�-nousa {xn} ston X . An o X e�nai autopaj 
, apode�xte kai to ant�strofo.(Upìd.: Gia to pr¸to er¸thma mpore�te na qrhsimopoi sete to ìti: an up�rqei
y ¸ste k�je upoakolouj�a mia
 {yn} èqei upoakolouj�a h opo�a sugkl�nei sto
y tìte yn → y.)39. 'Estw q¸roi X,Y me nìrma me dim(X) = +∞ kai sumpag 
 T ∈ L(X,Y ).Apode�xte ìti to 0 ∈ Y an kei sthn kleist  j kh tou {Tx|x ∈ X, ‖x‖ = 1}.40. 'Estw q¸ro
 X me nìrma kai T ∈ L(X). An X̂ e�nai h pl rwsh tou Xkai T̂ ∈ L(X̂) e�nai h monadik  fragmènh epèktash tou T ston X̂, apode�xte ìti
σ(T̂ ) = σ(T ). An o T e�nai sumpag 
, tìte kai o T̂ e�nai sumpag 
 kai R(T̂ ) ⊆ X .41. 'Estw q¸roi Banach X1 kai X2 kai q¸ro
 Y me nìrma. An T1 ∈ K(X1, Y ),
T2 ∈ L(X2, Y ) kai R(T2) ⊆ R(T1), apode�xte ìti T2 ∈ K(X2, Y ).42. 'Estw 1 < p < +∞ kai (∑+∞

j=1

(∑+∞
i=1 |aij |p

) q
p

) 1
q

= K < +∞. Apode�xte ìtior�zetai telest 
 T : lp → lp me tÔpo (Tx)i =
∑+∞

j=1 aijxj gia k�je i = 1, 2, . . .kai k�je x = (x1, x2, . . .) ∈ lp. Apode�xte ìti o T e�nai sumpag 
 kai ìti
‖T ‖ ≤ K.43. 'Estw q¸ro
X me nìrma kai q¸ro
 Hilbert Y . An T ∈ K(X,Y ) apode�xte ìtiup�rqoun Tn ∈ L(X,Y ) me dim(R(Tn)) < +∞ gia k�je n ¸ste ‖Tn − T ‖ → 0.


