Yuvoptnolaxry, AvaAvon

ZNUELDOOELS YL LETATTLUYLAXO LAV MU

M. MNorodnunepdkng
TpAuo Mabnpotikov
Movemotiuo Kpntne

‘Avolgn 2004






ITepieyopeva

1 Ewayowyuxd

1.1 AwTdEelc . . . . 7
1.2 Tomohoywol ydpor . . . . . ... 8
1.2.1  Avowxtd xaw xAEloTd GOVORD &« . . . o 8
122 Metpol yopor . . . . ... 9
1.2.3 Axohoudlec . . . . . ... 10
1.2.4  Yuveyelc ouvapTACEL . . . . . L oL 11
1.2.5 Opowyoppiogol . . . . . . ... 12
1.2.6  II\Apelc YeTpol YWEOL . . . . . . . . . 13
1.2.7  BOumayelor . . ... 14
1.2.8 Tomohoyla-umdywpou . . . . . . ..o 17
1.2.9 II\Vpwon Yetexol YOeoU . . . . . Lo 19
1.2.10 Tomohoylo-ywépevo . . . . . . ..o 21
1.2.11 Aodevic tomohoylo . . . . . . Lo 25
1.3 Tpopuwxol Xcdpor . . . . . ... oL 27
1.3.1 Mpd&etc . . v v v v 27
1.3.2 Tpouuxol UTOYWEOL . . . . . . . . . 28
1.3.3 Bdoew xau dudotacn ... 29
134 Xopog-mnAixo . . . ... 32
1.3.5 TDpoguwxol Teheotée . . . . . . .. .. .. ... ... 34
1.3.6 Ioopop@opol . . . . ... 36
1.3.7  TYmepemlnedo xow NUYWOEOL . . . . . . . 38
1.3.8 Kuptdobvoha. . . . .. .. ... o 39
1.3.9 Eud0 ddpotopar . . . ..o 40
1.4 Topadelypata YRUUUX@Y YWEWY -« « « v v v v v e e e e e 41
1.41 O ydpoc F™ . . . .o 41
142 Xopot axohoLOWYV. . . . .o 41
1.4.3 X®OpOoL GUVOPTAGEWV. . . . .« . o v vt 43
1.44 X®pot TRaYHATIXOY F ULYodXDV YETEOY . . . . . . . . . . 45
1.5 Aoxfoelc . . ... 46



4 IIEPIEX OMENA
2 To Oewpernpoa Hahn-Banach 49
2.1 HoavohuteA uop@h . . . . Lo 49
2.2 H vyewUeETpW HORPH . . . . . o 52
23 AoxfoElC . ... 55
3 Tormoloywxol ypappxol yweot 57
3.1 XOPOUPE VOPUOL « © v v v o i 57
3.1.1 Nopuec . . . . . 57
3.1.2 Ioopopgiouol . . . . .. ..o 59
3.1.3  Xdpol MEMEPAOPEVNC BIACTAONG « « « v v v v v v o e o o . 61
3.14 XdpotBanach . .. ... .. ... ... .. 0000 63
3.1.5 Xdpol axohoudY . . ... 65
3.1.6 YmOywpol . . . ... 67
3.1.7 Xdpow-mnhixo . ... 67
3.1.8 XdpolL CUVAPTACE®Y . . . . o v 68
3.1.9  Mepwd YewpAuata TOGEYYIONG « « « . o o v v o 74
3.1.10 XAPOL UETPWV « . . v v 76
3.1.11 AwywptotddTnTol - . .o 79
3.1.12 Bupmyeta . . ..o 81
3.1.13 Ouolbuop@a XVETEC VOPUES « « « « « o v v v v v 82
3114 Bep€c . ... 85
3.2 Xdpot YE EOWTERIXG YWVOUEVO . . . . . . o oo 86
3.2.1 Eowtepxd YWOUEVO X0 VOPUA . . . . . . . . . L 86
3.2.2 Toopetplec . . . . . . . 88
3.2.3 H opoitdpoppn xupTdTNTA TS VORUAC . .« .« « . . . . . . . . 89
3.24 Xdopol Hilbert . . . .. ... oo 89
325 Kadetdtnra . . . . ..o 91
3.2.6  Opdoxavovixd cUVON . . . . . . . ... 92
3.2.7 Opdoyoviec mpoforéc . . . . ... 95
3.2.8  AwywploWdTnTo - ... 96
3.2.9 Tpla mapadelypata opdoxavovixey Bdcewy . . . . . . . . . 97
3.3 Tomxd xvptol YWEOL . . . . ... 99
3.3.1 Tomxd xvpth tomoloylor . . . . . .. ... 99
3.3.2 Xdopot Fréchet. . .. . ... o Lo 105
3.3.3 Xdpol axohoudY . ... 107
3.34 XdpoL CUVAPTACE®Y . . . . . o v v o 108
3.4 Tomohoywol ypopuxol yGeoL . . . . . ..o 112
3.5 AoxACEC ... 116
4 O duwxdg yweog 125
4.1  ®payuévo YouUUXE CUVOETNOOEWY, . . . . . . . . . . . . . ... 125
4.2 Xopotl TEMEPACUEVNE DLACTACTS - - -+« v v v v o e e e e e e e 127
4.3 Xopot axoNoUODY . . L. 128
44 Xopou Hilbert . . .. ... .. o oo 130
4.5 XOpOL GUVOPTACEDY .« .« v v v v v v e 131
4.6 To Yedpnua Hahn-Banach . . . .. ... ... ... ... .... 144



IIEPIEX OMENA )

4.7 Ato Yewprpota mopeuBorAc . . L Lo 148
4.8 O BelTEPOC BUIXOC . . v v v v 150
4.9 Apyy Opotbuoppou Ppdyuatoc . . . . . ... 153
4.10 Aovevic olyxhon xow aclevic® olyxhion . . . . . . . ... 154
4.11 Aodevelc Tomohoyleg . . . . . . .. 158
4.12 To Jedpnua wwv Krein xou Milman . . . . . .. .. ... ... .. 164
413 AoxfAoEIC . . . . 168
5 ®paywévor ypoppixol TEAECTES 175
5.1 NOPUEC YPUUUIXWY TEAECTWY . . . . . v v v v oo 175
5.2 HdhyeBpa L(X). . . . . . oo 178
5.3 OBUXOC TEAECTAC v v v o o e 179
5.4 X®pot TEMEPACUEVNS DLAOTUGNS =« « « « v v v v o e oo e e e 181
5.5 Apy? OHOLOUOLQOL PEAYHOTOS « .« . o . . .o 183
5.6 XOyxdwonotov L(X,Y). ... 183
5.7 Oe®pNUA OVOXTAC AMEXOVIONG « « + « « v o v v v e e e e 184
5.8 Oewpnua XAEWOTOU YRUPAUOTOS .+« o o v v v v o 185
5.9 Teheotég o€ yOpoUg aXOAOLILY . . . . . . .. 186
5.10 Teleotég GE YDEOUC GUVIRTAOEWY « .« .+« o v v v v v o e e o 188
5.11 Oewpnua XAEWGTOL GUVOAOL TWAV . . . . . . . o o oo 190
5.12 PEOPATA TEAECTWOV .« .« . v v oo e 192
5.13 Buumayelgc TEAEGTES .« . . . . . o 198
5.14 QAoUATA GUUTAYWDV TEAEGTOV . . . o v v v v v o e 203

5.15 AoAGEIS . . . . . L 206



6 IIEPIEX OMENA

Avo Aoy

Ou onuewdoec autéc anoteholy plo Tpdtn tpoondlelor xou efvol, EUPAVOL,
eEMETEll g Tpog TNV emAoyY) OANC ohAd xan aoxrioewy. Tpdgptnxay xotd
OudpxeLo VvOC axadNUAiXol EEoUNVOU VLol TLC OVAYXES GUYXEXEWEVOU UETOMTUYL-
axol gotuatog 6to Madnuatixd Turua tou Havemotnuiou Keftng. Oa Auouy
EVYVOUWY OE 600UC, TOPVOVTAC TEC OTA YEPLOL TOUC, TLE TPOGEEOUY XAl HOU XEVOUY
napatneroelc yia ™ Bedtinor touc.

[ tic onuetdoeig autée yenoonouiinxay, xuplwe, ta e€nc BiBilo:
1. Functional Analysis tou K. Yosida.

2. Functional Analysis tou P. Lax.

3. Introduction to Functional Analysis twv A. Taylor xou D. Lay.
4. Functional Analysis tou W. Rudin.

5. Analyse Fonctionnelle tou H. Brezis.

M. Homadnuntedxng, 5 IouAiou 2004.



Kegpdiaio 1

Eiocaywyua

1.1 Awxtdéelg

Opwowég 1.1 Eotw A éva pn-kevé odvvolo kar < C A X A. Aéue éu o ovrolo
< €elval oxéon didra&ng 1 6rdta&n oto A, av yia kde a,a1,a2,a3 € A,
(i) (a,0) € <,
(1) av (a1, a2) € < ka1 (az,a1) € <, ©ére a1 = ag,
(141) av (a1,az2) € < ka1 (az,a3) € <, téte (ar,a3) € < .
Téve to ovvodo A ovoudletar 6ratetayuévo andé tnv < .

Av o < elvar SidTaén oo A, ypdgovpe a < o’ avtl (a,ad’) € < .

Emopévng, oL oyéoeic Tou TeonYoUUEVOU 0pLoUoU YEdpOoVToL
(i) a < a,
(i1) av a1 < ag %ot az < a, TOTE a1 = as,
(1i1) av a1 < ag %ot as < ag, 1OTE a1 < as .

Hagddetypa To cbvoro R e ) cuvnbopévn Sudtadn < .

IMogddevyma To obvoro N pe tn ddtaln tne dronpetdtnrac /. Anhadi, a/b av
T0 a daupel to b.

IMopddevypma Av @ elvon omowdhnote pn-xevé obvoro, Yewpolue A = P(Q),
10 oUvolo Ttou omnofou otouyela elvor dAa T UTOGUVOA ToU ), xou WS dLdtadn
Yewpolye tov eyxheloud C .

Y10 np®to mopdderypa, yio xde z,y € R woylel 6w elte z < y ele y < x.
‘Opwe, 670 devtepo Tapddetyua dev toylel olte 2/3 obte 3/2. Ouolwe, oto tplto
TUPADELY YA, oV TO () TEPLEYEL TOUAdYLoTOY BUO oToLyEld ¢1, @2, TOTE Yia Ta oToLYEld
{a1}, {g2} wou P(Q) dev woyler o0te {g1} C {g2} o0t {g2} C {a1}.

Opwopwode 1.2FEotw A odvolo pe didraén <. Eva B C A ovoudletar oAixd
SrateTtaypuévo av ya kde by, ba € B 1woxVel du1 efte by < by €fte by < by.
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Opwowée 1.3FEotw A ovvodo pe didaén <, B C Axara € A. To a ovopdletar
dvw-gppdyua tov B, av b < a ya kdle b € B.

Opwowée 1.4FEotw A ovvodo pe didraén < kata € A. To a ovoudletar maxi-
mal otoiryeio tov A, av bev vndpyerd’ € A pe a < o’ xarad' # a.

Y1 Oewpla Yuvérwy deyduaote we Aglwpa to

A¥ppo Tov Zorn : ‘Eote A Siatetayuévo ovvoro. Av kéBe ohikd Sia-
TETAYMEVO UTooOVolo Tou A €xel dve-@gpdypo oto A, téte To A €xeL
ToVAdyLoToV €va maximal otoilyxeio

R xdmolat and TiC LoodUVAUES YE autd Tpotdoels, onwe to Afiwpa Enloyhc mou
Yo GUVAVTHCOUYE TAPAUXET.

1.2 Toroloywxol yweol

1.2.1 Avowtd xow XAt cUVOAA

Opwopwode 1.5FE0tw A éva un-kevé ovvoko kar T pia ouddoyr) vmoouvvédwy tou

A pe ng 10idtnTes

(i) 0,AeT

(i7) UC € T yia kde ovdoyi C C T

(151) N C € T ya kdOe nemepaouévn ovddoy C C 7.

H T ovopdletar tomoAopia oto A kar ta oroweia tng T ovoudlovtar avoirktd
(wg mpog tnv T) ovvoda tov A. To A epodaouévo ue pia tonodoyia ovoudletar
TOTMOAOYPIKGG X WP OG.

To (i) Mel, pye anhd Aoya, 6Tt 1 EVwon omocdRToTeE GUAOYAC CUVOA®Y TOU
avixouy oty 7 elvan oUvoho mou avixer oty 7. To (i4i) Aéel 6TL 1) TopT| oToLdo-
ONMOTE MEMEPAGUEVNC GUANOYTC GUVEAWY Tou avrixouy oty 7 elvan gOvolo oy
avipxer ot 7.

Oplopodg 1.64v 10 A €ivar totodoyikds xwpos, téte kdle vroouUrolo tov A tou
omofov To cuuTAipwpa elvar avoikté ovoudletar kA€o To.

Ieévaor 1.1 Eoww A tonokoyikés ydpos.

(i) Ta 0, A eivar kKdewotd ovvola.

(i7) To N C elvar kKAewotd ya kdde auAdoyr) C kKlewTdry auvdlwy.

(i1i) To|JC € T etvar kAewotd yia kdOe nenepaouérn auvAhoyri C khewotdv auvd-
Awy.

Anéoeitn: H anddeln Baciletar otoug opiopolc xa otoug vouous tou de Morgan
YL TOL GUUTANPOUATO XOlL TLS EVWCELS / TOUEC.

Oplopdg 1.7Eotw A tomodoyikds yapos ka1 U C A.
(i) To ovvoro int(U) = |J{O|O etvai avoiktd C U} ovopdletar ecwtepixd tov
U.
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(it) To ovvoro cl(U) = ({C|C eivar kheiwoté D U} ovoudlerar kAerotr 9ixn

Tov U.

Igétaocm 1.2 FEotw A tornodoyikds xdpos ka1t U C A.

(1) To int(U) eivar to peyalitepo avoixtd vroovrolo tov U.
(2) To U eivar avoxtd av ka1 uévov av int(U) = U.

(3) To cl(U) etvar to pukpdtepo kAewotd vnepotvolo tov U.
(4) To U eivar kAewtd av ka1 pévov av cl(U) = U.

Andédedn: (1) Mpogpavée, BACEL TwV OPLGUOV.

(2) Av 10 U elvon avouxtd, Tote autd glvor 10 HEYIAUTERO avoLXTH UTOGUVOAO TOU
U. Avuotpépwe, av int(U) = U, enedf to int(U) elvon avowntd, ouvendyeto
6t 10 U ebvor avouxté.

(3),(4) Aoxnon.

Opiopds 1.8E0tw A tomoloyikds ydpos ka1 x € A. KdOe avoiktd alvolo o
onofo mepiéyel to T ovopdletal avoikTI) MEPLOXT) TOV .

Opwopwode 1.9E0tw A tonodoyikds xdpos kar U C A.

(i) To x € U ovoudletai ecwrepixd onueio tov U av vrdpyer avoiktd ovvolo O
dote x € O CU.

(1) To x ovoudletar onpueio ovoodpevong tov U av kdlle avoiktn mepioxn tov
x mepréyel éva touvkdyiotor otoryeio tov U dagopetikd and o x.

Ieévaor 1.3 Eotw A tonokoyikés ydpos ka1 U C A.
(1) int(U) = {x|z elvar eowtepixd onueio tov U}.
(2) (U) = {z|x € U ij x elvar onueio ovoodpevong tov U}.

Anédeén: (1) Hpogavéc.

(2) Eow x € c(U) xu x ¢ U. Téte 10 & avixel o xde xheloté6 oOvolo To
ornolo teptéyel o U. ‘Apa, av Yewpriooupe onotadrinote avowty| neptoyn O tou z,
enedr) o x dev avixel oto xhewotd X \ O, cuverdyeton 6ti To olvolo authd Jev
neptéyer To U xa, emopévwg, 1 O €yel TouAdyioTov éva onueio xowd ye o U. To
onuelo auté dev ebvan to x, agol x ¢ U. Apa to x elvan onuelo cusodpevong Tou
U.

Avriotpdguc, av x € U, téte z € c(U). Av 1o x eivon onpelo ouoohpeuonc
tou U o Yewpricouye onotodrinote xhetoté C 1o onolo nepéyet 1o U, téte x € C.
Awagopetind, 1o X \ C Ya fitay avoxth Teploy i Tou & ywplic va €yl xavéva onuelo
xowb e 1o U. Apa 10 z avixel oe xdle xAewoté obvoho to onolo nepiéyet o U
xou, enopévee, x € c(U).

1.2.2 Metpwxol yweot

Opwopwés 1.10E0tw A éva un-kevé advolo kard : Ax A — R pe nig ididenres
(1) d(z1,22) = 0 av ka1 pévov av x1 = 3.

(1) d(x1,m2) = d(x1,22) y1a kdle x1, 5 € A.

(i41) d(z1,23) < d(x1,22) + d(22,23) Y1a kdOe x1, 22,23 € A.

H ovvdptnon d ovoudletar petpikn oto A kai to A epodiaouévo ue pia uetpixn
ovopdletar LETPIKES X DPOG.
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Oplopdg 1.11Eo0tw A uetpikd§ xipos pe petpixn) d.

(i) Avx € A kair € RT, o ovvoro B(z;r) = {y € Ald(y,x) < r} ovoudlerar
avolkTi) MmdAa MeE kKévTpo T KAl aKTiva T.

(1) Eva vroovrodo O tov A ovoudletar avoiktd (wg mpog Tn MeTpikty d) av
ya kde x € O vrdpyerr € R dote B(x;r) C O.

Afppa 1.1 Eotw A petpikds ydpos pe petpikrid, x € A karr € RT. H undia
B(xz;r) efvar avoiktd ovvolo.

AndédeiEn: Av ndpouye tuydv y € B(x;r), T, pe s = r —d(y, x) > 0, woyleL 6Tt
B(y;s) C B(a;r).

Ieévtaom 1.4 Eotw A évag petpikds xdpos pe petpikniy d. Tdte n ovddoyn
T = {O]wo O elvar avoixté wg mpog tn d} anotedel torodoyla oto A. Enouévos,
kdOe peTpikds xdpo§ efvar Tomodoyikds Ydpos.

AnéoeiEn: "Aounon,.

Optowdc 1.12(i) FEotw A petpikds ydpos pe petpikri d. H tomodoyia T tng
TponyolueErnS npdtaons Aéue ot endyetar and Tnv d.

(i1) Evag tomodoyikds xdpos A e tomodloyia T ovopdletar LeTPIKOTO1T)O11LOG
av vndpyer petpixr) d oto A dote n tonodoyla n onofa endyetar and Ty d va
tavtiletar pe tny 7. Téte n T ovoudletar TomoAopia peTpikol xdpouv.

Iegétaocm 1.5FEctw A évag uetpikds xdpos pe petpikn d, éotw v € A kai
UCA.

(1) To z etvar eowtepird onueio tov U av ka1 pdvov av vrdpya r € Rt dote
B(z;r) CU.

(2) To z etvar onueto ovoodpevons tov U av ka1 pdvov av ya kdde r € RY n
B(xz; 1) mepiéyer touddyiotov éva otoielo tou U Sagopetiks and o .

Anddaén: (1) Av 1o z elva ecwtepd onuelo touv U, téte undpyer avoxté O
wote x € O C U. "Apa utidpyer 7 € RY dote B(z;r) C O C U. Avuotpdgwc,
av urdpyer r € RT dote B(z;r) C U, téte, Bdoer tou Adppartoc 1.1, n B(z;r)
elvar avouxtd cUvolo xal, ETOUEVWS, To T elvan ecwTepixd onueio tou U.

(2) Av w0 z ebvon onueio oucodpeuone tou U, t6te, eneldh) xdde B(z;r) elvou
avowtd clvolo, cuvendyeto 6Tt xdle B(x;r) nepléyel Touldytotov éva ototyeio
tou U dagopetind and 1o x. Avtiotpdpuc, av TdpouUe TUY0UG avoX T TEpLo) N
O 7ou z, undpyet B(x;r) C O, ondte 1 O nepLéyel TOLAAYLOTOV Eval OTOLYEID TOU
U dugpopetind and to z. ‘Apa 1o z elvon onuelo ouoobpevong tou U.

1.2.3 AxolouViec

Optowdc 1.13Fotw A évag tomoloyikds xapos pe tomodoyia T kar {x,} pia
axolovdlia oto A. Aéue éuin{x,} ocvykAiver (wg npog tnv 7) av vndpyerxz € A
dote kdde mepioyn) Tov T va mepiéyer Ghoug tous dpouvs tns {T,} and évav delkn

ka1 mépa. Tdte Aéue o1 o x efvar dpro Tng akoAoviiag kar ypdpovue x, — x.
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IIgétaocm 1.6 Eotw A évag petpikds xwpos e petpikn d.

(1) z, — = ovo A av ka1 udvov av ya kdde r € R n B(x;r) mepiéyer dAoug
Tous dpous tns {x,} and évav defkn kar wépa.

(2) KdOe axolovilia oto A éyer to moAv éva dpo.

Anéden: (1) Aoxnon.
(2) Av vrnodéooupe 6T {x,} Exer B0o TouNdyoToV ol 21 XoL Zg, TOTE 1 =
1

5 d(z1,22) > 0 xon oL undhec B(z1;7) xou B(zo;7) eivan Zévec peto€l touc. Autod

AVTLPAOXEL UE TOV OpLOUS TOU oplou.

Ieévaom 1.7TEotw A évag petpikds xipos pe petpikn d ka1 U C A.

(1) Eva x € A etvar onueio ovoodpevons tov U av ka1 pdvov av vndpyet akolov-
Ofa oto U tng omofag 6Aot o1 dpor efvar Sragopetixol and to = xair éyer dpio x.

(2) To U eivai kAeiotd av ka1 pdévov av ya kdOe axolovdia ovo U 1 onola ouykAiver
1w xUer dt1 To Op16 tng mepiéyetar ovo U.

Anddaén: (1) Av 1o x elvon onuelo cuoowpeuone tou U, malpvouye éva onueio
xn € B(x; %) NU Bapopetind ano 1o & xou 1OTe 1 {zy } elvor oto U xau €xet dpto
z. Avtotpdgwe, €otw Ot xdnow {z,} HE GAoug Touc bpoUC TNS BLaPOPETIXOUC
ano 1o z eivon oo U xou €xel 6pto z. Todte xdde avoixty| neployy| Tou = TEQLEYEL
6poug TN axohoudlog xau, ETOUEVLS, To  elvar onueio cucsowpeuong tou U.

(2) Aoxnon,.

H mponyoluevn mpbdtacn Bivel, yia PETEXSO YOO, EVAY YOUQUXTNEIOUO TWV
oNUElWY CUGEHOPELUGTC XL TWY XAELGTEOV CUVEAWY (Xat, XaT ETEXTAGT), TWV AVOL-
XTOV oLYOAWY) Bdoel Tne olyxhone axorouddv. Emonuaivetar dtu xdt tétoto
Bev elvan BuUVATS Yo TUYGVTO TOTOAOYLXO YWEO.

HMapddewypa: O yodpoc R™.

Me wov t0no d(z,y) = /(z1 —y1)2 + -+ (Tn — Yn)? Yiat x8e d00 cToLyElN
= (T1,.-,Zn), ¥ = (Y1,...,Yn) € R™ oplletar 1 yvooth euxheldia yetpinn
otov R™.

1.2.4 Xvuveyelc ouvaptroelg

Opwopodc 1.14E0tw A, B 600 tornodoyikol ydpor e tonodoyles T kar S avu-
otoiyws kar M C A.

(i) Mia ovvdptnon f : M — B Aéue 6t efvar ovvexns oto x € M av ya kde
N € S pe f(z) € N vrdpya O € T dore x € ONM C f=H(N).

(5) H f : M — B Aéue on elvar ovvexng oto M av eivar ouvexng oe kdde
e M.

Ieévaom 1.8Eotw A, B 600 tomodoywkol xdpor pe tonodoyles T ka1 S avu-
otolyws, M C A ka1 ovvdptnon f : M — B. H f eivai ouvexris oto M av ka1
pévov av yia ke N € S vndpyer O € T doze f~1(N)=0NM.

Andoeiln: Eow 6w n f elvoan ouveyric oto M xo éotw N € §. Ta xdde
z € f7H(N) undpyer O, € T wote x € O, N M C f~1(N). Téte t0 clvoho
O =H{O:|r € f7Y(N)} avhixer oty T xow f~HN) =0nN M.
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Avtiotpbgnc, Yewpolue tuydy & € M xou tuydy N € S pe f(z) € N. Tée
undpyer O € T dote f7HY(N) = ONM, oné6te + € ONM C f~YN) xo,
enouéveg, 1 f elvon cuveyhc oto z.

Ieévaom 1.9Ecww A, B 600 uetpikol xdpor, M C Akar f : M — B. H f elvar
ouvexns oto x € M av ka1 uévov av f(x,) — f(x) oto B ya kdOe axolovdia
{zn} oto M pe x, — x oo A.

Andden: Aoxnon,.

O yapaxtnpiopdc e ouvéyelac Bdoel tng cLYXAoNG axohoudidY ToU TEpL-
YedpeTOL 0NV TEoNYOUUEVY TpdTao Bev Loy Vel Yia TUYGVTEC TOTOAOYIXOUC Y-
pouC.

IMeéraom 1.10(1) Eoww A, B, C tornodoyikol xdpo, M C A, NCB, f: M —
N xarg: N — C. Av n f elvar ovvexns oto x € M ka1 n g eivar ouvexns oo
f(x), tére n go f elvar ovvexns oo x.

(2) Eotw tomodoyikds xdpos A, M C A, f,g: M — R* xkmmk € R. Av o
R™ éxa tny tomodoyia nov endyetar and tny evkAeida petpixn kai or f,g eivai
ovvexels oto x € M, tite o1 f + g, k[ €elvar ovvexels oo .

Anédeidn: (1) Eotw L avowxtd otov C wote go f(z) = g(f(x)) € L. Téte
undpyer V avowxté otov B dote f(r) € VNN C g Y(L). Enlonc undpye
O avowxtéd otov A Gote z € ONM C f~HV). Enopévoc, © € ONM C
FVAN)C (g MD) = (g0 )M (E).

(2) Eow N avowth neployt tou f(x)+ g(z) otov R™, ondte undpyet r > 0 dote
B(f(z) + g(x);r) C N. Enewldy o f,g eivou ouveyelc oto z, undpyouv avoxtd
unootvoha O1, 02 tou A @ote ¢ € O1 N Oz xau f(O1 N M) C B(f(x);57),
g(02 N M) C B(g(z); 3 7). Téte to O = 01 N O v avouxtd UTOGHYORO TOU
Ao (f +9)(ONM) C B(f(x); 57) + Blg(x); 57) = B(f(x) + g(x);7) € N.
Apa 1 f + g ebvan ouveyrc oto 2.

H anédelén yio tnv £ f elvon mapoduoLa.

1.2.5 OpowopopgLopotl

Oplopoég 1.15FEotw A, B 6Vo tornodoyikol xdpor. Mia ovvdptnon f: A — B
ovopdletar oporopuopPropnds tov A ue tov B av elvar 1-1 ka1 enl, n f elvar
owvexris oto A ka1 n f1 efvar ovveyris oto B. Tére Aéue én o A eivar o-
MooMOopP1KOG e Tov B kai ypdpovue A = B.

IIgétaocm 1.11Eoww torodoyikol ydpor A, B, C. Tdre,
(1) A= A,

(2) av A= B, téte B = A,

(3) av A~ B ka1 B> C, téte A= C.

Anddeén: Aoxnon,.

Av A, B eivau 800 oyolopoppuxol yweol xat f : A — B elvat 0 opolopop@Lopéde
TOUG, UTOPOUKE VAl TauTiooupe Toug 500 ywpous. Anhady, tavtilouye xdde onueio
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a € A ye 1o avtiotowyo b = f(a) € B xu, avtiotpdgwe, xdVe b € B 1o tawtiloupe
ue 1o avtiototyo a = f71(b) € A. Téte xdde avoxtd utoclvoro U tou A
tautileton ye t0 avoiktd urnoclvoro V = f(U) tou B xw, avtiotpdpwe, xdde
avowxtéd utocOvoro V tou B tautiletor e To avowtd unoctvoro U = f=H(V)
Tou B.

Oplopdg 1.16Eo0ww un-kevé ovvodo A kai 6V0 petpikés di,ds oto A. Aépue énl
ot dy, ds elvar 10o8Vvaueg av n tavtonki) anewkévion 14 : A — A elvar opotopop-
popds avdueoa otov A e tny tonodoyia mov endyetar ané tny di kar otov A e
TNV tomodoyia wov endyetal and tny dy 1}, 1000Uvaua, av o1 ueTPIkES dy, da opilovy
Ta 10w avoiktd vrmooUvoda otov A.

IMogddevypa: Xtov R™ opllouvye petpwxd| ye tomo di(x,y) = |z1 —yi| + -+ +
|Zn, — Yn| Yot x&0e . = (21,...,2n), Y= (Y1,---,Yn). To 6T 1 dq ebvou yetpixn
elvon amA6 va anodeyVel, 6nwe, enlong, elvar anké va anoderydel 61, av do elvon

7 euxheldia petpueh; otov R™, téte wylel do(z,y) < di(z,y) < vnda(z,y) Y
xade xz,y € R™. Me Bdon autéc tic aviobtnTes, e0xoha amodeixvietar 6Tl Ta
avouxtd oUvola tou opllovta and v dy elvon o (Buo Ye tat avorxtd olvoha Tou
opllovton amd v da. Anhady, ou di, d2 otov R™ elvan ioodlvapec.

Opwopwode 1.17TEotw petpikol ydpor A, B pe petpicés d, D avuiotolyws. Mia
ovvdptnon f : A — B ovoudletar 1ooperpia tov A pe tov B av evar 1-1
kar end ka1 D(f(x), f(y)) = d(x,y) yua ki x,y € A. Tére Aépe dt1 0 A eivar

100U ETPIKA OO0 UOPPIKOG 1) 100U ETPIKES ME Tov B ka1 ouuporilovue A iso B.

1.2.6 ITAvpeig petpuxol yweot

Opowdc 1.18E0tw A évag petpikds xopos pe petpikn d. Mia axoloviia {x,}
oto A ovopdletar axoAlovdia Cauchy av d(zy,Znm) — 0 dtav n,m — +oo.

IMeétacm 1.12Kd0e ovykAivovoa akodovlia oe petpikd xdpo elvar axolovlia
Cauchy .

Andden: "Aoxnon,.

Oplopode 1.19Eva vrooUrolo B uetpixol yapou A ovoudletar mAipeg av kdle
axolovOia Cauchy oto B ovykAiver o€ otoweio tov B.

IIgdétaocm 1.130 R™ e tr evkAeidia petpixn elvar mArnpns.

Anédedn: ‘Eow {xr} axohoudia Cauchy otov R™ pe xp = (Tk,1s---,Thn)-
Téte yia xdde j = 1,...,n éyovpe |zk; — 21| < d(ak, z1) — 0 6tav k, | — +oo.
Emed?) o R elvor mAfieng, ouvendyeton 6Tt undpyet zU) € R dote Thj — ) bray
k — +o00. Av9écoupe = (1), ... ™), téte d(zp, )% = |op1 — 2D+ +
|zkn — 2% — 0. ‘Apa 1 {1} cuyivel oo .

Ieévaom 1.14Eotw petpikés yopos A.

(1) Av o B C A elvar mAnjpeg tdte eivar kA€10Td.

(2) Av B C C C A, w C elvar mArjpes kat to B elvar kAewotd, téte to B elvar
TAT)PES.
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AnéoeiEn: "Aounon,.

Oplopodg 1.20E0tw A évag torodoyixds xydpos. ‘Eva B C A ovoudletar mukvo
av cl(B) = A.

Oplopodg 1.21E0tw petpikds xwpos A pe petpikn) d. Ovoudlovue diduetpo
evds un-kevot B C A to diam(B) = sup{d(b1, b2)|b1,bs € B}.

Afppa 1.2 Eotw A évag nAnpns petpikds xwpos pe uetpikn d. Av ya kdle
i € N 1o C; elvar un-xevé kAewtd vroovvolo tov A, Ciy1 C C; ya kd9e¢ i € N
ka1 diam(C;) — 0, tére To otvodo NEXC; mepiéyer axpiPass éva atoryeio.

Anéoaén: Enéyouye éva onowdrnote otowyelo z; € C;. Av k <[, téte zp, 21 €
Cy, onéte d(zg,z) < diam(Cy) — 0 étav k,I — +oco. Enopévoc, undpyet
z € A dote z — x. Enedi, vy xdde i, n {xp} nepiéyeton, and évav Selxtn
xou wépa, 010 xhewot6 O, ouvendyeton and v Ilpdroon 1.7(2) ét x € C;. Apa

Av 1o NEXC; nepéyer xau éva y, tote d(z,y) < diam(C;) yio x&e i xou,
enopévac, d(x,y) = 0. Apa z = y.

Oevpnua 1.1(Baire ) Av o A eivair nArpns ueTpikdés xdpos kat yia
kdbe i € N to O; €ivatr avoikTé kat mukvé umooUvolo tou A, tTétTe TO
NEY0; eivar mukve.

Anédatn: Oétouue U = NETO0; xor unodétoupe 61t 10 U Bev elvor muxvé.
Anhady, undpyer * € A 1o onolo dev avixer oto cl(U). Apa undpyer r > 0
oote B(z;r)NU = 0.

Ouwe o O elvar muxvéd xan, enopéved, UTEO(pXEL x1 € B(z;r)NO1. Enedn o
Oy elvon avouxtd, undipyeL 1 > 0 wote 11 < 37 xou cl(B(z1571)) Q (x;r) NO;.
To Oy elvon muxvd xau, emouéves, vndpyer 2 € B(zi;71) N O2. Enedy 1o
Oz elvon avowxtd, undpyet ro > 0 Gote g < %rl < 212 r xou cl(B(ze;12)) C

B(x1;71) N O,.
Tuveyilovtag enaywyd, Beloxoupe yia xdde ¢ € N undho B(xz;1;) dote
ry < 2—11 r xot cl(B(zi41;7i+1)) C B(xi;r;) N Oy yia xdde ¢ € N.
Egapuélouye, thpa, o tponyolpevo Mupa pe ta obvora C; = cl(B(z4;74))
o BAémoupe 6L undpyer y € NETCy. Autéd ouvendyetan 6t y € B(z;r) NU xou
%ATOAYOUUE OE dTOTO.

1.2.7 Xvundyeia

Oplopodg 1.22FE0tw A tomodoyikds xwpos e tomodoyia 7. O A ovoudletar
xopos Hausdorff av ya kd0e x1,x9 € A e x1 # o vndpyovy Eéva ueta&d
tous 01,09 € T dote 21 € O1 ka1 x2 € Os.

Igétaocm 1.15Kd0e petpixds yopos eivar xdpos Hausdorff .

AnéoeiEn: Av o A éyel yetpinf| d xou 1,22 € A Ue x1 # X2, nalpvoupe r =
$d(z1,22) > 0 xu Oy = B(w1;7), Oz = B(aa; 7).
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Oplopodg 1.23Eo0tww A tomodoyikds xdpos pe tomooyia T ka1 K C A. Aéue
ou pia ovAdoyn avoiktdy ovvddwr C anotelel avorxTn kdAviyhn tov K av iy Vel

K cUc.

Oplopodg 1.24FEotww A tornodoyikds xdpos e tonokoyia T ka1t K C A. To K
ovoudletar ovurayés (og mpog tnv 7) av ya kdOe avoiktr) kdAvyn C tov K
vrndpyel menepaopérn avorktrj kddvypn C' C C tov K.

IIgétaocm 1.16 Eotw A tonodoyikds xdpos.

(1) Av to K C A efvar ovunayés kar o A etvar ydpos Hausdorff , téte to K elvar
KA€10TO.

(2) Av to K C A efvar ovumayés ka1 o K' C K efvar kAeiotd, tdte to K' efvar
OUUTaYES.

Arédeidn: (1) 'Eow o ¢ K. T xdde z € K Yewpolye avoxtd olvora O,, V,
Eéva petald toug wote z € O, xou x € V,. Téte n culhoyh C = {0,]z € K}
anotehel avouxth) xdhudn tou K, ondte undpyouy n € N xau 21, ..., 2, € K dote
K CO,,U---UO;, . Brénoupe ayéowe 6Tt To avoxté cbvoro V =V, N---NV,,
elvon E€vo pe to K xon mepiéyet o . Apa 1o A\ K elvar avowxtd, ondte 1o K
elvan xheloto.

(2) Eotww avowth xdhudn C touv K'. Téte n C U {A\ K'} anotedel avowt
xdivdmn touv K. Enopévee undpyouv n € N xou O1,...,0, € C dotre K C
O1U---UO, U(A\K'). Apa K' CO1U---UO,.

Igétaocm 1.17Eotw torodoyikol xdpor A, B, M C A ka1 ovvexris f : M — B.
Av to K C M eivar ovunayés (wg mpos tny tomodoyia tov A), to f(K) eivar
ouumayés vroovvolo tov B.

Andden: "Aoxnon,.

Oplopodg 1.25FEoww A uetpixés xdpos. ‘Eva K C A ovoudletar oAixd ppay-
Mévo av ya kdOe € > 0 vndpyour n € N ka1 x1,...,2, € K dote K C
U B(zi;€).

Oedpnua 1.2 Eote A uetpikés yépos kat K C A. Ta embueva e€ivat
toodvaua

(1) To K e€iva. ouvunayés.

(2) KdBe akolouvBia oto K éyei TovAdyiotov pia umo-akoAouvBia mou
ovykAivel kat To 6pLé Tns aviker ozo K.

(3) To K eivai mArpes kat oAikd gpayuévo.

Anébedn: Eotw 61l woyder to (1) xou dyt 1o (2). Apa undpyer {x,} oto K
wote xopuia urto-axohovdio TN Be cuyxhiver oe onueio tou K. Téte yia xde
x € K undpyer B(z;r;) n onola teptéyet o mohd tenepaouévou thidouc Gpouc
e {xn}. H ocvhhoyh {B(z;ry)|x € K} anotehel avowxth xdhudn tov K xo,
ENOUEVWS, UTEPYOLY T1,...,L, € K ote K C B(x1;74,) U -+ U B(zy; 74, )-
Toére, bpwe, 10 K mepéyel 1o nohd menepacuévou tafdouc bpouc tne {z,} o
omnolo elvan, Tpogavde, dtono.
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‘Ectw 61t woyle 1o (2). Oswpolpe axohoudia Cauchy {z,} oto K xot éotw
{@n, } vro-uxohouvdia tne n onola cuyxAiver oe xdnow x € K. Eneds ny > k yi
x&e k, ouvendyetan 6w d(zg, ) < d(zk, Tn, ) + d(zp,,x) — 0 6tV k — +o0.
Apa 1o K elvar mivpec. 'Eotw, tdpa, tuyxév € > 0 xou éotw tuydv z; € K.
Av 10 K Bev nepiéyetar oty B(xy;€), éotw tuxdv o € K\ B(x1;€). Av 10
K dev nepéyetan otnv B(z1;€) U B(agse), éotw tuydy a3 € K\ (B(z1;¢) U
B(xs; 6)) H Swodiacio auth teénet va otapatiioet, di6tt, ot avtidetn neplntwon,
Vo oynuatioVel n axohovdia {x, } n onola dev Va éyer xappio cuyxhivouoa uno-
axohoudio apol, ex xataoxevhc, d(xy, ;) > € yia x8e k, 1 ye k # [.

‘Eotww 6t woyler 10 (3) xa éotw avoixth xdiudn C tou K n onolo dev é-
YeL xopulor avouxth urto-xdhugn tou K. Me € = 1 Jewpolpe z1,...,2, € K
vote K C U B(x;;1). Toéte yio toulhdytotov éva amd o X1, ..., Ty, TO
onofo ovopdlovue y1, n K N B(y1;1), dev xohOnteton and xopulo REREQUOUE-
vn uto-cuhhoyh e C. Me € = 3 Vewpolye (véa) z1,...,2, € K Gote K C

" B(xq; %) Téte yia ToUNdyLoTOV éVal amd A Z1,...,Tn, TO OTOO OVOUS-
Zove Y2, 1 K N B(y1;1) N B(y2; 3), dev xahlnteton omd xoppio menepaouéwn
uno-cLAROYR e C. Tuveyllovtac enaywyind, xotaoxevdlovue axohoudio {yn }
oto K ¢ote, vy xdde n n K N B(y;;1) N -+ N B(yn; 5ier) dev xahUTTETR
and xayplo nenepacuévn uno-cuhhoyy e C. Autd, eldixdtepd, ouveTdyeTal 6Tl
B(yn; W%l) NB(Yn+1; %) £ 0, ondte d(Yn, Yn+1) < % v x&e n. Tote yia xd-
Ve k,lue k < lwybet d(yr, vi) < d(yk, Yr+1)+- - -+dyi—1,u1) < 2%4—- . '—l—zli,l <
2,%1 — 0 6tav k, I — +o00. Anhadi, n {yn} ebvoar axohouvdio Cauchy oto K xo,
enouévwe, cuyxhivel oe xdnowo y € K.

Téte 1o y avixel o xdnowo O € C, ondte undpyer r > 0 dote B(y;r) C
0. Anré my avoomna d(yk, yi) < 21511 nadpvoupe d(yg,y) < 25’71; omdte
B(yr; 57=1) € B(y; 5e=)- Av, tépa, emihéZouye k 1600 peydho wote mis <7,
t6te K N B(yy;1) M-+ N Byr; 55=1) € Blyki zi==) € Bly;r) € 0. Auté
avTipdoxet pe tny xataoxevl e {yn }-

IIgétaocm 1.18Ytwr yopo R™ ue tnr evkdelda uetpixn éva K C R™ efvan
OUUTaYES av Kal povov av eival kAeotd kar gpayuévo.

AndédeiEn: Av to K eivou oupnayée, Bdoet twv Ilpotdoewy 1.16(1) xou 1.15, To
K ebvau xhewotd. Oewpdviag v avouxth xdhudn {B(zo;n)|n € N} twouv K,
BAénouye bt undpyer n dote K C B(xzg;n) xou, enoyévwe, 1o K elvan ppoayuévo.

‘Eotw, tdpa, 61t 10 K elvat xhetotd xou @paypévo. §2¢ xAewot6 unocUVoAo Tou
mhjpouc yweou R™ 1o K etvor mhvipec. Tlalpvouue évay x0Bo apxetd yeydho wote
va tepLéyet to K, xan tov ywpilouye oe nenepacuévou nAdouc xOBoug dlauétoou
pxpdTepne Tou €. Autd, Tpogavae, arnodexviel 6t 1o K elvon ohxd gparypévo
onote, Bdoel g Tedeutalag TpdTaong, elvor cuuTayES.

Ieértaom 1.19E0tw A tornodoyikds xydpos Hausdorff . I'a kdOe 600 ovumayn
vrnootvoda K, L tov A &éva peta&d tous vrndpyouvr avoiktd ovvoda O, Q emiong
Eéva petat tovs vote K C O kar L C Q.

Anddan: Tny andédeln tne Hpdroone 1.16(1) anodeilope ot yio xdde z ¢ K
umdpyet éva avoxtd ouvoro Oy (to O,, U --- U O, mou epgpaviletar exel) xou
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éva avouxtd obvoro V, (to V,, N--- NV, ) ta onolo elvor Eéva petal touc xou
neptéyouy 10 K xar o = avtiotolywe. Tote n ouhhoyy {Vy|z € L} eivon avowth
xdAvdm tou L, ondte undpyouv x1,...,Tm € L dote LC Vy, U---UV, . Tote,
WO =04 N---NOg, xau Q =V, U---UV,  elvor avouxtd, Eéva yetald toug
xou mepLéyouv 1o K, L avtiotolywce.

1.2.8 Tonoloyia-undyweou

Ieétaor 1.20E0tw tonodoyikds yxopos A pe tonodoyla T ka1 vmooUvodo B
v A. H ovdoy § = {O N B|O € T} anotelel tomodoyia tov B.

Anddaén: B =0N B xaw B= XN B, ondte 1a @), B avixouv oty S.

Av xde otouyeio @ wdc ouhhoyhic C avixel oty S, dnhadh Yedpetan Q) =
O NB yw xdnow Og € T, téte oynuatilouvue v D = {Og|Q € C} xou éyouue
6t UC=(UD)NB. Apa |JC € S.

Av ta Qy,...,Qn avixouv otnv S, dnhadh Q; = O; N B yw xdnow O; € T,
W QN NQr=(01N---NO,)NB. Apa Q1 N---NQp €S.

Oplopodg 1.26Eoww tonodoyikds xopos A pe torodoyia T kar vrooUvodo B tou

A. H vomoloyia S tou B nou neprypdpetar otnr mponyoluevn npétaon ovoudletal
tonoAoyia-vrndxywpov yia to B (wg mpog to A) 1j oxetikt) tonodoyia tov B
(wg mpog To A).

‘Otav 10 B C A éyel tny tonoloyla-undywpeou we tpoc 10 A, ta otouyeia tne
tonohoyloc tou A Yo tor ovopdlouye, anAoe, avoxtd oto A eve o ototyela Tne
oyxetxc tonohoyiog tou B Yo ta ovoudlouye avoxtd oto B.

Ieévaom 1.21Eotw tonokoyikds xdpos A ka1t B C A pe tnr tonoloyla- vnd-
Xwpov.

(1) To @ C B eivar avoikté oto B av ka1 pdvov av vrdpyert O C A avoiktd oo
A dote Q =0NBKB.

(2) To D C B elva1 kAew0té oto B av ka1 pdvov av vrdpyer C C A kAewtd oto
A dote D=CnNB.

(3) Av x € B ka1 D C B, tdte to © elvar onueio ovoodpevong tov D wg mpog
TNy tonodoyia-vndywpov tov B av ka1 udvor av eivar onueio ovoowpevons tov D
S mpog TNy TomoAoyla tou A.

(4) Av U C B, tére int4(U) Cintp(U) ka1 clp(U) = cla(U) N B.

Anédein: (1) Eivor o oplopdc.

(2) Eotww C C B xhetot6 oto B. Téte 10 B\ C elvar avoxtd oto B xo,
enopévac, B\ C = O N B y xdnow O avowxtd oto A. Apa C = (A\O)N B
xau 10 A\ O elvan xhewotéd oto A. H anddelln tou avtiotpdpou elval TopdUoLa.
(3) Eotw 61 10 x elvar onuelo cuootpevone tou D wg npoc v tonoloyio-
undywpou tou B. Av O elvar avouxth mepoy tTou  otnv tonoloyia Tou A,
161 10 O N B elvor avouxty| teploy| 10U £ TNy 10noloylo-utdyweou Touv B xa,
EMOUEVWS, AUTY TEPLEYEL Eva ToUAdyLoToV onueio Tou D dagopetind and o .
Apa xou 1 O mepiéyel éva Touldytotov onueio (to (Blo) tov D dlagopetxd and
T0 x %o to z elvon onuelo cuochpeuone Touv D we npog tnv tonoloyia tou A. H
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anddel&n tou aviiotpopou elvon TapdUoLaL.
(4) To inta(U) ebvon avoxtd oto A pe inta(U) C U. Téte 1o inta(U) =
intA(U) N B elvar avowxtéd oto B, ondte int4(U) C intg(U).

To cla(U) etvar xhewotd oto A ye U C cla(U). Téte 1o cla(U) N B eivon
xhewt6 010 B xaw U C cla(U) N B. "Apa clp(U) C cla(U) N B. Avtiotpdgwc,
70 clp(U) evar xeotéd oo B onde cp(U) = C'N B vy xdnowo C xhetotd o10
A. Apa cla(U)yNBC CNB=clg(U).

Meértaon 1.22FE0tw petpikds ydpos A pe petpixid : AxA — R kar B C A.
(1) Av z € B ka1 € R, n avoiktij undda otov B e kévtpo x kai aktiva v
wovtar pe B(x;r) N B.

(2) Av to A éxer tnr tomodoyia nov endyetal and tn d, Téte 1) Tonodoyia-vadywpou
tou B endyetar and tov mepropioud s d oto B x B C A x A.

AnéoeiEn: "Aounon,.

IIgétaocm 1.23Eotw tonodoyikol xdpor A, B,C érov B C A kai 0o B éyer tny
Tomodoyia-vndywpou (ws mpos tov A). Eotw f: M — C drmov M C B.

(1) Av x € M, téte n f eivar ouvexiis oto T ws mpos Ty tomodoyla tou A av kai
Hovov av elvar ouvexns 0To T WS TPOS THY ToToAoyla-vndywpou tov B.

(2) H | etvar ovvexns oto M wg npog tnr tomodoyia tov A av ka1 udvov av efvai
owvexns oto M wg mpog tny tomodoyia-vndywpov tov B.

Andédedn: (1) Eotw 6w n f ebvar ouveyhc 010 & w¢ Tpoc TNy tonoloyia Tou
A. Av N eivaw avowtéd oto C xou mepiéyet to f(z), tote undpyel O avowtd 6To
Adotexz € ONM C f~YN). Téte o Q = ON B ebvar avouxté oto B xou
T € QNM C f~YN). Apa n f elvor cuveyfic 670 T WC TPOC TNV ToTONOYio-
undyweou Tou B.

Avuotpbguc, éotw 6T N f elvar cuveyhc oto = we Tpoc TNV tonohoylo-
unoywpeouL Touv B. Av N elvar avowxtd oto C xou nepiéyet to f(z), 1é1e undpyEL
Q avowtéd 010 B dote x € QN M C f~1(N). Enewdh Q = O N B vy xdmowo O
avouxté oto A, ouverdyetaw dt z € ONM C f~1(N). Apa n f ebvon cuveyhc
070 & WS TEOS TNV ToTohoyla Tou A.

(2) "Aoxnon,.

Ieétaocm 1.24FE0tw A petpikds yaopos kar B C A e tnr tonoloyia-vndyw-
pov. Av M C B, tdte to M elvar mArjpes ws vnooUvodo tov B av kar pdvov av
elvar TArjpes ws vmoorodo tou A.

AnéoeiEn: Enedn n yeten| tou B ebvar, anhde, 0 Teploploldds tne UeTeLiC Tou A
670 B, cuvendyeton 6Tt plo axohoutia tou B elvan axohoudia Cauchy we mpog tnv
tomohoylo tou A av xou pévov av elvan axohoudia Cauchy we tpog tnv Tonoloyla-
undywpeou tou B. Enlong, plo axohoudia tou B cuyxiivel oe otouyeio tou B w¢
TPo¢ TNV Tomohoy({o-undyweou av xo ubvov av cuyxAlvel oto Blo oToiyelo wg
npo¢ tnv tonohoyia tou A.

IIgétaocm 1.25E0tw torodoyikol ydpor A, B émov B C A kai o B éyer tny
tornoAoyla-vrdywpov. Av M C B, tdéte to M elvar ouurayés ws vroovrolo tov B
av ka1 uévov av eivair oUuTayés ws vtooUvodo tou A.
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Andoaén: 'Eotww 6t 10 M elvar oupnayéc wc vnoodvoro tou B. Ilaipvouue
tuyoloa avowxty xdAudrn C tou M wc mpog v tomohoyia tou A. H culhoyt
D = {ONB|O € C} elvan avowth xdhudn tou M & npoc v tonohoyio-
undywpeov, ondte undpyouv n € N xou Oq,...,0, € C dote M C (O, N B)U
U0, NB)=(01U---UO0,)NB. Apg M C O; U---UO,. Enopévwc, 10
M elvon ovumayéc we utooUvolo tou A.

To avtiotpogo anodewxvieTal Ue ToEOUOLO TEOTO.

1.2.9 IIhjpwomn petpixol Yweou

Oedpnua 1.34v A B uetpikoi yépor ue petpoikés d,D avriotoiyes,
B eivai mnArpns, K nukvé vroovvodro tov A, f: K — B kat C >0

pe D(f(z), f(y)) < Cd(x,y) yia xdbe z,y € K, téte undpyet povadik
enéktaon F : A — B ns f, ouvexrs oto A. Erions, D(F(x),F(y)) <
Cd(x,y) yvia kdibe x,y € A kaiv, av n apyikh avioétnta yra Tnv [ €i-
vair Loétnta, TétTE Kait yta tnv F Loyvel LoétnTa.

Andbaén: Eotw twyév z € A. Enedh to K eivor tuxvé otov A, undpyet {z,}
oo K dote x, — z otov A. Apa D(f(xg), f(z)) < Cd(xk, ki) — 0 xou,
enouévwe, N {f(xn)} ovyxhiver otov B. Av urdpyel xon dAkn {z),} oto K dote
x, — x, t61€ D(f(2)), f(xn)) < Cd(z),, xy) — 0, ondte lim f(2]) = lim f(zy).
"Apa opiletar xahdc ouvdptnon F 1 A — B pe tono F(z) = lim f(z,) € B yw
x&e x € A, énou {x,} elvor onowdrnote axohovdia oto K pe x, — .

Av v onowdfrote & € K Yewpricouue ) otadeph axoloudio {z} oto K,
té1E AUTH oUYXAVEL 0TO T X, enouévwe, F(x) = lim f(z) = f(z). ‘Apan F eivou
enéxtacn e f.

I onowdAnote z,y € A nalpvouue {x,} xou {y,} ot0 K ®ote 2,y — T o
Yo — y. Tore yiooxde n, D(F(2), F(y)) < D(F(@), () + D(f (2n), f(ya)) +
D(f(ya), F(3)) < D(F(@), f(@n)) + Cd(n, ya) + D{f(yn), F(y)) <
D(F(2), f(@n)) + Cd(wn, 2) + Cd(z,y) + Cdly, ya) + D(f (yn), Fy)). Oxree, e
n — 400, naipvovye D(F(x), F(y)) < Cd(z,y).

Avn Fy 1 A — B ebvaw enéxtoon e f ouveyhc oto A, t6te yio xdde z € A
nalpvouye {zy} 010 K ye 2, — x xou éyovye Fi(z) = lim Fy(zy,) = lim f(z,) =
lim F(x,) = F(x).

Oedpnua 1.4 Eote A uetpikés yépos upe petpikn d. Tmdpyel mAnpns
METPLKOS x6POS A ME peTpLKN (7, dote A C g, nd eivar o nepLopt-
ou6S TNS d oto A kat A e€ivair mukvé otov A.

Av A eiva: TANENS METPLKOS XBOPOS ME MUETPLKN C/l\, dote A C A\, nd
€ivaL o mepPLOPLOUSS NG c/i\gro A kat A e€ivair mukvé otov A\, TéTe
vndpyet toouetpia ¢: A— A édote p(x) = yia kdbe xz € A.

Anddeln: Oewpolue 1o chvoho X e otoyela dhec Tic axorovdiec Cauchy tou
A. Yto X opilloupe pia oyéon = we effc: ypdypouue {z,} = {yn} v 300
axohoudiec Cauchy tou A av d(xy,,yn) — 0. Eivaw tpogavéc 6t n = elvan oyéon
woduvaplac oto X xou, enopévee, oplletal to oUvVolo X ME oToLYEld OAEC TIC
xh\doewc woduvapioc [{zy}] twv otowyelwy tou X.
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ArnodewvieTton Tohd ebxoha 61, |d(x,y) — d(z,w)| < d(z,z) + d(y,w) yw
x&e x,y, z,w € A xou, ye Bdon autd, 6t n {d(zn, yn)} ebvor axohovdia Cauchy
070 [0,4+00) yio xdde dvo axohouvdec Cauchy {z,}, {yn} oto A. Apa 0 6plo
lim d(zp, yn) UndpyeL xau ebvon un-apvnuxde nparypatinoc aprdude yio xdde dbo
axohovdiec Cauchy {z,}, {yn} ot0 A. Av {z,} = {z},} o {yn} = {y,}, té1e,
pe Bdon v Bia aviodtna, anodewvietor 6t limd(zy,, y,) = limd(z),,y,,). E-
ropévac, oplleton xahde n ouvdptnon D : X x X — Ry ue tono D([{;vn}] {yn})
= lim d(xn, yn). Kou ndht ebvon mpogavée 6t n D etvon METELXY| OTOV X.

Av pe {z} ovyPoricouye tn otadepr| axohovdia pe dhoug Touc Gpouc (ooug ue
x, t67€ opllouye i : A — X ye tomo i(z) = [{x}] v xdde z € A.

T xéde x,y € A éyovye D(i(x),i(y)) = limd(z,y) = d(z,y) xon da
amodeiZouge 6T 1o i(A) evon Tuxvd otov Q. Tabpvouue tuydv [{z,}] otov
@ xou ooy r > 0. Emeldd n {x,} ebvaw axohoudia Cauchy , urdpyer N -
ot |zp — m| < 37 yw xdde kI > N. Apa, |z, — an| < 37 v xdde
k> N. Oewpolye ) otadepn axohovda {zn} xou v xhdom wwoduvaulac tne,
i(xn) = [{zn}] €i(A). Téte, D({zn}], {2n}]) = limd(zy, 2,) < $7 <71 %o,
enopévae, [{zn}] € B([{zn}];r). Autéd anodeviet 6t 1o i(A) elvor Tuxvd otov
X.

Téroc, o X elva miene. T vo to amodelfouye malpvoupe pla oxorouvdia
Cauchy {gn} oto X. Enewdr 1o i(A) elvor ntuxvéd otov X, v xéide m UTdpYEL
i(zm) € i(A) dote D(gm,i(zm)) < L — 0 6tav m — +oo. Agol D(qx,q) — 0,
cuverdyeton ebxoha 6t d(x, ) = D(i(ay),i(z;)) — 0, onéte n {z,} e
axohoudio Cauchy oto A xat, enopévec 1o ¢ = [{z,}] elvor otouyeio Tou X. Tore
D(gmr @) < Dlgons i(@m)) + D(i(@m), @) = Dy 1(@m)) + DLz}, n}]) =
D(gm,i(xm)) + imd(zm, x,) — 0 étav m — +oo. (To limd(xy,,x,) onuaiver
6pLo W TPOC M.)

MeypL Tédpa €y oupe omodelZeL 6Tt uTdpYEL TARPNC PETEIXOS Y WpPOQ X ye petpuch
Dxaui:A— X dote D(i(x),i(y)) = d(z,y) Yo xd9e 2,y € A xon 70 i(A) elvan
Tuxvé otov X.

Oplloupe A= AU ()Z\ i(A)) (dnhadh, avixahotoue to i(A) ye to A) xou
ouvdpTnon T : A-X ue tomo w(x) = i(x) v xdie z € A xou m(x) = @ yio xdie
z e X \i(A). Emiong, op{loupe d: Ax A— R{ ue tomo d(z,y) = D(TF(,T), 7(y))
yio xdle x,y € A. Eneidd n m efvon 1-1 xou eni, ebvon tpogaveg 6tin d etvon petpuch
otov A o 61 0 A ye ) petpud| d eivan (oopeTpixdC YE Tov X UE TN UETEUXT
D. Enoyévwe, eivon mpogavéc 6t o A ebvan TMipng xou, agol 1o m(A) = i(A)
elvor mTuxvd otov X efvor ot T0 A Tuxvd otov A. Téhoc, av z,y € A, tbte
d(z,y) = D(i(z),i(y)) = d(z, y) xau, enopévee, 1 d elvar o Teploplolds TG d 570
A.

‘Eotw, Topa, TANENC UETEXOC Y WEOoC A UE UETEWH dGote AC ,Z, n d ebvor o
TEPLOPIOUOS TN c/l\oto Ay 0 A ghvan Tuxvéd otov A.

Oewpolye v tawtotx) ouvdptnon 4 1 A — A, ondte d(Ia(2), Ia(y)) =
d(z,y) = d(z,y) = d(z,y) yia xd0e 2,y € A. TOUPVA UE T TEONYOUUEVO
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Vewpnua, uTdpyel Uovadxh ETEXTAON @ A A e 4 ouvveyric oto A xou,
udhiota, d(B(2), d(w)) = d(z,w) yia xdde z,w € A. Auté, Tpogavae, cUVETdYE-
¢

tou 6T N @ ebvar 1-1. 'Eotww {z,} € A pe ¢(zn) — ¢q v xdmow g € A. Tére,
d(zk,21) = d(¢ ( k), ®(z1)) — 0, onéte 2z — z v xdmow z € A. Ernopévwc,
g =1lim¢(z,) = ¢(2). Auté anodexviel 6Tt 10 GOVONO TOY NS P ElvaL XAELDTO

otov A. EmLOn T0 GUVOAO WOV TN ¢ mepiéyel 10 A xon auTé elvon TuxvG oTOV
A, cuvendyeton 6Tt 10 GOVOAO ) TWOV TS ¢ 1o00ToL UE TOV A Apa 1 ¢ elvon enl
X, ETOUEVLC, LooUeTpla TOU A HE TOV A

Oplopdg 1.27Eotw petpikds yopos A ue petpixr) d. Onooodnmote mArpng

peTpikds xwpos A ue petpikny d o onoiog mepiéyer tov A dote n d va éwar o

TeP10p1oL6S TNS d 0T0 A ka1 ddote Tto A va elvar tukvd otor A ovoudletal mAfjpwon
Tou A.

To teleutaio Yedpnuo anédelle 6TL UTdpPYEL TATEWGT OTOLOUBYTOTE PETELXOU
yweou A xau 6Tt onolecdiinote 500 TANEOOCEC Tou (Blou peTEXoL ydpou A eivan
LloOPETPIXOL UETPXO! YWpOoL (xon 1) IoopETPlR, TEPLOPIOUEVT oToV A, Elval 1] TauTOoTIXY
anewxévion tou A). Abyw g puolohoyixic TadTIONG LOOUETELXOY HETPIXMY Y-
pwv, avagepduacte oLVRYWC OTNY TAPWST EVEC UETEXO) YDEOU.

1.2.10 Tonoloylo-yivouevo

Oplopdg 1.28FEo0ww I éva oUvolo to onoio Ua ovoudletar ovbvolo Serktwv kai
pta ovAddoyn owdkwr {Asli € I}. Opilovpe to otvodo [[,c; Ai = {z|x : I —
UzeIA uex(i) € A; ya ki i € I}. To oUvodlo avtd ovoudletar kapteoiard
yivduevo Tng {A;li € T}.

Oevpnpa 1.5(Aiwua EniAoyrs) Av to I eivair un-kevé kair yia kdBe
i € I to A; e€ivaL un-kevé, téte To KapTeoiLavé yivéuevo tns {A;|i €
I} eivar un-kevé.

AnéoeiEn: Oewpolue 10 oUvolo C ototyelol Tou omolou elvar GAEC OL CUVAPTACELS
w:J — Jjep Ai, 6mou J ebvon Tuxov un-xevéd vrochvoro tou I xa (i) € A; yia
xade i € J.

Emnéyovtag tuydv ig € I xau tuydv ag € A;, 6pllouue 1N ouvdptnon zo :
{io} — U;er Ai ue tomo x(io) = ag. Ilpogavae, xg € C.

Oewpolue 61dtaln oo C we e€hc. Av 1,22 € C, Ypd@ouue 1 < T av 1)
x2 elvou enéxtaon tng x1. Anhadn, av to nedlo opiopol e T2 TEpLEYEL To TEdo
oplodol e 1 xou ot dVo ouvapthoes tautillovia oto nedlo opouold g 7.
Eivor mpogavéc 6t i < elvan oyéon dudtagne oto C.

‘Eotw D éva ohxd Satetayyévo unoclvoro tng C. Anhad¥, av x1,z2 € D,
t6te elte N z2 elvan eméxtoon e @1 elte N x1 ebvan enéxtaon e T2. Ocwpolue
0 Jo = J{J|to J elvor nedlo opiopol xdrowc x € D} C I. Av i € Jy, t61e
umdpyel ¢ € D pe 1o i vo mepéyetar oto Tedio oplopol tne. Av 2’ € D efvon
OTOLBATOTE GANY) CUVAPTNOT UE TO ¢ VA TEQLEYETAL 0TO TEDIO OployoL g, TOTE,
eneldn xdnoa oand Tic z, ' efvan enéxtac e dAANG, cuverdyeton 6t x (i) = (7).
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"Apa umopoUUe va oplooupe ouvdptnon xo @ Jo — J;ep Ai ue tOno x0(i) = x(i) €
A; 6mou & € D éyel 10 i oto nedlo oplopol tne. Elvar mpogavéc 6t n zp elvan
enéxtaon OAwv v T € D xou 6Tt elvan otowyelo e C. Apan xo elvorn dvw-@edyua
e D oto C.

Yuvendyetor and 1o Afupa tou Zorn étL UndpyeL TOUAdyIGTOV éva maximal
otoyelo x e C. H x elvan otoyelo Tou xapteatavol ywvouévou [, A;, apxel va
anodery el 6t to medlo opiopot tne eivor 1o 1. ‘Eotw, howdy, 6tz : J — ;o Ai
xan J # 1. Tladpvouye ig € I\ J xon ag € Ay, xou opiloupe zo = JU{io} — ;e A
oote va tautileton ye y = oto J xau x(ip) = ao. HMpogavae, n xo elvon yvioix
enéxtooy e = xou avrixel otny C. ‘Atorno.

‘Onwe ye tg axolovdies, pla Bohud Ypapn twv oTOLYEWY T TOU XUPTEGLAVOU
ywvouévou [[;c; Ai ebvan m 2 = (24)icr, 6mov v wuh x(i) € A; ) ypdpoupe
Z; Aol TNV OVOUALOUUE i-GUVIETAYWUEVY] TOoL . Av 10 cOvoho Bewxtdv elvar to

nenepacpévo I = {1,2,...,n}, 161€ 10 xoptecavd ywbuevo ypdpeton [[1 ; A;
Al X - X A, xou ta ototyela tov z = (2;) f = (21,...,2,). Opolwc,
av to obvolo dewxtdv elvan to apuiowo N = {1,2,...}, té1e 10 xaptectavd

YVOUEVO YpdpeTol Hj:f A f Ay X Ay X - xan o otowyela Tou = ()% #

x = (z1,22,...).

Opwopwodg 1.290Na wdle j € I optlovue ) ovvdptnon mj = [[,c; Ai — Aj e
tono (z) = x; ya kdOe x = (x;);cr. H ovvdptnon avtr ovoudletar j-rpofoAn.

IMegétaocm 1.26'Eotw A éva un-kevé ovvolo ka1t D pia ovAdoyn torodoyiddy tou
A. Tére n (D arotelel tomodoyia Tou A.

AnéoeiEn: "Aounon,.

Ieétaocm 1.27Eotw A éva un-kevé ovvodo kai C pia pun-xkevij ovAdoyn vmo-
ouwdewr tov A. H ovldoynn T = ({S|n S elvar torodoyia tov A ka1 C C S}

armotelel Tn ukpdtepn tomodoyia tov A n omofa mepiéyer Ty C.
AnéoeiEn: ‘Ayeon and v nponyolUEVY] TEOTAOT.

Oplopég 1.30E0tw A éva un-kevé ovvodo kair C uia un-xevi) ouAdoyn) vrno-
ouvédwv touv A. H pikpdtepn tomodoyia tov A n omola mepiéyer tny C (ka1 nepi-
ypdgtnke oTtny tponyoluevn mpdtaon) Aéue dt eivar 1 toroAdoyia mov napdyetal
arnd Tnv C.

IMegétaocm 1.28FEctw A éva un-kevé ovvodo kair C pia pun-xkevij ovAdoyn vmo-
ourdlwy tou A.

(1) To O C A eivar avoiktd wg mpos tnr tomodoyla mov mapdyetar and tny C av
ka1 pdvov av to O ypdgetar ws évwon (avdaipetov tAndovs) ouvdlwy to kadéva
€K twy onolwy elval tour) tenepacuévov mAndovs aroiyeiwy tng C.

(2) To x € A elvar eowtepixd onueio tov U C A av ka1 pévov av vndpyovv n € N
ka1 Cy,...,C,€C dotexeCyN---NC, CU.
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Anddetn: (1) Oewpolue t cvAoyR T otowyela tne onolac elvon dha T chvola
O T onola meptypdgovtar ot dlatinwon e npétaonc. EOxola anodetxviouue
6w n 7 etvor tomoloyia tou A xou 6w mepléyel 6ha ta otowyelo tne C. Apa 7
tonohoyla Tou mapdyeton and v C elvon unoctvolo e 7.

Avuotpbguc, av S elvar onowdrinote toroloyla tou A 1 onola nepiéyet v C,

elvan mpoavée 6t xde otouyelo e 7 avixet o’ authv. ‘Apan 7 elvar unocbvolo
e S xan, enopéves, N 7 elvon utocbvolo g Totoloylac TOU TaPdYETOL and THY
C.
(2) Av urndpyouv n € N xau C1,...,C, €Cootrexz e CiN---NC, CU, tbte,
olugwva pe o (1), 1o olvolo autd elvon avoixtd otny napayduevn and v C
tomohoylo xou T0 z elvon ecwtepxd onuelo Tou U. Avtiotpdowe, av to z elvat
eowtepixd onpelo tou U, t61e undpyer cbvoko O 6nwe TN datdnwon tou (1)
wote x € O C U. "Apa 10 z nepléyetal o€ Xdmolo and ta oOVOAA 1| EVWOoT TwV
omolwyv elvar to O.

Opwopwode 1.31Eotw I éva un-kevé ovrolo dextdy kar ya kdde i € I évag
TtonoAoyikds xdpos A; ue tomodoyia T;. Ocwpolue dAa ta vrmoovvoda C tou
[1;c; Ai wa omoia efvar wns poperis C = [],c; O, émov O; € T; ya wdbe i € 1

ka1 O; = A; ya dlous ektds and to moAV memepaouévov mAndous deiktes i € I.

Av C elvar n ouddoyn dAwv avtdr twy vnoouviélwy, tdte tny Ttomodoyia n onoia
mapdyetar and tny C tny ovoudlovue tomoAoyia-yrwvipevo twv T,,i € I, ya to
Kapteoavse Yivouevo.

Igétaocm 1.29FE0tw I éva un-kevé odvodo deiktdv kar ya kdle i € I évag
TomoAOYIKGS X dpos A, e tomodoyia T;.

(1) Eva O C [];c; Ai efvar avoiktd ws mpos tny torodoyla-yvéuevo av kai uévov
av to O etvar évwon (avdaipetov tAnovg) ovvddwy C arnd avtd rov meprypdpovtar
oTOY TPONYOUHEVO 0PITHO.

(2) Eva x = (x)ie1 elvar eowtepixé onueto tov U C ], Ai av ka1 pévov av
urdpyer ovvodo C and avtd mou meprypdpovtar atov mponyoUrevo opiod doTe
reCel.

Anéoeién: Tpogavhc Bdoel tne MMpdtaone 1.28.

Opwopode 1.32E0tw tomokoyikol xydpor A, B ka1 f : A — B. H f ovoudletar
avoikzn av to f(O) eivar avoiktd otov B ya kdde O avoikté otov A.

IIgétaocm 1.30E0tw I éva un-kevé odvodo deiktdv kar ya kdle i € I évag
tomoAoyikés xwpos A; e tonodoyla 7;. Eotw éu to kapteowavd ywvipevo [, Ai
éxer T tomodoyia-ywipevo. Tore kde ovvdptnon-npofodr i : [[;c; Ai — A;
efvar ouvexns kar avorkti oo [ [ Ai.

Anéoeién: Haipvoupe onolodrinote O; avoixté utocOVoOho Tou A; xat ToEATNEOVUUE
ot 7Tj_1(0j) = [Lic; @i, 0mou Qi = A; v xdde @ # j xon Q; = O;. Apa 10
7Tj_1(0j) elvar avouxTd we TEog TNV ToToAoY{o-YIVOUEVO.

‘Eotw, thpa, onowdrinote obvoho C' = [],.; O;, 6mou xdide O; eivor avouxtd
otov A; xan O = A; v ko ext6¢ omod 10 TOAD nENEpUGUEVOU TAdoue ¢ € 1.
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Toére, yio xdde j € I, wo 7;(C) elte elvon (oo pe @, av C = 0, elte ebvon ioo ye
0 O, av C # 0. Xe x&de nepintwon 1o m;(C) ebvar avowtéd oto A;j. To tuydv
avouxtd olvoro O oo [, Ai ebvar évwon rowwy cuvorwy C xai, eneldh 1
exéva (U€ow OTOLGOATOTE GUVAPTNONG) HIAS EVWOTNC L1GOUTHL UE THY EVWOT] TWY
exévwY, ouvendyetar 6Tt o 7, (0) ebvan avoxtd 6to Aj.

Oplopde 1.33Eo0tw un-kevé ovvodo A kar ouAdoyn C vroourddwy tov A. Aéue
drinC éxer Ty 1616tnTa tenepaouérng toung av yia kde renepaouévnC’ CC
n toun) (C' efvar un-kevi.

IIeévaom 1.31Eotw tonokoyikds xdpos A. O A efvar ovunaynig av kar pévoy
av ya kde ovAdoyny F vnoouvvédwr tou A mov éxel tny 1016tnTa Tenepacuérng
topris wxvel éu n ({c(F)|F € F} elvar un-kevn.

AnéoeiEn: "Aounon,.

Oedpnua 1.6(Tychonov) "Eote I éva un-kevé obvodo kai yia kdBe
i € I évag tomodoyikés yépos A; pe tomodoyia T;. Av kdbBe A; eivai
A; eivar ouvurayésg

ouvunayés wg mpog tnv tomodoyia T;, TéTE TO Hie]

®S TMPOG TNV TomoAoyia-yLVOUeEVO.

Andoein: Ou Yewprioouue tuyovoa culhoyh F utocuvolwy tou [[,.; Ai pe v
W6t menepacuévne tounc xon Ya anodeifoupe b n ({cl(F)|F € F} eivou
UN-XEVY.

Oplloupe ) cuhhoyr P tne omolog otouyeio elvon 6hec o cuAhoYéc G D F
UOGUVOAWY oL [[,c; Ai pe v Wibtnta nenepacuévne touhc. Xtnv P oyenot-
ponololue N oyéon ddtadng Tou EYXAELONOU Xt TalpVOUUE oTOLAONTOTE OAXd
datetayuévn Po C P. Koatémy, oplloupe v Fo = (JPo. Auth elvar culhoyn

unocUVOAWY Tou [[,c; Ai e v WibTTa Tenepacuévne Touhc. Ilpdypat, av

ndpouye onowadrnote C,...,C, € Fo, t6te Cy € Gy,...,C, € G, Yy xdnola
Gi,...,Gn € Pg. Encidn n Po elvar ohxd Srotetarypévn, undpyel xdmota and Tic
Gi,...,Gy 1 onola meptéyel 6hec Tic dhhec. ‘Apa ta Cf, ..., C, avixouv dha o

plo amd tic G € Po xa, enopgéveg, €xouv un-xevi toun. Anodellope, Aowndy, 6t
n Fo ebvon dvw-gpdyua tne Po otnv P.

Sougwva pe o Afuua tou Zorn , n P éyel toukdylotov éva maximal otol-
xelo. Anhadr) undpyer culhoyrh G D F unocuvorwy tou [ [, As pe v Wbt
TEMEPAOUEVTC ToprC Xan BeV UTdpyeL xappla Yvnolng ueyaAlTepn GUANOYT UE TNV
{BLor LBLOTNTOL

Auté ouvendyetar, eWBx@TEPA, 6Tl x&UE TOUT| TENEPACUEVOL A JOUC GUVOALY
e G avixel oty G. Ilpdypat, av to G elvon Tour menepaouévou mARoug
oLVOALY NS G xou dev avixer oty G, t6te 1 G U {G} elvon yvnolwe yeyakitepn
and v G xan £yl TNV 1BOTNTA TENEPAOUEVNE TOUTC.

Apxel va anodeiloupe 6t n ({cl(G)|G € G} elvar un-xevi, agod G D F.

Ocewpolye yia x&e j € I tn oulhoyh G; = {m;(G)|G € G} unosuvérwy ToU
A;. Ebvor ebxolo va dolue 6t 1 G; €xel v 18LOTNTAL TNC TENEPAUOUEVNC TOUNC.
IMpdrypart, av ndpouye tuyovta Gy, ..., G, € G, t6te undpyet x € Gy N -+ - N Gy,
onéte z; = mi(x) € mi(Gi) N - Nm(Gr) C c(m;(Gr)) N -+ Nel(mi(Gr)).
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Topa, eneldh o A; ebvan ovunayhc, ovverdyetoa 6n [{cl(m;(G))|G € G} # 0.
Mufpvoupe éva z; € ({cl(m;(G))|G € G} v x&0e j € I xou oynuatiloupe to
x = (zi)ier € [[er Ai-

Oa anodeilovye 6t x € ({cl(G)|G € G}.

Erewdr z; € N{cl(m;(G))|G € G}, xdde avowth nepoyh O; tov x; otov A;
el un-xevh topf ue 1o m;(G) v xdde G € G. Enopévec, 1o avoxtéd utosivolo
U [[;e; Ais ol = [Lic; Qi, 0mou Qi = A; vy xdde i # j xu Q; = Oy,
éyeL un-xevh tou e 1o G v xdde G € G. Enouévoc, n culoyh G U {0V}
€xel TNV WBLOTNTA TETMEPACPEVNC TOUNC, OTOTE ol e g. Mrnopobue, tdpa, va
delCouye enaywywxd 6t yia xdle n € N, x&e j;, . . ., jn € I xouxde Oy,,...,0;,
AVOXTEC TEPLOYES TWV Ty s - - ., T4, OTOUC Ajy, ..., Aj. 0 Touh OV N -..nOLn)
€xeL un-xevr tour| ue 0 G vy xdde G € G. Ouwg, xdle avowty, neploy tou
otov [[;c; Ai mepiéyet éva olvoro tng popync OU) N ... N OV yau, enopévac,
xdde avouxth mEpLOYY) TOU X €YEL Un-xevr Tourn pe 1o Gy xdde G € G. Apa
z € c(G) v xée G € G xa, enopévee, z € ({cl(Q)|G € G}.

1.2.11 Aoc9Yevrc Tonoloyia

Opwopwode 1.34E0tw éva un-kevd olvodo A kar pta pn-kevrj cuddoyn T tomodo-
ViKY xdpwv. Ankadn, kdbe orovelo B tng T elvar tomoloyixds xdpos pe
tornodoyia Tp. Eoww ya kdle B € T pia ovvdptnon fp: A — B.

Ocwpole tn ouAdoyr) Awv twv tonodoyidhy S touv A pe Tny 16i6tnTa: av to
A éxer ty tonodoyla S, tote yia kdbe B € T n fp : A — B eivar ovvexng oto
A.

Av T efvar n tounj tng ouvlloyris avtig, téte, Pdoe tng Hpéraong 1.26, n
T elvar n pikpdtepn tomodoyia tov A pe v (idwe) 1hidtnta: av to A éxer T
tomodoyia T, téte ya kdle B € T n fp: A — B eivai ovveyns oto A .

H T ovoudlertar n aoBeviig tomodoyia tov A n omoia emdyetar and tn
ovAdopn twv ovrvaptioewy {fg|B € T}. Ta otoeia tng T ovopdlovai
aoclevdg avoiktd.

Iegétaocm 1.32FE0tw éva un-kevé ovvodo A kar pia pun-kevry ovAloyn T zono-
Aoyikdy xdpwv. Eotw ya kdle B € T pia ovvdptnon fp: A — B.

Ocwpote ) ovAdoyr vroowdlwr touv A: C = {f3'(Op)|B € T ka1 Op
avoiktd oto B}.
(1) Tére n aoBevnig tomoloyia T wou A n omnola endyetar and tn cvAdoyr) twv
owvaptijoewy {fg|B € T} wavtiletar pe tnr tomodoyia tov A n onoia mapdyetar
aré tnr C.
(2) Eva O C A elvar aolevdds avoiktd av kar udvov av ypdetar og €vwon
(avBaipetov TArjfouvg) ourddwr to kaléva ek twy omoiwy elval Toun TerepaTuévou
mAnfous otoryelwr Tng C.
(3) To z € A elvar eowtepiké onueio tov U C A av ka1 pdvov av undpyovv
n €N, By,...,B, € T ka1 O4,...,0, avoiktd otouvs By,...,B,, avtiotoiyws,
&ote x € fgll(Ol) N---N f];i(()n) cU.

AnddeEn:(1) T va elvan dhec oL ouvapthcec fp @ A — B, B € T, ouveyelc
ot0o A v xdmowa tonohoyla Tov A, mpénel xou apxel 1 Tonoloyla auvth Tou A va
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nepéyet Oha 1o olvoha f5 ' (Op) énou B € T xor Op avouxtd oto B, dnhadf o
otowyela e C. Enopévog, n eAdytotn tonoroyia 7 tou A ye authv tny WLotnta
tautiletan pe Ty eXdytotn tonoloyia 1 onola mEpEyEL GAA AUTA T UTOGUVOAX
tou A. Apa n T tautileton pe v Tonoroyia tou napdyetar and tnv C.

(2),(3) ‘Apeon and to (1) xou tnv Hpdtaon 1.28.

IMegétaocm 1.33Eotw éva un-kevé ovrvolo A, pia pun-kevy ovddoyn T tomodo-
yikdy yopwv kar yia kde B € T uia ovvdptnon fgp : A — B. Eow T n
aoUevns tomodoyia tov A n onofa emndyetar and tn cuALoy Twy CuvaptrioEwy
{fplB € T}.

I'a kdOe torodoyiké ydpo C e torodoyia R kar kdOe ovvdptnon f : C — A
wxvel éui: n f eivar ovvexns otov C' av ka1 pévov av yia kdde B €T n fgo f:
C — B eivar ovvexns ovov C.

AndoeiEn: Av n f elvon ouveyric otov C, t61e, mpogavag, 1 fpo f : C — B eivan
ouveyrc otov C vy xdde B € T.

Avuotpégug, éotw 6t N feo f 1 C — B elvon ouveyric oto C v xdie
B e T. Tulpvouye tuydv & € C xou Tuy6v ac¥evae avowxtd obvoro O oto A pe
f(z) € 0. Zopgpwva ye v Hpdtaon 1.32(3), undpyouv n € N, By,...,B, € T
xou O1,...,0, avowxtd otouc By, ..., By, avtiotolywe, dote f(x) € fgll (O1)N
+++N f5,(0n) € 0. Fropévoc, @ € f71(f5/(01) NN f5(0n)) € F71(0)
xon oautéd Ypdgeton x € (fp, o £)"H(O1)N---N (fp, o f)"1(0,) C F71(0). To
otvoro (f, o f)~HO1)N---N(fp, o f)~HO,) eivor avoxtd unoohvoro tou C
xan, emouéveg N f ebvar cuveyrc.

Ot endyeveg dVo mpotdoel amodelxvOouv OTL 1] TOTOAOY(0-UTOYWEOU Xal 1)
tonohoyla-YIvOUEVO elval €L0XEC TEQLTTWOELC TOTOAOYLWY TOU ENEYOVTOL GE EVA
oUVOLO amd GUANOYY) GUVORTHGEWV.

Ieévtaom 1.34Eotw A tonodoyikds xdpos pe tonodoyla T kar B C A. Ocw-
poUue tn ovvdptnon-epupdtevon i : B — A e tono i(x) = x ya kdde x € B.
H vomoloyia-vndywpov oto B tavtilerar pue tnv aoclevr) tomoloyia tov B mou
endyetar and tn (pia) ovvdpTnon i.

Anéden: Tougwva ye ty Ipdtaon 1.32(1), n acdevic tonoroyle tou B nou
endyeton and ) cuvdptnoy ¢ tautileton Ye TNV Tomoloyla TOL TapdyEToL and TN
ouloyh C = {i71(O)|to O eivar avoxté 510 A} = {O N B|wo O eivar avoxtd
oto A}. Ouwce, 1 culhoyt auTh efval 1 Tonohoyia-undywpou Tou B.

Iegétaocm 1.35E0tw I un-kevd ovvolo deiktdyv kar yia kdle i € I évag tomolo-
VIKGS xdpos A; e torodoyla T;. Ocwpoliie to kapteoavs ywipevo A =[], Ai
ka1 ts ovvaptioes-mpoforés m; : A — A;. H tomodoyia-ywiéuevo tov A tavtiletar
pe tny aoevrj tonoloyia tov A Tou endyetal and tn ovAoyrj ouvaptrioewr {m;|i €

I}.

Andoein: Yougwva pe ty Ipdtaon 1.32(1), n tonoroyio tou [ [, ; As mou endye-
Ton o ) cLAAOYA {m;|i € T} tavtileton ye Ty tonoloyia tou Tapdyeton and
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ouloy C = {w{l(Oj)|j € I xu O ebvan avowntd oto Aj}. Apxel va nopotner-
coupe 61t xdde oOVONO 7Tj_1(0j) yedgetan e [[;c; Qs 6mov Qi = A; yia xdde
i # Jxan Q5 = Oj, YLl VoL CUUTEREVOUUE 6TL TOUEC Tenepaopuévou Thdouc tétol-
WV GLVEALY YpdpovTar ¢ [[;c; @i, 6mou Q; = A; Yo 6houg extoC and 1o TOAD
nenepaopévou TAfdouc delxtec ¢ € 1. Autd elvon ta oUvola Tou epgavilovion o
dratumworn touv Oplouod 1.27.

1.3 T'popuixol Xwpot

1.3.1 Ilpdiewg
Ocwpolue F =R { F = C.

Optopdg 1.35T0 un-kevé ovvodo X ovoudletar ypap puikés xwpog €ni tov F
av oto X elvar opropévn ula (eowtepixny) mpdén + n orola o€ kdVe (x,y) € X x X
avtuioroiyiler to dIporopa x +y € X dote

()r+y=y+z ya kdlex,ye X

(i) (x+y)+2z=2+ (y+2) ya kdbe x,y,z € X

(1) vrdpyer ovoryelo 0 € X dote x +0 =z ya kdle x € X

(v) ya kdVe x € X vndpyer otoryelo —x € X dote x + (—x) =0

kar pia (eEwtepikny) mpdén - n omola oe kdde (k,x) € F x X avuotowilea wo
ywiouevo kx € X dote

(v) k(x +y) = kx + Ky ya kdle k € F ka1 kdOe z,y € X

(vi) (k+ N)x = kx + Az yie kdOe K, \ € F ka1 kd0e v € X

(vii) (kA)z = k(Ax) ya kdOe k, A € F ka1 kd9e v € X

(viit) 1z = x ya kdOe x € X, dnov 1 efvar to povadaio otoyeio tov F.

Eivou mpogavég 6T, av o X elvan ypouuxog yopeog ent tou C, t6te elvon ypou-
pwoc ywpoc o ent Tou R.
‘Otav ypdpouue & — Yy VVooUUE T0 = + (—¥).

Ieéraom 1.36Eotw ypaupukds xdpos X enf tou F.

(1) To 0 € X pe tnw ibidtnta (iii) tov opiopov elvar povadikd.

(2) Ia kdle x € X o —x € X pe wnr ididenra (iv) wov opiopol eivar povadixd.
(3) (—1)xz = —x ya kdde x € X.

(4) 0z = 0 ya kdOe z € X.

(5) kK0 =0 e kdOe k € F.

(6) Av k€ F, z € X ka1 kx = 0, tdte eite k =0 efte x = 0.

AnéoeiEn: ‘Aounon,.

Oplopoée 1.36Eo0tw ypaujukds xdpos X ent tov F.

(i) Av b e X, n 1-1 ka1 enf aneikévion x — x + b ovoudletar perapopd orov X
xatd b.

(15) Av k € F\ {0}, n 1-1 ka1 enf aneikévion x +— Kz ovoudletar oporoPeoia
otov X pe Adpo k.
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Oplopoée 1.37Eotw ypaujukds xapos X ent tov F.

(i) Av k € F ka1 A C X, optlovue kA = {kala € A}.

(i) Av A, B C X, opilovue A+ B ={a+bla € A,b € B}.
(1i1) Av A C X, opilouue —A = {—ala € A}.

() Avz € X ka1 A C X, opilovpe x + A = {z + ala € A}.

1.3.2 Tpoppixol undyweOL

Opwopwode 1.38E0tw ypapjukiés xdpos X eni tov F ka1 un-kevé Y C X. ToY
ovopdletar ypapu u1kog vréxywpog tov X av

(i) r4+y €Y ya kdle z,y € Y kat

(i7) kx € Y yia kdOe k € F ka1 kd0e x € Y.

To {0} xot 10 X anotehody, Tpogavie, Yeaupixolc utdywpous tou X .

Ieévaom 1.37Eotw ypapujukés xywpos X eni tov F. Av oY elvar ypaupikds
undywpos tov X, téte to Y e tg mpdéeis + kar - tov X mepiopiojuéves oto Y
anotelel ypauuiké xapo ent tov F.

Andoeaén: Av Selfoupe 61t 0 € Y xau 61t —y € Y vy xdle y € Y, 161 Ohec oL
SAAeC WBLOTNTES Yeouuixo) YWeou toyLoLy Yo o oTotyelan Tou Y agol toybouy
yia 6k Tor otouyela Tou X.

Ouwe, 10 Y dev elvon xevé xan, av yp € Y, t61€ 0 = 0y € Y. Opolwe, av
yeY, e —y=(-1l)yev.

Heéraom 1.38Eotw ypaupikds xdpos X enf tov F.

(1) Av o Y, Z etvar ypaupixol vrdywpor tov X, téte to Y + Z elvar ypapjuikds
undywpos tov X.

(2) Av ta ovoieia Tov un-kevod Y efvar ypappixof vidywpor tov X, tde o [ Y
efvar ypauukos vrdywpos tou X.

AnddeEn: (1) Aoxnon.

(2) Eow x,y € (Y. Toéte z,y € Y vy xdde Y € Y xou, enedr) xde éto10 Y
elvan ypopixde undywpog, z+y € Y yiaxdle Y € Y. "Apaz+y € [ Y. Ouolwg
delyvoupe b, av x € (Y % k € F t61€ ke € (V.

Opwopwode 1.39E0tw ypauuixds yapos X eni tov F ka1 A C X. Opilovue n

ypapuurkn jkn tov A
< A>=({YIY efvar ypappixds vrdywpog tov X kar A C Y}

Ieévaom 1.39E0ww ypauuikds xdpos X enl tov F ka1 A C X.

(1) To < A > €lvar 0 Jukpdtepos ypappuikds vndywpos tov X o0 onolog mepiéyel to
A.

(2) < A>={k1a1 4+ -+ + knap|n € N,K1,...,kn € Fya1,...,a, € A}.

Anéden: (1) Mpogavéc hoyw tne Mpdtaonc 1.38(2).

(2) Ovopdlouye B 10 cUvoho otn de€id peptd tne odtnrac. Kdde otowyelo kia1 +
o+ Kpap TEpLEYETAL 0 XAUE Ypouxs UTGYweo o onoloc mepléyel to A. ‘Apu
xdde tétowo otowyelo Teptéyeton oto < A > xou, emouévee, B C< A >.
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Eivou oA g0xoho va del€oupe 6Tt T0 olvoho B elvol YpuuuxOc UTOYWEOS Xal
ot neptéyel 1o A. ‘Apa < A >C B.

Opiowds 1.40E0tw ypapuikds yopos X eni tov F karz,aq,...,an € X. Tox
ovopdletal ypapu uIkog ovrdvaouog Ty ay,. .., Ay AV UTAPXOVY K1, .. ., Ky € F
Dote T = Kia1 + - + KpQy.

H Tlp6taom 1.39(2) et 6t 10 < A > anoteleltan axpBods and 6houg Toug
Yeoupxols cuvduacuols v (onotoudhrote Tenepacuévou TAYouc) otowyelwy
Tou A.

1.3.3 Bdoelg xou didotaom

Oplopdg 1.41Eoww ypauuikds xdpos X eni tov F ka1 A C X.

(i) To A ovoudletar ypapuuikd aveEdprnto, av yia kde n € N, kd0e k1, . .., kn
€ F ka1 kdO¢ aq,...,an, € A niodtnta K1a1 + -+ + Kpan, = 0 ovvendyetar du
Ki1=...=kp=0.

(17) Aéue 6t o A mapdyer tov X, av < A >= X 1, woddvaua, kdde otoryeio
tou X €fvar Ypappikds ovrdvaouds ototyeiwy tov A.

(i4i) To A ovoudletar Baon i Baon Hamel wouv X, av elvar ypaupuixd aveEdptnto

ka1 mapdyer tov X.
Ocehpenua 1.7Kdbe ypauuikds ydpos X # {0} éxer Bdom.

Andoeatn: Oewpolue 10 cUvoho B otouyela tou onolou elvar dha ta Ypouwixd
aveZdptnta unooUvora tou X. To B Bev elvar xevo, agold yio xdde a # 0 1o
{a} elvor ypappixd aveldptnro. Eotw C onolodhnote ohxd dtatetaypévo uno-
oUvoho tou B pe tn dudtadn tou eyxheogol. Anhadn, av B, Bs € C, téte elte
By C By ¢lte By C By. Opllouue 1o cOvoro B = |JC. 'Eotww by,...,b, € B,
Klyeooybnp € F @t K1b1 + --- 4+ Kpby, = 0. Tote by € By,...,b, € B, yw

xdnow By,..., B, € C. Enewy xdnow and o By, ..., B, tepéyel ta undbloina,
ocuvendyeton 6T by,...,b, € B; v xdmowo B; € C. To Bj elvon ypoyuuxd
aveldptnTo, onote K1 = ... = Ky = 0. ‘Apa 10 B elvon ypapuixd ave&dptnto xou,

enouévwe, avixel oto B. Enlong, elvor mpogavéc 6tL 10 B elvon dvw-ppdyua Tou
C.

Anodellope oL xdde olixd SwrteTorydévo utoclvolo tou B ue t Budtadn tou
eYxAelopoU €yel dvw-ppdyua oto B. Ané to AMjupa tou Zorn cuvendyeta 6Tl 1o B
€xeL ToUAGYLoToV éva maximal ototyelo. Anhady, undpyel ypopuxd aveEdptnTo
B 10 onolo dev nepiéyetar o€ xavéva yvnolone peyohltepo ypauuxd aveldptnto
olUvolo. Ou anodetfoupe bt 1o B mapdyel tov X.

‘Eotw 611 10 B dev mapdyet tov X, ondte undpyel ¢ € X 1o omolo dev elvou
Yoouuxoc cuvduaopdc ototyelwy tov B. Ilpogavde, © ¢ B, ondte o B U {x}

dev elvor ypauuxd avedptnto. Apo undpyouy bi,..., b, € B, K,K1,...,kn € F,
Oyt 6ho undéy, wote KT + Kiby + - + kb, = 0. Av K # 0, t61€ 10 2 b
YEUUUXOC GUVBLAOUOS TWY b, ..., by, VD, av kK = 0, 16t T by,..., by elvor

yoouuxd e€nptnuéva. Kou otic 500 Tepnt®doelc XataAYOUUE GE dToTO.
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Adppa 1.3 Eotw ypaupikés yapos X eni touv F', A ypapjikd aveEdptnro vrno-
ovrolo tov X, B to onolo mapdyer tov X ka1 C = ANB. Av C # A, vndpye
ap € A\ C ka1 by € B\ C dote to ovvoro (A\ {ao}) U{bo} va elvar ypappird
ave&dpnro.

Anddeln: Oewpolue 6AOUC TOUC YPAUUUXOUC GUVBLAGUOUE v GToLXElWY Tou A oL
onolot teptéyouv TouAdyLoToV éva ototyelo Tou A\ C' e un-undevixd cuVTEAESTH.
Enedr 1o B nopdyel tov X, xdde tétolog v €yel yla SVTERT YRopT W< YOUUULXEC
oLVBUACPOS (UE UN-undevixolc cUVTEREOTES) oToLElWY Tou B. X’ auth 0 ypugh,
av to otouyela Tou B elvan 6Aa oto C, téte, elodvovtac toug 800 cuvduaouols,
TROXOTTEL Ypauude cuvdLaGUOS oTouElwy Tou A (sog pe 0 ywelic va elvor 6Aou
ot cuvtereotéc (oot ye 0. Autéd elvan dtomo duott to A elvon ypopuxd ave&dptnro.
"Apa ot BelTERPN YPUPY) TOL V UTHPYEL TOLAAYLGTOV Eva oTotyelo tou B\ C.

Emuiéyouye ypoupixd cuvduaoud vy otoelwv tou A\ C' o onoloc neptéyel
Touldytotov éva ototyeio tou A\ C' pe pn-undevixd ouvieheoth| HGote 1 deltepn
YOUPT TOU WG YRUUUIXOS GUYBLACUOS GTOLYEIWY TOU B va TEPLEYEL TOV EAIYLIOTO
aprdud n € N oroiyelwv tou B\ C (e un-undevixoic ouvteheotéc). Maipvouue
évaag € A\ C oty et Ypopr| Tou vy %o éva otowyelo by € B\ C otn deltepn
Yeopn TOL vg.

Av 1o (A\{ao})U{bo} dev eivar ypoppixd aveZdptnto, TGTE UTHPYEL YPOUUULXOC
ouvbuaoude ototyelwy Tou (oog pe 0 ywplc va elvar 6ot ou cuvteleotéc 0. Eneidn
0 A\ {ao} evor ypopuxd aveZdptnto, o cuvteAeothc ToL by oTOV CLUVBLAOUG
auto Bev elvar 0. Apa t0 by YpAPETOL W YRUUUIXOC CUVBUAOUES GTOLYEIWY TOU
A\ {ao}. Avuxadiotdvrag to by ot Seltepn Ypoupr Tou vy xo EELCOVOVTOC TIC
800 Ypapéc TPOXUTTEL YPaUUXOS cLUVBUAOUGS v atowelwy Tou A, éyovtag to ag
HE ToV (Blo GUVTEAEGTY) OTWC XAl O U, (6O UE YRAUUUIXG CUVBLAGUSG oToLyElWY Tou
B ahhd ye to mohb n — 1 otoyela tou B\ C. Autd avtipdoxel ye tny emhoyt
TOU .

Apa o (AN {ao}) U {bo} elvon ypopuixd aveEdptnro.

Oedpnua 1.8 Eote ypauuikés yopos X eni tou F kat A, BC X.
(1) Av o A eivar ypapuikd aveldptnto kat to B mapdyet tov X,
wéte card(A) < card(B).

(2) Av A A" eivar Bdoeis touv X, téte card(A) = card(A’).

Anddedn: (1) Apxel va anodetfouue étu undpyer f : A — B n onola elvon 1-1.
Av C =ANB xa C = A, t61e apxel vo Gewprfiooude TNy TaUToTiX UVEETNOT
i:C — C pe tno i(c) = ¢ v xdde ¢ € C. Apa, éotw A # C.

Oewpolpe t0 olvoho F tou onolou otoyelo elvon dAeg ou 1-1 cuvaptRoelc
f o onoleg elvon enextdoeg e ¢ pe nedlo opiopol D(f) wete C C D(f) C A,
oOvoho v R(f) dote C C R(f) C B xo 1o oGvoho (A\ D(f))UR(f) va elvon
Yoauuxd aveZdptnto. Xto cUvolo F opilouye tn dudtoln f1 < fo va onuobvel
ot M fo ebvon enéxtoon e fi. Anhad¥, D(f1) C D(f2) xau fi(z) = fo(z) v
x&e x € D(f1).

Toupwva pe 1o Adupa 1.3, undeyel ag € A\ C xou by € B\ C dote 10
(A\{ao})U{bo} va eivar ypopuxd aveldptnto. Opiloupe f : CU{ag} — CU{bo}
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oote va elvan eméxtaon e @ pe f(ao) = bo. Ipogavae, f € F, onbte 1o F dev
elvan xevo.

‘Eotww tydv ohxd dwatetoyuévo G C F. Av x € U{D(f)|f € G}, tote
x € D(f) vy xdnow f € G. Av z € D(f') v xdmow axéun f/ € G, téte
wla and e f, f ebvoan eméxtaon e dMng xa, enopévwe, f(z) = f'(x). Apa
optletan xahee ouvdptnon F : U{D(f)|f € G} — B e wno F(x) = f(x) yw
onowdnnote f € G ye = € D(f).

Hpogavae, € C D(F) = U{D(f)|f € G} € Axa C C R(F) = U{R(f)If €
G} C B o n F elvar enéxtaon Ghwv twv f € G.

Av F(z1) = F(x2) vy xdnow 21,22 € U{D(f)|f € G}, 16t 1 € D(f1),
x2 € D(f2) yua xdmotee f1, f2 € G xou, ened pla oand Tic f1, fa, €00 N fa, elvon
enéxToon e dAANG, ouverdyeton fao(x1) = fo(z2), ondte x1 = xo. Apan F eivon
1-1.

‘Eotw 6t 1o (A\D(F))UR(F) dev elvan ypauuxd aveldptnto. Téte undpyouv
a1y... an € A\ D(F), bi,...,bm € R(F) %o K1,...,Eny ALy« -+, Am, OYL O\
PUNdEY, OOTE K1a1 ++ -+ Kpan+ X101+ -+ by, = 0. Trdpyouv f1,...,fm €0
oote b1 € R(f1)s---,bm € R(fm) xou, enedf) xdnowt ond ©e fi,..., fm, €00 N
fm, elvan eméxtaon Ghwy Twv AWV, cuverdyeton OTL by, ..., by € R(fm). Téte,
TPOPAVAS, a1, .. a0, € AN\ D(fm), b1,..., by € R(fm) xou xatahfiyouue o€
droto.

Apo F' € F non elvor dvew-ppdrypo tou G. Ané to Afpua tou Zorn cuvendyeton
otL undpyel maximal ouvdptnon f € F. Anhadhn f eivor 1-1 pe C C D(f) C A,
C CR(f) C B, w0 (A\D(f))UR(f) eivar ypopuxd aveZdptnto xou Sev undpyet
xapplo yviola enéxtaot e pe Tic (Bleg widtntec. Apxel va anodetlouue ot
D(f) = A.

Av D(f) # A, 9¢toupe A1 = (A\D(f))UR(f) »ou nopatnpolue 6t A NB =
R(f). Egopubélovue to Afupa 1.3 ota A, B xou cuunepalvoupe 6T UTpyEL
ap € A\ D(f) xou by € B\ R(f) wote w0 (A\ (D(f)U{ao})) U (R(f)U{bo})
va ebvan ypaupixd aveEdptnro. Koatdmy opllovue ouvdptnon F : D(f) U {ag} —
R(f) U {bo} pe o F(a) = f(a) yia x& a € D(f) o F(ag) = by. Eivou
npogavéc 6t 1 F elvon yvAowx enéxtaon tne f xau otowyelo tou F. Auté ebvau
dromo.

(2) Av ta A, A’ eivon Bdoewc Tou X, t61€, olugwva ye 1o (1) woyle card(A) <
card(A") o card(A’) < card(A) xo, and o Oedpnuo Schroder-Bernstein
ovurepalvoupe 6t card(A) = card(A’).

Bdoel twv 800 tedeutaleV TpOTACE®Y BIXAOAOYELTHL O ENOUEVOC OPLOUOC.

Oplopodg 1.42FEo0tww ypauuikds xadpos X eni tov F ka1 A onowadrimote Bdon
v X. Av X # {0}, opilovue tn idoraon tov X wg tov mAnddpiuo tng
A: dim(X) = card(A). Av X = {0} opilovue dim(X) = 0.

Heértaom 1.40E0tw ypauukds xdpos X enf tov F.

(1) Av o A etvar ypauuikd ave&dptnto vrootrodo tov X, vrdpyer fdon B tov
X dote A C B, ondre card(A) < dim(X).

(2) Av to B napdyer vov X, vndpyer Bdon A tou X dote A C B, ondre dim(X) <
card(B).
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(3) Av o Y elvar ypappikds vrdywpos tov X, tére dim(Y) < dim(X).

(4) Av dim(X) < +oo, 0 A elvar ypapjukd aveEdptnto vrooUvodo tov X kai
card(A) = dim(X), o A eivar Bdon wov X.

(5) Av dim(X) < 400, 10 A napdyer tov X ka1 card(A) = dim(X), to A elvar
Bdon tov X.

Andden: (1) EnovarauBdvoupe tny anddeln Unapine Bdone tov X Jewpdvtac,
THpa, T 6UVOAo B e otouyela ha to ypappixd aveldptnta unocUvola tou X
Ta onola TepEyouy to A.

(2) Enavolopfdvoupe tnv anddeln Onapine Bdone tou X dewpdviac 10 cUvoro
B ue otouyela dha T Ypouuixd avegdptnta utocbvola tou X ta omolo neptéyovto
oto B.

(3) Maipvoupe pio Bdon A tou Y xau, Bdoet tou (1), tnv enextelvouye oe Bdon B
Tou X.

(4) xau (5) pogavh, Bdoet twv (1) xor (2) aviiotolywc.

Ieévtaom 1.41Eotw ypapjukiés xdpos X eni tov C. Ay o1 duwotdoeg tou
X wg ypappuxov xdpov eni tov C kar ent tov R elvar dimc(X) kar dimp(X),
avtiotolyws, tdte dimr(X) = 2 dimc(X).

AnéoeiEn: Av B eivor Bdom tou X dewpolyevou ¢ yeouutxol yopeou eni tou C,
t61e elvan ebxolo va anodelfouye 6t 0 olvolro {b,iblb € B} elvor Bdon tou X
Yewpoluevou wg ypauuxol yweou ent Tou R.

1.3.4 Xwpog-nnAixo

Opiowds 1.43E0tw ypaupukds xopos X eni tou F, Y ypauuikds vndywpos
tou X kai x1,22 € X. Aéue du to 1 e€tvar w0odVvapo mod Y ue to xa kai
ypdgoupe z1 = x2 modY , av x1 —x2 €Y.

Ieévaor 1.42Eotw ypapkiés xapos X eni tov F ka1 Y ypappukds vndywpos
Touv X.
(1) x = x modY ywa kde x € X.

(2) Av 1 = 2 modY, tdte x93 = 1 modY .

(3) Av 1 = 2 modY kat xo = x3 modY , téte ©1 = x3 modY .

(4) Av 1 = 29 modY ka1 z1 = z9 modY, tdte x1 + 21 = T3 + 22 modY .
(5) Av x1 = x9 modY ka1 k € F, tdte kr1 = kxg modY .

AnéoeiEn: "Aounon,.

Opiowdbs 1.44FE0tw ypappukds xapos X eni tou F, Y ypauuikds vndywpos
v X katx € X. To otvodo [z]ly = {z € X|z = x modY'} ovoudletrar kAdon
1woodvvauiag mod Y ue avrimpdowro x.

Igétaocm 1.43Eotw ypauuikios xdpos X eni tov F ka1 Y ypappuikds vndywpos
tov X. Ia kde v € X wyve [z]y =z + Y.
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AnébeiEn: Av z € [z]y, té6te 2 =2 modY ,onbéte z—x €Y. Apaz = z+(z—2x) €
r+Y. Avuotpbépug, av z € x4+ Y, e z —x € Y, ondte z = x modY . Apa
z € [z]y.

Adppe 1.4 Eotw ypappkés xdpos X enl tov F, Y ypauuixds vndywpos tou
X karz,z € X.

(1) z € [z]y.

(2) Av z € [z]y, tdte 2]y = [z]y.

(3) [z]y = [z]y av ka1 uévov av x = z modY .

(4) Av [z]y N [z]y # 0, dte [z]y = [2]y.

Anédaén: (1) At ¢ = x modY.

(2) z € [z]y ovvendyetou 6t 2 = & modY . Bdoel tne Mpdtaone 1.42, w € [z]y
av ol Hovov av w = z modY ov xat Yoévov av w = £ modY ov xon YUGVov av
w e [I]y

(3) Av [z]y = [z]y, tote, enedf © € [z]y, ouvendyetar 6Tt & € [z]y, OmoTE
z = zmodY. Avtiotpbgnc, av x = z modY, téte w € [x]y av xou uévov av
w =z modY av xot uévov av w = z modY av xou pévov av w € [z]y.

(4) Av w € [z]y N [z]y, td1€, Bdoet tou (2), [z]y = [w]y = [#]y.

Oplopde 1.45FEotww ypaujukds xapos X eni tou F, Y ypapuikds vndywpos
tou X . Opilovue to xdpo-nnAixo tov X modY ws to ovvoro
XY = {&|vrdpxer x € X dote & = [z]y }.

Igétaocm 1.44FE0tw ypauuixios xadpos X eni tov F ka1 Y ypapjuikds vndywpos
tov X. Ta otoiela tov X/Y elvar Eva avd 600 vroovrvoda tov X kar n évwor)
Toug 1wovtar pe to X. Ankadn to X/Y amotelel dapépion tov X.

Anéoatn: And to Afupa 1.4.

Igétaocm 1.45FE0tw ypauuixios xadpos X eni tov F ka1 Y ypappuikds vndywpos
Tou X.

(1) Av &,n € X/Y, téte E+n € X/Y. Iho ovykekpipéva, av £ = [z]y kai
n=[zly, tore { +m =[x+ z]y.

(2) Av € € X]Y ka1 k € F, téte k€ € X/Y. Iho ovykexpipéva, av £ = [x]y,
téte KE = [Ka]y.

Anédeén: (1) Bow £ = [z]ly xun = [z]ly. Avw € £+ n = [z]y + [2]v,
téte undpyouv ' € [z]y xou 2’ € [z]y dote w =2’ + 2 = x4+ 2z modY. Apa
w € [z + z]y. Avuotpdgwc, av w € [z + z]y, t61€ w — (v + 2) € Y, ondte
w=z+{z+ (w—(z+2)} € aly +[z]y =&+

(2) Aoxnon,.

Bdoel tne Ipdtaone 1.43 ov wodtntec Tne teheutalag pdTaoNC YedpovTaL
(+Y)4+(z4+4Y)=(x+2)+Y xou kKx+Y)=(kx)+Y.

Igétaocm 1.46 Eotw ypauuixis xadpos X eni tov F karY ypapuikds vndywpos
tou X. Tdre to ovvodo X/Y e ns npdéeis (€,n) — E+n kai (K, &) — k& anotelel
ypau ko xdpo ent tou F.
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Andbeaén: To undevixd otouyeio Tou X/Y eivar 1o [0y = 0+Y =Y. To avtideto
Tou [z]y elvou to [—x]y. O éleyyoc v WothTwy elvor amhdc.

Oplopdg 1.46Eo0tw ypappukds xopos X eni tov F, Y ypaupikds vndywpos
tov X. H ddotaon tov ypaupikot ydpov X/Y ovoudletar ovvdrdotaon tov Y
(wg mpog Tov X) ka1 oupBoriletar codim(Y) = dim(X/Y).

Iegétaocm 1.47Eotw ypaupixios xdpos X eni tov F ka1 Y ypappuikds vndywpos
wov X. Tére dim(Y) + codim(Y') = dim(X).

Anddeln: Oewpolpe pla Bdon A Tou Y xou TNy ENEXTENVOUYE, YENOIOTOLOVTAS
v Ilpétacn 1.40(1), oe Bdon B touv X. Opilouue 10 cbvoro C' = {[bly|b €
B\ A}, ondte apxel va anodeiloupe 6t 1o C elvan Bdon tou X/Y.

‘Eotw by,...,bp € B\Axa K1,...,k, € Fue k1[b1]ly +- - +£nlbn]y = [0]y.
Yuverdyeton [K1b1 + -+ + Kpbply = [O]y, onéte kiby + -+ + Kpby € Y. Apa,
UTAEYOLY 1, ..., G € A X A1, ..., Ay € F ot€ K101 + -+ + Kpby = Mia1 +
cor Al Apa K1 = ... = Kp(= A1 = ... = A\p) = 0. Enopévec, 1o C elvan
Yoauud ave&dptnto.

‘Eow [z]y € X/Y. Tétex = Mar+- - -+ Anam+K1b1+- - -+ K,by Yia xdmota
a1y yUm € A, b1, by € B\ A xow A,y Ay K1, .., 6n € F. Emopévoc,
[z]y = Mlar]y +- -+ Am[am]y tR1b1]y + -+ rn(bnly = K1[bi]y 4+ rp[bn]y
Apa to C napdyet tov X/Y.

1.3.5 T'poppixol Teheotég

Opiowds 1.47Eotw X,Y ypaupuxol yopor em tov F. Mia ovvdptnon T :

X — Y ovopdletar ypapupuikog teAeotns i YPaUUIKOG UETATX ) UATIOMOES 1
ypap ikt arerkévion (ané tov X orov Y) av

(i) T(x1 4+ x2) = T(x1) + T(22) y1a kdde 1,29 € X

(it) T(kx) = KT (z) ya kdOe k € F ka1 kdOe x € X.

ITohkéc gopéc Ya ypdpovue Tz avtl yia T(x).

T mopdderyua, o undevixde tereothc O pe tono O(z) = 0 yia xdde z € X
ebvan ypopuwog tekeotic. Enlong, o tautotindg teheotic Ix : X — X pe tino
Ix(z) =z vy x&de z € X elvou ypouuxde telecThc.

Optowdc 1.48%vuPorilovpe pe R(T) o ovvolo nipdv T(X) = {Tx|z € X}
Tov ypaupkot tedeot) T+ X — Y. Emriong, ovufolilovpe pe N(T) to otrolo
T71{0}) = {z € X|Tx = 0}. To N(T) ovoudlerar undevdéxwpog 1j nvpnHvag
ov T'.

IIgétaocm 1.48Eotw ypaupikds tedeotic T : X — Y.

(1) Av X1 elvar ypaupixds vndympos tov X, téte n ewcdva tov péow tov T, T'(X),
efvar ypaukos vndywpos tov 'Y .

(2) Av Y1 elvar ypappuxds vndywpos tov Y, téte n avtiotpogn ewkdva tov péow
tou T, T~Y(Y1), efvar ypaujurds vrdywpos tou X.

AnddeEn: Aoxnon,.



1.3. 'PAMMIKOI X(2POI 35

Meétacr 1.49Fotw ypauuikds tedeotric T : X — Y. O R(T) efvar ypapjikds
undywpos tov Y kar o N(T') efvar ypappikds vrdywpog tov X.

AnéoeiEn: ‘Aounon,.

IMgétaocm 1.50E0tw ypaupikds tedeotic T : X — Y.
(1) O T etvar 1-1 av ka1 uévov av N(T) = {0}.
(2) OT etvar enf av ka1 pudévov av R(T) =Y.

Anébedn:(1) Av o T ebvow 1-1 xor z € N(T), t6te Tz = 0 = T0, ondte = 0.
Apa N(T') C {0}, onéte N(T) = {0}. Avuotpdgwe, éotw N(T) = {0}. Av
Tz, = Txo, 161 T(x1 — 22) =0, on61E 1 — 22 = 0.

(2) Tlpogavéc.

Opwopog 1.494r XY efvar ypapjuxol ydpor eni tov F, ouuPoliCoupe

(1) L(X,Y) ={T|T elvar ypaupikds teeotng ané tov X otov Y}

(i1) L(X) = L(X,X)

(i1i) X' = L(X, F)

Ta oroeia tov L(X) ovoudlovzar ypapu pikoi teAeorég tov X. Ta ororyeia tov
X' ovoudlovzar ypappikd ovvaprnooerdny tov X.

Av 9éhoupe va Tovicoupe T cUYXEXPWEVO F' O YENOWOTOWUUE, YEAPOUYE
R-ypopuxde tehectic ¥ C-ypouuinde tekeothic xow R-ypouuind cuvaptnooetdéc
1 C-ypopuxd cuvVopTNooELdEC.

Opiowds 1.50E0tw X, Y ypaupkol xdpor ent tov F.

(1) Av T,S € L(X,Y), opilovpe T+ S : X =Y pe tono: (T + S)z =Tz + Sx
yia kd0e x € X.

(i) Av T € L(X,Y) ka1 k € F, opilovpe KT : X — Y pe wono: (kT)x = kTx
yia kdOe x € X.

Meétacn 1.51Av T,S € L(X,Y) kaik € F, tdre T + S, kT € L(X,Y).
Anddeén: "Aoxnon,.

Meéracr 1.520 L(X,Y) pe ug npdées mov opionkar atov Opioud 1.45 arote-
Aet ypaupkd ydpo ent tov F.

Amnddeaén: To undevixéd otoyelo tou L(X,Y) efvar 0 undevixde tehecthic O : X —
Y pe tno O(z) = 0 vy xdde € X. To avtideto otoyeio tou T € L(X,Y)
givar 0 =T : X — Y ye tino (=T)(z) = =Tz ya xdde z € X. O éleyyoc twv
WLOTHTWY Yeouuxol yweou eivar edxohoc.

Yuyvd yenotuornotolpe to cbuforo ST yio tn cbvdeon SoT.
Ilgéraoy 1.534r T € L(X,Y) ka1 S € L(Y, Z), tdte ST € L(X, Z).

Anddeén: "Aoxnon,.
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Ieoraocy 1.54(1) Av T € L(X,Y), S € L(Y,Z) ka1 R € L(Z,W), tdre
(RS)T = R(ST).

(2) AvT,S € L(X,Y) kmi R € L(Y, Z), t6ve R(T +S) = RT + RS.

(3) AvT € L(X,Y) ka R, S € L(Y, Z), téte (R+ S)T = RT + ST.

(4) Av o T € L(X,Y) efvar 1-1 ka1 e, téve T~ € L(Y, X).

(5) Av oo T € L(X,Y), S € LY, Z) etvar 1-1 ka1 eni, tére (ST)" 1 =T 1S~ 1.

Anéden: (1)-(3) xou (5) "Aoxnon.

(4) Av y1,y2 € Y, nalpvoupe ta (povadind) x1,xz2 € X wote Tx1 = y1 xou
Twy = yo. Téte T(wy + w2) = Ty + Tag = y1 + yo, onéte T 1y +y2) =
71 + 29 = T y; + T lye. Opolwc amodewxviouue 6t T L (ky) = kT 1y.

Ieoraocy 1.55FE0ww T € L(X,Y) ka1 A Bdon tou X.

(1) O T etvar 1-1 av ka1 uévov av o T mepropopévos oto A etvar 1-1 ka1 to T'(A)
etvar ypaupukd aveEdptnto vroovvolo tou Y .

(2) OT etvar enf av ka1 pudévov av to T(A) napdyer tov Y.

(3) OT elvar avuiotpéihrpios av kar pévov av o T mepropiopévog oto A efvar 1-1
kai to T'(A) elvar fdon tov Y.

Anédaén: (1) 'Eotww 6t o T ebvar 1-1. Av Taq,...,Ta, € T(A), K1,...,ky, € F
xu K1Tay + -+ + kp,Ta, = 0, té1€ T(k1a1 + -+ + kpap) = 0 = T0O, ondte

K1a1+ -+ Knap = 0. Apa k1 = -+ = Kk, = 0. Avuotpdgonc, €otw 6t 1o T(A)
elvon ypoppxd aveZdptnto utosUvolo v Y xou éotw Txy = Txo. I'pdgouye
T1—Tg = K1a1+ - - -+ Knay Yio xdmota (Stapopetind HeTol T0ug) aq, ..., an € A
XOU HATOLL K1, - - -, i, € F', 0mb1€ 0 = T' (21 —22) = k1T a1 + - - -+ kT ay. Enedn
w Tay,...,Tay, evor dla@opeTixnd HETAED TOUC, CUVETAYETH K1 = -+ = Ky = 0.
Apa 1 — 22 = 0.

(2) "Aoxnon.

(3) Buvduaoude twv (1),(2).

H endyevn npdtaon Aéel bt évoc ypauuwde teheothc xadoplleton povadixd
and 1N dpdor Tou ot plo Bdon.

Ieévtaom 1.56Eotw X,Y ypaupuxol xdpor enf tov F' ka1 A Bdon tov X. Ta
kdOe ouvdptnon f: A — Y undpyer povabixés T € L(X,Y) doze T(a) = f(a)
yia kde a € A.

Anédeidn: 'Eow x € X. Tpdgouye © = K1a1 + - - - + Knay, YLt xdmota (Lovadixd)
a1,...,0n € A, K1,...,kn € F. Oplloupe T = k1f(a1) + -+ knf(an) €Y.
Téte, yia x&e a € A, enedr a = la, ouvendyetow Ta = 1f(a) = f(a).
Enlong, elvon ebxoho va anoderydel 6t o T elvan ypopuixdc TEAECTAC.
AvoT: X — Y ebvau ypopuixde teheothc ve T'(a) = f(a) yia xdde a € A,
ot Yoo X T = Kia1 + - + Kpay Eqovue Tz = kiTa; + -+ + kT ay, =
ki1f(ar)+- - +rnf(an). Enopévec, ol exdvec tou T elvor govadind xadoplopévec.

1.3.6 Icopopgpioupol

Optowdc 1.51(i) Eoww X, Y ypaupuxof xdpor eni tov F ka1 T € L(X,Y). Av
o T efvar avniogpéniog, ovopdletal woopoppropndg tov X pe tov Y.
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(i1) Av vndpyer 1wopoppiopds touv X ue tov Y, Aéue 6t o X efval icopoppixdg
ue tov Y ka1 ypdgpovue X =Y.

Iegétaocm 1.57a kdOe ypappixols yapovs X, Y, Z wydea du:
(1) X=X

(2) Av X 2Y, téte Y 2 X

(3) Av X 2Y kY 2 Z, tére X = Z.

AnéoeiEn: ‘Aounon,.

IIgétaocm 1.581Na kdle ypauuixols ydpouvs X, Y 1woxvea éu: o X eivai ioopop-
@ixds pe tov Y av ka1 uévov av dim(X) = dim(Y).

Anéoeitn: 'Boww wopoppouéc T : X — Y. Av A ebvan Bdon touv X, and v
Ip6taon 1.55(3) ouvendyeton 6t 10 T(A) ebvon Bdon tou Y. Enewdn o T eivan
1-1, dim(X) = card(A) = card(T(A)) = dim(Y).

Avtiotpdgunc, éotw dim(X) = dim(Y). Oewpolue Bdon A tou X xou Bdon
B tou Y, ondte card(A) = card(B). Apa undpyet f: A — B 1-1 xou enl. Bdoet
e Mpdraone 1.56 undpyer T € L(X,Y) wote Ta = f(a) yia xéde a € A. And
v pbtaon 1.55(3) cuvendyetor 611 0 T elvor avuotpéduloc.

Ieétaocr 1.59F0tw ypaupukiés xdpos X eni tov F pe dim(X) < 400 kai
T e L(X). OT eivar 1-1 av ka1 udvov av eivar erl.

Anéoaén: Halpvouye pla Bdon A tou X xou ypnowonowlue T potdoe 1.55
xon 1.40(4)(5).

Adppa 1.5 Fotw T € L(X,Y) ka1 x,2z € X. Te = Tz av ka1 udvov av
x =z modN(T).

Anédeén: Tx = Tz av xou uévov av T'(z — z) = 0 av xou wévov av z — z € N(T))
av xou povov av & = z modN (T).

Bdoer tou Afupatoc o enduevoc oplouoe eival xahoC.

Opwopde 1.524rv T € L(X,Y), opilovue ovvdptnon T : X/N(T) - Y pe
tino TE = Tx ya onowdnnote v € X e § = [x]n (7).

Ieétaon 1.60E0tw T € L(X,Y) kaa T : X/N(T) — Y n owdptnon mov
poAig oplotinke.

(1) T € LIX/N(T),Y).

(2) R(T) = R(T).

(3) OT eivar 1-1.

(4) X/N(T) = R(T).

(5) dim(X) = dim(N(T)) + dim(R(T)).

Anddadn: (1) Av § = [z]n(r) o n = [z]n(r), ToTE T(§~+ n) = T([IlN(T) +
[ZLN(T)) =T([x+ 2lney) =T(x+2) =Tz + Tz =TE+ Tn. Opolwe, T(kE) =
KTE.
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(2) Tlpogavéc.

(3) Av & = [z]n(r) xu 0 = [2]N(T), TOTE: T¢ = Tn av xon uévov av Tz = Tz
av xou wévov av T(xz — 2) = 0 av xou pévov av & — z € N(T) av xou uévov av
[T n (1) = [2] N () v xow pévov av § = 1.

(4) Ané 1o (1)-(3).

(5) Ané uc Mpotdoewc 1.47 xon 1.58.

1.3.7 Ymrnepenineda xou nuiyweotl

Opiowds 1.53Eo0tw ypapuikds yapos X eni tov F' kar ypaupikiss vndywpos Y .
Av codim(Y') = 1, tdre yia kdbe x € X vo ovvoro x+Y ovoudletar vrepeninedo
orov X.

Avo vrepenineda L ka1 M orov X ovoudlovtar mapdAAnAa av vrdpyel ypap-
Hik6s vndywpogs Y e codim(Y) =1 dore L=x+Y ki M = 24+ Y yia kdrowa
z,z € X.

Eivou €0xoho vor amodeuydel 611 av éva unepeninedo L otov X ypdgeton L =
z4+Y xou L =12 +Y' vy xdnow z, 2 € X xou xdmotouc ypauuixolc undywmpous
Y,Y' wou X ouvdidotaonc 1, w6te Y =Y xw z — 2’ €Y.

H enduevn npdtaon avtiotoiyilel (Un-undevixd) ypouuixd ouvaptnooeldy| e
Yeouuxolg Loy weoug cuvdldotaong 1.

IMeétaocm 1.61Eotw ypappikds xapos X ent tov F.

(1) Av 2’ € X'\ {0}, o N(2') efvar ypappxdés vrdywpos tov X ovvbidotaons 1.
(2) Av oY efvar ypappukds vrdywpos tov X ovvdidotaons 1, vrdpyerz’ € X'\{0}
dote Y = N(2').

Anéden: (1) Eivow yvowotéd 6t o N(z') elvor ypopuuixdc utdyweoc tou X. ‘Eotw
zo € X pe #'(z0) # 0. Ialpvouye Tuydy = € X xou éyoupe o’ (z — % zy) =

' (z) — ;/((50))/33/(5130) = 0. Apa z — %xo € N(z'). Autd ocuvendyeton 6t
[Ny = 5’((50)) [To]N (). Emopévec, xdde otoiyelo tou X/N (') elvon moh-

AmAGoL0 TOU [To] N (ar) XA, ETEWY TO [To]n(2) OEV elvar T0 undevixd otoiyelo
tou X/N(2'), ouvendyetan 6t 10 {[zo|n(2r)} omotehel Bdon tou X/N(z'). Apa
codim(N (z')) = 1.

(2) Eotww z9 € X dote 10 {[zo]y} va anotehel Bdon tou X/Y. Oewpolye
Tuyév x € X, ondte undpyer (povadixd) k € F wote [z]y = k[zoly. Opllouye
' : X — F ye tono 2/(z) = k.

Av [z1]y = K1]zoly, [z2]y = k2lxo]ly xu k € F, t6t€ [21 + 22]y = (K1 +
Ko)[zoly xou [kx1]y = Kk1[xo]y. Emopévoc, o/ (x1 + 22) = k1 + ke = 2/(21) +
' (z2) xou o' (kx1) = kK1 = k' (21). Apa o’ € X',

Topa, ' (x) = 0 av xou yévov av k = 0 av xou uévov av [x]y elvor to undevixd
ototyelo tov X/Y av xou pévov av z € Y. Apa N(z') =Y.

Ieétaocm 1.62FE0tw ypappikds xopos X ent tov F.
(1) Ia kdde ' € X'\ {0} wa ovvoda {z € X|2'(x) = 0} = N(2') ka1 {z €
X|2'(z) = 1} elvar vrepenineda otov X. To mpddto elvar ypaupukds vrdywpos,
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€ve) To 0€UTEPO D€V €lval Ypauuikos Umdywpos.

(2) I'a kdOe vrepeninedo L ovov X uvndpyer x’' € X'\ {0} dote efte L = {z €
X|2'(x) = 0} = N(2/), av o L efvar ypaupixds vndywpos, efte L = {x €
X|z'(x) = 1}, av to L dev elvar ypappuxds vidywpos. Xtn deltepn mepintwon
0 @' elvar povabikd evdy otny mpdtn mepintwon, av L = N(z}) = N(xh) téte ta
x}, x4 efvar to éva moldamddoio tou dAdou.

Andédeén: (1) To N(z') eivar ypoppixde undywpoc cuvddotaone 1 ondte xou
urnepeninedo. To deltepo cUvolo Bev elvan Yo UTEYWEOC BLOTL BV TEQLEYEL
w0 0. Av 2/(z9) = 1, t61e anodewxvdouue edxora 6 {z € X|z'(z) = 1} =
xo + N(a').

(2) Av L =Y ebvar ypopuixde undywpoc ouvdidotaone 1, Bdoel tne Hpdtaone
1.61(2), undpyet ' € X'\ {0} dote L = N(a').

Av L =a+Y, 6nmov o Y elvar ypopuixdc undywpoc ocuvddotaone 1 xau
a ¢Y, vndpyer x, € X'\ {0} dote Y = N(x[). Anodexviouye edxola 4t
L = {z € X|z{(z) = z((a)}. Av Yéooupe o’ = xp, tote &’ € X'\ {0} nau
L={zeX|z(z)=1}.

‘Eotw z},z5 € X'\ {0} ye {z € X|zi(z) =1} = {z € X|z)(z) = 1}. Téte
v xde & € F \ {0} woyler 61 2 () = K av xou pévov av 2 (L z) = 1 av xa
wovoy av zh (L x) =1 av xou pévov av zh(z) = k. Apa 2} = z}.

Av N(z}) = N(zh) xou ndpoupe xg wote xf(xg) = 1, té1E €dx0Aa PAéNTOVYE
ot xh = xh(zo) 2.

1
z{(a)

Oplopoég 1.54FEoww ypaupikiés xadpos X enl tov R xar L éva vrepeninedo otor

X. Av 2’ € X'\ {0} dove L = {z|z'(x) = A}, dmov A = 0 1 1, wdre wa
otvoka {z|z'(z) < A} kar {z|z'(xz) > A} ovoudlovtar or avoikToi nuixydpor
nov kadopiforrar and to L kar ta ovvoka {z|z'(x) < A} ka1 {z|z/(z) > A}
ovopdlovtai o1 kA€rotol nuixydpor tov kaopifovrar and to L.

1.3.8 Kuptd cbvola

Opiowds 1.55FE0tw ypauuikds xdpos X eni tov F. Av z,y € X, to ovrolo
[x,y] = {tz + (1 —t)y|0 <t < 1} ovoudlerar evBdypappo tuniua ue dxpa ta
z,y.

Oplopode 1.56E0tw ypauuikos xopos X eni tov F. Eva A C X ovoudletar
xvptd av [x,y] C A ya kdde x,y € A.

HMogadeiypata To ), o X, xdde yovooivolo, xdde evdiypoaupo Ttuhua, xdde
YOOUUUIXOC UTIOYwEOC xat Xdde uTepen{nedo elvar xupTd GUVONA.

IMeétaocr 1.63FEotw ypappuxol xdpor X,Y enitov F ka1 T € L(X,Y).

(1) Av ta A, B efvar kuptd vnootrola tov X, k € F kara € X, tdte ta A + B,
kA ka1 a+ A elvar kuptd.

(2) Av kd0e ororyeio tng ovAdoyns C eivar kuptd vrmootvolo tov X, tére wo [(|C
elvai kupto.

(3) Av to A efvar kuptd vrootvolo tov X, téte to T(A) elvar kuptd vroodvolo



40 KE®PAANAIO 1. EIXAIQI'IKA

wovY.
(4) Av to B etvai kupté vroatvolo tov Y, téte to T (B) efvar kuptd vrnootvodo
Tou X.

Anddeén: Aoxnon,.

Adppe 1.6 Eotw ypappikds xapos X enitov F. Av to A efvar kuptd vroovolo
tou X, téte ya kdle n € N, kdOe a1,...,an, € A ka1 kdOe t1,...,t, > 0 ue
t1 + - +t, =lioyder tiar + - - + than € A.

Anéoeitn: Me enaywyn wc npdc 1o n. ‘Eotww 61l 10 anotéhecya loyvet yioan — 1.
Avt, =1, 1o anotéhecya elvar tpogavéc. Av 0 < t, < 1, téte t1a;+- - -+tpan =

(1- tn)(liltn ap + -+ I:; anl) +than € A SiéTL 1i1tn + f’i—’ti =1.

Oplopode 1.57Eotw ypauuikds xadpos X eni tov F. Av A C X, to ovrodo
co(A) = N{B|ro B C X etvai kupté 2 A} ovoudletar kvptn jxn tov A.

Heévaom 1.64Eotw ypauuikds xdpos X enf tov F ka1 A C X.

(1) To co(A) elvar to pukpdrepo kuptd vrooivodo tou X to omoio mepiéyer to A.
(2) co(A) = {tra1+ -+ tpann € N,ag,...,a, € Ajt1 >0,...,t, >0 ka1 t1 +
sty =1}

Anédeén: (1) Mpogpavée, Bdoel tne Mpbdtaonc 1.63(2).

(2) Anodewvboupe 6Tt 10 oOvoho B = {t1a; + -+ + than|n € Nyas,...,a, €
Aty >0, 0ty > 0xonty + -+ t, = 1} elvor xuptd xon mepléyet o A o,
enopévac co(A) C B. Bdoel tou Afupotoc 1.6, xd0e otowyelo tou B avixel oe
x&e xuptd cUvolo 1o onolo nepléyet o0 A. ‘Apa to B mepiéyetan oe xdde xuptd
oOvoho To omolo neptéyel To A xat, enouévwe, B C co(A).

1.3.9 Eu90 ddgoiopa

Opwopwode 1.58E0tw ypaupixol xdpor Y, Z enl wov F. Opilovue mpdées oo
Y xZ

(1, 21) + (Y2, 22) = (1 +y2, 21 +22) Ky, 2) = (ky, K2)

yia kde (y1,21), (Y2, 22), (y,2) €Y X Z ka1 kdOe k € F. ToY x Z e ng npdéeg
avtés oupPoliletar Y @ Z kai ovoudletar evdd dipoioua twr Y, Z.

Ieértaom 1.65Eotw ypaupukol xdpor Y, Z eni tov F.

(1) OY @ Z eivar ypaupixds xdpos eni tov F.

(2) Yrdpxovr ypaupuxol vidywpor Y', Z' tov' Y & Z 10opopgixol pe tovg Y, Z,
avtiotolyws, dote Y + 7' =Y & Z kY’ N Z' = {(0,0)}.

Anédein: (1) Aoxnon.

(2) AvY' = {(y,0)|ly € Y} xae Z' = {(0,2)| 2 € Z}, t61€ oL anewxovioeic
y — (y,0) xau z — (0, z) ebvon woopopgiopol and w0 Y oto Y’ xaw ané 10 Z oo
Z', avtiotolyoc.
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Meétacr 1.66FEotw ypappuxol xdpor Y, Z enf tov F. Tére dim(Y & Z) =
dim(Y') + dim(Z).

Anéoeitn: Av B elvar Bdorn touv Y xou C elvar Bdon tou Z, t61€ 10 6UVOAO
{(6,0)]b € B} U{(0,c)|c € C} anoterel Bdon tov Y @ Z. Apa dim(Y & Z) =
card(B) + card(C) = dim(Y') + dim(Z).

IMeétaocm 1.67Eotw ypappuikis xdpos X enl tov F kar ypappikol vrndywpor
Y, Z wovX doteY+Z =X kmYNZ={0}. Téte X 2Y & Z.

Anddaén: HaneévionT : Y& Z — X pe tOno T'(y, z) = y+2 elvon loopop@lopdc
wou Y @ Z pe tov X.

Meétacrn 1.68Fotw T € L(X,Y). Tére X 2 X/N(T)® N(T).

AnédeiEn: dim(X) = dim(N(T))+codim(N(T)) = dim(N(T'))+dim(X/N(T))
— dim(X/N(T) @ N(T)). ‘Aea X = X/N(T) & N(T).

1.4 Tlopadelyyuatol YROUUULXOV Y OE®Y

1.4.1 O ywgog F".
Avez=(x1,...,2n),y = W1,.--,Yn) € F" xu k € F, opilovye
33+Z/:(Il+yla7$n+yn) H-I:(H.Il,...,ﬂxn),

Ebvar ebxoho va dolue 6tt, ye emhoyh 0 = (0,...,0) xav —z = (—21,...,—Zp)
v xdde x = (z1,...,2,), 0 F™ evon ypopuixoc yopoc ent tou F.

Av oploouvpe ya xdde j =1,...,n 10 €; = (0,...,0,1,0,...,0) ye dhec tic
cuvTeTaypéVe (oeg ue 0 extde and T ouvtetayuévn otn Véon j n omola ebvar {om ye
1, t61e T0 6OVONO {eq, ..., e, } anotelel Bdorn tov F™. Enopévwe, dim(F™) = n.

Av noMamhaotdloupe ta otouyela tou C™ pe mpayuotxols aprduole, ovtl
yio gryodixole, dniady Yewprooupue cav F' o R, avtl yia 1o C, t61€ 0 C™ elvon
yoopuwog yweog ent tou R xou 1 dudotaoh tou ebvar lon ye 2n. Bdon, tdhpea,
anotelel to oUvoro {e1, ..., en, fi,..., fu}, 60U T €; elvon Snwe TponyoUUEVLe
xu f; = (0,...,0,4,0,...,0) ye bdhec Tic ouvtetayuéves loec ye 0 extdg and ™)
ocuvTeTaypévn atn ¥éon j 1 onola elvon lon ye 7, T QavTaoTXr wovada.

1.4.2 Xwpol axohouIinv.

Opllouye touc e€hc Ypoug axohoudLdV:

s = {(x1,22,...)|z; € F,j € N}
¢ = {(x1,22,...)|z; € F,j € N, xoun {x;} ouyxhiver}
co = {(z1,22,..)|z; € F,j €N, xau z; — 0}
1 = {(z1,22,..)|z; € F,j € N, xau {x;} elvar gporypévn oxoroudio }

o0
P = {(z1,22,...)|z; € F,j €N, Z|:1:j|p < 400}, 1<p<+o0.
j=1
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O mpd&eic otouc yopouc autole opllovtan katd oUVTETAYUEVES, OTWS OTOV
Fm. Anhodn, vy xdde x = (21, 22,...),y = (Y1,Y2, . ..) xau x8Ve £ € F opllovye

r4+y=(x1+y1,x2+y2,...) kx = (Kkxy1, Koo, .. .).

EUxoho Brénouye 61 oL npdéelc autéc oplloviol GTOUC TopATdvVG YWOEOUL, av
oxeptolue 6TL, av oL axoloudlec x,y ocuyxAivouv 1 ocuyxAivouv oto 0 1 elvan
QEAYUEVES, TOTE Xau oL axohoLdie T 4 y xou KT GLYXAVOLY 1| GuYXAivouy 6o 0
1 ebvon ppaypévee, avtiotolywe. ‘Ocov agopd ctov teleutalo ydpo, xat” apyhv

P
ToRATNPEOVUE OTL, oV Z ~ 1 |xi|P < 400, toTE

o0 o0
DIkl = kP Y ey lP < oo
j=1 j=1

Eniong, av 372 |25 < 400 xau 3777 [y;[? < +o0, t61e

o0 o0 o0
Dolw g <22y a2y P < e

Jj=1 Jj=1 J=1

Autd anodewviouy 6T, av x,y € IP xou k € F, t61€ © + y, kx € [P.
o Ty teheutalo aviodTNTA YENOLUOTOLACOUE TN OTOLYELWDON AVIOOTNTA

(a+Db)P < 2P~ (aP +bP) yioa xde a,b > 0 xou 1 < p < 4o00.

H aviodnra auth anodewevieton Yewpdvtac tn ouvdptnon f : Rg — R ue t0no
f(t) =271 — (£ 4 1)P + 2P~ 1. Meketdvtac Ty nopdywyd tTne Prénouye edxo-
Ao 61 f ebvor gdivovoa oto ddotnua [0, 1] xon adZovoa oto [1,+00). Apa
f@) > f(1) =0y xdde t > 0. Av a > 0, Yétoupe t = 2 xou, TOMATAAGLS-
Covtag xatémy Ye aP, ntolpvoude TNV emBLwxOUeVY aviootnta. Av a = 0, 1 apyixn
aviodTnTa elvon TpoQavic.

Yuumepatvouye, Aotmdy, 6TL o ydpol autol elvon ypouuixol ydeol et tou F.
To undevixd otowyelo oe 6houc ebvar to 0 = (0,0,...) xou —z = (—x1, —T2,...)
v xd9e x = (a1, x2,. . .).

I'vwpilovtac 61, av yla oewpd cuyxAivel, T6te 0 YEWXOC 6pOC TNC oLUYXALVEL
o710 0 xou 61t xdde cuyxhivouoa axolovdia etvar gporyuévn, BAénouye bt oL yopol
awtol €xouy TN dudtaln eYXAELGUOU

ISEISY

P CecypCcCI™®Cs.
Eniong, pnopolue va anodellouvye 61t
P Cle, av1l<p<qg<+oo.

Auté anodevieta we e€hc. Eoww x = (r1,22,...) € IP. Tére Z;;Of |z [P <
+o00, ondte |zj| — 0. Emopévwe, undpyer jo wote |x;| < 1 v xdde j > jo.
Tore,

Jo—1 Jo—1

Z|$J|q Z|IJ|Q+Z|$J|(1<Z|$J|q+2|xa|p<+oo

J=jo Jj=jo
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Apa z € 19,

Av vy xdde j € N opioovpe e; = (0,...,0,1,0,...) ue OAeC Tic OUVTETAYUEVES
{oec pe 0 extoc e ouvtetayuévne otn Véon j mou elvon {on pe 1, téte 10 cbvoro
{e;lj € N} elvou ypoppxd aveldptnto unocOvolo Ghwv TwV YOpwv aAkd bev
TapdyeEL Xavévay and autolc.

1.4.3 XwpoL cuvapTHCEWV.

1. Bewpolye 0 YOEO

FA={f|f: A— F}

yia Tuy6v obvoro A. Av f,g: A — F xou k € F oplloupe f+g: A— F pe tino
(f+g)(a) = fla)+g(a) yiuxdde a € Axukf: A— F ye tino (kf)(a) = kf(a)
vy xdde a € A.

Elvou mpogavég 611 0 yopoc FA UE QUTEC Tic TPdEelc amoTehel Ypauuxd Yoo
enl Tou F. To undevixé otoiyelo elvon n ouvdpetnon 0: A — F pe tomno 0(a) =0
Yo %89 a € A xau to avtideto ototyeio Tou f € FA eivonn —f : A — F ue t0no
(—=f)(a) = —f(a) yioa x&de a € A.

2. Oewpolye 0 YWpO
B(A) ={f|lf: A— F xoun f elvor gpayuévn oto A}

WV QpayUévwy cuvapthoewy and 1o A oto F. Av o f, g elvor gpayuévec oto A
xou Kk € F, t6te ou f 4 g, kf elvon gporyuévee oto A. Apa o B(A) eivar ypoyupixde
uTbywpoc Tou FA xou, emouévec, eivar ypouuidc yodpoc ent tou F.

3. Av unodéoouye 61t 10 ohvoho A elvar tonoroyixde ydpoc xaL Yewpriocouvye o
F egodiacuévo ye tn ouvnouévn euxheldia yetpixr) tou, opilouye 1o Ykpo

C(A) ={f|f:A— F xun f elvar cuveyfc oto A}

TWY GLVEYGY ouvapThoewy atd 0 A oto F. O C(A) eivor utocthvoro tou F4
xa, eMEWY) To dpoloua CLUVEYWY GUVAPTRCEWY Elval GUVEYHC GUVAETNOT XL TO
yvéuevo aptiuol xar cuveyolc cuvdptnong elvar cuveyric GUVAETNOT), CUVETAYE-
tou 61t 0 C(A) elvon ypouixde undyweoc Tou FA X0, ETOUEVKS, YROUUUXOS Y WPOSC
enl Tou F.

4. Av, 1éh, 10 A elvar Totohoyixde ywpoc, opllouue

BC(A) =B(A)NnC(4)
TO YOPO TWV PEAYUEVWY CUVEY®Y cuvaptoewy and to A oto F. Tpogavae, o
BC(A) elva ypoupixde vndywpoc 1wv B(A) xa C(A).
5. Eotww (Q,X) évac petprioyog yodpoc. Ankadh, éva un xevé cbvoro £ xou pla
o-dhyelpa ¥ unoouvorwy tou . Opilouue 10

M(Q) = MQ,Z) ={f|f: Q— F xou f elvan petpion wg tpog y L}

Eneldr) to ddpolopa UETEHoU®Y CUVAPTACEWY EfVaL UETPHCLUY CUVEQTNOT Xol
T0 YVOUEVO apLtdol ot UETENOWNE oUVEETNONG EVOL UETETOLT CUVETNOY), GUVE-
néyeTon 6Tt 0 M(Q) ebvan ypoppide utdywepoc Tou F.
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6. Eotww (2, X, p) évac yopoc yétpou. T xdde p ye 1 < p < +00 opilouye

£(0) = L2 = {f € M@)| [ [17dp < +).
Q
Enfone, opiCoupe
L) = L2, u) ={f € M(Q)| |f(a)| < My vt p-oyeddv xdde a € Q}.
Av n f e M(Q) éyer dhec tic Tés e oto R, téte opiloupe
ess.supof = inf{M € R|f(a) < M yia p-oyedbv xdde a € Q}

xait
essinfof = sup{m € R|m < f(a) v p-oyedov xdde a € Q},

oToTE Loy VEL OTL
ess.infof < f(a) < ess.supqf

yio p-oyedov xdde a € €.
O)oxhnpdvovtac tny avioétnta |f(a) + g(a)P < 2P~ f(a)|P + 2P~ 1|g(a)l?
BAénouye auéowe 6, av f, g € LP(), tote

[1rearauzet [(spdur2t [l dus< o
Q Q Q

xau, emopéves, f+ g € LP(Q). Enlong, av |f(a)] < My vy g-oxeddy xdde a xo
lg(a)] < My v p-oyeddy xdde a, t6te |f(a) + g(a)| < My + My vy y-oyeddv
x&e a. Apa, av f,g € L2(Q), w6t f+ g € L2(Q).

Ouolwe, av f € LP(Q) xou k € F, t61€

[t au= el [ 1517 du < o,
Q Q

onéte kf € LP(Q). Enlong, av |f(a)] < My v y-oyeddv xdde a, té1e [k f(a)| <
|| My v u-oyedov xdde a, ondre, av f € L>X(Q), téte kf € L2(N).

Apa oL yodpor LP(Q), pe 1 < p < 400, ebvon ypoppxol undywpol Tou M ().
7. 'Eotww U éva avowxté urnoclOvoro tov R™ xu f : U — F. Kdde a =
(a1,...,a) € N ovopdleton mohudeixtne xon opilovye |a] = a1 + -+ + ap

alel alel
1) = e () o

Bohiloupe ™ (WxTh) mapdywyo e f TdENc |a| oto x, a1 Popéc we mPoc 1o
T,y Ay POPEC WS TPOC TO T,
T xéde k € N U {400} opiloupe

T0 phxoc tou tohudeixtn a. Tére, ye D f(z) =

C*U) = {f|f:U — F, n f éxe x84 nopdywyo téinc < k oe x&de = € U}.

Enione, optloupe C°(U) = C(U).
Eivor tpogavéc 6t or ywpor CF(U) elvor ypouuxol yopol entl tou F xau

cewyccku)ycclu)c o),  vywxdde k1€ Ngpe k > 1.
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8. 'Eotww U avowxtéd vnocivoro tou C. Opllouue
HU)={f|f:U — C, n f elvou ohépopyn 7o U}.

Enewdr 1o ddpooua ohduopgny cuvapTAGEWY elvar OAGUORQT CUVEETNOY Yot TO
Yvouevo aptiol ue ohduoppn cuvdeTnon elval o GUOp@N GUVAETNOT), CUVETAYE-
ton 6t 0 H(U) elvan ypopuixde yopoc ent tou C.

1.4.4 X®polL MRAYUATIX®Y 1] ULYAIXDYV LETEPWY

1. 'Eotw éva un-xevd obvoro € xou ¥ ula o-dhyeBpa unocuvéiwy tou Q. Mia
ouvdptnon p @ X — F ovoudletan mpaypatixs, av F = R, | wiyadixd, av
F = C, pétpo wg ngoc tnv X av u(f) =0 xo u(Uj:OfAj) = ijof w(A4;) vy
x&9e emhoy ) A; € X, j € N, Eévwv avd 300 cuvohwy. (Luvendyetol, EOXOTERA,
6Tl 1 oELpd oTNY TEAEUTHl] LOGTNTA GUYXALVEL.)

Optloupe
A(QY) = A(Q,Z) = {u| p ebvon tparypotind A uryodind pétpo we mpoc Ty L}

Eivon edxoho va omodetydel 6, av p, v € A(Q) xau k € F, t6te p+v € A(Q)
xau ki € A(Q). Apa o ydpoc A(Q) elvor ypapuuixdc utdywpoc tou FE xou,
emopévewg, elvon ypaupxdg yweog ent tou F.

Av éva mparypotind N pyadixd uétpo p éyer v WBotta w(A4) > 0 v xdde

A € X, téte 10 p ovoudleTor WM-eVNTING TRy RaTiXO WETEO ot efvor 8L
repintwon uétpou, dnwe yodalvouue TNy évvola auth ota TpdTa podApata Yewplag
pétpou (éva pétpo umopel va €xel we Tl 10 +00): éva UETPO 1 ElvaL Un-apvnTind
TROYUATIXG UETPO av ol Lovoy av p(§)) < +oo.
2. B neplntwon elvor 6tav 1o € elvon tomohoyind yweog xaw 1 o-diyePpa
mou Yewpolye eivar 1 o-dhyeBpa n omola tapdyeTon amd 1 CUAAOYY| TWV AVOLXTWV
unocuVewY tou . Auth 1 o-dhyeBpa cuufBoiiletan B = B(Q) xou ovoudleton
o-dAyeBea Ttwv Borel-cuvolwv tou Q. Anlady

B(Q) = ﬂ{EM ¥ elvan o-dhyeBpa xou mepiéyel x&de avouxtd unosvvoro touv Q}.

To 6t n B(Q) elvan o-dhyeBpa galveton apéone av duundolue 6t n tour onotao-
dnfmote cLAoYYC o-ahYePBpdy elvan o-dhyelpa. Eniong, elvon ayéowe gavepd 6T
n B(Q) eivor 1 pupdtepn o-dhyeBpa oo 2 1 onola nepéyel GAaL Tal avVOIX T UTO-
oUvola tou 2. Emnewdy] elvan o-dhyeBpa, neptéyet enlong dAa tol xAetoTd oOVOARA
%00 1o OAEC TLC APLIUROWES EVOOELC XAEIGTWV Xalt TS optIUOWUES TOUES ovoL-
%10V ouvéhwyv. To otowyela tne B(Q) ovopdlovtor Borel-cOvola tou Q. Kdie
TpayaTixd f uyodixd pétpo oto Q dc¢ tpoc v B(2) ovoudletoa mpoyhortind
R wyoadixd Borel-pwétpo oo (.

‘Eva pétpo u oto  &¢ npoc ty B(Q) ovoudleton Borel-pétpo oto Q av
p(K) < 400 v xdle ovprayéc K C Q.
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1.5 Aoxroeig

1. BEotw X ypouuxdc ywpoc ent tou F' xon ypapuxol undyweor Y, Z tou X.
Anodellte 6 Y +Z =<Y UZ >.

2. 'Eotw X ypouuxde ywpoc entl tou F' xou ypauuixol undyweol Y, Z tou X.

(1) AnodeiZte 6w noanexdvionY +Z — Z/Y N Z pe t0mo © — [z]ynz yio xdde
r=y+2z €Y + Z elvor xahtdg oployévn xon OTL Elvol YpouUixdS TEAECTHC.

(2) Anodelttie 61 Y + Z/Y =2 Z/Y N Z.

3. 'Eoww X, Z ypopuxol ydeotl eni tou F, ypoauuxdg undyweog Y tou X xau
T € L(Y,Z). Anodel&te 61 undpyer S € L(X, Z) o onoloc givar enéxtaon tou T

4. Eow X ypapuxdc yopoc ent tou F xou z € X. Av 2/(z) = 0 ywo xdde
7' € X', anodel&te ét x = 0.

5. Eotww X ypouuwxdc yopeoc ent tou F' xan ypauuixde undywpoc Y tou X ye
Y # X. Anodel&te 6n undpyer ypauuixde unoyweoc Z tou X dote Y + 272 =X
xuwYNZ=10.

6. Eotww X ypoppixode yopeoc ent tou F ye dim(X) = n € N xau Bdon B =
{e1,...,en} 0L X.

(1) Anodel&te 6 xdde x € X ypdpeton pe povadixd tpéno we & = Kieg + -+ +
Kn€n UE Ki1,...,Kkn € F.

(2) T xdde j = 1,...,n opilouye e : X — F pe tono €)(z) = K; yia xdde
z € X, énou T k; xadopilovtaw and to (1). Anodeilte ot e;- € X’ xou 61 t0
B = {¢},...,el} evar Bdon tou X'

Optowdc: Eotw X ypappikds xdpos end tou F ue dim(X) =n € N ka1 B =
{e1,...,en} Bdon wouv X. H Bdon B’ wouv X' mov opiletar otnr mponyoluern
doknon ovoudletar Bdon dvikt tng B.

7. Botw X ypoppixde yopeoc enl tou F. T xdde z € X opllovye Jr: X' — F
pe tono Jz(z') = 2’ (x) vy xdde 2’ € X'.

(1) Anodeilte 6T Jr € X".

(2) Anodeigte 6un J: X — X" eivon 1-1 ypouuixdc terecthic and tov X otov
X",

Opwopode: Eotw X ypaupikds xdpos enf touv F. O X ovoudletar adyeBpird
avrornadnig av n anaxdvion J wng mponyoluevns doknons elvar eni, ondte, ei-

bikddrepa, X =2 X7,

8. Eow X ypopuixde yodpog enl tou F' pe dim(X) = n € N xu Bdon B =
{e1,...,en} 0L X.

(1) Av B’ eivon 1) Bdom tou X' n duwh tne B o B” elvar n Bdon tou X 1 duuxh
e B, anodei&te 6w B” = {Jeq,...,Je,}.

(2) Anodeilte 6t 0 X elvon alyelpixd automaivc.
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9. Bow X ypouuixdc yopoc enl tou F e dnelen didotaon. Anodellte 6t o X
dev etvar alyePpixd autonadric.

Opiopés: Eotw X ypaupukds xdpos ent tov F.
(i). Av AC X, opilovue A+ = {2’ € X'|2'(a) = 0 ya xdOe a € A}.
(ii). Av B C X', optlovue B = {x € X|V/(z) =0 y1a xdde V' € B}.

10. Eotww X ypopuxde yodpoc ent tov F xou o', 2, ..., 2], € X'. Anodeilte 6u
Ny n---NN(z,) C N(z') av xou u6vov av undpyouy Ki,...,k, € F dote
¥ =K@l 4+ Kl

11. 'Eotw X ypouuxdc ywpoc enl tou F.

(1) Anodeite 61 X+ = {0}, +(X') = {0}, {0}+ = X', +{0} = X.

(2) Tt %&9e A C X xon vy xé9e B C X', amodeifte 6t 10 AL eivon ypouuixoe
umbywpoc Tou X' xou o T B ebvon ypappixdc utdywpoc tou X.

(3) Anodei&te 6, av A] C Ay C X, w6t Ay C A xou 61, av By € By C X7,
<6t By C 1 B;.

(4) Twx %89 A C X xau yio x89e B C X', anodeifte 61t < A >= L(A+) xou
< B>C (+B)*.

12. 'Eotw X ypouuixdc ywpeoc enl tou F' xou ypouuixdc undywpoc Y tou X.

(1) Tw xdde 2’ € Y+ anodeifte 6t 1 ouvdptnon Pz’ : X/Y — F ue t0no
P/ ([z]y) = 2/ (x) elvon xahde oplopévn xou 6 P’ € (X/Y)'.

(2) Anodeite 61 (X/Y) 2 YL

(3) T xde ' € X' Yewpelote tnv Q' : Y — F va elvon o nepopoude tou '
otov Y, ondte Q' € Y.

(4) Anodei&te 61 X//Y L =Y.

13. Eotww X,Y ypopuxol yopeot eni tov F xou T € L(X,Y). Oewpelote yio xde
y' €Y' ouvdptnon Tty : X — F pe tomo T/ (z) = v/ (Tx) vy x4 x € X.

(1) Anodetgte 6ou Ty’ € X',

(2) AnodelZte 61 1 ouvdptnon T* 1 Y/ — X' elvan ypouuxdc TEAECTHC and 1oV
Y’ otov X'.

(3) Anodei&te 6t R(T)*t = N(T?), R(T)=1N(T?) xow 6t o T ebvon entl av xou
wévov av o T efvon 1-1.

(4) Anodei&te 6 N(T) =+ R(T?), N(T)* = R(T?) xow 6t 0 T eivor 1-1 av xou
uévov av o T efvon ext.

14. 'Eotww X ypopuxdc ywpoc eni tou F' xau ypouuxdc undyweoc ¥ tou X
ocuvbldoTaong 1.

(1) Av L, M eivor onotadrinote unepenineda moapdAinio ye tov Y, anodellte ot
undpyeL ueTaopd 1 omolo anewxovilet to L enl tou M.

(2) Av L, M eivou onowadrinote unepenineda napdAinha ue tov Y xon Stapopetind
and tov Y, anodelfte 6T undpyet opooVesia 1 onola anexovilel to L enl tou M.
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Kegpdhaio 2

To Oewenuoa Hahn-Banach

2.1 H avohutixn popypn

Opwopwode 2.1 Eotw ypapjukiss xdpos X enf tov F. Mia ovvdptnonp : X — R
ovoudletar etikd-opoyevég kar vnonpooietikd ovvaprnooerdbég av
(1) p(tx) = tp(x) ya kdle x € X ka1t > 0,

(ii) p(x +y) < p(x) +ply) ya kdde z,y € X.

Oplopodg 2.2FEotw ypauuikos xdpos X eni tov F. Mia ouvvdptnonp: X — R
ovopdletar nuivépua av

(i) p(kx) = |klp(z) y1a kd0e x € X ka1 k € F,

(#0) p(z +y) < p(z) + py) ya xdde z,y € X.

Kdde nuivopua elvon detind-ogoyevés xon unonpooletind oUVIRTNOOELDES.

Adppe 2.1(1) Av o p eivar etikd-opoyevés kar vnonpooletikd ouvaptnooeldés
otov X, téte p(0) = 0, —p(—z) < p(x) yua kde v € X xar p(r) — p(y) <
p(x —y) < p(x) +p(—y) ya kdde z,y € X.

(2) Av vo p etvar nuvdpua ovov X, téte p(0) = 0, p(—z) = p(x) ya kdbe x € X
kat |p(z) — p(y)| < p(z —y) ya ke z,y € X. Eibixdrepa, p(z) > 0 yia kdOe
reX.

AnéoeiEn: ‘Aounon,.

Oevpnua 2.1(Hahn-Banach) 'Eote ypauuikés yépos X emi touv R kat
OeTikd-ouOYEVES KAl UMOMPooBeTLKS ouvaptnooelbég p otov X, ypau-
uLkés umdyepos Y tou X kai ypapuikd ouvaptnooetbés feY'. Av
vroféoovue 6ti f(y) < p(y) yia kdbe y €Y, Téte undpyeL ypauuikd
ouvaptnooeLbés F € X' dote

(1) F(y) = f(y) yia cdbe yev,

(2) F(z) <p(x) yia kdbe xz € X.

49
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Me &Mk dwtinwon: Av éva f, R-ypaupixd ovvaptnooedés oe ypappiks vno-
XWPO, KUpLapxelal otov UTdywpo avtdy and éva UJetikd-ouoyevéS kal umompo-
oletikd ouraptnooaldés p, téte undpyel enéktaon F tov f o€ R-ypaujukd ovvap-
TNOOENES T€ OAGKATIPO TO XWPOo TO 0Tol0 KUP1apxeitar o€ 0OAGKATIPO TO XWpo amd
70 D.

Anéoatn: Bewpolye 1o clvolo F tou onolou otowyelo elvon xdie g pe tg Wdtn-
TeC:

(1) T0 g : D(g) — R elvar ypappixd cuvapTnooeldéc 6e TUYGVTA YRAUUXd LTOYWEOo
D(g) wou X,

(1) o g elvou enéxtaon tou f, dnpadh Y = D(f) C D(g) xou g(y) = f(y) yw
x&dey €Y,

(7i1) g(z) < p(2) v x&de z € D(g).

To F dev elvar xevé 616t 1o f elvon otouyelo tou xar oto F elodyoupe
dudtaln < 7 onolo oplleta we e€fc: g1 < g2 onualver 6Tl T0 go Elvon enéxTaoy
T0UL g1.

‘Eotw tuyév ohxd dwatetayuévo G C F. Oewpolye 10 Z = J{D(g) |g € G},
unoolvolo tou X rnou mepEyel 0 Y = D(f). Av 21,20 € Z, 161€ Undpyouy
91,92 € G dote 21 € D(g1) xou z2 € D(g2). Ened xdnowa and ¢ g1, g2, €00 1)
g2, elvon enéxtaon e dAANg, cuvendyetar 6Tt 21, 22 € D(g2) xau enedh o D(gz)
elvan ypoupixoc UTOYWPoS, 21 + 22 € D(gs), onbte z1 + 22 € Z. Enlong, av
z € Z, t61€ undpyel g € G wote z € D(g), ondte, vy xdde k € R, kz € D(g)
XL, EMOUEVWS, Kz € Z. Apa o Z ebvan ypouuixde undywpog tou X. Koatdmy,
nalpvoude Tuydy z € Z, ondte z € D(g) v xdmow g € G. Av undpyet xdroa
oaxéun ¢ € G ue z € D(g’), enedh plo oand tic g, g’ elvan enéxtaon e dhkne,
ouvendyeton 6t g(2) = ¢'(2). ‘Apa uropolue va oploouue ocuvdptnon go : Z — R
pe tomo go(z) = g(z), 6mou g eivor omowodhrote otouyeio Tou G pe z € D(g).
Efdope Ayo mpw 61, av 21,22 € Z, td1€ undpyel g € G OOTE 21,22 € D(g) o,
ENOUEVLC, go(21 + 22) = g(z1 + 22) = g(21) + 9(22) = go(21) + go(z2). Opoiwnc,
anodewviouye 6Tl go(kz) = Kgo(z) Y xde z € Z xou xéde k € R. "Apa 10 go
elvan ypouud cuvaptnooedéc tou Z. Elvor mpogavég 6Tt To gy elvon eméxtoo
tou f xou 6t go(2) < p(z) Y x&de z € Z. "Apu go € G. Enlong, elvon mpogavéc
6TL T0 go ebvar eméxtaon Shwv Twv g € G xar, emouéveg, elvon dve-gedyua Tou G.

Ané to Aupa tou Zorn cuvendyetan 6Tt 1o F €yel TOUAdYLOTOV €Vl maximal
otowyelo. Anhad¥, undpyer F' pe tic Widtnteg (1), (44) xou (492) xon Sev umdpyel
xavéva dhho g 1o omolo va Eyel Ti (Bleg WLOTNTEC xou va efvon YvAoLlo eméxtaon
Tou F.

Apxel va anodelZoupe 6t D(F) = X.

‘Eotww D(F) # X xou tyév zg € X \ D(F'). Oewpolyue 1o ypopuxd undywpo
Z ={a+ kxola € D(F),x € R} tou onolou o D(F) elvon yvAotoc undywpoc xon
Yo oplooupe ypauuxd cuvaptnooedéc g : Z — R dote g(a) = F(a) vy xdde
a € D(F) xou g(z) < p(z) yw xdde z € Z. Téte 1o g Yo elvon yvowa enéxtoon
tou F' e tic Wibtnree (i), (49) xon (344) xon o mpoxdel avtigaon.

Av 7o g elvon ypoupixd cuvaptnooedéc otov Z pe g(zg) = ko xu g(a) = F(a)
Y xde a € D(F), t6te gla+kxzo) = g(a)+rg(xo) = F(a)+rkKo. Avtiotpdenc,
av mdpoupe TuYdV Ko € R xau oplooupe g © Z — R pe tino g(a + Kxo) =
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F(a) 4+ kKo, T61€ €lvor €0x0N0 Vo dobue 6Tt 0 g elvon ypauuxd cuvopTnooeLdéc
otov Z xan g(a) = F(a) ya xdde a € D(F). Anouével va entAéZ0UPE T Ko WOTE
va woylel gla + kxo) < pla + ko) Y xé0e a € D(F),k € R. Autd iooduvayet
we F(a) + kro < pla + Kxo) yio xdde a € D(F), k € R.

Av k =0, nalpvoupe F(a) < p(a) YLO( x&e a € D( ) To onolo woyVeL.

Av £ > 0, mpémer va woyVet ko < 2p(a + kzg) — 2 F(a) = p(& + x0) — F(2)
v xde a € D(F), Kk > 0. Autd wooduvapel pe ko < p(b+ zo) — F(b) vy x&de
be D(F).

Av k < 0, npénet va oy Vet Ko > 1p(a—|—/m:0) 1F( )= —p(‘%l >+F(|n\)
v xdde a € D(F), k < 0. Auté ooduvayet ye ko > —p(b— xo) + F(b) yio xdde
be D(F).

"Apa mpémeL To Ko v emheyel wote —p(b—xo) + F(b) < ko < p(b+2x0) — F(b)
vt x&de b € D(F).

Av anodeifoupe 6Tt —p(by — xo) + F(b1) < p(b2 + o) — F(b2) v xdde
bi,ba € D(F), téte sup{—p(b1 — o) + F(b1)|by € D(F)} < inf{p(b2 + 20) —
F(b2)|b2 € D(F)}, onbte unopolye vo EMAEZOUUE TO Ko WS oTotovdrfrote aptdud
avdueon oe autd o sup xou inf.

‘Opwe, 10 6Tt —p(by —x0) + F(b1) < p(ba+2x0) — F(b2) Yot x&€ by, ba € D(F)
wooduvapel pe F(b1) + F(ba) < p(b1 — xo) + p(b2 + z0) Yt x&0e by, by € D(F).
AMG 1o tedevtalo woyler duott F(by) + F(bs) = F(by + b2) < p(by + b2) =
p(b1 — 2o + b2 + x0) < p(b1 — x0) + p(b2 + o).

Afppa 2.2 Eogtw ypaupikos yapos X eni touv C.

(1) I'a xdfe C-ypaupixd ovvaptnoocdés f: X — C to mpayuatikd tov pépos
R(f) : X — R etvar R-ypappixd ovvaptnooedés kar f(x) = R(f)(x) —iR(f)(ix)
yia kdOe x € X.

(2) I'a xdde R-ypaupuxé ovvaptnooeidés hg : X — C, vrndpyer povadixé C-
ypap ke ovvaptnooedés f: X — C dote va woxve R(f) = hr ovov X.

Anddaén: (1) E&wodvovtoac npoypatixd wéen ouc f(x1 + x2) = f(z1) + f(x2)
xa f(kx) = kf(x) ye k € R, ouvunepalvouvpe 61 10 RN(f) elvar R-ypouuixd
GUVOPTNOOELDEC.

A ey £(0) = R(f)(a)+13(1)(a) rolpvoe iR()(x) = 3()(z) = if (&) =

fix) = R(f)(ix) +i3(f)(ix), onére I(f)(x) = —R(f)(iz). Apx f(z) =
R(f)(x) — iR(f)(iz) yio xdde x € X.
(2) Opilouvye f: X — C pe timo f(x) = hr(z) —ihr(iz) vy xdde x € X. T
x&e z,y € X éyouype f(z+vy) = hr(r +y) — ihr(iz + iy) = hr(z) + hr(y) —
ihr(iz) — ihr(iy) = f(z) + f(y). Enlong, av K = p+iv € C, téte f(kx) =
flpx +ive) = f(ux) + f(ive) = hr(ux) — ihr(ipz) + hr(ive) — ihg(—vz) =
phr(x) —iphr(iz) + vhr(iz) + ivhr(z) = pf(z) + ivf(z) = kf(x). Apa to f
ebvar C-ypapuixd ouvaptnooedéc xat, tpogavee, R(f) = hr.

Av R(f1) = R(f2) v S0 C-ypopuixd cuvoptnooedy, f1, f2, t6te fi(z) =
?(fl)}x) —iR(f1)(iz) = R(f2)(x) — iR(f2)(iz) = fa(z) v x&e x € X, ondre

1= Ja

Oevpnua 2.2(Bohnenblust-Sobczyk) "Eote ypauuikds xdpos X emi
tov C, nuivépua p otov X, ypauutksés vrdyepos Y touv X kai ypau-
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piké ouvaptnooeitdés f €Y', Av vmobéoouue éti |f(y)| < ply) yia kd-
fe y €Y, téte umdpyet ypauuikd ovvaptnooerdés F € X' dote

(1) F(y) = f(4) via xdoe ye v,

(2) |F(x)| <p(x) yia kdbe z € X.

Aoxnon: O X unopel va Yewpeniel ypauuixde yopos xou ent tou R. Edugpwva
pe o Aupa 2.2, 1o R(f) : Y — R elvar R-ypouuixd ouvaptnooedéc tov Y xau
fy) =R()(y) —iR(f)(iy) v xdde y € Y.

Eniong, Bhénouvpe étt R(f)(y) < p(y) yia xdde y € Y.

Egopuolovtac to nponyoluevo Yedpnua, Bhénouvye 61l undpyel R-ypauuixd
ouvaptnooeéc g : X — R dote g(y) = R(f)(y) yraxdde y € Y xou g(x) < p(x)
vy xqe z € X.

Yoppova, Téh, ye to Afuua 2.2, undpyer C-ypouuixd cuvaptnooedés F
X — C dote R(F) = g xou yra xdde y € Y woyde 6t F(y) = g(y) —ig(iy) =
R(f)(y) —iR(f)(Gy) = f(y), ondte 10 F elvan enéxtoon tou f.

Téhog, yia xdVe z € X Yewpolye £ € C ye || = 1 dote |F(z)| = vF(z).
Omére éyoupe |F(2)] = F(ra) = R(F)(kz) = g(rkz) < p(rz) = |x|p(z) = p(z)
vy xdde z € X.

2.2 H vewpetpixn popyn

Oplopodg 2.3Eo0tw ypappukds yopos X ent tov F ka1 A kuptd vrmoovvodo tou
X ne0 e A

(1) Aéue 61 o A anoppoed Tov X av yua kdle v € X vrndpyer r > 0 dote
x €rA (, ondre [0,2] CrA, apol o A eivar kuptd).

(2) Aéue 61 to A elvar 10oppornuévo av ka € A ya ki a € A ka1 k € F e
|k < 1.

Av 10 xupTé A Tou nepéyel o 0 anoppopd tov X xou x € X xou mdpouye
onowdhnote 7 > 0 dote va woyler © € rA, téte x € sA yu xdde s > 7.
Hpdyparte, enedr [0, 2] € A, 0 onuelo £ x avixet oto rA, ondte v € 217A = sA.
Hopoatnpolpe, howmdy, 6t to cbvoho {r > 0z € rA} elvon nuevdela tou RF.

Oplopodg 2.4FEotw ypappukis yopos X ent tov F ka1 A kuptd vrmoovvodo tou
X ne0 € A o onoio anoppopd tov X . Opilovue to ovrvaprnooerdég-Minkowsks
Tov A, py: X — R(J)r, e tino

pa(x) =inf{r > 0z € rA}
ya kde x € X.

Toupwva ye T napatipnon tev and Tov opiold, x € rA yw xdde r > pa(z).
Enione, elvor mpogavéc 61, av 0 < r < pa(z), tote & ¢ rA.

Ieétaocm 2.1 Eotw ypappuikis xdpos X eni tov F ka1 A kuptd vmoovodo tou
X pne0 € A vo onolo anoppopd tov X. Av pa elvar to ovvaptnooeidés-Minkowski
ov A, tite
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(1) To pa elvar Jetikd-opoyevés ka1 vronpooletikd,
(2) av o A eivar ka1 10opponnuévo, to pa €lvar nuivdpua,
(3) {z € X|pa(z) <1} C A C {z € X|pa(z) < 1}.

Andoaén: (1) Avt >0, pa(te) = inf{r > Otz € rA} = inf{r > Olz € F A} =
inf{ts > 0|z € sA} = tinf{s > 0|z € sA} = tpa(z).

Avz erAxuy € sA yw onowdinote 7, s > 0, téte, eneldy| to A elvon xUpTH,
Tis (z+y) = 5 1o+ = lye A Apawz+y € (r+s)A xu, etopévec,
pa(z+y) <r+s. Auto woylel v xde r > pa(x) xou xdde s > pa(y), ondte
pa(z +y) < pax) +pa(y).

(2) Av k& # 0, pa(kz) = inf{r > Ora € rA} = inf{r > 0| &2 c A} =

Tsl v

inf{r > O|@ x € A} =inf{r > 0lz € TaT A} = |k|inf{s > 0|z € sA} = |k|pa(x).
(B) Avpa(z)<l,té6tex € lA=A Ave e A=1A, t6te pa(x) < 1.

H enduevn mpdtaon elvon oty avtiotpogn xatediuvon,.

Ieéraom 2.2 Eotw ypauuikids xdpos X eni twov F karp: X — R éva Jetikd-
OHOYEVES Kal UTOTPooJeTIKG oUrapTNUOedE.

(1) Ta otvola B = {z € X|p(z) < 1} ka1 C = {z € X|p(z) < 1} elvar kvpd,
repiéyovr to 0, kar aroppopolv tov X.

(2) Av vo p elvar nuvédpua, ta B, C elvar ka1 100pponnpéva.

(3) I'a kdB kuptd ovvoro A pe B C A C C, wybe dtt pa = max(p,0). Ei-
dikddtepa, av to p elvar nuvdpua, tote p4 = p.

Anébeidn: (1) Ava,y € Bxauw 0 <t <1, p(tz+ (1—t)y) < pltz)+p((1—t)y) =
tp(x) + (1 —t)ply) < t+ (1 —t) =1, onéte tx + (1 — t)y € B xou 10 B ebvon
xupth. Opolwe arodewxvietar 6t 1o C elvar xuptd. 0 € B duote p(0) = 0.

Eotw x € X. Talpvoviog onowdfmote r > max(p(z),0), éyouvyue p(Lz) =
1p(z) < 1. Enopévwe, 22 € B fa € rB. Apa 0 B xa, enopévec, 0 C
anoppooly tov X.

(2) Aoxnon,.

(3) To A anoppogd tov X, agol to B anoppopd tov X. And tnv nponyoluevn
npbraon éxouue {x € Xpa(x) <1} C A C {z € X|pa(x) < 1} xou, emopévac,
p(x) < 1ywxdde z ye pa(x) < Ixowpa(z) < 1yiaxdde z pe p(z) < 1. Taxdde
A > max(p(x),0), p(5 z) < 1, onéte pa(5 @) < 1 %o, enopévoc, pa(z) < X Apa
pa(z) < max(p(z),0). Opolwe, Y xde A > pa(z)(> 0), pa(+2) < 1, onére
p(% x) <1 xou, enopgévoc, p(x) < . ‘Apa p(x) < pa(z). Anbd autd cuverdyeton
ot pa(x) = max(p(x),0) vy xédde x € X.

Oplopode 2.5FEotw ypauuikos ywpos X eni wov F, kupté A C X kara € A.
Aépe ér1 to A armoppopd tov X pe xévrpo To a av o (kuptd) A — a anoppogd
ov X.

H b6t awtyy uéver opetdfBAntn and yetapopéc xon oyotodeaiec. Anhadt,
av 10 A anoppo@d tov X e xévipo 1o a € A, t61€ yia xd¥e b € X xan xdde
k € F 10 A+ b anoppogd tov X pe x€évtpo 10 a + b xou 10 KA anoppopd tov X
ME XEVTPO TO Ka.
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Oedpnpa 2.3 Eote ypauutkdés yépos X emi tou R kar kupté AC X
To omoio amoppopd tov X e kévipo kdBe onueio tov. Av b¢ A, T6-
e undpyet umepeninedo tov X To omoio mepiéyel To b dote to A va
nepiéyetal o€ évav and Toug SVo avoikTolUS nuiLydpovs movu opilovTal
ané o umeperninedo avté. IToodVvaua, to A €ivar (oo pe Tnv Tour
6AwvV TOV avoLKTOV NULYGPOV TOU TO TEPLEYOUV.

AnéoeiEn: Tmodétouye, xat” apyry, 6t 10 A nepiéyel 1o 0 ondte opiletan 10
ouvoptnooedéc-Minkowski , pa, tou A. Ané v Hpbdraon 2.1, pa(a) < 1 vy
xde a € A. Av ndpouye TuyoV a € A, enedr) 10 A — a anoppopd tov X, undpyet
r>0dote a € r(A - a), onéte L a € A, Téte pa(HLa) < 1 xa, enopévec,
pala) < 15 < 1. Amodeilope, howndy, 6T pa(a) < 1y xdie a € A.

Ocwpolpe 10 Ypopuud undyweo Y = {kblk € R} tou X o opiloupe 0
Yeouuxd ouvaptnooedéc f: Y — R ye tono f(kb) = k vt xdde k € R.

Av k <0, téte f(kD) = kK < 0 < pa(kb). Av kK > 0, téte f(KD) = Kk <
kpa(b) = pa(kd), agol b ¢ A. Apa f(y) < pa(y) yiaxdde y € Y.

Yougwva ye to Oedpnua 2.1, undpyel Yeauuxd cuvaptnooedéc F: X — R
0 onofo evon enéxtaon tou f dote F(z) < pa(z) vy xdde z € X. Tére,
Fb) = f(b) = 1 xat F(a) < pa(a) < 1 vy xdde a € A. To unepeninedo
L ={z € X|F(x) =1} nepéyet 10 b xou 10 A TEPLEYETAUL GTOV AVOLXTH ML DOPO
{r € X|F(z) <1}.

Av 10 A dev nepiéyel 1o 0, Yewpolue tuydy ag € A xon 10 xuptd Ag = A—ag
10 onolo neptéyet 1o 0. Mpogavae, to Ag anoppopd tov X pe xévipo xdde onuelo
ToU ot T0 by = b — ap Bev avixer oto Ag. Me Bdorn doa amodel€aye, undpyet
unepeninedo Ly to onolo mepiéyet 1o by wote 1o Ap va mepiEyetan oe €vav and
Toug B0 avowtolg Nuweoug Tou Lg. Tote t0 b mepéyeton oto umepeninedo
L =L+ ap xau 10 A nepéyetan oe évay and toug 800 NuLy@peoug tou L.

Oedpnpa 2.4 Eote ypauutkdés yépos X emi tou R kar kupté AC X
To omoio amnoppopd Tov X ue kévtpo kdmoiLo onueio tou. I'ia kdBe

b ¢ A vndpye. vnepeninedo Tov X To omoio mepiéyel To b dote To A
va mepiLéyetal o€ évav andé Toug SUo kAeLoToUg nuLyédpous mou opilo-
viat ané to unepemninedo avtd. IoobUvaua, To A Looltal pe TNV TO-
M7 GA®V T®V KAELOTOHV NULYBP®Y TOU TO MEPLEYOUV.

Anddeén: Enovolopfdvoupe tny anddetln tou nponyoluevou Yewphuatos, ywelc
va ypetaotel va anodelZouye 6Tt pa(a) < 1 yraxdde a € A. Apxel 1o 61 pa(a) <
1y xdde a € A. Kat’ apyrv Yo vrotécoupe 6t 10 A omoppopd tov X pe
xevteo o 0 xau, xatémiy, av dev Loy el auto, Ya Yewprioovpe 10 Ag = A —ap av
10 A anoppogd tov X ye xévipo 10 ap € A.

Oedpnua 2.5 Eote ypauuikds yopos X eni tou R, kvptd A,BC X
Eéva petall toug kaiL €0te STL to A amoppopd Tov X ue kévTpo Kkd-
noito () kdBe) onueio tou. Téte vndpyer umepemninedo tov X @ote TO
A va mepiéyetal oe évav ané toug SVo kAeiLotols (avTioToiywes, a-
voLkToUg) nuLydpouvs mou opifovtar amé To uUmepemimedo avTd Kai TO
B va mepiéyetar otov dAAo KA€LOTS nuLyépo.
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Andoeaén: Oeswpolpe 1o C = A — B. To C elvar xuptd xou dev neptéyet to 0.
Enfong, elvon ebxolo va anodeilouye 6t 10 C' anoppogd tov X pe xévtpo xdmnoto
(f %x&Ve) onuelo Tou. Tlpdypatt, av to A anoppogd Tov X ue xévipo 10 ag € A
xaw av by € B, tte, mpogavie, 1o A — by anoppopd tov X Ue xévtpo To ag — by.
Enopévace xaw 1o A — B, mou nepiéyet 10 A — by, anoppopd tov X UE %€VTpo 1o
apg — bo.

Bdoe twv 800 ngonyoupévmy Yewpnudtwy, undpeyet UTEpeTinedo To onolo Tep-
€yet 0 0 (dnhadn ypopuixde vndywpoc cuvdidotaonc 1) dote to C va nepéyetan
oe évay and touc 300 xAeloTOVC (AVTLOTOlYWS, AVOIXTOUC) NULYDPOLS TOU UT-
gpemnédou. Anhadn, undpeyel (UN-undevixd) ypouuixd ouvaptnooedéc f : X — R
dote f(e) <0 (avtwotolywe, f(c) < 0) v xdde ¢ € C. Iooddvaya, f(a—0b) <0,
dnradyy fla) < f(b), (avtiotolywe, fla) < f(b)) yio xdde a € A xou b € B.
Téte sup{f(a)la € A} <inf{f(b)|b € B}, ondte, av ndpouye onowdfnote k € R
avdyeoa oto sup xat oto inf, wéte A C {x € X|f(z) < Kk} xu B C {z €
X|f(x) = w}.

Ebvau ebxolo vo dolpe bt av 1o A anoppogpd tov X pe x€vteo 1o a, tote f(a) <
k. Hpdypat, vnodétovue 6tu f(a) = Kk xou naipvoupe éva ¢ € X pe f(c) > k.
Tote, yio xdde t > 0 éyovue 6T f(a+t(c—a)) > Kk, ondte a+t(c—a) ¢ A xa,
enoPévee, T0 A — a dev amoppo@d tov X.

Apa, av 10 A anoppogd tov X pe xévtpo xdle onueio tou, t6te A C {z €
X[f(z) < 5}

To {nrolpevo unepeninedo eivan 1o L = {x € X|f(z) =0}, av k = 0, % 0
L={zeX|(1f)(z)=1}, avr #0.

2.3 Aoxnoceg

1. Eow X ypouuixdc yopoc eni tou F, A xuptéd unoctvoro tou X xou UTE-
peninedo L tou X. Anodeilte btL 10 A nepiéyetan o€ €vav and toug 0o avoxtolc
N Gpous Touv L av xou pévov av AN L = ().

2. Eow X ypopuxde ydpoc ent tou F, ypauuixds undywpoc Y # {0} tou
X, Z ypoupuixde undywpog tou X cuvdidotaong 1 xaw L = a + Z omnowodrnote
unepen{nedo nopdAAnho tou Z. Anodellte 6t 0 Y mepéyeton otov évay and Toug
800 xheloToUC UTOYWEOLS Tou L av xat uévov av Y C Z.

3. 'Eoww X ypaupuixds ywpeoc enl tou F, ypoupuxoc undyweoc Y tou X xou A
%xVpT6 uTooUvolo Tou X 10 ornolo arnoppopd Tov X ue xEvipo xdmolo onuelo Tou.
Anodel&te 6Tl undpyel unepeninedo L tou X wote Y C L xou 1o A va nepiéyetan
o évay and toug 800 xheweTolg uTdywpoug Tou L.

4. 'Eotww X ypopuwoe ywpeoc ent tou F, xuptd A, B C X &éva petadd toug
6mou 10 A anoppogpd tov X ue xévipo xdde onuelo tou. Anodellte dtL undpyel
unepeninedo L tou X dote 10 A va nepiéyetar oTov évay and toug 800 avoxtole
NuLydeoug Tou L xou 1o B va epLtéyetat 0Tov dANO XAELGTS NuLypeo Tou L.

5. 'Eotww X ypappxdc yoeoc ent tou F, xupté A C X 1o onolo anoppo@d tov X
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xaL pa to ouvaptnooedéc-Minkowski tou A.

(1) Anodellte 6t pa(z) < 1 av xow pévov av 1o A anoppopd tov X e xévipo 1o
x.

(2) Anodeilte 6t pa(r) = 1 av xou yévov av tz € A v xdde ¢ € [0,1) xou
te ¢ Ay xdde t € (1,400).

6. Eotw X ypauuixdg yopog ent tou F.

(1) Anodeigte 6n n anewévion p — B = {x € X|p(z) < 1} ebvor 1-1 xon ent
and 10 oOVOAO OAWY TOV UN-aEVATIXWY VETXE-OUOYEVEDY %ol UTOTEOGVETIXMY
CUVOPTNOOEDWY P 0T0 GUVOAD GAWY TV XUETOY cLVOAWY B mou anoppogoly tov
X ue xévtpo xdde onuelo touc.

(2) Anodei&te 6u n anewdvion p — B = {z € X|p(z) < 1} ebvon 1-1 xon enl and
70 6OVOAO OAWV TWV NUIVORUMY D 0TO GUVOAO OA®Y TWV XURTWOV XAl LGOPROTNUEVRY
cuvéAwv B mou anoppogoly Tov X e xévtpo xdie ornuelo toug.



Kegpdiato 3

Toroloyxol ypouulxol
X WEOL

3.1 Xopot ue vopua

3.1.1 Nobpuec

Optowdc 3.1Eotw ypaupkds xapos X eni tov F. Mia ovvdpTnon ||-|| : X —
R{ ovopdletai véppa otov X av

() ||z]]| = 0 av ka1 pévov av x =0

(19) ||kx|| = || ||z]] yia kdOe x € X ka1 kdOe k € F

(i) 2 + gl < 1zl + Iyl yra dbe 2,y € X

Hapatneriote 6t pla nuwvdpua elvor vopua ov xou pévov av undevileton udvov
octo 0 € X.

Optowéde 3.2Mia vépua otov X opila perpikny otov X e tov tino d(z,y) =
|z =yl y1a kdOe x,y € X. Aéue 6t n ovykekpiuévn petpikr emdyetar ané Tn
vopua.

Mpdrypoartt, d(z,y) = 0 av xou pévov av ||z — y|| = 0 av xou wévov av z —y = 0
av xor wévov av x = y. Ernlone, d(y,z) = |ly —z|| = ||z —y| = d(z,y) xou
dw,2) = o — 2| = (z — ) + (- 2)| < o — yll + |y — 2|l = d(z,y) + d{y, 2)
vy xqe z,y,z € X.

H yetpui n omolo endryeton amd plo vépua emdyel, ye tn oepd tng, wplo
tonoloyla otov Ypoupxd Y®po X xai, emouéveme, opllovian avouxtd, XAELoTd,
AN xot ouunayy utocUvoha tou X, ouyxAlvoucec axohoutdiec otov X xau
cuveyelc cuvapTiioeic. Ewwdtepa, oL undieg €youv tn popen

B(x;r) ={y € X||ly — | <r}.

IMegdétaocm 3.1X€ kdle ydpo X pe vépua 1wyde
(1) B(a+ z;7) = a+ B(z;r) ya kd0e a,z € X ka1 kd9e r € RT,
(2) B(kz;|k|r) = kB(x;7) ya kdde x € X, kdOe r € RY ka1 kdOe k € F \ {0}.

57
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Anéoeién: "Aounon,.
Ieévaom 3.2 Eotw X ydpos pe vipua. Tote o1 npdéerg
XxX>3(@x,y—z+yeX ki  FxX>3(kax)—kreX

efvar ouvexels (6tav ta kapteoavd ywipeva epodiaotolv e TIS avTioTOES TOTO-
Aoyleg-yvdevo).

Anddaén: (1) Eow avoxté O C X pe z+y € O. Autd onualver 61t undpyet
r € RT dote B(z +y;r) C 0. Téte 1o avowxtd B(x; 51) x By; 57) € X x X
nepiéyel 1o (z,y) xou 1 pdoeon 1o anewxoviler péoa oto B(x + y; 1) xou, EROUE-
vog, péoa oto O. Apa 1 npdodeon elvan cuveyfic oto Tuydy (z,y) € X x X.

(2) Eotw avowté O C X ye sz € O. Anhadn urdpyet r € RT dote B(ka;r) C
0. Taipvouye ¢ = min(1, ﬁ) xou s = min(1, ﬁ) xan amodexXvOoLUE ebXON
6t 10 avotd {A € F| |A— k| < t} x B(x;s) nepéyer 10 (K, x) xou 0 TOANAmAAGL-
acpdc to anewxoviler yéoa oto B(kz;T) xou, enopévec, péoo oto 0. Apa o
ol amhactaouds elvon cuveyic oto Tuydy (k,z) € F x X.

Ieértaom 3.3 Eoww X ydpos pe vipua. Kdle petapopd ka1 kdde opowleoia
otov X elval opoopoppiopuds tov X e Tov €auto Tov.

Anédedn: (1) 'BEow b e X xou Ty : X — X n yetagopd e tono Ty(z) = b+
v xéde z € X. Eotw avowxté O C X ye b+ x € O. Apa undpyer 7 € R
dote B(b+ x;7r) € O. Téte Ty(B(x;r)) = b+ B(x;r) = B(b+ z;7) C O x,
enopévwe, N Ty etvar ouveync oto . ‘Apa n Ty ebvor cuveyXic otov X xou, ENELdY
Tyt =T 4, n T, " eivor xon auth ouveyfc otov X.

(2) Eow k € F\ {0} xav H, : X — X n opowodeoio pye tono Hi(z) =
yio xdde z € X. Av O elvar tuy6v avowxtd vrocOvoro tov X Ue Kz €
undpyer r € RT dote B(kz;r) C O. Téte Hy(B(x; ﬁr)) = B(kxz;r) C
xat, enoyévwe, N H,, elvan ouveyric oto x. ‘Apa n H,, elvor cuveyhc otov X xa,
enopévwe 1 Ht = H,.—1 elvon ouveyfc otov X.

RX

0,
0

Enopévoc, v xdde O avowxtd otov X 1o b+ O xon 1o kKO elvor avoxtd otov
X yw xdde b € X xou k € F\ {0}.

Meértaon 3.4Eotw X ydpos pe vépua |-||. Tére n ||| : X — Ry etvar
ouvexns.
Anédeatn: H anddeiln elvon amhf cuvénewo tne avioéntog |[|zf| — [yl < [l — ||

yio xd0e z,y € X.

Opwopwode 3.3A00 vépues oto ypauuiké xapo X ovoudlovtar 1006Vvapeg av
optlovy tny ida tomodoyia ooy X.

Ileétaoy 3.5 Eotw ypaupukds xopos X. O vépues ||-||; xat||-||y otor X eivar
1wodlvapes av kai uévov av vrdpyow ¢, C € RT doe c||z||; < [lz]l, < C ||z,
ya kde x € X.



3.1. XPOIME NOPMA 39

Andbaén: 'Eow 6t ¢,C € RT @ote cljzfl; < ||z, < C |zl yio xdde z € X.
Hoipvoupe tuydy O € X avoixtéd we tpoc ) vopua ||-||;. Apa undpyer r € R
vote {y € X|ly—z|, <r} CO. Téoee {y € X||ly—z|, < er} C {y €
X| fly — ||, <r} C O xo, emopévwe, 10 O eivon avoxtd we mpog ) vépua ||-[|,-
Ouolwe amodexvietar 6t xdde O avouxtd kg tpog ) vopua |||, elvon avouxtd
we mpoc T vépua [|-||; -

Avtotpbdguc, éotw Ot ot vopues |||y xou |||, etvon woodivapes. To {x €
X| fJz]|; < 1} ebvan avoweth neptoyn tou 0 we tpoc v ||-||;, ondte elvan avouxth
neploy Tou 0 xon e tpoc ™V ||-||y. Apa undpyer r € RT dote {z € X| ||z, <
r} € {z € X||z|, < 1}. Ialpvouye tuydvia z € X \ {0} xou £ > 1 xou
TopATNPOVUE GTL ||m:1:||2 =7 <r. Apa ||m:1:||1 <1, onéte ||zf|; < Lz,

TPOPAVAS, Kol YLot_x = 0. Apa anodelydnxe n c||z||; < [|z], yio xdde z € X ye
¢ = r. Ouolwc anodewvieton xaw 1 devtepn aviodtnta ||zfl, < C'|lz||; v xdde
r e X.

Enopévec, ||zf, < Lllzly v xdde 2 € X \ {0}. H owoétnra autr woyle,

Ieéraom 3.6 Eotw X ydpog pe vipua.

(1) Av 0 Y elvar ypappukis vndywpos tov X, tdte to cl(Y) elvar ypappikds
undywpos tov X.

(2) Av o A efvar kuptd vrooUrodo tou X, tdte to cl(A) efvar kuptd kadds Kxai
0 int(A) oTnr rnepirtwon nov int(A) # (.

Anédein: (1) 'Eotww z,y € c(Y). Holpvouye tuydv r € RT, ondte undpyouv
r1 € YN B(z;5) xaw y1 € Y N B(y; §). Enewdr) o Y ebvan ypaupixde undyweoc,
ouvendyeton 6t 21 +y1 € Y N Bz + y;7). Apx x +y € cl(Y). Me napbduolo
Tp6mo anodevieton 61, av z € (YY) xou k € F, 161 kr € Y.
(2) 'Eotww x,y € cl(A) xau 0 < ¢ < 1. Ialpvoupe tuyév r € R, ondre undpyouv
x1 € AN B(z;7) xou y1 € AN B(y;r). Enedr 1o A elvon xuptd, ouvendyeton 41t
try+ (1 —t)y1 € ANB(tx + (1 —t)y;r). ‘Apatx + (1 —t)y € cl(A) xou 1o cl(A)
efvon xupTo.

‘Eoww int(A) # 0. Iaipvouue z,y € int(A) xu 0 < t < 1. Téte urdpyel
r € Rt dote B(z;r) € A xa B(y;r) € A. Enedf) 1o A ebvor xuptéd, Btz +
(1 =t)y;r) =tB(x;r) + (1 —t)B(y;r) C A, ondte tox + (1 — t)y € int(A) xou to
int(A) elvor xvpté.

3.1.2 Ioopopgiopol

Opwopée 3.4Fotw X, Y 6o ydpor e vipues ||-||  kar ||-||y avnioroiyws. Aéue
6t 0o X etvar tomoAopyikd 1w0opop@ikdg ue tov Y kair ypdpovue X =Y, av
undpyer 1-1 xar eni ypauuixos tedeotng T @+ X — Y o omolog elvar ovvexns
dote kar o T71 1Y — X va efvar ouvexis. Tére o T ovoudletar tomoAopikdg
1woouopProudg Tov X ue tov Y.

Av ya avtdr tov T wyvea 6u | Tz|y = ||z|| y ya kdle x € X, tdre Aéue du
o X efvair woopeTpikd 100U0PPIKOC 1) 10OUETPIKOG Me Tov Y, o T ovoudletar

1wouetpia tov X pe Ttov Y kar ypdpovue X oy,
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IMegétaocm 3.7l kdle xdpovs ue vipua X,Y,Z wxve 6u X = X, du av
X2Y e Y 2 X karduar X 2Y ka1 Y =2 Z tore X = Z. Ta iba 10yvovr

Kai ya tn oxéon o
AnéoeiEn: "Aounon,.

Ilgétaoy 3.8FEoww X,Y 6o ydpor ue vépues ||-||y xar |||y avuoroiyws. O
ypauuikos tedeotns T' @ X — Y elvar torodoyixds wouoppiouds tov X ue tov
Y av kar pévov av eivar et ka1 vndpyovr ¢,C € R dote c||z| < ||Tz|y <
Cllz| x ya kde x € X.

Anéoeién: 'Bow 6t o T : X — Y elvan tonoloyixdc ioopopgiopds. Enedr o T

elvan ouveyfc, to {z € X|||Tz|ly < 1} = T-HBy(0;1)) elvon avouxt| nepioyh

tou 0 otov X. Apa undpyer r € RT dote Bx(0;r) C {z € X|||Tz|, < 1}.

Av z € X xou & # 0, t6te yioo xd0e t > 1 €youpe HWwH < r. "Apu
x lix

HT(W :E)HY < 1, ondre ||Tally < Lllafly xou, enopévoc, [[Tz|y < 1|z y-
1

Auté, mpogavac, woyler xou Yo z = 0. Apa toyler 1 8e€id aviodnta pe C' = =
Xenotponowdvtac 61t 0 T~ elvon ouveyhc, amodevOoUYE UE ToPOUOLO TEOTO XKoL
TNV APLGTERT, AVIGOTNTOL.

Avtiotpogue, éotw 6t o T elvan enl xou undpyouv ¢, C € RT dote ¢ ||z <
|Tz|l, < Cllz|ly yio xde z € X. Ané n 8elid aviodtnta cuvERdyETOL OTL
o T elvan 1-1. Av 2, — z otov X, 16t€ ||Txp — Txlly = |T(2m —2)|y <
Cllzm — x|y — 0, ondte Txy, — Ta otov Y. Apa o T elvan cuveyhc otov X
xoL amb TNV APLOTERH AVIGATNTA GUVETEYETOL PE TapdUoLo Tpdmo 6Tt xou o Tt
elvan ouveyrc otov Y.

Av ou ydpou pe vopua X, Y elvon ioopetpinol yéow yrag woopetplac T : X — Y,
téte Yewpolue toug BUo autolc yopoug (Bloug tautiloviac xdde € X pe to
avtiotoo y =Tx € Y xou xd9e y € Y ye to avtlotoo 2 =Ty € X.

Av o1 800 ydpot glvor Totohoynd Wopop@ixol UEow Tou TOTOAOYLXOU IGOPOE-
popol T @ X — Y, ndh Yewpolpe touc §Vo autols ywpoue Bloug tautilovtag
xde ¢ € X pe 1o aviiotoiyo y = Tx € ¥ xou xde y € Y ye 10 avtiotoyo
r=T"1lyecX.

Towe n @Oon e Tadtiong avthc gavel mo xadapd av nagatnericouye 6t o T
endyer plo véa voppa otov X e tono ||zl = [Tz, vy xdde 2 € X. Anhadn,
N véa vépua Tou & € X elvon, amhg, 1 vépua Tou onuelou otov Y e to omolo To
x toutiletan. (Enewdn o T elvon 1-1, elvon okl edxoho vor dovue ot 1 |||, ebvan
vépua otov X.) Av o T elvon woouetpla, tote o1 800 vépuec otov X, n ||| %o
n véa |||, ebvan (Biec xon ov pndhec mov opilovtan amd ) pla elvon Biec ye e
undhec mou opllovton and TV AN,

Av o T elvou tonoloyxdc oopopyiopde, téte undpyouy ¢,C € RT dote
cllzlly < ITelly < Cllzlly xon, eropévoc, cllzly < flally < Clally yia xade
x € X. "Apa éyouvue

Br(x;cr) C Bx(w;r) € Br(z; Cr)
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avdueoa otic undhec Bx, By mou opilovton otov X ané tc voppec |||y, |||+
avtiotolyws. Anhady, o T' dnutoupyel, xatd xdmowov teémo, plo napaudepuon
oTc undieg tou X.

3.1.3 XpoL TENEPACUEVTS BLACTACT S

H avicotnta Holder. “Eote p,g > 1 pe %—i—% =1. Tia kébe n € N
Kol KGOE Z1,Y1,...,Tn,Yn € F' LoxOeL

1 1
[21y1 + -+ Zayal < (a7 4o fen]P) 7 (] 4 - 4 [ynl )7

KoL
[T1y1 + -+ 2yl < (2] + -0+ on]) max((ya], - fynl)-
Anéoaén: H debtepn avicdtnta evon mpogaviic. [ va anodellouye v npdn
OVLEOTNTA ToPATNEOVKE (ME LEAETN TNS Taparydyou) 6t 1 ouvdptnon f : RT — R
e tomo f(t) = % P+ % —t v xdde t € RY éyel eNdytotn wuh f(1) = 0. Anhady
t < %t” + % v xdde t € RY. Oérovye t = ;";r xat Bploxouye aff < %ap + %ﬁq

v xde o, B € RT, onére xan yio x84 o, 3 € Ry

Av [z1|P 4z P = Jya|f 4+ yn|? = 1, 1éte |[T1yn + 0+ Tpya| <
zallya] + - laallyn] < 5 (2P 4+ fanl?) + G (gl + -+ lyal?) = 1.

AV 1[4 [aal?, 94+ gl £ 0, Dézovge A= (fer 4+ ol
st B = (3[4 + |y 1) s raparpotie 6 |EL7 ]2 7 = |04
(4210 = 1. Bropéves, [rugn + -4 an] = AB|E S 1+ Lt £ AB. Aga
AmOBELY TNXE Xou 1 TEMTN avlodTNTa 6TNY TEp(TTwon Tov |z1|P +- - -+ |z, |P, [y1 |7+
coo 4 Jynl? # 0. Opowc, av éva ond o |21 [P + -« + |zp|P |y + - - + |yn]? elvon
{oo pe 0, n mpd™N aviodtnTa elvon Tpoavic.

H avicétnta Minkowski. ‘Eote p > 1. Tia k&0 n € N koav kdébe
T1,Y1y-- -3 TnsYn € F LO'X\'JSL

1 1 1
(lzr + "+ +lon +ynl”)7 < (aaf? + -+ |2al”)7 + (] + -+ |yal")?

KoL

max(|x1 + y1l, .-y |Tn + Yn|) < max(|x1], ..., |xa|) + max(|y1], ..., |ynl)-
Anéoaén: H debtepn aviodnta elvar mpogavrc xadode xou 1 tpodtn dtav p = 1.
Oewpolpe, enopéves, p > 1 xa opllovye ¢ = £, ondte 1—1) + % = 1. Tote

Yp&poupe |T1 +un [P+ -+ [z +yal” < [wrl[er + 41 P74 [zl [en +ya P+

lyal|lz1+y1 P 4+ yn [T +yn [P xon, yenotporodvac Ty avicdnta Holder,
1

o1 430l o+ al? < (al? 4t al?) gl et

ynl") 7 + (9P + -+ |ynl?) 7 (21 + 9217 + -+ |20 +yn[P) 7. Anhonowolye xou

XUTAAYOUUE OTNV TEWOTY AVLOOTNTA.

1 1
Ereldf max(|z1], ..., |[za]) < (|21]P + -+ + |2n|P)? < n? max(|z1],. .., |2n]),

ouvendyetow 6t lim, yoo(Jz1]P + -+ + |xn|p)% = max(|z1],...,|zn]). Bdoet
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QUTAC TNC TapaThenong, N deltepn aviodtnta Minkowski Jewpeiton we 1 éxppoon
NG TEWTNG avlodTNTAC OTNy TeplnTwor p = +oo.

Avp,g>1xu %—l—% =1, o g ovoudletar ouLLYng oL p. Adyw cuupetplac,
o p elvar 0 ouluyhc tou q. Av, emnAéov, deyTolUE +%.o = 0, tote ol 1,40
Yewpolvton apoBola culuyelc. Me authAv Ty évvola xou Bdoer Tne TponyolueEYNC
napathpnong, 1 dedtepn avioétnta Holder Yewpeitan we 1 éxgpaon tng mpdtng
avioétnTag otny neplntwon mou p = 1,9 = 00 A p = +00,q = 1.

Opwopds 3.5FE0tw ypaupkds yapos X el touv F, {by,... by} omowadnimore
Pdon tov X ka1 < p < +oo. Opilovue |||, : X — R{ e tino

], = { (laf? + -+ |eal?)7, av 1 <p < o,
P max(|z1], ..., |znl), av p = +oo,

yia kdde x € X, énov x = x1by + -+ + xpby elvar n (novadixn) éxgpaon tov x
WS ypappikés ovrdvaouds twy by, ..., by.

Bdoer tng anodtnrag Minkowski, n ||-[|, efvar vépua xa1 ovopdletar p-vdppa
Tov X.

Oewpenpa 3.1 Eote ypauuikds xépos X emi tou F pe dim(X) < +oo.
Téte onoiteodrnote Vo vépues otov X eivat toodOvaues.

Anddaén: BOewpolye onowdhnote Bdon {b1,...,by} tou X xou Yo anodel&oupe
ot onoadninote vépua ||| otov X elvon toodlvaun pe Ty 2-voppa tou X.
‘Eotw 6t dev undpyet ¢ > 0 dote ¢ ||z]l, < [|z] yio xdde 2 € X. Apa undpyet

axohoudia {y(™} Gote ||yy7 — 0. Kavovuxonowolue tnyv axohoutia, dniadt

opiloupe 2™ = W y(™) xou éyouyue Haz(m) H2 =1 yu xde m xon Hx(m) H —
2

0. Ay 2(m) = xgm)bl + o+ 2™, téte |gc§m)|2 + 4 |:v$lm)|2 =1 v x&e
m. Enedh xdie xhewotéd xan gporyuévo unocivoro tou F™ elvon ouunoryée (Ue v
euxheidla peTpuxh), utdpyet uno-axohowdia {2(MF)} Gote yia xdde j = 1,...,n

k

va woyber ;" — x; yio xdnow x; € Foue [x1]? + - 4 |z,)? = 1. Tote,

av oploouye & = x1by + -+ + Tpby, €xoupe ||z|| < Haz—x(mk)H + Hx(mk)H <

Jor = 2™ [ba]l 4 -+ + = 2™ lba ]| + [Ja™)]] = 0. Eropévec, [z =0,
onéte x1by + -+ + by, =z = 0. Auté elvon dromo duéTL T X1, ..., Ty OEV Elvar
Ol Undeév.

Eivar mo edxoho va delZoupe ot undpyer C > 0 dote ||z]| < C ||z, v xdde

z € X. Tedypow, ||zf| = [leiby + -+ 2pba|| < faa] ool + - + |zn] 1ba]| <

(o1l + -+ 1oall*)2 (j21* + -+ + |2al?)? = Oz, yiu x80e 2 € X pe C =
2 211
orl™ + - -+ [1on]7) -

IIeoétaor 3.9FE0ww xdpos X eni tov F' ue vépua kar dim(X) < +o0o0. Tdre
(1) kdO¢ kAewoté ka1 ppaypuévo vroolvoro tov X elval oUunayés kai
(2) 0 X eivar mAnpng.
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Anédeitn: (1) Eow ||| n vépua tou X, pio Bdon {b1,...,bn} xau |||, n 2-
vopua Tou. TOPPWVRL PE TNV TROTYOUUEYY TpdTao, undpyouy ¢, C € RT dote
cllzlly <zl < Cllz|ly Yo xdde z € X. Oewpolpye A C X xhetotd xan Qeayuévo

(we mpog TV ||-]]) xar axorovdia {z(™} oto A. Téte 10 A eivon ppayuévo xa

w¢ mpoc TV ||+||,, onéte, av 2™ = azgm)bl + o+ 2Mb,, utdpyer K dote

|37:§m)|2 +o 4 |37:£Lm)|2 < K v xdde m. ‘Apa undpyer umo-axohoudio {21
(mk)
j k
x = x1by + -+ 4+ x, by, éxovpe H:z: — x(mk)H < |x; — azgm")| e + - + |20 —
2" [bu | 0.

Apa 10 A elvor ouurnayée (we npoc v ||]])-
(2) Eoww {z(™} pe ||z — 20| — 0. Adyw e 1ooduvapiog Twv vopudy tou

Gote vy xdde j =1,...,n va loylel © — x; Y xdmow z; € F. Av oploouue

X, ouvendyeton Ot Ha:(k) —x(l)Hz — 0. Av z(™ = xgm)bl + e+ x%m)bn,
enedn o F™ elvon mipnc (e Ty euxAeldior petpuxr tou), éyouue OTL LTEPYEL
= x1by + -+ x,b, OOTE H;v(m) - :vH2 — 0. Tt Aoyw tne tooduvauiog v
VopU®V tou X, CUVETAYETOL OTL Hx(m) - IH — 0.

Iedrtaom 3.10E0tw ydpos X eni tov F pe vépua kair ypapukés vrdywpos Y
v X pe dim(Y) < 4o0. Tdte 0 Y elvar kAewotds (wg vrootvolo tov X ).

AnéoeiEn: Av Yewpriooupe tov neptoploud tne vépuac touv X otov Y, téte autdc
anoteAel vopua otov Y. And tny mponyoluevn mpdtaon €youue 6Tl o Y elvou
TAeng, ondTe elvon xan ¥AewoTé uTtocivoho Tou X.

3.1.4 Xdwpot Banach

Opwopodg 3.6E0tw ydpos X pe vipua. Av o X efvar mAnpng téte ovoudletar
xwpog Banach .

Oevpnpa 3.2(I1Mpwon ydpov pe vépua) ‘Eote ydpos X eni zouv F e
vépua. Téte undpyet xépos Banach X éote 0 X va eival YpaupLkog
undywpos Tou X, n vépua touv X va €ivair o meEPLOPLOuSS TNS VOpHas
Tou X otov X kat o X va e€ivair mukvé umooUvoAo tou X.

Av X €ivair SeUTepog ydpos UE TLS ibies omws o X &i6tnTeg,
TéT€ Undpyetl Loouetpia avdueoa otovg X, X dote o mepLopiLouds Tng
otov X va e€ivat n zTavtoTik) ameikévion touv X.

Anddaén: 'Eow [|-|| n vopua tov X. Téte 0 X elvon petpunde xtdpoc pe Yetpixn
d ye tono d(z,y) = ||z — y|| v xdde z,y € X.

I'vopllouye, and 10 Oewpnua 1.4, 6t undpyer TApNg UETEUOS YWOPOS X HE
METELXT ddote X C X, n d ebvar o teplopiopde otov X g d xon 0 X efvor Tuavée
otov X.

Maipvoupe Tuy6via 2,y € X. Téte undgyouy {zn}, {yn} otov X dote 2, —
T %y, — y otov X. Eneldh o {z,}, {yn} ebvon axoroudiec Cauchy otov X,
ouvendyeton 6t d(xk + Yk, T +y1) = d(zk +yk,xl+yl)~: |(zx + y’i> — (i +u)|l
< llwe =l + Ny —wll = d(ak,x) + dye, 1) = d(zr, x) + d(ye, 1) — 0.
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Apoc N {xn + yn} ebvar axoloudio Cauchy otov X xa, EMOUEVWC, OUYXAIVEL OTOV
X. OplZouye z +y = lim(z, + y,) € X. Av {2}, {y.} ebvor enlone otov
X xo xy, — 2y, — Y, 6€ A&y + Yn, T, +¥y) = AT + Yn,x), + Y),)
[(&n +yn) = (2 )l < llzn =20l + llyn — voll = d(@n,27) + dlyn, v5) =
d(xp,z)) + d(yn,yl,) — 0. Apa lim(x, + y,) = lim(z], + y.,) xo o opoudec
Tou = + y nou dacape elvon xohéc. Enlong, av z,y € X, nolpvouue tic otadepéc
axohouvdiec {z}, {y} xon éyouye 10 véo ddpoiopa, z+y = lim(z+y) = x+y, (oo e
0 npoUndpyov dpoiopa. Me autdv tov tpdno opllovpe Ty npdln tne npdodeonc

otov X, OoTe 0 nepoplonde e otov X va tautiletor e v npoUndpyouca npdén
e npdodeonc otov X.

Me napépowo tpéno opllovpe npdln norlanhactacyol 6Tov X ME To oToLyElD
tou F, Gote o neplopiopde e otov X va tautileton Ye v tpolndpyouvoa npdén
Tou Ttohhamhactacuol otov X . YuvonTixd, Talpvouue TuYovTa T € X xu k € F,
axohovda {z,} otov X pe x, — = otov X, anodewxvioude 6Tt 1 {Kzy} elvou
axohoudia Cauchy otov X xou opllovue kr = lim(kx,) € X. Anodewxvioupe
ot av {a]} etvan enlone otov X e x), — = otov X, w6t lim(kay ) = lim(kal,),
OTIOTE 0 OPLOUOC TOU KT Elvol XaAdE xat, TEAOS, anodetxvOoude 6Tt 0 VEOC 0ploldg
tou Kz towtileton Tov npolndpyovta av = € X.

Eivor moAl elxohro, péow axohouddv and tov X, va anoderydolv drec ot
WOLOTNTES YpoPLXoU YOPOUL yia Tic TPdEelc Tou oplolnxay otov X, onéte 0 X
elvon ypopuxde ydpog ent Tou F' xar 0o X elvon ypauuindg undywpeog Tou X.

OplZouye ||| = d(z, 0) yu xde x € X. Avz e X, w6t ||z = d(z,0) =
d(z,0) = ||z||. Av 2,y € X, nadpvouye {zn}, {yn} otov X dote z, — z,y, —
y otov X xau éyouye ||kz|” = d(kz,0) = limd(kz,,0) = limd(kzn,0) =
lim |5z, || = |K[lim |z, ] = [#|limd(z,,0) = |x|limd(z,,0) = |sld(z,0)
|&] ||~ Enione, ||z +y| = d(z +1,0) = lim d(zy, + yn,0) = lim d(z,, +Yn,0) =
lim ||z, + Y|l < lim ||z || +lim ||y, || = lim d(z,, 0)+lim d(y,, 0) = lim d(x,,, 0) +
d(yn,0) = d(z,0) + d(y,0) = ||z + lylT Eropévec, n ||| aroteret vépua otov
X o neploptoude e omolog otov X tautileton ye v |||

Me 10 oupfBohoud e mponyoluevng tapaypdpov, ||z —y| = d(z —y,0) =
limd(zy, — yn,0) = limd(zy — yn,0) = lim |z, — yn| = limd(zy, yn) =
Hm d(z,,yn) = d(z,y) %, entouévec 1 uetpudh d endyetas and ) vépua |- “oTov
X. Apa 0 X ye ™ vépya ||| etvan ydpoc Banach .

‘Botw, tépo, deltepoc yopeoc Banach X ye vépuo ||| dote o X va ebvon
TUAVOC YEOULXBC UTEY®POC T0U X XAl O TEPLOPLOUOS e |||Totov X va towtile-
Ton pe Vv |||, Av d eiva 1 UETPXN TOU ENAYETOL GTOV X ané my |5 téte o
TEPLOPLOUOC TNG d otov X tautieton pe v d, ondte, clUPwVA PE TO OEMdEnUA
1.4, undpye. \oouetpla petpikwy ywpwy T : X->Xo TEPLOPLOUOC TNE omolag
otov X ebvar 1 towtotixy| anewxovion tou X. Amopével va anodelfoupe 6t o T
elvan ypouwxéc teheothc. Av x,y € X, mobpvoupe {x,}, {yn} otov X dote
Ty — X, Yn — Y OTOV X xou EYOVUE Tp, + Yn, — T + Yy OTOV X’, onéte T(x+y) =
lim T (x, +yy) = lim(z, +y,) = limz, +limy, = lim Tz, +im Ty, = Tz+Ty.
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Ouolwe anodewviouye 6t T'(kx) = kTx ywo xdde x € X xou k € F.

Oplopodg 3.TEotw ywpos pe vipua X. Onooodnmote ywpos Banach X o
omolog mepiéyel w§ ypapuiké vrdywpo tov X, dote n vépua tov X va efvar o
Tep1oploués otov X Tng vépuag tov X xai0 X va etvar TUKVES 0TOV )A(, ovoudletai
rAfpwon tov X o€ xwpo Banach.

Y10 terevtaio Yedpnuo anodelytnxe 61l xdde ywpoc X ue vopua el TOUAYL-
otov ula mAfpwon oe yopo Banach xou 61i onoesdrnote dUo té€tolEC TANPWOELS
elvon toopetpxol ywpol Banach (dote 1 wopetpla, teplopiouévn otov X, va ebvou
7 tawtoTxy anewévion ou X). Abyw e TadTIoNG IGOPETEXMOV YWPWY AVOPER-
ouaote, cuvidwe, oty T jpwon tou X oe Yoo Banach .

3.1.5 Xdwpot axohovILLV

H avicétnta Holder yia ceipég. "Eote p,g > 1 pe %4_ % —1. Tio kéBe
T1,Y1,22,Y2, ... € F LoxdeL

—+oo

+oo
> 2y < O lz17)
J=1

Jj=1

8=

+oo 1
O lysle)e
j=1

KoL

+oo 400
1> i < (O l2]) sup Jy;l.
Jj=1 j=1 J

Avtéd onuaivel étL, av oL defLéc MAEUPEC Elval MEMEPAOPEVEC,
TOTE OL OELPEC TOV apLOoTEPOY TAELPOY ouykAivouvv oto F koi toybouv
oL avLooTNTEG.

Anddaén: Egappdlovye tnv avicétnta Holder yia xdlde n (ue toug aprduoic
1 1
|zl [yal, - lznl lynl) xon éxovpe 370 lllysl < (35 e lP) ™ (5= lwil) ®
1 1
< ( ;r:(xf |z;|P) 7 ( ;r:(xf ly;|7) 7. Toaipvoviog 6plo 6ty n — +00 Bploxouye
1 1
jzof lzlly;| < ( jzof |2;1P) 7 ( j:f ly;17) 7. Av 7 de&ud mheupd elvan TETEPQ-
’ , ’ —+o0 ’ ’ ’ ’ / ’
ouévn, ToTe M oepd Y 7 Ty ouyxhivel amohltec. Apa  oelpd auth ouyxhiver,
onéte malpvovtag 6pto 6tav n — 400 otnv avioétnta Holder ‘E?:l a:jyj‘ <
1 1
(E?:l |z;|P) " (E?:l ly;]7) * xatahhyouye oty TEGTH oVcETTaL

H Beltepn aviobdtnto anodetxvieTon Ye Tov (Blo tpdTo.

H avicétnta Minkowski yia cetpég. "Eote p>1. Tio kébe n € N kat
K&Oe x1,Y1,T2,Y2,... € F LoxveL

< (_io |z;7)

|

S
S

—+oo —+oo
O |y +y;l7) + 0O lysl?)
j=1 j=1
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KoL
sup |z; + y;| < sup [x;] + sup |y;|.
J J J

AnéoeiEn: H deltepn aviodtnta elval TROQUVAC XL 1) TEGOTY) TEOXVUTTEL oV THPOUUE
6plo 6ty N — 400 oty aviootna Minkowski yia nenepacuéva adpolopara.
Opwowédg 3.84v 1 < p < +oo0, opilovpe |||, : IP — Ry pe timo

P sup; |z, av p = +oo,
yia kdOe v = (1, x2,...) € IP.

lepou gavepd and v avootna Minkowski yio oewpéc ot m |||, ebvor vépua
otov [P.

Ocdpnua 3.3a kdbe 1 < p < +oo0, o [P pe vopua |||, eivar xépos
Banach.

Anédatn: Oewpolpe xat apyfyv tny tepintwon 1 < p < +oo. Eotw {2™} orov

P &ote ‘ k) — :E(l)Hp — 0. Emnedn |;v§-k) - ;E;l)| < H;E(k) - ;E(l)Hp, GUVETAYETOL

oty xdlde § {z§m)} elvor oxohoudior Cauchy oto F. ‘Apa undpyouv x; € F
hoTE x§m) — x; vy x&e j xou opllovye x = (21, T2, .. .).

IMalpvouye N wote ||3:(k) —x(l)Hp < 1 vy x&e k,I > N, ondte yn xd-
9 M xan xdde k > N éyovpe (XM [2PP)r < (M) 2 — M pys 4

M N 1 + k N 1 + | N 1
(L) < (072 1 = e + (S [ )7 < 1 o] A
TAPOUYE T 6pLo (AW k — 400 %o, xatémy, 10 6plo xaddc M — 400 XATAAY-
youye 670 ( jzof |3:j|p)% <1+ Ha:N)Hp < +o00. Apa 2 € P, Iofpvoupe tuyov
€ > 0 xou avtiotoyo N ®ote va oy et Hx(k) — x(l)Hp < € yw xdde k,l > N.
Téte yio xdde M xou xdde k, 1 > N éyoupe (Z]Nil |x§-k) _$§l)|p)%1§ €, OTOTE, AV
Tdpoupe 10 Gpo xodwe | — +oo, Beloxouye (Zﬁl |3:§k) —z;[P)7 < ey xdde
M xou x&de k > N. Tlaipvovtag 10 6pto xaddc M — 400, xaTahYOUUE OTO
H:E(k) — :EHp < ey xdde k > N. Apa (M) — 7 otov IP.

H neplntwon p = +oo elvon mopduota xon 1 anddet&n e agprveETaL w¢ doxNoM.

O ypauuwol oot ¢ xan cg elvan ypoputxol undyweot Tou I°° o, ETOUEVKC,
elvan ydpou ye véppa Tov tepoptold tne |||, oToug ytpoug autolc.

Ocedenupa 3.401 ydpoL c¢,co pe vépupa tnv ||-|| €ivar ydpo. Banach.

Anéoaén: Enedn o [°° ebvon yodpoc Banach, apxel va anodel€oupe 6t ot ¢, ¢p elvan
xAewoTd LTocOVOla Tou [*°.

Eotw {20} otov ¢ xow 2™ — 2 otov 1°°. T tuydy € > 0 undpyet N dote
yioo xdde k > N xou %89 j va woylel |x§k) — x| < Hx(k) —xHOO < e. Enedn

n {{E;N)} elvon axohouvdio Cauchy oto F, undpye. J dote |z§-N) - IEEN)| < €y
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x8e j,i > J. Tote |x; — x| < |xj — ,T;N)l + |x§-N) - $§N)| + |xEN) —x;] < 3e
v xdde g0 > J. Apanx = (x1,22,...) e axohovdia Cauchy oto F xou,
enouévwe, elvar otolyelo Tou c.

Eotw, tdpa, {2™} ot0v ¢g xow 2™ —  otov 1%°. T tuydv € > 0 undpyet
N dote v xde k > N xou xd9e j vo 1oy Ve |z§k> — ;] < H;p(k) — ;p”oo < e
Eredt, :E;N) — 0 étav j — 400, undpyet J wote |:v§-N)| < e v xdde j > J.

Onére |zj| < |x; — :E;N)l + |;v§-N)| < 2e v xdde j > J. ‘Apa x € ¢p.

3.1.6 Ynoéyweol

Opwopwode 3.9E0tw X ydpos pe vépua kar'Y ypappikés vrdywpos tov X. O
Tep1oplouds otov Y tng vépuag tov X etvai, mpogavds, vépua otov Y. OY e
avtijy wn vipua ovoudletar vrnéxywpog Tov X.

Eivon mpogavég ott, av o Y elvon undywpog tou ywpeou ue vopua X, toTE
By (z;r) = Bx(x;7) NY, énou By, Bx elvar ot undhec otov Y xa otov X
avuotolyws. Enoyévwe, 1 tonohoyla mou endyeton otov Y amd 1 vépua tou
tavtiletan ye v tonoroylo-undywpou Tou endyeton and Tov X otov Y.

IMegétaocm 3.11FE0tw ydpos Banach X kar vidywpos Y wov X. OY elvar
xWpos Banach av xar uévov av to Y eivar kA€wotd vrooUvodo tov X.

Andden: "Aoxnon.

3.1.7 Xdwpol-ntniixo

Opowde 3.10E0tw X xdpos pe vipua ||-|| ka1 Y xAewotds vrdywpos tov X.
Opilovue ||| x/y : X/Y — Ry e tino

1€l x/y = mf{[lz]| |z €&}
yia kd0e £ € XY .

Heétacy 3.12Fotw X xdpos pe vépua ||-|| ka1 Y kAewotds vndywpos tov X.
(1) H || xy : X/Y — Rg wou mponyotuevou opiopol eivar vépua otov XY .
(2) Av 0 X efvar xdpos Banach , téte o X/Y e w vépua ||| /v €tvar xapog
Banach.

Anddatn: (1) Av [[€llx/y = 0 yw xdnow { € X/Y, 161e undpyer axohoudia
{zn} o0 & dote ||z, — 0, ondte z, — 0 otov X. To £ ypdgeton € =b+Y
yia xdmowo b € X xau, enedr) xdde yetagopd eivar opoopop@ionde tou X ue tov
EAUTO TOU, OULVETAYETOL OTL To € elvat xAewot6 unoocUvolo tou X. Apa 0 € &,
ondte £ =Y, 10 undevixd otouyelo tov X/Y.

Av k€ F, t6te ||kl x/y = mf{|z] [z € w&} = nf{{ryl |y € & =
[l inf{ [yl 1y € &} = |xl €l /v

AvzefeX/YxunyeneX/Y, tbtex+y €+, ondte [[{+1nlx/y <
e +yll < llll + [lyll- Aea € +nllx/v < I€llx/yv + [1llx/v-
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(2) Eotw axoloudia Cauchy {&,} otov X/Y. T xdde k undpyer ny wote
1€n = &mllx/y < 75 Y10 %80€ 1, m > ny. Blvow edxoho va emihéZoupe o ng GOTE

ng < N1 Yo xde k. Hopatnpolye, tdpa, oTL ank
k.

1 ;
gl < o it

Emléyouye tuyév 21 € &ny. Enedh [y — &nallx/y < 3, unbpyeL 2 € &n,
|€ns —§n3||X/Y < 2%, undpyeL T3 € &, OOTE
w2 — 23| < 3. Tuveyilovrag emaywyxd, xataoxeudlouye axoroudia {zx} otov
X oote xy € &n, xat ||xg — g < 2%1 vio x&e k.

Av k<1, w6t |op — @l < log — zpgal| + o+ oo — @l < i+ +
2%2 < 2%2 xaw, enopévae, N {xg} elvon axoloudia Cauchy otov X. "Apa x, — x
vyl xdnow x € X.

Halpvoupe € = [a]y, ondte [[§n, — &l x/y < llow — 2l — 0. Téhog, emedh
nk >k yw xde k, ouverndyeton ||y — §||X/y < lé — gnk”){/y + [[&ne — §||X/Y
— 0 otav k — +o0.

dote ||zp —x2]] < 1. Enedn

H enduevn mpdtaon meptypdpet to @ualoloyixd tedémo va dnuoupynidel vép-
poe amd plo nuwvéppa: tautiCoupe o otoyela Tou y@pou T omola undevilel 7
nuwvoéEua.

IIgétaocm 3.13Eotw ypaupikds yopos X kar pia nuvdpua p otov X.
(1) ToY ={y € X|p(y) = 0} etvar ypappurds vndywpos tov X.

(2) I'a xde x,z € X wyve éu [z]y = [x]y av ka1 pdvov av p(z — x) = 0.
3) H | x/y : X/Y — Ry e tino

€l )y = p(a)

yia kde £ € XY, dnov x € £, opiletar kalds kar efvar vépua otov X/Y.
(4) Eotw 6t ya kdde {xzn} otov X pe p(ry, —x;) — 0 vndpyer ¢ € X dote
p(xn —x) — 0. Tdre 0 X/Y etvar ydpos Banach.

Andden: (1) Ayeco and tic WBLOTNTES TNS P.

(2) [z]ly = [z]y av xou pévov av z —x € Y av xou pévov av p(z — z) = 0.

(B) Avuz,2’ €€ e X/Y, e x — 2’ €Y, onde |p(x) —p(a’)] < plx —2') =0.
Apa p(z) = p(a') xau 0 opopée e |||l x/y ebvor xahde. To bt n ||+ )y ebvon
voppa otov X /Y anodewvieton edxoha and tic tBOTNTES TS .

(4) 'Eotw [|& — &l x/y — 0 xadoxg k, 1 — +o0. Ilalpvoupe onowdhinote 2y € &n,
ondte x — 11 € & — & nou, enopévec, p(rr — xp) = ||k — §l||X/Y — 0 xaddg
k,l — +o0. Apa undpyer € X wote p(z, —z) — 0. Halpvoupe € = [z]y, ondte
Tn — @ € & — § xau, emopévws, [[§n — €&l x/y = p(zn — ) — 0.

3.1.8 Xwpotl cuvopTRoE®Y

Optowdc 3.11Eotw A éva un-kevd otvodo kar B(A) o xdpos dAwv twv ppay-
pévwr ovvaptioewr aré to A ato F. Opilovue |||, : B(A) — R§ pe tono

1£1l,, = sup{|f(a)[[a € A}
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ya kdde f € B(A). Eikola gaiverar éu n |||, €eivar vépua ovov B(A) kai
ovoudletar oporépopen vépua otov B(A).

Av n {fn} kv n f evar ovov B(A) xar || fn, — f|l, — 0, Aépe éu n {fn}
ovykAiver ouorépopepa otnv f oto A.

Oedpenua 3.5 Eote un-kevé ovvoro A. 0 B(A) pe nv opoiduopgn
vépua €ivai ydpos Banach.

Anéoeitn: 'Eoww {fn} otov B(A) ue || fi — fill, — 0 étav k, 1 — +o00. T xdde
a € A wyle |fi(a) — fila)| < || fx — fill, — 0, ondte undpyet to lim fy,(a) € F.
Opllovpe f: A — F pe tOno f(a) = lim f,(a) yia x&de a € A.

Trdpyer N wote |fr(a) — fila)| < [[fi — fill, £ 1y xdde k,1 > N xon xdde
a € A. Taipvovtac épo dtav | — 400, Beloxovye |fn(a) — f(a)] < 1 vy xdde
a € A xo, enopévwe, |f(a)] < 14+ [fr(a)] < 1+ | fnll, v xdde a € A. Apa
f € B(A).

Ouolwe, undpyer N wote |fr(a) — fila)] < ||fx — fill, < € v xdde k,1 > N
xou x&e a € A. Iaipvovtac épo btav | — 400, Beloxoupe |fi(a) — (a)| <e
v xdde k > N xou xdde a € A xa, enopévee, || fr — f, < € v xdde & > N.

Aga || fx — fll,, — 0.

Opowdc 3.12E0tw A évag tomodoyikds xdapos kar BC(A) o xdpos ddwv twr
ppayuévor kar ouvexdr ovvaptioewy ané to A oto F. Opilovue ||-||,, : BC(A) —
Ry pe tino

1£1l, = sup{|f(a)|[a € A}
yua xdte f € BC(A). Eivar mpogavés éu n ||-||, evar o mepopiouds ooy
BC(A) ng opmdbuopgns vépuas tov B(A) kar ovopdletar oporidpopen vépua
otov BC(A).

Oehdenua 3.6 Eoto A Tomoloyikdés yépos. 0 BC(A) pe nv opois-
Hopyn vépua e€ivat ywpos Banach.

Anddedn: Apxel va anodeilouue 6t 0 BC(A) eivon xhetstéd unocivoro tou B(A).
Ocewpolye {fn} otov BC(A) xa f € B(A) wote ||fu— fll, — 0. Hochvoups
a € A xu tuyév e € RT. Yrdpyer N dote [fu(b) — f(O)] < Ife — fll, < e

yioo xd9e k > N xou xdde b € A. Enedf n fnv ebvoar ouveync oto a, undpyet
avoixt6 O 010 A, wote a € O xou [fn(b) — fa(a)] < 3 €y xdde b € O. Tote

[f®)=f(a)] < |fb)=fn(B)|+]fn(b) = fn(a)|+]fn(a)—f(a)| < getgetge=ce

v xde b € O. Apa ) f elvor cuveyfic oe xdle a xo, emouévg, oto A.

H avicétnta Holder yia ohoxArnpdpota. "Eote p,g > 1 pe 1—17—1—% =1
kov (2,3, 1) évag xépoc pétpou. Tia kébe f,g € M(Q) woyoer

[ gal= (107 ([ 1ol
[ g9l < ([ 15 ess.supal.

KoL



70 KE®AAAIO 3. TOHOAOI'IKOI I'PAMMIKOI X2POI

Avtéd onuaivel 4tL, av oL defLéc MAEUPEC Elval MEMEPAOUEVEC,
téte N fg €ilval ohokAnp@oiun Kot LoxOouY oL oVLOOTNTEC.

Andédeén: T tn dedtepn aviodinta Exouue ot |f(a)g(a)] < |f(a)|ess.supalg|
Yia p-oyedbv xdde a € A, ondte [, [fg] < (fQ |f])ess.supalg| < +o00. Apan fg
elvon ohoxAnp@oiun xou UQ fg‘ < fQ [fg] < (fQ |f|)ess.supg|g|.

T Ty pdTn aviodtnto utodétovue xot apyfiv ot [ |fIP = [ 19| = 1
xot ohoxAne@voupe Ty aviedtnta | f(a)l|g(a)] < % |f(a)lP + % lg(a)|?, ondre Poi-
OXOLUE fQ |fg| < 1 fgz |f|p + % fQ |g|q =1

1
Av [oIfIPs fo lgl® # 0, Oétoupe A = ([ |fIP)? xou B = ([, 19
T P q .

napatnpotyue 6t [o| 4| = [,|4|" = 1. Enopévec, [,|fgl = AB [,
AB.

Av éva and ta [, |fIP, [, 199 etvau (oo pe 0, n teheutala aviobnta elvos Tpo-
pavic.

Av 1 8e&id mheupd e Tpd e avicdtntag ebvon temepacuévn, tote [, |fgl <

+00 xot 1) fg ebvar ohoxAnpwown. Apa |fQ fg| < fQ Ifgl < (fQ |f|1’)5 (fﬂ |g|q)5.

piged

7)
L] <

9
B

H avicétnta Minkowski yia ohoxAneodpata. "Eote p > 1 kar (2,3, 1)
¢vag xépog pétpouv. T k&be f,g € M(Q) voydeL

([1+am) < ([ 1)+ ([ o)

ess.supql|f + g| < ess.supqlf| + ess.supqlgl-

KoL

Andoaén: Tedgovue |f(a) + g(a)| < ess.supalf| + ess.supqlg| v p-oyeddv
x8e a € Q, ondte ess.supq|f + g| < ess.supq|f|+ess.supalg|. Enlone, n npd
avioétnTa elvon mpogavic étav p = 1.

Oewpolye, emopéves, p > 1 xa oplloupe g = 55, ondte 14 % = 1. Téte

vedgoupe [ |f +97 < [o [fI1f+9lP~ + Jo lgllf + 9P~ xa, Béoer Tne avodn-

1 1 1 1
wac Holder, [o[f +g” < (JoIfP)" (JoIf +9P)" + (Jolg?)” (JoIf +97) 7
Amlonololue xot xATUAYOUUE OTNY TEGTY OVICOTNTA.

Av (Q,%, 1) ebvon évag yopos pétpou xau p > 1, opioupe p,(f) = (g |f|p)%
vy xdde f € LP(Q). Eniong, av p = 400, opllovye poo(f) = ess.supa|f| yia
x&e f e L2(Q).

H avioétnta Minkowski cuvendyetar 6t 1 pp elvon nuivégua otov avtictoryo
LP(Q). Topatnpolye 6t pp(f) = 0 av xau ybévov av f(a) = 0 yia p-oyeddyv
xde a € A. Av ¥éooupe Y = {f € M(Q)pp(f) =0} = {f € M(Q)|f(a) =
0 v p-oyedov xdle a € N}, téte, obugwva ye v Hpdtaon 3.13, o YV elvan
Yeopupxde undywpeoc xdde ywpou LP(Q2). Enione, av f € LP(), téte T0 oToiyeio
& = [fly touv LP(Q)/Y anoteleiton and dhec tic ouvapthcec otov LP(Q) ol
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onolec elvor {oec pe v f p-oyeddév mavtold oto Q: [fly = {g € M(Q)|g(a) =
f(a) vy p-oyedév xdde a € Q}. Bdoer e Mpdtaone 3.13, o enduevoc oplopdc
ebvan xahog.

Opiopég 3.13E0tw 1 < p < +00 kat
Y ={feM(@Q)|f(a) =0 ya p-oxeddv xdde a € Q}.

Optlovue
L7(9) = LY(9,5, ) = L()Y

Kai

Mﬂﬂuz{UQWﬂ%, 1< p < too,

ess.supqlf|, av p = +oo,

yia kdOe [f]ly € LP(Q).

Ocdpenua 3.7H |||, : LP(Q) — R§ eivar vopua otov LP() (ovopdle-
Tat p-vépua) kat o LP(Q) ue avthiv tn vépua €ivar yépos Banach.

Andoatn: H Hpbraon 3.13 anodewxvier 6t 1 |-, ebvor vépua. Enlone, olugpwva
pe tnv B mpdtoom, yia va arnodelZouvpe 6t o LP(Q) elvan ytdpoc Banach, opxel
va anodelfoupe ot av 1 {fr,} ebvan otov LP(Q) xon pp(fi — fi) — 0, té1E URdPYEL
f € LP(Q) wote pp(fn — f) — 0.

T xdde k vndpyer nk Gote p(fn — fm) < QL,C yia xdde n,m > ni. Enedn,
TROYAVAS, UTOPOUPE Vo ETLAEEOUIE Ta Ny WOTE Ny < N1 Yo xd¥e k, €youye
uno-0ohoUL { fr,, } GOTE Pp(fry — frnss) < o Yeot @8 k.

Kot apyry, éotw 1 < p < +o0.

OPKOUUE Sk = |fn1| + |fn2 - fn1| +eee |fnk - fnk—1| € EP(Q)/ OTEéTE, BO,(OEL

1 1 1
e aviobtnTag Minkowski, ([, s7)7” < (Jo |fni[P)” + (Jo [fre — frr[P) 7+ +
1

(fQ |f71k - f’"fk—l'p); < pp(fnl) + % +oo0t zk%l < pp(fnl) + 1. H televtai-
o mtoodtnTa dev eloptdron and to k xou n {s}} ebvoar ab&ouoa axohoudia oTov
L£1(2). Topgova e 1o Jedpnua Movétovne Loyxhiong, Yo ) ouvdptnon S =
limy— 400 5, : @ = R U {+00} woyleL [, S < 400 xa, enopévac, S(a) < +0o
Y1 f1-oyed6y x40e a € Q. Apat 10 auTd T a N 0Ed fry +3 325 (Frp — Fre_ ) OUY-
YAVEL amoNOTOC o, ETOPEVWE, oUYXAIVEL. AnAadT| undpyet To limy_ 4 oo (fm (a)+
(fnz (a)_fnl (a))+ ’ +(fnk (a)_fnk—l(a))) = limp— 400 fnk (a) € Fyw N_O-XEBO,V
xdde a € Q.

Opllovpe f(a) = limp—yoo fn, (@) av S(a) < +o00 ot f(a) = 0 av S(a) =
+o00. Efvan (pO(VEpé ot |fnk|p = |fn1 +(fn2 _fn1)+' ! +(f'n«k _f"k71)|p < Si < S:
p-oxedGY mavTol oto  xou, enopévae, |fIP < .S, u-oyeddv navtold oto . Eredn
Jo S < 400, clugwva pe to Yedpnua Kuplapynuévne Loyxhong, pp(fn, — f) =

1
(fQ |f'n«k - f|p) 7 — 0.
Agol ng > k v xdde k, xatodfyoupe o0 pp(fis — f) < pp(fie — for) +

pp(fnk - f) — 0.

Télog, éotw p = +00.
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IMofpvovtag v évwon aptduriowou TAfdouc cUVOAWY p-uéTpou undéy, BAE-
moue 6Tt umdpyet ' C Q pe pu(Q\Q') = 0 dote |fr(a)— fila)| < ess.supql fr.— f1
v x&e a € Q' xon xdde k, 1. Apa undpyet to bpio lim, fr(a) yio xdde a € .
Opllovpe f(a) =limy, fr(a) yioa € Q' xau f(a) =0 yiwa € 2\ .

T Tuydy € > 0 undpyer N dote |fr(a) — fi(a)] < ess.supalfi — fil < €
v xéd%e a € Q' xou xdde k,I > N. Tlaipvoupe épto btav | — 400, ondte
|fe(a) — f(a)] <€y xdde a € Q xow x&de k > N. Apa ess.supqlfi — f| < €
v x@e k > N xou, enopévoc, ess.supalfi — f| — 0.

Enewd n |||, ebvor voppa otov LP(€2) eve m pp, dev ebvor véppa otov LP(Q2)
(extéc av t0 povadixd unoclvolo tou  ue p-uétpo undév elvon 1o %evd), oe
ONEC TIC EPUPUOYES TWV YWPWY AUTWY Ypnowonotelton ev yéver o LP(Q)). Enedy,
opwe, 1o olpPoro [fly eivar dboypenoto, yedyouue rdvtote f avti [fly. Tavti-
loupe, dnhady), xdde xhdon ooduvaylac Ye omolodrmote oTtowyelo Tng, €yovtag
xoTd vou 6T, xat autdv Tov TpdTo, omowadmote f tavtiletar YE OTMOLIBATOTE
dhAn cuvdptnon 1 onola toolton Ye tny f p-oyedév navtol. T'edgouue, hotndy,

1£1, = (/Qlfl”)%

vt TOV TUTIKE CWOTOTEPWY ||[f]y||p = (fﬂ |f|p)% xou pp(f) = (fﬂ |f|p)%

Opwopodg 3.14E0tw U éva avoixtd vrootvolo tov R™, m to pétpo Lebesgue,
k€ Ny ka1 1 < p < +o0. Opilovue

1
s = § Srari Jy 1D2f17dm)™ - ar 1 <p < oo
! Z\alﬁk HDafHu ) av p = +00

yia kdde f € CF(U).
Eriong, opilovpe C*P(U) ws tov ydpo dAwv twr f € CH(U) ue £l < +o0.

Megétacr 3.14H ||-||k7p :CFP(U) — RY etvar vépua orov CHP(U).

8=

Anddagn: Av 1 < p < 400, [|f +9lly, = (X|aj<k Ju 1D + Dg|P dm)
1 1

(S arr [ U 1D 17 dm) P+ (1Dl d)17) " < (i Sy 1D 17 din)

1
+(Z\a|§k J |Dg|Pdm) 7 = [Nl + gl > 60U xeNOWOTOWINXAY O aVGd-
wntec Minkowski yio adpolopata xou yia ohoxhneouata. ‘OAleg ov umbholneg
WLOTNTES TNC VopUag elvon dueces, OTwe xan 1 tep(mtTwon p = +00.

<
1

Opwopode 3.15E0tw tonodoyikés xdpos X kar f : X — F ouveyris otov X.

To supp(f) = cl({z € X|f(x) # 0}) ovopdletar popéag tng f. Av to supp(f)
€lvar ouumayEs, tote Aéue éu n f éxer ovumayn popéa.

Ebvar ebxoho va dodue 61t to X \ supp(f) ebvor to yeyahltepo avowxtd umo-
olvoho tou X oTo onolo 1 f elvar TawTOTINSG UNBEV.



3.1. XPOIME NOPMA 73

Optopée 3.16CK2(U) = {f € CPP(U)|n f éxe ovunayn gopéa C U}.

Adppe 3.1 Eotw totodoyikés xdpos X, k € F ka1 f, g : X — F ovveyels otov
X. Tdre supp(rf) € supp(f) xar supp(f +g) € supp(f) U supp(g)-

AnéoeiEn: ‘Aounon,.
Meétaon 3.150 CHP(U) ue wm vépua [[[l, €fvar vméywpos Tou Cckr(U).

Amédatn: Ané 1o teleutaio Mupa ebvor gavepd 6t av oL f,g € CFP(U) éyouv
o supp(f), supp(g) ovuroyh utocvvoha tou U, t6te 10 supp(kf), wc xhewwtd
uroclvolo Tou supp(f), elvon cuunayéc utostvoro Tou U xou 1o supp(f + g), oc
YAeoT6 UTocUVOLo Tou cuprayolc supp(f) Usupp(g), evar cuunayéc utosUvoro
touv U. Apa kf, f + g € CEP(U).

Kavévac anéd toug CFP (1), CEP(U) dev ebvan thhpng, extéc and tov CF(U).
Ocdpnpa 3.80 C*>*(U) eivar ydpos Banach.

Arnédaén: Av k =0, t6te CO>°(U) = BO(U) xon yvwpiloupe A1 6Tt elvor ympoc
Banach.

Eotw k > 1 xou axohoudia Cauchy {f,,} otov CF°(U). Anhadn
2lal<k 1D fin = D fill,, — 0 6tov m, I — +o0. Apat i xdde o pe |of < k
éyouye || D* fr, — D fi|,, — 0 6ty m,l — 400, onéte n { D f,, } elvan axolou-
Ola Cauchy otov BC(U). "Apa vndpyel fo : U — F ouveylc oto U Gote

||Dafm - faHu — 0 6tav m — +-00.

Oewpolye T = (T1,...,%j,...,Tn) € U xou pxpd h € R dote 1o eudiypay-
po tuhua pe dxpa To T xou 0 & + hej = (z1,...,2; + h, ..., xy) Vo TEPLEYETOL
oto U. Téte v xdde m, fo(21,..., 25 +hyoooy@n) — fr(@1, o0 s @y, .y ) =

Oh %Q]’f (T1,...,zj +t,...,zp)dt. Av m — 400, T6T€ N aploTER TAEUPH GUY-
xMver 670 fro, 0y (@1, Ry 20) — fo,0) (T, TG, Tn) EVO T
degid mhevpd cuyXAlvel oTO foh J0,t,0) (@1, + t, L 2y )dE, 6Tou To 1
otov teheutaio ToAudelxTn eugavileton ot j Véon. Apa fo, . 0)(T1,. .. 5 + D,

h
B f©,..,0) (@1, @, X)) = fo J0,01,...,0) (T1,... 25+, .., zp)dt.
Enedn n ouvdptnon péoa 610 ohoxhfpwua elvor cUVEYHC cuvdptnoT Tou t, cUY-
pwva PE T0 OeUeALOOEC OEDENUO TOU ATELPOOTIXO) AOYLOUOU, UTOPOUUE Vo TIOROLY -

wyloouue we tpog h oto h = 0 xou nafpvouye é)f(é’imjm(:z) = f(o,..1,...,0)(x). Apa,

av oplooupe f = f(o ,,,,, 0)> TOTE f(o _____ 1,..,0) = 5;97]; oto U.

Me tov (B0 tpémo Ynopodue enaywywxd vo anodelfouye 6t Y xdde o ye
|a] <k woyler fo = D*f o0 U.

Apa vy xde o pe o < k wylet || D fr, — D*f]|, — 0 6tav m — 400,
on6te || frn = fllj 00 = Z\a|§k [ D% fr = D*fl|,, = 0 67y m — +00.

Oplopdg 3.17CH>(U) opiletar va eftvar n xhewotr) Ohxn tov CH°(U) orov
Ck>o(U) ka1 kdBe ororyeio tov Aéue éu efvar ouvdptnon n onofa efvar k popés
ouvvexds mapaywyioipues oto U ka1 undevifetar avti) kar dAeg or mapdywyol
tng tdéng < k oro ovvopo, I(U), tov U.
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3.1.9 Mepuxd Jewpripata TpocEyYLoNS

Adppo 3.2H ceapd 1 — 325 W(l

[—1,1] oTn ouvdpnon |t|.

— t2)" guykdiva opoiduoppa oto

Anéoaén: Egapubélovtac to Yedpnua Taylor, nalpvouvpe 6t /1 —z = 1 —
i Wm" Y xdde 2 ue 0 < @ < 1. Apa S Ww” <

1 YLO( Ta O . Enedr, xdde dpoc elvon un-apvntinde, v xdde N €youue
-(2n— 3)

1-3-+(2n—3) 13-
Zk 1 o x" < 1 xo, naipvovtog 6plo dtay x — 1— Zk 1 an. =

1. "Apa +°° 0 L3n8) < v, enopévec, 1 oepd 1 — ZJFOO L3 2028) in guy-
xhiver O[JOLO[JOp(,PO( oto [0, 1] xou opLCEL ouvdpTtnon cuveyn oto (8o didotnua. ‘Apa
Vicz=1-3/% Wm" opowépoppa oto [0,1]. Amopéver va Yéoouue
c=1-t2pete|-1,1].

Oevpnpa 3.9(Kakutani-Krein) "Eote ouumayrs TOmoAoyLkdS x6pog

A kat X évag ypauuikés uvndyepos touv C(A) = BC(A) pe tnv ouotd-
uopyn vépua kat pe F=R. Av o X éyet 715 18i6TNnTes:

(1) n otabepr) ovviptnon 1 avriketr otov X,

(2) |f|€X yia kdbe fe X,

(3) via kdbe a,a’ € A ue a#d vndipyer f € X doze f(a) # f(d),

téte cl(X) = C(A).

Anddaln: Oewpolue tyolou f € C(A) xou éotw a,a’ € A pe a # a'. Téte
umdpyer h € X dote h(a) # h(a’). Ebva mpogavéc 6T, pe xatdAAnin emhoyt
WV K1,Kk2 € R, N ga.or = K1h + k2 € X €xel tnv Buotta ga.qr(a) = f(a) xon
Ja,ar (@) = f(a'). Yndpyer avouxth nepoyh Vo tou @’ OoTE [ga,qr(b) — f(B)| <
|9a,0' (D) — ga,ar (@) + |f(a) — f(B)] < € yia x&d0e b € V. Abyw ouundyelog,
uTdpyouy ay, ..., a, € A dote A=V, U--- UV, .

H (2) ouvendyeton 6 yio xde f1, fo € X wyler 61 max(fi, f2) = 5 (f1 +
fo+|fi = f2]) € X xw min(f1, fo) = 5 (/1 + fo— |1 — f2]) € X.

Enopévac, n ouvdptnon g, = max(ga.a’ ;- - - Ja,a,) oVixer otov X xou oy e
ot gala) = f(a) xou gq(b) > f(b) — € yia x&de b € A.

Trdpyer avoxth nepoyfy U, t0U a Gote [ga () — f(B)] < [9a(b) — ga(a)] +
|f(a) = f(b)] < € yra xdVe b € U,. Abyw oupndyelac, UTdpyouvy a1, ..., an € A
oot A=V, U---UV, . Houvdptnon g = min(ga,, - - -, ga,,) aVhixeL otov X
xou toyVel 6t f(b) —e < g(b) < f(b) + € yia xdde b € A.

Apa 1 f npooeyyileton anepldpiota Ye otolyeio tou X xan, emopévwe, f €
c(X). Apa cl(X) = C(A).

Oedpnua 3.10(Stone-Weierstrass) 'Eote ouvumayns TOmoAoyikos xé-
pos A kav X évag ypauuikés vndyepos touv C(A) = BC(A) ue nv o-
potouopyn vépua. Av o X éyxyer Tig 1816TNTES:

(1) fge X yia kdbe f,ge X,

(2) n oTabepn ouvdptnon 1 aviker otov X,

(3) f€X yia kibe f € X,

(4) via kdbe a,a’ € A pue a#d' vndipyer f € X doze f(a) # f(d),
téte cl(X) = C(A).
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Anédatn: Oewpolue 10 yopo Cr(A) C C(A) pe otowyelo dhec tic mpayuatixéc
ouvapthoeic otov C(A) xadde xou tov avtiotoyo Xr. Téte o Xr elvou ypoay-
uxoc umdywpoc tou Cr(A) xou €yel, mpogavoe, T Wiotntes (1) xou (2). Av
a,a’ € Ayea# a undpyer f € X dote f(a) # f(a'). Tore o Rf = (f+F) xou
Sf =4 (f — f) avhixouy otov Xg xou eite Rf(a) # Rf(a') elte Sf(a) # Sf(d).
Apo 0 Xg €xel xau tnyv W6t (4). Elva edxoho va o0pe 6Tt xon 0 undywpog
cl(Xr) éyel tic WotnTee (1),(2) xou (4).

‘Eotww tuyolboa f € c(Xgr) xo € > 0. Halpvoupe K > 0 dote —K < f(a) <
K yuoxdie a € A xon mporypotind tohumvupo P(t) aote |[t|—P(t)| < £ v xdde
t € [-1,1]. H OnapZn tou P eZacgahileton and 1o nponyoluevo Mupa. Téte
|f(a)| — KP(%)‘ < ey xqe a € A.
IMopatneolue 6Tl 1 cuvdpTnon KP(%) vodpetar ko + k1 f + -+ + K f7, ondrE,
Noyw e (1), ebvon otoryeio tou cl(Xr). Apa 1 | f| ntpooeyyiletan aneptéplota
and otouyela tou cl(Xr) %o, ened autde elvon xhewotdc, | f| € cl(Xr).

Enopévwe, o c(Xr) wavornowel tic vnodéoec tou Oewphuatoc 3.9, ondte
CZ(XR) = OR(A)

Av f e C(A), téte Rf,Sf € Cr(A), ondte Rf, Sf € cl(XRr) xo, enoyévoc,
fedX).

Ta 600 endueva anoteléouata eivar YVWOTEC EQPAUPUOYEC TOU Ocwphuatog
Stone-Weierstrass.

‘|%| — P(%)’ < & X, ETOPEVWC,

Oedpnua 3.11(Weierstrass) Av A CR™ eivar ovunayés, téze yia
kdOe ouvdptnon f: A — F ouveyxr oto A kat kdbe € >0 undpyet moAu-
évuuo P(x1,...,2,), u€e ovvtedeotés and to F, dote |f(x) — Px)] < €
yia kdBe z € A.

Anddaén: AvY C C(A) ebvau o ypouuixds Undyweos Twv ToALwVOUwyY P ue
ouvteleotéc and 1o F, td1e 0 Y weavornolel 6hec tic unodéoelc Tou Oewpriuatoc
Stone-Weierstrass extdéc and 1o va elvar xhelotdc. Enopévec o cl(Y) iavorotel
ohec tic unoVéoee, ondte c(Y) = C(A).

Oplopdg 3.18Yvvaptrioeis o1 omole§ eival ypap kol ovrovaoLol e TUVTEAEOTES
ané wo F ovvapticewr g poppng e?m kit tknen) = Groy ky ...k, € Z,
ovopdlovtal exPetikd moAVAOY VUG,

Oedpnua 3.12MNa kdibe f:R" — F, 1-nepitobikr o5 mpos kdbe ue-
TaBAnTr kav ovveyn otov R®, kait kdbe € >0 vundpye. exkbBetikd moAu-
évupo P dote |f(z) — P(z)| <€ yia kdbe x € R™.

Anédatn: Oewpotye to olvoro T = {y € R?|||y||, = 1}, tnv nepupépeia xévipou
0 ot axtivac 1 otov R2, xou 10 6Ovoho Q = T'X - - - X T', UE N1 6ROUC GTO YIVOUEVO,
T0 omolo elvat cuuTaYEC W UTOGUVOAO TOU R2",

Kdde f : R*™ — F 1 onola eivor 1-neptodin) wg npoc xdde uetaBAnty xou
ouveyric otov R™ opller cuvdptnon fiQ—F pe tomo

Flyr, o yyn) = flar,. .0 xn)
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6ToL Yk = €727k v x&de k e 1 <k <n.

Ye xdde y avuotolyolv ToAkd z) o onola, duwe, avd dUo Baépouy xatd
axépato aprud, ondte, AMoyw l-meprodudtnTag e f, 1 Ty f(yl,...,yn) el-
vou Xk oplouévr. Eivar ebxoho va anodeydel dtL 7 f elvow ouveyhc oto Q.

Mpdryportt, ov T (Y1y- -5 Yn), (Y1 - -, Yh) ExOLY wixph andotaoy, tdte ta avtio-
o (T1, ..., &), (@), ..., 2),) unopoly va emtheyolv dote va €xouv enione uxeth
anbotaon, ondte ou Twée f(z1, ..., xn), f(@), ..., z),) dagpépouv ehdylota.

Avuotpdgue, xdde f: Q — F ouveyhc oto Q opllet pyla f : R® — F 7 onola
elvon 1-meplodinh; wg mpog xdde petaAnTrh xon cuveyric otov R™ ye tino

f(x].? s 7$n) - f(ezgﬂ'ml, ey ei2ﬂ'mn)'

IMofpvouye, topa, 1-tepodixr f : R® — F ouveyr otov R™ xou tny avtiotoyn
f:Q—F 1 omnola elvon cuveyfc oto ouunayéc Q@ C R?®. Xlugwva pe to
npoNYoUUEVO Dedpnuo, UTdEyEL TOAUGYLUO P Gote 1f(y) — P(y)| < € yia xde
y € Q. Towe n P: R™ — F nou oplleton and tny P elvan ex0etiné moAUGVUUO
xau | f(x) — P(x)| <€ yia xd9e z € R™.

To mponyolueva aATOTEAECUNTI AVUQECOVTAL OE TEOCEYYLOT WS TEOC TNV O-
potépopgn vépua. To EMOUEVO AVAPEQETAL OE TPOCEYYIOT, WE TEOG TNV P-VOPUL.

Oedpnua 3.134v 1 <p < +00, wéte To gvoro {f € C(R™)[n f éxer
ovumayn gopéa}l eivar mukvé otov LP(R™ B(R™),m).

Andédeén: Eotw Swothuata I = [a,b] xou I’ = [@/, V] pe a < o/ <V < b
OpiZouye ) ouveyr oo R ouvdptnon gr,i 1 onola ebvan {on pe 1 oto I’, ion ue 0
€€w omd o I xan ypapuoo ot [a, a'] xou [/, b]. Av P = [a1,b1] X -+ X [an, by] xou
P = [a},b]] x - -+ x [ag,, b,] ebvon mopaldnhenineda otov R® pe a; < a < b < b;
Yo x&e j, Yewpolpe ) ouvexh oto R™ ouvdpton gppr = g1+ 91,15, N
onola ebvar {on ye 1 oto P/, {on ye 0 é€w and 1o P xou woyler 0 < gppr <1 o710
P\P'. Avm(P\ P') < §, wt |xp — gppl|, < 67

Oewpolye tuyovoa f € LP(R™, B(R™), m) xou € > 0. Tndpyet anhf cuvdgtn-
onh = Eszl akX Ay, OmoU ay € F'xan Ag € B(R™) v x&0¢e k, dote ||f — A, <
% e. T x&de k undpyel cbvoho By = Py 1U---UPy p, Ue Oha ot Py1,. .., Prp,
va efvar Eéva avd dvo moapalhnheninedo xar m(ARABy) < (M(LA)Z), 6mov A =
max(|a1],...,|ak]). Av Hoovue ¢ = Eszl akXBy, 10T€ [[h—qf, < Zszl |a|
Ixar = xBill, < KA gz = 3¢

Téhog, v xde Py ; malpvouue Ayo uixpdtepo mapahAnieninedo P,gﬁj WOTE

m(Pr; \ Py ;) < (m)p, 6mov N = max(ni,...,ng). Enlone, Oétouvue g =

K .
SK e S0 gy, e éxoupe g — gll, < KAN zioy = b
H g elvar ouveyhic otov R?, éyer oupmoyn gopéa xau || f — g < e.

3.1.10 XwpoL pETpwyV

Optowdc 3.19F0tw (Q, X) évag petpionpog xapos, dnkadn éva un-kevd odvolo
Q ka1 ¥ pfa o-diyefpa vnoouvvidwr tov §). ‘Eotw kair éva piyadikd pétpo p
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opiouévo atny L. Opilovue ya kdde A € X,

|| (A) = sup{z |e(Ap)| In € N, Ay, € X elvar Eéva avd 600 ka1 Uy, _1 A C A}
m=1

To |p|(A) ovopdletar oArxny kbuavon tov u oro A.

Adppe 3.3 Eotw K éva menepacuévo vrootvolo tou C. Téte vndpyer kdmow
/ 1
M CK, dove |y, cpr k] > EZKGK ||

AndédeiEn: To C eivou évwon tov Q1 = {k|IR(k) > |S(k)[}, Q2 = {kIR(k) <
—[S(8)[}, Qs = {k[S(k) = [R(k)[}, Qs = {x[S(k) < —[R(k)[}.

Av xdmowor A, ..., An wepiéyoviar oto Q1, tOTE |A1 + - 4+ An| > R\ +
o AN) =R+ +ROAN) > %(|)\1|+- -+ [An]). H B oviootnta toyde
av 6AoL oL Aq, ..., AN TEptEyovTtat o€ éva and ta Q2, @3, Q4.

Xwpilovpe 10 K oe téooepa Eéva avd dVo unoolOvora K1, Ko, K3, K4 6mou
t0 xodéva mepiéyel otowyeln Tou K ota Q1,Q2, Qs, Q4 avuotolywe. Téte yiu
éva ToUAdyLoToV and auTd, o onolo Yo ovoudoouue M, Ya woylel Y, car |k >
12 ek |Kl. Bdoew e mponyoluevng maparypdgou, | 3o, oy Kl > % D owen 1Bl >
4%5 Yrer 16l = § Xer Al

Oedpenua 3.144v to p eivar piryadikd pétpo oatov (,X), Téte To
|| €ivar un-apvnTikd mpayuaztiké uétpo otov (2,X). Eibikétepa,
|pl(€2) < +o0.

Anddaén: Eivon npopavéc 6t |pl(A) > 0 yia xdde A € T xou 6 |p](0) = 0.

‘BEotw A', A%,... € ¥ Eéva avd d0o xouu A = Uj:(foj.

Halpvouye Aj, ..., A, € X Zéva avd d0o ye UY,_1 A, C A. Oétoupe AJ, =
AT Ay, onbre Ay, = USSS AT xn U, Al C A7, Eropévec, Yoy |[u(Am)| =
o |55 AR < 3200 S (AR = 55 500 (A4l <
S on (A7), Mg [ul(A) < Y75 [ul(A7).

ofpvouye tuydy M xou v xdde j = 1,..., M tuydvieg apuduolc A; <
|ul(A7). Téte undpyouv Af,..., A} € ¥ Eéva avd doo pe U, _ A, C A xou
Aj < owi_y [w(Ad)]. Téte 1o oOvora Af, ..., AM elvan Zéva avé d0o xau 7
évwon toug TepEyetan oto A. ‘Apa Z]I\/il Aj < Z]I\/il Sora_ L (A )] < |u|(A).
, M ; ) o :

Apa 250 [l (A7) < |ul(A) xou, emopévac, 3275 |ul(A7) < ul(A).

KoataAfyoupe oto Z;L:f |u|(A7) = |u|(A), ondre to |u| etvor uétpo xon amoyé-
ver va arodei&ouue bt |p| () < +oo.

‘Eotww |u](Q) = 4+00. Ou anodeifouye 6tt undpyouv By, Ba,... € ¥ dote
By 2 By O ..., |u|(Br) = +00 xau |u(Br)| = k — 1 v xdde k. Tolpvoupe
By = Q xo éoww 6t éyoupe omodeller v Umoapén twv Bi,...,Bi. Agol
|| (By) = 400, undpyouy Ay, ..., A, € ¥ Eéva avd dVo dote UL, Ay C By xou
S [(Am)| > 6(|n(Br)| + k). Lougwvo ue to mponyolpevo Muya, UTdeyouy
xdmoto and t Ay, ..., Ay, ta onola e ardoy?| apldunonc unodétoupe 6t elvar tal
Au s Ay Gote |y (A 2 20 [0(A)| > |u(Bo)l + k. OgiZovge
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S = U1 Am € By, onote |u(S)| = |u(Br)| + k. Eredh [u](S) + |ul(Bi \ §) =
|| (Bg) = 400, ouverdyeton 6t elte |p|(S) = +oo elte |p|(Bg \ S) = +00. Tnv
et Tepintwon Yétovpe Brr1 = S C By, ondte |u(Bi+1)| > |w(Br)| + k > k.
Y dedtepn meplntwon Yétouue Bry1r = Br \ S C By, onéte |u(Bry1)| >
[u(S)| = [1(B)| = k.

Topa opilovpe ta Zéva avd 800 A; = By \ B2, Ay = By \ Bs, ... xot 10 Bog =
Ni25 B, ondte /L(Bl)— (Be) = i(B1\ Boo) = u(Uh X1 An) = 3207 p(Am) =
limg— 400 Zm 1N(A ) = limg— oo ((B1) — pu(Bg)). ‘Apa limg, o0 p(Br) =
p(Boo) %ou xatahiyouue o€ avtigoon.

Opowde 3.204v o p eivar pryadixd pézpo otov (1, X), tdte to un-apvnTiksd
Tpaypatiké pétpo |p| ovopdletar anéAven kduarvon tov p kar o aprduds |p| ()
ovopdletar oAk kVuavon tov L.

Svpporilovpe [|pl| = |pl(€2).

Oedenpa 3.15H ||| : A(,Y) — R§ eivar vépua otov A(Q,Y) kar o
X6pos avtés €ivatl ydpos Banach.

Anddaén: 'Eotww ||p]] = 0. Toéte, yia xdde A € Z, |u(A)| < |u|(f2) = 0, ondte
w(A) = 0. ‘Apa to p1 ebvor To Undevixd pétpo.

Av k € F, 16t elbxoha anodewevietor 6Tt ||kl = || ||pl-

‘Eow p,v € A,X). Tw xdde Ay,..., A4, € ¥ Zéva avd dlo €youye
Sl DA € S A + S (A < ] + ] Apa
e < il + Il

‘Eotww {u™} otov A(Q, ) pe H,u(k) - u(l)H — 0. T tuydv A € X éyoupe
| ®) (A) = D (A)] < Hu(k) —u® H — 0, ont6Te UTdpYEL T0 6pLo limy, 4 oo (™M (A)
oto F.

OpiZovye p: ¥ — F ue t0no p(A) = lim,, oo p(™ (A) yio xdde A € 3.

Mpogavire, pu(B) = limy, . o0 1™ (B) = 0.

‘Eotw A1, Ay, ... € X E&va avd d0o xouu A = U TA;. FLot TUYOV € > 0 undpyet

N dote Hu(k) l)H < ey xdde k,l > N. ET:ELBT] M(N) (A;) = uM(A),
urdpyer Jo Gote |pN)(A) — Z _ 1M(A))] < €y xocﬁs J>Jo. Avl> N,
TéTE (™ (A) — M(”(A))—Z;-]:l( N (A7) = O (A)] = | 32755 () (A5) ~

DA < 550 11 (A) =D (A))] < |1 — uO|| < €. TMadvoviac bpro

xaﬂwcmm Beioxouue |(u™) (A) = ()= 7 (1™ (4;) —(A))] < € xa,

emouévac, [(A) = Y7_) u(A;)] < 26 yaxdde J > Jo. ‘Apa Y1 u(A;) = p(A),
on6te p € A(Q,X).

D tuydy € > 0 emdéyovue N b6mwe mpwv. Av Ag,... A, € ¥ elvan Zé-
va avd d0o, téte Yo %8 kI > N éyouue Som o |p®)(An) — W (Ay)] <
H,u(k) — u(l)H < e. Tadpvovtac 6plo 6tav | — +oo Beloxouue Sn 1 |u®) (A,,) —
1(Am)| < €, onére |[p®) — pl| < €y xdde k > N. Aga || — pf| — 0.

Optowdc 3.214v 1o p efvar npayuanikd pétpo otov (Q, %), tére ta un-aprnui-
xd npaypaticd pérpa pt = (|u| + p) xar pm = L(|pl — p) ovopdlovrar Pertrxcn
xOUavon Tov [ kal ap¥NTIKTY) KOUAron TOU [ arTioTolyws.
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To 611 ta yétpa auTd elvon un-apvnTixd toyLeL dBLOTL, AOY® TOU OploHOU TOU
|| (A), éxouvpe |u](A) > |u(A)| yia xdde A € L. O dvo tautdintee

p=pt—pT oxa ful=pt
ebvan mpogavelc. Eniong, elvar edxoho va anoderydolyv, ue tov optoud, ot
Ryl [Spl < [ul xow |p| < (Rl + Sy
OTIWC XAt Ol YEVIXOTEPES

I+ po| < |+ lpel,  [Bl=1p] xw  |&p| = [kl

3.1.11 At.ocxwpnct.po"cn'coc

Oplopodg 3.22Evag ydpos ue vépua ovoudletar Sraxywpiorpog av éyel aprun-
0140 TUKVG Voo UroAo.

IMedtaom 3.160 01 o1 ydpor IP ue 1 < p < +00 kai o1 ¢, ¢y elvar diaywplotor
O I*° bev etvar Sraywpiouog.

Anéoaén: 'Evac k € C ovoudletar pntéc av Rk, Sk € Q. Ebvon npogavéc bt to
oUVONO TV PTGV Utyadixdy aptduody etvor tuxvé oto C.

Ocwpolpe 10 A = {Ae1 + -+ Apepn € Ny Aq, ..., Ay, ebvon pnrol oo F},
6mov e; = (0,...,0,1,0,...) éxer Ohec Tic ouvteTaypévee (oec ue UNdEY extdc e
J ouvtetayuévne mou ebvor fon pe 1. To A elvon apriurowo.

‘Eotww tuydv x = (x1,22,...) € P (1 < p < 4+00) xou tuydv € > 0. Yrndpyel

€

N oote Z;L:O?VH lz;[P < &. Tw xdde j = 1,...,N undpyeL pni6 \; € F

wote |z — Aj| < STor Tt |z = (Arex + -+ Aven) B = 0 o — \IP +

;LO?VH |zj|P < €F, ombte [lx — (Mer + -+ Aven)l, < €. Apa o A elvon

muxv6 atov [P xou o [P elvon BLoywplotog.

Av ndpouye tuydv © = (21,%2,...) € co xou YV € > 0, undpyer N ote
|z;] < eyiaxdde j > N+1. Taxdde j =1,..., N uvndpyet pnté Aj € F dote
|z; — Aj| < e Toéte ||z — (Mer+ -+ Aven)|l oo = sup{|z1 — Aif,...,|zn —
AN N4l -} < e ‘Apa to A elvar Tuxvé oTov ¢ xou 0 ¢y elvar daywplooc.

T tov ¢ Yewpole to aptdufowo olvoro B = {de + Ajer + -+ + Apepn|n €
N, A AL, -0, Ay ebvan prtol oto Y, émov e = (1,1,...) €xel Ohec Tic ouvietay-
pévec loec pe 1. 'Eotw tuydy & = (21, T2,...) € cxou tuyéve > 0. Av k = limx;,
0te © — ke € cp. Moadpvouge pnté A € F wote [k — A| < § xa, pe Bdon
T mponyolueva, a € A dote [[(z — ke) —all, < §. Tote |lz — (Ae+a)| <
|(x — ke) —al|l, + ||[ke — Xe|| o, < e. Enewdh Ae +a € B, ouvvendyetan 6t 10 B
elvon Tuxvéd oTov c.

Téhoc, 61w 61t 0 1 éyer apriufiowo tuxvé utostvoro C = {zM) ()}
T xdde j nalpvoupe x; € F dote |zj] < 1 xou |z; — x§])| > 1 xou oynuatilovye

10 @ = (x1,%2,...). Téte t0 & avhxet otov I°° xou || — x(J)HOO > |z, —$§J)| >1
v x&de j. ‘Apa Bev undpyel otolyelo tou C oe andotaon and T0 T UXEOTERT
ané 1. Atoro.
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Megétacr 3.17TAv A C R"™ efvar ovunayés, téte o C(A) pe tnyv opoiduopen
vopua etvai d1aywpiotjlos.

AndédeEn: Oewpolyue 10 cUvoho B pe otoyela dha ta tohudvupa Q(z1, ..., Ty)
Twv onolwy oL cuvtekeotéc elvan 6ol pntol 6to F. To B elvan apudunowo xon
uxvé otov C(A4). Awdt, av ndpoupe tuyoloa f € C(A) xou € > 0, undpyet,
olUupwva e To Oedpnua 3.11, tohuwvuuo P(z1, ..., 2y, ) Ue ouvieeotéc and to F'
wote |f(z)—P(z)| < 4 eyuaxdde z € A. Eotw 6t 1o P éyer N bpous tne uopghc
axht - xkn Guky, .k, < K yioxdde 6po tou Pxon ||z]|, < Ry xdde x € A.
[ xde ouvieheotr a emhéyoupe pntd b € F @ote [b—a| < § = sypr- AV
OYNUATIGOUUE TO TOALWVLUO @) e Toug (Broug bpoug Tou P alkd Ue CUVTEAEGTEC
b avti a, t6te |Q(z) — P(z)] < NSR™ = L€ vy xdde 2 € A. Enopévoc,
|f(z) — Qz)] < ey xdde z € A.

IMeétaoct 3.18FEotw ydpos uétpou (2, X, 1) ka1 vrodétovpe dn vndpyer pia
aprdunoun ovloy E C X dote yia kde A € ¥ e p(A) < +00 kar kdde € > 0
undpxel B € E ue u(BA A) <e. Tére, yia kde p pe 1 < p < 400 0 LP(Q, 3, u)
efvar Oaywplotjog.
Anddaén: Oewpolye tuyoloa f € LP(Q, X, u) xau € > 0. Dvopllovye and
T oToLyEddN Vewplo uétpou GTL UTHPYEL AmA OUVEETNON g = D p i KkXA, €
LP(Q, %, 1), (ondte u(Ag) < +oo yroxdde k) ye k1,...,kn € F ot Ay, ..., A, €
¥ dote (fQ|f—g|pdu)% <ie

Emnéyouye n > 0 10 onolo e€optdton and 1o € ye 1pémo nou Ya tpocdioplcouue
oe Myo. T xde k Bploxovue By € 2 dote u(By A Ai) < n xa Bploxouye prtéd
Ai € F 6ote | A — k| < m. Oftouue h =) AkX B, xou €0uuE

(/Qlf—hlpdu)% < (/Qlf—gl”du)% + (/Q lg — [P d)

1 - 1
< e b= d(f el dn)?
k=1 Q

n 1
32wl Peas = xo P di)
k=1 Q

1 - 1 - 1
= e+t ; ik — Ml (u(Bg))? + ; k| (u(Br & Ag)) >

n n

1 1
< Sty (A +m)F AT Y [ml.
k=1 k=1

Enedq Y, q(w(Ag) + nr + v Y opey |6kl = 0 xadode n — 0+, unopolue
vo emhé€oUUe 10 1) WoTE To Teleutalo dpotopa vo elvon < %e X0, ETOUEVWC,
1
(JoIf —hPdu)” <e.
Apa 0 Q = {37 , MexB |n € N A1, ..., A\, ebvau preol, Bi,...,B, € E}
elvor aprdurowo xat tuxvéd otov LP(Q, X, p).



3.1. XPOIME NOPMA 81

Ebvat yvwot6 6t av 1o § elvon Borel-cOvolo otov R™, ¥ = B(Q) xow p=m
elvon to pétpo Lebesgue, téte 1 cuAAOYA 2 TV cUVOAWY TNC wopphc B = PN Q,
6mou P elvat évwon nenepacuévou tAfYouC TapahAnAETLnédwy Twy onolwy oL xo-
PUQES EYOLV PNTEC OUVTETAYMEVES, €xEL TNV WLOTNTH 6Ty UTGVesT TN TEAEL-
oo mpdtaonc. Apa ou aviistouyol ydpor LP(Q, B(2),m), 1 < p < 400, eivau
dlayweloluol.

3.1.12 Xvundyesia

‘Exouye o1 anodeller 61t xde ¥Aelotd xau Ppaydévo UTOGUVONO EVOC YWEOU
TETEPACHUEVNC BLAGTAOTC UE VOpUa elval cupnayég. Oa dolue 6TL xdTL TéTolo efvor
adOVATO OE YWEO AMELNS BLAoTAOTC.

Oczhpenua 3.16(Axuua touv F. Riesz) 'Eote yépos X ue vépua ||| kat
yvijoLog kAetotés undywpos Y tou X. Téte yia kdBe t pue 0 < t < 1
vndpyet © € X dote ||z|| =1 kat ||x—y|| >t yia kdbe y €Y.

Anddaén: Maipvouue zg € X \ 'Y xou, eneldf o YV elvor xhelotd unocvoho tou
X, undpyer r € RY dote B(zo;r) NY = 0. Oewpolye to d = inf{||y — zol| |y €
Y} Hpogavde, to d elvar menepaouévo, agol d < [|0 — zof, xu d > 1 >

0. Av 0 < t < 1, undpyet yo € Y dote |lyo — 20| < ¢ %o opilouye = =
m(yo —20). Tote |jz|| = 1 xu yi x&0e y € Y wyle 6u ||z —y| =
Toozar 1o = z0) = llyo — 2ol - yll = ey Il — 2oll = petagyd = t, Omou

Y1 =Y — |lyo — zol|y € Y.

Igétaocm 3.194Ar 0o X elvar ydpos drepng didotaons pe vépua, tite kdOe
OUUTaYES VTOOUVOAG ToU éxel kevd €0wTEPLKG.

Anddaén: Eotw 6t o X pe vépua ||-|| éyer dmewon didotaon, 1o K C X elvou
cupnayéc xou éyel eowtepixd onuelo zg. Téte undpyer r € RT dote 1 xder-
oth undha cl(B(zo;r)) va mepéyeton oto K, ondte auth 1 XAeloTh pndha ebvor
ouunayéc obvoro. H xhewoth undha cl(B(0;1)) = {z € X|||z|| < 1} mpoxintel
a6 v cl(B(wo;7)) e petopopd xatd —xo xou opodecia pe Adyo L. ‘Apo 1
{z € X|||=|| <1} elvor ouunayéc vnoclvoro tou X.

Madpvoupe tuydy z1 e ||z1|| = 1. O Y: =< {z1} > elvon ypoppixde undywpoc
TETEPACHUEVNC DLAOTAONC XA, ETOUEVWS, Elval YVACLOC XAELOTOC UTOYwEog Tou X.
Yopgwvo pe to Afupo tou F. Riesz undpyer @2 pe [|22| = 1 xou [|zg — z1]] > 3.
0 Ys =< {z1,22} > elvar ypoppixodc vndywpoc nenepaouévne dudotaonc xot,
EMOPEVLC, ElVaL YVACL0C XAELGTOC UTOYwpoc Tou X. Yiugwva ye 1o Afjuua tou F.
Riesz undpye. @3 pe [lzs]| = 1 xou [|wz — z1]] > 1, [las — 22 > 3. Suveyovtog
enarywyxd Brénovye bt undpyel axoroudio {zy } oto ovunayéc {z € X| ||z|| < 1}
OOTE [|Tm — || = 5 yio0 x&0e n,m pe n # m. Auté, bpwc, épyeTan o avtipuon
ME TO OTL TPETEL Vo UTtdpyEL ouyxAivouca uro-axohoudia tne {zy, }.

To enduevo anotérecuo amoTEAEl UN-TETEUHMEVO TORABELYUX cUUTAYolS Gu-
VOAOU GE YOEO UE VOpUa ATELeNC DIAGTAGNC.
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Oplopdg 3.23Eo0tw tomoloyikds xawpos A kar F uia ovddoyr) ouvvaptrioewy
f:A—=F.

(i) HF ovoudlerar ppaypévn oto a € A av vrndpyet K > 0 doze |f(a)] < K
yia kdOe f € F.

(14) HF ovoudletar 10oovvex1ic oto a € A av ya kde € > 0 vndpyer avoiktn
mepioxri U wov a dote |f(a') — f(a)| < € ya kdOe o’ € U ka1 kd¥e f € F.

Oedpnua 3.17(Arzeld-Ascoli) "Eote ouvumayrs tomoloyikés yépos A
kar F CC(A) uia ouvAdoyn ouvaptriceov f: A — F gpayuévn kat 1oo-
ovveyns oe kdBe onueio tov A. Téte o cl(F) eivar ovumayés otov
C(A) pe tnv opoiduopyn vépua.

AnédoeiEn: Halpvoupe tuydéy n € N xou vy xdde a € A Pploxouye avoux-
) nepoyh Ugn tou a Gote |f(a') — f(a)] < 1 vy xéde @/ € Ugp xon %d-

ve f € F. Abyw ovundyelac tou A, undpyouvv ani,...,anm, € A Oote
A=Us mU--UUq, . n Zynuatilouue 1o apuufiowo cbvoro B C A pe
otoweld T an, 1, ., An,m, Yo Oha Ta 7 € N. Ex xataoxeuic 1o B éyel v

Widtntor: oe xdde b € B avtiotouyel uio avouth neptoyy| tou, Vi, dote yia xdde
€ > 0 undpyouy by,...,bp, € Bue A=V,  U---UW,, xa |f(a) — f(b)] < €y
x&e a € Vp, o x&de f € F.

‘Eotw tuyoloo axohoudia { fr} oto F. Téte yioa xdde b € B n {fi(b)} eivou
poayuévn axolovdia oto F, ondte €xel ouyAivouoa uno-axorovdia. Enewdt to B
elvan apriuriowo, yenowonowdvtas To dlaywvio entyelpnua Tou Cantor, BAénoupe
ot undpyer uro-oxohoudio { fi, } dote v xdde b € B n {fi, (b)} ouyxhiver oo
F.

‘Eotw tuyév € > 0. Emiéyoupe by,...,bp, € Buye A =WV, U--- UV, xw
|f(a) — f(bj)| < €y xdde a € Vp, xou xdde f € F. Ioipvouye onolodrinote
a € A onote a € Vp, yia xdnow j = 1,...,n. Téte [fr,(a) = fr,(a)] <
| frer (@)= Fr, (03) 1% [ oy (05) = Fr (05) |+ | iy (05) = fr (@) < 26+ fi, (b5) = i, (B5)]-
Eredh by, ..., by, elvon nenepaouéva, undpyer M dote |fr, (b5) — fr,, (b;)] < €
v xdde I,m > M xou xdde j = 1,...,n. Enopévac, |fi, (a) — fk,, (a)] < 3e vy
x&e I,m > M xaw xéde a € A. AnhadA || fr, — fro ||, < 3€ v xdde [,m > M.

Apa n {fr,} etvouw oxoroudio Cauchy otov C(A) xau, enouévwe, cuyxhiver oe
otoyelo tou C(A). Anodelloye, howmdy, 6t xdde axohovda oto F éyel umo-
axohouda cuyxivouca otov C(A). Autd apxel yia va toyVe 6t 1o cl(F) elvon
ovunayéc. Ipdypat, éotw axohoudia {gi} oto cl(F). Tw xdde k moipvoupe
fe € Fye llge — fell, < 3. Trdpxer {fr,} ®ote fr, — g Y xémow g € C(A),
onote [lge, = gll, < 5 + [ fe = gll, — 0 6av I — +oo. Hpogavbx, g € cl(F).
"Apa xdide axohovdia oo cl(F) éxel uno-axohovdia cuyxhivousa oo cl(F), ondte
10 cl(F) elvor ouprayéc.

3.1.13 Opolbpoppa xLUETES VOPUES

Optowdc 3.24Mia vdpua ||| o€ ypapuixd yopo X ovoudletar opordpoppa
xvpTi av ya kdde e > 0 vndpxer§ > 0 doe |||, [ly]| < 1 xar||3(z+y)| > 1-06
ouvendyetal 6n ||z — y|| <e.
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To enduevo Yedpnua elvon apxetd yprowo. Eaogahilel, xdtw and optopévec
ouviixes, TNy elaytotonoinon e andotaong onuelou and xuptd chvoro. ‘Onwc
eldope, n ovundyea 1 omofo eivon 1 cuvnhouévn cuvdrxn Y ehaylotonolnon
cuveyolg ouVEETNOTNE, BeV toyLeL axdun xai Yo amAd xUETd GUVOAA, OTWS Ot
XAELOTEC UTHAES OF ATELPOBLAGTATO YWEO UE VOPUAL.

Ocehpenua 3.18 Eote ydpos X ue oupoiduoppa kupth vépua ||| kar éva
kupté kat mAnpes K C X. Téte yia kdbe v € X vmdpyet povadikd
Yo € K doe [lyo — x| = inf{fly —z[| |y € K}.

AnédoeiEn: Av x € K, 16t 10 yovadixd yo elvor, mpo@avac, To Yo = .

‘Eow z ¢ K. Enewdr to K elvon xhewotd, ouvendyetoa étu undpyel r > 0
oote B(z;r) N K = 0. Av 9éooupe D = inf{|ly — z|| |y € K}, tét1e D > r > 0.
Trdpyer {yn} oto K dote ||y, — x| — D. Opiloupe x, = m (yn — x) %o

, , 1 1 1 ||Um_$H

EYOUUE OTL ||zp |l = 1 xot 2 (), +20 ) =

X lﬁ‘ H” nll 2 (@ntam) (Hznynfaﬁn+2||ymfmn)(Hynfmwuymfmn Ynt
ynfm 7 7 ymff ynfm

T —X). IG LEL OTL K

T e Tgm=aT Ym — ). Iox Tyn— [+ Tym —] z{”llyn—w!ﬂ\ym—mn Ym € 1,

agoL to K elvan xupt6, ondte H% (xn + :Em)H > (2Hyn—w|\ +2|Iym—w|\)D — 1. Apa
|z — Zm|| — 0. Tote ||yn — Yml|l — O xar, enedh 1o K elvon mhripec, undpyet
Yo € K &o7e yn — yo. ‘Apat [|yo — z|| = lim [|y,, — zf| = D.

‘Eoww D = ||yo — z|| = |lyg — || ve vo,y, € K. Oétouye zg = m (yo —

) = (90— @) o 3 = 7o (9 —2) = (4 — o), omee o] = labl| = 1.

Téte |2 (wo+ )| = 5 ||3 (o + b)) — x| > 1 %, emopévec ||zo — zp]| = 0.

Adppe 3.4Fotw 0 <t <1 kark, A€ C. Av 1 <p <2, tde
1 o 1 e
[(1+t)p’1+(1—t)p’1]|n|p+[(;4—1)1) 1_(¥_1)p 1}|A|Pg |k AP+ |k — AJP.

Av 2 < p < 400, téte n mponyoluern aviodtnta wyve pe > avel <.
Av, emmhéor, 0 < A < Kk ka1t = %, TotTe 1) TponyoUuevn aviodtnta 10X Vel we
wotnta ya kde p pe 1 < p < +00.

AndédeiEn: Me pehétn Tne mapaydYou Tne ouvdptnone (we Tpoc t) oTNny aploTepy
TAELPA NG aviedTNTac TpoxUTTeL 6T, av 0 < ¢t < 1, téte oy leL [(1 + t)p’l +
(1=l [+ 1) = (3= )P AR < sl N ] = A o
1 <p <2, xoun B avicdtnta pe > avtl <, av 2 < p < +o0.

Arnopéver va anodewyVel n ||| + [A|[P + [|6] — AP < [k + AP 4+ |k = AP, av
1 <p <2, xoun B avicdtnta pe > avtl <, av 2 < p < +o0.

O¢toupe % = rcosf + irsinf xou avaydpoote otn obyxpion tou (1 +7)P +
(1—r)P ye o (1+72+2rs)% + (1412 —2rs)? brav —1 < s < 1. TIdh ye pyehétn
e maparydyou, BAénoupe 6Tt 1 ouvdptnon (1412 + 2rs)% + (14712 —2rs)3 éye
oto ddotnua [—1, 1] ehdytotn wuh ot s = £1, av 1 < p < 2, xou péyotn wun
ota (B onpela, av 2 < p < +oo. H th auth elvon fon pe (1 +7)P + (1 — r)P.

IMg6tacy 3.20(Avicdintes Hanner.) Av 1 < p <2, tdte

lz + ylly + e = ylly > [ Nell, + Iyl " + [zl =y, |”
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yia kdOe x,y ovov IP 1j o€ ydpo nenepacuévns oidotaons kai

1F +gllp + 1 = glty = LI, + gl |” + TFI, = llgl, [

yia kde f,g € LP(Q, X, ).
Av 2 < p < 400, tte 10xVovy o1 (D1 aviodtnres pe < .

Anddeaén: Eoww 1 <p < 2.
Oétoupe K = T; XL A = y; OTNY AVLOOTNTO TOU TEONYOUUEVOU ANUUATOC
xar mpoo¥étovpe v 1 < j < n. Tére, E?:l lz; + y;]P + E?Zl |z — y;[P >
_ _ —1 —1
(AP + (A=) ] 300 2P+ [(% +1)P7 - (L -1) } S lyilPe Av
B Z:Zl ly;1”

unodéooupe 6t 0 < 30 [y;lP < 377 [P, t6te Dévouye P = ST xolL

p
4+

1 1
Beloxouie 5y Lo+ P+ X0y los—slP = | (S5 b )7+ (25 lysl?)?
1 1P

(g )™ = (gl )
> i=1 1y5lP = 0 %an, Moyw ouppetploc, drav 307 y;P > D00 P

Av 2 <p < 400, t61E N AVl Loylel e <.

Av dim(X) = n xau ||-[|, elvow 7 p-véppa tou X (w¢ Tpog onotadhnote Bdon)
TOTE QUTH 1) AVLOOTNTA YPAUPETOL

. H avicétnta auth woylel, mpogavae, otay

3

lz +yllp + e =yl > [ Nell, + lyll,[" + iz, =y,

avl <p<2, xuye <,av2<p<+oo.
IMalpvovtag épto 6tav n — +o0, anodewviovial ol (Bleg aviodtntec otov [P.
Av ¥éoouvpe k = f(a) xou A = g(a) xou axohovdfcouvue v B Sadacta
Beloxouue

1+l + 117 =gl =[£I, + lgll,|” + [1£1, = llgll,|”
yie xd9e f,g € LP(Q, 8, 1), v 1 <p <2, xowpe <, av 2 <p < +00.

Oedenua 3.194v 1 <p < +00, n p-vépua otov LP(Q, 3, 1), otov IP
kat o€ kdBe ydpo memepaouévng SiLdotaong €ivat ouoiLduoppa KUpTH.

Andoaén: Eoww 2 < p < 400.

A lall, llyll, < 1xa [z (@ +y)], =1 -0, bt Jlzf, +1 > [z +y],
2 —20, ondre ||zf|, > 1 — 26 xou, opoiwe, |y, >1—25. Apa =26 < [|z[|, —1
lll, = llyll, < 1= llyll, < 26, Snhodt | [l]l,, — llyll,| < 26.

Bdoe. tne avodtntac Hanner, 2P(1—0)P+ ||z — y[[} < [l +y|I!) + = — ylI}

1

2 + | e, — Ilyll,|” < 27 +2°67. ‘Apat [lz —yl, < 21+ 8" — (1= 3)7)7 < ¢
av to 0 elvon apxetd wxpd. H Blo anddelln woylel xou Yol cUVOPTHOELS, OTOTE
éyouue anodeiel 6T 1 p-vépua elvar opotduoppa xueTy, av 2 < p < 400.

Eow 1 < p < 2. Avixadotdvrac oty avioétnta Hanner to z,y pe Y

2
xou 5, Boloxoupe 7+ llelp = | =52, + 121,17 + =21, = 1=,

IN V

IN
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Av |zl l[yll, < 1xou |3 (z+ y)Hp > 1—40, TOTE YPNOLOTOLOVYE THY OVGOTH-
o |14+ ¢tP + |1 — t|p > 2+ pp— 1)t yio xd9e t pe 0 < t < 1 xou €youue T
siv’]g. Av ||MH ||m—+yH t6te madpvouye 2 > 2|7 + |yl > 2||%||§ +

p(p—1) || 252 ||“H””+y|| > 2+p(p— ) |52 > 2+ p(p— 1)1 - 8)P xan,

enopéveg, 0 > 1 — (m)

Apa, emhéyovtac § < 1 — (%)%1 cuveRdyeton Ot H””;Hp < Hm+yH
orne 2> ol + Iyl > 2[R + 0 — 1) =521 =522 > 20 e +
1
plp—1)(1 — §)P~2 H%Hi Enopévoc, |z -y, < (%) 7 <€ av

T0 § elvor apxeTd wxpd. ‘Apa 1 p-vopua elvar ogoldpoppa xupTh, av 1 < p < 2.

3.1.14 Xeupég

Opowde 3.25FE0tw I éva un-kevd otvolo deixtddr kai {oyli € I} éva ovvodo
un-apynTiKdy Tpaypatikdy apiudy. Aéue éu n oepd ), ;i ovykAiver av
sup{d_,c s ai|J memepaouévo C I} < +oo. Tdre Aéue dut 1 oerpd ovyrAiver
oto S 1jén to S efvar to dIporopua tng {«;|i € I} ka1 ypdpovpe > .. .;a; =S,
érov S efvar n tun avtol tou supremum.

icl

Meértaon 3.21Fotw I éva un-kevd abvodo deaxtdr kar {a;li € I} C RY. Av
N Y icr Qi ovykAivel ka1 éxer dpowpa S, wote wo Iy = {i € Ila; # 0} efvar wo
oAU aprdunoipo vrootvolo tou I. Eniong, av Iy = {i1,iz,...} €lvai orowadrinote
aptunon wov Iy, tote

N
S: E Oél'k,
k=1

émov N = card(Iy) efvai efte un-aprnuikds axépaios apruds efte N = +o0.

Anédaén: Optloupe I, = {i € Ilay > 2}, onére Iy = U}I,. Hoipvoupe

n=1
0T0LOB1|TOTE TENEPUOUEVO UTOOUYORO M tou Iy, ondte L card(M) < 3, \ i <
S. Apa card(M) < nS xa, enopévec, 1o I, elvar tenepaopévo pe card(l,) < nS.
Apa t0 I elvar to oAb apriunoiuo.

‘Eoww Iy = {i1,42, ...} onowdhrote apidunon tou Iy xou N = card(ly).

Av N < +o0, onéte Iy = {i1,...,in}, téT€ 10 Yéyioto ddpoloua TEREPOO-
wévou mAdoug otoyeiwv tou {a4li € T} ebvon, mpogavde, 0 Y, o, . Apa
_ N
S = Ek:l Qi »
‘Eow N = +o0o. T xd%e n € N w0 {i1,...,i,} evu nenepaopévo un-

ooOvoho tou I xau, enopéves, Y p_; o, < S. Enlong, vy xdde € > 0, undpyet
nenepacyévo J C I wote ), ;a; > S — €. Mnopolue, tpogavee, vo urodé-
ooupe 61t J C Iy, ondte undpyet xdnow ng € N dote J C {i1,...,in} yLo xde
n > ng. Téte, buwe, S —e < Y, <D o, < S o xdde n > ng. ‘Apa

S = Ek 1 Qg -
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Optowdc 3.26Fotw X ydpos pe vépua ||| kar akodovdia {x,} otov X. Aéue
ot n Z:z z, ovykAiver oto s € X av x1 + -+, — 5. Tdre Aéue éu n

+oo , / +oo
Yonsy Tn €xer diporopa s ka1 ypdpovue s = "7 Ty,

Oezbpnua 3.20Eote X ydpos Banach ue vépua ||| kar {x;)i € I} € X
omov I eivar éva pun-kevé ovvodo deiktév. Av n oewpd Y ., |zl ov-
ykAiver, téte to Iy ={i € I|x; #0} e€ivar To moAU apiBunioiuo.

Av card(Iy) = 400 kar av Iy = {i1,i2,...} €ivar TuyoVoa apibunon
Tov Iy, Téte n oeiLpd Zk:{ Ti, ovykAiveir otov X kat 7o dBpoioua

s = Ezj z;, Oev e€ZaptdTar ané Tnv apibunon tov Ij.

AndoeiEn: Y0upwvo e TNy nponyoLUEvn tedtaoT, To I ivor 10 ToAU apliuroiuo.
Trodétovye bt card(ly) = +oo xa éotw Iy = {i1, 2, ...} onowdrnote apldunon
wou Ip. Téte n 3455 [|zi, || ouyxiver.

OFTOVYE Sy, = T, + -+ + T, OTOTE, v < M, |8 — S| < @i ||+
lz:, || — 0 6ty nym — 4o00. Apa 85, — s YL xdmoto s € X.

Ocwpolpe onowdfrote dAn apldunon Iy = {j1, j2, ...} xou nalpvoupe Tuydv
€ > 0. Téte undpyer n1 GOTE Ez:;lﬁ_l |lzi.|| < e Enlone, undpyer no wote

{i1,-ytn, } € {J1,---,0n} Y@ %89 n > na. Av nyg = max(ni,ns2), 161€ 10O

{i1,. .. in, } mepyetar 670 {i1,...,0in} xou 670 {Jj1,-..,Jn} Y& X&VE N > np.

Apayia x83Ye 1 > g, T0 Y 1y Tip — D opq Tj, OEV TEPLEYEL HPOUC UE deixTeC amd
pLy 2 Mo, k=1 Tix k=1 Lir pLeXEL opouc |

0 {i1,...,dn, } x4 TEPEYEL TO TOND EVay Gpo Lo xde deixtn and 1o {in,+1,. ..}

pe ouvteheoth 1. Enopéves, |4 #s, — Yhoy 2l < 025 4 laall < e

v x&de n > ng. Apo Him Y ) @y, = Im > ), @, xou, téhog, sz T, =
—+oo
k=1 Tjk -
Opwopdg 3.27Eotw X ydpos ue vipua ||| xar {x;|i € 1} € X drnov I elvar
éva un-kevé oUvodo OetkTdy.
(i) Av noapd Y, ||zi]| ovyrdive, Aépe éun Y, v ovykAiver anoddtwg.
(i1) Av o Iy = {i € I|x; # 0} eivar to moAV apiBunioo, n 3125 x4, ovykdiva
otov X ya kdOe aptdunon Iy = {i1,i2,...} ka1 o dOpowopa dev ekaptdrar and
ty aptiunon, téte Aéue éu n oepd ), x; ovyKkAiver xwpic tpotrodéoes.
Enopévwe, to teheutaio Yedpnua Aéel 6Tt oe yweo Banach, av pla oelpd ouy-
xAvel amohOtwe, ToTe ouyxAivel ywplc tpolnoléoelc.

3.2 Xpol UE ECWTERPLXO YIWOUEVO

3.2.1 Eowtepixd YIVOUEVO %Al VORUOL

Optowdc 3.28Fotw ypauuikds xapos X eni tov F ka1 ovvdptnon (-|-) :
X x X — F dote ya kd0e z,y,z € X kait kd0e k € F
(1) (x4 2ly) = (zly) + (z[y),  (kzly) = r(z]y)

(ii) (ylz) = (x]y)

(i4i) (z]x) >0

(iv) (z]x) =0 av kar puévov av x = 0.

H ovvdptnon (-] ) ovoudletar eocwtepikd yrvéuevo otov X.
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_ Anb e (i) xou (ii) ouvendyeton 6T (zly + 2) = (z]y) + (z[2) xou (z|Ay) =
Az|y). Av cuvdudooupe dha auTd TElpVOUPE TO YEVIXATEPO

ZHMHZ)\ZM =3 kri(aelw).
=1

k=11=1

Av F =R, 161¢, puowxd, magaheinovye 1o aluoho tou piyadixolt culuyolc
and 6Aa Tor TponYoUpEVa, ool A = A yia xade A € R.

Oevpnpa 3.21(Avioétnta tov Schwarz) ‘Eote X ydpos pe eowtepikd
yivéuevo (-|-). Téte

|(@ly)]* < (z]2)(yly)

yia kdBe z,y € X. H aviodtnza avty toylel o§ todétnta av Kat H6-
vov av éva and ta r,yYy €ivai moAAamAdoio Tou dAAovu.

Andédedn: Av x = 0, t6te ag’ evic (0/0) = (0ly) = 0, ondte N aviodtnTa Loy Ve
we woTnTa, ag etépou 0 = Oy xou o 0 elvor tohhamhdowo tou y. Apxel, emouévoc,
v utovéooupe 6Tl x # 0.

INo xéde k € F éyouye

0 < (kz+ylrz+y)
= (z|2)|s[* + 2R((z[y)x) + (yly)

) (z]y) (z|z)(yly) = |(zly)?
’ zlz) (x|x)’ + (z]z)

Tapa Yétovye k = —é;ﬁ;g; xot Peloxouvye (z|z)(yly) — |(z]y)|* > 0.

Av 1 aviednTa toylel we wétnra, (z|z)(yly) = |(z]y)|?, téte pe v Bl
emhoYH Y1 T0 K €youye (— Ez“y) z+y|— (mly) ; x+y) = 0 xou, enOpévVLC, Y = (il‘z; T

onoTE To ¥ €lvol TOAATAAOLO TOU T.

Av, avtiotpbpwe, y = Kk Yo xdnow K € F, téte |(x|kx) |k]?(x]x)? =
(z]|z)(kz|kz). Opolwe, av to x elvor TOANATAEGLO TOU Y, TOTE 1 AVLeGTNTA Loy VEL
we Lo6TNTOL.

2 =

Hoapotnpolpe 6t 1 WbTNTA (1v) TOU ECWTERXOD YIVOUEVOL YpnoLhomothOnxe
pévo yio Ty mepinTwon g L.odTnTac oty aviobTnTa Tou Schwarz.

Eivoalr ypfoipo vo yvepilouue 6tL 1 avicdtnta tou Schwarz toyxOet
Yia k&Be ouvvéptnom (-|-) n omoia Lkavomoiei Tig tdLéTNTES (7)), (i4)
kot (i44) TOL E0WTEPLKOV YLVOUEVOU.

Opowdc 3.29E0tw X xdpos pe eowtepikd ywvdpevo (-|-). Opilovue ||z|| =
V(z]z) ya xdde x € X. H ovvdptnon ||-|| : X — R§ Aéue 6u efvar n vépua

TOU €MAYETAL ATO TO EOCWTEPLKS YPIVOUEVO.

Meértaon 3.22H ouvvdptnon ||-|| : X — R mov pdlis oplodinke etvar vépua
otor X.
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Anéoa&n: T xdde 7,y € X éyouue |z +y|* = (z+ylz+y) = (z|z)+2R(x]y) +
2 2 2
(yly) < (@) +2+/ (@lz)y/ (ly) + (yly) = 21" +2 [ lyl+lyl™ = (=l +yll)"
Apa [l +yll < [l + lyll
Ot unéhoinec WBLoTNTES TN VopUAC anodelxviovTaL TOAD e0xoNA.

H vépua ||-]| n onolo Yo epgpavileton otn HEAETN ag TV WBLOTATWY EVOS YWEOU
pE ecwtepxd yvouevo (-|-) Vo elvon 1 vépua oL ETEYETAL ONO TO ECWTEPIXOG
YWOUEVO.

Enopévac, xdle yopoc e eowtepind YIVOUEVO Elval Y(DPOC UE VOPUOL Xall, WS
ex T00TOU, HETEIXOSC YWPOC.

Mgéracy 3.23FEotw X xdpos pe eowtepikd ywduevo (- |- ). Tdre n ovvdptnon
(1) : X x X = F elvar ovveyris oto X x X.

Andoadn: |(zly) — (@'|y)| < |zl ly — o'l + lyll = = 2| + llz = 2"l lly — /[l vt
xdde x, 2’ y,y' € X.

Optopdc 3.30FE0tw X xdpog pue eowtepikd ywvduevo (-|-). Av o Y elvar
ypapkos vrdywpos tov X, téte o mepiopiouds tov (-|-) oto Y X Y amotedel
€0wTEPIKS Yvouevo otor Y kar 0 Y e avtd To €0wTepikd yvouevo ovoudletal
vréxwpog Tov X.

3.2.2 loopetpleg

Opowde 3.31FE0tw X, Y xdpor pe eowtepikd ywvdpeva (|- )x kar (-|-)y. Av
urdpyer 1-1 kar ent ypappukds tedeotric T : X — Y dore (Tx |Tz)y = (] 2)x
yia kd0e z,z € X, tére o T ovoudletar 1oopetpia tov X ue tov Y, Aéue du o

X etvar iwoopetpikdg pe tov Y kai ypdpovue X ey,

H oyéon tnc wopetploc elvon, mpogavae, oyéon woduvaplac. Q¢ cuvhdocg,
T T{oVUE B0 LGOUETEXOUC YWPOUS UE EGWTEPIXS YIVOUEVO.

IMegétaoct 3.24FE0tw X, Y ydpor ue eowtepikd ywiueva (-|-)x xar(-|-)y kai
avtiotores vopues ||-|| x kat ||-||ly. Emions, éotw 1-1 ka1 eni ypappkés teAeotnis
T:X =Y. Téte o T eivar wopetpia av kar pévov av ||Tx||y = ||z||y ya kdOe
reX.

Anédatn: Av o T ebvon wopetpla, 6t |Tzlly = /(T2 |Tz)y = /(z]|2)x =
[l x-

Avuotpbdguc, éotw 6u [|Tz|y = ||z| ¢ yia xdde 2 € X. Téte yio z,2 € X
. 2 2 2 2 2
éxove [|Tzlly +2R(Tx |T2)y + | Tzlly = T (z + 2)lly = |z + 2l[x = llzllx +
WM(x|2)x + ||z % Apa R(Tz|Tz)y = R(z|2)x yia xdde z,2 € X.

Av F =R, t6te (T2 |T2)y = (z]2)x vy xdde x, 2 € X.

Av F = C, 16t ¥¢toupe ix ot Yéon tou x xou nabpvovue ( Tz | Tz )y =
(x| 2)x xou, emopévee, (Tx|Tz)y = (x| 2)x vy xdde z, z € X.

Apa évac T elvon LoopeTEld YDOPWY WEC TPOS TO ECWTEPLXO TOUC YLVOUEVO OV XalL
pévov av elvan LoopeTtpla TwV BV YOP®Y W TEOC TN VOpU TOUC.



3.2. X(POIME EX(TEPIK O I'INOMENO 89

3.2.3 H opolopoppn xuptdInIA TNS VOpRIS

Iebrtaom 3.25(Tavtdnta tov Iaparnloypdujov) Eotw X ydpos e eowmte-
piké ywiuevo (- |-). Tére

2 2 2 2
l+yll” + llz = ylI” = 2 [« + 2|y
yia kd0e x,y € X.

Oedpnua 3.22H vépua n onoia endyetar and €0wTEPLKS YL VOUEVO
€ivatL ouoLduoppa KVPTY.

Andéden: Ayeon and TNV TAUTOTNTO TOU TORUAANAOYEIUUOU.

Oedpnua 3.23'Eote X ydpos ue €oetepikd yLvéuevo kat K mAnpes
kat kKupTé umooUvoAo tou X . Téte yia kdbe x € X vmdpyet povadikd
yo € K dote || —yo| =inf{||z —y| |y € K}. ErinAéov, toxber 6TL

R(y —yolx —yo) <0 yia kdbe y € K.

AnéoeiEn: H Onapdn xon 1 povadixdtnta tou Yo elvan duecT) cUVETELL ToU OewpEn-
patog 3.18.

‘Eotww tuydv y € K. Tote yraxdide t ye 0 <t < 1 éyovue ty+ (1 —t)yo € K,
OToTE

A

2 2
lz =yl < |lz—(ty+ (1 —1)yo)ll

2 2
= |z —yoll” — 2tR(y — yolz — vo) + > |y — vol|” -

Apa R(y — yolz — yo) < Sty — Yol yio x&de ¢ ue 0 < ¢ < 1 %o, nodpvovac
6pro btav t — 0+, Beloxoupe R(y — yolr — yo) < 0.

3.2.4 Xdupou Hilbert

Optowdc 3.32FE0tw X xdpos e eocwtepikd ywvduevo (+]-). O X ovoudletar
xwpog Hilbert av eivar tAnpng.

Opowde 3.33%¢ ypappuxd xdpo X pe dim(X) < +oo, majprovue onoadimote
Bdon {b1,...,b,} ka1 opilovue eowtepikd yvduevo ue timo

(zy)e = 2171 + - + 2, Yn
yia kd0e x = x1by + -+ + Tpbpn,y = y1b1 + - + ynby € X.

Opopdg 3.34%wor 12 optlovue eowtepikd ywvdpevo pe timo
+oo
(2[y)2 = Z z;jYj
j=1

yia kde x = (11, 22,...),y = (y1,y2,...) € [2
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Optopdeg 3.35%wor L2(Q, X, i) optlovje cowtepird yvduevo ue tomo
(Fla)e = | F(eaTa) dula)

yia kdOe f,g € L2(Q, %, u).

Eivou mpogavég 6t oe xadévav and toug Teelg autols YOpous To ECWTEPLXO
ywvéuevo mou oplodnxe endyel Ty avtiotowyn 2-vépua. Erniong, nopatnpolue 61
n avioétnta tou Schwarz etvor 1 avioétnta Holder pe p = ¢ = 2.

Ocwpnpa 3.240. yépo. memepacuévns didotaons, o [? kat oL xdépor
L?(Q,%,u) €ivar ydpot Hilbert ue to €cwtepikd yLviuevo (-|-), mou
endyet tnv 2-vépua.

Anéoein: pogavhc.

Oedpnua 3.25(Arjpwon xépou ue eowTepLkd yLvouevo) I'ia kdBe ydpo
X pe eowtepLkd yLvduevo umdpyet ydpos Hilbert X éote 0 X va ei-
vai mukvos UMSY®EoS Tou X. _

dv 0o X éxeL TS ibies 1dL6TNTES pE TOV X, vndpye. Loouetpia
Tov X ue zov X 1ng omoiag o mepiopiouds otov X eivat 1 Tavzoti-
kN ametkdévion Touv X.

AndédeiEn: Av ||| ebvow 1 voppa Tou X mou endyeton and To EGWTEPIXS YIVOUEVO
(-]-) Tou X, yvwpilouue b1 undpyer ydeoc Banach X ue véoua ||| dote o X va
elvon TuxvhE UTEYWEOC TOU X. Anopével vo emeXTEVOUPE TO ECWTERIXS YIVOUEVO
(+]-) tou X o€ ecwtepixd ywopevo (-|-) Tou X, dote n |- v endryeton and o
1)

T toydvia 2,y € X malpvouye {,} xon {yn} otov X ue z, — = xou
Yn — Y OTOV X. Ebvau €0x0ho va deloupe 611, eneld”| autéc ol axolouvdiec elvon
axohoudiec Cauchy, n {(zn|yn)} ebvoar axoloudio Cauchy oto F xo, enopévoc,
€yet 6plo oo F. Eniong, anodewvioupe 6, av {x],} o {y),} eivan otov X xou
z! — x xou y, — y otov X, t6te lim(z, |y),) = lim (@ |yn). Apa oplleton xohde
%0 (aly) = lm(zn|yn).

‘Ohec ov WBLOTNTEC TOL ECWTEPOL YWOUEVOU amodewviovTon edxola. [
TapddeLryua, €0Tw OTL T € X xau (z]2)= 0. Tére, we {xn} otov X xou z, — x,

éyoupe 0 = (z|2) = lim(z,|2n) = lim ||z, ] = lim ||2,][ 2 = ||z]["2 %o, enopév-
we, x = 0.
duoixd, o (Bloc utoloyloude anodewxvie 6t 1 ||| endyeton and to (+]-)-

Téhoc, 1 wouetpla ywpwVY Pe vopua Tou Yvwpllovue 6Tl UTdpyEL aVAUEGA G-
Toug X xou X elvar, cOugova pe tny Hpdtaon 3.24, iooyetpla YdpwV PE EOWTERIUO
YVOUEVO.

Oplopdg 3.364v 0 X elvar xdpos e eowtepikd ywviuevo, kdle xdpos Hilbert
X pe wnp didtna o X va eivar nukrés vndywpos tov X ovoudletar mAfjpwon
tov X oe xwpo Hilbert .



3.2. X(POIME EX(TEPIK O I'INOMENO 91

To nponyoluevo Yedpnua Aéel 6tL onotecdhnote mAnpooec tou X elvar t-
copetpwxol ydpol Hilbert xau, enoyévee, cuvidwe avagepdbuacte oty Thpwon
tou X ot ywpo Hilbert .

3.2.5 KadetotnTta

Optowdc 3.37Eotw X xdpos ue eowtepikd ywduevo (-|-).

(i) Ta z,y € X ovoudlovrar kdPezra av (z|ly) = 0. X" avtriy v mepintwon
ypdgoupe zly.

(13) Aéue 6t To x € X etvar kdfero oto S C X av xly yua kdle y € S.
I'pdgpovue LS.

(i1i) Aépe du ta S, T C X etvar wddeta av x Ly yia kdle x € T ka1 kdley € S.
I'pdpovue T LS.

Igétacr 3.26Fotw X xdpog ue eowtepikd yvduevo (-|-).

(i) Ia xd%e x € X 1wxVe xLlx av ka1 udvov av z = 0.

(17) Av xly, tdre yLlu.

(131) Av tox € X efvar kdOeto ve kdnoa otoyeia tov X, tdte elvar kdOeto ka1 o€
kdOe otoryeio to omolo efvair 6p1o YPauMIKDY TUVOVATUGY AUTAY Twy OTOElwy.

AnAadry, av x LS, tére xLcl(< S >).
Anddeén: "Aoxnon.

Optopdc 3.38E0tm X ydpos e eowtepikd ywvduevo (|- ) kar un-kevé S vn-
oovrolo tou X . Opilovue

={z € X|axLly ya kdOe y € S}.

Meétacy 3.27Fotw X ydpos e eowtepikd ywvduevo (-|-) kar un-xevd S, T
uroovroda tou X .

(i) To S* etvar kdewrtds vrdywpos Tov X .

(i1) cl(< 8 >) € (§+)*.

(i4i) Av S C T, tdee TJ- c St

(iv) [cl(< S >)]* =S+,

AnéoeiEn: ‘Aounon,.

Oedpnua 3.26 Eote X xdpos ue €00TEPLKS YLVEUEVO, TANPNS UTSY®-
pos Y touv X kaiv Tuydv x € X. Téte
(i) undpxet povadixs yo € Y ue [ — yoll = infyey |z — y|
(i4) via 7o yo Tou (i) toyler x —yo LY
(i4i) o x ypdpetar pe povadikd Tpdmo T = yo+zo0 M€ Yo €Y kar zpLlY.
(iv) X =Y +Y"+ kae YNY+ ={0}.
(v) Y = (Y4)E.

Av o X eiva. ydpos Hilbert, téte Ta mponyolueva Loylouv yia
kdBe kAeLoté undywpo Y Tou X.
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Anddeaén: (i) To Oedpnua 3.23.

(i7) Ané 1o Oedpnua 3.23 €xovue 6t R(z — yoly — yo) < 0 vy x¢de y € Y.
O¢toupe y + Yo ot Yo tou y xou nabpvouge R(z — yoly) < 0y xdde y € Y.
Octovtac —y otn Yéon Tou y, nafpvouvue R(z — yoly) > 0 yia x&de y € YV xou,
enopévac, R(x — yoly) =0y xdde y € Y. Av F = R, t61e (z — yoly) = 0 vt
e y € Y. Av F = C, Vétovroc iy otn Yéon tou y madpvouue Sz — yoly) =0
Xa, ETOPEVLS, (T — Yoly) = 0 vy x&de y € Y. e xdde neplntwon, ¢ —yo LY.
(i) Av zo = —yp, 0te x =yo+ 2o xnt 20 LY. Avez =y1+ 2z uey1 €Y
xowz1 LY, 1618 20 — 21 = Y1 — Yo € Y NY L, ondre (20 — 21]20 — 21) = 0. Apa
Z0 = 21 XA Yo = Y1-

(iv) To X =Y + Y1 pbhic anodeiydnxe o, av 2 € Y N YL, té1e (2]2) = 0,
onote z = 0.

(v) Tvwpilouvue %3 6Tt Y C (Y 1)L, Botw z € (Y1), Tpdgoupe x = yo+ 20 ue
Yo € Y xou 29 LY, ométe xLzg (apol zg € Y1), Anéd o vl 20, yoL 2o cuvendyeton
o 29 = xo — Yo L 2o xon, enopévee, zo = 0. Apaz =yp € Y.

To (v) Tou teleutaiou Yewpruatoc JTUTMVETHL LWodlvapa: av o Y elvot
TAY)PNG UTOXWPOC XOPOV ME E0WTEPLKSO YLVOpEVO, TOTE kK&Oe oTOLXELO
Tov e€ival kK&BeTo o OAa To oTolyxeia Mou €ival kK&Beto otov Y avi-
KeL otov Y.

Oedpnua 3.27Av o X eivar yépos Hilbert, téte yia kdbBe un-kevéd
S C X woyver cl(< S >)=(SH)*.

Anddeaén: Egapudlovye 1o nponyoduevo Yedpnua ye Y = cl(< S >).

To televtalo Yedpnua diatun@vetar Loodivaua: av to S eival pPn-kevd
untooOvoAo evég y@pov Hilbert, téte kdbe otoLxeio mou eival k&beto
oe OAa To oTolyeEia TMOu eival k&beto oto S mpooeyyilETHUL AMEPLOPL-
T WE YPOUHLKOVE ouVBLaTHoUE oToLxEiwy Tou S.

3.2.6 OpYoxavovixd cOVOAa

Optowdc 3.39F0twm X xdpog pe eowtepikd ywiuevo (-|-) kar enayduevn vépua
Il ket A € X. To A ovoudletar opBoydrio av a # Oy kdle a € A kar
(ala’) = 0 ya kdOe a,a’ € A pe a # d'.

To A ovoudletar opBoxavovixd av |lal| = 1ya ke a € A kai (ala’) =0 ya
kdOe a,a’ € A ue a # a'.

Eivor mpogavéc 6t xdde oploydvio oclvolo A yetatpéneton oe opdoxavovixd
A = {||Tl|| ala € A}.

Opwopdg 3.40E0tw X xdpos pe eowtepikd ywvduevo (-|-) kar opYokavorvikd
otvodo A C X. To A ovoudletar mazimal opBokavovikdé ovvodo oro X av
Oev vrndpyer opUokavoviké avrvolo yvrioia peyaritepo and to A.

To A ovoudletar opBoxavoviky Bdon tov X av cl(< A >) = X.
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Me &\ha Aoy, to opYoxavovixd cbvolo A elvon maximal av dev undpyel
x€ X yez #0xuzlA Enlong, to A elvon oploxavovixn Bdon av xdde z € X
npooeyylleTon anepldploTa and Yeauutxols cuVBLACUOUS oToLyElwY Tou A.

IIgétaocm 3.28X¢ ywpo pe eowtepikd yvduevo kdle oploxavovikn Bdon eivai
mazximal opoxavoviké ovodo.
Ye ydpo Hilbert kdOe maximal opOoxavoviké ovvodo eivai opOokavovikiy Bdon.

Andbaén: 'Eotw opdoxavovixr don A tou ywpou X e ecwtepnd yvbuevo (-|)
xou emory@uevn vépua ||-|]. Av undpyer x € X pe z LA, téte zlcl(< A >) =X,
ondte Lz xou, enopévee, = 0. "Apa 1o A elvar maximal opoxavovixd clvolro.

Eotw 61t 0 X elvan ydpoc Hilbert xou to A elvar maximal opdoxavovixé
oUvoho. Oewpolue TOV XAeWOTO UTOYWEO Y = cl(< A >) xou malpvoupe Tuy6v
x € X. T'pdpouye = = yo + 20 Ue Yo € Y o 29 LY. Téte 29 LA o, enoyévoc,
20 =0. Apa z € cl(< A >).

Ochpnua 3.28(d0e ydpos X # {0} pe eowtepikd yLvéuevo éxyer mazi-
mal opBokavoviké oUvolo kai kdbe ydpos Hilbert éxye. opBokavoviki
Bdon.

Av K e€ivai. opBokavoviké oUvodo otov X, TéTe TO maxzimal opBo-
kKavovikdé oOvoAdo B n opBokavovikn Bdon umopolv va e€miAeyolv doTe
va meptéyovv o K.

Anddan: Eotw X y®poc pe ecwtepnd Yvépevo (+|-) xou enayduevn vopua ||-|.
Symuatiloupe ™ cuhhoyr A pe otouyela dAa T opdoxavovixd uTocOVola TOUL
X 7 ta opoxavovixd cOvoha mou mepéyouy to K, av to K Yewpelton dedoyévo.
Av a # 0 elvar Tuy6v otoyelo tou X, téte 10 {ﬁ a} eivar ototyeto tng A A, av
10 K eivan 8edouévo, o K eivon otoiyelo e A. Oewpolue otnv A 1 Sudtadn
ToU eYXAElOUOl ot TalpVOUPE OToLBHTOTE OAXE SateTayuévr unoculloyy C.
Opiloupe 10 Ay = U{A|A € C}. Kdéde a € Ay avixer oe xdnowo A € C xw,
enopévac, |la|l = 1. Av a,d’ € Ag o a # d/, t61e undpyouv A, A’ € C dote
a€Axawa €A Taa,a avixouv oe éva and ta A, A, onéte (ala’) = 0. Apa
Ap € A xa, tpogoavee, elvan dvo-gedyua e C. Bougova ye to Afjuua tou Zorn
undpyel maximal otouyeio e A.

Oedpnua 3.29(Avioétnta Bessel.) 'Eote ydpos X pe eowtepikd yi-
véuevo (-|-) kav emayéuevn vépua ||| xat opbokavoviké obvoro A C X.
T'a kdbe x € X LoyveL

> lala)® < [lalf®

acA
Anddaén: Oewpolue onowdhnote nenepacpévo {ai,...,an} C A xou opllouye
n , , . . ,
wz=x—y ,_(x|ar)ar. Tote yio xdde j ue 1 < j < n éyoupe

n

(zlaj) = (z|ay) Z zlax)(akla;) = (z|a;) — (z|a;) = 0.

k=1
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Omnére

n

z—|—Z(x|ak)ak

k=1

2 2
201 + > elaw)[? faxll

k=1

> > [l

k=1

n

Yougwva pe tov Opioud 3.24, cuverdyeton >, 4 |(#a)? < [E

Oedpnua 3.30(F.Riesz, Fischer ) "Eote ydépos Hilbert X ue eow-
TepLkd yLvéuevo (1) kai emayduevn vépua ||-|| kar opbBokavoviké ov-
volo AC X.

T'ia kdBe ovvolro {ky € Fla € A} pe >, o4 |kal® < +00, n oecipd
EaeA Kq @ OUYKALVEL Ywplig mpoUmoBéoeig otov X. Av x = ZaeA Kaq @,
ToTE
(i) (z|la) = ke yvia kdBe a € A,
(i) [l2]” = Yoea lral* xa
(ii1) (2ly) = D qca Fa(yla) via kdbe y € X.
AndédeiEn: Armo tnv Ipbtaon 3.21 éyouue 61t 10 Ag = {a € A|k, # 0} eivan
10 oAU apiiufiowo. Oewpolpe onowdhnote apldunon Ay = {a1,as,...}, ondte
>aca lkal® = Efﬂvzl |ka,|?, 6mOu N = card(Ap). Kot' apyhv umodétoupe 6T
N = +o0.

Av 0€60UPE 85, = D p_y Kay Gk, Yiot X80E 11, m ue 1 < m €YOVYE ||y, — snll® =

HEZ;HH IiakﬂLkHQ = ZZL:n_H |Kay|> — 0 étav n,m — +oo. Apa undpyer x € X
Gdote s, — o AMDH = S Kaar. Enlong, mpogavie, @ € (< A >)
o (xa) = lim(s,la) = im0, Kay (ar]a) = S35 Kay (agla) = ka yio xde
ac A

Av Yewpricoupe onowdhnote dAAN apldunon Ag = {a, as, ...}, téte UndpyEL
ik to 2’ = SO0 Kopay, € X xau 2’ € c(< A >) pe (2|a) = Ko v xdide
a€A Torex—a €c(<A>)xuzx—2a'Lld(<A>) (agob z—x'LA). Apa
z—2' = 0 xu, enopévwe, To ddpotopa tne oelpdc dev eZaptdton and Ty apldunon
tou Ag. Enopévec n oelpd D 4 Ka a ouyxAiver ywplc npolnodéoeic otov X xau

—+oo
DiacAa @ =T =3 k) KayOk-

D xde y € X éyoupe 6t (zly) = lim(sply) = Umd> ) | ke, (arly) =
EZ:; Kay (ak|y) = sz Ka, (Ylar) = D qca Fa(yla), apod 1o anotéheoya dev
eCoptdron and v aplunon tou Ao.

Avth ebvon ) wodtnta (497) xou, Yétovtac y = x, madpvoupe v (i7).

H megintwon N < +o0o elvon tehelwe oToLyet@dng.

Optowdc 3.41Fotw X xdpos pe eowtepikd ywduevo (+|), A opOoxavovikd
otvolo ovov X karx € X. Or apiuof (z|a) ovoudlovrar ovvredeotés Fourier
Tov x kar n oepd Y. 4(x]a)a ovopdletar oerpd Fourier tov r wg mpog To A.
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Oeopenua 3.31°Eote ydpos Hilbert X pe eootepikd yivéuevo (-|-),
enayduevn vépua ||-|| kar opBokavovikri Baon AC X. Téte yia kdbe
r€X n oelpd EaeA(,ﬂa)a ovykAiveL ywplg mpoUnoBéoeits otov X kat
(1) =2 4ealzla)a,
(i) ||2l|* = Cpen (o) ras
(ii1) (@ly) = Ypen(@la)(yla) 7ia xdbe y € X.

0. 6Vo teAevtaies Lodtnteg ovoudlovtatl tavtdtntes Parseval.

Améoeign: Ané ta 500 tponyolueva Yewprpata éyoude 6T 1 oepd Y o 4 (x|a) a
ouyxhiver yopic mpolnodéoeic otov X. Av ¥éoovue 2’ = ) . 4(7|a)a, toTE
(@'la) = (z]a) yw xddec a € A. Enopévwe x — 2/ LA xou, eneldh 1o A ebvou
maximal opdoxavovixé olvolo, cuvendyeton ot & = x'. Apox = > 4 (z]a)a
xou ot (1), (i44) mpoxdnTOUY and 1O TPONYOVUEVO JEDETUAL.

3.2.7 OpYoywvieg npofoiég

Optowdc 3.42FE0tw xdpos X e eowtepikd yvduevo (+]-) ka1 vrdywpos Y tou

X. Av vndpyer vndywpos Z ¢ote

() Z+Y =X xa ZNY = {0}

(5) ZLY

Tote 0 Z ovopdletar opBoydrvio ovunAnpowua tov Y kai Aéue dti o Y éxer
opPoywrio cvumAjpwua.

Ipogavae, av o Z elvon opfoydvio cuuniipwua tou Y, téte 0o Y elvan op-
Yoyhvio cuumAfipnua Tou Z.

IMeétaoct 3.29F0tw ydpos X pe eowtepikd ywviuevo (+|-) kar vrdywpos Y tovu
X. Av oY éyer opBoydvio ouumAipwpa, téte o Y elvar kAeiotés kai to opBoydvio
ouumAfpwid tou efvar o Y.

Andédedn: Eotw 6t undpyel undywpoc Z dote Z +Y = X, ZNY = {0} xa
Z1Y. Avn {yn} ebvon otov Y xou y, — x € X, ypdoouue © =z +y ue 2 € Z
xu y € Y. Téte (z|z) = lim(z]y,) = 0 xou, ened” (z|y) = 0, ovvendyeton ot
(z]z) = (z|z) — (z]y) = 0. Apa z =0 xw xz = y € Y. Enoyévwc, o Y elvar
XAELOTOC.

Eivou mpogavéc 6t Z C YL [Tofpvoupe Tuydy o € Y+ xa to YPAPOUUE
r=z+ypczeZxuyecY. Téte zLlY xaw z LY, onéte y = — 2LY. "Apa
y=0xwz=z€Z.

IMedrtaom 3.30Kd0e mArjpng vndywpos Xdpou pe eowtepikd yvdpevo kal kdde
KA€10TS undywpos xapov Hilbert éxyer oploydivio ouumAnipwpa.

Anddedn: Ayeon and 1o Oewdpnuo 3.26.

Opwopbg 3.43E0tw ydpos X pe eowtepikd yvduevo (¢]-) kar vidywpog Y tou
X pe optoydvio ovumdiipoua Y. Opilovue ouvdptnon Py : X — X e timo
Py(z)=y,drovr =y+2z peyeY ka2 € Y+,

Yuppetpikd, optletar ka1 n Py : X — X e tono Pyi(z) = z.

H Py ovopdletar opBoydrvia mpofoAn tov X orov Y.
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Megétacy 3.31FEoww ydpos X pe eowtepixd ywviduevo (-|-) kar vrdywpos Y tov
X e opfoydvio ovumdAdpwua Y. Tére

(1) Py,Py: € L(X,X) kot R(Py)=Y =N(Py.), N(Py) =Y+ =R(Py.),
(2) PyPy = Py Kat PpryL = PyL,

(3) Py + Py1 =1 ka1 Py Py1 = Py Py = O, énov I eivai o tavtotikds teAeotris
tou X ka1 O efvar o undevikds teAeotns tov X.

Anddeén: Aoxnon,.

IMeétaocm 3.32FE0tw xdpos X pe eowtepikd ywvduevo (-|-) ka1 mArpng vrd-
xwpos'Y tov X, ondre oY éxer oplokavovikr) Bdon A kai opBoyddvio ouutAnpmua.
Tére ya kdle v € X 1w0yvea

Py(x) = Z(x|a) a.

acA

Anédatn: Avr € X, ypdgovye x = y+2zuey € Y xau 2 € Y. Egupuélouye o
Oedpnua 3.31 otov Y xau nadpvouye Py (z) =y =3, ca(yla)a =", 4(z]a)a,
agot (yla) = (zla) = (z|a) = (z]a).

3.2.8 AiaywpelolhotnTa

Oevpnpa 3.32(E. Schmidt) 'Eote Sitaywepioiuos ydépos X ue e€owtTe-
pLKS yiviuevo kat dneipn Sidotaon. Téte

(1) o X éxet apiBunoiun opBokavovikn Bdon kai kdBe opBokavoviki
Bdon Touv X €ivat aptBunoiLun,

(2) av o X eiva. ydpos Hilbert, téte o X €ivair LOOUETPLKES MUE
zov 2.

Anddaén: (1) 'Eow A = {a1,as,...} éva apripfiolo nuxvd utocivoho tou X.

Av C eivan onoodrinote opdoxavovixd clvoho ctov X, téte yio xde ¢ € C
Vewpolue tn undia B(c; 4) X0l THPATNEOVUE OTL oL umdheg awtég elvan avd 800
&évee. T xdde ¢ € C urdpyer a € AN B(c; 4) OpiCetan, Aowndy, cuvdptnom
C 3 cr—a€ Anonolaelvar 1-1. Apa to C elvar 0 oAb apriuriowo. Av, emt-
nhéov, 1o C elvon opBoxavovixt| Bdon tou X, téte elvon apriuriowo. Awpopetixd,
Yo Atav C = {c1,...,¢n}, ondte 10 X = cl(< {c1,...,cn} >) =<{c1,...,cn} >
Yo elye nenepoaouévn Sidotaon. (Xenowonoolue 1o 6Tt xdde UTOYWEOC TETEPUO-
pévne dudotaong elvan xheloToC.)

‘Eotw n1 0 eNdytoT0C QUOLXOC BOTE ay, 7# 0. Katomy, éotw ng o eNdytotoc
QUOXOC WOTE TO Ap, VO UMY EVAL TOMNAATALGLO TOU Gy, . BUVEY(LOVTaC ETaywYXd,
av €youpe Bpel ta Ny, ..., NE_1, E0TW Nk 0 EAIYLICTOC QYUOLXOC WOTE TO Ay, OEV
elvon ypoputxde cuVBLAGUAS TWV Ay, -« -, Gy, - AV aUTA 1) Sladixacio otopath-
oeL o€ xdmolo oTddlo, 16Te Umdpyer N ®OTE OAd TA aAn41,. .. Ebvon Ypouuixol
ouvduaopol Twv ai,...,any. Tote, duwe, xdde otoiyelo tou X mnpooeyyileton
aneptoplota pe otouyela tou {a1,...,an} | yeouuuxolc cuvduaouolc GToLElWY
ou. Anhadr, X = (< {a1,...,an} >) =<{a1,...,an} > xo, enopévewe, o X
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€yl tenepacyévr didotaon. Auté elvan dtono, ondte dnuLoupyoluE to aptdurioo
oOvoho B = {an,,an,,...} C A.

Emedn xavéva an, dev ebvar yoaupixdg GUVOLIGUOS TWYV Qpy ;- -+, Gny,_;, OUVE-
ndyeton 6Tt o B elvon ypopuixd aveEdptnto.

‘Eotww tuyév © € X xou € > 0. Tote undpyet a; € A dote ||z —aj| < e
Téte undpyer k£ dote j < ng, ondte T0 a; eivar YPAUUIXOS GUVOLACUHS TV
Qpys - Qny_y - Apa T0 TUYXGV T TpoceyYileton aneplbplota and Ypouixolc GUV-
duaopole otouyelwv tou B xot, enopévee, X = cl(< B >).

Xdpw anhotnrac, ouuBorilovye by = ay, .

Oplloupe ¢1 = mbl, ondte < {c1} >=< {b1} >, xa éotw 6L €youye
oploeL ta ¢y, ..., cp—1 Wote 10 {c1,...,Cp_1} v ebvor opoxavovixd clvolo xat
< {01, R 7Ck—1} >=< {bl, R 7bk—1} >.

Av oupPoricovye M1 =< {c1,...,c6-1} >=< {b1,...,bk_1} >, t61€

b My, ondte by — P, . Covye ¢ = ———r (bp — P
k & My, onbre by — P, # 0. OpiCoupe o = m—p 7 (bs — Par,,)
xou €YOUPE OTL To ¢ ebvar xdeto otov My_y pe |ex|| = 1. Enlone, o ¢
elvon ypouuixdg ouvbuaouos Twv by, ..., by o 1o by elvan ypauuxdg cuvdua-
OUOC TV €1, ..., C;. Enopévece 1o {c1,..., ¢} evar opdoxavovxd cOvoho xou
<{er, .. e} >=<{b1,...,bg} >.

Ebvar gavepd 61t dnuovpyeiton to olvoro C = {cy,c2,...} T0 onolo eivou

opYoxavovixd xou éyer Ty Wibtnta < C >=< B >, ondte X = cl(< B >) =
c(< C >). Apa 1o C elvan aprdurowun opdoxavovixr, Bdon touv X.
(2) Eow C = {c1, ca, . . .} opoxavovixy| Bdomn tov X. Av z € X, t61€, olupwva
ue w0 Oedpnua 3.31, 3755 [(#]er)|? = ||lz]|* < +oo, onbre opiletan 1 cuvdETON
T:X —I? ye timo

Tz = ((z]e1), (#]c2), .. .)

v xdde z € X. Eivou ebxoho va dolue 6t o T elvon ypouuixde Teheothic.

Av Tx = Ty, t6te (z — yleg) = 0 yia xdde k, ondte x —y = 0, agod 0 C
elvar maximal opQoxavovixd cOvoro. ‘Apa o T elvon 1-1.

Av £ = (K1,k2,...) € [%, t6Te, anbd 10 Oewpnua 3.30 éyouvue 6Tt LTEPYEL
x € X dote (z|er) = ki i x&0e k. ‘Apa Tax = k xou o T elvow end.

O T elvou woopetpla, agol ||T:c||§ = ;:i |(z]er)|? = ||z°.

To teheutaio Yedpnua elvon apxetd yerowo, agod nollol xhacaixol yhpeol
Hilbert, 6moc ov L2(2, B(2),m) pe Q va eivon Borel-oGvolo otov R® xar m va
elvon to pétpo Lebesgue, elvar diaywpioiol.

3.2.9 Tpla napadeiypata opYoxavovixwy BAcewy

TMeétacn 3.33To ovvolo {e1, ez, ...} anotedel opokavorikry Bdon Tov 12

Andban: Tougwvo pe v anddeln e Hpdtoone 3.16, av C' = {ey,eq,...},
t61e cl(< C >) =12, To 6t 10 C elvor opdoxavovixd elvar mpogavéc.

Oewpolpe tov L?([—1,1]) wc mpoc tnv o-dhyeBpa B([—1,1]) xu o pétpo
Lebesgue m. Xopgpwva ye to Oewpnua 3.13, 1o C([—1,1]) elvar muxvd otov
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L2([-1,1]). Hpdyuart, nadpvouue f € L3([—1,1]) xow € > 0 xou Yétovue F = f
ot [~1,1] xu F = 0 oto R\ [~1,1]. Téte F € L?*(R), ondte undpyer G
1
ouveyhc xau pe oupmoyh gopéa o0 R wote ([g |G — F|?dm)? < e Téte o
neploptopde g e G oto [—1,1] elvon ouveyfic oto [—1,1] xou wavonoel v
1
(fil lg— f|?dm)? < e. Ané 1o Oedpnpa 3.11 cuvendyeton 6Tt max(_q,1) [g— P| <
1 1
€ Yl xdmolo mohudvuo P. "Apa, (fil |P — f|?dm)? < (fil lg — f]?dm)® +

1
(fil lg — P]2dm)? < e+ \/imax[,lﬁl] lg — P| < 3e.
Auté pac Mel 6T 10 oOvoro A = {po, p1,p2, .- .}, 6m0U pr(t) = tF, éyer v
Wotnta (< A >) = L3([-1,1]).
To A elvar, mpogavde, Yeouuixd aveldotnto xal, ENOUEVKC, UTOPOUUE VA E-
(opubooLUE T dadixacio oty anddeln tou Bewpruoatoc 3.32 xou va Bpolue
opYoxavovixd Bdon C touv L2([—1,1]) anoteholpevn and noludvuua. Yroloyi-

Couye 10 TpGTO oToLYElD TNC ﬁdcong Qo(t) = ﬁ}‘j(fﬁ)z = % Katomy Qq(t) =
P1(t)—(P1]Q0)2Q0 (%) \/715 Q _ p2(t)=(p2]Q0)2Qo (H)—(p2|Q1)2@1(¢) _ 1 \/E(3t2
[lp1—(P1]1Q0)2Qoll, lp1—(P1]1Q0)2Qo—(p21Q1)2Q1ll, 2V 2

—1) xou 001w xad’ eZfic. H ouyxexpévn opdoxavovins Bdon C = {Qo, Q1, ...}
€xeL dueomn oyéon Ue o xhacoixd tohuovupe Legendre,

1

21!

dn
dtn

IMopatnpotue 6t 0 P, efvor moAucdvugo Paduol n, Ue CUVTEAECTH UEYLOTO-

P, (t) = D™((#* —1)"), ue D" =

Bardutov 6pou o % xou 6Tty xdde k= 0,1,...,n—1 70 Dk((t2 — 1)”)
undevileton ota t = %1.

Av n < m, t6t€ 2" nlml(P, | Py)2 = fil D™ ((t2—1)") D™ ((#* —1)™)dt =

1 n n m— m n 1 n
_f,lD +1((t2 -1) )D 1((t2 —1) )dt = ... = (=1 +1 J;l D? +1((t2
D™D (82 — 1)™)dt = 0, xatémy Siadoyxdy oAoXANpGoEY XoTd Uépn
xo TapaTnedvTac Gti D2l ((t2 — 1)”) =0.

Me tov dto tpén0, 227 (n!)2(P,|Pn)2 = (—1)" f_ll D> ((#2=1)")(#*—1)"dt =

1 n 2271 (n))?
2n)! 1, (1 —?)"dt = TQ

Eropévae, av Q) = /n+ 5 L P,, t61€ 10 oOvoho {Qf, QF,...} ebvar opdo-
xavovixd xot ¥ Q7 éxel Badud n. Apa < {Qo,...,Qn}t >=<{Q5,...,QL} >
v x&9e n, ondte Qn = KnQ) + - + KoQf YLt xETOW Ky, ..., k0 € F. Tote
0=(Qnl@})2=rr yak=n—1,...,0 xou, enedh 1o Qn, Q} éxouv B vopua,
fon pe 1, ovunepaivoupe @y = Q. ‘Apa anodelloue 0
Ocdpnua 3.330 L3([—-1,1]) éxer o5 opbBokavovikij Bdon To obvodo
{y/n+ 3 P.|n€Ng}, énov P, eivai To n-o0té moAuvévupo Legendre.
Ta kdbe f,g € LQ([ 1,1]) toyver
(1) f= Zn o(”+ )(f|P )2Ps
@ |Ifll; = OO( )|(f|P) %,

(3) (flg)2 = 32,20(n + 3)(f1Pa)2(g]Pn)2
émou n oeLpd a'cr;v (1) ouykAivel og mpos Tn vépua tou L2([—1,1]).
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Eotw o yopoc L2(Qo) = L*(Qo, B(Qo), m), 6mou Qo = [0,1] x -+ x [0,1] C
R” o m elvon t0 yétpo Lebesgue.
Haipvoupe onowdfnote f € L2(Qo) xon Vétoupe F = f ot0 Qo xou F' =0 670
R™\Qo. Téte F € L*(R™), ondte undpyet G cuveyhc xou ue cuutayy| Qopéa oTov
1
R"™ wote (fRn |G—F|2 dm) ? <e. Avgelva o tepopiopdc e G oto Q, 1otEN g

elvon ouveync oto Qo xan (fQo lg — fI? dm)% < e. OewpoLye éva Ayo uixpdtepo
xBo Qp € Qo xou TN CLVEPTNON gQ,,Q, TOU CUVAVTACAUE TNV AnGOEEN TOU
1 1

Oewpriyatoc 3.13. Tote ([, 19— 99q0.q, > dm)? < (fQo\Q(, lg|2dm)? < e, opxel
o m(Qo \ Qf) va elvon apxetd wixpd. Enopévac, (fQo |f =990, |2 dm)% < 2e,
ondte n f npooeyyiletor aneprdpiota otov L2(Qo) ue ouvapthoe g1 = 99Q0.Q),
oL onoleg elvar ouveyelc oto Qo xou elvan loeg pe undév oto clvopo tou Qo. IV
auTéV T0 AOYO , 1 g1 EMEXTEVETAL w¢ ouvdptnon 1-teplodn we TEOC GAEC TiC
peTaBAntéc xou ouveyrc oto R™. Tnv enéxtaon ouvyPokriloupe, enlone, gi.

Tougpwva e o Oedpnua 3.12, undpyel exdetixd Toluwdvuo P @ote |g1(z) —
P(z)| < € yia xdde z € R™. Tére (fQo |P— f? dm)% < 3e.

"Apat T0 0OVORO TV EXVETIUGOV TOANUWVOPWY elvor Tuxvd otov L2(Qp). Anhady,
1 36T Yeouu 9Axn tou ouvéhou {e2m(kizitthnzn) | k€ 7 1600-
tow ye tov L?(Qp). Emedh to olvoho autd elvor o opdoxavovixd, €youpe
anodelfel To

Ocbdpnpa 3.34To guvoro {27l |k € Z"} eivar opBokavovikij Baon
otov L?(Qo). Tia kdbe f,g € L*(Qo) toxver:

(1) f _ Ekezn(f|ei27r(k|»))26i27r(k|») s

@) 11113 = Lrezn | (/e 2,

3 (192 = Spegn ([le? )Gl ,
énov n oeitpd oto (1) ouykAiver wg mpog TN vépua TOU LQ(QO)-

And e ogpéc ou avapépovtar oe auTd To VYepNUA TPOEpYOVTL Ol GPOL:
oelpd Fourier xoau ouvieheotéc Fourier. O Fourier yelétnoe tic oepéc autéc,
otny neplntwon n = 1, oe oyéon pe 10 tpdBinua diddoone tng Yepudntoc.

3.3 Tomuxd xuptol yweot

3.3.1 Tomxd xupth Tontohoyia

Oplopdg 3.44FE0tww X €vag ypaupikds xwpos €ni tov F ka1 P uia un-kevn
ovAdoyn nuwvopucy otov X ue tnr ididtnta: ya kdle x € X pe x # 0 vndpye

p € P dote p(x) > 0. Tdre, n P ovopdletar Sraxwpifovoa ocvAloyr) nuivopudv
otov X.

Oplopodg 3.45FEotww X évag ypaupikos yapos eni tov F' ka1 P uia diaywpilovoa
ouvddoyn nuwopudy otov X.
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Opitlovpe tn ovddoy NP g ormoiag ororyeta efvar dAa ta vrootvora U tov
X nov ypdpovtar U° = {z € X|p1(z) < e} N---N{z € X|p,(x) < €}, émov 0
ne€N, o1pi,...,pn € P karta €,...,e, >0 €elvar avlaipera.

Téog, opiCouue tn ovAdoyn Tp tng onolag otoiyelo efvar kdBe odvolo O e
v idtnTa: ya kde z € O vrdpya U® € NP dote x4+ U® C O.

Ieévaom 3.34Ectw X évag ypaupuikds yapos eni tov F' ka1 P uia diaywpt-
lovoa ouvddoyn nuvopudy otov X.

(1) Kde U° € NP mepiéyet to 0, efvar kuptd, woppornuévo kar anoppopd tov X .
(2) AvU?, ..., U € N2, tore UP N ---NUY, € NP.

(3) Kd9e U° € N} aviker oty Tp.

Anddaén: (1) Edxoho, agol xdde obvoro {z € X|p(x) < €} nepiéyet o 0, elvan
XUPTO, LOOPPOTNUEVO Xal amoppo@d Tov X.

(2) Tpogavéc.

(3) Eotww UY = {z € X|p1(z) < e1}N---N{x € X|pn(z) < €n} YEP1,...,pn € P.
Maipvoupe tuydy x € UY xou 6 = €; — pj(z) > 0y x80e j = 1,...,n. Oétouye
VO ={y e X|pi(y) < 1} N---N{y € X|pn(y) < 6,}, 0 onolo elvor oroLyeio
e NP, xou BAérovye etxoha 6tz + VO C UL, "Apa U € Tp.

Oedpnua 3.35 Eote X évas ypauuiksés xépos emi zov F kar P uia
Siaywepifovoa ouvAdoyn nuivopuév otov X. H Tp eivar n eddytoTn
TomoAoyia otov X ue TiLS L&L6TNTES:

(i) o X pe Tnv Tp eivar yépos Hausdorff,

(i) ov mpdEets +: X XX =X kar -: FXxX — X eivat ovveyeig,
(1i1) kdBe p € P eivar ouveyns.

Anddbaén: Eivou npogavéc 6t 0, X € Tp. Tdpa, éotw O1,...,0, € Tp. Tw
wy6v & € O1N- N0y, undpyouv UY, ..., U) € Np dote x+U;) C O; vy xdde
j. Ané v mponyoluevn tpdtaot éxouue 61 U0 = UP N ---NUY € NP xou téte
r4+U°CO1N---NOp. Apa O1 NN Oy, € Tp. Téhog, éotw C onotadhnote
uno-culoyh e Tp xaw O = J{O'|O" € C}. T tuydy = € O undpyer O’ € C
wote z € O, ondte urdpyer U° € NP ye 2+ U° C O'. Téte x4+ UY C O xa,
enouévwe, O € Tp.

"Apa n Tp elvan tonohoyio otov X.

Eotw z € X xow U? € N3. Téte z+ U € Tp. Tpdypatt, av Tdpoupe tuydy
zex+UY 16t 2 — 1 € UY xou omb v mponyolpevn npdtacn cuvendyetor 4
UTPYEL Voe ./\/'7% Gote z —xz+ VO C U, Enopévoc, z + VO C x4+ UC.

‘Eow z,y € X pe  # y. Talpvovpe p € P dote § = p(z —y) > 0 xou
10 UY = {z € X|p(z) < 36} € N3. Térte, oluguva pe v mponyoduewn
TApdYPAPO, TO T + UC, y+ U elvon avountd xon, 6mee pafvetar TOAD eUxoha, Eéva
petol Toug. ‘Apa o X ebvor ydpoc Hausdorff.

‘Eotww z,y € X xu O € Tpye z +y € 0. Yrdpyer U° = {z € X|p1(2) <
ey N--N{z € X|pn(2) < €n} Ue p1,...,pn € P dotc z+y + U C O.
Moipvoupe VO = {z € X|p1(2) < e} n--N{z € X|pa(z) < $en} € NP,
onéte (x+ V) +(y+ V) =2+y+VO4+ VO Ca+y+ U CO. Téte, ta
z+ VO y+ VO elvow avouxtd (Snhadh, avixouy otny Tp), TepLé0LV To T, Y Xoi 1)
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+ amewovilet o (z 4+ V) x (y + V?) o010 O. Apa 1 tpbodeon elvor cuveyhc oo
(z,y) € X x X.

Eow k€ F, 2z € X xou O € Tp e vz € O. Trdpyer U = {z € X|p1(2) <
er}N--N{z € X|pn(2) < €n} pe p1,...,pn € P wote sz + U° C O. Talpvoupe
d; < min(l,m), 0 < min(dy,...,0,) xu N = {A € F||A — k| < ¢},
VO={ze Xpi(z) <&i}n--N{z € Xpn(z) < 6} € N3. Tére ebvan elxoho
va dolpe 61t to N X (2 + V) anewxoviletor ye tov toMamhactaoué oto kx + UP.
Enedf to N 3 k ebvor avowxtéd oto F xow 10 @ + VY 5 2 elvor avowxtéd otov X,
cLuvendyeTon 6Tt 0 ToAaThaotaopoe elvar cuveyfic oto (K, x).

Téhoc, éotw € X, p € P xan € > 0. Tafpvouue UY = {z € X|p(z) < €} €
NP, onéte 10 4+ U® 3  elvon avorxtd otov X xou vy x&e y € x + U éyoupe
y—x € U° onéte [p(y) — p(x)| < ply — x) < e. Apa n p elvor cuveyhc 670 .

‘Eotww, tdpa, onowdfrnote tonohoyla T otov X pe tc Widtntee (i), (44) xon
(143). Téte yio xdde € > 0 xou xde p € P, 10 {x € X|p(z) < €} avixel otny
T wc avtiotpogn ewdva avoxtol oto F péow cuveyolc ouvdptnonc. Apa xat
xdde topn] nenepacuévou TARUOUC TETOWWY oUVOAWY, dnhadnh xdde otowyelo tne
NP, avixer oty 7. Eneds| n npéodeon elvan ouveyfc, ouvendyetor 6T, Yid xdde
U% € NB xou xde z € X, 10 x4+ U° avixer oty 7. Topa, xdde otoyelo O tne
Tp elvau, €€ optopol, évwon cuvdhwy tne popghc ©+ U° ue € X xau U° € NP.
Apa, enewdr) n 7 ebvar tomoroyla, xdde O e Tp avixel otnv 7. Enouéveg,
Tp CT.

Opiopdg 3.46E0tw X évag tomodoyikds xopos pe tonodoyia T kar x € X.
Av N* efvar pfa ouAdoyn and avoiktd olvola mou mepiéyovr to & dote ya kdde
avoiktd ovvolo O to omofo mepiéyer to x vndpyert U € N* pe U C O, tdre n N
ovopdletar BAon avorKTWY TEPIOX DY TOV I.

Y0ugwva Ue Tov oploldd auTtdy, ot xdlde ueTpd Ywpeo X Ue yetpwt, d 1 oUA-
hovh {B(z; L)n € N} 1ov urakédv ye xévipo 1o z anotehel Bdon avoutdy
TEPLOYGV TOU Z.

Av X elvon évac ypopuuxdc yodpeoc ent tou F xon P ula Sy wpilouvoa cuihoy
nuwvopuwy otov X, téte n NB amotedel Bdon avowxtodv meploy@y tou 0 oty
tonohoyla Tp xau yia x80e z € X 1 ouhhoy? {z + U°|U® € NB} anotehel Bdon
AVOLXTWY TEPLOY WY TOU .

Opwowég 3.47TEoww X évag ypappkég xapos ent tov F' kar pia torodoyia T
otov X dove o1 mpdéeig tng mpdoleong kai tov noAdandaciacpov va efvar ovveyels
kat 0 X va eivar Hausdorff. Av vndpyer fdon avoiktdy mepoydr tov 0 dla ta
oToryela tng omolag efvar kuptd, 1woppornuéva kar anoppogoly tov X, téte Aéue
éunT efvar tomikd kvptTi) toroAoyia ka1 611 0 X €ivar tomikd kVPTSS X DPOG.

Emopévee, av o X elvan évag ypopuixde yweog el tou F' xouw P elvon pla
daywpilovoa cuUAROYA Nuwvopu®y otov X, t6te 0 X ye v tonohoyia Tp elvou
ToTXd xUPTOC Ywpos. To enduevo Vedpnua exppedle To aviioTpogo.

Oedpnpa 3.36 Eote X ypauuikdés ydpos emi tov F' ue uia zomikd
kuptr) tomoAoyia. Téte undpyet Sitaywpifovoa ocuAdoyn P nutvopudv
otov X doze n tomodoyia Tou va Tavtiletar ue Tnv Ip.
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Anéoeitn: 'Eotw T 1 tonoloyia otov X dote o X va elvor Hausdorff, ot npdéetc
e mpbodeonc xou tou TohhanmAaotaouol va elvon cuveyeic xat va undpyet Bdon
N avoutév mepioy ey Tou 0 6ha to oToLyela TN omolac efvon xUpPTA, LOOPPOTNUEVAL
xat anoppo@oLy tov X.

Oewpolye yia %8 UY € N0 10 avtictoyo cuvaptnooedéc-Minkowski ppo,
0 onolo efvon nuwvbdpua, xor T cUAROYH P = {pyo|UY € N0}

Avz € X xou z # 0, t6t€ undpyer UY € NV dote x ¢ UY. Enopévoc,
pyo(z) > 1, ondte n P ebvan draywpilouoa.

Eotw U € N? xou x € U°. Enetd| to U° elvor avorxté, o molamhaotaou6e
elvor ouveyhic xau 1 -2 € U, ouvendyetor 6t undpyet § > 0 wote k-2 € U°
v xde k € F ye [k — 1] < 6. Edudrepa, (1+ 1 8)z € U, onéte ppo((1+
18)z) < 1 xau, emopévoc, ppo(z) < 1. Apa U® C {z € X|ppo(z) < 1}. O
avtiotpogoc eyxhetouée elvon yevixd widtnta, onéte U = {x € X|pyo(x) < 1}.
Apéowc ouvendyetor 6Tt yio xdde € > 0 wyler {z € X|ppo(x) < e} = eU®
xa, ENEWR 0 TodMamhactaouds eivar cuveyhc, xdde olvoro {z € X|pyo(z) < €}
elvor avoutd. Apa xon xde topr nenepacpévou TARY0UC TETowwyY GUVOALY Elvol
avoxtd olvoro. Ankadf, 1 culhoyh Np omotedelton and avowxtéc (otnv T)
nepoyéc tou 0. Emmhéov, etvan govepd 6t nf N anotekel Bdon neptoywy tou 0
v v 7, agol 1o obvoha U? = {z € X|pyo(z) < 1} elvon otoryela Tne N xou
1 oulhoyt| touc, N0, arnotehet Bdon nepoyddv tou 0 yio Ty 7.

'Eotw, tdpa, O avowxtd cbvoro otny tonoloyia Tp. IHalpvoupe tuyédv z € O,
on6te undpyer VO € NP dote z + VO C O. Onowg eldope, VO € T xou, enedh
n npdodeon elvar cuveyfc we tpog TNV Totohoyla 7, cuvendyetat 6Tl 0 T + Vo
elvan avouxtd oty 7. "Apa to O elvon avouxté oty 7.

‘Eotww O avowté oty 7 xan tuyév x € O. Eneidt| n npéoveon elvon cuveync
xw 0+ 2 € O, undpyer UY € NO dote UY + 2 C O. To U elvor avoxté
otny tomoroyla Tp o, enedr) 1 tpdoleon elvar GLVEYAC Xou WS TEOC AUVTAY TNV
tonohoyla, To U? + @ elvor avoutd otnv Tp. ‘Apa 10 O elvor avowxtd otny Tp.

"Apa ou tonohoylec Tp xou 7 tawtilovran.

Av pla Sroywpllovoa cUAOYH NUVoPU®Y P ooV Yeauuixd yopeo X anotelel-
tou and pio pévov nuvdpua, P = {p}, t61e avth tpéner va ebvar vopua, p = |||,
xat T6te 1) tonoroyia Tp éxer we Bdomn avouxtdv neptoy®dy tou 0 T UANOYY Oh-
v v ooy {z € X|||z|]| < €}, € > 0. Enopévwe, n Tp toutiletan pe my
Tonoloyla mou endyeTon and Tr vopua. Muumepalvouue, Aotndy, 6T K&Be ybpog
ME Vvéppa €ivol TOomMLKE KLPTOC X@POG.

Y1ov Optopd 3.46 Jewpelton dedoyévn plo totoroyla oTov ypouund oo X
pE xdmowa Bdor avowtoy nepoywy tou 0. To enduevo Yewpnua meplypdpel T
npoUnovéoeic xou Tov Tpdno Ye Tov onolo pia BeBoPévr GUAROYY UTOGUVOALY EVOC
Yeouutxol YWEoL ETAYEL TOTXE XUETY TOTOAOY{0 OTO YWEO WOTE 1) GUANOYT AUTY
va anotehel Bdon avouxtody teploy@y tou 0 yio authAy TV tonoloyia.

Oedpnua 3.37 Eote ypauuikdés yépos X eni tou F kat un-kevy
ovAdoyn N? vrnoouvérev tou X ue tTig 1816tnTEg:

(1) kibe U € NV eivar xuptd, toopponnuévo kai amoppopd tov X,
(2) yia kdbe v € X pe z#0 vndpyer U° € NV doze x ¢ UY,
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(3) yia kibe U, V° € NO undpyer WO € N0 éoze WO CU'NVO,

(4) yia kibe U° € NO vrdpyer VO e NC éoze VO + VO C U0,

(5) yia kibe U € NO xai x € U° undpyer VO € NV Gote 2+ VO CUY.
Téte vndpyet povadikr tomodroyia T orov X pe Tig 16L6tNnTeS:

(i) o X pe tnv 7 eivaL tomikd kKLPTES X6POS,

(7)) n NV amoterei Bdon avoiktédv nepioyév Touv 0 otov X pe nv 7.

Anéoaén: Apxel va anodellouye 611 undpyer tornoroyia T otov X ®ote o X va
elvor ywpoc Hausdorff, o1 mpdeic va ebvan ouveyeic xon i N0 va arotehel Bdon
avowtwy neploywy tou 0 otov X. Enlong, éti 1 tonoloyla ye autég g oidTnTES
elvon wovaduxn.

Optlouye ™ ouhhoyh T otoiyela e omoloc ebvar 6ha ta O C X pe v
WotnTar v xdde x € O undpyer U° € NO dote .+ U° C O.

Mpogavex, ta 0, X avixouv oty 7. Av C elvon onoladhrote uno-cuMoYN
me T xu O = |J{O'|0" € C}, w6te O € T. Tlpdypat, v tuydév = € O
unidpyer O' € C dote x € O, onéte undpyer U € NV dote 2+ U C O’ C O.
Térog, av O, ...,0, € T xou ndpouvpe Tuydv £ € O1 N -+ - N Oy, T6TE UTHPYOLY
UP,...;U0° e N dote 2+ UY C Oy,..., 2+ UL C O,. Anbd v 6t (2)
ouvendyetar 61t undpyer U° € N0 ¢dote U° C UP N --- N UL xa, enopévec,
x4+ U%CO. Apa O € T.

Enopévace n 7 elvor tonoloyla otov X.

Ané v bdtnTa (5) cuvendyeta 6t xde UC € N0 ebvor avorxtd (Snhady
avixer oty T) xou, enopévec, ond Tov opwopd tne 7 ouverdyetor 6t 1 NO
anotehel Bdon avoxtdv tepoywy tou 0 yia v 7. Axéun, av U € N0 xa
z € X xou népoupe tuydv y € x + U°, w6t y — z € U°, ondte undpyer VO € N
wote Yy — x + Vo c yo. Apa y + VO C a4+ U° %, EMOUEVLC, TO T + U eivon
avoIxTo.

‘Eow z,y € X ye x # y. And ¢ détnree (2) xou (4) ouvendyeton 6t
undpyet VO e N0 Gote 2 —y ¢ VO+ VO Avz € (2 + V0N (y+ V), 16t
z—x€VOxumz—y eV xu, enedf 1o VO elvor .oopponnuévo, x — z € VO xou
z—yeVY Appz—y=(z—2)+(z—y) € VO+ V. Auté elvor dtono, onéte
0 avoxtd oOvoha © + VO, y + VO 1o onola tepéyouy ta @,y elvor Zéva. ‘Apa o
X elvar ywpoc Hausdorff.

Av z,y € X xu 10 O elvor avowxté ye z +y € O, Moyw tne (4), undpye
VO e N Gote (2 4+ V) +(y+ V) =2+y+VO+VICO. Taz+ VY3 2 xau
y+ V9 3y elvon avowxtd xon 1 mpbéodeon amexovilet to (z 4+ VO) x (y +V?) oto
0. "Apa 1 mpbdodeon elvon ocuveyhc oto Tuydy (z,y) € X x X.

Eotw k € F, z € X xou avowxté O pe sz € O. Hoipvoupe U® € N0 dote
kr +U° C O. Me Bdon v (4) nafpvoupe VO € NO dote VO + VO C U
Enedn o VO elvar tooppornuévo xon amoppowd tov X, undpyet € € (0,1] dote
px € VO v x&e p € F e |p| < e. Katédmy, Beloxouvue apxetd ueydho n Hote
2" > || 4+ 1 xou, pe Bdon ty (4), W2 € N dote WO + -+ W C VO, érnou
0 dipotopa éxet 2" dpouc. Enedr 0 € WP, cuvendyetan 6 [x|WO + WO C VO,
on6Te oLVOLALOVTUC ONAL To TPOTYOUUEVA, EXOUNE Yo xdde A € F pe [N — k| < e
xw %8s y € x + WO én dy = ke + (A —r)z+ (A —k)(y — ) + k(y —z) €
kx+ VOt eW O+ kWO C kz+VO+WO+|s|WO C kz+VO+ VY C ka+U° C O.
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Topa, 10 N = {\ € F||A— k| < €} 2 k elvar avoxt6é oo F, o 2 + W% 5 z
elvor avowxté otov X xon o tohamhaotaopdc anewxoviler 1o N x (x + W0) oo
0. "Apa 0 ToMomhactaouds elvar cuveyhc oto Tuyoy (k,x) € F' x X.

Téhoc, €6t T’ tonohoyin otov X @ote 0 X va elvor Tomixd xUpTodc Xhpoc xot
N NO va elvor Bdon avouxtdv negtoydv tou 0. Enedf n tpbdoieon eivon cuveyhc xou
W< TEoC T U0 Tonoloyiec cuvendyeton 6Tl xdde YeTapopd elvan ouolopopPLOUSS
Tou X xou e poc Tic dUo Tomohoylec, ondte elvon tpogavéc Tl 1 cUNOYA N =
{x +U°|U° € N} etvan Bdomn avouxtdy meploydv tou z € X %o 0 Tpog Tic d00
tonoloyiec. Av 1o O elvor avoxtd we npoc Ty 77 xou ndpouye tuyov x € O,
t61e undpyer U € NP dote  + UY C O. Apa 10 O elvor avouxtd xow ©¢ Tpog
v 7. Yugpetpxd, xdde abvolo avowxtéd wg tpoc v T elvan avoixtd xan og
mpoc v 7.

To Oewphpata 3.35 xou 3.37 dlvouv d0o TpdTOLC Ue TOUC oToloug EVag Ypeo-
WXOC yodpoc epodidleton Ye Tomixd xupTy tomoloyia: Bdoel plac cuhhoyRC NuL-
vopu®yv 1 Bdoel plac cuAoyTc ‘neploy®dy’ Tou undevoc. To Oedpnua 3.36 Aéet ot
ot 800 autol TeéToL Elvar LloOBOVAUOL.

Téhog, elvan yprowo va dolpe mdTe 800 CUANOYES NUVORUOY 1} BUo GUAROYEC
‘meptoy v’ Tou undevoc opllouv v (Bia Tonoloyla.

IMeétaon 3.35Eotw ypaujuxds xapos X xar N Bdon avoiktdy mepioydv tov
0 ywa pfa tomixd kvptr torodoyia Ty tov X kar N? Bdon avoiktdv mepioycv tou 0
yia uia 0evtepn tomikd kuptr) tomodoyia Ta tov X. O1 6¥o tonodoyles tavtilovtal
av kat uévov av ya kdde UL € Nt vrdpyer U? € N? dote U? C U ka1 yia kdOe
U? € N? vndpya U € N'' dote U C U2.

Anddeaén: 'Eotw 6t oo 71 xou T3 tavtilovion. Kdde Ul € N givar avouxtéd oc
npoc v 71, onéTe elvor avoxtd xon we tpoc v Ta. Enedf 0 € U, ouvendyeton
6t undpyer U2 € N2 dote U? C UL, Supuetpind amodeevieTton xon 6Tt yia xdde
U? € N? undpye. U € Nt ¢ote UL C U

Avtiotpbgwe, éotw 6t v %8s Ut € N undpyer U? € N? wote U2 C Ut
xou yia x&9e U? € N2 vrdpyer U € Nt @ote U' C U2 Tladpvouye tuydv O
avouxto we npog ty 7. Téte yia xdde € O, 10 —z + O elvar avoixtéd ¢ npog
v 71 xou mepiéyet 1o 0. Apa undpyer UL € N dote UL C —z+ 0. Téhte, bpwc,
undpyet xou U? € N2 dote U? C —x+ 0. Tohpa, 10 o+ U? 3 x elvor avoixtéd o
npoc v Tz xaw z +U? C 0. Agol to x ebvan Tuydv otoiyelo Tou O, cuvendyeto
6t 1o O elvar avouxtd xou we mpog Y 73, BUUPETpXd anodewxvieTon xou GTL, av
10 O elvor avowxtd we mpog v T, T61E elvon avoxtd xou we tpog Ty 77.

Adppa 3.5 Eotw ypapupuikos xdpos X, nUIvopueS p,pi, ..., pn 0Tov X kai «,
a1, 0n > 0. Tore {z € X|p1(z) <aq}n---N{z € Xpp(x) < an} C{zx €

Pk ()
ag

X|p(z) < a} av ka1 uévov av p(r) < amaxi<i<n

AnéoeiEn: Av p(z) < amaxi<gp<n p’;(:) xou p1(z) < a1y...,pp(x) < Qp, T6TE
p(z) < a.

Avtiotpdguc, éotw 6t {z € X|p1(x) < a1} nN---N{x € X|pn(z) < apn} C
{z € X|p(x) < a} xo nalpvouye tuydv € X. Av pi(z) = -+ = p,(z) = 0,
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téte v xdde t > 0 wyle pi(tx) = 0 < ag,...,pp(tz) = 0 < ay, ondte

tp(z) = p(tz) < a. Apa p(x) =0 < amaxi<g<n p’(;(:).

Av pr(z) > 0 vy toukdylotov éva k, téte v tuydy t > 1 Yétouvue z =
L . Tw xdde j robpvoupe pj(z) < pjj((wz))

tmaxi<k<n —g—
k i

p’;(:) xou, madpvoviac 6plo Gtav ¢ — 1+,

< «aj. Emopévwg,

p(z) < a, ondte p(z) < atmaxi<i<n

pr(z)
o

ovunepaivoupe 6Tl p(z) < amaxi<k<n xon ¢ aUTAY TNV TEpinTWoT).

Meéracm 3.36Eotw ypaujuxss yapos X kar Pt daywpilovoa ovddoyn niu-
vopudy mov endyer tnr tomkd kuptH torodoyia Tpr otov X ka1 P? Saywpilovoa
ouldoyn nuvopudy ov endyer tny tomikd kuptr) tonodoyia Tp2 otov X. Ot 6U0
tomoloyies tavtilovtal av kar pdvov av ya kdde p) € P undpyovr C > 0 kar

pgz), e ,p,(f) € P? dore pM) < C maxi<k<n p,(f) ka1 yia kdde p?) € P? vndpyovr
D >0 ka1 pgl), . ,psyll) e P! dote p? < D maxi<k<m p,(cl).

Anédadn: 'Eotw 6t o Tpr xon Tpe tautilovia. D xdde pM) € Pl w {z €
X|p(1)(3:) < 1} elvor avowtd we npoc v Tp1, xo, EMOUEVKC, XOL WS TROS THY
Tp2, xau nepéyer 1o 0. Apa umdpyouv pgz ,...,pg) € P? xou €1,...,6, > 0
Gote {z € XPP () < e} n---n{z e XpP(z) < en} C {2 € X|p(z) < 1}.

, , . , , _ , 1) <
Ané 1o mponyoluevo AMuua cuvendyeton ot Ye C Mmoo oxbeL p <

Cmaxlgkgnp,(f). Yuupetexd anodewvietan 6t yio xdde p?) € P? undpyouv

D > 0 xou pgl), . ,psyll) € P! Gote p? < Dmaxlgkgmp,(cl).

Télog, 1 anddeln tou avilotpopou elval TOPOUOL XL PRVETIL WS EUXOAN
doxnon.

3.3.2 Xawpou Fréchet.

Ieétaocm 3.37Eotw X évag tomikd kuptds xpos. Ta mapaxdtw elvar 10060-
vaua.

(1) O X eivar petpikonomjoipiog.

(2) Yrdpyer apriurjoun Bdon avoiktdy nepioydv touv 0 otov X.

(3) Yrdpyer apidunoiun daywpilovoa ovAdoyi P nuwvopudy otov X dote n
TonoAoyia tov va tavtiletar pe tny Tp.

AnddeEn: (1) Eoww 6t o X elvor yetpixonofiowos, ondte undpyet uetpixt| d
otov X ®ote 1 tonohoylo Tou X va tautiletoan ye v tomoloyla nou endyeton
a6 v d. Téte n oprdufiown culhoyt urakédy B(0; ) = {z € X|d(z,0) < L},
n € N, anotekel Bdon avouxt®dy neploydy tou 0 otov X.
(2) 'Eotww 6t n {V,|n € N} ebvan Bdon avouxtdv tepioydv tou 0 otov X. Eotw
P’ culhoYH nuvopudy otov X dote 1 tonoloyia tou va toutiletoa pe ty Tp.
Téte yio x&de n vndpyer UL = {z € X|pn1(x) < €na1tN--N{z € X|pn.m, (z) <
€nmy, } €N/, UE Dnts- -y Prum, € P, Oote UL C V.

Ocwpolyue Ty apriufiown cuhoyh P = Ut {pn1, - Pnm,. }-

Avz € X ye x # 0, enedr) o X ebvon yopoc Hausdorff, undpyel xdnoto n
oote x ¢ V,,. Enopévwe py () > 0 yio toukdytotov éva j = 1,...,my. Apan
P elvar Soywpllouvoa.
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Oo anodelfoupe, thpa, 6Tl oL tonoloyiec Tp xou Tpr tavtilovian. Eotw O
avowxtéd e mpoc Ty Tp. Moipvouue tuydy = € O, ondte undpyer U € B dote
z+ UY C O. Enedf, dpowc, UY € N3, (apos P C P’), cuverdyeton 6t w0 O
elvon avouxtd xon we mpoc T Tpr. Avtiotpdowe, €otw 6Tt o O glvon avoxtd we
npoc v Tpr. Av x € O, undpye Vi, wote .+ V,, € 0. Ondte vy tnv UL € J\/}%
woylet 61t z + UL C O xo, emopévec, o O evor avouxtd xou o tpoc Ty Tp.
(3) Téhoc, éotw bt undpyet aptdunown Swrywpellovoa cuhhoyh P = {p,|n € N}
nuwopuwy otov X @ote 1 tonohoylo tou va tavtileton ye v Tp. Opllouue
d: X x X — R{ e tono

—+o0
P S
n—1 + pn(x - y)

yio xde z,y € X.

Eivor moA) gbxolo va anodetydolyv ot WBLotnteg tne petewic yiot v d. [
nopdderypa, av d(z,y) = 0, téte pr(z —y) = 0 yioa xdde n xou, enedf n P elvan
draywpllovon, GUVERdYETOL OTL T = Y. Emogg n ‘EpLY(DVL}(g avieoTnTa elvon dueon
OUVETELXL TG OTOL(EWDD0US IVIOOTNTAC T4 45 < Tig + 155 Yo xdde o, > 0.

Ou anodeléoupe, tdpa, 6Tt 1 Totohoyla tov endyeton and v d TautileTon Ye
v 7p.

‘Eotw cbvoro O C X avoixtéd wg npog Ty d. Halpvoupe tuydv :c € O oné'rs
urdpyet € > 0 wote {y € X|d(z,y) < €} C 0. Oewpolue N GOTE S < 1€ xou
10U ={z€ Xpi(2) < se}n---N{z € X|pn(z) < 3¢} € N% FLoc x&e

/ + n N +
zel’ LGXUEL d(x r+2) =39 1-€pflz()) <= 2_npn( 2+ N <

—ezn L5 + 5% < €. Enopévac, 24+ U° C {y € X|d(z,y) < €} C O, onéte 10
O ebvar avoté we mpog Ty tonoroyia Tp.

‘Eotw O avowté w¢ mpog v Tp xau madpvoupe ¢ € O. Térte undpyouv
P1y--spN €EP xow UV = {z € X|pi(z )<61}ﬂ ﬁ{z€X|pN( ) <en}eENP

wote x + U% C 0. Oewpolye € = mm@ THers s 2N T ), ondTE Y xozﬁs
pn(U 1)

y € X pe d(z, y)<€€XOUHEﬁT()<ﬁ1+€ vy xdde n e 1 <n < N.
Téte po(y — ) < €n vy xd¥e n ye 1 < n < N xou, enopévec, y € x + U°.
Apa {y € X|d(z,y) < e} Ca+U® C O. Apa 10 O elvor avoixtd w¢ Tpoc Ty
Tonoloyla mou emdyeTon and TNV d.

Opwopwode 3.480 X ovoudletar x dpog Fréchet av eivai tomikd kuptds, petpr-
KOTOI)o1U0§ Kat TANPnS.

Ou ypot Banach xau o yodpol Hilbert anoteholv ta mpogavy) mopadelypata
ywpwv Fréchet xot otn ouvéyeia Yo Solue apxetd mopadelyuato TOTXE XUPTWY
Yoewv xat Ywpwv Fréchet ol onolol dev elvan ywpol pe vopua.

IMeétaom 3.38(Kolmogorov) Eotw tomikd kuptds xdpos X. Tdte n tomodoyla
tou X endyetar ard kdrowe vépua av ka1 uévov av vrdpyer avoikth meproxn VO
tou 0 pe Ty idtna: ya kdde avorktr meproyn U tou 0 vrdpyer t > 0 dove
tvo cul.
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Anddaén: Eotw 6t 1 tonohoyia tou X endyeton and ) voppa ||-||. Malpvoupe
VY = B(0;1) = {z € X| |z|]| < 1}. Av U° eivor onowadfinote avouxtd nepioyn
Tou 0, urdpyeL r > 0 wote B(z;r) C U, ondte rVO C UO.

Avtiotpbgwe, éotw avowt wepoyf V0 tou 0 ue v napamdve wibtnta. Autd
onuaiver 67t 1 culoy A {tVO|t > 0} anotelel Bdon avouxtdv teploy@y tou 0. Av
P elvar 1 daywpllovoa cUANOYT Nuvopudv 1 onola endyer TNV tonohoyla tou
X, t61€ UTEEYOLY P1,...,Dn € P xou €1,...,6, > 0 dote {z € X|pi1(z) <
e} N---N{x e X|pn(z) < e,} CVO.

Opiloupe nuwbpua p pe tno p(z) = maxi<k<n p’“ﬁff) v xdde x € X xou
oylel 6t {z € Xp(x) < 1} ={z € X|p1(z) < e1}N---N{z € X|pn(z) < €},
onéte {x € X|p(x) < 1} C V0. Apa 1 avowty| neproyf WO = {x € X|p(z) < 1}
tou 0 éyer v Wbt 6t N oulhoyh {EWO|t > 0} amotedel Bdon avowxtdy
Teptoy v tou 0.

Avz e X pex # 0, undpyer t > 0 wote x ¢ tWY, ondte p(z) > 0. Apanp
elvor vépua, p = ||-||, onéte WO = B(0;1). Enopévec, n cuhhoyh {B(0;¢)[t > 0}
elvon Bdomn avoxtdv neptoy®v tou 0, ondte 1 ||-]| endyer Ty Tonohoyia Tou X.

3.3.3 Xdupot axohovIwdV
Opwopwodg 3.49¥tov s optlovpe ya kde n € N wny nuwvépua p, e tono

pn(®) = |20

yia kdle © = (x1,22,...) € s. HP = {py|n € N} elvar Siaywpilovoa ovAdoyr
NUWOoPUGY 0ToV S Kai, €eTopévas, endyel Tomikd kuptn tomoloyla otov s. Emedn
n P eivar apifunoun, o s efvar HeTPIKOTOINTIUOS.

Metpw otov s elvon 1y d pe tomo

—+oo —+oo
1 Pn(fE—y) _ 1 |xn _ynl
7= 2

dlz,y) =Y — T4z —

n=1 n=1

v x&de x = (z1, 22, ...),y = (y1,Y2,...) € s.

Meétaoy 3.394r {z(™} efvar axodovdia otoryeiwr tov s ka1 © € s, TéTe
(™) — x, ws mpos Ty tomodoyla tou s Tov uokis oploaue, av kar uévov av

(m)

Tp | — Ty Yia kdle n.

Anddaén: 'Eotww 2™ — x otov 5. Enedf) xdde p, evor cuveyfic, ouvendyeto

ot |3:51m) — 2| = pu(z™ — ) — 0.

Avuotpbgoue, éotw 6T x%m) — 2p, v x&e n. Iloalpvoupe tuydv avouxts
O pe z € O, ondte undpyouvv N xau €1,...,ex > 0 dote {y € s|p1(y — z) <
er}N---N{y € slpny(y—2z) < en} C 0. Enedry 1o N elvou nenepaocuévo, undpyet
M éote py(x(™ —2) = |x§m) — x| <er,..,pn(E™ — ) = |£C§\7[n) —zN| <en
yio xdde m > M. Auté onpadver 6t ™M e 0 yia x&e m > M xou, enouévee,
2™ = g,
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Oplopode 3.50E¢ artiag tov anoteAdéouatog tns mponyoluevns npdtaons, n tono-
Aoyla avov s n onola endyetal ané tny P = {pp|n € N} ovoudletar tonodoyia
Tng katd ocvvretayuérvn ocdyrkiiong.

Oedpnpa 3.380 s ue v Tomodoyia tng katd ouvTeTayuévn oUYKAL-
ons eivai ydpos Fréchet.

Anéoatn: Anopéver va anodeloupe 6t 0 s ebvar mAfpNne. Eotw, howndy, axolouv-
(k) _ (D
; k l / Z v 1 Ty —Ty
Vo {2} otov s pe d(z®, (1) — 0. Téte yia xdde n éyouue 5 m <
d(z® 2®) — 0, onéte yio xdde n 1oyleL 6T |:v,(1k) - :vg)| — 0. Apa yio x&de
n und, F ¢ (m) ¢ = ¢
eXEL Tp, € F GotE Ty | — X OftOupe T = (21, 22,...) € S x0U EYOUYE

(™M) = 2 510V s.

3.3.4 XwpoL CUVAETHOEWY

To enduevo mapddetyya ebvar yevixeuon tou s.

Opopée 3.51FE0tw un-kevé avodo A ka1 Dewpolue to ypaujuxé xdapo FA.
TNa xdde a € A optlovpue v nuvépua p, otov FA e toro

yia kdéde f € FA. Eivar mpogavés 6t n P = {psla € A} etvar draywpilovoa
ouA oY1) nivopdy, ornéte endyer tomixkd kupth totodoyia otov F4.

Ta covora U® = {f € FAIpa, (f) < e }n---n{f € FA|pa, (f) < e} ={f €
FAf(a))| < e} n---n{f € FA|f(an)| < €n}, 6mou 1an € N, ay,...,a, € A
XU €1, ..., €y > 0 elvon audalpeta, anoteAoly Bdomn avoxtdy teploydy tou 0 otov
FA ME aUTAY TNV Tomoloylo.

Meétaom 3.40Av {f,,} eivar axolovdia ororyeiwr tov F4 ka1 f € FA, téte
fm — f, ws mpos tnr tomodoyia tou F4 mou ud\is opioaue, av xar uévov av
fm(a) = f(a) yia kdOe a € A.

Arédaén: 'Botw fr, — f otov FA. Enedh xdde p, ebvon cuveyhic, cuvendyeto

o [fm(a) = f(a)l = pa(fm — f) = 0.

Avriotpbgunc, éotw o6t fr(a) — f(a) yw xd%e a € A. Halpvouye tuydy

avowtd O pe f € O, ondte UTdEYOUY N, A1, ..., an € A xol €1,...,€, > 0 GoTE
{9 € FAlg(a1) ~ f(ar)| <er}n---n{g € FA|g(an) — flan)| < en} C O. Eneidf
T0 n elvon nenepacpévo, utdpyet M &ote |fm(ar) — fa1)] < €1,..., | fm(an) —

flan)| < €, yia xd%e m > M. Autd onuaiver 61t fr, € O yia xdde m > M xon,
enouévewe, fm — f.

Opwopéde 3.52H womikd kuptr torodoyia mov endyetal oto FA and tn ovAdoyr
nuvopudy {pala € A} ovoudletar tomodoyia tng xard onueio ovykAiong.

Enopévac, éyoupe anodeléet to
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Oevdpnpa 3.39To FA ue Tnv Tomodoyia tnsg katd onueio olUykAiong
eivatL Tomikd kKVPTSOS YBPOS.

Opropds 3.53E0tw tomodoyikds yapos A. T'a kde ovunayés K C A opilovue
nuwépua px otov C(A) pe tino

px(f) = max|f(a)|

acK

yia f € C(A). H ovloyn) P = {pk|K elvar ouurayés vrootvolo touv A} eivar
Saywpilovoa ouvddoyn nuwopudy otov C(A) kar opiler tomikd kuptrj tomoAoyia
arov C(A).

Ilgéraoy 3.41Av {f,,} efvai akodovdia oroeiwr tov C(A) ka1 f € C(A), tére
fm — [, ws mpos tnr tomodoyia tou C(A) mouv pdhis oploaue, av kar puévov av,
yia kdOe ovunayés K C A, fp, — f opoiduopga ovo K.

Anédedn: 'Eotww fm — f otov C(A). Enedn xdle px elvor cuveyhc, ouvendyeton
Ot Maxeek | fm(a) — f(a)| = px (fm — f) — 0. Apa fr, — f opolbpopya oto K.
Avuotpégue, éotw 6t f, — f opotbuopga oto K yio xdde ouunayéc K C
A. Halpvoupe tuy oy avownté O e f € O, ondte undpyouy cuunoyh K1, ..., K, C
A xot€1,...,6, >0 dote {g € C(A)|maxqek, |g(a) — fla)| <e}n---N{g e
C(A)| maxeek, |g(a)— f(a)] < €.} C O. Enedn 1o n eivou nenepacpévo, LTdpyEL
M &ote maxaek, |[fm(a)—f(a)] < €1,...,maxeek, |fm(a)— f(a)] < €, yiaxdde
m > M. Auté onpaivel 6T fr, € O Yo xde m > M xau, enouéves, fm — f.

Opiopodg 3.54FE0tww tornodoyikds ywpos A. H tomkd xupth tomodoyla mou

endyetar otov C(A) and ™ ovldoyn {pk|K elvai ouurayés vrootvolo tou A}
ovopdletar tomoAoyia TG opo16Uop PGS OVYKAIONG OTA CVUTAYT) VTOoVVYoAQ
Tou A.

Mio apxetd ypriown | Teplntworn neptypdpeTal TapaXdTw.

Opiopés 3.55FE0tw tomoloyikds xdpos A.

(1) Av vrdpyer pia axodlovllia { K} ovunaydy vroovvddwy tov A ue tig idi6tnteg:
(1) K, C Kg41 ya kdOe k,

(i1) ya kdOe ovurayés K C A vndpyer k dore K C K,

téte 0 A ovoudletal o-ovUTAY DS TAPAYOUEVOQ.

(2) Ay ya kd0e x € A vndpxe avoiktn nepoyn] V' wou x dote to (V) va elvar
ouumayés, téte o A ovoudletar tomikd ovuTaYNg.

"Eva nopdderypa elvar 6tav o (Blog o A elvor oupnayic, ondte nalpvouye Kj =
A vy xde k v V = A.

‘Eva o evdiapépov toapdderyua elvan dtav A = U elva onoodrinote avouxtd
unoolvoro tou R™. Eivou exolo va del€oupe 6Tl vy xdde k 1o obvolo

1 .
Ui = {o € Ul el < b, o~ ylly > - i xsde y ¢ U}
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ebvon avouxtd, 6t Uy, C Ugqq xou 6t U = UZ:;U;C. Eniong, 6T to
1 .
Ky, = cl(Ux) = {z € Ul |lz]l; < k. |z —ylly = - v xdde y ¢ U}

elvar ouvumayéc unocUvoro tou U, 6t Ky C Uk € Kjqq yia xdde k xou 6Tt yia
xdde ocuprayéc K C U undpyel k wote K C K.

Erlone, v x&de x € U urdpyer puxpd r > 0 wote cl(B(z;r)) CU.

Apa xde avowtd utochvoro tou R™ elvon g-cuunay®e nopoySUEVO Xl TOT-
wé cuumayéc.

Oedpnua 3.40 Eote 0-0ouunayds mapaySUEVOS KaL TOMLKE oUUTAYdS
tomoAoyikds xdpos A. Ztov C(A) n tomodoyia Tng ouotduopyns ol-
YkALong ota ouumayr umooUvolda tou A emdyetatr and tn Siayepifouoa
apLbufioLun ocuAdoyn nuivopuév {pk, |k € N}, émov Kj eivar ta ocOvola
Tou mponyoUuevou opiouol, kat o C(A) eivar ydpos Fréchet.

Anddaén: Av P = {pk|K elvoaw cuunayéc unoolvoro tou A} xau P = {pk, |k €
N}, téte xdde pr, avixer oty P xau vy xdle pr € P undpyer K O K xou,
ENOUEVLC, Pr < Pk, . Ao v Ilpbtaocn 3.36 cuvendyeton T o P xaw P’ endryouy
v B torohoyia otov C(A).

Erelds n P’ ebvar apiduriown, ouvendyetar 6t o C(A) elvon petpixonofoloc

ME ueTph d ue TUTO
)= S5 1 meac (@) g
’ 28 14 maxeer, |f(a) —g(a)|

k=1

v x@e f,g € C(A). Mével va anodet€ouye 61t 0o C(A) elvar mhipne.

‘Eotww {fm} otov C(A) e d(fm, fi) — 0. Téte vy xdde k éyoupe 6t
maxger, |fm(a) — fila)] — 0 xo, eneldh o C(Ky) pe TNV 0UOLOUOpYT VopUA
elvar TAAEnNC, ouvendyetar 6 undpyer fF) € C(K}) dote maxaek, |fm(a) —
f®)(a)| — 0. Etvor tpogavéc 6, emedh Ky C Kpy 1, xdde fEHD eivon enéxraon
s f(k) 010 K41 xon, enopévoc, oplletor f oto A n onola elvar xowr| enéxtaon
bhwv v )

Mupvoupe Tuydy © € A xou avowxth mepoyh) V tou z dote to (V) va efvon
ovpnayée. Tote (V) C Ky, yio xatdhnho k, onéte n f = f*) eivar ouveyhc
oty V. Apa 1 f elvon ouveyhc oto = o, enopévwe, oto A.

Apa f € C(A) xau n {fim} ouyxiiver otnv f opowbuopga oe xdde Kj. Apa
N {fm} ovyxhiver oty f opoiduoppa oe x&de ocvurayéc K C A xo, enouévwc,
fm — f otov C(A).

Optowdc 3.56F0tw avoikté U C R™. XYvo ydpo C°(U) pe otopceia 6Aeg
TS anelpws mapaywyloues ovvaptioes f: U — F opilovpe ya kdOe ovumayég
K CU ka1 kd0e k € N tnv nuwvéppa pr i pe Tomo
= D~ .

prck(f) = max  [D*f(@)]
H daywpilovoa ovddoyn nuwvopudv {pr k| K ovurayés C U kat k € Ny} endyer
tomikd kvpt tomodoyia otov C®(U). O xdpog avtds pe tn ouykekpiuévn
torodoyla ovuBoriletar E(U).
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Meéracr 3.424v {f,,} elvar akodovlia otoeiwr tov E(U) ka1 f € E(U), tdre
fm — f ovor E(U) av ka1 pdvov av yia kdde ovunayés K C U ka1 kdOe o € NI
wxver D fr, — D f ouoiduoppa oo K.

Arédeién: 'Eotww fm — f otov E(U). alpvouye onowdfnote cuunayéc K C
Uxaw a € Nj. Av k = |a|, t61e, enedi n prr evor cuveyfic, cuvendyeto
ot maxgzek |[Dfm(z) — Df(z)| < prx(fm — f) — 0. Apa D*f,, — D*f
ouoLouopga cto K.

Avuotpbguc, éotw 6t D f,, — D f opoduopgpa oto K yio xdde ouumoryég
K C U xu xd%e o € Np. Toipvouue omowdinote avoxté O otov E(U)
pe f € O, ondéte undpyouvv ovunoyh Ki,...,Kny C U, ki,...,ky € N xa
€1,...,eny >0 ®ote {g € E(U)|maxyek, |a|<k, |D*9(x) =D f(x)] <er1}n---N
{g € E(U)|maxze iy jaj<kn [D9(x) = Df(2)| < en} € O. Enewdr 1o N xau 6-
At ks, ..., by elvon temepacuéva, undpyer M 0T MaXyek, ja|<k, D fm(T)—
Def(x)] < €1,...,MaXpe gy ja|<kn | D frm(2) =D f(x)] < en v xdde m > M.
Auté onpaiver 6t fr, € O yio xdde m > M xau, enouévee, fm, — f.

Oedpnua 3.41°Eote avoikté U C R™ kat Uy, K Ta oUvoda mou me-

ptypdpovtar uetd Tov Opioué 3.54. Téte n tomoAoyia zov E(U) emd-
yetar ané tnv apiBufoiun Siayepilovoa currorh {pk, x|k € N} kat o

E(U) eiva. yépos Fréchet.

Andbaén: Av 9éoovpe P = {pki|K elvou ovunayéc C Axon k € No} xou
P = {pr.klk € N}, téte xdle px, 1 avixe. oty P xou v x80e prp € P
urdpyet I dote K; O K xoul > k, xou, ENOUEVRS, pr gk < Pk, 1. And tny Ilpdraon
3.36 ouvendyeton 6tL oL P xow P’ endryouv v Ba tonohoyia otov E(U).

Enedd n P’ etvon aprduniown, cuvendyetor 611 o E(U) elvon petpixonoiooc
pe yetpn d pe tomo

d(f g) - +§ i manEKk,\odSk |Daf(‘r) - Dag(x)|

’ 1 2k 1+ maXmGKk,\adgk |Daf($) - Do‘g(.’lj)|
v xdde f, g € E(U). Méver va anodei&ovpe étL 0 E(U) ebvar nhhpne.

‘Eotww {fm} otov E(U) pe d(fm, fi) — 0. Téte yia xdde k éyoupe 6T
maxgek, o<k |D*fm(x) — D fi(x)] — 0, ondte egapuoloviac o Oebpnua
3.8 ot0 olvoro Up C Ky, ouvendyetow GTL umdpyel f®) e Cch(U) dote
maxgep, a|<k | D fm(2) — D fF)(z)] — 0. Enedf Uy, C Up1, ebvor mpogavéc
6t xdde fEHD eivon enéxtaon tne f*) 610 Ugyr xan, enopévoc, opileta f 010
U 7 onola eivor xowh enéxtacn 6Awv tov fF).

T tuyéy o € U undipyet ko wote o € Uy v xdde k > ko. Apa f = fF) €
Ck>2(Uy,) C CF>°(Ug,) y1a x4 k > ko. Apa 1 f ebvon amelpoe mopoywyiown
oe xd¥e z € U xa, enopévwe, f € E(U).

Av ndpoupe tuybv cuvunayéc K C U xou a € Nf, t6te undpyer k dote
K C Ki xu |a] < k. 'H {Df;,} ouyxhivet oty D f opotéuopga 010 Ukyq,
ondte xot 010 K C Ky, C Ugy1. Apa fr, — f otov E(U).
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Optowog 3.57Mia f € C°(R"™) ovoudletar ovvdprnon Schwartz av ya
Kkdde k € No 10x0er sup,egrn o)<k (1 + l2]l5)F|D* f(z)] < +oo.

To ovrvolo dAwy twv curaptioewy Schwartz ovoudletar xdpog Schwartz
ka1 ouuPorilerar S(R™).

Eivou ebxoho va amodetyVel 6Tt 0 yodpoc Schwartz eivor ypauuixde ydeoc eni
Tou F.

Opowdc 3.58%tor S(R™) opilovue ya kdde k tnv nuvdpua py pe timno

pr(f) = sup (L4 |z],)*[D*f(2)]

zeR?,|a|<k

yia kdde f € S(R™). H apiurioiun ovAdoyni nuwopudv P = {prlk € No}

endyer tomkd kupt) torodoyia otor S(R™).
Ocopnua 3.420 S(R™) eivat ydpos Fréchet.

AndoeEn: H petpnr) d otov S(R™) diveton and tov tono

+oo
_ L pe(f—9)
W) =2 T T T )

v xde f,g € S(R™).

Av n {fm} ey otov S(R™) xou d(fm — fi) — 0, 161 Y0 %8Ve k woylet
OTL SUP,ern o<k [P fm () — D fi(2)| < pr(fm — fi) — 0. Enopévec, undpyet
f*) € Ch2(R™) dote yio xdde a ye |af < k va éyouue 6t D f,, — D f(F)
opotépopya otov R®. Ebwdtepa, frn — f*) opobuoppa otov R?, ondte dhec
ov fF) tautilovion ye ula xowh ouvdptnon f € C®(R™) dote yia xdde o va
woyvelr D fr, — D f opoibuopga otov R™. Méver va Sel€ouye bt d(fm, f) — 0.

‘Eotw tuydv € > 0. Halpvouye N dote 2LN < %6. Kotémy, enedn to N elvon
TETEPAOPEVO, UTdPYEL M (OOTE SUP,eRrn |of<k (]l + zl|o)*| D% fr (x) — DO fi(z)| =
pi(fm—f1) < 3 €yiaxdde k < N étav m, 1 > M. Toipvovtac bpto btov I — 400,
Boioxouvpe p(fim — f) = supsern jaj<k (1 + [2]1)*[ D fm(z) — D*f(2)] < 5 € Y10

%89 k < N étov m > M. ’Apad(fm,f)=2$§2%%§ ]kvzlzik%e-i-

too 1 1 1 ;
k:N+12—k§§e—|—2—N§eowvm2M.

3.4 TomoAloywxol ypopuixol yweotl

Oplopde 3.59E0tw ypapuikds xopos X eni tov F kar pia toroloyia T ozov
X pe ug 1idocneg:
(1) 0 X pe v T etvar ydpos Hausdorff,
(15) on mpdéerg + : X x X - X kar- : F x X — X elvar ovveyels.
Téte 0 X ovoudletar TomoAop1kdS YPAUMUIKOS X DPOG.
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Onwc eldoye, oL Y®OpoL HE VOPUA, OTOTE XL OL YWOEOL UE ECWTEPXO YLVOUEVO,
OANGL Xatt OL YEVIXOTEPOL TOTUXE XUPTOL YOEOL EIVAL ELDIXEC TEPLTTWOELS TOTOAOYIX®Y
YOOUUULXDY YOPWV.

Eb dev Yo aoyorndolue pe T yevir Yewpla Twv TOTOAOYIXWY YRUUUXOV
YOPwY, aAXd ubvov Yo Solue BU0 YVwotd nopadelypota Ta onola evidocovTal oE
auTé 10 TAloLo.

Opwopdg 3.60E0tw (2,5, 1) évag xopos pétpou e u(d) < +oo. Xto ypau-
Hiké xapo M(Q, %) opilovue

[ @ -g@l
.9)= [, T 7oy ey 4

yia kdle f,g € M(£,%).

Eivor edxoho va dolue 6t 1 d éxer tic Widtnee d(f, g) = d(g, f) xou d(f, h) <
d(f,g) + d(g, h) pioc yetpixic, alh& d(f, g) = 0 av xou pévov av f(a) = g(a) v
H-OYEBOY xdE a € (2.

Av Yéooupe YV = {f € M(Q,X)|f(a) = 0 yia p-oyeddv xdde a € Q}, td1e
elvan mpogavée 6t 0 Y ebvan ypoppxde undywpog tou M(Q, X).

Optowde 3.61Eotw (2, X, 1) évag xdpos uétpou e p() < +oo. Xtov ypau-

Hikd xdpo-tnAiko M (2, %, u) = M(Q,X)/Y, opilovue petpixny do pe tomo
|f(a) = g(a)]

L+ [f(a) - g(a)|

do([fly-laly) = d(f.g) = /Q dyu(a)

yia kdOe [fly, [g]ly € M(, 2, ).

Eivon tpogavéc 6t n wur tou do([f]y, [9]y ) Sev e€aptdron amd touc aviinpoo-
TOUC TWV XAdoewy tooduvapioc [fly xo [g]y-

‘Onwe xon yia toug yopoug LP xou LP, axolouvdolue xon tédpa T ouvidn npa-
xtf v tautiloupe ™y xAdon [fly ue to onowdrinote otoyelo tne f. Anladn,
tautiCoupe xde d0o ouvapthoes f, g av autéc elvan {oec p-oyeddv navtol oto
Q. T'pdgpouye, hondy,

@) g(a)
wif.o= | 1 (@ - g(a)] M@

v xde f,g € M(Q, 3, p).
Meétacr 3.43Av n {fn} ka1 n f etvar ovov M(Q, %, ), tére do(fn, f) — 0

av ka1 uévov av fn, — f katd pérpo. Avtd onuaiver 6t yia kdde § > 0 wyver

p(fa € Q[ fnla) = fa)] = 6}) — 0.
Anddaén: 'Eotw do(fn, f) — 0xowtuydv § > 0. Oétovue 4, 5 = {a € Q| fn(a)—
fa)| = 6}, onore 25 j(Ans) < [4 | Tt dua) < do(fa, f)
— 0. "Apa p(Aps) — 0 xau, enopévec, fr, — f xatd wétpo.
‘Eow f, — f xatd pérpo. Ialpvouye € > 0 xou Bploxouue § > 0 dote

% < gny - Kotomy, Bploxoupe N wote 1(Ans) < 3 €y xdde n > N. Téte
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|fn(a f(a)l |fn(a)—f(a
dO (Fas )= Ja, s 1+|fn f(a)l (@) + Joa,, TG s di(@) < p(Ans) +
1+5 P2\ Ans) < 35 e—l— 2#(9) ,u(Q) < ey xdden > N. Apot do(fn, f) — 0.

Oebpnua 3.43'Eote (2,2, 1) évag ydpos pétpou pe u() < 4+oo. 0
M(Q,3,pu) ue n petpikr dy €ivar mAYPNS TOMOAOYLKSS YPAUULKES
X®8pos.

AndédeEn: O M(Q, %, 1) ebvar yodpoc Hausdorff, agol eivar yetpinde ydpoc.

‘Eotw do(fn, [) — 0 xo do(gn, g) — 0. Téte, and tnv nponyoduevn tpdtaon,
éyouye 6t f, — f xou g, — g xotd uétpo. ‘Apa, 6nwe edxola galveta, frn+gn —
[+ g xatd pétpo, ondte do(frn + gn, f +9) — 0.

Ouolwe, av |ky — k| = 0 xou do(fn, f) — 0, t61€ do(Kn fn, kf) — 0.

Enopévwc, ow npdieic elvon ouveyeic xon o M (2, X, 1) elvor tonohoyixde ypoy-
pxde Y opog.

‘Eotww do(fn, fm) — 0. Av mdpouue 6 > 0 xou oploovpe A, ms = {a €
QUlf(@) = f@)] = 6}, 658 15 i) < [, | o8I0l () <
d(fn, fm) — 0. Mnopolue, tdpa, va Bpolue ng < ng < - dote pu(A

nk,nk+1,2ik)
< 2% yia x&e k. Av %éoouue A, = U:mmAnk nittig t6te u(Any) < 2,,11—,1
Aev elvor d0oxoho va omodetydel étu n { fn, } ouyxhiver opotbuopga oe xdde Q \
Ap. Hpdypoaty, yia xde a € Q\ A, €xovue |fry,(a) — fo,(a)] < 5 it
x&e k > m owon 00 > < +oo. Apa 1 oepd fn, (a) + SE2S (fapes (@) —
fnn(a)) OUYM)\WEL O[JOLO[JOp(,PO( oto Q\ A,,, ondte undpyet 1o f(a) =lim f,, (a) =
130 (fy (@) + 35 (a1 (0) — fu, (@) ouorduopgac 070 2\ Ay

‘Apa 1 f = lim f,, opiletn oo UL (Q\ A,) %, enedr u(Ay) — 0,
CUVETIAYETOL OTL TO GUUTAYpWHUA TOU Uj;f:ol (Q\ A,,) éxer p-pétpo pndév. E-
mopévee 1 f umopel va opiedel mavtol oto 2, Yétovtac f = 0 oto cuuTATpw-

ot Tou U2 () Ap). Enopévec, limsup [, % du(a) < p(An) +

lim sup fQ\Am % du(a) < 27n—,17 AoYw oyolouopgne cdyxAong oto
Q\ A And autd ovverndyeton 6t do(fn,, f) — 0 xou, enopévoc, do(fk, f) <

IMeétaocr 3.440 M([0,1], B([0,1]),m) dev elvar tomikd kupTds.

Anéoaén: Apxel va anodellouye 6t 1 povadinh xupth, avoux Ty teployy Tou 0 otov
M([0,1],B(]0,1]), m) elvar o droc 0 M([0, 1], B([0, 1]), m). Medypoatt, av o yopoc
Atay Tomxd xuptde, tote Vot unhpyE Bdomn avolxtdy neptoy vy tou 0 anotehoVUevn
and xupTd cUVOAQ.

'Eotw xupty|, avouxty| teptoyn V' tou 0.

Téte undpyer > 0 dote {f |do(f,0) <r} C

Ocwpolue tuyovoa f € M([0,1],B([0,1]), ) xou. unoﬁsroups apyxd ot
[f(a)] > 1 vy x&Ve a € [0,1]. Eotww A = fo

dm(a) xou malpvouue

1+|f
n > E — 1. Katémv Beloxouye ag, .. .,a, ®ote 0 = ao <ar < <a,=1
. A , . ’
ol a],l 1J‘rf‘§c()a|)| dm(a) = = v xdde j = 1,...,n. Opllovye g; = nXja,_,,a,)f
Yo xdde j = 1,...,n — 1 %04 gn = NX[an_;,a.]f> OTOTE fol 1J‘f‘;g_a()a‘)‘ dm(a) <
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2 a; |f(a)l _
T ajj,l T+ 7(a)] dm(a) = n+1

Enewdn n V elvaw xupth xou f = ; (g1 + -+ + gn), ovvendyetat 4Tt TO f ovixeL
oty V.

Hogatnpotpe 6t x&de f € M([0,1], B([0,1]),m) ypdgetan f = 5 (f1 + f2)
we fi, f2 € M([0,1],B([0,1]),m) xou |fi(a)l,|f2(a)] > 1 yia xdVe a € [0,1].
Mpdrypart, propolue va oplcovye fi(a) = f(a) av [f(a)| > 1, fi(a) = —|§Ezg‘ oy
0<|f(a)] <1xu fi(a) = =1 av f(a) =0 xou va oplooupe fa = 2f — fi.

Téte éyovpe fi, fa € V xou, enedh  V ebvon xupth xaun f = 1 (f1 + f2),
ovvendyet f € V.

Apa n V repiéyer xdde otouyelo tov M ([0, 1], B([0, 1]), m).

< 7y xdde j. Apa O ta g5 avixouv oty V.

Optowoc 3.62E0tw ydpos pérpov (2,5, 1) ka1 0 < p < 1. Opilovue ya kdOe

f.9 € L7(Q,5, 1)
/ (@) — g(@)|” du(a).

Ovdiétntec dp(f, 9) = dp(g, f) xou dp(f, h) < dp(f,g)+dp(g, ) elvou elxoro
vo amodetydolv. H Sebtepn Baoileton o-m GTOLXELmSn (a+ B)P < a? + (P yu
x&e a, f > 0. Auth ebvon amhf: 1= 255 + a+B < (aiﬁ) + (aﬁﬁ)p = (ZPI;;
Enewdr dp(f,g9) = 0 av xou pévov av f(a) = g(a) vy p-oyxeddv xéde a € €,
opiloups, we ouvidug, to ypouuxd undywpo Y = {f € LP(Q, 3, 1) | f =0 p—
oxedov mavtol oto 2} tou LP(Q, X, p).

Optopdc 3.63E0tw xpos uérpov (2,5, u) kar 0 < p < 1. Opilovue oo
ypappikd xapo LP(Q, X, u) = LP(,3, 1)/ Y perpikn dp pe tino

ap([fly lgly) = / (@) — g(a)? du(a)

yia kdOe [fly, [g]ly € LP(Q, X, w).

Eivaw mpogavée 6t 1 d), opiletan xohéde xou dtu elvan petpiny| otov LP(Q, %, ).
Q¢ ouvidoucg, Tautilouue TV [fly pe To f.

Oehenua 3.44°Eote ydpos pétpov (2,3, u) kat 0 < p < 1. 0 ydpos
LP(Q,%, 1) pe Tn petpiky dp, eivai mANpns TomoAoyLkSS YpauuLkds xé-
05

AndédeEn: O LP(Q, 3, ) ebvon ywpoc Hausdorfl, apol eivon petpinde yodpoc.
'Eotw dp(fn, f) — 0 %o dp(gn,g) — 0. Téte d(fn + gn, f+9) < dp(fn, )+
dp(gn,g) — 0. Ouolwe, av |ky — k| — 0 %o dp(fr, f) — 0, 161€ dp(kn fn, kf) <
|k Pdp(fr, ) + [fn = K[Pdp(f,0) — 0
Enopévwe, ou tpdieic elvon ouveyelc xar o LP(Q, X, 1) elvon tonohoyixde ypoy-
uxde yopoc. H minpdtnta tou yweou amodewxvieTon YE Tov (Blo Tpdmo Tou
amodewvleTal 1 TANROTNTA oty Tepintwon p > 1.

IMegétaocm 3.450 LP(]0,1],B([0,1]),m) dev eivar tomikd kupTds.
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Anéoeitn: ‘Onwe oty anddeln e Mpdraonc 3.44, apxel vo anodelfouye 6Tt 1)
povadxr, xupth, avout teployt Touv 0 otov LP([0,1], B([0, 1]), m) eivar o Bloc o
L?([0,1], B(]0, 1]), m) ot éotw xupth, avowxth teptoyh) V' tou 0.

Téte undpyer r > 0 wote {f|dp(f,0) <r} CV.

Oewpole tuyoloa f € Lp([O 1], B([0,1]),m) xon A = fol |f(a)|P dm(a).

Kotémy naipvouue n > ( )1 P oxoL Bptcxoups ag, ... ay, Gote 0 = ag < a1 <

c < ap = 1 xo f )|pdm( ) = 2 v xdde j = 1,...,n. Opilovye
gj = NX[a;_ 17a])‘f YLO( xotﬁs j = 1,...,n — 1 X% gn = NX[an_1,an)f> OTOTE
fo lgj(a)|P dm(a) = nP fa] f@)P dm( ) = AnP7t < 1y x&de j. Apa 6-

Ao T g avixouv oty V. ErcsLSn NV elvor x0pth xou f = 2 (g1 + -+ + gn),
ouvendyetow 6t 1 f avixel oty V.
Apa n V mepiéyer xdle otouyeio tou LP([0, 1], B([0, 1]), m).

3.5 Aoxnoelg

’

1. 'Eotw yopoc X pe vopua ||-]|. Arnodetlte 6ty xdde x € X xu 7 € RT:
(1) cl({y € X[ |ly —zll <r}) = {y € X|[ly — 2| <1},
(2) 0y € Xllly — =l <r}) ={y € X|[ly — =[| = r}.

2. Eotww {pi|i € I} éva ohvoho nuvopu®dv 6Ttov yeouuixd yopo X. Av 0 <
sup, e pi(r) < 400 v xdde x € X \ {0}, amodeifte 6t 1 |- : X — R¢ pe t0no
llz]] = sup,;c; pi(x) v xdde = € X elvou vépua otov X.

3. 'Eoww ydpoc X pe vopua xou A, B C X.

(1) Av ta A, B elvar avowxtd, anodeite 61 1o A + B elvor avouxto.

(2) Av o A, B elvan oupnayt, anodel&te 6t 10 A + B elvor ouunayéc.

(3) Av 1o A elvor xhewotéd xon 1o B oupnayée, anodellte 6t 1o A + B elvau
AAEOTO.

(4) Xtov R? 10 A = {(2,0)|z € R} xu B = {(z,y)|z,y € R,zy = 1} v
XAEoTd, oAAE To A + B Bev elvan ¥AetoTh.

4. (1) Eotw ypopuxde ywpeoc X xou xuptd Ai,..., A, C X. Anodellte 61

co(A1 U---UA,) = {tiar + - + tpanlar € A1,...,a, € Ap,ty, ...ty > 0,

i1+ +t, =1}

(2) Eotw Xd)pog X e vopua xan xuptd ouunayf Ag, ..., A, C X. Anodellte 6t

70 co(Ay U---U A,) evor ocupnayéce.

(3) Eotww ywpoc X ue voppa xon ohxd gpaypévo K C X. Anodel&te 6t 10
co(K) efvar ohxd gporyuévo.

( ) Av o X ebvau yopoc Banach xaw 1o K C X elvou oupnayée, anodellte 6t 1o

cllco(K)] etvon cuymaryéc.

5. Anodellte 4t onoowRnote ydpol nenepacuévne ddoTaone e voppa elval
TOTOAOYWXA Loopop@xol av xat H6vov av €youy Tny (Bl dLdotacT).

Opwopés: Eotw X ypauuikds ydapos enf tov F ue vépua ||| kar x1,x2,... € X.
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, Ve ’ —+o0 , , ,
Aéue éu n ocerpd Zj:1 z; ovykAiver otov X av n akolovdia {s,} twr puepikdy
alpoioudrwy s, = x1 + - - - + x, oUyKAve otov X. Xe avtiy tnv nepintwon, av
Sp — 8, ypdgouue ijof z; = s. Adue éu n oepd ocvykAiver arodvtwg av n

jzof llz;| ovyrdiver.

6. (1) Anodellte 6t évac ydpoc X e vopua elvon Thipne ov xou uévov av xde
anohUTwe cuyxiivouca oelpd otolyelwy Tou X cuyxAiver otov X.

(2) Oewpeiote tov I ye v 1-vépua xo tov utdywpo X =< {e;|j € N} >.
Anodei&te 6T otov X 7 ijof j%ej OUYXAVEL amOADTWS aANG B cUYXALVEL.

Opwopée: Eoww X xdpos Banach. To {b;|j € N} ovoudletar Bdon Schaud-

er tov X av yua kd0e v € X vndpyovy povadikd Ki,K2,... € F dote x =
too L p.

Zj:l Kj0j-

7. Beelte Bdon Schauder yix toug 1P, 1 < p < 4o00.

8. Arnodeite 61 to otouyela plag Bdone Schauder oe ypo Banach elvor peyov-
WUEVAL.

9. Eotw ydpoc X pe vopua xar Y xhewotdc undywpoc tou X.
(1) Av 01 Y, X/Y eivar mhrjpete, anodellte 6t o X elvon mAfpnc.
(2) Av o1 Y, X/Y eivar Sraywplotpor, anodellte 6t o X eivon Sroywelooc.

10. (1) Av o X elvon ydpoc pe voppa xou 0 Y elvon yviolog undywpoc tou X,
anodellte T int(Y) =0

(2) Av 0o X eivor ydpoc Banach xou Y;, eivon yvAoior undywpor tou X menepa-
opévre didotaonc, anodeléte ot int(UFY,,) = 0.

(3) Anodel&te 6T dev undpy et anelpodidoTtatoc yhpoc Banach pe aptduriown Bdon.

11. (1) ‘Eoww yopoc X menepoouévng didotaons ue vépua ||-|| xa ypauuixods uné-
xweoc Y # X. Anodellte 6t undpye ¢ € X pe ||z|| = inf{|ly —z|| lye Y} =1.
(2) Zrov C([0,1]) = BC(]0, 1]) pe tnyv opotduoppn vopua YewpolUe ToV UG wEO
X ={f e C(0,1])|f(0) =0} xwtov Y = {f € X|f01f = 0}. Anodellte 6T
0 X ebvan xhewotéc undywpoc tou C([0,1]), 61t Y # X xou 61, yio onotodrimote
fe X pe |[fll, =1, wye inf{llg — fll, g € Y} < 1.

12. (1) Eotww yopoc X ye vopua, M uheiotéc undywpos tou X xon Y undywpog
tou X pe dim(Y) < oo xow MNY = {0}. Anodeilte 61t o M+Y elvo xhelotde
unOYWpeoC tou X.

(2) Anodellte o o anotéheoypa pe Tic Bieg unodéoeic extoc e M NY = {0}.

13. 'Eotww yopoc X ye vopua, M xhewotdc undywpoc tou X ye codim (M) < 400
xat Y undywpoc tou X. Anodelgte étt o M +Y elvon xhelotodc undyweoc tou X.

14. Ytov yopo 12 Yewpolye touc umdywpouc M = cl(< {es;|lj € N} >) xa
Y =cl(< {eq; + %ezj_1|j € N} >). Anodeite 61 0 M + Y eivor nuxvéc otov
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12 xou (1,0, %,O, %,0, L) EM+Y. Apgo M +Y Bev elvon xhelotédc.

15. 'Eotw X évac ypauuixde xopeog el Tou F' o omolog elvar anelpodLdotatog xou
¢otww B pla Bdon tou X. Opilouue ||-||(1) xan ||~||(2) otov X e tono

n
1) _ (2) _
21 =3 lwsl, el ® = max I
j=1
v xde x € X, énou & = Z?Zl KjZj UE K1,...,Kp € F ot 21,...,2, € B.

1 2
NN

Arnodeilte 6T ot ||||( elvor vépuec otov X xou 6L dev elvar Lloodivopec.

16. Ocwpolue tov 11 xou yio %89 = = (x1,22,...) € I* opllovpe ||z|| =
Z;r:f o |2;]. Amodei€te 6t n ||| etvor vépua ooy I 1 orola dev elvon Loodlvaun
ue v 1-vépua tou 11 xor 6t 0 1! dev elvan mAene we mpoc Ty |||

Opwowode: Mia ovvdptnon f: R — F ovoudletar covvdptnon gpayuérng k-
pavong av vrdpyer M > 0 dote Z;:ll |f(tjx1) — f(&)] < M ya kdOen € N
katty,...,tn, E R uet; < -+ < t,.

Opilovpe to ovvodo BV (R) pe otoela dleg tig ovvaptioes gpayuévng ko-
pavons oto R ka1 ya kdOe f € BV (R) opilovpe

n—1
15y = [FO]+sup{d ] 1f(tje1) = Ft)]In € Noty <--- < ta}.

Jj=1

17. Anobdei&te 61 0 BV (R) eivan ypauuxode ywpeog ent tou F, 6t n ||| gy ebvon
vépua otov BV (R) xaw 61t o BV (R) elvan ydpoc Banach pe avtrv tn vépua.

Opwowée: Eoww 0 < a < 1. Mia ovvdptnon f : R — F ovoudletar cvvdpTnon
Lipschitz tdéng o av vrdpyer M > 0 doze | f(t) — f(s)] < M* ya kdde § > 0
kai ya kde t,s € R e [t —s| < 4.

Optlovue Lip, tov xdpo pe otoryela 6Aes g ovvaptioes Lipschitz tdéng o
ka1 yia k¢ f € Lip, opiCovpe ws(f) = sup{|f(t) — f(s)| ||t — s| < I} kar

1, = 7)) +sup 22

5>0 0%

18. Arnodeilte 6Tt 0 Lip, ebvor ypopupxoe yopog ent tou F, 6t || 1, ebvor
vopua otov Lip, xau 6t o Lip, elvon ydpog Banach.

Oplopds: Eow 0 < a < 1. Opilovue to agvrvodo lip, pe otoiyela OAes Tig

ovvaptioes f € Lip, pe tnr ioidtnta lims_o4 “g&” =0.

19. Anodellte 6 0 lip, elvon xhetotde LTOYWPOC TOL Lip,. Anodelte 6t 1
otowyela Tou lip; elvon oL oTadepéc cuVaPTHOELC.

Opwowde: Eotw A = {z € C||z| < 1} 0 avoixtds povabaios dioxos oto C. I'a
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1 < p < 400 Gewpolue to obvoro HP(A) pe otoiela dleg tig ovvaptioes ol
omoles efvar oAGpoppes oTo A e Y 116TNTA SUPg< g fozﬂ |f(re??)|Pdf < +oo.
TI'a xde f € HP(A) opilovpe

171, = s (5= [ e yeas)

<r<1 7T

20. Amodel€te 6t 0 HP(A) ebvor ypoppxoe yopog et tou C, ot n |||, ebvau
voppa otov HP(A) xar 6t o HP(A) elvar yodpoc Banach.

Opowde: Opilouue to otvodo H®(A) ue otoela dhes Tig ouvapTioes ot onoleg
efvar oAdpopges oto A ka1 éovr tny 1bidTnta sup,ca |f(2)] < +oo.
Ia kdOe f € H*®(A) opilovue

1flloe = sup [ £(2)]-
zEA

21. AnodelZte 6u 1o H®(A) elvan ypauuixoc ywpoc ent tou C, éu n |||, elvou
vopua otov H®(A) %o 6t 0 H®(A) elvon ywpoc Banach.

Opowde: Opiloupe to otvodo A(A) pe otoiyeia dleg Tig ovvaptrioes f ot onoleg
efvar ovvexels oo cl(A) = {z € C||z| < 1} ka1 oAduopges oo A.
Ia kde f € A(A) opilovue

[fllee = max [f(z)]

z€cl(A)

22. Anobeigte 6 1o A(A) ebvan ypauuxde yodpoc ent tou C, ot 1 |||, ebvan
voppa otov A(A) xar 6t 0 A(A) eivon ywpoc Banach.

23. 'Eotww yopoc X ye contepind yvépevo (+|-) xou exaymduevn vépua ||-||-

(1) Av ot {xn},{yn} ey otov X pe ||zn]] < 1, |lynl] < 1 xou (znlyn) — 1,
anodei&te 6t ||xy — ynl| — 0.

(2) Av n {xn} xou 10 x elvon otov X e ||zn]| — ||2]] xou (zn]y) — (z]y) yio xdde
y € X, anodellte 6 ||z, — || — 0.

24. "Eotw yodpoc X pe vépua ||-|| xou éotw 6Tt oy Vel N TauTdHTNTA TOU TOPAAANAO-
YESUUOU.

(1) Av F = R xa oploouye (zly) = 1 [|z + yll* + 2 - yl? v xdde z,y € X,
anodeilte 6t 1o (+]-) elvon eowtepd Yvépevo otov X xou endyet v |||

(2) Av F = C, amodel&te o Bio mpdyua pe (zly) = 1 |lz + yll? - 1z — yll® +
L+ iyl — e - iyl v xdde 2,y € X.

25. Anodel&te 6Tt xdde oploydvio cUVONO GE XWEO UE ECWTERIXG YIVOUEVO Elval
Yoouuxd ave&dptnTo.

26. Eotww ywpoc X ye eowTeEPXd YVOUEVO (+|) xou emayduevn vépua ||-||. Av
x,y € X, npocdloplote OAEC TIC TEPLTTWOELS MOTE Vo Loy Vel N Lobtnta || + ¥l =
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2]l + llyll-

27. Anodel€te b, av 1 < p < +o00 xou p # 2, 0 [P ye Ty p-vopua Sev elvor yodpog
ue ecwtepxd ywbpevo. Anodellte to (B0 v tov LP(Q, X, 1) pe v p-vopua,
EXTOC amd ENAYLOTES EEALPETELS TIC OTOLEC TIPETEL VA TPOGOLOP{OETE.

28. 'Eotww ywpoc X pe voppa |||, s € X xou {x;}ier otov X. Anodeite 61
Y icr Ti = 8 Yopic tpolnodéoelc av xon uévov av yia xdde € > 0 undpyet nenepac-
pévo I, C I dote ||Zi6in — s|| < € v xde nenepacyévo J ye I C J C 1.

29. 'Eotww yopoc X ye cowtepixd ywbpevo (-|-) xou emaymduevn vépua ||-|
(1) Av z,aq,...,an, € X xou 10 {a1,...,a,} evor opYoxavovixd, anodellte ot
T0 u6vo otowyeio tou < {a1,...,a,} > 10 onolo €xel THY EAdYLoTN andoTAOT OO
0 z vt to (z]|at)ar + - - + (x]ay)ay.

(2) Av A eivar opdoxavovixr, Bdon tou X, anodellte b o = Y 4 (x]a)a yu
xdde x € X.

30. Oewpolpe T0V UTOYWEO cop ToU 2 pe otoiyela dhec Tic axohoudiec ¥ =
(%1, 22,...) oL ontolec €Y0UV 10 TOND TEREPACUEVOU TARBOUC UN-undevixée ouvTe-
TOYMEVES.

(1) AnodeiZte 6w 10 K = {y € coo Z;L:‘xl’ Ly =1} elva 21076 o xuptd AN
6t Sev undpyer yo € K pe |lyolly = infyex [|yll,-

(2) AvY = {y € coo Z;L:f %yj = 0}, anodei&te 6T 0 Y elvon xhelot6c unOYWpOC
T0U cop, TG Y # (V)L

31. Anodeifte 61 otov undywpo Y =< {37 ek, e e3,...p > tou I 10
{ea, €3, ...} elvor maximal opoxavovixd chvoho alld byt opoxavovixy| Bdon.

Opwopbe: (Evdl dpoiopua ydpwv ue eowtepikd ywiuevo) Eotw du ya kd-
Oe i € I o X; elvar xdpos e eowtepikd ywiduevo (+]-); kar emayduevn vépua
[-ll;- OpiCovpe @,;c; Xi va etvar to obvodo dwv twrv x = (xi)icr € [[;c; Xi pe

2
Zie] |37 < 4o0.

iel

32. D = (zi)ier,y = (Wi)ier € Bics Xi opllovpe (xly) =3¢ (wilyi)s-
(1) Anodeite 6t 1 oelpd mou opilel 1o (x]y) ouyxhiver ywpic tpolinodéoeic xon
0 (-]-) ebvon eowteEIXd Yvopevo otov @, ; X

(2) AnodelEte 6, av xdde X; elvan mAfeng, téte xou 0 D, ; X elvou TAENC.

iel
Opwowéc: Eoww X; = F yua kdde i € 1. Opilovpe 1*(I) = @,;c; F. Ankadn,
ya kde v = (v;)ier,y = (Yi)ier € @y F evar (zly) = > ,c; viyi xa ||a:||2 =
Dier lzil*.

33. Anodetlte 61t o 1?(I) elvor yopoc Hilbert.

34. Anodeléte 6Tt xd¥e 800 maximal opYoxavovixd olvora evéC yDpou PE
EOWTEPIXG YWVOUEVO £Youv Tov (Blo Thnddpuduo.
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Oplopodg: Av X elvar yopos pe eowtepikd ywviuevo kar A €ivar omoldmote
mazximal opOokavoviké otvodo tou X, o card(A) ovoudletar 61dotaocn Hilbert
Tov X.

35. 'Eotww yopoc Hilbert X pe opdoxavovixs Bdon {x;|i € I}. Arnodeilte 6
X 201,

36. 'Eotww o ywpoc H2(A) o ormoloc oplodnxe axpiic mplv and tnv doxnon 41.
Kdde f € H*(A) ypdgetan f(2) = D, _oanz" Yo xdde z € A, bnou 1 duvayo-
oeLpd auTh GUYXAVEL ogodpoppa 6TV f o xdle cuumayég UTOGUVOAO Tou A.

(1) AnodeiZte 6T yia xdde 7 € [0, 1) 1oy ler 5= fOQW |fre®) |2 do = 312 |a, 22

2T £ (reif) |2 d9 elvon aZouca cuvdptnon Tou T xou 4TL
pTNoT

(2) Arnobdeilte 6t 217r

||f||2 = limr‘ﬂ,(% 0 |f(re“9)|2 d@)

(3) Av 1 f ebvar ohbuopyn oto A xou f(2) = Y _ganz™ v xd0e z € A,
anodelfte 61 f € H2(A) av xou ubvov av 3% |an|? < 400 xa 61, o authy
Y nepinoon, [|f]l = 5% anl.

(4) AnodelZte o v xde f,g € H*(A) pe f(2) = Y, _ganz" xu g(z) =
Yoo bn2™ v xde 2z € A, 1 oepd Y anb, cuyxAiver xon 6T, av oploouye
(f19)2 = 3= ,—0 Anbn, T67€ 70 (+|-)2 Elvon ecwTERIXS YVépEVO oTov H2(A) 10 0mt0l0
endyer T vépua |-,

37. 'Eotw U avowxté utocivoro tou R? xar k € Ng. Twaxdde f,g € CF2(U) opi-
Covpe (fl9)k2 = 22 |a1<k Jy D*fDegdm. ArnodelZte 6t 1o (-|-)k,2 eivor ecwtepl-
%6 ywéuevo otov CF2(U) xou 6t endyer T vopua (RIS

Opiowde: (Tuvaptrijoes pue tipés e xdpo ue eowtepikd ywiuevo). Eotw 6i-
axwpioipog xdpos X e eowtepikd ywiuevo (+|-)x kar xdpos pétpov (, %, ).

Av f:Q — X, Mue 6un f elvat petpforun av yia kdde x € X n (f()|x)x

Q — F elvar petprjoun.

38. 'Eotw durywplowog ydpos X pe contepixd ywouevo (-|-)x xou emayduevn
vopua |||l - Av ol f,g: Q — X elvon petpriowec, anodellte 6t ot || f(+)[| x : Q@ —
Ry xou (f()]g()x : Q@ — F elvor yetpriowuec.

Opowde: (Zuvaptrijoes pue tipés e xdpo ue eowtepikd ywiuevo). Eotw 6i-

aywpionuos xdpos X pe eowtepikd ywiuevo (-|-)x kar emaydpevn vépua ||| -

Opilovpe to L*(Q, X, 11; X) ws t0 oUvodo Awr twy petpiouwy f: Q — X e
2

Jolf(@)llx du(a) < +oo.

39. 'Eotww Swywplowog ydpoc X e eowtepixd Ywvépevo (-|-) x, enayduevn vopua
|-l x xon opBoxavovixn Bdon {x1, x2, ...}

(1) AnodelZte 6n v xdde f,g € L*(Q, 3, p; X) w0 (flg) = [,(f )x du(a)
ouyxhivel xau 6Tt To (+]-) efvor ecwTepd Yvbuevo otov L2(S), E u, X)

(2) T xdde f,g € L2(, %, p; X) anodeile 6t f(+) = Z;;’cl)(f(ﬂxk)xxk xat

(f19) = 22021 Jo(f(@)|zw)x (g (@) ) x dp(a).
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40. 'Eotw p1 xou e 800 pétpa otov Bio petphiowo yopo (£2,3), ta onolo etvou
apoBaia Widlovta, 1 Lue. AnodelEte 6t L2(Q, 2, w1 + p2) = L3(Q, %, p1) @
L*(Q, %, p2).

41. 'Eow ywpoc X pe eowtepxd ywopevo (-|-)x. Do xdde z1,...,2, € X

Vétovpe G(x1,. .., o,) = det((zi|z;)).

(1) Anodel&te 6t G(x1,...,Tpn) > 0 xou 61 wylel G(x1,...,2,) = 0 av xou

pévov av to {z1,. .., 2, } elvon ypouuxd eZaptnuévo.

(2) Av x € X, M =< {x1,...,2,} > xau w0 {x1,...,2,} elvon ypopuxd
’ ~ 7 , . 2 _ G(z,x1,...,xy)

aveldptnro, anodelte 6t mingen ||z — y||” = Ne T

(3) Av to {1, ..., 2, } elvon ypouuixd aveZdptnto obvoro otov R™, anodeilte 61t

0 6yxoc Tou tapuAATAeTinedou P = {t1z1+ - +t,xn]0 < t; <1,...,0 < ¢, <1}
ebvoe looc pe /G(x1,...,2n).

42. 'Eoww ywpoc X UE e0wTEPXS YVOUEVO xou opdoxavovixd clvolo A. Av
OEWY D 1 4 Kal SUYXAIVEL Ywplc TpoUmodéoeic, anodelite 6Tt Y, 4 |Kal? < +00.

Opwopode: Ta nodvdvuua Hermite optlovtar ya kdfe n € No ue tov timo
H,(t) = (=1)"e” D" (e~ *").

43. Anodellte 6u ov ouvapthcec Yn(t) = ﬁHn(t)e_%ﬁ, n € Np,

anoteholy opdoxavovixé civoro otov L2(R, B(R), m).

Opwowdg:  Ta nolvdvuua Laguerre opilovtar pe tov tomo Ly, (t) = e! D" (t"e™ ")
yia kd0e n € No.

44. Anodel€te 6Tt oL ouvopThoES ¢n(t) = %Ln(t)e_%t, n € Np, anoteloby
optoxavovixb civoho otov L?(RT, B(RT), m).

Opwowée: Opilovue tg ovvaptrjoels Rademacher i, k € No, va efvar o1 1 —
Teprodikés ovvaptrioes oto R pe ro(t) = 1, av 0 < t < %, kai ro(t) = —1, av
2 <t <1 kaper(t) =ro(57t) yia kdde k > 1 ka1t € R.

O1 ouraptiioas Walsh W, n € Ny, opiCovtar ws e&nis: Wo(t) = 1 yia kdOe
t € R ka1, av n > 1, ypdeovue tn dvadikn avanapdotaon n = Z;ﬁ% 2% (ue
avaykaotikd merepaouévov tAfdous dpoug) touv m, dmov & € {0,1} ya xdde k,
Kar Oévovpe W, (t) = [[725 (11 ()6

45. Anodeléte 6T 10 cUvolo Twv cuvopthoewy Walsh anotelel opdoxavovixd
oOvoho otov L2([0,1], B([0,1]), m).

46. 'Eotww avoxté U € R™ xa C.(U) 10 cbvoro bhwv twv f: U — F cuveydv
xou pe oupmayy gopéa supp(f) C U. Iaipvouye onowdhnote cvunayh K C U,
ke N, ye Ky C Kiy1 o xdde k dote yia xdde ovunayéc K C U va undpyet
kue K C Ky. Kotomw, yia xée axohovdia F = {e;} oto RT, Yewpolpe
wa By(ey) = {f € C(U)|supp(f) C Ky, ||fll, < ex} v x&de k xou 0 UYL =
co(Uf 2 Bi(ex))-
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AnodeiZte 6t oplleton tond xvpth tomoroyia otov Co(U) wote 1 culhoyn
NO = {UY|E} va anote)el Bdon avouxtdv neptoymy tou 0.

47. 'Botw {fm} xow f otov Ce(U). Anodellte 6t fr, — f ¢ mpoc v tonoloyi-
o nmou oplodnxe oty mponyoUUevr doxnon av xou Uévov av undpyel k ®ote
supp(fm) C Ki, vt x&% m xou fr, — f opoidpoppa oto U.

48. 'Eotw avowxtdé U C R™ xou C2(U) 1o olvoro 6wy twv f : U — F anelp-
we mapaywylowwy xou pe ouurayy) gopéa supp(f) C U. Iaipvouue omoldn-
note ovunayl) K C U, k € N, ye K, € Kjip1 v xdde k dote yur xdde
ouprayéc K C U va undpyer k ye K C Ki. Katémy, yur xdde axoloudia
E = {e;} oo RT xau v xdde axohouda N = {ni} oo Ny, Yewpolye ta
By(ex,ni) = {f € CU)|supp(f) C Kk, pi,ni (f) < €} via x&0e k xor 10
UJ%,N = CO(U::;B]C(E;C, nk))

AnodeiZte 61t opileton Tomnd xupth Tonoroyla otov C°(U) ote 1 cLUANOYA
NO ={U% y|E, N} vo anoteket Bdon avoxtov teployodv tou 0.

Optopdc: O CX(U) pe tny tomikd kupth tonodoyia mov opiodnke aTny mponyov-
pevn doknon ovuBoliletar D(U) kai ovoudletar x dpog twy test functions oto
U.

49. Eow {fm} xou f otov D(U). Anodellte 6t fi, — f w¢ npoc Ty Tomoloyi-
o nmou oplodnxe oty mponyoUUevr doxnon av xot Uévov av utdpyel k ®ote
supp(fm) C Ki v xée m xou D*f,, — D*f opoibpoppa oto U yio xdde
a.

50. 'Eotw tomxd xuptédc ydpoc X tou onolou n tonoroylo endyeton and TNy GUA-

Aoy nuwvopudy {p1,...,pn}. Anodellte 6t n p = max(py,...,pn) ebvon vopua
otov X xou 6Tt endyel TV Tonoloylo tou X.

51. Anodel&te 6t xde Tomxd xLETH ToTohOY N OE Y WEO MENEPUCUEVNS BLdoTaoTC
X towtileton pe v tonoloyla 1 onola endyeton otov X and onowdAnote vopua
TouL.

52. 'Eotw X onowodhnote tomxd xuptde yweoc. Anodellte 6t xdie ypoupixde
undywpeog Y touv X pe dim(Y) < +oo elvan TAfpng.

53. 'Eotww X onowodhnote tomixd xuptoc ydpeoc. Anodellte bt xdle cuunayéc
uTocUVOAD Tou X €yeL XEVO ECWTEPLXO.

54. 'Eotw Ttomxd xvuptdéc ywpoc X tou omolou 1 tomoloyla endyeton oamd TNy
daywpllovoa cUANOYY NuVopUGY P.

(1) Av p elvor omowadfrote Nuvdppo otov X, anodelZte 6t n p elvor cuveyh-
¢ otov X av xo pévov av undpyouvv C' > 0 xat p1,...,p, € P &ote p <
Cmax(p1,...,pn)-

(2) Av Py elvon 1 cuANOYH OhwY TV Muvoppdy otov X ot onoleg elvan ouveyeic
otov X, anodel€te 6t 1 Tomxd xupTh Tonoloyia tou X 7 onolo endyeTon and TNy
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Po tawtileton ye tnyv apyxr tonoloyla tou X.



Kegpdialo 4

O ouXOC Y WPEOC

4.1 Ppayuéva YeoUixd CUVIETNOCOELDY

Opowdc 4.1Eotw ydpos X pe vépua ||-|| kar ypappixd ovvaptnooeadés x' :
X — F. To 2’ ovopdletar ppaypuévo av vrdpyert C > 0 dote

[/ (z)] < Ol
yia kdOe x € X.

Meétacr 4.1 Eotw ydpos X e vépua ||| ka1 ypappuxdé ovvaptnooadés x' -
X — F. Ta napaxdtew eivar 10000vaua:

(1) To x' efvar ovvexris ovvdptnon otov X.

(2) To x' etvar ouvexris ovvdptnon oto 0 € X.

(3) To a’ efvar ppaypévo.

Anéden: Eivar tpogavéc 6t to (1) ouvendyetat to (2).

Av 1o 2’ dev elvon ppayuévo, tote Yy xdde n € N undpyel x, € X ye
|2/ (25)| > n||@n||. Téte @, # 0 xou, Yétovtoc y, = AT Tns EXOUHE Y — 0
oMAG |2/ (yn)| > 1, ondte to &' dev elvan ouveyfic ouvdptnon oo 0.

‘Eotww 6t vndpyer C > 0 dote |2/ (z)| < Cllz| vy xdde z € X. Av z,, —
otov X, 16t |2/ (2) — 2/ (2)| = |2/ (zn, — )| < C' ||z, — || — 0 %01, eTOUéVWLC,
0 z’ elvar cuveyfc cuvdptnon otov X.

Opowde 4.2FEotw ydpos X pe vépua ||-||. To otrvodo dAwv twy ouvexdr atov
X 1), 10000vapa, gpayuévor ypappuikdy ouvvaptnooeiddy tov X ovoudletal vikég
xwpog tov X kai ovuPolilerar X*.

Ebvar gavepd 611 0 ydpoc X* elvor ypopuuixdc undyweoc tou ythpouv X' Ohwyv
TWY YROUUXDY GUVOPTNooEd®Y Tou X. Oa cuuBoAilouue ta otowyela Tou X* pe
o oluBoha ¥, y* xAT.

Eivot yvwot6 6Tt 0 undevdywpog evéc Yeouulxol cuvapTnooeldole efvon yeou-
uxde umdyweog ouvddotaone 1 1 0. To enduevo anotéAeoua divel oyeTind yopa-
ATNELOUS TNC GUVEYELAC.

125
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Meétact 4.2 Eotw yopos X pe vépua ||| kar x* € X*. To x* efvar ppayuévo
av ka1 pévov av o N(z*) elvar kAe10tdg.

Arnédaén: Av to x* ebvor cuveyée, t6te To N(x*) = (2*)71({0}) ebvor xheiotd
w¢ avtloTeogn ewdVa XAELGTO) GUVOAOL.

‘Eotww 6T 1o N(z*) elvar xheiotd. Av x* elvor 1o undevixd cuvoptnooetdéc
téte elvan, Tpogavde, ouveyéc. Av Oy, tdte undpyel xg € X wote x*(zg) = 1.
Enewd? ov yetagopéc elvan opolopopypiopol tou X, to unepeninedo xo + N(z*) =
{z € X|z*(x) = 1} ebvar xhewot6 otov X. Ko, enedh 0 ¢ xo + N(x*), undpyet
R > 0 ¢ote B(0; R) N (zg + N(z*)) = 0. Eotw, topa, 6t [*(z)| > £ ||z vt
xémow z € X. Bploxoupe k € F dote k| < 1 xu ka*(z) = £ ||| o Yétoupe
y = ﬁx. Téte y € B(0; R) xaw 2*(y) = ﬁx*(m) = 1. Auté ebvor dromo,

onéte |z*(z)| < % ||z yia x&e @ € X

Meétacr 4.3 Eotww ydpos X pe vépua ||| xar 2* € X*. Tére vrdpyer to
min{C > 0||z*(z)| < C||z|| ya xdOe¢ z € X}.

Anédeidn: Eotw Cy = inf{C > 0] |z*(x)| < C||z| ya xdde z € X}. Iaipvou-
pe onowodhnote C' > 0 ye |z*(z)| < Cllz|| v xdde z € X xou, xpatdviog
otadepd 1o tuyov = € X, nalpvouye to infimum tne 6eidc TAeLpdc wC TPOC TO
C'. Bploxouue |z*(z)| < Co ||z|| yio To Tuydy = € X.

Opgiopo6c 4.3Eotw xdpos X e véppa ||| kar z* € X*. Opilovue wn vépua

Tov ¥ e tov TUno
l*|| = min{C > 0] |z*(x)| < C||z|| ya ki x € X}.

Apa
2" ()] < (||| [|]]

vy xqde z € X xow xde z* € X*.

Meétacr 4.4 FEotw xdpos X pe vépua ||-|| kar 2* € X*. Tére

[z*]| = sup [|2"(z)|= sup [a"(x)]= sup
zeX,|z||<1 zeX,||z||=1 z€X,x#£0 ||$||

Andbatn: Oétouue C = Sup,cx .40 %, onéte |z*(x)| < Cllzf yio %dde
x € X ye x # 0. Enedf autd wybel xau yiao = 0, o opopde tne vépuog
lz* (@) _
SUPze X ,2£0 |£L' (m” = SupwEXynlEH:l |:E (‘T)l < SumeX>||$||S1 |:E (.’I])| < H‘T ||

Tou ¥ Biver TV TpwIN and Tic avioo/iootntec ||z < sup,ex Lo

Meétaon 4.5Fotw ydpos X ue vépua ||-||. H owvdptnon ||-|| : X* — RJ
mov oplolnke otov tekevtaio opioud etvar vépua otov X* ka1 o X* efvar xdpog
Banach.

Andbaén: Av x* € X* xou ||z*|| = 0, t6t€ 2*(x) = 0 vy xd¥e x € X, ondte 10
x* elvon 0 undevind otoyelo Tou X*.
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T xdde z € X xou xdde 23,25 € X* éyoupe |(xf + a3)(x)] < |zi(z)| +
lz5 (@) < [zl Izl + 23] |zl = (23]l + [l=3]) 2] Emouévec |27 + 23] <
=1 + llz3]-

Do xdde 2* € X* xou k € F €youpe [[ka”|| = sup,exy z<1 |(k27)(2)| =

SUPgex, |z <1 [Bl[T"(2)| = K| sup,ex o<1 |27 (@)] = [K] [lz7]].

Apan ||| : X* — RY ebvor vopua otov X*.

‘Eow {x} otov X* pe |z} — 2 || — 0. T tuyxdv z € X éyoupe |z} (x) —
xi (@) = |(xf —af ) (@)] < ||zt — x5, || ||z]] — 0, ondte n {af (x)} elvon axoroudia
Cauchy oto F. Apa undpyet to 6p16 tne oto F. Opllovpe * : X — F ye t0no
z*(z) = lima} (z) v xdde x € X. Eneldf xdde x) elvon ypouuxd, woylel v
xe z,y € X xu k € F 6w a*(z+y) = lima! (z+y) =lima) (z) +lim 2 (y) =
x*(x) + 2*(y) xou x* (k) = limaf (kx) = klim 2% (z) = ka*(x). Apa 0 * elvan
YeAUUUXS GUVARTNCOoEWES Tou X.

Enedr undpyer N oote || — x| < 1y xéde n,m > N, éyoupe |z} (z) —
oy (@) < |2k —zi |l =]l < [lz|| yio xdde n > N xaw & € X xou, nalpvovtag 6pto
5y . — o0, Beloouye [2° (z)— o3y (2)] < 2] Mg 2" (2)] < |3, (2)|+ ] <
(e )l + 1) lz]] Yo x&de z € X. Enopévac to ©* eivon ppaypévo xou z* € X*.

T tuydy € > 0 vndpyer N dote ||z — 2k || < € yw xdde n,m > N. Tére
|xk(x) — af ()] < ||z —xi | z] < €llz] yio xdde n,m > N xa xdde x € X.
Iaigvovtac 6plo 6tav m — 400 Bploxovye |xk(x) — x* ()] < ellz|| v xdde
n > N xou xdde x € X, ondte ||} — ™| < € yia xdde n > N. Apa z} — ¥
otov X*.

4.2 X®pOL NENEQATUEVTNS OLACTACNS

Oeopnua 4.14v 0 X eivar yépos pe vépua kar dim(X) < +oo, téte
X =X.

Anddaén: Eoto ||| n vépua tou X xou {b1,...,b,} pla Bdon tou. Enedn dhec
ot vopuec tou X elvor loodlvayes, urdpyouy C, ¢ > 0 dote ¢ ||z < [|z|l, < C|lz]|
yio xdde z € X.

IMofpvouye twyév =z € X, ypdgpouue & = x1by + -+ + x,b, xau opllouue
L.(y) = x151 + - + Toyn Yo %80 y = y1b1 + - + ynby, € X. Ebvar edxolo
va amodeyVel 6T i ouvdptnon I : X — F elvon ypauuixd cuvapTnooeldéc Tou
X. Eriong, [L(y)| < 2] l9lls < Cllell, Iyl xa, exopévoc, L € X* ye || <
Cllally, < C2 |l

Ocwpolpe n ovvdptnon T+ X — X* ye t0no T'(z) = I, ywa xdde x € X. Ay
x=x1b1 + -+ xpby xow & =2y -+ 2 by, T0TE Ly (y) = (1 + )y +
oo (@ F 2y = 1a(y) + L (y) yra xdle y € X, ondte Iy = Iy + 1. "Apa
T(x+2') =T(x)+T(z'). Opoiwe arodewxvietor 6t T'(kx) = KT (), ondte o
T:X — X* elvon ypouuxdg TEAEGTHC.

Av T(z) =T(z'), tote x; = l(bj) = lor (bj) = 2 yia xdde j xou, enopéve,
x=a. Apao T ebvar 1 — 1.

Ocewpolpe tuyov I € X* xou opllovpe = 1(b1)by + -+ - + 1(by)b, € X. Tére
v xde y = y1by + -+ + ypbn € X éxouvye 1 (y) = U(b1)yr + -+ + Ubn)yn =
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Wy1br + -+ + ynbn) = U(y), ondte T(x) =1, = 1. 'Apa o T elvor exl.
"Hn éyoupe 6t | T(z)|| = ||l < C? ||z vy xdde @ € X. Enlone, yio xdde
x = x1b1 + - + xpb, € X pye x # 0 nalpvoupe z = Tiby + -+ + Tpby xan

@l _ llzl3

7 4 lm
tyovpe 6w |T(@)] = | > LG = 2]
elvar TomohoYLIXOS LOOUOPPLOUOE.

2
> c% > c?||z||. Enouévwc o T
2

Ebvar npogavéc and v tponyolpevn anddetin ott, av o X (pe dim(X) < +00)
éyer v 2-vopua, onéte C =c =1, 16te X* Z X.

Av B = {by,...,b,} €bvor n Bdon tov X, T : X — X* elvar 0 mponyoluevoc
wwopopgiopdc o Véoouvue bF = T'(b;) = Iy, v xdde j = 1,...,n, 161€ 10
B* = {b7,...,b}} anotekel Bdon tou X* n onola ovoudleton Suixy Bdom tng
B. Kdade b;f yopaxtnpileton and tn Spdon tou ota otowyela Tne Bdone B we e€rc:
bi(bi) =1 avi=jxoubi(b;)=0avi#j.

4.3 Xwowpotl axoAoLILOV

Ocdpnua 4.2 Fote 1 <p < 400 kat %—i— 1—1) =1.
(1) T'ia kdbe | € (IP)* vmdpyer povadikd x = (x1,22,...) €17 doze ||| =
|zll, kav U(y) = 2191 + 2292+ -+ via kdBe y = (y1,¥2,...) €.
(2) (IP)* 219,

XTnv mepinteon p = +00,q = 1 undpyel LOOUETPOLKY €UPUTEVON TOU I
otov (I°°)*.

Anddaén: Talpvouye toydy © = (z1,22...) € 19 xou opllouvye Iy : 1P — F ue
00 15 (y) = x1y1 + 2y2 + - - - Y x80e y = (y1,y2, . ..) € IP. Eivo tpogavéc ot
N Iy elvon ypouixé ouveptnooedéc tou IP. Enlong, |l.(y)] < [zl [lyl, yio xdde
y € IP xou, emopévac, I € (IP)" pe [l < [z,

Av 1< p<+oo,onéte 1 < g < +oo, t6te Vétoupe y; = Tj|z;|972 av x; # 0

xu y; =0avx; =0. Tote [y1]P + |y2fP + -+ = |21 |7 + 22|74+ - - - < 400, ondre
w0y = (Y1,Y2,...) aixel otov 1P, xou x1y1 + Tayz + - = 21|+ |22]9 + - - -
1 7

Enopévec, [[z]lg = lo(y) < [l lyll, = |l 2]z, ondte [|lz], < [[L]-

Av p = +oo, ondte ¢ = 1, t61€, emhéyovtag 1o (B0 y, €youue |zl =
1y + w2y2 + - = la(y) < [l [yl = [1l]-

Av p = 1, onbee g = 400, 167 |o5] = la(es)] < Il llegly = L]l 1ia it
J, ométe [z o < |llall-

‘Apa o€ xde nepintwon [z, = (|l

Ocwpolpe Ty T : 19 — (IP)* ye tono T(z) = I, v x&de x € 19. 'Onwe xou
oty anddelén tou tponyoluevou Yewphuatoc, eivar ebxolo va doupe 6t o T elvar
Yeappxoe teheothc. Eyoupe Adn anodeiler ot [|T(z)|| = [|lo]| = |||, vior x30e
x €19, And v wodtnta auth ouvendyetar 6t o T ebvon 1-1 (8uéte, av & = 0, Tt
T(x) = 0) xou 611, av Selouye 6t o T elvan enl, t6te 0 T elvon toopetpla.

‘Eotw, 1hpa, otowdinote | € (IP)*.

‘Eotww, xat” apyfy, 61t 1 < p < +00, ondte Vétovue z; = l(e;) yiot xdde j
xou zj = Tjlai|77% av z; # 0 xow 25 = 0 av x; = 0. Tédte yia xdde N éyoupe
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|$1|q+"'+|$N|q =121+ TNz = 1(21€1+"'+ZN€N) < ||l|| (|Zl|p+"'+

lan|P)7 = |1l (21|74 -+ |z |9)7 . Soverdyeton 6t 1|94+ |z |? < (17 yia
x&9e N, ondte, av oploovye = = (71,22, . ..), téte @ € 17 xou ||z, < [|I]| < +o00.
Av p = 1, Yérovtag ndh z; = I(e;), éyoupe |z;| < |1l |lejll, = [[2]] yio xdde

J, onbte, av oploouvye & = (21, 2,...), 1ote € I xou ||z|| , < [|I]| < +oc.

"Apa oe x&e nepintwon éyouye = € 9.

T xdde y = (y1,y2,...) € IP naipvouye y = (y1,.--,Yn,0,0,...) xou
éxovpe L (y ™M) = ziyr + -+ + anyn = ey + -+ + lew)yn = Ly™).
Ened ta I, | etvan suveyh xou y M) — y otov 1P, cuvendyeta 6t 1, (y) = I(y).
Apa T(z) =1y =l xow o T elvou enl.

(N)

A&ilet, oty meplntwon p = 400, = 1, va oxeptobye ce nold onuelo tou
napouatdler TpdBAnUa To Pépog TNe TponYoUUEVNS anddeling To omolo apopd 6to
av o T eivor enl. To mpéfBinua eivan dTL Bev 1oy et yia xdde y € 1° bt yN) — g
otov [*°!

Oehenua 4.3(1) I'a kdbe | € (co)* vndpyer povadikdé r = (x1,2,...)
€11 pe Ul = lloll, kar Uy) = w190 + T2+ via kdBe y = (y1.ys,.. ) €
Co -

(2) T'ia xdbe | € c¢* undpyet povadixké v = (z9,71,...) € 1! @oze ||| =
llz|l, kav I(y) =xolimy, +z1y1 + -+ via kdbe y = (y1,y2,...) € C.

(3) Ioxver 67i (co)* SO kar o L,

Anédeaén: Toipvouye tuydv = = (m1,22...) € 11 xou opllouye I, : co — F e
wno I (y) = T1y1 + Taye + -+ Y xd9e y = (y1,Y2,...) € co. H oepd auth
ouyxiiver (amohitwe) dtot N y elvon @payuévn axohovdio xou elvor tpogavéc OTL
N Iz ebvan ypoppxd cuvaptnooeés tou c. Eniong, [l:(y)] < ||zl |yl o Yo xdde
Y € co Xou, ENOUEVWCS, Iy € (co)* ue ||lz]] < ||z|;-

Oétouue y; = I;% av x; # 0 xow y; = 0 av z; = 0. Tote yu xdde N
éxoupe |z1] + -+ + |on| = iy 4+ - + avyy = L((y1,-- . yn,0,..0)) <
Nl (s yns 0, )]l < |lzl. Emedq to N elvon tuyov, cuvendyetan 6t
[ ]ly < (Il |l %o, emouéver [lzfly = (|-

Oewpolpe v T : 11 — (co)* pe tomo T(z) = I, vy xdde x € 1. Ebvou
glxoho vo doupe 6Tt o T efvor Ypauuixde TEAESTAC xau €youue 181 anodellel ot

1T (z)|| = Lzl = |lzll; v & z € I*. Apa apxel va anoderyet 6t o T elvan
enl dote va elvan ooyetpla.

‘Eotww, thpa, onowdfnote | € (co)*. Oétoupe x; = l(e;) yio xdde j xou
zj = Izﬁ av z; # 0 xu z; =0 av x; = 0. Téte yia xdde N éyovpe |z1| + - +
lzn| = 2121 + - +avzn = l(z1e1 + -+ 2ven) < I max(|zl],- -, [on]) <
lll. Apa, av oplooupe = = (z1,22,...), t6t€ © € I xau |zf|; < |If|. Tw

wde y = (y1,¥2,...) € co nabpvouge yN) = (y1,...,yn,0,0,...) xau éyouue
L(y™M) =z + -+ anyy = ey + -+ + len)yn = 1(y™)). Enedy
a1y, 1 ebvar ouvey xon yN) — y otov ¢, ouverdyetar bt I, (y) = I(y). Apa
T(x) =1 xou o T elvor exl.

Yy neplntwon tou ¢ ypnowwonotolue xau to otoelo e = (1,1,...) extéde
amd Ta ej xou, ydew euxollag, to cuuBohiopd © = (xg, T1,...) YL To oTOLKEL
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tou 1. H anbdelln elvor mopbuoto Ye TiC TPONYOUUEVES, OTOTE TOEVOUUE & =
(o, 21 ...) € 1! xou opiloupe I, : ¢ — F ye t0mo l,(y) = zolimy, + 191 + -
v xéde y = (y1,y2,...) € ¢. H Iy el ypoppxd ocuvoptnooedéc tou ¢ xou
lz(y)] < [y [[Ylloo vt &€ y € ¢, onbre Iy € ¢ e [l < [|2]];-

lo j > 0 Yétoupe y; = % av z; # 0xawy; =0 av z; = 0. Tote yi-

o xd¥e N éyouvue |zo| + |z1| + -+ + |an| + ZN4+1Y0 + TNt2yo + -+ = Zoyo +
iy + -+ ZNYN + N0 + Eneyo + o = Le((W1, - YNy Y0, Yo, -+ 2) <
Nl (s UNs Y0, Y05 - )loe < llz]]- Enedh to N elvor tuydv xon emedn
TN41Y0 + TN42Yo + -+ — 0 6tav N — 400, ovvendyetan 6 |lzfl; < [/l
xou, emopévec |zl = [|l|-

Oewpolpe v T : 11 — ¢* ye tono T(z) = I, v xdde z € 1. O T ebvou
Ypauuieog tedeathc xou éyoude anodellel 6 ||T(x)| = [[l.|| = [|z|l; v xdde

x € 1!, ondte anopével va amodewydel 1t o T elvon exi.
Eotw, tdpa, onowodhnote | € c*. Kat apyhyv, Vétouye z; = l(e;) yia xdde j

oL 25 = ‘i—J‘ av xj # 0o z; =0 av z; = 0. Tote yo xdde N éyoupe |z1|+- -+
J
lzn| = 2121+ Faneny =U(zier+- - +2ven) <[] max([z1], -, |an]) < (|-

"Apa 1 oepd 1+ - - cuyxAiver (amoliToc) xon Vétoupe zo = I(e)—z1—x2—- - -.
SUUTANEOVOUUE UE 2o = % av 29 # 0 xou 20 = 0 av g = 0 xau optlovpe = =
(zo,1,...), onéte x € I1. Twaxdde N nodpvouue 2N) = (21,..., 2N, 20, 20, .. .) €
¢ xo EYoLyE |xo| 4+ -+ |an| = xoz0 + - F xnzn = 2ol(e) + (21 — 20)l(e1) +
cee 4 (ZN —Zo)l(eN) _ZO($N+1 + - ) < Z(Zoe-i- (2’1 —Zo)el —+ -+ (ZN —Zo)eN) +
ol(ensal + ) = 1) + [anyal + - < 0 [2O + fowsal + - <
Ul + |zng1| + - - - Hoadpvovtac dpo btav N — +oo, Beloxoupe ||z, < ||

T xdde y = (y1,y2,...) € ¢ ¥wouge yN) = (y1,...,yn, limy,,limy,,...)
X0 EYOUME lw(y(N)) = xolimy, + x1y1 + -+ + znvyny + N4 limy, + - =
I(e)limy, + I(e1)(y1 — limy,) + - + llen)(yny — limy,) = I(y™). Enedh
a Iy, 1 ebvon ouveyh xow yN) — y otov ¢, ouvendyeton 6t I, (y) = I(y). Apa
T(x) =1xu o T elvor enl.

4.4 Xwpou Hilbert

Oplopodg 4.4FEotw ypappukol yopor X,Y enfi tov F xar T : X — Y. OT
ovopdletar avTi-ypap M1koS TEAEOTNGS av

T(x+2')=T(x)+T() Kai T(kz) = ®T (x)

yia kdle z,2' € X ka1 k € F.

Av o T eivar ka1 1-1 ka1 eni, téte ovopudletal avTI-100UOP PLO LG,

Av o1 XY elvar ydpor pe vépua kai, €ktds twrv avotépw, |T(x)|y = ||z|
yia kdle x € X, téte o T ovoudletar avTi-ioopetpia.

Oedpnua 4.4(F. Riesz) ‘Eote yépos Hilbert X.

(1) T'ia kdbe x* € X* vmdpyer povadikd x € X doze z*(u) = (ulx) yia
kdbe u € X.

(2) Tmndpyer avti-itoopetpia T : X — X*.
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Anddan: T tuyév x € X opllouvpe Iy, : X — F pe t0mo I (u) = (u]z) vy xdde
u € X. Elvar npogavéc otL 1 I, elvon ypouuixd cuvaptnooeldég tou X xou €Y0UUE
ot Iy (w)] < flz|| [Ju|| yro xdde uw € X. Apal, € X* xou ||l < |||

Erione, o)’ = (al2) = La(2) < Ll 2]l Apx 2]l < [l o, exopéveoc,
]l = llZ]-

Opllovpe T : X — X* ye tno T(z) = I, ondte edxoha PAénouue OTL
T(x+2a") =T()+ T(2) xa T(kx) = RT(z) v xd9e z, 2’ € X xu k € F.
‘Eyoupe 701 anodellel 6t ||T(z)|| = ||l]| = ||z||-

Av T(x) = T(2)), téte (x — 2|z — 2') = (z — 2'|z) — (2 — 2'|2') = I, (z —
) =l (x—2') =0, on6te =2/ xaw o T elvon 1-1.

‘Eotw tuyév [ € X*. Av [ eivon 1o undevixd ouvoptnooeldéc, tote ye ¢ = 0
€y ouue, Tpogavie, 6t T'(z) =1, = 1. Trodétoupe b 1o | Bev elvon to undevixd
ouvaptnooedés, onéte o N(I) elvon xhewotde undywpog Tou X, xou malpvouue
xg € X e l(zg) = 1. Téte 1o zp ypdwetow o = Yo + 20 UE Yo € N(I) xou
20LN(1), ondte I(z0) = 1. Katdmw, nalpvouye onowodfnote u € X xou Ypdpoupe
u=y+zpey € N(I) xou zLN(l). Trohoyilouvyue I(z —1(z)z0) =1(2) —1(2) =0,
on6te z — l(z)z0 € N(I). Enedq z — 1(2)20LN(l) ouvendyeton z — I(2)z0 = 0
xou, emouévec, z = 1(2)zo. Apa (u]z0) = (y]20) + (2]20) = (2]20) = 1(2) ||20]” =
I(u) ||z0]|>. Oétoupe = = W 20, onote Iy (u) = (ulz) = I(u) yio xdde v € X.
Anhadh, T(x) =l =1 xaw o T elvan end.

4.5 Xw®pPOL CLUVAPTAHOEWYV

Optowdc 4.5Fotw ydpos pérpou (2, %, 1) kar v € A, X).

(1) To p ovoudletar o-nenepaouévo av vndpyovv Ay, Ag,... € X pue Q= A1 U
Ay U- -+ ka1 p(Aj) < +oo ya kdOe j.

(it) To v ovoudletar amodVtwg ovvexés wg mpog to u av v(A) = 0 ya kdle
AeX peu(A) =0.

To enduevo Fewdpnua eivan éva yvwotd anotéheoya tne xhaoouhc Yewplog
pétpou xou €86 Yo dolue v anddelr Tou amd tov von Neumann ye pedddoug
yoewv Hilbert.

Oezbdpenua 4.5(Radon-Nikodym) 'Eote yépos uétpou (2,3, u) kar éote
veA,X). Av to p €ivar o-nenepaocuévo kat to V €ivat anoAlTes
ouveyés WS MPOS TO W, TOTE umdpyetl povadikn h € Ll(Q,Z,u) woTE
v(A) = [, hdp yia kdbe A€ X.

Anddeaén: 1. Kot apyriv Yewpolue Ty mepintwon mou 1o v elvan Un-apvntixd xou
w() < 4o0.

Oétouvpe A(A) = p(A) + v(A) v xdde A € ¥, ondte 0 A+ & — R ebvan
un-apvnTied pétpo pe A(Q) < +oo. Koatémy, opllovye | @ L2(Q,2,\) — F ue

tURto

l(f):/Qde, fe LN,
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To | elvon ypauuixé cuvaptnooedéc tou L2(Q,5,N) xau [I(f)] < [, |fldv <
Jolfldx < (AMQ)E ([, 1F12dNE = (MQ)E [Ifll, i xdde f € L2(Q, 3, ),
Enopévwc, to | eivon ouveyée xou, emedf o L2(, %, )\) ebvar ywpoc Hilbert,
ouvendyetan 6t umdpyer g € L2(Q,5,\) dote [, fdv = I(f) = [, fgd) v
x&de f € L3(Q, %, N).

Hoipvoupe tuyév n € N xau 10 4, = {a € Q|Sg(a) > 1} € . Av oy
tehevtada woétnTo Véooupe f = xa,, N omola avixer otov L3(Q, 3, )) (oo
A(Q) < 400), %ot av EELEOCOVYE To YaVTACTIXG UEPT TwV dU0 TAELPGY, Bploxouue
0 > LA(An). Apa A(A,) = 0 xou, eneddh {a € QSg(a) > 0} = US4,
ouvvendyeton 6t A({a € Q|Sg(a) > 0}) = 0. Me tov B0 1pdTo anodevieto GTL
A{a € Q|Sg(a) < 0}) =0, ondte g(a) € R yia A-oyeddv xdde a € Q. Katdmw,
i Tuyév n Vétovpe A, = {a € QRg(a) > 1+ 1} xu f = x4, oy wéTNT
xou eZiomvoupe Tpayuotxd pépn. Etou Beioxoupe v(A,) > (14 2)A(A,) xou,
enopévwe, A(A,) = 0. Apa A({a € QRg(a) > 1}) = 0. Téhoc, ye A, = {a €
QIRg(a) < =1} xou f = xa,. Beloxouye v(A,) < —1 X(A,), onéte A(4,) =0
xat A({a € QRg(a) < 0}) =0.

Apa 0 < g(a) <1 vy A-oyeddy xdde a € €2, ondte unopolue vo LTOVECOUYE
61t 0 < g(a) <1 vy xdde a € Q.

H w0étntd poc ypdgpeton toodbvoua,

/Qf(l—g)dl/:/ﬂfgdu

v x&de f € L2(Q, 3, \), ondte, av Véoouue B = {a € Qg(a) = 1} xou f = x5,
nadpvoupe 0 = p(B) xau, emopévee, v(B) = 0. "Apa unopolye vo unoYécoupe 6T
0 <g(a) <1y xdde a € Q.

Topa yio tuydv A € ¥ 9étovue f = (1+g+g>+ -+ g")xa xou naipvouye
Ja=g")dv = [,(g+ 9>+ +¢") dp. Haipvovtac bpio dtav n — 400
olugwva e 1o Yedpnua Movétovne Loyxhone, Beloxouue v(A) = [, L dp.
OplZoupe h = £, ondte v(A) = Sy hdp v xdde A € B. Ioyle, tpogavac,
610 < h(a) < 400 yraxdde a € Qxa, ue A = Q, éyouye [ hdp = v(2) < 400,
onéte h € L1 (, %, ).

2. Ocewpolye, TOEA, TNV TEPITTWOT TOU TO ¥ €lvol UN-oEVNTIXG %ol UTHEYOLY

A, Ag, .. €Xpe AtUA U - = Q xan p(A4;) < +oo yia xdde j.

@éTOUpE By = A{,By = A, \ A{,B3 = Az \ (Al U Az),..., ondtE TU
B1,Bs,... € ¥ elvaw Eéva avd dVo xoaw By U By U -+ = Q pe pu(Bj) < 400
yior x&de j.

‘Eotw 1 o-dhyeBpa unocuvolwy tou B; mou opileton we X; = {A € X|A C
Bj} xau pj,v; ou mepopiopol twv p, v oty ;. Elvor npogavée étu to v; elvan
uN-oeVNTLXS xan amoAOTWC CUVEYES WC TEOC TO [ij, OTOTE UTAPYEL UN-0QVNTLXY
hj € LY(B;, %, pj) wote vj(A) = [, hydp; vy xdde A € ;.

Tdpa, optlouvye tn un-apvntx ouvdptnon h oto Q ue h(a) = h;(a) ava € B;.
T xdde A € ¥ 9¢touvge C; = ANB;j € X5, ondte v(A) = v(Ch) +v(Co)+--- =
v (Ch)+v2(Co)+--- = fcl ha dM1+f02 ho dus+- -+ = fcl hdu+f02 hdp+---=
fA hdpu.
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Me A = Q éyouye [, hdp = v(Q) < 400, onéte h € L'(Q, 5, ).
3. Topa, utodétouye 6Tl to v elvan TpoyHATiXG PETEO.

Oewpolue v andiutn xOuavon |v| xadode xon T et xOpavon vt =
2(|v]+v) xou v apvnied xOpoven v~ = L(|v| —v) tou v oty B, Av pu(A) =0
xat Yewpricoupe onoladrnote Eéva avd 0o Ag, ..., A, € Zue AjU---UA, C A,
t6te u(A;) =0, onéte v(A4;) = 0, v xdde j. Apa V(A1) + -+ [v(An)| =0,
on6te and tov opopd tou |v|(A) éxoupe [V[(A) = 0 xa, emopévec, vT(A) =
v (A) = 0. Apa o |v], v xor v elvar amolbtwe ouveYR wC TPOS TO L.

Yopgova ge to deltepo uépoc, undpyouy AT > 0 xow h™ > 0 otov L (Q, X, i)
wote vT(A) = [, htdp xw v™(A) = [, h™dp vy xdde A € . Oétouue
h=ht—h" € LYQ,35, 1) xou éxovye v(A) = v (A) —v (A) = [, hdp v
xdde A € 3.

4. Oewpolye, téhog, TN Yevix neplntwon.

Iofpvouye to mparypotind pétpa R xou Sv, to omola elvor anohltwe cLVEYN
WC TPOC TO 1, OTGTE LTEPYOLY TpaypaTXéC hy, ho € LY(Q, X, 1) dote Rv(A) =
f‘? hidp o Sv(A) = fA hodp vy xdde A € ¥. Téte ye h = hy +ihy €
LY, %, ) éxouue v(A) = [, hdp yio xdde A € X.

5. Av hy,hy € LY(Q,3,p) ye [, hidp = [, hadp v x89e A € X, 9étouye
h=hy —hy € LY, 3, ) xau éxoupe [, hdp =0 vy xdde A € E. T x&de n
doxypdloupe A, = {a € Q|Rh(a) > 1} oy 106tnTa, EEI0GVOUUE To TpAYHATIXG
uéen v 800 mheupmv xou Beloxovue L pu(A,) < 0. Apa pu(An) = 0 yio x&e
n, onéte p({a € QRh(a) > 0}) = 0. Me tov B0 TpéTO anodexviovye OTL
p({a € QIRh(a) < 0}) = 0, ondte Rh = 0 p-oyedév tavtod. Opolwe, Sh =0
p-OYEDEY TovTOU %o, ETOPEVWE, oL hy xau ho efvor To (Bl otowyeio Tou L1 (Q, %, u).

Ocehenua 4.6 Eoto ydpos pétpou (2,5, 1) kat 1 <p < +oo, %4— % =1.
(1) I'ia kdbe | € (LP(Q,Z,M))* vrdpyetr povadikn f € LI(Q, X, u) dote
I(g) = [o9fdp yia kdbe g € LP(, 3, ).
(2) (LP(,%,p0)" = LU S, p1).

Av to i eivaL o-nenepaocuévo, ToéTE TAa mMpPonyolLueva LoyVouv Katl
otnv mepinteoon p=1, ¢ = +o00.

XTnv mepinteon p=—+00,q =1 undpye. LOOUETPLKY) eupVUTEVON TOUV

LY, %, 1) ozov (L2(2,%, 1))
Anddaén: Tw xdde f € LN, X, 1) opllovye Iy : LP(Q, 3, u) — F pe tono

ly(g) = /Q gfdu

vy xdde g € LP(Q, 2, u). To ohoxhfpwua elvor xahde 0plouévo AoYw e
aviobtntoc Holder , n Iy elvor ypapud ouvaptnooewdéc xau [Ir(g)] < [If], [lgll,
v x&de g € LP(Q, 5, p). Apaly € (LP(R,2, 1)) " naou [|1y]| < 1£1l,-

Av 1 < p < +o0, onbte 1 < ¢ < +o0o, Vétoupe g(a) = f(a)|f(a)|?? av
fla) # 0 xow g(a) = 0 av f(a) = 0 xo éyouvye 6 g € LP(Q, X, 1), agod
JolglPdp = [ |f|9dp < +oo. Emione, [, fgdu = [ f|9du %o, enopévac,
112 = 15(a) < Mgl llgll, = NN 171 Apa 1Fll, < il
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Av p=to0,q =1, e wny B g éxouge £, = L5(9) < sl gl < gl
Avp =1,9g = +00 xou 10 p elvor o-nENEPUCUEVO, TOTE, OTWC EBAUE OTNY
an6deLEn Tou TponYolUevoL Yewpruatog, utdpyouy Zéva avd Vo B, Ba,... € ¥
pe Q = BiUBoU- - - xau pu(Bj) < 400 yiexdde j. Av || f||, =0, t6te f =0, w0 s
elvan 1o undevind ouvaptnooedéc xon enopévec ||lfl = [|fll = 0. Av || f]l, >0,
T6TE Y10 TUYOVTAL j xou n modpvoupe By = {a € Bj||f(a)] = (1 — 1) [[fllo}

xaw g =t XB,.,;- Exovue, hondy, (1= 1) [Ifllee #(Buy) < Ur(9) < sl llglly =
7l 1£(Bn,j). Enedh w(By, ;) > 0 yio touldytotov éva j, cuvendyeton yior xdde
n>26n (1-21)|fll < Ilifll, onére, naipvoviog bplo btov n — +00, Beloxouye
6t [ flloo < N ll-

‘Apa ot xdde mepintwon woybet 6t ([l = || fll, vioe xédde f € LI(Q D, ).

Opllovpe T : LU, X, pn) — (LP(Q,Z,u))* pe tno T(f) = Iy v xdde
f e LN, %, ). Evor npogavéc 6t o T elvou ypoupixde telestic xon Exouue 1on
amodeiZet 6t | T(f)[| = [Ifll, vio x&de f € LI, 2, p). Autd ouvendyeton 6t 0
T etvon 1-1 xou 6TL apxel va ebvon entl yior var elvon LoopeTpla.
1. Trodétouye xat apyfiv 6t p(€2) < +oo xou 1 < p < 4o0.

IMofpvouye tuydy I € (L”(Q,E,u))* xon opiloupe v(A) = I(xa) Y xdde
Ael.

Hpogavixe, v(B) = 0. Av ta Ap, As,... € ¥ elvor Eéva avd B0 xou A =
AU Ay U -+, Bérovpe Cp, = Ay U--- U A, ondte v(A) — v(Ch) = l(xa) —

1

l(xe,) = lxa = xc,) = lxae,) < lllxae.ll, = 1 (1(A\ Cn))? — 0,
duott 1 < p < 400, A\ Cy, | 0 xou o p ebvon nenepaouévo. Apa v(C,,) — v(A).
Enopévoc, V(A1) + -+ v(An) = 1(xa,) + - +1(xa,) =1xa, +--+xa,) =
l(xc,) =v(Cp) — v(A). Apav(A) = v(A1)+v(Az)+- - xou 0 v glvor pLyodixd
pétpo otnyv X.

Av p(A) = 0, ote [v(A)] = [10xa)l < [l Ixall, =12l (1(4))
v elvor omohOTwe CLVEYEC WC TPOC TO 1, ombTe LTdpyeL f € LY(Q, X, 1) dote

B =

=0. Apx 10

v() = [ ran

yiaxdde A € ¥. Av g = Ki1xa, +- - +KnXa, Ebvar TuyoVoa anhy| cuVdpTNOY, TOTE
1(g) = kal(xa,)++ral(xa,) = c1v(A)+ -+ Ev(An) = K1 fAl fdu+---+
tin [4 Fdp = Jo fgdu. Tw onowdinote g € L®(Q, %, p1) undpyet oxoloudia
amAodV ouvapthoewy {gk} dote gy — g otov L2°(Q, %, p). Eneldh to p ebvon
TETEPACUEVO, CUVETAYETOL OTL g, — g xou otov LP(Q, X, u). Tépu, eneldn to
I elvon ouveyée, éxoupe ou l(gr) — I(g). Enione, | [, fordu — [ fodu| <
1£1l1 lgx = glloe — 0. Apa l(g) = limI(gx) = lim [, fgrdu = [, fgdp yio x&de
PPAYUEVN G-

Av 1 < p < +oo, té1E Y TUYGY N Vétovpe A, = {a € Q||f(a)] < n} xou

ola) = F@IF@[xa, (@) 2 f(a) £ 0 s g(a) = 0 av fla) = 0. H g b
gpaypéwn, ondte [, [fl19dp = [o fadu =1(9) < Ul lgll, = I ([, |FI9dp)7.
"Apa fAn [F19dp < [[1]]7 yioe x&de n xon, emopévwe ||f||q < ||| < 4o0.

Av p = 1 Y¢twoupe Apm = {a € Q1 + %)Hl” < |f(a)] < n} xu g =
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XA 0n6e (L4 ) 1 1 Anm) < [y 1fldp = Jo fgdu < U9l =
NN 16(Anm). ‘Apat pu(Anm) = 0 v x&0e n,m xou, enopévee | f| < ||I|| p-oyxedov
navtol. Apa || f]l < ]| < +oc.

Apa o xdle meplntwon, f € LI(Q, X, p). Tote v xdde g € LP(, X, u)
Tadpvoupe axohoudia amhdv cuvapthoewy {gr} e g — ¢ otov LP(Q, X, 1) xa,
enedr| To | ebvon ouveyéc xaw AMoyw tne aviedtnrac Holder, cuvendyeta 6t i(g) =
liml(gr) = lim [, fordp = [, fgdp = ls(g). Apal =1l = T(f) xa o T elvon
ent.

2. Topa unodétoupe bt 1o p elvor o-TENEPUGUEVO, OTOTE UTdpyoLY Aq, Ag, ... €
Yue Q= A1UAU- - - xon pu(Aj) < +oo yiaxdde j. Oétoupe D, = A1U---UA, €
%, onéte Dy, T Q xou pu(Dy) < 400 v x&e n. Eotw I € (LP(Q, X, u))*

Ocewpolpe ™ o-8Ayelpa X, = {A € ¥|A C D,} unocuvélwv tou D, xou
TOV TEPLOPLOUO [y, TOU [ 0TV Xy, Tt xde g, € LP(Dy, Xy i) TOlpVOUPE TNV
enéxtoon e pe tomo g(a) = gn(a) av a € Dy, xau gla) = 0 av a € 2\ D,
xou opilovpe 1, (gn) = I(g). Eivor npogavéc 6t to 1, ebvar ypouuxd cuvaptn-

1
coewdéc U LP(Dp, X, pin) xat [ln(gn)l < U g, = 121 (Jp,, lgnl? dpn)® yict
%40e gn € LP(Dy, S, pin). Apat ln € (LP(Di, Sy ptn))” %o [|1]| < [|2]]. A7
10 TPOTO Pépog ouverdyetan 6Tt UndpyeL frn € LI(Dn, X, pn) pe [[fall, = [llnll
Hol ln(gn) = fDn Gnfn ditn, = fDn Gn fn dp i %89 gy, € LP (Do, Xy, llfn)- Ay frll
elvan o meploploydc N fr41 010 Dy UL gy EbVAL 1) EMEXTAOT TNC OTOLAGOHTOTE
gn € LP(Dy, X0, dpn) 610 D1 PE gni1(a) = 0 av a € Dyyq \ Dy, t6TE 0L
Gns Gnt1 EYOLY TNV Bl enéxtaon g 010 Q, ondte 1y (gn) = U(g9) = lnt1(gnt1) =

Dy Ins1fnr1dp = fDn gn Sl dp. Abyw povaddtntoc tne fp, ouvendyetat 4Tt
[l = fn. Enopévac, oplleton xahde 1 xowvh enéxtaon f dhwv v f,, oto Q.

Av p =1, tére ebvan mpogavéc 6t || flo, = supy, ([ fnlls = supy |||l < [l7]] <
+00. Av 1 <p < +oo, tote [, [fl9du= [, |fal?dp = [[Ia]" < (2T yio xdide
n, onote f € LI(Q, X, u) xou ||, < [1I]]-

T tuyoloa g € LP(Q, X, p) Yewpolue tov neploplopd gn, 610 Dy xou Ty
gn = 9xp,. Totwe [qonfdu = [, gnfodun = ln(gn) = U(gy,) and tov opioué
tou l,,. Enedn g/, — g otov LP(Q, X, 1), enedy] to | elvon cuveyéc xow AOyw tne
aviebtnrag Holder, ouvendyeton 6t [, gf dp = 1(g). Apal =1l =T(f) x0T
elvan ent.

3. Télog, Yewpolue 1 yevxr neplntworn pe 1 < p < 400 xou wydv | €
(LP(, %, 1))

Iaigvouye onowdfrnote B € ¥ pe u(B) < 400 xou Yewpolye ) o-dhyeBpa
Yp = {4 € ¥|A C B} unocuvélwy tou B xou Tov TERLOpOUS i TOU [ GTNV
Yp. Twxdde gp € LP(B,Xp, up) Yewpolue tny enéxtacn g oto Q ye g = 0
oto Q\ B xou opilovpe Ig(gp) = l(g). Téte 1o lp v ypouuuixd ouvoptn-
coetdéc touv LP(B,Xp, up) xou pdhota ouveyés, agol [lg(gr)| < [t lgll, =

1
1l (f5lgBIP dup) ™, onéte |lig| < |lI]l. And to npdro pépoc cuvemdyeton 6T

1
urndpyel yovodut, fp € LYB,Xp, up) Ue (fB |fB|qd,u)q = |lig|| x lg(gB) =
Jp9BfBdus = [59Bfpdu yia x4 gp € LP(B, ¥ p, iup).
‘Onwe anodelZope oto deltepo yépog, av B C B’ pe pu(B’') < +oo, té1€ 0
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nepLoplopoc e fpr oto B tautiletan ye v fp. Ondte ebxoha BAénouye o1,
yewwxdtepa, av p(B), u(B') < +oo, t61€ oL nepopopol twv fg, fpr oo BN B’
tautilovton ye ™y fpnpr. Enlong, elvon npogavée ot av p(B), u(B') < 400 xou
BNB = @, TOTE fBuB’ |fBU3/|qdu e fB |fB|‘1du+ fB’ |fB/|qd,u.
1
Optzouus M = sup{(f, faltdu)* | B € S e u(B) < +o0} < U] xau

1
nadpvouye {Bn} ue u(Bn) < 400 xa ([ |f,|9dp)" — M. Tiugova pe
TNV TEAEUTOLO TIORATAHPNON OTNV TEONYOUUEVN Topdypapo, av Yéoouvue D, =
1
B1U---UBy, € ¥xow D = D1UDyU- - -, éyoupe Dy, T D xou (fDn |fD,|9dp) 7 1 M.
Enewdy| o meplopioude e fp,, ., 0t Dy tavtiletan ye v fp,, , oplletar xahdg

n xown enéxtaon f Ghwv wwv fp, oto D xou éyovpe 4T (fD |f|qdu)% =M.
1
Ocwpolye v f emextetapévn ue f = 0 oto Q\ D, ondte ([, |f|7dp)* =

1
(Jp If19du) ™ = M.

‘Eotw wydv B € ¥ pe pu(B) < +0o xau BN D = . Ané tov opiopéd tov M
exovpe M? > [ |fsup, |9 dun = [p|fel"dp+ [; 1fp,19dp 1 [51f6]7dp+
M o, enopévae, [p|fp|9dp = 0. Anhodn, fp = 0 xou 10 Ip elvon 10 undevind
ouvoptnooeéc otov LP(B, X g, ig).

Ocwpolye, thpa, otowdinote g € LP(, X, 1) xou Tic gV = gxp xu g =
gxo\p- Enlone, 9étouue B, = {a € @\ D||g(a)| > L3 gff) = g@xp, =
9X By, -

Enedf) S u(Bn) < [ |97 dp < 400, ouvendyetan 6 pu(Br) < +00 xou, emer-
O B,ND = ), cuvendyeton (amd tov oplopd tou lg, ) 6Tt l(gff)) =lp, (97(12)) =0.
Emnopévae, emedy| to I efvon ouveyég xon 97(12) — ¢ orov LP(Q, %, 1), ouverndye-
a6t 1(g?) = 0. Apa l(g) = I1(¢g™M) =1limI(gMxp, ) = lim fDn dVxp, fdu =
I gV fdp = Jo9fdu=15(g), agol f =0 éZw ané 10 D.

Apa T'(f) =15 =1 xou o T ebvan enl.

To endyevo anotéeoya elvor eldxr, teplntwon eVOC YVWoToU AAUUATOC TOU
Urysohn.

Adppe tov Urysohn: Av X eivar ovpnoync, Hausdorff tomoAoylikoég
xopoc kat K, L 80o Eéva petafd Toug KAeLoTd umooOvoAa touv X, tédTe
undpxet ouvéptnon f : X — [0,1] ouvexfic otov X pe f =0 oto K ko
f=1oto L.

Anddedn: Tvwpllovye (Ilpdtaon 1.16) 6t xdde unoctvoho tou X elvar xAewotd
oV Xoi HOVOV oV EVOL GUUTIAYEC.

‘Eotw xheioté A xaw avoixté B ye A € B C X. Yougwva ye v Hpdtaon
1.19, urdpyouv Zéva uetall Touc avowxtd obvora O, Q wote A C O xou X \ B C
Q. Téte o X\ Q ebvor xheotd xan nepiéyet o O, ondte A C O C cl(0O) C B.

TuuPorilovpe Ag = K xou By = X \ L. Téte undpyer avoxté By dote
Ay C B1 C cl(B1) C B;y. Opolwe, undpyouv avoxtd Bi ot Bs wote Ag C

1
2 2 4
Bi Ced(B1) C B% - cl(B%) - B% - cl(B%) C Bj. Yuveyilovtac enaymyixd,

1
1
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oe xdde pntd g poperic r = 2—’1 pe 0 < k < 2" avuotouyilouye éva avouxté
oOvoho B, e ty didtmta Ag C B, C cl(B,) C B v xdde 500 tétolouc pnrolc
r,s ue r < 5. 'Eotw Qg 10 clvoho ue otouyela 6houg autols Toug pntolc.

Opllovpe f(x) =inf{r € Qqlz € B 1} avz € By xou f(x) =1avz € X\ By.

Apéowc Brénouvye 6T f =0 oto K xou f =1 ot0 L xadode xou 61 f : X —
[0, 1] xou péver va del€ouvye bt 1 f elvan ouveyfic otov X.

‘Eow x € X xu e > 0. Av 0 < f(z) < 1 undpyouv r,7’,s € Qg ote
fle)—e<r < < flx) <s< flg)+e Avy € B, 16t f(y) < s <
f(x)+e Avy e (X \d(By)), téte y ¢ By, ondte f(y) >r > f(z) —e. Enlong,
x € Bs xauv x ¢ By, ondte x € (X \ cl(B,)). Enopévwe, 10 avoxtd obvolo
V = BsN (X \ c(B,)) nepiéyer 10 z xou f(z) —e < f(y) < f(x) + € yia xdde
y € V. Apa n f elvon ouveyrc oo z.

Av f(x) = 1, radpvoupe, 6nwe mpw, 7,1 € Qq dote 1 —e < r <7’ <1 xu
Brénoupe 6t o avoxto Vo= X\ cl(B,) ntepéyetto z xa 1—e < f(y) <1< 1+e
v xdde y € V. Opolwe, av f(z) = 0, naipvouye s € Qg wote 0 < s < € xau
gyoupe 6Tt 10 avowtd V = B mepiéyet 10 x xow —e < 0 < f(y) < € yi xdde
y € V. "Apa oe x&de neplntwon n f elvon ouveyhc oto z.

Ipénet vo tolue 61 10 Teheutalo Muua Loy Vel YEVIXOTEPX GTOUC XtVOVIX00G
TomohOYXoUC YMpoue, dnhady otouc yweoug Hausdorff otoug omoloug yia xdde
800 Zéva xAewoTd Toug LTOCVUYVOAX UTdPYoLY BU0 Eéva avoxTd UTOGUVOAX TOU
ta mepéyouy. Auth ebvar 1 uévn WoTNTA IOV Yenowonoydnxe oty anddelln
Tou Mupoatoc. Mia xatnyopla TéTowwy yWewv eivor, dnwe eldaye, ot cuunayelc
Hausdorff totoloywol yweor xou yla dAAN ebvor ov yetpol yodpot. Mdhota, otny
neplnTwon PeTEXoU xhpouv X to Mupa €xel Wiaitepa omhr anddelln: Yewpolye
™ ouvdptnon pe twno f(z) = % v xdde x € X, 6nou d(z, A) =
infyea d(z,y) yioa onowdrnote A C X.

Afppa 4.1 (Awpepives tng povddas) Eotw X ovunayris, Hausdorff tomolo-
Yikos xapos, ovunayés K C X kar avoiktd Uq, ..., U, C X dote K CU;U---U
U,. Yrdpxovr f1,..., fn: X — [0,1] ovvexels ovor X dove supp(f;) C U; ya
kdOe j ka1 f1+ -+ fn=1ovo K.

Anddaén: Ané v vnddeon ovvendyetw 6w K\ (U U---UU,) C Uy ondre
urdpyet avowxté Vi wote K\ (U U---UU,) C Vi C (Vi) CU;. Téte K C
ViuUs U---UU, xo, enopéveg, K\ (Vi UUsU---UU,) C Us. "Apa undpyet
avowxtd Vo dote K\ (Vi UUsU---UU,) C Vy C cl(Va) C Us. Tée K C
ViuVaUUsU---UU,. ZTuveyllovtac enaywyixd avuxaiotolye diadoyixd o
Ur,...,Up pe avoxtd Vi,...,V, dote K C Vi U--- UV, xau c(V;) C U; yw
x3&d¢e j.

H Suaduxacia emavalouBdvetor, ondte undpyouv avowxta Wi, ..., W, @ote
KCWiU---UW, xau cl(W;) CV; Ccl(V;) CU; vy xdde j.

Tougpwva ye to Afupa touv Urysohn undpyouv gi1,...,g, : X — [0,1] dote
g; = 1 oo (W) xou g; = 0 é€w and to V;. Enione undpyet go : X — [0, 1] dote
go =0 o0t0 K xou go =1 é€w ané 1o Wi U---UW,,. Oétouue f; = gﬁglgﬁ
v xdde j=1,...,n.
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Av vy 10 © € X Bev woylel go(z) = 1, t6te ¢ € Wh U--- UW,, onbte
gi(z) =1y xdnowo j=1,...,n. Apat go+ g1+ -+ gn > 1 ot0v X, ondte ot
fi,oooy fn: X —[0,1] elvor cuveyelc otov X.

Av z ¢ V;, t6t€ gj(x) = 0, ondte fj(x) = 0. Apa supp(f;) C cl(V;) C Uj.

Enionc, f1+...+fn:%:1mo K, 86t go =0 010 K.

Opwopnodg 4.6E0tw tonodoyikds ydpos X, K ovunayés, Us,..., U, avoiktd
vrootvola tov X ket K C UL U---UU,. Av oot f1,...,fn : X — [0,1] elvar
ovvexels otov X e supp(f;) C U, ya kdOe j kar fr+ -+ fr, =1 ovo K, tdre
n ovAoyn {f1,..., fn} ovopdletar Srapuépiron Tng povddag yia to K wg
tnv avoikty tov kdAvihn {Uy,...,U,}.

YTreviupiletan 6t éva Borel-uétpo i oe tomohoyxd yweo X elvar yétpo opt-
ouévo ot o-dhyeBpa B(X) twv Borel-ouvéhwv tov X pe p(K) < 400 yio xdde
ovunayés K C X.

Afppa 4.2’ Eotw tonodoyikds xapos X kai p éva pyadiké Borel-uétpo otov
X. Ta xdfle f € C(X) wybe | fy fdu| < [y |Fldlul < [£]], ]

AnédoeiEn: Apxel va anodellouvue v aplotepy| avicdtnTa. Auty elvat YVwoth av
n f elvon mporypotixnd xon To p ebvan un-apvntixd.

Av 7 f ebvor Tpory ot %o To p TEAYATiXG, Yedpoupe 1= ut — T, onbTE
|[x faul < |[x fapt|+[[x fdu~| < [ fldu™+ [ [fldp™ = [ |fldlul.

Av 7 f efvor pryaduad xan to p ebvon yryodixd, tote UX f du| < |fX Rf d%u| +
|[x REASu| + | [ SfdRu| + | [ S dSu| < [ IRfIdRu| + [ Rf]dISp| +
Jx ISfdRul + [ [Sf1dISpl <4 [ |f] d|pl.

Thpa Swyepiloupe 1o dioxo {k € Cl|x| < [|f|l,} o Eéva avd 5o Borel-
obvola Q1,...,Qy, 6mov 0 xadéva and autd €yel Siduetpo 0 TOAD € > 0
xou Vétovue A; = {z € X|f(z) € Q;}. Emnilone, emdéyouue yioa xdde j €-
va kj € Q; xou umohoyloupe | [y fdp| < Z?:l’fAj fdu| < E;?:l’fAj(f _
) i + S0 Il A < 4T el (45) + S50 s el (Ay) < 4ell(X) +
21 Lay Il + 325 [, 1f = kgl dlul < 5elul(X) + [y |fldlpl. Bredh <o e
elvan Tuyov, ouverdyetan | [y fdu| < [y |fld|ul.

Opiowdg 4.7TEotw tonodoyikds xapos X kai p éva Borel-uétpo otov X. To
ovoudletar opaAd av ya kdOe Borel-otvolo A wyver:
(1) p(A) = inf{pw(U)|U avoixté ka1t ACU C X} ka1
(i1) u(A) = sup{u(K)|K ovurayés ka1t K C A}.

Av to p elvar mpaypatixd Borel-uétpo otov X, téte to p ovopdletar ouadd av
ta pt, pu~ efvar opald.

Av to p efvar pryadixé Borel-uétpo otov X, téte to p ovoudletar opald av
ta Ru, S efvar opakd. To ovrolo dlwv twv piyadikdv Borel-puétpwr otov X
oupforilerar Ag (X, B(X)).

Eivon npogavée 6T, av to p eivon Borel-uétpo xou p(A) < 400, 16t 10 (7)
xou (i4) otov opoud elvon Lood0vopo ue To 6Tt YLt xdde € > 0 uTdpyoUY oVOXTO
O 2 A xou ovyrayéc K C A dote u(0\ K) < e.

TP OG
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IIgétaocm 4.6 Eotw tonodoyikds xapos X kai p éva piyadiké Borel-pétpo otov
X. To p efvar opadd av ka1 puévov av o |u| eivar opadd.

Anédetn: 'Eotw 6t 1o p elvon mpoypotixd. Av 1o p ebvou opgahd, téte To put
xou p” ebvon opokd, ondte yia xdde Borel-obvoho A xow € > 0 undpyouv avouxtd
01,07 2 A xou ovunayy KT, K~ C A dote pt(OT\ KT) < e xou u= (O™ \
K7) < e Oétovue K = KTUK™ C Ax O = Ot NO~ 2 A, ondte
pt(O\K) < exo p= (0O\ K) < e. Hpoodétoupe xau Bploxouvpe |u|(0\ K) < 2¢
XolL, ETOUEVLC, TO |p] efvar opod.

‘Eotw 6t 1o |p] evow ogord. Téte yio xdde Borel-oOvoho A xaw € > 0
urmdpyouv avowxté O DO A xaw ocuvunayéc K C A ye |p/(O\ K) < € xou, enedh
ph,u < |ul, éxouvpe Tic Biec aviodntee v o pt o p . Enopévec, ta pt
xou p1~ ebvon opaAd, ondTe xou to p elval OIS,

Av 10 p ebvon pyadixo, 1 anddelén elvon TapdUoLa XoL YPNOWOTOLEL TS oViod-
mrec [Rul, [Sul < |uf xou |p] < [Ru| + [Spl-

Oehdpenua 4.74v 0o X eivar tomodoyikés yépos, téte o Ar(X,B(X))
€ivair kA€L0tés ypauuikés uvrdyepos tou A(X,B(X)) kai, enouéves,
€ivai. yoépos Banach.

Andébeidn: Av py xon po elvar opokd pryadd Borel-uétpa otov X, téte 1o |1
xou |po] ebvan opahd. Apo yio xdde Borel-olvoho A xau € > 0 undpyouv avouxtd
01,02 D A xou oupnayh K1, Ko C A dote |u1](01\ K1) < € xou |p2](02\ K2) <
€. Oérovpe K = K1 UKy C Axow O = 01N 02 O A, ondte nalpvoupe Tic
Biec aviodtnee vt K xon O. Ipoodétouye ypnowonowdvtac ™y |pr + pe| <
[pea| + |p2| xou Beloxouye [u1 + p2|(O\ K) < 2e xou, enopévnc, o |1 + ua| elvon
ouor6. Apa t0 py + po elvar opoahd.

Axéun méd anhd amodewxvieTta 4T, av o p elvar odold xou Kk € F, 161€ 10 Kt
elvon opard.

Apa 0 Ar(X, B(X)) eivan ypaupxde undyweoc touv A(X, B(X)).

‘Eotww, thpa, 6t 1 {ptn} elvon axohoudia opohodv wyadixay Borel-yétpwmv
otov X xot p, — p, 6mou 10 p elvon uryodixd Borel-uétpo. IHalpvouue tuydv
Borel-ocOvoho A xar € > 0 xou Bploxoupe N dote |[un — pf] < € xou, xotdmy,
enedr| o |un| etvon oo, Bploxoupe avouxtd O D A o ouvunayéc K C A dote
lun|(O\ K) < e. Enopévec, [ul(O\ K) < [un|(O\ K) + [|un — p|| < 2¢, ondte
0 p ebvon opahd. Anhady, o Ar (X, B(X)) eivon xhetotde.

Ioytel 6t av 0 X elvon cuumayhc petpunde yowpog 1 av o X elvor ocuumayng,
Hausdorft tonohoyxéc yweoc tou onolov xdde avouxtd unoocUvolo elvar évwon
aptiufiotpou TARYouc cuunaydy cuvolwy, tote Ag (X, B(X)) = A(X, B(X)).

Oedpnua 4.8(F.Riesz—Radon-Banach-Kakutani) "Eote X ouvunayns,
Hausdorff tomoAoyikdsg xdpos.
(1) I'ia kdbe | € C(X)* vndpyer povadikd ouadd piyadikd Borel-uétpo
p otov X doze ||l =||pl| cav I(f) = [y fdu yia kdbe fe C(X).

Av To | eivai un-apvnTikd, SnAadn I(f) >0 yia kdBe un-apvnricy
feC(X), ©éte To pu €ivar un-apvnTiks.
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Av To | eivai mpaypatikd, SnAadn I(f) € R yia xdBe mpayuatikr
feC(X), téte o pu eivar mpaypaTiLKS.

(2) C(X)* "2 Ar(X,B(X)).

Andbaén: T xdde opahd pryadxd Borel-uétpo p otov X opllouvpe l, : C(X) —
F ye tino

Lu(f) = /X fdu

v xde f e C(X). H, eivou ypoppuxd ouvoptnooeéc tou C(X) xou |1, (f)] =
[y £ du] < Il 1], i e f € COX). Agat Iy € CCX)* st [l < [l
Ané tov optopd tou || p|| cuverdyeton 6t undpyouy Eéva avd 0o Borel-oivola
A, A, C X dote ||pf| —e < |p(A)] + -+ |w(An)|. Enedh to p etvo
opakd, yio xdde j umdpyer ovunoyéc K; C Aj oote |u[(A; \ K;) < Le B-
mopévec, ||p|l — 26 < |p(K1)| + -« + |u(Ky)|. Eredd wa K, ..., K, civon &éva
avd 8o, elvou edxolo va amodeiloupe Bdoel tne Hpdtaone 1.19 6t undpyouyv
&éva avd 800 avowtd Oq,...,0, dote K; C O; yw xdde j xou, malpvovtde
o pixpodtepa av ypewaotel, |u|(0; \ K;) < L€y xdde j. T xdde j undpye
[+ X —[0,1] ouveyhic otov X dote fj =1 oto K, xan f; = 0 é€w ané w0 O;.
Jo. fsdn

— J

[ f,,, 43 o
i f = iyt fa Troroviooe [l = 171 Il = Sy fdu] =
125 k5 Jo, Fidul =327 fo, firdul = 327y (B =327 | fo i, fi | >
[l = 2€ =375, [ul(O5 \ Kj) > [|p]| — 3e. Enetdr to € > 0 elvon tuydv, ovyune-
patvoupe [l = || %o, emopéver, (|1l = [lull-

‘Eoww 6t l,(f) € Ry xdle mpaypatxd f € C(X). Oewpolye tuyév Borel-
oOvoho A, ouprayéc K C A xou avowtéd O 2O A pe |p](0\ K) < e. Halpvoupe
f:X —[0,1] ouveyioto X pe f =1 o0t0 K xou f = 0 é€w and w0 O. Tére
0= 13 fx fdp| > [SuE)] = |3 for i [ dp| = Sp(A)] = [Su(A\ K)| = [ul(O\
K) > |Su(A4)] = 2|p[(O\ K) > |Su(A)] — 26 Apa Su(A) = 0 xou to p ebvon
TEAYHATLXO UETEO.

‘Eotww 6t l,(f) > 0y xdde pn-apynund f € C(X). Me ty B emhoyr wwyv
A K, 0, f énwc oty mponyoluevn napdypago, éxoupe 0 < [y fdu = p(K) +
fO\deu < p(A) +2|p[(0O\ K) < pn(A) + 2e. "Apa p(A) > 0 xon o o efvon
MN-0eVNTLXO.

Opllovpe T @ Agr(X,B(X)) — C(X)* pe tono T(u) = l,. Elvow ebxolo
var amodeuyVel 6t o T ebvan ypouixde xon eldope #0n ot [|[T(w)|| = ||iul] = ||ul]
v xd¥e p € Ar(X,B(X)). Apxel, enoyévwe, vo anodeyydel 6t o T elvon exl.
Anhadh npénel va anodetloupe 6t yior x&e | € C(X)* umdpyet wyadxd (av
F = C) 1 mparyportixd (av F' = R) Borel-uétpo p dote I(f) = [ fdp v x80e
feC(X).

(A) 'Eow Il € C(X)* xou unodétoupe xat apyhv 6t 1o | elvan un-apvntixd.

T xéde avoxtd O C X xou x¢¥e f € C(X) ouuPBoiilovue f < O 6tav

f:X —10,1] xou supp(f) C O.

Téhoc, Vétoupe K; oy foj fidu # 0 %o k; =0 av foj fidu =0
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Do xdde avowxtd O optlouvpe

u(0) = sup{l(f) | f < O}

xa, xatoémy, yio xée E C X opllovye
p*(E) = inf{u(0)| O avoxté 2 E}.

Av 10 0,0 givar avowtd xow O C O, t6te f < O cuvendyeto f < O, onde
1(0) < u(0"). "Apa p*(0) = p(O) yio xdde avowxtd O.

Av [ < 0, <ote 1(F) < IS, < 1M A u(0) < [l xa, emopévoss,
p*(E) < ||| ywo xdde E C X.

Eivon mpogavée ot p*(0) = u(d) = 0, énwc, eniong, 6t p*(E) < p*(E') yw
xée E,E' ye E C E'. 'BEotw, topa, E = Ey UE, U ---. Ta xdde j Bploxouye
avowxté O; 2 Ej dote u(0;) < p*(Ej) + 57 xa ¥étovge O = O U Oz U -+,
‘Eow f < O, ondte ¥étovye K = supp(f) C O. Yrdpyet, enogévoc, N OoTe
K C 01U---UOnN xou Yewpolye dropépton tne wovddac { f1,. .., fn} v to K o
npoc v {O1,...,0n}. Téte f = ffi+- -+ ffnxow supp(ff;) < O; yiaxdde 7,
onbre 1(f) = 1(f o)+ +1(f ) < (1) + -+ u(On) < w(Or) + 1(Ow) + -
Yuverdyetar 6t p(O) < p(O1) + p(On) + -+ < pw*(Er) + p*(E) + - - + € xan,
enedf E C O, éyouvpe p*(E) < p*(E1) + p*(Ez) + -+ - +¢€. To e > 0 givon tuydy,
ondte pu*(E) < p*(Eq) + p*(EB2)+- - Apa 1o u* elvar ewtepind pétpo oplopévo
oto duvapoclvoro tou X.

Sougwva pe tn dtaduaoio Caratheodory, opilleton 1 o-dhyeBpa twv p*-petern-
oWwv LTooLVOAWY Tou X otnv omola Teplopiopévo to pu* anotekel pétpo.

Oewpolpe Tuybv avowxté O xau onowdrnote E. IMalpvouye avowxté O DO E
pe (O < p*(E)+exar f <O'NO oote l(f) > u(O'NO)—e. To O\ supp(f)
ebvan avouxtd, ondte nalpvoupe g < O\ supp(f) wote I(g) > u(O"\ supp(f)) —e.
Hopoatnpolpe 6t f + g < O, ondte p*(E) +€ > p(O') > I(f +9) = I(f) +
l(g) > (0" NO) + (0" \ supp(f)) — 2¢ = p*(ENO) + p*(E\ O) — 2e. Apa
p(E) > p*(ENO) + p*(E\ O) xou autd onpaivel 6t 10 O elvor p*-petpiowo.
Emouévwe, 1 o-dAyefpa v p*-Uetpfioiwy cuvehwy €yel wg otouyelo dha T
avoutd olvola, ondte mepéyel Ty B(X). Opllovue 1 va elvon 0 mepLoplopoe
tou u* oty B(X), ondte to p ebvon un-apvntind Borel-pétpo p otov X. (To p
tautiletan Ye o MM oplopévo p otal avoltd olvoha, agol €yel NON amodetyVel
ot 11*(0) = p(0) vy xdde avowxtd O.)

Tdpa Ya anodellouvye 6Tt

(#) w(K) = nf{I(f)] f € C(X)xon xx < f otov X}

yia xde ocuvunayéc K C X.

Maigvouye onowdfrote f € C(X) ye f > xx (Bnhadh, f > 0 otov X xon,
eldwd, f > 1 ot0 K) xou Yewpolye to avowxtd clvoro O = {z € X| f(x) >
1—€e} D K. Avg <0, 6t g < 1 f otov X, ondte I(g) < = U(f) agod
70 | ebvon prrapynxd. Apa p(0) < T 1(f), onéte p(K) < 2= 1(f). Eneidy
0 € > 0 elvon tuydy, ouvvendyeton 6t pu(K) < I(f) xo, enopévoc, p(K) <
inf{li(f)| f € C(X)xu xx < f otov X}. Tdpa, nalpvouye avoxté O O K e
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w(0) < u(K) + € xoun, xatémy, pla f: X — [0,1] ouveyh oto X pe f =1 ot0
K xou supp(f) C O. Téte f > xx xou f < O, ondte I(f) < u(0) < u(K) +e.
Aol 1o € eivon Tuyoy, inf{l(f)| f € C(X)xu xx < f otov X} < u(K).

Kotémy Yo anodel€ouye Ty opohdtnta T0U L.

T x&de Borel-oUvoho E éyouvpe p(E) = p*(E) = inf{u(0) | O avowxté 2
E} xon auth glvar 1 tpddtn ouviun opoddtnroac. Malpvouye tuydy Borel-olvoho
E xoun Bploxoupe avoixté O O E dote pu(0) < p(E) + e. Katdmy, Bploxoupe
g < O &ote l(g) > u(0) — e xou Yétoupe K = supp(g) C O. T xdde f € C(X)
we f > xk, ovvendyeton Ot f > g, ondte I(f) > I(g). Ané v (§) ouvendyeton
ot u(K) > 1(g). "Apa €youvpe ovunayéc K C O pe pu(K) > pu(0O) — e. Enedh
w(O\E) = u(0)—u(E) < €, undpyet avowxté O 2 O\ E dote p(0') < 26. Tohpa
Vétovue L = K \ O’ xou napotnpodue 6t 1o L elvon ouurayéc unoolvoho tou E
xuw 6t E\LC (O\K)UO'. Apa u(E) — p(L) < p(O\ K) + p(0") < 3e xau,
enopévac, ((E) = sup{p(L)|L ovunayéc C E}. Auth ebvon n dedtepn ouviium
ogoAOTNTAC.

Téhoc, Yo anodelZovpe 6t I(f) = [y fdp v xdde f € C(X) xu, hoyw
YoopuwotnTae, apxel vo to amodellouye yio mpaypotef f. (Puowd, av F =
R, t6t€ Ohec ov ouvapThoEC Tou peleTdpE elvon mpayuatixéc.) Av n f elvou
mporypatu, ypdgovpe fT = F(|f| + f) = 0 xau f~ = 3(|f| — f) = 0, onére
[ = [t = f". "Apa opxel va Yewphoovue f > 0 xou, todhamhaotdloviog Ye
xatdhhnhn Yetnr; otodepd, unodétoupe 6t f € C(X) xou 0 < f <1 otov X.

Mofpvoupe tuyév N xou Oétoupe Ky = {z € X|f(z) > £} yiw 0 < k < N.
Kdde K, eivar ouunayéc obvolo xau, npogavee, Ko = X. Enlong, yur xdde
j=0,...,N —1 9étoupe

1 .
fi= min(max(f, %), %) - % ,
ondte xde f; elvon cuveyric otov X xou loylel

1
NXK]‘JA fJ = NXK

yioxdde j =0,..., N — 1 xadcodc xon
f=fo+fi++ o

Ipoo¥étovtoc Tic TEAEUTALES AVIOOTNTES Xl OAOXATPWVOVTOC TalpVoUuUE

SO+ B < [ Fl < (o) + oo+ ).

And v XKk, < Nfj xou ™y (§) ouvendyeton 6t ,u(KJJrl) < UNF;)
NIi(f;). Ané v Nf; < xk, ouvendyeta NfJ =< O xo, enopévwe, NI(f;)
1(0) vy x&de avoxté O D K;. Apa, and tov opiopd touv p(K;) = p*(K;)
éyovpe 6t NI(f;) < pu(K;). Apot

IA

1 1

N/J,(Kj-}-l) <I(f;) < NN(KJ)
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xat Tpoo¥éTovtag TalpVOUUE

1 1

~ (WD) + - u(Ew)) S US) < w5 (0(Eo) + -+ + p(Kn-1)).
Enopévec | [y fdu—1(f)] < § (u(Ko) + -+ pu(Kn-1)) = 5 (p(K1) +- -+

w(Ky)) = %,u(KO\KN) < %u(X) xau, eneldr to N ebvan avdalpeto, cuvendyetan

) :/deu

X0 TEAELWOOUE YE TNV TEpInTwon Tou to | efvon un-apvntixd.
(B) Eotw, tpa, 6t 1o | elvon mpaypotixd. Do xdde un-opvnuxhy f € C(X)
opiloupe

I (f) =sup{l(g) |g € C(X),0 < g < f otov X}.

Hpogavae, 1T(f) > 1(0) = 0 xou IT(f) > I(f). Enlonc, av 0 < g < f, t67e
1) < 101 llgl, < IS 1 ométe 1(F) = [LHCHI < W 1, < +oo.

T xdde £ > 0 o un-apvnmxd f € C(X) éyovpe IT(kf) = sup{l(g)|g
C(X),0 < g < kfotwv X} =sup{l(kh)|h € C(X),0 < h < fotovX}
rsup{l(h)|h € C(X),0 < h < f otov X} = &lT(f).

Av f1, fo € C(X) elvon unrapvnuixée, 0 < g1 < f1 xou 0 < go < fo, to1E
U(g1) +U(g2) = U(g1 + g2) xou, emewdh 0 < g1 + g2 < f1 + fa, ovvemdyetan I(g1) +
l(g2) < IT(f1 + f2). Ialpvovtac supremum wc mpoc TiC g1 xou ga Peloxoupe
IT(f1) + 1 (f2) < IT(f1+ f2). Topa, éotw 0 < g < f1 + fa. Oftovue g1 =
min(f1,9), onéte 0 < g1 < f1 xu g1 < g. Av Hoouue g2 = g — g1, o1
elvar €0xoho va Solue 611 0 < go < fo xou, puowxd, g = g1 + g2. Apa l(g) =
Ugr1)+l(g2) < UT(f1)+IT(f2), onbte IT(fr+f2) < UT(f1)+1T(f2). Tupnepatvoupe
St (fi+ f2) =17 (f1) + 17 (f2).

Méypr todpa o 1T (f) elvar opiopévo pévov yia un-apvnixéc f € C(X). Tw
omowdfmote mpaypotind f € C(X) Vétoupe f+ = L(|f[+ f) > 0 % f~ =
L(fl = f) = 0, onéte f = fF— f~. Opllovye, howmdy, v xdde mporypotixh

fel(X)
() =1 =1 ().

Mapatnpolye 6t av f = g — h Y onoecdinote un-apvntxéc g, h € C(X),
wte ff4+h=f"+g, onbte IT(f*)+1T(h) =1T(ft+h) =1"(f"+9g) =
FHF) 4+ 1 (g). Apa 1 () = 17 (g) — 1+ ().

Av f1, f2 € C(X) elvon tpaypatixéc, Téte and Ty Teleutaio TRUTOTNTA EYOUUE
fit fo=(FF+ 15 = (f7 + f2), onbee W(fi+ fo) = U+ ) =1 +f5) =
WD) +UD) = 1UD) = Uy ) = 1) + U f2)-

Av f € C(X) elvon tparypatixxon £ > 0, tote It (kf) =11 (kf 1)1 (kf7) =
KIT(fY) — kIT(f7) = KIT(f), evao av k < 0, 6t IT(sf) = IT(|k|f7) —
UH(I6LfH) = [RIIF(F7) = |s[IH () = &IT(f).

Av F = R, éyouye Rdn amodeller 6t o [T : C(X) — R ebvon ypoppxd
CUVOPTNOOELDEC.

Av F = C, yo xd¥e pyodu f € C(X) opiloupe

PE(f) =5 (RE) +il T (SS)

— o~

S
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xou ebvor €0xoho va dolue 6t n T+ C(X) — C elvor ypopuixd GUVIPTNOOEL-
d¢c. Av n f € C(X) ebvar mporypotx), tote |IT(f)| = [IT(fT) =17 (f7)] <
max (I (f5), 17 7) < max(UHLF L 1) = WL L, Bvé, av n f
elvan pryadixd, t6te, pe xatdhhnho k € C pe k| = 1 éyouvpe [IT(f)] = wlt(f) =
PHf) = ROV (5f)) = 1RG5 )) < JUHIRG, < 2171, Eropéves, <o T+
elvan un-opvntixd ouveyéc yeopuxod ouvaptnooetdéc tou C(X) we [[IT]] < ||I|.

Opiloupe, enlone, I~ =17 —1: C(X) — F. Auté elvar, tpogavde, cuveyée
Yoouux6 ocuvaptnooedéc tou C(X) xou elvon pn-apvntixd, ogol yia xdde pn-
apvntxy f € C(X) wydel I=(f) =1T(f) = I(f) > 0.

Eougpova pe to pépoc (A), undpyouv 8o un-opvnuxd Borel-uétpa p1 xan pio
otov X @ote IT(f) = [ fdpy xu I7(f) = [y fdpz vy xdde f e C(X). Apa
v T0 mpaypoatixd Borel-uétpo po= py — po éxouvue I(f) = IT(f) — 17 (f) =
Jx fdpr — [ fdus = [ fdp v xdde f e C(X).

Y10 onuelo autd telewdvel N anddeln, av £ = C xa 1o | elvan mparypotixd 1

av F' =R (ondte 1o [ elvou autopdtone npoypatixd).
(T') Av F = C xou 10 | elvan piyodixd, tote ta Rl xou I elvon ouveyr) mpayuotixd
R-ypoupixd cuvaptnooedr) otov C(X) xou, enouévwe, eivon ouveyr) R-ypoppixd
ouvaptnooedn otov Cr(X), Tov R-ypopuind yhpo Twv TpayHatitmdy GUVEYMY
ouvapThoewy otov X . Liuguva ue to (B), undpyouv 8bo tayuatixd Borel-pétoa
p1 xou pig, wote RIU(f) = [y fdpr xou SUf) = [ fdpz v x89e npayyotied
f e C(X). Apa, av Yéoouye = p1 + iz, téTE T0 1 lvon pLyodixd Borel-pétpo
otov X xan yio xdle mpaypotixh f € C(X) éyoupe I(f) = RI(f) + iSU(f) =
Jx fdus +i [y fdps = [ fdp. Enouévec, v xdde f e C(X) wylel I(f) =
IRf)+il(Sf) = [y Rfdp+i [ Sfdu= [y fdp.

4.6 To Jewpnuo Hahn-Banach

To endpevo elvor €va and ta Veuehddn anoteréopata Tng Vewplag TwV YWpwv Ue
vopua.

Ochpnua 4.9(Hahn-Banach) Eote ydpos X ue véppa ||| kar vnéyepos
Y tov X. Tia kdbe y* € Y* undpyer z* € X* dote z*(y) = y*(y) via
kdbe y €Y kav ||z*|| = |ly*]-

Arédadn: Oswpolye v nuéppa p : X — Ry ue tomo p(z) = [ly*|| ||| yio xdde
z € X. Téte 1o ypopuxd cuvaptnooedéc y* touv Y avorowel v [y*(y)| < p(y)
vy xdde y € Y.

Av F = C, 16t anbé 10 Oedpnua 2.2 ouvendyetow 6Tl UTAPYEL YRoUuixd
ouvoptnooedéc z* tov X pe 2*(y) = y*(y) vy xdde y € Y xou |z*(z)] <
p(z) = ly*|| ||z]| yia xéde z € X. Enopévoc * € X* xau [|z*]| < |ly*||. Ouwc,
ly*[| = supyey <1 [V W) = supyey,jyi<1 127 (W) < suPrex, o<1 2™ ()] =
o . Apat [l = .

Av F = R, enedq y*(y) < ply) yia xdde y € Y, and 10 Oedpnua 2.1
oLVETAYETOL OTL UTEPYEL Ypomixd ouvaptnooedéc x* tou X pe z*(y) = y*(y)
vy xdde y € Y xouw z*(x) < p(x) = ||ly*|| ||zl v xdde 2 € X. Av otnv avisdtna
auth Y¥oovue —x ot Y€on tou x, talpvoupe — ||ly*|| ||zl < z*(z) xou, enopévec,
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[z*(z)| < |lly*I|z|l ye xd¥e z € X. Onwe nponyoupévee, cuverdyetol 6Tl
[l = lly™I

Optowdc 4.8Fotw yopos X e vépua |||
(i) Av S C X, optlovue S+ = {z* € X*|x*(a) = 0 ya xdOe a € S}.
(ii) Av S C X*, opilovue 1S = {x € X|a*(z) = 0 ya xd¥e a* € S}

Ty neplntwon mou o X elvor yopoc pe eowtepixd yvéuevo (+|-) xou S C X,
t61e 0 St éyet opoVel pe dlo tpémouc: ST = {z € X|(a|lr) = 0 Yo xde a € S}
xaw St = {z* € X*|z*(a) = 0 yia %89 a € S}. T'vwpilouye anéd to tpwTo uépoc
e anodellne tou Oewphuatoc 4.4 6t undpyet 1-1 anewdvion X 3z — [, € X*
oote ||z]| = ||lz]| yio xdde € X. To I, éxer om0 I (u) = (u|z) yro xédde u € X,
ondte (a|r) = 0 av xou pévov av lx(a) = 0. BAénouye, hotndy, 611 1 exdva Tou
TpwTou ST péoa otov X * péow TNe mopandve ERQUTEUGTC TEPIEYETOL 0TO DEVTERO
S+, Av, emmhéov, o X elvan yoeoc Hilbert, onédte n anewdvion x — I, elvan ent,
6T 1) EXOVA Tou TEGTOL ST Tautileton ye To devtepo St

Meéract 4.7Eotw xdpos X pe vépua ||-||.
(1) Av S C X, téte to S+ efvar kAaotds vrdywpos tou X *.
(2) Av S C X*, téte o +S efvar khe1otds vndywpog tou X .

AnéoeiEn: ‘Aounon,.

Oedpenua 4.10°Eote ydpos X ue vépua |||, z € X kar Y vnéyepos
Tov X. Téte
a ¥ = inf ||z -y .
L 2" ()| = inf flo —y|
Anédadn: T xdde x* € Y+ pe [|o*|| < 1 o yio x8de y € Y éyoupe |2*(x)| =
2% (z) — 2" ()| = [2" (z = y)| < 2" [|x — yll < [lz =yl Apax

sup |z*(z)| < inf [z —y|| .
ey L [z <1 yey

Enouévoc, péver va amodelfouue 6t umdpyer =¥ € Y+ pe [[2*]] < 1 xo
j&* ()] = inf ey [lz -yl

Avz e Y, t6te infyey ||z — yl| = 0 xau |2 ()| = 0 o xdde z* € Y. Apa,
oty wepintwon auth, 1 anddelln eivon T e, ‘Eotw, howmdy, 6w x ¢ Y, onde
Yewpolpe Tov ypouuixd undyweo Y1 tou X o onoloc napdyetor and to Y U {z}.
Eivor ebxoho va amodetydel 611 xdde otoyelo Tou V) ypdpetar ue povadixd tpdno
wcyt+rryeyeYxuwe 1 YT ={y+re|yecY, ke F}. Opllovue, tdpa,
y* Y] — F ye t0mo

y*(y + ka) = kd

vy xdde y € Y xa k € F, 6nou 9étouvpe d = infycy ||z — y||. Eivor npogavéc bt
N y* elvon yeauuixd cuVaPTNCOEdES Tou Y.
Av k =0, t6te |y*(y + kx)| = |k|ld = 0 < |ly + Kz, eved av k # 0, 61
ly*(y + k)| = |kld < |6] ||z = (=% )| = Iy + w2l Apay* € Y7 xou [ly*]| < 1.
Ané 1o Yedpnua Hahn-Banach cuvendyeton tu undpyel 2* € X* dote o*(y+
kx) = kd ya xde y € Y o k € F xou ||2*]] = |ly*]| < 1. Tdpa, z*(y) =
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z*(y+0x) = 0d = 0y x&9e y € Y, onéte z* € Y+, xou 2% (x)| = |2*(0+12)| =
1d =d.

Oebpenua 4.11Eote ydpos X pe vépua ||||. Téte yia kdbe x € X
z|| = max |z*(z)].
ol = ma, le*(2)

Anddaén: Ebvaw dueon egapuoyr tou tponyoluevou Yewphuatoc ye ¥ = {0}.
Téte {0} = X* xou infyeqoy |2 — y| = [lz — 0[] = ||z

Oehpnua 4.12'Eote ydpos X pe vépua |||, S C X kar z € X. Téte
rE€cl(<S>) av kar puévov av z*(z) =0 yia kdbe z* € S*.

Arédaén: Av z* € St t6te 2%(a) = 0 yia %89 a € S, ondte, Abyw YpoauUXdTN-
toc, *(a) = 0 yw xdde a 1o onolo elvor ypoupixde cuVBUAOUOS GTOLYEIWY TOU
S, dnhadn yia xdlde a €< S >. "Apa, av x € cl(< S >), ondte undpyel {a,} oTO
< 8> pe a, — x, éxouue, Noyw ouvéyelog, x*(z) = limz*(ay,) = 0.

Avtiotpéowe, utodétoupe 6Tt o (x) = 0 ya xdde 2* € S+, oMbz ¢ Y,
omov Yétoupe Y = cl(< S >). Emeldf o Y ebvan whetotée, ouvendyeton 6Tl
infycy ||z — y|| > 0. Apa, ané 10 Oedpnua 4.10 cuvendyeton 6Tt undpye o* € Y+
pe *(x) # 0. Ouwc, enedr S C Y, éyoupe 6Tt ¥ € ST xau xatadfyouue oe
avtigooT).

Afppa 4.3 Eotw xdpos X eni tov C pe vdpua ||-||.

(1) I'a kdOe C-ypaupixd ovvexés ovvaptnooedés z* : X — C to mpayuatikd
v pépos RNz* @ X — R elvar R-ypaupukdé ouvexés ovvaptnooedés, x*(x) =
Ra*(x) — iRx*(ix) ya kdOe x € X ka1 ||z*|| = [|Rz*|.

(2) I'a kdBe R-ypapjixé ovveyés ovvaptnooedés o + X — C, vadpyer povadixd
C-ypapxd ovvexés ovvaptnooadés x* : X — C dote va wyva Re* = xi otov
X ka1 tdte ||z*|| = ||lzk]l-

Anéoeitn: To uévo mou anoyével and o Afuua 2.2 elvor va anodetydel n odtnta
v voppdv. Eiva mpogavée dtu Rz (z)] < |z* ()] < [|z*]] ||z]] v x&de = € X,
ondte | Rz*|| < ||z*].

T xdde x € X €youpe, ye xatddinho £ € C pe |k = 1, 6u |z*(z)| =
k(@) = o*(ka) = Ro*(xa) < [Re(so)| < [Ra | ol = [Ra | 2] Ao
[l < [[Ra™]].

Oceoenua 4.13(Mazur) "Eote yépos X pe vépua |||, kupté ovvoro A
To omoio éyet o 0 wg eowtepLkd onueio kaL kupPTd olvodo B Eévo
npog to A. Téte

(1) Trndipyer x* € X* éote Rr*(a) < 1 yia kdbe a € A kar Rz*(b) > 1
yia ki6e b€ B. Av B(0;R) C A, téte |jz*[| < %.

(2) Av, axdun, to A eivair avoikté, téTe Nr*(a) <1 yLa kdbe a € A.

Anddaén: Eow B(0; R) C A. Eivau tpogavéc 6t 1 undho B(0; R) xou, ENOUEY-
w<, 10 A anoppogoly tov X. Enlong, av 1o A elvar avouxtd, téte 1o A anoppopd
Tov X ue xévtpo xdde onpelo Tou.
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Av F =R, and 10 Oedpnua 2.5 cuverdyeton 6TL UTEEYOLY UN-UNBEVLXS Ypou-
w6 ouvaptnooedéc ¥ 1 X — Rxow kK = 0% k = 1 dote 10 A va nepiéyeton
oe évay and Touc XAeLoToUC NULYGEous oL onofol optlovton xou to B va tepléyetan
otov dhho. Enewdh 0 € A xou 2*(0) = 0, omoxheletan 10 A va nepLéyeToL GTOV
{z € X|z*(x) > 1}. Av mdpoupe x¢ pe z*(z9) # 0, té1E xou T BV onueia
iﬁ xo avixouv oty B(0; R) xou 0" autd to x* éyel avtietec tpée. Apa
0 A Bev mepiéyetan ot xavévay ond toug nuidpous {z € X|z*(z) < 0} xou
{z € X|z*(x) > 0}.

Enopévoe, *(a) < 1y xdde a € A xou z*(b) > 1 ywa x&de b € B. Enionc,
av 1o A eivar avouxtd, téte z*(a) < 1 yia xdde a € A.

TMaipvouye, tHpa, onolodhrote t > 1 xow x € X pe o # 0. Téote +15%

flall © €
B(0; R), ontéte x*(:l:TIfC” x) < 1. Apa |2*(x)| < % ||2|| xou, enewdh to t > 1 elvon
Tuydy, cuverdyeton 6T |z (2)] < & ||z H aviobnto auth woyler xou vz = 0,
onéte 10 ¥ elvor ppayuévo xau ||z < 5.

Av F = C, Jewpolue tov X wg R-ypauuixd yodpo xou Bploxouye, and 1o npo-
70 pépoc, R-ypapuind ouveyéc ouvoptnooedéc og e [|zg || < % wote 2 (a) < 1
yioe xdde a € A xon x5 (b) > 1 yia xdde b € B. To undrowna elvan onhi egapuoyt
tou Afupatog 4.3(2).

Ileétaocr 4.8 Eotw xdpos X e vépua ||-||. Av o X* elvar Sraywpiopog, téte
ka1 0 X efvar Sraywpionuos.

Andbaén: Eow {x|n € N} apdufiowo tuxvéd vroclvoro tou X*. Ta xdde
n malpvouye z, € X Gote ||z | = 1 xa |2 (2,)] > 3 ||z} | %o 9étoupe S =
{zpn € N}.

Av undpyer z € X pe x ¢ c(< S >), 161 olPPWVA UE TO TPONYOUUEVO
Yedpnua undpyer o* € St pe x*(x) # 0. Anhadn, o (z,) = 0 yio xdde n, evo
0 z* Bev elvan To Undevixd cuvopTNoOEWES Xau, EToPévee, |lz*|| > 0.

Enedq o {z}|n € N} elvon nuxvé, undpyer N dote [z — zjy || < & [la*|.
Téve oy > o*] — lo* — 2y | > 2[o* —ayl, omée § all < fogy (an)] =
|l (zn) — 2 (an)| < |layy — 2| < 3 loiv || xou xaradhyouye oe dromo.

Apa xde z € X avixer otov cl(< S >). Auté onuaiver 6T yio xdde € > 0
urmdpyouv n € N xou K1, ...,k € F G0t || — (K121 + - - + Kpp)|| < €. Topa
TofpVouuE pNTolc Ay, ..., Ay € F dote | —Kj| < m yia xdde § xou Bploxouye
glxoha Ot ||l — (M1 + -+ + App ) || < 2e.

Apa to apuiuhowo olvoho pe otowyelo Ghouc toug ypaupxols cuvduacuole
oToyelwy Tou S e pnTolc cuvteheoTé elvar TuxVG otov X.

ITépropa O 1! dev ebvar Tonohoyxd oopoppixde e tov (1°°)*.

Anédetn: Eotww 6t undpyer Ypouuxde teheothc T : I — (I°°)* o omoloc ebvou
ent xou otadepéc ¢, C > 0 wote ¢z, < ||T(z)|| < C ||z, yio x&de z € 11

O 1! elvan draywplooc, ondte undpyer TV LTOGOVOAS Tou, {z,|n € NI
Téte o {T(z,)|n € N} elvor ntuxvéd otov (I1°°)*. Tedypat, av I € (I°°)*,
nadpvouue @ € ' e T(z) = 1 xou n wote ||z — x|, < e Téte ||l —T(z,)| =
IT(x) — T(xn)| < Ce.
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Enopévwe, o (I%°)* eivon draywplooc, ondte xar o %0 elvon draywplooc.
Auté, bpwe, elvon Addoc.
Oehdpnua 4.14'Eote ydpos X pe vépua |||, vadywpos Y zov X kat
x* e X*. Téte

sup |2"(y)] = min [lz" — 2"
yeY,llyl<1 ZreY+

Anédaén: Tw xdde y € Y ue [ly|| < 1 xow x8de 2* € Y+ éyoupe |z%(y)| =
27 (y) = 2" () < lle” = 2" ly[l < [l2" = =] Apo

sup  |z*(y)| < inf fla* — 27
yey,llyll<1 ZreYt

. ; , / 1 _

*MEV::ZL vo amodel€oupe 6TL umdipyEL 2¥ € Y O0TE Supy ey <1 [T (Y)] =
[l = 2%]].

Av ovopdoouye y* tov mepoptopd tou * otov Y, téte €youpe 6T |y =

SUPyey, y<1 [V (W) = supyey |y <1 17*(y)|. And to Yedpnua Hahn-Banach
ouvendyeton 6T Undpyer o7 € X* wote 27 (y) = y*(y) = 2*(y) ya xdde y € YV
xau ||z3]] = ly*|. Ofétouue z* = a* — zf € X*, ondte ||z* —2*|| = ||y =

SUPycy, y[<1 [2*(y)| xou 2*(y) = 2*(y) — 23 (y) = 0 vy x&d%e y € Y, ondte
eyt

4.7 Avo Yewppota napsUBoANg

Oehdpnua 4.15 Eote yépos X pe vépua |||, éva ovvoro Seiktév I,
{zili e I} C X, {a;li €I} CF kav M >0. Ta €&ris eivar toodlvaua:
(1) Trdpyet z* € X* pe ||lz*|| < M kat x*(x;) =a; yia kdbe i € 1.

(2) Ioxver |Kiai+-+knai, | < M ||k12i + -+ + knxi, || via kdbe n € N,
i1,...,in €I kat Ki,...,ky € F.

Anddaén: Avioyleito (1), T6T€ |K1as, +- - FEnas, | = [2* (K1zi +- -+ rpTs, )| <
M||k1xi, + -+ + Ky, ||-

Avtiotpdgnc, €otw ot woyler 1o (2). Oewpolye Tov uTdywpo Y =< {z;]i €
I} >, on6te xdVe y € Y ypdyeton y = K124, + - - - + Kn i, , xot opiloupe y*(y) =
K1Gi, + -+ Kna;, . Av 10 ¥ Ypdpeton Ye 800 TPOTOUC Y = K1Zj, + -+ - + knZi, =
Kiziy, + - + KLz, T0T€ |[(Kiai, + - + Knas,) — (Klay + - 4+ KLa,)| =
(1 — K4 )aiy -+ (i — Kl )i, | < M (51— R, + -+ (s — ), || =
lly = y]| = 0. Enouévwe, o optopde tou y* (y) eivon xahde xou elvon ToAd ebxolo va

dolue 6t To y* elvan ypouuixd cuvaptnooeéc touv Y xa 6t [y*(y)| = |k1as, +
oot Bpa, | <M ||kimi, 4 F Bz, || < Myl e xdde y € Y.
Apa y* € Y* xau |ly*|| < M, ondte undpyer z* € X* pe ||z*]] = |ly*|| < M

xou 2*(y) = y*(y) v xdde y € Y. Ebwdtepa, x*(x;) = y*(r;) = a; vy xdde
1€l

Adppa 4.4 Eotw ypappukis xapos X eni tov F ka1 ypaupixd ovvaptnooedn
2y, ..., xl tov X dote 2’ () =0 ya kde x € X peal(x)=--- =2zl (z) =0.
Tdte vndpxov Ki,...,kn € F dote &' = k1a) + -+ + K.
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Andbaén: Ou ypnowonooouue eraywyh xat opyilovue ye n = 1: z'(z) = 0
vy xde x € X pe zi(z) = 0. Av 2z’ eivon 10 pndevind ouvaptnooedée, T6te
' = 0x). Av oy, t6te udpyeL T Gote &' (xg) # 0 xou, emouévwe, x)(xo) # 0.
Trohoy{lovye: @ (2] (zo)z — o) (x)z0) = @ (20)2) (x) — ) (x)x] (z9) = 0. Apa
o/ (@) (wo)x — 2 (x)x0) = 0 xou, enopéve, 2 (zo)z’ (z) — @ (z)2’ (z0) = 0 vt

xdde x € X. Apa 2/ (x) = ki (z) yia xdde x € X, 6nou Kk = ii((ig))

‘Eotww 61 10 anotéheopa toyVel yio onolovdinote X xou xdde o',z ..., ),
xou éotw 2’ (x) = 0 yio xdde v € X e #f(x) = - = 2], (x) = 2),,1(x) = 0.
Oewpolyue tov N(z;, ), onéte z'(x) = 0 yia xde x € N(x;,,,) ue zi(x) =

- = (x) = 0. "Apa UTBPYOLY K1,...,kn € F @ote ¢’ = k1) + -+ + kpzl,

otov N(x),,1). Anhadf 10 2’ — (k2] + - - - + Kpa;,) undevileton yio xdde z € X
we 2,1 (x) = 0. And 10 1ptd10 Pépog ouvendyetan 6T udpyel k1 € F dote
' — (K] 4+ Bn®)) = Knp12, -

Adppe 4.5 Eotw ypauuikds yopos X enl tov F ka1 ypaupikd ovvaptnooedn
xl,...,x) ouv X. Av avtd efvar ypaupikd aveEdpnta, téte yia kde ay,. .., a, €
F vrdpya z € X dove 2(z) = aj ya xde j=1,...,n.

Anéoaén: YTnodétouye 61 1o cuunépaopa dev oylel, ondte 1o oGvoho TWOV
R(T) wou ypopuxol teheoth T+ X — F™ ye twno Tz = (2)(x),...,z,(z))
dev woolton pe tov F™. Apa o R(T) elvou yvholog ypauuixde undywpos tou F,
OTOTE UTAPYEL Un-Undevixd (K1, . .., kn) LR(T). Autd onpaiver 6w ki) (z)+-- -+
knxl () = 0 yio xdde z € X o, enoyévoc, kKi1xh + -+ + kpzl, = 0.

Ochpenua 4.16(Helly) ‘Eote yépos X pe vépua |||, zi,...,z5 € X*,
M >0 kat aj,...,a, € F. Ta €&fs eivar toobbvaua:

(1) T'ia kdbe € > 0 vrdpyer = € X pe |zf| < M + € kav z}(z) = a; ria
kdbe j=1,...,n.

(2) Ioyve. |kiar+- - +Enan| < Mkix + -+ kpzl|| via kdBe K1,...,Kn
eF.

AndédeiEn: Av woylel 1o (1), T6TE Ye To XATIANANAO & EYOVUE |K1a1 +- -+ + Knap| =
1z} (@) + -+ 2 (@) < ot o mngp ] < et oo+
(M +e¢). Apa |k1a1+- -+ Enan| < (M +e) |1z} 4+ - - + knalk || o, nalpvovoc
6pto btav € — 0+, Bploxouue 1o (2).

‘Eotw 6t toylet o (2) xou ac unoYécouue, xat’ apyfy, 6t 1o {z7,..., 25}
elvon ypopuxd avegdptnro.

Ané 1o Aupa 4.5 ouverdyetor étL uTdpyeL xo € X Gote z(xo) = aq, ...,
xk(z0) = an. Av dev woylel 1o (1), T6te N avowth urdha B(0; M + €) eivon Eévn
TPOS 0 PN-%evo xvptd ovvolo {x € X|zf(x) = a1, ..., x5 () = an}-

Ano 1o Oedpnua 4.13 cuvendyeton 6Tl undpyel Un-undevixd z* € X* dote
lz*|| < M1+6 xou Ra*(x) < 1y xdde z € B(0; M + €) xou Raz*(z) > 1 v xdde
x € X e xi(x) =a1,...,z5(x) = an.

Av umhpyav 800 z,7 € X pe zi(z) = 21(Z) = a1,...,z}(z) = 2 (T) = an
oote Nz*(x) £ Ra*(T), téte, xadde 1o K datpéyet 1o R, ywa 0 y = ke+(1—k)T
éyovue x5 (y) = a1, ..., x5 (y) = an eve Ra*(y) = kRz*(z) + (1 — r)Rz*(Z) < 1
Yo xatdAnha k. ‘Apa undpyer axpBac Eva A > 1 dote Ra*(x) = A yio xdde
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x € X ye z3(z) = a1,...,25(x) = an. THalpvouye éva z¢ € X pe z3(x) =
ai,y ..., 25 (xo) = apn xou éyovue ot v xdde z € X pe zf(x) =--- =z (x) =0
Vel i (x + xo) = a1,...,x5(x + x0) = an, ondte Rz*(x + z9) = A, ondte
Ra*(x) = 0. Opwc, av v 10 x wydel zi(x) = -+ = xf(x) = 0, 161€ 10
(B0 woylel xat yio T0 iz, ondte Ra*(ix) = 0 xou, enopévoe, z*(z) = Ra*(z) —
iRx* (iz) = 0. Anb to Auya 4.4 cuvendyetan OTL URAPYOLY K1, . . ., Ky € F Gote

Tt =rx] + o KT

Téhoc, 1 < A = Ra*(x0) = R(k1x5(x0) + -+ + Bzl (20)) = R(k1a1 + -+ +
FinGn) < M ||k1xt + -+ Kpzt|| = M ||z*] < Mj\ie < 1 xon xatolfiyoupe o€
dromo.

Av to {z7,...,25} Bev elvon ypouuxd aveldptnto, dahéyoupe éva maximal
Yeappxd aveldptnto uTociVold Tou, To omolo PETd and ahhayy| apliunong, uro-
Vétouye 6t ebvan to {7, ...,z } xou, emopévee, xdlde a1, ..., T, elvon Ypou-
pxdc ouVBLAOUOS TV &7, ..., Th,.

Ané T mponyolueva ouverdyeton 6t undpyer ¢ € X pe [jz|| < M + € xou
ri(z) = a;j v xdde j = 1,...,m. T xdde j = m + 1,...,n urndpyouv
Alyoo s Am € Foote o7 = Mol + -+ Ay, Ané v (2) ouvendyeto
6w a; = Mar + -+ Apam, onéte zi(z) = Mzi(x) + o+ Apzy(v) =
Aar+ - F A, = a;.

4.8 O delTtepog dULXOQ

*

O Bebtepog dude yopoc X** = (X*)
Banach pe voppa ||| n omola €xet tono

evéc ywpou X ue vépua elvar yoeog
[ = sup  |z7"(z")
zrEX [lar|<1
vy xqde =¥ € X,

Opwopwodg 4.9E0tw X ydpos pe vépua. I'a kdle x € X opilovpe ovvdptnon
Tyt X* — F e tino
To(2") = 2%(z)

yia kd0e x € X.

Oevpnua 4.17 Eote X ydpos ue vépua. Iia kibe v € X n 7, e€ivau
ototyeio tov X** kai n ouvdpTnon

J: X - X
pe tomo J(x) =7, yia kdbe x € X eivai Loouetpiky eupvTELOT).
Anddagn: Exouye 1 (2] +a3) = (2] +23) () = 27 (2) + 23 (2) = 72 (27) +72(23)
xou 7 (ke*) = (ka*)(z) = k™ (r) = k7 (™) ya xdde xf, 25, 2% € X* xou s € F.

Amo 10 Oewpnpa 4.11 UVETEYETOL SUP||p+ <1 [Tz (T7)] = SUpP|pe <1 [27(2)] =
||| xou awutéd onuaiver b6t 7, € X** pe |7 || = ||z
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TOp0, Ty 0y (2%) = &% (@1 + 2) = (1) + 2°(22) = Ty (27) + Ty (2°) Vi
x&e x* € X* uau, ENOPEVOC, Ty 4zy = Toy + Tap- BErnlong, Tue(z*) = 2*(kx) =
ke (x) = k1p(2*) v xdle % € X* xan, enopévec, Ty = KTy Apa n J ebvo
YOI

Onowc eldaype, ||[J(@)] = |17 = ||z v xde © € X, ondte n J ebvon -
COUETEWN EPPUTEVOT).

Oplopodg 4.10E0ww X xdpos pe vépua. H wouetpixn eugivtevon J @ X —
X** tov mponyoljevov Jewpniuatog ovopdletal puoodopikn eupitevon tov X
otov X**.

Av n J elvai ent, téte 0 X ovopdletar avroraithig.

Enopévee, av évac ydpoc X pe vépua eivor automadhc, tote X = X**.
Ouwe, 1o avtiotpogo dev oylet: undpyouv ywpot X e vépua oL onolot elvar
LlGoUEeTELXOL HE TOUC BEVTEPOUC BULXOUE TWV, YwWElC UK 1 PUGLOAOYLXY EuPiTEUGT
J va elvon enl.

Iopatnpotue 611 avayxalor cuvIrixn Yo va elvan €vag ydpog autoradhc elvon
N TANEOTNTA TOU.

Mia Settepn mopatipnon elvon 6t 1 exdvo J(X) C X** tou X elvan ydpoc
LoOUETEXOS e tov X, ondte av tavtioouvue tov X pe tov J(X), tétc 0 X7 =
c(J(X)) anotelel mifpwon tou X: ag’ evée o X elvou xhewotde undywpog Tou
TApoug ywpou X xau, emouéveg, elvar mAReng, ag’ etépou o X elvon muxvog
otov X1.

IIgétaocm 4.9Kd0e xdpos Hilbert efvar avronadrs.

Anéoatn: Oewpobye v avu-toouetpio Tou Oewpiuatoc 4.4, T @ X — X*,
pe tomo Ta(u) = (ulz) vy xdde z € X xou v € X. Oo anodeilouvye 6Tt 1
guotohoyur| eugltevon J : X — X™** ebvan enl. Tlolpvouye, Aowmdy, tuydy z** €
X** you Yewpolue v anewxodvion z** o T 1 X — F. Eivar edxolo va amodetydet
6t vt ebvon Ypopuu xan |2 o T'(u)| = |o** (Tu)| = |« (Tu)| < ||« |Tul| =
lz**|| ||u]|, ondte x** o T € X*.

Apa undpyel ¢ € X dote x** o T = Tx. Anhad¥, z**(T'u) = (u|z) yio xdde
u € X. Buverdyetar 61t ™ (Tu) = (z|u) = Tu(z) = Jx(Tu) yia xdde x € X
xou, enedr) o T ebvon enl, 6w «**(2*) = Ja(z*) yioa xdde z* € X*. "Apa ** = Jz
xou 1 J ebvon enl.

IMeétaocm 4.104r 1 < p < 400 ka1 (2, 2, p) efvar xdpos puétpov, tdte o1 xdpol
P ka1 LP(Q, 3, 1) eivar avtonaeis.

Anédaitn: Oewpolye t0 g UE % + % = 1 xu e wopetpiec TW : 19 — (IP)*
waw T@ 2 [P — (19)* pe tonouc TWax(y) = Z;L:f ziy; = TWy(x) yio x&de
z = (z1,22,...) €19 xu y = (Y1,Y2,...) € IP. OewpolUe ot TN PUSIOAOYIXY
epglTevon J 1 1P — (IP)**.

Madpvoupe tuydy y** € (IP)** xou oplloupe 1o Ypouwixd cuvaptnooedés y** o
TO): 18— F. Téve [y oT0N(w)| < [y | |79 = [ly | [lo] vio e € 1,
omdte y** o TP € (19)*. Enopévac, undpyet y € IP dote y** o TP = T @y, Aga
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Jy(T®z) = TWx(y) = TDy(z) = y**(TPx) yio xdde x € 19. Enedr o TP
ebvow enl, ouvendyetor Jy(y*) = y** (y*) yia xdde y* € (IP)*. Apa Jy = y™* xou
o J elvau ent.

H repintwon tou LP(Q, X, 1) éxer v Brot amddeln.

Oedpnua 4.18(Milman) Kibe ouoiduoppa kuptds xdpos Banach eivat
avzomnabrs.

Anddaén: 'Eotw opodpoppa xuptdc yopeoc Banach X ye vépua ||| xou éotw
ooV & € X pe || = 1.

Iaipvouye onowadhrote {z5} otov X* ye ||z = 1 xou |2**(z))| — 1. T
x&9e n woylel O |k o™ (xF) + - - + ko™ (2F)] < ||k1af + -+ + kpzk ]| yio xdde
Kls...,kn € F. "Apa and 10 Oedpnuo tou Helly cuvendyeton 6t yio xdde n
urdipyel Tn € X 0ot ||y || < 14+ xou i (zn) = 2™ (a7), ..., 2 (2,) = 2™ (2},).

Exoue 6% [zal] — 1, 6w |7 ()] = 25 (2)] < gl lloall < 1+ L.

Avn < m, e 200 (23)] = 2 (o +-2m)| < 251 20 + 2ol = n + 2]

Adyw e opotduopene xupTdTNTaC CUVEREYETAL 6Tt || 2y, — Ty || — O 6TV Ry M —
~+00. ‘Apa undpyet o & = limx,, € X.

Hpogavar, ||z = 1 xou 2} (z) = 2™ (z]) i xdde j =1,2,....

Av urdpyer xdmowo y € X e [yl = 1 xu x3(y) = % (2]) vy xde j =
1,2,..., w6t 2™ (23)| = |2 (y+2)| < ||} lly + 2] = lly + =||. Héh réyew e
OUOLOUOPYNC XUPTOTNTIC CUVETAYETHL OTL Y = Z.

Topa, €otw Tuydy z* € X* pe ||z*|| = 1. Av dewphoouye v axoroudia
x* oy, s, .o tou X, t6te woybouv xou v auvthv doa elnoue yio v {zk}. Apa
vrdpyer y € X pe [lyl| = 1 xaw 2*(y) = 2™ (2%),zj(y) = 2™ (2]) v xdde
J=1,2,.... Ané v nponyoluevn napdypapo GUUTERAVOUUE OTL Y = T, OTOTE
z*(z) = 2™ (2*). Enedf autd woyder yioa xdde x* € X* e ||z*|| = 1, ouvendyeton
ot oy el Yo xdle o € X* xan, emouévwe, Jr = o, émou J elvon 1 pucloloyixt
eugUTevon tou X otov X 7.

Apoa ny J ebvan ent.

To anotéleoya autd, oe ocuvduaoud pe to Bedpnua 3.19, napéyet devtepn
an6den tou Gt oL yweol 1P xaw LP(, X, ) elvan avtoradelc yio xdde p pe 1 <
p < +00. Me 1 oelpd ToU, oUTS Biver BelTEEY amGdEEN TNC LooUEeTElog aviUEGa
otov (IP)* xou tov 17 énwe xau avdpeca otov (LP(Q, X, u))* xor tov LI(Q, X, u).
IMépropa Av 1 < p < 400 xou %4— % =1, téte (IP)* 219 %o (LP(Q,E,M))* =
LYQ, %, p).

Anédeitn: Tvwpilouue #BN v woouetpxh eppltevon 19 3 o — [, € (I)*, érou
—+oo ’ ’ ’ ’
Lo(y) = X200 75y v xédde y = (y1,9y2,...) € IP. Auté mou amopével ebva
va amodewyVel btu n eppidtevon auth ebvar enl.  Oewpolye tuydv y** € (IP)**
xou unoVétoupe ot ¥y (I;) = 0 v xdde © € 19. Adyw e autonddetac Tou
P, undpyer y € I? wote y** = Jy, 6nou J ebvan n guololoyixt, eugiteuon tou
P otov (IP)**. Auté onuabver 61t 0 = y**(I) = l,(y) = ijof Zjy; Yo xQe
z € 9. Aoxwdlovtac ta & = ej, Bploxoupe 6t y; = 0 v xdde j xou, enopévwe,
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y = 0. "Apa 10 y** elvor to undevixd ocuvapTNooeLdég xou and 1o Oedpnuo 4.12
OLVETAYETOL OTL 1) EWOVAL TNC ERQUTEVOTC T — Iy Elvon oAdxhnpoc o (IP)*.

Yy neplntwon Twy YOpwV cUVIPTHACEWY VEWPOUUE, EV cUVTOMM, TNV LOOUE-
o eugltevon LI(Q, X, u) 5 f 1y € (LP(Q,E,;L))*, omou I (g) = [, fodp
Y xdde g € LP(Q, %, u). Maipvoupe tuydév g** € (LP(, %, u))** dote g**(Iy) =
0 yio xdde f € LI(Q, X, 1) xon Bploxovpe g € LP(, X, p) wote g** = Jg. Tére
0=g"*(ly) =1ls(9) = [, fgdu yio x89e f € LI(Q, 5, p). Oétovue A, = {a €
QIRg(a) > L}, ondte p(An) < 400 xa, emopéves, xa, € LIU(Q, X, p). Ty
televtaio lodtnta doxwdlovue f = x4, , TalpVOUUE TpayHaTiXd UEEY o GUUTER-
afvoupe 61t u(Ayp) = 0. Aol o n elvon TuydY, cLVENEYETOL GTL TO GUVORO GTOU
Rg > 0 éyer p-uétpo undév. Me Tov (Blo tpdémo epyalduaote yia ta GOVOAA 6TOU
Rg < 0, g > 0xa Fg < 0 xan xorahiyoupe oto 61l g = 0 p-oyeddv tavtol. ‘Apa
g** elvar 1o Undevixd GUVOETNOOEWES, ondTe and To Bsdpnua 4.12 cuverdyeTon
6T 1 ewdva g eupoTevon f > Ly elvan ohdxhnpog o (LP(€2, X, )"

Oedpnpa 4.19'Eote ydpos X ue vépua kat kAeLotdés undywpos Y Tou
X. Av o X eivat avtonabris, ©éte kat o Y eival avtomadrs.

Andbaén: ‘Eow y** € Y**. Opllovpe z** : X* — F ye tino z** (z*) = y**(2})
v xdde ¥ € X*, émou 3 € Y™ ebvon o neplopiopdg tou ¥ € X otov Y.
Eivar Oépo poutivac vo amodewydel 6t to o™ givon ypouuixd xou |x**(x*)| =
™ @3] < [ly™[Hlzs | < ™| =] yoo xdde 2* € X*. Apa 27 € X** xa,
enedn o X ebvon avtonadrc, undeyer ¢ € X dote Jxr = x**, onou J evan 7
puotohoyixh epputeuon tou X otov X**. Auto onuabver 6t 2™ (2*) = 2*(z)
xdle x* € X* xou, enopévae, y**(z3,) = *(z) vy xdde z* € X*.

Ocwpolye TUY6Y =¥ € Y1 xou éyoupe 6t 23 = 0, ondte x*(x) = y**(0) = 0.
Ané 10 Oedprua 4.10 ouverdyeton 6t inf ey ||z — y|| = 0 xou, enedh) o Y elvon
uhewt6c, x €Y.

Apa y*™*(z3) = z*(z) = 23 (x) v x&de z* € X*. Topa, and to Yedpnua
Hahn-Banach cuvendyeton 6t yia xdde y* € Y™ undpyel 2 € X™* dote 2y = y*.
Apa v x&e y* € Y™ éyouvue y**(v*) = y*(x) = Jx(y*), 6nou J' ebvar 7

puotohoyxh eupiteuon tou Y otov Y. Apa y** = J'z ye x € Y xau 0 J' elvan
ent.

4.9 Apyn Opoidpoppou Ppdyuatog

Apyh Oporbpopyouv Ppdypnatog: Bewpodue TMAMPN peTpLkd Xdpo X,
METPLKS x@po Y, yo €Y kot ouAhoyn F ouvaptioeey f: X — Y ouve-

xév otov X. TmoBétovue 6tL supscrd(f(z),90) < +00 yia ke v € X
Téte vndpyet avorktd O C X kav M >0 éote d(f(x),y0) < M yio kébe
r €0 xov ké0e [ € F. DAadh, sup,co rerd(f(z),y0) < +00.

Anddaén: Tw xdde n € N Yétovue P, = {z € X |d(f(z),y0) < n vy xdde f €
Fy = Nrerlz € X|d(f(z), yo) < n}.

To P, elvon xhetotd vocvoro tou X xaw X = U:SPW Av O, = X\ P,
ouvendyeton 6T %89 O, ebvor avoxtéd xon N0, = 0. Ané 1o Oedpnua Tov
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Baire ouvendyetar 61t undpyer N dote 1o On Bev elvon muxvéd otov X. Autd
onpadver 6t undpyel avowtdé O C Py, ondte xUTAAYOUUE GTO ETUOLWAOUEVO
ovunépaoya ye M = N.

Ochenupa 4.20 Eote yépos Banach X kai F C X* dote sup,.cr |2 (z)]
<400 yvia kdbe v € X. TéT€ sup,.cr||z*] < +00.

Anddeaén: Ané v Apyr Ouoiduopgou @pdypotog cuvendyetor OTL UTEPYEL o €
X, R>0xu M >0 dote |z*(z)] < M v xd0e z* € F xou x € B(zo; R).

Ta x&de € B(0; R) éyoupe 6 |z*(x)] < |z*(z + zo)| + |2*(z0)| < 2M
yia xdde z* € F. Apa yia xdde z # 0 xon £ > 1 1oyleL |x*(T1§C” x)| < 2M xon,
emopévec, 2% (z)] < L ||z|| yio xdde 2% € F. Apa |27 (x)] < 2L ||z yio xdide
e X xuz*eF.

Yupmepoivoupe 6Tt sup,.c # [|2*]| < 2L

Ochpnua 4.21 Eote yépos X ue vépua kar F C X pe sup,cr |z*(x)]
< 400 yia kdbe z* € X*. Téte sup,cr ||z]| < +o00.

Anddeln: Oewpolue ) puotoloyu epgiteucn J @ X — X™* xau ) culhoyh

J(F) C X** 1wy ouvopthoewy Jz : X* — F v xdde x € F. Egopubélovye 1o

mponyolyevo Yewpnua otov ywpo Banach X* xa otn ouhhoyh J(F) C (X*)*,

Aol Sup j,e 57y | J2(2)] = sup e £ |27 (7)] < 400 i xdde 2* € X
Topnepaivouue 6t sup,er [|2]] = sup jue ) | /2] < +o0.

4.10 AocVevrc cVyxAlomn xou acVevrc” ocOyxAlom

Oplopodg 4.11Eo0tw ydpos X e vépua.

(i) Aéue énun{x,} orov X ovykAiver aoBevdg oro z € X av z*(x,) — z*(x)
yia kde v* € X*. Tére ypdpovue T, = x 15 x=w —limz,.

(1) Aéue du n {zl} orov X* ovykAiver aocBevdc* oro z* € X* av af(z) —

z*(z) ya kdbe x € X. Tpdpovue x % 2* i o* = w* — lim .

duowxd, dtav ypdoouue x, — x N x5 — x* evwoolue ||z, —z| — 0 A
||z} — z*|| — 0, avuotoiywe. T va Tovicouye ) dopopd avdpueca oTic oUYX-
Noewe, hMpe moléc gopéc 6Tt 1 {z,} ocuyxAivel toyved 6o =, av =, — T, 1
6t n {25} ouyxhiver woyvpd oto T, av xf — =¥, xa Ypdgouue T, > x #
r=s—limz, xouz:>z* f 2*=s—limz’ , avuiotolywe. H oporoyia autr
ogelleTol oTNY

w
Ieévtaon 4.11Eotw yopos X e vépua. Av x, — x otov X, téte x,, — «
* * / * w™ *
kai, av x;, — x*, tote x), — x*.
Anddaén: Av x, — x otov X, 161€ v xde x* € X* éyouvpe |*(z,) —x* ()|

llz*|| ||l2n — 2| — 0. Apa 2, = .
Av xf — z* otov X*, té1e v xdde & € X éyoupe |z)(x) — z*(x)]

IN

IN

2z, — 2*[| =] — 0. ‘Apa x5 &
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IMegétaocm 4.12FEotw xydpos X pe vipua.
w w ’ w
(1) Av xp, — x, Yy — y ot0v X K@l Kyy — K 070 F, Tot€ Tfy + Yy — T + y ka1
w
Kn&n — K.
w™ w™ . w™
(2) Av x}, — z*, y} — y* ovov X* ka1 K, — K ot0 F, téte ©}, + y! — =™ + y*
w* «
Kal KnT) — KI*.
w W o~ , —~
(3) Av xp, — x ka1 x,, — T otov X, téte © = 7.

—

w* w* — ,
(4) Av x} — o* kar ), — x* otov X*, téte x* = z*.

AnddeEn: (1) xou (2). Aoxnon.

(3) T xd&de z* € X* éyoupe 2*(x) = limz*(z,) = 2*(T), ondte z*(x — Z) = 0.
Ané 10 Oedpnua 4.11 ovvendyeton 61 z — T = 0.

(4) T xdde z € X €youvye x*(x) = limz} (z) = x*(z), ondte * = x*.

Ebvaw aZionpboextn n dtagopd otn pbon twv (3) xou (4) tne mponyoluevne
npéTaoNS, N onola avtavaxhdton oTr Slapopd Suoxollug TwV ATOdEEE®MY TwV.

HO(.pO(.BE!’.’Yp.O(‘EOL: 1. Av1 < p < 400, t61€ €, — 0 otov [P xau 6ToUc ¢, ¢,
eved 1 {en} dev éyer acevéc dplo otov 1.

Ye OAeC TIC MEPLITWOELS 1) VOpUa TwV ey, elvar otodeph xou fon ye 1 xou 1 {en,}
0e cuyxhivel BL6TL 1) vépua TG dopopdc Sladoyixwy Gpwyv elvon otadeph| xou om
pe apudud # 0.

2. Av 10 {an|n € N} eivar opdoxavovind olvoro oe ywpo X ue ecwiepixd
Ywvouevo, TOTE an, L0 otov X.

Oedpnua 4.22°Eote ydpos X ue vépua Kai T 22 otov X. Téte
sup,, ||Zn]] < 400 kat ||z|| < liminf ||z,||.

Anddaén: Tw xdde z* € X* n {z*(xn)} ovyxhiver oto 2*(x) oto F, ondte eivan
peoryévn. Anéd to Oedpnua 4.21 cuverdyeton OTL sup,, ||, || < +00.

‘Eotw ¢ = liminf ||z,]]. Tw xdde € > 0 undpyel vnooxohova {x,, } dote
lZn, |l < g+ € yioa xde k. Téte yia x&de x* € X* woylel 6t *(zy, ) — ™ (x),
ondte |z*(z)| < |lz*|| (¢ + €). And 1o Oedpnua 4.11 cuvendyeton 6T ||z|| =
max||« <1 |2%(z)| < ¢+ € xo, enopévac, [|zf| < g.

Oevpnua 4.23 Eote ydpos Banach X kai ) vl z* otov X*. Téte
sup,, ||[z5]] < 400 kat ||z*|| < liminf ||z%]| .

Andéden: T xdde xz € X n {zf(x)} ovyxhiver oto 2*(x) oto F, ondte elvon
pporyévn. And to Oemprnua 4.20 cuvendyetor 6T sup,, |2k ]| < 4o0.

‘Eotw g = liminf [|2,||. T xdde € > 0 undpyer unoaxolovdia {x}, } wote
|z, || < a+ €y xdde k. Téte yio xdde z € X woyder 6u z}, (z) — z*(z),
ondte [2*(z)] < ||z|| (g +¢€). Apa [[2*|| = sup ), <1 [27(2)] < g+ € xau, enopévec,
"] < g-

Oplopodg 4.12FEo0ww ydpos X e vépua.
(1) Bva K C X ovoudletar axodovthaxd aoflevdg kAerwotd av ya kile {z,}
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oto K n onola ovykAiver acUevdis otor X 1oxve éu w — lima, € K.
(i7) Eva K C X* ovoudletar akodovthakd aoPevdg* kAerotd av yia kdde {z}}
oto K n onola ovykAiver aolevddis* otov X* wyve éu w* —limz, € K.

Eivor mpogavéc anéd tnyv Hpdtaon 4.11 61, av éva obvoho efvar axoloudlond
aoYevidC xAewoT6 1 axolouvhoxd ac¥evac® xhewotd, téte elvan xAeloTH.

Oedpnua 4.24 Eote yépos X ue vépua kat kupté K C X. To K
eivar kA€LoTé av kat Mévov av e€ival akolouvBiakd aoBevédg kKA€L0TS.

Andbaén: YTrodétouue étL to K elvon xhewotd xou Yo amodei&ovpe ot av n {zn}
elvon 010 K oz, — x otov X, téte # € K. Kat’ apyhv utodétouue 6Tt F' = R.

Eqopuélovtac uetagopd xatd —z, uropolue va unodécoupe 6t z, — 0 yia
va amodelfovpe 61t 0 € K. Av 0 ¢ K, vndpyer R > 0 vote K N B(0; R) = 0.
An6 10 Oedpnua 4.13 cuvendyetan T undpyet un-undevixd =* € X* ye [|lz*|| < &
oote Ra*(z) < 1 vy xdde z € B(0; R) o Ra*(2) > 1 vy xdde 2 € K.

Topa, vy xdde n éyouye Rr*(w,) > 1, eved 2*(0) = 0. Enedq z, — 0
ouvendyeton 6t z*(z,) — *(0) = 0 xou xotohfyouye oe avtipaon. Apa 0 € K.

Oplopodg 4.13Eo0tw ydpos X e véppua.

(1) To K C X ovoudletar akoAovthakd aofPevdg ovunayég av kdde axoloviia
oto K éxer vnoakolovlia n onoia ouykAiver acOevas otov X oe otoiyeio tov K.

(i7) To K C X* ovoudletar akodovthakd aoBevdg* ovunayés av kdde axolov-
Oia ovo K éxer unoaxodovdia n omola ovykAiver acOevdds* otov X oe ovoryeio tou

K.

Ieétaom 4.13Eotw xdpos X pe vépua.

(1) Av to K C X elvar akodovthakd aoOevds ovunayés, téte elvar akolovthakd
aoUevads KA€10TO Kal gpayuévo.

(2) Av to K C X* efvai akodovBiakd aoOevdds* ovunayés, tdte eivar axodovthard
aoUevas™ khewotd kai, av o X efvar ydpos Banach, gpayuévo.

Andédedn: (1) Av to K Bev ebvar gpaypévo, undpyet {T,} ot0 K dote ||z,] —
+o0. Iaipvouye urooxohovdia {x,, } 1 onola cuyxhiver aodevdc oe xdmow x €
K xou xatoahyouue oe dtomo Adyw tou Oswphuatoc 4.22.

Av n {z,} ebvar o0 K xou ouyxhivel aodevie oto x € X, nafpvouye {x,, }
onola cuyxhivel aclevae oe xdnow T € K. Téte ¢ = w — limz,, = 7 and my
Ipbtaon 4.12. "Apa z € K.

(2) H anddeiln eivon (da pe v omddeén tou (1).

Oedpnua 4.25 Eote avzonabis yépos X ue vépua kat kupté K C X.
Téte to K eivar akolouvBiakd aoBevés ovunayés av kat pévov av e€i-
var kAeiotd kal gpayuévo.

Andbaén: Eotww ppayuévo, xvuptd, xheiotd urtooivoro K tou X xau {z,} oto
K. Enedf, to K elvan gpaypévo, undpyer M > 0 dote ||z, || < M v xdde n.
O¢toupe YV = cl(< {zp|n € N} >), onéte 0 Y elvar xhetot6¢ unbywpoc

tou X. Kdlde y € Y npoceyyileton and ypoaypxols cuvduacpols GTouyelwv tou
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{zn|n € N}, ondte xou and ypauppixoic cuvduaouolc Ye pntolc CUVTEAECTEC
otowyelwy tou {z,|n € N}. Apa o Y elvou dwywplowoc. Enelds o X efvon
autonadic xou 0 Y xAewotog, and 1o Oewpnua 4.19 cuvendyeton 6t 0 Y elvon
autonadic. ‘Apa xou 0 Y**, we iooyetpinde e tov Y, ebvon daywplowoc. And
v llpdtaon 4.8 ouvendyeto 611 xou 0 Y™ elvon Sraywplowoc.

Ocewpolpe éva apiufioo tuxvé utoclvoro {yr |m € N} tou Y*. T xdde
Y tox0er 6T [y, (2n)] < 1y lHlznll < llyp, |l M, oxére n oxoroudia {yy, ()}
elvan gpayuévn oto F. Egapuélovtac to diaydvio entyelponua tou Cantor, Belox-
oupe vnoaxorovdia {x,, } dote va undpyer 1o limg ) (z,) € F yia xdde m.
Iaigvouye, tdpa, onowdhinote y* € Y* xa Pploxoupe m dote ||y* — yi |l < e
Tée [y ()~ ()| < 15" )= o )15 ()~ ) 7 ()~
y*(xnl)| < eM + |y:<n(wnk) - yrn(wnl)| + eM. /Apa Hmsupk,l—»-{-oo |y*(x’ﬂk) -
Y*(xn,)] < 2eM vy xdde € > 0 xan, emopévec, undpyel to limy*(z,,, ) € F.

Opllovpe y** : Y* — F pe tono y**(v*) = limg y*(xn,, ) o xdde y* € Y™
Ebvar anhé va anodeydel 6t to y** ebvar ypopuxd xau [y**(y*)| < M ||y*|| v
xdde y* € Y*. "Apa y** € Y**.

Adyw e avtorddelac touv Y, undpyert y € Y wote J'y = y**, omov J’
elvon 1 puotohoyud eugiteuon tou Y otov Y. Anhady, y*(y) = y**(v*) =
limg y*(xy,, ) Yo xdde y* € Y.

‘Eotw, topa, tuydv =¥ € X*. Halpvouue y* € Y™ va elvar o mepLoplopds Tou
x* otov Y. Agol bha ta oy, xou T0 y avixouv otov Y, woyler z*(y) = y*(y) =
limy, y*(xn,, ) = limg 2*(zp, ). Apx y = w — limy x,, . Télocg, enedi o K eivon
%UPTO o XAEloTH, and 1o Oewdpnua 4.24 cuvendyetar 6Tt y € K.

Apa 1o K elvon axohoudloxd aoUevide ouutayEc.

Avtiotpégng, €éotw 6Tt to K elvon xuptd xou axolouthioxd aclevde cuumayec.
Ané v Hpodtaon 4.13 cuvendyetar 6t elvan Gparypévo xar oxohouvdioxd acdevedg
AAEOTH XL, EMOUEVWC, XAELGTO.

Ioyler xan 1o avtiotpogo tou TeEAEUTHlOU VEWPRUATOS Xou GE ((PauvOUEVIX)
loyvpdTepn Hop®n. Anhadr: av 1 kKAeLoT) povadiaio umdAo £vOC X@POu
Banach €ival akolouvBiLokd aobevdg oupmayvg, TOTE O XOpog €ivol av-
tomadnc. Autéd ebvar éva Yedpnua twv Eberlein-Shmulyan.

Oevpnua 4.26 Eote avtonadris ydpos X pe vépua kai kuptd, KA€L-
016 K C X. Téte yia kdbe x € X vundpyer yo € K doze ||z —yo| =
inf{[lz -y [y € K}

Anébeidn: Eotw y1 € K xou R = ||z —y1||. Oéroupe K1 = K Ncl(B(x; R)),
on6te 1o K1 efvon xuptd, xhewotd xan ppaypévo. Iafpvoupe {y,} oto K dote
|z —ynll — d, 6mov d = inf{|lz —y| |y € K}, xu ||z —ynl| < R yioa xdde
n. Téte n {yn} elvoar 010 K7 xau and 10 mponyoluevo Yedpnua cuvendyetar 6Tt
urdpyet unooxohovda {yn, } OoTE va uTdpYEL TO Yo = w — lim y,, oto K.

Ané o Oedpnpa 4.22 cuvendyeton 6tL d < ||z — yol| < liminf ||z — y,, || = d.
Apa ||z = yol| = d.

Oedpnpa 4.27(Helly) ‘Eote Siayepioiuos yépos Banach X ue vépua.
‘Eva K C X* eivai akolouvBiakd aoBevés” ouumayés av kat Hévov av
€ivaL akoAouvBiakd acOevds* kKA€LOTS KalL ppayuévo.
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Eibikdtepa, n kAeitoty povadiaia pmdda tov X* e€ivar akolouvBiakd
aocBevés™ ocuumayns.

Anéoaén: 'Eow bt 1o K elvar axohovdiaxd acdevidc* xAewotd xou @poayuévo.
Maipvovye {2} oto K, ondte undpyet M > 0 dote |2k ] < M yio xdde n.

Ocwpolpe apiufoto {xm,|m € N} tuxvé otov X. Tote v onolodinote
Eyouue |2k (xm)] < M ||xm|| yia xde n, ondte n {x) (zm)]} cvon pporyuévn oto
F. Me 7o duryédvio entyeipnua tou Cantor Bpioxouye unoaxoroudia {z}, } dote
Yo x8e 2y, Vo undpyer To limy x},, (2m) oto F. Tdpa yia onowodhnote v € X
UTBpYEL T WE [T — || < €, ondte |2y, (7) — 23, (@) < |27, (2) — 25, (Tm)] +
|25, (@m) — @7, (@m)| + |2y, (2m) — 27, (2)] < eM + |27, (2m) — 7, (2m)| + M.
‘Apa limsupy, ;4 o |25, (¥) — 25, (2)] < 2eM xou, emetdn 10 € > 0 ebvon TuYGY,
ouvendyetar 6T UTdpyet To limy o}, (7) oto F.

Oétouye z* 1 X — F ye tono z¥(z) = limg 2}, () yio xdde v € X. Ebvou
Vépa poutivag va anodetydel 1L 1o x* elvon ypoupixd otov X xou |z* ()] < M ||z||
v xde z € X. Apa 2 € X* o 2" = w* — limgz;,, . Enedd o K ebvon
axohoudaxd acVevdc* xhelotd, ouvendyetou 6t &* € K xou, enouévwe 1o K
elvan oxorovdiaxd ao¥evidc® ouurmayéc.

To avtiotpogo nepéyetar otnv llpdtaon 4.13.

Arnopéver vo amodeyVel tL 1 xhewoth wovadiado undho tou X elvan axolou-
Otoxd aoVevarc® xhewoth. ‘Eotww {zf} otov X* e ||z}] < 1 v xdde n xou

i % 2t € X*. Ané 1o Oedpnua 4.23 cuvendyetar 6t ||o* || < 1.

4.11 Ao9Vevelc Tontolovyleg

Opwopodg 4.14E0tw ypappikds yapos X kar £ pia un-kevy ovddoyn ypau-
Hikdy ovvaptnooeddr tov X ue tny didtnta: ya kdde v € X ue x # 0 vndpyer

x' € L dote o' (x) #0. Tére n L ovopdletar Braxwpifovoa ocvAdlopn ypaup.
ovvaptnooerdwy tov X.

Mapatnpolpe, topa, otL, av Yéooupe P = {|2'||2’ € L}, t61e n P eivou
draywpllouca oulhoy# nuvoppev Tou X. Enouévec, oplleta n culoyh N3,
v omola ot cuyxexpwévn mepintwon cupBoriloupe N2, pe otowyela 6ha ta
unootvoha U® tou X mou ypdgovtow UY = {z € X||z|(2)] < e1}N---N{z €
X| = (z)] < €}, 6mov ton € N, @ x),..., 2z, € L xou o €1,...,€, > 0 elvan
audaipeTa.

Enfone, optleton  sulhoyn Tp, Ty onola topa cuuBolilouye Tz, ue otouyeio
oo tor cOvora O pe v Wbt v xde z € O undpyer U° € NP wote
z+U°CO.

"Aueor egopuoyt| tne Hpdtaone 3.34 anoteroly ta:

(1) Kéde U® € N2 mepiéyer to 0, elvon xUpth, Looppomnuévo xot anoppogd tov X .
(2) AvUD,...,U% e N2, w6te UP N ...NUY € N.
(3) Kéde U° € N2 avhxer otnv 7z.

Afppa 4.6 Eotow ypappikds xapos X, x' ypauuikd ovvaptnooadés tov X kai
T tomoloyia otov X wg npog tnr onofa n npdén + : X x X — X elvar ovveyris.
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Téze vo &' efvar ovvexés otov X av ka1 pudvov av n nuwvdpue |z'| efvar ovvexris
otov X.

Anédeidn: Eotw 6t 10 ' elvon ouveyée oto tuyxdv x € X. Téte yia xdde € > 0
urdpyet avowxth tepoyf O tou = wote |2/ (y) — o' (x)] < € ya xdde y € O. "Apa
[l'(y)| — |2’ (x)]] < € vy xd¥e y € O xan, emopévee, N |2'| elvon cuveyhic oto .

Avtiotpdgnc, éotw 6t N |2] ebvon cuveyhic oto 0. Autd efvon TavTOoNUO UE
0 6Tt 10 2’ elvon ouveyéc oto 0. Anhadt, yio xdde € > 0 undpyet avouxth TeptoyN
O tou 0 dote |2/ (y)| < € yia xde y € O. Abyw tng ouvéyetag e npdadeong,
10 olvolo O + x elvar avoxTh Teployh Tou x xou, tpogavae, |z (y) — 2’ (z)| =
|2/ (y — x)] < € yia x&9e y € O + z. "Apa 0 x’ elvar cuveyéc oTo .

Me to Muya avtéd va easgahiler Ty oyl oL Topaxdtw (iii), 1o Oedpnua
3.35 SrtundveTan, Topa, we e&Ne.

H 7; eivat 1 eAdyLotn Tomoloyia otov X pe TLC LOLOTNTEC:

(1) o X pe v 7z eivol xépoc Hausdorff,

(77) ou mpa€erc + : X XX - X kot - : Fx X — X eival ovvexeic,
(i7i) x&be 2’ € L eivar ouvexhg.

Oplopodg 4.15FEoww ypaujukiés xdpos X kai diaywpilovoa ouAdoyn L ypauu.
ovvaptnooeddy tov X. Tére n tomkd kuptr) tomodoyia Ty tov X ovoudletar
n aotevijc tormoAoyia tov X 1n omoia endyetar and tnv L ka1 ouvuPoriletar

o(X, L).

Av o X elvan ydpoc pe vopua, téte and 1o Yewpnua Hahn-Banach cuvendyetan
oun L =X" elvaw draywpllovoa GUANOYY YEUUULXDY GUVIPTNOOELDWY.

Opowdc 4.16E0tw xdpos X pe vépua. H o(X, X*) ovoudletar n aofeviig
tomoAoyia Tov X.

Eva vroovvodo tov X to omoio efvar avoiktd 1 kA€10To 1) OUUTAYES wS TPOS
my o(X, X*) ovoudlerar aoPevdg avoiktd 1) aoPevdg kAerotd 1j aoPevdg
ovurnayég, arnotoiyws.

Av o X elvan yodpog ue vopua, ToTe xou 0 X* elvon ydpog Ue vopua xou 0 dutxde
Tou elvar 0 X**. "Apa 1 aclevic tonohoyia tou X* elvou n o(X*, X**). Opox,
otov X opileton axdua pla evitagépouoa tonoroyia.

Opwopwodg 4.17TEotw xdpos X e vippa kar J : X — X** n guoodoyikn
epgitevon. H o(X*, J(X)) ovoudletar n aoPeviic™ toroAdoyia tov X*. Adyw
¢ tavTtions tou X e tny axdéva wou, J(X), n torodoyle avthi oupPodiletar,
xdpw evkohiag, o(X*, X).

Eva vrnoovrodo tov X™* to omnolo eivar avoiktd 1 kKA€10TO 1) CUUTAYES w§ TPOS
my o(X*, X) ovoudletar aocBevdc* avoixtd i} aocBevdc* kAerwotd 1 aocPervdc*
ovurnayég, arnotoiyos.

H tunudf avoue| meployy| tou 0 we npog ty o (X, X*) elvou n {z € X | |25 (2)]
<e}tn---N{z e X|lzi(z)| < e}, 6mov 1o n € N, o z3f,...,25 € X*

oL TO €1,...,€, > 0 ebvon auvdalpeta. Opolwe, n Tumxn avouxty meployy| Tou



160 KE®PANAIO 4. O ATIKOY X(2POX

0 wc mpoc v o(X*, X**) ebvar n {z* € X*||27*(@*)| < ea} N --- N {z* €
X* | |z (2%)] < en}, eV 1 Tumixy avowth neployr) Tou 0 we tpog v o(X*, X)
gbvan {2 € X*||z*(x1)| <e}fn---N{z* € X*||z*(zn)| < €}

Emouévwe, og xde ywpo X ue vébpua €youue oploe. d0o tomohoyleg: tnv
aodevy) tonoloyia xar TNy Tonoloyla Tou endyeTon and TN vopua tou X, 1 onola
OVOUdLEToL XL 7] Lo} LY, Tomohoyia Tou X.

Eriong, otov X* €youye oploel tpelc tomoloylec: tnv woyupr| Tonoroyla, tny
aovevr) tonoloylo xat tnv ac¥evi* tonoroyio tou X*.

Eivou mpogavég 6T, av 0 X elval avtomadfc, TéTE 1 aoBeViC TomoAo-
yla kot 1 aoBevic* tomoloyia tou X* TavtilovTal.

Ytov X™** éyouye oploel 800 Tomohoyleg: tnv Loyupy| xou TNV aclevi® tomolo-
ylo.

H endéyevn npdtaon exppdlel tn oyéon avdueoa otny acVevy| tonoloyia tou
X xau v aodevy® tomoloyia tou X** yéow TNg QuUGIOAOYIXRC EUPUTEUGNC TOU
X otov X**. Auté mou ouuPaiver gbvan éti, e v tadtion tov X xa J(X), n
acdevic torohoyia Tou X xou 1 acdevic* tonohoyia touv J(X) (axpBéotepa, o
neploploude e acYevolc® tonohoyiag tov X** oto J(X)) tautilovto.

Iegétaocm 4.14E0tw ydpos X ue vipua kar J @ X — X** n guoodoyixi
eugitevon. Av o X éxe tnr acBevny tomodoyia, o X** v aoleviy* tomodoyia
kar o J(X) tny torodoyia-vndywpov, téte n J : X — J(X) elvar opoopopgrouds.

Andoaén: 'Eotww tyov ¢ € X. Me nopapétpouc ta n € N, 27f,..., x5 € X*
XU €1, ...,€, > 0 éyovue v avowth) meploy U? = {z € X | |z7(2) — =i (2)| <
e }N---N{z € X ||z} (2)—z(z)| < en} T0U T WC TPOC TNV acev] Totohoyia Tou
X. Me ¢ (Bieg nopapétpoug éxouue TNV avouxth tepoyh {2** € X** | |2** (aF) —
Jr(zy)] < er}N---N{z*™ € X*|[2*(z}) — Jx(z})| < en} Tou Jx 0 Tpoc
v acVevh* tonohoyia tou X**. Hepopilovtac to 2** oto J(X), dnhadn Vé-
Tovtac 2* = Jz, xa ypdgovtac Jx(z}) = 2} (v) xou Jz(x}) = (), naipvouue
v avouxth nepoy VI8 = {Jz € J(X)||2i(2) — zi(z)] < e1}N---N{Jz €
J(X) | |xf (2) — xf (x)] < €} TOU e Tpoc TV ToToAOY{o-UTOYWEOL Tou J(X).

Eivor gavepd 6t V7% = J(U®).

Av O elvon avoxtéd we mpoc v tomoloylo-undywpeouv tou J(X) xa Jz € O,
téte undpyer V7T C O. Apa yia v avtiotoyn U wyler 61 Jz € O yia xdie
z € U*. Auté onuaiver 6L 1 J elvou cuveyric oto x.

Av @ ebvon aotevie avoxtd otov X xaw z € @, téte undpyer U* C Q. "Apa
yioo v avtiotoyn V7% woyler 6t JT1(Jz2) € Q v x&de Jz € VT Auté
onuaiver 6t 1 J 71 ebvan ouveyfc oto J.

Ieétaom 4.15Eotw ydpos X pe vépua.

(1) IoxVer x, = x otov X av ka1 uévov av n {x,} ovykdiva oto & ws mpog Ty
aoUevn} tomodoyia tov X.

(2) Ioxvea x5 o otov X* av ka1 pévov av n {x%} ovyrhiver oto * wg mpog
tnv aoleriy® tomoloyia tov X*.

Anédaén: (1) Eow x, = x otov X. BOewpolye tuydv avoxtd O wc mpde
v o(X,X*) ye x € O. Téte vndpyer U = {y € X||zi(y)] < 1} N--- N
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{y € X125 ()| < en}, pen € N, af,...,25 € X* xou €1,...,¢, > 0, dote
z+U° C 0. Eredf z*(z,) — 2*(x) vy xdde z* € X*, undpyer N wote
|25 (2n — )| = |2} (%) — @} (7)] < € Y1 xdde n > N o xdde j = 1,...,n.
Auté onpatver 6t 2, — x € U? yio xdde n > N xou, emopévoc, o, € O yio xdde
n > N. Apu n {z,} ouyxhivel oto & w¢ Tpoc Ty aodevih totoloyia Tou X.
Avtiotpdgnc, éotw 6t n {2, } ouyxAivel oTo T we Tpoc Ty acYev Torohoyin
tou X. Iofpvoupe tuydy x* € X* xou tnv avouth tepoyfh z + {y € X | |2*(y)| <
€} tou x. Téte undpyer N dote z, € x4+ {y € X ||z*(y)| < €} yra xdde n > N,
on6te 2% (xy) —2*(2)] = |2* (xn — 2)| < € yraxdde n > N. Apa x*(zy,) — z*(z)
Yo tuydv =¥ € X*, onéte T, — 2 otov X.
(2) H anddeln elvon bpota.

Ieétaom 4.16Eotw xdpos X e vépua.

(1) H aolerris tomoloyia tov X eivar pkpdtepn 1j ion and tnv wyvpn torodoyla
Tou X.

(2) H aoBevnis* tomoloyia tov X* elvar pukpdrepn 1j ion and tnv aolevr) tomodoyia
tov X* ka1 avtrj elvar pukpdtepn 1 ion and tnv woxvpn torodoyia tov X *.

Andden: "Aoxnon,.

Heévaom 4.17Eotw ypauukds xyapos X kai daywpilovoa ovAdoyn L ypau-
pikcr ouvaptnooeddr tov X . Optlovue ovvdptnon ¢ = X — [[cp F pe tomo
o(x) = (x’(x))m,eﬁ yia kdde x € X. AnAadn, n z’'-ovvtetayuérn tov ¢(x) elvar
n¢(x)y = 2'(z) ya kde 2’ € L. Téte n ¢ eivar 1-1.

Av 0o X éxa nr aolern tonokoyia o(X, L), o [[,.c, F éxer Ty womodoyla-
ywduevo (drnov kdOe F éyer tny evkAelbia tomoloyia) kar to ¢(X) éxer
tonodoyia-vndywpov, tite n ¢ : X — ¢(X) elvar opoopoppropds tou X pe to
P(X).

Anédedn: ‘Eow 6t x1,22 € X xau ¢p(x1) = d(x2). Téte ¢(x1)r = d(22)r
xau, ETopéves, o' (z1) = o' (x2) v xde =’ € L. Eneidh n L elvon Saywpllovoa,
ouvendyeton OTL T = 2. Apa n ¢ elvan 1-1.

Apan ¢ : X — ¢(X) etvon 1-1 xon enl xou péver vo amodel€ouvue 6T auTH Xou
n ¢t p(X) — X ebvan ouveyeic ot x&de onpeio Tou Tedlou oplouol Touc.

Av z € X, téte pe nopapétpouc tan € N, zp,..., 2, € L xou €1,...,€, >0
optletan 1 avowth) nepoyf UP = {z € X ||2}(2) —zi(zx)] < e} N---N{z €
X | |2, (z) — 2, (x)] < €} t0U = we Tpog TV o(X, L).

H B emhoyh wwv mopapétpony autdv opiler tny avowth| nepoxh {w €
Hz’€£F| |w:E’1 - ym’ll < 61} n---nN {w € Hz’€£F| |ww’n = Yz, < En} v Yy
010 [, e F o< mpoc tny tonoloyio-ywopevo. Thpa, av neplopicouye ta y, w
o010 ¢(X) xou VYéoouue y = @(z),w = ¢(z) pe x,z € X, Yo éyovye avoxth
nepoxfy VY tou y € ¢(X) oto ¢(X) we tpoc v tonoloyla-undyweou. T'ed-
POVTAC Yy = ol (x) xou Way = 2% (2) v xdde j = 1,...,n, Peloxouye 6t
VY= {6(2) € 9(X) |74 (2) ~ 24 ()] < e} -1z € X || (2) — 2 (@)] < en}.
Houpotnpolpe 6t VY = ¢(U*).

‘Eotww tuyév ¢ € X xau O 3 y = ¢(x) avoxtd oto ¢(X) we mpoc v
tonohoylo-undywpov. Ankadn, undpyer avoxTh mEpLoY e Uopphc VY dote
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VY C O. Oewpolye ty avtiotouyn avowxth negloy U® tou & xou €youye 6T yia
x&e z € U” wylel ¢(z) € p(U*) = VY, ondte ¢(z) € O. "Apa n ¢ eivon cuveyhic
070 .

'Eotw tuyév y = ¢(z) € ¢(X) xu Q 3 = ¢~ (y) avoxtd 1o X wc npoc
myv o(X, L). Anhadr, undpyer avoxt meploy e woperhc U dote U® C Q.
Oewpolue v avtiotoryn avouxtr neployr VY tou y xou €youpe 6Tl ylor xdie
w € VY woyber ¢~ Hw) € ¢~ 1(VY) = U?, ondte ¢~ H(w) € Q. Apan ¢~ elvan
ocuveyng OTo Y.

Ieétaom 4.18Eotw xdpos X pe vépua.

(1) Av to K C X eivai aoUevds ovunayés, tote elvar ao0evdds kAeotd kar gpay-
Hévo.

(2) Av o K C X* elvai ao0evdds™ ovunayés, tote elvar aoOevdds* kleiotd kai, av
o X etvar xydpog Banach, gpayuévo.

AnddeEn: (1) Enedh o X pe v tomoroyio o(X, X*) eivon ydpoc Hausdorff,
ouvendyeton 6Tl 10 ao¥evie oupnayéc K C X elvan aolevie xhetotd. Kdde
z* € X* elvan ouveyhc otov X ye v o(X, X*), ondre elvar gporypévn ocuvdptnon
oto K. Anhadn sup,ep |2%(x)| < 400 yia xdle 2* € X*. Anb 10 Oedpnua 4.21
OLVETAYETOL OTL SUP,¢ i ||| < 400, ondte o K elvan pparyuévo.

(2) Aoxnon.

Ocedpnua 4.28(4laoglou) "Eote yépos X pe vépua. Av K C X* ei-
vai a00evéds® kAeiLoté kai gpayuévo, TéTE €ival aobevéds® ouvumayés.
Eibikdtepa, n kAetoty povadiaia pmdda tov X* eivar aoBevég*
ovunayns.
AvtioTpépes, av to K eivat aobevés™ ouvumayés, téte e€ivar aobe-
Vos* kAetoTéd kat, av o X eival ydpos Banach, gpayuévo.

Anddaén: Egapubélovue v Mpdtaon 4.17 oto yopo X* pe £ = J(X) C X**
xaL Ty enayduevn acdevi* tonoloyio tou X*. Oewpolue tov ouoloyop@lousd
¢ X* — p(X*) C HJ(I)EJ(X) F =[] ex F tne mponyoluevne npdtaonc.

Ocwpolue ac¥evirc™ xhewotd xon geayuévo K C X*, ondte undpyet M > 0
dote ||lz*]] < M vy xdde z* € K. Téte yia xdde v € X xou x* € K €youpe
|p(z*) | = |Jx(x*)| = |z*(z)| < M ||z|. Eropévwc, av z* € K, t6te ¢d(a*), €
[—M |||, M ||=]]] v xd0e z € X. "Apa

o(K) € 6(x*) N [ =M |l M il < T F.

reX rzeX

Apxel va amodeioupe 6t 10 ¢(K) elvor xhetotéd uroctvoro tou [], o F o
mpoc v tonohoylo-ywvouevo. Téte 1o ¢(K) Yo elvon xhewotd unoclvolo tou
[Lex[=M|z], M ||z||], To onolo eivar cuurayéc Aoyw tou Oswpfuatoc Tou Ty-
chonov. Apa 10 ¢(K) Yo elvan cupmayég xou, enopéves, 10 K, o¢ ouveyhic exdva
tou ¢(K), eivar aodevidc™ cuunayéce.

Eotw y = (Yo)eex € [l ex F onuelo cuoobgeuonc tou ¢(K). Ocwpolye
TuXOVTA 71,72 € X, K € I xow € > 0 xou TNV avouxTh TERLOY T TOL Y TNC HopPThC
{w € HmeXFHwIl _ym1| < e}ﬂ {w € HmeXF||wI2 _y12| < e}ﬂ{w €
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[Loex Flweito; = Yor+aa| < €} {w € [1 e x F|[wkay —Yra, | < €} Tatpvoupe
z* € K dote 1o ¢(z*) va avixer oty neploy) auth. Autd onuaivel 6t |z*(z1) —
Yoo | |25 (22) = Yo |, |27 (X1 +22) — Yy 40 |5 |27 (K1) — Yy | < €. Emeldh to 2™ elvon
YoouutxG, EOX0N ATOBEUVOOUUE OTL | Yy +as — Yuy — Yao| < 3€ XU [Yhgy — KYa, | <
(14 |&|)e. Téhoc, enedn 1o € elvor avdaipeTo, GUVETEYETOL OTL Yoy 435 = Yy + Yars
KU Yozy = KYgy YL XG0E 1,22 € X xou k € F.

Eneon ¢(K) C [[ex[=M ||z]|, M [|z]|]] xu to yvépevo autod eivon xhelotd
ot [[,ex F, ovvendyeton 6 y € [ o [=M ||z, M ||z]|], ondte |y.| < M ||z
vy xqe z € X.

Opllovpe z* : X — F pe tno z*(z) = y, vy xd¥e € X. And 1o
TpoNYOUUEVY CUVETdYETH apéowe 6T =¥ € X* xou d(z*) = y. Enedhn ¢ *
ebvan ouveyfc oto ¥y € ¢(X*), ouvendyetoa 6t To x* elvon onuelo cucohpeuoTC
tou K wg mpoc ty aclevi® tonohoyio xou, enopévee, © € K. Apa y € ¢(K).

To avtiotpogo mepéyetar otnv llpbdtaon 4.18.

Méver va amodel€oupe 6TL 1 xheoth wovadiaio undha tou X* elvon aotevodg”
xhewot. ‘Eotw wydv z* € X* pe ||z*|| > 1. Iaipvoupe x € X dote |jz| =1
xou |z* ()] > 1, ¥étoupe € = |z*(z)| — 1 > 0 xon Jewpolue tny avouxty| teptoyn
U = {z* € X*||2*(x) — 2*(x)] < €} ou 2* wc npoc v acdevi*™ tonohoyia
tou X*. Téte v xdde 2* € U® éyouye ||2*]| > |2*(x)| > |z*(x)] — e = 1 %o,
enouévoc, n U eivar Zévn mpoc v xhetoT povadiala urdha tou X *.

Oedpnua 4.29 Eote yépos X upe vépua kar kvpté K C X. Tézte 7o
K eivai. aoBevéds kAeitoté av kaL USVOv av e€ivat kA€LOTO.

Anéda€n: Eotw 6t to K eivor xuptd xou xhetotd. Halpvouye tuydy z ¢ K xon du
anodelEOVPE OTL UTEpYEL AVOLXTH TERLOYT] TOU & WE PO TNV acVeVH Tonohoyia Tou
X Zévn mpog 10 K. Enedn xdle yetagopd elvor 0Uolouop@Lonos XoL k¢ Tpog TNV
Woyupn xat we mpog TNy ac¥evi| Totohoyia, unopolue va untodécouue 6Tt z = 0.
Katémw nafpvovpe R > 0 wote B(0; R) N K = 0.

Ané 1o Oedpnuo 4.13 ouvendyetar 6Tl UmdpyEL UN-Undevixd =¥ € X* ue
|z*]| < £ dote Rz*(z) < 1 vy xdde x € B(0; R) xau Rz*(z) > 1 yia e
z € K.

H avowt meproyry U° = {z € X ||z*(z)] < 1} 7ou 0 wc mpoc TNy acVevh
tomohoylo Tou X elvon, mpogavee, Eévn tpog o K.

Oedpnpa 4.30'Eote avtonabrs ydépos X pe vépua kar kuvpté K C X.
Téte to K €ivat aofevédg ovumayés av kai pévov av €ival kKA€LoTo
Kat gpayuévo.

AnéoeiEn: Ano tny Ipbtaon 4.18 cuvendyeton 61, av 10 K elvan aodevode cuuna-
Yéc, TOTE elvol QPAYUEVO ol AoUEVEC XAELGTO XA, ETOUEVLC, XAELTTO.

Avuotpégue, ot 6t to K elvan xuptd, xhelotéd xon goayuévo. And To
Ocdpnua 4.29 cuvendyeton 6L o K ebvar acdevdg xhetoTd.

‘Exoupe #0n mapatnerioer 6ti, yéow tng tadTiong twv X, X**, n aoclevig
tonohoylo tou X xou 1 acdevic® tonohoyio tou X ** tautilovron. Ilo cuyxexpiué-
va, and v Hpdtaorn 4.14 cuverdyetar 6TL 1) puololoyuer epgiteuon J + X — X**
elvon ouotouoppiopdc av o X €yel tnv aocdevr tomohoylo xou o X** éyel tny
aoYeviy* tomohoyia.
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Eropévace, to J(K) elvon xuptd, ppoyuévo xou acdevic* xhewotd otov X**,
ondte and 10 Oevpnua 4.28 cuvendyeton 6Tl elvan aclevide”® ouunayéc. ‘Apa,
Aoyw tou opolopopgouol, to K elvar aodevde cuunayéc.

Oedpnua 4.31 Eote ydépos X upe vépua kar J: X — X** n guoioro-
yikn) eupvtevon. Av Bx eivat n kAeitoth povadiaia undda tov X,
t6te o J(Bx) €ivat mukvé otnv By« 05 mpog tnv acbevi* zomolo-
yia Tou X**.

Anddaén: Enedr n J elvon woopetpixn| eppitevon, éxouue 6t J(Bx) C Bx«-.
‘Eotww o** ye ||| < 1 xat aodevidc* avoxtéd chvoro O C X** pe z** € O.
Téte undpyouy z7,...,2;, € X* xou €1,...,€, > 0 OdOTE 1 AvoTh mEQLOY

U = {z" € X ||z (aF) — 2 (a])| < er} NN {z* € X* |2 (z) —
x*(xk)| < €n} TOL T e TEde TNV aolevi® Torohoyia va nepyetar oto O.

Oétouue € = min(H;—iH, ce ”;—"”) xou e@appolovue 10 Oedpnua 4.16. [
1 n
X3 K1,...,kn € F éyovye 6t |k1z™ () + - - + k™ (z})| = |2** (k12T +
st Rk < |k1xt 4+ kpalk]]. Apa undpye z € X dote ||z]] < 1+ € xou
ri(z) = 2" () v xdde j = 1,...,n.
O¢toupe = = 1%_62, onote [zf| < 1 xa |Jz(z]) — 2% (2])] = |3;§(3:) -
e (2F)| = 5 e (@))] < e Hxﬂ < € v xdde j. Apa Jxr € U* C O

xau, EnoUévwe, To ¥ elvan onpelo cuocwpeuong tou J(Bx) we mpde Ty aodevh
tonoloyla tou X**,

To endpevo anotéreoya elvar To avilotpogo tou Oewpriuatog 4.30.

Oedpnua 4.32°Evas ydpos Banach eivar avtomabnig av kat pévov av
N kA€ioth povadiaia undAa Tou eivair aocBevédg ouvumayns.

Anéoaén: 'Eotw 6t o X elvar avtonadic. And to Oedpnua 4.30 cuvendyeta
6t By elvon aotevade ouumaytc.

Avuotpbgue, éoww 6t 1 Bx elvan ao¥evede ovunayhc. And tnv Hpdtaon
4.14 cuverdryetar 61 to J(Bx) ebvar aolevic* cuurayéc utocUVoro Tou Bxss.
Ané 10 mponyoluevo Vedpnua cuvendyetow 6Tt J(Bx) = Bx=- xou, ENOUEVWLC,
J(X) = X*.

4.12 To Yewpnua twv Krein xow Milman

Opwopwodg 4.18E0tw ypauuikds yapos X kar M, K 6Vo un-kevd vroovola tou
X pe M C K. To M ovoudletar akpaio vrmoovodo tov K av éver tnr e&ijg
idtnTa: av x,y € K, 0< k<1 kat kx + (1 — k)y € M, tére x,y € M.

Av a € K, 0 a ovoudletar akpaio onueto tov K av vo {a} efvar axpaio
unoovodo tov K.

Anhady, 1o 6t 10 a € K elvon axpalo onuelo tou K onuabver 6t av z,y € K,
0<k<lxwkx+(l—rKYy=a,6€ x=y=a.

Eivor mpogavéc 6t xdde un-»evé obvoho K eivon axpalo utocivoro tou eautol
ToU.
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‘Ohec oL xopugéc, OAeC oL axuéc xou, eV YEVEL, OAeC oL k-Oudotates €dpec (0 <
k < n) evéc xuptol moluédpou otov R™ elvon axpaior unoclvold tou. Eniong,
xdde onpelo e empdvelac pac euxAeldiag undiac tou R™ eivan axpalo onpeio tne
pmdhac. Autd oy Vel YEVIXOTERO GE OTOLOVORTOTE YWEO UE ECWTERUO YIVOUEVO
xa amoBewxvOEToL EOXOAA.

Adppe 4.7 Eotw ypappukés ydpos X xkar K C X.

(1) Av to M eivar axpaio vrootvolo tov K ka1 to N €lvar akpaio vrootvolo tov
M, tére to N eivar akpaio vroovvolo tov K.

(2) Av 6\a ta ororyeia tng ovddoyris M elvar akpaia vrootUvola tov K, tdte to
M, av dev elvar kevd, eivar akpaio vroovrodo tov K.

(3) Av to 2’ elvar R-ypappuxd ovvaptnooeidés tov X kar to otvolo K' = {x €
K|2'(z) = ming @'} efvar un-xevd, wdre o K' efvar akpalo vroodvolo tov K.

Anddeén: "Aoxnon.

To guotohoyxd Thalolo Tou Oewpruatog Twv Krein xow Milman eivor autd twv
TOTUXE XUPTWV YOPwY ot Yol YPELAGTOVUE T1) YEVIXELOT] EVOC Baoixol aROTEAES-
HATOC TWV YWOEWYV UE VOpUAL.

Oedpnua 4.33(Mazur) "Eote ypauutkés xépos X pe tnv tomikd Kup-
T} tomoAoyia Tp n omoia endyetar and tnv Staywepilovoa ovAdoyr n-
utvopusdv P. Av o A eivair kvpté unoolvoro tou X kat éyet 7o 0
WS €0WTEPLKS onueio kaL av To B eivair un-kevé kvptd umooUvoAo Tou
X &évo mpog To A, TéTE UMdpyEL OUVEYES YPUUULKS ouVAPTNOOELBES
' tov X dote

R’ (a) <1 <R/ (b)
yia kdbe a € A kat kdbe b e B.

Anédetn: Oewpolpe pio avowt| neployf UY = {z € X|p1(z) < e1}n---Nn{z €
X|pn(x) < €y} T0U 0 ¢ TPOC TNV Tp, 6TOU P1, ..., Dy € P %ot €1,...,€6, > 0. H
U° amoppogd tov X, ondte xou 10 A anoppogd tov X .

Trodétouye, xat apyny 6t F' = R, ondte and 10 Oedpnua 2.5 cuvendyetol
OTL UTAPYOLY UN-UNJEVIXS Ypauuixd cuvapTnooeéc ©' Tou X xat k = 0\ 1 dote
10 A va mepléyetar oTov Evay and Touc XAELOTOUC ML Weouc Tou opilovTal xal
0 B va nepéyeton otov dhho. Eneldn 0 € A xon 2'(0) = 0, anoxieletar to A va
nepiéyeton otov {z € X|2'(z) > 1}. Av ndpouye z¢ pe 2’ (zg) # 0, enedf n U°
anoppo@d tov X xou elvon 1ooppoTnuévy, undpyel t > 0 dote xon ta dbo onuela
+txg va mepéyovton oty UC. Opwc 1o 2/ éyer avtidetec tpéc ota dvo autd
onuela, ondte to A Bdev mepiéyeton oe xavévay and touc {x € X|z'(z) < 0} xou
{z € X|2'(z) > 0}.

Apa Ra'(a) <1 < R2/(b) yia xdde a € A xou x&e b € B.

Yuvendyetor 6t @' (£x) < 1, onéte |2/ (x)] < 1 < 2 vy xdde z € U°. "Apa
|2/ ()] < € v xéde x € £ U, ondre ebvon gavepd 6t 0 ' elvon ouveyée ot0 0
xal, ENoUEVLE, oe xde onuelo tou X.

Av F = C, Jewpolye tov X wc R-ypopuixd ywpo, ondte, olupwvo Ue
o mponyolueva, undpyer R-ypauuixd cuveyéc cuvaptnooedée o tou X Gote
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rr(a) <1 < zR(b) v xdde a € A xou xdde b € B. Ta undhoina elvon dueon
e@apuoyy, Tou Afjuuotoc 2.2.

IIéprwopa Eotw tomkd kuptés xdpos X. Ia kdle x1,19 € X ue x1 # x9 Un-
dpxel ovvexés ypauuiks ovvaptnooedés ' tov X dote Ra'(x1) # R’ (x2).

Anddedn: Oétovpe xo = 1 — 2 7# 0 xou nalpvouye pla Nuvoppa p amd QUTES TOU
endryouy v toroloyla tou X dote p(rg) > 0. Oewpolue v avowxty Teptoyn
U° = {z € X|p(z) < 3p(z0)} xau epapuéloupe 0 Tponyoluevo Yempnuo ot
Eéva xuptd olvoha U% xau {xg}. Tupmepaivoupe 6Tt UTdpyEL GUVEYEC YRUUUXE
ouvaptnooedéc ' tov X dote 1 < R/ (xg), ondte R/ (z1) # Ra'(x2).

Oedpnua 4.34(Krein-Milman) ‘Eote K éva un-kevé ouumayés umoou-
voAdo €Vvé6g tomikd kupTol ydpou X . Téte.

(1) Tmndpye. touAdytotov éva akpaio onueio Tov K.

(2) Av E eivaiL to oUvolo 6Aev tev akpaiwv onueiov tov K, téte
K Ccl(co(E)).

(3) Av o K eivai kat kupté, TéTE K:cl(CO(E)).

Anddedn: (1) Oewpolye tn cuMOYH M OAOY TWY CUPTAYOVY IXEA{WY UTOCUVOA-
wv tou K. H M Bev ebvar xevr, agol nepiéyer 1o K. Ytnv M dewpolue
dudtaén < 7 onola opileton ¢ e&fc: My < Mg av My C M. Koatdmv nalpvouyue
éval olxd Suatetarypévo unooivolo C tou M xon 9étouvue My = (€. Téte:

(i) To My eivar un-kevd kar ouuTayés.

To My elvon ouumayéc we touh oupmay®y ouvéhwy. Av My = 0, tote
nafpvouye onowodhnote M’ € C xau mapatnpolye 6t 1 culhoyh {X \ M|M €
C,M C M’} anotehel avowth xdhudn tou M’. Enoyévwe, undpyouy My, ..., M,
€ C, 6 unooUvora tou M’ wote M’ C (X \ M) U--- U (X \ M,). Auvtd
ouvendyeton ot My N--- N M, =0, to onolo elvon adOvatov agol auth 1 Toun
glvow éva and oo My, ..., M,.

(15) To My etvar axpaio vrootvolo tov K.

H anédeily tou elvor dueon and 1o Afpua 4.7(2).

Ané ta (i) xou (i1) ouvendyeton Tt To My ebvon dvw-pedypa tne C. Apa and 1o
Afjupo tou Zorn cuunepaivouue dtL udpyel cupnayég axpalo utocUvolo M tou
K, Tou onolou xavéva yviolo utocUvoho dev elvar cuumayég oxpalo UTOGUVOAO
Tou K.

Ac unodécouye 6t to M mepiéyet ToUNdYLoTOY BU0 BLapopeTid onuela 1, T2.
Téte, oOupwva Ue TO TEONYOVUEVO TOPLOUA, UTEEYEL CUVEYES YRAUUIXG CUVAETH-
coewdéc ' tou X wote Ra'(z1) # Ra'(x2). Enewdh 1o M elvar ovunayée, to
obvoho M' = {x € M|Rz'(x) = minp Rz'} ebvon un-xevéd xou ouprnayée yvioto
unoolvolo tou M. Ané to Aupa 4.7(3) xou (1) ouvendyetar Ot, xat apyhy, T0
M’ givor axpaio utocivoho tou M xou, xatémy, tou K.

KataAfiyouue oe dtono, ondte 10 un-xevé M elvor omwaedinote povooivolo
xa, QUOWE, To Yovadixd cTotyelo Tou elvar axpato onuelo Tou K.

(2) Ac unoVéooupe 6T undpyer zp € K \ cl(co(E)). Arnéd to Oedpnua 4.33
ouvendyeTon 0X0No OTL UTEpYEL OLUVEYES Ypouuxd ouvaptnooedée =’ tou X &-
ote Na' (o) < infeyeo(my) R’ (Apxel va mapatnpfoouye 61 0 0 dev tepiéyeTon
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070 xhelo1é xpté cl(co(E)) —xo xou va Yewphoouue avouxth xupty teptoy | U°
Tou 0 Eévn poc 1o oUvoho autd.) Enopévawc, av Véoovue K/ = {z € K|Rz'(z) =
ming Rz'}, téte to K’ elvon un-xevé, ovunayée, £évo npoc 1o cl(co(E)) xou, oly-
pwva pe o Auua 4.7(3), axpaio unostvoro tou K. Ané 1o yépoc (1) yvwpilouye
6t to K éyer touldyiotov éva axpato onuelo 1. And to AMupa4.7(1) ouvendye-
Ton OTL To 21 ebvon axpato onuelo xou Tou K.

Eropévac, to axpaio onuelo 21 tou K avixel oto K, 10 onolo elvon Eévo mpoc
10 E. Auto anotehel, puowxd, avtipaon.
(3) Av 1o K eivon xou xupt6, t61€ elvar gavepd 6Tt cl(co(E)) C K.

Ieértaom 4.19E0tw ydpos X pe vdpua. Téte n khewr) povadaia pndla Bx -
tov X* efvar fon pe tny aolevds™ khewotn kuptr) Onkn tov ouvvddov twr akpaiwy
onueiwy TNg.

Anddeén: I'vopllovye omd 1o Oedpnua 4.28 dtu n By« elvon aolevidc® cuunayric.
Ereldr n o(X*, X) ebvor tomxd xupth tomoloyia, to cupnépaoua eivor dueon
ouvénela Tou Oewphuartoc 4.34.

IMagdderypa: To cbvoho twv axpaiwv onueiwy tne xhewothc povadialag Yndhog
Bpi tou It elvor o {Nej|j € NN =1},
Mpdypatt, éotw onowdhnote x = (z1,7a,...) € IF pe [z < 1. Av 0 <

, ; oz _ z _ 14|zl
|zl < 1, téte naipvoupe y = Tl 2 = ~Tay X% k= =5

xou BAémoupe
eixola 61t = Ky + (1 — K)z. Apa To & dev elvon axpato onuelo tne By, Opolwc,
oUte 10 0 elvon axpalo onuelo g By, agol 0 = %61 + %(—el).

Ocewpolpe, thHpa, onowdhrote = pe ||z|l1 = 1 o onolo €xel Touldylotov dVo
UN-UNOEVIXES CUVTETAYMEVES: Xy 7 O XU Ty # Opem < m. TéH1E 0 < |25] < 1 3ot
0 < |m| < 1, xou propolye va Bpolye €,0 € (0,1) Gote €|ay,| = d|zy,|. Ofétovpe
y=(..,04+6xm,...,1=0)xn,...)xwz=(..,(1=€)Tm,...,(1+8)Tn,...),
6mou y; = zj = x; YL xde j # m,n. Kot opyhy, elvon tpogovéc 6Tvz = 2y+ 52

xou Ot y # = # z. Axéun, |lyllh = ||zll1 + €lzm| — 0lzn] = |lz]i = 1 xou
Izll1 = llzll1 — €|zm| + 0]zn| = ||z|1 = 1, ondte T0  dev elvar axpaio onueio tne
Bp.

TéNog, av T0 T €xel plo ubvov un-undeviny| cuvteTaYPEVT, T6TE UTdEYEL § € N
xou A Ue [A] =1 dote z = Aej xou Yo anodelovye 6T t0 = elvan axpalo onueio
e Bp. Avy,z € Bp, 0 < k < 1lxudej =ky+(1—k)z, téte 1l = |A =
lky; + (1 — K)zi| < kly| + (1 = K)|z] < k+ (1 —k) = 1. Tuvendyetou 6Tl
ly;l = |zj] = 1 v y; = 2. Enopéveg, yn = 2z, = 0 yia xdde n # j, ondte
y=2z=MXej=2.

Hapdderypa: H xhetoth) povadoba pyrndia Be, tou c¢g dev €yel xavéva oxpalo
onueio.

T v to anodelovye Yewpolpe onowdhnote © = (x1,T2,...) € B, %o,
ened) x, — 0, undpyel n dote |z, < 1. Iaipvouue onowdhnote A # 0 wote
[A| + |zn] < 1xow Yétovpe y = (ooyzn + A, ) xaw z = (..., 2, — A,...), 6TOU
Y; = 2z = xj Yl xde j # n. BEivoaw gavepd 6t & = %y + %z, OTL Yy # x # z xon
oy, z € Be,. "Apa 10 x Bev elvor axpalo onuelo tne Be,.
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4.13 Aoxvoeig

1. 'Eotw ywpoc X pe vopuo.

(1) Av 0 Y eivan ypouuixéc umdyweoc tou X, amodeite 6t Y* 2 X* /Yt
(Tréd.: T xdde [z*]y1 Yewpeiote n ouvdptnon T([z*]y+) : Y — F pe timo
T([z*]y1)(y) = z*(y) yre x&de y € Y. Anodeilte 6t 0 oplopde elvon xah6S %o
6t o T elvor woopetpla Tou X*/ Y+ ye tov Y*))

(2) Av o Y eivor xhelotéc undywpoc Tou X, anodeifte 6t (X/Y) E Y.
(Tréd.: T x&de z* € Y1 Yewpelote ) ouvdptnon S(z*) : X/Y — F pe tino
S(x*)([x]y) = z*(x). Anodel&te b1L 0 opoude eivon xohde xon 6tL 0 S elvor t-
coypetpla Tou Y1 ye tov (X/Y)*)

2. 'Bow yopoc X ye vopua xou xhetotdc undywpoc Y touv X. T xdde z € X Oé-
covpe Py(z) = {30 € Y| [[2 — goll = d(z, )}, érov d(z, ¥) = infyey [z — y]|.
Avz e X \Y xu yo € Y, anodellte 6u yo € Py () av xou ubvov av undpyet
vt €Y pe [z = 1 xon 2™ (z — yo) = |z — woll.

3. Eotw ydpoc X pe voppo. Amnodellte 6t yia xdde o* € X* undpyer € X
pe flz]l = 1 xou x*(x) = ||x*]| av xou pbvov av xdlde xhewotd unepeninedo tou X
TEpEYEL oToLElD EAdYLOTNC VopUAC.

4. Av o X elvar y&poc Banach, anodeléte 61t 0 X elvon auvtonadic av xow pévov
av o X* etvor autonadfc.

(Tréd.: Oewpelote Tic guotohoywés eygutetoeic Jo + X — X** o J; : X* —
X**. Av o X ebvor autonadfc, ndpte 2 € X***, Jewpelote 10 2* =2 o Jy
xou amodellte ot o = Jy(2*). Avuotpdgwe, €6t 6Tt o X* givor autonadic,
eved 0o X dev elvor. Amodeilte 6t o Jo(X) elvon yvhotog kAewotdg undywpoc tou
X** xon bt undpyer pn-undevind *** € X*** ye *** (Jo(z)) = 0 yia xdle z € X.
KotahiZte oe drono.)

5. Av o X elvar autonadric, anodeléte 6w yia xdde z* € X* undpyer v € X ye
o]l = 1 %o z*(z) = [l2~].

6. 'Eotww ypauuwde yodpoc X, L plo droywpllovoo GUAOYY YRUUUIX®OY GUVAET-
coed®v tou X xou x’ éva ypauuixd cuvaptnooedéc tou X. AnodeiZte 611 o 2
ebvan ouveyée otov X e tpoc ty tonohoyio o (X, L) av xou pdvov av 1o ' avixet
ot yeouuxh Mxn tne L. Koatdmy, anodeilte 6t o(X, < L >) = o(X, L).
(Tréd.: Acite ©w onuaivel n ouvéyewr tou &’ ot0 0 Yo € = 1 xou eQapUdoTE T0
Avpupo 4.3.)

7. 'BEotww ypopuxoc yweoc X dnepne didotaone xat L pla dayweilovoa culhoyh
YUY cLVAPTNoOEWBKOY Tou X. Anodelfte 6T xdle avouxth teployy| tou 0 we
npoc TNV torohoyia o(X, L) nepéyel €vay uTdyweo dnelpne Sidotaonc.

8. Eoww yopoc X ye vopua. Anodeilte 6t 1 aodevic tonoroyio tou X toutile-
ToL UE TNV Loy UpT ToTtoAoyia Tou av xou yovov av o X €yel TENEQUGUEVT] BLdoTao.
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9. 'Eotw ywpoc X ye vopua xon oc efvon X n mA\jpwor, Tou. Amodellte 6Tl
X* = (X)*, al\& 6T oL tomoroyiec o(X*, X) xou o(X*, X) dev tautilovrot.

10. 'Eotw ydpoc X pe vopua xat Tp, 2z otov X. Anodelfte 6t urdpyet {yn}
otov X xdle dpoc e omolog elvan xvptde ouvduaoude dpwv e {z,} dote
Yn — .

11. 'Eotw autonadfc ydeoc X Ye vOpua xat Z €Vog YRUUUXOS UTdYwpog Tou X ™.
Anodeite 61t 0 Z anotehel doywpllovoa GUANOYT| YRUUUXOY CUVIRTNCOELDOY
tou X av xou udvov av elvar Tuxvoc ctov X *.

12. 'Eotw yopoc X e vopua. Anodel€te 6t o X elvon autonadic av xou ybvov
av x&de xAewoTéc UTdYwpoc Tou X * elvar acVevidc® xhelotoc.

(Tréd.: Av o X ebvar avtonadc, téte n aoVevic xou 1 aodevic* Tonohoyia Tou
X* rowtilovtor. [ to avtiotpogo, tépte un-undevixd z** € X** xou Yewpelote
0 {z* € X*|z**(2*) = 1}. Anodellte 6t autd elvar aolevidc™ xhewotd otov X*
xou Tdpte avowty teploy ) Tou 0 we tpoc Ty (X *, X) 1 onola va glvor E€vn tpoc
10 oUvoho autéd. Egapudote to Afuua 4.3.)

Opwopode: Eotw tomodoyikds yopos A ket B C A. To B ovoudletar ovvoAo
npdTng Karnyopiag otov A av vrdpyour B, C A e B = US> B, dote kile
cl(By,) va éxel kevd eowtepikd. To B ovopdletar ovvodo dedtepng karnyopiag
otov A av dev elvar ovvodo mpcdtng katnyopias ooy A.

13. Anodellte 6t xdde mhRpng HETEXOC YGpoc elvar oUVOho TEWTNC Xatnyoplac
OTOV EQUTO TOU.

14. 'Eotww ywpog X ye vépua.

(1) Eotw 6t 1o M elvar oGvolo deltepne xatnyopioc otov X*. Av K C X xau
SUp,c |27 (x)| < 400 v xdde x* € M, anodeilte ot sup, g ||z] < +o00.

(2) Eotw 6t 1o M elvar oGvolo deltepne xatnyopioc otov X. Av K C X* xau
SUP,« e |27 (x)] < 400 yia x84V z € M, anodelZte dTL sSUp,« e [|T*]] < 400.

15. (1) Bow 1 < p < 400 xuw ¢ = (x1,22,...) € s. Av y xéde y =
(y1,Y2,...) € IP n oepd EZS TrYr oLyxhiver, amodellte 6Tt ¢ € 19, 6mou
lyi=1

(Yrod.: T xdde n € N Yewpelote 10 I, € (IP)* pe w0mo 1, (y) = Y p_y ThYk YO
x&e y € [P xou unohoyelote tn vépua ToU Iy,.)

(2) Eoww = = (z1,22,...) € s. Av vy xd¥e y = (y1,¥2,...) € co 1 oeRd
S0 zpyr ouyxhiver, amodeifte 6 @ € 1.

16. Eotw (2, X, ) évac ywpoc pétpou xat p-petphown ouvdptnon f :  — F.
(1) Av 1 < p < +ooxa fg € LY, %, ) vy xdde g € LP(Q, 3, 1), anodeléte
ow f € LI(Q, %, 1), brou %—F % =1.

(2) Av 10 p ebvon o-memepaopévo xou fg € LY (Q, 3, 1) yio xdde g € L1 (Q, %, 1)
anodeifte 6t f € L®(Q, X, p).

3
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17. 'Eoww yopoc Banach X xou plo Bdon Schauder B = {b1,ba,...} tou X.
Ottovpe K = {k = (K1, Ka,...) |1 oeipd 327 k;bj ouyxhiver otov X }, xoddse

J
Z?:1 kbl Yo xdde K € K.
(1) Anodei&te ot 1 ||-|| ¢ elvon vépua otov K xau 61t 0o K pe ) vopua auty elvor
yweoc Banach.
(2) Oétoupe T : K — X pe tono T'(k) = E;;Of Kjbj yw xdde Kk = (K1, k2,...) €
K. Anodeléte 6t o T elvar tonoroyixde woopop@ioude tou K pe tov X.
(3) ©étovye L = {\ = (A1, Ag,...) | n oepd E;;O‘f KjAj oUYXAvEL yio xde Kk €

wou [k ¢ = sup,

K} oxou [N, = Sup”T(K)HSl}Zj:OT KjAj|. AnodetEte bt n ||-||, efvon véppa oTov
Ly 6w LZ X*.

Oplopodg: Eoww ydpos X e vépua kar undywpos L tov X*. Aéue ério L mpoo-
dr0piler Tn vdppa tov X av vndpyet c > 0 dote c|[z| < supgucp, o<1 [27(7)]
ya kde x € X.

18. "Eotw yopoc X pe vépua xau ||-|| undywpoc L tou X* o onoloc npocdiopilel
TN vépua tou X.

(1) ©étoue ||z||" = SUPg«cr, ov <1 |2 (2)] yio xde x € X. Anodellte 6T n I
elvan vépua otov X 1ood0vaun e v |-

(2) Av K C X o sup,eg |2¥(x)] < 400 v xdde z* € L, onodellte 6
sup e lall < +oo.

19. 'Eotww ywpog X ue vogua.

(1) Eotwo (< L >) = X*. Anodellte 61, av 2*(x,) — 2*(x) yia xdde z* € L
o sup,, |25 || < 400, ot T, > T 0TOV X

(2) Eotwo c(< L >) = X. Anodei&te o1, av x) () — 2™ () yioa xdde 2 € L xon

sup,, ||z, || < +oo, tétE T}, w 2* otov X*.

20. Xtov 1% yua xdide m,n ye 1 < m < n Yewpolyue 10 OTOLYED €y n = €m +Mey,.
O¢étovpe A = {emn]l < m < n}. Anodel&te 6L 10 0 avixer oty xhewoth Vun
tou A w¢ mpoc Ty aodevn tonohoyla, aAAd Sev undpyel axoloudia oto A 1 onola
ouyxhivel aodevie oto 0.

21. '‘Eotw daywplotwoc ydeoc X e vépua. Anodellte 6t 1 aodevic* tonoloyio
oTNV AeWoTY povadiaia undAo Tou X ™ elvol UETELXOTIOWAGLUT).

22. 'Eotw yopoc X ye vopua xan ac¥evie™ ouumayég K C X™.

(1) Av 0o X elvon duaywplotwoc, anodeiZte ot 1o K eivon axohoudioxd acdevirc*
OLUTAYEC.

(2) Av o X elvar autonadfc, anodellte 6t 1o K elvan axoloudiaxd aoVevie”
CUUTAYEC.

23. (1) Av 1 < p < 400, 161€ €, — 0 510V IP %o GTOUC ¢, Cp, EVEH 1) {en} dev
éyeL acdevéc bplo otov L.
(2) Av 10 {anln € N} eivoar oploxavovixd clvolo ot yopo X WE eowTepd
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4 7 w
ywouevo, téte a, — 0 otov X.

24. Eotw 1 < p < +00. Anodel&te 6T 2™ 5 2 stov 1P av xau uévov av
(n)

sup,, Hx(")Hp < 400 XL Tyy” — Ty, 070 F o0 %80 m € N,

25. (Schur) Anodeifte 6t 2™ % & otov 11 av xu uévov av (™ — x ctov 1.

26. 'Eotw duywpelowog ywpog Banach X.

(1) Anodeilte 6t 0 X* nepiéyet aptipfiotuo utooivolo 1o omolo arnotehel dtaywpl-
Couca GUANOYT GUVEYGV YEUUUIXGY GUVAPTNGOEW®Y ToU X.

(2) Av 10 K C X elvar aolevie oupnayéc anodellte ot n aodevic tonohoyla
oto K elvon petpixonotfoiun.

27. 'Eow yopoc X pe vépua. Amnodellte 6t undpyel ovunayhc, Hausdorff
TomoAOYIXGC YOpoc K xou woopetpuxt eppltevon T : X — C(K).
(Tn6d.: Egapudote 1o Jedpnua tou Alaoglou.)

28. 'Eoww ydpoc Banach X xou ac¥evac® oupnayéc K C X*. Anodel&te 6t n
aotevedc® xheloth xupth Ohxn tou K elvar ac¥evadc® ouunayhc.

29. Av 0 X elvou autonadfc yopoc ue vopua xor 0 Y elvar xhetotde undywpog
tou X, anodellte 6t o X/Y eivon automadic.

30. 'Eotw ydpoc dnepne dudotaone X ue vopua. Anodel€te ot 1 xheioth Ohun
tou {z € X| |lz]| = 1} wc mpoc v acdevh tonoloyia elvon 1 xheloth povadiada
pnda tou X.

31. 'Eoww 1 < p < +00 xu x, — & otov IP. Anodelfte 6t ||z, — x| — 0 av xou
uévov av [|z || — -

Opwowde: Eotw ydpos X pe vépua kar axolovdia {xzn} otov X. H {x,}
ovopdletar aoevd¢ ovyxAivovoa av wo lim, 2*(z,) vrdpyer oto F ya kd-
Ue x* € X*. O X ovoudletar axodovthakd aoevdg mApng av kdle aolevas
ovykAivovoa axodovlia touv X ouykAiver aoOevds o€ kdnoio aroiyelo tov.

H{z}} otov X* ovopdletar aoBevdg* ovykAivovoa av to lim, z)(x) vrdp-
xet oto F ya kdfe v € X. O X* ovopdletar axkodovthaxd aoclevadg® nAtnpng
av kdUe aolevads* ouykAivovoa akolovdia tov X* ouykAiver aolevas* o€ kdmoio
oroiyeio tov.

32. 'Eotww ovunoyhc, Hausdorff tonohoyxdc ywpoc A xou {f,} otov C(A) n
omolo cuyxhivel xotd onueio oto A oe plo f : A — F 7 onola dev elvar ouveyhc
oto A. Av sup,, || fnll, < 400, anodellte 6t n {fn} ebvar aodevidc ouyxhivouoa
otov C(A), ald 61 8e ouyxhiver aodevie oe xavéva ototyelo tou C(A).

33. (1) Av o X elvou autonadfc yopoc e vépua, tote 0 X elvon oxohouvdiaxd
aoYeVeDS TAHENC.
(Tréd.: 'Eotw {z,} otov X ye 1o lim, z*(z,) va undpye. oto F yur xdde
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x* € X*. Oéoote 2™ (z*) = lim,, z*(z,,) xon anodellte ot ** € X**.)
(2) Av o X eivar ydpoc Banach, anodeilte 61t 0 X* eivan axohouvdioxd aodevide™
Tene.

34. (Vitali-Hahn-Saks) (1) Eotw yopoc pétpou (2,5, ) xon axoloudio pi-
Yodwdy ( mporypatix@y) pétpwy {A,} otov A(Q, X). YTrodétouue ot xdde A,
elvor amohOTwe cuveyéc we Tpog To w xon 6Tt To limy, Ay (A) undpyet oto F v
xdde A € . Oétouue A\(A) = limy, A\ (A4) v xdde A € X. Anodellte 6T 1o A
avixet otov A(£2, ) xou 6t elvon anohdTwe GUVEYES KC TPOS TO L.

(2) Eotw petphotoc ywpoc (2,X) xou axohovda uryodix@dv () meayuotixdv)
petpwv {A,} otov A(Q,3). YTrodétoupe 61t 1o lim, A\, (A) undpyet oto F Yy
xdde A € X. O¢touge A\(A) = lim, A\, (A) vy x&0e A € ¥. Anodeite bt 0 A
avixet otov A(£2, X).

35. Eotw yopoc uétpou (2,3, 1) xow axohoudia { fn} otov LY(Q, 3, ). Anodei-
Ete 61 { fn} ouyxdiver acdevic oe xdmowo otowyeto Tou L(Q, X, 1) av xou pdvov
av sup,, || fnll; < 400 xau 10 limy, [, fn dp undpyer 610 F yia xdide A € X

ArnodelEte 6t o LY(Q, X2, ) elvor axcoroudoxd acievie Thhpnc.

36. 'Eotw yopoc yéteou (2,3, 1) xon fr, — f otov LY, X2, 1), Anodelfte 6T
fn = [ av xou pévov av f, — f xatd pétpo oe xdle A € ¥ pe p(A) < +o0.

37. (OdoxAnpwpa Riemann ovvaptioewv pe tués oe xdpo Banach.) Eotw
ywpoc Banach X, a,b € Rpye a < b xou f : [a,b] = X ovveyhc ot0 [a,b].
Anodellte ot undpyer yovadwd & € X ye tny widthTor v xde € > 0 undip-
yeL 0 > 0 dote v xdVe Swopépion tp = a < t; < -+ < tpo1 < tp, = b e
maxi<j<n |t; — tj—1| < 0 xou x&Ve emhoyh onuelwy &1,. .., &, e tj—1 <& <t

‘Z}ll FE)ty —tj—1) — ;EH <e.

oy Ve

Opwowde: Eotw xdpos Banach X, a,b € R, a < b ka1 f : [a,b] — X ovvexris
oto [a,b]. To x € X pe tny bidtnta s nponyoluerns doknons ovoudletal
odokAnpwua Riemann tng f kai ovufodiletar f;f

38. 'Eotw ywpoc Banach X, a,b € R pe a < b xou f : [a,b] — X ocvveyrc
670 [a,b]. Hopatnprote 6t yia xdde x* € X* n ouvdptnon z* o f : [a,b] — F
elvon ouveyhc oto [a,b] pe tpéc oto F xon, enopévac, oplletar oto TAaolo Tou
ameLpooTiXo0 NOYLIoUoL TO f; x* o f. Anodet&te 6t f: x*o f=z* (f; f).

39. 'Eotw ytpoc Banach X, a,b,c € Ryea<c<b, f,9:[a,b] = X ocuveyelc o-
10 [a,b] xou k € F. Anodelte tic avapevbpevee BotnTec: f;(f—!—g) = f; f—|—f: g,

okfy =6 [0 fxon [P F =[S+ [0 f. Enione, my [[2f] < (0—a)||f]l,.

Optopdc: (OAduopges ouraptiioes pe tués o€ xdpo Banach.) Fotw ydpos
Banach X ent tov C, avoiktdé vrootvolo U tov C ka1 f : U — X.



4.13. AYKHYEIY 173

(i) H f ovoudletar oAduopen oo U av vrdpyel g: U — X dote

b fEEh) = f(2)
C5h—0 h

=g(2)

yia kde z € U. Tére n g ovoudletar napdywyos tng f kar ovpPoriletar f'.
(ti) H f ovoudletar acfevdg oAdpopen orto U av na*o f: U — C eivar oAd-
popgn oto U (e tn yvwotn évvowa) ya kdde z* € X*.

40. 'Eotw yopoc Banach X enl tou C, avowxté vnocbvoro U tou C xan f :
U — X. Anodel&te 6u 0 f elvon ohbuopgpn oto U av xou pévov av ebvar acdeveg
olépopgn oto U xou bt 16t (2% o f) = 2% o f/ yia xdde z* € X*.

41. 'Eotw ywpoc Banach X enl tou C, avowxté unocbvoro U tou C, k € C xou
fr9:U —= X xou h: U — C ohbpopyec oto U.

(1) Anodeléte 6u o kf, f+ g xau hg elvar ohéuopyec oto U.

(2) Anodel&te 6t n f elvou ouveyhc oto U xou, enopévwe, optletat o entxauniAo
ONOXAT iU f,y f(z)dz = f: foz 2" vy x&de xopuniAn v oto U pe nopaeTpinonol-
non z : [a,b] — U, 6nou n 2’ glvon cuveyc oto [a, b].

(3) (Ocddpnua tov Cauchy.) Amodellte 6T f,y f(z)dz = 0 av w0 U eivoar anhd-
CUVEXTIXO i av 7] 7 Elvar opoNoYT) Tou UNdeVOS we tpoc To U (Snhady, ind(y; w) =
0y xd¥e w € C\ U).

(4) (TYmog tov Cauchy.) Amodeilte 6t f(z0)ind(vy; z0) = 7 N Zj_(zz)o dz yio xd-
e 29 € U, av 1o U elvon anhd-cuvextixd 1) av 1 v elvon ogdAoyn tou undevog we
npoc o U.

(5) (Avdrruypa Taylor.) Amodellte bt yia xdde zg € U undpyouy ag, aq,... € X
dote va woyler f(2) = S5 ar(z — 20)F vy xéde 2 € A(zo;R), émov R =

dist(z0,C \ U). Amnodeilte 6t ap = f(k;(!z()) = ﬁ fC(zo;r) %d?«’, uE
C(z0; 1) va elvon 1 TepLpEpeELa XEVTPOUL 2o xat axtivac 7 < R UE TNV TUpUUETEIXO-
noinon z(t) = zo + re’, 0 < t < 2.

(6) (Apxn) Meyiotov.) Av umdpyet zo € U oote ||[f(2)|| < ||f(z0)| i xdde
z € U, t6te | f ebvan otadlepr, ot ouvextint| cuviotdhoa tou U 1 onola Tepléyel
TO Z20-

(7) (@edypnua tov Liouville.) Av U = C xa sup,cc || f(2)]| < 400, anodei&te
ou m f elvon otadepr, oto C.
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Kegpdiaio 5

Poayuevol yeouuLxol
TEAECTEC

5.1 NOpUEC YRPAUUULXDY TEAECTOV

Opwopode 5.14r XY efvar 600 ydpor pue vipua enf tov F ka1 T : X — Y elvar
ypapuikos tekeotris, o T ovoudletar ppaypuévog ypauuikog teleotis and tov
X orov Y av vndpyea C > 0 dove |[Tz|| < C x| ya kdle z € X.

Mo owotd, Va énpene va ypdgoupe | Tz, < C x|y yio va dnhdveton 6t o
VOPUES OTLC BUO TAEUREC TN avlodTNTAC Elvol VOPUES BLAPORETIXWY YWEWYV, ARG
TIC TEPLOCOTEPEC POPEC TO AYVOOUUE YpLy ATAGTNTAC.

Ieévaom 5.1 Eotw ydpor X, Y ue vépua kar ypapjukiés vekeotric T : X — Y.
Ta mapaxdtw efvar 1wodvvaua:

(1) O T eivar ovvexng ouvvdptnon otov X.

(2) O T eivar ouvexris ouvdptnon oto 0 € X.

(3) O T eitvar ppayuévos.

Anddedn: Ebvon npogavéc 6t to (1) ouvendyetan to (2).

Av o T Bev elvar gpayuévoc, téte yia xde n € N undpyer x, € X ue
IT2n|| > n||z,|. Téte z, # 0 xou, Yétovroc y, = AT Tns EXOVUE Yn — 0
oAAG || Tyn|| > 1, ondte o T Bev elvar ouveyhic ouvdptnon oto 0.

‘Eotww 6w undpyet C > 0 dote |[Tz| < C||z|| yio xdde z € X. Av z, — =z
otov X, t6te [Tz, — Tx|| = |T(zn — )| < Cllzn — ]| — 0 xon, enoyévec, o
T elvar cuveyic cuvdptnon otov X.

Oplopdg 5.2FE0tw xdpor X,Y ue vépua. To olvodo dAwv twv ouvexdy 1,
1wodVvapa, gpayuévar ypauuikoy teleotdr and tov X otov Y oupfoliletar
L(X,Y).

AvY = X, tdre ovufolilovpe L(X) avel yia L(X, X).

175
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Eivon gavepd 6t 0 yodpoc L(X,Y) elvor ypoppxde undywpoc tou Yohpou
L(X,Y) 6oV TV yeaupixdy tehectdy and tov X otov Y.
AvY = F, <61, npogavae, L(X, F) = X*.

Ieéraom 5.2 Ectw ydpor X,Y ue vépua kar gpayuéros ypappikos teeotris
T:X — Y. Tére vndpyer to min{C > 0| ||Tz|| < C||z| yua xdle z € X}.

Anédeidn: Eotw Cop = inf{C > 0| ||Tz| < C||z| v xdde z € X}. oipvoupe
onowdfrote C > 0 ye ||Tz| < C|z|| yiaxdde 2 € X o, xpatdhviac otodepd to
wyoév x € X, naipvouye to infimum tne 6e€idc mAevpdc we npoc to C. Bploxouye
|Tx| < Co ||z|| vy to Tuydy x € X.

Optopée 5.3FE0tw ydpor X, Y pe vipua ket T € L(X,Y). Opilovue tn vépua

tov T e tov tino
17|l = min{C > 0| |Tz|| < C|z|| ywa kil z € X}.

Apa
1Tl < (T[]l

v xdle x € X xou xdde T € L(X,Y) xou, av yia xdnoto C wyle | Tz| < C||z]]
vy xde z € X, t6te | T|| < C.

IMeétaocr 5.3 FEotw xdpor X,Y pe vipua kar T € L(X,Y). Tére

Tx
ITl=sup |[[Tz]|= sup [Tz|= sup 17,
zeX,|z||<1 zeX,|z|=1 cex,a0 |7l

Arédatn: Oétouvye C = sup,cx ;20 HITIZTI”’ ondte |Tz| < C x| yio xdde x € X

pe £ # 0. Enedn autd woylet xan yia = 0, o oploudc tne vépuac tou T' divel tny
|||

tpwtn and Tic avioo/lo6tntec || T < sup,cx 420 lHTH = SUD,e X 240 HT(ﬁ)

SUPge x, all=1 172 < supgex jjay<a T2l < [T

I mopddetypa, av o T' elvo LOOPETEIXOSC LOOUORPLOUOS, OTIWSC O TAUTOTLIXOS
teheothic I, t6te ||T| = su Wl — gy Izl — q
ne 4 = SUPgex,a0 Tz — SWPzeX,z#£0 o] =

Meértaon 5.4Fotw ydpor X, Y e vépua. H ovvdpnon ||-|| : L(X,Y) — R¢
mou opiotinke otov teAevtaio opopd eivar vépua otov L(X,Y) kay, av 0 Y eivar
xpos Banach, téte ka1 o L(X,Y) efvar ydpos Banach.

Anédeén: AvT € L(X,Y) xau ||T]| =0, t6te Tz = 0 yioa xdde € X, ondte o
T elvar o undevixde tehecThC.

Ta xéde x € X xaw xd9e T,S € L(X,Y) éyovue ||(T + S)zx| < ||Tz| +
1Szl < T[Nzl IS 2]l = T+ 1S 2] Erouévec |T7+ S| < [T+ 15]-

Do xdle T € L(X,Y) xou k € F éyoupe [[KT]| = sup,ex o<1 [|(KT)z| =
suPgex, o<1 [Bl 1 Tx| = |k supex ju<1 1Tl = [£] |T].

Apan ||| : L(X,Y) — RJ elvor véppa otov L(X,Y).
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‘Eotw 6t 0 Y eivor maiipne xon Yewpotye {T5,} otov L(X,Y) we || T, — Th|| —
0. T tuydy © € X éyouvpe | Tz — Tzl = |(Th — Tzl < [T — Tl |2]| —
0, ondte n {T,z} eivon axohoudio Cauchy otov Y. Apa undpyet to 6p16 Tne oTov
Y. Opllovpe T': X — Y pe tono Tx = lim T« yio xdde x € X. Enedr xdde T,
elvon Ypoppxde, woylet yia xde z,y € X xau k € F 6uT(x+y) = lim T, (z+y) =
Um T,z +1lim T,y = Te + Ty xu T(kx) =lim T, (kx) = lim T,z = «Tz. Apa
o T elvar yYpouuixde tekeotiic and tov X otov Y.

Ened undpyer N dote [T, — Tl < 1 vy xdde n,m > N, cuvendyetou
ot [Tz — Ivz|| < || T — Tl |zl < ||| vy x&0e n > N v z € X xon,
nafpvovrac bpo dtay n — 400, Beloxovye [Tz — Tzl < ||z||. Apa ||Tz|| <
ITnzxll + ||z < (1Tl + 1) [|lz|| yioa xdde 2 € X. Enopévec o T efvon pporyuévoc
xuT € L(X,Y).

T tuydy € > 0 undpyer N dote |1, — T || < € v xd9e n,m > N. Tére
Thx — Tzl < ||Th — Toll llz]] < ellz| vy x8de n,m > N xou xdde = € X.
Iaipvovtac dpto btav m — +oo PBelioxoupe || Thr — Tx|| < ellz|| yio xdde n > N
xou xdde x € X, ondte [T, —T|| < € yia xd¥e n > N. Apa T,, — T otov
L(X,Y).

IMeétaocm 5.5FEotw ydpor X,Y,Z ue vépua kar T € L(X,Y) ka1 S € L(Y, Z).
Téte SoT € L(X,Z) ka1 ||[So T < ||S]| |IT]-

Andbaén: Tw xdde x € X éyovpe ||[(SoT)z|| = [|S(Tx)|| < ||IS|||T=] <
ISIHIT [zl ‘Apot 0 S o T ebvor ppaypévoe xan [[So T < [[S||T-

Oa ypnowonowolue to cuufohioud ST avti Tou SoT.

Meétacy 5.6 Eotw yopor X,Y pe vépua ka1 T € L(X,Y). Tére o N(T) etvar
KA€10tds undywpos tov X.

Arnédaén: O N(T) = T1({0}) etvor avtiotpogn exdbva xheiot00 GuvdIOUL.

H endpevn npdtaon yenoweler dtav Yéhoude va petotpédouue €vay TEAETTY
oe 1-1 teheoth.

IMegétaocr 5.7Eotw xdpor X, Y e véppa ka1 T € L(X,Y). Opilovue Ty :
X/N(T) — Y pe wino T1§ = Tx ya onowdnmote x € X e [x]nry = € €
X/N(T). O Ty etvar kakds opioévos gpaypévos ypaupixds tedeotnis. Eriong,
o Ty efvar 1-1 ka1 wxVe ||T1|| = |T|| xar R(Ty) = R(T).

Aréoeaén: Av [z]nry = [2]n(r), tote x—2 € N(T), onbéte T —Tz =T(x—2) =
0. Apa o Ty ebvou oo opopévoc. Eyouvue Ti([z]n(ry + [2]nry) = Ti([z +
zInery) = T(x 4 2) = Te + Tz = Ti([z]ner)) + Ti([2]nery) o Ti(s[2]nery) =
T (k) n(ry) = T(kx) = kTx = KT1([#]§(1))- Apa o T ebvor ypauuxde. Enlon-
¢, ebvan mpogavée ot R(Ty) = R(T).

Topo, yia xdde  ye [z = § éxoupe ||ThE|| = [|Tz|| < ||T'[] ||z Malpvov-
o< infimum w¢ npog dha ta 2 e [2]n 7y = £, ouunepaivouue ot [T < [T [|€]]
xou, enopévee, o Th ebvon gpaypévoc xou ||T1E|| < [T
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Av ndpoupe Tuydy € > 0, undpyer € X pe |lzf| < 1 oote | Tz]| > ||T|| — e
Maipvoupe § = [x]n () xau éxouye [[€]] < [Jz]| < 1 xou, emopévoc, ||Th|| > |ThE]| =
|Tx| > [|T|| — €. Enewdn to € eivon avdaipeto, ouvendyeton | Th]| > ||T]-

Apa [0 = [T

To anotéAeoya mou axolouvdel emiTpénel Vo eNEXTEVOUUE €va PEAYUEVO TEAE-
oTH otnVv TARpwoT Tou TEdlou oploUoU ToL.

IIeétaor 5.8FEoww ydpor X,Y ue véppa ka1 T € L(X,Y). Av X,Y eva
mnpdoes twr X,Y, tére vrdpyer povadixnj enékraon T € L(X,Y) tov T ka1
yia tny enékraon wyvel ||T|| = ||T.

Anéoaén: Iopatnpolpe 6t T @ X — Y xa [Tz —Tz|| < ||T| ||z — z|| v«
xdie x,z € X. And 10 Ocdpnuo 1.3 ouvendyetan 6TL UTEE)EL LOVADIXH ETEXTAO
T:X —Y wuT doe |Te—Tz|| < |T| ||z — z|| Yy xde , 2 € X.

ATo Ty aVIGOTATOL AUTY CUVERSYETAL OTL ) T eivor cuveyfc otov X.

Avz,ze X, UTdPYOLY {xn} {zn} otov X WOTE Tp — T Xou 2p — z. Enewdd
o T eivon ypouxds, €xouye Tx+Tz = lim T, +1lim Tz, = lim Trp+1lim Tz, =
Um T (2, + 2) = Um T (2, 4 2) = T + 2). Opolwg amodencvieta 6T T(kz) =
kTx via xéde = € X xou k € F xou, ETOPEVWS, O T etvou YOUUUXOC TEAEGTYC.

An6 tnv aviobtnta mou anodellape ouvendyeta, e z = 0, 6 |Tz|| <
T ||z]| yiot x69e z € X, ondze | T < ||T]|.

Ereds, o T eivou enéxtoon touv T, €youpe 1T = SUP, % af<1 | Tzl >
sup,ex o<1 1 T2]l = supsex o<t 1T = IIT].

Apa T = (1]l

5.2 H divyeBpa L(X).

Oplopode 5.40 ypappuikis yopos X ent tov F ovoudletar dAyeBpa eni tov F
av, €kté§ and tnr (eowtepikn) npdén tng npéodeons kai tnr (eEwtepikn)) npdé-
n tov noAAamlaciaopol e otoiyela tov F, éyer ka1 uia (eowtepixn) npdén mod-
Aamdacaopot - nornola o€ kdde (x,y) € X x X avniotoryilel to yaivduevo xy € X
WoTe
(iz) (zy)z = z(yz) ya kdOe x,y,z € X
() 2(y+2) =2y + 2z ka1 (x + y)z = xz + yz ya kdde x,y,z € X
(xi) (kx)y = x(ky) = k(zy) y1a kdOe k € F ka1 kde x,y € X.

Av vndpxer oroeio e € X \ {0} dote
(xit) ex = ze = x ya kdle x € X
Tdte 0 e ovoudletar povadiaio otoryeio tns diyefpas X kar n X ovoudletar
dAyefpa pe povadiaio ororyeio.

Avoyvea
(xiii) xy = yx yia kdOe x,y € X,
tdte n X ovoudletar avtipetaderint) dAyefpa.
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Av n dA\yeBpa X éxer povadiaio ovoiyeio kar ya kdmowo x € X pue x # 0
vrdpyxer 71 € X dote zz7t = 27l = e, tére 0 T ovopdlerar avtioTpéYrpo
xat to z~ ' ovoudletar avtioTpogo Tov x.

IMegétaocm 5.9FE0tw dAyefpa X eni tov F.

(1) x0 = 0x = 0 ya kdde x € X, érov 0 eivar to undevis otoelo tns X,

(2) Av vrdpyer povadaio otoeio, téte avtd elvar povadikd.

(3) Av vrndpyer povadiaio otoelo ka1 kdnow © € X éyer avtiotpopo, téte avtd
etvar povadikd.

(4) Av vndpxer povadaio oroiyeio ka1 ta x,y € X elvar avtiotpéua, tdte o xy

etvar avnotpénpo xar (zvy) ! =y~ lz~ L

AnéoeiEn: ‘Aounon,.

Opwowde 5.5FE0tw dAyeBpa X. Av n ||-|| evar vépua otov ypaupuxd ydpo X
ka1 1wy Vel
(iv) [zl < 2l 1yl yia xde 2,y € X
tote n X ovoudletar dAyeBpa pe vépua.
Av, emmAéov, n X eivar mAnpng, téte ovoudletar dAyeBpa Banach.
Av n X éxer povadiaio ororyeio xai
(v) llell = 1
tdte n X ovoudletar dAyeBpa pe vépua pe povadiaio ororyeio.

IMeétaocm 5.10E0tw yxdpos X pe vipua. Tére o L(X), extds and tn doun
ypap kol yopov, éxer kai tn doun dAyefpas ue povadiaio otoeio. Av o X elvar
x&pos Banach, téte n L(X) eivar d\yeBpa Banach e povadiaio ozoryeio.

Andden: Q¢ npdn nodaniactacpol aviyesa oto ototyela tov L(X) Yewpolye
™ olvldeon o: L(X) x L(X) — L(X) xou wc govadiafo otouyeio Tov Toautotind
teheoth) I: X — X.

Oudiémrec (TS)R=T(SR), T(S+R)=TS+TR, (T+S)R=TR+ SR,
(kT)S = T(kS) = w(T'S), IT =TI =T, |[TS|| < TSI o || I]]| = 1
yapoxtneilouv plo dhyefBpo pe vépua xou 1 anddelll Toug elvan Tpoavic.

Av o T € L(X) eivor avtiotpédgoc xat o T-1: X - X eva ppayuévog,
w6t 0 T71 € L(X) ebvor 10 avtiotpogo otowyeio tou T oty dhyefBpa L(X):
T-'T =TT '=1

Oo anodelEovye Ayo apydtepa 6T, av 0 X elvon ywpoc Banach, tte yio xdde
avriotpéduao T € L(X) o T71 elvor, autoudtwe, ppayuévoc xot, ertouévwc o T
ebvan avtiotpédulo ototyelo tne dhyeBpoac Banach L(X).

Yy dhyeBea L(X) yenotponoobye 1o cupPoroud T aviiyia To---oT (k
popéc) 6tav k € N. Ernlone, ypdpoupe T° = I xon, av o T eivan avTioTeéPLIog
xon T4 € L(X), 9étoupe T—F = (T1)* 6tav k € N.

5.3 O duwxdg TelecTNS

Heéraom 5.11E0tw ydpor X, Y pevépua kar T € L(X,Y). Ta kdfe y* € Y*
optlovpe T'y* + X — F pe tono T'y*(x) = y*(Tx) ya kdde v € X. Tdre
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T'y* € X* ka1 n opilduevn ovvdptnon T’ : Y* — X* elvar gpayuévos ypapuikss
vekeors pe || T = [|T].

Anddaén: Enedf T € L(X,Y) xawy* € L(Y, F), ouvendyeton 6t T'y* = y*oT €
L(X, F) = X" xou [Ty < [ly*|[IT]-

loyoer T'yi +T'y5 = yi o T +ys 0T = (yi +y3) o T = T'(yi + y3) xou
T (ky*) = (ky*) o T = k(y* o T) = kT'y*. Apao T' : Y* — X* elvon ypouutxdc
teheothic xou and v || T'y*|| < |ly*|||T|| ovvendyetan 6t TV € L(Y™, X*) xou
1] < 17|l

Iofpvouye Tuydv = € X, ondte, olugwva ye 1o Oewpnua 4.11, undpyet y* €
Y e |ly*|| <1 dove [|Tz]| = |y*(Te)|. Téwe |[Ta| = [Ty (2)] < [Ty ||| <
1T lx]l. Suverdyeton ot | T < || T7|| %o, enopévoc, || TV = ||T|-

Opowde 5.6 Eotw ydpor X, Y pe vépua kar T € L(X,Y). O tedeotiic T' €
L(Y™*, X*) nov oploOinke oTnv mponyoduern npdraon ovoudletal 8vikdg teAeotiic
tov T.

Meétacr 5.12(1) Av T,S € L(X,Y) ket s € F, tére (T +S) =T+ 5" xar
(kT) = kT".

(2) AvT € L(X,Y) ke S € L(Y, Z), téte (ST) =T'5".

(3) I' =1 ka1 0/ =0, drov I efvar o Tavtotikds tedeotris ka1 0 efvar o undevikdg
TedeoTiiS.

AnéoeiEn: "Aounon,.

IMeétaocm 5.13Eotw yopor X, Y pe vépua ket T € L(X,Y). Tdre
(1) N(T') = R(T)*,

(2) N(T) = “R(T"),

(3) d(R(T")) € N(T)",

(4) cl(R(T)) = +N(T").

Andédeén: (1) y* € N(T') av xou pévov av T'y* = 0 av xou pévov av T'y*(x) =0
v xdde x € X av xou uévov av y*(Tz) = 0 yi xd¥e © € X av xou pdvov av
y* € R(T)*.

(2) x € N(T) av xou pévov av Tz = 0 av (and Oedpnuo 4.11) xor ubévov av
y*(Tx) = 0 vy xdde y* € Y* av xou wévov av T"y*(x) = 0 yio xdde y* € Y* av
xou wévov av x € T R(T').

(3) Av y* € Y*, téte yia xdde z € N(T) ¢ Xoups T'y*(z) = y*(Tz) = y*(0) = 0.
‘Apa T'y* € N(T)* xou, enopévee, R(T') € N(T)*. Erewdf o N(T)* eivon
xhetot6c, ouvendyetor 6t cl(R(T')) C (T)J-

(4) Av z € X, t6te vy xde y* € N(T') éyoupe y*(Tx) = T'y*(z) = 0(z) = 0.
Apa Tz € T N(T') xa, enopévac, R(T) C *N(T'). Enewdh o N (T') eivar
xhewotée, ouvendyetor 6t cl(R(T)) € LN(T'). Avuotpbgec, éotw 61t y ¢
c(R(T)). Ané to Oedpnua 4.12 cuvendyetar 6Tt undpyet y* € Y* wote y*(y) # 0
xou y*(Tx) = 0 v xdde z € X. Téte T'y*(z) = 0 vy xdde z € X, ondte
T'y* = 0. Anhadi), y* € N(T") xow y*(y) # 0. Auvté onaiver 6t y ¢ SN(T').
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A6 ta (1) %o (4) e televtaiog mpdtaone ouverdyeton ¢t o TV elvan
1-1 av kot pévov av o R(T) eivol mukvég otov Y, evdd and ta (2) xou (3)
ovverdyetow 6t o T elvar 1-1 av o R(T”) elvar mukvég otov X*.

5.4 X®pEOolL TENEPACUEVNS DLATTACNS

‘Eotw n = dim(X) < 400 xat m = dim(Y) < 400 xa €otw onotadhrote Bdon
B = {by,...,b,} tou X xou onowdrinote Bdon C = {c1,...,¢n} 00 Y.

Ano wn ypaupwerh dhyeBea yvwplloupe 6t o xdde ypauuixd teheoth T :
X — Y avuotoyel o m x n nivaxde tou [T]pc = [asj], émou o apipol a;;
optlovtar povoohuavta and i oyéoewc T'(bj) = aijer + -+ - + amjcm Yo xdde
Jj=1,...,n. Avuotpbdows, xde m x n mivoxac [aij] xadopllel povoorpavta évay
Yeouuwd terecth T : X — Y dote [T)pc = [ai;]. Hpdypartt, and tou aprduoic
ai; xoopilovton ta T'(b;) = arjcr + -+ + amjcm € Y yia xdle j = 1,...,n
xou and avtd xadopileton o T pe tov tino T(z) = T(kiby + -+ + Knbn) =
IilT(bl) —+ -4 IinT(bn)

Apa o L(X,Y) Beloxetar o€ appyuovoshpavtn avitototylo HE T0 6OVONO TwVY
m X n mvdxwy yéow e anexévione I — [T gc .

Av oe xd0e z € X avuotoyloovye tov n X 1 nivaxa (Sudvuopa tou F™)
[z]B = [K;], 60U T K; opllovTon povoohuavta and Ty & = K1b1+- - -+ Kpby, X
oe xde y € Y avuotovyloouye tov m x 1 nivaxa (Sidvuopa tov F™) [ylc = [N,
6mou ta A; opllovton povooruavta and ™y y = A1¢1 + - - - + A Gy, TOTE N O)€oN

y=Tx

tooduvapel ue TNy
e = [T]sclz]s,

6TIOL TO YWOUEVO Efvor TO YVWwoTod Yivouevo mvdxwy. [pdyuatt, ny = T'x ypdpe-
o Arer 4 Amem = T(K1b1 + - - + Knby) 1, 10080vVaua, Adjcr + -+ + ApCm =
K1Tbi+- -+ Kk Thy Y, 10080vaga, Adjcr +- 4+ AmCm = K1(a11¢c1+ - +amicm) +
oot Bp(amer + - 4 GmnCm) Ny L00B30VOA, Arcr -+ AmCm = (@111 + - F
inkn)c1+ -+ (@mik1 + - -+ Gmnkin)Cm B, 10OO0VOPA, A; = G161+ -+ Qinkn
v xdde i = 1,...,m %, wodovoua, [ylc = [T]sc|z]B-

Me napbpotouc utohoyiopole poutivag elvor eOxolo va et xavelc 6t yia xdde
Kk € F xau xd9e 800 ypopuwxoie T, S : X — Y oylet

[HT]BC = K[T]Bc HOlL [T + S]BC = [T]BC + [S]BC-

Auté ouvendyeton 6t n amewdvion T +— [T ge elvon woopopgiopde tov L(X,Y)
HE T0 GUVOAO TWV M X T TUVEXWV.

Av | = dim(Z) < +oo xou Yewprioovye Bdon D = {di,...,d;} tou Z, téte
yia x&e dVo ypouuxole T : X — Y xou S : Y — Z woylel

[ST]sp = [Slen(T]sc-

Eivon npogavéc 6, av I+ X — X elvon 0 toautotinde teheotic, téte o (I gp =
[0:5] etvon 0 povadiaiog ivaxacg, dtou d;; = Lavi = jxou 6;; = 0 avi # j. Exnlong,
av 0: X — Y elvon o pndevixde tehecthc, t6te o [0] po elvan o undevixde mivaxag.
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Télog, otny neplntworn tou m =n, o ypauuxoc T : X — Y elvon avtiotpéd-
@oc av ot wévov av o [T e eivan avtioTpédiuoc Tivaxac xon TOTE

(T)ge) " =T Yes.

Auté 10 televutalo mapéyel xan évay UTOhOYLOTIXG TEOTO TROGBLOPLOUOD TOU av
évac ypopuuxée T : X — Y elvon avuotpéduoc: autd cuufaiver av xou p6vov av
det([T]Bc) # 0.

‘Eow B* = {b},...,b5} elvou n duwxh Bdon e B vy tov X* xou C* =
{cf,...,ch} ebvou n Buid) Bdon e C v tov Y. Téte n oyéon avduesa otoug
nivaxeg tou T : X — Y xou tou Suxol tekesth TV : Y™ — X* elvau 1

[T'lc+B- = ([T]Bc)',

omou [a;;] = [aji] elvon o avdotpogoc tou [a;;]. Ipdyuat, autd ooduvoyet
we T'(cf) = anbi + -+ 4 ainbl yia xdde ¢ = 1,...,m o onolo tooduvaye! ye
T'(cf)(b;) = (anbi + -+ ambl)(b;) yooxdde i = 1,.... mxaw j =1,...,n
10 onolo woduvapel pe ¢f (T'h;) = a;; yiaxdde i =1,...,mxu j=1,...,n 10
onolo wwoduvopel e ¢ (aijer + -+ + Amjcm) = aij Yo x8e i = 1,...,m %o
j=1,...,n 1o onolo eivar aAndéc.

Oa Bolye, Twpa, 6Tt xde yoauuxdg T : X — Y elvon gpayuévog. Eneldt| dheg
oL VOPUES OF YWPOo TETEPACUEVNC BldoTtaone efvon avd 800 LooduvapEes, apxel va
Yewprioouye Tic 0o-vopuec otouc X, Y. Autd Yo pog emttpédel va unohoylooupe
axpBdc tny avtiotolyn vopua

T
z€X,x#0 ll]] oo

wou T.

Av [T] = [ay], téte yio xd¥e & = K1b1 + -+ + Kpb, € X €youye, clupwva
HE Toug Tponyoluevoug utohoytopolc, y = Te = (a11k1 + -+ + aipkn)er + -+ +
(@mik1+ - FUmnkn)Cm, OTOTE | T2 o = Maxi<i<m |ai1h1++ - Fainkn|. T xd-
Vei=1,...,méyovye |laaki+- - +ainkin| < (Jaa|+- - +lain]) maxi<j<n |55 =
(laia|+- - +laim])[[@lloc- Apa [|T7[|oc < maxi<icm(lair]+- - +ain|)l|z]lo, onoTe
[T cooo < maxi<i<m(lan|+ -+ |ainl).

Em\éyoupe, T0pa, tg OOTE |aio1|+ -« -+ |aign| = maxi<i<m (@i | +- - +|ain])
XU XOTOTWY EMAEYOUUE K1, ..., Kn OOTE |K;| = 1 xou aiyjk; = |aiy;] v x&de
J=1,...,n. Té6te |ajg161+ -+ ignkn| = |aig1|+- - +|aign|, ondte, av Yécoupe
T = K1b1 + -+ Knbn, €xoupe 6T || T ||ocoo = | T%]|co > |@ig181 + -+ + Gignkin| =
|aio1] + - + laion| = maxi<icm (lai | + - + [ain])-

Apa

[Tl = max (aua] + -+ lainl).

Quownd, yia xde p,q pue 1 < p, g < 400, opllovror xou oL vopueS

[ T|
ITllpg = sup :
zex a0 |12l
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oahAd, OTWC EMoNUEVINXE, AOY® LoOBUVAUINC TWV VOPU®Y, UTHEYOoUY oTalepES
¢,C >0 &HotE e|T]|oooo < [|T]lpg < Cl|T ||ooso- Aev elvon d0oxoho va amodery Vel
ot oL ¢, C unopoly va eAEYOUY MOTE VO EEAPTMVTOL UOVOVY Ao TLC TUPUUETPOUS
D,q,m,n.

5.5 Apy" OpOLOUORPOL PEAYUATOS

Oedpnpa 5.1 Eote yépos Banach X, xépos Y ue vépua kat ouAAoyn
F C L(X,Y). Av woxver suppcr ||Tz|| < +00 yia kibe x € X, téTe
suppez || T < +o0.

AnéoeiEn: Ano v Apyr, Ouolduopgpou Ppdyuatoc cuvendyeton 6Tl UTEEYEL To €
X, R>0xuw M >0 dote | Tzl < M ywxdde T € F xar x € B(zo; R).

T xd9e © € B(0; R) éyoupe ot || Tx|| < |T(x + zo)| + || Txol| < 2M vy
xde T € F. "Apa yia xdde x # 0 xou t > 1 1oyleL ”T(Tin )| < 2M xo,
emopévac, [Tzl < 22 ||z vy xdde T € F. Apa ||Tz|| < 2L [|lz]| v xdide
reEXxuTeF.

Supnepaivoupe 6t suppex | T < 2L

Oedpnua 5.2 Eote ydpos Banach X, xépos Y ue vépua kat ouAAoyn
F C L(X,)Y). Av voxver suppcr [y*(Tz)] < +00 yia kdbe z € X «kat
kdbe y* € Y*, téte supper ||T] < +oo.

Anéoeitn: Anbd to Oedpnua 4.21 cuvendyetoa 6t supper || 7| < 400 yia xdie
xz € X xou 1o nponyoluevo Yedpnua divel To emuuntd cuunépacua.

5.6 XUOyxAion otov L(X,Y).

Optowdc 5.7Eotw yopor X,Y ue vépua, axolovdia {T,,} orov L(X,Y) xar

Te L(X,Y).

(1) Aéue 6n n {T,,} ovykAiver opuoriduopga orov T 1j, anddg, 6t1 ocvykAiver
otov T av ||T,, — T|| — 0. ZvuBoritovue: T, = T 3T =UmT,.

(17) Aépe duun{T,} ovyxAiverwoxvpd otov T av T,x — Tz (otor Y) ya kdOe

r € X. SuuPoAilovue: T, ST 5T =s—limT,.

(iti) Aépe 6u n {T,} ovyxAiver acBevdg orov T av y*(Thz) — y*(Tx) ya
ke x € X ka1 kde y* € Y*. NuuPodilovue: T, ST 5T = w —limT,.

Eivon gavepd 6t 1 aceviic obyxhon tne {T),} otov T eivor tawtdonun ue 1o
s w 7
6t Thx — Tx otov Y vy xde z € X.

O 6bpoc opoiduopen olykdion dixowohoyelton and tnv wotna |1, — T =
SuPsex o <1 [|(Tn — T)2|| = supgepy [[(Tn = T)a].

Eivow mpogavég 6TL 1 odolouopgn cOYXALoT CUVETAYETOL TNV oy uer oUyxAion
xou oquTH oLvendyeTon TNV ooVevh olyxhion otov L(X,Y).

Meéracy 5.14Fotw yopor X,Y,Z ue vépua, {T,} ka1 T orov L(X,Y) ka1
{Sp} ka1 S otov L(Y, Z). AvT,, — T ka1 S, — S, tdére S, T,, — ST.
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AnéoeiEn: "Aounon,.

IMegétaocr 5.15FE0tw ydpor X,Y pe vépua, axolovdia {T,,} otov L(X,Y) kai
TeLX,Y) AvT, - T, téte T, — T'.

Andoagn: ||T;, = T'| = (T = T)'|| = T = T|| — 0.

Oedpnua 5.3 Eote ydpos Banach X, xépos Y ue vépua, {T,}, T
otov L(X,Y). Av T=s-1mT, 1 T=w-1limT,, téte sup, ||T,|| < +oo
kat |T|| < liminf, ||T5||-

Anédaén: To ét sup,, || Tn| < +oo elvan dueon epapuoyy Tou Oewphuatog 5.2.
AvT =w—1limT,, t6tc Tpx = Tx otov Y yio xdde € X. Ané o0 Oedpnua
4.21 ovverdyeton 6u || Tzl < liminf, ||Tx| vy xdde z € X. Apa ||Tz| <
(iminf, || T D |lz]| vy xdde z € X xou, enopévewc, | T|| < liminf, || T

H endpevn npdraom elvar pepixdc avtiotpogn tou tponyoluevou Yewpuatog.

IMeétaocm 5.16 Eotw xdpor X,Y pe vépua ka1 {T,,} otov L(X,Y) dote va
wyve sup,, || 1| < +oo.

(1) Av o Y elvar yddpog Banach ka1 vndpyer to s —lim T,z otov Y yia kd0e x o€
kdroto Tukvd vroovrolo tov X, tdte vndpyer to s — lim T, otov L(X,Y).

(2) Av vrdpxer tow —lm T,z otor Y ya kdOe x oe kdnow tukvd vroovrodo tou
X, téte vndpyer o w —lim T, otov L(X,Y).

Anédaén: (1) Eow bt 10 A C X eivor nuxvd otov X xou umdpyel 10 s —
lm T,z otov Y vy xdle x € A. Ilaipvouye tuydv 2 € X xa PBploxouvpe z €
A oote ||z — x| < e. Av oovue M = sup, [|T,]||, 6t ||Thx — Tzl <
1Tz — Tnzl| + |Thz — Tiz|| + | Tz — Tmz|| < Me+ ||Thz — Tzl + Me. ‘Apa
imsup,, ,, 400 [|Tn® — Tmz|| < 2Me xa, enopévoc, ||Thr — Tzl — 0. Anladh
n {Thx} eivon axoloudio Cauchy otov Y, ondte undpyet w0 s — lim T, otov Y
vy xqe z € X.

Opllovge T : X — Y e t0no Tz = s — lim T, xou elvon Yéua poutivag va
anodewydel 6t o T elvon gpaypévoc ypopuuxde teheothc we ||T]| < M. Hpogavdc,
T=s—1limT,.

(2) Aoxnon,.

5.7 Oeswpmua AVOLXTAHS ATELXOVIONS

Oedpnua 5.4 Eote yépos Banach X, yépos Y ue vépua kai tereotris
TeL(X,Y) kas K>0. Av {yeY||y| <1} Cd({Tz||z|| < K}), wéte
{yeY]|llyll <1} C{Tz|||z|| < 2K} kav o T e€ivar eni Tov Y.

Anddaén: Ané v {y € Y|yl < 1} Cd({Tz||z|| < K}) ouvendyeton ebxola
ouw{yeY||yll <r} Cd({Tz|||z|| < rK}) yio xdde r > 0.

‘Eotw y € Y ye |yl < 1. Trdpyer 21 € X pe ||z1]| < K dote ||y —Ta1|| < 3.
‘Apa umdpyer 22 € X ye [|za]] < & dote [ly — Tay — Tas|| < . Apx undipyel
x5 € X pe |as]] < & dote |ly — Tay — Tay — Tasl| < 35. Suveyilovrac
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enAYwYXd, arodewxviouyue OTL yia xdVe k undpyet x € X pe |lak] < Q,CL,I WoTE
ly = Tay — - — Tag| < 5.

Enedh 3725 [Jax]| < 400, ouverdyeta and 1o Oebdpnua 3.20 b1 1 oepd
Ezj xx ouyxAivet otov X xou éotw T = ZZ:; k. Ao Ty Ty aviobtta
éyoupe 6w x| < SO0 ]l < 0% s = 2K. Erlong, Myw cuvéyeiac Tou
T, ouvendyeton 6t y = S gy Tap = T(3X 325 ) = T

Oedpnua 5.5(4voiktrs Aneikévions) ‘Eote ydépor Banach X,Y kat
tedeothis T € L(X,Y) o omoiog €ivar eni tov Y. Téte

(1) vrmdpyer M >0 éote yia kdbe y €Y pue ||y| <1 vndpyer x € X e
lz]| < M kar Tx =y,

(2) o T amneitkoviler avoikTd vmooUvoda tov X o€ avoikTd umooVUvoAa
Tov Y,

(3) av o T eivar kar 1-1, téte T € L(X,)Y).

Anédaén: Enedf o T ebvow ent touv YV, woyler Y = U {Tz|||z| < n}, ondte
Y = U cd({Tx|||z| < n}). Ané 1o Oedpnua tou Baire cuvendyetor 61t
urdpyel n Hdote to c({Tx| ||z]] < n}) va éyet un-xevéd cowtepixd otov Y. Anhody,
umdpyel yo € Y xou R > 0 dote {y € Y||ly — yoll < R} C cd({Tz| ||z]| < n}).
Anhadi, vy xdde y € Y ue |ly — yol| < R umdpyer {xk} we ||zk|| < n yio xdde
k xow Tz, — y. "Apa xou yia T0 Yo UTApPYEL {3:1(60)} e ||3:,(€0)|| < n yw xde k
xou Tx,(co) — yo. Apa T'(zp — xlio)) — Yy — yo X ||zg — :v,(cO)H < 2n yw xdde k.
Auté onpaiver 61 {y € Y|yl < R} C cd({Tz||z|| < 2n}), ondte, npopavac,
fye Ylllyll < 1} € d({Tal |zl < K}, bmov K = 2.

Ané o mponyoluevo Yempnua ouverdyeta {y € Y| |ly|| < 1} C {Tz|||z] <
2K}, ondte amodelydnxe to (1) yue M = 2K.

‘Eotw avoxté U C X vy va anodeiZoupe 6t 1o T(U) elvar avoixtd otov
Y. Eow tuyév yo = Txzg € T(U) pe z9 € U. Téte undpyer r > 0 dote
{z € X| ||z —x0|| <71} C U xou eivar edxoro vo anodetyel, Aoyw ypouuixdTnToc
w00 T s Ay e {y € Y1 lyll < 1} € {Ta| 2] < M}, 6w {y € ¥ |y - yol| <
7} S{Tz| ||z — x| <7} CT(U). Apa w0 T(U) ebvon avoixto.

Av o T ebvou 1-1, t6te 0 T71 1 Y — X elvon ypoppinde tehecthc xou efvou
cuveyhc doTt amd to (2) cuvendyeto 6t To (T H~HU) = T(U) ebvor avoxtd
otov U yiua xd9e U avouxté otov X. Me dhho tpdémo: yia xdde y € Y ue
y # 0 xou t > 1 éyoupe, Moyw e {y € Y|yl < 1} C {Tz||jz|| < M}, 6u
||T_1(m y)|| < M. Apa, yio x89e y € Y xau t > 1 éyoupe | T 1yl < Mt|y|,
ondte || T Yyl < M|yll. Anhadh, o T~ elvon gporypévoc xan || T < M.

5.8 BOebpnua xAcloTo0 YRAPHUATOS

Oplopdg 5.8FE0tw xydpor X, Y ue vépua kar ypaupixos tedeotnig 1T : X — Y.
O T ovoudletar kA€rotdg av yua kdle ovykAivovoa akodovllia {z,} otor X yua
v omota kat n{Txy} elvar ouykAivovoa otor Y wyve éulim Tz, = T(limz,).

Anhady), o T ebvon xAewotoc av, ye v unddeon 6t x, — = otov X xou
Tz, — y otov Y, cuunepaivouue 6T y = T'x.
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Av ol X, Y elvan yodpol pe vépua, 16t 10 €00 dlpolopa X @Y pe Tic npdielc
(x1,91) + (22, y2) = (21 + 22, y1 +y2) xu £(z,y) = (kz, Ky) elvar YOPOC UE VopUA
av opioovye ||(+, )| : X @Y — RJ pe tono

Gz, Il = ]l + [lyll
vy xdde z € X xary €Y.
Afppa 5.1A4v 01 X, Y eivar xdpor Banach, téte 0 X @Y elvar xdpos Banach.
Anddeén: Aoxnon,.

Opwopée 5.94v f 1 A — B ovoudlovpe ypdenua tng f to ovroko G(f) =
{(a, f(a))a € A} C Ax B.

Eivor otouyeiddec 6t av o A, B elvon ypouuixol yoeol eni tou F' xou 1 f elvon
Yooy, 1ot 0 G(f) ebvon ypoupxde undywpoc tou A & B.

Afppa 5.2 Eogtw ydpor X, Y ue vépua kar ypauuixés tedeotng T : X — Y. O
T efvar kAewotds av kar pévov av o G(T) efvar kAewotds vndywpos tov X @Y.

AnéoeiEn: "Aounon,.

Ieévaom 5.17Eotw xdpor X, Y pe vépua kar ypauuixds tekeoticT : X — Y.
Av o T eivar ppayuévos, tote o T elvar kAewotds.

Andden: Aoxnon.

Oevpnpa 5.6(KAetotob Ipagriuatos) 'Eote yépor Banach X,Y kat
ypauuikés tedeotis T : X — Y. Av o T eivar kAeiotés, téte o T

eivair gpayuévog.

Andbaén: Anéd to Afupata 5.1 xou 5.2 ovvendyeton 6 0 G(T) elvon xhewotodc
UTOYWEOC Tou Ywpou Banach X @Y xau, enopévwe, elvar ywpoc Banach .

Opllovpe S : G(T) — X ype tono S(z, Tx) = x v xd¥e = € X. Eivou npo-
gavéc 6Tt 0 S elvar yYpouuxog tekeotic 1-1 xau enl. Eniong, o .S elvar gparyuévog
6 ||S(x, T | = Jal] < lle] + | T2l = (2, Ta)|] yiox xée @ € X

Ané 10 Oedpnuo Avoucthc Anewdvionc ouvendyeton 61t o ST elvan gpory-
wévoc, onéte undpyer C > 0 Gote ||z|| + || Tz]| = ||(z, Tx)| = ||S~ | < C|l=||
v xdde z € X. Apa C > 1 xau [|[Tz]| < (C = 1)||z|| v x&de x € X.

5.9 Teleotég o YOpoug axoAoLILDYV

Av T : 1P — 19 glvon ypopuxde telecthc, oplletan drepog nivaxac [T] = [a4;),
6mou ot apWpol a;; (1 < 4,5 < 400) xadogilovtaw and e wotnree T(e;) =
(a1j,a2j,...) yra xdde j = 1,2,.... To mpbéBinua g ebpeon TwV TVAXWY Ol
omnolot avtiotolyoly oe @payuévouc T : [P — [9 Bev elvon anhd. Oa dolue yepixd
onuayTLXd TapadelyyoTa.

1. 'Eow axohovdia {k;} oto F xou opllouye T : [P — P ye wno y = Tz =
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(K121, Koo, ...) Yy xdde © = (x1,22,...) € IP. (O T avtotoyel ot daydvio
nlvoxa pE dtaydvia otouyela K1, Ko, ... )

Av{k;} €l®, t6te Tex € IP yiuxdde x € [P xaw o T : 1P — [P elvon gparypévoc.
Mpdrypatt, av 1 < p < +00, t6Te Yia xde = (21, T2, .. .) € [P éxoupe ||Tz|h =
a1 [P+ |mowa [P+ - < | IS (2 [Pz P +- ) = [[{R;} [ [|2]|- Emouévec,
ITI < [[{£j}]co- Ebvor, pdhiota, edxoho vo anodelovue étL toylel 1 odtnta
otnv teheutaio oyéon. IHolpvouue tuydy € > 0 xou Bploxouue jo OoTE |Kjy| >
{#jHloo—€. Tote || > || Tejollp = |rjo| = [[{55}Hleo =€, ombre [T = [[{A;}]oo
xau, enopéves, [|T]| = |[{£;}H|co-

H nepintwon p = +oo dev nopoucidlel xopuio duoxolio.

Eivor ebxoho va anodeilouye xau 10 avtiotpogo. Ankadh, av o T : [P — [P
ebvan gparypévoc, téte {k;} € 1°°. Mpdypatt, yio x&0e j éxouye |k;| = || Tejllp, <
ITlliesllp = 1T

MrnopoUye, 6unc, va anodel€ouye xou Eva Loy LpGTEROD avtioTpopo. Ankadn, 6t
av Tz € 1P yia xdie = € IP (ywplc va utoVécoupe dtt o T elvor ppaypévoc), Téte o
T eivon Qparypévoc xou, emouévec, {K;} € 1°°. T tny anddeiln napatnpolue 6t o
T elvon ypouixds TEAEGTAC Xatt XATOTLY TAlpVOUUE OTOLADYTOTE {3:(”)} otov [P xou
UTOYETOUYE OTL ™ = z otov IP xau bt Tz(™ — y otov IP. Autd cuvendyeta
yio x&e j ot 3:;”) — x; oto I o njx§")
J xou, enopévee, y = T'z.

— y;j oto F. "Apa y; = kjz; v xdle

Auté onpobver 6t o T elvor xheiotog xon and 10 Oewdpnua Kiewotod Fpogih-
patog cuvendyetat 6Tt o T elvon @paypévoc.

2. Oewpolye tov teheoth S 1P — [P ye tono y = Sjz = (22, x3,...) yio xdde
x = (z1,22,...) € 7. OS] ovopdletor aptoteph ketddeoT.

Ouolwg oplleton xar 0 tehectric 8e8id wetddeon S, : P — P ye wno y =
Srx = (0,21, 22,...) yia xdde & = (x1,x2,...) € IP.

Efvon mpogavég 6TL xon oL 800 TEAECTEC elvan QpayUEVoL ol OTL OL VOPUES TOUG
ebvon ||S1]| = ||SH|l = 1. O S; avtiotoryel oe mivaxa o onoloc €xer OAec T oLUVTE-
Taypéveg foeg e 0 extdc amd T CUVTETAYUEVES 0T DlayOVIo axp3KC Tdve amd
v xOpta dtaydvio (dnhadh j — i = 1) ot onolec elvan {oec pe 1. O S, avtiotouyel
o€ mivaxa o omolog €yel OAeC TIC oLUVTETAYMEVEC (OeC PE 0 EXTOC and TIC CUVTETAY-
pévec otn daydvio axplBoc xdtw and v xOpta dtaydvio (dnhadh ¢ —j = 1) ou
ornoleg efvan {oeg pe 1.

3. Avo axdéun napadelypota eivon o1 teheatéc Toeplitz xou ov tereotéc Hankel.

TuppwvoLue Vo Ypdgoupe ta ototyeia tou P wc & = (g, 21, . . .) xot YewpoUUe
onotadfimote axohovdia dimhic xatedduvone ¢ = {cx} 2 . oto F. Opilouue

Te : 1P — 1P pe wno y; = (Tex)i = ¢ixo + ci—1T1 + Ci—2Za + -+ v xdde
i=0,1,... . O T, ovopdleton terectiic Toeplitz nou oplletor and v ¢ xau o
wivade tou ebvar e popehic [Te] = [ai;] 6mou a;; = ¢i—; v x&0e i, 5. Anhodn

oe xdde Blaydvio 1 onola efvar ToEdAANAT UE TNV x0plar Blay Vo o miivaoc €yeL
¢ (Blec ouvteTayuéveC.

Oewpolye onotadrtote oxohoudio (wovihc xatedduvonc) s = {sy 25 xou opi-
Covye Hy : 1P — [P ye wno y; = (Hsx); = 8T + Si+121 + SitaTo + - -+ Y xd0e
i=0,1,... . O Hs ovouydletar teheotric Hankel nou opileton and v s xou o
nivaxde tou ebvan g popphc [Hs) = [aij] émou ai; = siqj v xdde 4, 7. Anhodn
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oe xdde Sy dvio 1) omola ebvon xdetn Tpog TNV xVpLa Sy VL0 0 Tivoxag EYEL TiC
{diec ouvteTayuévec.

Ou teheotéc autol elvan Wioftepa onuovTixol (xow Lo Tic EQapROYES TOUG), 0ANS
dev Yo Toug YereTooupe. Axdun xar 1) e0pEGT] XOVKVY Xt avaryXolwy GUVITXMY
yio g axohoudieg ¢ xou s mou toug opilouv dote va elvon @paypévol Bploxeta
népa and to Hpla Tou parduoToc.

5.10 TeleoTég OE YWPOUE CUVALTNCEWYV

1. To npdto nopddelypa uehetd pla Tuxh nepintworn OAOXANEwTLX0o) TEAEGTY.

Oedpnua 5.7 Eote o-nenepacuévor ydpor pétpou (1,51, 1) kat
(Q2,32, 42). BewpoVue to ydpo uétpou (1 XN, 31 X Vo, 11 X p2) Kat pe-
TofoLun ovvdptnon K : Q1 x Qo — F. TnoBétouue StTL
(1) le |K(a,b)|dpi(a) < My yia po-oxedév kdbe b € Qo
(i1) fﬂg |K (a,b)|dusz(b) < M, yia py-oxedév kdbe a € ).

Téte, yia kdbe p ue 1 < p < +o0o opiletat o ppayuévos TeAeoTiis
T:LP(Q,%1, 1) — LP(Qo, X0, o) ue tiWo

Tf(b) = ; K(a,b)f(a) dp(a)

yia po-oxedév kdbe b € s kat
11
1T < My My,

émov % + % =1.

Av p = 1, voybouv Ta ibia pue uévn vnébeon tnv (ii), evé, av p =
+00, toxVouv Ta iSia pe pévn undébeon Tnv (i).
Anddaén: Trodétoupe 6t 1 < p < 400 xou éotw tuyolou f € LP(Qq, X1, p1).
Téte vy pro-oyedov xdde b € Qs ouverdyeton and tnv avicotnta Holder 6t

1 1

Jo, 1K(a,b)f(a)l dur(a) < (fo, [K(a,0)dpa(a)) ™ (fo, 1K (a,0)IIf ()" dur(a))”
1 1

< M (o, [K(a,0)||f(@)P dpr(a) 7. Apat [, (fo, 1K (a,b)f(a)] dprn(a))” dpz(b)
P

< M3 [fo, (Jo, 1K (a,0)[|f(a)|P dpi(a)) dusz(b) xou, enopéves, and 10 yvewoté Oc-

denpa tou Tonelli ouunepaivoupe 6t fo (fq, [K(a,b) f(a)l dpi(a))” dug(b) <

Mza fgzl (fgz2 |K(a’7 b)| dﬂ2(b))|f(a)|p dpy(a) < Mngl le |f(a)|p dpy (a) < +o00.

Apa le | K (a,b)f(a)] dui(a) < 400 yio pg-oyeddy xdide b € Qa, ondte opile-
ton 10 T f(b) Y1t pro-oyeddv x&e b € Qo xau [Tf(b)| < [, [K(a,b)f(a)| dpi(a)
yio p2-oyedov xde b € Qo. And tnv avioétnta Tov anodelydnxe otnv nponyol-
ya
wevn napdypago ouverdyeton 6t [ |Tf(D)|P dua(b) < MMy [, | f(a)|” dui(a)
11
s, mopévos, [T < M7 M|,

Topa, éotw p = 1 xaw f € LP(Q1,%E1, p11). And 10 Oedpnpo tou Tonelli
Jo, (o, 1K (a,)f(a)| dp1 () dpz(b) = [o, (Jo, 1K (a,b)| dua(b))|f(a)] dpa(a) <
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My fy, 1£(@)] dp(a) < +00. Apt fyy K (a,b)(a)] dpn(a) < +o00 yiot rz-oxedon
xdde b € Qa, ondte opileton 1o T (D) yio pa-oxeddv xdle b € Qo xou [T f(b)] <
Jo, 1K(a,b) f(a)| dui(a) v po-oxedov x&de b € Q. Apa [ |Tf(b)] dua(b) <
My [q, |f(a)| dui(a) xou, enopévac, [|Tf]l1 < Mi] fls.

Téhoc, éoww p = +oo xau f € L®(Qq, 31, pu1). Torte fQ |K(a,b)f(a)| dui(a)
< M| flloo yio pa-oxedbv xéde b € Qy. Apa 1o Tf(b) opLCETocL Yiot fio-OYEDOY
%8 b € Qg xou |Tf(b)] < Mal| flloo Yiat pr2-oyed6vV %80 b € Qa. Apa [|T flloo <
Moal| floo-

2. To endpevo elvar to TUTXS TapPdderyUo TOAAATAXOLAGTIXOV TEAECTY.

Oedpnua 5.8 Eote o-nenepacuévos ydpos pétzpov (2,3, 1), uetpn-
owun g:Q — F kat 1 <p<+o00. Ta mapakdze €ivar toodvaua:
(1) T'va kdbe f € LP(Q, X, u) toxyver gf € LP(Q, 3, u).
(2) g L>®(Q, %, u).

Av g € L™(Q,2, 1), téte o teAeotis My : LP(Q, 5, u) — LP(, 3, 1)
ue womo My(f)=gf yvia kdbe f € LP(Q, X, 1) €ivar gpayuévos kat
18 = gl -

Amnddaén: Eivor mpogavéc 6t 1o (2) ouvendyeton to (1) xou 61t t61E 0 My elvon
poayuévos xan [|[Myll < ||gllec. H unédeon éu 1o p elvor o-nenepacpévo dev
yeedleTou.

‘Eotww, thpa, ot toyler 1o (1). Téte o My elvon ypouuixdc tehecthic xan
elvar eOxolo va dolpe o6 elvon xhewotoc. Ipdypart, éotw 6w f, — f otov
LP(Q, 3, 1) xou gfn = Mgfn — h otov LP(Q, X, ). Mropolue vo Bpolpe { fn,
AT fr, — f xow gfn, — h p-oyeddv naviot oto Q, onéte h = gf = Myf. Ané
10 Oewpnua Kiewotol Tpagpruatoc cuvendyeton 6t o My elvon gporyuévoc.

T tuyév n > 1 Vétoupe A, = {a € Q|g(a)| > [[My]| + 1}. Enedq to p
elvar o-nenepacpuévo cuvendyeton 0Tl undpyouy By € ¥ wote UZ:{B;C = Q xa
p(By) < +o00 v x&de k. Téte A, = UL (B N Ay) xow p(B N A,) < +00
v xd9e k. Av u(Br N A,) > 0, nalpvoupe f = XByna, %o uroloyilouue
(1M ]| + £)(1(By, 1 An))7 < llgfllp < IMllI £l = [[Mq]| (1(Bk N An ))? 6Ty
1< p < Foo, e Myl + 2 < [l9flloe < Ml flloe = M 6700 p = +o0.
Kot o1ic 800 mepintooeig xozroz)\m(oups oe dtomno, ondte u(Br NA,) = 0 vy xdde
k. Apa pu(Ar) = 0 yio xdde n, onéte ||g]loo < ||Mq||

3. 'Eotw 0 telectig napayoyions D : C1([0,1]) — C([0,1]) ue timo D f(z)
f'(z) yio 0 <o < 1xow f € CH[0,1]). Oewpotue 10 CH([0,1]) wc undywpo Tou
C([0,1] (Snhad¥, UE TNV OUOLOLOPPT) VOPUA).

O D eivar xdewotéc. Tpdypatt, éotw {fn} ue fn — f otov C1([0,1]) xou
Df, — h otov C([0,1]). Anrad?, ||fn — fllu — 0 xou ||f’ h||u — 0. Ialpvouye
onowdhnote a,bpe 0 < a < b < 1 xou éyouvye 6 fr(b) f fi(z)dz YLO(

x&de n. Adyw opompopq}nc oUYXANLONG CUVETAYETAL OTL f f h(z
Auté onyaiver 6t h = f' = Df.
‘Opwe, o D dev eivan gpaypévoc. Aubtt, talpvovtoe frn(x) = 2™ vroloyiloupe

D .
—”” ffT\Hu =n vy xdde n.
Jnlluw
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duowd, o C([0,1]), we undywpoc tou C([0,1]), dev ebvar ydpoc Banach.
Efvar e0xoho va dovue 6t o C1([0,1]) eivor muxvée otov C([0,1]). (Tedypart,
x&e ouvdptnon f € C([0,1]) eivar opowduoppo, oto [0,1], 6pto TOAWYOUWY,
clugwva pe 10 Oedpruo tou Weierstrass.) Aniadd, n tihpwon tou C1([0,1])
(ue TNV opolbuopen vopua) etvar o C([0, 1]).

5.11 Oewpnuo xAeL0TOL CUVOAOU TLUOV

Oedpnpa 5.9(KAetotob Zuvéiou Tiudv) (Banach) 'Eote ydpo. Banach
X,Y kat Te€ L(X,Y). Ta mapakdzo €ivair toodVvaua.

(1) 0 R(T) e€ivar kAeiLotés undywpos Tou Y .

(2) 0 R(T") eivat kAeLotés undywpos Tov X*.

(3) R(T)="+N(T").

(4) R(T')= N(T)*.

AndédeEn: Anéd tnv Ipbtoon 5.13(4) cuvendyeton 6t ta (1) xon (3) ebvor 160d0-
vopa. Erlong, elvor mpogavéc 6t 1o (4) ouvendyetan to (2). Apa apxel va
anodeloupe 6t 1o (1) xon (2) ebvon toodlvopa xor 6t to (1) ouvendyetor To
(4).
H (1) ovvendyetar v (2).

O R(T), wc xhewotég undywpoc tou Y, elvar ydpoc Banach, onérte, and
10 Oedenuo Avowthc Anexdvione v tov T @ X — R(T), ouvendystor 6T
umdpyer M > 0 dote v xdde y € R(T) pe |lyll < 1 vndpyer x € X e
lz]] < M xoaw Tax = y. Tolpvoupe tuydy y* € Y* xou tuydv y € R(T) ue
llyll < 1. Xpnowonowlpe w0 ¢ € X pe ||z| < M xou Tx = y xou ypdgouue
1y ()] = 9" (T2)] = Ty @)] < [T | < MIT'y" . An w0 Oedprya 4.14
oLVETdYETOL 6TL M« cr(7)L |y — 2%|| = SuPye pry y<1 [V ()] < M| Ty

Abyw e Ipbtaone 5.13(1) éyouue 6 T'y* = T'(y* — 2*) v xdde z* €
R(T)+. "Apa n tehevtada oviobtnra uropel va dtotunwdel oc eZhc: Yo x&de
xz* € R(T") umdpyer y* € Y™ ue ||y*|| < M|jz*|| dote T'y* = x*.

Topa Yo anodetloupe 6t o R(T”) elvan xhewotéc. ‘Eotw {2} otov R(T') xou
x;, — ¢* otov X*. Bploxoupe {ni} dote |2k, — 2%|| < i v x80e k, ondte

*

fees — T | < 5% Yo xdie k. Katémy Beloxoue {y;} otov Y* dote ||yl < i

[

*
MNk+1

oELpd Zz:i yr ouyxAivel otov Y xau éotw y* = Zz:i yr. Tote, Aoyw ouvéyetog
tou T" éyoupe z* =z, —I—EZ:; (Tresy —Tny) = Thy —|—ZZ:; Ty = x, +T'y* €
R(T"). "Apa o R(T") elvor xhetotdc undywpoc tou X*.

H (1) ouvendyetaw tnyv (4).

Abyw tne Tpbraone 5.13(3), apxel va anodelfoupe 6t N(T)+ C R(T").

‘Onwe mpw, éyouue 6t undpyer M > 0 dote v xdde y € R(T) ue |yl < 1
utdpyet ¢ € X pe ||z|| < M xou Tz = y.

Haipvoupe tuyéy x* € N(T)* xow opilouye yi @ R(T) — F ue t0no yi(y) =
x*(x) v xd9e y = Tax € R(T). O oplopdc ebvon xohde, duote, av Ta = Ta/,
t6te ¢ — 2’ € N(T), ondte z*(x) — z*(2') = 2*(x — 2’) = 0 xou elvon €lxoho vu
dolue 6T o yi ebvan ypapuxé. To yi elvon xou @poypévo, didt vy y € R(T)

xou T'yf = x — ¥,y xdde k. Enedn 3025 [lyi] < +oo, ouvendyeton 6t n
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we ||yl < 1 nadpvoupe € X pe [Jz|| < M xou Tz = y xou éxovye 6t |yi(y)| =
2% (@) < [la*|[[le] < llz*[M. Eropévoc, [lyi]| < [la*[|M xou yi € (R(T))"
Ané 10 Oewpnua Hahn-Banach cuvendyeton 6t undpyel y* € Y* 10 onolo elvan
enéxtaon tou yi and tov R(T) otov Y. Téte yia xdde x € X éyoupe T'y*(x) =
y*(Tz) = yi(Tx) = x*(x) xa, enouévwe, T'y* = z*. Apa z* € R(T') xu
N(T)- c R(T").

H (2) ovvendyetow tnyv (1).

Enewdr o R(T"), we xhewotde undywpog tou X *, elvan ydpog Banach, cuvend-
yetow omd To Oedpnua Avouthc Anewdwione v tov T7 : Y* — R(T”) étu undpyet
M > 0 ¢ote v xde z* € R(T') ye ||z*|| < 1 umdpyer y* € Y™ pe |ly*]| < M
xou T'y* = z*.

O¢étovtac Y1 = cl(R(T)), Yo éyovpe {y € Y1 |ly|| < 1} C cd({Tx| ||z|| < M}.
Katémy, and 10 Ocdpnua 5.4 Ya cuurepdvoupe 6t o T' elvar enl tou Y7, dnAadh
R(T)=Y1 = c(R(T)), xou 1 anddelln Yo ebvor thripne.

Ou xatahigoupe o avtigaon vnodétovtac Tl undpyet y € Y7 pe ||y]| < 1 xo
y ¢ cd({Tz|||z|| < M}. Téte undpyer 7 > 0 wote By;r) N{Tz|||z|| < M} = 0.
Ané 1o Oedpnpa 4.13 cuvendyeto ebxola 6T undpyer y* € Y dote y*(y) = M
o SUDy e x |o < [y (TT)] < M.

To teheutaio onpaiver 6t [|[T'y*|| = supgex o<1 117y (z)| < 1.

Apa vndpyet y§ € Y* pe ||lygll < M xou T'ys = T'y*. Ondre, vy xdde z € X
éyoupe y5(Tx) = T'ys(z) = T'y*(z) = y*(Tx). ‘Apa o y§ xou y* towtilovro
otov R(T) xa, enopévac, xou otov Y1 = cl(R(T)). 'Apa M = y*(y) = yi(y) <
lusyll < llygll < M xon xatahiyoupe oe avtigaon.

Adppa 5.3 FEotw xdpos Banach X, xdpos Y e vépua kar T € L(X,Y). Av
0T : X — R(T) éyer ppayuévo avtiotpopo, tére o R(T) efvar kAe1wotds vndywpog
TovY.

Anddaén: Anéd tny unddeon éyouue ot undpyer M > 0 dote ||z|| < M||Tz| v
xdde x € X.

‘Eotw {yn} otov R(T) ye yn, — y otov Y. T xdde n undpyer (Lovadind)
Ty € X 001 Ty = Y. Ened |2y — 2n|| < M||T (20, — Zm)|| = M||yn — yml|,
ouvendyeton 6t N {z, } efvon axohoudia Cauchy xou, emouévee, T, — T Yo xdmoLo
x € X. Abyw ouvvéyewc tou T ouvendyeton 6t y = limy, = limTz,, = Tx.
Apay € R(T) xou 0 R(T') efvon xheotde.

Iegétacy 5.18Fotw ydpor Banach X, Y ka1 T € L(X,Y).
(1) R(T) =Y av ka1 udévov av o T' : Y* — R(T") C X* éyer gpayuévo aveiotpo-

po.
(2) R(T") = X* av ka1 pdvov av o T : X — R(T) CY éxer ppayuévo avtiotpogpo.

Anédaén: (1) Av R(T) =Y, t61e N(T') = R(T)*+ = {0}, onéte 0 T" : Y* —
R(T") ebvor avtiotpédpoc. Enewdh o R(T) =Y elvor xhetotéc, ouvendyeton and
10 Oewpnua 5.9 6t o R(T') ebvan ydpoc Banach. And 1o Oedpnuo Avowxtrc
Anewévione cuvendyeton 6t (7)1 € L(R(T"), X*).

Avtiotpdgnc, éotw 6t o T : Y* — R(T') €yer ppayuévo avtiotpoyo, ondre,
obugwva ye o Afppa 5.3, o R(T") elvan xhewotde undywpog tou X*. Ané 1o
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Oedpnua 5.9 ouvendyetor 61t R(T) = LN (T") = +{0} =Y.
(2) Av R(T') = X*,161e N(T) = L R(T") = {0}, onéte o T : X — R(T) eivor arv-
totpéuoc. Enedr o R(T7) = X* efvor xhewotde, ouverdyeton ond 10 Oedpnua
5.9 61 o R(T) elvon ydpoc Banach. Ané 1o Oedpnua Avoixthc Anewébdviong
ouvendyeton 6t T—1 € L(R(T), X).

Avuotpdguc, éotw 6Tt 0o T : X — R(T) éxer gpayuévo aviiotpogo, ondte,
and to Aupa 5.3, o R(T) eivor xhewotde undywpoc tou Y. And 1o Oedpnua 5.9
ouvendyeta 61t R(T') = N(T)+ = {0}+ = X*.

Ocehenua 5.10 Eote ydpor X,Y pe vépua kav T € L(X,Y).

(1) Av o T : X — Y éyer gpayuévo avtiotpoopo, téte o T’ : Y* — X*
éxel gpayuévo avtiotpogpo kar (T')~1 = (T1).

(2) Av o X eiva. mArpns, téte Loyler kat to avriotpopo Tou (1).

Arnédaén: (1) Eotw 6t o T € L(X,Y) éyer gpayuévo avtiotpopo T—! €
L(Y, X). Téte T' € L(Y*, X*) xou (T~1) € L(X*,Y*) xu [ = I' = (TT~1) =
(TY)T xuI=1=(T7'T) =T'(T7'). Apao T’ : Y* — X* éyeL pparyuévo
avtiotpogo xou (T7)~1 = (T 1).
(2) Avuotpdguc, Eotw 6T o X eivor mAene xaw dtLo TV : Y* — X* éyel pparypévo
avtiotpogo. Ané tnv lpdtaon 5.13 cuvendyeta 6t N(T) = LR(T') = L X* =
{0}, ométe o T etvan 1-1, xaw b1 cl(R(T)) = L N(T') = L{0} = Y, ondte w0 R(T)
elvar Tuxvé otov Y. Av anodeifoupe o avtiotpogoc tou T : X — R(T) ebvan
pporypévoe, téte and 1o Afuua 5.3 Yo cuunepdvoupe 6t to R(T) elvon xhewotd,
on6te R(T) =Y xu, enopévec, o T € L(X,Y) éxer gpayuévo avtiotpogo.

Ané 1o (1) ovvendyetow 6t o T7 @ X** — Y™** €yl gpaypévo avtiotpogo.
Auté onpaiver 6t undpyel C > 0 wote [|o**]] < C||T"z**|| yio xdde x** € X**.

Ocwpolye T Quatoroyixéc epguietoeg Jx : X — X ™ xou Jy 1 Y — Y™ xou
Brénovye 1 T (Ixx) = Jy (Tz) vy xdde x € X. Mpdypat, yio xdde y* € Y*
éyoupe T"(Jxx)(y*) = (Jxz)(T'y") = T'y"(z) = y* (Tx) = Jy (Tz)(y").

Apa vy xdde z € X éyoupe ||z|| = ||Ixz|| < C|T" (Jxz)|| = C||Jy (Tx)|| =
C||Tz||. Auté onuaiver 6Tt 0 avtiotpogoc Tou T : X — R(T) eivar gparypévoc.

5.12 ®Pdopata TEAECTWV

Optopde 5.10E0tw yipos X pe véppa kar T € L(X). Aéupe dri o A € F
avijkel 0to avaAlvov ovvodo tov T av o Al — T éxea g 1016tnTeg:
(1) etvar 1-1,
(13) 0 R(AI —T) eivar nukvds vndywpos tov X kar
(iii) o M —=T)"r: RN = T) — X efvar gpayuévos.

Av avtd 1wxdovr, téte ouuforilovue RN T) = (M — T)™! ka1 ovoudlovue
v R(\;T) avaAlvovra teAeorr tov T oo .

To avaldor odvolo tov T ovuPoriletar p(T) kar to ovumAipwud tov oto F
ovoudletar pdopa tov T kar ovufodiletar o(T).

Apa, av A € o(T), téte éva Touldyiotov and ta (1), (44) xou (i4i) dev woyeL.
Apa o o(T) Sapepiletar ota tpla Eéva avd 5o oivola tou opilovto we e&hc.
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Optowdc 5.11Eotw yopos X ue vépua kar T € L(X).
(i) Py(T) etvar vo oUvolo SAwv twv A € F yia wa onola 0 AI — T dev eivar 1-1.
(i7) Ry (T) efvai to oUvodo dlwv twv A € F yia ta onoia o AXI — T efvar 1-1 aAAd
dev éyer Tukvé oUvolo Tipdy.
(131) Co(T) €elvar To 0Vvodo Adwy twv X\ € F ya ta orola 0o A\l — T elvar 1-1 e
TUKY6 0UVoAO TIUCY adAd pe un-gpayuévo avtiotpopo.
To P,(T') ovopudletar onueraxsé pdopa tov T’ kai ta ovoeia tov ovoudloval
1810t1uég tov T. To R, (T) ovoudletar mepiftwprard pdoua tov T kar to Cy(T)
ovouddletar ovvexés pdoua tov 1.

Optopée 5.12FE0tw ydpos X pe véppa kar T € L(X). Etvar mpogavés du

0 A etvar 10wnun tov T av ka1 puévov av N(AI — T) # {0}. O N(AI - T)
ovoudletar 16186y wpog tov T mov avtiotoryel oto A kai i Sidotaor] tov ovoudle-
a1 moAAamAdtnta tov . KdOe un-undeviké ovorveio tov N (A — T'), 6nAadn
kd0e x € X pex #0 ka1 Tx = Az, ovopdletar 161061dvvoua tov I wg mpog To
A.

Hogddetypa

‘Eotww n = dim(X) < +oo xot ypopuxdc tehectic T : X — X. O T eivou
AUTOPATOC PpayPEVOC xaL Yo xdde A € F' éyouye d0o nepintwoec: elite o A =T :
X — X dev elvan 1-1, ondte 10 A ebvon ooty tou T elte o AT =T : X — X ebvon
1-1, ondte elvan autopdtwe enl tou X, o avtlotpogog elvar xan auTOS PpayYUEVOC
X0, ETOPEVLC, TO A avixel oTo avahbov cOvoro tou T

Apat t0 @doua tou T amoteheiton pévov and to onuewaxd gdoua, o(T) =
P,(T).

Av B = {b1,..., by} elvar onoadrinote Bdomn tou X xan Yewpricouye tov mivaxa
wou T, [T)gB = [aij], wc mpoc T B, té1E 10 A Elvar 3ot Touv T av o ubvov av
det([Ad;; — aq5]) = 0. H napdotoon apiotepd elvon ToAU@YLLO Tou A Badpold n ye
ouLVTEAEOTES amd T0 F' xon ovoudleTtol Y apaxTNeltoTixd ToAumvupko Tou T. Ay
F = C, tbte 10 ToAutdvUPo autd €xel Touldytotov plo pila (xar pdhiota, oxpB3oe
n pilec, av PETEPHOOLUE Tic TOANATAGTNTES), OTOTE T0 Ydopa tou T elvon tdvtote
un-xevo. Av F = R, téte undpyetl Tepntwon 10 YopaxTneloTixd TOAUMVUHO Vol
uny €yel xapplo plCa xar to gdopa tou T' va eivon xevé. ‘Eva tétolo napdderyya,
avn =2, elvar o T pe tomo T(Kk1b1 + Kaba) = —kaby + K1ba Yo xd0e K1, ko € R,
TOU OTOlOU TO YAUPAXTNPELOTLNG TONLGVLUO vt T0 A% + 1.

Yo €€ng mepiopilovpe tn puedétn uag o€ xdpouvs Banach.

IMeétaom 5.19F0tw ydpos Banach X ka1 T € L(X). To A € F avikel oto
avadvov ovvodo tov T av kair pévov av o AXI — T efvar 1-1 ka1 enf tov X ka1

(AL —T)~! € L(X).

AnéoeiEn: Apxel va anoderydel btL, av 10 A avixel oto avahbov cOvoro tou T,
t61e RAI —T) = X. Opwe, and 1o Afppa 5.3 ouverdyetoa 6t o R(A —T)
elvon xhetotde xan, eneldn etvon Tuxvoc otov X, cuvendyeton 61t RN —T) = X.

Anhadt, 6tav o X eivon yodpog Banach, téte 10 A € F avixel oto avahbov
obvolo tou T av xou wévov av o Al — T elvan avtiotpéduo otowyelo tne dhyeBpac
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Banach L(X).

Afppa 5.4 Eotw ydpos Banach X ki T € L(X) e ||T|| <1 Téte oI =T
etvar avtiotpéapo otoreio tov L(X) kar ||[(I —T) 71| < 1= ”T”

Anédaén: Enedh 14+ 3,5 1T < 14+ 3,55 ||T||k < 400 xou 0 L(X) elvon
ywpoc Banach, ouvendwstou 6t n oepd I 4+ 0725 TF ouyxhiver otov L(X) xou
gotw S = I—|—E+°°Tk T xdde n € N éyovye I +T+---+T™(I —-T) =
(I-TYI+T+---+T") =I-T"". < — 0, ouvendyetan
6u T — 0 otov L(X), onée SU-T)= (I -T)S = 1.

Apa o I — T elvan ocvuorpsqnpog xou (I T)1=8.

Enione, S| < 14+ 75|17k = = H 7, onote S € L(X) xou 0 S elbvon 0
avtioTtpogo otowyeio tou I — T otov L(X).

IIgdraoy 5.20E0tw xdpos Banach X kai T € L(X). Tére p(T) = p(T") kar
R(NT) = R(N\T') ya kdOe X € p(T).

Anddeln: Anhn egapuoyt) Tou Oewpriuatog 5.10.

Oedpenua 5.11Eote ydpos Banach X kat T € L(X). Téte o o(T)
€ivar ovunayés vmoobvodo touv F kat n R(-;T):p(T)— L(X) eivar
ouveyns ouvdptnon oo avoikté p(T).

T'ia kdbe N\ p € p(T) woxver RNT)—R(;T) = (u—A)RNT)R(u; T).

Anddaén: Eow A € p(T), ondte o AI — T elvan avuiotpédupoc xou R(A;T) =
(M —T)71 € L(X). Ocwpolpe onowodhrote u € F pe [u— A < |[ROT)|| 1
yedgoupe pl =T =X =T — (A= p)l = (M =T)[I — (A — p)R(N;T)).

Ané 1o Afppa 5.4 cuvvendyeton 6t o I — (A — p)R(A;T) éxer avtiotpogo
otov L(X). Apa o ul — T éyer avtiotpogo otov L(X) xou R(u; T) = [I — (A —

-1 M .
,U)R(/VT)} R(NT). Enopévec ||[R(p; T < %-

ArnobdeiZoye o1, av A € p(T'), téte dhat T XOVTVG Tou oNpeio 4 aviAxouY 610
p(T). Apa 10 p(T') elvor avowxtd xot enopévwe to o(T') eivon xhewotd LTOGHVONO
Tou F.

Enedf Al — T = M1 — A7), ané o Afupa 5.4 ouvendyeton 6L, yio x&de
A€ F e |[A > ||T|l, o M — T etvan avriotpédpoc xow R(NT) = (M —T) 7!
L(X). Anhad, o(T) C {A A < ||IT||} %o, enopévec, to o(T) elvon cuumayéc.

T xdde A\, p € p(T) urohoyillovye R(A;T) = RINT)(ul — T)R(w; T) =
ROGT)[(n— NI+ (M = T)]R(1; T) = (u — MR T)R(w; T) + R(p; T). E-
ropévee, RO T) — R T) = (1 — N) RO T)R(u; T).

Arné v televtala wétTa xou and v || R(p; T)|| < % otay
1= A < [ RO)I|7, mafovougie [ ROT) = R(us T < | = M =ity
yioe %49e A € p(T) xow ppe |p— Al < [|[RONT)||7

Apa R(p; T) — R(\;T) otov L(X) étav u — A oto p(T).

Optowdc 5.13F0tw xydpos Banach X ka1 T € L(X). Av o(T) # 0, tdre o
un-aprnuixés aptdpués v4(T) = max e, (1) |A| ovopdletar paoparixi axziva tov
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Av F =R, 1t61€ 10 [—15(T),r:(T)] elvon 10 uxpbdtepo xhetotéd Sdotnue ye
%évtpo 10 0 10 ornolo tepiéyet 1o o(T). Av F = C, t6tc 0 cl(A(0;7,(T))) ebvon
0 WixpbTEPOC xAewoTdC dloxoc e xévtpo 1o 0 o onoloc weptéyet to o(T).

Oebenua 5.12°Eote ydpos Banach X kait T € L(X). Téte

(1) vrdpyer o lim |T"||% kai Lim||T™|* < |T*||* yia xdbe k,

(2) av o(T) £ 0, wéte ro(T) < lim ||T"||7,

(3) RINT) =05 AFTF1 yia kdbe N € F pe |\ > lim || 775 kau
(4) étav |)\| <1im||T"||%, n Zz_jl) AETE=1 se ouykAiveL o€ oToLyeio
Tov L(X).

Andden: (1) Halpvouue omowodhnote k € N xou vy xdde n € N ye n > k
yedpouue n = pk+q, 6tou p,g € N xaw 0 < g <k —1. Térte, % —1lxaw 1 —0
btav n — 4oo. Enedh |T7||% < || TP%|# || T2|= < |T*||%|T||*, ouvendyeton
6t limsup |77 % < || T%||*.

Aol auté wyler v x&de k, ouverdyetan limsup ||T7]|% < liminf |77 .
Aga to lim || 77| % urdgye xou Lim ||T7]|% < || T%||* yior xdde k.

(3) Av || > lim ||T™|| =, téte modpvoupe 7 Gote [A| > 7 > lim || 77| % xou N dote
T2 ||Tk||% Y xdde k > N. Téte EZ:ONJA [ATFTE) < EZ:ONJA N[ Rkt
< +00, ondte N oetpd S04 AT suyaiver oe atougeio Tou L(X).

Av S = SIS ARTRT 6te (AT — T)S = him(A — T)OAN (T + AT + - -
+ATT) = lm(I — A" 1T ) = [ Opolwc anodewevoetor 61t SN —T) = 1
xou, emopévec, RO T) = 3725 A—krk—1,

(2) Ayeon ouvéneia tou (3).

(4) Avn EZ:; ATRTE=L Guyshiver otov L(X), cuvendyetan 61t [[A"F~1TF|| — 0.
‘Apa unidpyer N dote [[AFITF|| < 1 étav k > N. Téte |)\|kki > ||TF|| % brav
k> N, onéte [\ > lim |77 .

IMopadeiypoto

1. Tadpvouue onowdhrote {kk} € 1% o Yewpolpe tov teheoth T : 12 — 1% pe
wOno T = (K121, KaTa, . . .) YLt x4 © = (21, 2,...) € [%. Tvwpllovye 6Tt o T
ebvan gparypévoe xan ||T|| = |[{kk}Hloo-

O X € F ebvar oty tou T av xou UOGVOV av UTEEYEL Un-Undewxd = =
(z1,22,...) € 12 OotE Kjz; = Ar; Yo xdde j. Autd, mpogavade, elvon duvatdy
v xoL MOVOV av A = K; Y xdmow j ue avtiotouyo Wbodidvucya to e;. Apa
Po(T) = {r;lj € N}.

Av 10 X avixer oo neptdwptoxd @doua tou T', 161e 0 A Bev elvon WLOTLUY XoL 0
R(M —T) dev etvon tuxvéc otov 12, onbte undpyel pn-undevixd y = (y1,Y2,...) €
12 x89eo otov R(AM — T). Auté woduvayet ye (Az — Txly) = 0 yio xdde = € 12
xou, madpvovtag « = ej, éyoude 6T (A — K;)T; = 0 yia x8Ve j. Agol 10 A dev
elvon WBoTiuY), xatakfyouue oe dtomo, ondte To mEpLwpLand pdcua elvar Xeve,
Ro(T) = 0.

‘Eotw, topa, 61t 10 A dev elvon wiotuh tou T', ondte elte Yo avixel oTo
avahbov olvoro elte Yo avixer oto cuveyée gdopa tou T. Av A € p(T), téte
R =T) = 1% xow o (A\I-T) ! elvor gparypévoc otov 2. O tOnoc tou (AI—T) 1



196 KE®ANAIO 5. ®PATMENOI I'PAMMIKOI TEAEXTEY

eivaro M =T) 1y = (%ﬁl Y1, )_—1,{2 Y2,...) Y xdde y = (y1,y2, - . .) xou €xoupe
amodeiZer 6Tl autéc opiletan yio x8e y € 12 av xou pévov av {——1} € I®
J

1
)\—Nj

xou o€ auThV TNy meplntwon ebvan ppayuévos. To { } € 1°° woduvayel ye

A ¢ c({r;lj € N}).
Tuunepaivoupe 6t o(T) = cl({k;|j € N}) xo, edwdtepa, Py (T) = {k,|j €
N}, Ro(T) = 0 xou Co(T) = cl({k;]5 € N})\ {k;|7 € N}.

2. Ocwpolyue Tt delid yetddeon S, 1 12 — 12 ye tono S,z = (0,71, T2,...) Y
x4 x = (z1, 29, ...) € 2.

To A elvon Wiotipd Tou S, av xou pévov av vndpyet © = (21,22, ...) # 0 otov
12 dote Arp =0 xu Azj1 = x; v xdde j > 1. Edxola @aiveton 6Tt autd ebvan
adVvato, ondte o S, dev éyel WoTéc xau, emopévace, Py (S,) = 0.

To A\ avhxel oto meprwptaxd @doua tou S, av xou wévov av o R(AI — S,)
dev elvor muxvée otov 12, dnhadh, ov xou POVOV av UTEPYEL UN-Pndevixd y =
(y1,Y2,...) € I2 xdet0 otov R(AI — S,). Auté wooduvapel ye (A\x — S,.z|y)
yio x8¥e z € 12 xou oavwtéd tooduvapel ue 21 (AT — Jz) + 22( ANz —¥3) + - = 0
yioo xde € 1%, dnhadh) pe A7 = Yp1 v x&de . Av [N < 1, t6t€ To
y= (1, ij ...) avAxeL otov 1% xon Mover to oloTnua autd, omdte A € R, (S,).
Av |\ > 1, dev undpyet hoor y € 12 tou ouotiuatoc, onéte A & R, (S,). Apa
Ro(Sr) ={A e FI[Al <1}

Ané 1o nponyoluevo Yedpnua yvwpilovye 6t ry(Sr) < ||Sy|| = 1. Enopévec,
{Ne F||N\ <1} Co(Sy) C{I e F||A <1} xou, enedr) to o(Sy) ghvor xheotd,
ouvvendyeton 6Tt 0(Sy) = {A € F||A| < 1}. Apa Cyr(Sy) = {Al|A] = 1}.

3. Téhog, Yewpolpe v apioteph uetddeon S : 12 — 12 ye Siz = (w2, 73, ...) yia
x4e x = (21, x2,...) € 12

To A elvon Wotuh tou S av xou pévov av urdpyer © = (1, x2,...) # 0 otov
12 Gote Az = w41 Yo x&e § > 1. Av || > 1, t67t€ edxola gaiveton 6Tt outhd
elvor ad0vaTo, eved, av [A| < 1, téte o @ = (1, A\, \2,...) avixeL oTov 12 yaon NOvet
10 obotnua. Apa P,(S;)) = {A| [N < 1}.

To A avixer oto meptdwploxd @dopa tou S; av xor uévov av o R(AI — 5))
dev ebvar Tuxvée otov 12, dnhadn, av xou uévov av LTEpyEL Un-pndevid Y =
(Y1,Y2, . ..) € 12 xd¥et0 otov R(A — S;). Auté woduvayet ue (A\z — Sjz|y) yiot
x&de x € 1% xou autd woduvoel ue T AT + 2(A7z — T1) + - = 0 Yo xdde
x € 1%, dnhadr) pe AyT = 0 xou AJj51 = 75 v x&e j. Auté elvon adOvarto, ondie
R,(S;) = 0.

Ané 1o tehevutaio Yedpnua cuvendyeton 6t 1, (S;) < ||Si]| = 1. Enopévoc,
{ANe Fl|A <1} Co(S) C{X € F||A <1} xo, enedh; w0 0(S)) ebvon xheloto,
ovverdyeton 6t o(S;) = {A € F||\| < 1}. "Apa C,(S1) = {A||A| = 1}.

Oplopde 5.14E0tw xdpos Banach Z eni tov C, avoiktd vroovvolo U touv C
ka1t ovvdptnon f : U — Z. H f ovoudletar oASuopen oro U pe tipég orov
Z av ya kdOe X € U vndpyet to dpio limys,—» w otov Z. To dpo avtd

oupBolilerar f'(N) karn f : U — Z ovoudletar mapdywyog tng f oro U.

Ieévaom 5.21Eotw ydpos Banach Z eni tov C, avoikté U C C ka1 oAduopen
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f ot U pe nipés ovov Z. Tove ya kdle z* € Z* n ovvdptnon z*o f : U — C
etvar oAduopen ovo U.

Anddeén: "Aoxnon,.

IMegétaocm 5.22FE0tw ywpos Banach Z eni tov C ka1 f oAduoppn oo C ue
npés otov Z. Av n f efvar gpaypévn, dnkadn vrdpyer M > 0 doze ||f(k)]| < M
yia kdUe k € C, téte n f eivar owaleprj oo C.

Anéoaén: YTrodétoupe 6w 1 f dev elvar otadlepr) oto C, ondte undpy oLy K1 xou
Ko wote f(k1) # f(k2). Ano 1o Oedpnua Hahn-Banach cuvendyetar dt undpyet
z* € Z* wote 2*(f(k1)) # 2*(f(k2)). H ouvdptnon z* o f eivon ohouopen, Aoyw
e "ponyolUeVNC TpdTaoTc, xou gpayuévn oto C, Subtt |(2%o f) (k)| < ||2*|| M yix
xde k € C. And 10 xhacowmd Oewpnua tou Liouville cuvendyeton 6t 1 2* o f
elvor otadepr) oto C. Autéd avtipdoxel pe 1o 6T (2% o f) (k1) # (2% o f)(k2).

Oedpnua 5.134v X eivar yépos Banach X emni zov C kat T € L(X),
TétTEe

(1) n R(-;T) : p(T) — L(X) eivar oAduopyn oto p(T) ue tiués otov
L(X)x

(2) to o(T) Sev €ivar kevé kat

(3) 14(T) = lim || T = .

Anddaén: (1) Ané my tautétnra R(AT) — R(w; T) = (w— NRNT)R(1; 1)
xou T ouvéyew tne R(-;T) oto p(T') ouvendyeton 6Tt

RT)= lim Ry T) - RINT) _

) 2
—R(\T
p(T)Sp—X p—=A X T)

v xédde A € p(T).
(2) Av 10 o(T) eivon xevo, tote n R(-;T) givow ohbpopyn oto p(T') =
|

| < |IT)I™ v xdde n, cuverdyetan 6 lim || T7)|% < ||T|| Ao
0 Oevpnua 5. 12(3) ouvvendyeton 6Tty xdde A € C pe |A| > 2||T| wydet
IROST)I < 302 INTRIT(R < 20171 Aoy ouvdignon R( -5 T) ebvan gpoy-
pévn oto C.

Ané v Mpdtaon 5.22 cuvendyeton i R( -5 T) elvar otadept| oto C. Enlon-
¢, and TNy TeAeuTaia aviodTNTA TNC TEONYOVUEVNS Tapaypdpou GUVETAYETHL OTL
lim |y oo RO T[] < limyy—go0 2|A] 71 = 0 xa, emopévac, R(A;T) = 0 yu
x&e A € C. Auté eivar adOvaro, agol o R(A; T) eivon avtiotpéduloc.

(3) 'Eotw 61 re(T) # lim |77, onéte omd to Oedenua 5.12(2) cuvendyeto
61 ro(T) < Lim||T"||%. Adyw tou (1), n R(-;T) elvar ohbuop@n 670 avoixtd
olbvoho {X € C||A| > r,(T)} ve Twéc otov L(X). "Apa yio xdde z* € (L(X))* n
z*oR(+;T) eivor ohbpopen 670 Bio avoxtéd olvolo ue Téc oto C xat, ENOUEVLS,
éyer puo oetpd Laurent: 2* (RO T)) = 3720 axA ™" yioa xdde A pe |A| > 74 (T).
Or ouvteheotéc a, = ai(2*) eaptdvton and To z* xou wyler o Yvwotde Tinoc

1
ap(z*) = — 25 (RN T))NLdA
211 [A|=r
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omou r elvou onoloodrirote aptdude ye r > 1o (T).

Oewpolye T Gote 1o (T) < r < lim ||T"||%. Eredf n R(-;T) ebvan cuveyic,
undpyet K dote |[R(A;T)|| < K yia xde A pe [N = r. ‘Apa |2*(R(\; T))A\L <
K[[z*||[r*=1 yio xdde A pe [A| = 7, onéte |ag(z*)| < o K|2*||rF12mr =
K||z*||r* yio xdde k > 1.

Ané 1o Oedpnua 5.12(3), Moyw ouvéyewac Tou z* éyoupe 6t 2*(R(NT)) =
STES 25 (TR HATF i xdde A pe [A] > lim || 77|

Abyw govadixdtnrac e oetpdc Laurent, cuvendyeton 6t ag(2*) = 2*(TF1)
6tav k> 1 xon ag(z*) =0 btav k < 0 xou

—+o0

Z(RNT)) =Y 2 (T A"

k=1

yioe xde A pe [A| > ro (7).

Apa [2*(TFY)| = |ar(2*)| < K||2*||r* yia xdde k > 1, onéte and to Oedpnua
4.11 ouverdyeton 6 [|TH 1| = max,«c(r(x))« 2= <1 |25 (T < Kr¥ yio e
k> 1.

Eropévec, © < lim |77+ < lim K= P =1 xou %ot YOUUE OE dToTOo.

5.13 Xvprnoayelg teAsotég

Optowdc 5.15Fotw xdpor X, Y pe vépue ka1 T € L(X,Y). O T ovoudletar
ovurayric 1j teAeiwg ovvextic av to T(Bx) éxer ovunayn ket 9rjkn otov
Y, émov Bx efvar ) kAewoti) povadata pundia tov X.

To ovvoro Awr twv ouuraydy T € L(X,Y) ovpPodiletar K(X,Y) evd to
oUvodo dAwy twv ovunaydy T € L(X) ovpfoliletar K(X).

IMeétaom 5.23FEotw ydpor X, Y pe vépua ket T € L(X,Y).

(1) OT elvar ouumayris av ka1 pévov av ya kdde gpayuévn {x,} otor X vndpyer
{xn,} dote n {Tx,, } va ovykiver otor Y.

(2) O T eivai ovurayris av ka1 pdévov av yia kde ppayuévo K C X o T(K) éxer
ovunayn kAewotny Onkn otor Y.

(3) Av 0o Y elvar mArjpng, téte o T elvar ovumayns av kar uévov av ya kdde
ppayuévo K C X to T(K) efvar ohixd gpayuévo.

Anédeén: (1) Eotw 6t o T eivon ovunoyic xou €é6tw gpayuévn {x, } otov X. Av
||| < M v xdde n, téte n {T(53)} elvon 610 T'(Bx) xou, emopévwe, LTEpyEL
{zn,} dote 7 {T(%)} on6te xou N {TZy, }, va cuyxhiver otov Y.
Avriotpbgnc, éotw {yn} oto c(T(Bx)). Ta xdde n nolpvovye z, € Bx
wote [[Tan — ynl| < L, onéte undpyer {n, } dote n {Tan, } va cuyxhiver oe
xdnow y € Y. Toéte y,, — y xou, enednf 1o c(T(Bx)) elvaw xhewotd, y €
c(T(Bx)). Apa 1o cl(T(Bx)) elvor cuunayéc.
(2) Eotw 6t o T elvon oupmayhc xou éotw gpoyuévo K C X. Téte undpyer M
oote ||z]] < M v xéde x € K, onéte T(K) C MT(Bx) = Mcl(T(Bx)). ‘Apu
10 cl(T(K)) elvor xhetotd UTOGUVOAO GUUTAYOUSC GUVOAOU oL, ETOPEVGC, Elvon
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ovunayés. To avtiotpogo elvar tpogavéc.
(3) Av yix xde gpayuévo K C X 1o T(K) elvon ohixd gporyuévo, téte xou
w0 c(T(K)) elvon ohxd gpaypévo. To cl(T(K)) eivon xou mAfpes, ondte ebvor
ouvunayés. To avtiotpogo elvar mpogavéc.

Ieéraor 5.24Eotw xydpor X,Y, Z ue vipua.

(1) O K(X,Y) etvar ypappuxds vrdywpos tov L(X,Y).

(2) Av oY elvar mArjpng, tére 0 K(X,Y) efvar kAetotds vndywpos tou L(X,Y).
(3) AvT € L(X,Y) ka1 S € L(Y, Z), téte 0 ST elvar ovpunaynis av évag toukdyi-
otov and tous S, T €efvar ouumayrs.

Anédedn: (1) Aoxnon.
(2) Eow {T,,} otov K(X,Y), T € L(X,Y) xou | T, — T|| — 0. Taipvoupe
onowdfnote gpayuévo K C X, ondte undpyer M oote ||z < M vy xdde
z € K, xou Ya anodeifouvpe 6 w0 T(K) elvon ohixd gpaypévo. Av e > 0,
Beloxoupe n Gote ||T, — T < 557. Enedr 1o T,,(K) ebvon ohxd gpaypévo,
UTdEYOLY Y1,..., YN € Y ©ote Ty (K) C Up_; B(y; §). Tapa, elvon elxoho va
dovue 6t T(K) C UN_ B(yk;e€), onéte 10 T(K) ebvor ohwxd gpoypévo xor o T
elvon ouprmayhe. Hpdypaty, avy = Tx pe x € K, t61€ ||y —Thx| = |[Tz—Thx| <
s M = 5. Twxdnow k = 1,...,N éyouvpe [T,z — yrl| < § xau, emopévec,
ly — ykll < €. "Apa x&e y € T(K) avhxer otnv Ur_, B(yk; €).
(3) Av o T elvon ovunayve, téte ST(Bx) C S(cl(T(Bx))). To c(T(Bx)) eivou
ouurayéc xou, enedn o S eivar cuveyhic, 1o S(cl(T(Bx))) elvon oupnayéc. Apa
10 cl(ST(Bx)) C S(cl(T(Bx))) eivow ouunayéc.

‘Eotww 6t o S ebvar ovunayic. Enedd o T elvon gpoyuévoce, to T(Bx) eivou
PoaYUEVO, OTOTE, olUPWVA PE TNV Tponyoluevn pdtaon, to cl(S(T(Bx))) eivou

OoLUTAYEC.

Meéracr 5.25F0tw yopor X,Y pe vépue ka1 T € L(X,Y). Av o R(T) éxe
renepaouévn didotaon, téte T € K(X,Y).

AnédeEn: O R(T) elvar xhewotdc vndywpoc tou Y, ondte cl(T(Bx)) € R(T).
Enewr o T elvon gpaypévoc, to T(Bx) xo, enopévee, to cl(T(Bx)) elvon @pay-
pévo. ‘Apa to cl(T(Bx)) elvor xAelotd %o Pporypévo UTOCUVONO YDEOL TETERO-
opévne didoTaong, onote elval CUUTAYEC.

Iebraoy 5.26E0tw xdpor X, Y e vépua, dim(Y) = 400 ka1t T € L(X,Y).
Av o T efvar ovurayr, téte to T(Bx) éxel kevd eowtepikd. Fidikdtepa, av o T
€lval ToToAoYIK6S 1000PPIo OGS, ToTe 0 T dev elvar ouumaynig.

Anéoaén: Apeon and v Ilpdtaon 3.19.

Oedpnua 5.14(Schauder) "Eoze ydpor X,Y ue vépua kai teAeotris
T € L(X,Y). Av o T eivat ovurnayns téte o T’ eivat ouvumayns. Av
oY eivar mArpng, Téte LoyVeL kaL TO aVTiOTPOYO.

Anéoeitn: ‘Eow 6t o T elvar oupnaync. Oewpolue tnv xAelotr povodtaia undio
By« tou Y* xat o anodeifoupe 61t 10 cl(T'(By+)) elvar oupnayéc. To cOvolo
By« = {y* € Y*||ly*|| < 1} elvou pla sukhoyh cuvapthoewy y* : c(T(B,)) — F
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pporyévn xou looouveyfic ot xdVe onuelo Tou ouunayolc cl(T(By)). Hedyport,
av ndpoupe orowodfote y € cl(T(Bz)) éxovpe [y*(y)| < [ly™|llyll < [ly[| yro x&de
y* € By=, onéte 1 By« elvat @paypévn oto y. Enlong, yia xdde € > 0 nalpvouue
U = {u € d(T(B,))|llu—yll < e % w6t |y*(u) — y* )| < ly*llllu—yll < e
yia xde y* € By-. Apa n By glvon toocuveyic 610 y.

Ané 1o Oedpnua Arzela-Ascoli cuverdyeton 6t yioo xdde axorovdia {y’} €
By~ undpyet {y;, } n onola cuyxhiver opotdpopga oto cl(T(B,)) oe xdmow
owdptnon f € C(cl(T(B;))). Tuverdyetow 6t 1 {y,, } ouyxhivel opotdpop-
9o oto T'(B;) oty ouvdptnon f xa, enopévac, n {y;,, o T} cuyxhivel ouotbuoppa
oto Bx ot ouvdptnon g = foT. Ankadrh, Ty, — g ouolbuopga cto Bx.
Auté onuaiver, eldidtepa, 6t Ty (x) — g(x) vy xdde x € Bx xou, enopé-
voo, 'y, (w) = ol Ty, (121) — lallg(pZp) i xéde @ € X. ‘Apx 1 Ty,
ouyxAivel xatd onuelo otov X oe xdmoia ocuvdptnon =¥ : X — F. H z* ebva,
TEOPAVAC, YEUUUIXO CUVAPTNOOEWES Tou X xou To OTL 1 oUyxhior elvar ouold-
wopyn oto Bx ouvendyetar ot (| Ty, —x*|| = sup,ep, [Ty, (v) —2*(z)| — 0.
Anhadih, T’y — x* otov X*.

Arnodeiape 6T yio %80 {y);} € By~ vndpyer {y;, } dote n {T"y;; } va ou-
YxAiver otov X*. Arné v Hpbdtaon 5.23(1) cuvendyeton 6t o T elvon ouunoayic.

‘Eotw, avtiotpdgwe, 6t 0o Y elvor mifpne ot 6t o T elvon oupnayfc. And
T0 TpTO pépoc ouverdyetor 6Tt o T7 ¢ X** — Y** elvon oupmayc, ondte To
cl(T"(Bx~«~)) elvar cuunayéc otov Y**.

Oa anodelfouye (6nwe xou oty an6deln tou Oewpruatoc 5.10) 6w, av Jx
xon Jy elvan ov puotoroyég eyguteloelc twv X xan Y otoug X ¥ xan Y, avti-
otolywe, t6te T" o Jx = Jy o T. Hpdyuatt, yra xdde © € X xou xdde y* € Y*
Exoue T (Jx2)(y") = (Jxo)(T'y*) = T'y*(z) = y* (Tw) = Jy (Tx)(y"), onore
T//(sz) = Jy(T:E), oToTE T" o JX = Jy oT.

Ané v tehevtala oyéon xou and to 61 Jx(Bx) C Bx«+ cuvendyetot 6T
Jy(T(Bx)) =T"(Jx(Bx)) CT"(Bx»~) C cl(T"(Bx~»+)). To tekeutaio olvoro
elvan cuUTAYEC X0, ETOPEVKC, OMXd pparypévo. Apa xan to Jy (T'(Bx)) ebvar ohxd
peayuévo. Enewdr n Jy elvau toopetpud eugiteuor), ouvendyetoan 6t 1o T'(Bx)
elvan ohuxd pparyuévo otov Y. Téhog, enedh o Y elvon mhfipne, to cl(T(Bx)) etvou
ohxd @parypévo xan TARpeS, ondte elvan oupnayéc. ‘Apa o T elvon cuumayTc.

HMogadeiypato.

1. Oewpolpe tov tehecth T : 1P — [P pe tono Tx = (K121, K2T2, . ..) Yia xd0e
x = (r1,x2,...) € IP. H axoroudia {kt} oto F elvon gpayuévn, ondte o T eivon
ppayuévoc. Ou anodeifouye 6t o T elvar cuumayhc av xow wbvov av kg — 0.

Av n {kr} 8¢ ouyxhiver oto 0, téte umdpyer A # 0 xou {ki} dote Ky, — A
Apa yia xd0e I, m pe | # m éxouvye 6 ||Ter, — Tek,, ||p = ||k, €0 — Kty €l |lp =
Ml et = st = Allerly = s, =Ml lp = 25 13 = s = N = g, =
Eropévac, dev undpyet ouyxhivouoa unoaxohovdia tne {Tex, } xou o T dev eivon
ouuTayfe.

Taopa, éotw 6T Kk — 0. Oewpolue yia xd¥e n tov teheoth Ty, : P — [P
pe o Thx = (K121, ..., Knn, 0,0,...) yia x&0 = = (z1,22,...) € IP. Eba
npogavés 6t R(T,) C< {e1,...,en} >, ondte, olugpwva ye ty Ipdtacn 5.25,
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x&Ve T, elvar ovumayfc. Axéun, éxoupe vy xdde x € 1P 6u |[Thx — Tz, <
SUPy>pi1 Kkl 2 ]lp, ondte | T, — T|| < supgspqq Kk — 0. And v Hpdraon
5.24(2) ouvendyetar 61t 0 T' elvan oupnayhc.

2. To mopdderyuo autd agopd G ONOXANEWTIXG TEAECTH OE YWPEO CUVEYWV
CUVOPTACEWY.

Oedpnua 5.15 Eote ovunayeis, Hausdorff tomodoyikoi yépotr X,Y,
ovvidptnon K : X XY — F ovuveyrjs oto X XY kat Borel-uétpo | otov
X (ue tiués oto F). Téte o tedeotis, mov opiletat pue Tov TUMO

Tf(y) = /X K (2, 9)f(2) du(z)

yia kdbe y €Y, e€ivar ovunayrs tereotris ané zov C(X) ozov C(Y).

Anddaén: Oewpolpe tuyoloa f € C(X), y € Y xau € > 0. Enedf n K elvon
ouveyfic oo X X Y, vy xdde z € X undpyouv avouxtéc neptoyés Uy tou x
xu Vy touv y wote |K(2',y') — K(z,y)| < € yiu xdde 2’ € U, xou y € V.
Bploxouye 1, ...,z € X 0o1e X = UJ_ Uy; xou Vévoupe Vyy = N7, V. Tore,
|K(z,y") — K(z,y)] < € vy xd¥e z € X xou 3y’ € V. Apa, v xdde y' €
V, woxte [TF(y) — T < [y 1K (5, y) — K@yl @) dal@) < Ll flle
xau, enopévwe, N T'f eivon ouveyhic oto y. Apa o T elvon cuvdptnon tou C(X)
otov C(Y), ebvon (rpogavide) ypouuixde xon elvon gpayuévoe dbt [Tf(y)| <
Jx 1K @)1 f @)l dlul(@) < (K ullplll flla, onéte T flu < K fullllLf [l yio
x&e f e C(X).

Arnopével va arodelZouye 6L 1) xhewoth 9fxn tou T'(Be(x)) otov C(Y) evan
ouumayhc. Lopgova ye to Oewdpnua Arzela-Ascoli, opxel va anodeiloupe 6Tt 10
T'(Be(x)) ebvon gparyuévo xou tooouveyéc ot xdde y € Y. ‘Ouwe, xon to 800 autd
T Exoupe NON amodellel: TpWTOY, YL TUYOY Y xan Y x&de f € Bo(x) €xoupe
ITf(y)| < | K||lwl|pe]] xou, Sedtepov, yio Tuydv ¥y xou yia xdde € > 0 undpyet
avowxth neployf Vy, tou y dote [T f(y') —Tf(y)| < ||plle yia xdde f € Booxy xon
x&e y' € V.

3. Eva axoun napdderyua ohoxAnpewtixol TEAEOTH.

Oedpnua 5.16'Eote 1 < p < 400, %—i—% = 1, o-menepaouévoL ydpot
uétzoov (Q1,%1, 1) kat (Qo,X0, u2). BewpoVue To ydpo uétpou (21 XNg,
Y1 XX, 1 X pa) kat petproiun ovvdptnon K : Oy xQo — F.  Tnobétouue

OTlL
1
q

(/Q (/Q K (a, )P dprz (b)) ? dul(a)) = M < +o0.

Téte, opiletat o teAeotris T : LP(Qq, X1, u1) — LP(Qa, X0, o) pe TlRO

Tf(b) = A K(a,b)f(a)dp(a)

yia pg-oxedév kibe b€ Qy, kat o T €ivar ovumayns ue
7|l < M.
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Andoaén: YTrodétouue, Tpoowplvd, OTL To (1 XL g EVOL TEMEQUOUEVO UETRA
xar ot 1 f xon n K ebvon gpayuéves ouvapthoewc. Téte, yioa xdde b € Qy ¥é-
toupe h(b) = [, [K(a,b)f(a)ldpi(a), ondte, epuppoloviac to Bedpnua tou
Tonelli xot, xatéomy, v ovicétnta Holder, Bploxouye 6t fQQ h(b)? dua(b) =
Jo, PB)R(B)P~ lduz = Jo, (Jo, K (a,b)ln(b ) tdpa(b))[f(a)l dpa(a) <

(Jo, H(O)? duz(b)) " fgl(fgz K (a,0)” dpia(b)) 7| £ (a)| dpis (a)-
Enopévaoc, (fﬂ (b)P dpa (b % < fQ (fQ |K (a,b)” dus (b))
(o Ui 1S 0,0 o (1) pia(@)* (Joy 17 @) s )

Av o mpoowpwéc unodéoelg Bev woyouv, nalpvouue cUvola QgN) ey QéN)
ME ul(QgN)) < 400 xou ug(QgN)) < 400y xde N, dote QgN) T 0 %o
QéN) 1 Qg, xou Yétouvye fn = min(N, f) xaw Ky = min(N, K). Tpdgpouye tnv

==

|[f(a) dp(a) <

oavVlo6TNTA 0NV omolo XAUTAAREAUE Yiol Ta Q(N Q(N) fn, Ky xou 10 avtiototyo
hn xou epopudélovye t0 @Ewpnpoc Movorovng EUYM)\LOV]Q Yuunepatvouue Ot

Yevd Loy Vet (fsb b)? d,ug(b))p < M(Jg, |f(a)|P dui(a ))
Av f € Lp(Ql,Zl,ul) tbte h(b) < +00 Yt po-oYedoV xde b € Qo.
Yuverndyeton 6t to T f(b fQ (@) dui(a) optletar yio pro-oyedbv xdie

(a
1
be s xo (fy, [T )I”dm( NE < M( fﬂl @17 dus (@)
Apo o T : LP(Q1, %1, p1) — LP(Qg, X, u2) eivan gporypévoc xou | T < M.

TN va amodet€oupe 6t o T elvor cuumayrc apxel, odupwva pe tic Ipotdoewc
5.24(2) xou 5.25, va anodeiZovye 61 yia xdde € > 0 undpyer S @ LP(Qy, X, p1) —
LP(Qg, X0, p2) pe dim(R(S)) < 400 dote |T — S|| < e. Eivow mpogavée, di-
aomwvtag NV K 0To mpayuatixd xal 0To apvnTixd pépog Tne o xodéva and
autd oto YeTxd o GTO dpYNTIXG PEEOC TOu, OTL opxel Vo LTOYECOUUE TWC
K(a,b) > 0 y xd9e (a,b) € Q1 x Qa. Oewpolye, dnwc mpwy, T QgN), QéN)
x Ky = min(N, K) xa 9étouye KNV (a,b) = KN(a,b)xﬂgm(a)xﬂém(b). Av
N)

TW) eivar 0 ohoxhnpwtindc teheothc mou opiletar e v ouvdptnon K¢
t61€ and to Oehpnua Kuptapymuévne Soyxhione ouvendyetan 6t ||T — TW)|| <
1

9
(fﬂl (f522 |K(a,b) — K(N)(a,b)|p d,uz(b)) P du1(a)) 0. Apa undpyer N -
ote |T —TW|| < . Katémy, Yewpolye ta 60vora Cryar = {(a,b)| AN <
KM (a,b) < BN}y 1 < m < M xou 9étoupe Ly = Nzrj\le T XComns- AV
Su elvon 0 ohoxhnpwTxde TeEAecThc Tou opiletan pe TNV ouvdptnon Ly, tte
1

éxoupe [|[TM) — S| < (le (Jo, K™ (a,b) = Las(a,b)[P dua(b))” dﬂl@)) ' <
%(ul(ﬂgN)))%(ug(QgN)))%. ‘Apa, umdpyer M dote [|[TW) — Syl < §. Téhoc,
yia x89e Chy ar umdipyouv Cy ark xodévo amd o omola elvan Evwon TENEpAouE-
vou Thdoug Eévwv avd BUo cuVORLY TNe popehc A1 X Az pe A1 € ¥, Ag € X9
OOTE XCpare | XCmoar OYEOOV TaVTOU 070 21 X Q2. Autéd ouvendyeton OTL
|1Sa — Sarkll — 0 av Sar i ebvor 0 ohoxhnpwtinde TeheoTtic Tov opileTton Ye Ty

’ M
GLVOETNOT LMJC = NZle % XCom, k-
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Opiloupe S = Sk, 6m0L T0 k elvon apxetd yeydho wote va toyVet ||Sy —
Smkll < 5. Emopévac, [T — S| < e xau ebvon ebxoro va dolpe 6t dim(R(S)) <
+oo. Hpdypatt, o S elvon Ypouuixdc cUVBLACUOS OAOXANEWTLXWY TEAECTMV TNC
woppric Uf(b) = [q, Xaixa.(a,0)f(a)dpi(a) = ([, fa)dui(a))xa,(b) xou
ropatneovpe 6t R(U) C< {xa,} >.

5.14 PAOUATA CUUTIAY WY TEAECTWV

Adfppe 5.5 (F. Riesz) Eotw xdpos X e vépua, ovurayrisT € L(X) kA € F
pe A # 0. Tdre 0o R(AI — T) eivar khewtds vndywpog tov X.

Anébeién: Eotw {x,} otov X pe Az, — Tz, — y otov X. Oo anodelfouye dtL
y€e RN -T).

Av y = 0, té1e €youpe TEAEWDOEL, ondte unodétoupe 6Tt y # 0. Enewdy o
N(AI = T) eivon xhewotoc, ouvendyeton 6L, and xdrotov delxtn xou épa, 1oy Vel
zn & N(AM —T). Xwplc BAEN e yevixdnrag, unodétovye bt ,, ¢ N(AI —1T)
yio xqe n.

Oétouye d, = inf,enor—r) |Tn — wl|, onéie dp, > 0 xou maipvouye w, €
NI —T) oote dyp, < ||xn — wy]| < 2d,,.

Av n {d,} elvon pparyuévn, t61e, Aéyw g ouundyeac tou T, undpyet {ny}
dote va undpyer to Um T'(zy, — wy, ) otov X. Enedf Az, — wn,,) — T(zn, —
Wp,) — Y, ouvendyetor 6Tt LTdpyeL To Um A(xy,, — wy, ) otov X ondte, encdh
A #£ 0, undpyet xou to x = lim(x,, — wy,) otov X. Abyw cuvéyewoc tou T,
éyouue O6tt Az — Tz = y xou, enopévee, y € RN —T).

Av n {d,} Sev elvon gpaypévr, t6te Undpyel {nk} GoTE ||Tp, — Wh, || — +00.

, , , Ty, —Wn
Anb wm oyxéon AMan, — wn,) — T(Tn, — wp,) — Y TodpVOUUE Aillwnk—wnkll -
x —w , x —w 7 ’ 7 Z
T(—"kr) — 0. Oftoupe 2z = T—2—E ondte, T AOY® CUUTEYELNC TOU
||znk7wnk H ||znk7wnk ” ’ ’

T, undpye. {k;} dote va undpyet o Im T'(zy,) otov X. Ané v Az, — Tz, —
0 ouvendyeton 6Tt umdpyel to lim Az, otov X xou, enewdh A # 0, undpyel to
z = limzy, otov X. Adyw cuvéyewag touv T PBploxovye Az — Tz = 0, dnhadn
ze€ N(AM-T).
0 . , 1 dny,
HOWC, TOPU, EYOVUE OTL 5 < Mo, w1 < [

|2y, — 2| — 0 xou xotokfyoupe o€ dromo.

||m"kl —Wny, 7||znkl —Wny, ||zH B

Oebenua 5.17 Eote ydpos Banach X, ovumayris T € L(X) kat A € F
pe N # 0. Av o \ bev €ivar 18iotiur tov T, téte 70 A\ avikeL oto
avaAvov oVvodo Tou T'.

AnébeEn: Av anodelovpe 61t RIAI —T) =X, t6tc o A\ — T : X — X Yo elvon

1-1, enl xaw @poayuévoe, ondte, clupwva pe 10 Oewpnuo Avowxtic Anedviong,

Yo €yer ppayuévo aviiotpogo. Apa 1o A Yo avixer oto avahbov cbvoro tou T
Trodétovye, yia va xatadhoupe og dtono, 6Tt o R(AI — T) elvar yvAotog

undywpeog tou X ot Yo UEAETROOLUE TOUC UTOYWEOLS Yy, = R(()\I — T)") Yo

n>1.

(1) KdOe Y, elvar khewtds vrdywpos touv X.
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TlNon =1, auté elvon dueco oupnépacya Tou Teonyoluevou AMuuatoc. ‘Ouwg,
xon yiat x&9e dhho n mopatnpolue 6t o (A —T)" = A" — TpA\" "1 — - +
(—=1)"2nAT™ 2 + (= 1)" 1T 1] éyer i popoh pul — S, 6mou p # 0 xow o S elvor
oupnay NS WS YWVOUEVO GLUTaYoUC Xou QparyPévou teheaTy. ‘Apa, and To nponyol-
pevo AMupa cuvendyeton 6t xdde Y, = R(ul — S) ebvar xhewotde undywpoc tou
X.

(i1) Ta kdOe n, o Y11 €lvar yrijoiog vrdywpog tov Y.

Kot apyfv mopatneolpe 61t Yo = R((AM — T)"H1) = (M = T)"H(X) =
(AT = T)((AT = T)™(X)) = (AT = T)(R((\] = T)")) = (AT — T)(Y,) yio %€
n. Enedd o Y1 = R(AI — T) ebvar yvhotoc undywpoc tov X xar o T elvon
1-1, ouverdyetor 61t 0 Yo = (AL — T)(Y7) eivar yvhotog umdywpoc touv (Al —
T)(X) = Yi1. Av vnodéooupe 6Tt 0 Y41 elvor yvrotoc undywpoc tou Yy, tote,
ened o Al — T ebvon 1-1, 0 Yypo = (A — T)(Y41) elvon yvAolog undywpo tou
(M = T)(Yy) = Ypi1.

Ané 1o Oedpnua 3.16, Aoyw twv () xou (i4), ouvendyetar 6Tl v xqle n
UTBEYEL Yn € Yo PE [[yn]l = 1 xau infyey,,, [lyn — yll > 3

Tapa, Ypdpovue Tym — Tyn = MNym — [Ayn + (A — T )y — (AL — T)yn] xou
TOEATNPOVYE OTL, av 1 > m 0 [Ayn + (AL — T)ym — (A — T)y,| elvor otouygeio
0V Yinq1. Apd | Tym — Tynll > ‘—2', ondte dev undpyel {ng} Gote va ouyxhivel
N {Tyn, }- Auté avupdoxel e tn ouundyeto tou 1.

To Yewpnuo auté Aéel 6w, av o T € L(X) elvar ouunayhe, tote dho To
un-undevixd otouyeior tov o(T) (av urdpyouv tétow) eivon WBoTwéc.  Anhodi,

o(T)\ {0} = Po(T) \ {0}

Afppa 5.6 Eotw xdpos X e vépua ket T € L(X). Av A efvar odvolo 161061-
avvoudtwy tov T ta onola avtiotoyoly o€ dagopetikés avd 6U0 1010T1uég Tov T,
tdte to A elvar ypaupxd aveEdptnro.

Anéoaén: 'Eotw 6t 1o A elvon ypopuuixd e€nptnuévo xat €6Tw n 10 EAYLOTO
mdoc yeauuxd e€nptnuévou unocuvéhou tou A. Toéte n > 2, agol xdde LoLo-

ddvuopa etvon un-pundevixd. ‘Eotw, Aowndy, yeouuxd e&nptnuévo {z1,...,2,} C
A, 610UV A1, ..., Ay elvan oL SlapopeTinéc avd 800 WoTuée Tou T’ Tou avTLoToLy oLV
OTA L1y -y Ty

YTrodétovye 61 K1z1 + -+ + Ky, = 0 Ye Ky # 0. Tot€ KiAz1 + -+ +
EnAnZn = T(K1x1 + -+ 4 Kn®y) = 0, on6te K1 (A1 — Ap)x1 + - 4+ Kne1( A1 —
An)Zn—1 = 0. Ané tov tpdno emhoyhc ToL N GUVETAYETOL GTL GAOL OL CUVTEAECTEC
oty teheutala lodtnTa ebvon (ool ye 0 xou, €TELDY, oL WOLOTIUES Elvol BLUQOPETIXES
avd 800, GUVETAYETAL OTL K1 = ... = Kyp—1 = 0. Auté elvan droro.

Afppa 5.7 Eotw yopos X pe vépua ka1 ovunaynig tedeotris T € L(X). Av to
{zpIn € N} etvar ypappuxd aveEdptnto ka1 éha ta otoyela tou elvar 1b0davy-
opata tov T, émov ya kdle n efvar A, n 1010T1un TOU avTioToLYel 0TO Xy, TOTE N
{An} 8¢ ovykAiver o€ un-undeviké ororyeio tov F.

Andbaén: 'Eotw Ay, — Axou A # 0. Oétovpe X, =< {z1,...,2,} >, ondte xdle
Xy, elvan yvioloc xAelotoc undywpoc tou Xpy1. Ané 10 Oedpnua 3.16 éyouue
6T Yo %8 n > 2 undipyer yn € Xn O0TE ||yn|l = 1 xu infyex, _, [lyn —yll > 3.
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Tote Tyn — Tym = AnYn — [)\mym + ()‘nI - T)yn - ()‘mI - T)ym} el
TOPATPOVUE OTL, av 1 > m > 2, T6T€ 10 ApYm + (A — T)yn — Amd — T)ym
elvar otouyelo tov X, —1. Hpdyuatt, av Oécovye y, = K1x1 + -+ + Kp%n, TOTE
Al —=T)yn = (A —A1)k121 4+ -+ (A1 — An)En—1Zn—1 € Xp_1 xou, opoinc,
(AmI - T)ym S mel g anl-

Apa, av n > m > 2, t6t€ | Tyn — Tym| > ‘Az"l, OTOTE XAUTUAAYOUPE OF
avtigaon ye tn ouundyew tov T, agod A, — A # 0.

To enduevo Yedpnua divel oyeddv 6An tnv TAnpogopla Yio T0 Qdcud cuUTA-
yoU¢ TEAECTH,.

Oedpnua 5.18(F.Riesz-Schauder) 'Eote yépos Banach X kai ovuma-
yis T € L(X). Téte

(1) Av dim(X) = 400, téT€e 0 0 €ivar otoiyeio tov o(T).

(2) To o(T) eivaL eite nemnepaocuévo e€ite dneipo apiBufoiuo. XTn
deltepn nepintwon, Ta oToiLyeia Tovu amoTeAoVv akoAovBia n omoia
ovykAiver oto 0.

(3) Kibe A€ o(T)\ {0} eivar 1diotiurj nenepaouévnsg moAdanAdtnTas.
(4) Av A #0, t67T€ T0 X\ €ivar t6ioTiun tov T av kat udvov av €i-
var t&rotiur tou T’ kai pe Tnv iSia moAAamAdTnra.

(5) Av A #0, w6te RN -T) =N\ -T).

(6) Av A #0, w6te RINI -T') =N\ —-T)*.

Anddaén: (1) Av 7o 0 dev avixel oto o(T'), t6te o T eivor TonoloYdC Loouop-
@loude Tou X UE Tov EaUTO TOU ot auTd avTixelton oTo cuunépaoua g Hpdtaong
5.26.
(2) ‘Av 10 slvoro 0,(T) = o(T)N{X € F|LWT) < A € 1o (T)} Hrav dnetpo,
T6TE, olugpova Pe 0 Oedpnua 5.17, Yo unhpye axoloudia SlaPopETXGY avd BUo
WoTpdy tou T ue un-undevixd épto. And ta 800 teheutala AMuuota cuvendye-
T 6Tt autd ebvan addvato, ométe To cOvoro auTéd elvon memepacuévo. Emewdy
o(T)\ {0} = US> 0,(T), anodeiydnxe to (2).
(3) Av X # 0 xou 1 ddotaon tou N (A —T') elvan drewpn, té1e uTdpyeL aprdurot-
HO Ypopud aveEdptnto cUVOAO Wiodovuoudtony Tou T yia v (Bio un-undevixy
wWotuh. Autd avtipdoxel Ye 1o teheutolo Ao
H anédeiln tov (5) xou (6) elvar dueon ouvéneia tou Afupatoc 5.5 xou tov Oew-
pruatoc Kiewotol Yuvohou Ty,
(4) And v Ilpbraon 5.20 cuvendyeton 6t o(T) = o(T") xau, enopévwe, o(T) \
{0} = o(T")\ {0}. To Oedpnua 5.14 Aéel bt o T elvor cuunayhc, ondte and To
Oedpnua 5.17 cuvendyeton 61, av A # 0, téte 10 A elvon WBotr Tou T av xou
pévov av ebvou oty Tou T7.

Arnopéver va anodeloupe 6Tty xdde A # 0 woyver dim(N(A — T)) =
dim(N (M = T7)).

Trodétouye 6Tt A # 0 ebvon Wiotiph twv T, T xou ¥étoupe n = dim(N (A —
T)) < 400 xou m = dim(N(A — T")) < +oc.

Ou xoatalfigouue ot drono av n < m. Eotww, howndy, Bdon {z1,...,z,} ToU
NAI-T) xouBdon {y7,...,y5} tou N(AI-T"). Ané 10 Oeddpnuo Hahn-Banach
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ouvendyeton 6Tl undpyouy z3, ...,k € X* dote xf(x;) = d;j xou and to Auya
4.4 cUVETEYETOL OTL UTIEPYOLY Y1, . - -, Ym WOTE YS (Yj) = d4j.

Op(loupe 1o ypapuxd tehecth U : X — X ye tno Uz = zf(z)y1 + -+ +
xh(x)yn yio xde z € X. O U ebvou gpaypévoe, bt [|[Uz| < |af(@)|||ya] +
2 @)llynll < (23l ynll + -+ g Hya Dl 2l via xdde = € X. Ereidr
R(U) C< {y1,---,Yn}t >, and v Ipbtaon 5.25 ouvendyeton 6t o U elvou
oupnayng, ondte xar o S =T 4+ U eivon cupnayric.

Ioyle 61 N(AI—8S) = {0}. Tpdypatt, éotw x € N (A —S), ondte o5 (z)y1 +
oot zi(@)yn = Az —Tx € RN —T)=1-N(A —T"). Téte, yiu x&0e i éyouyue
zi(z) = yi (25 ()14 +xi(2)yn) =0, onétie Ade—Tx = 0. Apaxz € N(AI-T),
OTOTE T = K1Z1 + -+ - + Kp%n YO XATOWL K1, ..., Ky, LTOpa, Yl x&Ue ¢ €yoUpE
ki = xf (k121 + - + Kpxp) = 2f () =0, ondte z = 0.

Enopévwe, to A Sev elvan Wbotiuy| tou cugnayolc S, ondte and to Oewdpnua
5.17 ouvendyeton 61t R(AI—S) = X. "Apa undpyet z € X dotE Y = (M —T)z—
Uz. TOwE g+ 2% (@)yr + -+ 2% (2)yn = M —T)z € RA~T) = L N(AI-T")
xou, eTOUEVRS, 1 =YX (ym + 25 (2)y1 + -+ + 25 (2)yn) = 0, o onolo eivar dromo.

Tuunepaivouye, howdy, étt dim(N (A —T17)) < dim(N (M —T)) xou, equppd-
Covtde 1o oto oupnayh T, nalpvoupe dim(N(A — T7)) < dim(N (M —T")) <
dim(N(\ — T)).

‘Opoc, av J elvar 1 puotohoyn egpiteuon tou X otov X** xau @ € L(X),
€y oupe anodellet d0o popéc uéypt thpa 6Tt Q" oJ = JoQ (deite tic anodeilelc Twy
Ocewpnudtov 5.10 xou 5.14). Tuverdyeton auéowe 6t J(N(AI —T)) € N(AI —
T, onére dim(N(AL — T)) = dim(J(NA — T))) < dim(N(A — T")). Axé
auté ouurepaivoupe 6Tt dim(N (A —T)) = dim(N (M — T7)).

5.15 Aoxnoelg

1. 'Eotw yopoc Hilbert X o T' € L(X). Anodellte 6tL undpyet xhetotde umd-
yopoc Y tou X wote T = Py av xou uévov av T? =T xou (Tz|z) = (|T2) v
x&de x,z € X.

2. Eoww yopot Hilbert X, Y xou T € L(X,Y).

(1) ArnodeiZte 611 undpyel povadixée T* € L(Y, X) dote (Tzxly) = (z|T*y) v
x@ex e X xuwy €Y.

(Tréd.: Acite 1o (T()|y) we ouvaptnooeldéc touv X.)

(2) Anodelle 6t ||T|| = | T

(3) Bpeite tn oyéon avdueoa otov T* xou otov 1.

Opwopée: Eorww ydpos Hilbert X ka1 T € L(X). O tedeotrisc T*, o omnoiog
oploOnke otnr mponyoluern doknon, ovoudletar ovguvyrg tov T.
Av T =T%, téte o T ovopdlerar avtoovlvyrg.

3. Bow yopor X,Y pe vopua xou yoouuxoc teheotic T : X — Y. Anodeilte
6tto T : X — R(T) éyel gpaypévo avtiotpopo av xoL uévov av urdpyet ¢ > 0
oote o|z]| < ||Tx| vy xdde z € X.
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4. "Eotww yopoc Hilbert X xou T € L(X). Av vndpyet ¢ > 0 wote R(Tx|x) >
c||z]|? v xdde z € X, anodeifte 6t R(T*) = X.

5. 'Eotw ywpeoc Hilbert X xou T' € L(X). Anodei&te 6t ot [ +T*T xou [ +TT*
elvon autoouluyelc xau €youv peayuévoug avtioTpogouc.

(Tréd.: Beelte ¢ > 0 wote ((I + T*T)z|x) > cf|z||? xou ypnowonoeiote tnv
doxnon 120. Katénw, npénet vo anodellete 6t o R(I 4+ T*T) eivou xhetotde %o,
o, 61t R(I+T*T) = X )

6. Eotww ydpoc Hilbert X xou T'€ L(X). Av o T elvar avtoouluyre, dellte ot
1Tl = supsex o<1 | (Tw]2)].

7. 'Botw yopoc Hilbert X xaw B : X x X — I ye ¢ 1016tnTeC:

(i) B(x 4y, 2) = B(z,z) + By, z) xu B(kz, z) = kB(z, z) ywu xdde x,y, 2z € X
xu Kk € F,

(14) B(z,y+ z) = B(z,y) + B(x, 2) xu B(z,kz) = RB(x, z) yia xdde x,y,z € X
o Kk € F,

(i41) urdpyer C > 0 dote | Bz, y)| < C|lz|llly]l v xdde z,y € X,

(iv) undpyet ¢ > 0 Gote Bz, x) > cf|z||? v x&de z € X.

Anodetfte 6t undpyer S € L(X) pe gpayuévo avtiotpopo S™1 € L(X) ue
1S~ < L xau |5 < C dote Bz, y) = (z|Sy) v xéde 2,y € X.

8. Eoww ydpor X,Y pe voppa. Av o L(X,Y) elvar mAhpne, anodellte 6t o Y
ebvan TARpne.

9. Eotww ywpoc Banach X o ydpoc Y ue vépua. Av o T € L(X,Y) ebvon el
ToU Y xou avouxth anewxévion, anodelte 6t o Y elvon mhene.

10. 'Eow ydpol X,Y pe vépua xar ypouuxéc teheotic T': X — Y. Av
y*oT € X* vy xdde y* € Y*, anodellte 61 T € L(X,Y).

11. 'Eotw ywpeot X,Y ue vépua €vac TOUAIYLoTOV €x TwV onolwy eival YHpog
Banach. Avn B : X xY — F éyel tnv ddmnta 61 yio xdde z € X oylel
B(z,:) € Y* xou vy xd0e y € Y woyber B(-,y) € X*, anodellte ot undpyet
C > 0 oote |B(x,y)| < Cllz||llyl] yiao xdde z € X xou y €Y.

(Y763, Apyr Ouorduoppou @pdrypatoc.)

12. 'Eoto ybpoc X ye vopua xon {2, } otov X pe tnv diotnra S0 a* (2,)] <
+o0 i xdde ¥ € X*. Anodeifte 6w undpyer C > 0 dote Y, [2*(2,)] <
Cllz*|| vy xdde z* € X*.

13. 'Eotw X évac xheotdc undywpoc tou LE([0,1]). Av yia xdde f € X undpyet
p > 1 dote f € LP([0,1]), anodeilte dn vndpyet p > 1 wote X C LP([0,1]).

14. 'Eoww 1 < p < +oo. Anobdel&te du n {S]'} ouyxhivel ioyupd alhd byt opois-
poppa otov 0 xou 1L {S7} cuyxhiver aodevide ahhd byt toyvpd otov 0.
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15. 'Eotw ypouuxde ywpeoc X ue d0o voppec ||-||1 o || - ||2, 0 oroloc elvon mhfene
xou PE Tic dVo vopuec. Av undpyet C > 0 wote ||z]|1 < C|lzfl2 yia xdde z € X,
anodellte 6Tt oL 800 VopueS elval LoOBUVOPEC.

(Tréd.: Oedpnua Avouxtic Anewxbviong.)

“|lx x| - |l2 dote 0 X va gl
vou TAfpne xou Ue Tic dVo autéc voppec. Yrmodétoupe 6ty av pla {z,} otov X
ouYxAiver oto & we tpoc TV || - |1 %o oto &’ we mpoc TV || - |2, TétE & = 2.
Arnodei&te 6T oL 800 vbpuee elvar LloodUvVapes.
(Tr6d.: Oedpnua Kiewotob Tpagphuartoc.)
17. 'Eotww || - || onowdinote vépua otov C([0,1]) ye v onola o C([0,1]) ivon
mienc. Av v xdde {fn} xou f otov C([0,1]) pe [|fn — fll — 0 cuvendyetou
ot fn, — f xotd onuelo oo [0,1], anodellte 6t 1 || - || ebvor 10od0voun e Ty

OUOLOUOPYT) VOPUOL.

18. 'Eotw X xhewotéc undywpoc tou L1([0,2]) xou yia x&de f € L1([0,1]) undp-
xet F € X ne ornolac o mepopioude oto [0,1] etvon 1 f. Anodellte 6t undpyet
C > 0 wote vt xdde f € L1([0,1]) undpyer F € X pe ||[F|l1 < C||f|l1 tnc omolac
o nepoptopde oto [0, 1] ebvar 1 f.

19. Eotww ywpot Banach X, Y xae T' € L(X,Y). Av o R(T) éyet nencpoouévn
ouvdidotaor, anodellte ot o R(T') efvor xhewotde.

20. 'Eotw yopoc Banach X xou xAewotol undywpeol Y, Z tou X dote X =Y @ Z.
Optloupe touc tereotéc Py, Pz : X — X ye tinouc Pyx = y xou Pzx = 2
yia xdde x € X, énou y, z elvon Tar povadixd otolyela twv Y, Z Gote © = y + 2.
Anodette 6w Py, Pz € L(X) xu PE = Py, P} = Pz, PyPz = PzPy =0 xu
R(Py)=Y,R(Pz)=Z.

21. 'Eoww yopoc Banach X xou {x;]i € N} ula Bdon Schauder tou X. T xdde n
Vewpolpe P, : X — X ye tono Pz = Y1 | ki o xdde © = E+—1 Kz € X.
Ernlone, yia x&de z € X oplloupe ||z|" = sup || Poz|-

(1) Anodei&te 6w n || - ||’ elvon voppo otov X.

(2) Anodeigte 6t o X pe v || - ||’ elvon Thhpnc.

(3) Anodei&te 6t undpyer C > 1 dote ||z| < ||z|” < Clz|| ywo xdde z € X.

(4) Anodeilte 61 yia xd¥e ovunoyéc K C X wylel 6w ||Pyx — z|| — 0 opoid-
poppa oto K.

22. 'Eotw yopo. Banach X, Y xau T € L(X,Y). AnodeiZte 6t o R(T) elvor %~
AewotoC UTdyYWeog Tou Y av xou pdvov av urdpyel C > 0 Bote inf ey 7y [[2— 2] <
C||Tz| vy xdde x € X.

23. Anodel&te 6t umdpyet ouvdptnon f : [0,1] — R 1 onola elvar cuveyhc oTo
[0, 1] xou o€ xavéva onpelo tou [0, 1] napaywyiown.

24. Anodei&te 6t undpyer f : R — R 1 onola elvar 27-eplodix| xou cuveyic ato
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R 1< onolag 1 oeipd-Fourier anoxhivel oe onolodhnote docuévo onuelo.

25. 'Eow ywpoc Hilbert X xou ypopuxoe teheotic T : X — X pe (Tzly) =
(x| Ty) vy x&de x,y € X. Anodellte 6u T € L(X).

26. (1) Eotww yopoc Banach X xau T € L(X). Av v xdde z € X n cewpd
x—+ Z+ T"x cuyxhivel otov X, anodetéte 6t o I — T éyer gpaypévo avtiotpo-
po.

(Tr6d.: Ebvar mpogavéc to nie Yo opodel o (I —T) 7L, Towe yperaodel n Apyh
Ouoibuoppou Ppdyuatoc.)

( ) 'Eotw K 6 C([O 1] x [0,1]). Oewpolye v eiowom Volterra: f(t) =

—i—fo s)ds, 6nou g € C([0,1]). Anodeilte bt 1 ellowon éyet Lovadixn
)\uon fe C([O 1]) YLO( x&e g E C([O 1)).
(Tn6d.: Oéoate Tf(t) fo s)ds v x&e t € [0, 1] xou anodelZte enory-

vy 6t || T fl, < ||f||u-)

27. 'BEow yopot Banach X xou Y. Av U elvar 10 60VOAO OA®V TV QROYUEVODV
teleotv and tov X enl tov Y, anodellte 611 10 U eivor avoixtd utocivolo Tou

L(X,Y).

28. 'Eotw ywpoc Banach X, T € L(X) xou moludvugo p. Anodellte ot
p(o(T)) = o (p(T)).

29. 'Eotw ywpeoc Hilbert X xou avtoouluyic T € L(X). Arnodei&te 6t o(T) C
R, 61 maxyeo (1) = SUP|\m|\§1(T$|33) xa 6T minye (1) = infjz <1 (T2|x).

30. 'Eotww yopoc Banach X enl tou C xou S, T € L(X) ye ST =TS. Anodeile
6t o (S +T) <re(S) +75(T) x5 (ST) < 175(S)re(T).

31. 'Eoww ydpoc Banach X, T' € L(X).

(1) Av o avoxté U C F nepiéyel 1o o(T), anodeilte 6u undpyet € > 0 dote
o(S)CU yxdlde S € L(X) e |[S—TJ <e.

(Tréd.: H R(-;T) eivar gpaypévn oto F \ U. Hapatnpehote étt Al — S =
I+ (T —-S)RNT)(M -T).)

(2) Av T,, = T otov L(X), anodellte 6w limsupr, (Ty) < ro(T).

32. Eoww yopoc Banach X xou S,T € L(X). Av A € F\ {0}, anodeiZte 6
A € a(ST) av xou pévov av A € o(T'S).

33. 'Eotw yopoc Banach X xoau T € L(X). Anodeilte 6t Ry (T) C Py(T') %o
P,(T) C P,(T")U R, (T").

34. 'Eotw onowdhnote cupnayéc K C F. Anodeléte o undpyer T € 12 dote
o(T) =K.

35. Eotw ywpoc Banach X xau T' € L(X). Anodeite 61, av 10 A elvon ouvopt-
ax6 onueio tou o(T), t6te R(AI —T) # X.
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36. 'Eotw ydpot X,Y ue véopua xon cvunaync teheotic T : X — Y. Anodei&te
6t o R(T) ebvor Sroywelowpoc.

37. 'Eotww yopor X, Y pe vépua xou cuurayfc teheotic T : X — Y. Av o R(T)
elvan TAene, tote dim(R(T)) < +o0.

38. Eotw yopor X,Y pe voppa xau T € L(X,Y). Anodeilte 61, av o T elvon
ovunayhc, T6te N {Txy,} elvow ouyxiivouca otov Y yia xdde aodevde ouyxi-
vouoa {z,} otov X. Av 0 X elvau autonadvic, anodellte xat 10 avtioTpogo.
(Tr6d.: T 10 mpddto EPDOTNUA UTOPELTE VO YPNOLUOTOCETE TO 6T OV UTEPYEL
y wote xdle vnoaxolouvdia wag {y,} éxe unoaxolovdia 1 onola cuyxhiver 6to
Y TOTE Yp — Y.)

39. Eotww yopor X,Y pe voppo ye dim(X) = +oo xou ovunayfic T’ € L(X,Y).
Anodel€te 61 10 0 € Y avixer oty xhewoth Ofun tou {Tz|zx € X, ||z = 1}.

40. 'Eotw Xo)pog X e voppa xou T € L(X). Av X eivou n TE)\'/]QO)O‘Y] Tou X
o T € L(X) elvon 1 povaduy pparyuevn enéxtaon wou 1" otov X, omo&-:LETE ot
U(T) =o(T). Av o T eivar cuproyic, T6TE xou 0 T etvau ouunay g xat R(T) CcX.

41. '‘BEotw ywpot Banach X7 xaw Xo xou ydpoc Y ye vépua. Av T € K(X4,Y),
Ty € L(X2,Y) xou R(T2) C R(Th), anodelle ot Tn € K(Xo,Y).

1

N
42. 'Eotw 1 < p < 400 xou ( too( o |aij|P) ”) " = K < +o0. AnodelEte b1

Jj=1
opileton teheothc T : 1P — [P e tono (Tx); = Z;L:f ai;r; Yy xdde i =1,2,. ..
xou x8e & = (z1,22,...) € IP. AnodelZte 6t o T elvon ouunayhc xar 6t
1T < K.

43. 'Eoww ydpoc X ye vopua xou xodpoc Hilbert Y. AvT € K(X,Y) anodel&te 6
urdpyouv T, € L(X,Y) pe dim(R(T,)) < o0 v xdd%e n dote |1, — T|| — 0.



