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Chapter 1

o-algebras

1.1 o-algebras.

Definition 1.1 Let X be a non-empty set and ¥ a collection of subsets of X.
We call ¥ a o-algebra of subsets of X if it is non-empty, closed under
complements and closed under countable unions. This means:
(i) there exists at least one A C X so that A€ %,
(ii) if A€ X, then A° € &, where A° = X \ A, and
(i4i) if A, €Y for alln € N, then Uf> A, € 2.

The pair (X,X) of a non-empty set X and a o-algebra ¥ of subsets of X is
called a measurable space.

Proposition 1.1 Fuvery o-algebra of subsets of X contains at least the sets ()
and X, it is closed under finite unions, under countable intersections, under
finite intersections and under set-theoretic differences.

Proof: Let X be any o-algebra of subsets of X.

(a) Take any A € ¥ and consider the sets 41 = A and A,, = A° for all n > 2.
Then X = AUA®=U;}> A, € ¥ and also § = X¢ € 3.

(b) Let Ay,..., Ay € X. Consider A, = Ay for all n > N and get that
UN_ A, = U A, e .

(c) Let A, € X for all n. Then N9 A, = (U/>5A4)¢ € .

(d) Let Ay,...,Ay € X. Using the result of (b), we get that N)_ A4, =
(Upo145)¢ € 2.

(

e) Finally, let A, B € ¥.. Using the result of (d), we get that A\B = ANB° € ¥.
Here are some simple examples.

Examples.

1. The collection {0, X} is a o-algebra of subsets of X.

2. If E C X and F is non-empty and different from X, then the collection
{0, E, E¢, X} is a o-algebra of subsets of X.

7



8 CHAPTER 1. 0-ALGEBRAS

3. P(X), the collection of all subsets of X, is a o-algebra of subsets of X.

4. Let X be an uncountable set. The collection {A C X | A is countable or A€ is
countable} is a o-algebra of subsets of X. Firstly, () is countable and, hence,
the collection is non-empty. If A is in the collection, then, considering cases, we
see that A€ is also in the collection. Finally, let A,, be in the collection for all
n € N. If all A,’s are countable, then Uf> 4,, is also countable. If at least one
of the A%’s, say A | is countable, then (U A,)¢ C AS_ is also countable. In
any case, UF> A,, belongs to the collection.

The following result is useful.

Proposition 1.2 Let ¥ be a o-algebra of subsets of X and consider a finite
sequence { A, }N_; or an infinite sequence {A,} in X. Then there exists a finite
sequence {B,})_, or, respectively, an infinite sequence {B,} in ¥ with the
properties:

(i) Bn C A, for alln=1,...,N or, respectively, alln € N,

(i) UN_, B,, = UN_, A,, or, respectively, U2 B,, = U2 A,, and

(iii) the By ’s are pairwise disjoint.

Proof: Trivial, by taking By = A; and By = A \ (41 U--- U Ag_q) for all
k=2,...,N or, respectively, all k =2,3,....

1.2 Generated o-algebras.

Proposition 1.3 The intersection of any o-algebras of subsets of the same X
18 a o-algebra of subsets of X.

Proof: Let {¥;}ier be any collection of o-algebras of subsets of X, indexed by an
arbitrary non-empty set I of indices, and consider the intersection ¥ = N;ecr3;.
(i) Since 0 € 3; for all 1 € I, we get ) € X and, hence, ¥ is non-empty.

(ii) Let A € ¥. Then A € %; for all ¢ € I and, since all ¥;’s are o-algebras,
A¢ e X, for all i € I. Therefore A° € X.

(iii) Let A, € X for all n € N. Then A, € ¥; for alli € I and all n € N
and, since all ¥;’s are o-algebras, we get US> A, € %; for all i € I. Thus,
Ui A, €3

Definition 1.2 Let X be a non-empty set and £ be an arbitrary collection of
subsets of X. The intersection of all o-algebras of subsets of X which include
& is called the o-algebra generated by & and it is denoted by X(E). Namely

X&) = ﬂ{E |3 is a o-algebra of subsets of X and € C ¥} .
Note that there is at least one o-algebra of subsets of X which includes £ and

this is P(X). Note also that the term o-algebra used in the name of X(&) is
justified by its definition and by Proposition 1.3.
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Proposition 1.4 Let £ be any collection of subsets of the non-empty X. Then
(&) is the smallest o-algebra of subsets of X which includes £. Namely, if 3
is any o-algebra of subsets of X such that £ C X, then L(E) C X.

Proof: If ¥ is any o-algebra of subsets of X such that & C ¥, then ¥ is one of
the o-algebras whose intersection is denoted 3(€). Therefore ¥(&) C .

Looking back at two of the examples of o-algebras, we easily get the following
examples.

Examples.

1. Let E C X and F be non-empty and different from X and consider £ = {E}.
Then X(€) = {0, E,E°, X}. To see this just observe that {,E,E°, X} is a
o-algebra of subsets of X which contains E and that there can be no smaller
o-algebra of subsets of X containing F, since such a o-algebra must necessarily
contain (), X and E° besides E.

2. Let X be an uncountable set and consider £ = {4 C X | A is countable}.
Then ¥(€) = {A C X|A is countable or A° is countable}. The argument is the
same as before. {A C X|A is countable or A€ is countable} is a o-algebra of
subsets of X which contains all countable subsets of X and there is no smaller
o-algebra of subsets of X containing all countable subsets of X, since any such
o-algebra must contain all the complements of countable subsets of X.

The next section describes a much more important example.

1.3 Borel o-algebras.

Definition 1.3 Let X be a topological space and T the topology of X, i.e. the
collection of all open subsets of X. The o-algebra of subsets of X which is
generated by T, namely the smallest o-algebra of subsets of X containing all
open subsets of X, is called the Borel o-algebra of X and we denote it Bx:

Bx =3(7), T the topology of X.

The elements of Bx are called Borel sets in X and Bx is also called the
o-algebra of Borel sets in X.

By definition, all open subsets of X are Borel sets in X and, since By is a
o-algebra, all closed subsets of X (which are the complements of open subsets)
are also Borel sets in X. A subset of X is called a Ggs-set if it is a countable
intersection of open subsets of X. Also, a subset of X is called an F,-set if it
is a countable union of closed subsets of X. It is obvious that all Gs-sets and
all F,-sets are Borel sets in X.

Proposition 1.5 If X is a topological space and F is the collection of all closed
subsets of X, then Bx = X(F).
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Proof: Every closed set is contained in X(7). This is true because X(7) contains
all open sets and hence, being a o-algebra, contains all closed sets. Therefore,
F C 3(T). Since X(7) is a o-algebra, Proposition 1.4 implies X(F) C (7).

Symmetrically, every open set is contained in ¥(F). This is because 3X(F)
contains all closed sets and hence, being a g-algebra, contains all open sets (the
complements of closed sets). Therefore, T C X(F). Since X(F) is a o-algebra,
Proposition 1.4 implies 3(7) C X(F).

Therefore, X(F) = X(T) = Bx.

Examples of topological spaces are all metric spaces of which the most fa-
miliar is the euclidean space X = R"™ with the usual euclidean metric or even
any subset X of R™ with the restriction on X of the euclidean metric. Because
of the importance of R™ we shall pay particular attention on Br».

The typical closed orthogonal parallelepiped with axis-parallel edges is a set of
the form @ = [a1,b1] X - - - X [an, by], the typical open orthogonal parallelepiped
with axis-parallel edges is a set of the form R = (a1, b1) X+ - X (an, by ), the typical
open-closed orthogonal parallelepiped with axis-parallel edges is a set of the form
P = (a1,b1] X - - X (an, b,] and the typical closed-open orthogonal parallelepiped
with axis-parallel edges is a set of the form T = [a1,b1) X - -+ X [an, by). More
generally, the typical orthogonal parallelepiped with axis-parallel edges is a set
S, a cartesian product of n bounded intervals of any possible type. In all cases
we consider —oo < a; < b; < 400 for all j =1,...,n and, hence, all orthogonal
parallelepipeds with axis-parallel edges are bounded sets in R".

If n = 1, then the orthogonal parallelepipeds with axis-parallel edges are
just the bounded intervals of all possible types in the real line R. If n = 2, then
the orthogonal parallelepipeds with axis-parallel edges are the usual orthogonal
parallelograms of all possible types with axis-parallel sides.

Since orthogonal parallelepipeds with axis-parallel edges will play a role in
much of the following, we agree to call them, for short, n-dimensional inter-
vals or intervals in R"™.

Lemma 1.1 All n-dimensional intervals are Borel sets in R".

Proof: For any j =1,...,n, a half-space of the form {x = (z1,...,2,) | z; < b;}

or of the form {z = (z1,...,2z,)|x; < b;} is a Borel set in R™, since it is an open
set in the first case and a closed set in the second case. Similarly, a half-space of
the form {x = (z1,...,2n) | a; < x;} or of the form {z = (z1,...,z,) | a; < z;}

is a Borel set in R™. Now, every interval S is an intersection of 2n of these
half-spaces and, therefore, it is also a Borel set in R".

Proposition 1.6 If £ is the collection of all closed or of all open or of all
open-closed or of all closed-open or of all intervals in R™, then Brn = X(E).

Proof: By Lemma 1.1 we have that, in all cases, £ C Bgrn. Proposition 1.4
implies that X(&) C Bgrn.

To show the opposite inclusion consider any open subset U of R"™. For every
x € U find a small open ball B, centered at x which is included in U. Now,
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considering the case of £ being the collection of all closed intervals, take an
arbitrary Q, = [a1,b1] X -+ X [an, b, containing z, small enough so that it is
included in B, and hence in U, and with all a4, ..., ay,b1,...,b, being rational
numbers. Since z € Q, C U for all x € U, we have that U = U,cpy@Q,. But the
collection of all possible @,’s is countable (!) and, thus, the general open subset
U of R™ can be written as a countable union of sets in the collection £. Hence
every open U belongs to (€) and, since 3(€) is a o-algebra of subsets of R™
and Bgr- is generated by the collection of all open subsets of R, Proposition
1.4 implies that Br» C X(E).

Of course the proof of the last inclusion works in the same way with all other
types of intervals.

It is convenient for certain purposes, and especially because functions are
often infinitely valued, to consider R = R U {+00, —c} and C = C U {c} as
topological spaces and define their Borel o-algebras.

The e-neighborhood of a point = € R is, as usual, the interval (z—e¢, z+¢) and
we define the e-neighborhood of 400 to be (1, +oc] and of —oo to be [-o0, —1).
We next say that U C R is open in R if for every point of U there is an
e-neighborhood of the point included in U. Tt is trivial to see (justifying the
term open) that the collection of all sets open in R. is a topology of R, namely
that it contains the sets ) and R and that it is closed under arbitrary unions
and under finite intersections. It is obvious that a set U C R is open in R if
and only if it is open in R. It is also obvious that, if a set U C R is open in R,
then U N R is open in R.

The next result says, in particular, that we may construct the general Borel
set in R by taking the general Borel set in R and adjoining none or any one or
both of the points +00, —o0 to it.

Proposition 1.7 We have
B = {A, AU {400}, AU{—o0}, AU {+00, —00} | A € Br}.

Also, if € is the collection containing {+oo} or {—oo} and all closed or all open
or all open-closed or all closed-open or all intervals in R, then Bg = X(&).

Proof: (a) Consider the collection ¥ = {A € R|A € Bg}. This collection
obviously contains (). If A € ¥, then R\ A € Bg and, since R is open in R, we
get R\A=R\A) NR € Bg. Hence, R\ A€ X. If A, € X foralln € N,
then all A,’s are included in R and are contained in Bg. Therefore U5 A,, is
included in R and it is contained in Bg and, hence, U; > A,, € ¥. This proves
that X is a o-algebra of subsets of R. We now observe that all open subsets of
R are also open subsets of R and, hence, belong to . Proposition 1.4 implies
that all Borel sets in R belong to ¥ and, by definition of 3, we get that all
A € Br are contained in Bg.

The set [—oc, +00) is open in R and, hence, the set {+oc} is contained in
Bg . Similarly, {—oc} and, hence, {400, —oc} are contained in By .

We conclude that { A, AU{+o0}, AU{—00}, AU{+00, —c0} | A€ Br} C Bg.
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If U is open in R, then A = UNR is open in R and, thus, U can be written
U=AorU=AU{4+o00} or U=AU{—00} or U =AU {400, —00} for some
A which is open in R. This means that all sets open in R are contained in the
collection {A, AU {+o0}, AU {—00}, AU {+00, —oc} | A € Br}. It is a trivial
matter to prove that this collection is a o-algebra of subsets of R and, hence,
by Proposition 1.4, Bg € {4, AU{+o0}, AU{—00}, AU{+00, —00} | A € Br}.

Therefore, the first statement of this proposition is proved.

(b) Let & = {{+00}, (a,b]| —00 < a <b < +oo}.

We have already seen that {+o0} € By and since (a,b] = (a,b+1)\ (b,b+1)
is the difference of two open sets in R we get that (a,b] € Bg. Hence & C Bg
and, by Proposition 1.4, ¥(£) C Bg.

As we have seen in the proof of Proposition 1.6, every open set A in R is a
countable union of intervals of the form (a,b]. Therefore, every open set A in
R is contained in X(&).

In particular, the set R is contained in 3(€) and, hence, (—oo,+o0] =
R U {+00} is contained in ¥(€). Thus, also {—o00} = R\ (—o0, +0c0c] belongs to
2(€).

In the proof of (a) we have seen that every U open in R can be written as
U=AorU=AU{+x}orU =AU{-0} or U = AU{+00, —o0} for some A
which is open in R. By the last two paragraphs, every U open in R is contained
in ¥(&) and Proposition 1.4 implies that Bg C X(£).

This concludes the proof of the second statement for this particular choice
of £ and the proof is similar for all other choices.

We now turn to the case of C = C U {oo}. The e-neighborhood of a point
x = (21,22) = x1 +izg € C is, as usual, the open disc B(z;¢€) = {y = (y1,¥2) €
C|lly — z| < €}, where |y — z|*> = (y1 — 21)? + (y2 — 22)%. We define the e
neighborhood of oo to be the set {y € C||y| > 1} U {oc}, the exterior of a
closed disc centered at 0 together with the point co. We say that a set U C C
is open in C if for every point of U there is an e-neighborhood of the point
included in U. The collection of all sets which are open in C contains () and C
and is closed under arbitrary unions and under finite intersections, thus forming
a topology in C. It is clear that a set U C C is open in C if and only if it is
open in C and that, if a set U C C is open in C, then U N C is open in C.

As in the case of R, we may construct the general Borel set in C by taking
the general Borel set in C and at most adjoining the point co to it.

Proposition 1.8 We have
Bs = {A,AU{oo} |Ae BC}.

Also, if € is the collection of all closed or all open or all open-closed or all
closed-open or all intervals in C = R?, then Bg = X(£).

Proof: The proof is very similar to (and slightly simpler than) the proof of
Proposition 1.7. The steps are the same and only minor modifications are
needed.
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1.4 Algebras and monotone classes.

Definition 1.4 Let X be non-empty and A a collection of subsets of X. We call
A an algebra of subsets of X if it is non-empty, closed under complements
and closed under unions. This means:

(i) there exists at least one A C X so that A € A,

(ii) if A€ A, then A° € A and

(iii) if A,B € A, then AUB € A.

Proposition 1.9 Every algebra of subsets of X contains at least the sets ()
and X, it is closed under finite unions, under finite intersections and under
set-theoretic differences.

Proof: Let A be any algebra of subsets of X.

(a) Take any A € A and consider the sets A and A°. Then X = AU A € A
and then f = X° € A.

(b) It is trivial to prove by induction that for any n € N and any 4;,...,4, € A
it follows A; U---U A, € A.

(c) By the result of (b), if A1,..., A, € A, then N}_, Ay = (UF_, 45)° € A.

(d) If A, B € A, using the result of (c), we get that A\ B= AN B° € A.

Examples.

1. Every o-algebra is also an algebra.

2. If X is an infinite set then the collection {A C X | A is finite or A€ is finite}
is an algebra of subsets of X.

We have already dealt with the (n-dimensional) intervals in R", which are
cartesian products of n bounded intervals in R. If we allow these intervals to
become unbounded, we get the so-called generalized intervals in R”, namely
all sets of the form I; x --- x I,, where each I; is any, even unbounded, interval
in R. Again, we have the subcollections of all open or all closed or all open-
closed or all closed-open generalized intervals. For example, the typical open-
closed generalized interval in R™ is of the form P = (a1,b1] X -+ X (an, by,
where —oo < a; < b; < 400 for all j. The whole space R™ is an open-closed
generalized interval, as well as any of the half spaces {z = (z1,...,2,) | x; < b;}
and {z = (x1,...,2,) |a; < z;}. In fact, every open-closed generalized interval
is, obviously, the intersection of 2n such half-spaces.

Proposition 1.10 The collection A = {PLU---U Py |k € N, Py,..., P are
pairwise disjoint open-closed generalized intervals in R™} is an algebra of sub-
sets of R™.

In particular, the following are true:

(i) The intersection of two open-closed generalized intervals is an open-closed
generalized interval.

(i1) For all open-closed generalized intervals P, Py, . .., Py, there are pairwise dis-
Jjoint open-closed generalized intervals Py, ..., P, so that P\ (P1U---UP,;,) =
PlU---UP,.
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(#11) For all open-closed generalized intervals Py, ..., Py, there are pairwise dis-
Jjoint open-closed generalized intervals P{,..., P} so that PLU---UP,, = P U
Y PIQ'

Proof: (a) The intervals (a, b] and (a’, '] are not disjoint if and only if a” < ",
where @’ = max(a,a’) and b’ = min(b,d'). In case a”” < b”, then (a,b]N(a’,b'] =
(@”,b"]. Now if P = (a1,b1] X -++ X (an,by] and P’ = (af,b]] x -+ x (al, b} ],
then P and P’ are not disjoint if and only if for all j = 1,...,n we have that
(aj,b;] and (a},b’] are not disjoint. Hence if P, P" are not disjoint, then a7/ < b7
for all j, where a/ = max(a;,a’;) and b7 = min(b;, b’), and then PN P" = P",

J 707

where P = (af,b]] x -+ x (al,b}]. This proves (i).
If A=UF_| P, where the P, ..., Py are pairwise disjoint, and A’ = Ué»:lP]{,
where the Pj,..., P/ are also pairwise disjoint, are two elements of A, then

ANA =Uicicpi<j< PN Pj. The sets P; N P} are pairwise disjoint and they
all are open-closed generalized intervals, as we have just seen.
Hence, A is closed under finite intersections.

(b) Consider the open-closed generalized interval P = (a1, b1] X - - X (ap, by]. Tt
is easy to see that P° can be written as the union of 2n (some may be empty)
pairwise disjoint open-closed generalized intervals. To express this in a concise
way, for every I = (a,b] denote I = (—00,a] and I") = (b, +00] the left
and right compementary intervals of I in R (they may be empty). If we write
P=1 x---x I, then P¢is equal to

I"xRx--xR U I"xRx--xR U
lelz(l)xRx---xR U 11><I2(T)><R><---><R U

[1><...><]n_2><lr(fll><R U I1><"'><In—2><17(zr—)1><R U

Il><"'><In—1><I7(ll) @) Il><"'><In_1><I'r(7,r).

Hence, for every open-closed generalized interval P the complement P€ is an
element of A.

Now, if A = UlePi, where the Py, ..., P, are pairwise disjoint, is any ele-
ment of A, then A° = N¥_, P¢ is a finite intersection of elements (Pf’s) of A.
Because of the result of (a), A° € A and A is closed under complements.

(c)If A, A’ € A, then, because of the results of (a) and (b), AUA’ = (A°NA’¢)¢ €
A and A is closed under finite unions.
Therefore A is an algebra and (ii) and (iii) are immediate.

If {A,} is a sequence of subsets of a set X and A4,, C A,,11 for all n, we say
that the sequence is increasing. In this case, if A = U> A, we write

A, TA.

If A,y1 C A, for all n, we say that the sequence {A,} is decreasing and, if
also A = N1 A, we write

A, | A
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Definition 1.5 Let X be a non-empty set and M a collection of subsets of X .
We call M a monotone class of subsets of X if it is closed under countable
increasing unions and closed under countable decreasing intersections. That is,
if A1, Ag,... € M and A, T A, then A € M and, if A1,As,... € M and
A, | A, then Ae M.

It is obvious that every o-algebra is a non-empty monotone class.

Proposition 1.11 The intersection of any monotone classes of subsets of the
same set X is a monotone class of subsets of X.

Proof: Let {M;};er be any collection of monotone classes of subsets of X,
indexed by an arbitrary non-empty set I of indices, and consider the intersection
M = Nier M;.

Let A1, As,... € M with A, T A. Then A, € M, foralli € I and alln € N
and, since all M;’s are monotone classes, we get that A € M; for all ¢ € I.
Therefore A € M.

The proof in the case of a countable decreasing intersection is identical.

Definition 1.6 Let X be a non-empty set and £ be an arbitrary collection of
subsets of X. Then the intersection of all monotone classes of subsets of X
which include £ is called the monotone class generated by £ and it is
denoted by M(E). Namely

M(E) = ﬂ{/\/l | M is a monotone class of subsets of X and € C M}.

There is at least one monotone class including £ and this is P(X). Also note
that the term monotone class, used for M(E), is justified by Proposition 1.11.

Proposition 1.12 Let £ be any collection of subsets of the non-empty X. Then
M(E) is the smallest monotone class of subsets of X which includes £. Namely,
if M is any monotone class of subsets of X such that € C M, then M(E) C M.

Proof: If M is any monotone class of subsets of X such that £ C M, then M
is one of the monotone classes whose intersection is M(E). Thus, M(E) C M.

Theorem 1.1 Let X be a non-empty set and A an algebra of subsets of X.
Then M(A) = X(A).

Proof: ¥(A) is a o-algebra and, hence, a monotone class. Since A C X(A),
Proposition 1.12 implies M(A) C $(A).

Now it is enough to prove that M(A) is a o-algebra. Since A C M(A),
Proposition 1.4 will immediately imply that $(A) C M(A) and this will con-
clude the proof.

(a) M(A) is non-empty because ) € A C M(A).
(b) Fix any A € A and consider the collection M4 = {B C X | AUB € M(A)}.

It is very easy to show that M4 includes A and that it is a monotone class
of subsets of X. In fact, if B € A then AU B € A and thus B € M 4. Also, if
Bi,Bs,... € M4 and B, T B, then AUBl,AUBQ,... S M(A) and AU B, T



16 CHAPTER 1. 0-ALGEBRAS

AU B. Since M(A) is a monotone class, we find that AU B € M(A). Thus,
B € M4 and M 4 is closed under countable increasing unions. In a similar way
we can prove that M 4 is closed under countable decreasing intersections and
we conclude that it is a monotone class.

Proposition 1.12 implies that M(A) C M 4. This means that:

i. AUB € M(A) for all A€ A and all B € M(A).

Now fix any B € M(A) and consider Mp = {AC X|AUB € M(A)}. As
before, M p is a monotone class of subsets of X and, by i., it includes A. Again,
Proposition 1.12 implies M(A) C M g, which means:

ii. AUB e M(A) for all A € M(A) and all B € M(A).

(c) We consider the collection M = {A C X|A® € M(A)}. As before, we
can show that M is a monotone class of subsets of X and that it includes A.
Therefore, M(A) C M, which means:

ili. A° € M(A) for all A € M(A).

It is implied by ii. and iii. that M(A) is closed under finite unions and
under complements.
(d) Now take Aq, Ao, ... € M(A) and define B, = A;U---UA, for all n. From
ii. we have that B,, € M(A) for all n and it is clear that B,, C B,,4; for all n.
Since M(.A) is a monotone class, U2 A, = U2 B, € M(A).

Hence, M(A) is a o-algebra.

1.5 Restriction of a o-algebra.

Proposition 1.13 Let ¥ be a o-algebra of subsets of X and Y C X be non-
empty. If we denote
SIY={ANnY|Ae X},

then 1Y is a o-algebra of subsets of Y.

Proof: Since () € ¥, we have that ) =0 NY € X]Y.

If Be XY, then B=ANY for some A € . Since X \ 4 € 3, we get that
Y\B=(X\A4)NY e X]Y.

If By, Bs,... € 1Y, then, for each k, By = A NY for some Ay € X. Since
U5 Ar € 3, we find that U2 By = (Uf2]A4,) NY € XY

Definition 1.7 Let ¥ be a o-algebra of subsets of X and let Y C X be non-
empty. The o-algebra XY, defined in Proposition 1.13, is called the restric-
tion of X on Y.

In general, if £ is any collection of subsets of X and Y C X, we denote

ElY = {ANY|Ac€&)
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and call £]Y the restriction of £ on Y.

Theorem 1.2 Let £ be a collection of subsets of X and Y C X be non-empty.
Then
ENY) =2y,

where X(E1Y) is the o-algebra of subsets of Y generated by E1Y .

Proof: (a) If B € £]Y, then B = ANY for some A € £ C X(€) and, thus,
B € 3(€)]Y. Hence, £1Y C X(€)]Y and, since, by Proposition 1.13, ¥(£)]Y is
a o-algebra of subsets of Y, Proposition 1.4 implies X(£1Y) C 2(€)]Y.

(b) Now, define the collection

S={ACX|ANY € Z(E]Y)}.

We have that § € 2, because 0 NY =0 € (E]Y).

If A€ ¥, then ANY € X(E1Y). Therefore, X\ A € ¥, because (X \A)NY =
Y\(ANY) e Z(&]Y).

If Ay, Ag,... € X, then Ay NY, A2 NY,... € £(£]Y). This implies that
(Ui AR) NY = U (A NY) € B(E]Y) and, thus, UL Ay € 3.

We conclude that ¥ is a o-algebra of subsets of X.

If Ae &, then ANY € £]Y C X(€1Y) and, hence, A € 3. Therefore, € C X
and, by Proposition 1.4, (&) C ¥. Now, for an arbitrary B € ¥(&)]Y, we have
that B = ANY for some A € ¥(£) C ¥ and, thus, B € ¥(€]Y). This implies
that $(€)]Y C B(E]Y).

If X is a topological space with the topology 7 and if Y C X, then, as is well-
known (and easy to prove), the collection 7|Y = {UNY |U € T} is a topology
of Y which is called the relative topology or the subspace topology of Y.

Theorem 1.3 Let X be a topological space and let the non-empty Y C X have
the subspace topology. Then
By = Bx|Y.

Proof: If T is the topology of X, then 7Y is the subspace topology of Y.
Theorem 1.2 implies that By = X(71Y) = X(7)|Y = Bx]Y.

Thus, the Borel sets in the subset Y of X (with the subspace topology) are
just the intersections with Y of the Borel sets in X.

Example.
It is clear from Propositions 1.7 and 1.8 that

These two equalities are also justified by Theorem 1.3, since the topology of
R coincides with its subspace topology as a subset of R and the topology of C
coincides with its subspace topology as a subset of C.
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1.6 Exercises.
1. Let X be a non-empty set and A, As,... C X. We define

limsup 4,, = ﬂg:l’ ( U;':OZ Aj), liminf A4, = Ug:l’ ( ﬂ;‘:oz Aj).

n—-+oo n—+00

Only in case liminf, . . A, =limsup, ,, . An, we define

lim A, =liminf A, = limsup A4,,.
n—-+oo n—-+4oo n—-+4oo

Prove the following.

(i) limsup,, ;o An = {2z € X |2 € A, for infinitely many values of n}.
(i) iminf, 4 A, = {z € X |z € A, for all large enough n}.

(ili) (liminf, 4o Ap)¢ = limsup,_ A7 and (limsup,_, . 4,)¢ =
liminf,, 4. AS.

(iv) liminf, 4 A, Climsup,_,, ., An.

v) If A, C A, 41 for all n, then lim,,_, 4 4,, = UZSA,L.

vi) If A, 41 C A, for all n, then lim,, 4o 4, = ﬂ:{i’iAn.

vii) Find an example where liminf, . A, # limsup,,_, . A4,.

viii) If A,, C B,, for all n, then limsup,,_,, . A, C limsup,,_, . B, and
liminf,, o0 Ay Climinf,, o By,.

(ix) If A,, = B, UC,, for all n, then limsup,, ., A, C limsup,,_,,,, B,U
limsup,,, | o, Cp, liminf,, ., o B, Uliminf, . C, Climinf,, ;. Aj.

(
(
(
(

2. Let A be an algebra of subsets of X. Prove that A is a o-algebra if and
only if it is closed under increasing unions.

3. The inclusion-exclusion formula.

Let (X, X, 1) be a measure space. Prove that for all n and 4y,..., 4, € &

Ui A + ) Yo m(Ann-N4y)

keven 1<i; <---<ipy<n

= > > (A NN Ay,

& odd 1<ii<-<ir<n

4. Let X be non-empty. In the next three cases find ¥(€) and M(E).
(i) €=0.
(i) Fix EC X and let € = {F|E C F C X}.
(iii) Let £ = {F | F' is a two-point-subset of X }.

5. Let &1, & be two collections of subsets of the non-empty X. If & C & C
(&1), prove that X(&1) = 3X(&q).

6. Let Y be a non-empty subset of X.
(i) If A is an algebra of subsets of X, prove that A]Y is an algebra of
subsets of Y.
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10.

11.

12.

(ii) If M is a monotone class of subsets of X, prove that MY is a mono-
tone class of subsets of Y.
(iii) If 7 is a topology of X, prove that 7|Y is a topology of Y.

. (i) Let X be a o-algebra of subsets of X and let Y C X be non-empty. If

Y € ¥, prove that XY ={ACY |Ae X}
(ii) Let X be a topological space and Y be a non-empty Borel set in X.
Prove that By = {ACY |A € Bx}.

. Push-forward of a o-algebra.

Let ¥ be a o-algebra of subsets of X and let f : X — Y. Then the
collection

{BCY|f\(B) ez}

is called the push-forward of ¥ by f on Y.
(i) Prove that the collection {B C Y | f~1(B) € ¥} is a o-algebra of
subsets of Y.

Consider also a g-algebra %’ of subsets of Y and a collection £ of subsets
of Y so that (&) =%".

(ii) Prove that, if f~%(B) € ¥ for all B € &, then f~1(B) € X for all
Bey.

(iii) If X, Y are two topological spaces and f : X — Y is continuous, prove
that f~1(B) is a Borel set in X for every Borel set B in Y.

. The pull-back of a o-algebra.

Let ¥’ be a o-algebra of subsets of Y and let f : X — Y. Then the
collection

{f71(B)|Bex}
is called the pull-back of ¥’ by f on X.
Prove that {f~1(B)| B € X'} is a o-algebra of subsets of X.

(i) Prove that Brn is generated by the collection of all half-spaces in R"
of the form {x = (z1,...,2s) |a; < x;}, where j =1,...,n and a; € R.
(ii) Prove that Br~ is generated by the collection of all open balls B(z;r)
or of all closed balls B(x;r), where z € R™ and r € Ry.

(i) Prove that By is generated by the collection of all (a,+oc], where
acR.
(ii) Prove that Bg is generated by the collection of all open discs B(x;r)

or of all closed discs B(x;r), where z € C and r € Ry.

Let X be a metric space with metric d. Prove that every closed F' C X is a
Gs-set by considering the sets U, = {z € X |d(z,y) < 1 for some y € F}.
Prove, also, that every open U C X is an Fj,-set.
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13.

14.
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(i) Suppose that f : R™ — R. Prove that {z € R™| f is continuous at z}
is a Gs-set in R™.

(ii) Suppose that f; : R™ — R is continuous in R™ for every k. Prove that
{z € R"|{fi(x)} converges} is an Fy,s-set, i.e. a countable intersection
of F,-sets.

Let £ be an arbitrary collection of subsets of the non-empty X. Prove
that for every A € ¥(&) there is some countable subcollection D C & so
that A € X(D).



Chapter 2

Measures

2.1 General measures.

Definition 2.1 Let (X, ) be a measurable space. A function p: ¥ — [0, +00]
is called a measure on (X,X) or, simply, a measure on ¥ if
(i) u(0) =0,
(i1) p(UFS AL) = 327 u(Ay) for all sequences { Ay} of pairwise disjoint sets
which are contained in 3.

The triple (X, X, u) of a non-empty set X, a o-algebra of subsets of X and
a measure (1 on X s called a measure space.

Note that the values of a measure are non-negative real numbers or +o0.

Property (ii) of a measure is called o-additivity and sometimes a mea-
sure is also called o-additive measure to distinguish from a so-called finitely
additive measure p which is defined to satisfy (@) = 0 and u(UN_,A,) =
21]:[:1 w(Ay) for all N € N and all pairwise disjoint Aq,..., Ay € X.

Proposition 2.1 Every measure is finitely additive.

Proof: Let u be a measure on the o-algebra . If A;,..., Ay € X are pair-
wise disjoint, we consider A, = ) for all n > N and we get p(UY_ A,) =

(U AL) = S50 u(An) = S0 u(Ay).

Examples.
1. The simplest measure is the zero measure which is denoted o and is defined
by 0(A) =0 for every A € ¥.
2. Let X be an uncountable set and consider ¥ = {A C X | A is countable or A°
is countable}. We define p(A) = 0 if A is countable and p(A) = 1 if A°is count-
able.

Then it is clear that p(@) = 0 and let Ay, As,... € ¥ be pairwise dis-
joint. If all of them are countable, then U;/>S A,, is also countable and we get
(U A,) = 0 = 37 1(A,). Observe that if one of the A,’s, say Ap,, is

21
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uncountable, then for all n # ng we have A, C A, which is countable. There-
fore p(An,) = 1 and ,u(A ) = 0 for all n # ng. Since (U}>4,)¢(C AS) is
countable, we get (U5 A,) =1 =372 u(A,).

Theorem 2.1 Let (X, E,u) be a measure space.

(i) (Monotonicity) If A,B € ¥ and A C B, then u(A) < p(B).

(i) If A,B €3, AC B and u(A) < oo, then u(B\ A) = u(B ) u(A).

(i) (o-subadditivity) If Ay, Aa,... € X, then (U2 A,) < Zn 1 H(Ay).

(i) (Continuity from below) If A1, As,... €3 and A T A, then u(Ay,) T p(4).
(v) (Continuity from above) If A1, As,... € X, n(A1) < 400 and A, | A, then
1(An) | p(A).

Proof: (i) We write B = AU (B \ A). By finite additivity of u, p(B) =
W(A) + (B A) > p(A).

(ii) From both sides of u(B) = u(A) + p(B \ A) we subtract pu(A).

(iii) Using Proposition 1.2 we find By, B, ... € ¥ which are pairwise disjoint and
satisfy B,, C A, for all n and U/ B, = US> A,,. By o-additivity and mono-
tonicity of 1 we get ju(Uf25 An) = p(UL Ba) = Sl i(Ba) < 0025 k(An).
(iv) We write A = A; U Uz:; (Ag+1\ Ag), where all sets whose union is taken in
the right side are pairwise disjoint. Applying o-additivity (and finite additivity),
u(A) = (A1) + 32 /L(Ak+1 \Ap) = limp oo [(A1) + S p 2y (Aprr \ Ar)] =
lim,, 4 oo H(Al UUr—; (Ak+1 \ Ak)) = limy,— 400 w(Ap)-

(v) We observe that A; \ A, T A1 \ A and continuity from below implies
(A1 \ Ay) 1 (A1 \ A). Now, u(A1) < 4oo implies p(A4,) < +oo for all n
and p(A) < +oo. Applying (ii), we get p(A1) — u(An) T p(Ar) — p(A) and,
since p(A1) < 400, we find p(A,) | p(4).

Definition 2.2 Let (X, 3, u) be a measure space.

(i) p is called finite if p(X) < +oo.

(ii) u is called o-finite if there exist X1, Xa,... € ¥ so that X = US> X,, and
w(X,) < +oo for alln € N.

(111) 1 is called semifinite if for every E € ¥ with u(E) = +oco there is an
FeX sothat FCE and 0 < pu(F) < +o0.

(iv) A set E € ¥ is called of finite (u-)measure if (E) < +oo.

(v) A set E € ¥ is called of o-finite (j-)measure if there exist E1, Ea,... € 3
so that E C U E,, and u(E,) < +oo for all n.

Some observations related to the last definition are immediate.

1. If p is finite then all sets in ¥ are of finite y-measure. More generally, if
FE € ¥ is of finite p-measure, then all subsets of it in X are of finite p-measure.
2. If p is o-finite then all sets in ¥ are of o-finite y-measure. More generally,
if B € ¥ is of o-finite p-measure, then all subsets of it in ¥ are of o-finite
[-measure.

3. The collection of sets of finite u-measure is closed under finite unions.

4. The collection of sets of o-finite p-measure is closed under countable unions.
5. If u is o-finite, applying Proposition 1.2, we see that there exist pairwise
disjoint X1,Xso,... € ¥ so that X = U:SX,L and u(X,) < +oo for all n.
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Similarly, by taking successive unions, we see that there exist X1, Xo,... € ¥ so
that X, T X and u(X,) < 400 for all n. We shall use these two observations
freely whenever o-finiteness appears in the sequel.

6. If p is finite, then it is also o-finite. The next result is not so obvious.

Proposition 2.2 Let (X,X, 1) be a measure space. If p is o-finite, then it is
semifinite.

Proof: Take X7, Xo,... € ¥ so that X,, T X and u(X,) < +oo for all n. Let
E € ¥ have u(FE) = +o0. From ENX,, T E and continuity of p from below, we
get u(E N X,) 1 +oo. Therefore, u(EF N X,,) > 0 for some ng and we observe
that p(E N X,,) < u(Xp,) < +00.

Definition 2.3 Let (X,3, u) be a measure space. E € 3 is called (u-)null if
u(E) =0.

The following is trivial but basic.

Theorem 2.2 Let (X,X, 1) be a measure space.
(i) If E € ¥ is p-null, then every subset of it in 3 is also p-null.
(i) If Ev, Ea,... € X are all p-null, then their union US> E,, is also pu-null.

Proof: The proof is based on the monotonicity and the o-subadditivity of p.

2.2 Point-mass distributions.

Before introducing a particular class of measures we shall define sums of non-
negative terms over general sets of indices. We shall follow the standard practice
of using both notations a(i) and a; for the values of a function a on a set I of
indices.

Definition 2.4 Let I be a non-empty set of indices and a : I — [0,400]. We
define the sum of the values of a by

Z a; = sup { Z a; | F non-empty finite subset of I}.
icl i€F

If I =0, we define ;. a; = 0.

Of course, if F' is a non-empty finite set, then ), . a; is just equal to the sum

Zﬁ;l a;,, where F = {a;,,...,a;y} is an arbitrary enumeration of F.
We first make sure that this definition extends a simpler situation.

Proposition 2.3 If I is countable and I = {i1,i2,...} is an arbitrary enume-
ration of it, then Y, a; = S as, foralla: I — [0,+0c].

Proof: For arbitrary N we consider the finite subset F' = {iy,...,iny} of I.
Then, by the definition of ) ,_; a;, we have 25:1 iy = Y iep @i < ) icr i
Since N is arbitrary, we find 3,25 a;, < 3,c; ai-
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Now for an arbitrary non-empty finite F© C I we consider the indices of
the elements of F provided by the enumeration I = {iy,is,...} and take the
maximal, say N, of them. This means that F C {i1,i2,...,in}. Therefore
Yier @i < Zivzl ai, <3755 a;, and, since F is arbitrary, by the definition of
Sier i, we find that 32, a; < 3005 ag, .

Proposition 2.4 Let a : I — [0,+00]. If Y, ;a; < 400, then a; < +oo for
all i and the set {i € I'|a; > 0} is countable.

Proof: Let ), ;a; < +oo. It is clear that a; < +oo for all i (take F' = {i}) and,
for arbitrary n, consider the set I, = {i € I'|a; > 1}. If F is an arbitrary finite
subset of I,,, then L card(F) < Y ,.pai < 3 .c;a;. Therefore, the cardinality
of the arbitrary finite subset of I,, is not larger than the number n ), _; a; and,
hence, the set I,, is finite. But then, {i € I'|a; > 0} = U> 1, is countable.

Proposition 2.5 (i) If a,b : I — [0,+00] and a; < b; for all i € I, then
Dier @i <D ier bie

(i) If a : I — [0,+00] and J C I, then Y, a; <> a.

Proof: (i) For arbitrary finite F' C I we have ) ,cpa; < Y ,cpbi < Db
Taking supremum over the finite subsets of I, we find ), ; a; < > ., b;.

(ii) For arbitrary finite /' C J we have that /' C I and hence ), pa; < ). ) a;.
Taking supremum over the finite subsets of .J, we get >, ;a; <>, a;.

Proposition 2.6 Let I = Ugci Ji, where K is a non-empty set of indices and
the Ji’s are non-empty and pairwise disjoint. Then for every a : I — [0, +0o0]

we have ) ;1 a; =Y g (ZieJk a;).

Proof: Take an arbitrary finite F' C I and consider the finite sets Fy, = F N Jk.
Observe that the set L = {k € K|Fj, # (0} is a finite subset of K. Then,
using trivial properties of sums over finite sets of indices, we find »,_pa; =
>ker (Xier, ai). The definitions imply that Y, pai <30 cp (Yiey ai) <
dokek (ZieJk a;). Taking supremum over the finite subsets F' of I we find
Doier @i < D kex (ZieJk ai)-

Now take an arbitrary finite L C K and arbitrary finite Fj, C Ji for each
k € L. Then ), (EzeFk ai) is, clearly, a sum (without repetitions) over
the finite subset Uper Fi of I. Hence ), (ZieFk ai) < > er @i Taking
supremum over the finite subsets Fj of J for each k € L, one at a time, we
get that >, c; (Y, @) < Dies ai- Finally, taking supremum over the finite
subsets L of K, we find ", (Y, a;) <> ;c;ai and conclude the proof.

After this short investigation of the general summation notion we define a
class of measures.

Proposition 2.7 Let X be non-empty and consider a : X — [0,+00]. We
define p: P(X) — [0, +00] by

wE)=> a., ECX.
zeFR
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Then p is a measure on (X, P(X)).

Proof: 1t is obvious that p(0)) = >, az = 0.

If Fh, Es,... are pairwise disjoint and E = U,"{i‘j E,,, we apply Propositions
2.3 and 2.6 to find u(E) = Y cpte = Yopen (Xperm, @) = Dopen #(En) =
S i(En).

Definition 2.5 The measure defined in the statement of the previous proposi-
tion is called the point-mass distribution on X induced by the function
a. The value a, is called the point-mass at x.

Examples.
1. Consider the function which puts point-mass a, = 1 at every z € X. It is
then obvious that the induced point-mass distribution is

4(E) = card(F), if Eis a finite C X,
| oo, if F is an infinite C X.

This is called the counting measure on X.
2. Take a particular g € X and the function which puts point-mass a,, =1 at
zo and point-mass a, = 0 at all other points of X. Then the induced point-mass

distribution is
- 1, ifzge FCX,

This is called the Dirac measure at xg or the Dirac mass at xg.

Of course, it is very easy to show directly, without using Proposition 2.7,
that these two examples, # and d,,, constitute measures.

2.3 Complete measures.

Theorem 2.2(i) says that a subset of a p-null set is also p-null, provided that
the subset is contained in the o-algebra on which the measure is defined.

Definition 2.6 Let (X,X, u) be a measure space. Suppose that for every E € ¥
with w(E) =0 and every F C E it is implied that F € & (and hence u(F) =0,
also). Then p is called complete and (X, X, 1) is a complete measure space.

Thus, a measure u is complete if the o-algebra on which it is defined contains
all subsets of p-null sets.

If (X,X1,p1) and (X, X9, u2) are two measure spaces on the same set X,
we say that (X, 3s, ug) is an extension of (X, X, py) if 31 C 3o and pq(F) =
po(E) for all E € X4

Theorem 2.3 Let (X, X, u) be a measure space. Then there is a unique small-
est complete extension (X, %, 1) of (X, X, u). Namely, there is a unique measure
space (X, %, i) so that

(i) (X,%,70) is an extension of (X, 3, i),
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(ii) (X,X, 1) is complete,
(iii) if (X,X,7) _is another complete extension of (X, %, 1), then it is an exten-
sion also of (X, X, 7).

Proof: We shall first construct (X, 3, 7). We define
Y={AUF|A€e¥ and F C E for some E € ¥ with u(E) = 0}.

(a) We prove that ¥ is a o-algebra. We write ) = )U@, where the first () belongs
to X and the second () is a subset of () € ¥ with u(0) = 0. Therefore () € 3.

Let BeX. Then B= AUF for A € ¥ and F C of some E € ¥ with
p(E) = 0. Write B = A; U Fy, where A; = (AUE)  and F} = E\ (AUF).
Then A; € ¥ and F; C E. Hence B¢ € .

Let By, Bo,... € ¥. Then for every n, B, = A, UF,, for A, € ¥ and F,, C
of some E, € ¥ with u(E,) = 0. Now Ul> B,, = (U2 A4,) U (US> F,), where
Ut A4, € ¥ and USNFE, C UIXNE, € ¥ with u(U > E,) = 0. Therefore
U B, €3
(b) We now construct zi. For every B € ¥ we write B= AU F for A € ¥ and
F C of some E € ¥ with u(E) =0 and define

7i(B) = u(A).

To prove that fi(B) is well defined we consider that we may also have B =
A'UF for A" € ¥ and F’ C of some E’ € ¥ with u(E’) = 0 and we must prove
that p(A) = p(A’). Since A C B C AU FE’, we have pu(A) < p(A') + w(E') =
(A’ and, symmetrically, u(A") < u(A).

(¢) To prove that 77 is a measure on (X, ) let ) = QU as in (a) and get 7() =
w(0) = 0. Let also By, Ba, ... € ¥ be pairwise disjoint. Then B,, = A,, U F, for
A, €X¥and F, C E, € ¥ with u(E,) = 0. Observe that the A4,’s are pairwise
disjoint. Then U B, = (U A,) U (UNF,) and U N F, C UI'NE, € ©
with (U5 Ey) = 0. Therefore (UL Bu) = #(U3% An) = 05 1(An) =
502 A(By). _

(d) We now prove that 7 is complete. Let B € ¥ with f(B) = 0 and let
B’ C B. Write B=AUF for A Y and F C E € ¥ with g(F) = 0 and
observe that u(A) = @(B) = 0. Then write B = A’UF’, where A’ =0 € ¥ and
F' =B C F where ' = AUFE € ¥ with u(£’") < u(A4) + u(E) = 0. Hence
B'ex.

(e) To prove that (X, ¥, 71) is an extension of (X, 3, u) we take any A € ¥ and
write A = AU, where ) C () € ¥ with () = 0. This implies that A € ¥ and
i(A) = p(4). -

(f) Now suppose that (X, 3, 71) is another complete extension of (X, %, u). Take
any B € ¥ and thus B= AUF for A€ ¥ and F C E € ¥ with u(E) = 0.

But then A, E € S and i(E) = u(E) = 0. Since 7 is complete, we get that also

FefandheneeB:AUFei
_ Moreover, 7i(A) < H(B) < 7
7i(A) = u(A) = i(B).

(A) + w(F) = 1(A), which implies z(B) =
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(g) It only remains to prove the uniqueness of a smallest complete extension of
(X, %, p). This is obvious, since two smallest complete extensions of (X, X, u)
must both be extensions of each other and, hence, identical.

Definition 2.7 If (X, X, u) is a measure space, then its smallest complete ex-
tension is called the completion of (X, X, u).

2.4 Restriction of a measure.

Proposition 2.8 Let (X,X, ) be a measure space and let Y € X. If we define
py =3 — [0, 400] by

py(A) =p(ANY),  AeX,

then py is a measure on (X, ) with the properties that py (A) = p(A) for every

AeX, ACY, and that py (A) =0 for every A€ X, ANY ={.
Proof: We have py (0) = p(0NY) = pu(@) = 0.

If A1, Az, ... € ¥ are pairwise disjoint, py (U] 1A = ((U;‘:O‘fAj) ny) =
p(U255 (4, 0 Y)) = S5 Ay 0Y) = Sy (4

Therefore, puy is a measure on (X, ) and its two properties are trivial to
prove.

Definition 2.8 Let (X,X, 1) be a measure space and let Y € X.. The measure
wy on (X, X)) of Proposition 2.8 is called the restriction of n on Y.

There is a second kind of restriction of a measure. To define it we recall
that the restriction ¥]Y of the o-algebra X of subsets of X on the non-empty
Y C X is defined as XY = {ANY |4 e X}

Lemma 2.1 Let X be a o-algebra of subsets of X and let Y € ¥ be non-empty.
Then

Y ={AeX|AC Y}

Proof: Weset ) = {A € X|ACY}. If Be 2]Y,then B=ANY for
some A € X. Since Y € ¥, we find that B € ¥ and B = ANY C Y and,
hence, B € ¥'. Conversely, if B € ¥/, then B € ¥ and B C Y and, if we set
A=Be¥ wehave B=ANY € X\Y.

Proposition 2.9 Let (X, 3, u) be a measure space and let Y € ¥ be non-empty.
We consider 1Y = {A € £| A CY} and define p]Y : 1Y — [0, +00] by

(u]Y)(A) = p(4),  AeXl]y
Then ulY is a measure on (Y, X]Y).

Proof: Obvious.
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Definition 2.9 Let (X, 3, u) be a measure space and let Y € ¥ be non-empty.
The measure p|Y on (Y, X1Y) of Proposition 2.9 is called the restriction of
won X|Y.

Informally speaking, we may describe the relation between the two restric-
tions of p as follows. The restriction py assigns value 0 to all sets in ¥ which
are included in the complement of ¥ while the restriction p]Y simply ignores
all those sets. Both restrictions puy and p]Y assign the same values (the same
to the values that p assigns) to all sets in ¥ which are included in Y.

2.5 Uniqueness of measures.

The next result is very useful when we want to prove that two measures are
equal on a g-algebra . It says that it is enough to prove that they are equal on
an algebra which generates X, provided that an extra assumption of o-finiteness
of the two measures on the algebra is satisfied.

Theorem 2.4 Let A be an algebra of subsets of the non-empty set X and let
w, v be two measures on (X,3(A)). Suppose there exist A1, Aa,... € A with
Apn 1 X and p(Ag), v(Ag) < +oo for all k.

If u,v are equal on A, then they are equal also on (A).

Proof: (a) Suppose that pu(X),v(X) < +o0.

We define the collection M = {E € X(A)|u(E) = v(E)}. It is easy to
see that M is a monotone class. Indeed, let Eq,Es,... € M with E,, T E.
By continuity of measures from below, we get w(E) = lim,— 400 p(Ern) =
lim, o v(E,) = v(F) and thus E € M. We do exactly the same when
E, | E, using the continuity of measures from above and the extra assumption
p(X),v(X) < +o0.

Since M is a monotone class including A, Proposition 1.12 implies that
M(A) C M. Now Theorem 1.1 implies that X(A) C M and thus u(E) = v(E)
for all E € 3(A).

(b) The general case.
For each k, consider the restrictions of u,v on Ag. Namely,

1a(B) = f(EN AW, va (E) = v(ENAy)

for all E € ¥(A). All pa, and vy4, are finite measures on (X,X), because
pa, (X) = p(Ar) < +o0o and va, (X) = v(Ag) < +oo. We clearly have that
tA,,va, are equal on A and, by the result of (a), they are equal also on X(.A).
For every E € ¥(.A) we can write, using the £ N A, T E and the continuity
of measures from below, p(E) = limy,— oo p(E N Ag) = limyq00 a, (E) =
limy,— oo V4, (F) = lim, 400 ¥(E N Ag) = v(E).
Thus, u, v are equal on X(A).
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2.6 Exercises.

1.

Let (X, ¥, 1) be a measure space and Ay, Aa, ... € X. Prove u(Uf>A,) =
limg,— 40 M(UzzlAk)'

. Let (X, X, u) be a measure space and Y € 3. Prove that py is the only

measure on (X, ) with the properties:
(i) py (E) = u(E) for all E € ¥ with EC Y,
(ii) gy (E) = 0 for all E € ¥ with E C Y*.

. Positive linear combinations of measures.

Let p, p1 12 be measures on the measurable space (X, X) and x € [0, +00).
(i) Prove that xku : ¥ — [0, +00], which is defined by

(kp)(E) = x - u(E)

for all E € X, is a measure on (X,X). The measure xu is called the
product of u by k.
(ii) Prove that p; 4 pg : 3 — [0, +00], which is defined by

(11 + p2)(E) = p1(E) + p2(E)

for all E € ¥, is a measure on (X, X). The measure p1 + p2 is called the
sum of p; and pus.

Thus we define (positive) linear combinations ki1 + -+ + Kpfin.

. Let X be non-empty and consider a finite A C X. If a : X — [0,+00]

satisfies a, = 0 for all z ¢ A, prove that the point-mass distribution u
on X induced by a can be written as a positive linear combination (see
Exercise 2.6.3) of Dirac measures:

= K10z + -+ + KiOg,

. Let X be infinite and define for all £ C X

(E) = 0, if F is finite,
mE) = +o00, if E is infinite.

Prove that u is a finitely additive measure on (X, P(X)) which is not a
measure.

. Let (X,X, u) be a measure space and E € ¥ be of o-finite measure. If

{D;}ier is a collection of pairwise disjoint sets in X, prove that the set
{i e Ilu(END;) > 0} is countable.

Let X be uncountable and define for all £ C X

(E) = 0, if F is countable,
&)= 400, if E is uncountable.

Prove that p is a measure on (X, P(X)) which is not semifinite.
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Let (X,X,u) be a complete measure space. If A € ¥, B C X and
w(AAB) = 0, prove that B € ¥ and u(B) = u(A).

Let p be a finitely additive measure on the measurable space (X, X).

(i) Prove that u is a measure if and only if it is continuous from below.
(ii) If u(X) < 400, prove that p is a measure if and only if it is continuous
from above.

Let (X, X, 1) be a measure space and Aq, Ag, ... € X. Prove that
(1) p(liminf,, 4 An) < liminf,— oo u(An),

(iii) p(limsup,, ., A ) =0,if 37 u(A,) < +oo.
Increasing limits of measures are measures.

Let {un} be a sequence of measures on (X, ) which is increasing. Namely,
tn(E) < piny1(E) for all E € 3 and all n. We define

p(E) = lim pn(E)

n—-+4oo
for all E € 3. Prove that p is a measure on (X, ¥).

Let I be a set of indices and a,b: I — [0, +00].

(i) Prove that ), ;a; = 0 if and only if a; = 0 for all i € [.
(i) If J={i € I|a; >0}, prove that ., a; = > .. a;
(iii) Prove that, for all k € [0, o0,

E Iiaizlig a; .
i€l i€l

(iv) Prove that

dai+b) = ai+> b

iel el iel

Tonelli’s Theorem for sums.

Let I, J be two sets of indices and a : I x J — [0, +00]. Using Proposition
2.6, prove that

Z (Zai-ﬂ') - Z Gij = Z (Zai,j)-

i€l jeJ (,§)EIXJ jeJ el

Recognize as a special case the

dai+b) = ai+> b

iel iel iel

for every a,b: I — [0, +00].
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14.

15.

16.

17.

Let X be non-empty and consider the point-mass distribution u defined
by the function a : X — [0, 4+00]. Prove that

(i) p is semifinite if and only if a, < +oo for every z € X,

(ii) p is o-finite if and only if a; < 4oo for every x € X and the set
{z € X |a, > 0} is countable.

Let (X, X, 1) be a measure space.
(i) If A,B € ¥ and u(AAB) = 0, prove that u(A) = u(B).
(ii) We define A ~ B if A,B € ¥ and u(AAB) = 0. Prove that ~ is an

equivalence relation on .

We assume that x(X) < 400 and define
d(A, B) = u(ALB)

for all A,B € X.

(iii) Prove that d is a pseudometric on . This means: 0 < d(4, B) < 400,
d(A,B) =d(B,A) and d(A,C) < d(A,B) +d(B,C) for all A,B,C €%
(iv) On the set X/ ~ of all equivalence classes we define

d([A], [B]) = d(A, B) = p(AAB)

for all [A], [B] € ¥/ ~. Prove that d([A],[B]) is well-defined and that d is
a metric on 3/ ~.

Let p be a semifinite measure on the measurable space (X, ). Prove that
for every E € ¥ with p(E) = 400 and every M > 0 there is an F' € ¥ so
that F C E and M < p(F) < +oc.

The saturation of a measure space.

Let (X, 3, u) be a measure space. We call the set E C X locally mea-
surable if ENA € ¥ for all A € ¥ with p(A) < +oo. We define

S = {E C X | E is locally measurable}.

(i) Prove that . C ¥ and that ¥ is a o-algebra. If ¥ = 3, then (X, %, u)
is called saturated.
(ii) If p is o-finite, prove that (X, X, u) is saturated.

We define (B)
o (wE), fEeY,
“(E)_{+oo, if £ e\ %,

(iii) Prove that /i is a measure on (X, ), and hence (X, X, /i) is an exten-
sion of (X, X, p).
(iv) If (X, X, u) is complete, prove that (X, 3, i) is also complete.

(
(

v) Prove that (X, 3, 1) is a saturated measure space.

X, f], i) is called the saturation of (X, 3, u).
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The direct sum of measure spaces.

Let {(X;, X, pi) }ier be a collection of measure spaces, where the X;’s are
pairwise disjoint. We define

X =UierXi, S={ECX|ENX;ey;foralliecl}

and

pE) = mi(ENX;)
iel

for all £ € 3.
(i) Prove that (X, ¥, u) is a measure space. It is called the direct sum
of {(Xl, 21‘, ,ui)}iel and it is denoted ®iEI(Xi7 21‘, ,uz)
(ii) Prove that u is o-finite if and only if the set J = {i € I'|pu; # o} is
countable and p; is o-finite for all ¢ € J.
Characterisation of point-mass distributions.

Let X # 0. Prove that every measure p on (X,P(X)) is a point-mass
distribution.
The push-forward of a measure.

Let (X,X%, 1) be a measure space and f : X — Y. We consider the o-
algebra ¥’ = {B C Y | f~1(B) € ¥}, the push-forward of ¥ by f on YV
(see Exercise 1.6.7). We define

W(B)=p(f~(B), Bex.

Prove that u' is a measure on (Y,X'). It is called the push-forward of
uwby fonY.
The pull-back of a measure.

Let (Y,XY', ') be a measure space and f : X — Y be one-to-one and onto
Y. We consider the o-algebra ¥ = {f~1(B)| B € ¥'}, the pull-back of ¥’
by f on X (see Exercise 1.6.8). We define

wA) =u'(f(4), Aex.

Prove that p is a measure on (X, Y). It is called the pull-back of u’ by
fon X.
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Outer measures

3.1 Outer measures.

Definition 3.1 Let X be a non-empty set. A function p* : P(X) — [0, +00] is
called outer measure on X if
(i) p*(0) =0,
(i) p*(A) < p*(B) if ACBC X,
(iti) p* (US55 A,) < S22 1 (A,) for all sequences { Ay} of subsets of X.
Thus, an outer measure on X is defined for all subsets of X, it is monotone and
o-subadditive.

We shall see now how a measure is constructed from an outer measure.

Definition 3.2 Let u* be an outer measure on the non-empty set X. We say
that the set A C X is u*-measurable if

W (BN A)+ 1 (E N A°) = p* (E)

forall E C X.
We denote X« the collection of all p*-measurable subsets of X.

Thus, a set is p*-measurable if and only if it decomposes every subset of X into
two disjoint pieces whose outer measures add to give the outer measure of the
subset.

Observe that E = (ENA)U(ENA°)UDUDU--- and by the o-subadditivity
of u* we have p*(E) < p*(ENA)+ p*(ENA°)+0+4+0+---. Therefore, in
order to check the validity of the equality in the definition, it is enough to check
the inequality p*(E N A) + p*(E N A°) < p*(E). Furthermore, it is enough to
check this last inequality in the case p*(E) < +oc.

Theorem 3.1 (Caratheodory) If u* is an outer measure on X, then the collec-
tion X~ of all p*-measurable subsets of X is a o-algebra. If we denote 1 the
restriction of pu* on X+, then (X, X+, 1) is a complete measure space.

33
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Proof: (a) p*(ENQ) + p*(EN0°) = p*(0) + p*(E) = p*(E) and ) € X+

If A € ¥,~, then p*(ENA®)+p*(EN(A®)°) = p*(ENA)+p*(ENA°) = u*(E)
for all E C X. This says that A° € ¥,- and X~ is closed under complements.
(b) Let now A, B € ¥~ and take an arbitrary £ C X. To check AUB € £,-
write p*(EN(AUB))+p*(EN(AUB)) = p*(EN(AUB)) 4 u*(EN(A°N B°))
and use the subadditivity of p* for the first term to get < pu*(E N (AN B)) +
p(EN(BNA))+p*(EN(ANB))+pu*(EN(A°N B°)). Now combine the first
and third term and also the second and fourth term with the p*-measurability
of B toget = p*(ENA)+p*(ENA®), which is = p*(FE) by the p*-measurability
of A.

This proves that AU B € X~ and by induction we get that X,- is closed

under finite unions. Since it is closed under complements, it is an algebra of
subsets of X and, hence, it is also closed under finite intersections and under
set-theoretic differences.
(c) Let A, B € ¥« with ANB = ) and get for all E C X that u*(EN(AUB)) =
p*((EN(AUB)NA) +p*([EN(AUB)NA°) =p*(ENA)+ p*(ENB). By
an obvious induction we find that if Aq,..., Ay € X+ are pairwise disjoint and
E C X is arbitrary then p*(EN(A1U---UAN)) = p*(ENA)+- -+ p*(ENAp).
If now Ay, Ag, ... € ¥, are pairwise disjoint and £ C X is arbitrary, then, for
all N, i (ENAL) 4+ -+p* (BN Aw) = p* (BN(A1U---UAy)) < p* (BA(US% An)
by the monotonicity of u*. Hence % p*(ENA,) < p*(EN(U;25A,)). Since
the opposite inequality is immediate after the o-subadditivity of p*, we conclude
the basic equality

—+oo
S uH(ENA) = 1 (B0 (U5 A,))
n=1
for all pairwise disjoint A, Aa,... € ¥« and all £ C X.
(d) If Ay, As,... € X+ are pairwise disjoint and £ C X is arbitrary, then, by
the result of (b), UY_, A, € £, for all N. Hence p*(E) = p*(EN (UY_, A,)) +
wr(En(UN_,A,)°) > Zﬁ;l p(EN A+ p*(EN (U2 AL)°), where we used
the basic equality for the first term and the monotonicity of pu* for the second
term. Since N is arbitrary, u*(E) > 352 p*(ENA,) + p*(EN(UF2 A,)°) =
(BN (U AL) + p* (BN (U2 A,)°) by the basic equality.
This means that U A,, € 3+
If Ay, Ay, ... € ¥~ are not necessarily pairwise disjoint, we write By = A,
and B, = A, \ (A1 U---UA,_1) for all n > 2. Then, by the result of (b),
all B,,’s belong to ¥, and they are pairwise disjoint. Therefore, by the last
paragraph, U2 A,, = U2 B,, € ¥,,-. We conclude that ¥, is a o-algebra.
(e) We now define p : ¥+ — [0, 400] as the restriction of *, namely p(A) =
p*(A) for all A € X«
Using F = X in the basic equality, we get that for all pairwise disjoint
Al,AQ,... S 2#*,

+oo —+oo
Dou(An) =D (An) = 1 (U AR) = u(U2 Ay).
n=1 n=1
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Since p(0) = p*(0) = 0 we see that (X,X,-, 1) is a measure space.
(f) Let A € ¥« with u(A) =0 and B C A. Then p*(B) < p*(A) = p(A) =0
and for all E C X we get p*(E N B) + p*(ENB°) < u*(B) + p*(E) = p*(E).
Hence B € ¥« and p is complete.

As a by-product of the proof of Caratheodory’s theorem we get the useful

Proposition 3.1 Let u* be an outer measure on the non-empty X.
(i) If BC X has p*(B) =0, then B is pu*-measurable.
(ii) For all pairwise disjoint p*-measurable Ay, Aa, ... and all E C X

+oo
ST (BN Ay) = wt (B0 (U5 A0).

n=1

Proof: The proof of (i) is in part (f) of the proof of the theorem of Caratheodory
and the proof of (ii) is the basic equality in part (c) of the same proof.

3.2 Construction of outer measures.

Definition 3.3 Let X be a non-empty set. A collection C of subsets of X is
called a o-covering collection for X if ) € C and there exist X1, Xs,... €C
so that X = U2 X,,.

Theorem 3.2 Suppose we have a o-covering collection C for X and an arbi-
trary function T : C — [0, +o00] with 7(0) = 0. If we define

1nf{z i)|1C1,Ca, ... €C so thatEQU;':(Xan}

for all E C X, then u* is an outer measure on X.

Before the proof, observe that in the definition of p*(E) the set over which the
infimum is taken is not empty, since there is at least one countable covering of
E, in fact even of X, with elements of C. This is clear from the definition of a
o-covering collection.

Proof: For ) the covering d COUPU - -- implies pu*(0) S T(0) +7@)+---=0.

Let A C B C X and take an arbitrary covering B C U °1Cp with C’l, ... €C.
Then we also have A C U+°°C and by the definition of w*(A) we get u*(A) <
ZJ 1 7(Cj). Therefore, by the definition of p*(B) we find p*(A4) < p*(B).

Finally, let’s prove pu (U:{i’jAn) < En:lﬂ (A,) for all Al,AQ,... C X.
If the right side is = 400, the inequality is clear. Therefore we assume that
the right side is < 400 and, hence, that p*(A,) < +oo for all n. By the
definition of each u (A ), for every e > 0 there exist Cp, 1,Cp 2,... € C so that
Ap CUOOC'jandZ_lT( g) < (An) + 5=
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Then U X An € Um,j)enxnChn,j and, using an arbitrary enumeration of

N x N and Proposmon 2.3, we get by the definition of u*(U:>jA,) that
u*(U+°°A ) < X, j)eNXNT(CnJ)' Proposition 2.6 implies p*(U/>5A,) <
(ZJ 17'( Chn.j)) < ZI?}(M*(A )+ oaw) = Zn 1 11 (Ap) + €. Since € is

arb1trary, we conclude that p*(U>5A,) < Zn L (Ap).
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3.3 Exercises.

1. Let u* be an outer measure on X and Y C X. Define u} (E) = p*(ENY)
for all £ C X and prove that uj is an outer measure on X and that Y is
[3--measurable.

2. Let p*,ut, ps be outer measures on X and k € [0,400). Prove that
Kkp®, uy + pd and max(py, pd) are outer measures on X, where these are
defined by the formulas

(k") (E) = K- p*(E), (17 + p3)(E) = pi(E) + ps(E)

and
max(uy, u3)(E) = max(ui(E), u3(E))
for all £ C X.

3. Let X be a non-empty set and consider p*(f) = 0 and p*(E) = 1 if
) # E C X. Prove that p* is an outer measure on X and find all the
p*-measurable subsets of X.

4. For every E C N define x(E) = limsup,,_, . = card(E N {1,2,...,n}).
Is k an outer measure on N?

5. Let {u}} be a sequence of outer measures on X. Let u*(E) = sup,, 1) (F)
for all £ C X and prove that p* is an outer measure on X.

6. Let u* be an outer measure on X. If Ay, Ay,... € ¥+ with A, C A, 4, for
all n and E C X, prove that lim,, 1o p*(A, NE) = p* ( Ui (4. N E))

7. Extension of a measure, I.

Let (X, X0, o) be a measure space. For every E C X we define
+oo
ILL*(E) = inf { ZUO(AJ) |A1,A27 S ZOvE - U;r:OTAJ}v
j=1

(i) Prove that u* is an outer measure on X. We say that p* is induced
by the measure pyg.

(ii) Prove that p*(E) = min {y0(A)| A € 5o, E C A}.

(iii) If (X, X+, p) is the complete measure space which results from p* by
the theorem of Caratheodory (i.e. p is the restriction of u* on X« ), prove
that (X, X+, 1) is an extension of (X, o, o).

(iv) Assume that £ C X and Ay, As,... € ¥y with E C U;;O‘fAj and
1(A;) < +oo for all j. Prove that E € ¥+ if and only if there is some
A€ Xgsothat EC Aand p*(A\ E) =0.

(v) If p is o-finite, prove that (X, X+, 1) is the completion of (X, X, o).
(vi) Let X be an uncountable set, X9 = {A C X | A is countable or A€ is
countable} and po(A) = §(A) for every A € Xy. Prove that (X, 3o, p10) is
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a complete measure space and that ¥,« = P(X). Thus, the result of (v)
does not hold in general.

(vii) Prove that (X,X,-, 1) is always the saturation (see exercise 2.5.15)
of the completion of (X, X, 1o).

Measures on algebras.

Let A be an algebra of subsets of the non-empty X. We say that u: A —
[0,4+0c0] is a measure on (X, A) if

(i) n(0) =0 and

(ii) M(U;;OTAJ-) = Z;r:f w(A;) for all pairwise disjoint Aq, A, ... € A with
U;FZOTA]' e A

Prove that if 44 is a measure on (X, A), where A is an algebra of subsets of
X, then p is finitely additive, monotone, o-subadditive, continuous from
below and continuous from above (provided that, every time a countable
union or countable intersection of elements of A appears, we assume that
this is also an element of A).

Extension of a measure, I1.

Let Ag be an algebra of subsets of the non-empty X and pg be a measure
on (X, Ap) (see exercise 3.3.8). For every E C X we define

+oo
j=1

(i) Prove that u* is an outer measure on X. We say that p* is induced
by the measure pyg.

(ii) Prove that u*(A) = po(A) for every A € Ay.

(ili) Prove that every A € Ag is p*-measurable and hence 3(Ag) C X,,+.
Thus, if (after Caratheodory’s theorem) p is the restriction of p* on X+,
the measure space (X, X+, 1) is a complete measure space which extends
(X, Ao, o).

If we consider the restriction (X,X(Ag), ), then this is also a measure
space (perhaps not complete) which extends (X, Ay, 10)-

(iv) If (X,X(Ap),v) is another measure space which is an extension of
(X, Ao, p10), prove that p(E) < v(E) for all E € ¥(Ap) with equality in
case (E) < 4o0.

(v) If the original (X, Ao, o) is o-finite, prove that p is the unique measure
on (X, X(Ap)) which is an extension of ug on (X, Ap).

Regular outer measures.

Let p* be an outer measure on X. We say that y* is a regular outer
measure if for every F C X there is A € ¥,« so that £ C A and
w*(E) = p(A) (where p is the usual restriction of p* on X+ ).

Prove that u* is a regular outer measure if and only if p* is induced by
some measure on some algebra of subsets of X (see exercise 3.3.9).
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Measurable covers.

Let p* be an outer measure on X and p be the induced measure (the
restriction of ©*) on ¥,«. If E, G C X we say that G is a y*-measurable
cover of F'if EC G, G € X, and for all A € ¥+ for which AC G \E
we have pu(A) = 0.

(i) If G1,Gy are p*-measurable covers of E, prove that u(G1AG2) = 0
and hence u(G1) = u(Ga).

(ii) Suppose E C G, G € ¥,» and p*(E) = p(G). If p*(E) < 400, prove
that G is a p*-measurable cover of E.

We say £ C R has an infinite condensation point if £ has uncount-
ably many points outside every bounded interval. Define p*(F) =0 if E
is countable, u*(E) = 1 if E is uncountable and does not have an infinite
condensation point and p*(E) = 4oco if E has an infinite condensation
point. Prove that p* is an outer measure on R and that A C R is p*-
measurable if and only if either A or A° is countable. Does every E C R
have a p*-measurable cover? Is p* a regular outer measure? (See exercises
3.3.10 and 3.3.11).

Consider the collection C of subsets of N which contains () and all the
two-point subsets of N. Define 7(0) = 0 and 7(C) = 2 for all other C € C.
Calculate p*(F) for all E C N, where p* is the outer measure defined as
in Theorem 3.2, and find all the p*-measurable subsets of IN.
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Chapter 4

Lebesgue-measure in R"

4.1 Volume of intervals.

We consider the function vol,,(S) defined for general intervals S, which is just
the product of the lengths of the edges of S: the so-called (n-dimensional)
volume of S. In this section we shall investigate some properties of the volume
of intervals.

Lemma 4.1 Let P = (a1,b1] X --- X (an,bn] and, for each k = 1,...,n, let

ag=c) <ch <<t =by. Ifweset Py o= (P e x (el ]
for1<i; <mq,...,1<i, <my,, then

vol, (P) = Z voln (Piy .. i)

1<iy<my,...,1<in, <my,

Proof: For the second equality in the following calculation we use the distribu-
tive property of multiplication of sums:

Z ol (Pyy ... i)

1<ii<my,...,1<ip <my,

D DG B Gt

1<ir<my,.e,1<iy <my,

mi ) ) Mp
=@ =T Y e =
11=1 in=1

= (by —ay) - (by — an) = vol,(P).

Referring to the situation described by Lemma 4.1 we shall use the expres-
sion: the intervals P, .. ;, result from P by subdivision of its edges.

Lemma 4.2 Let P, Py,..., P, be open-closed intervals and P,..., P, be pair-
wise disjoint. If P = Py U---U Py, then vol,(P) = vol,(Py) + - - - + vol,, (P).

41
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Proof: Let P = (a1,b1] X - - X (an, by] and P; = (a),b]] x - - - x (a,, bl] for every
j=1,...,1

For every k =1,...,n we set
0 1 11 1
{cg, - =Aap, - ap, by, - b,

so that ay = ¢ < ¢} < -++ < "™ = bj,. This simply means that we rename
the numbers a},...,al,bl,... bl in increasing order and so that there are no
repetitions. Of course, the smallest of these numbers is a; and the largest is by,
otherwise the P, ..., P, would not cover P.

It is almost obvious that
(a) every (a},, b}] is the union of some successive among (¢}, ct], ..., (i ', ¢,

(b) none of (ci* 1, ¢ intersects two disjoint among (al, bl ]’s.
We now set

. i1—1 41 in—1 _in
Pil ----- in_(cl ,Cl]X"'X(Cn acn]
forl1 <iy <mq,...,1<i, <m,.

It is clear that the P;
also almost clear that
(c) the intervals among the P;, . ;, which belong to a P; result from it by
subdivision of its edges (this is due to (a)).

(d) every P;, .. ;, is included in exactly one from P, ..., P (this is due to (b)).

We now calculate, using Lemma 4.1 for the first and third equality and
grouping together the intervals P;, ;. which are included in the same P; for
the second equality:

’UOln(P) = Z ’UOln(‘Pil’,,,,in)

1<i<my,.e,1<iy <my,

1,...;in 8 Tesult from P by subdivision of its edges. It is

n

~

Lemma 4.3 Let P, Py,..., P, be open-closed intervals and Py, ..., P, be pair-
wise disjoint. If Py U---UP, C P, then vol,(Py) + - - - + vol,(P) < vol, (P).

Proof: We know from Proposition 1.10 that P\ (P, U---UPF) =P/ U---UPF],
for some pairwise disjoint open-closed intervals Pj, ..., P,. Then P =P U---U
P,UP{U---UP| and Lemma 4.2 now implies that vol, (P) = vol,(P1) + - -- +
voly, (Py) +voly, (P]) 4 - - + volyp (P}) > voly, (P1) + - -+ + voly, ().

Lemma 4.4 Let P, Py,..., P, be open-closed intervals. If P C P U---U B,
then vol, (P) < vol,(Py) 4 - -+ + vol, (F)).

Proof: We first write P = P{U- - -UP] where P] = P;NP are open-closed intervals
included in P. We then write P = P U (Pj\ P[)U---U(P/\ (P{U---UP/_})).
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Each of these [ pairwise disjoint sets can, by Proposition 1.10, be written as a
finite union of pairwise disjoint open-closed intervals: P} = P and

P/\(P{U---UP}_)=P/U---UP],

for2<j<I.
Lemma 4.2 for the equality and Lemma 4.3 for the two inequalities imply
l m;
vol,(P) = wol,(P))+ Z ( Z voln (P,))
j=2 m=1

l

< woly(Py) 4+ ) woly(Pj) < Zvoln(Pj).
= i=1
Lemma 4.5 Let Q be a closed interval and Ry, ..., R; be open intervals so that

Q CRyU---UR;. Then vol,(Q) < wvolp(Ry) + -+ +vol,(Ry).

Proof: Let P and P; be the open-closed intervals with the same edges as () and,
respectively, R;. Then PC Q C Ry U---UR; C P U---U P, and by Lemma
4.4, vol, (Q) = vol,(P) < wvoly,(Py)+ -+ - +wvoly(P) = volp(R1) + - - - +voly, (Ry).

4.2 Lebesgue-measure in R".

Consider the collection C of all open intervals in R™. Since we can write R"” =
U2 (—k, k) x - -+ x (—k, k), the collection is o-covering for R".
Next we consider

7(R) =vol,(R) = (b1 —a1) -+ (bn — an)

for every R = (a1,b1) X -+ X (an,by) € C.
If we define

+oo
my(E) = inf { > voln(R;)| R1, Ry, ... € C so that E C U R, }
j=1

for all £ C R"™, then Theorem 3.2 implies that m} is an outer measure on R".
Now Theorem 3.1 implies that the collection £, = Yo of m}-measurable sets
is a o-algebra of subsets of R™ and, if m,, is defined as the restriction of m}, on
L, then m,, is a complete measure on (X, L,,).

Definition 4.1 (i) L, is called the o-algebra of Lebesgue-measurable sets
in R”,

(ii) m}, is called the (n-dimensional) Lebesgue-outer measure in R" and
(111) my, is called the (n-dimensional) Lebesgue-measure in R".

Our aim now is to study properties of Lebesgue-measurable sets in R™ and
especially their relation with the Borel sets or even more special sets in R", like
open sets or closed sets or unions of intervals.
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Theorem 4.1 Every interval S in R™ is Lebesgue-measurable and m.,(S) =
voly,(S).

Proof: (a) Let Q = [a1,b1] X -+ X [an, by

Since @ C (a1 —€,b1 +€) X -+ X (an — €,b, + €), we get by the definition
of m} that m%(Q) < wol,((a1 —€,b1+€) x -+ X (an, —€,by, +€)) = (b1 — a1 +
2¢) -+ - (by, — an, + 2¢). Since € > 0 is arbitrary, we find m*(Q) < vol, (Q).

Now take any covering, @ C Ry U Ry U -+ of @ by open intervals. Since @
is compact, there is [ so that Q@ C Ry U--- U R;, and Lemma 4.5 implies that
00l (Q) < vol,(Ry) + -+ + volp,(Ry) < ZZ:; voly, (Ry). Therefore vol, (Q) <
m?(Q), and hence m}(Q) = vol,(Q).

Now take any general interval S and let a1, b1, . .., an, b, be the end-points of
its edges. Then Q' C S C Q”, where Q' = [a1+€,b; —€] X - - - X [ap+€,b, —€] and
Q" =a1—€by+€ XX [an, —€b, +€]. Hence m%(Q') < mk(S) <mi(Q"),
namely (by —a; —2€) -+ (by, —an—2€) <mk(S) < (b1 —a1+2€) - (b —an+2e).
Since € > 0 is arbitrary we find mZ (S) = vol,,(S).

(b) Counsider an open-closed interval P and an open interval R. Take the open-
closed interval Pr with the same edges as R. Then m*(RNP) < m*(PrNP) =
vol,(Pgr N P) and m* (RN P¢) < m}(Pr N P°). Now Proposition 1.10 implies
PrNP¢=Pr\P= Pl’ U---U P}, for some pairwise disjoint open-closed intervals
P|,...,P,. Hence m (R NP <mi(P)+ -+ mi(P]) = vol,(P])+ -+
voly, ( ). Altogether, m} (RN P) + m} (RN P°) < wol,,(Pr N P)+ vol,(P) +

-+ wol,,(P]) and, by Lemma 4.2, this is = vol,,(Pr) = vol,(R). We have just
proved that m% (RN P)+m* (RN P°) < wol,(R).

(c) Consider any open-closed interval P and any E C R™ with m} (E) < 4o0.
Take, for arbitrary e > 0, a covering £ C U °1R; of E by open intervals so that

jluoz (R;) < mi(E)+e. Then m (EﬂP)—i—m (ENP) <> 2 mi(R; N

P)+ 32 my(R; N Pe) = Y %[y (R; N P) + my(R; N P¢)] which, by the
result of (b) is < Z+ L voln(R;) < m}(E) + €. This implies that m} (E N P) +
mi(ENP°) < (E) and P is Lebesgue-measurable.

If T is any interval at least one of whose edges is a single point, then m* (T') =
vol,(T) = 0 and, by Proposition 3.1, T is Lebesgue-measurable.

Now any interval S differs from the open-closed interval P, which has the
same sides as S, by finitely many 7’s, and hence S is also Lebesgue-measurable.

Theorem 4.2 Lebesgue-measure is o-finite but not finite.

Proof: We write R" = Uf2Q) with Q, = [—k,k] x --- x [k, k], where
M (Qr) = vol,(Qr) < 400 for all k.

On the other hand, for all k, m,(R"™) > m,(Qkr) = (2k)™ and hence
m,(R™) = 4o00.

Theorem 4.3 All Borel sets in R™ are Lebesque-measurable.

Proof: Theorem 4.1 says that, if £ is the collection of all intervals in R", then
E C L,. But then Br~» = X(€) C L,,.

Therefore all open and all closed subsets of R™ are Lebesgue-measurable.
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Theorem 4.4 Let E C R™. Then

(i) E € L, if and only if there is A, a countable intersection of open sets, so
that E C A and m’(A\ E) = 0.

(i) E € Ly, if and only if there is B, a countable union of compact sets, so that
BCFE and m(E\ B)=0.

Proof: (i) One direction is easy. If there is A, a countable intersection of open
sets, so that E C A and m}(A\ E) = 0, then, by Proposition 3.1, A\ E € L,
and thus E= A\ (A\ E) € L,,.

To prove the other direction consider, after Theorem 4.2, Y1,Ys,... € L, so
that R" = Uz;’olYk and m,(Yy) < +oo for all k. Define Fy, = ENYj so that
E= Uz:iEk and m, (Ey) < oo for all k.

For all k£ and arbitrary I € N find a covering Ej, C U;r:‘xf R;-C’l by open

intervals so that Zj:f voln(R;“’l) < mn(Er) + pr and set UM = U;;O‘fR?’l.

Then Ex C UM and m,, (U*!) < my,(Ey) + ¢ from which

k.l
Now set U! = Uz:i U*!. Then U'! is open and E C U’ and it is trivial to see
that U'\ E C U5 (UM \ Ey) from which we get
400 +o0 1 1
1 < k.l L2
mp(U\E) <3 mp (UM E) <> o = ]
k=1 k=1
Finally, define A = N;2°U" to get that E C A and m,,(A\E) < m,(U\E) <

% for all [ and thus
mp(A\ E)=0.

(ii) If B is a countable union of compact sets, so that B C E and m; (E\ B) = 0,
then, by Proposition 3.1, E\ B € L,, and thus E = BU (E \ B) € L,.

Now take E € L,,. Then E¢ € L, and by (i) there is an A, a countable
intersection of open sets, so that E¢ C A and m,, (A4 \ E°) = 0.

We set B = A€, a countable union of closed sets, and we get m,,(E \ B) =
mn(A\ E°) = 0. Now, let B = U;;O‘fFj, where each Fj is closed. We then write
Fj = U Fj i, where Fj, = FjN([—k, k] x - -~ x [~k, k]) is a compact set. This
proves that B is a countable union of compact sets: B = U xyeNxNF) k-

Theorem 4.4 says that every Lebesque-measurable set in R™ is, except from
a my-null set, equal to a Borel set.

Theorem 4.5 (i) m,, is the only measure on (R™, Brn) with my,(P) = vol, (P)
for every open-closed interval P.
(i1) (R™, L, my) is the completion of (R™, Brn,my,).

Proof: (i) If p is any measure on (R™,Bgrr) with u(P) = wvol,(P) for all
open-closed intervals P, then it is trivial to see that pu(P) = 4oo for any un-
bounded generalised open-closed interval P: just take any increasing sequence
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of open-closed intervals having union P. Therefore p(U72, P;) = 370, u(Pj) =
>oie1mn(Pj) = my(UJL, P;) for all pairwise disjoint open-closed generalised
intervals Py, ..., P,,. Therefore the measures u and m,, are equal on the alge-
bra A = {U",P;|m € N, Py,..., P, pairwise disjoint open-closed generalised
intervals}. By Theorem 2.4, the two measures are equal also on X(A) = Bgn.
(ii) Let (R™, Brr, ;) be the completion of (R™, Brn, my).

By Theorem 4.3, (R™, L,,m,) is a complete extension of (R", Brn,my).
Hence, Br» C L,, and m,(E) = m,,(E) for every E € Bgrx.

Take any F € L,, and, using Theorem 4.4, find a Borel set B so that B C F
and my(F \ B) = 0. Using Theorem 4.4 once more, find a Borel set A so that
(E\ B) C Aand m,(A\ (E\ B)) = 0. Therefore, m,,(4) = m,(A\ (E\ B)) +
mu(E \ B) =0.

Hence we can write E = BU L, where B € Bg» and L=FE\ BC A € Bgrn
with m,,(A) = 0. After Theorem 2.3, we see that E has the form of the typical
element of Br~ and, thus, £, C Br~. This concludes the proof.

Theorem 4.6 Suppose E € L, with m,(E) < +oo. For arbitrary € > 0, there
are pairwise disjoint open intervals Ry, ..., Ry so that m,(EA(R1U---URy)) < e.

Proof: We consider a covering E C U;r:‘xf R; by open intervals such that

S5 voly (R)) < ma(E) + 5.
Now we consider the open-closed interval PJ( which has the same edges as
R}, and then E C U7 P/ and E;r:f vol,(P}) < mn(E) + 5.
Take m so that ;;Ofnﬂ vol, (Pj) < § and observe that £\ (P{U---UP;,

) <
Ui, .1 Pjand (P{U---UP,)\E C (UI=Y P/)\ E. Hence my,(E\(P{U---UP},)) <

Z;:fn“ vol, (P}) < 5 and m,((P{U---UP;, )\ E) < mn(Uj:‘foJf)—mn(E)
Altogether,

5-
mp(EA(P{U---UP!)) <e.

Proposition 1.10 implies that P{U---U P, = Py U---U B, for some pairwise
disjoint open-closed intervals P, ---, P}, so that

mp(EA(PLU---UPB)) <e.
We consider Ry to be the open interval with the same edges as Py so that
Uk B © Ujy Pe and my ((Uj—y Pr) \ (Up—y Ry)) < 22:1 mn (P \ Rg) = 0.
This easily implies that

mp(EA(RLU---URy)) < e

4.3 Lebesgue-measure and simple transforma-
tions.

Some of the simplest and most important transformations of R™ are the trans-
lations and the linear transformations.
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Every y € R" defines the translation 7, : R® — R" by the formula
() =z +y, zeR"

Then 7, is a one-to-one transformation of R™ onto R™ and its inverse transfor-
mation is 7_,. 7, is linear only if y = 0. For every £ C R" we define

y+E={y+z|zeE}(=m(E)).
Every A > 0 defines the dilation ) : R® — R"™ by the formula
I(z) =Xz, z€R"™

Then [, is a linear one-to-one transformation of R™ onto R™ and its inverse
transformation is [ 1. For every E C R™ we define

AE = {\z|z € B} (= I\(E)).

If S is any interval in R, then any translation transforms it onto another
interval (of the same type) with the same volume. In fact, if ai,b1,...,an,b,
are the end-points of the edges of S, then the translated y + .5 has y1 +a1,y1 +
b1, ..y Yn + Gn,Yn + by as end-points of its edges. Therefore vol, (y + S) =
((y1+b1)_(yl+a1)) T ((yn+bn)_(yn+an)) = (bl_al) ce (bn_an) = UOZH(S)-

If we dilate the interval S with a1,b1,...,an,b, as end-points of its edges
by the number A > 0, then we get the interval AS with Aai, \b1, ..., Aan, Ab,
as end-points of its edges. Therefore, vol, (AS) = (Aby — Aaq) -+ - (Aby, — Aay,) =
A(by —ay) - (b — an) = Aol (S).

Another transformation is r, reflection through 0, with the formula

r(r) =—-z, x€R"
This is one-to-one onto R™, linear and it is the inverse of itself. We define
—E={-z|z e E}(=r(E))

for all £ C R™. If S is any interval with ai,b1,...,an, b, as end-points of its
edges, then —S is an interval with —by, —a1,...,—b,, —a, as end-points of its
edges and vol,,(—S) = (—a1 + b1) - - (—an + by) = vol,, (S).

After all these, we may say that n-dimensional volume of intervals is invari-
ant under translations and reflection and it is positive-homogeneous of degree n
under dilations.

We shall see that the same are true for n-dimensional Lebesgue-measure of
Lebesgue-measurable sets in R™.

Theorem 4.7 (i) L,, is invariant under translations, reflection and dilations.
That is, for all A € L,, we have that y+A,—A, A € L,, for everyy € R™, A > 0.
(ii) my, is invariant under translations and reflection and positive-homogeneous
of degree n under dilations. That is, for all A € L,, we have that

mn(y + A) =mp(4), my(—A4) =mp(A), mp(AA) = A"m,(A)

for every y € R™, A > 0.
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Proof: (a) Let E C R™ and y € R™. Then for all coverings E C U+°°R by open
intervals we get y+E C U T(y+R;). Hence m},(y+FE) < Z+ 1 vol (y+R;) =

E;r:f vol, (R;). This 1mpl1es that m}(y + E) < m}(F). Now, applying this to

y+ E translated by —y, we get m} (E) = m) (—y+ (y+E)) < m} (y+E). Hence
my,(y + E) = m,,(E)

for all E C R™ and y € R™.
Similarly, —F C Uj-':o‘f(—Rj), which implies m* (—FE) < +°O T vol, (—R;) =
joo vol,(R;). Hence m%(—FE) < m}(E). Applying this to E7 we also get
m(E) =mi(—(—F)) <m}(—F) and thus

n n

for all E C R™.

Also, \E C U;F:OT(/\R ), from which we get m)(AE) < Z+ ) vol, (AR;) =
/\”Z T vol,(R;) and hence m},(AE) < A"m;(E). Applying to + and to AE,
we find mn(E) =mi($(AE)) < (5)"m(AE), which gives

my (AE) = A"m) (E).

(b) Suppose now that A € £,, and E C R".

Then mj, (EN(y+A))+m} (EN(y+A)°) = mi (y+[(—y+E)NA]) +m;, (y+
[(—y+E)NAT) =m}((—y+ E)NA) +m}((—y+ E)NA®) =m}(—y+ E) =
my(E). Therefore y + A € L,,.

Also mi (EN(=A)) +mi(EN(=A)°) =m(—[(—=E)NA]) +mi (- [(—E)N
A) = m;((=E) N A) + mj,((—E) N A°) = m}(—E) = mj,(E). Therefore
—AeL,.

Finally m:;(E N(AA)) +mi(EN(AA)°) = mi (A(FE) N A]

A°)) = xmm (3 mA)+>\" s((FE)NAC
A € L.

(c) If A € Ly, then my(y + A) = mi(y+ A) = mi(A) = mp(4), mp(—A) =
mr(—A) = mk(A) = my(A) and m,(AA) = m}(AA) = A"m (A) = A"my, (A).

mi(A(AE) 0

n

+
) = A"m(+E) = m},(E). Therefore

Reflection and dilations are special cases of linear transformations of R™. As
is well known, a linear transformation of R™ is a function T' : R™ — R" such
that

Tx+y)=T)+T(y), z,y € R",

and every such T has a determinant, det(T') € R. In particular, det(r) = (—=1)"
and det(ly) = A™.

We recall that T is one-to-one and onto R™ if and only if det(T") # 0 and
that, if T =T} o Ty, then det(T) = det(Ty) det(T3).

Theorem 4.8 Let T : R™ — R"™ be a linear transformation. If A € L,,, then
T(A) € L,, and m,,(T(A)) = |det(T)| m,(A).
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Proof: At first we assume that det(7T") # 0.
(a) If T has the form T'(z1,22,...,2n) = (A21,Z2,...,2y,) for a certain A €
R\ {0}, then det(T) = X and, if P = (a1,b1] X (ag2,b2] X -+ X (an,by], then
T(P) = (/\al,)\bl] X (ag,bg] X X (an,bn] or T(P) = ()\bl, /\al] X (CLQ,bQ] X X
(@n,by], depending on whether A > 0 or A < 0. Thus T'(P) is an interval and
mn (T (P)) = [Amn(P) = | det(T)|mn (P).

If T(,Tl,xg,...,$i_1,$i,$i+1,...,LL‘n) = (,Ti,,fg,...,$i_1,$1,$i+1,...,LL‘n)
for a certain ¢ # 1, then det(T) = —1 and, if P = (a1,b1] X (ag,ba] X -+ X
(ai_l, bi—l] X (ai, bz] X (ai+1, bi+1] X X (an, bn], then T(P) = (ai, bz] X (ag, bg] X
e X (ai,l, bifl] X (al, bl] X (ai+1, bi+1] X X (an, bn] Thus T(P) is an interval
and my, (T'(P)) = myp(P) = | det(T)|m., (P).

If T(Il, ey Lj—15 T4, Ljg-1y - - - ,In) = (Il, ey Lj—1,T4 + L1y Li41ye-- ,In) for
a certain ¢ # 1, then det(T) = 1 and, if P = (a1,b1] x -+ X (@j—1,b;i—1] X
(@i, bi] X (@i41,bit1] X -+ X (ap, by, then T(P) is not an interval any more but
T(P) = {(y1,---,yn)|yj € (aj,b;] for j # i,y; — y1 € (a;,b;]} is a Borel set
and hence it is in £,,. We define the following three auxilliary sets: L =
(al,bl] X oo X (aifl,bifl] X (ai + al,bi + bl] X (a;i+1,bi+1] X oo X ((}Ln,bn],
M = {(y1,--,yn) lyj € (aj,bj] for j #d,a; + a1 < y; < a;+y1} and N =
{(y1s---,yn) ly; € (aj,b5] for j # i,b; + a1 < y; < b +y1}. It is easy to see
that all four sets, T'(P), L, M, N, are Borel sets and T(P)NM =0, LN N = 0,
T(P)UM = LUN and that N = M + ¢, where 2o = (0,...,0,b; —a;,0,...,0).
Then m, (T (P)) + mp, (M) = mu,(L) + m,(N) and m, (M) = m,(N), implying
that my, (T (P)) = mp(L) = my(P) = | det(T)|mn(P), because L is an interval.
(b) Now, let T be any linear transformation of the above three types. We
have shown that m,(T(P)) = |det(T)|m,(P) for every open-closed interval
P. If R = (a1,b1) x -+ X (an,by) it is easy to see, just as in the case of
open-closed intervals, that T'(R) is a Borel set. We consider P, = (ay, b1] X

- X (ap,by] and Py = (a1,b1 — €] X -+ X (an, by, — €] and, from P, C R C
P, we get T(P2) C T(R) C T(P1). Hence |det(T)|m,(P2) < my(T(R)) <
| det(T)|mn(P1) = |det(T)|m,(R) and, taking the limit as ¢ — 04, we find
mn(T(R)) = | det(T)|my(R) for every open interval R.

(c) Let, again, T be any linear transformation of one of the three types in (a).
Take any £ C R™ and consider an arbitrary covering £ C U;L:‘xf R; by open in-
tervals. Then T(E) C Uj:ofT(Rj) and hence m% (T'(E)) < Z;L:f mn(T(R;)) =
| det(T)] Ejzof my(R;). Taking the infimum over all coverings, we conclude
s (T(E)) < | det(T) 3 (E).

(d) If T is any linear transformation with det(7") # 0, there are linear trans-
formations T7,...,TxN, where each is of one of the above three types so that
T =Ti0---0Tx. Applying the result of (c) repeatedly, we find m}(T(E)) <
|det(Th)] - - - | det(Tw)|m%(E)| = | det(T)|m% (E) for every E C R™. In this in-
equality, use now the set T'(E) in the place of E and T—! in the place of T,
and get m%(E) < |det(T~1)|m:(T(E)) = |det(T)|"*m;(T(FE)). Combining
the two inequalities, we conclude that

*
n

m,, (T(E)) = [det(T)|m,(E)

n
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for every linear transformation 7" with det(T") # 0 and every E C R™.
(e) Let A € L,,. For all E C R™ we get m¥(ENT(A) +mi(EN(T(A))°) =
my (T(T~(E) 0 A)) +my, (T(T~H(E) N A%)) = |det(T)|[my (T~ (E) N A) +
m* (T~HE)NAS)] = | det(T)|m* (T~Y(E)) = m} (E). This says that T(A) € L,,.
Moreover,
mn(T(A)) = my (T (A)) = |det(T)|m;, (A) = [ det(T)[mn(A).

If det(T") = 0, then V' = T(R") is a linear subspace of R™ with dim(V) <
n — 1. We shall prove that m, (V) = 0 and, from the completeness of m,,, we
shall conclude that T'(A) C V is in £, with m,(T(A)) = 0 = |det(T)|m,(A)
for every A € L,,.

Let {f1,..., fm} be a base of V' (with m < n — 1) and complete it to a base
{fi, s fms fm+1, - - - fu} of R™. Take the linear transformation S : R — R"
given by

Saifi+--Fxpfn) = (21,...,20).

Then S is one-to-one and hence det(.S) # 0. Moreover
S(V)={(z1,...,2m,0,...,0)|z1,...,2m € R}.

We have S(V) = U2 Qk, where Qp = [k, k] x -+ x [k, k] x {0} x---x {0}
Each Qy is a closed interval in R™ with m,,(Q) = 0. Hence, m,(S(V)) = 0
and, then, m,, (V) = | det(S)|"tm,(S(V)) = 0.

If b,b1,...,b, € R™, then the set
M={b+r1b1+ 4+ £nbn |0 < K1,..., 6, <1}

is the typical closed parallelepiped in R™. One of the vertices of M is b and
by,..., by, are the edges of M which start from b. For such an M we define the
linear transformation T : R™ — R" by T'(z) = T'(z1,...,2n) = 2101+ - -+x,b,
for every x = (z1,...,2,) € R"™. We also consider the translation 7, and observe
that

M =7,(T(Qo)),

where Qo = [0,1]™ is the unit qube in R™. Theorems 4.7 and 4.8 imply that M
is Lebesgue-measurable and

My (M) = ma (T(Qo)) = | det(T)[mn(Qo) = | det(T)].

The matrix of T with respect to the standard basis {e1,...,e,} of R™ has as
columns the vectors T'(e1) = by, ..., T(en) = b,. We conclude with the rule that
the Lebesgue-measure of a closed parallelepiped is given by the absolute value of
the determinant of the matriz having as columns the sides of the parallelepiped
starting from one of its vertices.
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4.4 Cantor’s set.

Since a set {x} consisting of only one point of R™ is a degenerate interval,
we see that m,({z}) = vol, ({z}) = 0. Now, every countable subset of R™ has
Lebesgue-measure zero: if A = {x1,z2,...} then m,(4) = EZ:; my({zr}) = 0.
The aim of this section is to provide an uncountable set in R whose Lebesgue-
measure is zero.
We start with the interval
IO = [07 1]7

then take
Il = [0,5} @] [5,1},

next

1 21 27 8
Iy = [O’ 9} U [9’ 3} U [3’ 9] U [9’1]’
and so on, each time dividing each of the intervals we get at the previous stage
into three subintervals of equal length and keeping only the two closed subin-
tervals on the sides.

Therefore we construct a decreasing sequence {I,,} of closed sets so that
every I, consists of 2" closed intervals all of which have the same length 3%
We define

C=nt>I,

and call it the Cantor’s set.

C'is a compact subset of [0, 1] with m1(C) = 0. To see this observe that for
every n, m1(C) < my(I,) = 2" - 3= which tends to 0 as n — +oo.

We shall prove by contradiction that C' is uncountable. Namely, assume that
C = {x1,22,...}. We shall describe an inductive process of picking one from
the subintervals constituting each I,,. It is obvious that every z,, belongs to I,,,
since it belongs to C.

At the first step choose the interval I(!) to be the subinterval of I; which
does not contain 1. Now, [ (1) includes two subintervals of I and at the second
step choose the interval I(?) to be whichever of these two subintervals of I(*)
does not contain z3. (If both do not contain zo, just take the left one.) And
continue inductively: if you have already chosen I*~1) from the subintervals
of I,,_1, then this includes two subintervals of I,,. Choose as I (") whichever of
these two subintervals of 1~1) does not contain ,. (If both do not contain
Zn, just take the left one.)

This produces a sequence {1} of intervals with the following properties:
(i) I C 1I,, for all n,
(ii) 10 € 1=V for all n,
(iii) voly (I™) = 2= — 0 and
(iv) z, ¢ I for all n.
From (ii) and (iii) we conclude that the intersection of all I(™)’s contains a single
point:

NS I = {ao}
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for some zy. From (i) we see that g € I,, for all n and thus zy € C. Therefore,
Ty = x,, for some n € N. But then zq € I and, by (iv), the same point x,
does not belong to I,

We get a contradiction and hence C' is uncountable.

4.5 A non-Lebesgue-measurable set in R.

We consider the following equivalence relation in the set [0,1). For any z,y €
[0,1) we write z ~ y if and only if z—y € Q. That ~ is an equivalence relation
is easy to see:
(a) x ~ x, because z —xz =0 € Q.
()Ifxwy,thenx—yEQ,theny—x——( y) € Q, then y ~ x.
(c)Ifx ~yand y ~ z, then z —y € Q and y — z € Q, then z — z =
(x—y)+ (y —z)eQ,thenxwz.

Using the Axiom of Choice, we form a set [N containing exactly one element
from each equivalence class of ~. This means that:

(i) for every = € [0,1) there is exactly one T € N so that x — T € Q.

Indeed, if we consider the equivalence class of = and the element T of N from
this equivalence class, then x ~ T and hence x — T € Q. Moreover, if there are
twoZ,T € Nsothat t —7T € Qand x — T € Q, then z ~ T and = ~ T, implying
that N contains two different elements from the equivalence class of x.
Our aim is to prove that N is not Lebesgue-measurable.
We form the set
A= U (N +71).

reQN[o0,1)

Diferent (N + r)’s are disjoint:
(ii) if r1,72 € QN [0,1) and r1 # ro, then (N 4+ 1) N (N +r2) = 0.

Indeed, if z € (N +71) N (N + r2), then x —r,x —ry € N. But 2 ~ 2 — 1
and & ~ x —ry, implying that N contains two different (since r; # ry) elements
from the equivalence class of x.

(iii) A C [0,2).

This is clear, since N C [0,1) implies N +r C [0,2) for all r € QN [0,1).

Take an arbitrary z € [0,1) and, by (i), the unique T € N with z — 7 € Q.
Since —1 < & — T < 1 we consider cases: if r =2 —ZT € [0,1), thenx =T +r €
N+r C A, whileifr =2—7 € (—1,0), thenz+1 =T+(r+1) € N+(r+1) C A.
Therefore, for every x € [0,1) either z € A or x + 1 € A. It is easy to see that
exactly one of these two cases is true. Because if z € A and z + 1 € A,
then € N+ r; and 2 +1 € N + ry for some r1,70 € QN [0,1). Hence,
x—ri,x+1—ry € N and N contains two different (since ro — 1 # 1) elements
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of the equivalence class of x. Thus, if we define the sets
Ey={ze€0,1)|z€ A}, Ea={z€[0,1)|z+1€ A}

then we have proved that

(iv) By UEy =[0,1), E1NEy=0.

From (iv) we shall need only that [0,1) C Ey U Es.
We can also prove that

(V)E1U(E2+1):A, Elﬂ(EQ—Fl):(D.

In fact, the second is easy because Fi, F5 C [0,1) and hence Fs +1 C [1,2).
The first is also easy. If x € Ey then x € A. If x € Es +1thenz —1 € Ey
and then z = (x — 1) +1 € A. Thus Ey U (E2 +1) C A. On the other hand,
if £ € A CJ0,2), then, either x € AN[0,1) implying € Ey, or z € AN[L,2)
implying x — 1 € Ey ie. © € B9+ 1. Thus A C By U (E2 +1).

From (v) we shall need only that E1,Es +1 C A.

Now suppose that N is Lebesgue-measurable. By (ii) and by the invari-
ance of my under translations, we get that m1(A) = >, cqrp)ymi(N +1) =
> reqnio,ny (V). If mi(N) > 0, then my(A) = +oo, contradicting (iii). If
m1(N) = 0, then m;(A) = 0, implying by (v) that mi(E1) = mi(E; +1) =0,
hence m1(Ey) = mi(E2) = 0, and finally from (iv), 1 = m4([0,1)) < my(E1) +
mq (EQ) =0.

We arrive at a contradiction and N is not Lebesgue-measurable.
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4.6 Exercises.

1. If A e £,, and A is bounded, prove that m,(A) < 400. Give an example
of an A € £,, which is not bounded but has my(A4) < +o0.

2. The invariance of Lebesque-measure under isometries.

Let T: R™ — R™ be an isometric linear transformation. This means that
T is a linear transformation satisfying |T'(z) — T(y)| = |z — y| for every
z,y € R" or, equivalently, TT* = T*T = I, where T* is the adjoint of T’
and [ is the identity transformation.

Prove that, for every E € L,,, we have m,, (T'(E)) = my(E).

3. A parallelepiped in R is called degenerate if it is included in a hyper-
plane of R™, i.e. in a set of the form b+ V, where b € R™ and V is a
linear subspace of R with dim(V) <n — 1.

Prove that a parallelepiped M is degenerate if and only if m,, (M) = 0.
4. State in a formal way and prove the rule
volume = base area X height
for parallelepipeds in R".

5. Regularity of Lebesgue-measure.

Suppose that A € L,,.

(i) Prove that there is a decreasing sequence {U;} of open sets in R™ so
that A C U; for all j and m,(U;) — m,(A). Conclude that m,(A) =
inf{m,(U)|U open D A}.

(ii) Prove that there is an increasing sequence {K;} of compact sets in
R™ so that K; C A for all j and m,(K;) — my(A). Conclude that
my(A) = sup{m,(K)| K compact C A}.

The validity of (i) and (ii) for (R™, £,,, m,,) is called regularity. We shall
study this notion in chapter 5.

6. An example of an my-null uncountable set, dense in an interval.

Let QN[0,1] = {x1,22,...}. For every ¢ > 0 we define

—+oo —+oo
€ € 1
U(E)ZLJl(ij—gaijJrg)a A=mlU(g)'
j= n=
(i) Prove that my(U(e)) < 2e.
(i) If € < &, prove that [0,1] is not a subset of U (e).
(iii) Prove that A C [0, 1] and m;(A) = 0.
(iv) Prove that QN [0,1] € A and that A is uncountable.

7. Let A=QnN[0,1]. If Ry,..., Ry, are open intervals so that A C UT" | R;,
prove that 1 < 377" | voli(R;). Discuss the contrast to mj(A) = 0.
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8.

10.

11.

Prove that the Cantor’s set is perfect: it is closed and has no isolated
point.

. The Cantor’s set and ternary expansions of numbers.

+00 ap
n=1 3»

(i) Prove that for every sequence {a,} in {0,1,2} the series >
converges to a number in [0, 1].

(ii) Conversely, prove that for every number z in [0, 1] there is a sequence
{an} in {0,1,2} so that z = 3.7 g&. Then we say that 0.ajaz... is a
ternary expansion of z and that a1, aso,... are the ternary digits of
this expansion.

(iii) If 2 € [0, 1] is a rational g%, where m = 1(mod3) and N € N, then x
has exactly two ternary expansions: one is of the form 0.a; ...an—11000. ..
and the other is of the form 0.a;...an—_10222... .

If z € [0,1] is either irrational or rational 5%, where m = 0 or 2(mod3)
and N € N, then it has exactly one ternary expansion which is not of
either one of the above forms.

(iv) Let C be the Cantor’s set. If « € [0, 1], prove that z € C' if and only
if z has at least one ternary expansion containing no ternary digit equal
to 1.

The Cantor’s function.

Let Iy = [0, 1], I1, I2, . . . be the sets used in the construction of the Cantor’s
set C. For each n € N define f, : [0,1] — [0, 1] as follows. If, going from
left to right, J7',...,J3._; are the 2" — 1 subintervals of [0, 1]\ I, then
define f,(0) = 0, fo(1) = 1, define f, to be constant £ in J;* for all
k=1,...,2" —1 and to be linear in each of the subintervals of I,, in such
a way that f, is continuous in [0, 1].

(i) Prove that |fn(2)— fn_1(2)] < 3% for allm > 2 and all z € [0, 1]. This
implies that for every z € [0,1] the series fi(z) + 3775 (fx(z) — fr_1(z))
converges to a real number.

(ii) Define f(z) to be the sum of the series appearing in (i), and prove
that |f(z) — fn(z)| < 55= for all z € [0,1]. Therefore, f, converges to f
uniformly in [0, 1].

(iii) Prove that f(0) =0, f(1) = 1 and that f is continuous and increasing
in [0, 1].

(iv) Prove that for every n: f is constant % inJforallk=1,...,2" —1.
(v) Prove that, if z,y € C and z < y and z,y are not end-points of the
same complementary interval of C, then f(z) < f(y).

This function f is called the Cantor’s function.

The difference set of a set.

(i) Let E C R with mi(E) > 0 and 0 < o < 1. Considering a covering
of E by open intervals of total length < é -mi(E), prove that there is a
non-empty open interval (a,b) so that m§(E N (a,b)) > a - (b — a).

(ii) Let E C R be a Lebesgue-measurable set with m4(E) > 0. Applying
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13.

14.

15.
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(i) with o = 3, prove that EN(E+z)N(a, b) # 0 for all z with |z| < 1(b—a).
(iii) Let E C R be a Lebesgue-measurable set with m4(E) > 0. Prove
that the set D(E) = {z — y|z,y € E}, called the difference set of E,
includes some open interval of the form (—e,€).

Another construction of a non-Lebesgue-measurable set in R.

(i) For any z,y € R define x ~ y if x —y € Q. Prove that ~ is an
equivalence relation in R.

(ii) Let L be a set containing exactly one element from each of the equiv-
alence classes of ~. Prove that R = [J,cq(L + 7) and that the sets
L+r, reQ, are pairwise disjoint.

(iii) Prove that the difference set of L (see exercise 4.6.8) contains no ra-
tional number # 0.

(iv) Using the result of exercise 4.6.8, prove that L is non-Lebesgue-
measurable.

Non-Lebesgue-measurable sets are everywhere, I.

We shall prove that every E C R with mj(E) > 0 includes at least one
non-Lebesgue-measurable set.

(i) Consider the non-Lebesgue-measurable set N C [0, 1] which was con-
structed in section 4.5 and prove that, if B C N is Lebesgue-measurable,
then mq(B) = 0. In other words, if M C N has mj(M) > 0, then M is
non-Lebesgue-measurable.

(ii) Consider an arbitrary E C R with mj(F) > 0. If « = 1—mj(N), then
0 < a < 1, and consider an interval (a, b) so that mi(EN(a,b)) > a(b—a)
(see exercise 4.6.8). Then the set N’ = (b — a)N + a is included in [a, b],
has m§i(N’) = (1 —a) - (b—a) and, if M’ C N’ has m§(M’) > 0, then M’
is non-Lebesgue-measurable.

(iii) Prove that E'N N’ is non-Lebesgue-measurable.

Non-Lebesgue-measurable sets are everywhere, I1.

(i) Consider the set L from exercise 4.6.9. Then E = {J,q(E N (L +71))
and prove that the difference set (exercise 4.6.8) of each EN(L+7) contains
no rational number # 0.

(ii) Prove that, for at least one r € Q, the set EN(L+r) is non-Lebesgue-
measurable (using exercise 4.6.8).

Not all Lebesgue-measurable sets in R are Borel sets and not all continuous
functions map Lebesgue-measurable sets onto Lebesque-measurable sets.

Let f :[0,1] — [0,1] be the Cantor’s function constructed in exercise 4.6.7.
Define g : [0,1] — [0, 2] by the formula
g(x) = f(z) + o, x€]0,1].

(i) Prove that g is continuous, strictly increasing, one-to-one and onto
[0,2]. Its inverse function g=! : [0,2] — [0, 1] is also continuous, strictly
increasing, one-to-one and onto [0, 1].
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16.

17.

18.

19.

(ii) Prove that the set g([0, 1]\ C), where C is the Cantor’s set, is an open
set with Lebesgue-measure equal to 1. Therefore the set E = g(C) has
Lebesgue-measure equal to 1.

(iii) Exercises 4.6.10 and 4.6.11 give non-Lebesgue-measurable sets M C
E. Consider the set K = g~1(M) C C. Prove that K is Lebesgue-
measurable.

(iv) Using exercise 1.5.6, prove that K is not a Borel set in R.

(v) g maps K onto M.

More Cantor’s sets.

Take an arbitrary sequence {e,} so that 0 < ¢, < % for all n. We split
Io = [0, 1] into the three intervals [0, £ — €1], (3 — €1, g—i— €1), [ +e€1,1] and
form I; as the union of the two closed intervals. Inductively, if we have
already constructed I,,—; as a union of certain closed intervals, we split
each of these intervals into three subintervals of which the two side ones
are closed and their proportion to the original is % — €. The union of the
new intervals is the I,,.

We set K = U I,.

(i) Prove that K is compact, has no isolated points and includes no open
interval.

(ii) Prove that K is uncountable.

iii) Prove that my(I,) = (1 — 2¢€1) -+ - (1 — 2¢,) for all n.

iv) Prove that mi(K) = limy,—400(1 — 2€1) -+ (1 — 2¢,,).

v) Taking €, = 55 for all n, prove that m;(K) > 1 —e.

Use that (1 —ay)---(1 —ap) > 1— (a1 + -+ ay,) for all n and all
ai,...,an € 10,1]).

(vi) Prove that my (K) > 0 if and only if 327> ¢, < +oc.

(Use the inequality you used for (v) and also that 1 —a < e~ for all a.)

(
(
(
(

Uniqueness of Lebesgque-measure.

Prove that m, is the only measure g on (R™,Bgr~) which is invariant
under translations (i.e. u(E + z) = p(E) for all Borel sets E and all x)
and which satisfies 4(Qp) = 1, where Qo = [-1,1] x --- x [-1,1].

Let £ C R be Lebesgue-measurable and A be a dense subset of R. If
m1(EA(E + x)) =0 for all x € A, prove that m;(E) =0 or my(E°€) = 0.

Let E C R be Lebesgue-measurable and § > 0. If my(EN(a,b)) > é(b—a)
for all intervals (a,b), prove that m4(E°) = 0.
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Chapter 5

Borel measures

5.1 Lebesgue-Stieltjes-measures in R.

Lemma 5.1 If —o0o < a <b< +oc0 and F : (a,b) — R is increasing, then
(i) for all x € [a,b) we have F(x+) = inf{F(y) |z < y},

(1) for all x € (a,b] we have F(x—) = sup{F(y) |y < z},

(iii) if a <x <y < z<b, then F(z—) < F(z) < F(z+) < F(y) < F(z—) <
F(z) < F(z+),

(i) for all x € [a,b) we have F(z+) = limy_,,1 F(y+),

(v) for all x € (a,b] we have F(z—) = limy_.»— F(y+).

Proof: (i) Let M = inf{F(y)|x < y}. Then for every v > M there is some
t > x so that F(t) < . Hence for all y € (x,¢) we have M < F(y) < ~. This
says that F(z+) = M.

(ii) Similarly, let m = sup{F(y) |y < x}. Then for every v < m there is some
t < x so that v < F(t). Hence for all y € (¢,2) we have v < F(y) < m. This
says that F(z—) = m.

(iii) F(z) is an upper bound of the set {F(y)|y < z} and a lower bound of
{F(y) |z < y}. This, by (i) and (ii), implies that F(z—) < F(z) < F(z+) and,
of course, F(z—) < F(z) < F(z+). Also, if <y < z, then F(y) is an element
of both sets {F(y) |z < y} and {F(y) |y < z}. Therefore F(y) is between the
infimum of the first, F'(z+), and the supremum of the second set, F'(z—).

(iv) By the result of (i), for every v > F(xz+) there is some ¢ > x so that
F(z+) < F(t) < 7. This, combined with (iii), implies that F(z+) < F(y+) <~
for all y € (z,t). Thus, F(z+) = limy_,y F(y$).

(v) By (ii), for every v < F(xz—) there is some ¢t < x so that v < F(t) < F(z—).
This, combined with (iii), implies v < F(y%) < F(xz—) for all y € (¢,z). Thus,
F(z—) = limy_,— F(y$).

Consider now ag, by with —oo < ag < by < 400 and an increasing function
F : (ag,bp) — R and define a non-negative function p acting on subintervals of
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(ag, bo) as follows:
p((a,b)) = F(b—) = Fat),  p([a,b]) = F(b+) — F(a—),

p((a,b]) = F(b+) = Flat+),  p(la,b)) = F(b—) — F(a—).

The mnemonic rule is: if the end-point is included then approach it from the
outside while if the end-point is not included then approach it from the inside.

We use the collection of all open subintervals of (ag,by) and the function
p to define, as an application of Theorem 3.2, the following outer measure on

(ao,bo):
“+00
pi(E) =inf { > p((a;,0))) | E C U/ (ag,b5), (a5,b;) € (ao, bo) for all j},
j=1

for every E C (ag, bo).

Theorem 3.1 implies that the collection of pj-measurable sets is a o-algebra
of subsets of (ag, bp), which we denote by X, and the restriction, denoted ur,
of u% on Y is a complete measure.

Definition 5.1 The measure pur is called the Lebesgue-Stieltjes-measure
induced by the (increasing) F : (ag,bp) — R.

If F(x) = x for all x € R, then p(S) = vol1(S) for all intervals S and, in
this special case, pp coincides with the 1-dimensional Lebesgue-measure m; on
R. Thus, the new measure is a generalization of Lebesgue-measure.

Following exactly the same procedure as with Lebesgue-measure, we shall
study the relation between the o-algebra ¥ and the Borel sets in (ag, bg). In
the following Lemmas 5.2 - 5.6 all intervals that appear are included in (ag, bp).

Lemma 5.2 Let P = (a,b] C (ao,bo) and a = A<t << em =0 If
P, = ("1, ¢, then p(P) = p(P1) + - + p(Pp).

Proof: A telescoping sum: p(Py) + -+ p(P) = Yoimy (F(c'+) — F(c™14)) =
F(b+) — F(a+) = p((a, b]).

Lemma 5.3 If P, P1,..., P, are open-closed subintervals of (ag,bo), P1,..., P
are pairwise disjoint and P = Py U---U Py, then p(P) = p(Py) + --- + p(P)).

Proof: Exactly one of Py, ..., P, has the same right end-point as P. We rename
and call it P;. Then exactly one of Py, ..., P,_; has right end-point coinciding
with the left end-point of P;. We rename and call it P,_;. We continue until
the left end-point of the last remaining subinterval, which we shall rename P,
coincides with the left end-point of P. Then the result is the same as the result
of Lemma 5.2.

Lemma 5.4 If P, P1,..., P, are open-closed subintervals of (ag,bo), P1,..., P
are pairwise disjoint and Py U---U P, C P, then p(Py) + -+ p(P) < p(P).
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Proof: We know that P\ (P,U---UP,) = P{U---UP] for some pairwise disjoint
open-closed intervals Pf,..., P,. By Lemma 5.3 we get p(P) = p(P1) + -+
p(B0) + p(PL) + -+ p(Ff) = p(P1) + -+ + p(B).

Lemma 5.5 Suppose that P, Py, ..., P, are open-closed subintervals of (ag,bo)
and PC PyU---UP,. Then p(P) < p(P1)+ -+ p(B).

Proof: We write P = P{U---U P/ where P] = P; N P are open-closed intervals
included in P. Then write P = P{U (Pj\ P{)U---U (P/\ (P{U---UP/_))).
Each of these [ pairwise disjoint sets can be written as a finite union of pairwise
disjoint open-closed intervals: P = P and

Pj\(P{U---UP}_,)=P/U---UP],

for2<j <.
Lemma 5.3 (for the equality) and Lemma 5.4 (for the two inequalities) imply
l m;
p(P) = p(P)+ 3 (D p(P)
j=2 m=1

l l

< p(PD)+ Y p(P) <3 p(Py).

j=2
Lemma 5.6 Let QQ be a closed interval and Ry, ..., R; be open subintervals of
(ao,bo). If Q € RiU---URy, then p(Q) < p(R1) + -+ + p(Ry).
Proof: Let Q = [a,b] and R; = (a;,b;) for j =1,...,1. We define for ¢ > 0
P. = (a—¢,b], P .= (aj,b; — €.
We shall first prove that there is some €y > 0 so that for all € < ¢g
PCP.U---UP..

Suppose that, for all n, the above inclusion is not true for e = % Hence, for all n
there is z,, € (a—2,b] so that x,, ¢ U'_, (a;,b;—L]. By the Bolzano-Weierstrass
theorem there is a subsequence {z,, } converging to some Z. Looking carefully
at the various inequalities, we get T € [a,b] and T ¢ U'_,(a;,b;). This is a
contradiction and the inclusion we want to prove is true for some ¢y = nl—o If
€ < €g, then the inclusion is still true because the left side becomes smaller while
the right side becomes larger.

Now Lemma 5.5 gives for € < ¢y that

1
F(bt+) = F((a—e)+) < Y (F((bj — +) = Fla;+))
j=1
and, using Lemma 5.1,

l l

p(Q) = F(b+) — F(a—) <> (F(bj—) — F(a;+)) = > _ p(R;).

Jj=1 j=1
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Theorem 5.1 Let F : (ag,by) — R be increasing. Then every subinterval S of
(ap,bo) is wh-measurable and pp(S) = p(S).

Proof: (a) Let Q = [a,b] C (ag, bo)-

Then p3(Q) < p((a —€,b+¢€)) = F((b+¢)—) — F((a — €)+) for all small
enough € > 0 and, thus, u5(Q) < F(b+) — F(a—) = p([a, b]).

For every covering @Q C U;r:‘xf R; by open subintervals of (ao, bo), there is (by
compactness) [ so that @ C Ué-:le. Lemma 5.6 implies p(Q) < 22:1 p(R;) <
E] 1 p(R;). Hence p(Q) < p3(Q) and we conclude that

for all closed intervals @ C (ao, bo).

If P = (a,b] C (ag,bo), then ui(P) < p((a,b+¢€)) = F((b+¢)—) — F(a+)
for all small enough € > 0. Hence pj(P) < F(b+) — F(a+) = p(P).

If R = (a,b) C (ao, b), then s (R) < pl(a,b)) = p(R).

(b) Now let P = (a,b], R = (¢,d) be included in (ag, by) and take Pr = (¢, d—¢].

We write pi(RNP) = pip((PRNP)U((d—€,d) N P)) < pp(PrNP)+
pi((d—e,d) < p(PrRNP)+ F(d—) — F((d — €)+) by the results of (a). The
same inequalities, with P¢ instead of P, give puj(R N P°) < ph(Pr N P°) +
F(d—) — F((d — €)+). Taking the sum, we find uj(RN P) + up(RN P°) <
p(PrRNP) + pu5(PrNP°) + 2[F(d—) — F((d —€)4)].

Now write PrN P¢ = Py U---U P, for pairwise dlSJOlIlt open-closed intervals
and get P(PRQP)ﬂL/LF(PRﬂPC) < p(PROP)+ Y, w5 (Py) < p(Pr0 P) +
Zj:l p(P;) = p(Pr) by the results of (a) and Lemma 5.3.

Therefore pi(RN P) + pik(RNP°) < p(Pg) + 2[F(d—) — F((d —€)+)] =
F((d—e€)+) — F(c+) 4+ 2[F(d—) — F((d — €)+)] and, taking limit, p}.(RNP) +
Wi(ROPY) < F(d-) - F(c+) = p(R).

We proved that

pp(ROP) 4+ pp(RNPY) < p(R)

for all open intervals R and open-closed intervals P which are C (ag, bp)-
(c¢) Now consider arbitrary E C (ag,bo) with uk(E) < +oo. Take a covering
E C U/ R; by open subintervals of (ag, bo) so that Y%7 p(R;) < pp(E) + €.
By o- subadd1t1v1ty and the result of (b) we find pi(ENP) + ph(ENP°) <
o1 (0R(By N P) + pip(Ry 0 P9)) < 3277 p(Ry) < pip(EB) +e.
Taking limit: p}.(ENP)+ ph(ENP¢) < uF(E) concluding that P € Xp.
If Q [a,b] C (ag,by), we take any {ax} in (ag,by) so that a; T a and, then,
Q=n}2 1(ak, b] € £ . Moreover, by the results of (a), pr(Q) = ui(Q) = p(Q).
If P = (a,b] C (ap,bo), we take any {ax} in (a,b] so that ar | a and
we get that pup(P) = limg— 100 pr([ak,b]) = limg— 100 (F(b+) — F(ar—)) =
F(b+) — F(a+) = p(P).
If T = [a,b) C (ag,by), we take any {bi} in [a,b) so that by T b and we
get that T = U;>[a,by] € Sp. Moreover, pp(T) = limg— oo ir([a, by]) =
lmy oo (F(br+) — Fla—)) = F(b—) = F(a—) = p(T).
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Finally, if R = (a,b) C (ao, bo), we take any {ar} and {b;} in (a,d) so that
ar | a, by T band a1 < b;. Then R = U;ﬁ[ak,bk] € Xr. Moreover up(R) =
limp— 4 oo por ([ak, br]) = limp— oo (F(br+) — F(ar—)) = F(b—)—F(a+) = p(R).

Theorem 5.2 Let F : (ap,bp) — R be increasing. Then pp is o-finite and it
is finite if and only if F is bounded. Also, pr((ao,bo)) = F(bo—) — F(ao+).

Proof: We consider any two sequences {ax} and {bx} in (ag, by) so that ay | ag,
bi T bo and a; < by. Then (ag, bo) = U5 [ak, bi] and pr(lag, b)) = F(be+) —
F(ar—) < +oo for all k. Hence pr is o-finite.

By continuity of pp from below, F(bp—) — F(ap+) = limpg— 400 (F(br+) —
Flag—)) = limi s oo r(fas, b)) = (a0, bo)).

Hence, if pp is finite, then F(bp—) < 400 and F(ap+) < 4oo. This im-
plies that all values of F' lie in the bounded interval [F(ag+), F(bp—)] and F is
bounded. Conversely, if F' is bounded, then the limits F(ag+), F'(bgp—) are finite
and, by the previous calculation, we get pr((ag, b)) = F(bo—)—F(ap+) < +o0.

It is easy to prove that the collection of all subintervals of (ao,bo) generates
the o-algebra of all Borel sets in (ag,bg). Indeed, let £ be the collection of all
intervals in R and F be the collection of all subintervals of (ag, by). It is clear
that F = &](ao, bo) and Propositions 1.14 and 1.15 imply that

Bay,bo) = Br1(a0,bo) = X(E)](ao, bo) = X(F).

Theorem 5.3 Let F' : (ag,bp) — R be increasing. Then all Borel sets in
(ap, bo) belong to .

Proof: Theorem 5.1 implies that the collection F of all subintervals of (ag, by) is
included in X . By the discussion of the previous paragraph, we conclude that
B(ao-,bo) = E(]:) C Xp.

Theorem 5.4 Let F : (ag,bg) — R be increasing. Then for every E C (ag,bo)
we have

(i) E € X if and only if there is A C (ag,bg), a countable intersection of open
sets, so that E C A and pi(A\ E) = 0.

(ii) E € Xp if and only if there B, a countable union of compact sets, so that
B CFE and uy(E\ B) =0.

Proof: The proof is exactly the same as the proof of the similar Theorem 4.4.
Only the obvious changes have to be made: m,, changes to pur and m;, to uj,
R™ changes to (ag, by), vol, changes to p and L, changes to Xp.

Therefore every set in X is, except from a pp-null set, equal to a Borel set.

Theorem 5.5 Let F': (ag,bg) — R be increasing. Then

(i) pp is the only measure on ((ao, bo), B(ag by)) With pr((a,b]) = F(b+)—F(a+)
for all intervals (a,b] C (ag, bo).

(i1) ((ao,bo), EF,/LF) is the completion of ((ao,bo),B(a07b0),uF).
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Proof: The proof is similar to the proof of Theorem 4.5. Only the obvious
notational modifications are needed.

It should be observed that the pp measure of a set {} consisting of a single
point = € (ag,bo) is equal to pup({z}) = F(z+) — F(z—), the jump of F at x.
In other words, the pp-measure of a one-point-set is positive if and only if F' is
discontinuous there. Also, observe that the pp-measure of an open interval is 0
if and only if F' is constant in this interval.

It is very common in practice to consider the increasing function F' with the
extra property of being continuous from the right. In this case the measure of
an open-closed interval takes the simpler form

pr((a,b]) = F(b) — F(a).

This is not a serious restriction. Given any increasing F' : (ag,by) — R we
may define the function Fy : (ag,bo) — R by the formula Fy(z) = F(z+) for all
x € (ap, bp) and it is immediate from Lemma 5.1 that Fjy is increasing, continuous
from the right, i.e. Fo(z+) = Fo(x) for all z, and Fy(z+) = F(z+), Fo(z—) =
F(xz—) for all . This implies that Fp, F' have the same jump at every z and,
in particular, they have the same continuity points. Now it is obvious that
Fy, F induce the same Lebesgue-Stieltjes-measure on (ag, bg), simply because
the corresponding functions p(S) (from which the construction of the measures
WE,, bF starts) have the same values at every interval S.

Summarising, given any increasing function there is another increasing func-
tion which is continuous from the right so that the Lebesgue-Stieltjes-measures
induced by the two functions are equal.

5.2 Borel measures.

Definition 5.2 Let X be a topological space and (X, %, 1) be a measure space.
The measure 1 is called a Borel measure on X if Bx C X, i.e. if all Borel
sets in X are in 2.

The Borel measure p is called locally finite if for every x € X there is
some open mneighborhood U, of x (i.e. an open set containing x) such that
pw(Uy) < 400.

Observe that, for u to be a Borel measure, it is enough to have that all open
sets or all closed sets are in 3. This is because Bx is generated by the collections
of all open or all closed sets and because ¥ is a o-algebra.

Examples

The Lebesgue-measure on R™ and, more generally, the Lebesgue-Stieltjes mea-
sure on any generalized interval (ag,bg) (induced by any increasing function)
are locally finite Borel measures. In fact, the content of the following theo-
rem is that the only locally finite Borel measures on (ag,by) are exactly the
Lebesgue-Stieltjes measures.
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Lemma 5.7 Let X be a topological space and i a Borel measure on X. If p is
locally finite, then p(K) < +oo for every compact K C X.

If w is a locally finite Borel measure on R™, then pu(M) < +oo for every
bounded M C R™.

Proof: We take for every x € K an open neighborhood U, of x so that u(U,) <
4o00. Since K C UgegU, and K is compact, there are x1,...,x, so that
K CU_ Uy,. Hence, u(K) <Y p_q p(Us,) < +oo.

If M C R" is bounded, then M is compact and then p(M) < pu(M) < +o0.

Theorem 5.6 Let —oo0 < ag < by < 400 and ¢o € (ag,by). For every locally
finite measure p on (ag,bo) there is a unique increasing and continuous from
the right F : (ag,bo) — R so that p = pp on Bayp,) and F(co) = 0. For any
other increasing and continuous from the right G : (ag,bg) — R, it is true that
w=pg if and only if G differs from F by a constant.

Proof: Define the function

_ S ul(co, 7)), ifco <@ < by,
F(I) a { _N((%Co]% if ag < x < cp.

By Lemma 5.7, F' is real valued and it is clear that F' is increasing, by the
monotonicity of u. Now take any decreasing sequence {x, } so that z, | z. If
co < z, by continuity of u from above, lim,,, 4 oo F(2,) = lim,,— 100 pt((co, zn]) =
w((co, z]) = F(z). Also, if z < ¢g, then ,, < ¢ for large n, and, by continuity of
p from below, lim, o0 F(2,) = —limy— 400 (20, c0)) = —p((x, co]) = F(x).
Therefore F' is continuous from the right at every z.

If we compare p and the induced pp at the intervals (a, b], we get pr((a,b]) =
F(b)—F(a) = p((a, b)), where the second equality becomes trivial by considering
cases. Theorem 5.5 implies that ur = p on By, p,)-

If G is increasing, continuous from the right with ug = (= pr) on Ba, be)s
then G(z) — G(co) = pa((co, 2]) = pr((co,2]) = F(z) — F(CO) or all z > ¢
and, similarly, G(co) — G(z) = pa((z, co]) = pr((z, co]) = F(co) — F(z) for all
x < ¢g. Therefore F, G differ by a constant. Hence, if F(¢p) = 0 = G(cp), then
F, G are equal on (ag, by).

If the locally finite Borel measure p on (ag, bo) satisfies the p((ao, co]) < +o0,
then we may make a different choice for F' than the one in Theorem 5.6. Add
the constant p((ag, co]) to the function of the theorem and get the function

F(z) = pl(ao, z]), € (a0, bo).

This last function is called the cumulative distribution function of u.

A central notion related to Borel measures is the notion of regularity, and
this is because of the need to replace the general Borel set (a somewhat obscure
object) by open or closed sets.

Let E be a Borel subset in a topological space X and p a Borel measure on
X. It is clear that u(K) < u(E) < p(U) for all K compact and U open with
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K C E CU. Hence
sup{u(K) | K compact C E} < u(E) <inf{u(U)|U open 2D E}.

Definition 5.3 Let X be a topological space and p a Borel measure on X. Then
w s called regular if the following are true for every Borel set E in X :

(i) W(E) = inf{u(U) | U open 2 E},

(i1) p(E) = sup{p(K) | K compact C E}.

Therefore, u is regular if the measure of every Borel set can be approximated
from above by the measures of larger open sets and from below by the measures
of smaller compact sets.

Proposition 5.1 Let O be any open set in R™. Then there is an increasing
sequence { K.} of compact subsets of O so that int(K,,) 1 O and, hence, K, T
O also.

Proof: Define the sets
1
Ky, ={xcO]||z|]<mand |y —z| > — forall y ¢ O},
m

where [z =22 + .-+ 22 for all 2 = (z1,...,2,).

The set K, is bounded, since |z| < m for all x € K,,.

If {x;} is a sequence in K, converging to some z, then from |z;| < m for
all j we get |z| < m, and from |y — z;| > L for all j and for all y ¢ O we get
ly —x| > L forall y ¢ O. Thus z € K, and K, is closed.

Thus K,, is a compact subset of O and, clearly, K,,, C K,,,+1 C O for all m.
Hence, int(K,,) C int(K,,+1 for every m.

Now take any € O and a small enough ball {y| |y —z| < 2¢} C O. Consider
M so large that M > max(|z|+¢, 1). It is trivial to see that B(z;e) C Ky and

thus « € int(Kps). Therefore int(K,,) T O.

Theorem 5.7 Let X be a topological space with the properties that every open
set in X is the union of an increasing sequence of compact sets and that there
s an increasing sequence of compact sets whose interiors cover X .

Suppose that p is a locally finite Borel measure on X. Then:
(i) For every Borel set E and every e > 0 there is an open U and a closed F' so
that F C E CU and w(U\ E),(E\ F) < €. If also u(E) < +o0, then F can
be taken compact.
(ii) For every Borel set E in X there is A, a countable intersection of open sets,
and B, a countable union of compact sets, so that BC E C A and u(A\ E) =
uw(E\ B)=0.
(11) p is regular.

Proof: (a) Suppose that pu(X) < +oo.

Consider the collection S of all Borel sets E in X with the property expressed
in (i), namely that for every e > 0 there is an open U and a closed F so that
FCECUand p(U\E),u(E\F) <e.
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Take any open set O C X and arbitrary ¢ > 0. If we consider U = O, then
w(U\ O) = 0 < e. By assumption there is a sequence {K,,} of compact sets
so that K, T O. Therefore, O\ K,, | § and, since p(O \ K1) < p(X) < 400,
continuity from above implies that limy,,— 1o (O \ K,,) = 0. Therefore there
is some m so that, if F = K,,, u(O\ F) < e.

Thus all open sets belong to S.

If E € § and € > 0 is arbitrary, we find an open U and a closed F so
that F C E C U and (U \ E),u(E\ F) < e. Then F° is open, U° is closed,
UcCECCFCand p(Fe\E°)=u(E\F)<eand p(E°\U®) =pu(U\ E) <e.
This implies that E¢ € S.

Now, take E1,Fs,... € S and F = U;;OTEJ-. For € > 0 and each E; take
open U; and closed Fj so that F; C E; C U and pu(U; \ Ej), w(E; \ Fy) < 57.
Define B = U;r:‘xl’Fj and the open U = U;r:‘xl’Uj so that B C E C U. Then
U\E CU(U;\ E;) and E\ B C U (E; \ Fy). This implies u(U \ E) <
E;;Of w(U; \ Ej) < j:f 57 = € and, similarly, u(E\ B) < e. The problem now
is that B is not necessarily closed. Consider the closed sets FJf =FMuU---Urj,
so that F] C Fj., for all j. Then E\ Fj,, C E\ F] for all j and, since
pw(E\ FY) < p(X) < +oo, continuity from below implies lim; ., 1o p(E '\ F}) =
(N5 (E\F})) = w(E\ B) < e. Therefore there is some j so that u(E\ F}) < e.
The inclusion F; C E is clearly true.

We conclude that £ = U;':O‘f € S and S is a o-algebra.

Since S contains all open sets, we have that Bx C S and finish the proof of
the first statement of (i) in the special case u(X) < +o0.

(b) Now, consider the general case, and take any Borel set E in X which is
included in some compact set K C X. For each z € K we take an open
neighborhood U, of x with u(U,) < 400. By the compactness of K, there exist
Z1,...,Tn € K sothat K C U}_,U,,. We form the open set G = U}_,U,, and
have that

E CG, p(G) < +o0.

We next consider the restriction pg of p on the G, which is defined by the
formula

ne(A) = p(ANG)

for all Borel sets A in X. It is clear that ug is a Borel measure on X which is
finite, since pe(X) = p(G) < 0.

By (a), for every € > 0 there is an open U and a closed F' so that F C E C U
and pug(U \ E),uc(E\ F) < e. Since E C G, we get p((GNU)\ E) =
W(GNU\E)) = pa(U\E) < eand u(E\F) = p(GN(E\F)) = pg(E\F) <e.

Therefore, if we consider the open set U' = GNU, we get F C E C U’ and
w(U'\ E),u(E \ F) < € and the first statement of (i) is now proved with no
restriction on p(X) but only for Borel sets in X which are included in compact
subsets of X.

(c) We take an increasing sequence { K, } of compact sets so that int(K,,) T X.
For any Borel set E in X we consider the sets F1 = EN Ky and F,, = EN
(K \ Kp—1) for all m > 2 and we have that E = Uj;fzolEm. Since E,, C K,
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(b) implies that for each m and every e > 0 there is an open U,, and a closed
Fy, so that Fy,, C Ey C Uy, and p(Up, \ Ern), (B \ Fi) < 5% . Now define the
open U = U U, and the closed (!, why?) F = U/ F,, sothat FC E CU.
As in the proof of (a), we easily get u(U \ E), u(E\ F) < e.

This concludes the proof of the first statement of (i).
(d) Let pu(E) < +oo. Take a closed F so that F' C F and u(E \ F) < e,
and consider the compact sets K,, of part (¢). Then the sets F,, = F N K,,
are compact and F,,, T F. Therefore, E\ F,,, | E\ F and by continuity of u
from above, u(E \ F,,) — p(E \ F). Thus there is a large enough m so that
w(E \ F,,) < e. This proves the second statement of (i).
(e) Take open U; and closed Fj so that F; C E C U; and u(U;\E), u(E\Fj) < %
Define A = ﬂ;;o‘ij and B = Uj:ofFj so that B C E C A. Now for all j we
have p(A\ E) < w(U; \ E) < % and u(E\ B) < w(E\ Fj) < % Therefore
w(A\ E) = p(E \ B) = 0. We define the compact sets K, ,, = F; N K, and
observe that B = U(; m)enxNKjm. This is the proof of (ii).
(f) If u(F) = o0, it is clear that pu(F) = inf{u(U)|U open and E C U}.
Also, from (ii), there is some B = U} K/ , where all K/ are compact, so
that B C E and p(B) = u(E) = +oo. Consider the compact sets K, =
K{U---UK], which satisfy K,,, T B. Then u(Ky,,) = u(B) = u(FE) and thus
sup{u(K) | K compact and K C E} = u(E).

If u(E) < +o0, then, from (a), for every € > 0 there is a compact K and
an open U so that K C E C U and pu(U \ E),u(E \ K) < e. This implies
p(E) —e < u(K) and p(U) < p(E) + € and thus the proof of (iii) is complete.

Examples

1. Proposition 5.1 implies that the euclidean space R™ satisfies the assumptions
of Theorem 5.7. Therefore, every locally finite Borel measure on R™ is regular.
2. Let X be an open subset of R™ with the subspace topology and we consider
any O C X which is open in X. Then O is open in R" and, by Proposition 5.1,
there is an increasing sequence {K,,} of compact sets so that intgn (K,,) T O.
The set intgn (K, ) is the interior of K, with respect to R™ but, since K, C X,
it coincides with the interior intx (K,,) of K,, with respect to X. Theorem 5.7
implies again that every locally finite Borel measure on X is regular.

3. Let X be an closed subset of R"™ with the subspace topology and take any
O C X which is open in X. Then O = O’ N X for some O’ C R™ which is open
in R™ and, by Proposition 5.1, there is an increasing sequence { K/, } of compact
subsets of O’ so that intg»(K],) 1 O’, where the set intr~(K/,) is the interior
of K/, with respect to R™. We set K,, = K/, N X and have that each K,, is a
compact subset of O. Moreover, intx(K,,) = intr~(K,,) N X for every m and,
thus intx (K,,) 7 O. Theorem 5.7 implies, now, that every locally finite Borel
measure on X is regular.
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5.3 Exercises.

1.

If —co<zi <z <<y <4ooand 0< Aq,..., Ay < 400, then find
(and draw) the cumulative distribution function of u = Z]kvzl A0, -

. The Cantor’s measure.

Consider the Cantor’s function f extended to R by f(x) =0 for all z < 0
and f(x) =1 for all z > 1. Then f: R — [0,1] is increasing, continuous
and bounded.

(i) f is the cumulative distribution function of ;.

(ii) Prove that p(C) = us(R) = 1.

(iii) Each one of the 2™ subintervals of I,, (look at the construction of C)
has 1 p-measure equal to Qin

. Let p be a locally finite Borel measure on R such that p((—oo, 0]) < +o0.

Prove that there is a unique f : R — R increasing and continuous from
the right so that y = py and f(—oo0) = 0. Which is this function?

. Linear combinations of regular Borel measures.

If w, 1, uo are regular Borel measures on the topological space X and
A € 0, 400), prove that A and pq1 + po are regular Borel measures on X .

. Prove that every locally finite Borel measure on R" is o-finite.

. The support of a reqular Borel measure.

Let p be a regular Borel measure on the topological space X. A point
x € X is called a support point for u if u(U,) > 0 for every open
neighborhood U, of . The set

supp(p) = {x € X |z is a support point for u}

is called the support of u.

(i) Prove that supp(p) is a closed set in X.

(i) Prove that p(K) = 0 for all compact sets K C (supp(u))©.

(iii) Using the regularity of p, prove that u((supp(p)©)) = 0.

(iv) Prove that (supp(u))© is the largest open set in X which is p-null.

If f is the Cantor’s function of exercise 5.3.2, prove that the support
(exercise 5.3.6) of py is the Cantor’s set C.

. Supports of Lebesgue-Stieltjes-measures.

Let F: R — R be any increasing function. Prove that the complement
of the support (exercise 5.3.6) of the measure pp is the union of all open
intervals on each of which F' is constant.

Let a : R — [0, +00] induce the point-mass-distribution p on (R, P(R)).
Then g is a Borel measure on R.
(i) Prove that y is locally finite if and only if }© p_, o pas < 400 for all
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R>0.
(ii) In particular, prove that, if u is locally finite, then {z € R|a, > 0} is
countable.

Restrictions of reqular Borel measures.

Let u be a o-finite regular Borel measure on the topological space X and
Y be a Borel subset of X. Prove that the restriction puy is a regular Borel
measure on X.

Continuous regular Borel measures.

Let p be a regular Borel measure on the topological space X so that
u({z}) =0 for all z € X. A measure satisfying this last property is called
continuous. Prove that for every Borel set A in X with 0 < p(A4) < 400
and every t € (0, u(A)) there is some Borel set B in X so that B C A and

w(B) =t.

Let X be a separable, complete metric space and p be a Borel measure
on X so that u(X) = 1. Prove that there is some B, a countable union of
compact subsets of X, so that u(B) = 1.



Chapter 6

Measurable functions

6.1 Measurability.

Definition 6.1 Let (X,X) and (Y,X') be measurable spaces and f: X — Y.
We say that f is (3,%')—measurable if f~1(E) € ¥ for all E € Y.

Example

A constant function is measurable. In fact, let (X,X) and (Y, X’) be mea-
surable spaces and f(z) = yo € Y for all x € X. Take arbitrary E € ¥'. If
yo € E, then f~(E) =X € %. If yo ¢ E, then f~(E) =0 € .

Proposition 6.1 Let (X,X) and (Y,Y') measurable spaces and f : X — Y.
Suppose that € is a collection of subsets of Y so that S(E) =X'. If f~1(E) e X
for all E € &, then f is (X,%')—measurable.

Proof: We consider the collection S = {E CY | f~1(E) € ©}.

Since f~1(0) =0 € %, it is clear that ) € S.

If E €S8, then f71(E°) = (f}(E))¢ € ¥ and thus E° € S.

If By, Ey,... €S, then f~(UNE;) = U2 f~(E;) € ¥, implying that
U;—’_:OTEJ‘ €S.

Therefore S is a g-algebra of subsets of Y. &£ is, by hypothesis, included in
S and, thus, ¥’ = 3(€) C S. This concludes the proof.

Proposition 6.2 Let X,Y be topological spaces and f: X — Y be continuous
on X. Then f is (Bx,By)—measurable.

Proof: Let £ be the collection of all open subsets of Y. Then, by continuity,
f~Y(E) is an open and, hence, Borel subset of X for all E € £. Since £(€) = By,
Proposition 6.1 implies that f is (Bx, By )—measurable.

6.2 Restriction and gluing.

If f: X -Y and A C X, then the function f4 : A — Y, defined by fa(z) =
f(z) for all z € A, is the usual restriction of f on A.

71
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Lemma 6.1 Let X be a o-algebra of subsets of X and A € ¥ and consider
Ya={ECA|E€X}. Then X, is a c-algebra of subsets of A.

Proof: Tt is clear that § € X 4.

If E€ X4, then EC Aand F € ¥ and hence A\ E C Aand A\ F € X.
Thus A \ E ey,

IfE; € ¥4 forall j,then E; C Aand E; € X for all j. Therefore Uj:oij cA
and U;-":(Xij € ¥ and thus U;-":(Xij € Xa.

Definition 6.2 Let X be a o-algebra of subsets of X and A € .. The o-algebra
Y4 of subsets of A, which was defined in the statement of Lemma 6.1, is called
the restriction of ¥ on A.

Proposition 6.3 Let (X,Y), (Y,X') be measurable spaces and f : X — Y.
Suppose Ay, ..., A, € 3 are pairwise disjoint with Ay U---U A, = X.

[ is (3, %")—measurable if and only if fa, is (¥a,,%")—measurable for all
j=1...,n.

Proof: Let f be (X,%')—measurable. For all E € ¥’ we have f;jl(E) = f~YE)N
Aj € ¥4, because the set f~!(E)NA; belongs to ¥ and is included in A;. Hence
fa; is (¥a,,%")—measurable for all j.

Now, let fa, be (¥4,,%")—measurable for all j. For every E € ¥’ we have
that f~Y(E)NA; = f;jl(E) € X4, and, hence, f~H(E)N A; € X for all j.
Therefore f~H(E) = (f~Y(E)NA)U---U(f~1(E)N A,) € ¥, implying that f
is (X, ¥')—measurable.

In a free language: measurability of a function separately on complementary
(measurable) pieces of the space is equivalent to measurability on the whole space.

There are two operations on measurable functions that are taken care of
by Proposition 6.3. One is the restriction of a function f : X — Y on some
A C X and the other is the gluing of functions fa, : A; — Y to form a single
f + X — Y, whenever the finitely many A;’s are pairwise disjoint and cover
X. The rules are: restriction of measurable functions on measurable sets are
measurable and gluing of measurable functions defined on measurable subsets
results to a measurable function.

6.3 Functions with arithmetical values.

Definition 6.3 Let (X,Y) be measurable space and f : X — R or R or C or
C. We say f is ©—measurable if it is (X, Br or By or Bc or Bg)—measurable,
respectively.

In the particular case when (X,X) is (R™, Brn) or (R™, L,), then we use

the term Borel-measurable or, respectively, Lebesgue-measurable for f.

If f: X — R, then it is also true that f : X — R. Thus, according to the
definition we have given, there might be a conflict between the two meanings
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of Y¥—measurability of f. But, actually, there is no such conflict. Suppose, for
example, that f is assumed (X, Br)—measurable. If £ € By, then ENR € Br
and, thus, f~}(E) = f"Y(ENR) € X. Hence f is (X, Bg)—measurable. Let,
conversely, f be (X, Bg)—measurable. If E € Br, then E € Bg and, thus,
f7Y(E) € . Hence f is (X, Br)—measurable.

The same question arises when f : X — C, because it is then also true that
f: X — C. Exactly as before, we may prove that f is (X, Bc)—measurable if
and only if it is (3, Bg)—measurable and there is no conflict in the definition.

Proposition 6.4 Let (X,X) be measurable space and f : X — R™. Let, for
eachj=1,...,n, f; : X — R denote the j-th component function of f. Namely,
(@)= (F1(@), oo ful2) for allz € X.

Then f is (X, Brn)—measurable if and only if every f; is ¥—measurable.

Proof: Let f be (¥, Brr)—measurable. For all intervals (a, b] we have

fi (@) = fTHRx - x Rx (a,] x Rx -+ x R)
which belongs to 3. Since the collection of all (a,b] generates Bgr, Proposition
6.1 implies that f; is ¥—measurable.

Now let every f; be X —measurable. Then

f_l((alvbl] XX (ambn]) = ffl((alvbl]) n---N fn_l((anvbn])

which is an element of 3. The collection of all open-closed intervals generates
Br~ and Proposition 6.1, again, implies that f is (3, Bgn)— measurable.

In a free language: measurability of a vector function is equivalent to mea-
surability of all component functions.

The next two results give simple criteria for measurability of real or complex
valued functions.

Proposition 6.5 Let (X,X) be measurable space and f : X — R. Then f is
Y—measurable if and only if f~((a,+00)) € ¥ for all a € R.

Proof: Since (a,+00) € Br, one direction is trivial.

If f~'((a,+00)) € ¥ for all @ € R, then f~'((a,b]) = f~((a,+00)) \
F71((b,+00)) € X for all (a,b]. Now the collection of all intervals (a, b] generates
Br and Proposition 6.1 implies that f is ¥—measurable.

Of course, in the statement of Proposition 6.5 one may replace the intervals
(@, +00) by the intervals [a, +00) or (—oo,b) or (—oo, b].

If f: X — C, then the functions R(f),S(f) : X — R are defined by
R(f)(z) = R(f(z)) and S(f)(z) = (f(z)) for all x € X and they are called
the real part and the imaginary part of f, respectively.

Proposition 6.6 Let (X,X) be measurable space and f : X — C. Then f is
Y—measurable if and only if both R(f) and I(f) are E—measurable.
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Proof: An immediate application of Proposition 6.4.

The next two results investigate extended-real or extended-complex valued
functions.

Proposition 6.7 Let (X,Y) be measurable space and f : X — R. The follow-
g are equivalent.

(i) f is X—measurable.

(ii) f71({+00}), fHR) € ¥ and, if A= f~Y(R), the function f4 : A — R is
Y a—measurable.

(i) f~1((a,+oc]) € X for all a € R.

Proof: 1t is trivial that (i) implies (iii), since (a, +o00] € Bg for all a € R..

Assume (ii) and consider B = f~1({+o00}) € ¥ and C = f~1({-o0}) =
(AU B)° € ¥. The restrictions fg = 400 and fo = —oo are constants and
hence are, respectively, X p—measurable and ¥c—measurable. Proposition 6.3
implies that f is ¥—measurable and thus (ii) implies (i).

Now assume (iii). Then f~'({+oo}) = N> f~1((n,+oo]) € ¥ and then
fH(a,4)) = f~H((a,+]) \ f71({+0o0}) € X for all a € R. Moreover,
fHR) = U f7H((—n, +00)) € X. For all (a, +00) we have f,'((a,+00)) =
f1((a,+00)) € X4, because the last set belongs to ¥ and is included in A.
Proposition 6.5 implies that f4 is ¥4 —measurable and (ii) is now proved.

Proposition 6.8 Let (X,Y) be measurable space and f : X — C. The follow-
ing are equivalent.

(i) f is E—measurable.

(ii) f~1(C) € & and, if A= f~1(C), the fa : A — C is ¥ 4—measurable.

Proof: Assume (ii) and consider B = f~1({oc}) = (f~(C))¢ € . The restric-
tion fp is constant co and hence ¥ p—measurable. Proposition 6.3 implies that
f is ¥—measurable. Thus (ii) implies (i).

Now assume (i). Then A = f~!(C) € ¥ since C € Bg. Proposition 6.3
implies that f4 is ¥4 —measurable and (i) implies (ii).

6.4 Composition.
Proposition 6.9 Let (X,Y), (Y,X), (Z,%") be measurable spaces and let f :

X—-Y,g:Y—Z If fis (£, %)—measurable and g is (X', X")—measurable,
then go f : X — Z is (X, X")—measurable.

Proof: For all E € X" we have (go f)"'(E) = f~!(¢7'(F)) € %, because
g HE)eY.

Hence: composition of measurable functions is measurable.
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6.5 Sums and products.

The next result is: sums and products of real or complex valued measurable
functions are measurable functions.

Proposition 6.10 Let (X, X)) be a measurable space and f,g: X — R or C be
Y—measurable. Then f + g, fg are X—measurable.

Proof: (a) We consider H : X — R? by the formula H(z) = (f(x), g(z)) for all
x € X. Proposition 6.4 implies that H is (X, Brz)—measurable. Now consider
¢,7 : R? — R by the formulas ¢(y, z) = y+2z and ¥(y, ) = yz. These functions
are continuous and Proposition 6.2 implies that they are (Brz, Br)—measurable.
Therefore the compositions ¢ o H,9p o H : X — R are Y—measurable. But
(¢oH)(x) = f(x) +9(x) = (f +g)(x) and (Y o H)(z) = f(x)g(z) = (fg)(z) for
all x € X and we conclude that f+¢g = ¢oH and fg = ypo H are X—measurable.
(b) In the case f, g : X — C we consider R(f),3(f), R(g), S(9) : X — R, which,
by Proposition 6.6, are all ¥—measurable. Then, part (a) implies that ®(f+g) =
R(/) + R(9), 3(f +9) = S() + 3(9), R(f9) = R(NR() — S())S(9). S(fg) =
R(H)S(g9) + S(f)R(g) are all E—measurable. Proposition 6.6 again, gives that
f+ g9, fg are ¥—measurable.

If we want to extend the previous results to functions with infinite values,
we must be more careful.

The sums (4+00) + (—o0), (—00) + (+00) are not defined in R and neither is
o0 + oo defined in C. Hence, when we add f,g: X — R or C, we must agree
on how to treat the summation on, respectively, the set B = {z € X | f(z) =
+00,g(x) = —o0 or f(x) = —00,g(x) = 400} or the set B = {z € X | f(z) =
00,¢g(x) = oo}. There are two standard ways to do this. One is to ignore the
bad set and consider f + g defined on B¢ C X, on which it is naturally defined.
The other way is to choose some appropriate h defined on B and define f+g = h
on B. The usual choice for h is some constant, e.g h = 0.

Proposition 6.11 Let (X,Y) be a measurable space and f,g : X — R be
Y—measurable. Then the set

B ={r e X|f(x)=+o0,9(x) = —o0 or f(z) = —00, g(x) = +o0}

belongs to X.
(i) The function f +g: B¢ — R is ¥ g —measurable.
(i1) If h : B — R is ¥ g—measurable and we define

(o)) = {0 O e

then f +g: X — R is Y—measurable.
Similar results hold if f,g: X — C and B={z € X | f(x) = 00, g(x) = o0}.

Proof: We have
B=(f"({+ooh)ng " ({—oc}) | (f " {—0c}) Ng ™' ({+00})) € =.
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(i) Consider the sets A = {z € X | f(z),9(zx) € R}, C1 = {z € X|f(z) =
+o0,g(z) # —o0or f(z) # —o0,g(r) = +oo} and Cp = fa € X|f(z) =
—00,9(x) # oo or f(z) # +00,g(x) = —oo}. It is clear that A,C1,Cs € X,
that B¢ = AU (C7 U Cs and that the three sets are pairwise disjoint.

The restriction of f+ ¢ on A is the sum of the real valued fa, ga. By Propo-
sition 6.3, both f4, g4 are ¥4 —measurable and, by Proposition 6.10, (f+g)a =
fa+ ga is ¥ a—measurable. The restriction (f + g)¢, is constant +oo, and is
thus X, —measurable. Also the restriction (f+g)c, = —o0 is X, —measurable.
Proposition 6.3 implies that f 4+ g : B° — R is ¥ g —measurable.

(ii) This is immediate after the result of (i) and Proposition 6.3.

The case f,g: X — C is similar, if not simpler.

For multiplication we make the following
Convention. (+00)-0=0-(+c0)=0in R and oco-0=0-00 =0 in C.

Thus, multiplication is always defined and we may state that: the product
of measurable functions is measurable.

Proposition 6.12 Let (X,Y) be a measurable space and f,g: X — R or C be
Y—measurable. Then the function fg is X—measurable.

Proof: Let f,g: X — R.

Consider the sets A = {z € X|f(x),9(z) € R}, C1 = {z € X| f(2)
+00,g(x) > 0or f(z) = —o0,9(x) < Oor f(z) > 0,9(z) = +o0 or f(z)
0,(z) = —o0}, Cs = {w € X | f(z) = —o0,g(z) > O or f(z) = +o0,g(x)
0or f(z) > 0,g9(z) = —occ or f(z) < 0,9(z) = 400} and D = {x € X | f(x)
+o0,g9(x) = 0 or f(x) = 0,g(x) = oo}. These four sets are pairwise disjoint,
their union is X and they all belong to X.

The restriction of fg on A is equal to the product of the real valued fa, g4,
which, by Propositions 6.3 and 6.10, is 3 4 —measurable. The restriction (fg)c,
is constant +oo and, hence, Y, —measurable. Similarly, (fg)c, = —oo is
Y ¢, —measurable. Finally, (fg)p = 0 is ¥ p—measurable.

Proposition 6.3 implies now that fg is ¥—measurable.

If f,g: X — C, the proof is similar and slightly simpler.

A A

6.6 Absolute value and signum.

The action of the absolute value on infinities is: | + co| = | — oo| = 400 and
|oo| = 4o00.

Proposition 6.13 Let (X,X) be a measurable space and f : X — R or C be
Y —measurable. Then the function |f|: X — [0,+0o0] is ¥—measurable.

Proof: Let f : X — R. The function | - | : R — [0, +00] is continuous and,
hence, (Bg, Bg)—measurable. Therefore, |f|, the composition of |- | and f, is
Y —measurable.

The same proof applies in the case f : X — C.
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Definition 6.4 For every z € C we define

oy #z#0,
sign(z) =4 0, ifz=0,

00, if z=o00.

If we denote C* = C \ {0, 0}, then the restriction signg~ : C* — C is
continuous. This implies that, for every Borel set F in C, the set signal (E)
is a Borel set contained in C*. The restriction signjg is constant 0 and the
restriction sign ..y is constant co. Therefore, for every Borel set £ in C, the sets
sign{_ol} (E), sign{_olo}(E) are Borel sets. Altogether, sign™'(E) = signg:(E) U
signfol} (E)U sign{;l()}(E) is a Borel set in C. This means that sign : C — C is
(Bg, Bg)—measurable.

All this applies in the same way to the function sign : R — R with the
simple formula

1, if 0 < < +o0,
sign(z) = { -1, if —co <z <0,
0, if x =0.
Hence sign : R — R is (Bg, Bg)—measurable.
For all z € C we may write

z = sign(z) - |z]
and this is called the polar decomposition of z.

Proposition 6.14 Let (X,Y) be a measurable space and f : X — R or C be
Y —measurable. Then the function sign(f) is X—measurable.

Proof: If f : X — R, then sign(f) is the composition of sign : R — R and f
and the result is clear by Proposition 6.9. The same applies if f: X — C.

6.7 Maximum and minimum.

Proposition 6.15 Let (X,X) be measurable space and f1,...,fn: X — R be
Y—measurable. Then the functions max(f1,..., fn),min(f1,...,fn) : X = R
are Y—measurable.

Proof: If h = max(f1,..., fn), then for all a € R we have h~!((a,+]) =
U}‘Zlfj_l((a, +o00]) € E. Proposition 6.7 implies that h is ¥—measurable and
from min(f1,..., fn) = —max(—fi,...,—fn) we see that min(fy,..., f,) is also
Y —measurable.

The next result is about comparison of measurable functions.

Proposition 6.16 Let (X,X) be a measurable space and f,g : X — R be
Y—measurable. Then {z € X | f(z) = g(x)},{z € X | f(z) < g(x)} € X.
If f,g: X — C is X—measurable, then {x € X | f(z) = g(x)} € X.
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Proof: Consider the set A = {x € X | f(x),g(z) € R} € . Then the functions
fa,94 are ¥ 4—measurable and thus fa — ga is X 4—measurable. Hence the

sets {z € A|f(x) = g(x)} = (fa —ga) "' ({0}) and {z € A|f(z) < g(x)} =
(fa — ga)~((—00,0)) belong to ¥4. This, of course, means that these sets
belong to ¥ (and that they are subsets of A).

We can obviously write {z € X | f(z) = g(x)} = {z € A| f(z) = g(z)} U
(fTr{—ocoh) Ng ({—0o})) U (f 1 ({+00}) N g7 ({+00})) € . In a similar
manner, {z € X|[f(z) < g(x)} = {z € A[f(z) < g(@)}U(f {-00}) N
97" (=00, +0d])) U (f ! ([=00, +00)) N g~ ({+00})) € =.

The case of f,g: X — C and of {x € X | f(z) = g(x)} is even simpler.

6.8 Truncation.

There are many possible truncations of a function.

Definition 6.5 Let f: X — R and consider o, 3 € R with o < 3. We define

" f@), ifa< f(z)<pB,
1@ ={a  iff@)<a
B, if B<[f(z).
We write fP) instead of f((flo) and f(n) instead of f((i)oo).
The functions f((f)), £, J(a) are called truncations of f.
Proposition 6.17 Let (X,X) be a measurable space and f : X — R be a

Y —measurable function. Then all truncations f((f)) are X—measurable.

Proof: The proof is obvious after the formula f((f)) = min (max(f, a), 6).

An important role is played by the following special truncations.

Definition 6.6 Let f: X — R. The f*: X — [0, +00] and f~ : X — [0, +o0]
defined by the formulas

_J fl@), if0< f(a), N A if 0 < f(x),
f+@”‘{a if f <o, 1 “)‘{—fwx if f(z) <0,

are called, respectively, the positive part and the negative part of f.

It is clear that fT = Joy and f7 = —f(©. Hence if ¥ is a o-algebra of subsets
of X and f is ¥—measurable, then both f* and f~ are Y—measurable. It is
also trivial to see that at every x € X either f*(z) =0 or f~(z) = 0 and that

frrf = ==

There is another type of truncations used mainly for extended-complex val-
ued functions.
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Definition 6.7 Let f: X — R or C and consider v € [0,+00]. We define

/(@) {r-sigmf(x)), if < |f(@)

The functions ") f are called truncations of f.
Observe that, if f: X — R, then (") f = f((i)T)

Proposition 6.18 Let (X,Y) be a measurable space and f : X — R or C a
Y—measurable function. Then all truncations ") f are X—measurable.

Proof: Observe that the function ¢, : R — R with formula

QZ/)T(I)—{:E’ if |I|ST7

r-sign(x), if r <z,

is continuous on R and hence (Bg, Bg)—measurable. Now (" f = ¢, o f is
Y —measurable. -
The proof in the case f : X — C is similar.

6.9 Limits.

The next group of results is about various limiting operations on measurable
functions. The rule is, roughly: the supremum, the infimum and the limit of a
sequence of measurable functions are measurable functions.

Proposition 6.19 Let (X,X) be a measurable space and {fj} a sequence of
Y—measurable functions f; : X — R. Then all the functions sup,cn fj,
infjen fj, lmsup, | f; and liminf;_ o f; are ¥—measurable.

Proof: Let h = sup;c fj : X — R. For every a € R we have h™!((a, +o0]) =
Uj:"ffj_l((a, +0o0]) € 3. Proposition 6.7 implies that h is ¥—measurable.

Now infjen fj = —sup;en(—f;) is also X—measurable.

And, finally, limsup,_, | . f; = infjen (SUPij fk) and liminf; .4 f; =
supjen (infr>; fr) are S—measurable.

Proposition 6.20 Let (X,X) be a measurable space and {f;} a sequence of
Y —measurable functions f; : X — R. Then the set

A={zre X| ‘MT fi(x) exists in R}
j—oo

belongs to 2. .

1) The function lim,; 4 f; : A — R is X a—measurable.
() (i A J

(i) If h : A° — R is ¥ qc—measurable and we define

j—+o0
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then lim;_ 4o fj : X — R is Y—measurable.
Similar results hold if f; : X — C for all j and we consider the set A =
{z € X | lim; 4 f;(z) exists in C}.

Proof: (a) Suppose that f; : X — R for all j.

Proposition 6.19 implies that limsup,_, | ., f; and liminf; ., f; are both
Y—measurable. Since lim;_, 1 f;(z) exists if and only if limsup;_, | ., f;(z) =
liminf; .4+ f;j(x), we have that

A={x e X |limsup f;(z) = liminf fi(@)}
; s

Jj—+o0

and Proposition 6.16 implies that A € 3.

(i) It is clear that the function lim;_, o0 f; : A — R is just the restriction of
limsup;_, ., f; (or of liminf; ., f;) to A and hence it is ¥4 —measurable.
(ii) The proof of (ii) is a direct consequence of (i) and Proposition 6.3.

(b) Let now f; : X — C for all j.

Consider the set B = {z € X | lim;_, 4 f;(z) exists in C} and the set C' =
{z € X | lim; 4 f;j(z) = c0}. Clearly, BUC = A.

Now, C' = {x € X | limj_ 4+ |fj|(x) = +0o0}. Since |f;] : X — R for all
J, part (a) implies that the function lim;_ 4 |f;| is measurable on the set on
which it exists. Therefore, C' € X.

B is the intersection of By = {x € X | lim,_, o R(f;)(z) exists in R} and
By = {z € X | lim;_ 4o S(f;)(z) exists in R}. By part (a) applied to the se-
quences {R(f;)}, {S(f;)} of real valued functions, we see that the two functions
limj— 100 R(f;),lim;— 4o S(f;) are both measurable on the set on which each of
them exists. Hence, both By, Bs (the inverse images of R under these functions)
belong to ¥ and thus B = B; N By € X.

Therefore A=BUC € X.

We have just seen that the functions lim;_,4oo R(f;), lim;t00 S(f;) are
measurable on the set where each of them exists and hence their restrictions to
B are both X z—measurable. These functions are, respectively, the real and the
imaginary part of the restriction to B of lim;_.; f; and Proposition 6.6 says
that lim;_, . f; is ¥p—measurable. Finally, the restriction to C of this limit
is constant oo and thus it is ¥c—measurable. By Proposition 6.3, lim;_, 4 f;
is X 4 —measurable.

This is the proof of (i) in the case of complex valued functions and the proof
of (ii) is immediate after Proposition 6.3.

(c) Finally, let f; : X — C for all j.

For each j we consider the function

. — fj((E), if f_](x)?é()o,
gj (I) - {], if f](x) = 00.
If we set A; = f;l(C) € X, then (g;)a; = (fj)a, is ¥4, —measurable. Also

(95) Ac is constant 5 and hence EA§—measurable. Therefore g; : X — C is
Y —measurable.



6.10. SIMPLE FUNCTIONS. 81

It is easy to show that the two limits lim;_4 g;(z) and lim;_ 4o f;(2)
either both exist or both do not exist and, if they do exist, they are equal. In
fact, let lim;_ ;. fj(z) =p € C. If p € C, then for large enough j we shall have
that f;(x) # oo, implying g;(x) = f;(x) and thus lim; . g;(x) = p. If p = oo,
then |f;(z)] — +oo. Therefore |g;j(z)] > min(|f;(z)|,j) — +oo and hence
lim;_ 1o gj(x) = 00 = p in this case also. The converse is similarly proved. If
lim; .1 gj(z) = p € C, then, for large enough j, g;(x) # j and thus f;(z) =
g;(z) implying lim; .1 fj(z) = limj_ 1 gj(x) = p. If limj_ 1 gj(x) = 00,
then lim;_,; o |gj(z)| = +o00. Since |f;(z)| > |g;(x)| we get lim; 1o | f(x)] =
+oo and thus lim; . f;(z) = oo.

Therefore A = {z € X | lim;_,  g;(z) exists in C} and, applying the result
of (b) to the functions g; : X — C, we get that A € ¥. For the same reason, the
function lim;_, o f;, which on A is equal to lim;_,  g;, is ¥4 —measurable.

6.10 Simple functions.
Definition 6.8 Let E C X. The function xg : X — R defined by

|1, ifxekE,
wo =y fiiE

1s called the characteristic function of E.

Observe that, not only E determines its x g, but also xg determines the set E

by E={x e X |xp(x) =1} = x5 ({1}).
The following are trivial:

M E+EXF = A\ F+(AK)XEnF+EXP\E  XEXF = XBEnF  XEe = l—XE
forall E,F C X and all A,k € C.

Proposition 6.21 Let (X,X) be a measurable space and E C X. Then xg is
Y —measurable if and only if E € X.

Proof: 1f x g is ¥—measurable, then E = y;'({1}) € %.

Conversely, let £ € ¥. Then for an arbitrary F' € Br or B¢ we have
X (F)=0if0,1¢ F,xz'(F)=FEiflc Fand0¢ F, x;'(F)=E°if1 ¢ F
and 0 € F and x5 (F) = X if 0,1 € F. In any case, x5 (F) € ¥ and g is
Y —measurable.

Definition 6.9 A function defined on a non-empty set X is called a simple
function on X if its range is a finite subset of C.

The following proposition completely describes the structure of simple func-
tions.

Proposition 6.22 (i) A function ¢ : X — C is a simple function on X if
and only if it is a linear combination with complex coefficients of characteristic
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functions of subsets of X.
(i1) For every simple function ¢ on X there are m € N, different K1, ...,km € C
and non-empty pairwise disjoint En, ..., Eyn C X with Ui E; = X so that

¢ =FKixe + F EmXE,,-

This representation of ¢ is unique (apart from rearrangement).
(iii) If ¥ is a o-algebra of subsets of X, then ¢ is X—measurable if and only if
all Ey’s in the representation of ¢ described in (ii) belong to X.

Proof: Let ¢ = Z?:1 AjXF;, where \; € C and F; C X forall j = 1,...,n.
Taking an arbitrary x € X, either = belongs to no Fj, in which case ¢(z) = 0,
or, by considering all the sets F}, , ..., Fj, which contain x, we have that ¢(z) =
Aji + -+ A, . Therefore the range of ¢ contains at most all the possible sums
Aji + -+ A, together with 0 and hence it is finite. Thus ¢ is simple on X.

Conversely, suppose ¢ is simple on X and let its range consist of the different
K1y km € C. We consider E; = {z € X|¢(z) = r;} = ¢~'({k;}). Then
every © € X belongs to exactly one of these sets, so that they are pairwise
disjoint and X = E; U---U FE,,. Now it is clear that ¢ = ZT:I KjXE;, because
both sides take the same value at every x.

If¢ = Z:’il K;X e is another representation of ¢ with different «;’s and non-
empty pairwise disjoint E!’s covering X, then the range of ¢ is exactly the set
{ki,..., K, }. Hence m' = m and, after rearrangement, k| = K1, ..., kL, = Km.
Therefore B} = ¢~ ({x}}) = ¢~ ({k;}) = E; for all j =1,...,m. We conclude
that the representation is unique.

Now if all E;’s belong to the o-algebra ¥, then, by Proposition 6.21, all
Xg,;’s are ¥—measurable and hence ¢ is also ¥—measurable. Conversely, if ¢ is
Y—measurable, then all E; = ¢~ 1({x;}) belong to .

Definition 6.10 The unique representation of the simple function ¢, which is
described in part (ii) of Proposition 6.22, is called the standard representa-
tion of ¢.

If one of the coefficients in the standard representation of a simple function is
equal to 0, then we usually omit the corresponding term from the sum (but then
the union of the pairwise disjoint sets which appear in the representation is not,
necessarily, equal to the whole space).

Proposition 6.23 Any linear combination with complex coefficients of simple
functions is a simple function and any product of simple functions is a simple
function. Also, the maximum and the minimum of real valued simple functions
are simple functions.

Proof: Let ¢, be simple functions on X and p,q € C. Assume that Ay,..., A\,
are the values of ¢ and k1, ..., Kk, are the values of ¥. It is obvious that the
possible values of pp + g are among the nm numbers pA; 4+ gx; and that the
possible values of ¢y are among the nm numbers A;x;. Therefore both functions
po + qp, 91 have a finite number of values. If ¢, are real valued, then the
possible values of max(¢, 1) and min(¢, ) are among the n+m numbers A;, ;.



6.10. SIMPLE FUNCTIONS. 83

Theorem 6.1 (i) Given f : X — [0,400], there exists an increasing sequence
{dn} of non-negative simple functions on X which converges to f pointwise on
X. Moreover, it converges to f uniformly on every subset on which f is bounded.
(i) Given f: X — C, there is a sequence {¢,} of simple functions on X which
converges to f pointwise on X and so that {|¢n|} is increasing. Moreover, {¢n}
converges to f uniformly on every subset on which f is bounded.

If ¥ is a o-algebra of subsets of X and f is X—measurable, then the ¢, in
(i) and (ii) can be taken to be X—measurable.

Proof: (i) For every n,k € N with 1 < k < 22", we define the sets

B () Fa= @ o))

and the simple function

2271

k1 .
¢n:Z on XEﬁ+2 XFp-
k=1

For each n the sets EL, ..., EX" F, are pairwise disjoint and their union is
the set f~1((0, 4+00]), while their complementary set is G = f~({0}). Observe
that if f is ¥ —measurable then all Ef and F, belong to ¥ and hence ¢,, is
Y —measurable.

In G we have 0 = ¢,, = f, in each E¥ we have ¢,, = & ST <f< qﬁn—l—%
and in F,, we have ¢, = 2" < f.

Now, if f(z) = +o0, then = € F), for every n and hence ¢,(r) =
+oo = f(z). 0 < f(z) < —|—oo then for all large n we have 0 < f(x ) < 2"
and hence 0 < f(z) — ¢ (2) < 5+, which implies that ¢, (z) — f(z ) Therefore,
¢n — [ pointwise on X.

If K C X and f is bounded on K, then there is an ng so that f(z) < 2™ for
all z € K. Hence for all n > ng we have 0 < f(z) — ¢pn(z) < 5= for all z € K.
This says that ¢, — f uniformly on K.

It remains to prove that {¢,} is increasing. If z € G, then ¢,(z) =
dn+1(x) = f(x) = 0. Now observe the relations

EYUER = EF, 1<k<2™

and 2(n+1)
22(n !
(Ui—gont1 41 Epy1) U Fngr = Fio.

The first relation implies that, if z € E¥ then ¢, (z) = % and ¢n41(z)

% or 251, Therefore, if z € E¥, then ¢,,(z) < ¢pi1 ().
The second relation implies that, if € F,, then ¢,(z) = 2™ and ¢,41(x) =

2n41 _ n
(2%% or . % or 21, Hence, if x € F,,, then ¢, (z) < gan(x
(i) Let A= f~1! ( ), whence f = oo on A°. Consider the restriction f4 : A — C

and the functions

(R(fa)) ™, (R(£4)) 7, (S(fa) 5 (S(fa) ™ : A — [0, +00).
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If f is ¥—measurable, then A € ¥ and these four functions are ¥ 4 —measurable.

By the result of part (i) there are increasing sequences {p,}, {gn}, {rn} and
{sn} of non-negative (real valued) simple functions on A so that each converges
to, respectively, (R(fa))*, (R(fa))~, (S(fa))" and (3(fa))~ pointwise on A
and uniformly on every subset of A on which f4 is bounded (because on such
a subset all four functions are also bounded). Now it is obvious that, if we
set ¢p = (Pn — qn) + @(rn — Sn), then ¢, is a simple function on A which is
> a—measurable if f is Y —measurable. It is clear that ¢, — fa pointwise on A
and uniformly on every subset of A on which f4 is bounded.

Also ¢ = /(Pn — qn)? + (rn — sn)? = /P2 +¢2 + 12 + s2 and thus the
sequence {|¢,|} is increasing on A.

If we define ¢,, as the constant n on A°, then the proof is complete.

6.11 The role of null sets.

Definition 6.11 Let (X, X, 1) be a measure space. We say that a property P(x)
holds p-almost everywhere on X or for u-almost every x € X, if the set
{z € X | P(x) is not true} is included in a p-null set.

We also use the short expressions: P(x) holds u-a.e. on X and P(z) holds
for p-a.e. x € X.

It is obvious that if P(z) holds for p-a.e. © € X and u is complete then
the set {x € X | P(x) is not true} is contained in ¥ and hence its complement
{z € X | P(x) is true} is also in X.

Proposition 6.24 Let (X,X, i) be a measure space and (X, X, Ti) be its comple-
tion. Let (Y,X') be a measurable space and f : X — Y be (¥,%")—measurable.
If g: X =Y is equal to f p-a.e on X, then g is (X, X")—measurable.

Proof: There exists N € ¥ so that {z € X | f(z) # g(z)} C N and u(N) =0.
Take an arbitrary £ € X' and write g '(E) = {z € X |g(z) € E} = {z €
N¢lg(z) e E}u{zr € N|g(z) € E} = {z € N°| f(z) € E}U{x € N |g(z) € E}.
The first set is = N°N f~1(E) and belongs to ¥ and the second set is C N.
By the definiton of the completion we get that g~'(E) € ¥ and hence g is
(¥, ¥)—measurable.

In the particular case of a complete measure space (X,¥, ) we have the
rule: if f is (5, X" )—measurable on X and g is equal to f p-a.e. on X, then g
is also (X, %")—measurable on X.

Proposition 6.25 Let (X, Y, 1) be a measure space and (X,X,Ti) be its com-
pletion. Let {f;} be a sequence of S—measurable functions f; : X — R or C.
Ifg: X — R or C is such that g(x) = lim;_,  fj(z) for p-a.e. x € X, then g
is Y. —measurable.

Proof: {x € X|lim;_ 4 fj(x) does not exist oris # g(z)} € N for some
N € 3 with pu(N) =0.
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N°¢ belongs to ¥ and the restrictions (f;)ne are all ¥ye—measurable. By
Proposition 6.20, the restriction gne = limj_4o0(fj)ne is X ye—measurable.
This, of course, means that for every E € ¥’ we have {x € N°|g(z) € E} € %.

Now we write g7 1(E) = {z € N¢|g(z) € E}U{x € N|g(z) € E}. The
first set belongs to ¥ and the second is C N. Therefore g~'(E) € ¥ and g is
Y—measurable.

Again, in the particular case of a complete measure space (X, X, ) the rule
is: if {f;} is a sequence of E—measurable functions on X and its limit is equal
to g p-a.e. on X, then g is also X—measurable on X.

Proposition 6.26 Let (X, 3, 1) be a measure space and (X, %, 1) be its comple-
tion. Let (Y,X') be a measurable space and f : A —Y be (3 4,%)—measurable,
where A € ¥ with u(A°) = 0. If we extend f to X in an arbitrary manner, then
the extended function is (%, Y')—measurable.

Proof: Let h: A° — Y be an arbitrary function and let

| f(x), ifzeA,
F(“’>—{h(x), if ¢ € AC.

Take an arbitrary E € ¥/ and write F~1(E) = {z € A|f(x) € E} U {x €
A¢|h(z) € E} = f"YE)U {z € A°|h(x) € E}. The first set belongs to ¥4
and hence to ¥, while the second set is C A°. Therefore F~1(E) € ¥ and F is
(X, ¥)—measurable.

If (X,%,u) is a complete measure space, the rule is: if f is defined p-a.e.
on X and it is measurable on its domain of definition, then any extension of f
on X s X—measurable.
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6.12 Exercises.

1. Let (X,¥) be a measurable space and f : X — R. Prove that f is
Y—measurable if f~!((a,+o00]) € ¥ for all rational a € R.

2. Let f: X - R. If g,h: X — R are such that g,h >0 and f =g — h on
X, prove that f* <gand f~ <hon X.

3. Let (X, ) be a measurable space and f : X — R or C be ¥—measurable.
We agree that 0P = +o0, (+00)? = 0 if p < 0 and 0° = (+00)? = 1. Prove
that, for all p € R, the function |f|P is ¥—measurable.

4. Prove that every monotone f : R — R is Borel-measurable.

5. Translates and dilates of functions.

Let f: R™ — Y and take arbitrary y € R"™ and A € (0, +00). We define
g,h:R" =Y by

9@) = Ffla—y). )= f(5)

for all z € R™. g is called the translate of f by y and h is called the
dilate of f by A.

Let (Y, ') be a measurable space. Prove that, if f is (£,,, ¥’)—measurable,
then the same is true for g and h.

6. Functions with prescribed level sets.

Let (X, ) be a measurable space and assume that the collection {E) }rer
of subsets of X has the properties:

(i) Ex C E, for all A,k with X < &,

(i) Urer Ex = X, NaerEx =0,

(111) ﬂ,ﬁy,{>)\E,ﬁ = F, for all A\ € R.

Consider the function f: X — R defined by f(z) = inf{\ € R|z € E\}.
Prove that f is ¥—measurable and that Fy = {x € X | f(z) < A} for
every A € R.

How will the result change if we drop any of the assumptions in (ii) and
(iif)?

7. Not all functions are Lebesgue-measurable and not all Lebesque-measurable
functions are Borel-measurable.

(i) Prove that a Borel-measurable g : R — R is also Lebesgue-measurable.
(ii) Find a non-Lebesgue-measurable function f: R — R.

(iii) Using exercise 4.6.12, find and a function g : R — R which is
Lebesgue-measurable but not Borel-measurable.

8. Give an example of a non-Lebesgue-measurable f : R — R so that | f] is
Lebesgue-measurable.
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Ne)

10.

11.

12.

13.

14.

. Starting with an appropriate non-Lebesgue-measurable function, give an
example of an uncountable collection { f; };cs of Lebesgue-measurable func-
tions f; : R — R so that sup;c; f; is non-Lebesgue-measurable.

(i) Prove that, if G : R — R is continuous and H : R — R is Borel-
measurable, then H o G : R — R is Borel-measurable.

(ii) Using exercise 4.6.12, construct a continuous G : R — R and a
Lebesgue-measurable H : R — R so that Ho G : R — R is not Lebesgue-
measurable.

Let (X, 3, 1) be a measure space and f : X — R or C be ¥ —measurable.
Assume that u({z € X ||f(z)| = +o0}) = 0 and that there is M < 400
so that u({z € X||f(z)] > M}) < +o0.

Prove that for every € > 0 there is a bounded ¥ —measurable g : X — R
or C so that u({z € X|g(x) # f(x)}) < e. You may try a suitable
truncation of f.

We say that ¢ : X — C is an elementary function on X if it has count-
ably many values. Is there a standard representation for an elementary
function?

Prove that for any f : X — [0, +00), there is an increasing sequence { ¢y, }
of elementary functions on X so that ¢, — f uniformly on X. If ¥ is a
o-algebra of subsets of X and f is ¥—measurable, prove that the ¢,’s can
be taken Y —measurable.

We can add, multiply and take limits of equalities holding almost every-
where.

Let (X,X, 1) be a measure space.

(i) Let f,g,h: X - Y. If f =g p-a.e. on X and g = h p-a.e. on X, then
f=h u-a.e. on X.

(ii) Let f1, f2,91,92 : X — R. If f1 = fo p-a.e. on X and g1 = g2 p-a.e.
on X, then fi+ g1 = f2 + g2 and fig1 = f2g2 p-a.e. on X.

(iil) Let f;,9; : X — R so that f; = g; p-a.e. on X for all j € N. Then
Sup,en fi = supjen g; p-a.e. on X. Similar results hold for inf, lim sup
and lim inf.

(iv) Let fj,g; : X — R so that f; = g; p-a.e. on X forall j € N. If A =
{z € X|limj_ 400 fj(x) exists} and B = {z € X | lim;_ 4 g;(x) exists},
then AAB C N for some N € ¥ with p(N) = 0 and lim; o f; =
limj_, 4o g; p-a.e. on AN B. If, moreover, we extend both lim;_, . f;
and lim;_, 4~ g; by a common function h on (AN B)°, then lim; 4 f; =
limj_, 4o g;j p-a.e. on X.

Let (X, X, 1) be a measure space and (X, X, 71) be its completion.

(i) If E € %, then there is A € ¥ so that yg = xa p-a.e. on X.

(ii) If ¢ : X — C is a L —measurable simple function, then there is a
Y —measurable simple function ¢ : X — C so that ¢ = ¢ p-a.e. on X.
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16.

17.

18.
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(iii) Use Theorem 6.1 to prove that, if g : X — R or C is X—measurable,
then there is a ¥ —measurable f : X — R or C so that g = f p-a.e. on X.

Let X, Y be topological spaces of which Y is Hausdorff. This means that,
if y1,92 € Y and y1 # yo, then there are disjoint open neighborhoods
Viyis Viyo of y1,y2, respectively. Assume that p is a Borel measure on X so
that u(U) > 0 for every open U C X. Prove that, if f,g: X — Y are
continuous and f = g p-a.e. on X, then f =g on X.

The support of a function.

(a) Let X be a topological space and a continuous f : X — C. The set
supp(f) = f~H(C\ {0}) is called the support of f. Prove that supp(f)
is the smallest closed subset of X outside of which f = 0.

(b) Let p be a regular Borel measure on the topological space X and
f :+ X — C be a Borel-measurable function. A point x € X is called
a support point for f if u({y € U, | f(y) # 0}) > 0 for every open
neighborhood U, of x. The set

supp(f) = {x € X |z is a support point for f}

is called the support of f.

i) Prove that supp(f) is a closed set in X.

ii) Prove that u({x € K| f(x) # 0}) = 0 for all compact sets K C
iii) Using the regularity of p, prove that f =0 p-a.e on (supp(f))°.

iv) Prove that (supp(f))¢ is the largest open set in X on which f =0
pa.e.

(c) Assume that the p appearing in (b) has the additional property that
w(U) > 0 for every open U C X. Use exercise 6.12.15 to prove that for
any continuous f : X — C the two definitions of supp(f) (the one in (a)
and the one in (b)) coincide.

The restriction of a o-algebra.

(a) Let X be a o-algebra of subsets of X and A C X.

(i) We define ¥4 = {EN A|E € ¥} to be the restriction of ¥ on A.
Prove that X 4 is a o-algebra of subsets of A and that, in case A € X, this
definition coincides with the Definition 6.2.

(ii) Now let & be a collection of subsets of X and let £4 = {ENA|E € £}.
Prove that, if ¥ = 3(E), then ¥4 = 3(€4).

(b) Let X be a topological space and A C X. Consider A equipped with
the relative topology - namely, a set is open in A if and only if it is the
intersection of some open set in X with A. Prove that B4 = (Bx)a.

The Theorem of Lusin.

We shall prove that every Lebesgue-measurable function which is finite
mp-a.e. on R™ is equal to a continuous function except on a set of arbi-
trarily small m,,-measure.
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(i) For each a < a+6 < b—4 < b we consider the function 7,5 : R = R
which: is 0 outside (a, b), is 1 on [a+d, b—4] and is linear on [a, a+4] and on
[b— 4, b] so that it is continuous on R. Now, let R = (a1,b1) X -+ X (ap, by)
and, for small enough § > 0, we consider the function 7p5 : R" — R by
the formula

TR,6(T1,- -, Tn) = Tay b1,6(T1) -+ Tayp pn,6(Tn)-

If Rs = (a1 + 0,b1 — &) X -+ X (an + d,b, — 0), prove that Trs = 1 on
Rs, Tr,s = 0 outside R, 0 < 7ps < 1 on R™ and 7g is continuous
on R"™. Therefore, prove that for every ¢ > 0 there is § > 0 so that
ma({o € R" | 7rs(x) # xa(@)}) < e

(ii) Let E € L,, with m,(E) < +o00. Use Theorem 4.6 to prove that for
every € > 0 there is a continuous 7 : R™ — R so that 0 < 7 <1 on R"
and m,({x € R"|7(z) # xe(x)}) <e.

(iii) Let ¢ be a non-negative Lebesgue-measurable simple function on R™
which is 0 outside some set of finite m,,-measure. Prove that for all ¢ > 0
there is a continuous 7 : R™ — R so that 0 < 7 < maxg» ¢ on R™ and
ma({z € R? | 7(x) # 6(2)}) <

(iv) Let f : R™ — [0,+0o0] be a bounded Lebesgue-measurable function
which is 0 outside some set of finite m,-measure. Use Theorem 6.1 to
prove that f = Z::{ 1 uniformly on R™, where all ¢ are Lebesgue-
measurable simple functions with 0 < v < 2% on R™ for all k. Now
apply the result of (iii) to each ¢ and prove that for all ¢ > 0 there
is a continuous ¢ : R® — R so that 0 < g < maxg» f on R" and
ma({z € R | g(z) # f(2)}) < e

(v) Let f: R™ — [0,4+00] be a Lebesgue-measurable function which is 0
outside some set of finite m,,-measure and finite m,-a.e. on R™. By taking
an appropriate truncation of f prove that for all € > 0 there is a bounded
Lebesgue-measurable function i : R™ — [0, +00] which is 0 outside some
set of finite m,-measure so that m,({x € R |h(z) # f(x)}) < e. Now
apply the result of (iv) to find a continuous g : R™ — R so that m,({z €
R" | g(x) £ f(2)}) < .

(vi) Find pairwise disjoint open-closed qubes P* so that R" = UZ‘;"; P* and
let R* be the open qube with the same edges as P*. Consider for each k
a small enough 05, > 0 so that m,,({x € R™ | 7gr 5, () # xrr(2)}) < 557
(vii) Let f : R™ — [0,4+00] be Lebesgue-measurable and finite my,-a.e.
on R™. If R* are the qubes from (vi), then each fxzs : R® — [0, +o0]
is Lebesgue-measurable, finite my-a.e. on R™ and 0 outside R*. Ap-
ply (v) to find continuous g : R” — R so that m,({x € R"|gx(z) #

f@)xre(2)}) < 555
Prove that m,({z € R" | Tgk 4, (x)gx(x) # f(x)XRr(2)}) < 5%
Define g = ZZ:; Trk 5,9k and prove that g is continuous on R™ and that

mn({z € R"[g(z) # f(2)}) <e. L
(viii) Extend the result of (vii) to all f : R™ — R or C which are Lebesgue-
measurable and finite m,-a.e. on R™.
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19. Let f : R™ — R be continuous at my,-a.e. = € R™. Prove that f is
Lebesgue-measurable on R™.



Chapter 7

Integrals

7.1 Integrals of non-negative simple functions.

In this whole section (X, X, 1) will be a fixed measure space.

Definition 7.1 Let ¢ : X — [0,+00) be a non-negative ¥-measurable simple
function. If ¢ =3 "\" | KiXE, is the standard representation of ¢, we define

/ b= r(Er)
X k=1

and call it the integral of ¢ over X with respect to p or, shortly, the
integral of ¢.

We can make the following observations.

(i) If one of the values ky, of ¢ is equal to 0, then, even if the corresponding set
Ej, has infinite p-measure, the product xiu(Fy) is equal to 0. In other words,
the set where ¢ = 0 does not matter for the calculation of the integral of ¢.

(ii) We also see that [y ¢dp < +oc if and only if pu(Ey) < +oo for all k for
which ki > 0. Taking the union of all these E}’s we see that fX ddp < oo if
and only if p({x € X |¢(x) > 0}) < +o0. In other words, ¢ has a finite integral
if and only if ¢ = 0 outside a set of finite p-measure.

(iii) Moreover, [y ¢du = 0 if and only if p(Ex) = 0 for all k for which s > 0.
Taking, as before, the union of these Ej’s we see that fX ¢dp < 4oo if and
only if u({z € X|¢(x) > 0}) = 0. In other words, ¢ has vanishing integral if
and only if ¢ = 0 outside a p-null set.

Lemma 7.1 Let ¢ = Z?Zl AjXF;, where 0 < Xj < 400 for all j and the sets
Fj € ¥ are pairwise disjoint. Then [y ¢du =377 \ju(F}).

The representation ¢ = Z?:l Ajxr; in the statement may not be the standard
representation of ¢. In fact, the A;’s are not assumed different and it is not
assumed either that the F}’s are non-empty or that they cover X.

91
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Proof: (a) In case all F;’s are empty, then their characteristic functions are 0
on X and we get ¢ =0 =0 xx as the standard representation of ¢. Therefore
Jx@dp = 0-pu(X) =0 = 37, \ju(Fy), since all measures are 0. In this
particular case the result of the lemma is proved.

(b) In case some, but not all, of the F}’s are empty, we rearrange so that
Fi,...,F; # 0 and Fi4q,...,F, = 0. (We include the case | = n.) Then we

have ¢ = Eé‘:l Ajxr;, where all F;’s are non-empty, and the equality to be

proved becomes [ ¢ du = 22:1 \ju(Fy).
In case the Fj’s do not cover X we introduce the non-empty set Fi1 1 =

(FLU---UF;)° and the value A\;y; = 0. We can then write ¢ = Zéill Ajxr; for

the assumed equality and fx odu = 22111 Aju(F;) for the one to be proved.
In any case, using the symbol k for [ or [ + 1 we have to prove that, if
o = E?Zl AjxF;, where all F; € ¥ are non-empty, pairwise disjoint and cover
X, then [y ¢dp =35 Nu(Fy).
It is clear that Aq,..., Ay are all the values of ¢ on X, perhaps with repeti-
tions. We rearrange in groups, so that

AL == Ay = K,
Aki+1 = 0 = Mgy +hy = K2,
Abytootbp 141 = " = Mgy todky, = Km

are the different values of ¢ on X (and, of course, k1 +-- -+ k,, = k). For every

i=1,...,m we define E; = U;“:Zl:kﬂcil“ F; ={z € X|¢(z) = k;}, and
then

m
6= rixe,
i=1

is the standard representation of ¢. By definition

m ki+-+k;
/(bd,u = w(E;) = Zliz( Z u(Fy))
* ' i=1  j=kitethio+l
ki+-+k; k
( > Np(Fy)) = Y Nu(Ey).

1 j=kit+ki-1+1

INNgE
&
=

I
.MS

(2

Lemma 7.2 If ¢,v are non-negative X —measurable simple functions and 0 <
A < +oo, then [ (o +)dp= [y dpdp+ [ du and [ Apdp = X [ ddp.

Proof: (a) If A =0, then A¢ =0 = 0- xx is the standard representation of \¢
and hence [y Apdu=0-pu(X)=0= X[y ¢dpu.

Now let 0 < A < +o0. If ¢ = Z;nzl KjXE; is the standard representation
of ¢, then \¢p = Z;nzl AkjXE; is the standard representation of A¢. Hence

Jx Apdu = 3770 Mju(Ey) = A0 wju(Ey) = A [ ddp.
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(b) Let ¢ = 37" | kjxm, and ¥ = 377 | AixF, be the standard representations
of ¢ and +. It is trivial to see that X = Ui<j<m 1<i<n(E; N F;) and that the
sets E; N F; € ¥ are pairwise disjoint. It is also clear that ¢ + ¢ is constant
kj 4+ A; on each E; N F; and thus

o+vY= Z (Kj + Ni)XE;nF -

SJEM, L1

Lemma 7.1 implies that
[ @+ v)au > G+ A N R
X 1<j<m,1<i<n
= Z kin(E; N F;) + Z Aip(Ej N F)

1<j<m,1<i<n 1<j<m,1<i<n

= ZRJ ZuE NE)) Z ZME NE))
= kip(Ej) + Xip(F; odu+ vd
; z 2 z / 2 / .

Lemma 7.3 If ¢,v are non-negative X —measurable simple functions so that

¢ <1 on X, then [y ddu < [y ¢ dp.

Proof: Let ¢ = 377" kjxp; and ¢ = 3710, A\ixr, be the standard representa-
tions of ¢ and 9. Whenever E; N F; # (), we take any z € E; N F; and find
ki = ¢(z) < ¥(x) = A\;. Therefore, since in the calculation below only the
non-empty intersections really matter,

/X bdp = SwuE) = S wuBNR)
j=1

1<j<m,1<i<n

> Nu(E;NE) ZAW /wu.
X

1<j<m,1<i<n

IN

Lemma 7.4 Let ¢ be a non- negative Y —measurable simple function and {Ay,}
an increasing sequence in X with U] °°A = X. Then fx oxa, A — fX o du.
Proof: Let ¢ = ZFl k;jXE; be the standard representation of ¢. Then ¢x a4, =
Dy KiXE; XA, = Dje1 KjXE;nA,. Lemma 7.1 implies that [y éxa, dp =
D i ki (Ej N An).

For each j we see that u(E; N A,) — (E]) by the continuity of u from
below. Therefore [y ¢xa, du— 37" kju(Ej) = [ ddp.
Lemma 7.5 Let ¢, ¢1,¢2,... be non-negative X—measurable simple functions

so that ¢, < dpy1 on X for all n.
(i) If limy, oo n < ¢ on X, then lim, . j oo [ dndp < [y @ dp.
(i) If ¢ < limy, 100 ¢ on X, then [y pdp <lim, i oo [y Ondp.
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Proof: Lemma 7.3 implies that [y ¢, du < [y ¢y dp for all n and hence the
limit limy, 400 [y @n dp exists in [0, +00].
(i) Since, by Lemma 7.3, [y ¢ndp < [y ddu, we get lim, i oo [y dndp <
[x o du.
(i) Consider arbitrary « € [0,1) and define A,, = {z € X | a¢(z) < ¢,(z)} € X.
It is easy to see that { A, } is increasing and that Uf>5 A,, = X. Indeed, if there is
any x ¢ U2 A, then ¢,,(z) < ag(x) for all n, implying that 0 < ¢(x) < ad(z)
which cannot be true.

Now we have that agxa, < ¢, on X. Lemmas 7.2, 7.3 and 7.4 imply that

n —

a/Xquu = /Xa¢du

= lim apxa, dp < lim /(bndu.
X

n—-+4oo X n—-+400
We now take the limit as o« — 1— and get [ ¢dp < lim, oo [y &n dp.

Lemma 7.6 If {¢,} and {¢n} are two increasing sequences of non-negative
Y—measurable simple functions and if lim, 1 oo ¢n, = limy, 400 ¥y on X, then
lim, 400 fX On dp = limy, 4 o fX Uy, dp.

Proof: For every k we have that ¢y < lim,— 4o ¢, on X. Lemma 7.5 im-
plies that [, ¢ dp < lim, . o [ ¢ndp. Taking the limit in k&, we find that

iy oo [y Yn dp < limpqoo [ On dpa
The opposite inequality is proved symmetrically.

7.2 Integrals of non-negative functions.

Again in this section, (X, X, 1) will be a fixed measure space.

Definition 7.2 Let f : X — [0,+00] be a X—measurable function. We define
the integral of f over X with respect to p or, shortly, the integral of f

by
/ fdu= lim [ ¢udu,
X n—-+o0o X

where {¢n} is any increasing sequence of mon-negative X —measurable simple
functions on X such that lim, o0 ¢, = f on X.

Lemma 7.6 guarantees that | « J dp is well defined and Theorem 6.1 implies the
existence of at least one {¢,} as in the definition.

Proposition 7.1 Let f,g : X — [0,400] be X—measurable functions and let
A€ [0,+00). Then [ (f+g)du= [y fdu+ [y gdu and [ \Nf dpu =X [ fdp.

Proof: Consider arbitrary increasing sequences {¢,} and {t,} of non-negative
Y —measurable simple functions on X with lim,, o ¢p = f, lim, 1o ¥ = ¢
on X. Then {¢, +,} is an increasing sequence of non-negative ¥ —measurable
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simple functions with lim,— 4 (¢n + ¥n) = f + g on X. By definition and
Lemma 7.2, fX(f + g) dﬂ = lirnn—>-|-<>o fX (¢n + "/Jn) d,u = Hmn—»-l—oo fX (bn dﬂ +
hmn—>+oofandluf = fxfdﬂ+fxgdﬂ'

Also, {\¢,} is an increasing sequence of non-negative Y —measurable simple
functions on X such that lim, ;oo A¢pp, = Af on X. Lemma 7.2 implies again

that fX Afdu :hmnﬂJroofX APy dpp = Alimy, 4 oo fX On dp = )\fod,u.

Proposition 7.2 Let f,g: X — [0,400] be X—measurable functions such that
f<gonX. Then [ fdu< [y gdp.

Proof: Consider arbitrary increasing sequences {¢,} and {1, } of non-negative
Y —measurable simple functions with lim,—, 40 ¢, = f, limy, 1 o0 ¥y, = g on X.
Then for every k we have that ¢ < f < g = lim,—, 400 ¥ on X. Lemma 7.5
implies that [ ¢r dp < limp,_yoo [ ¥ndp = [y gdp. Taking the limit in & we
conclude that [ fdu < [, gdpu.

Proposition 7.3 Let f,g: X — [0, +00] be X—measurable functions on X.
(i) [ fdp=0if and only if f =0 p-a.e. on X.
(i) If f = g p-a.e. on X, then [, fdu= [y gdp.

Proof: (i) Suppose that [, fdu = 0. Define A, = {z € X|1 < f(2)} =
(£, 400]) for every n € N. Then x4, < f on X and Proposition 7.2 says
that 2pu(An) = [ Lxa, du < [y fdp=0. Thus u(A,) = 0 for all n and, since
{r € X|f(x) #0} =Ul>A,, we find that u({z € X | f(z) #0}) = 0.
Conversely, let f = 0 p-a.e. on X. Consider an arbitrary increasing sequence
{én} of non-negative X —measurable simple functions with lim,,_, 1o ¢, = f on
X. Clearly, ¢, =0 p-a.e. on X for all n. Observation (iii) after Definition 7.1
says that [y ¢, dp =0 for all n. Hence [ fdp = lim, 4o [y ¢ndp=0.
(ii) Consider A = {x € X | f(x) = g(x)} € X. Then there is some B € ¥ so that
A°¢ C B and p(B) = 0. Define D = B¢ C A. Then fxp, gxp are —measurable
and fxp = gxp on X. Also, fxg =0 p-a.e. on X and gyp = 0 p-a.e. on X.
By part (i), we have that [, fxpdu = [y gxpdp = 0 and then Proposi-
tion 7.1 implies [y fdu = [ (fxp + fxp)dp = [y fxpdp = [ gxpdp =
[x(9xp + 9xB)dp = [ gdp.

The next three theorems, together with Theorems 7.9 and 7.10 in the next
section, are the most important results of integration theory.

Theorem 7.1 (The Monotone Convergence Theorem) (Lebesgue, Levi)
Let f,fn : X — [0,400] (n € N) be E—measurable functions on X so that
fn < fos1 prace. on X and limy, 4o frn = f p-a.e. on X. Then

lim /fndu:/fdu.
n—-+oo X b'e

Proof: (a) Assume that f,, < fr,41 on X and lim, 400 frn = f on X.
Proposition 7.2 implies that [y fn du < [y fay1dp < [y fdp for all n and
hence the limy, o [y fn dp exists and it is < [, fdp.
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(i) Take an arbitrary increasing sequence {¢,} of non-negative X —measurable
simple functions so that lim, 1 ¢, = f on X. Then for every k we have
or < f =limp 400 fn. We now take an arbitrary a € [0,1) and define the
set A, = {z € X]agr(x) < fu(x)} € B. It is clear that {A4,} is increasing
and X = U:{i’jAn. It is also true that agrxa, < fn on X and, using Lemma
7.5, a fX ¢k dﬂ = fX a¢k dluf = hmn—>+00 fX a¢kXAn d,U, < hmn—>+oo fX fn dﬂ
Taking limit as o« — 1—, we find [ ¢y dp <limy, oo [y fr dp. Finally, taking
limit in &, we conclude that [y fdu < limp_ 4o [y fndp and the proof has
finished.

(ii) If we want to avoid the use of Lemma 7.5, here is an alternative proof of the
inequality fX fdp <lim, 4o fX fndp.

For each k take an increasing sequence {1/X} of non-negative ¥ —measurable
simple functions so that lim,, ., 1o ¥* = fx on X. Next, define the non-negative
Y—measurable simple functions ¢,, = max(¢p}, ... ¥").

It easy to see that {¢,} is increasing, that ¢, < f, < f on X and that
¢n — fon X. For the last one, take any « € X and any ¢ < f(x). Find k so that
t < fr(x) and, then, a large n > k so that ¢t < ¥ (x). Then t < ¢, (x) < f(z)
and this means that ¢, (z) — f(x).

Thus [y fdp =1lim, oo [ Ondp <limy oo [y frdp.

(b) In the general case, Theorem 2.2 implies that there is some A € ¥ with
1(A°) =0 so that f, < f,41 on A for all n and lim,_,; frn = f on A. These
imply that fr,xa < farixa on X for all n and limy,—, o fraxa = fxa on X.
From part (a) we have that lim, o [ faxadp = [y fxadp.

Since f = fxa p-a.e. on X and f, = frxa p-a.e. on X, Proposition 7.3
implies that [y fdu= [y fxadpand [y frdu = [y faxadp for all n. Hence,
limy, 400 fX Jndp =1limy, 4o fX Jaxadp = fX Ixadp = fX fdp.

Theorem 7.2 Let f, f, : X — [0,4+00] (n € N) be E—measurable on X so that
+f'1 n = [ p-a.e. on X. Then

z/xfndu—/xfdu-

Proof: We write g, = f1+ -+ fn for each n. {g,} is an increasing sequence
of non-negative ¥—measurable functions with g, — f p-a.e. on X. Proposition

7.1 and Theorem 7.1 imply that Y7 [ frdp = [y gndp — [y fdp.

Theorem 7.3 (The Lemma of Fatou) Let f, f, : X — [0,+00] (n € N) be
Y—measurable. If f =liminf,, .| fn p-a.e. on X, then

/ fd,ugliminf/ fndp.
X n—-+o0o X

Proof: We define g, = infy>,, fr. Then each g, : X — [0, +00] is ¥—measura-
ble, the sequence {g,} is increasing and g, < f,, on X for all n. By hypothesis,
f =1lim, 4o gn pa.e. on X. Proposition 7.2 and Theorem 7.1 imply that

fX fdp =1lim, 4 fX gndp < liminf,, 4 fX fndp.
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7.3 Integrals of complex valued functions.

Let (X,X, u) be a fixed measure space.

Definition 7.3 Let f : X — R be a ¥—measurable function and consider its
positive and negative parts f,f~ : X — [0,+00]. If at least one of fX frdu
and fX f~dp is < 400, we define

/deu:/Xfwu—/Xf*du

and call it the integral of f over X with respect to p or, simply, the
integral of f.

We say that f is integrable on X with respect to 1 or, simply, integrable
if [ fdp is finite.

Lemma 7.7 Let f : X — R be a X—measurable function. Then the following
are equivalent:

(i) f is integrable

(i) [ fTdp <400 and [y f~du < +oo

(iii) [y |f]dp < +oc.

Proof: The equivalence of (i) and (ii) is clear from the definition.
We know that |f| = f* + f~ and, hence, fT, f~ < |f| on X. Therefore,

Ixflduy = [ frdu+ [ f~dp and [ frdu, [ f~dp < [ |fldu. The
equivalence of (ii) and (iii) is now obvious.

Proposition 7.4 Let f : X — R be a X—measurable function. If f is inte-
grable, then

(i) f(z) € R for pu-a.e. x € X and

(1) the set {x € X | f(z) # 0} is of o-finite p-measure.

Proof: (i) Let f be integrable. Lemma 7.7 implies [y |f|du < 4oc0. Consider
the set B = {z € X ||f(z)] = +o0} € E. For every r € (0, +00) we have that
rxp < |f| on X and hence ru(B) = [ rxpdp < [y |f|du < +o0. This implies
that u(B) < I [ |f| dp and, taking the limit as 7 — +oco, we find p(B) = 0.
(i) Consider the sets A = {z € X | f(z) # 0} and A, = {z € X ||f(z)| > 1}.

From Lx4, < |f] on X, we get 2u(A,) = [y 2xa, dp < [y |f]dp < +oo.
Thus p(A,) < +oo for all n and, since A = U$> A,,, we conclude that A is of
o-finite p-measure.

Definition 7.4 Let f : X — C be S—measurable. Then |f|: X — [0, +o0] is
Y —measurable and we say that f is integrable on X with respect to p or,
simply, integrable, if [, |f|du < +oo.

Proposition 7.5 Let f: X — C be Y—measurable. If f is integrable, then
(i) f(z) € C for p-a.e. z € X and
(ii) the set {x € X | f(z) # 0} is of o-finite p-measure.
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Proof: Tmmediate application of Proposition 7.4 to |f|.

Assume now that f : X — C is a Y—measurable integrable function. By
Proposition 7.5, the set Dy = {z € X | f(z) € C} = f~1(C) € ¥ has a p-null
complement. The function

f, OIlDf
Ixp; =10, onps X7C

is X—measurable and fxp, = f p-a.e. on X. The advantage of fxp, over f
is that fxp, is compler valued and, hence, the R(fxp,), S(fxp,;) : X — R
are defined on X. We also have that [R(fxp,)| < [fxp,| < [f| on X and
similarly |3(fxp,)| < |f] on X. Therefore [y [R(fxp,)ldp < [y |fldp < +oo,
implying that R(fxp,) is an integrable real valued function. The same is true for

S$(fxp,) and thus the integrals [ R(fxp,)du and [ S(fxp,) dp are defined
and they are (finite) real numbers.

Definition 7.5 Let f : X — C be a X—measurable integrable function and let
Dy ={ze X|f(z) € C}. We define

/deu=/X%(ffo)duﬂLi/X%(fXDf)du

and call it the integral of [ over X with respect to u or just the integral
of f.

We shall make a few observations regarding this definition.

(i) The integral of an extended-complex valued function is defined only if the
function is integrable and then the value of its integral is a (finite) complex
number. Observe that the integral of an extended-real valued function is defined
if the function is integrable (and the value of its integral is a finite real number)
and also in certain other cases when the value of its integral can be either +oo
or —oo.

(ii) We used the function fxp,, which changes the value oo of f to the value
0, simply because we need complex values in order to be able to consider their
real and imaginary parts. We may allow more freedom and see what happens

if we use a function f D
. N on f .
F_{h, on Df X =G,

where h is an arbitrary X D —measurable complez valued function on D%. It is

clear that I’ = fxp, p-a.e. on X and hence R(F) = R(fxp,) p-a.e. on X.
Of course, this implies that R(F)* = (ffo)Jr and R(F)™ = %(fXDf)f p-

a.e. on X. From Proposition 7.3, [ R(F)du = [ R(F)T dp— [, R( dy =
Jx R fXDf )Y dp— [ R(fxp,)” du = [y R(fxp,) dp. Slmﬂarly, Jx S(F) du =
N « S(fxp;) dp. Therefore there is no difference between the possible definition
Jx fdu= [ R(F)du+i [y S(F)dp and the one we have given. Of course, the

function 0 on D is the simplest of all choices for h.
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(iii) If f : X — C is complex valued on X, then Dy = X and the definition
takes the simpler form

/deMZ/X%(f)du—H/X%(f)du.

We also have

R([ raw = [ ®pan ([ )= [ s

The next is helpful and we shall make use of it very often.

Lemma 7.8 If f : X — C is integrable, there is F : X — C so that F = f
p-a.e. on X and [ Fdp= [y fdu.

Proof: We take F' = fxp,, where Dy = f7HC).

Theorem 7.4 Let f,g: X — R or C be ©—measurable so that f = g p-a.e. on
X and fX fdu is defined. Then fng,u is also defined and fng,u = fX fdp.

Proof: (a) Let f,g : X — R. If f = g p-a.e. on X, then ft = g+ u-
a.e. on X and f~ = g~ p-a.e. on X. Proposition 7.3 implies that fX frdu=
Jx 9 dpand [ f~du= [ g du. Nowif [ ftduor [y f~ duis finite, then,
respectively, [ g™ dpor [ g~ duis also finite. Therefore [ gdpu is defined and
Jx fdp= [y gdu

(b) Let f,g: X — Cand f = g p-a.e. on X.

If f is integrable, from |f| = |g| p-a.e. on X and from Proposition 7.3, we
find [y [gldp = [y |fldp < +00 and, hence, g is also integrable.

Now, Lemma 7.8 says that there are F;G : X — Csothat F = fandG=g
p-a.e. on X and also [ Fdu = [ fdpand [ Gdp = [ gdp. From f =g
p-a.e. on X we see that F' = G p-a.e. on X. This implies that R(F) = R(G)
p-a.e. on X and, from (a), [y R(F)dp = [ R(G)dp. Similarly, [, S(F)dp =
Jx S(G) dp.

Therefore, [\ fdu= [ Fdp= [ R(F)dp+i [ S(F)dp = [ R(G)dp+
i [y S(G)dp = [y Gdu= [y gdp.

Theorem 7.5 Let f : X — R or C be Y—measurable. Then the following are
equivalent:

(i) f =0 p-a.e. on X

(ii) [ |l dn=0

(ii) [ fxadp=0 for every A € X.

Proof: If [y |f|dp = 0, Proposition 7.3 implies that |f| = 0 and, hence, f =0
p-a.e. on X.

If f =0 p-a.e. on X, then fx4 =0 p-a.e. on X for all A € ¥. Theorem 7.4
implies that [, fxadu = 0.

Finally, let [, fxadu =0 for every A € 3.
(a)If f : X — Rwetake A = f~1([0,+00]) and find [ fTdu = [y fxadu=0.
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Similarly, [y f7 dp =0 and thus Jx|fldp= [y frdu+ [ f~du=0.
(b) If f: X — C, we first take A = X and find [ fdu = 0. This says, in
particular, that f is integrable. We take some F': X — C so that F' = f u-a.e.
on X.

For every A € ¥ we have Fxq = fxa pa.e. on X and, from Theorem 7.4,
Jx Fxadp = [ fxadp = 0. This implies [, R(F)xadp = [ R(Fxa)dp =
R([y Fxadp) = 0 and, from part (a), R(F) = 0 p-a.e. on X. Similarly,
$(F) = 0 prae. on X and thus F = 0 p-a.e. on X. We conclude that f =0
p-a.e. on X.

Theorem 7.6 Let f: X — R or C be X—measurable and X € R or C.
() Iff: X =R, A€ R and [ fdp is defined, then [ \fdu is also defined

and
/X)\fd,u:)\/xfdu.

(ii) If f is integrable, then \f is also integrable and the previous equality is
again true.

Proof: (i) Let f : X — R and [ fdu be defined and, hence, either [ f*du <
400 or [ [T dp < +oo.

If 0 < A < 400, then (A\f)* = AfT and (\f)~ = A\f~. Therefore, at least
one of [\ (Af)Tdu= X[y ftdupand [((A\f)"du = X[y f~ dp is finite. This
means that fX Af du is defined and

Joaran= [ opran= [ ondu=a([| srau= [ a0 =a [ ran

If —oo < A <0, then (Af)T = —Af~ and (Af)” = —AfT and the previous
argument can be repeated with no essential change.

If A =0, the result is trivial.

(ii) If f : X — Ris integrable and A € R, then [ [Af|du = |A| [ |f] dp < +o0,
which means that \f is also integrable. The equality [ Afdp =X J « fdu has
been proved in (i).

If f: X — C is integrable and A € C, the same argument gives that Af is
also integrable.

We, now, take F' : X — C so that F' = f p-a.e. on X. Then, also AF' = \f
p-a.e. on X and Theorem 7.4 implies that [\ AF du = [ A\f dp and [ Fdp =
J fdu. Hence, it is enough to prove that [\ AFdu = A [ F dp.

From R(AF) = R(A)R(F) — S(A)S(F) and from the real valued case we get
that

/X ROF) dp = R(N) /X R(F) dp — S(N) /X S(F) dp.

Similarly,

/X SOAF) du = R(N) /X S(F) d + S(N) /X R(F) dp.
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From these two equalities

/)\qu:/\/ %(F)dpﬂ—i)\/ %(F)du:A/ Py
X X X X

Theorem 7.7 Let f,g : X — R or C be Y—measurable and consider any
Y—measurable definition of f + g.

(i) If f,g : X — R and [y fdu, [y gdu are both defined and they are not
opposite infinities, then [ (f + g)du is also defined and

/X(f+g)du:/deu+/ngu-

(i) If f,g : X — R or C are integrable, then f + g is also integrable and the
previous equality is again true.

Proof: (i) Considering the integrals [y f*du, [ f~dp, [ 97 du, [ g~ dp, the
assumptions imply that at most the [, f*du, [ g du are +-00 or at most the
Jx [~ dp, [ g~ dp are +o0.

Let [ f~dp < 400 and [y g~ dp < 4oo0.

Proposition 7.4 implies that, if B = {z € X | f(z) # —o0,g(x) # —o0},
then p(B¢) = 0. We define the functions F = fxp and G = gxp. Then
F,G: X — (—00,4+00] are X—measurable and F = f and G = g p-a.e. on X.

The advantage of F,G over f,g is that F(z) + G(z) is defined for every
reX.

Observe that for all ¥ —measurable definitions of f+g, we have F+G = f+g
pu-a.e. on X. Because of Theorem 7.4, it is enough to prove that the fX (F+G)du
is defined and that [ (F + G)du = [ Fdu+ [ Gdp.

From F=Ft - F " <FTandG=G" -G  <GTon X weget F+G <
F*+G* on X. Hence (F+ G)" < F' + G* on X and similarly (F + G)~ <
F~+ G on X.

From (F+G)” < F~ + G~ on X we find [((F+G) du < [ F-du+
Jx G~ du < +00. Therefore, [ (F + G)dp is defined.

We now have (F+G)t —(F+G)" =F+G=(Ft+G")—(F~ +G7) or,
equivalently, (F +G)*+ F~+ G~ = (F+G)” + Ft + G*.

Proposition 7.1 implies that

/ (F+G)*" du+/ F~ du+/ G du = / (F+G)~ du+/ F* du+/ Gt dp.
X X X X X X

Because of the finiteness of [ (F + G)~ du, [ F~ dp, [ G~ du, we get

/X(F+G)du /X(F+G)+du—/(F+G)*du

X

= /Fer,u—l—/Gde,u—/F*du—/G*dlu
b'e X X b'e

= /qu—l—/Gd,u.
b'e b'e
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The proof in the case when [y f*du < 400 and [ g du < +oo is similar.
(ii) By Lemma 7.8, there are F;G : X — C so that F = f and G = g p-a.e.
on X. This implies that for all ¥—measurable definitions of f + g we have
F+G=f+g p-ae on X. Now, by Theorem 7.4, it is enough to prove that
F + G is integrable and [ (F + G)du = [y Fdu+ [ Gdpu.

Now [ |F+ Gldp < [ |F|ldp+ [y |Gldu < 400 and, hence, F + G is
integrable.

By part (i) we have [, R(F + G)dp = [ R(F)dp + [ R(G)dp and the
same equality with the imaginary parts. Combining, we get [ ( x (F+G)du =
Jx Fdu+ [ Gdp.

Theorem 7.8 Let f,g: X — R be X—measurable. If fX fdu and fngu are
both defined and f < g on X, then

/deuﬁ/xgdu-

Proof: From f < g =g" —g~ < g7 we get f+ < g". Similarly, g < f~.
Therefore, if [ gt du < +oo, then [y f*du < 400 and, if [ f~dp < +oo,
then [y ¢~ dp < 4oo0.

Hence we can subtract the two inequalities

/f*duéffdu, /g’duS/f’du
X X X X

and find that [, fdu < [y gdp.

Theorem 7.9 Lel f: X — R or C be X—measurable.
(i) If f: X = R and [y fdp is defined, then

}/deulﬁ/xlfldu.

(ii) If f : X — C is integrable, then the inequality in (i) is again true.

Proof: (i) We write | [ fdu| = | [ fTdu— [ f~dul < [ fHdu+ [ f~dp=
fx|f|d,u-
(ii) Consider F' : X — C so that F = f p-a.e. on X. By Theorem 7.4, it is

enough to prove | [ Fdu| < [ |F|dp.
If [ Fdp =0, then the inequality is trivially true. Let 0 # [, Fdu € C
and take A = sign( [y F du) # 0. Then

\/quy :A/qu:/AFdﬂza%(/Aqu /%AF
X
/mmmﬂ < / AF|dp = /|F|du

IN
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Theorem 7.10 (The Dominated Convergence Theorem) (Lebesgue) Con-
sider the Y —measurable f,f, : X — R or C (n € N) and g : X — [0, +00].
Assume that f = lim, oo frn p-a.e. on X, that, for all n, |f,| < g p-a.e. on
X and that fng,u < 4o00. Then all f, and f are integrable and

/andu—>/xfdu-

Proof: From the |f,| < g p-a.e. on X we find [y |fn|dp < [ gdp < +o0 and
hence f,, is integrable. Also, from |f,| < g p-a.e. on X and f = lim, o0 fn
p-a.e. on X, we get that |f| < g p-a.e. on X and, for the same reason, f is also
integrable.

We may now take F F,, : X — R or Cso that F = f and F,, = f, p-a.e. on
X for all n. We, then, have |F,| < g p-a.e. on X and F = lim,, 1 F), p-a.e.
on X and it is enough to prove [y F,dp — [y Fdp.
(i) Let F,F,, : X — R. Since 0 < g+ F,,g — F,, on X, the Lemma of Fatou
implies that

/ gdu:l:/ Fdp <liminf | (g% F,)du
b's b's

n—-+4oo X

and hence

/gdu:l:/quS/gdu—Himinf:l:/ F, du.
X X X n—too Jx

Since [y gdp is finite, we get that + [\ Fdp < liminf, 4. £ [ F,, dp and
hence

lim sup/ F,du < / Fdu <liminf | F, du.
b'e b'e b'e

n—-+oo n—-+00
This implies [y F,, dp — [y Fdp.
(ii) Let F,F, : X — C. From |R(F,)| < |F,| < g prae. on X and from
R(F,) — R(F) p-a.e. on X, part (i) implies [, R(F,)du — [ R(F)dp. Simi-
larly, [ S(F)dp — [y S(F)dp and, from these two, [y Frdu — [y Fdpu.
Theorem 7.11 (The Series Theorem) Consider the ¥—measurable f, fy :
X R orC (n€N). Ifz;rg < [fnldp < 400, then
(i) S5 fulx) exists for p-a.e. x € X,
(is) if f = Z:g n(z) p-a.e. on X, then

/deu—:zj/xfndu-

Proof: (i) Define g = 320 | f| : X — [0,400] on X. From Theorem 7.2 we
have [, gdp = roe Jx |faldp < +o0. This implies that g < 400 p-a.e. on
X, which means that the series ZI: fn(x) converges absolutely, and hence
converges, for p-a.e. x € X.

(ii) Consider s, = > ,_, fx for all n. Then lim, 100, = f p-ae. on X
and [s,| < g on X. Theorem 7.10 implies that Y., [ fedp = [y sndp —
[x fdp.
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Theorem 7.12 (Approxzimation) Let f : X — R or C be integrable. Then
for every € > 0 there is some YX—measurable simple function ¢ : X — R or C

so that [y |f —¢ldp < e.

Proof: If f : X — [0,400] is ¥—measurable with [, fdu < +oo, there is
an increasing sequence {¢,} of non-negative ¥ —measurable simple functions
so that ¢, 7 f on X and [y ¢ndu 1 [y fdp. Therefore, for some n we have
fodu—e < fx(bnd,u < fod,LL. Thus fX |f_¢n|d:u: fx(f_d)n)d,u < €.

Now if f : X — R is integrable, then [, f*du < 400 and [y f~ du < +oc.
From the first case considered, there are non-negative ¥ —measurable simple
functions ¢1, ¢ so that [y [fT — ¢1ldp < § and [ |f~ — ¢o|ldp < 5. We
define the simple function ¢ = ¢ — ¢2 : X — R and get [, |f — ¢[dp <
Jx ff = éuldu+ [ [f~ = ¢2ldp <e

Finally, let f : X — C be integrable. Then there is F : X — C so that
F = f p-a.e. on X. The functions R(F), (F) : X — R are both integrable,
and hence we can find real valued ¥ —measurable simple functions ¢, ¢ so that
Jx IR(F) — ¢1]dp < § and [y |S(F) — ¢o| du < §. We define ¢ = ¢ + iy and
get fx|f_¢|d,u:fx|F_¢|d,u<e'

7.4 Integrals over subsets.

Let (X,X, 1) be a measure space.

Let A€ Y and f: X — R or C be ¥—measurable. In order to define an
integral of f over A we have two natural choices. One way is to take fy 4, which
is f in A and 0 outside A, and consider fX fxadup. Another way is to take the
restriction f4 of f on A and consider fA fadp with respect to the restricted p
on (A,X4). The following lemma says that the two procedures are equivalent
and give the same results.

Lemma 7.9 Let AcY and f: X — R or C be X—measurable.

(i) If f : X — R and either [y fxadu or [, fady exists, then the other also
exists and they are equal.

(it) If f : X — C and either [ |fxaldw or [,|faldu is finite, then the other
is also finite and the integrals fX fxady and fA fadu are equal.

Proof: (a) Take a non-negative ¥ —measurable simple function ¢ = Z;n:l KjXE;
with its standard representation. Now ¢xa = Z;n:l KiXE;nA @ X — [0,+00)
has [y dxadp =370, kjpu(E;NA). On the other hand, ga = >0 KjXEna
A — [0, +00) (where we omit the terms for which E; N A = () has exactly the
same integral [, o4 dp = 377", w;u(E; N A).

(b) Now let f : X — [0,4+00] be ¥—measurable. Take an increasing sequence
{¢n} of non-negative X —measurable simple ¢,, : X — [0,+00) with ¢, — f.
Then {¢,xa} is increasing and ¢,xa — fxa. Also, {(¢n)a} is increasing
and (¢n)a — fa. Hence, by (a) we get, [y fxa = limp_joo [ Onxadu =
lim,, oo IA((bn)A dy = fA fadp.

() If f : X — R is Y—measurable, then ffys = (fxa)t and f~xa =
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(fxa)~ and also (fa)t = (fT)a and (fa)~ = (f7)a. Hence, by (b) we
get [ (fxa)tdp = [y frxadp = [,(ff)adu = [((fa)" dp and, similarly,
Jx(fxa)”du= [4(fa)” du. These show (i).
(d) Finally, let f : X — C be Y—measurable. Then |fxa| = |f|xa and |fa| =
|fla. By (b) we have [y |fxaldu = [y|fIxadn = [,|fladp = [,|faldp,
implying that fxa and fa are simultaneously integrable or non-integrable.
Assuming integrability, there is an F' : X — C so that F = fxa u-a.e. on
X. It is clear that F'xa = fxa p-a.e. on X and, also, F4 = f4 p-a.e. on A.
Therefore, it is enough to prove that [\ Fxadp = fA Fadu.
Now part (c) implies fx (Fxa)duy = fX Fixadp = [, R(F)adp =
JAR(Fa)dp. Similarly, [, S(Fxa)dp = [, S(Fa)dp and we conclude that
fXFXAdﬂ IAFAC[/N

Definition 7.6 Let f: X — R or C be ¥ —measurable and A € ¥.
(i) If f : X — R and fX fxadu or, equivalently, fA faduy is defined, we say
that the [, fdu is defined and define

/AfdMZ/XfXAdMZ/AfAdM.

(i) If f : X — C and fxa is integrable on X or, equivalently, fa is integrable
on A, we say that f is integrable on A and define fA fdup exactly as in (i).

Lemma 7.10 Let f: X — R or C be X—measurable.
(i) If f : X — R and [ fdu is defined, then [, f dyu is defined for every A € X.
(ii) If f : X — C is integrable then f is integrable on every A € 3.

Proof: (i) We have (fxa)* = f*xa < f" and (fxa)” = f"xa < f~ on
X. Therefore, either [ (fxa)Tdp < [y fTdu < 400 or [(fxa)” du <
Jx [~ dp < +oc. This says that [, fxadp is defined and, hence, [, fdpu is
also defined.

(i) If f: X — C is integrable, then [, |fxa|du < [ |f]dp < +00 and fxa is
also integrable.

Proposition 7.6 Let f : X — R be Y —measurable and fod,u be defined.
Then either [, fdp € (—o0,+00] for all A€ X or [, fdu € [—o0,400) for all
AelX.

Proof: Let [y f~du < +o0. Then [\ (fxa)” du < [y f~ du < +oo and hence

Jofdu= [y fxadup>—ocforall AeX.
Similarly, if [ fdu < 400, then [, fdu < +oo for all A € X.

Theorem 7.13 If f : X — R and fod,u is defined or f : X — C and f is
integrable, then

(i) [4 fdu=0 for all A € X with u(A) =0,

(i) [, fdp = roe o, [ for all pairwise disjoint A1, As,... € ¥ with A=
UniAn,
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(iii) fAn fdp— [, fdu for all increasing {An} in ¥ with A = U2 Ay,
(iv) [, fdu — [, fdu for all decreasing {A,} in ¥ with A = Nt A, and
|fA1fd,u| < +o00.

Proof: (i) This is easy because fxa =0 p-a.e. on X.
(ii) Let A1, Ao, ... € ¥ be pairwise disjoint and A = US> A,,.

If f: X — [0,+00] is X—measurable, since fx4 = Z::i fxa, on X, Theo-
rem 7.2 implies [, fdp = [y fxadp= E::g Jx fxa, dp= Z:j a, [ dp

If f: X — C and f is integrable, we have by the previous case that

Tl = S5 [y \fld = [, 1f1du < +00. Because of fx =
¥ fxa, on X, Theorem 7.11 implies that Sy fdu= e . fdu

If f:X — Rand [ f du < 400, we apply the first case and get

e a, fhde = J4 fTdp and Sobee a, [ dn = J4f dp < 4o00. Sub-
tracting, we find 7,7 w, fdp= S fdp.

If [ fT dp < 400, the proof is similar.

(iti) Write A = A; U5 (Ag \ Ax_1), where the sets in the union are pairwise
disjoint. Apply (ii) to get [, fdu= [, fdu+3725 4 a,, Fdu= [y fdp+
limy, 4 oo 22:2 IA,C\A,C?1 Jdp = limy, 4 fAn fdu.

(iv) Write A; \ A = U2 (A1 \ A,,), where {A; \ A,} is increasing. Apply (iii)
to get fAl\An fdu — fAl\Afd,u.

From fAl\Afd,u—FfAfdu = fAlfd,u and from |fA1fd,u| < 400 we im-
mediately get that also | f At du| < 4o00. From the same equality we then get
fAl\Afd,u = fAlfdu—fAfdu. Similarly, fAl\Anfd,u = fAlfdu—fAnfdu
and hence [, fdu—[, fdu— [, fdu—[, fdp. Becauseof| [, fdu| < +oo
again, we finally have fAn fdu— [, fdu.

We must say that all results we have proved about integrals [ y over X
hold without change for integrals [ 4 over an arbitrary A € X. To see this we
either repeat all proofs, making the necessary minor changes, or we just apply
those results to the functions multiplied by x4 or to their restrictions on A. As
an example let us look at the following version of the Dominated Convergence
Theorem.

Assume that f, fn : X — R or C are X—measurable, that g : X — [0, 400]
has [, gdp < 400, that |fu| < g p-a.e. on A and fn, — f p-a.e. on A. The
result is that fA fndu — fA fdu.

Indeed, we have then that [y gxadu < 400, that |frxa| < gxa p-a.e. on
X and frxa — fxa p-a.e. on X. The usual form of the dominated convergence
theorem (for X) implies that [, fndu = [y faxadp — [y fxadu= [, fdp.

Alternatively, we observe that [, ga du < +oo, that |(fn)al < ga p-a.e. on
A and (fn)a — fa p-a.e. on A. The dominated convergence theorem (for A)

implies that [, fndp = [ (fu)adp — [y fadp= [, fdu.
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7.5 Point-mass distributions.

Consider the point-mass distribution p induced by a function a : X — [0, +00]
through the formula
uw(E) = Z Oz

rck
forall E C X.
We observe that all functions f : X — Y, no matter what the (Y,3’) is, are
(3, X")—measurable.
If ¢ = 2?21 KjXE; 18 any non-negative simple function on X with its stan-
dard representation, then [y ¢du = 37, kju(Es) = 220 5i(X,ep, @) =
Z?Zl(ZIGEj Kjly) = Z?Zl(ZIGEj ¢(x)a;). We apply Proposition 2.6 to get

| odn=3 owas.

reX

Proposition 7.7 If f : X — [0, +00] then

| rin=¥ t@o.

reX

Proof: Consider an increasing sequence {¢,} of non-negative simple functions
so that ¢, 1 fon X and [y ¢ndu 1 [y fdp.

Then [y ¢ndp =3, cx On(®)as < 3 oy f(2)a, and, taking limit in n,
we find [ fdp <Y oy f(x)a,.

If Fis a finite subset of X, then Y  _pén(x)as < D cx On(r)a. =
Jx ®n dp. Using the obvious imy, oo Do cp &n(2) @ = > o f() @z, we find

>wer f(@)ae < [ fdp. Taking supremum over F, 3+ f(z)a, < [ fdp
and, combining with the opposite inequality, the proof is finished.

We would like to extend the validity of this Proposition 7.7 to real valued or
complex valued functions, but we do not have a definition for sums of real valued
or complex valued terms! We can give such a definition in a straightforward
manner, but we prefer to use the theory of the integral developed so far.

The amusing thing is that any series ), _; b; of non-negative terms over the
general index set I can be written as an integral

Zbi:/bdu,
icl I

where f is the counting measure on I (and we freely identify b; = b(7)). This is
a simple application of Proposition 7.7.

Using properties of integrals we may prove corresponding properties of sums.
For example, it is true that

Z(bi+ci)zzbi+20i7 Z)\blz)\Zbl

i€l el iel iel iel
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for every non-negative b;, ¢; and A. The proof consists in rewriting || (b+c)di =
J;bdt+ [;cddand [, Abdf =X [;bd}§ in terms of sums.

For every b € R we write b* = max(b,0) and b~ = — min(b, 0) and, clearly,
b=>bt—b" and |b| =bT +b".

Definition 7.7 If I is any index set and b : I — R, we define the sum of
{bi}icr over I by

Sh-Xn -

icl il il
only when either Y ,c; b < 400 or Y ,c;b; < 4oo. We say that {b;}icr is

summable (over 1) if Y, ., b; is finite or, equivalently, if both Y, ;b and
> icr b are finite.

Since we can write
Zbi:ij—Zb;:/b+dﬁ—/b_dﬂ:/bdﬂ
iel iel iel I 1 I
and also
Sl = v+ b = [tz [omaz= [ plas
iel iel iel I 1 1

we may say that {b;}icr is summable over I if and only if b is integrable over
I with respect to counting measure § or, equivalently, if and only if .., |bi] =
J;Ibldg < +o0. Also, the Y, ., b; is defined if and only if the [,bd}§ is defined
and they are equal.

Further exploiting the analogy between sums and integrals we have

Definition 7.8 If I is any index set and b : [ — C, we say that {b;}ics is
summable over I if 3, ; |b;]| < 4oc.

This is the same condition as in the case of b: I — R.

Proposition 7.8 Letb: I — R or C. Then {b;}ics is summable over I if and
only if the set {i € T|b; # 0} is countable and, taking an arbitrary enumeration

{iv, iz, ...} of it, 325 [biy| < +oc.
Proof: An application of Propositions 2.3 and 2.4.

In particular, if {b;};cs is summable over I then b; is finite for all i € I. This
allows us to give the

Definition 7.9 Let b : I — C be summable over I. We define the sum of

{bi}icr over I as
D b= R(bi)+iy S(bi).

i€l icl icl
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Therefore, the sum of complex valued terms is defined only when the sum is
summable and, hence, this sum always has a finite value. Again, we can say
that if b: I — C is summable over I (which is equivalent to b being integrable
over I with respect to counting measure) then

> b _/bdﬁ.

i€l

We shall see now the form that some of the important results of general
integrals take when we specialize them to sums. They are simple and straight-
forward formulations of known results but, since they are very important when
one is working with sums, we shall state them explicitly. Their content is the
interchange of limits and sums. It should be stressed that it is very helpful to
be able to recognize the underlying integral theorem behind a property of sums.
Proofs are not needed.

Theorem 7.14 (i) (The Monotone Convergence Theorem) Let b,b*) :
I —[0,400] (k€ N). Ifb™ 1 b; for all i, then Y ,c, b 15, bs
(i) Let b9 - T — [0, +00] (k € N). Then Y, (425 b7) = £ (50, 6.
(iii) (The Lemma of Fatou) Let b,b%) : I — [0,+00] (k € N). If b; =
lim 1nfkﬂ+oo for all i € I, then ), b; <liminfy 100 > b Ek).
(iv) (The Domznated Convergence Theorem) Let b,b®) : I — [0, +o0]
(k€ N)and c: I — [0,+00]. If |b§k)| < ¢ foralli and k, if >, ;¢ < 00
and if b — b; for all i, then Y, b — 3., bi
(v) (The Series Theorem) Let b*) : I — [0,+o00] (k € N). Assuming that
z;’ol(ziel|bl(-k)|) < +oo, then ;250 converges for every i. Moreover,
oo 3 (k S k
Yier( ::1195 )) = ::1(21'61 bg ))-
Observe that the only f-null set is the (). Therefore, saying that a property
holds -a.e. on I is equivalent to saying that it holds at every point of I.
Going back to the general case, if p is the point-mass distribution induced

by the function a : X — [0, +oo] and f : X — R, then [, fdu is defined

if and only if either erxf (x)ay = [y fTdu < +o0or > oy [T (2)a, =
Jx f~dp < 400, and in this case we have

[ tan= [ rran= [ rau= 3 r@e - ¥ @ = Y

reX rzeX rzeX

icl

Moreover, f is integrable if and only if Y- .y [f(2)|ae = [ |f|dp < 400. This
is also true when f : X — C, and in this case we have

/ fdlj‘ = Z % XDf aw +1 Z XDf ))a/iﬂa
rcX zeX

where Dy = {z € X | f(z) # oo}. Since ) . |f(x)lar < +o0, it is clear that
f(z) = oo can happen only if a,; = 0 and a, = +00 can happen only if f(z) = 0.
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But, then f(z)a, € C for all x € X and, moreover, f(z)xp,(z)a, = f(x)a, for
all x € X. Therefore, we get

[ fin= ¥ 0@ +i Y 3 @) = 3 faas.

zeX reX rzeX
Now we have arrived at the complete interpretation of sums as integrals.

Theorem 7.15 Let p1 be a point-mass distribution induced by a : X — [0, +00].
Iff : X — R orC, then the [ fdu exists if and only if the 3 ¢ f(x)a, exists

and, in this case,
[ fin=¥ s

zeX

A simple particular case of a point-mass distribution is the Dirac mass dg,
at g € X. We remember that this is induced by a, =1 if z = xg and a, = 0
if © # xp. In this case the integrals become very simple:

/X fdsey = f(z0)

for every f. It is clear that f is integrable if and only if f(xg) € C. Thus,
integration with respect to the Dirac mass at xg coincides with the so-called
point evaluation at xg.

7.6 Lebesgue-integral.

A function f : R® — R or C is called Lebesgue-integrable if it is integrable
with respect to my,.

It is easy to see that every continuous f : R™ — R or C which is 0 outside
some bounded set is Lebesgue-integrable. Indeed, f is then Borel-measurable
and if @ is any closed interval in R™ outside of which f is 0, then |f| < Kxq,
where K = max{|f(z)||z € Q} < +oo. Therefore, [o, |f|dm, < Kmy(Q) <
400 and f is Lebesgue-integrable.

Theorem 7.16 (Approximation) Let f : R™ — R or C be Lebesgue-integra-
ble. Then for every e > 0 there is some continuous function g : R™ — R or C
which is 0 outside some bounded set so that [g, |g — f|dm, <e.

Proof: (a) Let —oco < a < b < +oo and for each § € (0,%52) consider the

continuous function 7,55 : R — [0,1] which is 1 on (a + 6,b — §), is 0 outside
(a,b) and is linear in each of [a,a + d] and [b — 4, b].

Let R = (a1,b1) X -+ X (an,by) be an open interval in R™. Consider, for
small § > 0, the open interval Rs = (a1 +,b1 — ) x -+ X (an +8,b, —8) C R.
Then it is clear that, by choosing ¢ small enough, we can have m, (R \ Rs) < €.
Define the function 7r s : R™ — [0, 1] by the formula

TR (T15 -y Tn) = Tayb1,6(T1) -+ Tay bn,6(Tn)-
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Then, 7g is continuous on R"”, it is 1 on R and it is 0 outside R. Therefore,
Jrn ITR6 = XR| My < ma(R\ Rs) <e.
(b) Let E € L, have m,(F) < +oo. Theorem 4.6 implies that there are
pairwise disjoint open intervals Ry, ..., R so that m,(EA(R;U---URy)) < 5.
The functions xg and xg, + -+ + xg, differ (by at most 1) only in the set
EA(RyU---UR). Hence, [g. IS xR — xB|dm, < §.
By (a), we can take small enough § > 0 so that, for each R;, we have
Jrn ITRi6 — XR:|™Mn < 5. This implies [, |Eé:1 TRy6 — 22:1 XR;| dm, <
1
dlim13 = 5
Denoting ¢ = 3\, 7r, s : R” — R, we have Jrn 1 —xE|dmy, < e. Observe
that ¢ is a continuous function which is 0 outside the bounded set Ul R;.
(¢) Let now f : R® — R or C be Lebesgue-integrable. From Theorem 7.12
we know that there is some L, —measurable simple ¥ : R®* — R or C so
that [, [¢ — fldm, < §. Let ¢ = 377", kjxm, be the standard representa-
tion of 1), where we omit the possible value & = 0. From 37" | [r;lmn(E;) =
Jon [0l dmy < [go |fldmn+ [q. |f =] dmy, < 400, we get that m, (E;) < 400
for all j. By part (b), for each E; we can find a continuous ¢; : R® — R so
that [, [V — xE,|dm, < m
If we set g = Z;n:l K44, then this is continuous on R™ and

/Rn|g—f|dmn < /Rn|g—w|dmn+/m|¢_f|dmn

i €
< Z/ k5 — KixE; | dm, + 3
j=1"R"

A

m

Z|/{|L—I—E = e
; om|k;| 2

j=1

Since each 1); is 0 outside a bounded set, g is also 0 outside a bounded set.

We shall now investigate the relation between the Lebesgue-integral and the
Riemann-integral. We recall the definition of the latter.

Assume that Q = [a1,b1] X - - X [an, by] is a closed interval in R™ and consider
a bounded function f: Q@ — R.

If m € N is arbitrary and @1, ...,Q; are arbitrary closed intervals which
have pairwise disjoint interiors and so that Q = Q1 U---U @, then we say that

A={Q1,...Q1}

is a partition of Q. If P, P, ..., P, are the open-closed intervals with the same
sides as, respectively, @, Q1,...,Q, then {Q1,...Q;} is a partition of @ if and
only if the Py, ..., P, are pairwise disjoint and P = Py U---UP;. Now, since f is
bounded, in each (); we may consider the real numbers m; = inf{f(z) |z € Q;}
and M; = sup{f(z)|z € Q;}. We then define the upper Darboux-sum and
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the lower Darboux-sum of f with respect to A as, respectively,

l
S(fi8) = M;vola(Qy),

j=1

1
A) = Z mj vol, (Q;).
j=1

If m =inf{f(z) |z € Q} and M = sup{f(z) |z € Q}, we have that m < m, <
M; < M for every j and, using Lemma 4.2, we see that

mvola(Q) < (3 A) < (f5A) < Mvol, (Q).

If Ay ={Q1,...,Q},} and Ay = {Q7,..., QL } are two partitions of Q, we
say that Ay is finer than A; if every Q7 is included in some Qj. Then it is
obvious that, for every Q% of Ay, the Q?’s of Ay which are included in Q% cover
it and hence form a partition of it. Therefore, from Lemma 4.2 again,

m; Lol ( Z m3 voly, Z MZ vol,( <Mlvol (Q)
Q2§Ql Q2§Q1
Summing over all j = 1,...,1; we find

E(fi A1) < E(f;A2) < B(f;82) <B(f; A1),

Now, if A; = {Q1,..., Qll} and Ay = {Q?, ...,le} are any two partitions of
Q, we form their common refinement A = {Ql NQ?|1<j<l,1<i<l}.

Then, X(f; A1) < B(f;A) < B(f;A) < X(f; Az) and we conclude that
mvol, (Q) < X(f; A1) < X(f; M) < M vol,(Q)
for all partitions Aj, As of Q. We now define

Rn)/ f =sup{Z(f; A)| A partition of Q}
Lo

Rn)ij = inf{3(f; A)| A partition of Q}

and call them, respectively, the lower Riemann-integral and the upper
Riemann-integral of f. It is then clear that

muvol,(Q) < (Rn)/ < (’Rn)/Qf < Mol (Q).
Lo

We say that f is Riemann-integrable over @ if (Rn)iQf = (Rn)TQf and

in this case we define

R [ 1= [ - (Rn)7Qf

to be the Riemann-integral of f.
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Lemma 7.11 Let Q be a closed interval in R™ and f : Q — R be bounded.
Then f is Riemann-integrable if and only if for every € > 0 there is some
partition A of Q so that X(f; A) — X(f; A) < e.

Proof: To prove the sufficiency, take arbitrary e > 0 and the corresponding A.
Then 0 < (Rn)[of — (Rn)fo < 3(f;A) — X(f;A) < e. Taking the limit
as € — 0+, we prove the equality of the upper Riemann-integral and the lower

Riemann-integral of f. _
For the necessity, assume (Rn)fo = (Rn)fo and for each € > 0 take

partitions Ay, Az of Q so that (Rn) [, f — § < Z(f;A1) and B(f;4) <

(Rn) fQ [+ 5. Therefore, if A is the common refinement of A; and Az, then
B(f;A) = Z(f;A) <B(f; A9) = B(f; A1) <e.

Proposition 7.9 Let Q be a closed interval in R™ and f : Q@ — R be continuous
on Q. Then f is Riemann-integrable.

Proof: Since f is uniformly continuous on @), given any ¢ > 0 there is a § > 0
so that |f(z) — f(y)] < vor7gy for all 2,y € Q whose distance is < 4. We take

any partition A = {Q1,...,Q;} of @, so that every @; has diameter < §. Then
|f(x) = FW)| < sorgy for all 2,y in the same ;. This implies that for every
Q; we have M; —m; = max{f(z)|z € Q;} —min{f(y) |y € Q;} < ;577557
Hence
B 1 . 1
N(f:8) = 2(f:8) = Y _(M; — my) ol (@) < — @) > ol (Q)) =€
n i=1

Jj=1

and Lemma 7.11 implies that f is Riemann-integrable.

Theorem 7.17 Let @ be a closed interval in R™ and f : Q — R be Riemann-
integrable. If we extend f as 0 outside Q, then f is Lebesgue-integrable and

Rnfdmn—/Qfdmn—(Rn)/Qf-

Proof: Lemma 7.11 implies that, for all k& € N, there is a partition Ay =
{QF,...,QF } of Q so that X(f; Ar) — £(f; Ax) < 7. We consider the simple
functions
lk lk
Yo=Y omixpr, k= Mxpr,
=1 j=1

where Pf is the open-closed interval with the same sides as Q? and m? =

inf{f(z) |z € Q}}, M} =sup{f(z) |z € Q}}.
From X(f;Ak) < (Rn) [ f < Y(f; Ag) we get that

S0 M), 2(f: Ap) — (Rn) /Q v,
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It is clear that ¥, < fxp < ¢ for all k, where P is the open-closed interval
with the same sides as Q. It is also clear that

Hence [g, (¢x — ¥r) dmy, <  for all k.
We define g = limsup,,_,, ., ¥ and h = liminfy_. o« ¢, and then, of course,
g < fxp < h. The Lemma of Fatou implies that

/ (h—g)dm, = liminf/ (¢ — ) dmy, = 0.
n k—+oco Jrn

By Proposition 7.3, g = h mp-a.e. on R™ and, thus, f = g = h mp-a.e. on R™.
Since g, h are Borel-measurable, Proposition 6.24 implies that f is Lebesgue-
measurable. f is also bounded and is 0 outside Q. Hence |f| < Kxg, where
K = sup{|f(z)||z € Q}. Thus, [g.|fldm, < Kmy(Q) < +oo and f is
Lebesgue-integrable.

Another application of the Lemma of Fatou gives

/ (h— fxp)dm, < liminf (or, — fxp)dmy
n k-’-’rOO R”

= liminf X(f; Ag) — fxpdmy
k——+oo Rn
= (Rn)/ f= [ fxpdmn.
Q R™

Hence [g.hdm, < (R,) fo and, similarly, (R,,) fo < Jgn 9dmy,. Since
f=g=h my-a.e. on R" we conclude that

(Rn)/Qf= f dma.

R

Theorem 7.17 incorporates the notion of Riemann-integral in the notion
of Lebesgue-integral. It says that the collection of Riemann-integrable func-
tions is included in the collection of Lebesgue-integrable functions and that the
Riemann-integral is the restriction of the Lebesgue-integral on the collection of
Riemann-integrable functions.

Furthermore, Theorem 7.17 provides a tool to calculate Lebesgue-integrals,
at least in the case of R. If a function f is Riemann-integrable over a closed
interval [a,b] C R, we have many techniques (integration by parts, change
of variable, antiderivatives) to calculate its f: f(z)dz. In case the given f is
Riemann-integrable over intervals [a, bx] with ar | —oo and by T +00 and we
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can calculate the integrals f;: f(z) dx, then it is a matter of being able to pass

to the limit f:: f(z)dx — fjof f(x)dz to calculate the integral over R. To do
this we may try to use the Monotone Convergence Theorem or the Dominated
Convergence Theorem.

On the other hand we have examples of bounded functions f : @ — R which
are Lebesgue-integrable but not Riemann-integrable.

Example
Define f(z) =1, if x € @ has all coordinates rational, and f(z) = 0, if at least
one of the coordinates of x is irrational. If A = {Q1,...,Q;} is any partition

of @, then all @);’s with non-empty interior (the rest do not matter because
they have zero volume) contain at least one & with f(z) = 1 and at least one x
with f(z) = 0. Hence, for any such Q; we have M; = 1 and m; = 0. Hence,

S(f; A) = vol,(Q) and X(f; A) = 0 for every A and this says that (Rn)[of =1
and (R,) [ o f=0. Thus, f is not Riemann-integrable.

On the other hand, f extended as 0 outside @ is 0 m,-a.e. on R"™ and hence
it is Lebesgue-integrable on R™ with [, f dm, = fQ fdm, =0.

Notation
If Q = [a,b] is any closed interval in R, then the Riemann-integral (R,,) f[a !
of a function f : [a,b] — R is, traditionally, denoted by

/ab 4 /ab f(z)de, /a b feydt,  ete.

After Theorem 7.17 we are allowed to use the same notations for the correspond-
ing Lebesgue-integral f[a)b} f dmy. We also observe that m1({a}) = m1({b}) =0
and, hence, the above notations cover all integrals | g Jdmy, where S is any of
the intervals with end-points a and b. This is also extended to include the cases
of all unbounded intervals (—o0,b), (—o0, b], (a, +00), [a, +00) and (—oo, +00).
Therefore, in all cases of intervals S with end-points a,b € R we use any of

/ " fam. | r@dmia). [ " fla) dma (@), / s [ i@ [ ' fa)dr

for the Lebesgue-integral |, g fdmy of f over S.
The notation dmq(z),dmq(t),dz,dt etc. for Lebesgue-measure is used also
in higher dimensions. We may, thus, write

/A F(@) dma (@), /A f(@) d

for the Lebesgue-integral [ 4 [ dmy, of f over the Lebesgue-measurable A C R".

The last topic will be the change of Lebesgue-integral under transformations
of the space.
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Proposition 7.10 Let T : R™ — R" be a linear transformation with det(T') #
0. If (Y,X') is a measurable space and f : R™ — 'Y is (L,,X')—measurable,
then foT™1:R"™ — Y is also (L,,X")—measurable.

Proof: For every E € ¥’ we have (f o T™')"YE) = T(f'(E)) € L,, because
of Theorem 7.18.

Theorem 7.18 Let T : R™ — R be a linear transformation with det(T) # 0
and f : R® — R or C be Lebesgue-measurable.
(i) If f : R™ — R and the [g, fdm,, exists, then the [g, fo T~ dm, also
exists and
foT tdm, = |det(T)| fdm,.

Rn RrR”
(ii) If f : R™ — C is integrable, then f o T~ is also integrable and the equality
of (i) is again true.

Proof: (a) Let ¢ : R™ — [0,400) be a non-negative Lebesgue-measurable
simple function and ¢ = Z;nzl kjXE; be its standard representation. Then
fR" odm, = Z;nzl Kjmn(Ej).

It is clear that ¢ o 7' = 3" | kjxm, o T™' = 37" KjX7(,) from which
we get g, ¢ 0 T~ dmy = 3300 kjma(T(E;)) = |det(T)| 3200, wymn(E;) =
| det(T)| [gn & dma,.

(b) Let f : R™ — [0,+00] be Lebesgue-measurable. Take any increasing
sequence {¢y} of non-negative Lebesgue-measurable simple functions so that
¢r — f on R™ Then {¢, o T~'} is increasing and ¢ o T-1 — foT~!
on R". From part (a), [g.foT 'dm, = limp o [g.dx 0o T ' dm, =
| det(T) | limp— 100 [gn Ok dmn, = |det(T)| [z, f dmn.

(c) Let f: R™ — R and the [g, fdmy exist. Then (foT )T = ftoT™!
and (foT™ ')~ = f~oT7 ! and from (b) we get [, (f o T ") " dm, =
|det(T)| [gn ST dmy and [g,. (f o T4~ dmy, = |det(T)| [g. [~ dmy. Now (i)
is obvious.

(d) Let f : R® — C be integrable. From |f o T7!| = |f| o T~! and from (b) we
have that [g, |f o T ! dmy, = |det(T)| [g. |fldmn < +oo. Hence foT ! is
also integrable.

We take an F': R — C so that F' = f mp,-a.e. on R™.

If A={xr € R"|F(x) # f(x)} and B = {x € R"|FoT (x) # fo
T~Y(z)}, then B = T(A). Hence, m,(B) = |det(T)|m,(A) = 0 and, thus,
FoT™ ! = foT ! my-a.e. on R™. Therefore, to prove (ii) it is enough to prove
Jan FoT~ dmy, = |det(T)| [gn F dmn,.

We have R(FoT 1) = R(F)oT~! and, from part (c), [z, R(FoT ™) dm, =
| det(T)| Jgn R(F) dmy. We, similarly, prove the same equality with the imagi-
nary parts and, combining, we get the desired equality.

The equality of the two integrals in Theorem 7.19 is nothing but the (linear)
change of variable formula. If we write y = T~ !(z) or, equivalently, z =
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T(y), then

foT Y wydu= [ F(T(x))dx = |det(T)| / f() dy.
R R R

Thus, the informal rule for the change of differentials is

dx = |det(T)|dy.

7.7 Lebesgue-Stieltjes-integral.

Every monotone f : R — R is Borel-measurable. This is seen by observing
that f~!((a,b]) is an interval, and hence a Borel set, for every (a,b]. If, now,
F : R — R is another increasing function and pp is the induced Borel-measure,
then f satisfies the necessary measurability condition and the fR fdup exists
provided, as usual, that either [p f*dur <400 or [5 f~ dup < +o0.

The same can, of course, be said when f is continuous.

In particular, if f is continuous or monotone in a (bounded) interval S and
it is bounded on S, then it is integrable over S with respect to pp.

We shall prove three classical results about Lebesgue-Stieltjes-integrals.

Observe that the four integrals which we get from |, s [dur, by taking S =
[a,b],[a,b), (a,b] and (a,b), may be different. This is because the f{a} fdur =
fla)ur({a}) = f(a)(F(at) — F(a—)) and [, fdur = f(b)(F(b+) — F(b-))

may not be zero.

Proposition 7.11 (Integration by parts) Let F,G : R — R be two increasing
functions and pp, ue be the induced Lebesgue-Stieltjes-measures. Then

[ Gndur s [ Py dpe = G0HF0+) — Gla)Pla)
a,b a,b

for all a,b € R with a < b. In this equality we may interchange F with G.
Similar equalities hold for the other types of intervals, provided we use the
appropriate limits of F,G at a,b in the right side of the above equality.

Proof: We introduce a sequence of partitions Ay = {cf, ... ,cfk} of [a, b] so that

a=c’§<c’f<---<cfkzbforeachkandsothat

Jim max{eh — k11250 =0

We also introduce the simple functions

Uy g
9k = Z G(C?+>X(c;?71,c;?]a fk = ZF(C_];_1+)X(Ck k]
j=1

j—1°%5
Jj=1

It is clear that G(a+) < gr < G(b+) and F(a+) < fi < F(b—) for all k.
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If, for an arbitrary € (a,b] we take the interval (cf_,,c}] containing x
(observe that j = j(k,x)), then gy(x) = G(ck+) and fix(z) = F(ch_,+). Since

limk_,+oo(c§ — céﬁl) — 0, we have that c? — z and c;tl — . Therefore,

gr(x) = G(z+),  fulz) = Fla—)

as k — +o0.
We apply the Dominated Convergence Theorem to find

Iy

Z G(C?_")(F(C?‘F) - F(Cé‘tl"')) = / gk dpp — G(z+)dpr,
(a,b] (a,b]

j=1
173

Y P H)(G(h+) = G(ch_1+) = frdpg — F(z—)dpa

j=1 (a,b] (a,b]
as k — +o0.

Adding the two last relations we find

G(b+)F(b+) — G(a+)F(a+) = G(z+)dur + / F(x—)dug.
(a,b] (a,b]

If we want the integrals over (a,b), we have to subtract from the right side
of the equality the quantity f{b} G(x+) dur + f{b} F(x—) dug which is equal to
G(+)(F(b+)—F(b-))+ F(b=)(G(b+)—G(b—)) = G(b+)F(b+) - G(b—)F (b—).
Then, subtracting the same quantity from the left side of the equality, this
becomes F'(b—)G(b—) — F(a+)G(a+). We work in the same way for all other
types of intervals.

The next two results concern the reduction of Lebesgue-Stieltjes-integrals
to Lebesgue-integrals. This makes calculation of the former more accessible in
many situations.

Proposition 7.12 Assume that F': R — R is increasing and has a continuous
derivative on (a,b) for some a,b with —oo < a < b < 4o00. Then

ur(E) = /EF/(x) dx

for every Borel set E C (a,b) and

b
dup = 2)F'(x) dx
iz | r@r@

for every Borel-measurable f : R — R or C for which either of the two integrals
exists.
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Proof: (i) The assumptions on F' imply that it is continuous on (a,b) and that
F’' >0 on (a,b). For every [c,d] C (a,b) we have, by the fundamental theorem
of calculus, that f F'(z)dz = F(d) — F(¢) = pr((c,d]). If we apply this to
two strictly monotone sequences ¢n | a and d, T b, we get, by the monotone
convergence theorem, that f; F'(x)dx = F(b—) — F(a+) = ur((a,b)) < +o0.
Hence, F' is integrable over (a,b).

We now introduce the Borel measure p on R by the formula

MGD—MNE\wﬁD+A%(MF@%M

for every Borel set E C R. If ( d] C (—o0,a] or if (¢,d] C [b,+00), then
obviously p((c,d]) = ,up(( ]) (c d] C (a,b), then, by what we said in the
first paragraph, again p((c,d fc 4 F'(z)dz = pr((c,d]). It is easy, now, to
prove that for every (c, d] we have u((c d)) = pur((c,d]). We just need to break
the interval into at most three subintervals.

Theorem 5.5 implies that g = pp and hence pp(E) = prp(E \ (a,b)) +

fEﬁ(a,b) F'(z) dzx for every Borel set E C R. This implies

wr(E N (a,b)) :/Em( ) F'(z)dx

for every Borel F C R and this can be written f(a_b) Xe dpr = pr(EN(a,b)) =

fEﬁ(a,b) F'(z)dz = f XE(z)F'(x) dx. Taking linear combinations of character-

istic functions, we find f(a p Gdpr = f: ¢(x)F'(x) dx for all Borel-measurable

simple functions ¢ : R — [0, +00). Now, applying the Monotone Convergence
Theorem to an appropriate increasing sequence of simple functions, we get

b
fdue = [ F@)F (@) do

(a,b)

for every Borel-measurable f : R — [0, 400]. The proof is easily concluded for
any f : R — R, by taking its positive and negative parts, and then for any
f: R — C, by taking its real and imaginary parts (and paying attention to the
set where f = 00).

Proposition 7.13 Assume that F : R — R is increasing and G : (a,b) — R
has a bounded, continuous derivative on (a,b), where —oco < a < b < 400.

Then,

b
Gdup = GO-)F(b—)— Glat+ /F ) dx
(a:b)

— GO-)F(b-) - Gla / " Flet)C () da.
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Proof: (A) By the assumptions on G we have that it is continuous on (a, b) and
that the limits G(b—) and G(a+) exist. We then extend G as G(b—) on [b, +00)
and as G(a+) on (—oo,a] and G becomes continuous on R. We use the same
partitions A as in the proof of Proposition 7.11 and the same simple functions

Iy
Ik = ZG(C;CHX(C k] = ZG ch k]

J=1

We have again that |gx| < M where M = sup{|G(z)||z € [a,b]} and that
gx(z) — G(z+) = G(x) for every = € (a,b]. By the Dominated Convergence
Theorem,

MNPk L) — Pk _ - .
S G (F(eb+) — F(ch_+)) /(a)b]gkdw [ cwdr

as k — +o0.
By the mean value theorem, for every j with j =1,...,l;, we have

G(cj) = G(cf 1) = G'(&)(cj = f 1)

J

for some {f (f 15 J) Hence

Iy
S () (G -G ZF (ch—ck_ / e
j=1

where we set ¢ = Y25 F(ch_ | +)G’ (DX, ob)-

We have that ¢y (z) — F(x—)G' (x) for every « € (a,b) and that |¢r| < K on
(a,b) for some K which does not depend on k. By the Dominated Convergence

Theorem, f o (x)de — f F(x—)G'(z) dz. We combine to get

b

GOIF0) = G@Fah) = [ ) dur + / Fla—)C (2) da

From both sides we subtract f{b} G(z)dpr = G(b)(F(b+) — F(b—)) to find

b
G)F(b—) — G(a)F(a+) = / G(z)dur + / F(z—)G' (z)dx
(a,b) a

which is the first equality in the statement of the proposition. The second
equality is proved in a similar way.
(B) There is a second proof making no use of partitions.

Assume first that G is also increasing in (a,b). Then its extension as G(a+)
on (—o0,a] and as G(b—) on [b, +00) is increasing in R. We apply Proposition
7.11 to get

| Gaue=Go-)F0-) - Gat)Fas) - [ Pla-)due,
(a,b) (a,b)
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which, by Proposition 7.12, becomes the desired

b
Gdpr = G(b=)F(b—) — Glat)F(at) — / Fa—)G' (z) da.
(a7b) a

If G is not increasing, we take an arbitrary xo € (a,b) and write G(z) =
G(xo)—l-f;() G'(t) dt for every z € (a,b). Now, (G')T and (G’)~ are non-negative,
continuous, bounded functions on (a, b) and we can write G = G1 — G2 on (a,b),
where

Ga(o) = Gao) + [ (@) 0t Gala) = [ (@) (s

o x
for all t € (a,b). By the continuity of (G')* and (G’)~ and the fundamental
theorem of calculus, we have that G} = (G')* > 0and G5 = (G')~ > 0 on (a,b).
Hence, G; and G are both increasing with bounded, continuous derivative on
(a,b) and from the previous paragraph we have

b
Grd = Gi(b-)F () - Gilan)Flat) ~ [ F-)Gle) do
(a,b) a

for i = 1,2. We subtract the two equalities and prove the desired equality.

It is worth keeping in mind the fact, which is included in the second proof
of Proposition 7.13, that an arbitrary G with a continuous, bounded derivative
on an interval (a,b) can be decomposed as a difference, G = G; — Ga, of two
increasing functions with a continuous, bounded derivative on (a,b). We shall
generalise it later in the context of functions of bounded variation.

7.8 Reduction to integrals over R.
Let (X, X, 1) be a measure space.

Definition 7.10 Let f : X — [0,+00] be ¥—measurable. Then the function
Ar 1[0, 400) — [0, +00], defined by

Ap(t) = p({z € X |t < f(2)}),
1s called the distribution function of f.

Some properties of A; are easy to prove. It is obvious that A is non-negative
and decreasing on [0,400). Since {z € X |t, < f(z)} T{z € X |t < f(z)} for
every t, | t, we see that Ay is continuous from the right on [0, +00).

Hence, there exists some ty € [0, +o0] with the property that Ay is +00 on
the interval [0, ¢9) (which may be empty) and Ay is finite in the interval (¢, +00)
(which may be empty).
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Proposition 7.14 Let f : X — [0, +00] be E—measurable and G : R — R be
increasing with G(0—) = 0. Then

| G- /[O_M) A dpc.

Moreover, if G has continuous derivative on (0,400), then
—+oo
/ Go fdu :/ Ar(®)G'(t) dt + A (0)G(0+).
X 0

Thus, [ fdp= ["°° A\ (t) dt.

Proof: (a) Let ¢ = Z;nzl k;jXE; be a non-negative ¥—measurable simple func-
tion on X with its standard representation, where we omit the value 0. Rear-
range so that 0 < k1 < --+ < Ky, and then

p(Er) + p(E2) + -+ p(Ep), £0<1<k

w(E2) + -+ pu(En), if k1 <t <Ko
)\¢(t) =< ...
/J'(Em)u if Rm—1 <t< Km
0, if Ky <t
Then
/[ Dedia = (B + ) 4 ) (G )~ GIO-)
0,400

+H(u(E2) + - + p(Bm)) (G(h2—) = G(k1-))

"’U(Em)(G(’fm_) - G(’imfl_))
k1=)u(Er) + G(re—)u(E2) + -+ - + G(km—)u(Em)

G
/ G(é(x)—) dp.
X

because G(¢(x)—) is a simple function taking value G(k;—) on each E; and
value G(0—) =0on (F1U---UE,)".

(b) Take arbitrary ¥—measurable f : X — [0, +00] and any increasing sequence
{¢n} of non-negative ¥ —measurable simple ¢,, : X — [0, +00) so that ¢, T f
on X. Then 0 < G(¢n(x)—) T G(f(x)—) for every x € X and, by the Monotone
Convergence Theorem,

/ G (@) =) d — / G(f(2)-) dp.
X X

Since {z € X |t < ¢n(x)} T {z € X |t < f(x)}, we have that \s, (t) T Ar(¢)
for every t € (0,+00). Again by the Monotone Convergence Theorem,

/ )\¢n d/LG - )\f d,ug.
[0,+00) [0,+00)
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By the result of (a), we combine and get [, G(f(z)—)du = f[o ooy Af diic-
Proposition 7.12 implies the second equality of the statement and the special
case G(t) = t implies the last equality.

Proposition 7.15 Let u(X) < 400 and f : X — [0,+00] be X—measurable.
We define FF: R — R by

Fy(0) =il e X1 o) < o) = { 400 7 M0 HO 1 <0

Then Fy is increasing and continuous from the right and, for every increasing
G : R — R with G(0—) =0, we have

[ @-yau= [ G-)du, + Glroclu(f (+o0)).
X [0,4-00)
Proof: 1t is obvious that F is increasing. If ¢, | t, then {z € X | f(z) <t,} |
{z € X | f(z) <t}. By the continuity of u from above, we get Fy(t,) | Fs(t)
and Fy is continuous from the right.

We take any n € N and apply Proposition 7.11 to find

G(t=)diur, = G+ Fy(n) ~ |

Fy dp = / (Fy(n) — Fy) dyg.
[0,n] [0,n]

[0,n]

The left side is = f[0,+oo) G(t=)x[o,n) (t) dpir, 1 f[0,+oo) G(t—)dpr,, by the
Monotone Convergence Theorem.

Similarly, the right side is = f[0,+oo) p{r € X |t < f(z) <n})xjon(t)duc 1
f[o +00) u{x € X |t < f(z) < +00}) dug, again by the Monotone Convergence
Theorem.

Therefore, f[0,+oo) G(t—)dpr, = f[o_’Jroo) p{z € X |t < f(z) < +o0})duc
and, adding to both sides the quantity G(+oo)u({zx € X | f(x) = +o0}) we find

|G dur, +Glrooutie € X | ) = +och) = [ Ardua.
[0,400) [0,400)

Now, the equality of the statement is an implication of Proposition 7.14.
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7.9 Exercises.

1.

The graph and the area under the graph of a function.
Let f: R™ — [0, +00] be Lebesgue-measurable. If

A ={(z1,.. ., 2n, Tn31) |0 < Tpy1 < fz1,...,20)} C R",

Gf = {(:Elv s 7xnaxn+1) |In+1 = f(xlv .- ,In)} - Rn+17

prove that Ay, Gy € L, 41 and

mn+1(Af) = - Jdmp, anrl(Gf) =0.

An equivalent definition of the integral.

Let f : X — [0,+00] be ¥—measurable. Take all A = {Ey,...,E},
where [ € N and the non-empty sets E1,..., E; € ¥ are pairwise disjoint
and cover X. Such A are called ¥—partitions of X. Define X(f, A) =

Zi-:l m;p(E;), where m; = inf{f(z)|x € E;}. Prove that

/ fdp =sup{Z(f,A)| A is a X—partition of X}.
X

If f,g,h: X — R are Y—measurable, g, h are integrable and g < f < h
p-a.e. on X, prove that f is also integrable.

The Uniform Convergence Theorem.

Let all f,, : X — R or C be integrable and let f,, — f uniformly on X. If
(X)) < +o0, prove that f is integrable and that [y fndu — [y fdpu.

. The Bounded Convergence Theorem.

Let f, fn : X — R or C be ¥—measurable. If u(X) < +oo and there is
M < +o0 so that |f,| < M p-a.e. on X and f, — f p-a.e. on X, prove

that [ fndu — [ fdp.

Let f,f, : X — R or C be Y—measurable and g : X — [0, 400] be
integrable. If |f,| < ¢g p-a.e. on X for every n and f, — f p-a.e. on X,
prove that [y [f, — f|dp — 0.

Let f, fn : X — [0, +00] be X—measurable with f, < f p-a.e. on X and
fn — f p-a.e. on X. Prove that [, fndu — [y fdp.

Let f, fn : X — [0,400] be X—measurable and f,, — f p-a.e. on X. If
there is M < +o0 so that fX fndp < M for infinitely many n’s, prove
that f is integrable.
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10.

11.

12.

13.

14.

15.

. Generalisation of the Lemma of Fatou.

Assume that f,g, f, : X — R are ¥—measurable and fX g~ dp < +oo.
If g < fn prae. on X and f = liminf,, 1 f, p-a.e. on X, prove that

Jx fdp <liminf, 4o [ frndp.

Let f, fn : X — [0, +00] be ¥X—measurable with f,, | f p-a.e. on X and
Jx fidp < +oo. Prove that [ fodpu | [y fdp.

Use either the Lemma of Fatou or the Series Theorem 7.2 to prove the
Monotone Convergence Theorem.

Generalisation of the Dominated Convergence Theorem.

Let f,fn : X — Ror C, g,9, : X — [0,4+00] be ¥—measurable. If
|fnl < gn prae. on X, if [ gndp — [ gdp < 400 and if fr, — f p-ace.
on X and g, — g p-a.e. on X, prove that [, fndp — [y fdp.

Assume that all f, f, : X — [0,400] are ©—measurable, f, — f p-a.e.
on X and [y fndp — [y fdu < +oco. Prove that [, fndu — [, fdp for
every A € X.

Let f,f, : X — R or C be integrable and f, — f p-a.e. on X. Prove
that [y |fn — fldp — 0 if and only if [y |fu|dp — [y |f|dp.

Improper Integrals.

Let f:[a,b) — R, where —co < a < b < 4o00. If f is Riemann-integrable
over [a,c] for every ¢ € (a,b) and the limit lime,— [ f(z) dz exists in
R, we say that the improper integral of f over [a,b) exists and we
define it as

—b c
(x)dx = lirlx)l f(z)da.

a

We have a similar terminology and definition for f:H f(z)dx, the im-
proper integral of f over (a,b].

(i) Let f : [a,b) — [0,+00) be Riemann-integrable over [a, ] for every
¢ € (a,b). Prove that the Lebesgue-integral f; f(z)dx and the improper

integral f:b f(z) dx both exist and they are equal.

(ii) Let f : [a,b) — R be Riemann-integrable over [a, ¢] for every ¢ € (a, D).
Prove that, if the Lebesgue-integral f:f(:zz) dr exists, then fa_)b f(x)dx
also exists and the two integrals are equal.

(iii) Prove that the converse of (ii) is not true in general. Look at the
fourth function in exercise 7.9.17.

(iv) If f;b |f(z)|de < 400 (we say that the improper integral is ab-

solutely convergent), prove that the fa_)b f(z)dx exists and is a real
number (we say that the improper integral is convergent.)
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16.

17.

18.

19.
20.

21.

22.

23.

CHAPTER 7. INTEGRALS
Using improper integrals (see exercise 7.9.15), find the Lebesgue-integral
fjof f(z) dz in the following cases:

1 e 1 11 1
e — - —, ——X[-11]-
1+$27 ) xgx[o,-‘roo)a 7 |x|7 \/mx[ 1,1]

Using improper integrals (see exercise 7.9.15), find the Lebesgue-integral
+oo . .
J.> f(2) dx in the following cases:

+o0 +O° n+1
E 2nX(n n+1]» E nnJrl]u
n=1
+°° n+1
E X(n n+1]» E (n,n+1]-
n=1

Apply the Lemma of Fatou for Lebesgue-measure on R and the sequences:

. . n T
X(n,n+1)s  X(n,+o0)> nxo,%)v 1+ szgn(sm(? %))

Let f : [-1,1] — C be integrable. Prove that lim,, fil 2" f(x)dx = 0.
The discontinuous factor.
Prove that

if0<a<+4oo

1 +oo t 07
t=oo T Ttz 1, if—co<a<0

Prove that
. " _ L ifl<a
1 1 neTOT dp = { a—10 !
oo 0 ( +n) T {+oo, ifa<1
Let f : X — [0,400] be X—measurable with 0 < ¢ = [ fdu < +oc.

Prove that
400, if0<ax<l1

ngr}rloon/xlog[l—k(g)a}du—{c, ifa=1

0, if 1 <a<+oo.

Consider the set A = Q N[0,1] = {r1,r2,...} and a sequence {a,} of real
numbers so that 37> |a,| < +00. Prove that the series

Zm

converges absolutely for my-a.e. z € [0, 1].
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The measure induced by a function.

Let f: X — [0, +00] be X—measurable. Define v : ¥ — [0, +00] by

wE) = [ fau

for all E € ¥. Prove that v is a measure on (X,3) which is called the
measure induced by f. Prove that

(i) [y gdv = [y gf dp for every X—measurable g : X — [0, +0oc],

(ii) if g : X — R is Y —measurable, then fxgdu exists if and only if
J + 9f dp exists and in such a case the equality of (i) is true,

(iii) if g : X — C is ¥ —measurable, then g is integrable with respect to
v if and only if gf is integrable with respect to p and in such a case the
equality of (i) is true.

Assume that f: X — R or C is integrable and prove that for every ¢ > 0
there is an F € ¥ with u(E) < 4o and [, |fldu <.

Absolute continuity of the integral of f.

Let f : X — R or C be integrable. Prove that for every e > 0 there is
6 > 0 so that: | [, fdu| < e for all E € ¥ with u(E) < 0.

(Hint: One may prove it first for simple functions and then use the ap-
proximation theorem.)

Let f : R — R or C be Lebesgue-integrable. Prove F(z) = [*_ f(t)dt is
a continuous function of z on R.

Continuity of translations.

Assume that f: R® — R or C is Lebesgue-integrable. Prove that

li —h) - dxr = 0.
Rl fo M@= h) = f@)lde
(Hint: Prove it first for continuous functions which are 0 outside a bounded
set and then use the approximation theorem.)

The Riemann-Lebesgue Lemma.

Assume that f: R — R or C is Lebesgue-integrable. Prove that

+oo +oo
lim f(t) cos(xt)dt = lim f(t)sin(zt) dt =0

r—-+oo | _ r—-+oo | _

oo oo

in two ways.

Prove the limits when f is the characteristic function of any interval and
then use an approximation theorem.

Prove that |fj;o f(t) cos(zt) dt| = %|fj:§(f(t — I) — f(t)) cos(zt) dt| <

x

3 fjof |f(t— %) — f(t)|dt and then use the result of exercise 7.9.28.
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30.

31.

32.

33.

34.

35.
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Let @ C R™ be a closed interval and z¢ € Q. If f: @ — R is Riemann-
integrable over @ and g : @ — R coincides with f on @\ {20}, prove that
g is also Riemann-integrable over @ and that (R,,) fQ g=(Rn) fQ f

Let @ C R"™ be a closed interval, A € R and f,g: @ — R be Riemann-
integrable over (). Prove that f+ ¢, Af and fg are all Riemann-integrable
over () and

<R>/<f+g /f+ / (R)/AfA /f

Let @ C R™ be a closed interval.

(i) If the bounded functions f, fx : @ — R are all Riemann-integrable over
Q and 0 < f T f on Q, prove that (R,) fQ fre — (Ry) fo

(ii) Find bounded functions f, f : @ — R so that 0 < fi T f on @ and so
that all fi are Riemann-integrable over @, but f is not Riemann-integrable
over Q.

Continuity of an integral as a function of a parameter.

Let f: X x (a,b) - Rand g: X — [0,400] be such that

(i) g is integrable and, for every ¢ € (a,b), f(-,t) is ©—measurable,
(ii) for p-a.e. x € X, f(z,-) is continuous on (a,b),

(iii) for every t € (a b), |f( t)| <g p-a.e. on X.

Prove that F(t) = [y f(-,t)dp is continuous as a function of ¢ on (a,b).

Dz’[ferentiabzlzty of an mtegml as a function of a parameter.

Let f: X X (a,b) = R and g : X — [0,400] be such that

(i) g is integrable and, for every ¢ € (a,b), f(-,t) is ¥—measurable,

(ii) for at least one ty € (a,b), f(:,to) is integrable,

(iii) for p-a.e. z € X, f(x,-) is differentiable on (a, b) and |%(x,t)| < g(z)
for every t € (a b).

Prove that F(t) = [, f(-,t) du is differentiable as a function of ¢ on (a, b)
and that IF of

—(t) = t)d t<b

a0 /dt< Dy, a<t<b,

where 4 : A x (a,b) — R for some A € ¥ with (X \ 4) = 0.

dt
The integral of Gauss.
Consider the functions f,h : [0, +00) — R defined by

1 x _lt2 2 1 e_%m2(t2+l)

(i) Prove that f’(z) + h/(z) = 0 for every z € (0,+00) and, hence, that
f(z) 4+ h(xz) = § for every x € [0, +00).
(ii) Prove that

—+oo
/ e 3t gt = V2.
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36.

37.

38.

The distribution (or measure) of Gauss.

Consider the function g : R — R defined by

1 xr
g(x) = ﬁ/ e 3" dt.

(i) Prove that g is continuous, strictly increasing, with g(—oo) = 0 and

g(+00) =1 and with continuous derivative ¢’'(z) = #e*%zz, z € R.

(ii) The Lebesgue-Stieltjes measure p4 induced by g is called the distri-
bution or the measure of Gauss. Prove that uy(R) = 1, that

1 L
Mg(E)ZE/Ee " d

for every Borel set in R and that

[ [ o

for every Borel-measurable f : R — R or C for which either of the two
integrals exists.

(i) Prove that the function F : (0, +00) — R defined by

+oo :
F(t) = / et 20T g
0 x

is differentiable on (0, +00) and that 4£(t) = —H_% for every ¢t > 0. Find

the lim;_. 4o F(t) and conclude that F(t) = arctan 1 for every t > 0.

(i) Prove that the function #2Z is not Lebesgue-integrable over (0, +00).

sin &

iii) Prove that the improper integral e dr exists.
g 0 T

(iv) Justify the equality lim;_o4 F(t) = fOHJrOO SIRL .

(

v) Conclude that
— 400 _:
/ sin do — :
0 xr 2

(vi) Prove that

e 0, if0<a<+oo
1 +oo t ’
lim _/ Sm(“’”)da:—{%, ifa=0
a 1,

t— .
toom r if —co<a<0

The gamma-function.

Let H. = {s =z +iy € C|z > 0} and consider the functionI': Hy — C

defined by
+oo
I(s) = / ts~ et dt.
0
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This is called the gamma-function.
(i) Prove that this Lebesgue-integral exists and is finite for every s € H..
(ii) Prove that
or or
ZXE(S) ::“lzﬁ;(s)
for every s € H;. This means that I' is holomorphic in H.
(iii) Prove that I'(n) = (n — 1)! for every n € N.

The invariance of Lebesque-integral and of Lebesgue-measure under isome-
tries.

Let T: R — R" be an isometric linear transformation. This means that
|T(z) = T(y)| = |z — y| for every x,y € R™ or, equivalently, that TT* =
T*T = I, where T™ is the adjoint of 7" and I is the identity transformation.
Prove that, for every E € L,,, we have m,,(T(E)) = my(F), and that

fonldmn:/ fdmy,

R’Vl
for every Lebesgue-measurable f : R® — R or C, provided that at least
one of the two integrals exists.

(i) Consider the Cantor’s set C and the Iy = [0,1], I1, I3, ... which were
used for its construction. Prove that the 27~1 subintervals of I,,_; \ I,
n € N, can be described as

ap an—1 1 a1 p_1 2
(3 + +3"—1+3"’ 3 + +3"—1 3")7
where each of aq,...,a,_1 takes the values 0 and 2.

(ii) Let f be the Cantor’s function, which was introduced in exercise 4.6.7,

extended as 0 in (—00,0) and as 1 in (1,+00). Prove that f is constant
o (p—1 1
f - 922 + + on + on

in the above subinterval (% +--- + ga=F + o0, 4 + - 4 Z2=1 + 2.
(iii) If G : (0,1) — R is another function with bounded derivative in (0, 1),
prove that

—+oo
. a1 An—1 1
A@nGqu_Gu ) § § %2+ + = +2Q

n=lai,...,an-1=0,2

a

ay apn-1 , 2 ax n_1 1
(G ++ 3+ -6F + -+ 3 +30)-

(iv) In particular, f(071) zduy = 3.
(v) Prove that

/(011) e dpy = et nEIJIrloo cos (%) -+ CO8 (3%)

for every t € R.
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Let F,G : R — R be increasing and assume that F'G is also increasing.
Prove that

joi(E) = [E Glat) dup + /E Fla—) dua

for every Borel set £ C R and
/ f(2) ducr = / F(@)Cat) dur + / F(@)F(a) dyc
R R R

for every Borel-measurable f : R — R or C for which at least two of the
three integrals exist.

If F: R — R is increasing and continuous and f : R — [0, +o0] is
Borel-measurable, prove that [; fo Fdup = f;}“oo) f(t)at.

—0)
Show, by example, that this may not be true if F' is not continuous.
Riemann’s criterion for convergence of a series.

Assume F : R — [0,+00) is increasing and g : (0,400) — [0,400) is

decreasing. Let a,, > 0 for all n and

t{nlan = g(x)} < F(x)

for every x € (0,+00) and [, | ) 9dur < +0o. Prove that S, <
+00.
Mean values.

Let f : X — R or C be integrable and F be a closed subset of R or C.
If ﬁ Ji fdu € F for every E € ¥ with 0 < u(E), prove that f(z) € F
for p-a.e. x € X.

Let E € X have o-finite y-measure. Prove that thereisan f : X — [0, +o0]
with [, fdp < +oc and f(z) > 0 for every z € E.

Let f: X — [0, +00]. Prove that

DIERVCOEN 2D SERVICY

neZ neZz

and, hence, that f is integrable if and only if the > _,2"A;(2") is finite.

nez

Equidistributed functions.

Let f,g : X — [0,+00] be ¥—measurable. The two functions are called
equidistributed if A (t) = A\y(¢) for every ¢ € [0, +00).

Prove that, if f, g are equidistributed, then [, f?du = [y g* du for every
p € (0, +00).
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Let ¢,¢ : X — [0,400) be two Y —measurable simple functions and let
¢ = >l kixE, and ¢ = 3711, NixF, be their standard representations
sothat 0 < kK1 < -+ < Ky and 0 < Ay < -+ < A,, where we omit the
possible value 0.

If ¢ and ¢ are integrable, prove that they are equidistributed (exercise
7.9.47) if and only if m = n, K1 = A,...,km = Ay and p(Ey) =
p(F), - p(E) = p(Fn).

The inequality of Chebychev.
If f: X — [0,400] is ¥—measurable, prove that

plte € X|t< @) = A0 < [ fau

for every t € (0,+00). Prove also that, if f is integrable, then

lim t)\f(t) =0.

t——+oo

If f: X — [0,400] is ©—measurable and 0 < p < +o00, prove that

—+o0
/ fPdu :p/ tPINf(t) d.
X 0

If, also, f < 400 p-a.e. on X, prove that

[ran= [ du,.
X [0,400)

where F is defined in Proposition 7.15.

The Jordan-content of sets in R™.

If £ C R™ is bounded we define its inner Jordan-content

CS)(E) — SUP{Z vol,(R;)|m € N, Ex, ..., E,, pairwise disjoint
j=1

open intervals with UM, R; C B}

and its outer Jordan-content

ON(F) = inf{z vol,(R;)|m € N, Ey, ..., E,, open intervals
j=1

with U™, R; D E}.

(i) Prove that the values of ) (E) and i) (E) remain the same if in the
above definitions we use closed intervals instead of open intervals.
(i) Prove that i’ (E) < ¢/ (E) for every bounded E C R™.
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The bounded E is called Jordan-measurable if ch)(E) =c? (E), and
the value

cn(E) = ¢ (B) = ¢ (E)
is called the Jordan-content of E.
(iii) If E is bounded and cslo)(E) =0, prove that E is Jordan-measurable.
(iv) Prove that all intervals S are Jordan-measurable and ¢, (S) = vol,, (S).
(v) If F is bounded, prove that it is Jordan-measurable if and only if for
every € > 0 there exist pairwise disjoint open intervals R;,..., R,, and
open intervals Ry, ..., R} so that U7, R; C E C U}, R} and

k m
Zvoln(Rg) — Zvoln(Rj) <e.
i=1 j=1

(vi) If E is bounded, prove that E is Jordan-measurable if and only if
(OE) = 0.

(vii) Prove that the collection of bounded Jordan-neasurable sets is closed
under finite unions and set-theoretic differences. Moreover, if Ey,..., E;
are pairwise disjoint Jordan-measurable sets, prove that

cn(B) =) culEy).
j=1
(viii) Prove that if the bounded set E is closed, then m,(E) = 0 implies
cn(E) = 0. If E is not closed, then this result may not be true. For
example, if E = QN[0,1] C R, then m;(E) = 0, but cgi)(E) =0<1=
cgo) (E) and, hence, E is not Jordan-measurable. (See exercise 4.6.4.)
(ix) If the bounded set E is Jordan-measurable, prove that it is Lebesgue-

measurable and
mn(E) = cp(E).

(x) Let E be bounded and take any closed interval @ so that £ C Q. Prove
that E is Jordan-measurable if and only if xg is Riemann-integrable over
Q@ and that, in this case,

ea(E) = (Ry) /Q xE-

(xi) Let @ be a closed interval, f,¢g : @ — R be bounded and E C @
be Jordan-measurable with ¢, (E) = 0. If f is Riemann-integrable over @
and f =g on @\ E, prove that g is also Riemann-integrable over ) and

that (R;,) fQ f=(Rn) fQ g
Lebesgue’s characterisation of Riemann-integrable functions.

Let @ C R™ be a closed interval and f : @ — R be bounded. Prove that
f is Riemann-integrable if and only if {z € Q| f is discontinuous at x} is
a my,-null set.
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Chapter 8

Product-measures

8.1 Product-o-algebra.

If I is a general set of indices, the elements of the cartesian product [],.; X;
are all functions = : I — U;e; X; with the property: z(i) € X; for every i € I. It
is customary to use the notation z;, instead of x(4), for the value of z at ¢ € T
and, accordingly, to use the notation (z;)ies for z € J[,c; Xi.

If T is a finite set, I = {1,...,n}, besides writing * = (z;)ier, we also
use the traditional notation x = (x1,...,2,) for the elements of [[;.; X; =
[T°, X; = X1 x -+ x X,,. And if I is countable, say I = N = {1,2,...}, we
write © = (x1, 22, ...) for the elements of [, X; = jzolo Xi=X1 xXgx---.

Definition 8.1 If I is a set of indices, then, for every j € I, the function
7 [Lier Xi — X defined by

mj(x) = x;
for all x = (x;)icr € [[;c; Xi, is called the j-th projection of [[,.; X; or the
projection of [],.; X; onto its j-th component X;.

In case I = {1,...,n} or I =N, the formula of the j-th projection is

mj(x) = z;
for all z = (z1,...,2,) € X1 X --+- x X,, or, respectively, x = (x1,22,...) €
X1><X2><"': Z+_°1°Xl

It is clear that the inverse image 7Tj_l(Aj) ={z € [l,c; Xilz; € Aj} of an
arbitrary A; C X; is the cartesian product

B X;, ifi# ]
1 N - - [
it (4) =[], where YZ_{AJ-, ifi =
icl
In particular, if I = {1,...,n}, then

ﬂ-j_l(Aj):Xlx"'XXjflXAjXXjJrlx...xXn

135
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and, if I = N, then

Ffl(Aj)ZXl><"'><Xj_1><Aj><Xj+1><---.

J

Definition 8.2 If (X;,3;) is a measurable space for every i € I, we consider
the o-algebra of subsets of the cartesian product [, X;

X Ti=2({m; 1 (4)) ] € 1.4 € 55}),

il
called the product-o-algebra of ¥;, i € I.

In particular, @, X; is generated by the collection of all sets of the form
Xl X"'XXJ',1 XAj ijJrl X"'XXn, wherelﬁjgnandAj EEJ‘.

Similarly, ®:;°f 3, is generated by the collection of all sets of the form
Xy X - XXJ',1 XAj ijJrl Xoweey WherejENand Aj EEJ‘.

Proposition 8.1 Let (X;,%;) be a measurable space for each i € I. Then
&X;cr Xi is the smallest o-algebra ¥ of subsets of [[;c; Xi for which all projec-
tions mj : [[;c; Xi — X are (X, X;)—measurable.

icl

Proof: For every j and every A; € ¥; we have that w{l(Aj) € Q,c; X and,
hence, every 7; is (), Xi, Xj)—measurable.

Now, let ¥ be a o-algebra of subsets of [];.; X; for which all projections
7 [Lier Xi — Xj are (¥, X;)—measurable. Then for every j and every A; € ¥;
we have that 7Tj_1(Aj) € X. This implies that {w{l(Aj) ljel,A; € X;} C X
and, hence, @,.; X; C X.

Proposition 8.2 Let (X;,%;) be a measurable space for each i € 1. If &; is a
collection of subsets of X; with ¥y = X(&;) for all i € I, then @Q,c; Xi = X(E),
where

&= {Tl'j_l(Ej) |j el, Ej S SJ}

Proof: Since € C {m; ' (4;)]j € I,Aj € £;} € Ry Ti, it is immediate that
3(E) € Qe Zi-

We, now, fix j € I and consider the m; : [[,c; X; — X;. We have that
7Tj_l(Ej) € & C X(€) for every E; € &;. Proposition 6.1 implies that =; is
(X(€), X;)—measurable and, since j is arbitrary, Proposition 8.1 implies that
®i€] Y C 2(5)-

Proposition 8.3 Let (X;,%;) be measurable spaces. If & is a collection of

subsets of X; so that ¥; = X(&;) for every i € I, then @Q,;c; Xi = X(E), where

E= {H E; | E; # X; for at most countably many i € I and E; € & if E; # X;}.
el

Proof: We observe that w{l(Ej) € & for every j € I and every E; € & and,
hence, £ C £ C %(€). This implies () C X(E).
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Now take any [[,.; Bi € & We set {iy,iq,...} = {i € I|E; # X;} and

observe that

icl

+oo
15 =N = (E,) exE)
iel n=1

Thus, £ C %(£) and, hence, $(€) C B(£). Proposition 8.2 finishes the proof.

In particular, ®?:1 >; is generated by the collection of all cartesian products
of the form Ey x --- x E,,, where E; € £ forall j =1,...,n.

Also, ®j:°f ¥; is generated by the collection of all cartesian products of the
form By x Eo X ---, where E; € £; for all j € N.

Example

If we consider R" =[], R and, for each copy of R, we take the collection of
all open-closed 1-dimensional intervals as a generator of Br, then Proposition
8.3 implies that the collection of all open-closed n-dimensional intervals is a
generator of @, Br. But we already know that the same collection is a
generator of Brn. Therefore,

Br = (X) Br.
=1

This can be generalised. If nj +- - -+ny, = n, we formally identify the typical
element (z1,...,2z,) € R" with

((‘Tlv . '755711)7 SRR (xnl"l‘""’l‘nk—l"l‘l? s 7xn1+"'+nk))u

i.e. with the typical element of H?Zl R™i. We thus identify

k

R" = HR"J'.

Jj=1

Now, ®§:1 Bgrn; is generated by the collection of all products H§:1 Aj;, where

each A; is an nj-dimensional open-closed interval. This means that H?Zl Aj is,
by the same identification, the typical n-dimensional open-closed interval and,
hence, ®§:1 Bgrn; is generated by the collection of all open-closed intervals in

R™. Therefore,
k
Brn = ® Brrs.
j=1

Ifx € Hiel X; and J C I, we denote, as usual, zj € HieJXi the restriction
of z on J. Then xje € [[;c ;. X; is the restriction of  on J¢ and, obviously,
2 uniquely determines both z; and xj.. Conversely, = is uniquely determined

by its restrictions 2y and x .. Namely, if y € [],c; X; and z € [, . X are
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given, then there is a unique z € [],.; X; so that z; =y and 2. = 2. We just
define z; = y;, if i € J, and x; = z;, if i € JC.

This produces an identification between the product spaces [[,.; X; and
(ILics Xi) x (IT;cse Xi). We identify the element x of the first space with the
pair (y, z) of the second space, whenever y = z; and z = xj.. Or, in the same
context, we may identify [],.; X; and (J],c ;e Xi) % (I[,c; Xi), by identifying
x with the pair (z,y).

In case I = {1,...,n} and J = {i1,...,4m} with 1 < i1 < -+ < ip, < m,
we prefer the vector notation and write x; = (2;,,...,2;, ). For example, if
v = (v1,%2,73,74,%5), then xy; 35y = (21,23,75) and (54 = (v2,74). It
is obvious that x = (21,22, x3, x4, x5) uniquely determines and is uniquely de-
termined by the restrictions y = (21,23, 25) and z = (z2,24) and we identify
x = (x1,%2, 3,24, x5) with (y,2) = ((xl,x3,x5), (;vg,:zc4)). It must be stressed
that these are formal identifications (logically supported by the underlying bi-
jections) and not actual equalities.

el

Definition 8.3 Let £ C [[,.; X; and J C I. For every z € []
define

1€J0 we

E,={ye€ HXHJ:EE, where zy =y, xjc =2} ={y € HXZ|(y,z) e E}
ieJ icJ

and call it the z-section of E.

It is clear that every z-section of E is a subset of [[,.; X.
We have E(,, »,) = {(#1,23,25) | (1,22, 23, 24, 25) € E} Q X1 x X3 x X5
for the simple example before Definition 8.3.

Definition 8.4 Let f : [[,c; Xi =Y and J C I. For every z € []
define f. : [[,c; Xi = Y by the formula

f(y) = f(x) = f(y,2),  where x; =y and x;e = 2,

zEJC we

and call it the z-section of f.

For example, f(,, 2,) (71,3, 75) = f(x1, 72, 23,74, T5).
In the case where J¢ = {ip} is a one-point set, for simplicity we prefer to
write Ey, and fg, , instead of E,,) and f(zio)

Theorem 8.1 Let (X;,%;) be a measurable space for every i € I and consider
JCI Ifaset ECJ[ic;Xiis Q,;c; Li—measurable, then E, C [[,c; X; is

X, Xi—measurable for every z € [],;c ;e Xi.

Proof: Consider the collection ¥ of all E C H ; Xi with the property that E.
is @, ; Xi—measurable for every z € []
Clearly, () belongs to X.
If £ €%, then (E°), = (E.)® is @Q,c; i—measurable for all z € J]
and, hence, F°¢ € X.

1€JC

z€]°
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If B1,Es,... €%, then (UTXE,), = U2 (Ey). is &), s Xi—measurable for
all z € [];c e Xi and, hence, Ut E, € X.

Therefore, ¥ is a o-algebra of subsets of [[,.; X;. Consider, now, an arbi-
trary i9p € I and an arbitrary A;, € X;,. We observe that, if iy € J, then

A; ifi=1
-1 ) o - - 109 0
(ﬂ—io (Alo))z - 16_[]}/1 9 Where Y; - {X1 lfl c J\ {'LO}
and, if 79 € J¢, then
—1/4 N HiGJ X;, if Zig € Aio
(rz (). = { | e

In both cases we have that (m; !

z € [;cse Xi and, hence, Wi_ol(AiD) € X. Since iy and A;, are arbitrary, by
Definition 8.2 we have that @, ; ¥; € ¥. This says that, if E C [[,c; X; is
®Z—€I Y;—measurable, then F € ¥ and, hence, F, is ®i€J ¥;—measurable for
every z € [[;c e Xi.

(Ai))= 18 @, s Xi—measurable for every

Theorem 8.2 Let (V,Y'), (X;,%;) be measurable spaces for every i € I and
consider J C I.
If f o 1lier Xi = Y is (Qye; Xi, ) —measurable, then f. : [[,c, Xi — Y is

(X5 X4, X)—measurable for every z € [],c o Xi.

Proof: Take an arbitrary E € ¥'. Then (f.) ' (E) = (f~1(E)). for every
z € [Liese Xi-

If fis (®,;c; Xi, X')—measurable, then f~!(E) € ®,.; X; and, by Theorem
8.1, (f-) " M(E) = (fHE)): € Q,c; Xi. Since E is arbitrary, we have that f,
is (®;cs X4, X')—measurable.

The last two theorems say, in informal language, that sets or functions which
are measurable in a product space have all their sections measurable in the ap-
propriate product subspaces.

The converse in not true in general.

Examples
1. Let us consider R" = [[I", R, where I = {1,...,n}, and take a J =
(i1, im} With 1 < i1 < -+- < iy < n. We write J¢ = {¢},...,i",_, } with

1<y <<y, <n.

We, naturally, identify [, ; R with R™, by writing y = x; = (v;,,...,2;,,)
as y = (y1,...,Ym). We similarly identify [];.,c R with R"™™, by writing
Z2=1Tje = (:Cill, . ,xi;lim) as z = (21, -+, Zn—m)-

Therefore, @, ; Br = Brm and @, ;- Br = Brn-—m.

Now, if F is a Borel set in R", then, for arbitrary z € []
the z-section E, of F is a Borel set in R™.

2. Take any A C R which is not a Borel set in R and consider the set

_ Rpn—m
iEJCR =R ’

E ={(z1,22) € R* |21 = 25 € A}.
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Clearly, all 1-dimensional sections of E are either empty or one-point sets
and, hence, are Borel sets in R. We shall see that F is not a Borel set in R2.

Indeed, assume that E is a Borel set in R? and consider the invertible linear
transformation T : R? — R? given by the formula

T1+T2 T1— 172)
2 2
Then T(E) = {(x1,0)|21 € A} is a Borel set in R? and, hence, all 1-
dimensional sections of T'(F) must be Borel sets in R. In particular, the (hori-

zontal) section {x1 | z1 € A} = A must be a Borel set in R and we, thus, arrive
at a contradiction.

T(ZEl, IQ) = (

8.2 Product-measure.

In this section we shall limit ourselves to cartesian products of finitely many
spaces. We fix the measure spaces (X1,21, 1), - - -, (Xn, XZn, ftr) and the mea-
surable space ([T}_; X;, ®7_; 3;).

From Proposition 8.3 and the paragraph after it, we know that ®?:1 Y is
generated by the collection &€ of all sets of the form H;;l Aj, where A; € ¥
for all j. Since [[_, X; belongs to Eand ) = [[)-,0¢€ &, we obviously have
that this collection is a o-covering collection for H?Zl X;.

The elements of € play the same role that open-closed intervals play for the
introduction of Lebesgue-measure on R™. We agree to call these sets measur-
able intervals in H?Zl X, a term which will be justified by Theorem 8.3, and

denote them by
R=]]A4;
j=1

Proposition 8.4 Let (X;,%;) be a measurable space for every j = 1,...,n.
The collection

A={RiU---UR,,|m eN,Ry,...,R,, pairwise disjoint elements of £}
is an algebra of subsets of H?:l X;.
Proof: If R = [[j-, 4, and R = [[j-, B, are elements of £, then RN R =
[T}, (A; N B;) is an element of £.

Moreover, if R = [1j—, A is an element of &, then

R = A xAyx---xA, U

U X3 xXogx---xX,_1xA
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is a disjoint union of elements of &, i.e. an element of A.

Now, if Ry U---U Rm and R'l U---u R;C are any two elements of A, then
(RiU---URy)N(R,U---UR}) = Ui<j<m. 1<l<k(R N RY), is, by the result
of the ﬁrst paragraph, also an element of A. Hence, A is closed under finite
intersections. Also, if Ry U---UR,, is an element of A, then (R U---UR,,)¢ =
R‘f n---N an is, by the result of the second paragraph, a finite intersection of
elements of A and, hence, an element of A.

Therefore, A is closed under finite intersections and under complements.
This implies that it is an algebra of subsets of H?:l X

For each R = H?Zl A; € €, we define the quantity

R) =[] w4
j=1

which plays the role of volume of the measurable interval R.

Definition 8.5 Let (X;,X;, u;) be a measure space for every j =1,...,n. For
every E C [[7_, X; we define

1nf{z |R Gé'forallzandECU RZ}

Theorem 3.2 implies that the function u* : P([]}_; X;) — [0,400] is an
outer measure on [[7_; X;.

Prop051t10n 8.5 Let (X;,%;, ;) be a measure space for every j = 1,...,n
and R, R; be measumble intervals for every i € N.

(i) IfRC RZ, then 7(R ) S T(R).
(i) If R = U R; and all R; are pairwise disjoint, then 7(R) = 3% 7(R;).

Proof: (i) Let R = [}, A; and R; = [1}_, A%, where A;, A% € % for every
iENandjw1th1<j<n ‘

From [[j_, A; C (HJ L A%), we get that
n
A (x;) = no, (x1,...,x

jl;[lX ]( J) anzlAJ( 1 n)

—+oo
< ZXH? i(T1, Ty HXAl z;))
i=1 =t i=1 j=1
for every x1 € X1,...,z, € X,. Integrating over X; with respect to u1, we find

H 5(@5) <Z p( i)HXA;:(xj))
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for every x4 € Xo,...,x, € X,. Integrating over X with respect to uo, we get

(Al)ug(Ag)H (5) <Z (1 (A} 2 (A3) HxAz (7))

j=3 j=3

for every z3 € Xs,...,z, € X,,. We continue until we have integrated all
variables.
(ii) We use equalities everywhere in the above calculations.

The next result justifies the term measurable interval for each Reé.

Theorem 8.3 Let (X;,%;, ;) be a measure space for every i = 1,...,n and p~
the outer measure of Definition 8.5. FEvery measurable interval R = H?:l Aj is

w*-measurable and
w(R) =7(R) = [ ns(4))
j=1

Also, ®;’:1 Y, is included in the o-algebra of p*-measurable subsets of H?:l X;.

Proof: (a) If R is a measurable interval, then R € £ and, from R C R, we
obviously get u*(R) < 7(R).

Proposition 8.5 implies 7(R) < ZJF 7(R;) for every covering R C |JF R;
with R; € € for all i € N. Hence, 7(R) < p*(R) and we conclude that

i (R) = 7(R).

(b) We take any two measurable intervals R, R’ and Proposition 8.4 implies that
there are pairwise disjoint measurable intervals Ri,...,R,, so that '\ R =
R1U---UR,,. By the subadditivity of u*, the result of (a) and Proposition 8.5,

PR OR) +p*(R\R) < p"(R'OR)+p*(Ra) + -+ i (Ry)
= 7(RNR)+7(R1)+ - +7(Ry)
7(R)).

(c) Let R € € and consider an arbitrary E C [Tj-, X; with u*(E) < +oc. For
any € > 0 we consider a covering FF C U;OIO Rl with Rl e &forallic N, such
that 32.°°0 7(R;) < p*(E) + €. By the result of (b) and the subadditivity of u*,

+o0 too
W (ENR)+p*(E\R) <Z “(RiNR)+p*(R;\R)) < Zr(éi) < u*(E)+e.

Since e is arbitrary, u*(E N R) + p*(E \ R) < p*(E) and we conclude that R is
w*-measurable.

Since ®?:1 Y; is generated by the collection of all measurable intervals, it
is included in the o-algebra of all p*-measurable sets.
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Definition 8.6 Let (X;,%;, ;) be a measure space for each i = 1,...,n and
w* be the outer measure of Definition 8.5. The measure induced from u* by
Theorem 3.1 is called the product-measure of p;, 1 < j < n, and it is
denoted

Rl
We denote by E®?:1M the o-algebra of p*-measurable subsets of H?:l X;.
Therefore, (H?:1 X;, E®;l:1w,®?:1uj) 18 a complete measure-space.
Theorem 8.8 implies that ®?:1 %j € Xgr_pu, and

@) (][] 4)) = H 1 (A;)

j=1
for every Ay € ¥q,...,An € X

It is very common to consider the restriction, also denoted by ®7_;p;, of
®jqpj on ®?:1 5.

Theorem 8.4 Let (X;,%;, u;) be a measure space for each i = 1,...,n. If
1., Uy are o-finite measures, then

(i) ®F_yp; is the unique measure on ([T_; X;j, @, Xj) with the property:
(®?:1Hj)(1_[?:1 Aj) = H?:l wi(A;) for every Ay € L4,..., A, € By, and

(ii) the measure space (H?:l X Xor ;s ®'_1115) is the completion of the mea-
sure space (H?Zl X, ®?:1 3, ®F_115)-

Proof: (i) We consider the algebra A of subsets of H?Zl X described in Propo-
sition 8.4. If p is any measure on ([[j_; X;, @j_, ;) such that w(R) =
(®7_yp5)(R) for every R € &, then, by additivity of the measures, we have
that w(Ry U--- U Ry,) = (®?:1,uj)(}~31 U---UR,,) for all pairwise disjoint
Rl, e ,Rm eé. Therefore, the measures y and ®7_q 15 are equal on A.

Since all measures p; are o-finite, there exist A% € X; with pu;(A4%) < 400
for every i,j and A} 1 X, for every j. This implies that the measurable in-
tervals S; = [T}-, A} have the property that Si 1 [[j=, X; and that w(S;) =
(®F_115)(Si) = [Tj=, 1j(A}) < +o00 for every i.

Since ®’_, Xj = %(€) = %(A), Theorem 2.4 implies that x and ®%_ypj are

equal on @7_; ;.
(ii) We already know that (I[}_, Xj,E@;}:luj,(X)?:le) is a complete exten-
sion of (H?Zl X, ®?:1 ¥;,®_1pj). Therefore, it is also an extension of the
completion ([T/_; X;, ®;_; ¥, ®j_, ;) and it is enough to prove that every
E € Ygr_ p, belongs to Q1 ;-

Take any E € Xgn_ ,, and assume, at first, that (@7_, ;) (E) < +oo.

We take arbitrary £ € N and we find a covering £ C :;Of Rf by pair-
wise disjoint measurable intervals so that >,°° 7(RF) < (®F_1p1j)(E) + . We
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define By = T R € &)_, ¥; and have that £ C By, and (®7_,u;)(E) <
(@7_1 1) (Br) < (®7_y 1) (E)+ £. Now, define A = ()2 Bx € ®/_; ¥;. Then
E C Aand (®7_,u;)(E) = (®7_1;)(A). Therefore (®7_,u;)(A\ E) = 0.

In case (®7_;u;)(E) = +oo, we consider the specific sets S;, which were
constructed in the proof of part (i), and take the sets E; = E N S;. These
sets have (®7_;u;)(E;) < +oo and, by the previous paragraph, we can find
A € @), %j so that B; C A; and (®]_,p5)(A; \ E;i) = 0. We define A =
U;Of A; € ®?:1 ¥ so that E C A and, since A\ E C U;L:OT(AZ \ E;), we
conclude that (®7_;p;)(A\ E) = 0.

We have proved that for every F € E®;:1 u,; there exists A € ®?:1 2 so0
that £ C A and (®7_,p5)(A\ E) = 0.

Considering A\ E instead of F, we find a set B € ®?:1 ¥, sothat A\E C B
and (@7_,;)(B\ (A\ E)) = 0. Of course, (®7_, ;)(B) = 0.

Now we observe that £ = (A \ B) U (E N B), where A\ B € @j_, ; and
ENBCBeQj_,%; with (®}_,4;)(B) = 0. This says that £ € @;_, ¥;.

We shall examine, now, the influence to the product-measure of replacing

the measure spaces (X;,¥;, u;) by their completions (X;, %, ;).

Theorem 8.5 Let (X;,%;,1;) and (X;, 3, ;) be a measure space and its com-
pletion for every j =1,...,n.
(i) The measure spaces (X;,%;, pj) induce the same product-measure space as

their completions (X;,3;,7;). Namely,

(H va E@?:luj ) ®;’l:1/‘j) = (H va E®j’-‘:1,u_j= ®?:1M_j)'

Jj=1 Jj=1

Moreover, the above product-measure space is an extension of both measure
spaces (17— X5, ®}_y Xy, ®F_yp;) and (17—, X;, ®;_y 3j, ®_1T3;), of which
the second is an extension of the first.

(11) If each (X;,%;, pj) is o-finite, then (H?:l X, E®§z:1#j,®?:1uj) is the com-

pletlon Of both (H?:l X]’ ®;L:l E]’ ®;1:1/'L]) and (H?:l XJ’ ®;l:1 2_37 ®_7:1M_])'

Proof: (i) To construct the product-measure space ([[_; X;, Xgn_ 4, @7 115),

J ~
we first consider all ®?:1 Y j—measurable intervals of the form R = H?:l Aj
for arbitrary A; € ¥; and then define the outer measure

400 n +oo
i (E) = inf { Z 7(R;) | R; are ® ¥ ;—measurable intervals and E C U Ri},
i=1 j=1 i=1

where 7(R) = 15—, 1(A;) for all R= [T5=; 4.

To construct the product-measure space (H?_l Xj, Een_ 77, ®F_115), we
= "

now consider all @_,; 33j—measurable intervals of the form R = [[j-, A for
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arbitrary A; € ¥; and define the outer measure

—+o0
= inf { Z i) | R; are ® Y ;—measurable intervals and E C U R; },

j=1 1=1

where 7(R) = [1j=, 75 (4;) for all R= [[=, A

Our first task will be to prove that the two outer measures pj and p3 are
identical.

We observe that all ®"_1 Y j—measurable intervals are at the same time

), 3 ;—measurable and, hence, p}(E) < pi(E) for every E C R™.
Now take any E C R™ with ,ug( ) < +oc and an arbitrary € > 0. Then
there exists a covermg E C ULXR; with ® | ¥j—measurable intervals R;

so that Y7 7(R;) < us(E) + . For each i, write R; = [1j-, A} with
Al E‘EJ—. It is clear that there exist B} € X; so that 143 C B; and Ty (AY) =
11j(B}). We form the @]_, ¥;—measurable intervals R} = [[_, B} and have
R; € R, and 7(R;) = 7(R)) for all i. We now have a covering F C U+°°R’
with @]_, ¥;—measurable intervals, and this implies uj(E) < SIv (R =
SIYT(R;) < pi(E) + €. Since € is arbitrary, we find pj(E) < p3(E). In the
remaining case pj(E) = +oo the inequality uj(E) < ui(E) is obviously true
and we conclude that
Wi (B) = 13(E)

for every £ C R™.

The next step in forming the product measure is to apply the process of

Caratheodory to the common outer measure p* = pj = p3 and find the common
complete product-measure space

(H Xj, Xen_u;» ®f=1p) = (H Xj, Zer_ w7 @j=1115)-
j=1 j=1

where E®;;:1M = E®;‘:1u_j is the symbol we use for X,-, the o-algebra of p*-
measurable sets, and ®7_,u; = ®}_,1; is the re_striction of u* on X~

Theorem 8.3 says that ®’_; X; and @’_, X; are included in Ser_,u, and,
since every @_; ¥;—measurable interval is also a @, ¥j—measurable inter-
val, we have that @'_, ¥; is included in @®7_,; ;. Thus

ézj < éE_J < E®’Llu
j=1 j=1 ”

(ii) The proof is immediate from Theorem 8.4.

The most basic application of Theorem 8.5 is related to the n-dimensional
Lebesgue-measure. The next result is no surprise, since the n-dimensional
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Lebesgue-measure of any interval in R™ is equal to the product of the 1-
dimensional Lebesgue-measure of its edges:

M ( H[aj’ bil) = H ma([aj, bs]).

Theorem 8.6 (i) The Lebesgue-measure space (R™,L,, my) is the product-
measure space of n copies of (R, Br,m1) and, at the same time, the product-
measure space of n copies of (R, L1, m1).

(ii) The Lebesque-measure space (R™, Ly, my,) is the completion of both measure
spaces (R", @j_, Br,my) = (R, Brn,my) and (R™,Q’_; L1,my), of which
the second is an extension of the first.

Proof: We know that @’_, Br = Brn, that (R, L1,m1) is the completion of
(R, Br,m1) and that m; is a o-finite measure.

Hence, Theorem 8.5 implies immediately that the n copies of (R, Bgr,m1)
and, at the same time, the n copies of (R, L1, m1) induce the same product-
measure space (R, E®;:1m1 , ®;?:1m1), which is the completion of both measure
spaces (R", Brn,®7_;m;) and (R", ®?:1 L1, ®%_ymy), of which the second is
an extension of the first.

Theorem 8.3 says that, for every Borel-measurable interval R = H?:l Aj, we

have (®?:1m1)(}~%) = [[j=, m1(4;). In particular, (®7_;m1)(P) = vol,(P) for
every open-closed interval P in R" and Theorem 4.5 implies that ®7_;m1 = m,
on Br». Hence

(Rn7 Bliln7 ®;L:1ml) = (Rn, BRn N mn).

The proof finishes because (R™, L,,, m,,) is the completion of (R™, Bgrn, my,).

It is, perhaps, surprising that, although the measure space (R, L1, m1) is
complete, the product (R",@?:l L1,my) is not complete (when n > 2, of
course). It is easy to see this. Take any non-Lebesgue-measurable set A C R
and form the set E = A x {0} x --- x {0} C R™. Consider, also, the Lebesgue-
measurable interval R = R x {0} x --- x {0} C R™. We have that E C R and
mn(R) = mi(R)m1({0})---my({0}) = 0. If we assume that (R", Q)1 L1,mn)
is complete, then we conclude that E € ®?:1 L1. We, now, take z = (0,...,0) €
R™! and, then, the section E, = A must belong to £1. This is not true and
we arrive at a contradiction.

8.3 Multiple integrals.

The purpose of this section is to give the mechanism which reduces the calcu-
lation of product-measures of subsets of cartesian products and of integrals of
functions defined on cartesian products to the calculation of the measures or,
respectively, the integrals of their sections. The gain is obvious: the reduced
calculations are over sets of lower dimension.



8.3. MULTIPLE INTEGRALS. 147

For the sake of simplicity, we further restrict to the case of two measure
spaces.

Theorem 8.7 Let (X1,%1,p1) and (Xa2,Xa, u2) be two measure spaces and
(X1 X X2, 2, 0us, 1 @ p2) be their product-measure space.

If B € ¥, 9u, has o-finite pu1 ® po-measure, then E,, € 3, and E,, € N
for pi-a.e. 1 € X1 and ps-a.e. xo € Xo and the a.e. defined functions

Iy = E(Eml)v T2 — E(Erz)

are Y1 —measurable and, respectively, Yo—measurable. Also,

(1 )(B) = |

PE(Eey) (o) = [ Fr(Ew) dmaoa)
X1

X2

Proof: As shown by Theorem 8.5, it is true that Xprem = X, 0u. and 1 @z =
11 @ pa. It is also immediate that E,, € 3, for pi-a.e. x; € X if and only if
E,, € 3, for 7ij-a.e. 1 € X, and, similarly, E,, € 3, for ps-ae. x9 € Xy if
and only if E,, € ¥, for Tiz-a.e. x9 € Xo. Hence, the whole statement of the
theorem remains the same if we replace at each occurence the measure spaces
(X1,%1, 1) and (X2, ¥, o) by their completions (X1, Y1, 7i7) and (Xo, Xo, 112).
Renaming, we restate the theorem as follows:

Let (X1,%1, 1), (Xo,X9, p2) and (X1 X Xo, 3, 9u,, 1 & p2) be two complete
measure spaces and their product-measure space. If E € ¥, gu, has o-finite
1 ® po-measure, then By € Yo and By, € X1 for p1-a.e. x1 € X1 and us-a.e.
xo € Xo and the a.e. defined functions

x1 — po(Ey, ), w2+ p1(Ey,)

are Y1 —measurable and, respectively, Yo—measurable. Also,

(11 ® 2 )(E) = /X pia(Eay ) dpn (1) = /X 111 (o) dpin ().

We are, now, going to prove the theorem in this equivalent form and we
denote N the collection of all sets E € ¥,,,»,, which have all the properties in
the conclusion of the theorem.

(a) Every measurable interval R = A; x Ay belongs to N.

Indeed, le =0, if x1 ¢ Ay, and le = A,, if x € A;. Hence, /,LQ(R;EI) =
u2(A2)xa, (z1) for every x1 € X1, implying that the function z; +— ,ug(]?zl) is
Y1 —measurable. Moreover, we have le pa(Ra,) dpy = pa(Ag) le XA, A =

po(A2)pi (A1) = (1 @ p2)(R). The same arguments hold for xa-sections.
(b) Assume that the sets Fi,...E,, € N are pairwise disjoint. Then E =
EiU---UE, eN.

Indeed, from E,;, = (E1)g U+ U (En)s for every z1 € X7, we have that
Eml € Yo for ni-a.e. 1 € X1 and /LQ(EII) = ‘LLQ((El)ml) + -+ HQ((Em)Il)
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for pi-a.e. 1 € X;. By the completeness of py, the function xy — pa(Ey,)
is ¥1—measurable and [ p2(Ey,) dui(z1) = 300, [ p2((EBj)a) dpn (1) =
Sy (i @ p2)(Ej) = (g1 ® po)(E). The same argument holds for zo-sections.
(c) Assume that E, € N for every n € N. If E,, T E, then E € N.

From (E,)z, 1 E., for every x; € X1, we have that E,, € 3o for pi-a.e.
x1 € X;. Continuity of ps from below implies that pa((Ep)g,) T p2(Ey,) for
pi-a.e. x1 € Xi. By the completeness of uq, the function 1 — po(E,,) is
>1— measurable. By continuity of u; ® s from below and from the Monotone
Convergence Theorem, we get (11 ® p2)(E) = [y, pr2(Ey, ) dpa(z1). The same
can be proved, symmetrically, for zo-sections.

(d) Now, fix any measurable interval R with (11 ® p2)(R) < 400 and consider
the collection N of all sets E € ¥, g, for which E N ReN.

If E,, € Nj for all n and E,, | E, then E € Nj.

Indeed, we have that E, N R | EN R and, hence, (E, N R), | (ENR),,
for every 1 € X;. This implies that (E N R)xl € Yy for pr-ae. x1 € Xi.

From the result of (a), le p2(Ry,) dpa(z1) = (1 @ p2)(R) < 400 and, hence,
ug(ézl) < 400 for pi-a.e. w1 € X;. Therefore, ,ug((El N R)zl) < 400 for p-
a.e. r1 € X and, by the continuity of ps from above, we find ug((En N R)ml) l
ug((E N R)wl) for pi-a.e. 1 € X;. By the completeness of u7, the function
r1 — Mg((E N R)wl) is ¥1—measurable. Another application of continuity
from above gives (1 ® p2)(E N R) = Ix, p2((EN R)ml) dp (1) and, since all
arguments hold for xo-sections as well, we conclude that E NR € N and, hence,
EcN, B

If B, € N for all n and E,, T E, then E, "R ENR and, from the result
of (¢), E € Np.

We have proved that the collection Nj is a monotone class of subsets of
X1 X Xg.

If the F1, ..., E, € Ny are pairwise disjoint and £ = E; U --- U E,,, then
ENR=(EiNR)U---U(E,NR) and, by the result of (b), E € M. From (a),
we have that N 7 contains all measurable rectangles and, hence, N £ contains
all elements of the algebra A of Proposition 8.4. Therefore, N includes the
monotone class generated by A, which, by Theorem 1.1, is the same as the
o-algebra generated by A, namely ¥; ® X.

This says that EN R € N for every E € ¥, ® ¥ and every measurable
interval R with (41 ® p2)(R) < +00.

(e) If A is, again, the algebra of Proposition 8.4, an application of the results
of (b) and (d) implies that ENF € A for every FE € 31 ® 33 and every F' € A
with (p1 ® p2)(F) < 4o00.
(f) Now, let E € 31 ® 3g with (u1 @ pe)(E) < +00. We find a covering E C

°° R, by measurable intervals so that S @pe)(R) < (m@pe)(E)+1 <
+00. We define F,, = J!"; R; € A and we have that (11 ® p2)(F,) < +oo for
every n. The result of (e) implies that £ N F,, € N and, since, ENF,, T E, we
have, by the result of (c), that £ € N.

Hence, F € N for every E € ¥1 ® Xo with (u1 ® pe2)(F) < 400.
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(g) Now let E € X, @u, with (i1 ® p2)(E) = 0. We shall prove that E € N.

We find, for every k € N, a covering ¥ C U+°° Rk by measurable intervals
so that lel (11 @ p2)(RF) < We define Ay, = U+°° RF € %, ®¥, and have
that E C Ay and (1 ® /Lg)(Ak) . We then write A = ﬂ 1A €1 ®3
and have that £ C A and (u1 ®,u2)(A) =0. From the result of (f) we have that
A € N and, in particular, 0 = le po(Agz, ) dpa(x1) sz w1 (Ag,) duo(x2). The
first equality implies that ug(Az,) = 0 for pi-a.e. 1 € X;. From E,, C A,
and from the completeness of uo, we see that E,, € 3o and pe(E,,) = 0 for p;-
a.e. 1 € X;. Now, from the completeness of 1, we get that the function x; —
p2(Ey, ) is ¥1—measurable. Moreover, (1 ® ug)(E) =0 = le w2(Eqyy ) dpg (21)
and the same arguments hold for xs-sections. Therefore, E €
(h) If E € ¥, gu, has (11 ® p2)(E) < 400, then E € N.

Indeed, for every k € N we find a covering £ C U+°° Rk by measurable
intervals so that 3.7 (1 ® p2)(RF) < (11 ® p2)(E) + +. We define Ay =
U RE € 21 ®%, and have that E C Ay and (1 ®@p2)(Ag) < (11 @p2) (E)++.
We then write A = ﬂk Aj, € ¥1®Y5 and have that E C A and (u1 @us2)(A) =
(11 ® po)(F). Hence A \ E € X, ou has (1 ® p2)(A\ E) =0. As in part (g),
we can find A’ € 31 ® ¥y so that A\ E C A" and (1 ® p2)(A’) = 0. We set
B=A\A" €% ®%s and we have B C F and (u1 ® p2)(E \ B) = 0. By the
result of (g), we have E'\ B € N and, by the result of (f), B € N. By the result
of (b), E=BU(E\ B) € N.

(i) Finally, if E € ¥,,,g,, has o-finite (u1 ® po)-measure, we find E, € ¥, g,
with (11 ® p2)(Ey) < +oo for every n and so that F,, T E. Another application
of the result of (c¢) implies that E € N.

Theorem 8.8 Let (X1,%1,11) and (X2, X0, pu2) be o-finite measure spaces and
(X1 x X2,%1 ® Xa, 1 ® uz) be their (restricted) product-measure space.
If B € 3¥1®%9, then By, € 39 and E;, € X for every x1 € X1 and x2 € Xo
and the functions
w1 = pp(Ey, ), oo = p1(Eyy)

are Y1 —measurable and, respectively, Yo—measurable. Also,

(11 ® 2 )(E) = /X pia(Eay ) dpn (1) = /X 111 (o) dpin ().

Proof: Exactly as in the proof of Theorem 8.7, we denote A the collection of all
FE € 31 ® ¥ which satisfy all the properties in the conclusion of this theorem.
(a) If R is any measurable interval, then R € .

The proof is identical to the proof of the result of (a) of Theorem 8.7. Observe
that, now, all statements hold for every x; € X; and z2 € X5 and there is no
need of completeness.

(b) If the sets E1, ... E,, € N are pairwise disjoint, then £ = EjU---UE,, € N.

The proof is identical to the proof of the result of (b) of Theorem 8.7.

(c) If E,, € N for every n € N and F,, | E, then F € N.

The proof is identical to the proof of the result of (¢) of Theorem 8.7.

(d) We fix any measurable interval R = A; x Ay with u1(A4;) < 400 and
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p2(Az2) < +oo and consider the collection NV of all sets E € ¥ ® Xy for which
ENR € N. The rest of the proof of part (d) of Theorem 8.7 continues unchanged
and we get that N & is a monotone class of subsets of X; x X2 which includes
the algebra A of Proposition 8.4. Hence, N3 includes 31 ® 32 and this says that
ENREN for every E € 31 ® ¥ and every measurable interval R=A; x A,
with p1(A1) < 400 and pz(As) < +o0.
(e) Since pq is o-finite, we can find an increasing sequence { A7} so that AT € ¥,
AT 1 X7 and 0 < p1 (A7) < 400 for every n. Similarly, we can find an increasing
sequence {A%} so that A} € X9, A% 7 Xy and 0 < pg(A4%) < 400 for every n
and we form the measurable intervals R,, = A} x A%,

We take any E € 31 ® Xy and, from the result of (d), we have that all sets
E, = EN R, belong to N. Since E, 1 E, an application of the result of (c)
implies that £ € V.

Theorem 8.9 (Tonelli) Let (X1,%1,11) and (X2,X2, p2) be measure spaces
and (X1 X Xo, X, 0u,, 1 @ p2) be their product-measure space.

If [+ X1 x Xy — [0,400] is X, @u, —measurable and if f~1((0,+oc]) has
o-finite 1 @ po-measure, then fp, is So—measurable for pi-a.e. x1 € X, and
fuo is X1—measurable for ps-a.e. x5 € Xo and the a.e. defined functions

€Ty = fml dma ZT2 — fmzdm
X2 Xl

are Y1 —measurable and, respectively, Yo—measurable. Also,

[ rimew = [ ([ g im) ) = |

Proof: (a) A first particular case is when f = x g is the characteristic function
ofan £ € 3, o, With o-finite ;13 ® po-measure.
Theorem 8.7 implies that (xg)s, = XE

([, fesdrm) draes).

2

. I8 Y —measurable for pj-a.e.

r1 € X1 and the function z1 — fX2 (XE)z, dllz = T2(E,,) is X1 —measurable.
Finally, we have [ Xpd(i @ p2) = (1 @ p2)(E) = [ F2(Ey,) dfin(z1) =
Jx, (fX2 (XE)a: d@) dpr(z1). The argument for zo-sections is the same.

(b) Next, we take ¢ = 27:1 k;XE; to be the standard representation of a simple
¢ X1 X Xo — [0,+00), where we omit the possible value k = 0, and which is
3, @pu, —measurable and so that UL, Ej = ¢~ 1((0, +0c]) has o-finite i3 ® po-
measure. Then, ¢, = > Kj(XE, )z and ¢u, = D00 Kj(XE, ), for every
x1 € X1 and z2 € X5. Therefore, this case reduces, by linearity, to (a).

(c) Finally, we take any X, g, —measurable f : X; x Xy — [0, 400] with
F71((0,4+00]) having o-finite 11 ® po-measure. We take an increasing sequence
{¢n} of ¥, @, —measurable simple functions ¢, : X1 x Xg — [0, +00] so that
én T f on X1 x Xo. From ¢, < f, it is clear that ¢, 1((0,+00c]) has o-finite
(1 ® pg-measure for every n. Part (b) says that every ¢,, satisfies the conclusion
of the theorem and, since (¢)e, 1 fz, and (¢n )z, T fo, for every z1 € X7 and
29 € Xo, an application of the Monotone Convergence Theorem implies that f
also satisfies the conclusion of the theorem.
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Theorem 8.10 (Fubini) Let (X1,%1, p1) and (X2, Yo, u2) two measure spaces
and (X1 X Xo, X, 0, 1 @ p2) their product-measure space.

If f: X1 x Xo — R or C is integrable with respect to j1 @ pg, then fu,
is integrable with respect to iz for pi-a.e. 1 € X1 and fz, is integrable with
respect to Ty for pa-a.e. xo € Xo and the a.e. defined functions

Ty — f11 dmv T2 — fmzdm
X2 Xl

are integrable with respect to i1 and, respectively, integrable with respect to iz.
Also,

/Xlxx2 fd(p®pe) = /X1 ( Y fay d@) dir(z1) = /X2 ( . Jza dm) dpz(x2).

Proof: (a) If f : X1 x X3 — [0,400] is integrable with respect to p1 ® pa,
Theorem 8.9 gives

[ (] tdm)am= [ ([ fodm)am= [  fdpmeum) <.
X1 X2 X2 X1 X1xXo

This implies sz Juy diiz < 400 for pi-a.e. 1 € X and le Ju, dfiT < +00
for po-a.e. xo € Xo. Thus, the conclusion of the theorem is true for non-negative
functions.

(b) If f: X; x X2 — R is integrable with respect to 1 ® g, the same is true
for f* and f~ and, by the result of (a), the conclusion is true for these two
functions. Since fr; = (fT )z, — (f 7 )ay and fo, = (fM)zy — (f7)a, for every
x1 € X7 and x5 € X5, the conclusion is, by linearity, true also for f.

(c) If f: X1 x Xo — C is integrable with respect to p1 ® ps2, the same is true
for R(f) and S(f). By the result of (b), the conclusion is true for R(f) and
S(f) and, since fz, = R(f)w, + i)z, and fo, = R(f)ay + 1S(f)s, for every
x1 € X7 and x5 € X5, the conclusion is, by linearity, true for f.

(d) Finally, let f : X; x X3 — C be integrable with respect to y; ® uz. Then
the set E = f~!1({o0}) € X, 04, has (i1 ® p2)(E) = 0. Theorem 8.7 implies
that mz(E,,) =0 for pi-a.e. 1 € X; and f7(E,,) = 0 for ps-a.e. xo € Xo.

If we define F' = fxge, then F': X; x X9 — C is integrable with respect to
(1 ® pg and, by (c), the conclusion of the theorem holds for F'.

Since F' = f holds (u1 ® p2)-a.e. on X; x Xo, we have fX1><X2 Fd(u ®
12) = [y, «x, fdlpr ® p2). We, also, have that F,, = fi, on Xo\ Ey,
and, hence, F,, = f;, holds mz-a.e. on Xo for puj-a.e. 1 € X;. Therefore,
fz, is integrable with respect to fiz and [y fu, dfiz = [y, Fu, dfiz, for p-a.e.

x1 € X1. This implies [y ( I, for dm) dit () = [y, ( Iy, Fon dm) i (z1)
and, equating the corresponding integrals of F', we find leX)Q fd(p ® pg) =
Jx, (fX2 fr d@) dp1(x1). The argument is the same for zs-sections.

The power of the Theorems of Tonelli and of Fubini lies in the resulting
successive integration formula for the calculation of integrals over product spaces
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and in the interchange of successive integrations. The function f to which we
may want to apply Fubini’s Theorem must be integrable with respect to the
product measure 1 ® po. The Theorem of Tonelli is applied to non-negative
functions f which must be ¥,,g,, —measurable and whose set f~!((0,+oc])
must be of o-finite p; ® po-measure. Thus, the assumptions of Theorem of
Tonelli are, except for the sign, weaker than the assumptions of the Theorem of
Fubini.

The strategy, when we want to calculate the integral of f over the prod-
uct space by means of successive integrations or to interchange successive in-
tegrations, is first to prove that f is 3, ., —measurable and that the set
{(z1,22) | f(x1,22) # 0} is of o-finite p; ® po-measure. We, then, apply the
Theorem of Tonelli to |f| and have

o e = [ ([ im)im= [ ([ 15l dm) i

By calculating either the second or the third term in this string of equalities,
we calculate the lexx2 |fld(p1 ® pe). If it is finite, then f is integrable with
respect to the product measure 1 ® 1o and we may apply the Theorem of Fubini
to find the desired

/ flx1,z2) d(pn @ po)(x1,22) = / ( f(x1,22) d@(iﬂz)) dfiz (1)
X1 xXo X1 X2

[ ([ s ) dmtes),
X X1

Of the two starting assumptions, the o-finiteness of {(x1,z2) | f(z1, 22) # 0}
is usually easy to check. For example, if the measure spaces (X1,%1, 1) and
(X2, 39, o) are both o-finite, then the measure space (X1 x X2, X, @pu,, 1 @ p2)
is also o-finite and all subsets of X; x X, are obviously of o-finite p1 ® po-
measure.

The assumption of ¥, g, —measurability of f is more subtle and sometimes
difficult to verify.

Theorem 8.11 (Tonelli) Let (X1,%1, p1) and (X2, Yo, u2) be o-finite measure
spaces and (X1 X Xg,%1 ® Yo, 11 ® pa) be their (restricted) product-measure
space.

If f: X1 x X3 — [0,400] is 1 @ Xg—measurable, then f,, is Xo—measurable
for every x1 € Xy and fy, is ¥1—measurable for every xo € Xo and the functions

1 fay dpo, Ty Jzs dpt1
X2 Xl

are Y1 —measurable and, respectively, YXo—measurable. Also,

[ rdmem = [ ([ pdi)dn@= [ ([ fedi) die)
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Proof The measurability of the sections is an immediate application of Theorem
8.2 and does not need the assumption about o-finiteness. Otherwise, the proof
results from Theorem 8.8 in exactly the same way in which the proof of Theorem
8.9 results from Theorem 8.7.

Theorem 8.12 (Fubini) Let (X1,%1, p1) and (X2, X2, u2) be two o-finite mea-
sure spaces and (X1 X X2, %1 @39, 11 @ o) be their (restricted) product-measure
space.

Let f: X1 x Xo — R or C be ¥ ® Yy—measurable and integrable with
respect to 1 @ pa. Then fq, is Yo—measurable for every x1 € X1 and integrable
with respect to ps for pi-a.e. x1 € Xq. Also, fz, is X1—measurable for every
9 € Xo and integrable with respect to py for ps-a.e. xo € Xo. The a.e. defined
functions

Ty = / fay dpa, To = Jas dpn
X2 X1

are integrable with respect to p1 and, respectively, integrable with respect to o
and

/XlxXg Jdn@pz) = /X1 (/X2 fa d'uQ) dpr (1) = /X2 (/X1 Jas dm) dpa(x2).

Proof: Again, the measurability of the sections is an immediate application of
Theorem 8.2 and does not need the assumption about o-finiteness. Otherwise,
the proof results from Theorem 8.11 in exactly the same way in which the proof
of Theorem 8.10 results from Theorem 8.9.

8.4 Surface-measure on S™ 1.

For every x = (x1,...,2,) € RF = R"™\ {0} we write

r=lol= o+ ol R = (040) y=mesm
X

where S"~1 = {y € R"||y| = 1} is the unit spere of R".
The mapping ® : R? — Rt x "~ ! defined by

(@) = (ry) = (|l =)

|z
is one-to-one and onto and its inverse @~ : Rt x §"~1 — R” is given by
e (ry) =a =ry.

The numbers r = |z| and y = 177 are called the polar coordinates of z and

the mappings ® and ®~! determine an identification of R” with the cartesian
product R x §"~1 where every point = # 0 is identified with the pair (r,y) of
its polar coordinates.
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As usual, we consider S"~! as a metric subspace of R™. This means that
the distance between points of S?~! is their euclidean distance considered as
points of the larger space R™. Namely

Iy—y’lz\/(yl—yi)2+-~-+(yn—y;)2,

for every y = (y1, ..., yn), ¥ = (¥}, ..., yh) € S"~1. No two points of S"~* have
distance greater that 2 and, if two points have distance 2, then they are opposite
or, equivalently, anti-diametric. The open ball in S"~! with center y € S"~1
and radius r > 0 is the spherical cap S(y;r) = {y’ € S"!||y’ — y| < r}, which
is the intersection of the euclidean ball B(y;r) = {z € R" ||z — y| < r} with
Sn~1. In fact, the intersection of an arbitrary euclidean open ball in R™ with
Sm~1is, if non-empty, a spherical cap of 7~

It is easy to see that there is a countable collection of spherical caps with
the property that every open set in S"~! is a union (countable, necessarily) of
spherical caps from this collection. Indeed, such is the collection of the (non-
empty) intersections with S"~1 of all open balls in R™ with rational centers and
rational radii: if U is an arbitrary open subset of S”~! and we take arbitrary
y € U, we can find r so that B(y;r) N S"~! C U. Then, we can find an open
ball B(z';r") with rational 2’ and rational ' so that y € B(2';7") C B(y;r).
Now, y belongs to the spherical cap B(x';r")NnS"~1 C U.

If we equip Rt x ™! with the product-topology through the product-metric

d((Ta y)v (T/a y/)) = maX(|T - T/|a |y - y/|)7

then the mappings ® and ®~! are both continuous. In fact, it is clear that the
convergence (r,yx) — (r,y) in the product-metric of R™ x S"~! is equivalent
to the simultaneous rp, — r and y; — y. Therefore, if 2, — = in R}, then
r = |xg| — |z| = r and yi = T = 747 = ¥ and hence O(xg) = (T, yx) —
(r,y) = ®(z) in RT x S"~1. Conversely, if (r,yx) — (r,y) in RT x S"~1 then
rr, — 7 and yx — y and hence ® (g, yx) = rryr — ry = " H(r,y) in R™.

We may observe that the open balls in the product-topology of Rt x §7~1
are exactly all the cartesian products (a,b) x S(y;r) of open subintervals of R
with spherical caps of S7~1.

Proposition 8.6 Let X be a topological space and' Y C X with the restricted
topology. This means that a subset of Y is open in Y if and only if it is the
intersection with Y of a set open in X. Then By = {ANY | A€ Bx}.

Proof: Consider ¥ = {ANY|A € Bx}. It is easy to prove that ¥ is a o-
algebra of subsets of Y and that it contains all subsets of Y which are open in
Y. Therefore, By C ¥ and it remains to prove the opposite inclusion.

Weset 31 = {AC X|ANY € By}. It is again easy to see that X is a
o-algebra of subsets of X and contains all subsets of X which are open in X.
Hence Bx C ¥;. This means that ANY € By for every A € Bx or, equivalently,
that ¥ C By.
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The next proposition contains information about the Borel structures of R}
and of R*, S”~! and their product Rt x S"~1.

Proposition 8.7 (i) By = {E € Br» | E CR}}.

(ii) Br+ = {E € Br|E C R'} and Br+ is generated by the collection of all
open subintervals of RY and, also, by the collection of all open-closed subinter-
vals of RT.

(iii) Bgn-1 = {E € Brn | E C S""1} and Bgn-1 is generated by the collection
of all spherical caps.

(iv) Br+xgn-1 = Br+ ® Bgn-1.

(v) ®(E) is a Borel set in RT x S"~1 for every Borel set E in R? and ®~1(E)
is a Borel set in R? for every Borel set E in Rt x S"~ 1.

Proof: The equalities of (i),(ii) and (iii) are simple consequences of Proposition
8.6. That Br+ is generated by the collection of all open or of all open-closed
subintervals of RT is due to the fact that every open subset of R* is a countable
union of such intervals. Also, that Bgn-1 is generated by the collection of all
spherical caps is due to the fact that every open subset of S~ ! is a countable
union of spherical caps.

(iv) Both Br+yxgn-1 and Br+ ® Bgn-1 are o-algebras of subsets of the space
R* x 8”71, The second is generated by the collection of all cartesian products
of open subintervals of Rt with spherical caps of S~ ! and all these sets are
open subsets of Rt x §”~! and, hence, belong to the first o-algebra. Therefore,
the second o-algebra is included in the first. Conversely, the first o-algebra is
generated by the collection of all open subsets of R* x S”~! and every such set
is a countable union of open balls, i.e. of cartesian products of open subintervals
of RT with spherical caps of S”~!. Thus, every open subset of RT x S"1 is
contained in the second o-algebra and, hence, the first o-algebra is included in
the second.

(v) Since @ is continuous, it is (Brr, Br+ x sn-1)—measurable and, thus, =1 (E)
is a Borel set in R” for every Borel set E in Rt x S"~1. The other statement
is, similarly, a consequence of the continuity of ®~1.

A set I' C R” is called a positive cone if rz € T for every » € R* and
every x € I or, equivalently, if I" is closed under multiplication by positive
numbers or, equivalently, if I" is invariant under dilations. If B C R, then
the set Rt - B = {rb|r € R",b € B} is, obviously, a positive cone and it is
called the positive cone determined by B. It is trivial to see that, if " is
a positive cone and A = I'N S™~ !, then T is the positive cone determined by
A and, conversely, that, if A C S"~! and I is the positive cone determined by
A, then ' N S"~! = A. This means that there is a one-to-one correspondence
between the subsets of S”~! and the positive cones of R™.

The next result expresses a simple characterization of open and of Borel
subsets of S™~! in terms of the corresponding positive cones.

Proposition 8.8 Let A C S™~!.
(i) A is open in St if and only if the cone RY - A is open in R".
(ii) A is a Borel set in S~ if and only if R* - A is a Borel set in R™.
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Proof: (i) By the definition of the product-topology, 4 is open in S"~! if and
only if RT x A is open in Rt x S”~!. By the continuity of ® and &', this
last one is true if and only if RT - A = ®~1(R™ x A) is open in R? if and only
if RT - A is open in R™.

(ii) If A is a Borel set in S™~! then, as a measurable interval, R™ x A is a Borel
set in Rt x S"~1. Conversely, if Rt x A is a Borel set in RT x S”~ !, then
all its r-sections, and in particular A, are Borel sets in S™~!. Therefore, A4 is a
Borel set in ™! if and only if R x A is a Borel set in R x S»~!. Proposition
8.7 implies that this is true if and only if RT - A = ®~1(RT x A) is a Borel set
in R? if and only if R - A is a Borel set in R™.

The following is useful.

Proposition 8.9 (i) If B is open in R?, then R™ - B is open in R™.
(i1) If B is a Borel set in R?, then RY - B is a Borel set in R".

Proof: (i) Assume that B C R” is open and take arbitrary x € R™ - B. Then
x = ra’ for some r € RT and some 2/ € B. We take 6 > 0 so that B(2’;6) C B
and we have that B(z;7d) = r- B(2’;8) Cr-B C Rt - B. Hence, R* - B is
open in R7.

(i) We consider the collection X of all B C R? with the property that R™ - B €
Brr. We easily prove that X is a o-algebra of subsets of RY. Part (i) implies
that ¥ contains all open subsets of R} and, hence, Br» C X.

Proposition 8.7 implies that the set M - A = {ry|r € M,y € A} is a Borel
set in R” for every Borel set A in S"~! and every Borel set M in R*. This
is true because M - A = ®~1(M x A) and M x A is a Borel set (measurable
interval) in R+ x Sn~1L.

Proposition 8.10 If we define
on-1(A) =n-my,((0,1] - A)
for every A € Bgn-1, then o,_1 is a measure on (S™1, Bgn-1).

Proof: We have 0,—1(0) = n-my,((0,1] - 0) = n-m,(0) = 0. Moreover, if
A1, Ay, ... € Bgn—1 are pairwise disjoint, then the sets (0,1] - A1, (0,1] - Ao, ...
are also pairwise disjoint. Hence, 0,1 (U] XA =n-ma((0,1] - U+°°Aj) =

n- mn(Uj:OO ((O 1] )) Z+ e mn(((),l] ) Z+ 1 On— 1( J)

Definition 8.7 The measure 0,1 on (S"~ 1, Bgn—1), which is defined in Propo-
sition 8.10, is called the (n — 1)-dimensional surface-measure on S"~!

Lemma 8.1 If we define

p(N):/NT"_l dr

for every N € Bry+, then p is a measure on (RY, Bg+).
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Proof: A simple consequence of Theorem 7.13.

Lemma 8.2 If we define
M (E) = ma (@7 (E))

for every Borel set E in Rt x S™~ 1, then m,, is a measure on the measurable
space (R x "L Brtygn-1).

Proof: The definition makes sense because, by Proposition 8.7, ®~1(E) is a
Borel set in R7.

Clearly, Tﬁ;(@) = my (@‘1(0)) = my,(@) = 0. If By, Fs,... are pairwise
disjoint, then ®~1(E;),®~1(E,),... are also pairwise disjoint and we find that

M (U2 Ej) = ma (27U E))) = ma (U5 07H(E;)) = 3775 ma(@71(E)))

= Y0 i (Ej).

Lemma 8.3 The measures m, and p ® o,_1 are identical on the measurable
space (R x S"71 Briygn-1) = (RY x S" 1 Br+ @ Bgn-1).

Proof: The equality Br+ygn-1 = Br+ ® Bgn-1 is in Proposition 8.7.

If Ais a Borel set in S"!, then the sets (0,b] - A and (0,1] - A are both
Borel sets in R™ and the first is a dilate of the second by the factor b > 0. By
Theorem 4.7, m,,((0,0] - A) = b"m,,((0,1] - A) for every b > 0. By a simple
subtraction we find that m,((a,b] - A) = (b" — a™)m,((0,1] - A) for every a,b
with 0 < a < b < 4o0.

Therefore, if A is a Borel set in S”~!, then

Ma((a,0] x A) = ma (271 ((a,0] x A)) = ma((a,b] - A)

b —a™

= (0" =ad")ma((0,1]- 4) = ———0n-1(4)

— /( ’ " Ldr o,_1(4) = p((a,b]) on_1(A)
(p® on1) ((a,b] x A).

If we define
N(N):@(NXA% V(N):(p@)o'nfl)(NXA)

for every Borel set N in R¥, it is easy to see that both yp and v are Borel
measures on R* and, by what we just proved, they satisfy u((a,b]) = v((a,b])
for every interval in R™. This, obviously, extends to all finite unions of pairwise
disjoint open-closed intervals. Theorem 2.4 implies, now, that the two measures
are equal on the o-algebra generated by the collection of all these sets, which,
by Proposition 8.7, is Bgr+. Therefore,

Mn(N X A) = (p®on-1)(N x A)

for every Borel set N in Rt and every Borel set A4 in S"~1.
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Theorem 8.4 implies now the equality of the two measures, because both
measures p and o,_1 are o-finite.

If E C R”, we consider the set ®(E) C Rt x S"~1. We, also, consider the
r-sections ®(E), = {y € S" | (r,y) € ®(E)} = {y € S" 1 |ry € E} and the
y-sections ®(E), = {r e Rt |(r,y) € ®(E)} = {r € Rt |ry € E} of ®(F). We
extend the notation as follows.

Definition 8.8 If E C R", we define, for every r € Rt and every y € S™1,
E.={yeS"'|ry € E}, E,={reRt|ryecE}
and call them the r-sections and the y-sections of E, respectively.

Observe that E may contain 0, but this plays no role. Thus, the sections
of E are, by definition, exactly the same as the sections of ®(E \ {0}). This is
justified by the informal identification of E \ {0} with ®(E \ {0}).

Theorem 8.13 Let E be any Borel set in R™. Then, E, is a Borel set in S7~!
for every r € RT and E, is a Borel set in RT for every y € S™! and the
functions
r— on_1(Er), Y " ldr
E,

are Br+—measurable and, respectively, Bgn—1—measurable. Also,

mn(E)_/OJrooan1(Er)r"_1dr_/snl (/E r"_ldr) don_1(y).

Proof: The set E \ {0} is a Borel set in R?, while F, = ®(E \ {0}), and
Ey = ®(E\{0})y.

Lemmas 8.2 and 8.3 imply that m,,(E) = m,(E\ {0}) = m, (®(E\ {0})) =
(p @ on—1)(®(E\ {0})). Proposition 8.7 says that ®(E \ {0}) is a Borel set in
Rt x 5" ! and the rest is a consequence of Theorem 8.8.

The next result gives a simple description of the completion of the measure
space (8" !, Bgn-1,0,_1) in terms of positive cones.

Definition 8.9 We denote (S"1,S,,_1,0,_1) the completion of the measure
space (S" 1, Bgn-1,05_1).

Proposition 8.11 If A C S™~!, then
(i) A€ 8,1 if and only if R - A € L,, if and only if (0,1]- A € Ly,
(it) or-1(A) =n - mn((O, 1] ~A) for every A€ S,,_1.

Proof: (i) If A € S,—1, there exist A1, A2 € Bgn—1 with o,-1(A2) = 0 so
that Ay € A and A\ A; C As. Proposition 8.8 implies that the positive
cones Rt - A4; and Rt - A, are Borel sets in R” with RT - 4; C Rt - 4 and
(RT-A)\ (RT-A;) CR' - Ay. Lemmas 8.2 and 8.3 or Theorem 8.13 imply
mn(RT - A2) = p(R)o,_1(A42) = 0. Hence, RT - A € L,,.



8.4. SURFACE-MEASURE ON SN-1, 159

Conversely, let R™ - A € £,. Then, there are Borel sets B;, By C R"
with m,(Bz) = 0, so that By C R* - A and (R* - A) \ By C Bs. For every
r € R we have that (By), C A and A\ (B1), C (Bz),. From Theorem 8.13,
fOJrOO on_1((B2)y)r""tdr = my,(Bs) = 0, implying that o,_1((Bz2),) = 0 for
mi-a.e. 7 € (0,400). If we consider such an r, since (B;), and (Bz), are Borel
sets in ™1, we conclude that A € S,_1.

If R"-A € L,, then (0,1]- A = (R" - A) N B, € L,. Conversely, if

(0,1]- A€ Ly, then RY - A=J/ 25 k- ((0,1] - A) € Ly.
(ii) We take A € S,,—1 and A1, Ay € Bgn-1 with 0,_1(A3) = 0 so that A1 C A
and A\ Ay C Ay. Then the sets (0,1] - A; and (0,1] - Ay are Borel sets in
R” with (0,1] - A, € (0,1]- A and (0,1] - A\ (0,1] - A1 C (0,1] - As. Since
mn((0,1] - Ag) = % on-1(A2) = 0, we conclude that o,_1(A4) = 0,-1(41) =
n-mu((0,1] - A1) = n-my((0,1] - A).

The next result is an extension of Theorem 8.13 to Lebesgue-measurable
sets.

Theorem 8.14 Let E € L,. Then, E. € S,_1 for mi-a.e. v € RY and
Ey, e Ly for op_q1-a.e. y € S"~1 and the a.e. defined functions

r— on_1(Er), T "~ Ldr
Ey

are L1—measurable and, respectively, S,_1—measurable. Also,

mn(E)_/OJrOO Unl(ET)rnldr—/Snl (/E rnfldr) don—1(y).

Proof: We consider Borel sets By, Bo in R™ with m,,(Bz2) = 0, so that By C F
and F \ Bl g BQ.

Theorem 8.13 implies that, for every r € R, (By), and (Bs), are Borel sets
in S"~1 with (B;), C E, and E,. \ (B1), C (Ba),. From Theorem 8.13 again,
S 0ne1((B2))r™ "t dr = ma(Bs) = 0 and we get that 0,1 ((B2),) = 0 for
mi-a.e. v € RT. Therefore, £, € S,,_1 and 0, _1(E,.) = 0pn_1((B1)) for mi-a.e.
reRT.

Similarly, for every y € S®~!, (B1), and (Bs), are Borel sets in RT with
(B1)y C Ey and E, \ (B1), C (B2)y. From fSn,l (f(BQ)y =1 dr) don,_1(y) =
mp(B2) = 0, we get that f(BQ)y r"~Ydr = 0 for o,_1-a.e. y € S""1. This
implies m1((Bz2)y) = 0 for o,_1-a.e. y € S" ! and, hence, E, € £; and
ny rmldr = f(Bl)y r"~ldr for o, q1-a.e. y € S™"!'. Theorem 8.13 implies

mn(E) = my(B1) = O+°O on_1((B1))r"tdr = f0+oo on—1(E.)r"1dr and,

also, = fS"*l (f(Bl)y et dr) dop-1(y) = f5n71 (ny et dT) don—1(y).

The rest of this section consists of a series of theorems which describe the
so-called method of integration by polar coordinates.
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Definition 8.10 Let f : R® — Y. For every r € Rt and every y € S"~1 we
define the functions f, : S"~' =Y and f, : RT — Y by the formulas

fry) = fy(r) = f(ry).
fr is called the r-section of f and f, is called the y-section of f.

The next two theorems cover integration by polar coordinates for Borel-
measurable functions.

Theorem 8.15 Let f : R® — [0, +00] be Brn—measurable. Then, every f, is
Bgn-1—measurable and every f, is Br+—measurable. The functions

“+oo
v [ foydonn, oy / Flry) dr
sn—1 0

are Br+—measurable and, respectively, Bgn—1—measurable. Moreover
—+oo

() dm,(z) = / (/ flry) dan,l(y)>rn_l dr
0 gn-1

- /SH (/;OO flry)rm=? dr) doy—1(y).

Proof: The results of this theorem and of Theorem 8.13 are the same in case
f = xe. Using the linearity of the integrals, we prove the theorem in the
case of a simple function ¢ : R™ — [0, +00]. Finally, applying the Monotone
Convergence Theorem to an increasing sequence of simple functions, we prove
the theorem in the general case.

R»

Theorem 8.16 If f : R® — R or C is Br»—measurable and integrable with
respect to m,,, then every f, is Bgn—1—measurable and, for mi-a.e. r € RT,
fr is integrable with respect to oy,—1. Also, every f, is Br+—measurable, and
for oy_1-a.e. y € S"71, f, is integrable with respect to my. The a.e. defined
Sfunctions

+oo
r— flry)don-1(y), T / f(,ry)rnfl dr
gn—1 o

are integrable with respect to my and, respectively, with respect to o,_1. Also
—+o0

@dme) = [ ([ fowdoi)ar
0 Sn—1

_ /Sn (/Om Fryyr™=" dr) dow 1 (y).

Proof: We use Theorem 8.15 to pass to the case of functions f : R" — R, by
writing them as f = fT — f~. We next treat the case of f : R* — C, by writing
f=R(f) +iS(f), after we exclude, in the usual manner, the set f~!({oo}).

R
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The next two theorems treat integration by polar coordinates in the case
of Lebesgue-measurable functions. They are proved, one after the other, using
Theorem 8.14 exactly as Theorems 8.15 and 8.16 were proved with the use of
Theorem 8.13.

Theorem 8.17 Let f : R™ — [0,400] be L, —measurable. Then, for mi-a.e.
r € RY, the function f,. is S,,_1—measurable and, for o,_1-a.e. y € S"1, the
function f, is L1—measurable. The a.e. defined functions

“+o0
r— f(ry) don—1(y), y »—>/ Flry)r" dr
gn-1 .

are L1—measurable and, respectively, S,_1—measurable. Moreover
+oo

@dm@) = [ ([ fowdoi) i
0 Sn—

/SH ( /0 T (ry)r™ ! dr) don 1 (y).

Theorem 8.18 If f : R® — R or C is L£,—measurable and integrable with
respect to my,, then, for my-a.e. v € R*, f. is integrable with respect to o,_1
and, for op,_1-a.e. y € S"7L, f, is integrable with respect to mi. The a.e.
defined functions

R

+o00
r— f(ry) don—1(y), y »—>/ Flry)r" dr
gn-1 .

are integrable with respect to my and, respectively, with respect to o,_1. Also
+oo
() dm,(x) = / (/ fry) dan,l(y)>rn_l dr
0 Sn—1

/Sn*1 (/OJFOO fry)rmt dr) don_1(y).

Definition 8.11 A set E C R" is called radial if x € E implies that ' € E
for all ' with |2'| = |z|.
A function f: R™ =Y is called radial if f(x) = f(2') for every x,x’ with

|| = [2'].

R»

It is obvious that F is radial if and only if x g is radial.
If the set F is radial, we may define the radial projection of E as

E={reR*t|z e E when |z| =1}

Also, if f is radial, we may define the radial projection of f as the function
f:RT =Y by



162 CHAPTER 8. PRODUCT-MEASURES

for every x € R™ with |z| = r.

It is obvious that a radial set or a radial function is uniquely determined
from its radial projection (except from the fact that the radial set may or may
not contain the point 0 and that the value of the function at 0 is not determined
by its radial projection).

Proposition 8.12 (i) The radial set E C R" is in Brn or in L, if and only
if its radial projection is in Br+ or, respectively, in L1. In any case we have

mu(E) = 0,_1(S"1) /Nrnfl dr.
E
(i1) If (Y,X') is a measurable space, then the radial function f : R™ — Y is
(Brr,X')—measurable or (L, ¥")—measurable if and only if its radial projection
is (Br+, X')—measurable or, respectively, (L1,%")—measurable.
If f : R"™ — [0, +0c0] is Borel- or Lebesgue-measurable or if f : R™ — R or
C is Borel- or Lebesgue-measurable and integrable with respect to m,,, then

+oo
(z) dmy,(z) = Un,l(S"_l)/O f(r)r"_l dr.

R”

Proof: (i) If E € Brn or E € L, is radial, then, for every y € S, we have
E, = E and, hence, the result is a consequence of Theorems 8.13 and 8.14.

For the converse we may argue as follows: we consider the collection of all
subsets of R™ which are radial projections of radial Borel sets in R", we then
prove easily that this collection is a o-algebra which contains all open subsets
of Rt and we conclude that it contains all Borel sets in R

Now, if E is radial and £ € Ly, we take Borel sets My, M in R with
m1(Mz) = 0 so that My C E and E \ M; C M. We cousider the radial sets
Fqi,FE; C R"™ so that /Evl = M, and E\/Q = M, which are Borel sets, by the
result of the previous paragraph. Then we have F1 C F and E \ E; C Es.
Since 0 = m,(Es) = fsnfl (J"(E2)y rn—1 dr) do,_1 = Un_l(sn—l)fﬁ2 L,

we have fE~2 r"~Ldr and, hence, m;(FE2) = 0. This implies that E € £;.

(ii) The statement about measurability is a trivial consequence of the definition
of measurability and the result of part (i). The integral formulas are conse-
quences of Theorems 8.15 up to 8.18.
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8.5 Exercises.

1. Consider the measure spaces (R,Bgr,m1) and (R,P(R),t), where § is
the counting measure. If E = {(:cl,xg) [0 < 21 = @ < 1}, prove that

all numbers (m1 ® §)(E), [g #(Ey,)dmi(z1) and [ mi(Ey,) di(zs) are
different.
2. Consider ap,,n, =1if m =n, amnz —1lifm=n+1 and Gym.n = 0 in any

other case. Then :ii( 2 A, n) + E ( i 1am n) Explain,
through the Theorem of Fubini.

3. The graph and the area under the graph of a function.
Suppose that (X,3, ) is a measure space and f : X — [0,+00] is
Y —measurable. If

Ay ={(e.y) € X xR|0<y < f(2)}

and
Gy ={(z,y) € X xR|y = f(2)},

prove that both A¢ and G are ¥ ® Bgr—measurable. If, moreover, p is
o-finite, prove that

wem)) = [ fdn (wom)Gp)=o

4. The distribution function.

Suppose that (X, X, 1) is a o-finite measure space and f : X — [0, +o0] is
Y —measurable. Calculating the measure p ® p of the set Ay = {(z,y) €
X xR|0<y< f(x)}, prove Proposition 7.14.

5. Consider two measure spaces (X1, X1, 1) and (Xa, Xg, u2), a X1 —measu-
rable f; : X; — C and a ¥s—measurable fo : X5 — C. Consider the
function f: X7 x Xo — C defined by f(z1,z2) = fi(x1)f2(z2).

Prove that f is ¥; ® Yo—measurable.

If f1 is integrable with respect to u; and fs is integrable with respect to
12, prove that f is integrable with respect to p1; ® uo and that

/ fd(p ® pe) = Jidua Jadpsz.
X1><X2 Xl X2

6. The volume of the unit ball in R™ and the surface-measure of S™~1.

(i) If v, = my(By,) is the Lebesgue-measure of the unit ball of R™, prove
that

1
vy = 21)",1/ (1- t2) tdt.
0
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(ii) Set J = fo (1-t3)"= > dt for n > 0 and prove the inductive formula
Jn = T n—2, N > 2.

(iii) Prove that the gamma-function (defined in Exercise 7.9.38) satisfies
the inductive formula

I(s+1) =sI(s)

for every s € Hy, and that I'(1) = 1, ['(3) = /7.
(iii) Prove that

m|*

] 2m
o Un_l(sn—l) (

MI:

)

7. The integral of Gauss and the measures of B, and of S™~!.

Define ,
I, :/ e_% dx.

(i) Prove that I,, = I}* for every n € N.
(ii) Use integration by polar coordinates to prove that Is = 27 and, hence,

that
||

/ e~ 2 dr=(2m)%.
(iii) Use integration by polar coordinates to prove that
(2m)2 = Un,l(Snfl)/ e~ T lar
0

and, hence,

wl:

n—1 2m
O'nfl(S ) (

NI:

o)’

8. From [’ #2% gy = [* (f0+°° e~ dt) sinz dx, prove that
— 400
sinx
/ dr = il .
0 T 2
9. Conwvolution.

Let f,g: R™ — R or C be £, —measurable.

(i) Prove that the function H : R" x R® — R or C, which is defined by
the formula

H(z,y) = f(x —y)g(v),

is L9, —measurable.

Now, let f and g be integrable with respect to m,.
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10.

(ii) Prove that H is integrable with respect to ma, and

/ \H| s, < / \fldm,, / gl dm.
R2n R" R"

(iii) Prove that, for my-a.e. x € R™ the function f(z —-)g(-) is integrable
with respect to m.,.

The a.e. defined function f % g: R™ — R or C by the formula

(fxg)(z) = flz—y)g(y)dy

R’Vl
is called the convolution of f and g¢.

(iv) Prove that f « g is integrable with respect to m,,, that

| owsgyim, = [ gam, [ gam,

/ 1 xgldm, < / \fldm, / 9] drmn.
RTZ R’Vl RTZ

(v) Prove that, for every f,g,h, f1, fo which are Lebesgue-integrable, we
have my-a.e. on R™ that fxg = gxf, (fxg)xh = f*(gxh), (\f)*g = A\(fxg)
and (fi+ fa)xg= fixg+ faxg.

The Fourier transforms of Lebesgue-integrable functions.

Let f: R" — R or C be Lebesgue-integrable over R™. We define the
function f R" — R or C by the formula

o= [ emeesds

where x-&=x1& + - x,&, is the euclidean inner-product. The function
f is called the Fourler transform of f

(i) Prove that f1+f2 f1+f2 and )\f /\f

(ii) Prove that f xg = f g, where fx*g is the convolution defined in Exercise
8.5.9.

(iii) If g(z) = f(z — a) for a.e. € R™, prove that §(£) = e~ 27@¢ f(£) for
all £ e R™.

(iv) If g(z) = e~2™@% f(2) for a.e. x € R™, prove that §(¢) = f(£ + a) for
all £ € R™.

(v) If g(z) = f(z) for ae. z € R", prove that §(&) = f(—¢) for all
£e R™

(vi) If T : R® — R" is a linear transformation with det( ) # 0 a
g(z) = f(Tx) for a.e. © € R™, prove that g(§) = det(T) f(( )71E)) for
all £ € R™, where T™ is the adjoint of T

(vii) Prove that fis continuous on R".

(viii) Prove that |f(£)] < Jrn | fl dmy, for every £ € R™.

and
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13.

14.

15.

16.

17.
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Let C be a Cantor-type set in [0, 1] with mq(C) > 0. Prove that the set
{(z,y) €[0,1] x [0,1] |z —y € C} is a compact subset of R? with positive
ms-measure, which does not contain any measurable interval of positive
ma-measure.

Uniqueness of Lebesgue-measure.

Let © and v be two locally finite Borel measures on R"™, which are trans-
lation invariant. Namely: p(A+x) = u(A) and v(A+z) = v(A) for every
x € R™ and every A € Brn.

Working with [g,.. g. xa(2)xB(x + y)d(p @ v)(x,y), prove that either
u=Av or v = Ay for some A € [0, +00).

Conclude that the only locally finite Borel measure on R™ which has value
1 at the unit cube [0,1]™ is the Lebesgue-measure m,.

Let E C [0,1] x [0,1] have the property that every horizontal section E,,
is countable and every vertical section E, has countable complementary
set [0,1] \ E,. Prove that E is not Lebesgue-measurable.

Let (X, X, 1) be a measure space and (Y, X’) be a measurable space. Sup-
pose that for every z € X there exists a measure v, on (Y,¥’) so that for
every B € ¥/ the function z — v, (B) is ¥—measurable.

We define v(B) = [ vo(B) du(x) for every B € .

(i) Prove that v is a measure on (Y, %’).

(ii) If g : Y — [0, +00] is X' —measurable and if f(z) = [, gdv, for every
x € X, prove that f is ¥—measurable and [y fdu = [, gdv.

Interchange of successive summations.

If I, I5 are two sets of indices with their counting measures, prove that
the product-measure on I; X I is its counting measure.

Applying the theorems of Tonelli and Fubini, derive results about the

validity of
Z Ciyios = Z ( Z cihiz) = Z ( Z cil,iz)'

i1€1,i0€l> i1€l7 is€ls o€l i1€lh

Consider, for every p € (0,400), the function f: R™ — [0, +00], defined
by f(z) = -

(i) Prove that f is not Lebesgue-integrable over R™.

(ii) Prove that f is integrable over the set As = {x € R" |0 < ¢ < |z|} if
and only if p > 1.

(iii) Prove that f is integrable over the set Bp = {x € R"||2| < R < 400}
if and only if p < 1.

Suppose that (Y,X) and (X;,¥;) are measurable spaces for all ¢ € I and
that g : X;, — Y is (¥;,, ¥)—measurable. If we define f: [[;c; X; =Y
by f((x:)ier) = g(xi,), prove that f is (Q),;c; ¥s, ¥)—measurable.
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18. Integration by parts.

Consider the interval~}~% = (a,b] x (a,b] and partition it into the two
sets A; = {(t,s) € R|t < s} and Ay = {(t,s) € R[s < t}. Writing
(he @ pr)(R) = (he ® pr)(A1) + (e ® pr)(Az), prove Proposition 7.11.
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Chapter 9

Convergence of functions

9.1 a.e. convergence and uniformly a.e. conver-
gence.

The two types of convergence of sequences of functions which are usually stud-
ied in elementary courses are the pointwise convergence and the uniform con-
vergence. We, briefly, recall their definitions and simple properties.

Suppose A is an arbitrary set and f, f, : A — R or C for every n € N. We
say that {f,} converges to f pointwise on A if f,(x) — f(z) for every x € A.
In case f(z) is finite, this means that for every ¢ > 0 there is an ng = ng(e, )
so that: |fn(z) — f(x)| < e for every n > ng.

Suppose A is an arbitrary set and f, f,, : A — C for every n € N. We say
that {f,} converges to f uniformly on A if for every e > 0 there is an ng = ng(e)
so that: |fn(z) — f(z)| < € for every x € A and every n > ng or, equivalently,
SUP,ea |fn(x) — f(x)] < € for every n > ng. In other words, {f,} converges to
f uniformly on A if and only if sup,¢ 4 | frn(z) — f(z)| — 0 as n — 4o0.

It is obvious that uniform convergence on A of {f,} to f implies pointwise
convergence on A. The converse is not true in general. As a counter-example,
if f, = X(0,1) for every n, then f, converges to f = 0 pointwise on (0,1) but
not uniformly on (0,1).

Let us describe some easy properties.

The pointwise limit (if it exists) of a sequence of functions is unique and,
hence, the same is true for the uniform limit.

Assume that f, g, fn,gn : A — C for all n. If {f,} converges to f and
{gn} converges to g pointwise on A, then {f, + gn} converges to f + g and
{fngn} converges to fg pointwise on A. The same is true for uniform conver-
gence, provided that in the case of the product we also assume that the two
sequences are uniformly bounded: this means that there is an M < +oo so that
| frn(2)|, lgn(z)| < M for every z € A and every n € N.

Another well-known fact is that, if f,, : A — C for all n and {f,} is Cauchy
uniformly on A, then there is an f : A — C so that {f,} converges to f

169
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uniformly on A. Indeed, suppose that for every e > 0 there is an ng = ng(e) so
that: |fn(z) — fm(2z)] < € for every € A and every n,m > no. This implies
that, for every z, the sequence { f,,(x)} is a Cauchy sequence of complex numbers
and, hence, it converges to some complex number. If we define f : A — C by
f(z) = limy 100 fn(z) and if in the above inequality |f,(z) — fm ()| < € we
let m — +o00, we get that |f,(x) — f(z)| < € for every € A and every n > ny.
Hence, {f,} converges to f uniformly on A.

It is almost straightforward to extend these two notions of convergence to
measure spaces. Suppose that (X, X, p) is an arbitrary measure space.

We have already seen the notion of y-a.e. convergence. If f, f, : X — R or
C for every n, we say that {f,} converges to f (pointwise) y-a.e. on A € ¥
if there is a set B € &, B C A, so that u(A\ B) = 0 and {f,} converges to f
pointwise on B.

If f, fn : X — Ror C for every n, we say that { f,} converges to f uniformly
p-a.e. on A € X if there is a set B € ¥, B C A, so that u(A\ B) =0, f and
fn are finite on B for all n and {f,} converges to f uniformly on B.

It is clear that uniform convergence p-a.e. on A implies convergence p-a.e.
on A. The converse is not true in general and the counter-example is the same
as above.

If {f.} converges to both f and f’ p-a.e. on A, then f = f’ u-a.e. on A.
Indeed, there are B, B’ € ¥ with B, B’ C A so that u(A\ B) = p(A\ B') =0
and f,, converges to f pointwise on B and to f’ pointwise on B’. Therefore, f,
converges to both f and f’ pointwise on BN B’ and, hence, f = f' on BN B’.
Since u(A\ (BN B')) = 0, we get that f = f' a.e. on A. This is a common
feature of almost any notion of convergence in the framework of measure spaces:
the limits may be considered unique only if we agree to identify functions which
are equal a.e. on A. This can be made precise by using the tool of equivalence
classes in an appropriate manner, but we postpone this discussion for later.

We can, similarly, prove that if {f,,} converges to both f and f’ uniformly
p-a.e. on A, then f = f’ py-a.e. on A.

Moreover, if f, g, fn,gn : A — C u-a.e. on A for every n and {f,} converges
to f and {g,} converges to g p-a.e. on A, then {f, +g,} converges to f+ g and
{fngn} converges to fg p-a.e. on A. The same is true for uniform convergence
p-a.e., provided that in the case of the product we also assume that the two
sequences are uniformly bounded p-a.e.: namely, that there is an M < +o00 so
that |fnl, |gn] < M p-a.e. on A for every n € N.

9.2 Convergence in the mean.

Assume that (X, 3, u) is a measure space.

Definition 9.1 Let f, f, : X — R or C be S—measurable for all n. We say
that {fn} converges to f in the mean on A € X if f and f,, are finite u-a.e.
on A for all n and

J 1= fldu—0
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as n — +00.
We say that {f,} is Cauchy in the mean on A € ¥ if f, is finite u-a.e.
on A for all n and

/ |fn = fmldp — 0
A
as m,n — +00.

It is necessary to make a comment regarding the definition. The functions
|fn— fl and |fr, — fm| are defined only p-a.e. on A. In fact, if all f, f,, are finite
on B € ¥ with B C A and u(A\B) = 0, then |f,,— f| and | f,, — fim| are all defined
on B and are ¥ p—measurable. Therefore, only the integrals [, |fn — f| du and
S5 | fn — fm|dp are well-defined. If we want to be able to write the integrals
Jalfn = fldp and [, |fn — fm|dp, we must extend the functions |f, — f| and
|fn — fm] on X so that they are ¥—measurable and, after that, the integrals
Jalfn = fldpw and [, |fn = fm|dp will be defined and equal to [5|fn — f|dp
and [ |fn — fm| dp, respectively. Since the values of the extensions outside B
do not affect the resulting values of the integrals over A, it is simple and enough
to extend all f, f, as 0 on X \ B.

Thus, the replacement of all f, fr, by 0 on X \ B makes all functions finite
everywhere on A without affecting the fact that {f,} converges to f in the mean
on A or that {f,} is Cauchy in the mean on A.

Proposition 9.1 If {f,} converges to both f and f’ in the mean on A, then
f=f" p-ae on A.

Proof: By the comment of the previous paragraph, we may assume that all f, f’
and f, are finite on A. This does not affect either the hypothesis or the result
of the statement.

We write [, |f — f/|dp < [, |fa = fldp+ [, |fn — f'ldp — 0 as n — +o0.
Hence, [, |f — f'|dp = 0, implying that f = f’ p-a.e. on A.

Proposition 9.2 Suppose {f,} converges to f and {g,} converges to g in the
mean on A and \ € C. Then

(i) {fn+ gn} converges to f + g in the mean on A.

(i1) {\fn} converges to Af in the mean on A.

Proof: We may assume that all f,g, fy, g, are finite on A.

Then, [ |(fn +9n) = (f + 9)ldn < [y [fn = fldp + [4lgn — gldn — 0 as
n— 400, and [, [\fn — Af|dp = |\ [, |fn — fldp — 0 as n — +o0.

It is trivial to prove that, if {f,} converges to f in the mean on A, then
{fn} is Cauchy in the mean on A. Indeed, assuming all f, f,, are finite on A,

fA|fn = fmldp < fA|fn _f|d,u+fA|fm — fldp — 0 as n,m — +oo. The
following basic theorem expresses the converse.

Theorem 9.1 If {f,} is Cauchy in the mean on A, then there is f : X — C
so that {f} converges to f in the mean on A. Moreover, there is a subsequence
{fn,} which converges to f p-a.e. on A.



172 CHAPTER 9. CONVERGENCE OF FUNCTIONS

As a corollary: if {fn} converges to f in the mean on A, there is a subse-
quence { fn, } which converges to [ p-a.e. on A.

Proof: As usual, we assume that all f, f,, are finite on A.

We have that, for every k, there is nj so that fA [frn — fmldu < 2% for
every m,m > ny. Since we may assume that each nj is as large as we like,
we inductively take {nj} so that ny < ngi1 for every k. Therefore, {f,, } is a
subsequence of {f,}.

From the construction of nj and from ng < ngy1, we get that

1
/ |fmc+1 - fmc|dﬂ < 2_k
A
for every k. Then, the ¥—measurable function G : X — [0, 4+0c] defined by

G_{ ;:;Xi|fnk+1_fnk|, on A
0,

on A¢

satisfies [y Gdp = 3025 [u 1 fonss — fanldp = 1 < +oo. Thus, G < +oo
p-a.e. on A and, hence, the series 335 (fay,, (%) — fu,(2)) converges for -
a.e. = € A. Therefore, there is a B € ¥, B C A so that u(A\ B) = 0
and 7% (frgsr () = fn, (z)) converges for every x € B. We define the ¥—
measurable f : X — C by

f= {fnl + Z (f"k+1 fnk), on B

on B°.

On B we have that f = f,, +limg_, 4 Ek 1 (fnk+1 frw) =lUmgtoo frg
and, hence, {fy,} converges to f p-a.e. on A.

We, also, have on B that |fn, — f| = |fux — fnl — Jroo(fnk+1 — fa)l =
|Zk 1 (fnk+1 fﬂk) - :z(fnk+1 fnk)| < Z |fnk+1 fmc| for all K.

Hence,

—+oo —+oo
1 1
/|fnx—f|dM§ E /|fnk+1—fnk|dﬂ< E ok K_1—>O
A k=K 7 A Py 2

as K — +oo.

From nj. — +oc, we get [, [fi—fldu < [y |fi—Fu.|dit [ | fue—fldp — 0
as k — 4oo and we conclude that {f,} converges to f in the mean on A.

Example

Consider the sequence fl = X(0,1) f2 = X(0,1) 3= Xy fa = X1y, 5 =
(1.2, fo = X(2,1), 7 = X(0,1), fs (1,2) ,fg—x(g 3y, 10 = X (2 1) andsoon
It is clear that f(o 1 |fn x)|de — 0 as n — +oo (the sequence of integrals

is 1, %, %,%,%, %, %, %, %, %,...) and, hence, {f,} converges to 0 in the mean on

(0,1). By Theorem 9.1, there exists a subsequence converging to 0 mj-a.e. on
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(0,1) and it is easy to find many such subsequences: indeed, f1 = x(0,1), f2 =
X(0,4) fa= X(0,1): fr= X(0,1) and so on, is one such subsequence.

But, it is not true that {f,} itself converges to 0 mi-a.e. on (0,1). In fact, if
x is any irrational number in (0,1), then z belongs to infinitely many intervals
of the form (km;l7 %) (for each value of m there is exactly one such value of k)
and, thus, {f,(z)} does not converge to 0. It easy to see that f,(z) — 0 only
for every rational z € (0,1).

We may now complete Proposition 9.2 as follows.

Proposition 9.3 Suppose {f,} converges to f and {g,} converges to g in the
mean on A.

(i) If there is M < 400 so that |frn| < M p-a.e. on A, then |f| < M p-a.e. on
A.

(i) If there is an M < +o00 so that |ful, |gn] < M p-a.e. on A, then {fngn}
converges to fg in the mean on A.

Proof: (i) Theorem 9.1 implies that there is a subsequence {f,,} which con-
verges to f u-a.e. on A. Therefore, |f,, | — |f| p-a.e. on A and, hence, |f| < M
u-a.e. on A.

(ii) Assuming that all f, g, fn,gn are finite on A and using the result of (i),
Jalfngn = foldp < [, 1 fugn — fanldu+ [y [fgn — foldp < M [, |fo — fldp+
M [, 1gn — gldp — 0 as n — +oo0.

9.3 Convergence in measure.

Assume that (X, 3, u) is a measure space.

Definition 9.2 Let f, f, : X — R or C be X—measurable for all n. We say
that {fn} converges to [ in measure on A € X if dll f, f,, are finite u-a.e.
on A and if for every e > 0 we have

p(fz € Af|fa(x) — f(2)] = €}) = 0

as n — +00.
We say that {f,} is Cauchy in measure on A € X if dll f, are finite
p-a.e. on A and if for every ¢ > 0 we have

p({z € Af|fu() = fm(2)] = €}) =0

as n,m — +00.

We make a comment similar to the comment following Definition 9.1. If
we want to be able to write the values p({z € Al|fn(z) — f(x)] > €}) and
p{z € Al|fu(z) — f(x)] > €}), we first extend the functions |f, — f| and
| fn — fm| outside the set B C A, where all f, f,, are finite, as functions defined
on X and Y—measurable. Then, since u(A \ B) = 0, we get that the above
values are equal to the values u({z € B||fn(z) — f(x)| > €}) and, respectively,
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w({z € B||fn(x) — f(z)] > €}). Therefore, the actual extensions play no role
and, hence, we may for simplicity extend all f, f,, as 0 on X \ B.

Thus the replacement of all f, f,, by 0 on X \ B makes all functions finite
everywhere on A and does not affect the fact that { f,,} converges to f in measure
on A or that {f.} is Cauchy in measure on A.

A useful trick is the inequality

p{z € Al[f(2) +9(@)| 2 a+b}) < p({ze Al|f(z)] = a})
+ p{z e Allg(z)] = b}),

which is true for every a,b > 0. This is due to the set-inclusion
{ze Allf(2) +g(x)| 2 a+b} S {z e Al|f(z)] = a} U{z € A[|g(x)| = b}.

Proposition 9.4 If {f,} converges to both f and [’ in measure on A, then
f =1/ p-ae on A.

Proof: We may assume that all f, f/, f,, are finite on A.

Applying the above trick we find that u({z € Al|f(z) — f'(z)] > €}) <
s € A1) 1@ > 3+ lls € A1)~ 1] > 5 = 0
n — +oo. This implies u({z € A||f(z) — f'(z )| > ¢€}) =0 for every € > 0.

We,wow, it (s € A1/(2) # /1)) = ULZ(x € 41112 — 10 > 41
Since all terms in the union are y-null sets, we get u({z € A| f(z) # f'(z)}) =0

and conclude that f = f’ p-a.e. on A.

Proposition 9.5 Suppose {f,} converges to f and {g,} converges to g in mea-
sure on A and A\ € C. Then

(i) {fn + gn} converges to f + g in measure on A.

(ii) {\fn} converges to Af in measure on A.

(i11) If there is M < +o0o so that |fn| < M p-a.e. on A, then |f| < M p-a.e.
on A.

(i) If there is M < 400 so that |ful,lgn] < M p-a.e. on A, then {fngn}
converges to fg in measure on A.

Proof: We may assume that all f, f,, are finite on A, since all hypotheses and all
results to be proved are not affected by any change of the functions on a subset
of A of zero py-measure.
(i) We apply the usual trick and u({z € A||(fn + gn)(z) —
il € Allfa@) — f@)] > &) + n({z € Allga(z) — of
n — +00.
(i) Also p({z € A|[Mn(2)=Af(2)] = €}) = p({z € Al[fn(2) = f(2)| 2 17}) —
0 as n — 4o0.
(iii) We write u({z € A||f(@)] = M +€}) < ul{e € A||fale)] = M+ £})

iz € Allfal@) — F@)] > 1) = p({z € A|lfule) — F(@)] = £} — 0 as
n — +o0o. Hence, u({z € A||f(z)| > M + €}) = 0 for every € > 0.

We have {z € A||f(z)] > M} C U5 {z € A||f(x)| > M + 1} and, since

all sets of the union are p-null, we find that pu({z € A||f(xz)] > M}) = 0.
Hence, |f| < M p-a.e. on A.

_|_
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(iv) Applying the result of (iii), u({z € Al||fn(@)gn(x) — f(x)g(z)| > €})
n({z € Al|fa(@)gn (@) — fu(2)g(z)| = 51) +1u({z € Al[fn(z)g(z) — f(z)g(2)]
5H < p({z € Allgn(z) —9(@)| = 757}) +p{z € Al ful(z) = f(@)| = 357}) —

as n — +00.

o IVIA

If {f.} converges to f in measure on A, then {f,} is Cauchy in measure
on A. Indeed, taking all f, f,, finite on A, u({zx € Al|fu(z) — fm(z)] > €}) <
p({z € Allfa(z) = f(@)| 2 5}) + n({z € Al[fm(z) — f(z)| = 5}) — 0 as
n,m — +00.

Theorem 9.2 If {f,} is Cauchy in measure on A, then there is f : X — C
so that {fn} converges to f in measure on A. Moreover, there is a subsequence
{fn.} which converges to f p-a.e. on A.

As a corollary: if { fn} converges to f in measure on A, there is a subsequence

{fn,} which converges to f p-a.e. on A.

Proof: As usual, we assume that all f,, are finite on A.

We have, for all k, p({z € A||fa(z) — fm(z)| > F}) — 0 as n,m — +oo.
Therefore, there is ny so that pu({z € A||fn(z) — fm(z)| = %}) < 5 for
every n,m > ng. Since we may assume that each nj is as large as we like, we
may inductively take {ny} so that ny < ngy1 for every k. Hence, {fp,} is a
subsequence of {f,} and, from the construction of nj and from ny < ngy1, we

get that . .
/1,({,@ € A| |fnk+1(w) - fnk(x” > 2_k}) < 2_k

for every k. For simplicity, we write

1
By ={z € Al|fa (@) = far(@)] 2 55}
and, hence, ju(Ey) < 5% for all k. We also define the subsets of A:
F, U+°° Ey, F=nt*F, = limsup Ej, .

Now, ,u( ) < OSE u(ER) < i v 3% = za—t and, hence, u(F) <
w(Fp) < 2,,1,1 for every m. This implies

u(F) = 0.
If x € A\ F, then there is m so that x € A\ F,,,, which implies that z € A\ B
for all k& > m. Therefore, |fnk+1( 2) = fn, ()| < 5% for all k > m, so that
Z_iom |fnk+l($) - fnk( )| < 2m om—1 - ThU-S the series Z (fmc+1( ) - fmc (‘T))

converges and we may define f : X — C by

f_{fm()+2 X (fager — fup)s on A\F
0 on A°UF.

By f(2) = fp, (2)+limg— 4oo Zk 1 (fnk+1( )= fr, (%)) = Bk poo fr (2)
for every x € A\ F and, from p(F) = 0, we get that {f,, } converges to f p-a.e.

on A.



176 CHAPTER 9. CONVERGENCE OF FUNCTIONS

Now, on A\Fm we have |fnm - fl = |fnm — fr, — Z;.i(fnk+l - fnk)| =

|Z;cn:_11(fnk+1 - fnk) - Z_j(f’ﬂkJrl - fnk)l S Z;:iom |fnk+1 - f”lk' < 2”1%1
Therefore, {z € A||fy,.(x) — f(z)| = z2=} C F,, and, hence,

il € A1, (@) = F@)] = o)) < plFn) < o

Take an arbitrary € > 0 and myg large enough so that 2’"% <e Ifm>mp,
{z € Allfn, (2) — f(@)] > €} C {2 € A||fn,.(x) = f(2)| = 5m=r} and, hence,

pl{ € Allfan @)~ F@)] 2 ) < gy =0

as m — +o0o. This means that {f,,} converges to f in measure on A.
Since ni — 400 as k — 400, we get p({x € A||fu(x) — f(z)| > €}) <
p{z € Allfi(@) = fu(@)] = 5}) + p({z € Al|fo(2) = f(2)] = §}) — 0 as

k — 400 and we conclude that {f,} converges to f in measure on A.

Example
We consider a variation of the example just after Theorem 9.1. Consider the
sequence f1 = x(0,1), f2 = 2X(0,1), f3 = 2X(2 1) f1 = 3X(0,1), 5 = 3x(2.2), fo =
3X(%71),f7 = 4X(O,%)7f8 = 4X(i7%), fg = 4X(%1%),f10 = 4X(%71) and so on.

If 0 < e < 1, the sequence of the values u({z € (0,1)||fn(x)] > €}) is
1, %, %, %, %, %, %, %, %, %, ... and, hence, converges to 0. Therefore, {f,} con-
verges to 0 in measure on (0,1). But, as we have already seen, it is not true

that {f,} converges to 0 ms-a.e. on (0,1).

9.4 Almost uniform convergence.

Assume that (X, X, ) is a measure space.

Definition 9.3 Let f, f, : X — R or C be X—measurable for alln € N. We
say that {f,} converges to f almost uniformly on A € ¥ if for every § > 0
there is B € X, B C A, so that u(A\ B) < 6 and {f,} converges to f uniformly
on B.

We say that {f,} is Cauchy almost uniformly on A € ¥ if for every
0 > 0 there is B € ¥, B C A, so that u(A\ B) < ¢ and {f.} is Cauchy

uniformly on B.

Suppose that some g : X — R or C is ¥—measurable and that, for every k,
there is a By € 3, By, C A, with u(A\ Bi) <  so that g is finite on By. Now, it
is clear that g is finite on the set F = U} %] By, and that u(A\F) < u(A\Bi) < 1
for all k. This implies that p(A\ F)) = 0 and, hence, g is finite y-a.e. on A.

From the statement of Definition 9.3. it is implied by the uniform conver-
gence that all functions f, f,, are finite on sets B € ¥, B C A with u(A\ B) < 4.
Since § is arbitrary, by the discussion in the previous paragraph, we conclude
that, if {fn} converges to f almost uniformly on A or if it is Cauchy almost
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uniformly on A, then dll f, f, are finite p-a.e. on A. Now, if F € X, FC A
with p(A \ F) = 0 is the set where all f, f,, are finite, then, if we replace all
fofn by 0 on X \ F, the resulting functions f, fn are all finite on A and the
fact that {f,,} converges to f almost uniformly on A or that it is Cauchy almost
uniformly on A is not affected.

Proposition 9.6 If {f,} converges to both f and f’' almost uniformly on A,
then f = f' p-a.e. on A.

Proof: Suppose that u({z € A|f(z) # f'(x)}) > 0. For simplicity, we set
E={zecAlf(z) # f'(z)}.

We find B € 3, B C A, with u(A\ B) < @ so that {f,} converges to f
uniformly on B. We, also, find B’ € &, B’ C A, with u(A\ B’) < @ so that
{fn} converges to f’ uniformly on B’. We, then, set D = BN B’ and have that
w(A\ D) < pu(E) and {f,} converges to both f and f’ uniformly on D. This,
of course, implies that f = f’ on D and, hence, that D N E = {).

But, then, £ C A\ D and, hence, u(E) < u(A\ D) < u(F) and we arrive
at a contradiction.

Proposition 9.7 Suppose {f,} converges to f and {gn} converges to g almost
uniformly on A. Then

(i) {fn + gn} converges to f + g almost uniformly on A.

(i1) {\fn} converges to Af almost uniformly on A.

(111) If there is M < +oo so that |fn,| < M p-a.e. on A, then |f| < M pu-a.e.
on A.

(iv) If there is M < 400 so that |ful,|gn] < M p-a.e. on A, then {fngn}
converges to fg almost uniformly on A.

Proof: We may assume that all f, f,, are finite on A.
(i) For arbitrary § > 0, there is B’ € £, B’ C A, with i(A\ B') < § so that {f,}
converges to f uniformly on B’ and thereis B” € ¥, B” C A, with u(A\B") < %
so that {g,} converges to ¢g uniformly on B”. We take B = B’ N B” and have
that u(A\ B) < ¢ and that {f,} and {g,} converge to f and, respectively, g
uniformly on B. Then {f, + g»} converges to f + g uniformly on B and, since
4 is arbitrary, we conclude that {f, 4+ gn} converges to f + g almost uniformly
on A.
(ii) This is easier, since, if {f,} converges to f uniformly on B, then {Af,}
converges to Af uniformly on B.
(ili) Suppose p({x € Al|f(x)] > M}) >0 and set E = {z € A||f(z)| > M}.
We find B € ¥, B C A, with u(A\ B) < p(E) so that {f,} converges to f
uniformly on B. Then we have |f| < M p-a.e. on B and, hence, u(BNE) = 0.
Now, p(E) = p(E\ B) < u(A\ B) < p(F) and we arrive at a contradiction.
(iv) Exactly as in the proof of (i), for every § > 0 we find B; € ¥, B; C A,
with p(A\ B1) < ¢ so that {f,} and {gn} converge to f and, respectively, g
uniformly on By. By the result of (iii), |f| < M u-a.e. on A and, hence, there
isa By € ¥, By C A with u(A\ Bz) = 0 so that |f,], |gnl,|f] < M on By. We
set B = By N By, so that u(A\ B) = u(A\ B1) < ¢. Now, on B we have that
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|fngn - fg| < |fngn - fgnl + |fgn - fg| < len - fl +M|gn _g| anda thU-S7
{fngn} converges to fg uniformly on B. We conclude that {f,g,} converges to
fg almost uniformly on A.

One should notice the difference between the next result and the correspond-
ing Theorems 9.1 and 9.2 for the other two types of convergence: if a sequence
converges in the mean or in measure, then a.e. convergence holds for some sub-
sequence, while, if it converges almost uniformly, then a.e. convergence holds
for the whole sequence (and, hence, for every subsequence).

Before the next result, let us consider a simple general fact.

Assume that there is a collection of functions g; : B; — C, indexed by the
set I of indices, where B; C X for every ¢ € I, and that {f,} converges to
gi pointwise on B;, for every i € I. If x € B; N B; for any 4,5 € I, then, by
the uniqueness of pointwise limits, we have that g;(x) = g,(x). Therefore, all
limit-functions have the same value at each point of the union B = U;c;B; of
the domains of definition. Hence, we can define a single function f : B — C by

f(x) = gi(z),

where ¢ € T is any index for which « € B;, and it is clear that {f,} converges
to f pointwise on B.

Theorem 9.3 If {f,} is Cauchy almost uniformly on A, then there is an f :
X — C so that {fn} converges to [ almost uniformly on A. Moreover, {f,}
converges to f p-a.e. on A.

As a corollary: if {fn} converges to f almost uniformly on A, then {f,}
converges to f p-a.e. on A.

Proof: For each k, there exists By € X, By, C A, with u(A \ By) < 1 so that
{fn} is Cauchy uniformly on Bj. Therefore, there is a function gj : By — C so
that {f,} converges to g uniformly and, hence, pointwise on Bj.

By the general result of the paragraph just before this theorem, there is an
f: B — C, where B = U; > By, so that {f,} converges to f pointwise on B.
But, u(A\ B) < u(A\ By) < 1 for every k and, thus, u(4\ B) = 0. If we
extend f : X — C, by defining f = 0 on B¢, we conclude that {f,} converges
to f p-a.e. on A.

By the general construction of f, we have that g, = f on By and, hence,
{fn} converges to f uniformly on By. If § > 0 is arbitrary, we just take k large
enough so that 1 < & and we have that u(A\ By) < 0. Hence, {f,} converges
to f almost uniformly on A.

9.5 Relations between types of convergence.

In this section we shall see three results describing some relations between the
four types of convergence: a.e. convergence, convergence in the mean, con-
vergence in measure and almost uniform convergence. Many other results are
consequences of these.



9.5. RELATIONS BETWEEN TYPES OF CONVERGENCE. 179

Let (X,X, 1) be a measure space.

Theorem 9.4 If {f,} converges to f almost uniformly on A, then {f,} con-
verges to f u-a.e. on A.

The converse is true under the additional assumption that either
(i) (Egoroff) all f, f, are finite p-a.e. on A and pu(A) < +o00
or
(i1) there is a g : A — [0, +00] with [, gdu < +oco and |fu| < g p-a.e. on A for
every n.

Proof: The first statement is inluded in Theorem 9.3.
(i) Assume {f,} converges to f p-a.e. on A, all f, f,, are finite p-a.e. on A and
w(A) < +o00. We may assume that all f, f,, are finite on A and, for each k,n,

we define
—+o0

Eak) = | {r € Allfn() — f@)] > 1},
If C ={x € A| fu(x) — f(x)}, then it is easy to see that N> FE, (k) C A\ C.
Since u(A\ C) = 0, we get u(N1>E,(k)) = 0 for every k. From E, (k) |
Nt En(k), from p(A) < +oo and from the continuity of u from above, we find
that u(Fn(k)) — 0 as n — +o00. Hence, for an arbitrary 6 > 0, there is ng so
that 5

H(Eu (F) < 5.

We define N
E=|]JEn(k), B=A\E
k=1

and have pu(E) < 3205 u(E,,, (k) < 8. Also, for every x € B we have that, for
every k > 1, | fm(z) — f(2)| < 7 for all m > ny. Equivalently, for every k > 1,

Sup |fn(2) — £(2)] < 2

r€EB E

for every m > ny. This implies, of course, that {f,} converges to f uniformly
on B. Since u(A\ B) = u(E) < §, we conclude that {f,} converges to f almost
uniformly on A.
(ii) If | fn] < g p-a.e. on A for all n, then also |f| < g p-a.e. on A and, since
fA gdu < 400, all f, f,, are finite p-a.e. on A. Assuming, as we may, that all
f, fn are finite on A, we get |f, — f| < 2g p-a.e. on A for all n. Using the same

. . . . . . 1
notation as in the proof of (i), this implies that E, (k) C {z € A|g(z) > 5
except for a p-null set. Therefore

)

for every n, k. It is clear that the assumption [ 4 9dp < +o0 implies

HE () < o € Al (o) > o

u({x€A|g(:v)>2—1k ) < +oo.
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Therefore, we may, again, apply the continuity of y from above to find that
w(En(k)) — 0 as n — +oo. From this point, we repeat the proof of (i) word for
word.

Example
If fn = X(n,nt1) for every n > 1, then { f,} converges to 0 everywhere on R, but
{fn} does not converge to 0 almost uniformly on R. In fact, if 0 < § < 1, then
every Lebesgue-measurable B C R with m;(R \ B) < § must have non-empty
intersection with every interval (n,n + 1) and, hence, sup,cp |fn(x)] > 1 for
every n.

In this example, of course, mi(R) = 400 and it is easy to see that there is
no g : R — [0,+00] with [ g(z)dx < +oc satisfying f,, < g mi-a.e. on R for
every n. Otherwise, g > 1 a.e. on (1, +00).

Theorem 9.5 If {f,} converges to f almost uniformly on A, then {f,} con-
verges to f in measure on A.

Conversely, if {fn} converges to f in measure on A, then there is a subse-
quence { fn, } which converges to f almost uniformly on A.

Proof: Suppose that {f,} converges to f almost uniformly on A and take an
arbitrary € > 0. For every § > 0 thereisa B € ¥, B C A, with u(A\ B) < ¢ so
that {f,} converges to f uniformly on B.

Now, there exists an ng so that |f,(z) — f(z)] < € for all n > ng and
every * € B. Therefore, {z € Al||f.(z) — f(x)] > ¢} C A\ B and, thus,
p{z € A|lfn(z) — f(z)| > €}) < § for all n > ny.

This implies that p({z € A||fn(x) — f(x)] > €}) — 0 as n — 400 and {f,}
converges to f in measure on A.

The idea for the converse is already in the proof of Theorem 9.2.

We assume that {f,} converges to f in measure on A and, without loss of
generality, that all f, f,, are finite on A. Then pu({z € A||fn(z)—f(z)| > 5}) —
0 as n — +oo and there is ng so that p({z € A||fn(x) — f(z)| > 7r}) < 3¢ for
all n > ng. We may, inductively, assume that n; < ngy1 for all k£ and, hence,
that {fy,} is a subsequence of {f,} for which

p{z € Af|fu,(2) = f2)] =

for every k > 1. We set
1

Ep={zc Al|fa(2) = f(@)| = 5z}, Fn = U2, B

m

Then p(F,,) < 3020 o = 5 for every m.

If x € A\ F,, then & € A\ Ej, for every k > m so that | f,, (z) — f(z)| < 3¢
for every k > m. This implies that

Sup  [fun () — F(2)] < =

r€A\Fn, 2k
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for all & > m and hence sup,c 4\ ,, | fni (z) — f(2)| — 0 as k — +oc. Therefore,
{fn,.} converges to f uniformly on A\ F;,, and we conclude that { f,,, } converges
to f almost uniformly on A.

Example

We consider the example just after Theorem 9.2. The sequence {f,,} converges

to 0 in measure on (0, 1) but it does not converge to 0 almost uniformly on (0, 1).

In fact, if we take any ¢ with 0 < § < 1, then every B C (0,1) with m4((0,1) \

B) < ¢ must have non-empty intersection with infinitely many intervals of the
k=1 k

form (%=, &) (at least one for every value of m) and, hence, sup,cp | fn(z)] > 1

for infinitely many n.

The converse in Theorem 9.6 is a variant of the Dominated Convergence
Theorem.

Theorem 9.6 If {f,} converges to f in the mean on A, then {f,} converges
to f in measure on A.

The converse is true under the additional assumption that there exists a
g:X —[0,+00] so that [, gdp < 400 and |f| < g p-a.e. on A.

Proof: 1t is clear that we may assume all f, f,, are finite on A.
Suppose that {f,} converges to f in the mean on A. Then, for every € > 0
we have

u({xeAan(;v)—f(x)lZQ)S%/A|fn—f|dﬂ—>0

as n — +o00. Therefore, {f,} converges to f in measure on A.
Assume that the converse is not true. Then there is some ¢y > 0 and a
subsequence {f,,} of {fn} so that

/|fnk—f|dli2€0
A

for every k > 1. Since {f,,} converges to f in measure, Theorem 9.2 implies
that there is a subsequence {fy, } which converges to f p-a.e. on A. From
| fx, | < g pra.e. on A, we find that [f| < g p-a.e. on A. Now, the Dominated
Convergence Theorem implies that

[ 1o, = fldn =0

as | — +o0o0 and we arrive at a contradiction.

Example

Let fn =nx(o,1) for every n. If 0 <'e <1, then p({z € (0,1)[|fn(2)| = €}) =
1 — 0asn — +oo and, hence, {f,} converges to 0 in measure on (0,1). But
fol |fn(x)|de =1 and {f,} does not converge to 0 in the mean on (0, 1).
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If g : (0,1) — [0, +00] is such that | f,| < g mi-a.e. on (0, 1) for every n, then

g >n mi-a.e. in each interval =, ). Hence, fol g(x)de >0 [ ndr =

n+1
20 (L Ly=yFe 1 _ 4o

n=1 n o n+l n=1 n+1
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9.6 Exercises.

Except if specified otherwise, all exercises refer to a measure space (X, 3, u), all
sets belong to ¥ and all functions are ¥—measurable.

1.

Let ¢ : C — C.

(i) If ¢ is continuous and {f,} converges to f p-a.e. on A, prove that
{¢ o fn} converges to ¢ o f u-a.e. on A.

(ii) If ¢ is uniformly continuous and {f,} converges to f in measure or
almost uniformly on A, prove that {¢ o f,,} converges to ¢ o f in measure
or, respectively, almost uniformly on A.

. (i) If {fn} converges to f with respect to any of the four types of con-

vergence (p-a.e. or in the mean or in measure or almost uniformly) on A
and {f,} converges, also, to f’ with respect to any other of the same four
types of convergence, prove that f = f' u-a.e. on A.

(ii) If {f,.} converges to f with respect to any of the four types of conver-
gence on A and |f,| < g p-a.e. on A for all n, prove that |f| < g p-a.e.
on A.

. If E,, C Afor every n and {xg, } converges to f in the mean or in measure

or almost uniformly or p-a.e. on A, prove that there exists E C A so that
f =xg p-a.e. on A.

. Suppose that F,, C A for every n. Prove that {xg, } is Cauchy in measure

or in the mean or almost uniformly on A if and ouly if u(E,AE,,) — 0
as n,m — +0o0.

. Let # be the counting measure on (N, P(N)). Prove that {f,} converges

to f uniformly on N if and only if {f,} converges to f in measure on N.

. A wariant of the Lemma of Fatou.

If f, > 0 pae. on A and {f,} converges to f in measure on A, prove
that fA fdp <liminf, 4 fA fndp.
The Dominated Convergence Theorem.

Prove the Dominated Convergence Theorem in two ways, using either the
first converse or the second converse of Theorem 9.4.

. A wvariant of the Dominated Convergence Theorem.

Suppose that |f,| < g p-a.e. on A, that [, gdu < +oo and that {f,}
converges to f in measure on A. Prove that [, fndu — [, fdpu.

One can follow three paths. Omne is to use the result of Exercise 9.6.2.
Another is to reduce to the case of u-a.e. convergence and use the original
version of the theorem. The third path is to use almost uniform conver-
gence.
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. Suppose that A is of o-finite y-measure and {f,,} converges to f p-a.e. on
A. Prove that, for each k, there exists Fy C A so that {f,} converges to
f uniformly on Ej, and u(A\ U2 Eg) = 0.

Suppose that Ex(e) = {z € A||fx(x) — f(x)| > €} for every k and € > 0.
If u(A) < +oo, prove that {f,} converges to f p-a.e. on A if and only if,
for every € > 0, u(Uf2° Ex(€)) — 0 as n — +o0.

(i) Let {h,} satisfy sup, cn |hn(z)| < oo for p-ae. x € A. If p(A) < +o0,
prove that for every § > 0 there is a B C A with u(A\ B) < § so that
SuszB,nGN |hn(I)| < +o00.

(ii) Let {fn} converge to f in measure on A and {g,} converge to g in
measure on A. If u(A) < +oo, prove that {f,g,} converges to fg in
measure on A.

Suppose that u(A) < 400 and every f, is finite p-a.e. on A.

(i) Prove that there is a sequence {\, } of positive numbers so that {\, f,}
converges to 0 p-a.e. on A.

(i) Prove that there exists g : A — [0, +oc] and a sequence {r,,} in R
so that | f,| < rpg p-a.e. on A for every n.

Suppose that p(A) < 400 and {f,} converges to 0 u-a.e. on A.

(i) Prove that there exists a sequence {\,} in R™ with \,, T 00 so that
{Anfn} converges to 0 p-a.e. on A.

(i) Prove that there exists g : A — [0,+00] and a sequence {¢,} in R
with €, — 0 so that |f,| < €,g p-a.e. on A for every n.

A characterisation of convergence in measure.

If u(A) < +oo, prove that {f,} converges to f in measure on A if and
onlyiffA%duHOasnﬁ—i—oo.

In general, prove that {f,} converges to f in measure on A if and only if

otz € Allfa(z) — f(2)] > €})
>01+e+ p({z € Al[fa(z) — f(x)] > €})

— 0

as n — 400.

A wvariant of Egoroff’s Theorem for continuous parameter.

Let u(X) < 400 and f: X x [0,1] — C has the properties:

(a) f(-,y) : X — C is measurable for every y € [0,1]

(b) f(z,-):[0,1] — C is continuous for every = € X.

(i) If e,n > 0, prove that {z € X ||f(z,y) — f(z,0)] < eforally < n}
belongs to 3.

(ii) Prove that for every ¢ > 0 there is B C X with u(X \ B) < § and
f(G,y) — f(-,0) uniformly on B as y — 0+.

Let {f,} converge to f in measure on A. Prove that Ay, (t) — A;(¢) for
every t € [0, 4+00) which is a point of continuity of A;.
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17.

18.

19.

20.

Prove the converse part of Theorem 9.6 using the converse part of Theorem
9.5.

The complete relation between convergence in the mean and convergence
in measure: the Theorem of Vitali.

We say that the indefinite integrals of {f,} are uniformly abso-
lutely continuous over A if for every € > 0 there exists § > 0 so that
| [z fndp| < eforalln>1andall EC A with u(E) < 4.

We say that the indefinite integrals of {f,} are equicontinuous
from above at () over A if for every sequence {Ej} of subsets of A with
Ei | 0 and for every € > 0 there exists kg so that |fEk fndp| < e for all
k > ko and all n > 1.

Prove that {f,} converges to f in the mean on A if and only if {f,}
converges to f in measure on A and the indefinite integrals of {f,} are
uniformly absolutely continuous on A and equicontinuous from above at

@ on A.

How is Theorem 9.6 related to this result?

The Theorem of Lusin.

If f is Lebesgue-measurable and finite m,-a.e. on R", then for every § > 0
there is a Lebesgue-measurable B C R”™ and a g, continuous on R", so
that m,(B¢) < § and f =g on B.

(i) Use Theorem 7.16 to find a sequence {¢,} of functions continuous on
R" so that [, |f — ¢n|dm, — 0 as n — 40c0. Theorem 9.1 implies that
there is a subsequence {¢,, } which converges to f my,-a.e. on R"™.

(i) Consider the qubes Qm,,....m,, = [M1,m1 +1) X -+ X [My, my + 1) for
every choice of my,...,m, € Z and enumerate them as @1, Q2,.... Then,
these qubes are pairwise disjoint and they cover R™. Apply Egoroff’s
Theorem to prove that for each @Qj there is a closed set By C @ with
My (Qr\Bk) < 3 so that {¢y, } converges to f uniformly on By. Conclude
that the restriction fp, of f on By is continuous on By.

(iii) Take B = U, > By, and prove that m,,(B¢) < §, that B is closed and
that the restriction fp of f on B is continuous on B.

(iv) Use the Extension Theorem of Tietze to prove that there is a g,
continuous on R, so that ¢ = fp on B.

If f: R™ — C is continuous in each variable separately, prove that f is
Lebesgue-measurable.
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Chapter 10

Signed measures and
complex measures

10.1 Signed measures.

Definition 10.1 Let (X,X) be a measurable space. A function v : ¥ — R is
called a signed measure on (X,¥) if

(1) either v(A) # —oo for all A € X or v(A) # +oo for all A€ X,

(ii) v(0) =0,

) V(U;;OTAJ') = Zj:f v(A;) for all pairwise disjoint A1, As,... € X.

If v is a signed measure on (X,Y) and v(A) € R for every A € ¥, then
v is called a real measure. It is obvious that v is a non-negative signed
measure (i.e. with ¥(A) > 0 for every A € ¥) if and only if v is a measure. If
v(A) <0 for every A € ¥, then v is called a a non-positive signed measure.

It is clear that, if v is a non-negative signed measure, then —v is a non-
positive signed measure and conversely. Also, if v and v/ are signed measures
on (X,X) with either v(A),v'(A) # —oo for all A € ¥ or v(A4),V(A) # +0
for all A € ¥, then v + v/, well-defined by (v + v')(4) = v(4) + V'(A) for all
A € ¥, is a signed measure. Similarly, the kv, defined by (kv)(A) = kv(A) for
all A € ¥, is a signed measure for every « € R.

Examples
1. Let p1,p2 be two measures on (X,X). If us(X) < oo, then ps(A) <
p2(X) < 400 for every A € X. Then, v = puy — ug is well-defined and it is a
signed measure on (X, X), because v(A4) = p1(A) — p2(4) > —pa(A) > —oo for
all A € ¥. Similarly, if u1(X) < 400, then v = 3 — g is a signed measure on
(X,X) with v(A) < 400 for all A € X.

Hence, the difference of two measures, at least one of which is finite, is a
signed measure.
2. Let p be a measure on (X,Y) and f : X — R be a ¥—measurable function

187
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such that the [ fdu is defined. Lemma 7.10 says that the [, fdpu is defined
for every A € X. If we consider the function A : ¥ — R defined by

A(A) = /Afdu

for all A € 3, then Proposition 7.6 and Theorem 7.13 imply that A is a signed
measure on (X, ¥).

Definition 10.2 The signed measure A which is defined in the previous para-
graph is called the indefinite integral of f with respect to p and it is
denoted by fu. Thus, the defining relation for fu is

()= [ san 4.

In case f > 0 p-a.e. on X, the signed measure fu is a measure, since
(fu)(A) = [, fdu >0 for every A € . Similarly, if f <0 p-a.e. on X, the fu
is a non-positive signed measure.

Continuing the study of this example, we shall make a few remarks. That
the [, fdp is defined means either [, f*du < +oc or [y f~ du < 4oo0.

Let us consider the case [, f* du < +oo first. Then the signed measure f*p
is a finite measure (because (fTp)(X) = [y f*du < +o0) and the signed mea-
sure f~u is a measure. Also, for every A € ¥ we have (fTp)(A4) — (f~u)(A) =
JafTdp— [, f dp= [, fdu= (fu)(A). Therefore, in the case [, fdu <
+00, the signed measure fu is the difference of the measures f*u and f~du, of
which the first is finite:

fu=fTp—fp

Similarly, in the case [ [T dp < +o0o, the signed measure fu is the dif-
ference of the measures f'pu and f~pu, of which the second is finite, since

(f~m(X) = [x [~ dp < +o0.

Property (iii) in the definition of a signed measure v is called the o-additivity
of v. It is trivial to see that a signed measure is also finitely additive.

A signed measure is not, in general, monotone: if A, B € ¥ and A C B, then
B=AU(B\ A) and, hence, v(B) = v(A)+v(B\ A), but v(B\ A) may not be
> 0!

Theorem 10.1 Let v be a signed measure on (X,X).

(i) Let A/B € ¥ and A C B. If v(B) < +oo, then v(A) < +oo and, if
v(B) > —oo, then v(A) > —oo. In particular, if v(B) € R, then v(A) € R.

(1) If A,Be€ X, AC B and v(A) € R, then v(B\ A) = v(B) —v(A).

(iii) (Continuity from below) If A1, As,... € ¥ and A,, C A,41 for all n, then
V(U AL) = limy— oo V(Ay).

(i) (Continuity from above) If Ay, Ag,... € X, v(A1) € R and A, D A,1q for
all n, then v(NF25A,) = limy,— 00 V(Ay).
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Proof: (i) We have v(B) = v(A) +v(B\ A).

If v(A) = +o0, then v(B \ A) > —oo and, thus, v(B) = +o0o. Similarly, if
v(A) = —oo, then v(B \ A) < +00 and, thus, v(B) = —cc.

The proofs of (ii), (iii) and (iv) are the same as the proofs of the correspond-
ing parts of Theorem 2.1.

10.2 The Hahn and Jordan decompositions, I.

Definition 10.3 Let v be a signed measure on (X,X).

(i) P € ¥ is called a positive set for v if v(A) > 0 for every Ac ¥, AC P.
(ii)) N € ¥ is called a negative set for v if v(A) <0 for every A€ ¥, ACN.
(111) Q € X is called a null set for v if v(A) =0 for every A€ X, AC Q.

It is obvious that an element of ¥ which is both a positive and a negative
set for v is a null set for v. It is also obvious that, if i is a measure, then every
A € ¥ is a positive set for p.

Proposition 10.1 Let v be a signed measure on (X,).

(i) If P is a positive set for v, P' € XX, P' C P, then P’ is a positive set for v.

(ii) If Py, Pa, ... are positive sets for v, then UZ:;P;C is a positive set for v.
The same results are, also, true for negative sets and for null sets for v.

Proof: (i) For every A € ¥, A C P’ we have A C P and, hence, v(A) > 0.

(ii) Take arbitrary A € X, A C U/ P;. We can write A = U}> Ay, where
Aq, Ag, ... € 3 are pairwise disjoint and Ay C Py for every k. Indeed, we may
set Ay = ANP; and A, = AN (Pk\(P1U~-~UPk,1)) for all £ > 2. By the
result of (i), we then have v(A) = 32725 v(Ax) > 0.

Theorem 10.2 Let v be a signed measure on (X,X).

(i) There exist a positive set P and a negative set N for v so that PUN = X
and PN N ={.

(i) v(N) < v(A) < v(P) for every A € L.

(111) If v(A) < oo for every A € X, then v is bounded from above, while if
—o00 < V(A) for every A € X, then v is bounded from below.

(iv) If P’ is a positive set for v and N’ is a negative set for v with PPUN' = X
and PN N’ =0, then PAP' = NAN' is a null set for v.

Proof: (i) We consider the case when v(A) < +oo for every A € X.
We define the quantity

k = sup{v(P) | P is a positive set for v}.

This set is non-empty since v(}) = 0 is one of its elements. Thus, 0 < k. We
consider a sequence {Pj} of positive sets for v so that v(Py) — &k and form
the set P = Ug;’olPk which, by Proposition 10.1, is a positive set for v. This
implies that v(P \ P;) > 0 for every k and, hence, v(P;) < v(P) < & for every
k. Taking the limit, we find that

k =v(P) < 0.
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This P is a positive set for v of mazimal v-measure and we shall prove that the
set N = X \ P is a negative set for v.

Suppose that N is not a negative set for v. Then there is Ag € 3, Ag C N,
with 0 < v(A4gp) < 4o0o0. The set Ag is not a positive set or, otherwise, the
set P U Ay would be a positive set with v(P U Ag) = v(P) + v(Ay) > v(P),
contradicting the maximality of P. Hence, there is at least one subset of Ay in
Y having negative v-measure. This means that

To = lnf{V(B) |B €, BC Ao} < 0.

If 9 < —1, there is By € X, B; C Ay with V(Bl) < —-1. If -1 <7p < 0,
there is a By € X, By € Ag with v(B1) < 3. We set Ay = Ap \ By and have
v(Ap) = v(A1) + v(B1) < v(A1) < 400. Observe that we are using Theorem
10.1 to imply v(A;),v(B1) € R from v(4p) € R.

Suppose that we have constructed sets Ag, A1,..., 4, € Y and By,...,B, €
3 so that

o Ay CA 1 C---CA CACN, By, = An_1\A,,...,B1 = Ap\ Ay,

so that,
o Thk—1 :inf{u(B)|B€E,B§Ak,1} <0,

-1, if o1 < —1
o v(By) < { Bl 1< 70 <0

forall k=1,...,n and so that
o 0<v(Ay) <v(dy) <---<v(A,—1) <v(4,) < +oo.

Now, A, is not a positive set for v for the same reason that Ag is not a
positive set for v. Hence, there is at least one subset of A,, in ¥ having negative
v-measure. This means that

T, =inf{v(B)|Be€X,BC A,} <0.

If ,, < —1, there is Bp41 € &, Bpy1 C Ay, with v(Bp41) < —1. If =1 < 7, <0,
thereisa Bpy1 € ¥, Byy1 € Ayp with v(Bpy1) < 3. Weset A1 = Ay \ By
and have v(4,) = v(An+1) + v(Bnt1) < v(Apt+1) < +oo. This means that
we have, inductively, constructed two sequences {A,}, {B,} satisfying all the
properties ¢.

Now, the sets Bj, Bs,... and ﬂf{flAn are pairwise disjoint and we have
Ay = (N1 A4,) U (U2 B,). Therefore, v(Ag) = v(NFA,) + Z:g v(B,),

from which we find N

Z v(By) > —oc.

n=1

This implies that v(B,,) — 0 as n — +o0 and, by the third property o,

Tno1 — 0
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as n — +o00. Now the set A =N} A,, € ¥, by continuity from above of v, has

v(A) = nEIfm v(A,) > 0.
Moreover, A is not a positive set for v for the same reason that Ay is not a
positive set for v. Hence, there is some B € 3, B C A with v(B) < 0. But then
B C A, for all n and, hence, 7,1 < v(B) < 0 for all n. We, thus, arrive at
a contradiction with the limit 7,,_1 — O.

In the same way, we can prove that, if —co < v(A) for every A € ¥, then
there is a negative set N for v of minimal v-measure so that the set P = X \ N
is a positive set for v.

Thus, in any case we have a positive set P and a negative set IV for v so
that PUN = X and PN N = 0.

(i) If A € X, then v(P\ A) > 0, because P\ A C P. This implies v(P) =
v(PNA)+v(P\A) >v(PNA) and, similarly, v(N) < v(N N A). Therefore,
v(A) =v(PNA)+v(NNA) < v(PNA) < v(P)and v(A) = v(PNA)+v(NNA) >
v(NNA)>v(N).

(iii) This a consequence of the result of (ii).

(iv) Now, let P’ be a positive set and N’ be a negative set for v with PPUN’' = X
and P'"N N’ = (). Then, since P\ P’ = N'\N C PNN’, theset P\ P’ = N'\N
is both a positive set and a negative set for v and, hence, a null set for v.
Similarly, P\ P = N\ N’ is a null set for v and we conclude that their union
PAP' = NAN' is a null set for v.

Definition 10.4 Let v be a signed measure on (X,X). FEwvery partition of X
into a positive and a negative set for v is called a Hahn decomposition of X
for v.

It is clear from Theorem 10.2 that if P, N is a Hahn decomposition of X for
v, then

v(P) = max{v(4)| A € X}, v(N) =min{v(A)| A € I}.

Definition 10.5 Let vq,vs be two signed measures on (X,%). We say that they
are mutually singular (or that vy is singular to vy or that vo is singular to
v1) if there exist Ay € X which is null for v and As € ¥ which is null for 1y
so that Aj UAs =X and Ay N Ay = 0.

We use the symbol v1Llvs to denote that vy, ve are mutually singular.

In other words, two signed measures are mutually singular if there is a set
in X which is null for one of them and its complement is null for the other.

If 11, vo are mutually singular and A;, Ao are as in the Definition 10.5, then
it is clear that

Vl(A) :Vl(AﬂAl), VQ(A) :VQ(AQAQ)

for every A € ¥. Thus, in a free language, we may say that vy is concentrated
on Ay and vq is concentrated on As.
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Proposition 10.2 Let v,vy, 5 be signed measures on (X, %). If vi,velv and
v, + vs is defined, then vy + vo Lv.

PT’OOf.’ Take Al,Bl,AQ,BQ € 3 so that Al UB; = X = A2 U BQ, A1 NB; =
) = As N By, Ay is null for vq, Ay is null for v and By, By are both null for v.
Then B; U By is null for v and A; N As is null for both v; and v and, hence,
for V1 + va. Since (Al n AQ) @] (Bl U BQ) = X and (A1 N AQ) N (Bl @] BQ) = @,
we have that v1 + o Lv.

Theorem 10.3 Let v be a signed measure on (X,%). There exist two non-
negative signed measures (i.e. measures) vt and v~ , at least one of which is
finite, so that

+

v=v" —v, vt iy~

If p, pa are two measures on (X,X), at least one of which is finite, so that
v =1 — po and p1Lps, then py = v+ and ps = v=.

Proof: We consider any Hahn decomposition of X for v: P is a positive set and
N a negative set for v so that PUN = X and PN N = {).
We define v+, v~ : ¥ — [0, +00] by

vt (A)=v(ANP), v (A)=-v(ANN)

for every A € X. Tt is trivial to see that v+, v~ are non-negative signed measures
on (X,%). If v(A) < 400 for every A € ¥, then v(X) = v(P) < 400 and,
hence, v is a finite measure. Similarly, if —oco < v(A) for every A € ¥, then
v~ (X) = —v(N) < +00 and, hence, v~ is a finite measure.

Also, v(A) = v(ANP)+v(ANN) =vt(A)—v~(A) for all A € ¥ and, thus,
v=vt—v.

If Ae X and A C N, then v (A) = v(ANP) = v(0) = 0. Therefore, N is a
null set for . Similarly, P is a null set for v~ and, hence, v 1Ly~

Now, let u1,u2 be two measures on (X, ), at least one of which is finite,
so that v = pu1 — ps and py Lus. Consider Ap, Ay € 3, with 4; U As = X and
A1 N Ay =0, so that As is a null set for 1 and A; is a null set for ps.

If Ae ¥ A C A, then v(A) = p1(A4) — p2(A) = —p2(A) < 0 and, if
A C Ay, then v(A) = pu1(A) — p2(A) = p1(A) > 0. Hence, A, Ay is a Hahn
decomposition of X for v. Theorem 10.2 implies that Ay AP = A3AN is a null
set for v. Therefore, for every A € X, we have u1(A) = p1 (ANA1)+p1(ANAg) =
,U,l(AﬂAl) = /Ll(AﬂAl) _/,LQ(AﬂAl) = V(AﬂAl) = V(AﬂAl ﬂp) +I/(Aﬂ
AiNN) =v(AN A NP), since AN A NN C AjAP. On the other hand,
vi(A) =v(ANP)=v(ANA NP)+v(ANAyNP) =v(AN A N P), since
ANAs NP C A3 AN. From the two equalities we get py(A) = v+ (A) for every
A € ¥ and, thus, u1 = v*. We, similarly, prove ps = v~

Definition 10.6 Let v be a signed measure on (X,X). We say that the pair of
mutually singular measures v+, v~ , whose existence and uniqueness is proved in
Theorem 10.3, constitute the Jordan decomposition of v.

vt is called the positive variation of v and v~ is called the negative
variation of v.
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The measure |v| = vt + v~ is called the absolute variation of v, while
the quantity |v|(X) is called the total variation of v.

Observe that the total variation of v is equal to
V](X) = v (X) + v (X) = v(P) = v(N),

where the sets P, N constitute a Hahn decomposition of X for v. Hence, the
total variation of v is equal to the difference between the largest and the smallest
values of v.

Moreover, the total variation is finite if and only if the absolute variation is
a finite measure if and only if both the positive and the negative variations are
finite measures if and only if the signed measure takes only finite values.

Proposition 10.3 Suppose (X, X, i) is a measure space and let f : X — R be
Y—measurable and [ fdu be defined. Then the sets P = {x € X | f(x) > 0}
and N = {z € X | f(x) < 0} constitute a Hahn decomposition of X for the
signed measure fu. Also,

(fwF=ftu  (fn) =fn

constitute the Jordan decomposition of fu and

|ful = | flp.

Proof: If A € ¥ and A C P, then (fu)(A) = [, fdu > 0, while, if A C N,
then (fu)(A) = [, fdp < 0. Therefore, P is a positive set for fu and N is a
negative set for fu. Since PUN = X and PN N = (), we conclude that P, N
constitute a Hahn decomposition of X for fpu.

Now, (f)"(A) = (fW(ANP) = [4opfdn = [, fxpdp = [, f*dp =
(f*1)(A) and, similarly, (fu)~(A) = (fu)(ANN) = [, fdu= [, fxndu=
Jaf dp=(f"p)(A) for every A € X.

Therefore, (fu)™ = fTp and (fu)~™ = f~p.

Now, [ful = (fu)* + (fu)” = fru+ f~u=|flu

It is easy to see that another Hahn decomposition of X for fu consists of
the sets P’ = {z € X | f(x) >0} and N' ={z € X | f(z) < 0}.

Proposition 10.4 Suppose (X, %, ) is a measure space and f : X — R is
Y —measurable so that fX fdu is defined. Let E € X.

(i) E is a positive set for fu if and only if f >0 p-a.e. on E.

(i1) E is a negative set for fu if and only if f <0 p-a.e. on E.

(i11) E is a null set for fu if and only if f =0 p-a.e. on E.

Proof: (i) Let f > 0 p-a.e. on FE and take any A € ¥, A C E. Then f >0
p-a.e. on A and, hence, (fu)(A) = [, fdu > 0. Thus, E is a positive set
for fu. Suppose, conversely, that F is a positive set for fu. If n € N and
Ay ={z € E| f(z) < =1}, then 0 < (fu)(An) = [, fdu < —£u(A,). This
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implies that p(A,) = 0 and, since {z € F| f(z) < 0} = U2 A,,, we conclude
that p({z € E| f(z) < 0}) = 0. This means that f > 0 p-a.e. on E.

The proof of (ii) is identical to the proof of (i), and (iii) is a consequence of
the results of (i) and (ii).

We recall that, for every a € R, the positive part of a and the negative part
of a are defined as

at = max(a,0), a” = —min(a,0)

and, hence,
a=a"—a", la| =at +a".

It is trivial to prove that
(a+b)* <at+0b", (a4+b)~ <a” +0b"
for every a,b € R for which a + b is defined.

Definition 10.7 Let (X,X) be a measurable space and A € ¥. If Ay,..., A, €
¥ are pairwise disjoint and A = U}_, Ay, then {A1,..., An} is called a (finite)
measurable partition of A.

Theorem 10.4 Let v be a signed measure on (X,X) and let |v|,vT and v~ be
the absolute, the positive and the negative variation of v, respectively. Then, for
every A € &,

[v|(A) = sup { Z [V(Ap)||n € N, {Ai,..., A} measurable partition of A},
k=1

v (A) = sup { Z v(Ap)t|n e N, {A41,..., A} measurable partition of A},
k=1

v~ (A) =sup{ Z v(Ap)” |n € N, {A1,..., A} measurable partition of A}.
k=1

Proof: We let P, N be a Hahn decomposition of X for v. For every pairwise
disjoint Ay,..., A, € ¥ with U}_,; Ax = A we have that

> (4w
k=1

SO AR) v (AR)] < Y v (AR) + ) v (Ar)
k=1 k=1 k=1
= v A)+v (4) = |v|(A).

Therefore, the supremum of the left side is < |v|(A). On the other hand,
{ANP, AN N} is a particular measurable partition of A for which |v(AN P)| +
[W(ANN)|=v(ANP)—v(ANN)=vT(A)+ v (A) = |v|(4) and, hence, the
supremum is equal to |v|(A).

The proofs of the other two equalities are identical.
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Lemma 10.1 Let v be a signed measure on (X,%X) and A € ¥. Then, A is a
null set for v if and only if it is a null set for both v+, v~ if and only if it is a
null set for |v|.

Proof Since |v| = vt + v, the second equivalence is trivial.

Let A be null for |v|. For every B € ¥, B C A, we have that |[v(B)| =
[vt(B) —v=(B)| < v (B)+v~(B) = |v|(B) = 0. Hence, v(B) =0 and A4 is
null for v.

Let A be null for v. If {A;,..., A,} is any measurable partition of A, then
v(Ag) = 0 for all k and, hence, Y ;_, [v(Ax)| = 0. Taking the supremum of the
left side, Theorem 10.4 implies that |v|(4) = 0 and, thus, A is null for |v|.

Proposition 10.5 Let v and vo be two signed measures on (X,3). Then 1
and vy are mutually singular if and only if each of vy, vy and each of vy ,vy
are mutually singular if and only if |v1| and |ve| are mutually singular.

Proof: The proof is a trivial consequence of Lemma 10.1.

Proposition 10.6 Let v,v1,ve be signed measures on (X,%) and k € R. If
v, + 1o is defined, we have

|1+ vo| < |va] + |12, |kv| = |kl[v].

Proof: We take an arbitrary measurable partition {A;,..., A,} of A € ¥ and we
have 7y | (v +2) (Ax)] < S0y [ (AR + X4 [v2(A0)| < 1] (A) + vl (A).
Taking the supremum of the left side, we find |v1 + v2|(4) < |1|(A) + |v2|(A).

In the same manner, > ;_, |[(kv)(Ax)| = |&| Y p_; [¥(Ak)|. This equality
implies Y r_, [(kv)(Ak)| < |&||[V|(A) and, taking supremum of the left side,
|kv|(A) < |k|[v|(A). The same equality, also, implies |kv|(A) > [k]D_)_; [V(Ak)]
and, taking supremum of the right side, |kv|(A) > |k||v|(A).

10.3 The Hahn and Jordan decompositions, II.

In this section we shall describe another method of constructing the Hahn and
Jordan decompositions of a signed measure. In the previous section we derived
the Hahn decomposition first and, based on it, we derived the Jordan decom-
position. We shall, now, follow the reverse procedure.

Definition 10.8 Let v be a signed measure on (X,X). For every A € ¥ we
define

[v[(A) = sup { Z [V(Ap)||n € N, {As,..., Ay} measurable partition of A},
k=1

v (A) = sup { Z v(Ap)T|n € N, {Aq,..., A} measurable partition of A},
k=1

v~ (A) = sup { Z v(Ap)” |n € N, {A1,..., Ay} measurable partition of A}.
k=1
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Lemma 10.2 Let v be a signed measure on (X,%). Then,
v (A) + v (A) = [v](A)
and
vt(A) =sup{v(B)|BeX,BC A}, v (A)=-inf{v(B)|Be€X%,BC A}
for every A € X.

Proof: (a) Take any A € ¥ and any measurable partition {Aq,..., A,} of A.
Then,

SR =D (AT 4 v(Ar)T < vT(A) + v (A).
k=1

k=1 k=1

Taking the supremum of the left side, we get |v|(A4) < vT(A) + v~ (A).
Now take arbitrary partitions {Ai,...,A,} and {4],..., A}, } of A. Then

n n n
Zl/ +§ZZVA’“0A/'
k=1 k=1k'=1
n' n' n

V()T < D0 (AN Ap)T
k'=1 k'=1k=1

and, adding,

S AT+ > (AT < > [v(Ax N AL

k=1 k=1 1<k<n,1<k/<n’

Since {Ax N A}, |1 <k <n,1 <k <n'}is ameasurable partition of A, we get
Yo v(Ar)T + ZZ::I v(A),))~ < |v|(A). Finally, taking the supremum of the
left side, we find v (A) + v~ (A) < |[v|(A).

(b) If B € ¥ and B C A, then {B, A\ B} is a measurable partition of A
and, hence, v(B) < v(B)" < v(B)t +v(A\ B)T < v*(A). This proves that
sup{v(B)|B € ,B C A} <vT(A).

Let {A;,...,A,} be any measurable partition of A. If 4;,,..., A;  are ex-
actly the sets with non-negative v-measure and if By = Uj";A;, C A, then
S v(A)t = 3 v(Ai,) = v(Bo). This implies that Y ;_, v(Ag)T <
sup{v(B)|B € %, B C A} and, hence, v (A) < sup{v(B)|B € X, B C A}.

We conclude that v*(A) = sup{v(B)|B € X,B C A} and a similar argu-
ment proves the last equality.

Theorem 10.5 Let v be a signed measure on (X,X). Then, the functions
lvl,vT,v™ : ¥ — [0, +00], which were defined in Definition 10.8, are measures
n (X,X).
At least one of v, v~ is finite and

vt —v =y, v 4+uvT =y, vtiv™.
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Proof: (a) We shall first prove that |v| is a measure.

It is obvious that |v|(()) = 0 and take arbitrary pairwise disjoint A', A%, ... €
Yand A= U;L:‘foj.

If {Ay,...,A,} is an arbitrary measurable partition of A, then, for ev-
ery j, {A1 N AJ,...,A, N A7} is a measurable partition of A’. This im-
plies, Y75y [V(Ak)l = Yoy | 275 v(Ae N A7) < 301y 307 (A N A7) =

jzof S lv(Apn A7) < Z;;Of |v|(A7) and, taking the supremum of the left
side, |v](4) < 215 (4.

Fix arbitrary N € N and for every j = 1,..., N take any measurable par-
tition {A7,...,AJ } of A7. Then (AL, ... AL LAY AT U AT}
is a measurable partition of A and, hence, |v|(A) > Zjvzl S (AL +
|V(U;r:°j°v+1Aj)| > Zjvzl S0, [v(AL)|. Taking the supremum of the right side,
we get [v]|(4) > Zjvzl |v|(A7) and, taking the limit as N — +4oo, we find
](4) = 3275 [v|(4).

Hence, |v|(A) = ]+:o<1> lv](A7).

The proofs that v and v~ are measures are identical to the proof we have
just seen.

(b) In case v(A) < +oo for every A € X, we shall prove that v (X) < +o0.

We claim that for every A € ¥ with v+(A) = +oo0 and every M > 0, there
exists B€ X, B C A, so that vt (B) = 400 and v(B) > M.

Suppose that the claim is not true. Then, there is A € ¥ with v (A) = +oo
and an M > 0 so that, if B € ¥, B C A, has v(B) > M, then v*(B) <
+00. Now, by Lemma 10.2, there is By € 3, By C A with v(B;) > M and,
hence, v7(B1) < +oco. Suppose that we have constructed pairwise disjoint
Bi,...,B,, € ¥ subsets of A with v(B;) > M and v*(B;) < 400 for every
j=1,...,m. Since v* is a measure, we have 3", v+ (B;) +v(A\UJL, B;)) =
vt (A) = +oo and, thus, v*(A\ UL, B;) = +oo. Lemma 10.2 implies that
there is Bpy1 € X, Bmy1 C A\ UJL, B; with V(Bm+41) > M and, hence,
v (Bpt1) < +00.

We, thus, inductively construct a sequence {B,,} in ¥ of pairwise disjoint
subsets of A with v(B,,) > M. But, then, v(U}>, B,,) = 3.7 v(B,,) = +00
and we arrive at a contradiction.

Using the claimed result and assuming that v (X) = +o0, we find B! €
with »(B') > 1 and v+ (B') = +00. We, similarly, find B? € &, B2 C B!, with
v(B?) > 2 and v (B?) = +00. Continuing inductively, a decreasing sequence
{B™} is constructed in ¥ with v(B,,) > m for every m. Then, v(N.YB)) =
limy,, — 400 ¥(Bm) = +00 and we arrive at a contradiction.

Therefore, v (X) < +o00.

If —o0o < v(A) for every A € X, we prove in the same way that v~ (X) < 4o0.
(c) Suppose that v(A) < 400 for every A € ¥ and, hence, v (X) < +o0, by
the result of (b).

We take any A € ¥ and any B € X, B C A. Then v(4\ B) < vt(4)
and, hence, v(A) < vT(A) + v(B). Taking the infimum over B and using the
vT(A) < +o0, we get v(A) < v (A) — v (A).
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To prove the opposite inequality, we first assume v~ (A4) < +oo. For every
Be X, BC A, wehave —v~(A) <v(A\ B) and, hence, v(B) — v~ (4) < v(A).
Taking the supremum over B we find v (A) — v~ (A) < v(A). If v~ (A) = 400,
then, since v (A) < +oo, the v (A) — v~ (A) < v(A) is clearly true.

We conclude that v(A) = v+(A) — v~ (A) for every A € ¥ and the same can
be proved if we assume that —oo < v(A) for every A € X.

Therefore, v = v+ — v~
(d) The equality |v| = v + v~ is contained in Lemma 10.2.

(e) We, again, assume v(A) < +oo for every A € 3 and, hence, v (X) < 4o0.

Using Lemma 10.2, we take a sequence {B,} in ¥ so that v(B,) — v (X)
as n — +o0. Since v(B,) < vT(B,) < vt(X), we have that v+ (B,) — v (X)
asn — +oo. From v(B,,) = v (B,)—v~(By,), we get v~ (B,) — 0 as n — +oo.

We find a strictly increasing {ni} so that v~ (By,,) < 5 for all k. If we
set Fj, = UC B,,,, then v~ (F},) < 3,55 v~ (Bn,) < =t for every k and {F}
is decreasing. Therefore, the set F' = N} F}, has v~ (F) = 0. We, also, have
that v+ (B,,) < vt (F;) < vT(X) and, hence, v (Fy) — v (X) as k — +oo0.
Therefore, v+ (F) = v+ (X).

We have constructed a set F' € ¥ so that v~ (F) = 0 and v (F) = v (X).
Since v (X) < 400, we find vT(X \ F) = 0 and we conclude that v Lv~.

The decomposition v = v — v~ of the signed measure v on (X, X)), which is
given in Theorem 10.5, is the same as the Jordan decomposition of v, which was
defined in the previous section 10.2. This is justified both by the uniqueness
of the Jordan decomposition of a signed measure and by the result of Theo-
rem 10.4. Using, now, the Jordan decomposition, we shall produce the Hahn
decomposition of a signed measure.

Theorem 10.6 Let v be a signed measure on (X, %) and v, v~ be the measures
of Definition 10.8. Then, there exist PN € ¥ so that PUN =X, PN N =),
P is a positive set for v, N is a negative set for v and vH(N) = 0,v~(P) = 0.

Proof: Theorem 10.5 implies that vT Ly~ and, hence, there are P, N € 3 so
that PUN =X, PNN =0 and v (N) =0=v"(P).

If Ae ¥, AC P, then v(A) = vt (A) — v (A) = v+(A) > 0. Similarly, if
A€eX, ACN, then v(A) = vT(4) — v (4) = —v(A4) < 0. Hence, P is a
positive set for v and N is a negative set for v.

10.4 Complex measures.

Definition 10.9 Let (X,X) be a measurable space and a function v : ¥ — C
such that
(i) v(0) = 0,

(ii) V(U;L:OTAJ-) = Z;r:f v(A;) for every pairwise disjoint Ai, As,... € X.

It is trivial to prove, taking real and imaginary parts, that the functions
R(v),S(v) : ¥ — R, which are defined by R(v)(A) = R(v(A)) and I(v)(4) =
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S(v(A)) for every A € X, are real measures on (X,X) and, hence, they are
bounded. That is, there is an M < +oc0 so that |R(v)(A4)|, |S(v)(4)] < M for
every A € ¥. This implies that |v(A)| < 2M for every A € ¥ and we have
proved the

Proposition 10.7 Let v be a complex measure on (X,%). Then v is bounded,
i.e. there is an M < +0o so that [v(A)| < M for every A € X.

If ;1 and v are complex measures on (X, X)) and k1, ko € C, then k111 +kavs,
defined by (k11 + kov2)(A) = k1v1(A) + Kora(A) for all A € X, is a complex
measure on (X, ).

The following are straightforward extensions of Definitions 10.3 and 10.5.

Definition 10.10 Let v be a complex measure on (X,X) and A € . We say
that A is a null set for v if v(B) =0 for every B€ X, B C A.

Definition 10.11 Let vy and va be complex or signed measures on (X,X). We
say that v1 and ve are mutually singular, and denote this by vy Lo, if there
are A1, Ay € X2 so that Ay is null for vy, Ay is null for vo and A; U As = X,
A NAy =0.

Proposition 10.8 Let v be a complex measure on (X,X). If for every A € ¥
we define

[v[(A) = sup { Z [V(Ap)||n € N, {A1,..., Ay} measurable partition of A},
k=1

then the function |v|: ¥ — [0, +00] is a finite measure on (X,3).

Proof: The proof that |v| is a measure is exactly the same as in part (a) of the
proof of Theorem 10.5.

We take an arbitrary measurable partition {A4;,...,A,} of X and have
S W(AD] Y, RO)(AO] + T, I30)(A)] < [R0)|(X) + () [(X).
Taking the supremum of the left side, |v|(X) < |R@)|(X) + |SW)|(X) < +oo,
because the signed measures R(v) and I(v) have finite values.

Definition 10.12 Let v be a complex measure on (X,X). The measure |v|
defined in Proposition 10.8 is called the absolute variation of v and the
number |v|(X) is called the total variation of v.

Proposition 10.9 Let v,vq,v2 be complex measures on (X,¥) and k € C.
Then

(1) [v1 + va| < 1] + || and |kv| = |k[|v|

(it) [R@)],[SW)| < [v] < [R@)| +[S(V)].

Proof: (i) The proof is identical to the proof of Proposition 10.6.
(ii) In the same manner, if {A;,..., A,} is any measurable partition of A € X
we have Y1, [R()(A44)| < Xh (AW < [V](4) and also Y7, [S()(4)] <
Sory [v(Ag)| < |v|(A). Taking supremum of the left sides of these two inequal-
ities, we find |R(v)|(A), |S(¥)|(A4) < [v|(A).

The last inequality is a consequence of the result of (i).



200 CHAPTER 10. SIGNED MEASURES AND COMPLEX MEASURES

Lemma 10.3 Let v be a complex measure on (X,%) and A € ¥.. Then A is
null for v if and only if A is null for both R(v) and S(v) if and only if A is null
for |v|.

Proof: The first equivalence is trivial. The proof that A is null for v if and only
if A is null for |v| is a repetition of the proof of the same result for a signed
measure v. See Lemma 10.1.

Proposition 10.10 Let vq and vo be complex or signed measures on (X,X).
Then, viLvs if and only if each of R(11), (1) and each of RN(v2),S(v2) are
mutually singular if and only if |v1|L|vel.

Proof: Trivial after Lemma 10.3.

Example

We take a measure p on (X, ) and a ¥—measurable function f : X — C which
is integrable over X with respect to pu. Then, fA fdp is, by Lemma 7.10, a
complex number for every A € 3, and Theorem 7.13 implies that the function
A : ¥ — C, which is defined by

NA) = [ ra

for every A € 3, is a complex measure on (X, X).

Definition 10.13 Let (X, X, 1) be a measure space and f : X — C be integrable
with respect to . The compler measure A defined in the previous paragraph is
called the indefinite integral of f with respect to p and it is denoted by
fu. Thus,

(@)= [ ran  aex

The next result is the analogue of Proposition 10.3.

Proposition 10.11 Let (X, %, 1) be a measure space and f : X — C be inte-
grable with respect to y. Then

\Ful(4) = /A fldu

for every A € ¥. Hence,
[ful = [f1p-

Proof: 1f {A1,...,A,} is an arbitrary measurable partition of A € X, then
D= (AR = 200y [, el < 305y [a, | fdp = [, 1f| dp. Therefore,
taking the supremum of the left side, |fu[(A) < [, |f|dpu.

Since f is integrable with respect to p, it is finite p-a.e. on X. If N =
{z € X|f(z) # oo}, then u(N¢) = 0 and Theorem 6.1 implies that there is
a sequence {¢,, } of ¥—measurable simple functions with ¢, — sign(f) on N
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and |¢m| T |sign(f)] < 1 on N. Defining each ¢, as 0 on N¢, we have that all
these properties hold p-a.e. on X.
If gy = D07 K Xep s the standard representation of ¢y,, then [k <1
for all k = 1,...,n, and, hence, | [, fomdu| = |> . K7 fAmngdM <
wr N(f) (AN Ef)| < |fpl(A), where the last inequality is true because
{AnEP,...,ANE}" } is a measurable partition of A. By the Dominated
Convergence Theorem, we get that [, |f|du = [, fsign(f)du <|fu|(A).
We conclude that |fu|(A) = [, |f|du for every A € 3.

10.5 Integration.

The next definition covers only the case when both f and v have their values
in R.

Definition 10.14 Let v be a signed measure on (X,%). If f : X — R is
Y—measurable, we say that the integral fx fdv of f over X with respect
to v is defined if both fX fdvt and fX fdv™ are defined and they are neither

both +00 nor both —oo. In such a case we write

/deu:/xfdzﬁ—/xfdy_.

We say that [ is integrable over X with respect to v if the fX fdv is
finite.

Proposition 10.12 Let v be a signed measure on (X, %) and f : X — R be
Y—measurable. Then f is integrable with respect to v if and only if f is integrable
with respect to both v and v~ if and only if f is integrable with respect to |v|.

Proof: [y fdv is finite if and only if both [, fdvt and [y fdv~ are finite
or, equivalently, [ [fldvt < 400 and [y |fldv™ < 400 or, equivalently,
Jx |fld]v| < +oc if and only if f is integrable with respect to [v/.

Lemma 10.4 Let p1,ps be two measures on (X,X) with u1 < po. Then
Jx fdpr < [ fdus for every S—measurable f : X — [0, +oc].

Proof: If ¢ = Z;nzl KjXE; is a Y—measurable non-negative simple function
with its standard representation, then we have [y ¢dur = 300, kjpi(Ej) <
Sty kipe(Ej) = [y ¢duz. For the general f we take a sequence {¢n} of
Y —measurable non-negative simple functions with ¢, T f on X. We write
the inequality for each ¢, and the Monotone Convergence Theorem implies

Jx fdur < [y fduo.

Now, suppose that v is a signed measure or a complex measure on (X,%)
and the function f : X — R or C is ¥—measurable. If [, [f|d|v] < oo,
then f is finite |v|-a.e. on X and the |v|-a.e. defined functions R(f) and
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S(f) satisty [y [R(f)|d]v| < +oo and [ |S(f)]d|v| < 4oc0. Since, by Proposi-
tion 10.9, |R(v)| < |1/| and |\r(1/)| < |v|, Lemma 10.4 implies that all integrals
Jx IR(f) |d|% ) Sx IROIASW)], [y [S(f)| dIR(v) and fX|\’ |d| ( )| are
finite. Proposition 10.12 implies that all integrals [, R ) [x R
Jx S(f)dR(v) and [ S(f) dS(v) are defined and they all are complex numbers.

Therefore, the following definition is valid.

Definition 10.15 Let v be a signed measure or a complex measure on (X, )
and f: X — R or C be S—measurable. We say that f is integrable over X
with respect to v if f is integrable with respect to |v|. In such a case we say
that the integral fX fdv of f over X with respect to v is defined and it
s gwen by

/dey:/X%(f)d%(y)—/Xi‘y(f)d%(u)Jri/X%(f)d%(y)+i/}(%(f)d%(u).

Of course, when f: X — C and v is signed, we have

/deuz/xg%(f)dwi/xs(f)du,

and when f : X — R and v is complex, we have

/deu:/xfd%(VH—i/de%(y),

all under the assumption that [ |f|d|v| < 4oo.

We shall not bother to extend all properties of integrals with respect to
measures to properties of integrals with respect to signed measures or complex
measures. The safe thing to do is to reduce everything to positive and negative
variations or to real and imaginary parts.

For completeness, we shall only see a few most necessary properties, like the
linearity properties and the appropriate version of the Dominated Convergence
Theorem.

Proposition 10.13 Let v,vq,vs be signed or complex measures on (X, X) and

f,fi,f2 : X — R or C be all integrable with respect to these measures. For
every ki, ke € C,

/X(Hlfl+f12f2)dV:m/Xfldqung/XdeV,

/fd(IQlVl—FIiQVQ):Hl/ del—FIQQ/ fdl/g.
X X X

Proof: The proof is straightforward when we reduce everything to real functions
and signed measures.
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Theorem 10.7 (Dominated Convergence Theorem) Let v be a signed or
complex measure on (X,%), f,fn : X — R or C and g : X — [0,+00] be
Y —measurable. If f,, — f and |fn] < g on X except on a set which is null for
v and if [y gdlv| < +oo, then

/andV—>‘/del/.

Proof: A set which is null for v is, also, null for v and v, if v is signed,
and null for $(v) and I(v), if v is complex. Moreover, by Lemma 10.4,
Jxgdvt, [ gdv™ < 400, if v is signed, and [, gd|R(v)], [ gd|S(v)| < +oo,
if v is complex.

Therefore, the proof reduces to the usual Dominated Convergence Theorem
for measures.

Theorem 10.8 Let v be a signed or complex measure on (X,X) and f : X — R
or C be such that the fX fdv is defined. Then

| [ rar]< [ 11aw

Proof: We may assume that [ |f|d|v| < 400, or else the inequality is obvious.

If v is a signed measure, | [ fdv|=| [y fdvT — [ fdv™| <| [y fdvT|+
|fxfdyi| < fx|f|dy++fx|f|dV7 :fx|f|d|y|'

If v is complex, we shall see a proof which is valid in all cases anyway.

Let ¢ : X — C be a ¥—measurable simple function with its standard rep-
resentation ¢ = > 7_, krXg, and so that |v[(Ey) < 4oo for all k. Then, we
have | [y 6dvl =[Sy ker(Bl < S el lv(Eo)| < Yy Imllvl(Er) =
T 1.

Consider a sequence {¢,} of X—measurable simple functions so that ¢, —
fon X and |¢pn| T |f|] on X. The Monotone Convergence Theorem implies
Jx lénldlv] = [y |f|d|v| and Theorem 10.7, together with [ [f|d|v| < +oo,
implies that [, ¢, dv — [, fdv. Taking the limit in | [ ¢, dv| < [y [¢n|d|v|

we prove the ‘fodV‘ < Jx Ifldv].
A companion to the previous theorem is

Theorem 10.9 Let v be a signed or complex measure on (X,X). Then

[v|(A) :sup{‘/Afdu‘ | f is ¥ — measurable, |f| <1 on A},

for every A € X, where the functions f have real values, if v is signed, and
complez values, if v is complex.

Proof: 1f f is ¥—measurable and |f| < 1 on A, then |fxa| < xa on X and

Theorem 10.8 implies | [, fdv| = | [ fxadv] < [ |fxaldlv] < [y xadly| =
|v|(A). Therefore the supremum of the left side is < |v|(A).
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If v is signed, we take a Hahn decomposition of X for v. There are P, N € ¥
so that PUN = X, PN N =), P is a positive set and N a negative set for v.
We consider the function f with values f =1 on P and f = —1 on N. Then
| [y fdv|=v(ANP)—v(ANN)|=v(ANP)—v(ANN)=vt(4)+v (A) =
|v|(A). Therefore, the supremum is equal to |v|(A).

If v is complex, we find a measurable partition {A;,..., A,} of A so that
[V|(A) —e < >p_, |[v(Ak)|. We, then, define the function f = >"}_, KrXa,,
where kp = sign(v(Ay)) for all k. Then, |f| < 1 on A and | [, fdv| =
I > kev(Ag)| = > [v(Ag)| > |v|(A) — e. This proves that the supremum
is equal to |v|(A).

Finally, we prove a result about integration with respect to an indefinite
integral. This is important because, as we shall see in the next section, indefinite
integrals are special measures which play an important role among signed or
complex measures.

Theorem 10.10 Let y be a measure on (X,%) and f : X — R or C be
Y —measurable so that fX fdp is defined. Consider the signed measure or com-
plex measure fu, the indefinite integral of f with respect to p.

A S—measurable function g : X — R or C is integrable over X with respect
to fu if and only if gf is integrable over X with respect to . In such a case,

/ng(fu):/ngdu-

This equality is true, without any restriction, if f,g : X — [0,+00] are
Y —measurable.

Proof: We consider first the case when g, f : X — [0, +00].

If g = xa for some A € X, then [, xad(fp) = (fu)(4) = [, fdu =
Jx xaf dp. Hence, the equality [ gd(fu) = [y gf dp is true for characteristic
functions. This extends, by linearity, to X —measurable non-negative simple
functions g = ¢ and, by the Monotone Convergence Theorem, to the general g.

This implies that, in general, [ |g|d(|f|n) = [y l9f] dp. From this we see
that ¢ is integrable over X with respect to fu if and only if, by definition, g is
integrable over X with respect to |fu| = |f|u if and only if, by the equality we
just proved, g f is integrable over X with respect to pu.

The equality fX gd(fu) = fx gf du can, now, be established by reducing all
functions to non-negative functions and using the special case we proved.

10.6 Lebesgue decomposition, Radon-Nikodym
derivative.

Definition 10.16 Let o be a measure and v a signed or compler measure on
(X,%). We say that v is absolutely continuous with respect to p when
v(A) =0 for every A € ¥ with u(A) =0 and we denote by

v U
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Example

Let f : X — R or C be Y—measurable so that the fX fdp is defined (recall
that, in the case of C, this means that f is integrable). Then the indefinite
integral fu is absolutely continuous with respect to (.

This is obvious: if A € ¥ has pu(A) = 0, then (fu)(A) = [, fdu =0.

Proposition 10.14 Let p be a measure and v,v1,vs signed or complex mea-
sures on (X,%).

(i) If v is complex, then v < p if and only if R(v) < p and S(v) < p if and
only if [v| < u.

(ii) If v is signed, then v < p if and only if vT < p and v~ < u if and only if
lv| < .

(111) If v < p and vy, then v = 0.

(iv) If v1,ve < p and vy + vy is defined, then vh + vy < p.

Proof: (i) Since v(A) = 0 is equivalent to R(v)(4) = S(v)(A) = 0, the first
equivalence is obvious.

Let v <« p and take any A € ¥ with u(A) = 0. If {Ay,..., Ay} is any
measurable partition of A, then p(A4y) = 0 for all k and, thus, Y ,_, [v(Ax)| = 0.
Taking the supremum of the left side we get |v|(A) = 0. Hence, |v| < p.

If |v| < p and we take any A € 3 with p(A) = 0, then |v(A)| < |v|(4) = 0.
Therefore, v(A) =0 and v < p.

(ii) The argument of part (i) applies without change to prove that v < p if and
only if |v| < p. Since |v| = vT +v7, it is obvious that v < p and v~ < p if
and only if || < p.

(iii) Take sets M, N € ¥ so that MUN = X, M NN =, M is a null set for
v and N is a null set for u. Then, u(N) = 0 and v < p imply that N is a null
set for v. But, then, X = M U N is a null set for v and, hence, v = 0.

(iv)If A € ¥ has u(A) = 0, then 11 (A4) = v2(A) = 0 and, hence, (11 +12)(A4) = 0.

The next result justifies the term absolutely continuous at least in the special
case of a finite v.

Proposition 10.15 Let p be a measure and v a real signed measure or a com-
plex measure on (X,X). Then v < u if and only if for every e > 0 there is a
0 >0 so that |[v(A)| < € for every A € ¥ with u(A) < 4.

Proof: Suppose that for every e > 0 there is a § > 0 so that |v(A)| < e for every
A € ¥ with p(A) < 6. If u(A) =0, then u(A) < ¢ for every § > 0 and, hence,
|v(A)| < e for every € > 0. Therefore, v(A) =0 and v < p.

Suppose that v < p but there is some €y > 0 so that, for every § > 0, there
is A € ¥ with p(A) < ¢ and |v(A)| > €p. Then, for every k, there is A, € ¥ with
1(Ar) < o and |v|(Ar) > |[V(Ak)| > 0. We define B, = UL A; and, then,
1(Br) < zi= and |v|(By) > |[v|(Ak) > €o for every k. If we set B = N} By,
then By | B and, by the continuity of |v| from above, we get u(B) = 0 and
|v|(B) > €. This says that |v| is not absolutely continuous with respect to
and, by Proposition 10.14, we arrive at a contradiction.
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Theorem 10.11 Let p be a measure on (X,%).

(i) If \, N, p, p’ are signed or complex measures on (X, X)) so that \, N < p and
pp Lppand X+p=XN+p, then X=X and p=p.

(ii) If f, f' : X — R or C are integrable over X with respect to u and fu = f'pu,
then f = f' p-a.e. on X.

(iii) If f, f': X — R are S—measurable and [y fdpu, [ [/ dp are defined and
fu = f'u, then f = f' p-a.e. on X, provided that p, restricted to the set
{z € X | f(zx) # f'(x)}, is semifinite.

Proof: (i) There exist sets M, M',N,N' € ¥ with MUN = X = M’ UN’,
MNN=0= M NN'so that N, N’ are null for u, M is null for p and M’ is
null for p’. If we set K = NUN’, then K is null for p and K¢ = M N M’ is null
for both p and p’. Since A, N < u, we have that K is null for both A and X

If Ae X, AC K, then p(A) = p(A) + A(A) = p'(A) + N (A) = p'(A). If
Ae X, AC K¢ then p(A) = 0 = p/(A). Therefore, for every A € ¥ we have
p(A) = p(ANK)+p(ANK®) = p(ANK) + p'(ANK°) = p'(A) and, hence,
p=r

A symmetric argument implies that A = \'.
(i) We have [,(f — f')du = [, fdu— [, ' d = (f)(A) — (F0)(A) = 0 for
all A € 3. Theorem 7.5 implies f = f’ py-a.e. on X.
(ili) Let t,s € R with t < sand A, = {z € X|f(z) < t,s < f'(z)}. If
0 < p(Ass) < 400, we define B = Ay . If (A, s) = 400, we take B € X so
that B C Ay and 0 < u(B) < +oo. In any case, (fu)(B) = [5 fdp < tu(B)
and (f'p)(B) = [ f dp > su(B) and, thus, su(B) < tu(B). This implies
w(B) = 0, which is false. The only remaining case is (A s) = 0.

Now, we observe that {z € X | f(z) < f'(2)} = Ui seq,t<sAt,s, which implies
p{z € X|f(x) < f'(x)}) = 0. Similarly, u({z € X | f(z) > f'(z)}) = 0 and
we conclude that f = f’ p-a.e. on X.

Lemma 10.5 Let p, v be finite measures on (X, X). If p and v are not mutually
singular, then there exists an €9 > 0 and an Ay € X with p(Ag) > 0 so that

v(4)
€
() =
for every A e ¥, AC Ag with u(A) > 0.

Proof: We consider, for every n, a Hahn decomposition of the signed measure
v — %u. There are sets P,, N, € ¥ so that P, UN,, = X, P, NN, =0 and P,
is a positive set and N,, is a negative set for v — %u.

We set N = NN, and, since N C N, for all n, we get (v — L4)(N) <0
for all n. Then v(N) < L,(N) for all n and, since pu(N) < +o0, v(N) = 0. We
set P =U> P, and have PUN = X and PN N = (). If u(P) = 0, then z and
v are mutually singular. Therefore, u(P) > 0 and this implies that u(Px) > 0
for at least one N. We define Ag = Py for such an N and we set ¢g = % for
the same N.

Now, u(A4p) > 0 and, if A € X, A C Ay, then, since Ay is a positive set for

v — eopt, we get v(A) — eou(A) > 0. If also u(A) > 0, then ;Ei; > €.
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Theorem 10.12 (Lebesgue-Radon-Nikodym Theorem. Signed case.)
Let v be a o-finite signed measure and p be a o-finite measure on (X,X). Then
there exist unique o-finite signed measures X and p on (X, %) so that

v=>A+p, AL p, pLp.

Moreover, there exists a X —measurable f : X — R. so that the fX fdu is defined
and

A= fpu.

If f' is another such function, then f' = f p-a.e. on X.
If v is non-negative, then \ and p are non-negative and f >0 p-a.e. on X.
If v is real, then A and p are real and f is integrable over X with respect to .

Proof: The uniqueness part of the statement is a consequence of Theorem 10.11.
Observe that p is o-finite and, hence, semifinite.

Therefore, we need to prove the existence of A\, p and f.
A. We first consider the special case when both u,r are finite measures on
(X,%).

We define C to be the collection of all ¥—measurable f : X — [0, +00] with
the property

/fdugl/(A), AeX.
A

The function 0, obviously, belongs to C and, if fi, fo belong to C, then the
function f = max(f1, f2) also belongs to C. Indeed, if A € ¥ we consider
Ay = {z € A] fa(x) < fi(x)} and Az = {z € A| fi(z) < f2(z)} and we have
fAfdM: fAl fdﬂ"'fAQ fdp= fAl fi dﬂ+fA2 fadp <v(Ar) +v(A2) = v(A).

We define
K = Su ?d f eCy.

Since 0 € C and [y fdu < v(X) for all f € C, we have 0 < r < v(X) < +oc.
We take a sequence {f,} in C so that fX fndu — K and define g; = f1 and,

inductively, g, = max(gn—1, fr) for all n. Then all g,, belong to C. If we set

f=1lim,_ s gn, then g, T f and, by the Monotone Convergence Theorem,

/fd,LLSV(A), AeX
A

and
/ fdp=r < +o0.
X

Since (v — fu)(A) = v(A) — [, fdu > 0 for all A € X, the signed measure
v — fu is a finite measure. If v — fu and p are not mutually singular, then, by
Lemma 10.5, there is Ag € ¥ and ¢g > 0 so that

v(4) 1 _ vt
w0 ez
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forall A € X, A C Ap with (A) > 0. From this we get [, (f+eoxa,) du < v(A)
for all A € ¥, A C Ap. Now for any A € ¥ we have fA(f + eoxa,)dp =
Jara, (FHeoxan) dut [y a4, (F+eoxa,) di < v(ANAo)+ [ 4 4, (f +e0Xa,) dit =
v(AnN Ay) + fA\AU fdu < v(ANAg) +v(A\ Ag) = v(A). This implies that
f + €oxa, belongs to C and hence k + egu(A4p) = fX(f + €oX4a,) A < k. This is
false and we arrived at a contradiction. Therefore, v — fu 1 u.

We set p = v — fu and A = fu and we have the decomposition v = A+ p
with A < pu, pLu. Both A and p are finite measures and f : X — [0,4o00] is
integrable with respect to p, because A(X) = [ fdu = k < 400 and p(X) =
V(X)— [y fdu=v(X) -k < +oo.

B. We, now, suppose that both u,r are o-finite measures on (X, ).

Then, there are pairwise disjoint Fi, Fo,... € X so that X = Ug;"iFk and
w(Fy) < 400 for all k and pairwise disjoint G, Ga, ... € ¥ so that X = Ul":fGl
and v(G;) < +oo for all . The sets Fj, N G, are pairwise disjoint, they cover X
and u(Fr NG;),v(FrNG)) < +oo for all k,I. We enumerate them as Ey, Fs, ...
and have X = U2 E, and u(E,),v(E,) < +oo for all n.

We define p,, and v,, by

pn(A) = p(AN Ey), vn(A) = V(AN Ey)

for all A € ¥ and all n and we see that all p,, v, are finite measures on (X, X).
We also have

+o00 too
WA = 3 n(A), () = 3 ()
n=1 n=1

for all A € X.
Applying the results of part A, we see that there exist finite measures A\, pn,
on (X,¥) and f, : X — [0, +0o0] integrable with respect to p, so that

A
for all n and all A € 3. From v, (ES) = 0 we get that A\, (ES) = pn(E;) =0
Now, since pn(A) = An(A) = 0 for every A € &, A C E¢, the relation A, (A) =

i) 4 fn dpin remains true for all A € ¥ if we change f,, and make it 0 on Ej;. We,
therefore, assume that

fn=0 on ES, An(A) = / fndiin
ANE,

for all n and all A € 3.
We define A, p: ¥ — [0,+o0] and f : X — [0, +o0] by

+oo +oo +oo
MA) =D AalA), p(A) =D pnld), &) =D fule)
n=1 n=1 n=1

for every A € ¥ and every z € X. It is trivial to see that A and p are measures
on (X,Y) and that f is ¥—measurable.
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The equality v = A 4 p is obvious.

If A€ ¥ has p(A) =0, then pu,(A) = (AN E,) =0 and, hence, A\, (4) =0
for all n. Thus, A(4) = 0 and, thus, A < p.

Since pn,Lpy,, there is R, € ¥ so that R,, is null for p,, and R is null for
pn. But, then R/, = R,, N E,, is also null for y,, and R)° = RS, U E¢ is null for
pn. Since R), is obviously null for all u,,, m # n, we have that R/, is null for p.
Then R = U2 R, is null for p and R® = N} R/ is null for all p,, and, hence,
for p. We conclude that pLpu.

The A and p are o-finite, because A(E,) = A\, (E,) < 400 and p(E,) =
pn(En) < 400 for all n.

Finally, for every A € ¥, A(4) = /S A (4) = 25 Jang, fndin =

S fAﬁEn Fdun, =302 fAﬁEn fdp = [, fdu. The fourth equality is true
because fEn fdu, = fEn fdu for all ¥—measurable f : X — [0,+o0c]. This
is justified as follows: if f = x4, then the equality becomes u,(A N E,) =
w(AN E,) which is true. Then the equality holds, by linearity, for non-negative
Y —measurable simple functions and, by the Monotone Convergence Theorem,
it holds for all X—measurable f : X — [0,400]. Now, from A(A) = [, fdu, we
conclude that A = fu and that A < p.
C. In the general case we write v = v+ — v~ and both vT,v~ are o-finite
measures on (X,3). We apply the result of part B and get o-finite measures
A1, A2, p1, p2 so that v = A + p1, v~ = Ay + pg and A, Ay < 1, p1,p2Llp.
Since either v+ or v~ is a finite measure, we have that either A1, p; are finite
or Az, p2 are finite. We then write A = A\ — A2 and p = p; — p2 and have that
v=A+pand A < u, pLu.

We also have Y—measurable f1, fo : X — [0,400] so that Ay = fip and
A2 = fop. Then, either [y fidp = A\ (X) < 400 or [ fodp = Aa(X) < 400
and, hence, either f; < +o0o p-a.e. on X or fo < 400 p-a.e. on X. The function
f = f1— fais defined p-a.e. on X and the [, fdu= [y frdu— [ fodp exists.
Now, A(A) = M (A) = Xe(A) = [, frdp— [, fadp = [, fdp for all A€ X and,
thus, A = fu.

Theorem 10.13 (Lebesgue-Radon-Nikodym Theorem. Complez case.)
Let v be a complex measure and p be a o-finite measure on (X,X). Then there
exist unique complex measures A and p on (X,X¥) so that

v=A+p, AL, pLp.

Moreover, there exists a Y—measurable f : X — C so that f is integrable over
X with respect to p and

A= fu.

If f' is another such function, then f' = f p-a.e. on X.
If v is non-negative, then \ and p are non-negative and f >0 p-a.e. on X.
If v is real, then A and p are real and f is extended-real valued.

Proof: The measures R(v) and (v) are real measures and, by Theorem 10.12,
there exist real measures A1, Az, p1, p2 on (X, X) so that R(v) = A\ + p1, S(v) =
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Ao+ po and A1, Ao < pand p1, poLp. Weset A = A +iAs and p = p1 +ip2 and,
then, v = A + p and, clearly, A\ < p and pLpu. There are, also, fi, f2: X — R,
which are integrable over X with respect to u, so that Ay = fiu and Ay = fopu.
The function f = f1 +ifa : X — C is p-a.e. defined, it is integrable over X
with respect to p and we have (fu)(A) = [, fdu = [, frdp~+i [, fadp =
M (A) +ir2(A) = A(A) for all A € . Hence, A = fu.

The uniqueness is an easy consequence of Theorem 10.11.

Definition 10.17 Let v be a signed measure or a complex measure and p a
measure on (X,X). If there exist, necessarily unique, signed or complex mea-
sures A and p, so that

v=A+tp, AL, plp,

we say that A and p constitute the Lebesgue decomposition of v with
respect to L.

A is called the absolutely continuous part and p is called the singular
part of v with respect to .

Let v be a signed or complex measure and p a measure on (X,X) so that
v < p. If there exists a X—measurable f : X — R or C so that fX fdu is
defined and

v=[u,

then f is called a Radon-Nikodym derivative of v with respect to . Any
dv

Radon-Nikodym derivative of v with respect to p is denoted by o

Theorems 10.12 and 10.13 say that, if v and p are o-finite, then v has a
unique Lebesque decomposition with respect to . Moreover, if v and u are o-
finite and v < p, then there exists a Radon-Nikodym derivative of v with respect
to w, which is unique if we disregard p-null sets. This is true because v = v +0

is, necessarily, the Lebesgue decomposition of v with respect to u.

We should make some remarks about Radon-Nikodym derivatives.
1. The symbol Z—Z appears as a fraction of two quantities but it is not. It is like

the well known symbol g—‘;’ of the derivative in elementary calculus.
2. Definition 10.17 allows all Radon-Nikodym derivatives of v with respect to u
to be denoted by the same symbol j—l”t. This is not absolutely strict and it would

be more correct to say that % is the collection (or class) of all Radon-Nikodym
derivatives of v with respect to p. It is simpler to follow the tradition and use
the same symbol for all derivatives. Actually, there is no danger for confusion
in doing this, because the equality f = Z—Z, or its equivalent v = fu, acquires
its real meaning through the v(A) = [, fdu, A€ X.

3. As we just observed, the real meaning of the symbol g—l”t is through

B dv

v(A) = | —du, Ael,
(A4) L
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Wthh after formally simplifying the fraction (1), changes into the true equality
= [, dv.
4. Theorem 10.11 implies that the Radon-Nikodym of v <« u with respect to
w, if it exists, is unique when p is a semifinite measure, provided we disregard
sets of zero p-measure.
The following propositions give some properties of Radon-Nikodym deriva-
tives of calculus type.

Proposition 10.16 Let v1,vs be complex or o-finite signed measures and p a
o-finite measure on (X, X). Ifvi,ve < pu and v1+ve is defined, then v1+vy <
and

d(v1 + d d
dintve) _dn | dio

—a.e. X.
i TR i — a.e. on
Proof: We have (v1 + v9)( fA gy + fA v gy = [, (d”1 d”z) dy for all
A € ¥ and, hence, (V;:VQ) dul + duz p-a.e. on X.

Proposition 10.17 Let v be a complex or a o-finite signed measure and | a
o-finite measure on (X,X). If v < p and k € C or R, then kv < p and

d d
(dlzj) = Iid—y , M—a.e onX.
Proof: We have (kv)(A) =& [, d; dp = [, (k% 9r) du for all A € ¥ and, hence,
d(d';y) —nd# p-a.e. on X.

Proposition 10.18 (Chain rule.) Let v be a complex or o-finite signed measure
and ', be o-finite measures on (X,%). If v < ' and 1/ < p, then v <
and
dv  dv dy
dp  dp' dp’
Proof: If A € ¥ has u(A) =0, then y/(A) = 0 and, hence, v(A) = 0. Therefore,
v U

w—a.e. on X.

Theorem 10.10 implies that v(A) = [, j:/ =/ ) d:/ ‘Z*L du for every
dv _ dv d
A € ¥ and, hence, d—Z = d:, d‘; p-a.e. on X.

Proposition 10.19 Let u and p' be two o-finite measures on (X, ). If p’ < p
and p < ', then
du d,u

d,u’ d,u , M—a.e onX.

Proof: We have p(A) = [, du for every A € ¥ and, hence, < @ =1 p-a.e. on X.

The result of this proposition is a trivial consequence of Proposition 10.18.

Proposition 10.20 Let v be a o-finite measure on (X,3). Then v < |v| and

d|y|‘_1 v—a.e. onX.
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Proof: Proposition 10.11 implies that ‘dg‘l—z

| = ]ﬁw — |v| and, hence,

‘% =1 |v| -a.e. on X.

10.7 Differentiation of indefinite integrals in R".

Let f : [a,b] — R be a Riemann-integrable function. The Fundamental Theorem
of Calculus says that, for every x € [a,b] which is a continuity point of f, we
have <L [* f(y)dy = f(z). This, of course, means that
x4+ x r—r x
dy — d dy — d
gy do JW Ay = [ fWdy e Wy [y f)dy

r—0+ T r—0+ -r

f(@).

Adding the two limits, we find

i

ril(r)lJr 2r

In this (and the next) section we shall prove a far reaching generalisation of

this result: a fundamental theorem of calculus for indefinite Lebesgue-integrals
and, more generally, for locally finite Borel measures in R".

Lemma 10.6 (N. Wiener) Let By,..., By be open balls in R™. There exist
pairwise disjoint By,,...,DB;, so that

Mp(Biy) + - +mp(By,) > 3% My (Br U+ UBp).
Proof: From By,..., B, we choose a ball B;, with largest radius. (There may
be more than one balls with the same largest radius and we choose any one of
them.) Together with B;, we collect all other balls, its satellites, which intersect
it and call their union (B;, included) C;. Since each of these balls has radius
not larger than the radius of B;,, we see that C1 C B, where B;‘l is the ball
with the same center as B;, and radius three times the radius of B;,. Therefore,

The remaining balls have empty intersection with B;, and from them we
choose a ball B;, with largest radius. Of course, B;, does not intersect B;, .
Together with B;, we collect all other balls (from the remaining ones), its satel-
lites, which intersect it and call their union (B;, included) Cj. Since each of
these balls has radius not larger than the radius of B;,, we have Cy C B/, where
B, is the ball with the same center as B;, and radius three times the radius of
B;,. Therefore,

mn(C2) < mn(B;‘;) = 3"mu(Bi,).

We continue this procedure and, since at every step at least one ball is
collected (B;, at the first step, B;, at the second step and so on), after at most
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m steps, say at the kth step, the procedure will stop. Namely, after the first
k —1 steps, the remaining balls have empty intersection with B;,, ..., B;,_, and
from them we choose a ball B;, with largest radius. This B;, does not intersect
Bi,,...,Bi,_,. All remaining balls intersect B;,, they are its satellites, (since
this is the step where the procedure stops) and form their union (B;, included)
C. Since each of these balls has radius not larger than the radius of B;,, we
have Cy C B} , where B} is the ball with the same center as B;, and radius
three times the radius of B;,. Therefore,

It is clear that each of the original balls By, ..., B,, is either chosen as one
of By, ..., B, oris asatellite of one of B;,, ..., B;,. Therefore, ByU---UB,, =
C1 U---UC% and, hence,

mp(B1U--UBp) = mp(CrU---UCL) < mp(Cr)+ -+ +mp(Ck)

IN

Definition 10.18 Let f : R® — R or C be Lebesque-measurable. We say
that f is locally Lebesgue-integrable if for every x € R™ there is an open
neighborhood U,, of x so that fUz If (y)] dmp(y) < +o0.

Lemma 10.7 Let f : R® — R or C be Lebesque-measurable. Then f is locally
Lebesgue-integrable if and only if [y, |f(y)] dmy,(y) < +oo for every bounded set
MeL,.

Proof: Let f be locally Lebesgue-integrable and M C R™ be bounded. We
consider a compact set K O M. (Such a K is the closure of M or just
a closed ball or a closed cube including M.) For each x € K we take an
open neighborhood U,, of x so that fUm |f ()] dmn(y) < +o0o. We, then, take
finitely many x1,...,%,, so that M € K C U, U---UU,, . This implies
S lF @ dma(y) < [y, F@)ldmn(y) +-+ [y 1f @)l dma(y) < +oo.

If, conversely, [, |f(y)|dmn(y) < +oo for every bounded set M € L,,
then fB(I_l) |f(y)| dmy(y) < +oo for every z and, hence, f is locally Lebesgue-
integrable.

Proposition 10.21 Let f, f1, fo : R — R or C be locally Lebesque-integrable
and k € C. Then

(i) f is finite mp-a.e. on R™,

(i1) f1 + fa is defined my-a.e. on R™ and any Lebesgue-measurable definition
of f1 + f2 is locally Lebesgue-integrable,

(i11) kf is locally Lebesgue-integrable.

Proof: (i) Lemma 10.7 implies fB(O-k) |f ()] dmn(y) < +oo and, hence, f is

finite my,-a.e. in B(0; k) for every k. Since R" = U{ > B(0; k), we find that f is
finite my-a.e. in R™.
(ii) By the result of (i), both f1, fo are finite and, hence, f1 + fo is defined
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mp-a.e. on R™. We have [, [fi(y) + fo(y)|dmn(y) < [y [F1(y)]dmn(y) +
Jas 1 f2(y) dmy(y) < 400 for every bounded M C R" and by Lemma 10.7,
f1+ fo is locally Lebesgue—integrable

(iii) Similarly, [}, [&f(y)| dmn(y) = |&| [y, 1f ()] dmy(y) < +o0 for all bounded
M C R"™ and, hence, f is 1oca11y Lebesgue-integrable.

The need for local Lebesgue-integrability (or for local finiteness of measures)
is for definitions like the following one to make sense. Of course, we may restrict
to Lebesgue-integrability if we like.

Definition 10.19 Let f : R® — R or C be locally Lebesque-integrable. The
function M(f): R™ — [0, +00|, defined by

1
MOW = aw /B @) dimn(y)

for every x € R™, is called the Hardy-Littlewood maximal function of f.

Proposition 10.22 Let f, fi, fo : R* — R or C be locally Lebesgue-integrable
and k € C. Then

(1) M(fy+ f2) < M(f1) + M(f2),

(it) M(rf) = [r[M(f).

Proof' (i) For all z and all open balls B > z, ﬁ(m I 1 f1(w) + fa(y)] dmn(y) <
mn(B fB|fl |dmn( mn B) fB|f2 |dmn( )SM(fl)(x) M( )( ). Ta-

king supremum of the left side, we get M (f1 + f2)(z) < M(f1)(x) + M (f2)(z).
(i) Also, ﬁ@fglﬁf(y)ldmn(y) = |8l Jp [ F W)l dma(y) < [5IM(f)(2)
and, taking the supremum of the left side, M (kf)(x) < |k|M(f)(z). Conversely,

M(s)(x) > smem S 15 @) dma(y) = |8l 5=y [ 1/ ()] dma(y) and, taking
the supremum of the right side, M (kf)(x) > || M (f)(z).

Lemma 10.8 Let f : R® — R or C be locally Lebesgue-integrable. Then, for
every t > 0, the set {x € R™ |t < M(f)(x)} is open in R™.

Proof: Let U = {x € R"|t < M(f)(x)} and x € U. Then t < M(f)(x) and,
hence, there exists an open ball B 5 x so that ¢ < #(m S5 [f ()| dmy(y). If we

take an arbitrary ' € B, then ﬁ(B) S lf (W) dmn(y) < M(f)(z') and, thus,
t < M(f)(z'). Therefore, B C U and U is open in R™.

Since {x € R™ |t < M(f)(x)} is open, it is also Lebesgue-measurable.

Theorem 10.14 (Hardy, Littlewood) Let f : R® — R or C be Lebesgue-
integrable. Then, for every t > 0, we have

mo({o € Rt < M@ < [ 17 dma(y).
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Proof: We take arbitrary compact K C U = {z € R" |t < M(f)(z)} and for
each x € K we find an open ball B, 3 z with ¢ < B )fB |f )| dmap,(y).
Since K is compact, there exist x1,...,x,, so that K g By, U---UB;, . By
Lemma 10.6, there exist pairwise disjoint By, ... s By, s0 that

My (Byy U---U By, ) < 3"(mu(Bg, ) + -+ mn(By, ).

Then
mp(K) < mp(Bg, U---UBg, )
37’7.
< T([,, o+ [l in)
< i

= [ 1w dma).

By the regularity of mn, mu(U) = sup{mn,(K)| K is compact C U} and
we conclude that m,(U) < 2= [o., [f(y)| dmn(y).

Observe that the quantity m,({x € R™ |t < M(f)(x)}) is nothing but the
value at t of the distribution function Ap;(¢) of M(f). Therefore, another way
to state the result of Theorem 10.14 is

Mien(® <% [ 17w dma(y).

Definition 10.20 Let (X, %, 1) be a measure space and g : X — R or C be
Y—measurable. We say that g is weakly integrable over X with respect to
p if there is a ¢ < +00 so that \jg|(t) < ¢ for every t > 0.

Another way to state Theorem 10.14 is: if f is Lebesgue-integrable, then
M(f) is weakly Lebesgue-integrable.

Proposition 10.23 Let (X, %, i) be a measure space, g,91,92 : X — R or C
be weakly integrable over X with respect to p and k € C. Then

(i) g is finite u-a.e. on X,

(i1) g1 + g2 is defined p-a.e. on X and any X—measurable definition of g1 + g2
18 weakly integrable over X with respect to u,

(111) kg is weakly integrable over X with respect to pi.

Proof: (i) A (t) < ¢ for all £ > 0 implies that u({z € X |g(z) is infinite}) <
p{z e X|n<|g(z )|}) £ for all n and, thus, u({z € X | g(z) is infinite}) = 0.
(i) By (i) both g1 and g2 are finite p-a.e. on X and, hence, g1 + go is defined -
ae.on X. If u({x € X |t < |g1(x)[}) < T and u({x € X|t <|g2(z)|}) < % for
all £ > 0, then any ¥ —measurable definition of g1 + g2 satisfies, for every t > 0,
the ostimate: u({z € X |t < |g(z) + g:(2)]}) < plle € X|% < lgn(@}) +
u({e € X |5 < |gala)]}) < 2ov426
(i) If p({z € X |t <|g(z)|}) < ¢ for all t > 0, then p({z € X |t < |kg(z)|}) =

p{z e X| ‘—fil <lg(x)|}) < @ for all t > 0.
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Proposition 10.24 Let (X, 3, 1) be a measure space and g : X — R or C be
integrable over X with respect to p. Then g is also weakly integrable over X
with respect to .

Proof: We have Ay (t) = p({z € X[t < [g(z)]}) < lf{xelelg(m”} lgldu <
1 [ lgl dp for all t > 0. Therefore, Ay (t) < £ for all t > 0, where ¢ = [ |g| dp.

Example
The converse of Proposition 10.24 is not true. Consider, for example, the func-
tion g(x) = ﬁ,x e R™

By Proposition 8.12, [g, |g(z)|dmy(z) = on_1(S"71) 0+OO Lrnldr =

Tue1(S™Y) 79 Ldr = 4oo. But, {z € R"[t < |g(x)|} = B(0;t~#) and,
hence, Ajy((t) = vy, - (t=)n = %o for every t > 0, where v, = my,(B(0;1)).

The next result says that the Hardy-Littlewood maximal function is never
(except if the function is zero) Lebesgue-integrable.

Proposition 10.25 Let f : R" — R or C be Lebesgue-integrable. Then M(f)
is locally Lebesgque-integrable. If M (f) is Lebesgue-integrable, then f =0 p-a.e.
on R™.

Proof: Let A = {x € R"| f(z) # 0} and assume that m,(A) > 0. Since
A=U>(ANB(0;k)), we get that m,, (AN B(0;k)) > 0 for at least one k > 1.
We set M = AN B(0; k) and we have got a bounded set M so that m,, (M) >0
and |z| < k for every x € M. Since f(z) # 0 for every € M, we have that
Jar 1F @) dmun(y) > 0.

We take any x with |2| > k and observe that there is an open ball B of
diameter |z| + k 4+ 1 containing = and including M. If v, = m,(B(0;1)), then
M(f)(x) > #(B) fB If(y)| dmn(y) > Mw fM If(y)| dmn(y) > |;|m
with ¢ = 2= [,/ [f(y)|dmy(y) > 0. This implies [g, [M(f)(x)|dmn(z) >

n— +oo n—
cf{xeR"Hz\Zk}ﬁdm"(x) = con-1(S 1)fk %T tdr = +oo.

The next result is a direct generalization of the fundamental theorem of
calculus and the proofs are identical.

Lemma 10.9 Let g : R" — C be continuous on R™. Then

1

Jim (B /B(m l9(y) — g(x)| dmn(y) =0

for every x € R™.

Proof: Let € > 0 and take 0 > 0 so that |g(y) — g(x)| < € for every y € R™ with
ly — x| < é. Then, for every r < 4, 7,”"(31(9“)) fB(W) lg(y) — g(@)| dmn(y) <
mn(Bl(w;r)) fB(LE;T‘) Edmn(y) = €.
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Theorem 10.15 (Lebesgue) Let f : R™ — R. or C be locally Lebesgue-integra-
ble. Then,

1
lim ———— — f(x)|dm, =0
/B W = fwldma

r—0+ my, (B(z;7))
for my-a.e. v € R™.

Proof: We first assume that f is integrable.
We take an arbitrary € > 0 and, through Theorem 7.16, we find g : R"™ — C,
continuous on R™, so that [g, |g— f|dm, < e. Forallz € R" and r > 0 we get

m S @)= (@) dmay) < 55y S @) =) dma(y)+
B I |9( )= 9(@)| dmn (V) + =3y Jpn [9(@) — (@) dma(y) <
M(f —g)(x) + m fB(w;T) l9(y) — g(@)| dman(y) + |g(x) — f(2)]-

We set A(f)(z;r) = m fB(I;T) |f(y) — f(z)] dmy(y) and the last in-
equality, together with Lemma 10.9, implies

lim%&pA(f)(:v; r) < M(f = g)(x) +0+|g(z) - f(z)]-

Now, for every t > 0, we get m},({x € R" [t < limsup,_,q, A(f)(z;7)}) <
ma({x € R"[5 < M(f ~ g)@)}) + ma({z € R*|§ < [gl) ~ f@)]}) <
28 [ | f—gldma+2 [q. |f — gl dm, < 2232 ¢ where the second inequality
is a consequence of Theorem 10.14. Since € is arbitrary, we find, for all ¢ > 0,

my ({z € R" |t < limsup A(f)(z;r)}) = 0.
r—0+

By the subadditivity of my, my({x € R"|limsup,_ o, A(f)(x;7) # 0}) <

n?

S mE({x e R £ <limsup, o, A(f)(2;7)}) = 0 and, hence,
mi({o € R" | Tmsup A7) (zi7) # 0}) = 0.

This implies that limsup, o, A(f)(z;r) =0 for my-a.e. x € R" and, since

liminf, o4+ A(f)(z;7) > 0 for every x € R™, we conclude that
i A(f) () =0
for mp-a.e. x € R".

Now, let f be locally Lebesgue-integrable. We fix an arbitrary & > 2 and
consider the function b = fxp(o;x)- Then h is Lebesgue-integrable and, for every
x € B(0;k — 1) and every r < 1, we have A(f)(z;r) = A(h)(x;r). By what
we have already proved, this implies that lim, o4+ A(f)(z;7) = 0 for my-a.e.
x € B(0;k —1). Since k is arbitrary, we conclude that lim,_o+ A(f)(z;7) =0
for mp-a.e. x € R".

Definition 10.21 Let f : R® — R or C be locally Lebesque-integrable. The set
Ly of all z € R™ for which lim, o4 m fB(I;T) [f(y) — f(x)| dmp(y) =0
is called the Lebesgue set of f.
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Example
If z is a continuity point of f, then x belongs to the Lebesgue set of f. The
proof of this fact is, actually, the proof of Lemma 10.9.

Theorem 10.16 Let f : R® — R or C be locally Lebesque-integrable. Then,
for every x in the Lebesgue set of f, we have

1
llm ———— dm,, = f(x).
/B @) ) = 1)

r—=0+ my, (B(z;71))

Proof: Indeed, for all x € Ly we have ‘m fB(I;T) fy)dmn(y) — f(z)| <
m fB(w) If(y) — f(z)] dmy(y) — 0.

Definition 10.22 Let z € R"™ and & be a collection of sets in L™ with the
property that there is a ¢ > 0 so that for every E € & there is a ball B(x;r)
with E C B(x;r) and my(E) > emy,(B(x;r)). Then the collection & is called a
thick family of sets at x.

Examples

1. Any collection of qubes containing x and any collection of balls containing x
is a thick family of sets at x.

2. Consider any collection £ all elements of which are intervals S containing z.
Let Ag be the length of the largest side and ag be the length of the smallest
side of S. If there is a constant ¢ > 0 so that Z—SS > c for every S € &, then & is
a thick family of sets at x.

Theorem 10.17 Let f : R® — R or C be locally Lebesgue-integrable. Then,
for every x in the Lebesque set of f and for every thick family £ of sets at x,
we have

, 1
tin s [ 1) = (@) dma ) = 0

Ec& m,(E)—0+

, 1
poe i /E F(y) dma(y) = f(2).

Proof: There is a ¢ > 0 so that for every E € £ there is a ball B(x;rg) with
E C B(z;rg) and my,(E) > emy(B(x;rg)). If © € Ly, then for every € > 0
thereis a ¢ > 0so that r < ¢ implies m fB(I;T) If(y)—f(z)| dmy(y) < ce.

If mp(F) < cvn,0™, where v, = m,(B(0;1)), then rg < § and, hence,
ﬁ(p;) S 1f () = f(z)|dmn(y) < m fB(w;TE) |f(y) — f(x)] dmn(y) <e.
This means that imgeg o, (£)—0+ #(E) fE |f(y) — f(x)] dmy(y) = 0.

By |5y S f @) dmaly) — f(@)] < 5ty [ 1£(w) = £ () dmia(y) and by
the first limit, we prove the second.

10.8 Differentiation of Borel measures in R".

Definition 10.23 Any signed or complex measure on (R"™ Brn) is called a
Borel signed or complex measure on R".
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Definition 10.24 Let v be a Borel signed measure in R™. We say that v is
locally finite if for every x € R™ there is an open neighborhood U, of x so that
v(U,) is finite.

This definition is indifferent for complex measures, since complex measures
take only finite values.

Proposition 10.26 Let v be a Borel signed measure in R™. Then, v is locally
finite if and only if vt and v~ are both locally finite if and only if |v| is locally
finite.

Proof: Since |v| = v 4+ v, the second equivalence is trivial to prove. It is also
trivial to prove that v is locally finite if |v| is locally finite.

Let v be locally finite. For an arbitrary € R™ we take an open neigh-
borhood U, of z so that v(U,) is finite. Since v(U,) = vt (U,) — v~ (U,), both
v (U,) and v~ (U, ) and, hence, |v|(U,) are finite. Therefore, || is locally finite.

Proposition 10.27 Let v be a Borel signed measure in R™. Then, v is locally
finite if and only if v(M) is finite for all bounded Borel sets M C R"™.

Proof: One direction is easy, since every open ball is a bounded set. For the
other direction, we suppose that v is locally finite and, by Proposition 10.26,
that |v| is also locally finite. Lemma 5.7 implies that [v(M)| < [v|(M) < +o0
for all bounded Borel sets M C R™.

Theorem 10.18 Let p be a locally finite Borel signed measure or a complex
measure on R™ with pLm,. Then,

i _P(BlaT)

A (Bl

for my-a.e. v € R™.

Proof: If p is complex, then |p| is a finite Borel measure on R™. Proposition
10.26 implies that, if p is signed, then |p| is a locally finite Borel measure on
R™. Moreover, Proposition 10.10 implies that |p|Lm,,. Hence, there exist sets
R, M € Br» with M UR=R", M N R =0 so that R is null for m,, and M is
null for |p|.

We define A(|p])(z;7) = %, take an arbitrary ¢ > 0 and consider the
set My = {x € M |t <limsup,_ o, A(|p|)(z;7)}.

Since |p| is a regular measure and |p|(M) = 0, there is an open set U so that
M, C M CU and |p|(U) < e. For each x € My, there is a small enough r, > 0

so that t < A(|p|)(x;ry) = % and B(x;ry) CU.

We form the open set V' = U,en, B(x; 1) and take an arbitrary compact
set K C V. Now, there exist finitely many x1,...,z, € M; so that K C
B(z1;74,) U+ U B(Zm; "z, ). Lemma 10.6 implies that there exist pairwise
disjoint B(xi,;72,, ), - - B(iy 72, ) 80 that my, (B(z1;75, )U- - UB(Tm;74s,,)) <
3" (mn(B(@i,;7,,)) + -+ + man(B(wi; 72, ). All these imply that

3n n

ma(K) < 2 (1ol (Bl )+ -+ ol (Bl e, ) < o Jol(@) < 2
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By the regularity of m, and since K is an arbitrary compact subset of
V, we find that m, (V) < %6. Since M; C V, we have that m}(M;) <
% € and, since € is arbitrary, we conclude that M; is Lebesgue-measurable and
mp(M;) = 0. Finally, since {x € M | limsup, o, A(|p|)(z;7) # 0} = Uz:iM%,
we get that limsup,_ o, A(|p|)(z;r) = 0 for my-a.e. = € R". Now, from
0 <liminf, o4+ A(|p|)(z;7), we conclude that lim, o4 A(|p|)(x;r) = 0 for m,,-
a.e. z € R™

Lemma 10.10 Let v be a locally finite Borel signed measure on R™. Then v
is o-finite and let v = X\ + p be the Lebesgue decomposition of v with respect
to my,, where A < my, and pLm,. Then both X\ and p are locally finite Borel
signed measures.

Moreover, if f is any Radon-Nikodym derivative of N\ with respect to m,
then f is locally Lebesgue-integrable.

Proof: Since R™ = U; > B(0;k) and v(B(0;k)) is finite for every k, we find
that v is o-finite and Theorem 10.12 implies the existence of the Lebesgue
decomposition of v.

Since pLm,, there exist Borel sets R, N with RUN = X, RN N = () so
that R is null for m,, and N is null for p. From A < m,, we see that R is null
for A, as well.

Now, take any bounded Borel set M. Since v(M) is finite, Theorem 10.1
implies that ¥(M N N) is finite. Now, we have A(M) = A(MNR)+A(MNN) =
AMMNN)=AMMNN)+p(MnNN)=v(MnN) and, hence, A\(M) is finite.
From v(M) = A(M) + p(M) we get that p(M) is also finite. We conclude that
A and p are locally finite.

Take, again, any bounded Borel set M. Then [, f(z)dmn(z) = A\(M)
is finite and, hence, [ |f(x)|dmn(z) < +oo. This implies that f is locally
Lebesgue-integrable.

Theorem 10.19 Let v be a locally finite Borel signed measure or a Borel com-
plex measure on R™. If f is any Radon-Nikodym derivative of the absolutely
continuous part of v with respect to my, then

i B7)
r—0+ My, (B(z;7))

= f(x)

for my-a.e. x € R™.

Proof: Let v = X + p be the Lebesgue decomposition of v with respect to m,,
where A < my,, pLm, and A = fm,. If v is signed, Lemma 10.10 implies that
p is a locally finite Borel signed measure and f is locally Lebesgue-integrable. If
v is complex, then p is complex and f is Lebesgue-integrable. Theorems 10.16
and 10.18 imply

 u(B(w;r) | 1
lim ————%*~ = lm ———— dm,,
/B T dma)

r=0+ my, (B(z; 1)) r—0+ my, (B(z;7))
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= flx)

for mp-a.e. x € R".

Theorem 10.20 Let v be a locally finite Borel signed measure or a Borel com-
plex measure on R™. If f is any Radon-Nikodym derivative of the absolutely
continuous part of v with respect to my,, then, for my-a.e. © € R”,

. v(E)
lim
Ec&E my,(E)—0+ My, (E)

= f(z)

for every thick family £ of sets at x.

Proof: 1If p is the singular part of v with respect to m,,, then |p|Lm, and, by

Theorem 10.18, lim, oy LLEED). — 0 for m,-a.e. z € R™.

my (B(z;r))
We, now, take any x for which lim, g4 % = 0 and any thick family

€ of sets at x. This means that there is a ¢ > 0 so that for every E € £ there
is a ball B(z;rg) with E C B(z;rg) and m,(E) > cmy,(B(z;rg)). For every
€ > 0 there is a 4 > 0 so that r < ¢ implies % < ce. Therefore, if

my(E) < cv,6", where v, = my,(B(0;1)), then rg < § and, hence, | p(E))| <

my (E
pl(E) L lpl(B(zirp))
mn(E) = ¢ mn(B(z;rp))

< €. This means that, for m,-a.e. z € R",

lim p(E)

=0
E€E,m,(E)—0+ My (E)

for every thick family & of sets at x.
We combine this with Theorem 10.17 to complete the proof.
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10.9 Exercises.

1.

Let v be a signed measure on (X,Y) and let pq, us be two measures on
(X,Y) at least one of which is finite. If v = p; — ug, prove that v+ < pg
and v~ < po.

Let § be the counting measure on (N,P(N)) and u be the point-mass
distribution on N induced by the function a, = 2%, n € N. Prove that
there is an €9 > 0 and a sequence {Ey} of subsets of N, so that u(Ex) — 0
and #(Ey) > € for all k. On the other hand, prove that § < p.

Let v1, 11 be o-finite measures on (X1, 31) and v, us be o-finite measures
on (Xa,39). If 1 < p1 and ve < g, prove that 11 ® v < 1 ® pz and
that

dV2

dpz

(z1,22) = dul(wl)

d(l/l ® VQ) avy
dp

d(pr ® pe)
for (,ul (24 ug)—a.e. (Il,IQ) e X1 x Xo.

(2)

Let f be the counting measure on (R, Br).
(i) Prove that m; < f. Is there any f so that m; = ft ?
(ii) Is there any Lebesgue decomposition of § with respect to mq ?

. Generalization of the Radon-Nikodym Theorem.

Let v be a signed measure and p be a o-finite measure on (X, X) so that
v < p. Prove that there is a ¥—measurable f : X — R, so that fX fdu
exists and v = fu.

Generalization of the Lebesgue Decomposition Theorem.

Let v be a o-finite signed measure and p a measure on (X, ). Prove that
there are unique o-finite signed measures A, p on (X,¥) so that A < p,
pLp and v =X+ p.

Let v, 1 be two measures on (X, Y) with v <« p. If A = u 4+ v, prove that
v< A Iffi X — [0,400] is ¥—measurable and v = f\, prove that
0< f<1 pae. onXanduzlf—fu.

Conditional Ezxpectation.

Let p be a o-finite measure on (X, X), ¥y be a o-algebra with ¥y C ¥ and
p be the restriction of the measure on (X, ¥o).
(i) If f: X — R or C is X—measurable and [, fdpu exists, prove that

there is a Yg—measurable fy : X — R or, respectively, C so that fx fodu

exists and
[ o= [ san, e,
A A

If f has the same properties as fy, prove that f} = fo p-a.e. on X.
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10.

11.

12.

Any fy with the above properies is called a conditional expectation of
f with respect to X and it is denoted by

E(f[%0).
(ii) Prove that

(a) E(f[X)=f p-ae. on X,

(b) E(f + g/%0) = E(f|X0) + E(g9|X0) p-a.e. on X,

(€) B(sf[S0) = B(f[S0) prac. on X,
)
)

—

(d) if g is ¥p—measurable, then E(gf|Xo) = gE(f|Z0) p-a.e. on X,
(e) if X1 C Xy C X, then E(f|X1) = E(E(f]20)|%1) p-a.e. on X.

. Let v be a real or complex measure on (X,¥). If v(X) = |v|(X), prove

that v = |v|.

Let v be a signed or complex measure on (X, X). We say that {41, As, ...}
is a (countable) measurable partition of A € 3, if 4;, € ¥ for all k,
the sets Aj, As, ... are pairwise disjoint and A = A; U Ay U---. Prove
that

+oo
|v|(A) = sup { Z |v(Ak)| | {A1, A2, ...} is a measurable partition of A}
k=1

for every A € 3.

A wvariant of the Hardy-Littlewood mazimal function.

Let f: R™ — R or C be locally Lebesgue-integrable. We define

HU) =y

[ 1wdma)

B(z;r)

for every z € R".

(i) Prove that the set {x € R™ |t < H(f)(z)} is open for every ¢t > 0.

(ii) Prove that 5= M (f)(x) < H(f)(z) < M(f)(z) for every z € R™.

One may define other variants of the Hardy-Littlewood maximal function
by taking the supremum of the mean values of |f| over open cubes con-
taining the point x or open cubes centered at the point . The results are
similar.

The Vitali Covering Theorem.

Let E C R™ and let C be a collection of open balls with the property that
for every z € E and every € > 0 there is a B € C so that x € B and
my,(B) < e. Prove that there are pairwise disjoint By, Ba,... € C so that
m}(E\ U By) = 0.
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13.

14.

15.

16.

17.

CHAPTER 10. SIGNED MEASURES AND COMPLEX MEASURES

Points of density.
Let E € L,. If x € R™, we set

- m,(E N B(w;r))
Dg(x) = Tlﬂ%ﬂr ~ ma(B(z;r))

whenever the limit exists. If Dg(z) = 1, we say that z is a density point
of E.

(i) If z is an interior point of F, prove that it is a density point of E.

(ii) Prove that my-a.e. © € E is a density point of E.

(iii) For any o € (0,1) find z € R and E € £; so that Dg(z) = a. Also,
find z € R and FE € £y so that Dg(z) does not exist.

Let v be a signed or a complex measure on (X, X) and A € ¥. Prove that
|v|(A) =0 if and only if ¥»(B) =0 for all Be %, B C A.

Let f be the Cantor’s function on [0,1] (see Exercise 4.6.7) extended as
0 on (—0,0) and as 1 on (1,+00) and let uy be the Lebesgue-Stieltjes
measure on (R, Br) induced by f. Prove that ppLm;.

Let v be a signed measure on (X,Y). Prove that v, v~ < |v| and find

formulas for Radon-Nikodym derivatives % and %.

Let p be a finite measure on (X, ). We define
d(A, B) = u(AAB), A/ Bex.

(i) Prove that (X, d) is a complete metric space.

(ii) If v is a real or a complex measure on (X, ¥3), prove that v is continuous
on X (with respect to d) if and only if v is continuous at (} (with respect
to d) if and only if v < p.



Chapter 11

The classical Banach spaces

11.1 Normed spaces.

Definition 11.1 Let Z be a linear space over the field ' = R or over the field
F=Candlet|-|:Z — R have the properties:
(i) [lu+ ol < lull + [[oll, for all u,v € Z,
(i) ||kull = |k]||u|l, for allw € Z and Kk € F,
(111) ||ul| = 0 implies u = o, where o is the zero element of Z.
Then, || - is called @ norm on Z and (Z,]| -||) is called a normed space.

If || - || is understood, we may say that Z is a normed space.

Proposition 11.1 If|| - || is a norm on the linear space Z, then
(i) ||o]| = 0, where o is the zero element of Z,

(i) || — ul| = |Jull, for all u € Z,

(i) ||u|| > 0, for all u € Z.

Proof: (i) |lo|| = [|0- o] = [0]]|o]| = 0.
(i) Il =)l = I(~Lyu] = | = 1/l = [ul.
(iif) 0 = [lof| = fu+ (=w)|| < [lu]l + || = ull = 2||ul| and, hence, 0 < [|u].
Proposition 11.2 Let (Z,||-||) be a normed space. If we defined: Zx Z — R
by

d(u,v) = [Ju— ||

for all u,v € Z, then d is a metric on Z.

Proof: Using Proposition 11.1, we have

a. d(u,v) = |ju —v| > 0 for all u,v € Z and, if d(u,v) = 0, then ||lu —v| =0
and, hence, u — v = o or, equivalently, u = v.

b. d(u,v) = [[u=v| = [[(u—w)+(w=0)|| < [[u—w|+|w—v]| = d(u, w)+d(w,v).

Definition 11.2 Let (Z,|| - ||) be a normed space. If d is the metric defined in
Proposition 11.2, then d is called the metric induced on Z by || - ||.

225



226 CHAPTER 11. THE CLASSICAL BANACH SPACES

Therefore, if (Z, | -]]) is a normed space, then (Z, d) is a metric space and we
can study all notions related to the notion of a metric space, like convergence
of sequences, open and closed sets and so on.

Open balls have the form B(u;r) ={v € Z|||lv —u| <r}.

A sequence {u,} in Z converges to u € Z if |juy, —ul| — 0 as n — +o00. We
denote this by: u,, — v in Z.

A set U C Z is open in Z if for every u € U there is an r > 0 so that
B(u;r) CU. Any union of open sets in Z is open in Z and any finite intersection
of open sets in Z is open in Z. The sets ) and Z are open in Z.

A set K C Z is closed in Z if its complement Z \ K is open in Z or,
equivalently, if the limit of every sequence in K (which has a limit) belongs to
K. Any intersection of closed sets in Z is closed in Z and any finite union of
closed sets in Z is closed in Z. The sets () and Z are closed in Z.

A set K C Z is compact if every open cover of K has a finite subcover of K.
Equivalently, K is compact if every sequence in K has a convergent subsequence
with limit in K.

A sequence {u,} in Z is a Cauchy sequence if ||u, — um| — 0 as n,m —
+o00. Every convergent sequence is Cauchy. If every Cauchy sequence in Z is
convergent, then Z is a complete metric space.

Definition 11.3 If the normed space (Z,|| - ||) is complete as a metric space
(with the metric induced by the norm), then it is called a Banach space.

If there is no danger of confusion, we say that Z is a Banach space.
There are some special results based on the combination of the linear and
the metric structure of a normed space. We first define, as in any linear space,

u+A={u+v|ve A} kA ={kv|ve A}

for all A C Z,u € Z and k € F. We also define, for every u € Z and every
k € F\ {0}, the translation 7, : Z — Z and the dilation [, : Z — Z, by

) =v+u,  l(v) = kv

for all v € Z. It is trivial to prove that translations and dilations are one-to-one
transformations of Z onto Z and that 7, = 7_, and [_! = [1. It is obvious
that u + A = 7,(A4) and kA = [,.(A).

Proposition 11.3 Let (Z,] - ||) be a normed space.

(i) w+ B(v;r) = B(u +v;r) for all u,v € Z and r > 0.

(i1) kB(v;r) = B(kv; |k|r) for allv e Z, k € F\ {0} and r > 0.

(111) If up, — w and v, — v in Z, then up + v, = u+v in Z.

() If kp, — K in F and u, — u in Z, then kKpu, — ku in Z.

(v) Translations and dilations are homeomorphisms. This means that they,
together with their inverses, are continuous on Z.

(vi) If A is open or closed in Z and u € Z, then u + A is open or, respectively,
closed in Z.

(vii) If A is open or closed in Z and € F\{0}, then kA is open or, respectively,
closed in Z.
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Proof: (i) w € u+B(v;r) if and only if w—u € B(v;r) if and only if |w—u—v]|| <
r if and only if w € B(u + v;r).

(i) w € kB(v;7) if and only if X w € B(v;r) if and only if |2 w —v|| < r if and
only if ||w — kv|| < |&|r if and only if w € B(kv; |s|r).

(i) (ttn +0n) — (4 V)] < i — ]| + [0 — o] — 0 a5 1 — +o00.

(iv) |Entn — cu|| < |En]l|un — ul] + |kn — E||jul| = 0 as n — 400, because {k,}
is bounded in F.

(v) f v, — v in Z, then 7,(vn) = u+ v, — u+ v = 7,(v), by (iii). Also,
li(vn) = Koy, — kv = 1, (v), by (iv). Therefore, 7, and [,; are continuous on Z.
Their inverses are also continuous, because they are also a translation, 7_,,, and
a dilation, [ 1, respectively.

(vi) u+ A = 771(A) is the inverse image of A under the continuous 7_,,.

(vii) kA = 17*(A) is the inverse image of A under the continuous Ly

As in any linear space, we define a linear functional on Z to be a function
l: Z — F which satisfies

Hu+wv)=1(u)+1(v), l(ku) = kl(u)
for every u,v € Z and k € F. If [ is a linear functional on Z, then (o) = I(00) =

0l(0) = 0 and I(—u) = I((-1)u) = (=1)l(u) = —l(u) for all w € Z. We define
the sum Iy + l5 : Z — F of two linear functionals l1,ls on Z by

(h+bk)(w)=h (u) + lz(u), u €z
and the product kl : Z — F of a linear functional [ on Z and a k € F' by
(k1) (u) = Kl(u), u€Z.

It is trivial to prove that Iy + Il and kl are linear functionals on Z and that
the set Z’ whose elements are all the linear functionals on 7,

Z' = {l|lis a linear functional on Z},

becomes a linear space under this sum and product. Z’ is called the algebraic
dual of Z. The zero element of Z’ is the linear functional o : Z — F with
o(u) = 0 for every u € Z and the opposite of a linear functional [ on Z is the
linear functional —1: Z — F with (—1)(u) = —I(u) for every u € Z.

Definition 11.4 Let (Z,]|-||) be a normed space andl € Z' a linear functional
on Z. Then | is called a bounded linear functional on Z if there is an
M < 400 so that

[1(u)] < M|Jull

for every u € Z.

Theorem 11.1 Let (Z, | - ||) be a normed space and l € Z'. The following are
equivalent.

(1) 1 is bounded.

(i1) l : Z — F is continuous on Z.

(i1i) | : Z — F is continuous at o € Z.
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Proof: Suppose that [ is bounded and, hence, there is an M < +o0o so that
[1(u)| < M|ul| for every u € Z. If u,, — win Z, then [I(u,)—1(u)| = |l(un—u)| <
M| |uy — ul| — 0 as n — +o0 and, thus, I(u,) — I(u) in F as n — 4o00. This
says that [ is continuous on Z.

If [ is continuous on Z, then it is certainly continuous at o € Z.

Suppose that [ is continuous at o € Z. Then, for ¢ = 1 there exists a § > 0
so that |l(u)| = |l(u) — l(0)| < 1 for every u € Z with |lul]| = |Ju — o] < §.
We take an arbitrary u € Z \ {o} and have that Hﬁ ul| = ¢ < 4. Therefore,

}l(ﬁ u)| < 1, implying that [I(u)| < 2 ||lul|. This is trivially true also for u = o

and we conclude that |I(u)| < M||ul| for every u € Z, where M = 2. This says
that [ is bounded.

Definition 11.5 Let (Z, || -||) be a normed space. The set of all bounded linear
functionals on Z or, equivalently, of all continuous linear functionals on Z,

Z* ={l]|l is a bounded linear functional on Z},
is called the topological dual of Z or the norm-dual of Z.

Proposition 11.4 Let (Z,||-||) be a normed space and | a bounded linear func-
tional on Z. Then there is a smallest M with the property: |l(u)] < M|ul| for
every uw € Z. This My is characterized by the two properties:

(1) [l(u)| < Mo||ul|| for every u € Z,

(i) for every m < My there is a uw € Z so that |l(u)] > m||u]|.

Proof: We consider
My = inf{M | |l(u)] < M||u|| for every u € Z}.

The set L = {M | |l(u)] < M||u|| for every u € Z} is non-empty by assump-
tion and included in [0,+00). Therefore My exists and My > 0. We take a
sequence {M,} in L so that M,, — My and, from |l(u)| < Mp,||u|| for every
u € Z, we find [I(u)| < My||u|| for every u € Z.

If m < My, then m ¢ L and, hence, there is a u € Z so that |I(u)| > m/||u].

Definition 11.6 Let (Z,] - ||) be a normed space and I a bounded linear func-
tional on Z. The smallest M with the property that |l(u)| < M||u| for every
u € Z is called the norm of | and it is denoted by ||l]|«.

Proposition 11.4, which proves the existence of ||I]|., states also its charac-
terizing properties:

Lo l(w)] < ||l]l«||ul| for every u € Z,
2. for every m < ||l]|« there is a u € Z so that |[I(u)| > m||ul.

The zero linear functional o : Z — F is bounded and, since |o(u)| = 0 < 0||u||
for every u € Z, we have that
lofl« = 0.
On the other hand, if [ € Z* has ||l||. = 0, then |I(u)| < O]ju|| = 0 for every
u € Z and, hence, | = o is the zero linear functional on Z.
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Proposition 11.5 Let (Z,|| - ||) be a normed space and l € Z*. Then

()]

12l = sup = sup |l(u)|= sup [l(u)|
uEZ,u#o ”u” w€Z,||ul|=1 u€Z,||ul|<1

Proof: Every u with |lul| = 1 satisfies [|u|| < 1. Therefore, sup, ¢z jju=1 [{(u)] <

SUPye 7, |juf <1 | (w)]-
Writing v = i for every u € Z \ {o}, we have that ||v|| = 1. Therefore,

SUDye 7, usto % = SUDye 7 uto ’l(ﬁ)‘ < SUPyez uf=1 [1(w)].

For every u with |Jul]| < 1, we have |[(u)] < ||l|l«|lu|l < ||I||« and, thus,
SUPye 7, |uf <1 1L (W)] < [|7]+

If we set M = Sup,e 7410 ”H(Zﬁl, then Illl(:jl)\l < M and, hence, |I(u)| < M||ul]
for all u # o. Since this is obviously true for u = o, we have that ||/||. < M and
this finishes the proof.

Proposition 11.6 Let (Z, | - ||) be a normed space, 1,11,ls be bounded linear
functionals on Z and k € F. Then l1 + Iy and kl are bounded linear functionals
on Z and

1+ Lol < llalle + lialle,  lIstlle = [l -

Proof: We have that [(ls + )(w)] < ()] + ()] < [l ]l ul + izl el =
(1]« + |l2][)||w]| for every w € Z. This implies that I3 + l2 is bounded and
that ([l + o[« < [l11]l« + [[Z2]]

Similarly, |(kl)(w)] = |&||l(w)| < |&|||l]|«||u|| for every w € Z. This implies
that xl is bounded and that |||« < |&|||l||.. If & = 0, then the equality is
obvious. If k # 0, to get the opposite inequality, we write |&||l(u)] = |(kl)(u)| <
Il [[u]l. This implies that [(u)] < LFi=

ol < e

|
ls]

ul| for every u € Z and, hence, that

Proposition 11.6 together with the remarks about the norm of the zero func-
tional imply that Z* is a linear subspace of Z’ and that || - ||« : Z* — R is a
norm on Z*.

Theorem 11.2 If (Z,|| - ||) is a normed space, then (Z*,| - ||.) is a Banach
space.

Proof: Let {l,} be a Cauchy sequence in Z*. For all u € Z, |l,,(u) — L, (u)| =
[l = ) (w)] < ||l = U || «||u]] — O as n,m — +o00. Thus, {l,(u)} is a Cauchy
sequence in F' and, hence, converges to some element of F'. We definel: Z — F
by

for every u € Z.

For every u,v € Z and k € F we have [(u 4+ v) = lim,qo0 ln(u +v) =
Hmy, oo I (1) 4 limy, 400 U (v) = 1(u) + 1(v) and {(ku) = limy,— 4o ln(Ku) =
klimy, oo In(u) = Kl(u). Therefore, I € Z'.
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There is N so that ||l, — l|l« < 1 for all n,m > N. This implies that
[T (w) = I (w)] < i — Unll«llul] < |lu]| for all w € Z and all n,m > N and,
taking the limit as n — 400 and, taking m = N, we find [I(u) — Iy (u)] < ||ul|
for all w € Z. Therefore, |I(u)| < [In )|+ |lull < (|IIn ||« +1)||u] for every u € Z
and, hence, [ € Z*.

For an arbitrary € > 0 there is N so that ||l,, — I;]|« < € for all n,m > N.
This implies |l (u) — n(w)| < ln = Lnll<lJull < €lu]| for all v € Z and all
n,m > N and, taking the limit as m — +oo, we find |, (u) — I(u)] < €|jul| for
all w € Z and all n > N. Therefore, ||l, — |« < € for all n > N and, hence,
l, —1lin Z*.

Definition 11.7 Let Z and W be two linear spaces over the same F and a
function T : Z — W. T is called a linear transformation or a linear
operator from Z to W if

T(u+v)=T(w)+T(v), T(ku) = kT (u)
for allu,v € Z and all k € F.

Definition 11.8 Let (Z,|| - ||lz) and (W] - |lw) be two normed spaces and a
linear transformation T : Z — W. We say that T is a bounded linear trans-
formation from Z to W if there exists an M < +o0 so that

1T (w)llw < M|lullz
for allu e Z.

Theorem 11.3 Let (Z,]-]|z) and (W, ||-|lw) be two normed spaces and a linear
transformation T : Z — W. The following are equivalent.

(i) T is bounded.

(1)) T : Z — W is continuous on Z.

(11i) T : Z — W is continuous at o € Z.

Proof: Suppose that T is bounded and, hence, there is an M < 400 so that
IT(w)|lw < M||ul||z for every u € Z. If u,, — uw in Z, then | T(u,) — T'(u)||lw =
1T (upn —w)|lw < M||un, —ul|lz — 0 as n — +oo0 and, thus, T'(u,) — T(u) in W
as n — +o00. This says that 7" is continuous on Z.

If T is continuous on Z, then it is certainly continuous at o € Z.

Suppose that T is continuous at 0 € Z. Then, for € = 1 there exists a d > 0 so
that [|T'(w)|lw = [|T(w)—T(0)||lw < 1 for every u € Z with ||u|z = ||lu—o| z < 4.
We take an arbitrary u € Z\ {o} and have that H m uHZ = g < 6. Therefore,

HT(m u)HW < 1, implying that ||T'(u)|lw < %|lulz. This is trivially true

also for u = o and we conclude that ||T(u)||lw < M|u|z for every u € Z, where
M = %. This says that T' is bounded.

Proposition 11.7 Let (Z,| - ||z) and (W, || - [lw) be two normed spaces and a
bounded linear transformation T : Z — W. Then there is a smallest M with
the property: || T(u)|lw < M||ul|z for every uw € Z. This My is characterized by
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the two properties:
(i) | T(w)|lw < Mollullz for every u € Z,
(i1) for every m < My there is a uw € Z so that | T(uw)||lw > m|julz.

Proof: We consider
My = inf{M || T(u)||lw < M||u||z for every u € Z}.

The set L = {M|||T(w)||lw < M||u||z for every u € Z} is non-empty by
assumption and included in [0, +00). Therefore M exists and My > 0. We take
a sequence {M,} in L so that M,, — My and, from ||T(u)|lw < My||ul|z for
every u € Z, we find ||T(u)||w < My||lu| z for every u € Z.

If m < My, then m ¢ L and, hence, there is a v € Z so that || T(u)||lw >
mijulz.

Definition 11.9 Let (Z,|| - ||z) and (W,]| - |lw) be two normed spaces and a
bounded linear transformation T : Z — W. The smallest M with the property
that |T(u)lw < M||ullz for every uw € Z is called the norm of T and it is
denoted by ||T||.

By Proposition 11.7, which proves the existence of ||T'||, we have:
L T@)lw < |IT|||lullz for every u € Z,
2. for every m < ||T|| there is a u € Z so that ||T(u)||lw > m|u| z.

The zero linear transformation o : Z — W is bounded and, since ||o(u)||w =
0 < 0]u||z for every u € Z, we have that

[lof| = 0.

On the other hand, if T" is a bounded linear transformation with ||T'|| = 0,
then ||T(w)||lw < 0|lul|z = 0 for every u € Z and, hence, T = o is the zero linear
transformation.

Proposition 11.8 Let (Z,] - ||z) and (W, || - [lw) be two normed spaces and a
bounded linear transformation T : Z — W. Then
1T ()l

IT||= sup ———= sup [T(u)|lw= sup [T(u)]w.
wezuto Uz weZ,|ullz=1 weZ,ull z<1

Proof: Every u with ||ul|z = 1 satisfies ||u||z < 1. This, clearly, implies that
SUPye 7, full z=1 1T (W llw < suPyez ju), <1 |7 (w)llw
Writing v = e for every u € Z \ {0}, we have that ||v]|z = 1. Therefore,

T
SUDye 2,ut0 LTt = $UDye 7,20 | T (1) [l < SWuez,jufz=1 1T (w)][w

For every u with ||ul|z < 1, we have [|T(u)||lw < [|T||||lullz < ||T|| and, thus,
SUPyez, ull <1 |7 (W) llw < [|T.

If we set M = Sup,cz uzo ”T”(:H)!W, then % < M and this implies
IT(uw)||lw < M|lu||z for all u # o. Since this is obviously true for u = o, we have
that ||T|| < M and this finishes the proof.
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Definition 11.10 Let (Z,] - ||z) and (W, || - |lw) be two normed spaces and a
bounded linear transformation T : Z — W.

If T is onto W and | T (uw)||lw = ||ul|z for every uw € Z, then we say that T
is an tsometry from Z onto W or an isometry between Z and W.

If IT(W)|lw = ||u|lz for every w € Z, we say that T is an isometry from
Z into W.

Proposition 11.9 Let (Z,] - ||z) and (W,| - |lw) be two normed spaces.

(i) If T is an isometry from Z into W, then T is one-to-one.

(ii) If T is an isometry from Z onto W, then T~ is also an isometry from W
onto Z.

Proof: (i) T8 T(u) = T(v), then 0 = | T(w) = T(v)llw = | T(u=v)|w = lu—v]2
and, hence, u = v.
(ii) From (i) we have that T is one-to-one and, thus, the inverse mapping 7! :
W — Z exists. If w,wy, w2 € W and k € F, we take the (unique) w,u1,us € Z
so that T(u) = w,T(u1) = wy and T(uz) = wy. Then T(uy + ug) = T(u1) +
T(uz) = wy + we and, hence, T~ (w1 + wa) = uy +uz = T H(wy) + T ws).
Also, T'(ku) = kT (u) = kw and, hence, T~ (kw) = ku = kKT~ (w). These
imply that 7-!: W — Z is a linear transformation.

Moreover, |T~Y(w)||z = ||lullz = ||T(vw)||lw = ||w|lw. Therefore, T~ is an
isometry from W onto Z.

11.2 The spaces L(X, % ).

In this whole section and the next, (X, X, u) will be a fixed measure space.
Definition 11.11 If 0 < p < 400, we define the space LY(X,%, 1) to be the
set of all X—measurable functions f : X — R with

/ 1P dps < +oo.
X

The space LP(X, %, 1) is the set of all S—measurable f : X — C under the
same finiteness condition.

If R or C are understood, we write LP(X, %, u) for either L2(X, 3, 1) or
£2(X, 3, p).

Observe that the space £1(X,X, u) is the set of all functions which are
integrable over X with respect to p.

Proposition 11.10 The spaces LP(X, %, u) are linear spaces over R and the
spaces L2(X, %, 1) are linear spaces over C.

Proof: We shall use the trivial inequality

(a+b)P < 2P(aP 4 bP), 0<a,b.
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This can be proved by (a + b)? < [2max(a,b)]P? = 2P max(aP,bP) < 2P(a? + bP).

Suppose that f1, fa € LP(X, %, ). Then both f; and fs are finite p-a.e. on
X and, hence, f; + fo is defined p-a.e. on X. If f; + f5 is any X —measurable
definition of f1+ f2, then, using the above elementary inequality, | (f1+ f2)(z)[? <
27(| f1(z)|P 4 | f2(z)|P) for p-a.e. z € X and, hence,

/|f1+fz|pdu§2p/ Ifllpdu+2p/ folP dyt < +oo.
X X X

Therefore f1 + fo € LP(X, X, p).
If felfP(X,X,u)and k € Rorif f e LE(X,3, u) and k € C, then

[ verp =1 [ 157 dn < 4.
X X

Therefore, kf € LP(X, %, ).

Definition 11.12 Let f : X — R or C be Y—measurable. We say that f is
essentially bounded over X with respect to u if there is M < 400 so that
[fl <M p-a.e. on X.

Proposition 11.11 Let f : X — R or C be X—measurable. If f is essentially
bounded over X with respect to u, then there is a smallest M with the property:
[fl <M p-a.e. on X. This smallest My is characterized by:

(i) 1 < Mo p-ae. on X,

(it) u({z € X ||f(z)] > m}) > 0 for every m < M.

Proof: We consider the set A ={M||f| < M u—a.e. on X} and the
My =inf{M||f| < M p—ae. on X}.

The set A is non-empty by assumption and is included in [0, +00) and, hence,
My exists.

We take a sequence {M,} in A with M,, — My. From M, € A, we find
p{z e X||f(x)] > My}) = 0 for every n and, since {x € X ||f(x)] > Mo} =
Utei{z € X||f(z)| > M,}, we conclude that u({x € X||f(z)| > Mo}) = 0.
Therefore, |f| < My u-a.e. on X.

If m < My, then m ¢ A and, hence, u({z € X ||f(z)| > m}) > 0.

Definition 11.13 Let f : X — R or C be X—measurable. If f is essentially
bounded, then the smallest M with the property that |f| < M p-a.e. on X is
called the essential supremum of [ over X with respect to i and it is
denoted by ess-supx . (f).

The ess-supx,,(f) is characterized by the properties:
L. |f| < ess-supx . (f) p-ae. on X,

2. for every m <ess-supx,,(f), we have p({z € X ||f(z)| > m}) > 0.
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Definition 11.14 We define L£°(X, %, u) to be the set of all X—measurable
functions f : X — R which are essentially bounded over X with respect to p.
The space LZ(X, %, 1) is the set of all ©—measurable f : X — C which are
essentially bounded over X with respect to pu.
If R or C are understood, we write L=(X,X, ) for either L2(X,%, 1) or
£2(X, %, ).

Proposition 11.12 The space L°(X, %, u) is a linear space over R and the
space L (X, X, 1) is a linear space over C.

Proof: 1t f1, fo € L®(X, %, u), then there are sets A1, A € ¥ so that u(A§) =
1(A5) = 0 and |fi]| < ess-supx,,(fi) on Ay and |fa| < ess-supx . (f2) on As.
If we set A = A; N Az, then we have pu(A°) = 0 and |f1 + f2| < |f1] + |f2] <
ess-supx,,(f1)+ess-supx,,(f2) on A. Hence fi + f2 is essentially bounded over
X with respect to p and

ess-supy ,(f1 + f2) < ess-supy ,(f1) + ess-supy ,(f2).

If felX(X,2,p)andks € Ror f e LX(X,E,n) and k € C, then there
is A € ¥ with p(A°) = 0 so that |f| < ess-supx,,(f) on A. We, now, have
|kf| < |k|ess-supx ,(f) on A. Hence kf is essentially bounded over X with
respect to g and ess-supx ,(kf) < |kless-supx . (f). If & = 0, this inequality,
obviously, becomes equality. If k # 0, we apply the same inequality to % and
rf and get ess-supx . (f) = ess-supx (L (kf)) < ﬁ ess-supx,,(k[f). Therefore

ess—supX#(fif) = |f<a|ess—supX7M(f).
Definition 11.15 Let 1 < p < +o0o0. We define

L. gfl<p<+4oo

p—17 =
p=9q too, ifp=1
1, if p= 4o0.

We say that p' is the conjugate of p or the dual of p.

The definition in the cases p = 1 and p = +o0 is justified by lim,_.14 1% =
+oo and by lim,_, 4 p%l =1.

It is easy to see that, if p’ is the conjugate of p, then 1 < p’ < +oo and p is
the conjugate of p’. Moreover, p,p’ are related by the symmetric equality

+ —=1

1
v

K=

Lemma 11.1 Let 0 <t < 1. For every a,b > 0 we have

atb' =t <ta + (1 —t)b.
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Proof: If b = 0 the inequality is obviously true: 0 < ta.

If b > 0, the inequality is equivalent to (%)t <ty +1—tand, setting r = 7,
it is equivalent to #t < tx +1 —t, 0 < x. To prove it we form the function
f(x) = 2" — tz on [0,+00) and we easily see that it is increasing in [0, 1] and
decreasing in [1,+00). Therefore, f(z) < f(1) =1 —t¢ for all z € [0, +0).

Theorem 11.4 (Hélder’s inequalities) Let 1 < p,p’

<
conjugate to each other. If f € LP(X,%,p) and g € LP (X,
LYX, X, 1) and

Joisstaws ([ 1sran) ([ 1o aw)”. 1 <pf <o

/X|fg|du§/x|f|du - ess-supx ,(9) , p=1,p = +oo,

+o0o and p,p’ be
X, p), then fg €

/Ifglduﬁ eSS-supx,u(f)/ lgldp,  p=+oo,p’ =1.
X X

Proof: (a) We start with the case 1 < p,p’ < +o0.

If [ [fIPdp=0orif [, |9|P" dp = 0, then either f =0 p-a.e. on X or g = 0
p-a.e. on X and the inequality is trivially true. It becomes equality: 0 = 0.

So we assume that A = [ [f[Pdy > 0 and B = [ lg|P" dp > 0. Applying

Lemma 11.1 witht =21 —¢=1-1 =1 and q = L@
p p p
that

P
‘ , we have

_ lg@”
b =15

Fgl 1l 1
AsBy P A p B

N

u-a.e. on X. Integrating, we find

1
AFB7

1 1
/|fg|d,u§—+—/:1
X p p

and this implies the inequality we wanted to prove.

(b) Now, let p =1, p’ = 4o00. Since |g| < ess-supx,,(g) p-a.e. on X, we have
that |fg| < |f| ess-supx,.(g) p-a.e. on X. Integrating, we find the inequality
we want to prove.

(c) The proof in the case p = 400, p’ = 1 is the same as in (b).

Theorem 11.5 (Minkowski’s inequalities) Let 1 < p < +oo. If f1,f2 €
LP(X, %, 1), then

(/X|f1+f2|Pdu)%s(/X|fllpdu)%+(/x|fglpdu)%, 1<p <+,

ess-supx)u(fl + f2) < ess-supx)u(fl) + ess-supx7u(f2) , p = —+o0.
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Proof: The case p = +00 is included in the proof of Proposition 11.12. Also,
the case p = 1 is trivial and the result is already known. Hence, we assume
1 <p<+4o0.

We write

|f1r 4 f2IP < (fil + 1 f2Dlfr + flP 7t = AIA + 1P+ 1 fllfs + ffP 7!

p-a.e. on X and, applying Holder’s inequality, we find

L
7

/X|f1+lepdu < (/X|f1|pdu)%(/xlf1+fz|(p””'du)”
+(/X|f2|pdﬂ E(/X|f1+f2|(p_l)p/du)?
= (/X|f1|pdﬂ)%(/x|f1+f2|pd,u)ﬁ

L
7

([ Ile”du)%(/x [+ Fol? dir) ™

Simplifying, we get the inequality we want to prove.

Definition 11.16 Let {f,} be a sequence in LP(X, %, n) and f € LP(X, 3, ).
We say that {f,} converges to f in the p-mean if

/|fn_f|pdﬂ—>oa 1§p<—|—OO,
X

ess-supx ,(fn — f) =0, p=+00

as n — +oo. We say that {f,} is Cauchy in the p-mean if
/|fn_fm|pd,u_’07 1<p<+o0,
X

ess-supx ,(fn — fm) — 0, p=+00

as n,m — —+oo.

The notion of convergence in the 1-mean coincides with the notion of con-
vergence in the mean on X. The following result is an extension of the result of
Theorem 9.1.

Theorem 11.6 If {f,} is Cauchy in the p-mean, then there is f € LP(X, X, p)
so that {fn} converges to f in the p-mean. Moreover, there is a subsequence
{fn.} which converges to f p-a.e. on X.

As a corollary: if {fn} converges to f in the p-mean, there is a subsequence
{fn,} which converges to f p-a.e. on X.
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Proof: (a) We consider first the case 1 < p < +o0.
First proof. Since each f, is finite u-a.e. on X, there is A € ¥ so that u(A°) =0
and all f,, are finite on A.

We have that, for every k, there is ny so that fX [fn— fm|Pdp < 2%? for
every n,m > ny. Since we may assume that each ny is as large as we like,
we inductively take {nj} so that ny < ngy; for every k. Therefore, {f,,} is a
subsequence of {f,}.

From the construction of nj and from ny < ngy1, we get that

1
/X |fmc+1 - fmclp dluf < 2Tp
for every k. We define the ¥—measurable function G : X — [0, 4+o00] by

G:{ 72 frss — fanl, on A
0,

on A¢

If
Gk = {ZkK—_ll |fmc+1 - fmc|7 on A
0,

on A¢ '’

then ( [y G% d,u)% <SR (S s — Funl? d,u)% < 1, by Minkowski’s in-
equality. Since Gx 1 G on X, we find that [, G?du < 1 and, thus, G < 400
p-a.e. on X. This implies that the series Z;:;X]j.(fnk+l(x) — fn,(z)) converges
for p-a.e. © € A. Therefore, there is a B € ¥, B C A so that u(A\ B) =0
and 327 (fupsr (2) — fan(z)) converges for every @ € B. We define the ¥—
measurable f : X — C by

f = {fnl +Z;:§<1)(fnk+1 - f’ﬂk)u on B
0,

on B°.

On B we have that f = fn, +limg 100 Soh (frpr = frr) =My oo frg

and, hence, {f,,} converges to f p-a.e. on X.
We, also, have on B that |fn1< - f| = |an - fnl - ;:;X]i(fnlwrl - fnk)| =

K-1 0o 0o
| Zk:l (f’n-k+1 - f'n«k) - ;::1 (f’n-k+1 - f'n«k)| S Z;::K |f’n-k+1 - f'n«k| S G for every
K and, hence, |fn, — fI? < GP p-a.e. on X for every K. Since we have
Jx G? dp < 400 and that | f,, — f| — 0 p-a.e. on X, we apply the Dominated
Convergence Theorem and we find that

/ fon — fIPdp— 0
X

as K — +oo0. )
1 1
From np — +oo, we get ([ [fe — fIPdpw)? < ([x [fe — fuulPdp)” +
1
([ |fr, = fIPdp)? — 0 as k — +o0 and we conclude that {f,} converges

to f in the p-mean.
Second proof. For every € > 0 we have that u({x € X ||fn(z) — fin(2)| > €}) <
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1
%(fx |fn — fm|P dp)” and, hence, {fn} is Cauchy in measure on X. Theorem
9.2 implies that there is a subsequence { f,,, } which converges to some f p-a.e.
on X.
Now, for every € > 0 there is an N so that [, [f, — fm[P dp < € for all
n,m > N. Since ny — 400 as k — 400, we use m = ny, for large k and apply
the Lemma of Fatou to get

/|fn—f|Pd,ugliminf/ |fn_fnk|pduge
X k—+oo Jx

for all n > N. This, of course, says that {f,} converges to f in the p-mean.
(b) Now, let p = +o0.

For each n,m we have a set A, ,, € ¥ with u(45, ,,,) =0 and |f, — fm| <
ess-supx,(frn — fm) o0 Ay, . We form the set A = Ni<p mAn,m and have that
pu(A°) = 0 and |f, — fm| < ess-supx ,(fn — fm) on A for every n,m. This
says that {f,} is Cauchy uniformly on A and, hence, there is an f so that {f,}
converges to f uniformly on A. Now,

ess-supy ,(fn — f) < Slelg | fu(z) = f(z)] — 0
as n — +o0.

If, for every f € LP(X, %, 1), we set

N,(f) = (Jx [fPdu)? . if1<p<+oo
P ess-supy ,(f), if p= +oo,

then, Propositions 11.10 and 11.12 and Theorem 11.5 imply that the function
N, : LP(X, %, ) — R satisfies

1. Np(f1 + f2) < Np(fl) + N;D(fQ)a
2. Ny(kf) = |K|IN,(f)

for every f, f1, f2 € L2(X, %, u) or LE(X, X, u) and k € R or C, respectively.

The function N, has the two properties of a norm but not the third. Indeed,
N,(f) = 01if and only if f =0 p-a.e. on X. The usual practice is to identify
every two functions which are equal pi-a.e. on X so that IV, becomes, informally,
a norm. The precise way to do this is the following.

Definition 11.17 We define the relation ~ on LP(X, X, 1) as follows: we write
1~ foif fi = f2 p-a.e. on X.

Proposition 11.13 The relation ~ on LP(X, X, u) is an equivalence relation.

Proof: 1t is obvious that f ~ f and that, if f; ~ fo, then fo ~ f1. Now, if
fi~ f2and fa ~ f3, then there are A, B € ¥ with u(A°) = pu(B°) = 0 so that
fi = faon A and fy = f3 on B. This implies that u((ANB)¢) =0 and f1 = f3
on AN B and, hence, fi ~ f3.



11.2. THE SPACES L¥(X,%, ). 239

As with any equivalence relation, the relation ~ defines equivalence classes.
The equivalence class [f] of any f € LP(X, %, u) is the set of all f' € LP(X, 3, u)
which are equivalent to f:

I =A{f" € LP(X, 5w [ [~ f}.

Proposition 11.14 Let f1, fo € LP(X, X, u). Then
(i) [f1] = [f2] if and only if f1 ~ fa if and only if f1 = fo p-a.e. on X.
(i) If [f1] O [f2] # 0, then [f1] = [f2].

Moreover, LP(X, %, u) = Userr(x5,0lf]-

Proof: (i) Assume f1 ~ fo. If f € [f1], then f ~ f1. Therefore, f ~ fy and,
hence, f € [f2]. Symmetrically, if f € [f2], then f € [f1] and, thus, [f1] = [f2].
If [f1] = [f2], then fi € [f1] and, hence, f; € [f2]. Therefore, fi ~ fo.
(i) If f € [f1] and f € [f2], then f ~ f; and f ~ fo and, hence, f; ~ fo. This,
by the result of (i), implies [f1] = [f2]-
For the last statement, we observe that every f € LP(X, X, 1) belongs to [f].

Proposition 11.14 says that any two different equivalence classes have empty
intersection and that £P(X, X, 1) is the union of all equivalence classes. In other
words, the collection of all equivalence classes is a partition of £P(X, X, ).

Definition 11.18 We define
LP(X, %, p) = LY(X, 5 )/ ={[f] | f € LP(X, X, )}

The first task is to carry addition and multiplication from £P(X, %, i) over
to LP(X, 3, p).

Proposition 11.15 Let f, f1, fo, f', f1, 4 € LP(X, 2, p).

(i) If fr ~ f1 and f2 ~ f3, then fi + f2 ~ f{ + 3.

(ii) If f ~ [, then kf ~ Kf'.

Proof: (i) There are A;, Az € ¥ with u(A$) = p(AS) = 0 so that f1 = f{ on
A; and both f1, f{ are finite on A; and, also, fo = f} on Ay and both fs, f} are
finite on Ay. Then p((A; N A2)°) =0 and f1+ fo = f] + f4 on A; N As. Hence,
it fo~ [+ 15

(ii) There is A € ¥ with pu(A¢) =0 so that f = f" on A. Then, xf = kf’ on A
and, hence kf ~ xf’.

Because of Proposition 11.14, another way to state the results of Proposition
11.15 is:

L[l = [A1] and [fo] = [fa] imply [f1 + fi] = [f2 + f2],
2. [f] = [f'] implies [rf] = [£[’].

These allow the following definition.
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Definition 11.19 We define addition and multiplication in LP(X,3, 1) as fol-
lows:

[f1] + [f2] = [f1 + f2l, k[f] = [kf].

It is a matter of routine to prove, now, that the set LP(X,X, 1) becomes
a linear space under this addition and multiplication. If we want to be more
precise, we denote this space L2(X, X, ), if it comes from £2(X, 3, i), and we
denote it L2(X, X, u), if it comes from £2(X, 3, u). Then L2(X, X, i) is a linear
space over R and LP(X, X, ) is a linear space over C.

The zero element of L?(X, X, i) is the equivalence class [o] of the function o
which is identically 0 on X. The opposite of an [f] is the equivalence class [— f].

The next task is to define a norm on LP(X, ¥, u).

Proposition 11.16 Let f1, fo € LP(X, X, ). If f1 ~ fa, then Np(f1) = Np(f2)
or equivalently

/|f1|pdu=/ PolPde,  1<p< o,
X X

ess-supy (1) = ess-supy ,(f2) . p=+oo.

Proof: Tt is well known that f; = fo p-a.e. on X implies the first equal-
ity. Regarding the second equality, we have sets B, A1, As € 3 with u(B¢) =
p(Af) = n(As) = 0 so that fi = fo on B, |fi| < ess-supx,,(f1) on A; and
|f2] < ess-supx,,(f2) on As. Then, the set A = BN A N Ay has p(A°) = 0.
Moreover, |fi| = |f2| < ess-supx,,(f2) on A and, hence, ess-supx,,(f1) < ess-
supx,.(f2). Also, |f2| = |f1] <ess-supx . (f1) on A and, hence, ess-supx ,(f2) <
ess-supx, . (f1)-

An equivalent way to state the result of Proposition 11.16 is
L [fi] = [f2] implies [ |[f1[Pdu = [y [f2P dp, if 1 < p < +o0,
2. [f1] = [f2] implies ess-supx,,(f1) = ess-supx ,(f2), if p = +o0.
These allow the
Definition 11.20 We define, for every [f] € LP(X, X, 1),
1
11l = No() = { Ulidn) e =n s

Proposition 11.17 The function || - ||, is a norm on LP(X,%, ).

Proof: We have |[[f1]+[f2]llp = [I[f1+ falllp = Np(f1+ f2) < Np(f1)+Np(f2) =

Il + [ f2lllp- Also [|&[f]llp = [l[5f1llp = Np(£f) = [KINp(f) = |KI[f]]]p-
If I[f1llp = 0, then N,(f) = 0. This implies f = 0 p-a.e. on X and, hence,
f ~ o or, equivalently, [f] is the zero element of L?(X, X, u).
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In order to simplify things and not have to carry the bracket-notation [f] for
the elements of LP(X, 3, u), we shall follow the traditional practice and write
f instead of [f]. When we do this we must have in mind that the element f of
LP(X, %, 1) (and not the element f of LP(X, X, 11)) is not the single function f,
but the whole collection of functions each of which is equal to f p-a.e. on X.

For example:

1. when we write fi; = fo for the elements f1, fo of LP(X, %, 1), we mean the
more correct [f1] = [f2] or, equivalently, that fi; = fo p-a.e. on X,

2. when we write [ fgdpu for the element f € LP(X, X, i), we mean the integral
fX fgdu for the element-function f € LP(X,X, u) and, at the same time, all
integrals [y f’gdu (equal to each other) for all functions f' € £P(X, %, i) such
that f' = f p-a.e. on X,

3. when we write || f||, for the element f € LP(X, 3, i) we mean the more correct

|[f]llp or, equivalently, the expression ( [y |f|? du)%, when 1 < p < 400, and
ess-supx,,(f), when p = +oo, for the element-function f € LP(X,X, ) and
at the same time all similar expressions (equal to each other) for all functions
e £P(X, %, u) such that f' = f p-a.e. on X.
The inequality of Minkowski takes the form
11+ Fallp < [Lfrllo + [ 2l

for every f1, fo € LP(X, %, p).
Holder’s inequality takes the form
I fglls < £ llpllglly
for every f € LP(X,%, ) and g € L (X, 3, ).
Theorem 11.7 All LP(X, %, u) are Banach spaces.

Proof: Let { fn} be a Cauchy sequence in LP(X, X, i). Then || fn— fm||p — 0 and,
hence, [y |fn — fm[Pdp — 0, if 1 < p < +o0, and ess-supx u(fn — fm) — 0, if
p = +0o. Theorem 11.6 implies that the sequence {f,} in £P(X, X, ) converges
to some f € LP(X,¥, ) in the p-mean. Therefore, [y [fn — fIPdu — 0, if
1 < p < 400, and ess-supx ,(fn — f) — 0, if p = +oo. This means that
| fn — fllp — 0 and {f,} converges to the element f of LP(X, %, p).

Definition 11.21 Let I be a non-empty index set and § be the counting measure
on (I,P(I)). We denote

IP(I) = LP(I,P(I),t).
In particular, if I = N, we denote [P = [P(N).

If 1 < p < +0o0, then, the function b = {b;};cr : I — R or C belongs to IP(I)
if, by definition, [} [b[P df < 400 or, equivalently,

> Ibil? < +oo.
i€l

If |b;| = 400 for at least one i € I, then ., [b;|P = +oc.
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Definition 11.22 Let I be an index set and b:1 — R or C. If 1 < p < 400,
we say that b = {b;}icr is p-summable if Y, |b;|P < +oo.

Hence, b = {b; };cs is p-summable if and only if it belongs to [?(I). We also

have
I8l = (> [bilP) 7.

iel

S

When 1 < p < 400, Minkowski’s inequality becomes
(D1} +83m)7 < (S ) + (3100
il i€l i€l

for all b* = {b}}ic; and b? = {b?};c; which are p-summable. Similarly, when
1< p,p’ < o0, Holder’s inequality becomes

S e < (32 0il) P (3 et
iel el il

for all p-summable b = {b;};c; and all p’-summable ¢ = {¢; }ies-

Since the only subset of I with zero f-measure is the (), we easily see that
b = {b;}icr is essentially bounded over I with respect to f if and only if there
is an M < +o0 so that |b;| < M for all ¢+ € I. It is obvious that the smallest M
with the property that |b;] < M for all i € I is the My = sup;¢; |bil.

Definition 11.23 Let I be an index set and b : I — R or C. We say that
b= {b;}icr is bounded if sup;c; |bi| < +o0.

Therefore, b is essentially bounded over I with respect to § or, equivalently,
b € 1°°(I) if and only if b is bounded. Also,

16]] 0 = ess—supm(b) = sup |b;|.
i€l

The inequality of Minkowski takes the form

sup [b; + b7| < sup [b; | + sup b7 |
i€l il il

for all b = {b}}ic; and bv* = {b?};c;r which are bounded. When p = 1 and
p' = 400, Holder’s inequality takes the form

D lbicil < [bil - sup el
iel iel el

for all summable b = {b;};cr and all bounded ¢ = {¢; }ier.
The spaces [P(I) are all Banach spaces.
As we have already mentioned, a particular case is when I = N. Then

—+o0
ZPZ{I:(I1,$2,...)|Z|$k|p<+(}0}, 1§p<+00,
k=1
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l°°={xz(xl,xg,...)|sup|xk| <—|—<>o}7 p = +oo.
k>1
The corresponding norms are
+oo 1
lzllp = (D l=l?)" . 1<p< oo,
k=1
[#]loc = sup |zx|,  p =400,
E>1
for every z = (21, 22,...) € IP.
Another very special case is when I = {1,...,n}. In this case we have
I2(I) = R"™ and [2(I) = C™. The norms are
n 1
ol = (D lael”)” 1<p <o,
k=1
e = max |zg|,  p=-+oo,

for every x = (z1,...,2,) € R™ or C".

11.3 The dual of LP(X, X, u).

Theorem 11.8 Let g € LP (X, %, ). If 1 < p < 400, then

lolly =sup{| [ fodu]1 £ € X2 150, <1}

If u is semifinite, the same is true when p = 1.

Proof: (a) Let 1 < p < 400 and, hence, 1 < p’ < +o0.

For any f € LP(X,%, u) with || f||, < 1, we have, by Holder’s inequality,
that | [ fgdpl < [[flplglle < llglly- Therefore,

sun{| [ fodu| 11 € 27X 5. £l < 1} < gl

If |lgll,y = O, then the inequality between the sup and the ||g||,/, obviously,
becomes equality. Anyway, we have fx |g|p/ dp = 0 and, hence, g = 0 p-a.e. on
X. This implies that fX fgdu =0 for every f € LP(X, %, ).

Now, let ||g||l,» > 0. We consider the function f, defined by

lo(@)|” " 'sign(s@)) it g(y) is finite and 0
folw) = O H9H2:71 , if g(x) is finite and g(x) # 0,

if g(x) is infinite or g(x) = 0.
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Then,

lg(@)”"
folz)g(z) =< lgl, ™"’
0, if g(x) is infinite

if g(x) is finite,

and, hence, [ fogdp = i [y lgI”" dp = llgp-
If 1 < p,p’ < 400, then, since p(p — 1) =p/,
lg(@)[””

[fo(z)IP = a2y
0, if g(x) is infinite

if g(x) is finite,

1
and, hence, || foll, = ( [x [fol”dp)” = 1.
If p=+o0,p’ =1, then

| fo(z)| = 1, if g(z) is finite and # 0,
’ 10, if g(z) is infinite or = 0

and, hence, || follcc = ess-supx,.(fo) = 1.
We conclude that

lolly = max{| [ foau] 11 € 22X 20,171, < 1}

(b) Let p = 1,p/ — +OO
For any f € LY(X, %, u) with || f||1 < 1, we have |fX Fadul < |1flallglleo <
llgllco- Therefore,

sup{| [ fadul| £ € 2'OCE 017 < 1) < gl

If |gllsc = 0, then g = 0 p-a.e. on X. This implies that [, fgdu = 0 for
every f € LP(X, %, ) and, thus, the inequality between the sup and the ||g|c
becomes equality.

Let ||g]looc > 0. We consider an arbitrary € with 0 < € < ||g||oc and, then
p{z € X|lglloo — € < |9(z)] < llglloc}) > 0. If p is semifinite, there exists a
BeXsothat BC {z € X||glloc —€ < |9(2)] < |lglloc} and 0 < u(B) < +o0.
We define the function fy by

0, if g(z) is infinite.
Then,
leg@)Ixs(x) : .
folx)g(z) = { wB) if g(z) is finite,
0, if g(x) is infinite

and, hence, fX fogdu = ﬁ fB lgldp > [|glloc — €.
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Also,

| fol)] = { XB](;)) , if g(z) is finite,
our 0, if g(x) is infinite
and, hence, || folli = [ [fol du = ﬁ Jp dp=1.
These imply

sup{| [ fodul1 £ € D'OCE .17 <1} > gl — e

for every € with 0 < € < ||g||c and, taking the limit as e — 04, we conclude
that

lolle =sup {| [ fodu]| £ € 10X S 1 < 1}

Definition 11.24 Let 1 < p < +o0. For every g € L? (X, %, ) or L¥ (X, 2, )
we define I, : LE(X, X, u) — R or, respectively, 1, : LE(X, %, u) — C by

f>:/ngdu, feIP(X, 5. p).

Proposition 11.18 Let 1 < p < 4o00. For every g € 5 (X, X%, 1), the function
ly of Definition 11.24 belongs to (LP(X, %, u))*.

Moreover, if 1 < p < +oo, then ||y« = |lgllpy and, if p = 1, then ||y«
lglloo- If p =1 and p is semifinite, then ||lg]|« = ||g||oo-

Proof: We have ly(f1 + f2 = [x(fi + fogdp = [ frgdp + [y fogdp =
Lg(f1) +1g(f2)- Also ly(f) = [x(kf)gdu =k [ fgdp = klg(f). These imply
that [, is a linear functlonal

Theorem 11.8 together with Proposition 11.5 imply that, if 1 < p < 400,
then ||l4]|« = ||g|lpr. If 1 is semifinite, the same is true, also, for p = 1.

Ifp =1, for every f € LL(X, S, 1) we have [ly(f)] = | [ fgdu| < lgllocll fI1-
Therefore, ||lg]l+ < /g]lco-

IN

Definition 11.25 Let1 < p < 4+o0. We define the mapping J : v (X, %, n) —
(LP(X, %, )" by

for all g € LP (X, 2, ).

Proposition 11.19 The function J of Definition 11.21 is a bounded linear
transformation. If 1 < p < 400, J is an isometry from LP (X, %, u) into
(LP (X, X, p))*. This is true, also, when p =1, if u is semifinite.

Proof: For every f € LP(X,3,u) we have Iy, 4q,(f fx (n + g2)dp =
fX foa dﬂ"’fx fg2dp = 1g, (f) +1g,(f) = (g, +lgz)(f) and hence, J(g1+g2) =
lgl+g2 = lgl + lg2 = J(gl) + J(QQ)

Moreover, lg(f) = [y f(kg)dp = & [ fgdu = kly(f) = (klg)(f) and,
hence, J(kg) = l,.ig = kly = KkJ(g).

Now, ||J(g)|l« = lligll« < llgllp and J is bounded. That J is an isometry is
a consequence of Proposition 11.18.
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Lemma 11.2 Let | € (LP(X, X, p)*. IfE€ X, Xg ={A € X|AC E} is the
restriction of X on E and p is the restricted measure on (E,Xg), we define lg
by _

lg(h)=1(h),  heLP(E,Xp,p),

where h is the extension of h as 0 on X \ E.
Then, lg € (LP(E,Xg, 1)* and ||lg|| < ||I||. Moreover,

l(fXE):lE(fE)a feLp(X,E,,u),

where fg is the restriction of f on E.

Pmof For all h, hy,he € LP(E, X Y B I ) we consider the corresponding extensions
h hl,hg € LP(X,%, p). Since hl + h2 and xh are the extensions of hi + ho
and kh, respectively, we have lg(hy + hy) = I(hy + ha) = l(h1) + l(ha) =
Ig(h) + lg(hs) and lg(kh) = I(kh) = kl(h) = klp(h). This proves that g is
linear and |lg(h)| = |I(h)| < ||l||||h|\p = ||l|||| k||, proves that Ig is bounded and
that [[ig|| < ||| . .

If f e LP(X,%, ), then fr = fxg on X and, hence, Ig(fg) = l(fr) =
UfxE).

Definition 11.26 The lg defined in Lemma 11.2 is called the restriction of
le (Lp(Xv Za ,u))* on L;D(E, EEM“)

Theorem 11.9 If1 < p < +o00, the function J of Definition 11.21 is an isom-
etry from LP (X,%, p) onto (LP(X, X, u))*. If u is o-finite, then this is true
also when p = 1.

Proof: A. We consider first the case when p is a finite measure: u(X) < +oo.
Let [ € (LP(X,%,p))* and 1 < p < +o0.
Since [, [xal? dp = pu(A) < 400, we have that x4 € LP(X, %, u) for every
A € ¥. We define the function v : ¥ — R, if [ € (LE(X, X, u))*, or v : ¥ — C,
ifl € (L2(X,%, u))*, by

v(A) =1(xa), Aek.

We have v(0) = I(xp) = l(0) = 0. If A;, Ag,... € 3 are pairwise disjoint
and A = U+°°AJ, then x4 = Z;L:f x4, Therefore, || 377, xa, — xallb =
Jx 12 xa, P = [y Ixore 1P i = (U125 11 45) — p(®) = 0, by the
continuity of i from above. The linearity and the continuity of I imply, now, that
E;L 1v(4;) = E?:ll(XAj) = l(z _1X4;) = l(xa) = v(A) or, equivalently,
that ZJ LV(A5) =v(A).

Hence, v is a real measure, if [ € (LP(X, X, 1))*, or a complex measure on
(X,%), if 1 € (LP(X, S, p))*.

We observe that, if A € ¥ has pu(A) = 0, then v(A) = I(xa) = l(o) =
because the function y 4 is the zero element o of L?(X, X, ). Therefore, v << u
and, by Theorems 10.12 and 10.13, there exists a function g : X — R or C (if
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v is real or complex, respectively), which is integrable over X with respect to
1, so that

l(XA):V(A):/Agdu:/XXAQdu

for every A € X. By the linearity of [ and of the integral, this, clearly, implies

lw:A@w

for every X —measurable simple function ¢ on X.

This extends to all ¥—measurable functions which are bounded on X. In-
deed, let f € LP(X,3, ) be such that |f| < M on X for some M < +oo.
We take any sequence {¢,} of ¥—measurable simple functions with ¢, —
f and [ga] T |f| on X. Then, dag — fg and |éugl < |fg| < Mlg| on
X. Since [y |g|dp < +00, the Dominated Convergence Theorem implies that
Jx ®ngdp — [y fgdp. On the other hand, [¢, — f[P — 0 on X and |¢, — f|P <
(|on] + 1P < 2P|f|? on X. The Dominated Convergence Theorem, again, im-
plies that [ |¢n, — f|P du — 0 as n — +oc and, hence, ¢, — f in LP(X, %, ).
By the continuity of I, we get [ ¢ngdp = 1(¢n) — I(f) and, hence,

° l(f):/ngdu

for every f € LP(X, X, i) which is bounded on X.

Our first task, now, is to prove that g € L (X, %, w).

If 1 < p,p’ < 400, we consider a sequence {t¢,} of ¥—measurable non-
negative simple functions on X so that ¢, T |g|p/’1 on X. We define

on () = { Yn(@)sign(g(@), if g(w) is finite
" 0, if g(z) is infinite.
Then, 0 < ¢ng = ¥nlg| T |g|?" p-a.e. on X and each ¢, is bounded on X.

Hence, ||¢n||§ = fX Wi dﬂ < fX wnlgldﬂ = fX (bngdﬂ = l((bn) < ||l||||¢an
2[4 lp, where the last equality is justified by o. This implies [, ¢F du

lnllh < [1]|”" and, by the Monotone Convergence Theorem, we get Ix 9P dp =
limy,— oo [ Y5 dp < |[I||P". Therefore, g € L” (X, %, ;1) and

gl < II21]-

If p=1 and p’ = 400, we consider any possible ¢ > 0 such that the set
A={z e X |t <|g(x)|} has u(A) > 0. We define the function

A

_ (x)sign(g(x)), if g(x) is finite
J@) = {8"“ e ifg(a:) i infinito.

Then tu(A) < [, lgl dx = [ Fgdu =1(£) < U] flls < I}(A), where the last
equality is justified by ¢. This implies that ¢ < ||I|| and, hence, |g| < ||I|| p-a.e.
on X. Therefore, g is essentially bounded on X with respect to p and

oo < I12]]-
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We have proved that, in all cases, g € L¥' (X, %, u) and ||g||,» < ||I]|.

Now, consider an arbitrary f € LP(X,X%, ) and take a sequence {¢,} of
Y —measurable simple functions on X so that ¢, — f and |¢,| 1 |f| on X. We
have already shown, by the Dominated Convergence Theorem, that ¢, — f
in LP(X, %, ) and, hence, I(¢n) — I(f). Moreover, | [y dngdu — [y fgdu| <
T 16n - fllgldu < 6w — fllpllgly — 0, since gl < +oo. From I(n) —
Jx ®ngdu, we conclude that

l(f)=/ngdu, ferLr(X,%,u).

This implies, of course, that I(f) = l4(f) for every f € LP(X,%, ) and,
hence,
l=1,=J(g).

The uniqueness part of Proposition 11.19 implies that, if ¢’ € L¥’ (X, X, 1)
also satisfies | = [y, then ¢’ = g p-a.e. on X.

B. We suppose, now, that u is o-finite and consider an increasing sequence { Ey, }
in ¥ so that Ey T X and u(Ex) < +oo for all k.

Let I € (LP(X, X, u))*.

For each k, we consider the restriction lg, of | on LP(Ey, X g, , 1), which is
defined in Lemma 11.2. Since lg, € (LP(Ek,Xg,, 1)) and ||lg, || < ||I|| and
since u(Ey) < 400, part A implies that there is a unique gx € ¥ (Er, Xp,, 1t)
so that [|gk[lp < [[lz, || < 7] and

l(fXEk)ZlEk(fEk)Z[E JE 9k dp

for every f € LP(X, X%, p).
For an arbitrary h € LP(Ey, X, , ;) we consider its extension k' on Fj41 as
0 on Ey.1 \ Ex and, observing that h = h/ on X, we have fEk hgr dp =g, (h) =

I(h) =U(W) =g, (B) = fEk+1 Wgrt1dp = [g hgrsr dp. By the uniqueness
result of part A, we have that gp+1 = g p-a.e. on Er. We may clearly suppose
that gr+1 = gr on Ej for every k, by inductively changing g1 on a subset of
FE). of zero p-measure.

We define the ¥ —measurable function g on X as equal to g on each Ej.
Therefore, [(fxg,) = fEk fE.9dp and, thus,

l(fxEk)=[E fadu, feLr(X,%,u.

If 1 < p’ < 400, then, since |g;| T |g| on X, the Monotone Convergence Theo-
rem implies that [, 1917 dp = limp— 4o Ix |Gkl?" dpe = limpg— 4o fEk lgkl?" dp <
limsupy,_ . o [1x]|” < [lI]|”" < +o00. Hence, g € L' (X, %, p) and ||gl,» < |[1]]-

If p’ = 400, we have that, for every k, |g| = |gk| < |9xk]loo < ||lk]] < |11]] p-a-e.
on Ej. This implies that |g| < ||!|| p-a.e. on X and, thus, g € L*°(X, %, u) and
19lloe < [I2]]-
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Hence, in all cases, g € L¥ (X, %, p) and ||g||,» < ||]|.
For an arbitrary f € LP(X, ¥, u), we have || fx g, — |5 = [ [fxz.— P du =
Jge | fIPdp = [ xeg|f[P dp — 0, by the Dominated Convergence Theorem. By
k
the continuity of I, we get I(f) = limp— 100 I(fXxE,) = limg— oo fEk fgdu =
Jx fgdu. The last equality holds since |fEk fgdp— [ fgdul = [pe fgdu| <
k

1
(IEZ | [P dp) 7 |lgllpr — 0. We have proved that

I(f) = /X fodp,  fe LP(X. S )

and, hence, | = [;. Again, the uniqueness part of Proposition 11.19 implies that,
if also ¢’ € LP' (X, %, ju) satisfies | = Iy, then ¢’ = g p-a.e. on X.
C. Now, let 1 < p,p’ < 400 and u be arbitrary.

Let I € (LP(X, %, u))*.

We consider any F € ¥ of o-finite p-measure and the restriction lp of
l on LP(E,Xg, ), defined in Lemma 11.2. Since lg € (LP(F,Xg,u))* and
lig|l < ||I||, part B implies that there is a unique gg € L? (E,Xp, 1) so that
gzl < Il and

Ufxe)=16(fp)= /EngEdM

for every f € LP(X, X%, p).

Now, let FF C E be two sets of o-finite y-measure with F C E. For an
arbitrary h € LP(F,Xp,u) we consider its extension A’ on F as 0 on E \ F'
and, observing that h = &/ on X, we have Jphgrdp = 1p(h) = I(h) = 1(I) =
lp(h') = [, Wgpdu = [, hgedp. By the uniqueness result of part B, we have
that gr = gp p-a.e. on F.

We define

M = sup {/ |gE|p/ du | E of o-finite ,u—measure}
E

and, obviously, M < ||I|[’" < 4+o00. We take a sequence {E,} in ¥, where each
E,, has o-finite y-measure, so that [, lg, [P dp — M. We define E = US> E,
and observe that E has o-finite y-measure and, hence, [}, lge|? du < M. Since
E, C E, by the result of the previous paragraph, g, = gr p-a.e. on E, and,
thus, [ |gg,[” du < [4|ge[" dp < M. Taking the limit as n — oo, this

implies that
/ lgel”" dp = M.
E

We set g = g and have that

/ gl? du:/ lgml? du = M < |li].
X E

Now consider an arbitrary f € LP(X, 3, u). The set
F=FEU{ze X|f(z)#0}
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has o-finite py-measure. From gp = gp p-a.e. on E, we get M = fE |gE|p/ du =
Jelop® dup < [glgp” dp+ [ glor” dp = [p|gr|” dp < M. Therefore,
fF\E lgr|? dp = 0 and, hence, gp = 0 p-a.e. on F\ E. If fp is the restriction of

fon F, wehave that I(f) = I(fxr) = [ frordp = [ frordu= [g fgpdu =
Ix fgdp.

Thus, I(f) = l4(f) for every f € LP(X, 3, u) and, hence, [ =1, = J(g).

We conclude that J is onto and, combining with the result of Proposition
11.19, we finish the proof.

11.4 The space M(X,X).

Definition 11.27 Let (X,X) be a measurable space. The set of all real mea-
sures on (X, X)) is denoted by M,(X,X) and the set of all complex measures on
(X,X) is denoted by M.(X,%).

If there is no danger of confusion, we shall use the symbol M (X, %) for both
M, (X,¥) and M.(X, ).

We recall addition and multiplication on these spaces. If 11,15 € M (X, Y),
we define v + v, € M(X,3) by (11 +12)(A) = v1(A)+1v2(A) for all A € 3. We,
also, define kv by (kv)(A) = kv(A) for all Ae X, If v € M, (X,X) and k € R,
then kv € M, (X,Y) and, if v € M (X,¥) and k € C, then kv € M (X, X).

It is easy to show that M, (X,X) is a linear space over R and M.(X,Y) is a
linear space over C. The zero element of both spaces is the measure o defined by
0o(A) =0 for all A € 3. The opposite to v is —v defined by (—v)(A4) = —v(A)
for all A € X.

Definition 11.28 For every v € M(X,X) we define
[l = w[(X).

Thus, ||v| is just the total variation of v.
Proposition 11.20 || - || is @ norm on M(X,X).

Proof: Proposition 10.9 implies that |11 + ve|| = |11 + 1.|(X) < |n|(X) +
2l (X) = (vl + [lvall and [lsv|| = [sv[(X) = |s]|v[(X) = |s[[[]-

If [|[¥|| = 0, then |v|(X) = 0. This implies that |v(A)| < |v|(4) = 0 for all
A € ¥ and, hence, v = 0 is the zero measure.

Theorem 11.10 M (X,X) is a Banach space.

Proof: Let {v,,} be a Cauchy sequence in M (X, ). This means |v, — vy, |(X) =
lvn — vm|| — 0 as n,m — 400 and, hence, |1, (A) — Vi (A)] = [(Un — vim)(A)] <
[V — vm|(A) < |vn — vm|(X) — 0 as n,m — 4oo. This implies that the
sequence {v,(A)} of numbers is a Cauchy sequence for every A € 3. Therefore,
it converges to a finite number and we define

v(A) = lim v,(A)

n—-+o0o



11.4. THE SPACE M(X,Y). 251

forall A e X.

It is clear that v(0) = lim,— 4o v, (0) = 0.

Now, let Ay, As,... € ¥ be pairwise disjoint and A = U;-':O‘fAj. We take an
arbitrary € > 0 and find N so that ||v, — v|| < € for all n,m > N. Since
E;L:f lvn|(4;) = |vn|(A) < +o0, there is some J so that

+oo

Y lwl(4) <e

j=J+1

From |v,| < v, — vn| + |vn| we get that, for every n > N,

+o00 00 +oo
Dool(4) < DT (A + D [val(4))
j=J+1 j=J+1 j=J+1

< |Vn—I/N|( i ]+1Aj)—|—e

< pn—onl(X) e = v —onll+e

< 2e.

This implies that, for arbitrary K > J 4+ 1 and every n > N, we have
E;;H_l lvn (A)] < Z] J41 [vnl(Aj) < 2¢ and, taking the limit as n — +oo,

Ef:JH |v(A;)| < 2e. Finally, taking the limit as K — 400, we find

—+o0

j=J+1

We have (v, (A) = 327 va(A)] = | 3272510 va(49)] < 3272550 va(4))] <

;:34_1 |un|(A;) < 2¢ for all n > N and, taking the limit as n — +oo,

Jj=1
Altogether, we have
+o0o J “+o00
(A) = > w4 < [(A) =D w4+ D [v(4y)] < 4e.
j=1 j=1 j=J+1

Since € is arbitrary, we get v(A) = S F i1 I v(A;) and we conclude that v €
M(X,%).

Consider an arbitrary measurable partition {4i,...,A,} of X. We have
that > 71 |(Un — vm)(Ak)| < ||vn — || < € for every n,m > N. Taking the
limit as m — 400, we find Y 7 _, |(vn —v)(Ax)| < € for every n > N and, taking
the supremum of the left side, we get

[ = vl = | — v](X) < e.

This means that ||v, — v| — 0 as n — +o0.
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11.5 Exercises.

1.

Approzimation

(i) Let f € LP(X,%, u) and € > 0. Using Theorem 6.1, prove that there
exists a ¥—measurable simple function ¢ on X so that ||f — ||, < e. If
p < 400, then ¢ = 0 outside a set of finite y-measure.

(ii) Let f € LP(R™, L,,, my,) and € > 0. If p < 400, prove that there exists
a function g continuous on R™ and equal to 0 outside some bounded set
so that ||f —g|lp, < e

Let I be any index set and 0 < p < ¢ < 4o00. Prove that {?(I) C 19(])
and that
1ollg < 1101l

for every b € IP(I).

. Let u(X) < 400 and 0 < p < ¢ < 4oc0. Prove that LYX, %, u) C

LP(X,%, 1) and that
1_1
£l < w(X)?™7 ([l
for every f € LYX, X%, p).

Let 0<p<g<r<+4ooand f € LP(X,3, u)NL"(X,%, n). Prove that
f e LiUX,%, u) and, if % = % + 1=, then

£l < A1

Let 1 <p<r<4oo. Weset Z=LP(X,%E,u)NL"(X,3, u) and we define

Il = 1[£llp + | f1 for every f e Z.

(i) Prove that || - || is a norm on Z and that (Z,] - ||) is a Banach space.
(ii) If p < q¢ < r, consider the linear transformation T': Z — LY(X, X, )
with T(f) = f for every f € Z (see Exercise 11.5.4). Prove that T is
bounded.

.Let 0 < p<g<r<+4ooand f e LYX, X, u). If ¢ >0 is arbitrary,

consider the functions

[ f@), i) >t {0 i) >t
9("”)—{0, if | F(a)] <t h@)—{f(x), if | fa) <t -

Prove that g € LP(X, %, u) and h € L"(X, X, u) and that f = g+ h on X.

Let 1 < p <r < 4oo. We define W = LP(X, X, u) + L"(X,Z,pu) =

{g+hlge LP(X,X,pu),h € L"(X,X, u)} and
£l = inf {llgll, + I2ll-|g € LP(X, %, u),h € L'(X, %, ), f =g+ h}

for every f e W.

(i) Prove that || - || is a norm on W and that (W, || - ||) is a Banach space.
(ii) If p < g < r, consider the linear transformation T': LY4(X, %, pu) — W
with T'(f) = f for every f € LY(X, %, 1) (see Exercise 11.5.6). Prove that
T is bounded.
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10.

11.

12.

13.

.Let 0 < p < ¢ < 400. Prove that LP(X,¥,u) € LYX,%, pn) if and

only if X includes sets of arbitrarily small positive py-measure and that
LYX,%, pn) € LP(X,X, ) if and only if X includes sets of arbitrarily
large finite p-measure.

. Let 1 < p < 400 and {f,} be a sequence in LP(X, X, 1) so that |f,] < g

p-a.e. on X for every n for some g € LP(X, 3, ). If {f,} converges to f
p~a.e. on X or in measure, prove that || f, — f||, — 0.

Let 1 <p<+4ooand f, f, € LP(X, %, p) for all n. If f, — f p-ae. on X,
prove that || f, — fll, — 0 if and only if || fn|lp — ||/ ]lp-

Let 1 < p < 400 and g € L>®(X,X,u). We define the linear trans-
formation T : LP(X,3,pn) — LP(X,X,p) with T(f) = gf for every
f e LP(X,%, n). Prove that T is bounded, that | T|| < ||g|lcc and that
IT]| = |lglloo if p is semifinite.

The inequality of Chebychev.

If0<p<+ocoand f € LP(X, 3, u), prove that

17115
tP

/\‘f|(t)§ , 0<t<+4o0.

The general Minkowski’s Inequality.

Let (X1,%1, 11) and (X2, X9, 12) be two o-finite measure spaces and 1 <
p < 4o00.
(i) If f: X1 X Xo — [0,+00] is X1 ® Xo—measurable, prove that

(/Xl( . (-7-)duz)pdu1)% S/X

(ii) If f(-, z2) € LP(X1, 31, u1) for pg-a.e. 9 € Xy and the function x5 —
[f(-;x2)p is in L' (Xa, Xg, p2), prove that f(z1,-) € L'(Xy, Xa, pg) for -
a.e. 1 € X1, that the function 1 — sz flx1, ) dus is in LP (X1, %1, p1)

and
(/Xl ('a')dm‘pdul)% < /)(2 (/Xl |f('a')|pdu1)%du2.

(X (-,-)pdul)%dm,

2

X2



