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Forword

During the fall semester of the academic year 1990-1991 I gave a course on
Classical Potential Theory attended by an excellent class of graduate students
of the Department of Mathematics of Washington University. That was my first
time to teach such a course and, I have to say, besides sporadic knowledge of a
few facts directly related to complex analysis, I had no serious knowledge of the
subject. The result was: many sleepless nights reading books, trying to choose
the material to be presented and preparing hand-written notes for the students.

The books I found very useful and which determined the choice of material
were the superb “Eléments de la Théorie Classique du Potentiel” by M. Brelot
and the “Selected Problems on Exceptional Sets” by L. Carleson. Other sources
were: “Some Topics in the Theory of Functions of One Complex Variable” by
W. Fuchs, unpublished notes on “Harmonic Measures” by J. Garnett, “Subhar-
monic Functions” by W. Hayman and P. Kennedy, “Introduction to Potential
Theory” by L. Helms, “Foundations of Modern Potential Theory” by N. Land-
kof, “Subharmonic Functions” by T. Rado and “Potential Theory in Modern
Function Theory” by M. Tsuji.

This is a slightly expanded version of the original notes with very few
changes. The principle has remained the same, namely to present an overview
of the classical theory at the level of a graduate course. The part called “Pre-
liminaries” is new and its contents were silently taken for granted during the
original course. The main material is the Divergence Theorem and Green’s For-
mula, a short course on holomorphic functions (, since their real parts are the
main examples of harmonic functions in the plane and, also, since one of the
central results is the proof of the Riemann Mapping Theorem through potential
theory), some basic facts about semi-continuous functions and very few ele-
mentary results about distributions and the Fourier transform. Except for the
Divergence Theorem, the Arzela-Ascoli Theorem, the Radon-Riesz Representa-
tion Theorem and, of course, the basic facts of measure theory and functional
analysis, all of which are used but not proved here, all other material contained
in these notes is proved with sufficient detail.

Material which was not included in the original notes: the section on har-
monic conjugates in the first chapter (it, actually, contains a new proof of the
existence of a harmonic conjugate in a simply-connected subset of the plane);
the section on the differentiability of potentials in the second chapter; the sec-
tions on superharmonic functions at oo and on Poisson integrals at oo in the
fourth chapter; an additional proof of the result about the direct connection
between Green’s function and harmonic measure in the fifth chapter (indicating
the role of the normal derivative of Green’s function as an approximation to
the identity); the subadditivity of capacity in the eigth chapter; the sections on
polar sets and thin sets in the ninth chapter. The definition of the notion of
“quasi-almost everywhere” in the eigth chapter has been changed. The proof of
the Riemann Mapping Theorem in the ninth chapter is corrected and given in



full detail, not relying on “obvious” topological facts any more. In the original
course the proof (taken from the notes of J. Garnett) of Wiener’s Theorem was
presented only in dimension 2. Now, the proof is given in all dimensions.

A short and very classical application of potential theory in dimension 1 on
the convergence of trigonometric series is missing from this set of notes, since
it is quite specialized. What is, also, missing is a short chapter on the metrical
properties of capacity and an example of a Cantor-like set. But this will be
included very soon, after it is expanded as a chapter on “Capacity, capacitability
and Hausdorff measures”.

Besides the new material, there is a re-organization which results, I hope, to
better exposition.

Here, I would like to thank the Department of Mathematics of Washington
University for giving me the opportunity to teach the original course and the
graduate class which attended it with great care and enthusiasm.
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0.1. EUCLIDEAN SPACES 11

0.1 Euclidean Spaces

1. We work in the Euclidean space R™ and denote the Euclidean norm of x € R™
by |z| and the Euclidean inner product of x,y € R® by x -y .

B(x;7) is the open ball with center x and radius r, B(x;r) is the closed ball
and the sphere S(x;r) is the boundary of B(z;r).

d(z, B) = inf,cp |z — y| denotes the Euclidean distance of the point z € R
from the non-empty subset B of R™ and d(A, B) = infyeca yen |z — y| denotes
the Euclidean distance between the non-empty sets A and B. If B is closed and
x ¢ B, then d(z, B) > 0 and, if A is compact, B is closed and the two sets are
disjoint, then d(A, B) > 0.

2. Suppose €2 is an open subset of R™ and consider the open sets

1
Q(m):{xéQ:d(x,@Q)>E,|gc|<m}, m € N.

It is easy to check the following four properties:

1. every {),;,) is a compact subset of 2,

2. Q(m) - Q(m+1) for all m,

3. U:zozolQ(m) = and

4. every compact subset of (2 is contained in €.,y for a sufficiently large m.

This increasing sequence {(,)} of open sets, or any other with the same
four properties, is called an open exhaustion of ().

The increasing sequence {K )}, with K,y = m, where {Q(,)} is an
open exhausntion of €1, is called a compact exhaustion of ().

3.V, = % is the volume of B,, = B(0;1). Hence,

Vom = ’ Vam = .
2 T35 (2m 1)

Also, w,_1 = nV, is the standard surface area of S"~1 = S(0;1) .
4. If dm is the Lebesgue measure in R™ and do is the standard surface measure
in 8”1 then we have the formula

/B(E;R) fly) dmly) = /OR /Snl f(z+rt) do(t) r"tdr

5. We define the surface-mean-value of f over S(x;r) by

" = 1 T +rt) do = 71
M) = —— [ flar) dott) [ 1w asw

Wn—1 Wp—1r" 1

for all f integrable with respect to dS, the surface measure in S(x;r).
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We also define the space-mean-value of f over B(z;r) by

1 1

A = g [ g anw) = G [ ) anw)

for all f integrable with respect to dm in B(z;r).
By the formula in paragraph 4,

n

R
A?(x) = ﬁ/o M ()™ dr

6. Define R®, the one-point compactification of R™, by adjoining the point
at oo to R™ : o
Rr = R"U{o0}.

The e-neighborhoods of points & € R™ are the usual balls B(z;¢), while the
e-neighborhood of oo is defined to be the set {z € R™ : [z| > 1} U {oo} .

We define open sets in R® through these neighborhoods, in the usual way,
and we, also, define closed sets (complements of open sets) and the notion of
convergent sequence: a sequence in R™ converges to some point of R®, if the
sequence is, eventually, contained in every e-neighborhood of this point.

Hence, if the limit point is in R™, then the new notion of convergence coin-
cides with the usual one, while z,,, — oo is equivalent to |z,,| — +oc.

Whenever we write A and A, for any A C R?, we mean the closure and
the boundary, respectively, of A with respect to R».

Hence, if A C R™ is bounded, then these two sets coincide with the usual
closure and boundary in R™, while if A C R™ is unbounded, then the two sets
are the usual closure and boundary in R™ with the point co adjoined to them.

Any A C R™ is open in R™ in the usual sense if and only if it is open in R».

It is easy to see that R® and, hence, every closed subset of it, is compact.

If A is a bounded subset of R®, then A is closed in R™ if and only if it is
closed in R™. But, if A is an unbounded subset of R®, then A is closed in R®
if and only if AU {oc} is closed in R™.

The spherical metric in R? is defined by

2oyl if z,y € R™

ViH[z2/14]y2
2
VitHz2 '

0, ifr=y=00.

ds(z,y) =

ifr e R* and y = o0

The spherical metric induces exactly the open sets, closed sets and conver-
gent sequences in R® which were described above. In fact, one can, easily,
prove that if z € R®, then, for every e-neighborhood Bg(z;e€) with respect to
the spherical metric, there is some €-neighborhood of x, as this was defined
above, contained in Bg(zx;€) and conversely.

7. A subset E of a metric space (X,d) is called connected, if, whenever we
write E = AU B with AN B = () with A, B being both open relative to E, it is
implied that one of A, B is empty.
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A subset F' of F is called a connected component of F, if it is a maximal
connected subset of F. This means that F' is connected and that there is no
connected subset of F strictly containing F.

Every E can be uniquely decomposed in connected components: there exists
a unique (perhaps uncountable) family F such that

1. every I' € F is a connected component of F,

2. the elements of F are pairwise disjoint,

3. Uper F = E.

Especially if  C R® is open, then € is connected if and only if every two
of its points can be connected by a polygonal path which is contained in €.

The connected components of an open €2 are all open sets and there are at
most countably many of them.

Therefore, for every open Q C R™ there exist (at most countably many) sets
U,,, such that

1. every U, is connected,
2. the sets U, are pairwise disjoint and
3. U, Un =40

A subset E of a metric space (X, d) is called a continuum if it is connected,
compact and contains at least two points.

0.2 Derivatives

1. If © is an open subset of R®, then C(£2) = C°() is the space of all complex-
valued functions which are continuous in 2 and Ck(Q), 1 <k < +o0, is the
space of all functions which are k times continuously differentiable in Q.

Similarly, we denote by C*(2) the space of all functions whose derivatives
of all orders up to k are continuous in 2 and can be continuously extended in
Q. Note that a complex-valued function continuous in € can be continuously
extended in Q if and only if it is uniformly continuous in € with respect to
the spherical metric dg (or, equivalently, with respect to the usual Euclidean
distance in case the set € is bounded).

For all multi-indices « = (a1, . .., @, ), we denote the a-derivative of f by
1t tan |a
Ox{" - Oxn" Ox{" - - O0xn"

The order of this derivative is |a| = a1 + -+ + a, .
We denote, as usual, the gradient of a real- or complex-valued function by

ﬁﬁ)

grad :(33:1 O B
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and A is the Laplace operator or Laplacian

0% f 0% f
Af=2J) ... 2
/ 0z? o 0x2
¥V = (V1,Va, ..., V,) is a vector-function, we denote its divergence by
vy oV,
di = 1.y
’va 8171 * + 8:17n

2. We say that the open set € is C'! at its boundary point y € R®, if
there is an open neighborhood V of y and a ¢ : V. — R which is in C*(V) with
grado(y) #0,s0that VNIQ ={z € V : ¢(z) =0}, VNQ ={z € V : ¢(z) > 0}
and V\Q={z€V:g¢(x)<0}.

Such a function ¢ is called a defining function for €2 in the neighborhood
V' of the boundary point y. A defining function is not unique; for example any
multiple of it by a positive constant is, also, a defining function.

In case there exists a defining function ¢ € C*(V) in a neighborhood V' of
the boundary point y, we say that € is C* at its boundary point y.

If Qis C! at its boundary point ¥y € R®, we denote by 7 (y) the unit vector
at y which is normal to 002 and has the direction towards the exterior of Q. In
terms of any defining function ¢ for €2 in a neighborhood of vy,

gradd(y)

TW) = e

The directional derivative of an f in the direction of the unit normal 77 (y)

of
on

If the bounded open set  is C* at all of its boundary points, we say that
Q has C*-boundary.

If the bounded open set Q has C'-boundary, then there is the standard
surface measure defined in 95, denoted by dS.

is

(y) = grad f(y) - 7 (y) -

Theorem 0.1 (The Divergence Theorem and Green’s Formulas) Let Q be a
bounded open set with C'-boundary.

1.
/Qdivv(:zr) dm(z) = V(y) -7 (y) dS(y)

o0

for all vector-functions V. whose components are in C(Q)nCHR).
2. If fis in C(Q)NCHQ) and g is in C1(Q) N C?(), then

/Q (f(x)Ag(x) + grad f(z) - grad g(x)) dm(z) = f(y)@(y) dS(y) -

0 on
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3. If g is in C*(Q) N C?(), then

Bg(a) dm(z) = [ 99,y ds(y) .

Q a0 On

4. If f and g are in CH(Q) N C?(), then

_ 99 () g2t
| (@ag@ -g@ar@)ame = [ (f6)520)-a6)50)as).
Proof:
The proof of 1 is considered known.
Applying 1 to V5 = fg—mgl yee oy Vip = fai—i , We prove 2.

We prove 3 from 2, using the constant function f = 1 in Q.
Finally, we prove 4, changing places of f and ¢ in 2 and subtracting.

In these notes whenever we refer to the Green’s Formula, we understand any
one of the above four formulas.
3. Since open sets with C*-boundary are widely used, (in particular, to apply
Green’s Formula), we shall, briefly, describe a standard way to produce such
sets arbitrarily “close” to other given sets.

Suppose that K C 2, where K is compact and €2 is an open subset of R".
In practice, we are, usually, given K and choose Q = {z : d(z, K) < 0} with
arbitrarily small 6 or we are given Q and choose K = {z € Q : d(z,00Q) >
bl < 1}

We shall construct a bounded open set O with C*-boundary so that

K COCOCcCQ.

Consider §g < ﬁ d(K,0Q) and observe that, if a cube @ of sidelenghth dg
intersects K, then @ is contained in 2.

Now, consider the n coordinate-hyperplanes together with all other hyper-
planes which are parallel to them and at distances which are integer multiples

of 9. The space R™ is, thus, divided into a mesh of cubes
Qr = {z=(x1,...,20) : koo < x; < (kj +1)do,1 < j < n}

of sidelenght ¢, where k = (k1, ..., k,) is an arbitrary multi-index with integer
coordinates. The set of all these cubes we denote by Qs, .
Now, K is intersected by finitely many qubes in Qs, and we define the set

F=|}{QeQs:QnK#0}.

F'is a compact subset of 2 with K C F' and it is clear that the boundary of
F consists of certain of the (n — 1)-dimensional faces of the cubes that are used
to construct F. If a face of one of the cubes contained in F' intersects K, then
the adjacent cube is, also, one of the cubes contained in F' and, hence, this face
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is not contained in the boundary of F. Therefore, the boundary of F' consists
of faces which do not intersect K and, thus, K is contained in the interior U of
F.

We have produced an open set U so that K C U C U C Q whose boundary
consists of faces of cubes contained in U. The points at which this boundary is
not C* belong to the (n — 2)-dimensional edges of these faces.

We, now, modify slightly the boundary to make it “smooth” at its edges and
we, thus, produce an open set O slightly different from U, containing K and
with C*-boundary. The “smoothening” process is geometrically clear and it is
not worth seeing the actual technical details.

4. A subset T’ of R® is said to be C! at its point v, if there exists some open
neighborhood V' of y and a real-valued ¢ : V — R which is in C*(V) with
gradg(y) #0,so that TNV ={x € V : ¢(x) =0} .

Any such ¢ is called a defining function for I' in the neighborhood of its
point y. Again, ¢ is not unique; for example, any multiple of it by a non-zero
real constant is, also, a defining function.

If the defining function ¢ can be chosen to be in C*¥(V), then we say that T
is C* at y.

I is called a C*-hypersurface, if it is C* at all of its points.

A C'-hypersurface has a standard surface measure dS naturally defined
on it.

If T'is CF at y and ¢ € C*(V) is a defining function for I' in a neighborhood
V of y, then, because of continuity, we may choose V' to be small enough so
that gradg_zg # 0 everywhere in V. Now, if M = supy, ¢ and m = infy ¢, then
m < 0 < M and the sets

" = {zeV:¢(x)=t}, m<t<M,

are pairwise disjoint C*-hypersurfaces constituting a “continuous” partition of
V. In fact, ¢ itself is a defining function for each_Ft at every point of it.
One can, easily, prove that, for every f € C(V),

f(z) dS(z)
Ft

(where dS is the surface measure in I'*) is a continuous function of t € (m, M).
At every point y where I' is C! there are exactly two unit vectors normal to
I'. These, in terms of any defining function ¢ in a neighborhood of y, are

o graddly)
TW) = e

The C!-hypersurface I' is called orientable, if, for every y € T', we can
choose one of the two possible 77 (y) so that the resulting 77 : I' — R™ is
continuous. Then, we call 77 a continuous unit vector field normal to T.

In such a case, the function —77 is, also, a continuous unit vector field
normal to I' and, if T" is connected, these are the only continuous unit vector
fields normal to T'.



0.2. DERIVATIVES 17

If Q is a bounded open set with C'-boundary, then I' = 9 is an orientable
C'-hypersurface and there are two continuous unit vector fields normal to 0;
one of them has the direction towards the exterior of {2 and the other has the
opposite direction.

In this special case, we keep the notation 77 only for the vector field with
the direction towards the exterior of €2, in agreement with the discussion in
paragraph 2.

5. A function f which is in C*(B(zo; R)) has a Taylor-expansion of order k
at the point xg. Using the notation a! = aq!---a,! and y® = y* - - - y&», this
means that

1
flx) = Z o D f(xo)(x — x0)® + Ri(x;20) , x € B(zo; R) ,
lel<k
where % — 0 as ¢ — xp. In fact,

Re(wiz) = 30 2 (D°S(a') = D*F(wo)) (& — w0)”
la|=k

for some 2’ = 2/ (x) contained in the linear segment [xo, 2] and, thus,

|Ri(z320)| < Chynlar —wol® sup |D*f(a") = D*f(xo)] ,
lal=k, |z’ —zo|<|z—20|
where Cj, ,, is a constant depending only on k£ and n.
A function f defined in an open neighborhood of xg € R™ is called real-
analytic at zg, if there is some R > 0 and constants a,, for all multi-indices «,

so that
fl@) =) aale —z0)®

for every x € B(zo; R).
This series expansion is unique and is called the Taylor-series of f at .
Then, f is real-analytic at every other point of B(zo; R), it is infinitely many
times differentiable in B(z; R) and we have the formulas

6. Suppose that T' is C! at its point y and let ¢ € C*(V) be a defining function
for T in the neighborhood V' = B(y;r) of y.
We write the Taylor-expansion of order 1 at y

p(z) = grado(y)- (xr —y)+ Ri(z;y) ,  x € Bly;r),

we choose t with 0 < ¢ < |grad$(y)| and we take r small enough so that
|R1(z;y)| < t]lz — y| for all x € B(y;r).
It is, then, a matter of simple calculations to see that the two sets

Fy = {z:tlx —y| < £ gradd(y) - (x —y) < tr}
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are two open truncated cones with common vertex y and contained in the sets
{z: £o(x) >0} N B(y;r)

respectively.

As a special case we have that, if the open set Q is C! at its boundary point
Yy, then there are two open truncated cones with common vertex y so that one
of them is contained in  and the other is contained in R™\ Q0 .

Now, suppose that I' is C? at its point y and let ¢ € C?(V) be a defining
function for T in the neighborhood V' = B(y;r) of y.

We, now, write the Taylor-expansion of order 2 at y in the simplified form

¢(x) = gradd(y) - (x —y) + Ra(z;y) ,  x€ Bly;r) ,

where

|Ra(a3y)| < Mz —yl?
for all € B(y;r). In fact, M = C), sup|q|=2 e B(y;r) 1D @()|, Where C, is a
constant depending only on n.

If we choose @ = min ﬁ , then it is, again, a matter of

2 ‘ grad ¢(y) ’
calculations to see that the two open balls

B: = {=: ’x - (y:l:ozgradg_zg(y))’ < a‘grad (y)’}
are mutually tangent at the point y and they are contained in the sets
{z: £¢(x) >0} N B(y;r)

respectively.

Hence, if the open set Q is C? at its boundary point y, then there are two
open balls mutually tangent at the point y so that one of them is contained in
Q and the other is contained in R™\ 2 .

0.3 Holomorphic Functions

If Q is an open subset of C = R2, a function f = Rf +iSf : @ — C is
called holomorphic in Q, if Rf,Sf € C1(2) and they satisfy the system of
Cauchy-Riemann equations

oRf) _ 9SS oRf) _ 9SS

8$1 8$2 ’ 8$2 8171
everywhere in ) or, equivalently, g—g-cfl + iaa—i’; =0 everywhere in (2.
It is trivial to see that the property of holomorphy is preserved under ad-
dition, multiplication, division and composition of functions and that the usual

formulas (f +g) = f'+4¢, (f9)' = f'9+ fg', (fog) = (f og)g hold.
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If f is holomorphic in €, writing the Taylor-expansions of order 1 at every
x € Q for Rf and Sf and using the Cauchy-Riemann equations, we easily find
that

(2)(y —2) + Rly:z) = f(z) —i2L (2)(y — 2) + R(y: )

of
T 8%2

fly) = f(x) P

where % — 0 as y — x. Therefore, the limit f/(z) = lim,_,, %

exists at every « € Q. This limit is called the (complex) derivative of f at x

and
fl(z) = g—i(:c) = —ig—i(:c), reqN.

In elementary courses on the theory of holomorphic functions it is, actually,
proved that the converse is, also, true: if the complex derivative of f exists at
every point of 2, then Rf and S f are in C1(£2) and satisfy the Cauchy-Riemann
equations. We shall not need this result.

In this section, our aim is to develop only a very small part of the theory of
holomorphic functions leading, through Cauchy’s Theorem, up to the Argument
Principle and one of its consequences. These results will not be stated in the
generality (requiring homological considerations) in which they are presented
in the standard courses on the theory of holomorphic functions. We shall be
restricted to the study of curvilinear integrals only over boundaries of open sets
with C'-boundary. Our main tool, therefore, is the Divergence Theorem.

Theorem 0.2 (Cauchy’s Theorem) Let f be holomorphic in Q and the open
set 1y with C'-boundary be such that Q; C Q. Then,

fly)dy = 0.
o

Remark This integral is called the curvilinear integral of f over 0Q; in
the positive direction of 99; with respect to ;. Here, we define

dy = in(y) dS(y) , ye o,

where 17 = 11 472 is the continuous unit vector field normal to 9€2; and directed
towards the exterior of €.
Proof:

From the Cauchy-Riemann equations and the Divergence Theorem,

0 = z/Q (%(@H%(I)) dm(z)

i ﬂwm@dﬂw—/ Fw)nay) dS()

o o

f()in(y) dS(y) = /a . f(y) dy .

o
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Theorem 0.3 (Cauchy’s Formula) Let f be holomorphic in Q and the open set
Q1 with C*-boundary be such that Q1 C Q. Then,

fa) = o= [ W,

271 o0, y—x
for every x € Q.

Proof:
Let > 0 be small so that B(z;r) C Q4 and let Q2 = Q \ B(x;r). We

apply Cauchy’s Theorem to the function g(z) = Z(fgz , 2 € Q\ {z}, which is
holomorphic in 2\ {z} and get

0 — 19 4 - fy) dy_/ 9 4
9, Y — a0, Y— 2 dB(zyr) Y — X
Therefore,
1 1
1 f(y) &y = _/ f) dy
2mi Joq, Yy — 218 JoB(ar) Y — T

_ 1 fly) y—=
= o /8 ) ds(y)

zr) Y — T r
1
— f@ g [ () - 1@) dS0)
2mr OB(z;r)
The continuity of f at x implies that the last term tends to 0 as r — 0+
and the proof is complete.

Example The first case below is implied by Cauchy’s Formula and the second
by Cauchy’s Theorem:

1 1 d {1, if x € B(xo;7)
270 JoB(wor) Y — T Y=o, if x ¢ B(ao;r) .
Theorem 0.4 Let f be holomorphic in Q2. Then,
1. f' is holomorphic in Q and
2. for every B(x;r) C Q, f can be expanded in B(x;r) in a unique way as an
absolutely convergent power series

+oo
flz) = Zan(z—x)” , z € B(x;r) .
n=0

Proof:

1. From Cauchy’s Formula f(z) = 5= faB(z‘T) {JS’Z) dy, z € B(z;r), it is trivial
to prove, using difference quotients for both sides and interchanging limit and
integration, that

ooy L f(y) B .
f (Z) B 2mi /é?B(w;r) (y - Z)2 dy 7 © B( ’ ) .
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Interchanging, again, partial derivatives and integration, we easily see that
aml and 2 am are continuous in and -+ z = 0 everywhere in €.
. For every z € B(z;r), the geometmc serles

11 1 X G-a)n
= _27(

y—z y—w 1l-2=2 (y—a)nt!
. . . . —z| _ |z—z| .
converges absolutely and uniformly in 0B(x;r), since };TZ’ = —— < 1. This

permits us to interchange integration and summation in Cauchy’s Formula to
get,

+oo
[z) = Y an(z — )"
n=0

: _ £
with a, = % faB(w;r) % dy.
If

—+oo —+o0
= Zan(z—x)" = Za;(z—x)" , z € B(x;r)
n=0 n=0

then, using z = z, we get ag = aj. Cancelling ag and simplifying, we find

Zan+1 z—1x) Zan_H , z € B(x;r) \ {z} .

By the continuity of both power series at x, we get a; = a}. We continue
inductively to conclude that a,, = a/, for all n.

We may, inductively, see that, if f is holomorphic in €, then it has (complex)
derivatives of all orders and that, for every B(x;r) C ,

!
f(n)(z) = %/88@”) # dy , z € B(x;r) .

Therefore, the coefficients in the power series f(z) = :OOO an(z—x)™ are given

by an, f(n)(x)

Suppose now that f is holomorphic in €2 and consider its expansion as a
power series in any B(x;r) with B(z;r) C Q.

If all coefficients a,, are equal to 0, then f = 0 everywhere in B(z;r) and we
say that x is a zero of f of infinite multiplicity.

If a,, # 0 for at least one n, and NV is the smallest such n, then

f(z) = (z—x) Zan_Hvz—x ) z € B(z;r) .

We, now, define

9(z) = {U“—? if 2 € 0\ {z}

any #0, ifz==x
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and it is trivial to prove that ¢ is holomorphic in 2. Therefore,
flz) = (z—2)g(2), 2€9,

where ¢ is holomorphic in  and g(z) # 0. In this case we say that z is a zero
of f of finite multiplicity and the number N is called the multiplicity of =
as a zero of f and it is denoted by m(x; f).

Of course, f(x) # 01is equivalent to m(z; f) = 0. Whenever we say that z is a
zero of f, we shall understand that f(z) = 0 or, equivalently, that m(z; f) > 1.

Using the series expansion, we, easily, see that the set of the zeros of finite
multiplicity and the set of zeros of infinite multiplicity are both open sets and,
hence, we get

Proposition 0.1 If f is holomorphic in the open connected ), then either all
points of Q are zeros of f of finite multiplicity or f =0 everywhere in 2.

We, also, see that if f is holomorphic in the open connected 2 and is not
= 0 identically in €, then every zero of f is isolated. Therefore,

Theorem 0.5 (Analytic Continuation Principle) If f is holomorphic in the
open connected 2 and is not = 0 identically in Q, then every compact subset of
Q contains at most finitely many zeros of f.

Theorem 0.6 (Argument Principle) Let f be holomorphic in Q and the open
set Q1 with Ct-boundary be such that Q1 C Q. If Q1 contains no zeros of f,

then ) )
Y
— dy = > mlx;f) .
2mi Joq, f(y) oty
Proof: L
By the Analytic Continuation Principle, €2 contains at most finitely many
zeros of f (which are all contained in 1), x1,...,zn, and let m; = m(z;; f)
be the corresponding multiplicities. We may, then, write
f@) = (@—a)™ - (z—an)™g(z), 2€Q,

where ¢ is holomorphic in € and has no zeros in ; . Therefore,

flla) o me |, (@)
o)~ rm g S e {reRig@ =0}

We consider small closed discs B(x;;r;) which are pairwise disjoint and are
all contained in ©; and the open set 3 = Q5 \ Ué-vle(a:j; Tj).

Then, fTI is holomorphic in an open set containing €, and, by Cauchy’s
Theorem,

S S A () R B B () R N r'w ,
: 2mi /802 f(y) Y 210 Joq, f(y) Y ; 2mi /BB(x]-;rj) f() v
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Thus,

j=1 k=1

N

1 !

+Z2_/ 9'(y) dy

=1 s OB(xj;r;) g(y

N N

= Y omy = Y mlaif) = Y mlaf),

j=1 j=1 €M

from the example after Cauchy’s Formula and from Cauchy’s Theorem applied
to % which is holomorphic in €.

If f(x) = w, then z is a zero of f — w and its multiplicity is denoted by
m(z; f,w).
Theorem 0.7 Let f be holomorphic in Q and the open set Qq with C*-boundary

be such that Q; C Q. If w',w" € C are contained in the same component of the
complement of the compact set f(0Q1), then

Z m(z; fyw') = Z m(z; fyw') .

e re

Proof:
Applying the Argument Principle to the function f — w, we get

1 f'(y)

2ri FSIoN fly) —w

Z m(z; f,w) =

rEQ

The integral in the right side is a continuous function of w in the complement of
£(0%21) and it is integer-valued, as the left side shows. Therefore, this function
is constant in each component of the complement of f(9€;).

An important example of holomorphic function is the exponential func-
tion exp: C — C\ {0} given by

exp(z) = e**(coszy +isinmzg) , r=x1+izg € C.

(Of course, there is no contradiction to use the notation e”, instead of exp(z),
and we shall very often do so.)
This satisfies the identity exp(z’ + z’") = exp(x) exp(z”) and it is periodic
with period i27. In fact, the only periods of exp are the numbers k27, k € Z.
A, perhaps, even more important function is the logarithmic “function”,
denoted by log, which is the many-valued inverse of exp. For each z € C\ {0},
we have that log(z) = log|z| 4+ i0 + ik2m, where 6 is any real number so that

e = ‘7””‘ and k takes all integer values.
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To be strict, one has to talk about branches of the logarithmic function, as
follows. A function f in any A C C\ {0} is called a branch of the logarithm
in A, if it is continuous in A and

exp(f(z)) = =z, reA.

More generally, if g : A — C\ {0} is continuous in A, then f: A — C is
called a branch of the logarithm of g in A if it is continuous in A and

exp(f(z)) = g(z), weA.

If Q is open and g is holomorphic in §2, then it is trivial to show that every
branch f of the logarithm of g in €2 is holomorphic in €2 and that

g'(z)
g9(z)

f(z) = : reN.

It is, also, trivial to show, by continuity of the branches, that, if A is con-
nected, then any two branches of the logarithm of g in A differ by a constant of
the form k27, k € Z.

As the simplest example, if Qy = C\ {& = 21 +iz2 : 2 = 0,21 < 0} then
the principal branch of the logarithm in Qq is log, : Q¢ — C given by

logy(x) = logla| +i6 .

where 6 is the unique real number so that cosf +isinf = I% and —m < 0 <.
Therefore, the totality of branches of the logarithm in €y are all functions of
the form logy(x) + ik2m, x € Qy, where k runs in Z.

If Qp = C\ {z = —re’® : r > 0}, then the totality of branches of the
logarithm in Q4 are the functions of the form logy(e™x) +i¢+ ik2m, z € Qy,
where k runs in Z.

Here is a negative result.

Lemma 0.1 Let Ay and Agqr be connected with Ay C Qy and Agrrn € Qgtr.

If these two sets have a common point ' = |x’|ei9/ with ¢ < 0 < ¢+ 7 and
another common point 2’ = |2"]e?" with ¢ — 7 < 0" < ¢, then there is no
branch of the logarithm in A = AgU Apir .

Proof:

Let f be a branch of the logarithm in A = Ay U Ag4r .
Since Ay is connected, f(z) = logy(e~*®z) + i¢ + ik27 for all x € Ay and
for some k € Z. Hence, f(z') — f(z") = log f—l, +6 —0".

Since Ay, is connected, f(z) = logy(e~*®+™z) 4 i(¢ + 7) + il27 for all
x € Apyn and for some | € Z. Hence, f(z') — f(2”) =log j—,l, +6 —0" —2r.
We, thus, get a contradiction.

For instance, there is no branch of the logarithm in C\ {0} or, even, in any
circle S(0;7).
Lemma 0.1 is used to prove a purely topological result.
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Theorem 0.8 Let the compact sets Ay and Ayyr be connected with Ay C Qg
and Agyr C Qgin. Suppose, also, that these two sets have a common point
o = |2'|e®" with ¢ < 0 < ¢+ and another common point x'" = |z"|e®" with
p—m <O <o

Then, O (which is not in A= Ay U Ayir) does not belong to the unbounded
component of C\ A= C\ (Ag U Apir).

Proof:
Consider the functions g, : C\ {a} given by

go(z) = 2—a, x € C\{a}.

If |’ — a| < d(a, A), then the existence of a branch of the logarithm of g, in
A implies the existence of a branch of the logarithm of g, in A. Indeed, if f, is
a branch of the logarithm of g, in A, then, for all x € A,

/

@) +log(1+ 45 a—d
B = g (2) (14525 ) = gua) .

It is obvious now that, if |a’ — a| < d(a’, A), then the non-existence of a
branch of the logarithm of g, in A implies the non-existence of a branch of the
logarithm of g,/ in A.

Now, take any R so that A C B(0; R) and any point g ¢ B(0; R). Then,
xo belongs to the unbounded component O of C \ A.

The set of points a € O such that there exists a branch of the logarithm of
Jgo in A and the set of points a € O such that there does not exist a branch of
the logarithm of g, in A are, by the previous discussion, both open sets and xq
is in the first set. By the connectedness of O, the second set is empty. Lemma
0.1, finally, implies that 0 ¢ O.

0.4 Equicontinuity

Let F be a family of complex-valued functions defined in a subset E of a metric
space (X, d).

The family is called bounded at x € E, if sup;c £ | f(z)] < +oo .

The family is called equicontinuous at z € E, if for every € > 0 there is
0 = d(e) > 0, so that for all f € F it holds |f(y) — f(z)| < € whenever y € E
and d(y,x) < .

Observe that 9§, in this definition, does not depend on f € F.

The following is one of several versions of the Ascoli-Arzela Theorem.

Theorem 0.9 (Arzela and Ascoli) Suppose F is a family of functions defined
in some compact subset K of a metric space and let F be bounded and equicon-
tinuous at every point of K.

Then, from every sequence in F we can extract a subsequence which con-
verges uniformly in K to some function (not necessarily belonging to F).

In these notes we shall apply this result when the metric space is either R™
with the Euclidean metric or R™ with the spherical metric.



26

0.5 Semi-continuity

Suppose that E is a subset of a metric space (X, d).
Definition 0.1 A function f is called lower-semicontinuous in E, if
1. —0 < f(z) <400 forallz € E and
2. f(z) <liminfgsy s f(y) foralzeE
or, equivalently, if
1. —c0 < f(xz) < +o00  forallxz € E and
2. {ye E: X< f(x)} is open relative to E for every real .

We call f upper-semicontinuous in E, if —f is lower-semicontinuous
i E: in all relations above we just reverse the inequalities, replace +00 by Foo
and replace lim inf by lim sup.

Properties of semicontinuous functions
(1) f is continuous in E if and only if it is simultaneously lower- and upper-
semicontinuous in E.
(2) Linear combinations of lower-semicontinuous functions with non-negative
coefficients are lower-semicontinuous. This is true for upper-semicontinuous
functions, also.
The proofs are easy.
(3) The supremum of any family of lower-semicontinuous functions is lower-
semicontinuous. There is a dual statement for upper-semicontinuous functions.
Suppose that each f € F is lower-semicontinuous in E and let F(x) =
suprerf(x) for every x € E. Then, it is obvious that —oco < F(z) for all z € E
and, since f(y) < F(y) for all y € F and all f € F, we find

< liminf < liminf F
f(z) < lminf f(y) < liminf F'(y)

for x € E. Taking the supremum over all f € F, we conclude

F(z) < liminf F(y) .
(z) < liminf F'(y)

(4) The minimum of finitely many lower-semicontinuous functions is lower-
semicontinuous. There is a dual statement for upper-semicontinuous functions.

It is enough to consider two lower-semicontinuous functions fi, fo and let
f =min(f1, f2). Then, it is obvious that f(z) > —oo for all z € E.

Take A < f(z) and, hence, A < fi(z) and A < fa(x). There exist §; > 0 and
d2 > 0 so that A < fi(y) for all y € E with d(y,z) < §1 and A < fa(y) for all
y € E with d(y,x) < J2 .

If 6 = min(d1,d2), then A < f(y) for all y € E with d(y,x) < 6. Therefore,
f(z) <liminfgsy—q f(y).
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The following four propositions state properties of semicontinuous functions
which we shall make constant use of in later chapters.

Proposition 0.2 If f is lower-semicontinuous in a compact set K, then f is
bounded from below in K and takes a minimum value in K.
There is an obvious dual statement for upper-semicontinuous functions.

Proof:

Let m = inf,ck f(x) and take {2} in K so that f(zx) — m. Replacing
{zr} by some subsequence, if necessary, we may assume that x; — x for some
x € K. But then,

< < liminf f(y) < i =
m < flz) < liminf f{y) < lim f(g) = m

and we get that —oco < m = f(x).
Another proof of the boundedness from below runs as follows. Since f does
not take the value —oo,

—+o0

K C U{xeK:—k<f(3:)}.

k=1
The terms of the union are open and increasing with k and, since K is

compact, K is contained in one of them.

The following is a partial converse of property (3) of lower-semicontinuous
functions.

Proposition 0.3 If f is lower-semicontinuous in a compact set K, then there
exists an increasing sequence of continuous functions { fr.} in K which converges
to f pointwise in K.

There is the usual dual statement for upper-semicontinuous functions.

Proof:
If f = 400 identically in K, we consider f; = k identically in K.
Otherwise, we define

fr(z) = inf (f(y) + kd(z,y))

yeK

for all z € K. Since, by Proposition 0.2, both f and d(z,-) are bounded from
below in K, we have that fi(z) is a real number.
From the inequality

|[(f(y) + kd(z,y)) = (f(y) + kd(2",y))| < kd(z,2"),

we, easily, prove that

[fi(2) = fu@)] < kd(z,a') |

implying that fi is continuous in K.
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It is, also, clear that {f} is increasing and that fi(z) < f(x) for all k and
all z: just take y = z in the definition of fi(z).

Now, fix z € K and A\ < f(z).

By the lower-semicontinuity of f, there exists § > 0 so that A < f(y) for all
y € K with d(z,y) < 0.

If we take k large enough, then A < f(y) + kd(x,y) for all y € K with
d(z,y) > 4. In fact, by Proposition 0.2, ming f is finite and, then it is enough
to take k > (X — ming f).

Therefore, if k is large enough,

A < inf (fy) +kd(z,y)) = ful(z) .

yeK
This, together with fi(x) < f(x), implies

lim fy(z) = f(x)

k— 400

forall z € K.

Proposition 0.4 (First Minimum Principle) Let f be lower-semicontinuous
in a connected subset E of a metric space with the property that, if it has a
minimum value at some point, then it is constant in some open (relative to E)
neighborhood of the same point.

Then, if f takes a minimum value in E, it is constant in E.

There is a dual Mazimum Principle for upper-semicontinuous functions.

Proof:

The assumptions imply that both sets {x € E : infg f = f(z)} and {zr € E :
infg f < f(x)} are open relative to E. Therefore, since E is connected, one of
them is empty and the other is all of F.

Proposition 0.5 (Second Minimum Principle) Suppose that O is an open con-
nected subset of a metric space with compact closure O and with non-empty
boundary. Let f be lower-semicontinuous in O with the property that, if it has
a minimum value at some point, then it is constant in some open neighborhood
of the same point.

1. If f takes a minimum value in O, then it is constant in O.

2. Let m = infyecpo (liminfose—y f(2)). Then m < f(z) for all z in O.
If m = f(x) for some x € O, then f = m identically in O.
There is a dual Mazimum Principle for upper-semicontinuous functions.

Proof:
The first part is straightforward from the First Minimum Principle.
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As for the second part, extend f in 0O, defining

fly) = lminf f(z)
for all y € 00.
Then, it is easy to see that f becomes lower-semicontinuous in O and, from
Proposition 0.2, this extended f takes a minimum value in O, say m*.
If m* < m, then m* is taken at a point of O and, by the first part, f must
be constant, f = m*, in O. Therefore, taking any boundary point y,

m < fy) = lminf f(@) = m’

and we get a contradiction.

Hence, m < m*.
If for some x € O we have m = f(z), then, by the first part, f = m in O.

0.6 Borel Measures

1. The Borel o-algebra B(R™) is the smallest o-algebra of subsets of R™
which contains all open sets. Its elements are called Borel sets.
If A is any Borel set, then we define the Borel o-algebra of A by

B(A) = {BeBR™ :BC A}.

A complex measure dp on B(A) is called a complex Borel measure in A.

A non-negative measure du on B(A) is called a non-negative Borel mea-
sure in A if, additionally, du(K) < +oo for every compact K C A.

A signed Borel measure in A is any difference of two non-negative Borel
measures in A at least one of which is finite.
2. A Borel measure du of any kind (complex, signed, non-negative) in R™ is
said to be supported in a Borel set A, if du(B) = 0 for all Borel sets B such
that BN A= 0.

For any kind of Borel measure di in R™ and any Borel set A, we define the
restriction of du in A by

dpa(B) = du(B N A)

for all Borel sets B. This is a Borel measure supported in A.

One should observe and keep in mind the difference between a Borel measure
in a Borel set A and a Borel measure in R™ supported in the Borel set A.
3. Every signed Borel measure dy has a non-negative variation dup™ and
a non-positive variation du~, which are both non-negative Borel measures,
they are supported in disjoint Borel sets, at least one of them is finite and satisfy
dp = dp™ — dp~. Then, the non-negative Borel measure |du| = dp™ + dp™ is
called the absolute variation of du.
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It is true that, for every signed Borel measure du and every Borel set A,
|dp|(A) = sup Y |du(By)| over all m € N and all partitions A = U™, By, of
A into pairwise disjoint Borel subsets of it.

We extend to the case of complex Borel measures and, for every complex
Borel measure dy and every Borel set A, we define

dp(4) = sup Y ldu(By)|
k=1

over all m € N and all partitions A = U] By, of A into pairwise disjoint Borel
subsets of it.
Then, |dy| is a finite non-negative Borel measure and the finite number

ldull = |du|(R™)

is called the total variation of du.
4. If f is integrable in R™, then a complex Borel measure djis is defined by

dg(4) = [ 1ia) dm(o)
for all Borel sets A. This measure is denoted, also, by
fdm = duy .

The integrable function f is called the density function or the Radon-
Nikodym derivative with respect to dm of the complex Borel measure
fdm.

If f* = max(f,0) and f~ = max(—f,0), whence f = fT — f~ and |f| =
ft+ [, then

(Fdm)* = frdm, (fdm)" = j~dm, |fdm| = |fdm
and
Ifdmll = [ (7@ dm(o)

We, also, have that f dm is supported in the Borel set A if and only if f =0
almost everywhere in R™ \ A.

The complex Borel measures of the form du = f dm are called absolutely
continuous and are characterized by the property:

du(A) = 0 for all Borel sets A with dm(A4) =0 .
For every x € R™ we define the Dirac mass at = as the measure

1, ifzeA
d0:(4) = {o, ifrgA
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for all Borel sets A. This is not absolutely continuous and is supported in {z}.
5. The space M(R™) of all complex Borel measures in R™ is a linear space and
|l - || is @ norm on it. Under this norm, M(R™) becomes a Banach space.

If the complex Borel measure dy is supported in the Borel set A, then,
obviously, |du| is also supported in A and ||dy| = |du|(A). We, then, denote by
M(A) the space of all complex Borel measures supported in A. This space is
just a closed linear subspace of M(R™) and, hence, a Banach space itself.

6. If A is a subset of a metric space, then Cg(A) is the Banach space of all
complex-valued functions continuous and bounded in A, with the norm

[fllee = sup[f(z)],  feCr(A).
TEA
If A is compact, then Cg(A) = C(A).
We shall need the following simple version of an important theorem.

Theorem 0.10 (Representation Theorem of J. Radon and F. Riesz) Let L be a
bounded linear functional on the Banach space C(K), where K is any compact
subset of R™. Le.

L(af +bg) = aL(f)+bL(g)

for all a,b € C and all f,g € C(K) and
LA < K llflleo

for all f € C(K) and some k not depending on f.
Then, there exists a unique complex Borel measure du supported in K so
that

L) = [ f@) duto)
for all f € C(K). We, also, have that
ldull = IILIl = sup{[L(f)]: f € C(K), |[fllc <1} .
If L is, also, non-negative, i.e.
L(f) = 0
for all f € C(K) with f > 0 everywhere in K, then du is non-negative.
If for every du € M(K) we define the function

Lau(f) = /K f@) du(z) . feC(K)

then Lg, is a continuous linear functional on the Banach space C'(K), i.e. an
element of C(K)*.

The content of the Representation Theorem of J. Radon and F. Riesz is that
the (obviously, linear) mapping

M(K)>dpy — Lg, € C(K)*
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is a bijective isometry.
7. If {dum} is a sequence of Borel measures, then we say that it converges
weakly on the compact set K to the Borel measure du, if for all f € C(K),

| 1@ dunta) = [ 5@ duta).

In this case, by the Uniform Boundedness Theorem, it is true that there is
a constant M so that |du|(K) < M and |dp,|(K) < M for all m.

As an application of the Banach-Alaoglou Theorem in the Banach space
C(K), we get that for any sequence {dpu,, } of complex Borel measures supported
in K with ||dpm|| < M for some M < +oo not depending on m, there is some
subsequence converging weakly on K to some complex Borel measure supported
in K.

If the sequences {dul,} and {du2,} converge weakly on the compact subsets
K, and Ky of R™ to du' and du?, respectively, then the product measures
dupl, x du2, converges weakly on K x Ko to du' x du®. To show this, consider
an arbitrary product fi(z)f2(y) of continuous functions in Ky and Ks. Then,
by the Theorem of Fubini, it is clear that

/ f1(@) f2(y) dpy, x dps, (x,y) — fi(@) f2(y) dp' x dp®(z,y) -
KixKs Ki1x Kz

For the arbitrary continuous f(z,y) in K1 x K2, we use the Stone-Weierstrass
Theorem to approximate f by a polynomial > x%y® uniformly in K; x Ky and
that ldut, x du2, | < ldud,|[ldii2, || < MiMs < +oo, to prove

/ flz,y) dpy, % dps, (z,y) — flz,y) dp' x dp?(z,y) .
K1><K2 KlXKz

8. All kinds of Borel measures dyu are regular. This means that, for every Borel
set B with finite du(B) and every € > 0, there is an open set U and a compact
set K so that K C BCU and |[du|(U\ K) <€ .

9. Let du be a non-negative Borel measure and let the extended-real-valued f

be defined in the Borel set A. We, then, define the upper integral of f in A
by

[ @) dute) = it [ o) dute)

where the infimum is taken over all bounded from below lower-semicontinuous
¢ in A with ¢ > f everywhere in A. We, also, define the lower integral

1 S dute) = sw /A (x) du(z)

where the supremum is taken over all bounded from above upper-semicontinuous
¥ in A with ¥ < f everywhere in A.
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It is, then, true that

/ o) dute) < 7Af(x) e

It is, also, true that f is du-integrable in A if and only if

o < 1 @) dnta) = / @) dufa) < 400

and, in this case, the common value of the upper and the lower integral is equal

to fA f(x) dp(z).

0.7 Distributions

The following is only a short exposition of very few elementery facts about
distributions with brief proofs of only those of them which are considered new
or not easy enough to be proved by the inexperienced reader.

If f is a measurable function in R®, then x € R" is said to be a support-
point for f, if f is almost everywhere 0 in no neighborhood of z.

The support of a measurable function f : R®™ — C is the smallest closed
set in R™ outside of which f is almost everywhere 0 and it is defined by

supp(f) = {xz € R": x is a support-point for f} .

Saying that the support of a measurable function is bounded is equivalent to
saying that it is a compact subset of R™ and equivalent to saying that the func-
tion vanishes almost everywhere outside a compact subset of R™. In this case,
we say that the function is compactly supported or that it has compact
support.

In case f is continous in R™, then it is easy to see that its support is the
smallest closed set in R™ outside of which f is everywhere 0.

If du is a Borel measure (of any kind), we say that the point € R™ is a
support-point of du, if du is the zero measure in no neighborhood of x. The
support or, sometimes called, closed-support of du is defined by

supp(dp) = {x € R™: x is a support-point of du} .

It is easy to see, using the regularity of du, that supp(du) is the smallest
closed set in R™ outside of which du is the zero measure.

Example
The finite non-negative Borel measure dy = Zfi 27%d51 is supported in
- k

the set {4 : k € N}, but supp(du) = {4 : k € N} U{0} .

Whenever we say that du is compactly supported or that it has compact
support, we mean that supp(du) is a compact subset of R™.
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In case du = f dm is an absolutely continuous compex Borel measure with
density function f € L*(R®), then, clearly,

supp(fdm) = supp(f) .
Let f,g € L*(R™). Then, the convolution
frg(x) = N [z =y)g(y) dm(y)
is defined for almost every z and it is true that f x g € L'(R®). Also,
1f=gllo@mny < [[fller@mllgllzmn) -
It is true that
frxg =gxf, [fx(gxh) = (fxg)*h

and

supp(f *g) € supp(f) + supp(g) ,

where A+ B={z+y:xz€ A,y B} for A,BCR"

The convolution is defined in other instances also.

Let f be measurable in R™ and integrable in all compact subsets of R".
We, then, say that f is locally integrable in R™ and the space of all such f
is denoted by L} (R™).

If f is locally integrable and g is integrable and compactly supported, then
f * g(z) is, obviously, well-defined for almost every z.

The convolution is a useful device and one reason is that it preserves the
regularity properties of its component functions.

For instance,

Proposition 0.6 Suppose [ is locally integrable and g is continuous and com-
pactly supported. Then f * g is everywhere defined and continuous.
If, moreover, g is in C*(R®), then f * g is, also, in C*(R™) and

D*(f*g) = fxD%

for all multi-indices o = (a1, . . ., ) with order |af < k.
The same conclusions hold, if we assume that [ is locally integrable and
compactly supported and g is continuous or in C*(R®).

Proof:
(i) Let supp(g) be contained in the compact K C R™. Then, for every z,

[ 1@ =g dm) < gl [ 1) dmty) < +oc.
since x — K ={z —y:y € K} is compact.
(ii) For fixed 2 and for |2’ — 2| < § < 1, the function g(2’ —-) —g(z —-) has
its support contained in the compact subset L = {y : d(y,z — K) < 1} of R™.
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Therefore,

Frale) — frg@)| < / F@lla - ) — gz — )| dm(y)
L
< swp lgla) - g(d) / F@)] dm(y)

la—b|<é

and, since g is uniformly continuous, the last quantity tends to 0 as § — 0.
Thus, f * g is continuous at x.

(iii) Now, suppose that g € C*(R™). Then, as before, for fixed z and for h € R

with |h| <6 <1,

‘ f*g(a:—l—he}i)—f*g(x) _/ fly )(;?xg](:zr—y) dm(y)‘
< [ | SR S iy
S\asilpq ‘iﬂgg &EJ ‘/ i

and, since % is uniformly continuous, the last quantity tends to 0 as 6 — 0.
J
Thus, W(x) =[x %(z) for every = and, from part (i), f xg € C*(R®).
J J
Using induction, we extend to derivatives of higher order.

The proof of the second part is, after trivial modifications, similar to the
proof of the first part.

A useful technical tool is the function

_ exp(—1), ift>0
$o(t) {0, ift<0.

It is easy to prove that ¢ is in C*°(R) and supp(¢o) = Rg. Therefore, if
C > 0, the function

exp(———), ifz ;
oo - (g s

has the properties:

1. @ isin C*(R"),

2. ® is non-negative and supp(®) = B(0;1) ,
3. @ is radial. L.e. ®(z) = ®(y) whenever |z| = |y| ,

4. [gn ®(x) dm(zx) =1, if we choose the constant C' appropriately.
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Now, the functions (6 > 0)

1 x
— (=
on (6) ’

have the same properties 1, 3 and 4 and property 2 replaced by

Ds5(z) = zeR",

supp(®s) = B(0;6) .

Definition 0.2 The family of functions {®5 : § > 0}, or any other similar
family coming from any ® with properties 1-4, is called an approximation to
the identity.

Starting with any radial function F', the following function is well-defined
for all r € Ry for which there is at least one x in the domain of definition of F
with |z| =7 :

F.(r) = F(x), for any x with r = |z| .

This is useful whenever we use polar coordinates to evaluate integrals.

Let f be measurable in €2, an open subset of R™, and integrable in all
compact subsets of (2. We call f locally integrable in 2 and the space of all
such f is denoted by L}, ().

Proposition 0.7 If f is in L} (Q), g is in CK(R™) and supp(g) C B(0;4),
then the convolution

frglo) = | f@=y)gly) dm(y)
is defined for all x in the open set
Qs ={z € Q:d(z,00) >}
and it is in C*(Qs). Moreover,
D%(fxg) = f+D%
in Qs, for all a with |a| < k.

Proof:
A minor modification of the proof of Proposition 0.6.

Definition 0.3 Let Q be an open subset of R™. Then the space of test-
functions in Q, denoted by D(R), is the space of all infinitely differentiable
complez-valued functions with compact support contained in 2.

D(f2) is a linear space and f¢ € D(Q) for every f € C*(Q) and every
¢ € D(RN). In fact, since C°°(Q) is an algebra, we see that D() is an ideal in
C>(Q).

The next result is technically very helpful.
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Lemma 0.2 Suppose that € is an open subset of R™ and K is a compact subset
of Q. Then, there exists a ¢ € D(Y) so that

1. 0 < ¢ <1 everywhere in 0 and

2. ¢ =1 everywhere in K.

Proof:
Consider &y < § d(K,09) and the compact set

K250 = {LL‘ : d(:v,K) S 250} .

We also consider any approximation to the identity {®s : § > 0} and the
convolution

¢ = XKzs0 * oo 5

where xk,,, is the characteristic function of Kas,.

By Proposition 0.6, ¢ € C*°(R™) and supp(¢) C Kas, + B(0;dp) which is a
compact subset of Q. Hence, ¢ € D(Q).
Also, for every x,

0 0@) = [ By-w)dml) < [ sy dmly) = 1.
Kos,, n
Finally, if € K, then B(x;dp) C Kas, and, thus,

d(x) = /B . XKas, (Y)Ps, (2 —y) dm(y) = /B . s (z—y) dm(y) = 1.

We define a notion of convergence for sequences in D(f2) as follows.
Definition 0.4 Let {¢,} and ¢ be in D(Q). We write
¢m — ¢ in D),
if
1. there exists some compact K C Q so that supp(¢m) C K for all m and
2. D%, — D¢ uniformly in Q for every multi-index o .
Of course, 1 and 2 imply that supp(¢) C K .

Proposition 0.8 1. If ¢, — ¢ and ¥y, — ¢ in D(Q), then Ay, + pihy, —
Ap 4+ pp and Gptby — O in D(Q) for all \,u € C .

2. If ¢y — ¢ in D(Q) and f € C(Q), then fo, — fé in D(Q) .
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Proof:

If the supports of all ¢, are contained in the compact K and the supports
of all v,,, are contained in the compact L, then the supports of all A¢,, + utm,
are contained in the compact K U L, the supports of all ¢,,1,, are contained in
the compact K N L and the supports of all f¢,, are contained in K.

The rest is an easy application of the rule of Leibniz for the derivatives of
products.

Proposition 0.9 For every ¢ in D(Q2) and any approzimation to the identity
{®s: 5 > 0} we have that ¢ x D5 belongs to D(Q) for small enough § and

p*xDs — ¢ in D(Q)
as 6 — 0+ .

Proof:

Observe that ¢, defined to be equal to 0 outside 2, is in C°°(R™) . Therefore,
from Proposition 0.6,

Da(d) * (1)5) = Dad) * (1)5

in R™.

If we consider K = supp(¢) and §y = § d(K,0) > 0, then, for all § < do,
the support of ¢ * @5 is contained in the compact set L = K + B(0;dp) = {x :

Hence, ¢ * @5 belongs to D(Q2) for all § < §j .

Now, for every x,

|D*(¢+ ®s)(z) — D¥¢(x)| = |D* Ds(z) — D*¢()|

[ D%tz =) - D*o(a)@s(y) )

IN

_ /n ID*6(x — dy) — D°()|®1 (y) dm(y)

< sup [D%(a) — D%¢(b)
la—b|<é

and the last term tends to 0 as § — 0 .
Therefore, D* (gb * <I>5) — D%¢ uniformly in R™.

This notion of convergence defines a topology in the space D({2), which then
becomes a locally convex topological vector space, but we shall not touch and
not need this more abstract matter.

We call distribution in §2 any continuous linear functional 7" on D(€2). Thus,

Definition 0.5 A function
T : D) —C

is called distribution in €, if
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1. T+ py) = XT(¢)+ pT ()  for all g, € D(Q) and all \,p € C .
2. T(¢m) — T(P) whenever ¢, — ¢ in D(Q) .
We denote by D*(Q) the set of all distributions in ) .

The space D*(£2) becomes a linear space, when we define

(AT +pS)(¢) = AT'(¢) + pS(9)

for all ¢ € D(Q). In fact, it is trivial to prove that XT' + uS is a distribution in
Q whenever T and S are distributions in Q .
We can, also, define the notion of (w*-)convergence in D*(Q) as follows.

Definition 0.6 We write
Tm — T in D*(Q),

if
Tn(¢) — T(9)
for all p € D() .

The two examples which will be introduced in Definitions 0.7 and 0.10 show
how certain concrete objects, like functions and measures, can be viewed as
distributions.

Definition 0.7 For ecvery f € L} (Q), we define

loc

Ty(¢) = [ o(@)f(x) dm(x)

Q
for all ¢ € D().

It is trivial to prove that T is a distribution in €2.
The (obviously) linear map

Lioe(Q) 3 f = Ty € D*(Q)

is a continuous injection.
This means that,

1. if Ty =Ty, then f = g almost everywhere in Q and

2. Ty, — Ty in D*(Q2), whenever f,, — f in L} () or, equivalently, when-
ever [ |fm(z) — f(x)] dm(z) — 0 for every compact K C Q.

The second statement is trivial to prove, and the first is equivalent to

Proposition 0.10 If f and g are locally integrable in 2 and if

/ f@)éla) dm(z) = / 9(2)(z) dim(z)
Q Q

for all € D(Q), then f = g almost everywhere in Q.
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Proof:
If K is a compact subset of 2, consider U,, = {z : d(z,K) < =} .
Then, K = N} U,,, implying dm(U,, \ K) < € for large m.
By Lemma 0.2, there exists a ¢ € D(U,,) so that

1. 0 < ¢ <1 everywhere and
2. =1 in K.

Then,
[ s@0te) ame)— [ @) am@)| < [ (@) dne)

with a similar inequality for g.
Letting ¢ — 0 and using the hypothesis, we get

[ 1@ ant@) = [ (@) dna)

for all K.
By the regularity of dm, the proof is complete.

We may, thus, “identify” locally integrable functions in €2 with the corre-
sponding distributions in €.

Definition 0.8 If for some distribution T there exists a (necessarily unique)
locally integrable f so that T'= Ty, then we say that T is represented by f or
that T is identified with f.

Because of this identification, it is common practice to use the symbol f for
both the function and the distribution represented by it. We, thus, write

f(6) = /Q o)/ () dm(z)

Therefore, the symbol f has two meanings; the “function” meaning, when
f acts on points of €2, and the “functional” meaning, when f acts on functions
» € D(Q).

Let dyu be a complex-valued function defined on the union of B(K) for all
compact K C Q (where B(K) is the Borel o-algebra of K), so that it is a
complex Borel measure in every such compact K.

To say the same thing in a different way,

Definition 0.9 Let du(A) be defined as a complex number for every Borel set
A contained in a compact subset of Q and let

du(:Uj A) = gdu(/lk) :
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whenever the Borel sets Ay are pairwise disjoint and are all contained in the
same compact subset of 2.

Every such du is called a locally finite complex Borel measure in Q) and
the set of all such du is denoted Mo.(2).

If du is a non-negative Borel measure in Q, then du(A) is defined for all
Borel subsets A of Q and, by definition, it is a (finite) non-negative number
whenever A is contained in a compact subset of 2. Thus, by just restricting its
domain of definition, dy becomes a locally finite complex Borel measure in 2
with non-negative values.

The converse is the content of the next result.

Proposition 0.11 Suppose that du is a locally finite complex Borel measure in
Q with non-negative values.

Then, the domain of definition of du can be extended to B(Q) so that du
becomes a non-negative Borel measure in €.

The extension of du on B(Q2) is unique.

Proof:
If A is an arbitrary Borel subset of 2, define

duo(A) = supdu(B)

over all Borel sets B C A which are contained in compact subsets of Q.
(i) It is obvious that, if A itself is contained in a compact subset of Q, then
dpo(A) = du(A) and, thus, dug is an extension of du.
(ii) Now, let the sets Ay, k € N, be pairwise disjoint Borel subsets of .

If BC U;;’?Ak is contained in a compact subset of €2, then all B N Ay are
contained in the same compact subset of €2 and, thus,

+oo —+o0
du(B) = Y du(BNAy) < > duo(Ax) .
k=1 k=1
This implies that
+oo +o0
dpto ( U Ak) < Z dpo(Ag) .
k=1 k=1

Now, for each k with 1 < k < m, consider arbitrary Borel sets By, C Ay con-
tained in compact subsets of ). Then U}L, By, is, also, contained in a compact
subset of Q and, hence, >*, du(By) = du(UP, By) < dpo(ULS Ag).

Taking the supremum over each By, independently, we find >"7" ; duo(Ax) <
dpo (U5 Ag) and, letting m — o0,

—+o0 —+oo

Zdﬂo(Ak) < dﬂo(U Ak) -

k=1 k=1
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Therefore, dug is a non-negative Borel measure in Q.
(iii) Now, let duy be another extension of du and consider a compact exhaustion
{K(m)} of Q. Then, for every Borel subset A of Q, the sets B,, = K(,;,) N A
increase towards A and each is contained in a compact subset of 2. Therefore,

di(4) = lm dun(Bp) = lim du(Bn) =l duo(Bn) = duo(A).

Because of the last proposition we shall never distinguish between non-
negative Borel measures in 0 and locally finite Borel measures in Q0 with non-
negative values.

If du is a locally finite complex Borel measure in §2, then through the ex-
tension procedure of Proposition 0.11, we can define the non-negative Borel
measures |du|, dut and du~ in Q satisfying |du|(A) = dut(A) + du= (A) for
all A € B(Q) and du(A) = dut(A) — du=(A) for all A € B(Q) contained in a
compact subset of Q.

If f is a locally integrable function in €2, then a locally finite complex Borel
measure fdm in € is defined, as usual, by

fdm(4) = /A f(x) dm(z)

for all Borel sets A which are contained in compact subsets of (2.
It is obvious that we may integrate any continuous function with compact
support contained in {2 against any locally finite complex Borel measure in €.

Definition 0.10 For every du € M,.(2) we define

Tau(9) = A ¢(x) du(x)

for all € D(Q).
It is clear that Ty, is a distribution in © and that the linear map
Mloc(Q) > dluf = Tdu eD* (Q)

is a continuous injection.
This means that,

1. if Ty, = Tqy, then du = dv and

2. Tau,, — Tau in D*(Q), whenever dpy, — dp in Mje(§2) or, equivalently,
whenever |dp, — du|(K) — 0 for every compact K C €.

The first statement is the same as

Proposition 0.12 If dy and dv are two locally finite complex Borel measures
in Q and

A ¢(x) dp(z) = A ¢(x) dv(z)
for all ¢ € D(Y), then du = dv.
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Proof:
The proof is identical to the proof of Proposition 0.10, replacing f(z)dm(x)
by du(z) and g(x)dm(z) by dv(z) and using the regularity of Borel measures.

Therefore, we identify locally finite complex Borel measures in {2 with the
corresponding distributions in 2 and, as above for functions,

Definition 0.11 If for a distribution T in Q there exists some (necessarily
unique) locally finite complex Borel measure dyv in Q so that T = Tg,,, then we
say that T is represented by du or that T is identified with du.

As in the case of functions and because of this identification between mea-
sures and distributions, it is common practice to use the same symbol dyu for
both the measure and the distribution represented by it. We, therefore, very
often write

dp(¢) = A ¢(x) du(x) -

Hence, the symbol du has two meanings; one is the meaning of a “measure”,
when du acts on certain Borel subsets of €2, and the other is the “functional”
meaning, when dy acts on functions ¢ € D(2).

A particular case is when the measure is the dd,, the Dirac-mass at a point
a € Q). Then,

d52(6) = Tus,(9) = /Q o(x) dou(x) = d(a)

for all ¢ € D(R).
Another particular case is when the measure is of the form fdm for some
locally integrable function f in 2. Then,

Fdm(@) = Tyam(@) — /Q o(2)f(z) dm(z) = Ty(g) = £(&)

for all ¢ € D(Y), implying T gn, = T or, informally, f dm = f.
Definition 0.12 A distribution T in Q is called non-negative and we write

T>0,
if

T(¢) = 0
for all ¢ € D(Q) with ¢ > 0 everywhere in Q.

Theorem 0.11 If T is a non-negative distribution in €, then there exists a
non-negative Borel measure dp in §) so that T =Ty, .

Proof:
Consider any open exhaustion {2(,)} of  and fix m.
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By Lemma 0.2, there exists ¢g € D(2) such that 0 < ¢y < 1 everywhere
and ¢o = 1 in the compact Q) .

Then, for every ¢ € D(Q(,,)), we have |¢| < ||¢]|cpo everywhere in € and,
since T' > 0,

IT(@)] < ITRO)| +T(S)| < 2T(¢o) |9l oo -

Therefore, T'is a bounded linear functional on the linear subspace D(£(;,)) of
the normed space C(€(,)). By the Hahn-Banach Theorem, T' can be extended
as a bounded linear functional on C(£,,)).

By the Representation Theorem of J. Radon and F. Riesz, there exists a
complex Borel measure d, supported in €2(,,) so that

T(¢) = [ é(=) dum(z)
Q)
for all ¢ € D(Q(m))
If K is any compact subset of €(,,), then, as in the proof of Proposition
0.10, there exists ¢ € D(Q(y,)) so that 0 < ¢ < 1in Qy), ¢ = 1 in K and
dpm (supp(¢) \ K) < e. This implies

Q(m)

i) =T < [ le) = 6(a)| dum (@) < <.

and, since T'(¢) > 0 and ¢ is arbitrary,
dpm(K) > 0.

By the regularity of du,,, we conclude that it is a non-negative measure.
Now, since fQ(T) d(x) dpm(x) = T(p) = fmqﬁ(a:) dptmy1(x) for every
¢ € D(Qm)), Proposition 0.12 implies that

dlLLm = dlufm-i- 1

in Q). Therefore, the measures dp, define a locally finite complex Borel
measure dy in {2 with non-negative values so that the restriction of dyp in each
() coincides with dp,,; simply, define, for all Borel sets A which are contained
in compact subsets of (2,
du(A) = dyin(A)

for any m with A C Q(m) .

Finally, if ¢ € D(€), then, since supp(¢) is compact, ¢ € D(Q(,,)) for large
m and

Tulo) = [ 6(0) duta) = (2) dpm(z) = T(9) .

Q(m)

In the rest of this section we define two operations on distributions, the
differentiation and the convolution with infinitely differentiable functions with
compact support in R™, and study their calculus.
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Definition 0.13 If T is a distribution in ), we define

5@ = ~T(52)

for all ¢ € D(Q) and call gTT the j-derivative of T.

Then, T is a new distribution in €2, as one can, easily, see.
J

Inductively, we see that a distribution in (2 has derivatives of all orders and
these are, also, distributions in 2. In fact, for every multi-index «,

D°T(¢) = (=1)*IT(D*¢) .

Definition 0.14 If T is the distribution identified with the locally integrable
function f, then the distribution % 1s called the distributional j-derivative
J

of f.

By Definitions 0.7 and 0.13, this means nothing more than that this distri-
butional j-derivative is a functional on D(2), defined by

@) = T(52) = - [ re5E @ an)

Therefore, a locally integrable function has distributional derivatives of all
orders which are, in general, distributions.

To avoid a conflict, we must find the relation between the distributional
derivative and the classical derivative, whenever this last one exists. Therefore,

assume that f is in C1(Q) f be its usual j-derivative in Q. Then, for
every ¢ € D(Q),
an _ [ of _
- - [ s@g @ ) = [ Z@o) dn) - Ty ).

The second equality is the well-known Integration by Parts formula and
can be proved using Green’s Formula in a bounded open set G with C*-boundary
and with supp(¢) € G C G C Q (so that ¢ and g—‘z vanish in 9G).

Thus,

Proposition 0.13 The distributional j-derivative of any f in C*() is identi-
fied with its classical j-derivative.

Based on this last result and on the identification between f and T}, we,
often, use the customary symbol g—fj to denote g_:;’ even though f may not be
differentiable in the classical sense. Thus, the informal notation is

axj / J axj dm(x) -
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If T € D*(Q2), then

P - ~E(12) - 7(5%).

o2 92, \ 9
Therefore, the Laplacian of a distribution T is given by
AT(¢) = T(A9)
for all ¢ € D().
Another case which we shall often consider is the distributional Laplacian

Af of alocally integrable function. The correct notation is, of course, ATy and
it is the distribution which, for every ¢ € D(Q), satisfies

ATy(¢) = Ti(Ag) = Qf(ﬂﬂ)Aqﬁ(iE) dm(z) .
The informal notation is, of course,
8J6) = [ F@)B6() dm(a)
Q

even if f is not differentiable in the classical sense.
In case f € C*(), using the formula of Integration by Parts,

D*Ty(¢)

(—1)eiTy (D7) = (~1)l! /Q f(2)D(x) dm(x)

/Q D f(2)é(x) dm(z) = Tpes(9)

for all ¢ € D(2) and all multi-indices « of order at most k. Thus,

Proposition 0.14 The distributional a-derivative of an f in C*(Q) is identi-
fied with its classical a-derivative, for all o with |o| < k.

Again, the informal notation, even if f is not differentiable, is

Do) = (~1) /Q F(2)D° () dm(z) |

Let 6 > 0 and consider any f € C*°(R") with supp(f) C B(0;0). Denote

fl@) = f(-=), weR™.

Definition 0.15 For any T € D*(Q) and any ¢ € D(Qs), we define

Txf(¢) = T(f+¢).

T * f is called the convolution of the distribution T and the function f.
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This is well-defined. Indeed, fx¢ € C°°(R™) and supp(f+¢) C B(0;8)+€2s C
Q and, hence, f * ¢ € D(Q).

Proposition 0.15 If T € D*(Q) and f € C°(R"™) with supp(f) C B(0;9),
then T x f is a distribution in Qs.

Proof:
The linearity is trivial to prove and we consider ¢,, — ¢ in D(Qs).

If all supp(¢.,) are contained in the compact K C Qgs, then all supp(f * ¢)
are contained in the compact L = K + B(0;0) C Q. Moreover,

D°(F 6 (@) = D (T 6)(0)
< [ 1D%on(w) - Do) e - )| dm)

IN

sup [D%m(y) — D*¢(y)| | [f(2)] dm(2) .
yeR? R»

and, hence, D*(f * ¢,) — D*(f * ¢) uniformly in R™.
This implies that f * ¢, — f* ¢ in D(Q) and, since T € D*(Q2), we, finally,
get

T f(om) = T(f*dm) — T(frx¢) = Txf(9).

Guided by the “principle” that convolution preserves the regularity of its
components, we shall prove that T % f can be identified with some function
g € C>(Qy).

Remark

In the proof that follows there are four “why”s and “how”s. The interested

reader is advised to answer them, providing the easy but technical proofs.

Define f*(y) = f(x — y) and observe that f* € D(Q), if € Q5. Therefore,
the function

g(x) = T(f"), 2€Qs,
is well-defined.
If 2, — @, then f*» — f* in D(Q) (why?) and, hence, g(z,,) — g(x).
Therefore, g is continuous in 2.
Next, we see easily (how?) that, for all € Qs, if h — 0 in R, then

fm-i—ejh_fac B (ﬁ)x

h 8.Ij
in D(£2), where e; is the j-coordinate unit vector.
From this,
. _ z+ejh _ fx T
lim SN Z9@) () (2.
h—0 h h—0 h 8Ij



48

Hence,
9y Of \*
=7((5;) ) weo
(%c]( @) Ox; rERs
implying that ¢ has continuous partial derivatives of first order and, by induc-

tion, of any order:
g € C>®(Qys) .
Take, now, any ¢ € D(Qs).

Since the function ¢g is continuous with compact support contained in g,

d(x)g(x) dm(x hquﬁ xg)g(xg)Am(xy) ,

Qs

where the last sum is a Riemann-sum defined, as usual (how?), by a mesh of
small cubes and the limit is taken as the size of the cubes tends to 0.
Now, it is easy to prove (how?) that, also,

$(x) () dm(zx) = Lim Y ¢(ar) f*()Am(zr)  in D(Q) .

Qs

Finally,

/Q o(x)g(x) dm(x) hquﬁ xg)g(xg) Am(xy)

= hquS )T (f7%)Am(zy)
=t (3 o) ) Am(e)
= (] o) dm(x))

= T(f+¢) = T+ f(@),

where the third equality holds because the sum is finite.
We conclude that T« f is identified with the function g € C*°(€Qs). Thus,

Proposition 0.16 The convolution of a distribution in Q and an infinitely dif-
ferentiable function supported in B(0;0) is a distribution in Qs identified with
a function in C*° ().

We can easily prove

Proposition 0.17

Tx+(frg) = (T'xf)xg
for all T € D*(Q) and f,g € C*(R™) with supp(f) C B(0;6) and supp(g) C
B(05¢) .

In this equality, both sides are distributions in Qsy. .
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Proof:
For any ¢ € D(Qs4+.), and since supp(f * g) C B(0;6 + ¢) ,

(T+(f9)(¢) = T((fxg)xd) = T(f*G*0¢))
(T*)Gxd) = (T*f)*g)(9) .

Proposition 0.18 For all T € D*(Q) and f € C*(R"™) with supp(f) C
B(0;9),

DT« f) = DT« f = T*«Df |
as distributions in Qg .

Proof:
For every ¢ € D(Qs),

DT+ f)(¢) = (=D)I*NT« £)(D*¢) = (—=D)IT(f D) .

This is, on one hand, equal to

(~DIT(D*(f+ ¢)) = DT(fx¢) = (DT * f)(¢)

and, on the other hand, equal to

T(Dofx¢) = (T *Df)(¢) .

Proposition 0.19 If h € L}, () and f € C®(R™) with supp(f) C B(0;6),
then

Th * f = Th*f
as distributions in Qs .

Proof:
By Proposition 0.7, the function h * f is in C°°(£s) and, hence, both sides
are distributions in Qs. If ¢ € D(Qs) and supp(¢) is contained in the compact

K C Qg, then supp(f * ¢) is contained in the compact L = K + B(0;6) C Q
and, using the Theorem of Fubini,

(e f)(@) = Tu(frod) = /Qh@c) /K f(y - 2)d(y) dm(y) dm(z)
- / hz) / F(y - 2)d(y) dm(y) dm(z)
L K
- /K (h* F)@)é(w) dm(y) = Ther(6)
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Proposition 0.20 Consider any approximation to the identity {®s : & > 0},
let T be a distribution in Q and fix an arbitrary € > 0.
Then, for all 6 < e, T x ®g is a distribution in Q. and

Txds—>T in D* ()

as 6 — 0.

Proof:
Take any ¢ € D(€)) and write

(T +®5)(¢) = T(Rs%¢) = T((B)s*¢) — T(9)

since, by Proposition 0.9, (®)s % ¢ — ¢ in D(Q) as § — 0.

0.8 Concavity

An extended-real-valued function f defined in an interval I C [—oo,+00] is
called concave in I, if it takes only real values in the interior of I and

flta+ (1 =1)b) = tf(a)+ (1 —1t)f(b)

for all a,b € I and all ¢ € (0,1).

f is called convex in I, if —f is concave in I.

If f is concave in the interval I, then f is continuous at every interior point
of I and, at each of the endpoints, the one-sided limit of f exists. In case the
endpoint is contained in I, this limit is no smaller than the value of f there.

If f is concave in the open interval I, then f is differentiable at all points
of a subset D of I, where I\ D is at most countable. At every a € I\ D
the one-sided derivatives of f exist and f’ (a) > f! (a). The functions f’ and
fl are decreasing in I and, hence, f’ is decreasing in D. The corresponding
Lebesgue-Stieltjes measure df’ is a non-positive Borel measure in I, which is the
zero measure in [ if and only if f is a linear function in 1.

Also, at every interior point ag of I, f has a line supporting its graph from
above. This means that for some [,k € R,

fla) < la+k

for every a € I, and
f(ao) = lag+ k.

As | we may consider any number between the one-sided derivatives of f at ag.
If f is twice continuously differentiable in the open interval I, then f is
concave in I if and only if f”/ < 0 everywhere in I.

Theorem 0.12 (Inequality of Jensen) Let dv be a non-negative measure in the
measure space (X, A) with dv(X) =1 and ¢ be an extended-real-valued function
in X which is in L'(dv).
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Then, for every f which is concave in an interval containing the values ¢(x)
for almost all (with respect to dv) x € X,

£ @) av@) = [ foota) anto)

The inequality is reversed, if f is convex instead of concave.

Proof:

Let I be an interval such that ¢(x) € I for almost all (with respect to dv)
reX.

If the real number ag = [ ¢(z) dv(z) is an endpoint of I, then ¢ is almost
everywhere (with respect to dv) equal to ag and Jensen’s inequality is trivial to
prove.

Now, suppose that ag = [y ¢(x) dv(z) is an interior point of I.

Then, there exist [, k so that f(ag) = lag+k and f(a) <la+k for all a € I.

Hence, for almost all (with respect to dv) = € X, f(¢(z)) < l¢(z) + k and,
integrating,

/X Fod(x) dv(z) < I /X é(x) dv(z) +k = f( /X () dy(:c)).

0.9 The Fourier Transform

In this section we shall state and prove only a few elementary properties of the
Fourier transform of functions and measures which we shall need later on in
these notes.

Definition 0.16 If f € L*(R™), we define

for = [ o) dmia)

for all £ € R™.

It is clear that the Lebesgue integral of the definition is well-defined as a
complex number.

Definition 0.17 If f € L*(R™), then the function
f: R" - C
is called the Fourier transform of f.

Example
If

for any o > 0, then

foy = (£)7e =, cern.
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For the proof we use the Theorem of Fubini to reduce the calculation to the
case of dimension n = 1 and, then,

f6 = / e~ 2mite g—ax” dm(x) .
Taking derivative and using integration by parts we may, easily, prove that
(9]? 22~
—= = —— , eR.
56O = —Teflo. e
Therefore,
9]

~ 2 .2 T2~ ~
E(FOe=9) = —Zm flOe¥¢ + o eF 0. ceR.

Since f(0) = V/E, we find

The proof of the next result is trivial.

Proposition 0.21 If f € L*(R™), then

o~

sup [f(E)] < |[fllzr@mm)
£ERP

and, thus,

~

f e LR").
Moreover, for every f1 and fo in LY(R™) and all \; and Xz in C,
Afi+ Xefoe) = Mfi+dafa .
Definition 0.18 The linear operator
FiLI(R™) — L%(RM)

defined by R
F(f) = f

is called the Fourier transform on L'(R™).

Proposition 0.22 The norm of the linear operator F : L*(R®) — L®(R™) is
equal to 1.

Proof:
The norm is, by Proposition 0.21, at most 1.
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Taking any non-negative f € L*(R™), we have, for all £ € R?,

~ ~

Fol < [ i@l an@ = [ @ dnt) = Fo).

Therefore,

o~

sup [f(E)] = [Ifllrmn)
£ERR

implying that the norm of the Fourier transform on L!(R™) is equal to 1.

Theorem 0.13 (The Lemma of Riemann and Lebesgue) If f € L*(R™), then
the function f is continuous in R™ and

o~

Jim (&) = 0.

Proof:
If & — &, then

~ -~

Fle) = F1©) = [ (726w = 7260) f(a) dm(a) — 0

by the Dominated Convergence Theorem and this proves the continuity of f
(i) If
[ = xr

is the characteristic function of an n-dimensional interval
I = [a1,b1] X -+ X [an, bn] ,

then, for every £ = (&1,...,&,), we calculate

—27Ti£jbj _ 6—271'7:5]'(1]'

W@ = I

We, now, easily, show that
Jim xi() = 0.

This property extends, by the linearity in Proposition 0.21, to all linear

combinations .
f = Z/\kXIk .
k=1

(ii) If f € L*(R™) and € > 0 is arbitrary, we take a linear combination of
characteristic functions of n-dimensional intervals g = > ;" Ak X1, so that

If=gllLimny < €.
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Then, from Proposition 0.21 and the result of (i),

nglsup|f<s>| < n?lsumf(g)—§<s>|+hg1sup|a<5>|
< ||f—9||L1(Rn)
< €.

Since € is arbitrary, the proof is complete.

Proposition 0.23 If f and g are in L*(R™), then

Proof:
In fact, by the Theorem of Fubini,

fxg&) = / p—2mitw f(:z:— Y)g(y) dm(y) dm(z)
= /n/n —27ig-(z— y)f( y) dm(z) _sz.yg(y) dm(y)

- / Fle)e><g(y) dm(y)
- Fleae

Definition 0.19 If du is a complex Borel measure in R™, then we define

e = [ e dulo)

for all € € R™.
The function
du:R* — C
is called the Fourier transform of du € M(R™).

Proposition 0.24 If du € M(R™), then

sup |du(§)] < ldpl
£ERR

and, thus,
dp € L*(R").
Moreover, for all duy and dus in M(R™) and all Ay and Ay in C,
(Adpr + Aadpz)” = )\167,1—;1 + /\267,1-;2 .

The proof is clear.
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Definition 0.20 The linear operator
F: MR — L¥R"),
defined by
Fldp) = du,

is called the Fourier transform on M(R").

Proposition 0.25 If du € M(R™), then E;\L is continuous in R™.

Proof:
The proof, based on the Dominated Convergence Theorem, is identical to
the proof of the first part of Theorem 0.13.

The second part of Theorem 0.13 is, in general, not true for measures.

Example
E(é) _ 6727ri§~a

for all £ € R™ and, hence,
|déa(§)] = 1

for all £ € R™.

Example
For every absolutely continuous measure fdm with density function f €
LY(R™), it is clear that

fdm = f.
Proposition 0.26 The Fourier transform on M(R™) has norm equal to 1.
Proof:

The proof is identical to the proof of Proposition 0.22 and uses any non-
negative Borel measure in M(R™).

Definition 0.21 For every du and dv in M(R™) and every Borel set A, we
define

dp+ dv(A) = / xa(@ +y) du(x) x dv(y) ,
R» xR®
where dp x dv is the product measure and the double integral is well-defined as

a complex number by the Theorem of Fubini.
du x dv is called the convolution of the measures dy and dv.

The proof of the next result is easy and is based on the definition of total
variation.



56

Proposition 0.27 If du and dv are in M(R™), then du*dv is o-additive and,
thus,
duxdv € M(R").

Moreover,
dp* dvll < |[dpll||dv] -

Proposition 0.28 If du, dv and dp are in M(R™), then
duxdv = dv=dy

and
(dpuxdv)xdp = dux*(dv *dp) .

Proof:
By the Theorem of Fubini, for every Borel set A,

du = dv(A) = /R . xa(z +y) du(z) x dv(y)
[ xasta) duta) dviy)
- / dp(A—y) duly)

Il
a
S
*
.
=
b
S~—

The proof of the second identity is similar and, even, easier.

Definition 0.22 If f € L}(R™) and dv € M(R™), we define
frdv(z) = flz—y) dv(y), zreR",
Rn

and call the function f*dv the convolution of the function f and the measure
dv.

It is trivial to prove that f * dv is in L'(R™) and that

If*dvlimny < [[fllor@n)lldv]l -
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Proposition 0.29 Suppose that dyp and dv are in M(R™) and that du = f dm
s absolutely continuous with density function f. Then, du * dv is, also, abso-
lutely continuous and its density function is

frdv() = Rnf(- —y) dv(y) .

Proof:
For every Borel set A,

dpxdv(A) = / . du(A —y) dv(y)
/ F(z) dm(z) du(y)
nJA—y
/ / f( — y) dm(z) dv(y)
n /A
/ f(z =) du(y) dm(z) .
AJR®

Proposition 0.30 Ifdu and dv are in M(R™), du is supported in the Borel set
M and dv is supported in the Borel set N, then du* dv is supported in M + N.
Hence,

supp(dp * dv) C supp(dp) + supp(dv) .

Proof:
If the Borel set A is disjoint from M + N and if y € N, then

MnNnA-y) =0

and, hence,

dyredu(4) = /N /MXAfym:) dp() duly) = /N dp(MA(A—y)) duv(y) = 0.

Lemma 0.3 If du € M(R™), then

REIEOOHdﬂ_dﬂB(O;R)” =0.
Proof:
ldp — dppor)ll = lldpre\posr) I = |du|(R“\B(O;R)) - 0,

since |du| is a finite non-negative Borel measure and B(0; R) 1 R™ as R | +o0 .

Proposition 0.31 Ifdu and dv are in M(R™) and f is any bounded continuous
function in R®, then

FG) duxdvls) = [ flay) dute) % dv(y)
Rn R xR®»
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Proof:
By Lemma 0.3, we may take large enough R so that

|dp — dppor)ll < €, |dv — dvp.r)ll < €.

Because of the uniform continuity of f in B(0;2R), we may, also, take a

linear combination
m
9 = > Mexa,
k=1

where B(0;2R) = U}, Ay, is a partition of B(0;2R) in pairwise disjoint Borel
subsets of small diameter, so that

sup |f(2) —g(2)| < e
z€B(0;2R)

and, hence,

sup |g(z)] < sup |f(z)]+e.
zERR zERR

The measure dyg(o;r)*dVp(o; r) is supported in B(0; R)+B(0; R) = B(0;2R).
Therefore,

}/ f(2) dupo;r) * dvp(o;r) (2) — / 9(2) dpp(o;r) * AvB(o;R) (Z)‘
R® R®
< elldup(osr) * dvpo:r)ll < elldulll|ldv| .

We, clearly, have that

‘ e (2) dp = dv(z) — e f(2) dupo.r) * dvp(o;r) (Z)‘
< swp |f ()l dp = dppo;m) [l dv]|

+ sup [f()ldpsom llldv — dvpom |

< e sup. LF I (ldgell + lldvl]) -

In the same manner,
‘/ 9(2) dp * dv(z) —/ 9(z) dﬂB(o;R) * dVB(o;R)(Z)
< e sup g(2)[(ldull + [lav]])
zeR™
< G(Sélgnlf(Z)l +e) (lldgell + llavl]) -

With similar calculations, we find that

| Pl +9) dpfa) < dvy)
B(0;R)xB(0;R)

— / g(x +y) du(z) x dv(y)
B(0;R)x B(0;R)

< elldpllidvll,
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that
[ty duto) x dvly)
R»xR®
-/ P+ y) dune) x dvly)|
B(0;R)x B(0;R)
< e sup |£(2)|(ldp] + ldv])
zeR®
and that

[ alat ) dute) x vty

—/ g(x +y) du(x) x dV(y)‘
B(0;R)x B(0;R)

< e(sup |f(2)] +€) (dull + [ldvl) -
zeR®
Finally, from the definition of du * dv and from linearity, we have

/ng(Z) dp* dv(z) = /Rn Rng(ery) dp(x) x dv(y) .

Combining all the above estimates with the last equality, we conclude that

} f(2) dp* dv(z) — / f(x+y) du(x) x dv(y)| < Ce,
Rn R xR®

where C' is a constant independent of €, and this finishes the proof.

Proposition 0.32 If du and dv are in M(R™), then
dp*dv = dpdy .
Also, if f € LY(R™) and dv € M(R™), then
f/*\du = fc/l;

Proof:
For the first part, we apply Proposition 0.31 to the function

f(z) = e 2™z zeR™.

For the last part, we just imitate the proof of Proposition 0.23.

Lemma 0.4 Suppose that f and g are in L'(R™) and that [g, g(x) dm(z) = 1.
Then,

frgs — f
in LY(R™) as § — 0+ .
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Proof:
[ 15 <as@) ~ f(a)| o)
= [ | e =00~ f@)atu) am)| ama)

// (@ = dy) = f(@)] dm(z) |g(y)| dm(y) -

ost) = [ |f@=b9) = f@)] dmlz) . yeR®,

The function

has the properties:

L supyern [05(y)| < 2| f]lL1mn) and
2. lims_o ¢s(y) = 0 for all y € R™.

By the Dominated Convergence Theorem,

lim [ |f*gs(z) = f(2)] dm(z) = 0.

5—0

Theorem 0.14 (The Inversion Formula) If f € LY(R™) and f € L'(R™), then

f) = [ e fie) ame)

for almost every x € R™.

Proof:
For every a > 0 and every z € R™,

[ eIt fig) dmie)
-/ / w0l dn(e) f(y) dm(y)

(D) [ == 1) dmiy)

Since f € L*(R™), by the Dominated Convergence Theorem, the left side
converges to [gn e2mET F(€) dm(€) as a — 0.

From Lemma 0.4, the right side converges to f in L*(R™) as o — 0 and the
proof is complete.



0.9. THE FOURIER TRANSFORM 61

Theorem 0.15 (The Fourier transform is injective) If f and g are in L'(R™)
and f: g, then f = g.

If dp and dv are in M(R™) and (/l/\L = 31;, then duy = dv.
Proof:

It is, clearly, enough to consider the case when g = 0 and dv is the zero
measure.

If f: 0, then the IP\version Formula gives that f = 0.

Now, assume that du = 0.
By Proposition 0.32, for all f € L'(R®?),

Srdp = Jdu = 0

and, thus, by the first part,
fxdp = 0.

Considering any approximation to the identity {®s : § > 0} and any ¢ €
D(R™),
0 = / D5« du(z) ¢(x) dm(x)
Rn
= [ ] @@t~ o) dm(e) duty)

— P(y) duly) ,
Rn

as § — 0, by the Dominated Convergence Theorem and Proposition 0.9.
Therefore,

#(y) du(y) = 0
Rn

for all ¢ € D(R™) and, by Proposition 0.12, du is the zero measure.

Theorem 0.16 Suppose that (1+ |-|)*f(-) € L*(R™). Then f € C*R™) and
DUfE) = [ e (min)® (o) dm(e) = (=2m0)*[()FO1 )

for all £ € R™ and all o with o] < k.

Proof:
By induction, it is enough to consider the case || = 1. We, thus, suppose
that (1+1-[)f(-) € L*(R™) and we get, for all j with 1 < j <n,

~ ~

h—0 h h—0 Jgn h

= /ne*2””'5(—27rixj)f(:zr) dm(z) .

—2mizijh _ 1

f(z) dm(z)
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The use of the Dominated Convergence Theorem in the above limit is per-
—27miT

mitted by the inequality ’67}17}1*1’ < 27|z,

Theorem 0.17 Suppose that f € C*(R®) and D*f € LY(R®) for all o with
|o| < k. Then
Def(§) = (2mig)*f(£)
for all £ € R™ and all o with |a| < k.
Proof:
By induction, it is enough to consider the case |a| = 1.
We estimate

’/ ) 2wz f(z+ he;) — f(=) dm(z) — / ) e~ 2mixg ﬁ(3;) dm(x)‘

h al'j
: Loaf of
_ —2mix-& ) N 2
- ’/Re /0 (axj( +ihe;) = o (x)) dt dm(az)‘
! of of
< —4 I
< /O / gt thes) = 5 (a:)’ dm(z) dt
of of
< sup |[5—(+y)— =—( :
vlsin 5, (1Y) 8Ij()‘L1(R")
Therefore,
: —omize /(@ hej) — f(x) _ / “omize Of
}113% - e Y dm(x) e oz, () dm(z) .

On the other hand,
—2mix-§ f(l' + hej) — f(i[])

}llli% Rne Y dm(z)
. 2mil;h 1
o . —2mix-& €
= }llli% Rne — f(x) dm(x)
= 2mig; f(€)
and we conclude that -
of I
a—xj(f) = 2mi&; f(§)

for all £ € R™.

Corollary 0.1 1. If |- |¥f(-) € LY(R™) for all k > 0, then f € C*(R™) and
Dafe L>(R™) for all a. In particular, if f is compactly supported in R™, then
feCc>Rn).

2. If f € C*°(R™) and D*f € LY(R™) for all a, then |- [¥f(-) € L®(R®) for
all k > 0.
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The most symmetric result comes after the following definition.

Definition 0.23 f is called a Schwartz-function if it belongs to C>°(R"™)
and | - |F|D*f(-)| € L=®(R™) for all k > 0 and all a.

The space of all Schwartz-functions is denoted by S(R™) and it is called the
Schwartz-class.

For example, every ¢ € D(R™) belongs to S(R™).

Theorem 0.18 The Fourier transform is a linear, one-to-one mapping from
S(R™) onto itself:
F : SR") - SMR").
Proof:
If f € S(R™), then |- [¥|f(-)] € L>(R®) for all k > 0 and, hence, |- |*|f()| €

LY(R™) for all k> 0. By Corollary 0.1, f belongs to C*°(R™).
A combination of Theorems 0.16 and 0.17 gives

@2mi)AleP Do fe) = (=2mi)l el [DPL()* F()}]XE)

for all ¢ and all & and 3. From f € S(R™) we get that D?{(-)*f(-)} € L'(R™)
and, thus, | - |I?lD*f(-) € L=°(R™) for all a and .

Hence, f € S(R™) and F is a linear and, by Theorem 0.15, one-to-one
mapping of S(R™) into itself.

If g € S(R™), we consider the function f = g. This belongs to S(R™) and,
by the Inversion Formula, g = f

There exists a natural metric on S(R™) and F is a homeomorphism of S(R™).
We shall not work in this direction.
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Chapter 1

Harmonic Functions

1.1 Definition

Suppose €2 is an open subset of R".

Definition 1.1 A complex-valued function u defined in  is called harmonic
in Q, if

1. w is continuous in  and

2. u(z) = M (z) for all x € Q and all r < d(z,00)
or, if

1. w is continuous in 2 and

2. u(z) = Al (z) for allz € Q and all r < d(z,09) .

Both conditions 2 are called the mean-value property of harmonic func-
tions. The first is the surface-mean-value property and the second the space-
mean-value property.

The two definitions are equivalent because, if u(xz) = M7 (z) for all x € Q
and all r < d(x,0%), then

Al (z) = a ; M (z)s"tds = a u(z)s" 'ds = u(x)

n n
T r 0

and, if u(z) = A} (z) for all z € Q and all r < d(z, 9Q), then
ru(z) = n/ M (z)s"ds
0

and, taking derivatives with respect to r, we get
nr"tu(z) = nr" I M (2)

67
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and, hence,

Properties of harmonic functions
(1) Linear combinations of harmonic functions are harmonic.
(2) Harmonic functions are preserved by rigid motions of the space.

Suppose © is harmonic in the open Q and ' = O(z) + b is a rigid motion,
where O is an orthogonal linear transformation and b € R"™.

Then ' = O(2) +b = {O(x) +b : z € Q} is open and v/ (z') = u(z) is
defined and continuous on €. By the invariance of distances and of Lebesgue
measure under rigid motions,

1 1
u (') = ulz) = / u(y) dm(y) = / u'(y) dm(y’
@) =) = e [ at ) = g [ ) dty)

for every o’ € ' and every r < d(z’,000).
(3) Locally uniform limits of harmonic functions are harmonic.

Because, suppose ur — u locally uniformly in €, i.e. uniformly on every
compact subset of Q. Then, u is, obviously, continuous on €. Also, S(z;r) is
compact in Q if z € Q and r < d(z,9Q). Therefore,

w(@) — up(e) = My, (z) = M(2) ,

because of uniform convergence on S(z;r).
(4) (Picard) If the real-valued u is harmonic in R™ and bounded from above or
from below, then it is constant.

It is enough to assume u > 0 in R™.

Take x # y and B(x;r1) C B(y;r2). Let, in fact,

ro = ri+|z—y|.
Then,
Vart At (x) = / u(z) dm(z) < / w(z) dm(z) = Vpory A2(y)
B(z;r1) B(y;r2)

and, hence,
riu(r) < rju(y) .

Letting r1, 72 — 400, we get, since :—; — 1,

u(z) < u(y)
and, symmetrically, u(y) < u(x). Therefore,
u(z) = u(y)

and v is constant.
(5) If the real-valued harmonic u has a local extremum at x, then it is constant
in an open neighborhood of x.
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Suppose u(y) < u(z) for all y € B(z;r) and u is harmonic in an open set
containing B(xz;r). Then,

1 1
w) = g [ wan) < gz [ ) dmty) = ue).

The inequality becomes equality only if u(y) = u(x) for almost every y in
B(z;r) and, since u is continuous,

for every y € B(x;r).

1.2 Maximum-minimum principle

Theorem 1.1 (Mazimum-Minimum Principle for Harmonic Functions) Let u
be real-valued and harmonic in the open Q) C R™.

1. If u takes one of its extremum values at some x, then u is constant in the
connected component of Q which contains x.

2. If

M = sup (limsupu(z)) , m = inf (liminfu(z)) ,
yea%(gam_)g ( )) yEBQ(QSm—»y ( ))

then m < u(x) < M for all x in .

If u(z) = m or if u(x) = M at some x € Q, then u is constant in the
connected component of Q which contains x.

Proof:

By the fifth property of harmonic functions and, since —u is harmonic when
u is, the result is an immediate application of Proposition 0.5.

If O is any connected component of €2, then its closure O is compact and its
boundary JO is a non-empty subset of 2. By Proposition 0.5,

m < inf (liminfu(z)) < w(x) < sup (limsupu(z)) < M
< yeaO(Oaz—m (z)) < u(z) < yea%(@%g (z)) <

for all z € O.
Corollary 1.1 Let u be harmonic in the open Q@ C R™. If limgsy—, u(z) =0
for all y € 092, then w is identically 0 in €.

Later on we shall study the

Problem of Dirichlet Given the open Q@ C R™ and the complex-valued f
defined in 0N, find u harmonic in ) so that

lim u(z) = f(y)

Q3x—y
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for all y € 0. This is the Dirichlet Problem for Q) with boundary func-
tion f.

The only remark we shall make at this point is that, if a solution exists,
then, by the Corollary 1.1, it is unique.
1.3 Differentiability of harmonic functions

If u is harmonic in the open subset Q of R™ and {®s : § > 0} is any approxi-
mation to the identity, then, for every z € Qs,

vovute) = [ e —y)esy) dmiy
5
= r w(x +rt) do(t) r tdr
= [ o) [ utatrt) dott) inta
5
— w"_l/o M (2) B, (r) v dr
5
= wn_lu(x)/o s (r) v tdr

= u(x) /B(o;é) ®5(y) dm(y)
= u(x) .

From this and from Proposition 0.7, we get that u is in C°°(£2s) and, since
4 is arbitrary, that u is in C°°(Q2). Therefore, we proved the

Theorem 1.2 If u is harmonic in the open set Q& C R™, then u is infinitely
differentiable in €.

Theorem 1.3 u is harmonic in the open set Q@ C R™ if and only if u is in
C?(Q) and satisfies the Laplace equation Au = 0 everywhere in Q.

Proof:
Suppose u is harmonic in Q. By Theorem 1.2, u is in C?(£2) and, taking any
B(z; R) C Q and applying Green’s Formula, we get

ou
/B A dn(e) /S o 5 ASW)

= n-l i u(x +r o

= R /SH 7ﬁ( (z+71t)),_p do(t)
= R"ldir(/sn1 u(x + rt) da(t))T:R
= wn_an_ld;dr(MZ(l'))

r=R
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no1 d
= wp1R 1%(u(‘r))T:R
= 0.

Since Aw is continuous in 2 and the ball is arbitrary, we conclude that

. 1 _
Au(z) = Rli,%l_,_ VR /B(I;R) Au(z) dm(z) = 0
for all x € Q.
Now, suppose Au = 0 everywhere in 2, fix an arbitrary « € Q and take any
R < d(z,00).

By reversing the calculations above, we find
d T
%(MU(I))TZR =0
and, therefore, MZ(z) is constant in the interval 0 < R < d(z, 09).
By the continuity of v at z,

u(z) = lim MH(z)

R—0+

and we conclude that
u(r) = M (x)
for all R < d(z,09).

Lemma 1.1 If f is twice continuously differentiable in some neighborhood of
the point x € R™, then
. 2n . .
Af(z) = lim — (M}(z) - f(z)) = lim

r—0+ 72

2(n+2) , .
0 r2 (Af(x) —f(l')) .
Proof:

We write the Taylor-expansion of order 2 of f at z and observe the resulting
cancellation in M’ (z) and A% ().

In case f is not differentiable but satisfies the necessary integrability condi-
tions on spheres or balls, then either of the limits in Lemma 1.1 is used to define
the so-called generalized Laplacian of f.

1.4 Holomorphy and harmonic conjugates

The standard examples of harmonic functions in dimension 2 are the real and
imaginary parts of holomorphic functions in open sets.

Let f be holomorphic in the open set 2 C R2. Then, if u = Rf and
v = Qf, the functions v and v are infinitely differentiable in 2 and satisfy the
Cauchy-Riemann equations

ou ov ou ov

Ory Oy’ Oz Om
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Therefore,
Au = Av = 0

in Q.
In another way, using the Cauchy’s Formula,

x) = 1 Md = 1 dsS
f(2) | /S ( y /S ) as)

210 Js@ry Y — wyr

and taking real and imaginary parts, we prove the mean-value property of u
and v.

At least locally, these are the only examples of harmonic functions in di-
mension 2. In fact, if u is real-valued and harmonic in an open rectangle
R = (a1,b1) x (ag,b2), then there exists a holomorphic f in this rectangle
so that u = Rf.

To see this, we fix a point (c1,c2) € R and define

X X.
1 ou 2 du
’U(Xl,Xg) = —/Cl 6—:62(961,02) dl’l-f—‘/cz 6—$1(X1,£L'2) dl‘g
for all X = (X1,X2) €R .
We, clearly, have
ov ou
—(X1,X9) = —(X1, X
(9.%‘2( 1, 2) axl( 1, 2)
and
Ov ou X2 92y
— (X1, X = - X —(X d
8901( 1, X2) 6:62( 1702)4—/62 &C%( 1,%2) dra
ou X2 52y
= ——(X1,c —(X1,29) dx
By 1) ™ [ g (X m2) dez
ou ou ou
= —a—xQ(Xh@) 7 (Xl’X2)+8x2(X1’C2)
ou
= —— (X1, X
o (X1, X)

Therefore, the functions u and v satisfy the Cauchy-Riemann equations in
R and, thus, the function f = u + v is holomorphic in R with v = Rf there.

If g = u+iw is another function holomorphic in R with © = Rg there, then,
by the Cauchy-Riemann equations, we get that v and w differ by some (real)
constant in R and, hence, f and g differ by an imaginary constant in R.

This result is, as we shall see in a moment, true, even when we replace the
rectangle by an arbitrary simply-connected open 2 C R2. On the other hand,
the function u : R?\ {0} — R given by

u(x) = loglz|,  x#0
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is harmonic in R?2 \ {0}, but there is no f holomorphic in R? \ {0} so that
Rf = u everywhere in R\ {0}.
In fact, if there was such an f, then we would have that

f(x) = logy(z) +ia, z €8

for some constant a € R, where Qy = R? \ {z = (21,0) : 21 < 0} and log,
is the principal branch of the logarithm in €. This, clearly, contradicts the
continuity of f at the points of the negative-x;-axis.

Definition 1.2 Let u be real-valued and harmonic in the open Q C R2. If v is
real-valued and harmonic in Q and

ou ov ou ov

dxy — dxy dxz  Oxy
everywhere in ), then v is called a harmonic conjugate of u in €.

It is obvious that the existence of a harmonic conjugate of u in € is equivalent
to the existence of a holomorphic function in €2 whose real part is w. Further-
more, if € is, also, connected, then any two harmonic conjugates of u differ by
a real constant in €.

If v is a harmonic conjugate of u, then —u is a harmonic conjugate of v.

The many-valued “function” called argument is defined in R? \ {0} by
arg(z) = 0 + k27w, where  is any number with ¢ = |””7| and k takes all values
in Z.

If g: A — R?\ {0} is continuous in A, then any function v : A — R which
is continuous in A and is such that

ep(iv) = By

for all x € A, is called a branch of the argument of g in A. It is easy to
see, by continuity, that if A is a connected set and a branch v of the argument
of g exists in A, then the totality of branches of the argument of g in A are the
functions v + k27, where k € Z.

It is obvious that, through f = log|g| + iv every branch of the logarithm
of g defines a branch of the argument of g and vice versa.

Proposition 1.1 If g : Q — R2\ {0} is holomorphic in the connected open set
Q C R2, then every branch of the argument of g in Q is a harmonic conjugate of
log|g| in Q and, conversely, every harmonic conjugate of log|g| in  is, except
for an additive constant, a branch of the argument of g in €.

If v is any branch of the argument of ¢ in €, then, clearly, the function
f = log|g| + iv is a branch of the logarithm of ¢ in Q and, hence, v is a
harmonic conjugate of log|g| in Q. Conversely, if v is a harmonic conjugate of
log|g| in €2, then the function f = log|g| + ‘v is holomorphic in € and the
functions exp(f) and g have the same absolute value everywhere in Q. It is, now,
easy to show, through the Cauchy-Riemann equations, that, in each component
of Q, exp(f) = Ag, where A\ = €'’ is a constant with |A\| = 1. Hence, v — 0 is a
branch of the argument of g in €.
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Definition 1.3 An open set 2 C R2 is called simply-connected if §) is con-
nected and R2\ Q is connected.

Lemma 1.2 Suppose that Ry and Re are two open rectangles with sides parallel
to the x1- and xa-azxes with one common side I and let R be the open rectangle
R1URsUint(I). If u is harmonic in R and vy is a harmonic conjugate of u in
R1, then there exists a harmonic conjugate v of u in R so that v =1v1 in Rq.

Proof:

Let vy be any harmonic conjugate of w in R. This is, also, a harmonic
conjugate of w in Ry and, hence, v9 = v1 + a everywhere in R; for some real
constant a. Then v = vy — a is the harmonic conjugate of v in R with v = v
in Rl.

Theorem 1.4 Suppose that u is real-valued and harmonic in the simply-conne-
cted Q@ C R2. Then, there exists a harmonic conjugate of u in Q. Two such
harmonic conjugates of u differ by a real constant in 2.

Proof:
Fix a small § > 0 and consider the collection of all closed squares

Qr = {z=(21,22) 1 k1d <1 < (k1 +1)0, kod <o < (ko +1)0},

where k = (k1,k2) € Z X Z.
Fix, also, a large K € Z and consider the finite subcollection Qg( of all Qg
with |k1| < K and |kz| < K which are contained in Q. Form the set

QFf = int| J{Qr: Qr e Of},

which consists of the interiors of all Q) € QF together with the interiors of all
common sides of all these squares.

We separate, in the obvious way, QX into horizontal layers of height § where
each layer consists of finitely many open rectangles arranged horizontally and
having no common sides. These layers are “glued” at the common parts of their
horizontal sides to form the set Q.

Starting with the first (bottom) layer, we construct a harmonic conjugate of
u in each of its rectangles and we, thus, have a harmonic conjugate v; of u in
this first layer.

Suppose that we have constructed a harmonic conjugate vy of u in the part
Q?’k of QX which lies below its k + 1 layer and consider the first (to the left)
rectangle R of the k + 1 layer of Q. If R has no common side with any of the
rectangles of the k layer, we construct, arbitrarily, a harmonic conjugate of u in
R. If the lower side of R has a common part with the upper side of only one
rectangle R’ of the k layer, we use Lemma 1.2 (at most three times) to extend
v1 as a harmonic conjugate of w in the union Q?’k UR.
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If the lower side of R has a common part with the upper side of at least
two rectangles R',R”, ... of the k layer, then we consider the sets O}, 0y, ...
defined as the components of Q?’k which contain R/, R”, ..., respectivelly.

Observe, now, that these components are pairwise disjoint as a trivial ap-
plication of Theorem 0.8 shows!

We may now extend vy, in the union of, say, O, with R and, next, modify vy,
in the other components Oy, ..., adding an appropriate (for each component)
constant to it, so that the, already constructed extension of vy from Oy into R
coincides (in R) with its similarly constructed extensions from O}, ... into R.
After all this, we end up with a harmonic conjugate of v in the union Q?’k UR.

We, now, continue with the second from the left rectangle in the k4 1 layer
and, with the same procedure, we modify and extend the already constructed
harmonic conjugate into this new rectangle. After finitely many steps, we shall
end up with a harmonic conjugate vgy1 of u in Q?’kﬂ.

Finally, after finitely many steps we find a harmonic conjugate of u in Q.

Now, we consider any open exhaustion {€,,)} of € so that every Q) is
connected. Each €,y is contained in some Qg*, provided § is small and K is
large. Therefore, there is some harmonic conjugate v(,,) of u in Q).

Since €2(,,) is connected, modifying v(,,41) by some appropriate constant, we
may arrange so that v(,,41) = V() in Q). Therefore, a function v is defined
in  which, clearly, is a harmonic conjugate of u in (.

Proposition 1.2 Consider the open subsets Q1 and Qo of R2, a function f
holomorphic in Q1 and assume that (1) C Qs .
If w is harmonic in o, then u o f is harmonic in €y .

Proof:
Direct calculation, using the Cauchy-Riemann equations, shows that

Afuo f)(z) = |f'()]? Au(f(z)) = 0
for every x € Q.
Example

If the open set & C R? does not contain 0 and w« is harmonic in €, we
consider the open set * = {z : 1 € O} and define

T
for all x € Q*. Then u* is harmonic in Q*.

1.5 Fundamental solution

Now, suppose that u is defined in a ring B(0; Ry, R2) = {zr e R"* : Ry < |z| <
Ro} and that it is a radial function:

u(z) = u(y)
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for all z,y € B(0; Ry, Ro) with |z| = |y|.
Then the function

u(r) = u(z), for any x € B(0; R1, R) with |z| =1,

is well-defined in the interval R1 < r < Rs .

By trivial calculations, we can prove that w is twice continuously differen-
tiable in B(0; Ry, R2) if and only if u, is twice continuously differentiable in the
interval Ry < r < Rg and, if this is true,

d*u, —1 du,
- (Jaf) + —— =

Au(r) = dr? r d

(1)

identically in B(0; Ry, Ra).

Proposition 1.3 Let u be a radial function defined in B(0; Ry, R2). Then u is
harmonic there if and only if

Aloggl‘—i—B, n=2
u@) = Atz +B, n>2

I‘,Eln72

for some constants A and B.
If w is radial and harmonic in B(0; R), then u is constant there.

Proof:
We, easily, solve the second order ordinary differential equation

d?u, n—1 dus
a2

(r) =0

T dr

in the interval R; < r < Rs.
The last statement is proved from the first, using the continuity of u at 0.

Definition 1.4 We call the function

log%, n=2

the fundamental solution of the Laplace equation in R™\ {0} .
We, also, define

h.(z) = h(x —2), zeR",
for every z € R™.

In any case the fundamental solution becomes 400 at 0, but observe a crucial
difference between n = 2 and n > 2. The fundamental solution is bounded from
below (by 0) when n > 2, while it tends to —oo when z tends to oo in R2.
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Lemma 1.3

1 h.(R) if lt)=r <R
_ hy ds = ’ :
<%4Rmiﬂ@m wasw) = {3, ) TSR,

Proof:
Consider the function
1
u@) = —pr [ W) dSk),  ceR?
wa—1t B Jsom)

It is clear that u is well-defined for all 2 ¢ S(0; R), since h, is bounded in
S(0; R). For the same reason, using the ideas in the proof of Proposition 0.6,
we may interchange integration and differentiation and prove that Au = 0 in
R™\ S(0; R).

u is also well-defined for all € S(0; R), since, as it is easy to see, h, is
integrable in S(0; R).

If |z1] = |x2|, we consider any orthogonal transformation O so that zo =
O(x1) and, since dS is rotation invariant and O preserves distances,

1
u(we) = W/S(O;R) hO(acl)(y) dS(y)
1
= — how,)(O(2)) dS(z
T g ot (00)) 4502

1
= - he, (2) dS(z
e /S () 4502

= u(xy) .

Hence, u is radial and this, by Proposition 1.4, implies that u is constant in
B(0; R). This constant is u(0) = h.(R).

hy is harmonic in R™ \ {z} and, if || > R, we may apply the mean-value
property to get

1

wnfanfl

[ b dSw) = ha(0) = h(o).
S(0;R)

Now, consider any x with |x| = R and the points % x for all » > R. It is

R
trivial to see that ,
h(}—% x—y) < h(x —vy)

for all y € S(0; R) and all r > R.
Therefore, by the Dominated Convergence Theorem,

) =t (g e) = i (g o) = b = )

and this finishes the proof.
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1.6 Potentials

Definition 1.5 Let du be a compactly supported complexr Borel measure. The
Sfunction

Ute) = [ -y dute) = [ huy) dmly) . o€ R® supp(dn).

is called the h-potential of du. More precisely, the logarithmic potential in
case n = 2 and the Newtontan potential in case n > 2.

In case the support of du is contained in a C*-hypersurface T', then the h-
potential is, also, called single-layer potential of du.

Definition 1.6 Let du be a complex Borel measure with compact support con-
tained in an orientable C'-hypersurface T'. Then the function

Ohy

Uz) = - on (y) du(y) , x € R™\ supp(dp) ,

where 1 is a continuous unit vector field normal to T', is called double-layer
potential of du.

Comments A Newtonian potential can be defined for locally finite complex
Borel measures dy which are not necessarily supported in compact subsets of
R", provided they are of a definite sign, non-negative or non-positive. This
is because the fundamental solution is positive and we end up integrating a
quantity of a definite sign. The integral is, then, well-defined for all x € R™,
although it may take the value oc.

The situation is different for the logarithmic potential, because the funda-
mental solution is, on the one hand, bounded from below in every bounded
set but, on the other hand, is not bounded from below in any unbounded set.
Therefore, a Borel measure not supported in a compact subset of R™, even if it
is of a definite sign, may not have a well-defined logarithmic potential.

Hence, we never consider logarithmic potentials of Borel measures which are
not compactly supported.

Example: The h-potential of the Dirac mass dd, is equal to the translate of
the fundamental solution at the point a :

Ule = h, .

Proposition 1.4 Any of the above defined potentials of a compactly supported
complex Borel measure dy is harmonic in the open set R™ \ supp(du).

Proof:

We, easily, prove that AU(z) = 0 for every z ¢ supp(du), by passing the
derivatives inside the integrals. To do this, we use a simple variant of the proof
of Proposition 0.6.
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1.7 Flux

The next three theorems in this and the next section are applications of the
Green’s Formulas. The first is for a special kind of domains, but for general
harmonic functions. The second and third theorems together with their corollary
are quite general and fundamental.

Theorem 1.5 If u is harmonic in the ring B(x;r1,12), then the quantity

ou
T = —(y) dS
/S o) O (y) dS(y)

is constant as a function of v in the interval my < r < ro. Here, 7 is the con-
tinuous unit vector field normal to S(x;r) in the direction towards the exterior
of B(z;r).
Also, for some constant \,
1 : _
{—willog;—i—)\, if n=2

MZ.’II = - ‘
( ) _mr711*2+)‘7 Zf n>2

i the interval 1 <r < rg.
If the ring becomes a ball B(x;ra), then 7 =0 in all the above.

Proof:
Take r1 < r <1’ <ry and Q = B(z;r,r’). Then
ou
7, W) dS(y) = | Aulz) dm(z) = 0,
aq on Q

where 77 is the continuous unit vector field normal to 9 in the direction towards
the exterior of 2. This implies

ou ou
- “Z(y) dS(y) + / —(y)dS(y) = 0,
/S o) T (y) dS(y) sty I (y) dS(y)

where, in each integral, 77 is the continuous unit vector field normal to the
sphere in the direction towards the exterior of the corresponding ball.
Therefore,
ou
r= [ Zwasw
S(zyr) 97
is constant.
Now, the last equality, easily, becomes
d T
~M" -
dr u(@) Wyl
and this implies the formula for M7, (z).
If w is harmonic in B(x;r2), then M7, (x) = u(z) is constant as a function of
r and, hence, 7 = 0.
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Theorem 1.6 Suppose ) is an open subset of R™, K is a compact subset of Q
and u is harmonic in the open set €\ K. Consider a variable bounded open 1
with C'-boundary such that K C Q, C Q. C . Then, the quantity

ou
r = /@ 5w ds)

where 7 is the continuous unit vector field normal to 09, in the direction
towards the exterior of ., does not depend on €.
In case K is empty, which means that u is harmonic in (2, then T = 0.

Proof:
We consider a third bounded open ; with C'-boundary such that

KCQ CO CQ.

and apply Green’s theorem in Q. \ Q; .

Then
ou ou
/a G dst) = /a G as()

Now, given two sets, (2, and ()., as in the statement of the theorem, we can
use an Q; such that Q; C Q, N Q.. and finish the proof, by comparing the 7’s
for these two sets with the 7 for the third set.

The last result is proved, by applying Green’s Formula in €2,.

Definition 1.7 Suppose I is an orientable C'-hypersurface, 7 is a continuous
unit vector field normal to T’ and u is harmonic in an open set containing T.

Then the quantity
Ju

=/ 3—n(y) dS(y)

1s called flux of u through I' in the direction determined by the vector
field 7.

1.8 The representation formula

Notation

] —wr, if n=2
=\ —(n—2wn_1, if n>2.

Theorem 1.7 If Q) is a bounded open set with C'-boundary, u is harmonic in
Q and belongs to C1(2), then

uw) = = [ (GO - h G W) dSo)

Kn

for every x € Q, where 7 is the continuous unit vector field normal to OQ in
the direction towards the exterior of €.

Therefore, u is represented as a difference between a double- and a single-
layer potential.
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Proof:
Take x € Q and B(x;r) C Q and apply Green’s Formula in the open set
Q* =Q\ B(z;r) with f =u and g = h,

Ohy ou
0 = /BQ (u(y) an (y) —hm(y)a—n(y)) dS(y)

Ohy ou
+ /S(W) () G )~ he )5, () dS(0)

where 77 is the continuous unit vector field normal to 9 in the direction towards
the exterior of Q and normal to S(x;r) in the direction towards the interior of
B(a;r).

In case n = 2, using Theorem 1.5, the second integral becomes

1 1 8u r = wiulx
;/S(“)u(y) dS(y) — log—/w 677( y) dS(y) = M (z) = wiu(z) .

r

Similarly, in case n > 2, the second integral becomes

1 1 ou
o [, s s — o [ S

= (n—=2wp M, () = (n—2)wp_1u(x) .

The result of the theorem is, now, obvious.

(n—2)

Corollary 1.2 Let du be a compactly supported complexr Borel measure and €2,
a bounded open set with C*-boundary such that supp(dp) C Q.. Then

U™
= [T dSl) = mdu(®?)
o0 n

where U,Cf” is the h-potential of dp.
Proof:

/m* aggﬂ(y) dS(y) = /@ o a%( /Supp(dm ha () du(x))(y) dS(y)
/asz */Su;op(d# 77 ) dp(x) dS(y)
- /Supp (dp) /Q (977 dS(y) du(z) -

Observe that, if € supp(du), then z € 2, and, applying Theorem 1.7 with

u=1,
Ohy
ds = Kp .
/a G asw)




82 CHAPTER 1. HARMONIC FUNCTIONS

Therefore,

U .
oy W) dS(y) = Fndp(z) = Kndu(RP) .
2 N supp(dp)

Combining Corrolary 1.2 with the last part of Theorem 1.6, we may state a
general

Principle: The fluz of the h-potential of a compactly supported complex Borel
measure du through the boundary of a bounded, open set Q with C'-boundary
disjoint from supp(du) and in the direction towards the exterior of Q is equal to
a (negative) constant times the total mass of the part of the measure which lies
inside the open set.

1.9 Poisson integrals

Definition 1.8 If x # xq, then the point

R2

¥ = x0+ (x — x0)

|z — 202
is called the symmetric of x with respect to the sphere S(xo; R).
We define oo as the symmetric of g and xo as the symmetric of co.

It is easy to see that x and x* are on the same half-line having x( as vertex
and the product of their distances from x( is equal to R?. This, in an extended
sense, happens, also, for the pair of zy and oco.

Observe that z is the symmetric of 2*, x = (z*)*, and that 2 = z* if and
only if x € S(zo; R).

Suppose u is harmonic in B(x; R) and belongs to C(B(xo; R)). Then,
applying Theorem 1.7 to Q = B(zo; R), we find, for every = € B(zo; R),

u(z) = S

(8hm ou
Rn S(zo;R)

o W)uly) = he(y) 5 () dS(y)

where 77 is the continuous unit vector field normal to S(zo; R) directed towards
the exterior of B(zg; R).

If © # xp, consider, also, the symmetric z* of x with respect to the sphere
S(xo; R). Then hg« is harmonic in an open set containing B(zo; R) and Green’s
Formula implies

0= = [ (ZE@uw) - b ()5 0) dS)

Kn JS(zo;R) I

Let n = 2.
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Then  hge-(y) — hae(y) = log ‘|x7y| = log lx}x“‘ for all y € S(z; R) and,

z* —y
subtracting the two equations above, we get

1 O(hg — hg-)

- - e — Par) ds
u(z) w2 Jsoun) an (y)u(y) dS(y)
1 |z — @] ou
+ —log =Y “(y) dS(y) .

Py sonir) I (y) dS(y)

The last integral is 0 and a trivial calculation of the directional derivative of
() = ha= () = log ==L in the direction of 7 gives

lz— -

u(z) = ! R o —ml” u(y) dS(y) -

wiR S(zo;R) |,T - y|2
Now, let n > 2.
Then h,(y)

the two equations, after multiplying the second by the factor % , we find

n—2

hy=(y) = 0 for all y € S(zo; R) and, if we subtract

P

1 o Rn—2
( ) Kn JS(zo;R) (977( |x _ I0|"*2 )(y) (y) (y)
Again, a calculation gives
1 R? — |z — x)?
u(z) = —/ ——— u(y) dS(y) .
w1 R Js@ur) T —yI"

Of course, this formula covers the case n = 2 above and it is, trivially, true
for x = xg.

Definition 1.9 If z € B(xo; R), then the function

1 R?—|z—x0)?

wn Rz -yl

P(y;l',l'Q,R) = ) Y € S(‘T07R) 9

is called the Poisson kernel of the ball B(xo; R) with respect to x.
We have proved the

Theorem 1.8 If u is harmonic in B(zo; R) and it belongs to C*(B(zo; R)),
then

u(z) = / P(y:x, 20, Ryu(y) dS(y) .« € B(ao; R) .
S(zo;R)

This is called the Poisson integral formula.
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Properties of the Poisson kernel
(1) P is positive.
(2) P is a harmonic function of x in B(xzo; R).
This is a matter of calculation of the Laplacian.
(3) fS(wo;R) P(y;z,20,R) dS(y) = 1.
We just apply the Poisson integral formula to u = 1.
(4) If V is an open neighborhood of yo € S(zo; R), then

lim Ply;xz,29,R) = 0
B(zo;R)2x—yo (y 0 )

uniformly iny € S(zo; R) \' V.
If |y — yo| > &o for all y € S(zo; R) \ V, then, when |z — yo| < £80, we have

I R?—(R—|z—yol|)?
0 < P(y;x,mo,R) <
> (y Z,Zo ) Wn—lR (%50)11

as |z — yo| — 0.

Definition 1.10 Let f be integrable in S(xo; R) with respect to the surface mea-
sure dS and define

Pi@) = Ptz ) == FB) = [ P RS dsw

for all x € B(zo; R).
This is called the Poisson integral of f in B = B(xo; R).

Theorem 1.9 P¢(- ;x0, R) is harmonic in B(xo; R).
If f is continuous at some yy € S(xo; R), then

lim Pi(x; 29, R) = .
B(zo;R)>x—yo0 f( 0 ) f(yO)
Therefore, if f is continuous in S(xo; R), then Ps(- ;x0, R) is the solution
of the Dirichlet problem in B(xo; R) with boundary function f.

Proof:
The harmonicity of Py(-;xzo, R) results from property (2) of the Poisson
kernel.
For the limit, it is enough, by linearity, to assume that f is real-valued and,
then, to prove
limsup  Py(z;z0,R) < f(yo) -
B(zo;R)>x—yo0

Indeed, we then apply this to —f, find

<  liminf  P¢(z;z0, R
fo) < | lmint - Py(aiao. R)

and combine the two inequalities to get the equality we want to prove.
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Let M > f(yo) and fix an open neighborhood V of yg so that f < M in
S(zo; R) NV. Then,

i) = [ PR dSw)
S(zo;R)NV
b Pl R)S) dS()
S(zo;R)\V
Now, by properties (1) and (3) of the Poisson kernel, the first integral is

S(zo;R)NV S(zo;R)\V

and, by property (4) of the Poisson kernel, the integrals over S(zo; R) \ V tend
to 0 as ¢ — yp.
Hence,
limsup Pr(z) < M
B(zo;R)2z—yo

and, since M can be taken arbitrarily close to f(yo), the proof is complete.

Remark There is a second way to prove the Poisson Integral Formula, without
going through Green’s Formula (in case we wish to avoid its heavy technical
machinery).

Suppose u is harmonic in B(xo; R) and it belongs to C1(B(xo; R)) and con-
sider the function P, (- ; xg, R), the solution of the Dirichlet problem in B(x; R)
with the restriction of u in S(xg; R) as boundary function. By the uniqueness
of the solution, we conclude that

u(z) = Pu(z;z0,R) , x € B(zo; R) .

1.10 Consequences of the Poisson formula

Proposition 1.5 If u is harmonic in the open 2 C R™, then it is real-analytic
in Q.

Proof:
Let o €  and take B(zo; R) C Q. Write u(z) = P,(x;x0, R) in B(zo; R)
and use the real-analyticity of P(y;z,xo, R):

1 R?—|z—a0)?
wp1 Rz =yl

1 R? — |z — xo)?
wp—1 R [(z — x0) — (y — 20)|"

= S aal)@ - 20)°

P(y;l',l'Q,R) =
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where the sum is over all multi-indices & = (o, ..., ay), aq is a polynomial in
y and the series converges uniformly in y € S(zo; R) and in = € B (:CO; %R)
Therefore,

u(z) = Zﬁa(:v—:vo)o‘ , x € B(xo;%R) ,

where 3, = fs(wO_R) aq(y)u(y) dS(y) and, hence, u is real-analytic at the arbi-
trary point zg of Q.

Theorem 1.10 Suppose that u is harmonic in the connected open set @ C R™
and that uw =0 in an open subset O of Q. Then u = 0 identically in 2.

Proof:
It is obvious that, for all x € O, D®u(x) = 0 for every multi-index .
We consider the sets

A = {z€Q:D%(z) =0 for all a} , B = Q\A.

If zy € B, then D*wu(xzg) # 0 for some multi-index g and, by continuity,
this is true in some neighborhood of zy. Hence, the set B is open.

If 2y € A, then the Taylor-series expansion of u in a neighborhood of zy has
all its coefficients equal to 0, and, thus, v = 0 in this neighborhood. Therefore,
this neighborhood is contained in A and A is an open set.

By the connectivity of €2, we get that 2 = A and, thus, u =0 in .

Theorem 1.11 (Weak mean-value property) If u is continuous in the open  C
R™ and if for every x € §) there exists a sequence {ry(z)} such that ri(x) — 0

and u(x) = ./\/lzk(w)(a:) for all k, then u is harmonic in €.

The same is true, if we replace the surface-means with the space-means in
the above statement.
Proof:

Take B(xo; R) C Q and consider
o(x) = u(z) — Py(z;20, R) , x € B(zo; R) .

By the continuity of v and Theorem 1.9, we have that ¢ is continuous in
B(zo; R) and that lim gz, r)52—y®(x) = 0 for every y € S(xo; R).
Since P, (- ;xo, R) is harmonic in B(zo; R), for every x € B(zo; R) we have
that
¢(z) = My ()

for every k which is large enough so that B(z;r(z)) C B(zo; R).

From this, in the same way in which we proved the fifth property of harmonic
functions, we can prove that, if ¢ takes one of its extremal values at some point
in B(xo; R), then ¢ is constant in a neighborhood of this point.
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Now, applying Proposition 0.5 to ¢ and —¢, we conclude that
¢(z) = 0

for every x € B(zo; R).

Hence, u is equal to the harmonic P, in B(zo; R) and, since the ball is
arbitrary in 2, we get that « is harmonic in 2.

Exactly the same argument applies when we replace M, by A’ .

The following theorem gives a necessary and sufficient condition for a point
to be a removable isolated singularity of a harmonic function.

Theorem 1.12 (Riemann) Suppose u is harmonic in B(xo; R) \ {zo} .
Then, u can be defined at xq so that it becomes harmonic in B(xo; R) if and
only if
u(z)

li —0.
w20 By ()

Proof:
The necessity of the condition is trivial.
Fix Ry < R and consider

o(x) = u(z)— Py(z;20, R1) — e(hwo(x) — h*(Rl)) , x € B(zo; R1) \ {20},

for an arbitrary € > 0.
By Theorem 1.9, we have that ¢ is harmonic in = B(zo; R1) \ {20} and,
also, by the hypothesis, that limsupqs, ., ¢(x) < 0 for every y € 0Q.
Theorem 1.1 implies that ¢(z) < 0 for all € B(xo; R1) \ {z0}. Hence,

u(x) < Py(z;20, R1) + €(hay(z) — ha(Ry))
for all © € B(zo; R1) \ {zo} and every € > 0 and, finally,
u(z) < Py(z;z0,R1) , x € B(zo; R1) \ {zo} -

Working in the same manner with —u, we find the opposite inequality.
Therefore,

u(z) = Py(z;z0,R1) , x € B(zo; R1) \ {zo} -
But, P, (- ; o, R1) is harmonic in B(zo; R1) and, defining
u(zg) = Pu(zo;mo, R1) = M () ,

u becomes harmonic in B(zg; R1) and, hence, in B(zg; R).
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Theorem 1.13 (Reflection Principle of H. Schwartz) Let L be a hyperplane in
R™ and Q C R™ be open and symmetric with respect to L. Let Lt and L™ be the
two open half-spaces on the two sides of L and let QT = QNLY, Q- =QNL~
and ' =QnNL.

Suppose u is harmonic in Q" and

li =0
o, )

for every y € T.

Then, u can be defined in I' U Q™ so that it becomes harmonic in 2.

Proof:
Define

] 0, ifxel
u(z) = —u(z*), ifzeQ™

where z* is the symmetric of x with respect to L.

Since u is harmonic in Q7, it satisfies the mean-value property for all balls
which are contained in Q.

Since symmetry with respect to a hyperplane is a rigid motion, we have, by
the second property of harmonic functions, that the extended u is harmonic in
Q™ and it satisfies the mean-value property for all balls contained in Q.

We also have that the extended w is continuous in € and, if we take any
point z € I' and any B(z; R) C 2, then

u(z) = 0 = Al (x)

for all » < R. This holds because the two integrals over the two half-balls,
B(z;r) N LT and B(x;r) N L™, cancel.
Therefore, by Theorem 1.11, w is harmonic in 2.

Theorem 1.14 (Harnack’s Inequalities) Let u be positive and harmonic in the
open set @ C R™ and let B(xzo; R) C Q. Then,

Refr—aol  pus _ ) _ _ Rile—ml .
n—1 - - n—1
(B + [z — zol) u(zo) = (R — [z — o))
for all x € B(zo; R).

Also,

for all z,z' in B(zo; 3R).

Moreover, if Q is connected and K is any compact subset of S, then there is
a constant C' = Cp, g o > 0 depending only on n, K and Q2 so that
1 < u(x)

C ~ u(z)

for all z,x'" in K.
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Proof:
The first set of inequalities is an immediate application of the Poisson integral
formula, when we make use of the

R—|z—z9] < |z—y| < R+|z—=0], y € S(zo; R)

of the positivity of u and of the mean-value property of u at xg.
If |z — 0| < 3R, then from these inequalities we get

< 3.2"72

For the last set of inequalities, we observe that it is enough to prove the
inequality in the right.

For each x € K take B(z; R(z)) C Q and find z1,...,zn5 so that K C
UM, B(zk; 2 R(z)).

Now, set

M = max(u(z1),...,u(zN)) , m = min(u(zy),...,u(zN)) .

From the first part, we get that

M < 3271%
u(z’) — m
for every z, 2’ in K.

It is obvious that there is some p € N, depending only on the points
x1,...,xn and €2, so that for every two xy and z; there are at most p successive
points in €2, the first being x; and the last being x; and every two consecutive
ones of which are contained in the same closed ball whose double is contained
in €.

Applying the first part, we see that, for all ¥ and I, Z((i’;)) < 3P™ and, finally,

U(CE) < 3(p+2)n
u(a’) —

for all z, 2" in K.

Theorem 1.15 (Gradient Estimates) Let u be harmonic in the open set Q C
R"™ and B(zo; R) C Q.

s
1. |gradi(zo)| < % o—m=r Js(oosry W) dS(y) -
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2. 1f, also, u is positive in S(xo; R), then |gradu(zo)| < % u(xo) -

8. If m <u< M in S(zo; R), then |gradu(zo)| < % 2™
Proof:
If o = (z01,.--,%0,n), then, by an easy calculation in the Poisson integral,
ou n
_-/ e — C— dS(y) .
o (20) =~ [, s ) dSW)

Multiplying both sides by %(xo), then summing over j = 1,...,n and
J
using Cauchy’s inequality inside the integral, we prove 1.
If u > 0 in S(zo; R), then

=3
T Pl lu(y)] dS(y) = u(zo)
wp—1R" ! S(zo;R)
and 2 is implied by 1.
Finally, if m < u(y) < M for all y € S(xp; R), then we apply 1 to the
function u — @ and prove 3.

1.11 Monotone sequences

Theorem 1.16 (Monotone sequences of harmonic functions) Suppose {un,} is
a sequence of real-valued functions harmonic in the connected open set @ C R™
and up <ug < ...in .
Then, either u,, T +oo uniformly on compact subsets of Q) or there exists
some u harmonic in Q so that w, T u uniformly on compact subsets of (1.
There is a dual result for decreasing sequences of harmonic functions.

Proof:
Subtracting w; from all u,,, we may assume that

OS’UJ1SUQ<’UJ3§...

in . By the Maximum-Minimum Principle, we may even assume that all
inequalities are strict everywhere in €.

(1) Let zp € © with u,(x9) T +oo and consider any compact K C . By
Theorem 1.14 applied to K U {x¢}, we have that, for some C' > 0 independent
of m,

1
C
for all x € K. This implies that w,, T +oo uniformly in K.

(2) Let zp € Q with wy,(x0) T M for some real M and consider any compact
K C Q. Again by Theorem 1.14, we have that

Um(20) < um(x)

ug(z) — um(z) < C(ur(zo) — Um(0))
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for all x € K and all m,k with m < k. This means that {u,,} is uniformly
Cauchy in K and, hence, it converges uniformly in K to some real-valued func-
tion.

If we, now, define u(x) = lim,,— oo um(z) for all x € Q, then u,, T u
uniformly on compact subsets of ). By the third property of harmonic functions,
u is harmonic in .

1.12 Normal families of harmonic functions

If we drop the assumption of monotonicity, the results are not that clear, but
we still get some “normal families”-type of results.

Theorem 1.17 If {u,,} is a sequence of harmonic functions in the open @ C
R"™ and u,, — u uniformly on compact subsets of €, then the derivatives of the
Uy, converge to the corresponding derivatives of u uniformly on compact subsets
of Q.

Proof:

Take B(zo; R) C Q and observe that, if # € B(xo; 3R), then B(z;1R) C
B(zo; R). By Theorem 1.15(1),

- )
lgrad(uy, —u)(x)] < il sup  |um — ul .
R B(zo;R)
Therefore, %LT"? — % uniformly on B(zo; %R) and, since xq is arbitrary,
J J

the convergence is uniform on all compact subsets of €2.
By Theorem 1.3, all derivatives of harmonic functions are harmonic and, by
induction, we can prove uniform convergence on compact sets for all derivatives.

Theorem 1.18 Let U be a family of harmonic functions in the open 2 C R™
which are uniformly bounded on compact subsets of ).

Then, their derivatives are also uniformly bounded on compact subsets of 2
and from every sequence in U we can extract a subsequence converging uniformly
on compact subsets of (1 to some harmonic function.

Proof:

Take B(xo; R) C Q. Then, there is some M = M (zo, R) so that
u(x)] < M

for every x € B(zo; R) and every u € U.
By the same argument as in the proof of the previous theorem, we get that
2n

—_ 2n
gradu(z)] < — sup |u|] < —M
gradi@| < F sw jul <

for every x € B(wo; 3R) and every u € U.
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Since xg is arbitrary, we conclude that the derivatives of first order of the
functions in U are uniformly bounded on compact subsets of 2.

From the mean value theorem of the differential calculus,

u(e) ~ ulwo)] < Mz~

for every x € B(zo; 3 R) and every u € U. Therefore, U is equicontinuous (and
bounded) at every point in €.

Now, take any compact exhaustion { K} of Q.

Given {ux} in U, we use the Arzela-Ascoli theorem for each K,,) to extract
a subsequence converging uniformly on K(,,). Then, by the usual diagonal ar-
gument, we find a subsequence converging uniformly on every K,,) and, hence,
on every compact subset of ). By the third property of harmonic functions, the
limit function is harmonic in €.

Definition 1.11 Suppose F is a family of extended-real-valued functions de-
fined in the set E. Then, the function

F(z) = sup f(z), reFE,
feF

is called the upper envelope of the family F.
The lower envelope is similarly defined.

Theorem 1.19 Suppose U is a family of positive harmonic functions in the
connected open 0 C R™. Then, the upper envelope of the family is either iden-
tically +00 in Q or everywhere finite and continuous in 2.

In the first case, there exists a sequence in U diverging to +0o uniformly on
compact subsets of ).

In the second case, from every sequence in U we can extract a subsequence
converging uniformly on compact subsets of Q0 to some harmonic function.

There is a dual statement for lower envelopes of families of negative har-
monic functions.

Proof:

Let U be the upper envelope of U.
(1) If there is some xo € Q with U(zg) = +o00, then there exists {un} in U so
that um, (z9) — +o00. By Theorem 1.14 and in the same manner as in the proof
of Theorem 1.16, we prove that u,,(z) — +o0o uniformly on compact subsets of
Q and, thus, U = +00 everywhere in €.
(2) Now, suppose that U(zg) < +oo for some zy € .

Again by Theorem 1.14, for every compact K C €, thereisa C' = C,, g0 >0
so that

u < Cu(zg) < CU(xo)

everywhere in K for all w € U and, thus,
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in K.

This implies that U is bounded on every compact subset of 2 and, in par-
ticular, everywhere finite in 2. By Theorem 1.18, we immediately get that
from every sequence in U we can extract a subsequence converging uniformly
on compact subsets of {2 to some harmonic function.

It, only, remains to prove the continuity of U.

Consider xy €  and take {u,,} in U so that w,(xg) — U(xo). Then, for
every m, by the continuity of u,,,

Um (o) = liminfu,,(z) < liminf U(x)
Tr—xT0 T—XT0
and, letting m — +o0,
U(zg) < liminfU(x) .
T—x0

Consider M = limsup, ., U(x).

Then, there exist 2, — xg so that U(x,,) — M and, by the definition of U,
there exists {u, } in U so that u,(z,,) — M.

Extracting, if necessary, a subsequence, we may assume that wu,, converges
uniformly on compact subsets of {2 to some u harmonic in 2. Then,

M = lim up(zm) = ulzg) = Um wum(xg) < Ul(z)
m——+oo m——+oo
and, thus,
limsupU(z) < U(xo) ,
T—x0

implying the continuity of U at x.

The hypotheses of Theorem 1.19 can be slightly weakened. Instead of the
positivity of all the functions in U, it is enough to assume that on every compact
subset of €2 the family I/ is uniformly bounded from below.

We then work with an open exhaustion {€(,,)} of Q. In each Q(,,) the family
is uniformly bounded from below by some constant and we may apply Theorem
1.19 there. The passage from the {2(,,)’s to ) presents absolutely no difficulty,
except that we must apply a diagonal argument when we extract subsequences.

The interested reader may, easily, complete the details.

1.13 Harmonic distributions

And, now, we prove the famous

Theorem 1.20 (Lemma of H. Weyl and L. Schwartz) If T is a distribution in
the open Q@ C R™ and AT = 0, then T is identified with a harmonic function u
in Q. This means T =T, or, more specifically,

T(¢) = A ¢(x)u(x) dm(z)

for every ¢ € D().



94 CHAPTER 1. HARMONIC FUNCTIONS

Proof:

Consider an approximation to the identity {®s: 4 > 0} .

Fix 6 > 0 and consider variable 7, ds < %(5 .

Then T'x®s, and T'x @5, are both distributions in 21 ; and (TxDs, ) x D5, =
(T * Bs,) x Ds, is a distribution in Qs .

Observe that, by Proposition 0.16, all these distributions are identified with
infinitely differentiable functions.

By Proposition 0.18,

A(T*(I)gl) = AT*(I)(;I =0

as a distribution in €21,
Let v be the infinitely differentiable function which represents 7'+ ®5, in 215.
Then Th, = AT, = 0, implying Av = 0 and, hence, v is harmonic in Q%(; .
From the proof of Theorem 1.2, we get that

v s, = v in Qs .
This implies, of course,
(T * @51) * (1)52 = Tv * @52 = v, = Tv = T« (1)51 in Q(;

and, hence,
(T*(I)gz)*q)gl = T*(I)gl ian.

Now, let 93 — 0 and get

The same argument applied to T * @5, concludes that T @5, and, hence, T’
is identified, as a distribution in 5, with some function us harmonic in Qg .

If / < 6, then in Qg, which is smaller than Qg/, we have that us and ug
represent the same distribution. Therefore, us is an extension of us and, since
Us>082s = 2, we conclude that all the us’s define a single u harmonic in 2 which
T is identified to.

Suppose f is a locally integrable function in 2 whose distributional Laplacian
vanishes in Q. Le.

f(@)Ad(z) dm(z) = 0
Q

for all ¢ € D().
The Lemma of Weyl and Schwartz implies that there exists some u harmonic
in 2 so that Ty = T, and, hence,

for almost every x € (.

In other words, we can change f in at most a set of measure zero and make
it harmonic in €.

If f is continuous to begin with, then it is identical to v and, hence, it is
harmonic.
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Proposition 1.6 If the distributional Laplacian of a locally integrable function
f in the open Q@ C R™ is zero, then f is almost everywhere equal to a harmonic

function in Q.
If, in addition, f is continuous in , then it is harmonic in ).
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Chapter 2

Superharmonic Functions

2.1 Definition

Let 2 be open in R™.
Definition 2.1 A function u is called superharmonic in €, if
1. w is lower-semicontinuous in €,
2. wu is not identically +00 in any connected component of 0 and
3. Mo (z) <wu(x) for all x € Q and all r < d(z,00).
The function u is called subharmonic, if —u is superharmonic.

Condition 3 is called the super-mean-value property while the corre-
sponding condition for subharmonic functions is called the sub-mean-value
property.

Comments

1. A superharmonic function is extended-real-valued and may take the value
400, but not the value —oo.

2. If w is superharmonic in €, then w(z) = liminf, ., u(y) for all € Q.

In fact, let liminf, ., u(y) > u(z) and consider a number A between these
two quantities. Take 0 so that u(y) > A for all y € B(z;d). Then M7 (z) > X >
u(z) for all r < §, a contradiction to the definition.

3. From Proposition 0.2, we get that M, (x) is well-defined, either as a real
number or as +o0, for all x €  and all r for which S(z;r) C Q.
4. We, easily, see that lim, o+ M7 (x) = u(zx).

In fact, take A < u(x) and, by the lower-semicontinuity, find § > 0 so that

u(y) > A for all y € B(z; ). Then u(x) > MI(x) > A for all r < 4.
5. If a function u satisfies conditions 1 and 3 of the definition, but it is identically
400 in some connected components of €2, then we may drop these components
and form the set Q* as the union of the remaining connected components of (2.
Since all components are open sets, {0* is open and wu is superharmonic in 2*.

97
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Properties of superharmonic functions

(1) Linear combinations with non-negative coefficients of superharmonic func-
tions are superharmonic and the same is true for subharmonic functions.

(2) The minimum of finitely many superharmonic functions is superharmonic.
There is a dual statement for subharmonic functions.

The lower-semicontinuity is taken care of by property (4) of lower-semiconti-
nuous functions. As for the super-mean-value property, if uq, ..., ur have it and
u = min(ui, ..., ux), then for every j we have Mj (z) < My (x) < u;(z) and,
hence, M7 (z) < u(x).

(3) Increasing limits of superharmonic functions are superharmonic, dropping,
if necessary, the connected components where the limits are identically +oo.

There is a dual statement for subharmonic functions.

In fact, let {u,,} be an increasing sequence of superharmonic functions in €
and let up,(z) T u(x) for all € Q. The lower-semicontinuity of u comes from
the third property of lower semi-continuous functions.

Also, for every m, Mj, (z) < upm(x) < u(z) and we prove Mj (z) < u(z),
using Proposition 0.2 and the Monotone Convergence Theorem.

(4) If u is superharmonic in the open & C R™ and if u has a local minimum at
x € ), then u is constant in some open neighborhood of x.

A dual result is true for subharmonic functions.

Suppose u(z) < u(y) for all y € B(z; R), where B(z; R) C Q.

Then, for all r < R, u(z) < M} (z) < u(z) and for equality to hold we must
have u(y) = u(x) for all y € S(z;7), except for at most a set E C S(x;r) of zero
surface measure.

Now, take y € E. Then, there is some {y,,} in S(z;r) \ E so that y,, — .
Hence, u(z) < u(y) < liminf, ,, u(z) < limp,—q00 w(ym) = u(zr) and we get
that u(y) = u(x) for all y € S(x;r).

Therefore, since r is arbitrary with r < R, we conclude that « is constant in
B(z; R).

(5) Superharmonic and subharmonic functions are preserved by rigid motions
of R™.

The proof is exactly the same as the proof of property (2) of harmonic
functions.

2.2 Minimum principle

Theorem 2.1 (The Minimum Principle for superharmonic functions) Suppose
u s superharmonic in the open 2 C R".

1. If u takes its minimum value at some x € ), then w is constant in the
connected component of Q@ which contains x.

2. If

ot (i
m = ()

then m < u(x) for all x € Q.
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If m = wu(z) for some x, then wu is constant, u = m, in the connected
component of Q which contains x.

Proof:
The proof is an application of the fourth property of superharmonic functions
and of Proposition 0.5 and is identical to the proof of Theorem 1.1.

The next result provides a characterization of superharmonicity and it is
fundamental.

Theorem 2.2 Suppose u is lower-semicontinuous in the open Q@ C R™ and it
is not identically +o00 in any connected component of Q). Then the following are
equivalent.

1. w is superharmonic in §2.

2. For every B(zo; R) C Q and every v harmonic in B(xo; R), the validity
of Hminfp(yy:r)s0—y(u(z) —v(z)) >0 for all y € S(wo; R) implies that
u > v in B(zo; R).
Proof:
Since v being harmonic implies that —v is superharmonic, one direction is a
trivial application of Theorem 2.1.
Now, take arbitrary B(zg; R) C .
Proposition 0.3 implies that there exist f,,, continuous in S(zo; R) so that

fm(y) 1T u(y)

for all y € S(zo; R).
Consider Py, (- ;z0, R), the Poisson integral of f,, in B(zo;R). Then, by
Theorem 1.9,

sminf (u(z) = Pr,, (z;20, B)) 2 u(y) = fm(y) 2 0

for all y € S(zo; R).
By the hypothesis,

u(zo) > Py, (zo;20,R) = J\/llf%m (x0) -
Finally, by the Monotone Convergence Theorem and Proposition 0.2,
u(zo) = My (wo)
and u is superharmonic in 2.

If u is superharmonic in an open set containing a ball B(zo; R), then it is
bounded from below on the ball and, hence, the Poisson integral of u at every
point of B(xo; R) is well-defined either as a real number or as +oc.
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Proposition 2.1 Let u be superharmonic in an open set containing B(zo; R).
Consider Py(- ;xo, R), the Poisson integral in B(xzo; R) of the restriction of u
on S(xo; R). Then,

1. P,(z;x0, R) < u(x) for every x € B(xzo; R).

2. Either P,(x;x0,R) = +00 for every x € B(xo; R) or P,(- ;x0,R) is har-
monic in B(zo; R).

In particular, if ME(z¢) = +o0, then u = +oo identically in B(zo; R).

Proof:
Consider f,, continuous in S(xg; R) so that fi,(y) T u(y) for every y €
S(xo; R) and their Poisson integrals Py, (- ; zo, R). Then,

lim inf — Py (2;30,R)) > — fml(y) > 0
s, (1)~ P 0 ) 2 wl) = 4]

for all y € S(xp; R) and, from Theorem 2.1 or Theorem 2.2, we get
Py, (#3309, R) < u(x)

for every x € B(zo; R). By the Monotone Convergence Theorem and the posi-
tivity of the Poisson kernel, we prove statement 1.

Let —oo < m < wu(y) for every y € S(zo; R) and write v = u — m.

Then, either (i) M (zg) = +oo or (ii) m < MPE(z¢) < 400 and, hence,
either (i) MZ%(z¢) = +o0 or (i) 0 < ME(z) < +o0.

In case (i): let 2 € B(xo; R) and consider k = minycg(q;r)P(y; T, 20, R) >
0. Then, since 0 < v(y) for all y € S(xg; R),

u(x) > Pu(z;20,R) = Py(x;30, R)+m Zk/ v(y) dS(y)+m = +oo .
S(zo;R)

In case (ii): P,(z;zo, R) = Py(x;x0, R) + m is harmonic in B(xg; R), since
v is integrable in S(zg; R).

2.3 Blaschke-Privaloff parameters

Definition 2.2 If f is extended-real-valued and f(x) is a real number, we de-

fine:

Mf (z) = lim sup i—g (./\/l’}(x)—f(x)) , Zf(:zr) = lim sup w (A? (x)—f(a:))

r—0+ r—0-+
and

L e2ng .. . 2(n+2)
M (z) = liminf — (Mj()=f(2)) ,  Ap(z) = limjnf ——5—

(A} ()= f(x))

whenever the mean values that appear are defined for all small enough r.
These four numbers are called Blaschke-Privaloff parameters of f at x.
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Lemma 1.1 says that, if f is twice continuously differentiable in some neigh-
borhood of z, then all four Blaschke-Privaloff parameters of f at x are equal to

Af(x).
Lemma 2.1 If f is extended-real-valued and f(x) is real, the four Blaschke-
Privaloff parameters of f at x satisfy:

Mj(x) < Af(x) < Ap(z) < My(z) .

Proof:

The middle inequality is obvious and it is enough to prove the third one,
since the first is implied by this, using —f in place of f.

In case M f(z) = 400, the result is obvious. Therefore, assume M ;(z) <
+o00.

Let M ¢(z) < A, implying that, for some R,

2 (My(@) ~ () < A

for all »r < R.
Then, for r < R,

2(7”;7”)(,4%) fl@) = ”*2( /OM; sl — f(2))
< ﬂ% T)\ s 1ds
0
Hence,
Zf(x) < M.

Letting A | M s(z), we conclude that

Ap(x) < My(x) .

The following is a general characterization of superharmonicity. Observe, to
begin with, that the Blaschke-Privaloff parameters are well-defined for a lower-
semicontinuous u, whenever u(z) < 4oc.

Theorem 2.3 (Blaschke and Privaloff) If u is lower-semicontinuous in the
open @ C R™ and not identically 400 in any connected component of €1, then
u s superharmonic in Q if and only if M, (x) <0 for all x with u(x) < 00 .

Proof:
The necessity is trivial and, for the sufficiency, take arbitrary B(zo; R) C

Q and consider f,, continuous in S(zg; R), so that fu,(y) T u(y) for all y €
S(ZEQ;R).
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Consider, also, the auxiliary function
w(z) = | —zo|> — R? .
Using w, define, for every € > 0,

o(z) = {u(:r) — Py, (z320,R) —€ew(x) , x € B(xo; R)
u(x) — fm(z) , z e S(zo;R) .

Then, v is lower-semicontinuous in B(zp; R) and, thus, takes a minimum
value in there. Its values on S(zg; R) are non-negative and, hence, if we assume
that its minimum value is < 0, then it is taken at some = € B(x; R).

But, then M (z) > 0, while M (z) = M, () — 0 —e2n < —e2n.

We, thus, get a contradiction and conclude that v(x) > 0 for all z € B(xo; R).

Now, letting first ¢ — 0 and then m — +o0, we find for x = z,

u(zo) = Myi(wo) -

Corollary 2.1 Suppose u is lower-semicontinuous in the open Q@ C R™ and not
identically +00 in any connected component of ).

1. If, for every x € Q, there is some sequence {ry,(x)} so that rp,(z) — 0 and
MZ’"(I)(x) < u(z) or AZ’"(I)(I) < wu(zx) for all m, u is superharmonic in Q.

2. If u is in C%(Q), u is superharmonic in  if and only if Au(x) < 0 for all
x €.

In view of the extra regularity, Corollary 2.1(2) has an additional proof which
uses Green’s Formula, in exactly the same way as in the proof of the similar
Theorem 1.3.

In fact, we use the formula

/ Au(z) dm(z) = wn_lrnfliMZ(x)
B(z;r) dr

which was derived in that proof.

If Au < 0 identically in €, then, by the above formula, M, (z) is decreasing
in the interval 0 < r < d(z,09Q) and, taking the limit as r — 0+, we find
M (z) < u(z) for every x € Q and every r < d(z,09Q).

If, conversely, M, (x) < u(z) for every z € Q and every r < d(x,0%), then
Au(z) = lim, o4 22 (M7,(z) — u(z)) <0.

We, thus, get a weakened version of the original definition of superharmoni-
city, while the next result is the version of the original definition, having the
surface-mean-values replaced by the space-mean-values.
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Theorem 2.4 Suppose u is lower-semicontinuous in the open & C R™ and not
identically +00 in any connected component of ).
Then u is superharmonic in ) if and only if, for every x € Q and all r <
d(xz,00),
A (z) < u(x) .

Proof:

The necessity follows from A7 (z) = 2% [ M5 (z) s"'ds.

For the sufficiency, we may observe that the above assumption, together
with Lemma 2.1, implies M, (z) < A,(x) < 0 and the proof is concluded by
Theorem 2.3.

Or, else, we may use Theorem 2.2 as follows. Take B(zg;R)
v harmonic in B(z; R) so that iminfp(,y.r)50—y(u(z) — v(v)) >
y € S(zo; R).

Now, A! (z) < u(z) implies

z‘uf'u)(x) < (u _U)(‘T) ’

for all © € B(zo; R) and all r < R — |z — x|

But, from this, in the usual manner (we repeat the proof of the fourth
property of superharmonic functions; this is even simpler), we get that, if u — v
takes a minimum value at some point in B(zg; R), then it is constant in a
neighborhood of this point.

Proposition 0.5 implies that u > v everywhere in B(zo; R).

By Theorem 2.2, u is superharmonic in 2.

Example
If
uw(z) = |z|*,  zeR"\{0},

then, using Corollary 2.1(2) and the formula

dPu, n—1 du,
Au(e) = 2l + " ()
which holds for all twice continuously differentiable radial functions, we find
that w is superharmonic if and only if 2 —n < a < 0 and subharmonic if and

onlyifa<2—nor0<a.

Theorem 2.5 Suppose u is superharmonic in B(zo; R) \ {zo} -
Then, u can be defined at xo so that it becomes superharmonic in B(xo; R)
if and only if

lim inf
r—Xo To (m)

Proof:
The nessecity comes from the fact that if u is superharmonic in B(zo; R),
then it is bounded from below in some neighborhood of zy.
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For the sufficiency, fix r < R and consider functions f,, continuous in S(zo;r)
so that f(y) T u(y) for every y € S(xo;r).
We, also, consider the function

o(z) = u(z) — Py, (z;20,7) + e(hzo (x) — h*(r)) , x € B(xzo;r) \ {zo0} ,

for an arbitrary € > 0.
By Theorem 1.9, we have that ¢ is superharmonic in Q = B(zg;7) \ {zo}
and, also by the hypothesis, that liminfos, ., ¢(z) > 0 for every y € OS2
Theorem 2.1 implies that ¢(x) > 0 for all © € B(xo;7) \ {zo}. Hence,

u(e) > Pp, (@i20,7) — e(hay (@) — ha(r)
for all z € B(xo;7) \ {zo} and every € > 0 and, finally,
u(z) =z Py, (z;20,7) , z € B(zo;r) \ {zo} .
By the Dominated Convergence Theorem,
u(z) > Py(z;zo,r)
for all x € B(xo;7) \ {zo} and, thus,

liwmanfu(x) > Py(zo;x0,7) = M, (z0) .
—To

Now, since r is arbitrary, if we define u(xg) = liminf,_,, u(z), we immedi-
ately conclude that u is lower-semicontinuous on B(xp; R) and an application
of Corollary 2.1(1) concludes the proof.

In fact, the extended u satisfies the super-mean-value property at xg, and,
since it coincides with the original superharmonic v in B(xo; R)\{xo}, it satisfies
the super-mean-value property at all other points of B(xo; R) with respect to
small enough balls centered at these points.

Theorem 2.6 If u is superharmonic in the open Q@ C R™, then,

1. u(x) < +o0 for almost every x € Q and

2. for every B(z;r) C Q,

Al () < 400, Mi(z) <+oo.

Therefore, u is locally integrable in €.

Proof:

It is enough to work separately in the various connected components of 2
and, hence, suppose that €2 is connected.

There exists some = € Q so that u(x) < +o0o. Therefore, A, (x) < +oo for
r < d(x,00) and, hence, u is integrable in B(z;r) for all these r.
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Define
A = {z € Q:uis integrable in some neighborhood of z} ,

B = {z € Q: u is not integrable in any neighborhood of =} .

A is open and non-empty and we shall prove that B is, also, open.
Take zp € B. Then, A, (zo) = 400 for r < d(x¢, 99Q).
Now, for all 2 € B(xo; ) it is true that xo € B(z; §) and, hence,

u(z) > Al () = 400 .

Therefore, B(xo; 5) C B.

Since 2 is connected, u is integrable in a neighborhood of any point in 2.
This implies that u(z) < +oo for almost every x € Q. It, also, implies that
Al (x) < +oo for every x € Q and all r < d(x,00). In fact, as we proved above,
if A7, (7) = +oo for some = € Q and some r, then u = +o0 in B(x; 3).

If, for some B(z;7) C Q, we have M (z) = 400, then, from Proposition 2.1,
u = 400 identically in B(z;r) and this is false.

2.4 Poisson modification

Theorem 2.7 Suppose u is superharmonic in the open subset 0 of R™ and
B(zo; R) C Q. Define

Y (2) = P,(z;x0,R) , if x € B(xo; R)
BlosR)\H) = () | if € Q\ B(zo; R) .

Then
1. UBwo;r) < w in §) and

2. UB(ze;Rr) 15 superharmonic in Q and harmonic in B(xo; R).

Proof:

The first part and the harmonicity of up(,,;r) in B(zo; R) are consequences
of Proposition 2.1 and Theorem 2.6.

That —00 < up(zy;r) () for all x € Q, is obvious.

Now, take f continuous in S(xg; R) so that fn,(y) T wu(y) for all y €
S(zo; R). Then, for any y € S(zo; R),

fm(y) =  liminf Py, (x;20,R) <  liminf P,(z;z0, R)

B(zo;R)3z—y B(zo;R)3z—y
and, letting m — +oo,

U < liminf P,(z;z9,R) = liminf  wupg,.p(x) .
(y) " B(zo;R)>z—vy ( 0 ) B(zo;R)2z—y B( O’R)( )
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We, also, have

U < liminfu(z) < lim inf UB(zo:R) (T) .
(y) < SEy (x) < N\ By R)57—y B(zo;R) (T)
Therefore,
< limi .
u(y) < lminfupp ()
for all y € S(zo; R) and, thus, up(y,;r) is lower-semicontinuous in €2.

As for the super-mean-value property, this is obvious, by the harmonicity of
the function in B(zg; R), at points x € B(zo; R) with respect to small enough
balls centered at x.

If £ € Q\ B(zo; R), then

U’B(I(),R)(x) = u’(x) Z MZ.(I) Z MZB(IO;R)(I) °

Definition 2.3 Suppose that ) is an open subset of R™ and B(xzo; R) C Q. If
u s superharmonic or subharmonic in §2, then the function

[ Py(z;2z0,R) , ifx € B(zo; R)
uB(mo;R)(UC) = {u(x) , 0 ifx € Q\OB(CCQ;R)

is called the Poisson modification of u with respect to B(xo; R).

Proposition 2.2 Superharmonicity is a local property: if u is superharmonic

in a neighborhood of every point of the open @ C R™, then it is superharmonic
in Q.

Proof:
It is immediate from Corrolary 2.1(1).

Example

Let f be holomorphic in the open Q@ C R? and not identically 0 in any
connected component of 2. Then the function —log|f| is superharmonic in €.

—log|f| is defined as 400 at the points where f = 0. In fact, these points
are isolated and — log|f| is not identically +o0 in any connected component of
Q.

—log |f]| is, trivially, lower-semicontinuous in §2, it is, by Proposition 1.2,
harmonic in a neighborhood of every point at which f # 0 and it satisfies
the super-mean-value property at every a where f(xz) = 0, simply because
—log|f(z)| = +oo.

Example

Suppose u is real-valued and harmonic in the open 2 C R™ and ¢ is concave
in the real interval (m, M), where m = infqu and M = supg u. Then ¢ o u is
superharmonic in ).
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Without loss of generality, we suppose that €2 is connected. If u = m or
u = M at some point, then u is constant and, no matter how ¢ is defined at
the endpoints m, M, ¢ o u is constant and, hence, superharmonic. Therefore,
we may assume that m < v < M in Q.

¢ is continuous in (m, M), implying that the composition is also continuous.
As for the super-mean-value property, by the inequality of Jensen,

poulx) = (M () = Mg, (w)
for every z € Q and all r < d(z, 99).

Example

If @ >0,p>1and u is real-valued and harmonic in the open 2 C R", then
ut,u™, e and |u|P are subharmonic in .

Example
Suppose u is superharmonic in the open 2 C R™ and ¢ is increasing and
concave in the real interal (m, M|, where m = infq u and M = supg u. Observe
that, necessarily, (M) = lim;_ps— ¢(¢). Then ¢ o u is superharmonic in €.
Except for minor modifications, the proof is the same as the proof in the
second example.

Example
If v is subharmonic in the open © C R® and o > 0, then ut,e® are
subharmonic in 2.

Also, if p > 0 and f is holomorphic in the open © C R? and not identically
0 in any connected component of €, then |f|P is subharmonic in Q. This is a
special case of the last example, when we use the increasing convex function
¢(t) = eP! and the subharmonic log | f].

Example
The function h,, is superharmonic in R".

The function is continuous in R™ \ {x0} and lim,_, ., ks, () = +00. Hence,
hg, is lower-semicontinuous in R”.

It is harmonic in R™\ {x¢} and, thus, satisfies the super-mean-value property
at every x # xg with respect to all sufficiently small balls centered at x.

It satisfies the super-mean-value property, also, at xy simply because its
value there is +oc.

2.5 Potentials

The next example is, in a sense, the most general and deserves to be stated as
a theorem.
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Theorem 2.8 Suppose du is any compactly supported non-negative Borel mea-
sure. Then, its h-potential

Uit (x) = /n he(y) du(y) ,  x€R™,

is superharmonic in R™.
In case n > 2, we get the same result for any non-negative Borel measure
dp, assuming only that U;f”(:v) < 400 for at least one point x.

In any case, U,'f“ is harmonic in R™ \ supp(dp).

Proof:

Suppose that du has compact support in R".

The statement about harmonicity is the content of Proposition 1.4 and,
because of this harmonicity, U;f” is not identically +oc in R™.

If d is such that supp(du) C B(0;d), then, for any B(xg;r),

/T /su,,,, » Ih(x —y)| du(y) dm(z)
- /Supp(du /Baco,r —y)l dm(x) duly)
/ upp(dp) /mo w) @)l dm(z) du(y)
/sumd# / O‘ondm (@)| dm(z) du(y)

= H|m0\+d+r,ndﬂ(Rn) < +o0,

IN

where K, is a finite number depending only on ¢ and n.
Therefore, we may use Fubini’s Theorem and, from the last example of
section 2.4,

ATU;f“(IO) = /KAZy(xo) dp(y)

< /K hy(x0) du(y)
= Up'(wo) .

By Lemma 1.3, there is another way to prove the super-mean-value property.

M an(z0) = / My, (o) du(y)
h supp(dp)

ha(r) du(y)

/supp(dp)ﬂB(IoW)

+ / o (y) dp(y)
supp(dp)\B(zo;T)

U}?H(xo) P

IN
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where the use of the Theorem of Fubini is justified by the proof of Lemma 1.3.
It remains to prove that U ,‘f“ is lower-semicontinuous and let x,, — x.
If |z, — 2| <1, then |z, —y| < |z| +d+1 for all m and all y € supp(du).
Therefore, the functions h,, are all bounded from below in supp(du) by the
same constant and an application of the Lemma of Fatou gives

lim inf e, (y) du(y) > / he(y) du(y) .
M=+ Jsupp(dp) supp(dp)

Thus, U, ,‘f“ is lower-semicontinuous.

When n > 2, the function h is positive everywhere and, in this case, we
may freely interchange integrations and apply Fatou’s Lemma without having
to assume that du is supported in a compact set.

Or, in a different way, consider the restrictions dup;m) of du in the balls
B(0;m).

By the first part, U, ;Li”B(O””) is superharmonic in R™ and harmonic in R™ \
(B(0;m) N supp(dp)) and, hence, in R™ \ supp(dy).

Since h is positive, U:#B(O:m) 1 U;f“ everywhere in R™. By the assumption,
U, ,Cf” is not identically +oco and, finally, by the third property of superharmonic

functions and Theorem 1.16, U,f“ is superharmonic in R™ and harmonic in
R™ \ supp(dp).

Later on we shall prove the fundamental theorem of F. Riesz stating that
the most general superharmonic function is, more or less, the sum of a harmonic
function and the h-potential of a non-negative Borel measure.

2.6 Differentiability of potentials

Proposition 2.3 Under the hypotheses of Theorem 2.8, U,'f“ 1s absolutely con-
tinuous on almost every line parallel to the principal x;j-azes, 1 < j < n, it has
partial derivatives at almost every point of R™ and these partial derivatives are
locally integrable.

Proof:
We fix an arbitrary m € N and we shall work in the cube

Qm = {z=(21,...,2) : |2j] <m for all 5} .

In case n = 2, the measure is supported in a compact set. In case n > 3 the
measure need not be supported in a compact set, but we may split dip = dpq,,, +
dpRrn\Q,,, and observe that the h-potential of the second term is harmonic in
Q. and, hence, infinitely differentiable there.

We may, therefore, assume that dy is supported in some compact set and,
in particular, that it is finite.
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By a trivial calculation, there is a constant C,,, depending only on the di-
mension, so that
Ohy (2 } < Cp
8Ij

Tz -yt
for all z,y € R™.
Therefore,
d <
L gr@lawane < oo [ o i@ )

[ =yt
< Cpmdu(R™) < +o00.
Thus, the function

%(:ﬂ) du(y) s € Qm ,

uj(r) = e 92

is integrable in @Q),, and, by Fubini’s Theorem, it is integrable on almost every
line segment parallel to the x;-axis and extending between the two sides of Qp,
which are perpendicular to this axis.

If [a, ] is any part of such a segment, then

b
/ uj(z) dz; / / (996 x) dz; du(y)
a n J

= [ ()= by (@) du)
= U™ 0b) - U™a) .

This says that U g” is absolutely continuous on almost every line segment

parallel to the z;-axis and extending between the two sides of ),,, and that

U .
52— = u; almost everywhere on such a line segment.
J

dp
By Fubini’s Theorem, again, % is defined and equal to u; almost every-
J
where in Q.
Since m is arbitrary, the proof is finished.

Definition 2.4 Suppose that the non-negative function f is locally integrable in
R". The h-potential of f is defined to be the h-potential of the non-negative
Borel measure fdm. We denote it by

ul = ul™m.

According to Theorem 2.8, if n = 2, we assume that [ is compactly supported
and, if n > 3, we assume only that U,f(x) < 400 for at least one x.

Proposition 2.4 Under the hypotheses of the previous definition, if the non-
negative function f is in C*(R®), 0 < k < +o0, then the h-potential of f is in
OkJrl(Rn).
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Proof:

If n = 2, then f has compact support. If n > 3, then f need not have
compact support, but, since we want to study the h-potential in a neighborhood
of an arbitrary point x, we may take a large R so that z € B(0; R) and split
f=fo+ f(1—¢), where ¢ is in D(R™) with ¢ = 1 identically in B(0;2R) and
0 < ¢ <1 everywhere. The existence of ¢ is due to Lemma 0.2.

Then, the h-potential of f(1—¢) is harmonic in B(0; R) and, hence, infinitely
differentiable in a neighborhood of . Thus, we need to study the h-potential
of the function f¢ which is in C*(R™) and has compact support.

We, therefore, assume that f has compact support. '

Since h is locally integrable, by Proposition 0.6, the convolution U,{ =hxf
is in C*(R™) and

D(U]) = hxD"f
for all multiidices o with || < k.

Hence, the proof reduces to showing that, if f is in C(R"™) with compact
support, then h* f is in C*(R™).

We observe that oh

= —(n—2)2L
> () ( )| 2

for all  # 0 and, thus, 2 az is locally integrable.
We write, now,

h* f(x +te;) — h* f(x) :/ hMz —y+te;) — h(zx —y)
t n t

fy) dm(y) .

If z is not on the z;-axis, then

h(z+te;) —h(z) /1 oh
= |, o, ——(z + ste;) ds

t

and, hence,

hx f(x+te;) —h* f(x)
; Je

1
/ (;?Th(;p—y—l—stej) ds f(y) dm(y)
0

1
= [ ] et ste) ) dm(y) ds

1
= [ it =y stes) dmly) ds
0 JRn OT;
Therefore, if |t| <1,

’h*f(x—l—tej)—h*f() 8h*

<[ LS

/B(CE 1)+supp(f) Iz

—y+ste) = f(xz —y)| dm(y) ds

BIJ ‘ @
oh

5 (2)| dm(z) sup [f(a) = f(D)|

la—b|<|¢|
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and, thus,
O(h = f) _ oh ‘f.

6,Tj 6_%

Since a‘a—fj is locally integrable and f is continuous with compact support, by

Proposition 0.6, the last convolution is continuous.

2.7 Approximation, properties of means

Theorem 2.9 (First property of the means) Let u be superharmonic in the open
Q C R™. Then, for every x € Q, M%(z) is a decreasing function of r in the
interval 0 < r < d(z,0Q). We, also, have that lim,_oy M} (z) = u(z).

Ezactly the same results hold for the space-means A’ (x).

Proof:
Consider r; < rg < d(z,09) and the Poisson integral P, (- ;z,r2) in the ball
B(x;ra). From Proposition 2.1, u(-) > P,(- ;x,r2) in this ball and, hence,

M'Zl(‘r) 2 M?Dlu( §$,r2)(x) = Pu(ZC;ZC,T'Q) = M:f(x) :

The equality lim, o4 M7 (2) = u(z) is just Comment 4 after the definition
of superharmonic functions.
For the space-means,

n (M

At(z) = 7 s M (x)r™ ™t dr
1
T2 T_IT
= 2 ME (@) dr
T3 Jo
r2
> D M)t dr
T3 Jo
= AZ(z),

where in the last inequality we used the result about the surface-means.
The limit lim, o4 A’ () = u(z) is trivial and can be proved in the same
way as the limit of the surface-means above.

Corollary 2.2 If u and v are superharmonic in the open Q@ C R™ and u(x) =
v(x) for almost every x € , then u and v are identically equal in 2.

Theorem 2.10 (Approzimation) Suppose u is superharmonic in the open § C
R™ and {®s5 : § > 0} is an approximation to the identity. Then, for every §,
the function ux ®5 € C°°(Qs) is superharmonic in Q5 and,

ux Ds(z) T u(z)

as § | 0, for every x € Q.



2.7. APPROXIMATION, PROPERTIES OF MEANS 113

Proof:
From Proposition 0.7 and Theorem 2.6 we find that u * @5 is in C*°(Qy).
For every z € Q5 and B(x; R) C Qs,

1
ME L (x) = 7/ / u(y — 2)®s(2) dm(z) dS
) = s [ =) () asw

1 /
_ u(y — z) dS(y) P5(z) dm(z
Loy T o, M0 45 ) 5(2) dm )

< /B(o;é) u(z — 2)®s(2z) dm(z)

= ux®4(x),

where the last inequality is true because W fS(I;R) u(y — z) dS(y) is the
surface-mean of the function u(- — z) which is superharmonic in the open set
Q — z containing B(x; R) whenever z € B(0;9).

Therefore, u * @4 is superharmonic in g .

Now, since P is radial,

é
ux P5(z) = wn,l/ s (r)M? (z) v tdr .
0

By Theorem 2.9, for any A < u(x) we have A < M7 (z) < u(z) for small
enough r. Thus, if § is small,

5 5

)\wn_l/ s (r) r"tdr < ux Bs(z) < u(ac)wn_l/ s (r) v tdr
0 0
implying
A < uxPs(x) < ux).
We conclude that u * ®5(z) — u(x) as § — 0.
Also, taking § < &,
5
ux Ps(x) = wn,l/ s (r)M? (z) v tdr
0

é
1
= wn,l/ - fDl*(z)MZ(:z:) " dr
0

The last inequality is true by Theorem 2.9.
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Proposition 2.5 Consider the open subsets 1 and Qs of R2, the holomorphic
function f in Q1 and let f(Q1) C Qa. If u is superharmonic in Qso, then uo f
18 superharmonic in 1.

The only exception is when f is constant in some connected component of
Q1 and u takes the value +o0o at this value of f.

Proof:

Assuming that u is twice continuously differentiable in 25, we use the formula
A(uo f)(z) = |f'(2)|*Au(f(z)) and Corollary 2.1(2) to prove the result.

Otherwise, consider an arbitrary closed disc B(zp; R) C €1 and the compact
set f(B(z0; R)) C Q.

We consider a bounded open set V' so that B(zg; R) C V C V C Q and
using Theorem 2.10, we approximate u in V by an increasing sequence {u, } of
functions which are twice continuously differentiable and superharmonic in V.

Then, the functions u,, o f are, by the first part, superharmonic in B(zo; R)
and increase towards w o f there.

Thus, by the third property of superharmonic functions, v o f is superhar-
monic in B(zp; R) and, since the ball is arbitrary, u o f is superharmonic in ;.

Example
If u is superharmonic in the open © C R? which does not contain 0 and if
in the set Q* = {z : 1 € Q} we define the function

u(x) = u(l) ,

T

then u* is superharmonic in Q*.

Theorem 2.11 (Second property of the means) Let u be superharmonic in the
open Q@ C R™ and B(x; R1, R2) € Q. Then,

Mi(xz) < 400

for all v with Ry < r < Ry and M(x) is a concave function of h(r) in the
interval Ry <r < Ry .
In particular, M[ (x) is a continuous function of v in the same interval.

Proof:

Assume, first, that u is in C?(2).

Then, from Corrolary 2.1(2), Au < 0 everywhere in (.

Consider Ry < r1 < r3 < Rg and apply Green’s Formula in B(z;71,r2) with
7 being the continuous unit vector field normal to dB(z; r1,72) in the direction
towards the exterior of this ring.

/ Au(z) dm(z) Ou
B(w;r1,r2)

ou
/S(m) @) d5) + /S oy 37 dS(y)

= TS_IL i(u(x+Ty))r:r2 do(y)

n—1 dT
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—pnt / 4 (ul +1y)),_,, do(y)

Now, fB(z;mmz) Au(z) dm(z) is a decreasing function of ro and, hence,

=1L M7 (z) is a decreasing function of 7. Therefore,

d 1 d
_ n—1 _— T <
dr (T drM"(x)) =0
in Ry <r < Rs.

If we write h = h(r), the last relation becomes

d2

<0,
HUPLYIIE thlJr(l*t)hz hy ho

for all t € (0,1) and hy = h(r1), ha = h(re) with Ry <71 <rs < Rs.

In the general case, we use the approximation Theorem 2.10 to get a se-
quence of functions u,, superharmonic and twice continuously differentiable in
B(xz;ry,rh), with By < 7 < r1 < rg < vy < Ry and such that u,, T u in
B(ax;ry,rh).

We, then, apply the last inequality to each wu,, and prove it for u by the
Monotone Convergence Theorem.

If we assume that, for some 9 € (R1, R2), M1°(z) = +o0, then, using the
above inequality, it is easy to show that M (z) = +oo for all r in (Ry, Ra).
Taking Ry < r; <1y < R, we get

[ uty) dmy) = 40
B(x;r1,72)

contradicting the local integrability of v which was proved in Theorem 2.6.
Thus,
M (z) < +oo

for all r in (R, R2), finishing the proof of the concavity.

Theorem 2.12 Suppose u is superharmonic in the open subset Q@ of R™ and
let B(zo; R) C Q.
Then, the only function which is superharmonic in S, harmonic in B(xo; R)
and coincides with u in Q\ B(xo; R) is the Poisson modification up(,;r) -
Also, up(ze;r) 18 the upper envelope of the family of functions v which are
superharmonic in , harmonic in B(xg; R) and satisfy v < u everywhere in €.
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Proof:
Consider any v with all properties in the first part of the statement.
From the definition of the Poisson modification, we have

UB(zo;R) = UB(z0;R)

in © and, hence, it is enough to prove that v = vp(yy;r) in B(zo; R).

From Theorem 2.7, we have that v > vp(4,;r) in B(zo; R) and, if we prove
that v(20) = VB (ze;r)(T0), then, since both functions are harmonic in B(zo; R),
the Maximum-Minimum Principle will finish the proof.

From the harmonicity of v and of vp(y,:r) in B(zo; R) and from Theorem
2.11,

v(wo) = lim Mi(zo) = M (@0) = VB(ag:r)(T0)
and the proof of the first part is complete.
If v satisfies the assumptions of the second part, then, by the first part,

U = UB(z0;R) < UB(wo;R)

in Q.

2.8 The Perron process
In the proof of the next result we introduce the important Perron process.

Theorem 2.13 LetV be a non-empty family of functions v subharmonic in the
open connected Q@ C R™ with the following two properties

1. If v1,v2 €V, then max(vy,v2) € V.

2. IfveV and B(xo; R) C Q, then vp(zy:r) € V-

Then, the upper envelope V' of the family V is either identically +o0o in ) or
it is harmonic in €.

There is a dual result about lower envelopes of families of superharmonic
functions satisfying the duals of properties 1 and 2.

Proof:

Fix an arbitrary B(zo; R) € Q and consider a countable set {z; : i € N}
dense in B(zo; R).

For each z;, take a sequence {’Ul(m)} in the family V so that vgm) () T V()
as m — 400 .

Modify, defining

ul(-m) = max(vfl), . ,vgm)) , meN.

{u{™} is an increasing sequence in V with u{™ (z;) T V (2;) as m — 400 .

7
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Modify the new sequence, defining

wl = ugl) , w™ = max(ugm),uém),...,uggl)) .
Now, {w(™} is an increasing sequence in V with w(™) (z;) 1 V(x;) for all z;.
Modify once more, taking the sequence

vm = (0™ pagiR) -

This is a new increasing sequence in V such that v, (z;) T V(z;) for all z;,
with the additional property that all v, are harmonic in B(zg; R).

Set

v(z) = m1—1>r-I|-1<>o U ()
for all z in B(zo; R).

By Theorem 1.16, either v is harmonic in B(zo; R) or v = 400 identically in
B(zo; R). Tt is obvious that, if v = 400 in B(xg; R), then the same is true with
V.

Suppose, for the moment, that v is harmonic in B(xo; R) and, by its con-
struction, v(z;) = V(x;) for all ;.

Consider, now, a point € B(xg; R) different from all z; and repeat the
previous construction with the set {x} U {z; : ¢ € N}. A new function v’ will
be produced, harmonic in B(zo; R) with v'(z;) = V(z;) for all z; and, also,
v'(z) = V().

The functions v, v" which are continuous in B(zg; R) agree on the dense set
{z; : i € N} of B(xg; R) and, hence, are identically equal on this ball. Therefore,
v(xz) =v'(z) = V(z) at the additional point 2. Since x is arbitrary, this proves
that V' = v identically in B(xo; R) and, finally, that V' is harmonic in B(zo; R).

Now, we define the sets

A = {z€Q:V is harmonic in some neighborhood of z} ,
B = {z€Q:V =400 in some neighborhood of =} .

By what we proved before, Q = AUB, AN B = () and both A and B are
open sets. Since € is connected, either A = Q or B = (.

2.9 The largest harmonic minorant

Definition 2.5 If f,g are extended-real-valued functions defined on the same
set E and f(x) < g(x) for oll x € E, we say that [ is a minorant of g and
that g is a majorant of f in E.

If the same inequality is true for all f in a family F, we say that g is a
magorant of F in E and, if the inequality is true for all g in a family G, we say
that f is a minorant of G in E.
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Theorem 2.14 LetU be a non-empty family of functions superharmonic in the
open Q0 C R™. Suppose that there exists at least one subharmonic minorant of
U in Q.

Then the upper envelope of all subharmonic minorants of U is a function
harmonic in €.

Proof:

Let V be the non-empty family of all subharmonic minorants of the family
U and let V be the upper envelope of V.

If u € U, then V < w and, hence, V() < 400 for almost every x € Q.

Since it is very easy to see that the family V satisfies the assumptions of
Theorem 2.13 in all connected components of 2, we conclude that V' is harmonic
in Q.

Definition 2.6 LetU be a non-empty family of superharmonic functions in the
open Q0 C R™ and suppose that U has at least one subharmonic minorant in €.
Then the upper envelope of all the subharmonic minorants of U is called the
largest harmonic minorant of U.

We, similarly, define the smallest harmonic majorant of a non-empty
family of subharmonic functions.

As an example, we prove the

Proposition 2.6 Let u be superharmonic in B(xo; R). Then u has at least one
subharmonic minorant if and only if lim, g M7 (z) > —o0 .

If this condition is satisfied, then the largest harmonic minorant of u is the
function im, . r— UB(zy;r) -

Proof:

If u has some subharmonic minorant v in B(xo; R), then, by Theorem 2.6,
for every r < R, M (o) > Mj(xo) > —oo. Since, by Theorem 2.9, the
left side decreases while the right side increases when r T R, we see that
lim, ,g— M, (z¢) > —o0.

Now, let lim,_,p— M, (x¢) > —oo and fix some 1y < R.

It is clear from Theorem 2.7, that, when ro < r < R, the functions up(,.)
are superharmonic in B(zo; R), harmonic in B(zg;r9) and decrease as r in-
creases.

Since up(zy;r) (o) = My, (70), Theorem 1.16 implies that the function

V = TEIII%lf U’B($0§7‘)

is harmonic in B(xg; 7).

Since 1 is arbitrary, V' is harmonic in B(zo; R).

Clearly, V' < up(sy;r) < ufor all7 < R and, hence, V' is a harmonic minorant
of u in B(zg; R).

Suppose, now, that v’ is any subharmonic minorant of u in B(zg; R). We,
easily, see that Theorem 2.7 implies v/ < v}g(mw) < UB(gyyry for all 7 < R.
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Therefore v < V in B(zo; R) and, finally, V is, exactly, the largest harmonic
minorant of u in B(zo; R).

2.10 Superharmonic distributions

The rest of this chapter is devoted to the study of the distributional Laplacian
of superharmonic functions and the relevant characterization of them and to the
proof of the related Decomposition Theorem of F. Riesz.

In the statement of the next theorem we denote the distributional Laplacian
of the function u by Awu, instead of the more correct AT, but this, as we have
already noted, is allowed by the standard convention to identify a function with
the corresponding distribution. In the proof, though, we shall be more formal.

Proposition 2.7 If u is superharmonic in the open @ C R®™, then its dis-
tributional Laplacian Au is a non-positive distribution in Q and, hence, it is
identified with a non-positive Borel measure in €.

Proof:

Let u be superharmonic in €2 and consider any approximation to the identity
{®s: 6 > 0}. From Theorem 2.10, we know that u * @5 is in C°°({2s) and that
it is superharmonic in ;.

Corrolary 2.1(2) implies that A(u * ®5)(z) < 0 for all = € Q5.

Take, now, any ¢ € D(Q2) with ¢ > 0 everywhere in €. Since supp(¢) C Qs
if § is small enough, using Proposition 0.9 and the calculus of distributions, we
find

AT, (¢) = 51—1»151+ AT, (®s5 * ¢) = 515& Tu(A(®s * ¢))
= Jlim T(®5xA9) = lim (T, + ®5)(A¢)
= 61—1%1-{- Tuvas(A) = 61_i%1+ ATyva,(9)

= Jm Taean(9) = Jim [ Aws20)(@)(e) dm(z)
0.

IN

Therefore, AT, < 0 and the last statement is a consequence of Theorem
0.11.

The next two results are the main examples.
Proposition 2.8 Ah,, = k,dds, -

Proof:

Consider any ¢ € D(R™). In the following calculations the third equality is
true because the integrand is in L!'(R™), the fourth equality is an application
of Green’s Formula in the set B(zo;r, R) for some R which is large enough
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so that ¢ and g—i vanish on S(zg; R) and the sixth equality is true because

lim, g4 7" h.(r) = 0, grad ¢ is bounded in a neighborhood of zy and ¢ is
continuous at xg.

n

AT, (6) = Th, (Ad) = / oo () A(z) dm(z)

= lim hao (2)Ag(x) dm(x)
r—0+ R2\ B(zo;r)

—  lim ( /S agb(y)mo(y) dsS(y)

r—0+ (zo3r) 877

O,
- /S ) as(v))

d
= r]il(r)lJr (_r"—lh*(r) /Sni1 - d(zo +72) do(z) + IinMg(UCo))

= Hn¢($0)
tinTas,, (9) -

Therefore, AThmO = knTys,, or, less formally,

Ahgy, = Knddg, .

Theorem 2.15 Let du be a compactly supported non-negative Borel measure
and consider the superharmonic function U,’f“, the h-potential of dy. Then,

AUZ“ = Kndu .

In case n > 2, the non-negative Borel measure du need not be compactly
supported and we, only, assume that U,Cf‘u(x) < 400 for at least one x.

Proof:
Using the formal notation for distributions, for every ¢ € D(R"?),

Myu(@) = [ Uf@)A6() dm(x)

‘/Supp(d#) / n h(z — y)Ad(x) dm(z) du(y)

_ / Ty, (AG) dp(y)
supp(dp)

/ AT, (¢) du(y)
supp(dp)

= n T d
. /su,,,w 25,(9) du(y)
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K / e (y) du(y)
= knTau(9) -

The use of the Theorem of Fubini, justifying the second equality, is permitted
by the calculation at the beginning of the proof of Theorem 2.8 and the fifth
equality is just Proposition 2.8.

In case n > 2, even if supp(dp) is not compact in R™, the use of Fubini’s The-
orem is still justified, since, by the positivity of h, the compactness of supp(¢)
and the local integrability of the superharmonic U;f” ,

/ / Ih(z — )| duy) |Ad(z)| dm(z)
supp(p) n

< M U;f”(:zr) dm(z) < o0,
supp(¢)

where M is a bound of |Ag|.

Observe that this result agrees with the fact that U ,’f“ is harmonic in the set
R™ \ supp(dp).

Theorem 2.16 Let T be a distribution in the open & C R™. Then, T is iden-
tified with a superharmonic function in Q if and only if AT <0 .

Proof:

One direction is just Proposition 2.7.

Hence, suppose AT < 0 and apply Theorem 0.11 to get a non-negative Borel
measure du in §2 so that

1
Td# - KJ—AT

Consider, now, an arbitrary open G so that G is a compact subset of €2, the
restriction dug of du in G and its h-potential U,CLI”G.
If we define the distribution

SG =T- TU:HG )
then, taking Laplacians, by Theorem 2.15, we have
ASG = AT — ’ianuc =0

as a distribution in G.
By Theorem 1.20, S is identified with some harmonic function in G and,
hence, T = S¢g + T} ang is identified with a superharmonic function in G.
h

Now, consider an open exhaustion {{,,,) } of 2 and apply the previous result
to G = Q). For each m, there is a superharmonic w,, in ) so that T'="T,,,
in Q). By Proposition 0.10, tmm = tmi1 in Q) and, hence, the uy,’s define



122 CHAPTER 2. SUPERHARMONIC FUNCTIONS

a single function u superharmonic in €2 which, for every m, coincides with u,,
on Q(m).

Now, for every ¢ € D(Q2) we have ¢ € D(,,)) for large enough m and,
thus,

T(6) = Tu, () = /Q U (2)6(z) dm(z) = /Q w(@)d(z) dm(z) = Tu(6)
(m)

Hence, T is identified with u in €.

2.11 The theorem of F. Riesz

Theorem 2.17 (Decomposition Theorem of F. Riesz) Suppose u is superhar-
monic in the open 0 C R™. Then, there exists a unique non-negative Borel
measure dy in ) so that, for every open G with G being a compact subset of €2,

u(z) = U () + ve(x)

for every x € G, where dug is the restriction of du in G and vg is some
harmonic function in G.
In the case n > 2, we, also, have

u(z) = UM () + v(x)

for all x € Q for some v harmonic in Q, provided U,'f“(x) < 400 for at least
one x € R™.

Proof:
Most of the work was done in the proof of the previous theorem. In fact,

T, = Sg+ TUduG ,
h
where S¢ is identified with a harmonic function, say vg, in G. Le.
Ty = T +Tpang »
h

as distributions in G.
Proposition 0.10 implies

u(z) = vg(z) + U (z)

for almost every z € G and, finally, Corollary 2.2 implies that the equality is
true everywhere in €.
The uniqueness is proved by taking distributional Laplacians in G. By The-
orem 2.15,
ATU = Han#G
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in G. From this, the distribution T}, is uniquely determined in G, and, hence,
the restriction dug is, also, uniquely determined. Taking as G’s the terms of
any open exhaustion of €2, we prove the uniqueness of dy in Q.
In case n > 2, we may adjust the proof of the previous Theorem.
Consider the non-negative Borel measure dy in €2 so that
1
Ty, = — AT, .

Kn

Assuming U,Cf“(x) < +oo for at least one x, Theorem 2.15 implies that the
distribution S = T}, — TUS“ satisfies AS = 0 in Q and, by Theorem 1.20, S is
identified with a harmonic v in €.

From this, as before,

u(z) = v(x) + UM (x)

for almost every = and, hence, for every z € €.
Or, in another way, we may start from the restricted result of the first part
applied to the terms of an open exhaustion {Q(,,)} of ©,

d
(@) = U, (@) +vag, (@), 2 € Qm -

For every x € 2, because of the positivity of h,

U () 1 UM ()

and the limit is finite for almost every » € R™. Therefore, {vq,,,, } is (eventually)
a decreasing sequence of harmonic functions in every fixed (1) with a limit v
which is finite almost everywhere in ). Therefore, v is harmonic in ) and

u(x) = Up(z) +v(@)

everywhere in {2y and, since k is arbitrary, everywhere in €.

2.12 Derivatives of superharmonic functions

Theorem 2.18 Let u be superharmonic in the open Q@ C R™. Then, u is
absolutely continuous on almost every line parallel to the principal x;-axes, 1 <
j < n, it has partial derivatives at almost every point of Q0 and these partial
derivatives are locally integrable in €.

If the distributional Laplacian of u is a (non-negative) function f € C*(Q),
then u is in C*T1(Q).

Proof:
This is a trivial application of the Representation Theorem of F. Riesz and
of Propositions 2.3 and 2.4.
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Chapter 3

The Problem of Dirichlet

3.1 The generalized solution
Let’s remember that the boundary and the closure of subsets of R™ is taken
relative to R™ .

Definition 3.1 Let Q be an open subset of R™ and f any extended-real-valued
function defined in 0S).

We denote by (I)? the family of all functions u defined in Q0 with the proper-
ties:

1. in each connected component of ) either u is superharmonic or u is iden-
tically +o0,

2. u s bounded from below in Q0 and
3. liminfos,—yu(z) > f(y) for all y € 99.

The lower envelope of the family fl)? is denoted by F?
In a dual manner, \I!§c2 denotes the family of all v defined in Q such that:

1. in each conected component of Q) either v is subharmonic or v is identically
—00,

2. v is bounded from above in Q1 and

3. limsupgs, ., v(z) < f(y) for all y € 09.

The upper envelope of the family \11573 is denoted by ﬂ?

Both families are non-empty, since +o00 € @? and —oo € kllgc2
Comment It is easy to see that if G is any connected component of the open set
Q) C R™, then the restriction of F? in G coincides with ﬁ? and the restriction
of ﬂ? in G coincides with ﬂ?

This allows us, in many problems, to reduce the study of these functions to
the case of the set ) being connected.

125
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—Q
Proposition 3.1 In each connected component of Q, H is either harmonic or
identically +o0o or identically —oo.
The same is true for ﬂ?

Proof:

Consider the family V of the subharmonic restrictions of the functions in
\I/? in any particular connected component G of 2.

In case all functions in \I/? are identically —oo in G, then V is empty and,
obviously, H ? = —o0 in G.

In case there is at least one function in \I/? with subharmonic restriction to
G, then V is non-empty and it is almost obvious that ) satisfies the assumptions
in Theorem 2.13 for the connected open G. Therefore, the upper envelope of V
in G, which coincides with the restriction of H ? in G, is either harmonic in G
or identically +o0 in G.

Proposition 3.2 F? > ﬂ? everywhere in Q.

Proof:

Fix an arbitrary connected component G of €.

In case either stz = +00 everywhere in G or H} = —oc0 everywhere in G,
then the result is obvious. Hence, assume that there is some u € <I>§} which is

not +o0o everywhere in G and some v € \I/§2 which is not —oco everywhere in G.
Then, u — v is superharmonic in G and

ggililg(“(x) —v(z)) =0

for all y € 0G.

This last inequality is obvious for every y for which f(y) is real. In case
f(y) = 400, then the boundedness from above of v is used and, if f(y) = —oo,
then the boundedness from below of u has to be used.

From Theorem 2.1, we find that v > v in G. Since u is arbitrary in @Sf) and

v is arbitrary in \IIQ, we conclude that ﬁgfl >H ? in G.
Definition 3.2 Let the extended-real-valued f be defined in OS2, where Q@ C R™
1S open.
1. If ﬁ? = ﬂ? everywhere in €, then this common function is denoted by
HY .
2. f is called resolutive with respect to Q) if

—0 - Q
Hy = Hy



3.1. THE GENERALIZED SOLUTION 127

everywhere in Q and if this common function is not identically +o0o or
—o0 in any connected component of €).

This common function H? is harmonic in  and is called the generalized
solution to the Problem of Dirichlet in Q) with boundary function

f.

To motivate this definition, suppose that f is real-valued in 92 and that
the Problem of Dirichlet in €2 with boundary function f is solvable. Therefore,
there exists some v harmonic in Q so that limos,—., u(z) = f(y) for all y € 99.

The first thing to observe is that f is, then, continuous on 9f2. In fact, take
any sequence {ym,} in 0Q with y,, — y. Then, there is another {z,,} in Q
so that ds(m,ym) < = and |[u(zm) — f(ym)| < =. The first inequality gives
ds(zm,y) — 0 and, hence, u(zy,) — f(y). Thus, the second inequality gives
flym) = f(y).

Since f is continuous in 0f2, it is bounded in 92 and Theorem 1.1 implies
that u is bounded in ).

Therefore, u € @? N \If? and, hence,

IS
IN

H} < Hf < u.

This implies

in Q.

Summarizing: if the Problem of Dirichlet in Q with the real-valued boundary
function f is solvable, then f is continuous in 02 and resolutive with respect
to Q and the solution to the Problem of Dirichlet coincides with the generalized
solution.

Therefore, to solve the Problem of Dirichlet, we must suppose that the given
boundary function f is continuous in 92 and, then, prove

1. that f is resolutive and
2. that limosg—y H?(x) = f(y) for all y € 99.

In the case of any bounded open (2, item 1 will be answered completely
by a theorem of Wiener, which we shall prove in a while, and says that every
continuous f is resolutive.

On the other hand, even if f is continuous, the Problem of Dirichlet may
not be solvable. Here is an instructive example.

Example
Consider @ ={z € R": 0 < |z| < 1} and

_Jo, ifyl=1
f(y)_{l, ify=0.
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Take uy,(z) =
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(h(z) — hy(1)) for all z € Q. Then u,, € @? and, hence,

1
—=Q :
Hy(z) < lim up(z) = 0.

- m—-4oo

On the other hand, 0 € ¥9, implying

0 §ﬂ?(m) .

Thus, f is resolutive and continuous in 02, with H ]9 = 0 everywhere in €2,

but

lim H{(z) = 0 # f(0) =

Q3x—0

3.2 Properties of the generalized solution

In all statements that follow, the boundary functions are all extended-real-

valued.

1. Hf+c—Hf +c and Hf+c Hf +c¢ forall c € R.

2. Tyy = AH; and HYy = AHS for A > 0 and Hyy = \HY for A < 0.
Under the conventwn 0(£o0) = 0, these formulas hold in case A = 0 also.

3. If fi < fo, then Hy. <Hy, and HY < H} .

4. infpq f < ﬂgfl < ﬁ? <supgq f -
All these properties are trivial to prove.
Convention When we add boundary functions f and g, we assign any
value, whatsoever, to the indeterminate forms (£00) + (Foo).
But, when we add Hf and H , we assign the value +0o to these forms
and, when we add HQ and H , we assign the value —oo to them.
In any case, we assign the value 0 to 0(£o0).

5. Hy,, <Hy +H, and H} +H? <H}, .

Working in each connected component of §2 separately, it is enough to
assume that €2 is connected. Observe that, by our convention, the first

=0 =0
inequality is trivial in case at least one of H; and H, is +o0 identically
in Q.
Hence, take any u € fIJQ and any v E fIJQ which are not identically +ooc.

Then, u+wv € <I> , and, thus, Herg < w+wv. This is enough to conclude
the proof of the ﬁrst inequality and the second is proved similarly.
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6. If both f and g are resolutive with respect to S, then cf + dg is resolutive
and HCQerdg = cH)g2 + dHé2 everywhere in €, for all ¢,d € R.

This is a simple combination of properties 2 and 5.

7. Let fr, T f and ﬁsle be not identically —oo in a connected component G
of Q. Then ﬁ?m Tﬁ? n G.
The dual result is, also, true.
It is enough to assume that {2 = G is connected and that, for all m, F?m

—0
is not identically +oo in €. Therefore, we assume that H, is harmonic
in €, for all m.

Fix g € Q and consider u,, € fIJQM, superharmonic in € with

—0 €
U (20) < Hy (x0) + om -

=2 . . .. .
Now, u,, — Hy,  is superharmonic and non-negative in €2 and, by the third
property of superharmonic functions, the series
= Q
> (um—Hy,)
m=1

either converges to a superharmonic function in € or it diverges to +oo
everywhere in 2. But its value at x( is < € and, thus, it is superharmonic
in Q.

. =0 ., . . . .
By Theorem 1.16, the lim;, o Hy  is either +o0 identically in  or it
is harmonic in 2. In the first case, what we want to prove is clear and we
assume that this limit is harmonic in Q.

Now, the function

—+o0
w = lm T, +3 (u-Hy)
m=1

m——+oo
is superharmonic in ). Furthermore, for every m,
—0 —Q
w = Hy A+ (um —Hy,) = tm .
Therefore, w is bounded from below in € and, also,

lim inf > liminf m > Im

for all y € 92 and, since m is arbitrary,

. -
iminfuw(z) > f(y)
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for all y € 09Q2.
Therefore, w € @Q, implying that w > F? Then

F?(mo) < w(zg) < lim Fgflm(xo)—i—e

m——+oo

and, since € is arbitrary,

—Q )
Hy(xg) < lim Hy (xo) .

m——+0o0

The inequality lim,, 4o ﬁ?m < ﬁ? is obvious and , by Theorem 1.1,

in Q.

Let G be an open subset of Q and f a boundary function in 0. If we
consider

7 on 0G NOL,
F = { =0
Hy, ondGNAQ,
=G =0 ‘
then Hp = H; everywhere in G.
There is a dual result for H.

Since every connected component of GG is contained in one of the connected
components of {2, it is enough to assume that both G and () are connected.

Ifue @?, then, in case y € G N 01,

lim inf > liminf > - F
églzlgyU(I) > Sg;lgyuw) > f(y) ),

while, in case y € 0G N,

liminfu(x) > u(y) > Hy(y) = Fly).
Goz—y
Hence, u € ®%, implying u > ﬁ? in G and, finally,
—Q —G
in G.
The opposite inequality is clear in case F? = —oo identically in €.

In case F? = 400 identically in , then F(y) = +oo for all y € 0G N Q.

Now, taking any u € ®%, we have that liminfgs, ., u(z) = +oo for all
y € 0GN Q.
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Extending u as identically +o0o on Q \ G, we either get a superharmonic
w in Q (if u is superharmonic in G) or the function +o0 in Q (if u = 400
identically in G). But, the first alternative is impossible, since this would
imply the existence of a superharmonic function in CI)?.

Therefore, u = +o00 identically in G and we get that
Hy = 400 > Hy

in G.

Finally, suppose that F? is harmonic in €.

Take any u € @g and define
. -0 .
v _ mln(u,Hf), in G,
q;, inQ\G
which is superharmonic in ).

Take arbitrary v € fIJ? and consider the function V + v — Fgfl which is
superharmonic and bounded from below in (2.

In case y € 9N\ 0G,

lim inf (V(z) + v(z) — ﬁgfl(x)) = liminfo(z) > f(y) .

Qd5zr—y Q3x—y

In case y € 02N 0G,

Jiminf (V(r) +o() ~Fy (@) = liminf o(e) > f(y)

and
liminf (V(z) + v(z) — Hy () > f(y) .

Gor—y
Hence, V +v —F? > F? in €.
This implies that V > Hy in ©, which gives u > 7, in G and, finally,
Hp > H;
in G.

9. Let G be an open subset of Q and f a boundary function on 0. If f is
resolutive with respect to ), then the function

Fo_ 1, on 0G N 99,
- H}l, on 0GN K,

is resolutive with respect to G and HE = H? identically in G.
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10. Let each f,, be resolutive and f,, — f uniformly in 0S2.
Then f is resolutive and H;En — H;z uniformly in .
Fix e > 0. For large m, f,, —€ < f < fin + € everywhere in 052 and, hence,
HY —e<H} <H; <H? +einQ Thus, 0 < H; — H? < 2 and,
since € is arbitrary,
1y = Ty
in Q and f is resolutive.
Also, f — e < fin < f 4 € in O implies H?—egH;?m < H?—l—ein Q,
from which we get the uniform convergence H ?m — H ]9 in Q.

3.3 Wiener’s Theorem
Lemma 3.1 Let Q2 be a bounded open subset of R™. Then, every real-valued f

continuous in 0K can be uniformly approzimated in 02 by the difference of the
restrictions in 082 of two functions continuous in 2 and superharmonic in ).

Proof:

Since 0f) is a compact subset of R™, by the Stone-Weierstrass Theorem, we
can approximate f uniformly in 9 by a real-valued polynomial P(z1,...,zy,).
Take a constant M > 0 so that AP(x) < M for all x € Q.

Now, the difference of the two functions, P(z1,...,2,) — &Za? and —&La?,

approximates f uniformly on 02, while both of them are superharmonic in €.

Theorem 3.1 (N. Wiener) Let Q be a bounded open subset of R™. Then, every
real-valued f continuous in 0N is resolutive with respect to €.

Proof:

Let the real-valued F' be continuous in Q and superharmonic in .

Then, obviously, F' € fb% and, thus, F > ﬁ% in Q. By property 4 in section
3.2, FS; is bounded and harmonic in 2 and, for every y € 012,

limsupﬁﬁ < limsup F(z) = F(y),
Qd3z—y Qd3z—y

implying that Fﬁ € U$. Hence,

oy = HY
and the restriction of F' in 0f) is resolutive with respect to .

By Lemma 3.1, there is a sequence {F,, — G,,} so that all F,, and G,, are
continuous in €, superharmonic in © and the restrictions in 9Q of F,, — G,
converge to f uniformly in 9.

From the first part and property 6, the restrictions in 0X2 of all F,,, — G, are
resolutive with respect to (2. Therefore, from property 10, f is resolutive with
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respect to €.

Example
Let Q = R2\ {0} and £(0) =0, f(o0) = 1.
Ifue @?, then, for any € > 0 we have that, for all large enough M and N,

log |z| +log N

>
u@) = log M + log N

for every x with & < |z| < M. Let N — +00 and then M — +o0 and get that
u(x) > 1 —€ for all z # 0,00. Since € is arbitrary, we find v > 1 and, thus,

Hf =1in Q.
Ifve \I/?, then, for any € > 0 we have that, for all large enough M and N,

log |z| + log N

<
v(@) < log M + log N

for every x with % <|z] < M. Let M — 400 and then N — +00 and get that
v(x) < e for all © # 0, 00. Since € is arbitrary, we find u < 0 and, thus, ﬂ? =0
in Q.

Therefore, f is not resolutive with respect to {2 and Theorem 3.1 cannot be
extended to hold for unbounded open sets in R2.

3.4 Harmonic measure
Let Q be a bounded open set and zy € 2. By Theorem 3.1,
C(0Q) > f — Hf(zo) € C

defines a (complex-)linear functional on C'(0).
This is, at first, defined for real-valued f, but it is, trivially, extended to
complex-valued f by H? (z9) = Hggf(xo) + ngf (z0)-
It is easy to prove that
H{Z (‘TO) =1,

for all f € C(0Q) with f > 0 in 09 and

[HF (o)l < [Ifll

for all f € C(99Q). In fact, the last inequality is straightforward for real-valued
f, while, for complex-valued f, we take 6 so that H?(xo) = ei9|H?(:1:0)| and
write

|Hf (z0)] = e “HP () = H i (x0)
Hy i py(0) < [IR(e™ o < [Iflloo -
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Therefore, H (Q) (o) is a non-negative bounded linear functional on C(99)
with norm 1 and, from Theorem 0.10, there exists a unique non-negative Borel
measure d,ugo supported in 9€) so that

dp, (09) = 1

and

Hi(zo) = | fly) du,(y)
a9
for all f € C(092).

The fact that d,ugo is a non-negative Borel measure with total mass equal to
1 is described by calling it a Borel probability measure.

By the process of Caratheodory, the measure dugo can be considered as
uniquely extended on the o-algebra of its measurable sets. This o-algebra is
larger than B(9€2) and a set A C 99 belongs to this o-algebra if and only if
A= BUN for some Borel set B C 92 and some N with duf (N) = 0.

Also, d,ugo is complete on the o-algebra of its measurable sets.

Definition 3.3 Let 2 C R™ be a bounded open set and xg € €.
The complete probability measure d,ugo i 02, constructed above, whose o-
algebra of measurable sets includes all Borel sets in 0§} and satisfies

HY(wo) = [ [f(y) dug (y)
o0

for all f € C(09) is called the harmonic measure in 0} with respect to )
and xg.

Lemma 3.2 Suppose Q is a bounded open subset of R™ and consider f lower-
semicontinuous in 0. Then,

1. For every xg € €2,

HY(xo) = | f(y) dud,(y) -
o0

2. f is resolutive with respect to ) if and only if it is dugo-integmble for at
least one xg in every connected component of €.

The same is true, if f is upper-semicontinuous.

Proof:

Consider a sequence {f,,} of functions continuous in 9Q with f,(y) 1 f(y)
for every y € 0N).

By Theorem 3.1,
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By property 7 of H, the continuity of f,, and the Monotone Convergence
Theorem,

Hy(wo) = lim Hy (z0) = lim | fuly) dul(y) = | fly) dud () -
o0 o0

m——+oo m——+0o0

From these two relations we get the first result.

Now, since f is bounded from below in 02, we have that, for every x,
Joa f (W) d,ugo (y) < 400 if and only if f is duf! -integrable.

If f is resolutive with respect to 2, then all integrals are finite and f is
dugo-integrable for all g € . On the other hand, if f is dugo—integrable for at
least one xy in some connected component, then H}l(:zzo) is finite and, hence,

H ? is harmonic in the same component.

Theorem 3.2 Suppose ) is a bounded open subset of R®. For every extended-
real-valued function f defined in 0f,

1.
Hi(zo) = | f@)dul(y), HPwo) = | fly) de(y),
o0 ;o)

for all xzg € Q,

2. f is resolutive with respect to Q if and only if it is d,ugo—integmble for at
least one xq in every connected component of ) and

3. f is resolutive with respect to Q) if and only if it is dugo -integrable for every
xo 1 Q and, in this case,

HS (o) = (y) dug, (y)

f
o
for all xp € Q.

In particular, an E C 082 is dugo -measurable for every xo in Q if and only
if xg 1s resolutive with respect to  and, in this case,

HY, (z0) = dpug,(E)
for every xg in €.

Proof:
1. It is enough to prove the first equality and we, first, see that, by Lemma 3.2,

Fy) dpl(y) = inf [ o(y) dul (y) = inf H(z0) > Hy(wo)
o0 o0

where the infima are taken over all lower-semicontinuous ¢ in 092 with ¢ > f
everywhere in 0€).
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—Q
The opposite inequality is obvious if H (x0) = 400 and, thus, assume that

F? (x0) < +00. Now, take arbitrary A > H? (x0) and u € @? so that
u(zg) < A

The function defined by ¢(y) = liminfos,—.y u(z) for all y € 0Q is lower-
semicontinuous in 92 and satisfies ¢ > f there. Hence,

f) dus(y) < | o(y) duf(y) = HP(zo) < ulzg) < A
o0 o0

and, since A is arbitrary, we get

) i (y) < T (o) -
o0
2 and 3. It is obvious, from 1, that if f is resolutive with respect to €2, then it
is dugo—integrable for every xp € Q.
If fis d,ugo—integrable for some zg in €2, then, from 1, the two functions,
H ? and F?, are harmonic in the connected component of {2 which contains

xo and, by the Maximum-Minimum Principle, they are identically equal in the
same component.

Theorem 3.3 Suppose ) is a bounded open subset of R® and x1, x2 are in the
same connected component of Q). Then

1. du% and d,ug2 have the same zero-sets.

2. d,ugl -measurable sets and functions are the same as the cl,ugz2 -measurable
sets and functions.

Q _ Q . .
3. Ll1 (092, dps ) = LY(0S2, dpsl)) and the norms in these two spaces are equiv-
alent.

Proof:
1. Let duf (N) = 0. From Theorem 3.2,

0 = dul (N) = / xn(y) du (y) = HY\ (1)
o0

and, from the Maximum-Minimum Principle, H;lN = 0 identically in the con-
nected component of ) containing z1. Now, the same set of equalities for zo
instead of z1 give that duf (N) = 0.

2. If Eis dugl—measurable, then £ = BU N, for some Borel set B and some
N with du! (N) = 0. From part 1, we get that du$, (N) = 0 and, hence, E is
dps! -measurable.

3. If fis d,ugl-integrable, then

Hijy(w1) = /mlf(y)l dus (y) < +oo.
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Therefore, H, f}| is harmonic in the connected component of {2 containing 1
and, then

[ 1Tl = e < +oo
o0

implies that f is du%-in‘cegrable.
If f is dufl-integrable for some 2 € € and, hence, for all z in the same
connected component G of €2, then the function

[ 11wl ) = By@) . weG,
o0

is harmonic and non-negative in G. From Harnack’s Inequalities we have that
for every x1,z2 € G there is a constant C, depending only on these two points
and on G, so that

1 Q
fldito) < [ el ade) < ¢ [ 1wl ddw)

c a0
for all f.

Proposition 3.3 Let Q be a bounded open subset of R™.
If G is one of the connected components of ) and xo € G, then,

dus (0Q\ 9G) = 0.

Hence, the harmonic measure with respect to ) and xq is supported in the
boundary of the connected component of Q) which contains xg.

Proof:
In fact, consider the function

0, ifzed
u@) = 1) ifren\a@.

u is harmonic in @ and liminfos, ., u(z) > xa0\0c(y) for all y € €.
Therefore,

—Q
0 < dug (02\9G) < H,,, ,.(x0) < ulzg) = 0.

Example

If f is defined and continuous on the sphere S(xo; R), then Ps(- ,zo; R) is
the solution to the Problem of Dirichlet in B(z¢; R) with boundary function f.
Hence,

BP0 () :/ F()P(y; z, 20, R) dS(y)
S(zo;R)

for all z € B(zo; R).
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From the definition of harmonic measure,

dpB@sR®) — p(. .z 2, R) dS .
This means that d,uf(wo;R) and susface measure on S(xo; R) are mutually
absolutely continuous and the density-function (Radon-Nikodym derivative) of

duf(zo;R) with respect to dS is exactly the Poisson kernel P(- ,x,xo; R).
In particular,
1
duBeoR) = 43
MOEO wnfanfl

The harmonic measure with respect to the ball and its center is the normalized
surface measure on its surface.

3.5 Sets of zero harmonic measure

Definition 3.4 Suppose that Q is a bounded open subset of R™.

A set E C 09 is said to be of zero harmonic measure with respect to
Q, if dul(E) = 0 for every x € Q or, equivalently, for at least one x in every
connected component of €.

Theorem 3.4 Suppose that Q2 is a bounded open subset of R™ and let E C 0f2.
Then, the following are equivalent.

1. There exists a function u superharmonic in Q with v > 0 in Q and
limos .,y u(z) = +oo0 for every y € E.

2. E is of zero harmonic measure with respect to 2.

Proof:
1. Assume the existence of a u with the properties in the statement of the
theorem. Then %u € @SE for every m € N and, hence, for every x € €,

Q
0 < H/ (v) < H,(v) <

< u(z) .

L
m
Now, let m — +oo and get

W (E) = H,(x) = 0

for every z € Q.
2. Assume dugk (E) = 0 for at least one xj, in each of the at most countably
many connected components 2 of 2. Therefore

HSE (.’L‘k) =0

for the same points. This implies that, for every k and every m, there exists a

Um,k € @SE so that

1
Um,k(iﬂk) < W
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Now, modify these functions and define
Uy = Min(Upm, 1.5 Um,m) -
The functions vy, are superharmonic and non-negative in Q with

liminf v, (z) > 1
Q3z—y

for all y € F and
1
Um(zg) < ol
fork=1,...,m.
Finally, define

—+oo
v = E Um -
m=1

Since v(xy) < +oo for every k, by the third property of superharmonic
functions, v is superharmonic and non-negative in €2 and

+oo
lim inf > lim inf =
sgilgyv(x) = mz:sgililyvm(x) Foo

for every y € E.

Theorem 3.5 Suppose that € is a bounded open subset of R™ and let E be a
subset of O which is duSt-measurable for all x € Q. In particular, E can be
any Borel subset of 9. Then, the following are equivalent.

1. E is of zero harmonic measure with respect to €.

2. For every u superharmonic and bounded from below in Q with

liminfu(xz) > 0
Q3x—y

for every y € 00\ E, it is true that
u >0
everywhere in ).

There is a dual statement for subharmonic functions.

Proof:
Let E be of zero harmonic measure with respect to 2.
Assume that u satisfies the hypotheses in 2 and take M > 0 so that u > —M

identically in . Then —ﬁu € \I!¥E implying

1 Q
_M’u’ S HXE
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and, since the last function is identically 0 in €2, the proof of one direction is
complete.

Now, let duf (E) > 0 for at least one zg € 2.

Then

HE, (z0) = —dp$ (E) < 0

and, hence, there exists u € <I>9XE with u(zg) < 0.
This v is superharmonic and bounded from below in 2 and

liminfu(z) > 0
Q3zx—y

for every y € 0Q \ E.

Theorem 3.5 expresses an extension of the Minimum Principle for superhar-
monic functions. It appears that the sets of zero harmonic measure with respect
to ) are the “negligible” sets when testing the hypotheses of the Minimum Prin-
ciple. There is an extra “mild” hypothesis: the superharmonic function must
be bounded from below.

3.6 Barriers and regularity

Definition 3.5 Let Q be open in R™ and yo € 0N).

We say that Q) has a barrier at yo, if there is an open neighborhood V' of
Yo and a positive superharmonic function u in V N so that

li =0.
o, (")

This u is called barrier for Q at yo.

Yo s called regular boundary point of ), if there exists some barrier for
Q at yo.

Q is called regular open set, if all its boundary points are reqular boundary
points of €.

Observe that the neighborhood of yg in the definition may become as small
as we like and, hence, the part of €2 outside an arbitrarily small neighborhood
of yo does not play any role in whether yq is regular or not. In other words the
definition of regularity of a boundary point is local in character.

The next result is a concrete characterization of regularity of boundary
points.

Lemma 3.3 Let Q2 be open in R™, yo € 0) and yo # ©.
Then the following are equivalent.

1. yo is a regular boundary point of €.
2. There is an R > 0 so that

lim  HPPWR () = 0
Q3z—yo .7!0‘
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3. The previous condition holds for all R > 0.

If n > 3 and Q is not bounded, then oo is always a reqular boundary point
of Q.
If n =2 and Q is not bounded, then the following are equivalent

1. o0 is a regular boundary point of (1.
2. There is an R > 0 so that

. {zeQ:|z|>R} _
o Hip T ) = 0

8. The previous condition holds for all R > 0.

Proof:
(1) Let yog # oo and suppose that the condition in 2 is true for some R.

LW (2) > [z — yo| > 0

for all x € QN B(yo; R). Therefore, H‘S'lfllzs.v‘;o;R) is a barrier for Q at yq.

Conversely, suppose that there is a ﬁeighborhood V of yo and a positive
superharmonic w in V' N Q with limgsg—.y, u(z) = 0.

We may assume that V' = B(yo;r) with 7 < R and we consider an extra
p<rT.

Then QN S(yo; p) is an open subset of S(yo; p) and we may decompose it as
QN S(yo; p) = FUA, where F is compact, A is open in S(yo; p), FNA =0 and
dS(A) < wp_1p" L.

For this purpose, consider a compact exhaustion { K(,,)} of Q and take I =
K () N S(yo; p) for a large enough m.

Now, define the function

Since | - —ypo| is subharmonic, we have that H

w(a) = e (@) + P (v p) + o, @ €0 Blyoip)

which is positive and superharmonic in Q N B(yo; p) and consider an arbitrary

vE \Iflg?rliiyl’o;r). Then, for every y € 8(Q2N B(yo; p)),
limsup v(z) < liminf  w(x)
QNB(yo;p)dz—y QNB(yo;p)dz—y

This is easy to prove, by considering the three cases: y € 92 N B(yo; p),
y€ Fandye A
Therefore, v < w everywhere in Q N B(yop; p) and, thus,

HglﬁB(y();T) <

=l =Y
everywhere in N B(yo; p).
This implies
limsup H*"500 () < a lim  u(z) + 1Py, (yo; Yo, p) +p < 2p

Q3z—yo T minpu Q3z—yo
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and, since p is arbitrarily small,

. QNB ;
lim (yo’r)(:zr) =0.
Q3x—yo |- —vol

We need to show the same thing, but with r replaced by R.
Since

QNB(yo;
o —gol < B (@) <y

for all z € QN B(yo;r), we get

lim HQQB(‘UO;T)(Z) =r
QNB(yo;r)dz—x I —vol

for all x € QN S(yo; 7). This implies that the function

r 7 =yl

R HQmB(yo;r)(x) , if 2 € QN B(yo;r)
R, if 2 € QN (B(yo; R) \ Blyoi 7))

QNB(yo; R)

and, hence,
[ —yol

belongs to ®

. R .
H(ZriB(yo,R) < HQTB(y“’T)
[ —vol r [ —ol

everywhere in Q N B(yo; ). Therefore,

. QNB(yoiR
lim (vo; )(33) =0.
Qo7 oy |° —Yol

(2) Now, if n > 3 and €2 is not bounded, the function

1
h(tf):mm, CEEQ,

is a barrier for €2 at oco.
(3) In the case n = 2 we may either modify the proof of part (1) or, better,
consider the inversion * = 1 which transforms Q \ {0} with co as boundary
point to the set O* = {z : € '\ {0}} having 0 as boundary point.

This inversion, as we have already seen, preserves the properties of har-
monicity and superharmonicity. Hence, it is clear that oo is regular for € if and
only if 0 is regular for Q* and, also, that

lim HEGQ:|$|>R}((E) I

Q3zr—00 T-1
if and only if

Q520 Il

Now, we may use the result of part (1) and complete the proof.
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Theorem 3.6 (Bouligand) Let Q be an open subset of R™ and yo € 9. Then,
the following are equivalent.

1. yo is a reqular boundary point of €.

2. For every open neighborhood V' of yo, there is a positive u superharmonic
in Q so that u =1 identically in Q\'V and limgosz—.y, u(z) = 0.

Proof:

One direction is trivial. Therefore, let yo be regular and V be any open
neighborhood of yg.

Assume, first, that yg € R™ and consider R > 0 small enough to have
B(yo; R) C V. By Lemma 3.3,

lim PP () = 0
Q3z—yo .7!0‘

We, clearly, have

0 < |o—y| < HEBWW () < R

for all z € QN B(yo; R) and, thus,

lim HF?TB(TJO;R)(Z) =R
QNB(yo;R)dz—w Yo

for all z € QN S(yo; R).
This implies that the function

R [ —yol

u(w) = {1H“”B<y“;3><x>, if € QN B(yo; R)
1, if z € Q\ B(yo; R)

has the desired properties.
If n > 3 and yo = oo, we consider R large enough so that {z : |z| > R} CV
and, then, take

n—2
u(z) = min(W,l) , reN.
If, finally, n = 2 and yo = oo, then, taking R large enough and
u(z) RHiﬂ{x:‘sz}(a@) , ifzxeQand|z| >R
= B
1, ifzreQand|z| <R,

we conclude the proof.

3.7 Regularity and the problem of Dirichlet

Theorem 3.7 Suppose Q) is a bounded open subset of R™ and yg € 02. Then
the following are equivalent.
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1. yo is a reqular boundary point of €.

2. For every real-valued f defined and bounded in 02 and continuous at yo
it is true that

lim Hy(z) = lim HY(x) = f(y) -

Q3z—yo Q3z—yo
That 1 implies 2 holds without the assumption of boundedness of €.

Proof:
By the subharmonicity of the function f(-) = |- —yol|, we find

0 < |z—yl| < Hf(z) < diam(Q)

for all x € . Therefore, if 2 holds, the function H ? is a barrier for ) at yy and
Yo is a regular boundary point of Q.

Now, suppose that yg is a regular boundary point of  and consider any
real-valued f defined and bounded in 02 and continuous at yg.

Take any € > 0 and let V' be a neighborhood of yo so that | f(y) — f(yo)] < €
for ally € 0QNV.

Theorem 3.6 implies that there is a positive superharmonic u in 2 so that
limosgz—y, u(z) = 0 and u = 1 identically in 2\ V.
If | f(y)] < M for all y € 99, then the function

w = (M- f(yo))u+ f(yo) + ¢

belongs to <I>§Z and, thus, lim supgs,_,, F? (x) < f(yo) +e€. Since € is arbitrary,

. —0
limsup H ; () < flyo) -
Q3x—yo

Applying this to —f we find

liminf HY(z) >
dim inf H () > f(yo)

and, combining the two inequalities, we finish the proof.

Theorem 3.8 If Q) is an open subset of R™, then the regularity of Q0 implies
that the Problem of Dirichlet is solvable for every f € C(92).

If Q) is bounded, then the converse is, also, true.

Proof:
A direct consequence of Theorem 3.7.
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3.8 Criteria for regularity

The next three results give three useful criteria for regularity of boundary points.
Much later we shall prove Wiener’s characterization of regularity of boundary
points.

Proposition 3.4 (The ball-criterion) Let @ C R™ be open and yo € I8, yo €
R*. If there is a ball B C R™\Q so that yo € OB, then yo is a regular boundary
point of 2.

If, in particular, Q is C? at yo, then yo is a regular boundary point of 2.
Therefore, if the bounded open 2 has C?-boundary, then it is a regular set.

Proof:
If y; is the center of B and r is its radius, then —h,, + h.(r) is a barrier for
Q at Yo-

Proposition 3.5 (The continuum-criterion) Let Q@ C R? be open and yo € Of).
If there is a continuum containing yo and contained in ?\Q, then yo is a reqular
boundary point of Q.

In particular, if the complement of Q with respect to R2 has no component
reducing to only one point, then ) is a regular set.

Proof:

Assume, first, that yg # co.

Let C be the continuum of the statement and consider i1 € CNR2 with y; #
yo- If R = |y1 — yol, then all connected components of the open set B(yo; R)\ C

T—Yo
harmonic in B(yo; R) \ C and, by Theorem 1.4, there is a harmonic conjugate v
of it there.
Since 2N B(yo; R) € B(yo; R) \ C, it is clear that the function

are simply-connected. The function wu(z) = log‘w_y1 ‘, x € B(yg; R)\ C, is

=1
T — Yo

%(m), erand’

‘>1,

is a barrier for 2 at yo.

If yo = oo, we choose a y; € C with y; # oo and, then, all connected
components of ?\ C are simply-connected. We define a harmonic conjugate
v of the harmonic function u(x) = log|z —y1| in R2\ C.

Since Q C @\ C, the function

1
%(m), :CEQand|x—y1|>1,

is a barrier for € at co.
Proposition 3.6 (The cone-criterion) Let Q@ C R™ be open and yo € 01,

yo € R™. If there is an open truncated cone F C R™\ Q with vertex yo, then yo
s a regular boundary point of 1.
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If, in particular, Q is C' at yo, then yo s a regular boundary point of €.
Hence, if the bounded open 2 has C'-boundary, then it is a regular set.

Proof:
Let R be the height of the cone F. It is enough to find a barrier for the open
set B(yo; R) \ F at yo and, by Lemma 3.3, it is enough to prove

HPWN () — g,

lim
[+ —vol

B(yo;R)\F3z—yo

Now, set _
u(z) = HB(yo;R)\F(x)

[ —yol

for all z € B(yo; R) \ F and, then, dilate F' by a factor of two, producing the
cone
F' = yo+2(F - yo) ,

and consider

) = ulgo+ Lo )

for all z € B(yo;2R) \ F'.

The function v is harmonic in B(yo;2R) \ F'.

By the ball-criterion, every boundary point of B(yg; R)\ F is regular except,
perhaps, yo and, therefore,

lim u(z) = |y —yol
B(yo;R)\F2z—y

for all y € G(B(yo; R) \7) except, perhaps, yo.
By the Maximum-Minimum Principle, we have that u < R in B(yo; R) \ F
and, thus,
sup v < R.
S(yo;R)\F

Hence, we can choose a so that % <a<1and

%
o

lim. (ou(z) — v(z))
B(yo; R)\F'ox—y

for all y € S(yo; R) \ F. We, also, have

1
lim. (5 u(z) —v(z)) =0
B(yo; R)\F'3x—y

for all y € OF \ {yo}.
Therefore,

%
o

lim (ou(z) — v(z))
B(yo; R)\F'3x—y

for all y € G(B(yo; R) \7) except, perhaps, yo.
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Since the function au — v is bounded from below, we have that, for all € > 0,

lim  (au() = v(@) + elhyy(2) = ha(R)) = 0
B(yo;R)\F3z—y

for all y € 9(B(yo; R) \ F).
By the Maximum-Minimum Principle

ou() = (@) + elhy, (x) — ho(R)) = 0

for all 2 € B(yo; R) \ F,and, since e is arbitrary, we find

au > v
in B(yo; R) \ F.
From this,
. 1 , 1
limsup  w(z) > -— limsup  u(yo + =(z — yo))
B(yoi \Fa—y0 @ B(yo; R)\F22—vo 2
= — limsup  wu(x),
o B(yo;R)\FBmHyg
implying
lim u(x) = 0.

B(yo; R)\F3z—yo

If a boundary point satisfies the ball-criterion, then it satisfies the cone-
criterion and, in case n = 2, if it satisfies the cone-criterion then it satisfies
the continuum-criterion. Therefore, the cone-criterion is the most useful in case
n > 3 and the continuum-criterion is the most useful in case n = 2.

Proposition 3.7 If Q) C R™ is open and yo is an isolated point of OS2, then yqo
is not a regular boundary point of Q. The only exception is when n > 3 and
Yo = ©0.

Proof:

Let yo # oo be a regular boundary point of 2 and consider a small enough R
so that B(yo;2R) \{yo} C Q and a positive superharmonic v in B(yo; 2R) \ {yo}
with limg_,,, u(z) = 0.

Let m = mingy,; ) % , being clear that m > 0.

By the Minimum Principle, for every § < R,

for all z in B(yo; 9, R).
Now, let § — 0+ and find
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for all © € B(yo; R) \ {v0}, getting a contradiction.

In case n = 2 and yo = oo we modify the previous proof, taking u positive
and superharmonic in {z : |z| > 1R} C Q with lim; e u(z) = 0, defining
m = min |, —g u(x) > 0 and observing that

for all z with R < |z| <.
We get a contradiction, letting » — +o00 and finding

u(z) > m

for all x with R < |z|.



Chapter 4

The Kelvin Transform

4.1 Definition

Consider any ball B(zg; R) and the symmetric z* of any x with respect to
S(I07 R)a
R2

¥ = xo+ (x —x) .

|z — 202
As usual, we consider each of zy and co to be symmetric to the other.
Now, for every set A C R®, we define its symmetric with respect to S(zo; R)

by

A* = {z¥:x € A} .
The new set A* contains z( or co if and only if A contains co or zg, respec-
tively.
A nice geometric property is that spheres are transformed, by symmetry,
onto spheres. In fact, doing some easy calculations, we can prove that if
the sphere S(x1; R;) does not contain g, then its symmetric, S(z1; R1)*, is

the sphere having the point >(x1 — x0) as center and the number

2R
‘Il—wo‘z—Rl

R?R,
[lz1—20[2— R3]

If the interior B(z1; R1) contains x, then it is transformed onto the exterior
of the image sphere, while the exterior is transformed onto the interior.

If the interior does not contain xg, then it is transformed onto the interior
of the image sphere, while the exterior is transformed onto the exterior.

If the sphere S(z1; R1) contains zg, then it is transformed onto the hyper-
plane described by the equation (z* — z¢) - (z1 — @9) = 3R* and the interior
and exterior of the sphere are transformed onto the two half-spaces determined
by this hyperplane.

as radius.

Definition 4.1 Let Q be an open subset of R™ not containing .
For every function f defined in 2, we call the function

R 1

@) = Wf(x) = —0— f(2),

- |.I'* _ xoln—Z
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defined in Q*, the Kelvin Transform of f with respect to S(xo; R).
Whenever we write about the Kelvin Transform without specifying the sphere,
we shall understand that the sphere is S(0;1).

Proposition 4.1 Let Q be an open subset of R™ not containing .

Then, u is harmonic or superharmonic or suharmonic in 0 if and only if its
Kelvin Transform u* with respect to S(xo; R) is harmonic or superharmonic or
subharmonic, respectively, in .

Proof:
If u is in C?(), then, by trivial calculations, we can prove

n+2

Au*(z*) = % Au(x)
for all z* € Q*.

We conclude that, if u is harmonic or twice continuously differentiable and
superharmonic in €2, then «* is harmonic or superharmonic, respectively, in Q*.

For a general superharmonic v in € and an arbitrary open ball B with B C
Q* we consider the symmetric closed ball B C Q and, through Theorem 2.10,
a sequence {u,,} of twice continuously differentiable superharmonic functions
in an open set o with B C Qp C Q which increase towards u in 2.

Then, the functions u}, are superharmonic in 2§ and, hence, in B and
increase towards u* there.

By the third property of superharmonic functions, u* is superharmonic in B
and, since the ball is arbitrary, superharmonic in *.

4.2 Harmonic functions at oo

If V is an open neighborhood of x € R®, then the set V \ {z} is called a
punctured neighborhood of .

Proposition 4.2 Let u be harmonic in a punctured neighborhood V' \ {oo} of
oo and u* its Kelvin Transform with respect to S(zo; R). We know that u* is
harmonic in the punctured neighborhood V* \ {xo} of xo.

Then, the following are equivalent.

1. u* can be defined at xg so that it becomes harmonic in V*.

2.

lim u(z) = 0 mn casen > 3
Tr— 00

and

oo Togfa]

u(:v) 0 mn casen =2 .
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Proof:
In case n > 3,
=1
T*—x0o hlﬂo ({I;*) xi»Hgo u(x) ’
while, in case n = 2,
lim *) = lim “l(if)' GO
= =w0 by, (2*) T=00 Jog Hz v—o0 log ||

Theorem 1.12 concludes the proof.

Proposition 4.3 Suppose that n = 2 and f is holomorphic in B(xo; R) \ {zo}.
Then, f can be extended as a holomorphic function in B(xo; R) if and only if

limg_z, (@ — xo) f(z) = 0.

Proof:

The necessity of the condition is obvious.

Therefore, assume that lim,_.,,(z — o) f(z) = 0, take r so that 0 <r < R
and consider the function

g(z) = . W) dy,  x€ B(wo;r),

2mi OB(zo;r) Y — T

which is holomorphic in B(x; 7).

Now, fix an © € B(xzo;7) \ {®0}, take € so that 0 < € < |x — x| and apply

Cauchy’s Formula to f in B(zo;r) \ B(zg;e€) to get
d

(
RN S (' WP Y

2mi OB(zo;r) Y — T 2mi OB (zoze) Y — X

1 / f)
= g(z) — — — dy
( ) 2mi OB(zo;€) y—x

The last integral tends to 0 as ¢ — 04 and, thus, f(z) = g(x) for all
x € B(zo;r) \ {zo}-

Proposition 4.4 Suppose that n = 2, f is holomorphic in a punctured neigh-
borhood V \ {0} of 0o and f* is its Kelvin Transform with respect to S(zo; R).
Then, f* is holomorphic in the punctured neighborhood V* \ {xo} of xo and it

can be extended as a holomorphic function in V* if and only if limg_ @) .

x
Proof:
The proof is a trivial application of Proposition 4.3.

Observe that condition 2 of Proposition 4.2 and the analogous condition of
Proposition 4.4 are independent of the sphere with respect to which we take
the Kelvin Transform. Therefore, in the following definition the use of S(0;1)
is only for reasons of simplicity and the use of any other sphere is equivalent.
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Definition 4.2 Suppose that the open set Q C R® contains 0o and u is defined
We say that u is harmonic in Q if it is harmonic in Q \ {oco} and there
is a punctured neighborhood V' \ {oo} of oo so that the Kelvin Transform u*,
harmonic in V* \ {0}, can be defined at 0 so that it is harmonic in V*.
We call u harmonic at oo, if it is harmonic in some neighborhood of co.
If n =2, we, similarly, define holomorphic functions at co.

Proposition 4.2 gives a necessary and sufficient condition on u, harmonic in
a punctured neighborhood of oo, so that it is harmonic at co and Proposition
4.4 gives a necessary and sufficient condition on f, holomorphic in a punctured
neighborhood of oo, so that it is holomorphic at oco.

Theorem 4.1 Let u be harmonic in a punctured neighborhood V '\ {oo} of oc.
Ifn > 3, u can be extended as harmonic in'V if and only if lim, o u(z) = 0.

Ifn =2, u can be extended as harmonic in V if and only if limy_, o % =0
if and only if lim, o u(x) exists in C.

Suppose that n = 2 and f s holomorphic in a punctured neighborhood
V\ {0} of oo. Then f can be extended as holomorphic in V if and only if

f(=@)

x

limg 00 =0 if and only if lim, . f(x) exists in C.

In case n > 3, if u is harmonic at oo, then, by defining u(cc) = 0, we
guarrantee that u is continuous at oo. Therefore, we may say that, if u is
defined and continuous in an open set ) containing oo, then it is harmonic in
Q if and only if it is harmonic in Q \ {oco} and u(oc0) = 0.

Writing w*(2*) = u*(0) + O(|z*|) when z* is near 0, we find that

u*(0) 1
- 28 o)
u(x) |2 + |z|n—1
when x is near oco.
In case n = 2, we get in the same way that

u(z) = u*(O)—I—O(L)

when z is near oo, implying that, by defining u(c0) = u*(0), u becomes contin-
uous at oo. Therefore, we may say that, if u is defined and continuous in an
open set ) containing co, then it is harmonic in €2 if and only if it is harmonic
in Q\ {oo}.

In this case there is no universal value at co for harmonic functions there,
as is the value 0 in case n > 3.

We summarize.

Proposition 4.5 Suppose u is defined and continuous in an open set £ con-
taining oo.

If n > 3, then u is harmonic in Q if and only if u is harmonic in Q\ {oco}
and u(oo) = 0 if and only if u is harmonic in Q\ {oco} and there is some complex

number a so that u(x) = IIIZ’2 + O(‘m‘}l,l) when x s near 0o.
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If n =2, then u is harmonic in Q if and only if u is harmonic in Q\ {oo}
if and only if w is harmonic in Q\ {oco} and u(z) = u(c0) + O ‘—i‘ when  is
near oo.

If f is holomorphic in an open set Q containing oo and all z € R? with
|| > R, then a trivial use of the Kelvin Transform with respect to S(0;1)
shows that f has a power series expansion

+oo

flx) = Zanxin, |z| > R .

n=0

Of course, ag = f(o0) and

fl(e) = a1 = lim a(f(z) - f(0))

Tr——+00

is called the (complex) derivative of f at co. Observe that this coincides
with the derivative of f* at 0.
Either using the Kelvin Transform and the analogous formulas for f* or
integrating the power series of f, we may, easily, prove that
1 n—1
An = i fWy dy .
T JoB(0;r)
The following is a direct application of the definitions and Theorem 1.5.

Theorem 4.2 Let u be harmonic in the neighborhood {x : R < |z|} U{oo} of
0.
In case n > 3 we have

1. 7= fs(o;r) g—;(y) dS(y) is constant in the interval R < r < +oo0.

2. My (0) = —m% in the same interval.
In case n = 2,
1. 0= fS(O"I‘) g—g(y) dS(y) identically in the interval R < r < 400.

2. M7 (0) = u(o0) identically in the same interval.

Here, 77 is the continuous unit vector field which is normal to S(0;r) and
in the direction towards the exterior of B(0;r).

The next result regards the representation of a harmonic function as the
difference between a single- and a double-layer potential.
The function he is defined by

log|z|, ifn=2
hoo(z) = {; ifn>3,

‘1‘n72 I

and it, also, is a fundamental solution of the Laplace equation in R™\ {0} .
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Theorem 4.3 Let Q) be an open set containing oo and having C*-boundary and
let 77 be the continuous unit vector field normal to OS) in the direction towards
the exterior of 2. Then,

1. For every x € Q with x # oo,

1 Ohoo(z — ) ou
u() —u(o) = = | ()5 0) ~ heele — )5, () dS()

2. If x1 is any point outside Q, then

uoo) = — [ (ufy)

Kn Joq

Ohoo(z1 — *) B ou
on y

Proof:

The proof is a routine application of Green’s formula in the open set 2 N
B(0; R) or QN B(z1; R), where R is large and eventually tends to +o0o. It uses
the formulas in Theorem 4.1 and it is left to the interested reader.

Theorem 4.4 If u is harmonic in R®, then, in case n > 3, it is identically 0
and, in case n = 2, it 1s a constant fu_nction.
Simalarly, if f is holomorphic in R2, then f is a constant function.

Proof:
u is bounded from below in R™ and, from the Theorem of Picard, it is
constant.

4.3 Superharmonic functions at oo

The following is parallel to the definition of harmonicity at oco.

Definition 4.3 Suppose that the open set Q C R contains co and u is defined
We say that u is superharmonic in Q if it is superharmonic in Q\ {oo} and
there is a punctured neighborhood V' \ {oc} of oo so that the Kelvin Transform
u*, superharmonic in V* \ {0}, can be defined at 0 so that it is superharmonic
n V*.
We say that u is superharmonic at 0o, if it is superharmonic in some neigh-
borhood of oco.

The definition of subharmonicity is analogous.

If w is superharmonic at oo, then it is natural to admit

u(oo) = liminf u(x)

xTr—00

as its value at co. This choise makes u lower-semicontinuous in the set where it
is superharmonic.
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Theorem 4.5 Let u be superharmonic in a punctured neighborhood V' \ {00} of
0o. Then u can be extended at oo so that it becomes superharmonic in'V if and

only if
1. liminf, o u(z) > 0, in case n > 3, and

2. liminf,_, o %m‘i‘ >0, in case n = 2.
Proof:
The proof is a direct application of the definition and Theorem 2.5.

Theorem 4.6 u is superharmonic in R2 if and only if u is constant.
If n > 3, then u is superharmonic in R® if and only if its restriction to R®
is a non-negative superharmonic function and u(oo) = liminf, . u(x).

Proof:

The Kelvin Transform u*(2*) = u(x) is superharmonic in R?\ {0} and it can
be extended at 0 so that it is superharmonic in R2. Its value at 0 is, necessarily,
w*(0) = iminf,« o u*(z*) = iminf, o u(x).

If we define u(oo) = u*(0), then u is lower-semicontinuous in the compact
set R2. Therefore, it takes a minimum value in R2.

If this minimum value is taken at a point in R?, then u is constant in R2.

Otherwise, u*, which is superharmonic in R?, takes its minimum value at 0
and it is constant. Thus, u is also constant in R? \ {0} and, hence, in R2.

To deal with the case n > 3, we just apply the Minimum Principle for u in
R"™ and Theorem 4.4.

Corollary 4.1 A superharmonic function in R2 which is bounded from below
18 constant.
4.4 Poisson integrals at oo

Definition 4.4 Let f be integrable on S(0; R) with respect to the surface mea-
sure. We define the Poisson integral of [ in the exterior of B(0; R) by

Fyteioo ) = —— | P =B oy asw), el > R
(2 00 — T .
JAE wn—1R Jso:r) [T —y|" Y v

In order to have continuity at oo, the values that are assigned to the Pois-
son integral at the point = oo are defined (with the help of the Dominated
Convergence Theorem) by

P R) = lim P r = {% s
plocioe, R) = lim Prlwsoo, B) = 1o p @) dS(y), ifn=2.
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It is obvious that, if f is integrable on S(0; R), then f* is integrable on
S(0; %) and trivial calculations result to the formula

Pr(z;00,R) = |z*|" 2P} (:17*;0, %)
for all x with |z| > R.

This says that the Kelvin Transform of the Poisson integral of f in the
exterior of B(0; R) is equal to Poisson integral of the Kelvin Transform of f in
the symmetric ball B(0; %).

Now, the following properties are straightforward, and can be proved either
directly, using the usual properties of the Poisson kernel, or using this last
formula.

1. Ps(- ;00, R) is harmonic in R™\ B(0; R).

This is obvious, since this function is the Kelvin Transform of a function
harmonic in B(0; ).

2. If f is continuous at some yo € S(0; R), then

lim  Pf(x;00,R) = f(yo) -

z—yo,|z|>R
Just observe that f* is continuous at y; and write

1
lim  Pg(z;00,R) = lim 2|2 P (270, =
oz L L R e 2

= lwl" 2 w5) = flwo) -

3. Thus, if f is continuous on S(0; R), then Ps(- ;00, R) is the unique solution
to the Problem of Dirichlet in R™\ B(0; R) with f as boundary function.
The uniqueness is proved easily by taking Kelvin transforms and reducing

to the uniqueness of the Problem of Dirichlet in B(0; %)

4.5 The effect of the dimension

Many of the properties of harmonic or superharmonic or subharmonic functions
that we have studied continue to hold when the domain of definition contains
oo as interior point. If this domain is the whole space R®, then most of these
properties are trivial due to the Theorems 4.3, 4.5 and Corollary 4.1. If the
domain of definition, ), misses some point ¢y € R™, we, then, take the translates
u(- + o) which are defined in the set  — z¢ not containing 0 and apply the
Kelvin Transform. This reduces our study to the case of a domain of definition,
(Q — zp)*, contained in R™.

We shall describe, now, a difference between the cases n = 2 and n > 3
which has already, to a certain degree, appeared in our results.

Take, for example, the Maximum-Minimum Principle for harmonic func-
tions.
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The function h is, in case n > 3, harmonic in the open set R\ B(0; 1) with
boundary values 1 in S(0;1). One would expect that the function is identically
1in R®\ B(0;1), but it is not. In fact, its value at co is 0, as is the value at co
of every harmonic function there.

This is, best, explained using the Kelvin Transform h*(z*) = |2z|"2h(z) = 1
which is harmonic in the symmetric set B(0; 1), has boundary values 1 on S(0;1)
and is, indeed, identically 1 in B(0;1).

Thus, in case n > 3, the “correct” statement of the Maximum-Minimum
Principle is:

Let © be open in R® containing oo and let xo ¢ Q. If u is superharmonic in Q
and

liminf |2 — 2|2 >
S%Iaril—l}um xo|" " “ulxz) > m
for every y € 09, then

|z — 20" 2u(z) > m

for every x € (.
There are similar statements for subharmonic and harmonic functions.

The situation is simpler when n = 2. In this case, the formula of the Kelvin
Transform, u*(z*) = u(z), does not contain the factor |z|"~2 and all results
which hold for open subsets of R? transfer, without any change, for open sets
in R2 containing ooc.

4.6 Dimension 2, in particular

We state, below, the most important of the properties that hold in case n = 2
and remark that some of them hold in case n > 3, also, while some others hold
after an appropriate modification, as explained a few lines above. It is left to
the interested reader to investigate the case n > 3.

In all results below the open sets are subsets of R2 .

1. All versions of the Maximum/Minimum Principles are valid.

2. Locally uniform limits of harmonic functions are harmonic.

3. If Q1 and Qo are open, f is meromorphic in Q1, f(Q1) C Qo and u is
harmonic or superharmonic or subharmonic in o, then wo f is harmonic or
superharmonic or subharmonic, respectively, in Q1 (except if f is constant ¢ in
some component of Q and u(c) = +00).

4. If u is harmonic (superharmonic) in an open set containing all x with |x| > R
together with oo, then the Poisson Formula

w(@) = (=) Pu(w;00, R)

holds for all x with || > R.

5. If u is superharmonic in an open set Q, B denotes any open disc with B C )
(its center may well be 0o) and up denotes the function which equals u in Q\ B
and equals the Poisson integral of u in B, then



158 CHAPTER 4. THE KELVIN TRANSFORM

1. u>up in €,
2. up is superharmonic in 0 and
3. up is harmonic in B.

6. Harnack’s inequalities hold in general: if u is positive and harmonic in
the open Q) and K is a compact subset of (1, then

for all z,x’' € K, where C is a positive constant depending only on Q and K.
7. If {um} is an increasing sequence of harmonic functions in the connected
open set 2, then, either the u,, converge uniformly on compact subsets of Q)
to some harmonic function in Q or they diverge to +o00 uniformly on compact
subsets of 2.
8. The minimum of finitely many superharmonic functions is superharmonic.
9. Limits of increasing sequences of superharmonic functions in a connected
open set are either identically +00 or superharmonic.
10. The Perron Process: suppose that V is a non-empty family of subharmonic
functions in the connected open set €2 so that V contains the mazimum of every
two of its elements and that it contains vp (see 5 above) for allv € V and all
closed discs B C Q.
Then, the upper envelope of V is either identically +00 or harmonic in €.
From this we get the corollary
11. Let U be a non-empty family of superharmonic functions in the open €1
having at least one subharmonic minorant. Then the upper envelope of all sub-
harmonic minorants of U is harmonic in Q and it is called the largest harmonic
minorant of U.

12. For every extended-real-valued f defined in OS2 the functions ﬁ? and ﬂgfl
are defined in ), each of them is, in every connected component of 2, either

identically +o0o or identically —oo or harmonic and they satisfy ﬂ? < ﬁgfl

If this inequality is equality in Q0 and the common function is harmonic in
Q, we, then, call f resolutive, denote this common function by H;z and call it
the generalized solution of the Problem of Dirichlet in Q0 with boundary function
f-

13. We have Wiener’s Theorem: if there is some disc disjoint from the open €2,
then every function continuous in 0S) is resolutive.

We just translate so that the disc has center at 0 and, then, apply the Kelvin
Transform. Since the resulting open set is bounded, we may apply the original
version of Wiener’s Theorem.

The resulting functional

C(0Q) > f — Hi(z) € C

1s linear, non-negative and bounded with norm 1.
14. For every open Q which is disjoint from some disc and every xo € Q0 (even
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o0 ) the harmonic measure dui’o 1s defined in 02. This is a complete probability
measure whose o-algebra of measurable sets contains B(O).

Every extended-real-valued f in O is resolutive if and only if it is duSl-
integrable for all x € Q and, in this case,

Hi(z) = [ [fly) dug(y)
o0
for all x € Q.

If E C 909, then E is of zero harmonic measure with respect to € if and
only if there is a non-negative superharmonic function in € having limit 400 at
every point of E.

Borel subsets of 0§ of zero harmonic measure with respect to Q are negligible
regarding the assumptions of all versions of the Mazimum/Minimum Principle.
15. Regularity of boundary points is defined as originally and we have the
basic result that for any open 2, the Problem of Dirichlet is solvable for every
continuous boundary function if the set is reqular.

The converse is, also, true, if ) is disjoint from some disc.

16. A useful sufficient condition for the regularity of a boundary point yo of an
open set Q is that there is a continuum containing yo and contained in R2 \ Q.

If, in particular, no component of R2 \ Q reduces to only one point, then Q

s a regular set.
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Chapter 5

Green’s Function

5.1 Definition

Definition 5.1 Suppose that € is an open subset of R™ and let x¢g € Q. Con-
sider the family Z/l;lo of all functions u with the properties

1. w is superharmonic in €,
2. w is a majorant of —hg, in .

In case this family is non-empty we say that  has a Green’s function
with respect to the point xy and, if Uf}o 1s its lower envelope, the function

G2, = hyy+ U,

1s called the Green’s function of 2 with respect to the point xg.
In case this family is empty, we say that Q has no Green’s function with
respect to xy.

Observe that —h, is a harmonic majorant of itself in every connected com-
ponent of  not containing the point zy. Thus, the existence of GSO is guarran-
teed in all these components and it is identically 0 there.

For the same reason, if O is the connected component of £ which contains
the point g, then the existence of Ggo in  is equivalent to the existence of

Ggo in O and, in this case,

Ggo(x) = Ggo(:v) , ze 0.

This remark helps us to reduce the study of the Green’s function to the case
of connected open sets.

Proposition 5.1 If Q@ C R"™ has a Green’s function, Ggﬂ, with respect to its
point xq, then

1. Ggo — hg, s harmonic in €1,

161



162 CHAPTER 5. GREEN’S FUNCTION

2. G5 is superharmonic in Q and harmonic in Q\ {zo},

3. Ggo () > 0 for every = in the connected component of Q0 containing xg
and G (x) =0 for all other x € Q.

Proof:

1. By its definition, Ggo —hy, is the least harmonic majorant of the subharmonic

function —hg, in Q.

2. This is obvious.

3. If O is any connected component of {) not containing xg, then —h, is, clearly,

the least harmonic majorant of itself in O. Therefore, Ggo = 0 identically in O.
If O is the connected component containing xg, then Gf}o > 0 everywhere in

O. In case Ggo (z) = 0 for at least one x € O, then, by the Minimum Principle,

Gg}o = 0 identically in O, implying that h,, is harmonic in O.

5.2 Green’s function, the problem of Dirichlet
and harmonic measure

Proposition 5.2 If Q is any bounded open subset of R™, then  has a Green’s
function with respect to every xo €  and

G2, (0) = hay(o) + HO, (@) = hayle) = [ hay(0) a0
o0

for all x € Q.

Proof:
1. Since Q is bounded, there is a large enough constant playing the role of a
superharmonic majorant of —hg, in 2.

Therefore, by definition, €2 has a Green’s function with respect to zg.

Since —hy, is continuous in 02, Wiener’s Theorem implies that this function
is resolutive with respect to 2. One can see this, directly, as follows.

—hg, is subharmonic in €2, bounded from above in {2 and, hence, belongs to
\Ilghzo. Therefore,

_hio(‘r) < ﬂszhxo(‘r)
for all x € Q. This, easily, implies that H 8,120 is harmonic and, by the

Maximum-Minimum Principle, bounded from below in 2. Therefore H ‘tho
belongs to <1>9h10 and, thus,

—Q
_hro = ==—hqg,

everywhere in 2, implying that —h,, is resolutive with respect to €2.
By the continuity of —h,, in 02 and the definition of harmonic measure,

H®, (2) = - /8 ey (v) A2 ()
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for all x € Q.
2. Assume that u belongs to the family ® hay? implying

o S
fim nf (u(@) + ey (2)) 2 0
for all y € 0f.
From the Minimum Principle, we have that u > —hg, everywhere in 2 and,
hence, u belongs to Z/{ffo .
If, conversely, v belongs to U

xo?

bounded from below in 2 and that

then it is automatically true that w is

. S _
iminfu(z) = —hay(y)
for all y € 0. Therefore u € fIJKEhID .
Hence, the families Uﬁ) and ¢ ha, 2T€ identical and, thus,

Q _ g0
Use = HZ

x0

everywhere in ).

5.3 A few examples

Proposition 5.3 1. R? has no Green’s function with respect to any point
of it.

2. If n > 3, then for every xop € R™, Gf}on = hg, in R™.

Proof:
1. Assume that there is a superharmonic majorant u of —h,, in R2.

For the arbitrary ball B(xg; R), we, then, have u(xz) > log R for all z in
S(zo; R) and, by the Minimum Principle,

u(z) > logR

in B(zo; R).
Since R is arbitrary, we get a contradiction.
2. Assume that n > 3 and let u be any superharmonic majorant of —h,, in R".
For every ball B(zo; R), we, then, have u(z) > — = for all z € S(zo; R)
and, by the Minimum Principle, u(z) > — = for all z € B(xo; R). Therefore,

u(z) > 0

for all x € R™, implying that 0 is the smallest superharmonic majorant of —hy,
in R™.
We conclude that
Goy (x) = hay(@)
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for all z € R".

Example
Take @ = B(z1;R) and any x9 € B(z1;R), ©9 # 21 and consider the
symmetric zj = z1 + ﬁ (xo — 1) of xo with respect to S(z1; R).

If n > 3, the function m;ﬁ# hz; is harmonic in R™\ {z§} and coincides
with hy, in S(x1; R).
Therefore,

GzBO(M?R) = hgy —
in B(z1; R).
If n = 2, then, similarly,

Gfo(xl;R) — hLE() _ h;ﬂ[*) N log(lxl — ZUO')

in B(z1; R).
In case xg = x1, then

GBEiR) = hy — hy(R)

in B(z1; R), which can be recognized as the limit of both previous cases as
ro — T1.

5.4 Monotonicity

Theorem 5.1 If the open set @ C R™ has a Green’s function with respect to
some xg € Q and if Q' is another open set with

2EN CQ,

then € has, also, a Green’s function with respect to x¢ and
Go, < iy

everywhere in §Y'.

Proof:

It is clear that every element of Z/lfclo belongs to L{izo, .

Corollary 5.1 Ifn > 3, then every open subset of R™ has a Green’s function
in all of its components.

Theorem 5.2 Let {Q,,} be an increasing sequence of open subsets of R™ with
Q= U;tf:olﬂm and xg € Q4.
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1. If all Q,, have a Green’s function Gggﬁ with respect to g, then either
GIm 1 +oo

everywhere in the component of Q containing xo and Q has no Green’s
function with respect to xy or, in the opposite case, Q) has a Green’s func-
tion with respect to xg and

Qo Q
Gy 1 Gy,
m .

2. If Q has a Green’s function with respect to xg, then all Qy,, have a Green’s
function with respect to the same point and

Gﬂm T GQ
in Q.

Proof:

It is obvious, from Proposition 5.1(3) and Theorem 5.1, that in every compo-
nent of ) which does not contain xy the Green’s functions of all sets considered
are identically 0. Therefore, the proof reduces to the case of a connected 2.

Assume that all ,,, have a Green’s function with respect to xg.

Take an arbitrary B(z;r) C Q. Then, for a large enough mq, B(x;r) C Qp,
and Proposition 5.1(1) and Theorem 5.1 imply that {G2m — hgo}12,, is an
increasing sequence of harmonic functions in B(z;r).

Therefore, by Theorem 1.16, every point of €2 has some neighborhood where
the sequence {G$m — hy,} , eventually, either converges to a harmonic function
or diverges to +o00. Since €2 is connected, this sequence either converges to a
harmonic function everywhere in Q) or diverges to +o0o everywhere in €.

In the first case the harmonic limit-function majorizes —hg, in 2 and, hence,
belongs to USL. Therefore Q has a Green’s function with respect to zo and the
above limit majorizes Ggo — hyg, in Q.

From Theorem 5.1, the same limit-function is majorized by Ggﬂ — hg, in Q
and we, finally, get

Qe Q
Guyt 1 Gy,
in €.
Conversely, if € has a Green’s function with respect to xg, then all £, have

a Green’s function with respect to zo and G¥» < G& in Q,, for all m.
Therefore, the limit of G$ cannot be identically +oo in €.

5.5 Symmetry

Theorem 5.3 Let xg and x1 belong to the same component of the open Q C R™.
If Q has a Green’s function with respect to xy, then it has a Green’s function
with respect to r1 and

GSO(Il) = Ggl(xo) *
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Proof:
1. Assume that €2 is bounded. From Proposition 5.2, we have that

G () = hayl(a) - / oo () A2 (v)
o0

for all xz € €.

Now, observe, by interchanging differentiations and integration, that the
integral is harmonic as a function of o in Q and, hence, G} (x1) — hq,(21) s,
as a function of xp, a harmonic majorant of —h,, in €.

Therefore,

Gy (x0) < G (21) -

The reverse inequality is proved symmetrically.
2. If Q is not bounded, consider the sets 2, = QN B(0;m).

Assuming that €2 has a Green’s function with respect to zp, we get that
G (z1) < +o0.

For large enough m, x¢ and z; are both included in the same component of
Q,, and we apply part 1 for 2, :

Gglm(iﬂo) = Gggn(xl) < Ggo(zﬂ < 40

and, thus, the limit of Gglm is not identically +oo in the component of £ con-
taining 7. Theorem 5.2 implies that 2 has a Green’s function with respect to
x1 and

Gl (z9) = lim G¥(z0) = lim GPm(z1) = G (7).

m——+o0 m——+o0

Observe that both sides of the equality of Theorem 5.3 are equal to 0, if x(
and x7 belong to different components of 2.

Definition 5.2 We say that the open set 0 C R™ has a Green’s function in
any one of its connected components, if it has a Green’s function with respect to
at least one of the points of that component.

5.6 Green’s function and regularity

Theorem 5.4 Let 2 C R™ be an open set having a Green’s function in every
one of its components and yo € 0. If

lim GZ(z) = 0

gdm G(x)

for at least one z in every component of ), then yo is a reqular boundary point.
If Q is bounded and yq is a reqular boundary point, then the above limit holds

for every z € Q.
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Proof:
Assuming that yg is a regular boundary point of the bounded 2, we get, by
Theorem 3.7, that

. Q _ T Q _
Qslggyo Gio () = Do (0) Qsligyo Hy,, (@) 0

Now, let limosy—y, G2 (x) = 0 for at least one z in every component of .
If €2 has finitely many components O;, 1 < j < M, and z; € Oy is such that
limosz—y, G?j (x) =0, then we form the function u which coincides in each O;
with Gj?]

This w is, obviously, a barrier for  at yq.

If © has infinitely many components O;, j € N, then we form the positive
superharmonic function u in £ which coincides in each O; with min(G?j, %)

For arbitrary e > 0 we take jp > % and we have

lim u(x) =0

jo—1
U;zl O]‘3x~>y0
and
limsup wu(z) < €.
+oo O,
Uj:joojazﬂyo
Hence,

limsup u(z) < e
Q3z—yo

and, since € is arbitrary, u is a barrier for Q2 at yo.

5.7 Extensions of Green’s Function

In this section we shall describe two possible extensions of a Green’s function
in the complement of its domain of definition 2. The second extension is for
general bounded open sets €2, while the first is for regular bounded open €2 and
it is intuitively simpler.

Proposition 5.4 Suppose that Q) is a bounded regular open set and xg € €.
Then, the function Ggﬂ, extended as identically 0 in R™\ Q, has the following
properties.

1. It is positive in the component O of  containing o and it is identically
0 in R™\ O,

2. it is continuous and subharmonic in R™\ {xo} and

3. it is harmonic in O\ {xo} and its difference with hy, is harmonic in O.
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Proof:

All statements are already known, except for the second. The continuity
is a corollary of Theorem 5.4 and the subharmonicity is a consequence of the
continuity and of the simple fact that, for every y € 00, the value of the function
is 0 while the area-means over every B(y;r) are, clearly, positive.

Assume, now, that 2 is a bounded open set and xg € 2. By Proposition 5.2,

G2 (2) = huy(z) — / oo () du2(y)
o0

for all z € Q.

Take z in the same connected component O of Q with xq and, since G%}(z¢) =
G (x), we have

G2, (o) = halan) = [ hu(o) dif )
for all z in the component O of § containing xg.

If z € Q does not belong to O, the left side of the last formula is 0. Since,
by Proposition 3.3, d,ugo is supported in 9O and the function h, is harmonic in
O and continuous in O, the right side of the last formula is, also, 0.

Observe that this right side is, for the same reason, 0 for every = ¢ O.

Therefore,

G2,(@) = huo(@)~ [ 1ae) i)
o0
for all xz € €.

By Theorem 2.8, the above integral is, as a function of x, superharmonic in
R"™ and harmonic in R™\ 0.
Hence, we have proved the

Proposition 5.5 Suppose that 2 is a bounded open set and xo € Q2. Then the
function

hao@) = [ b dd @), weR,
o0
is an extension of Ggo with the following properties.

1. It is positive in the component O of  containing o and identically 0 in

R"\ O,
2. it is subharmonic in R™\ {zo} and

3. it is harmonic in O\ {xo} and its difference with hy, is harmonic in O.
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5.8 Green’s potentials

Now, let €2 be a bounded open set and du be a non-negative Borel measure with
compact support in €.
Consider the function

Ug“ /GQ ) du(y zeQ.

From Proposition 5.2,

v = [ / o) 2 duty
supp(dp) supp(dp) JOQ

- UM / / y) duly) du(z)
o0 supp(du)

where the interchange of integrations is trivial to justify, since supp(du) and 92
are a positive distance apart. For the same reason, the inner integral defines a
continuous function of z in 9 and, thus, the last term is a harmonic function
of z in Q.

We conclude, by Theorem 2.8 and Theorem 2.15, that

1. Ug“ is superharmonic in 2 and harmonic in Q \ supp(du),
2. AUgdz“ = knpdp as distributions in Q and

3. Ug” > 0 everywhere in Q.

Now, only assume that the open set €2 has a Green’s function in every one
of its components.

Consider any open exhaustion {Q,)} of 2 and the restrictions dugq,,, of
the non-negative Borel measure dp in €.

By Theorem 5.1 and by the previous discussion, the sequence {UQ( +1) :;Ook
is an increasing sequence of superharmonic functions in €(; 1) which are har-
monic in Q41) \ supp(du). Therefore, it either diverges to +oo everywhere
in Q1) or it converges to a superharmonic function in ;1) which is har-
monic in Qx41) \ supp(dp). Since k is arbitrary, Theorem 5.2 and the Monotone

Convergence Theorem give the next result.

Theorem 5.5 Let 2 C R™ be an open set with a Green’s function in every one
of its components and du be a non-negative Borel measure in §2.

Assume that [, GS}(y) du(y) < +oo for at least one x in every connected
component of €.

Then the function

Uy (@) = i GS(y) duly), 2€9Q,

is a non-negative superharmonic function in £, harmonic in Q\ supp(du).
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Also,
AUg“ = Knpdp

as distributions in Q

Proof:
Since only the distribution equality remains to be proved, we take any k and

. Ap () dpe .
observe that, for all m > k, the difference U, - U,
’ ’ Q(m+1) Qrt1)

(xy- This is true because, by the discussion before the theorem,

is harmonic in

duq duq
(m) _ ®\ _ _ _
A( Q1) USZ(;C+1)) = “n(d#ﬂ(m) d#ﬂm) =0

as distributions in .

d
Therefore, by the monotonicity of the sequence, the function Ug“ — UQ?::’:;

is, also, harmonic in Q) and, thus,

H (1o
(k+1)

d
AUg“ = AU = Kndpo,, = Kndp

as distributions in {2). Since k is arbitrary, the proof is finished.

Definition 5.3 Let Q2 C R" be an open set with a Green’s function in every
one of its components and du be a non-negative Borel measure in €.

Assume that [, G (y) du(y) < +oo for at least one = in every connected
component of .

Then the superharmonic function

Ugt(z) = /QGi)(y) duly), w€Q,

is called the Green’s potential of du with respect to €.

If dy = f dm for some non-negative f locally integrable in 2, then the Green’s
potential is, also, denoted by Ué and it is called the Green’s potential of f
with respect to ).

Lemma 5.1 Let Q be a bounded reqular open set, du be a non-negative Borel
measure in ) defining its Green’s potential with respect to €.
Then the largest harmonic minorant of Ug” in Q0 is identically 0 in €.

Proof:

Without loss of generality, we may assume that €2 is connected.

Consider any xoy € Q with Ug“(xo) < 400 and an open exhaustion {2}
of Q. Then,

Ud(xo) = [ G (y) duly) + / _ GL(y) duly)
Q) O\Q(m)



5.8. GREEN’S POTENTIALS 171

where, by the Monotone Convergence Theorem, the last term tends to 0 as
m — +00.
Choose mg so that

/ G (y) duly) < e.
A\ Q(mg)

Let dym, be the restriction of du on m and dvp,, be the restriction of
dpon Q\ Q) -
We, first of all, have
Ugymo (,To) < €.
We, then, observe that, for each y € m, the function G‘ff is positive and
harmonic in £\ Qme), and, by Proposition 5.4, it can become continuous in
O\ Q) with values 0 everywhere in Q. Therefore, there is some large k& > mq

so that G} (z) < e for some particular value of y € Q) and all z € Q\ Q).
From Harnack’s inequalities we get that there is a constant C' > 0 so that

Gx) = G2y) < Ce

for all y € Qe and all z € 2\ Q).
This implies
U™ (x) < Cdp(Qumy)) €
for all z € Q\ Q.
Now, let u be the largest harmonic minorant of Ugdz“ in . Since the identi-
cally 0 function is a harmonic minorant of Ug” in 2, we have

u > 0

in Q. .
By the continuity of UQMMO in 0Q),

Q d m Q
HY (z0) = / U2 () dpS (z)
U Q)

Q

Also, by the superharmonicity of Ugym" in Q2 Quy,

Q dvm,
H 3 (w0) < Uy ™ (w0) -
USZ
Hence,
9 9
u(.fo) = Hu(k)(.fo) S HU;Z)(‘IO)

Q

Q Q
= H00, (w0) + D, (o)

Q Q

IN

dpim Q dvy,
/ Um0 () dul® (z) + U™ (o)
)

Od,U(Q(mo)) €+ €.

IN
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Since € is arbitrary, we get u(zg) = 0 and, from the Maximum-Minimum
Principle, u is identically 0 in €.

5.9 The Decomposition Theorem of F. Riesz

Theorem 5.6 (F. Riesz Decomposition) Let Q@ C R™ be any open set. Suppose
that there is a superharmonic function u in  which is not harmonic in any
component of Q and let dy = %Au be the associated non-negative Borel measure
in Q. Suppose, also, that u has a subharmonic minorant in §2.

Then Q2 has a Green’s function in each of its components, the Green’s poten-

tial of du is defined in Q and
u = Ug“ +u*
everywhere in Q, where u* is the largest harmonic minorant of u in §2.

Proof:

Let {Q(m)} be an open exhaustion of 2 all of whose terms are regular. In
fact, it is easy to see that the usual construction, given in section 0.1.1, produces
() which satisfy the ball-criterion at every one of their boundary points.

If dpum is the restriction of dy in €2, then, by Theorem 2.17,

u = U,f“ 4 Wy,
in Q(,,), where w, is a harmonic function in €,,). Therefore,

— dﬂm
u = USl(m) + U,

in Q(,,), where v, is another harmonic function in €2(,,). To see this, we observe
that, by Theorems 2.15 and 5.5, the functions U,'f“m and Ugﬁ:”) have the same
distributional Laplacian in €2(,,) and, hence, by Theorem 1.20, they differ by a
function harmonic in €2(,).
If w* is the largest harmonic minorant of « in 2, we have
* d m

= vy, < UQ’: -
in Q(,,) and, since the largest harmonic minorant of Ug‘(ﬁ :L”) in Q) is, by Lemma
5.1, identically 0,

Uy > Uu*
in Q(,,), whence
ditm < *
U—u
Qmy =

in Q(m)
Taking any z¢ with u(xo) < 400, by Theorem 5.2 and the Monotone Con-
vergence Theorem,

/ lim Gizém)(:zr) du(z) < u(zg) —u*(zg) < +00.
¢

21n~>+oo
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This, by Theorem 5.2 again, implies that  has a Green’s function in its
component which contains xg, and hence in every one of its components.

Also,
Ug“ < u—u*

in 2 and we get that Ug“ is well defined as a superharmonic function in .
The functions v, decrease towards some harmonic function v in €} with

u:UgdZ”—i-v

in Q and, hence,

uw < v
in Q.
On the other hand, from u = Ug“ +v > v, we get
ut > v
in Q and we conclude
v = u*

in 2, finishing the proof.

Theorem 5.7 Let Q@ C R™ be any open set with a Green’s function in each of
its components. Then the following are equivalent.

1. w is superharmonic in Q with largest harmonic minorant identically O in

Q.

2. w is the Green’s potential with respect to Q0 of some (unique) non-negative
Borel measure in Q.

Proof:

That 1 implies 2 is just a consequence of Theorem 5.6.

The only thing that we have to prove is that, if US“ is a Green’s potential,
then its largest harmonic minorant in €2 is the constant 0.

If w* is the largest harmonic minorant of Ug” in Q, then, by Theorem 5.6,

Ugt = Ud +ur
in Q, where dv = é AUgdz“ = dp.
Thus, v* =0 in Q.
5.10 Green’s function and harmonic measure

Lemma 5.2 Suppose that 0 < d < 1 and ¢ is a function defined in S(0;1),
integrable with respect to do with the properties

1. $ =01n S(0;1)\ B(e1;d),
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2. lo(y)| < ly —e1|? for all y in S(0;1) N B(ey;d),

where ey = (1,0,...,0).
Then,
-
grad Py 70, T)(ter)] < Cn)d

for all t with 1 —d <t <1, where C(n) depends only on the dimension.

Proof:
We have that

1 1—|z|?

Pofwi0,1) = —— | o(y) doly)
Wn-1 Js(0;1) ly — x|
An easy calculation gives
o 1—|z)? 2z 1—|z|?
dzj |y —xn ly — | T y - a2
Therefore, if z =te; and 2 < j < n,
81—|~|2(t ) 1—¢2
il e) = nu.
oy Jy—m T My e
and
OP4(-;0,1) n 1—#2 9
—————(te1)| < / 1Yil s v — el do(y)
Ox; Wn-1 Js@o)nBlevd 1y —ter|"t?
2nd(1 —t) ly — e1]?
= Wn—1 / ly — teq|"t2 do(y)
n— v Y €1
2nd(1 —t) / ly —e1]?
+ do(y) ,
Wn1 Ve |y _ tel|n+2 (v)
where
Vi = {yeS0;1):ly—e| <1-t}
and

Vo = {yeS;1):1-t<|y—er| <d}.
The first integral is

C 9 C(n)
< —_— — <
= (1 t)n+2 /V1 |y €1| da(y) =1 )

~

while, the second integral is

1 C(n)
< C ——d < 2.
= /V2 ly — e1]” o(y) < 1—¢
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We, thus, get
OPy(-;0,1)
—— 17t < C(n)d
oo o) <€)
for2<j<n.
Ifj=1,
91— 2t 1—t2
— =Vl te) = ——— 4y —t)—————
e I A A Pon

e forall y € S(0;1) N
B(ey;d) and the previous argument applies, word for word, to show that its
integral is < C'(n)d.

The absolute value of the first term is < m and, hence,

The absolute value of the second term is < nd

OPy(-50,1)
6,@1

2n ly — 61|2
0] = 2 o B 0+ s
Wn—1 JS(0;1)NB(e1;d) |y — t@lln

_ 2
— 2n / |y €1| dO'(y)

wn—1 Jy;, ly —tea|"

2n ly —e1|?
+ do(y) + C(n)d
%hlAéw_umn () + C(n)

C(n)
L /Vl ly — ea]? do(y)
1

+ C(n)/v el do(y) + C(n)d

< C(n)d.

IN

The above estimates of ’W(f@l)‘ for 1 < j < n conclude the proof.
J

Lemma 5.3 Suppose that {¢.,} is a sequence of functions integrable in S(0;1)
with respect to do and that ¢, — ¢ in L*(S(0;1),do).
If0 <d <1 and ¢, = 0 identically in S(0;1) N Bey;d) for all m, then

grad Py, (-;0,1) — grad Py(- ;0,1)

uniformly in B(eq; %)
All these gradients at points of S(0;1) N B(e1;d) are normal to S(0;1).

Proof:
Since all ¢,, are 0 in S(0;1) N B(e;d), we can easily show that, firstly, all
Py, (- ;0,1) are harmonic in the open set R™\ (5(0;1)\ B(e1; d)) and, secondly,

uniformly on compact subsets of R™\ (S(0;1) \ B(e1;d)).
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This implies the first statement and the second is due to the fact that S(0;1)N
B(ey;d) is, by Theorem 1.9, a common level surface of all P, (-;0,1) and of
P¢(' 3 0, 1)

Theorem 5.8 Suppose that u is harmonic in the open set 2, 3 C 0 is open
relative to OQ and Q is C? at every point of 3.

Let

oA, e) = 0

for ally € X.

Then, gradu can be continuously extended in QU Y and at each point of ¥
it is normal to ON).

If, also, there is an open V 2O X so that u > 0 in V N Q, then gradu is
non-zero at every point of ¥ and has the direction towards €.

Proof:

Take an arbitrary o € ¥ and let § > 0 be small enough so that B(zg;d) N
9Q C ¥ and, also, so that there is some defining function ¢ € C?(B(xo;4)) for
). Because of continuity, we may assume, taking a smaller § if necessary, that
for some constants My, mg > 0, grada(y)’ > my for all y € B(xo;0) NIQ and
MaXyze B(xo;0),|a|=2 |Da¢($)| < My .

Regarding the last statement of the theorem, we may, also, assume that ¢ is
small enough so that u > 0 in B(xg;d) NN.

Considering only y in B(xo; %6) and looking at the discussion at the end of

section 0.1.2, we see that there is a fixed radius rog = min(ch”—OMD, %5) so that,

for every y € B(xo; 36), there are two open balls b1 and b_ with common radius
ro and mutually tangent at the point y so that

by C B(l‘o;&)ﬂQ, b C B(l‘o,&)\g

It is obvious that the open ball B_ , which has the same center as b_ and
radius Ry = 3r, contains the ball by and is contained in B(zg;J).

Now, consider the function F' continuous in the closed ring B_\b_ , harmonic
in its interior B_ \ b_ , identically 1 in dB_ and identically 0 in 9b_ .

If M is an upper bound for uw in B(zp;d) N, applying the Maximum-
Minimum Principle to the functions M F + u in B_ N2, we find

u(z)| < MPF(2)
for all z € B_ N ). By explicitly writing the formula of F', we see that
F(z) < Koz —yl?

for all z € 0b,, where K is a constant depending only on the fixed 7.

Therefore,
u(2)] < MKolz —yl*
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for all z € 0b, .
Consider, now, an arbitrary sequence {2,,} in B(zg;d) NQ with z,, — y.
Let y,, be a point in 002 of minimum distance from x,.
Then,

[Ym =y < |[Ym —2m| + |y —2m| < 2y—am| — 0,

implying that y,, — y. We may, thus, assume that all y,, are contained in
B(xo; %5) and, hence, we may construct the balls by ,,, b_ ,,, and B_ ,, corre-
sponding to y.,, whose radii 7 and Ry do not depend on m.

It is easy to see that these balls converge towards the balls by, b_ and B_
respectively.

Since |ym — Tm| < |y —xm| — 0, it is, also, easy to see that, for large enough
m, ,, belongs to the radius of b, ,,, which goes through y,,.

Take 0 < d < 1 and apply Lemma 5.2 to the ball b, ,,, after the appropriate
dilation and translation.

If vg,m = Obs m N B(ym;rod) and vy, w,, are the restrictions of u on v4
and by, \ Ya,m, respectively, then

U(Im) - Pu(xm7 b+.,m) - Pvm (.Im, bJr,m) + Pwm (Im, bJr,m)

and

gradu(zy,) = grad P, (- ;b4 m)(@m) + grad Py, (- ;b4.m)(Tm) -

From Lemma 5.2, we get that, if k,m are so large that |xx — yx| < rod and
| — Ym| < rod, then

‘gradu(:z:k) —gradu(:z:m)‘ < 2CMKyrod
+|grad Py, (- 5b41) (wk) — grad Py, (- 5b4m)(2m)] -

By Lemma 5.3, the convergence of the balls and the uniform continuity of
u, we have that there is a vector 7, normal to 9 at y, so that

grad Py, (- ;b4.m)(@m) — V4
Therefore,

limsup |gradu(zi) — gradu(zy,)| < 2CMKorod

k,m—+oco

and, since d is arbitrary, {gradu(x.,)} converges to some vector T.
Thus,

‘gradem(' 1 01,m) (Tm) — T’| < CMKyrod + |gradu(3:m) - T’| .

This implies that
[vi — 7| < CMKorod
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and, finally, that @ is normal to 09 at y.
It is easy to see (combining two sequences into a single sequence) that o
does not depend upon the sequence {z,,} and we conclude that, defining

gradu(y) = T,
gradu becomes continuous in QU {y}.
The continuous dependence of @ upon y € B(xo; %5) MO is clear and, thus,

grad is continuously extended in QU (B(zo; %5) N Q) and, since zg € ¥ is

arbitrary, gradu is continuously extended in Q U X.

Now, suppose that u > 0 in B(xg;0) N Q.

As before, consider y € B(xp; %5) N 09, the corresponding ball b, and an-
other open ball o/, with the same center as by and radius equal to %ro. It is
obvious that the open ring b \ ¥, is contained in B(zo;d) N Q and is tangent
to 00 at y.

If 77(y) is the unit vector which is normal to 92 at y and in the direction
towards the exterior of 2, then the line [ containing this vector contains, also,
the center of by .

Consider the function G which is continuous in b4 \ ¥, , harmonic in b, \ ¥/, ,
identically 1 in OV, and identically 0 in 9b, .

If m > 0 is a lower bound of v in 9b/, , then, by the Maximum-Minimum
Principle,

u > mG

everywhere in b \ ¥, and, since G(y) = u(y) = 0,

Gly) —Gl2) . wly) —u@)

0 > m lim

ISx—y |I — y| 1Sx—y |I — y|
= Jim gradu(@’) -7 (y) = gradu(y)-7(y)
Sxr—yY

where o/ = /() is a point of the segment [z, y].
Therefore,
gradu(y) # 0

and gradu(y) is in the direction opposite to 77 (y) .

We present two proofs of the next result. The first is more straightforward
and its main ingredient is Green’s Formula. (There is only an unpleasant tech-
nical detail in this proof, which is left to the interested reader to deal with.)
The idea in the second proof is that a certain kernel associated to an open set
Q with C2-boundary behaves like the Poisson kernel associated to a ball. (All
details in this proof are, actually, presented.)

Theorem 5.9 Let Q be a connected bounded open set with C?-boundary. Sup-
pose, also, that xg € Q, T is the continuous unit vector field which is normal to
I and in the direction towards the exterior of Q and dS is the surface measure
in 0Q.
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Then,
1 0G%
duf}, = — —=>dS .
/’Lmo an 877

Moreover, d,ugo and dS are mutually absolutely continuous.

First proof:

By Proposition 3.4,  is regular and, by Proposition 5.4, Gf}o can be consid-
ered continuous in 0\ {zo} and identically 0 in 9Q. By Theorem 5.8, grad G,
can be continuously extended in Q\ {zo} .

Since Ggo > 0 in 2, by the same theorem,

8GQ
on

(y) = gradG2 (y)-T(y) < 0

for every y € 0N).
Consider the open set

Q° = {z€eQ:GL(x) >e}.

This has the following properties.
L O ={zeQ:G} () >e CQ.

In fact, if z,, — x and Gf}o () > € for all m, then, by the continuity in
Q\ {zo}, we get G (z) > e.

If, conversely, Ggﬂ () = €, then in every neighborhood of x there are points
where Ggo becomes larger than € and points where it becomes smaller than e
and, hence, x is in the boundary of Q¢. Otherwise, by the Maximum-Minimum
Principle, Gf}o would be constant in a neighborhood of z, and, by Theorem 1.10,
it would be constant in © \ {xo}, something impossible.

2. 00° ={z € Q: G (z) =€}

This was proved in the previous paragraph.
3. Q° is connected and contains xg.

That Q¢ contains z¢ is clear. If O is a component of Q¢ not containing
Zg, then, by 1 and 2, Ggﬂ = ¢ identically in 00. By the Maximum-Minimum
Principle, GSO is identically € in O and, hence, by Theorem 1.10, in Q \ {zo},
which is impossible.

4. If € is small enough, Q¢ has C'"*°-boundary.

Q
By the continuity of ‘ grad GIO‘ and its non-vanishing in 0f2, there is some
Q : Q

d > 0 so that grad G, (x) # 0 for all x € Q with d(z,09Q) < §. Now, G has a
positive minimum value in the compact set {x € Q : d(x,9) > 0}. Hence, if €
is small enough, G¢ (z) = € implies d(z, 0Q) < ¢ and, thus, grad Gy, (z) # 0.

Therefore, the function G;ZO is a C'*° defining function for Q¢ in a neighbor-
hood of every one of its boundary points.

Now, fix a small € so that property 4 holds.
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Considering an arbitrary u harmonic in Q, since G, — hy, is harmonic in
Q, we get, by Green’s formula,

1 G2 1 9
2 " %0 () dS(y) — L / Ou 60 () s
kn Joqs ) an v) dS@) fin Joge O )G, (4) d5(9)
1 oh 1 ou
R U To ds L ou hmo s '
o oo (y) an (y) dS(y) pall 877(y) (y) dS(y)

Here, 77 is the continuous unit vector field normal to Q¢ and in the direction
towards the exterior of €.
Therefore, first by Theorem 1.7 and then by Theorem 1.6,

1 OGS, 1 ou
u(w) = — ” u(y) o (v) dS(y) = — méa—n(y)Gi’o(y) dS(y)
1 oG 1 ou
= b u(y) n (v) dS(y)—eﬁ—n méa—n(y) dS(y)
1 oG
y (y) dS(y) -

= — U
Kn Joge ) on

Assume, now, that v is continuous in . By the continuity of u, of Ggﬂ and
Q

of 8§;° in Q\ {0}, we find, when € — 0, that

Q
o) = = [ w2 ) ast)

Kn Jon

The proof of this is quite technical and the main idea is in the discussion in
paragraph 4 of section 0.1.2. There is no actual need to see the details.

If f is any function continuous in 02, then, by the regularity of €2, the
function v = H ? is harmonic in 2 and, extended as f in 0, is continuous in

Q.
Hence,

8 Q
H{ (o) = %/mf(y) g;“ (y) dS(y) ,

implying that

1 0GY
duf}, = — —=>dS
ng an 877
in 0€). o
4]
Since g;" is continuous and negative in 02, there are two constants C7, Cy
so that 0
1 0G
0 < Cl < — o < C'2
Kn On

everywhere in 0.
We conclude that dugo and dS are mutually absolutely continuous.
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Second proof:

The idea of this second proof is to show that the kernel % 6;} :
the Poisson kernel. Namely, it has the following four properties.
1. L % > 0 everywhere in 0€).

Kn

behaves like

Q
2. agf (y) is, for every y € 9, a harmonic function of x in .

Q
3. 2 Joo T (v) dS(y) = 1.
4. If V is any neighborhood of yo € 09, then limosz .y, ,%n 6;? (y) = 0,
uniformly for y € 900\ V.

We have already proved the first property and the third is an immediate
application of Theorem 1.7 with u = 1.

The second property can be proved as follows. Fix y € 9€2, an open exhaus-
tion {Qx} of 2, a compact subset K of ) and a sequence {z,,} in 2\ Q,
converging to y over the line containing 77 (y).

For a fixed 2’ € K,

G () G (z) OGS,
= = - — =5
|Zm — Y] |Zm — Y| on

. G ()
as m — +oo. In particular, the sequence { ‘;m_y‘

Q
every I:m:?—nu\ is a positive harmonic function in ), Harnack’s Inequalities
imply that this sequence of harmonic functions is uniformly bounded in K.
Since K is arbitrary, from Theorem 1.18, we get that there is some subsequence

converging to some function harmonic in Q. But, for every x € Q,,

} is bounded and, since

Ggm (x) 8G§f
Y2, \T)
|Zm — Y] on

(y)

Q
implying that %(y) is harmonic in Q) and, hence, in €.

For the fourth property and for V' = B(yo; R), consider the compact set
K =QnNS(yo; $R) and the open set U = {x : d(z; K) < 1R} . We, also, define
the set Q' = Q U U, which is, also, a connected open set.

The parts of Q and Q' in B(yo; iR) coincide and yo, being a regular boundary
point of , is, also, a regular boundary point of €. Therefore, for every fixed
7 ekK,

lim G¥() = lim G%(z) = 0
Q3x—yo Q3z—yo

and, applying Harnack’s Inequalities to the compact subset K of €,

lim G¥(z) = 0,

Q3z—yo
uniformly for z € K. Since 2 C €', Theorem 5.1 implies that

lim G%(z) = 0,

Q>3z—yo
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uniformly for z € K. Finally, by the Maximum-Minimum Principle,

lim G%(z) = 0,

Q3z—yo

uniformly for z € Q\ B(yo; +R) .

Now, for an arbitrary y € 9Q \ V there is some open ball b_ contained in
R™\ Q and having y in its boundary. It was proved in the first part of the
proof of Theorem 5.8 that, if y is contained in a small enough neighborhood
of any boundary point, then the radius of b_ can be considered bounded from
below by a positive constant. Covering the compact set 92\ V by finitely many
such neighborhoods, we conclude that there is some fixed r so that the ball b_,
corresponding to the arbitrary y € 92\ V, has radius r. Since b_ can be taken
smaller, if necessary, we may assume that r < %R.

Together with b_, we, also, consider the open ball B_ which has the same
center as b_ and radius 2r and it is easy to see that QN B_ C Q\ B(yo; 3R)
for all y € 90\ V.

Let F be the function which is continuous in the closed ring B_ \ b_ , har-
monic in the open ring B_ \ b_ , identically 1 in 9B_ and identically 0 in 9b_ .
It is, then, easy to calculate the number

OF
3_77(y) )
where 77 (y) is the unit vector normal to 9b_ at y and, at the same time, normal
to 02 at y and directed towards the exterior of 2. This number is negative and
depends only on r and, hence, not on y € 9\ V.

Take, now, an arbitrary € and let « € € be close enough to yo so that

Gg(z) < €

for every z € O\ B(yo; 3R). From the Maximum-Minimum Principle, we find
that
G(z) < eF(2)

for all z € QN B_ . Since G%}(y) = F(y) =0,

oG OF

> e
on (y) > e an

(y)

for all y € 9Q \ V. This finishes the proof of property 4.
Now, take an arbitrary f € C(99) and consider the function

1 0G!
Kn Joo ON

u(z) =

() f(y) dS(y) , TEN.

Take an arbitrary € > 0 and a small neighborhood V of yy € 0 so that
[f(y) — f(yo)| < e for all y € QN V. From properties 1, 3 and 4 of the kernel
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»-%n Bg;? , we get
) . 1 0G!
limsup [u(z) — f(yo)| < limsup — 5 W) = f(yo)l dS(y)
Q3z—yo Qoz—yo Fn Joo 07
. 1 8G§C2
< limsup — 5, W) = f(yo)l dS(y)
Q3z—yo fn Joanv O]
. 1 0G!
+ lim sup — 5, I (W) = fyo)l dS(y)
Q3z—yo Fn OO\V n
1 0G!
< e— 5, W) d5(y)
Kn Joqnv O
< €.
This implies that
lim wu(z) = f(yo)
Q>z—yo

for all yg € 0N). Now, this, together with property 2 of the kernel, says that
u is the solution of the Problem of Dirichlet in € with boundary function f.
Therefore, for every f € C(09),

8(2
Hﬂmzzg;m ;wwﬂwdﬂm

for all = € ), completing the second proof.

5.11 oo as interior point. Mainly, n = 2

We shall, now, consider an open set {2 which contains co.
By Theorems 4.4 and 4.6, potential theory in R™ is a triviality. We, there-
fore, assume that €2 is not identical to R™ and, hence,

X¢Q,

for some X € R™.
Now, if zg € Q NR™, we consider the function

ho x(2) = ho (@) — hx(a) = 4 BT e
R P L

This is harmonic in R® \ {xg, X} and, hence, in Q\ {zo} .
Similarly, if xg = oo, we consider the function

logle — X|, ifn=2
1

iMX@)—hm@—X)—{ ifn>3,

[e—X[7"—2

which is harmonic in R® \ {co, X} and, hence, in Q\ {oo} .



184 CHAPTER 5. GREEN’S FUNCTION

In any case, hg, x is superharmonic in 2.

We consider the family Z/{SO x of all superharmonic majorants of the sub-
harmonic function —h,, x in Q and, if this family is non-empty, the smallest
harmonic majorant US! .

0> .

We, now, define the function

Q Q
GI[) = hz()yX_'_UI[),X .

If we take another point X’ ¢ €2, then the function hy, x —hy,, x+ is harmonic
in €. Therefore, the function u is a superharmonic majorant of —hg, x in
if and only if the function w + hgy, x — hyo,x’ is a superharmonic majorant of
—hgo,x in Q. This implies that

Q Q
Uwo,X/ = Umo,X + hzo,X - hioﬁx/

in © and, hence, the function Ggo, defined above, does not depend upon the
choice of X ¢ Q.

The function Ggo, if it exists, is called the Green’s function of () with respect
to xg.

Observe that, if n > 3, then ho x is harmonic in {2 and, hence, G =0
identically in €.

In the following we shall avoid certain complications arising in case n > 3
(and described, to some extent, in the previous chapter) and we shall concen-
trate on the case n = 2. In this case all results in this chapter extend in a
straightforward manner. We, briefly, describe the situation.

In all that follows, § is an open subset of R2 with oo € Q and X ¢ Q.

1. The function Ggﬂ, if it exists, is superharmonic in Q and harmonic in '\
{zo}, it is positive in the component of Q containing xo and it is identically 0
in every other component of ).

Also, the function GSt, — hy, x is harmonic in Q.
2. If some disc in R? is disjoint from Q, then  has a Green’s function with
respect to every xg € 0 and

GE(@) = hagx(@) + B, (&) = B (@) = [ oy x(u) dn2)

forallz e .
3. The open set R2\ {X} has no Green’s function with respect to any one of
its points.
4. If Q@ =R2\ B(X:R), then
Q
Gwo = hzo - hz(’; +logR ,
if ®o € Q\ {oo} and x§ is the symmetric of xo with respect to S(X; R), and

Gf}o = hoo,x —logR .



5.11. oo AS INTERIOR POINT. MAINLY, N =2 185

5. If ;g € ' C Q and Q has a Green’s function with respect to xq, then Q' has,
also, a Green’s function with respect to xg and

GY, < Giy
in Q.
6. If U, T Q, g € Q1 and all Q,, have a Green’s function with respect to x,
then, either Gg{;’l T 400 in the component of ) containing xo and Q has no
Green’s function with respect to xqg, or 2 has a Green’s function with respect to
To and

Qo Q

Guyt 1 Gy,
in Q.
7. If xo and x1 are in the same component of 2, then Q has a Green’s function
with respect to xo if and only it has a Green’s function with respect to x1 and,
in this case,

Ggo(‘rl) = Ggl (‘TO) N
We say that Q0 has a Green’s function in one of its components, if it has a
Green’s function with respect to at least one xg in this component.

8. Let yp € 0Q. If
lim G(z) = 0

Q3z—yo
for at least one x in every component of (1, then yo is a reqular boundary point
of Q.

If there is some disc disjoint from Q and yo is a regular boundary point, then
: Q

L
for all x € Q.
9. If Q is reqular and disjoint from some disc, xg € Q and O is the component
of Q containing xq, then Ggo extended as identically 0 in E\Q is subharmonic
in R2\ {zo} and identically 0 in R2\ O.
10. If there is some disc disjoint from Q, ¢ € Q and O is the component of €2
containing xq, then the function

oo x () — /a hex(n) 4l v e R

is an extension of GiL in R2 which is subharmonic in R2\ {xo} and identically
0 in R2\ O.

11. If the connected Q is disjoint from some disc and has C?-boundary, zo € 2,
7 is the continuous unit vector field which is normal to OQ directed towards the
exterior of Q0 and dS is the surface measure in 0S), then,

OGS
dus} = S =0 ds .
° Kn On

Moreover, duf}o and dS are mutually absolutely continuous.
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Chapter 6

Potentials

6.1 Definitions

We shall consider the following two types of kernels.

Definition 6.1 Kernels of first type.

Let L
_ Jlog=, ifn=2
ha(r) = { —Tnl,g , ifn>3.

Take any non-constant increasing convex function H defined in (—oo, +00),
in case n =2, or in (0,400), in case n > 3, and define

K.(r) = H(h(r)), 0<r<+oc0.

Hence, K, is continuous and decreasing in (0,400) with lim, oy K.(r) = +00
and we, next, define the kernel

K(z,y) = Ki(lz—yl) = H(h(lz—yl)) = H(h(z —y))

for all x,y € R™.
We postulate the following rules.

1. fol K. (r)yr"=t dr < +c0.
2. lim, 400 Ki(1r) <0, in case n =2, orlim, 4o Ki(r) =0, in case n > 3.

3. If K, >0 in (0,+00), then limsup,_, KI}(:(;)I) < 400.

Kernels of second type.
If Q is an open subset of R™ with a Green’s function in every one of its
connected components, we consider the kernel

G z,y) = GF(y) = Gy()
for all x,y € Q.

187
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Comments 1. Observe that, in case n > 3, all our kernels are non-negative.
Also, observe that all kernels are symmetric: K(z,y) = K(y, ).
2. The third rule is not needed if in the theory, which we shall develop, we
restrict to the consideration of measures with compact support.

Examples
1. The Riesz kernel of order « is defined by

1

|z —y|n—e’

Ko(z,y) = Kax(lz —yl) =

where 0 < o < n.

If0<a<?2,incasen =2, or 0 < a <2,in case n > 3, then K, is of first
type.
2. The classical kernels, i.e. the Newtonian, in case n > 3, and the logarith-
mic, in case n = 2, are of first type.

Definition 6.2 K -potential for a kernel of second type.

Let Q C R™ have a Green’s function in all its components and du be a non-
negative Borel measure in Q. The corresponding kernel is K = G and we have
already defined the Green’s potential

Ug(z) = UY(z) = /QGQ(%y) du(y) , =€,

only in case this is finite for at least one x in each component of ).
If du is a locally finite complex Borel measure in ), we define Uff“ by the

same formula (and linearity) only when UI‘?MI(:E) is finite for at least one x in
each component of ).
Under these assumptions, we say that the K -potential is well-defined.

We know, from last chapter, that, if K is of second type, the K-potential of
a non-negative Borel measure in the associated 2 is (if it is well-defined) super-
harmonic in 2 and harmonic outside the support of the measure. Therefore, the
K-potential of a locally finite Borel measure in € is (if it is well-defined) finite
almost everywhere in 2 and is a linear combination of (four) superharmonic
functions.

Definition 6.3 K -potential for a kernel of first type.
If dp is a non-negative Borel measure in R™ and K is a non-negative kernel of
first type, we define the K -potential of du by

Uil (z) = K(z,y) duly) ,  z€R"™,
Rn
only when this is finite for at least one x € R™.
If dp is a locally finite complex Borel measure in R™ (and K is non-negative),
we define Uff“ by the same formula (and linearity), only when U}?M(x) is finite
for at least one x € R™.
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If K is of variable sign and dp is a locally finite complex (non-negative, in
particular) Borel measure in R™, we define Uf(“ as before, but only if du is
compactly supported.

Under these assumptions, we say that the K-potential is well-defined.

It is obvious that, if K is a non-negative kernel of first type and du is a non-
negative Borel measure, then the K-potential is defined everywhere as either
a non-negative number or as 4+oco. Proposition 6.1, which will be proved in a
moment, describes the situation more clearly. If du is a locally finite complex
Borel measure with real values (and K is non-negative), then its K-potential is

+ 4
defined at those points where not both Uf(“ and Uﬁf“ take the value +o00. A
similar comment can be made for a general locally finite complex Borel measure.

6.2 Potentials of non-negative Borel measures

Lemma 6.1 If K is a kernel of first type, then, for every y € R®, K(- ,y) is
continuous and subharmonic in R™\ {y} .

Proof:
It is clear, since h is harmonic in R™\ {0} and H is convex in an open interval
containing the values of h.

Proposition 6.1 1. If du is a non-negative Borel measure in R®, K is of first
type and U?(“ is well-defined, then this K -potential is continuous and subhar-
monic in R™ \ supp(dp).

If, in particular K = h, then the h-potential is superharmonic in R™ and
harmonic in R™ \ supp(dp).
2. If du is a non-negative Borel measure in @ C R, which has a Green’s
function in all its components, and Ug“ is well-defined, then this K-potential is
superharmonic in Q and harmonic in Q \ supp(dpu).

Proof:

The case of second type is just Theorem 5.5 and the case K = h is only
Theorem 2.8. Hence, assume that K is of the first type and, to begin with, that
K is non-negative.

By definition, Uﬁf“(xo) < 400 for some zy € R™.

Therefore, for an arbitrary € > 0,

/ K(zo,y) du(y) < €,
{y:ly|>R}

for all large R. Take any @ € R™ \ supp(du) and, by the third rule on K, find
a constant C' > 0 and R so large that, besides the previous inequality,

K(z,y) < CK(xo,y)

for all y with |y| > R, is, also, true.
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This implies,
/ K(z,y) duly) < Ce.
{v:lyI>R}

Since K (z,- ) is bounded on supp(dpy),

Ul (z) < / K(z,y) du(y) + Ce < +o0 .
{y:ly|<R}
If, now, x,, — z, then K(2,,- ) — K(z,- ) uniformly in B(0; R) N supp(du)
and, thus,
limsup‘U?(“(:z:m) - U;l(“(a:)| < 2Ce,
m——+0oo

proving the continuity of Uﬁf“ at x.
From Lemma 6.1, for every B(z;r) C R™\ supp(du),

@ = [ My @ du) = [ Kew) duty) = U2 @)
K supp(dp) supp(dp)

and U# is subharmonic in R™ \ supp(dy).

If K is of variable sign, then, by definition, du is supported in a compact
set and we may choose the R above so that B(0; R) contains the support of dpu.
The proof of continuity of the K-potential in R?\ supp(du) is, now, easier, since
there is no “tail”’-term in the integral.

Comment: Suppose that K is a non-negative kernel of first type and du is a
non-negative Borel measure in R™. If Uﬁf“ (x0) < +0o0 for some ¢ (the condition
for the K-potential to be well-defined), then the finiteness of the K-potential
at any other x depends only on the behaviour of du in a neighborhood of x.

In fact, for all large R, we have that f{y:|y|>R} K(zo,y) du(y) < 1. As in
the last proof, there is some C' > 0 and some large R, so that, besides the last
inequality, we also have K (z,y) < CK (xq,y) for all y with |y| > R. This implies
that f{y:‘be} K(z,y) du(y) < C and, thus, the finiteness of the K-potential

depends on the restriction of dy in B(0; R).

The same comment is valid for the Green’s potentials.

In fact, suppose that 2 C R™ has a Green’s function in all its components
and take an €(,,) from some open exhaustion of {2 so that it contains z and zg
(assumed to be in the same component of Q) and fﬂ\m G (wo,y) du(y) < 1.

By Harnack’s Inequalities, there exists a C' > 0 so that G(x,y) < CG%(x0,y)
for all y € 2\ Q(,,), implying fQ\W Gz, y) du(y) < C.

Proposition 6.2 (Lower-semicontinuity in the space-variable)

1. If dp is a non-negative Borel measure in R™, K s of first type and U;l(” s
well-defined, then this K -potential is lower-semicontinuous in R™.

2. If du is a mon-negative Borel measure in @ C R™, which has a Green’s
Sfunction in all its components, and Ug” s well-defined, then this K -potential is
lower-semicontinuous in Q.
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Proof:
This is a simple application of Fatou’s Lemma.

Proposition 6.3 (Lower-semicontinuity in measure)
1. Let K be of first type, {dur} be a sequence of non-negative Borel measures
with liminfg_, 4 o Uf(”’“ (x) < 400 for at least one x. If this sequence converges

weakly on compact sets to some non-negative Borel measure du, then du has a
well-defined K -potential and

U o) > U
for every x € R™.

If the kernel is of variable sign, we, also, assume that all duy are supported
in a common compact subset of R™.
2. Let Q C R™ have a Green’s function in all its components and {du} be a
sequence of non-negative Borel measures in Q) with liminfy_, 4 Ué’“‘ () < 400
for at least one x in each component of 2. If the sequence converges weakly on
compact subsets of ) to some non-negative Borel measure dyu in €, then dp has
a well-defined Green’s potential and

lkiminf Ug‘”“ () > Ug“(:zr)

for every x € (.

Proof:
1. Assume that K is of first type and non-negative and consider the truncated
kernel

KN(x7 y) = mln(K(LL', y)u N)

for all x,y € R™.
For every x, Kn(z, ) is continuous in R™ and, taking an arbitrary R > 0,

Kn(z,y) du(y) -

lim inf U@ () > liminf Kn(z,y) duk(y) = /
k—+oo k=+oc JB(O;R) B(0;R)

Now, letting R — 400 and then N — +00, we conclude the proof in this case.
If K is of variable sign, then we repeat the same proof, replacing the arbitrary

ball with a single compact set F C R2 so that all duy, are supported in F.

2. We consider, again, the truncated kernels G% and any open exhaustion
Then, as before,

fininf U2 2) > limint [ GR(ey) dint) = [ GR(wv) duty)
k—-+o00 k— 400 Q(m) Q(m)

and the proof is finished, by letting m — +oo0 and N — +o0.
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6.3 The maximum principle for potentials

Lemma 6.2 Let () be a regular bounded open set and du be a non-negative Borel
measure supported in a compact subset of ). Then, limose—y Ugdz‘“(:c) =0, for

all y € 09.

Proof:

For fixed z € supp(dp) and y € 99, we have that limgs, ., G%(z) = 0.

It is easy to see, by Harnack’s Inequalities, that limgs,—, G(z) = 0 uni-
formly for z € supp(du) and the proof is, now, clear.

Theorem 6.1 (The Maximum Principle)

1. Let K be of first type and du be a mon-negative Borel measure in R™. If
a>0 and Uld(“(:c) < « for all x € supp(dp), then, U;l(“ < a everywhere in R™.
2. Let Q C R™ have a Green’s function in all its components and du be a non-
negative Borel measure in . If a > 0 and Ug“(x) < « for all © € supp(dp),

then, Ug“ < « everywhere in ).

Proof:
1. Let K be of first type and suppose that du is compactly supported. We shall
consider, for any N > 0, the truncated kernel

K (wy) = {0, if K(z,y) > N

and the function

Ut(z) = KN(z,y) duy) ,  z€R™.
Rn

Then, KV 7 K and,
Ui (z) 1 Ud(x)

for all x.
Applying Egoroft’s Theorem, we find that, for every € > 0, there is a closed
set F' C supp(dp) with du(F) > du(R™) — € and
U 1T U™
uniformly in F.

Consider, also, dup, the restriction of dy in F.
Then, for every =,

vt @) - U @) = K(a.y) dnr(y)
{y:K(z,y)>N}

</ K(a,y) du(y) = U () — U (0)
{y:K(2,y)>N}
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and, thus,
U?{‘fVF T U}i(up
uniformly in F.
Therefore, for every § > 0, if N is large enough, we have

/ K(z,y) dup(y) < 6
{y:K(z,y)>N}

for all x € F.
Fix, now, x € F and take any {x,,} converging to 2. Then,

lim sup U}?‘F () < limsup K(xm,y) dur(y)

m—+00 m—+00 /{y:K(wm7y)>N}

+ lim sup KN (2, y) dur(y)

m—-+oo JRn

= limsup K(zm,y) dur(y)

m—-+o0 /{y:K(mmy)>N}
+ KN(z,y) dur(y) .
er

It is, geometrically, clear that there is some number M, depending only on
the dimension n, with the property that, for every z, we can find closed convex
cones I'f, ..., '}, with the same vertex z and each having an opening of & from
its axis of symmetry so that

uM T = R™.
Now, if y € I'; N F' and & is a closest point of I'; N F' from z, then

lz—yl > [& —yl.
Applying this to every z = zy,,

M

K(zm,y)dur(y) < K(2m, y)dur(y)

~/{y:K(zm,y)>N} =1 /{y:K(Im,y)>N}ﬂF;:m

M

= / K& y)dpr(y)
=1 Y {v: K (zm,y)>N}Iy™
M

S / K&, y)dur(y)
k=1 Y {y:KE™y)>N}

< M.

Therefore, we have that

limsup UHF (z,,) < M(S—I—/{ ” )<N}K(:17,y) dur(y) -
y:K (2,y)<

m——+o0
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Now, let N — 400 and, then, § — 0 and get

limsupU?(“F(xm) < U;“F(a:) < U;i”(x) —me < a—me,
m——+o00o

where m = min(O7 min. yesupp(dp) K (2, y))

Combining the last result with Proposition 6.2, we get that U;l(“ ¥ is contin-
uous at every x € F' and, by Proposition 6.1, it is continuous in R"™.

From the second rule on our kernels, we, also, have that

lim sup U?(“F () < 0.

Tr—00

By the subharmonicity of U?(“ 7 in R\ F and the Maximum Principle, we
get
Uﬁf“ F < a—me

everywhere in R™.
Now, let = ¢ supp(du) and let p > 0 be the distance of z from supp(dp).
Then,

d# T = X X
U (z) /F K(x.y) duly) + / oK) duty
< a-—me+ Ki(p)e

and, since € is arbitrary,
dp
Uli(z) < «

for all x.

If du is not compactly supported, in which case K is, necessarily, non-

negative, we consider the restrictions dpu,, in B(0;m) and we have Uf(” m(x) <
Uld(“(x) < « for all z € supp(du) and, hence, for all x € supp(dp,,). From what
we proved up to now, U;‘i{” m(2) < a everywhere in R™ and letting m — 400,
we finish the proof in this case.
2. Let 2 have a Green’s function in all its components and dy be a non-
negative Borel measure with compact support contained in 2. From the first
part of the proof, we know that there is a compact subset F' of supp(du) with
du(F) > du(R™) — € so that the h-potential U,CLI”F is continuous in R™. We
know, from Theorems 2.15 and 5.5, that Ué“ T and U,f“ T have the same distri-
butional derivative in Q and, hence, they differ by a function harmonic in Q.
This implies that Ug” ¥ is continuous in Q.

Assume, for the moment, that € is a regular bounded set. From Lemma 6.2,

lim Uy (z) = 0
Q3,9 (z)

for all y € 09Q2. Since, also,

Glim U™ (x) = Ug'"(y) < Ug'(y) < o
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for all y € F, we get, by the Maximum Principle, that
U (z) < a

for all z € Q\ F and, hence, for all z € Q.
For an arbitrary 2 € Q \ supp(dp), denote M = sup,c gpp(au) G, ) <
+00. Then,
U (z) < U (x)+ Me < a+ Me

and, thus,
Uy'(@) < a

for all z € Q\ F and, thus, for all z € .
To drop the assumption of regularity, take an open exhaustion {€,)} of Q

consisting of regular sets and large m so that supp(du) C Q). Since Ug‘:m) <

Ud < o in supp(dp) and Q) is regular, we get

dp

o () <

for all x € Q(,,). By Theorem 5.2,

U (z) < «
for all x € Q.
Finally, if du does not have compact support in €2, we consider the restric-
tions dyt,y, in the terms €.,y of some open exhaustion of {2 and we conclude the
proof in the same manner as in the previous paragraph.

6.4 The continuity principle for potentials

Proposition 6.4 1. If K is a kernel of first type and du is a non-negative
Borel measure with compact support, there is some closed F C supp(dp) with
arbitrarily small du(R™\ F) so that U}"l{“F is continuous in R™.

2. If Q C R™ has a Green’s function in all its components and dy is a non-
negative Borel measure with compact support in €, there is some closed F C
supp(dp) with arbitrarily small du(Q\ F) so that Ug”F is continuous in €.

Proof:
It is, actually, part of the proof of Theorem 6.1.

Theorem 6.2 (The Continuity Principle)

1. If K is a kernel of first type, du is a non-negative Borel measure with compact
support and Uld(“, restricted to supp(du), is continuous in supp(du), then it is
continuous in R™.

2. If Q C R™ has a Green’s function in all its components, du is a non-negative
Borel measure with compact support in Q and Ug“, restricted to supp(du), is
continuous in supp(dp), then it is continuous in €.
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Proof:
1. Following the argument in the proof of the Theorem 6.1, we have that
Uf(’fv 1 Uﬁf“ , that each Ufﬁv is continuous everywhere and that Uﬁf“ , restricted
to supp(dp), is continuous in supp(du).
By Dini’s Theorem,
U 1 UZ

uniformly in the compact supp(dpu).

Therefore, in the same proof, we do not need to reduce supp(du) to any
subset F'. The final result there is that U;l(“ is continuous everywhere.
2. Since Ug“ and U g” differ by a harmonic function in €2, the proof in this case
is straightforward, by applying the first part to U,f“ .



Chapter 7

Energy

7.1 Definitions

Definition 7.1 K-energy for kernels of second type.

Let Q@ C R™ be an open set with a Green’s function in all its components and
dpy and dug two non-negative Borel measures in Q. We define the mutual
K-energy or mutual Q-energy of duy and dus by

I (dpn, dpis) = In(dpn,dpis) = /Q /Q GOz, y) dyus () dpia(y)

which is either a non-negative number or +00.

If duy and dus are two locally finite complexr Borel measures in €2, we de-
fine their mutual Q-energy by the same formula (and linearity), but only when
Tic(Jdpas |, dpa]) < +00.

In case duy = dups = du, we call K-energy or Q-energy of du the

Io(dp) = Io(du,dp) .

Definition 7.2 K-energy for kernels of first type.
Let K be a non-negative kernel of first type and duy and dus two non-negative
Borel measures in R™. We define the mutual K-energy of dui and dus by

i) = [ [ K din(o) @ty)

If dpy and duo are two locally finite complex Borel measures in R™, we
define their mutual K-energy by the same formula (and linearity), but only
when I (|dpy|, |duz|) < +oo.

In case dpy = dus = du, we call K -energy of du the

Ix(dp) = Ix(dp,dp) .

If K is of variable sign, we define the mutual K-energy and K-energy as
before, but only for compactly supported Borel measures.

197
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It is clear, by the Theorem of Fubini, that if Ix (Jduil, |dusa|) < 400, then
Uﬁf“ !(z) is a finite number for almost every x with respect to dus and vice-versa.

Example.
Ik (dbds,ddy) = K(a,b)

for all types of kernels and all a and b. In particular, the K-energy of a Dirac
mass is always +o0.

Proposition 7.1 (Lower-semicontinuity of energy in measure)

1. Let K be of first type and {duk,} and {du2,} be two sequences of non-negative
Borel measures in R™ converging to the non-negative Borel measures du' and
du?, respectively, weakly on compact sets. Then,

lim inf Trc (dpy,, dpg,) > T (dpt, dp?)
m——+0oo
In case the kernel K is of variable sign, we, also, assume that all dul, and
du2, are supported in a common compact subset of R™.
2. Let Q C R™ have a Green’s function in all its components and {duk,} and
{du?} be two sequences of mon-negative Borel measures in Q converging to

the non-negative Borel measures du* and du?, respectively, weakly on compact
subsets of Q2. Then

lim inf Io(dul, du?) > Io(du',du?) .
Proof:
1. Assume that K is of first type and non-negative and consider the truncated
kernel

Ky(z,y) = min(K(z,y),N)

for all z,y € R™.
Now, Ky is continuous in R™ x R™ and, taking an arbitrary R > 0,

lim inf I (dpy,, dps,) > liminf / / K (2,y) diun,(z) dpg,(y)
B(0;R) / B(0;R)

i
m——+0o m——+o0

= /_ /_KN(:v,y) dp*(x) dp®(y)
B(0;R) J B(0;R)

since the product measures dul, x du?, converge to du' x du? weakly on compact
sets in R™ x R™.

Now, by the Monotone Convergence Theorem, letting N — +o0o and then
R — 400, we conclude the proof in this case.

If K is of variable sign, then we repeat the same proof, replacing the arbitrary
ball with a single compact set F' so that all du,, are supported in F'.
2. Now, assuming that K = G, consider, besides Ky, any open exhaustion
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Then, as before,

lim inf Io(dp,,, dpz,) > liminf /_ | Kn(z,y) du),(x) dus,(y)
Q) S Q)

i
m——+0oo m——+oo

/_ Kn(z,y) du'(z) dp’(y)

and the proof is finished, by letting £ — +o00 and N — +o0.

7.2 Representation of energy: Green’s kernel

Let © be any open set in R™ with a Green’s function in all its components. In
case n > 3 and Q2 = R™, the kernel G?n coincides with the Newtonian kernel
hy.

The basis of all results in this section is the following simple

Lemma 7.1 Suppose that Q is a bounded open set with C%-boundary. Let g,
and go be two non-negative functions in D().

Then
1
Io(grdm,gadm) = —— [ gradUZ'(z) - gradUZ (x) dm(x) .
Kn Q
Proof:
By Theorems 2.18 and 5.5, the potential Ud' is in C*°(£2) and
AUQl = KnGi

as distributions in €.

Since both sides in this equation are continuous functions, it holds in the
classical sense everywhere in €.

We, also, get that UJ’ is harmonic in the open set Q \ supp(g;). Since Q
is a regular set, by Lemma 6.2, U3 can be considered continuous in Q and
identically 0 in Of).

N _

Therefore, by Theorem 5.8, grad U3 extends continuously in €.

Now, applying Green’s Formula,

Io(gy dm, gz dm) = / /QG%,wgl(:c) dm(z) g2(y) dmiy)

[ 08 ento) dmiy

1
=l UG () AU (y) dm(y)

1
=~ | 57edUF () gradDF (3) dm(y)

1 U
4+ U.(h P Q
Kn Jog @ (=) on

(2) dS(2)

1
= —— [ grad Ug (y) - grad UL (y) dm(y) ,
n JQ
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7 being the continuous unit vector field normal to 9 and directed towards the
exterior of €.

Remark
Observe that, under the assumptions of Lemma 7.1, the same application of
Green’s Theorem implies

/ / G(x, y)g1 () dm(z) go(y) dm(y)
QJQ
1

= - grad U (y) - grad UZ; (y) dm(y) ,
n JQ

whenever Q' O € is another bounded open set with C2-boundary.

Proposition 7.2 Suppose that the open set Q& C R™ has a Green’s function
in all its components and that du is a non-negative Borel measure in ) with
Io (d,u) < +o00.

Then Ug” 18 a superharmonic function in Q and it is finite almost everywhere
with respect to dp.

Proof:

If dp is the zero measure in any of the components of €2, then the result is
obvious in those components. Otherwise, the result is only an application of
Fubini’s Theorem.

Proposition 7.3 If the open set Q@ C R™ has a Green’s function in all its com-
ponents and duy, dus are two non-negative Borel measures in Q0 with Ig(duy) <
+oo and Io(dus) < +oo, then

1
In(dpy,dpz) = - grad Ug“l (x) - grad Ug“2 () dm(z) < 4o00.
n JQ

We, also, have that Ug” ' is finite almost everywhere with respect to dus and
ViCe-versa.

Proof:
1. Assume, first, that both du; are supported in a compact subset A of {2 and
that € is bounded with C2-boundary.

Each Ug“ * is superharmonic in €2, harmonic in Q\ A and, since € is regular,
it can, by Lemma 6.2, be considered continuous in R™ \ A and identically 0 in
R™\ Q.

Consider any approximation to the identity {®s : 6 > 0} and the convolution

Ui s oy (z) — / U (x — y)Bs(y) dinfy) .z € Qs |

Then, the functions Ug”i * @5 are in C*°(Qs) and, by Theorem 2.10, they
are superharmonic in Qs and

Ui s @5 1 UIm
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inQasd | 0.
Taking § < %d(A,BQ), we know, from the beginning of section 1.3, that

U 5 5 = UM in (Q\ A)s . Therefore, the function

o = {Ugw%, if z € Qs
"o U if 2 €Q\Q,

is in C'*°(Q2), is superharmonic in €2, harmonic in Q \ A and can be considered
continuous in R™ \ A and identically 0 in R™ \ . Also, v;5 T Ug’“ in R™ as
610.

Consider, also, the convolution

dp; * s(x) = / Ds(z —y) dui(y) , xeR"™.

The non-negative functions du; * ®5 are in C*°(R™) and they are supported
in As = A+ B(0;6), a compact subset of .

Therefore, the functions Ug” *Ps are superharmonic in 2, harmonic in 2\
As and, by Theorem 2.18, they are in C*°(2). By Lemma 6.2, they can be
considered continuous in R™ and identically 0 in R™ \ Q.

Employing the informal notation for distributions,

A(Ugﬂl*q)g) = AUgl‘i*(I)(; = Kpdp; x @5 = AUg,ui*{)(;

in Q5.

Therefore, the functions v; s and Ug” *®5 Jiffer by a _function harmonic in
Qs and, hence, in 2. Both functions are continuous in 2 and identically 0 in
0f). By the Maximum-Minimum Principle,

vis = Ug#i*¢’5
identically in €.

Apply, now, Lemma 7.1 to the functions g; = du; * ®s,, for §; < %d(A, o),
to get

/ U (@) dps * B, (2) dm(a)
Q

1 " ¥
== grad Ugm o (x) - grad Ugﬂ2 o2 () dm(x)
n JQ

1
- gradv s, (x) - gradvs s,(x) dm(z) .
n JQ

Since Ug™* ™ = w15, 1 U in Q as &) | 0, the left side of the last
equality tends to

/QU;;Hl (x)dpg * D, (z) dm(z)

as 01 — 0.
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Regarding the right side, it is true, by Theorem 2.18, that Ug” * has partial
derivatives at almost every point in 2 which are locally integrable in €2. From

dpg —
Theorem 5.8, we have that ag;’j can be continuously extended in 2\ A and,

hence, if we further extend it as identically 0 in R™ \ §, it becomes a function
in L'(R™). Applying Lemma 0.4, we find that there is a sequence {d;} so that

5i — 0 and 292 L@, 22 o here in R, Since, 200 —
i an 81]_ * & — am]‘ almost everywhnere in . mce, W =

o(udrives,)  ouiri

61]' 8£Ej

* @5, in Q5,, we get

8’01'151. 8U3M1
—
al'j 6,Tj
almost everywhere in  as d; — 0.

From Lemma 7.1,

dﬂ'z*q)é

2
—i/‘gradvi,gi(:v) dm(z) = Ug x)dp; * @, (x) dm(z)
Kn Q

)

< / U (2)dp; * 5, () dm(x)

=[O @) duta)

¢
dm
< UQ x) dp;(x)

= Ig(d,uz) < 400.

)

o~

From our last two results, we conclude that there is some sequence of d;’s so
that, for all j,
8’01'151. 8U3M1
—
al'j 6,Tj

weakly in L?(Q).
Letting this sequence of §1’s tend to 0,

/s l U (2)dpg * ®s,(x) dm(z)

1 _—
= —— [ grad Ug“l (x) - gradvg s, (x) dm(z) .
kn Ja

The left side is equal to [, U, duz*<1>52( ) dpa(z) and, following the same pro-
cedure with do — 0, we find

1
Io(dpy,dus) = e grad UM (z) - grad U (x) dm(z) .

2. Modifying slightly the proof of part 1 and using the Remark after Lemma
7.1, we, easily, prove that, under the same assumptions,

1
[ [ 6w dia@ duatw) = -~ [ gradUF (@) - grad U ) dm(a)
QJQ n JQ
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whenever Q' D 2 is another bounded open set with C?-boundary.
3. Now, assume that €2 has a Green’s function in all its connected components
and that du; and due are two non-negative Borel measures supported in a
compact subset A of .

Consider any open exhaustion {Q,,)} of €2, each €,y having C2-boundary
and containing A.

From part 2, we have that

1
Ia,, (dpr, dus) = "k Jo grad Ug’:;) (z) - grad Ug’(ti/)(x) dm(z) ,
AL CO)

for every m,m’ with m <m/.

Since Gt 1 G in ), the right side has Iq(duy,dus) as its limit when
m — +00.

We, also, have that Ug’(ii) = U,’f’” + Ui, where vy, ; is harmonic in Q).
Since Ug‘:;) T U3 as m — +o00, we get that {v,,;} increases towards a har-

monic function v; in Q as m — +oo and, hence, Ugdz‘” = U,Cf‘” +v; in Q. By

Theorems 1.16 and 1.17, gradv,,; — gradv; everywhere in Q as m — +o0,
implying

dp; dpi
grad UQ(m) — grad U,

almost everywhere in Q0 as m — +o0.
From part 1, we get
1 dps; 2 Q

- |grad Ug" (2)|” dm(x) = G (2, y) dps () dpi(y) < To(dus) .
n Q(m)

Hence, there is some sequence of m’s so that

dpt dp
grad UQ(m) — gradUg

weakly in L?(Q2) and some sequence of m’’s so that

dpa dpz
grad UQ(m,) — gradUy,

weakly in L?(Q).
We, now, let, first, m’ — +oc and, then, m — +oco through these sequences
and get

Io(dpr,dus) = —ﬁi grad Ug‘“(:z) - grad Ug“2 (z) dm(z) .
n JQ
4. Consider, finally, the general case.
Take the measures dfi,, ;, which are the restrictions of dy; to the terms of
an open exhaustion {2y} of Q.
By the assumption Ig(du;) < 4+o0o and Proposition 7.2, it is implied that
Ug“ “ and all Ug“ ™% are superharmonic in Q.
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Therefore, for any k > m, Ug“’“’i - Ug“m‘i is harmonic in Q(,,) and
d i dpim i i dfbm i
Ug™ = Uyt 1 ugt - Uy

in Q) as k — +o0o. The last function is harmonic in €(,,) and, from Theorems
1.16 and 1.17,

rad(UZ™ — UZ™) — grad(UF - U}

in Q) as k — +o0.

Since Ug” ™" has partial derivatives almost everywhere in ), we get that

grad Ug”k’i — grad Ug‘“
almost everywhere in €2(,,,) and, since m is arbitrary, the last limit holds almost

everywhere in ().
From the equality of part 3,

1 dpim,i 2
- lgrad U™ (x)|” dm(z) = Io(dpm:) < Io(du) ,
n JQ
there is a sequence of m’s so that
Ug/"wn,i N Usdz,u.l

weakly in L?(Q).
If in the equality of part 3,

//GQ(:C,y) Apirmy 1(x) dpimsy 2(y)

1
== grad Ug”ml’l(x) - grad Ug“mz‘Q(:zr) dm(z) ,
n JQ

we let, first, m; and, then, ms tend to 400, we find

/ / G(z,y) dun(z) dua(y) = ——~ [ gradUZA (z) - grad U™ () dm(z) .

Kn Jo

Regarding the last statement of the theorem, observe that, from the Cauchy-
Schwartz inequality,

Io(dpy,dus)? < Io(dupy)lo(dpz) < —+oo

M1

and, hence, from Fubini’s Theorem, Ug is finite almost everywhere with re-

spect to duo and vice-versa.
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7.3 Measures of finite energy: Green’s kernel

Definition 7.3 Let the open Q C R™ have a Green’s function in all its con-
nected components. Then,

Wa = {du:du is a locally finite measure in Q with Io(|du|) < +oc0}
1s called the space of measures in ) of finite Q-energy.

Theorem 7.1 Let the open Q0 C R™ have a Green’s function in all its connected
components. Then, for all duy and dus in We the bilinear form Iq(dua, dus) is
a complex number and

—_—

_ 1 dp dpo
In(dp,dps) = - gradUQ" (x) - grad U™ (z) dm(x) .
n JQ
Under this bilinear form, Wq becomes an inner product space.

Proof:
If dpy and dpg are two locally finite complex Borel measures in ) of finite
Q-energy, then, by Proposition 7.3 and the Cauchy-Schwartz inequality,
Io(ldpy +dps|) < Io(ldpa| + |dps|)
= Io(|dpl) + 2Ia(|dpsl, [dpz|) + Ia(|dpz|)

= ——/’gradU‘ H x’ dm(x)

2
—— [ grad Ug‘2 “1‘(96) - grad Ug‘zd”ﬂ(x) dm(z)
Q

Kn

———aal 2
—i/‘gradUg‘sz (x)‘ dm(x)
kn Ja

< To(Jdp]) + 2L (Jdp1 )2 Io(|dus|) ? + Io(|dus|)
< +H4o00.

Thus, Wq, is a linear space.

From Fubini’s Theorem and from Iq(|dpu|, |duz2|) < Io(|dui|)2 In(|dus])? <
+oo, we get that Ig(dui,dps) is a complex number for every du; and dus in
Wa.

If du is a locally finite Borel measure in Q with real values and Io(|du|) <
+00, then its non-negative and non-positive variations, dut and du~, satisfy
Io(dut) < 400 and Ig(du~) < +oo. Proposition 7.3 implies that

Io(dp) = Io(dp*) —2Io(dp™, dp™) + Io(du™)
=TI
= —— ‘gradUQ“ ()| dm(z)
Kn Ja

2 >
+ — grad Ugdz“+ (x) - grad Ug“ () dm(zx)
Q
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1 i |2
——/’gradUQ“ (x)’ dm(z)
Kn JQ
1 an 2
= ——/‘gradUﬂ”(a@)‘ dm(z) .
Kn JQ

If dpy and dug are two locally finite Borel measures in Wq with real values,
then, applying the last equality to du; + dus, we get

1
Io(dpy,dpz) = - grad Ug‘“(:zr) - grad Ué‘” () dm(z) .
n JQ

By linearity, this extends to hold for all measures in W (dp2 being replaced

by dus.)
Thus, the bilinear form Io(du,dps) is a complex number for all duq and
dus in Wq and, using the representation of the last formula, we get that

Io(dp) >0 for all non-negative du € Wq .
Assume, now, that, for some du € Wa,

Io(dp) = 0.

d d

Then grad Uy (z) = 0 for almost every = € Q and, since Uy is, by Theorem

2.18, absolutely continuous on almost every line parallel to any of the principal
. dp - .

axes, we easily get that Ug" is equal to some constant ¢ almost everywhere in
€). Since this function is superharmonic, it is identically equal to ¢ in €.

Finally,

kndp = AUS = 0

in  in the sense of distributions and, hence, du is the zero measure.
Therefore, the bilinear form is an inner product.

7.4 Representation of energy: kernels of first
type
If K is any non-negative kernel of first type, then

lim K.(r) = 0.

r—-4oo

Lemma 7.2 Suppose that K is a kernel of first type with the property that, for
some R >0,

for all x with |z| > R.
Then K € L*(R™) and



7.4. REPRESENTATION OF ENERGY: KERNELS OF FIRST TYPE 207

for all £ € R™. There is, also, a constant C > 0 so that

for all € € R™.

Proof:
The kernel is non-negative and, by the first property of kernels of first type,
we have

R
K(z) dm(z) = wn_l/ K.(r)yr"Vdr < +oo.
0

Rn
Now,
K@) = / e 2SR (1) dm(x)

+oo -,

= K*(T)/ e 2L do () r"t dr
0 sn-t
+oo

= K. (r)J(rlg))r"=" dr
0

where we use the notation ' = £ = (21, ...,2;,) with r = |z| and
J(r) = / e~ do(z)) | r>0.
Sn—1

Finally, writing 2/ = (z},2") with 2" = (1 — 2}2)2y, y € S"~2, and using
do(2')=(1— 17,12)%2 do(y) dzfy, we get

1
J(r) = / / 6727”-”6/1(1 — :v,12)n772 do(y) dz

z
= 2w, 2 / cos(27r cos ¢) sin™ % ¢ dg
0

and J has the following properties:
1. J(0) = wy—1 and J'(0) = 0.
2. J(r) < wp_q for all r > 0.
3. J(r) = == (J"(r) + =2 J'(r)) for all r > 0.

4. lim, 4o J(r) =0.

The first three properties are trivial to prove. The fourth is an application
of Theorem 0.13 to J(r) = wp—2 fil e=2mirel (1 — g'2)" 2 da).
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Therefore,

7> 1 e r " n—1_ n—1
R = _W/o K*(E)(J (r) + == J'(r)r" " dr

= —ﬁ/o-‘_oo K*(é)%(J/(T)Tn_l) dr
+oo
= 74772|§|"+1 /0 K*'(é—|>J’(T)r"_l dr
+oo r r\"T
- 47r21|§|2 /0 (w1 = J () d(K*/(@) (@) 1)

where the integrations by parts are easy to justify.
But, if we set s = h.(r) and K,.(r) = H(s), then, in case n > 3, the last
integral becomes

+oo
m—mA (o1 — J(h1(5)) d(E'(€]"25)

Y

- 2)/0 (wn1 = J(h(s))) d(H'(I]"%5))
> (n— 2) min (wn—l _ J(r))H/(|§|n_2)

1<r<+4oo

and, in case n = 2, it becomes

+oo
/ (w1 — J(h7'(s))) d(H'(s + log |€]))

— 00

> / (w1 = J(h;"(s))) d(H'(s + log¢]))

— 00

> gnin (w1 = J(r) H'(log )

Considering R large enough so that H'(R"~2) > 0 or H'(log R) > 0, respec-
tively, then, for all & with |{| > R, we have

~ C
K() > G

In any case, both integrals (n — 2) O+OO (wn—1 — J(h;'(s))) d(H'(|¢]"2s))
and fj:; (w1 — J(h1(s))) d(H'(s + log|£])) are positive for all € # 0. Hence,
K(£) > 0 for all £ # 0. Since K is non-negative, K (0) = Jrn K (x) dm(z) > 0.

The proof is concluded by the continuity of K in B (0; R).

Lemma 7.3 Suppose that K is a non-negative kernel of first type with the prop-
erty that, for some R > 0,
K.(r) =0
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forallT > R.
If dpy and dus are any two compactly supported non-negative Borel measures
in R™ with Ix(dp) < +00 and Ik (dus) < +o0, then

lic(dpndpiz) = | K(€dpn(€)dpa (&) dm(©)

Therefore, Ik (dpi,dpz) < 400 and Ufg“ is finite almost everywhere with
respect to dus and vice-versa.

Proof:

Suppose that A; = supp(dy;). By Proposition 6.4, we can find restrictions
dp1,e, and dpug ., of duy and dpg in compact sets A; ¢, € Ay and Ay, C Ay,
respectively, so that, for both j = 1,2,

ldpj — dpje; |l — 0

dpje. . . .
as €; — 0 and each UKM’ ’ is a continuous potential.

We may, also, assume that A;., T A; as ¢; | 0, as we may easily see by
looking in the proof of Theorem 6.1. Hence,

I (dpe,,dpo,e,) T Ik (dur,dps)

as €; | 0.
Now introduce the functions
‘2

Dr(w) = K emHe

for all £ > 0 and all x € R®. Then,

or(z) dm(z) = 1
Rn

and

— ke

i) = e TF
for all £ € R™. Now, both functions ¢, and U;M’ej = K xduj,., are in L'(R™)
and, hence,

dps,e.
Ul x ¢ € L'(R") .
Furthermore, since (U;l(#j’ej Y~ e L*>*(R™) and or € LYR™), we get
i, ~ Atgejy~ 7= 1L(Rpn
U7 % n) = (Ug ") ¢r € L'(R").

Hence, by the Inversion Formula,

Uf{#j’ej * o (x) = /n e%mfwiuj’ej )(©) 97’;(0 dm(¢)
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and

[0 @) di @

R»

= / ) / FTEEUR ) ©9(E) dmlE) diize, (@)
/R . (U™ Y (E)0r(E)dpancy (€) dm(€)

[ ™ RO bz ©) dme)

In the same way, for each j = 1,2,
dlu.j’é, _plEl” s — 2
| o s dusste) = [ ROl ©F dn.
d”j,ej

By the continuity of Uy and the Maximum Principle for K-potentials

dpje. .
we have that UKHJ’ 7 is, also, bounded and, hence,

dpij,e dpij,e

UK * ¢k — UK

uniformly on compact sets. Therefore, the left side of the last equality tends to
dpj e

Jrn UK#]’ () dpje,; (x) as k — +o00. By the Monotone Convergence Theorem,

| B@di,©F dn(e) = [ U @) diie, (o) < Tcldy)

n

By the Cauchy-Schwartz inequality,

| Rl @] dm(e) < +oc
and we conclude that

Lic(pressdizes) = | Kb ey (€)dpines (€) dmis) -

Since d;;ej &) — (T/L\J(f) for all £ as €; — 0 we may, now, take a decreasing
sequence of €;’s so that

ditje, (€) — dp;(€)

weakly in LQ(IA{dm). Letting, first, e — 0 and, then, e — 0 through the
appropriate sequences, we find from the last equality,

Ty, dra) = | K(€)du (€)duz(€) dm(€) .

The last statement of the theorem is, just, an application of Cauchy-Schwartz
inequality and the Theorem of Fubini.
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Proposition 7.4 Suppose that K is a kernel of first type with the property that,
for some R > 0,
K.r) =0

for allT > R.
If du is a locally finite complex Borel measure, let du, be its restriction in
the ball B(0;7).
If Ik (|du|) < 400, then the definition
dp = lim dp,
po= lim du
18 justified as a limit in the space LQ(IA(dm).
If I (|du1|) < +o0 and Ik (|dus]) < +oo, then

Ietdpr.dps) = [ G (©dm(©R(©) dme).
Proof:

1. Assume that du is a non-negative Borel measure. By Lemma 7.3, for every
r,r’ with r <1’ we have

—_— —_— 2 A~
el = dr) = [ | €) = € PR() dme)
Rn
On the other hand, we can easily prove that

Ik (dpr — dpy) < Ix(dper) — Ik (dpr)

From the last two relations, since I (dp,) T Ik (du), we see that, if I (dp) <
+00, then dp = lim, . o dp, exists as a limit in L2(Kdm).

Now, if dpq and dus are non-negative Borel measures with I (dpy) < 400
and Ik (dusg) < 400, we apply Lemma 7.3 to their restrictions in B(0;r) and let
r — +00 to get

Ietdpr.dpz) = [ G (©dm(©R(©) dme).
2. Now, let du be a locally finite complex Borel measure with I (|du|) < +o0.
Then the non-negative and non-positive parts of the real and imaginary parts
of du all have finite K-energy. From part 1, we get that dpu = lim, ;o dp,
exists as a limit in L?(Kdm) and that

Iy, dsz) = / G (O dm O R(€) dm(e) |

n

for all locally finite complex Borel measures dy; and dus with Ix(|dpy|) < +oo
and Ik (|dpa]) < +oo.
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7.5 Measures of finite energy: kernels of first
type
Definition 7.4 Suppose that K is a non-negative kernel of first type and let
Wk = {dw:du is a locally finite Borel measure in R™ and Ik (|du|) < +oo} .
Wk is called the space of measures of finite K -energy.

Proposition 7.5 Suppose that K is a non-negative kernel of first type and let
dpy and dus be any two non-negative Borel measures with I (duy) < +00 and
Ix(dpg) < +00. Then,

(NI

1
Ix(dpa,dpo) < (Ix(dpa))? (Ix (dps))
and Uf(”l is finite almost everywhere with respect to duse and vice-versa.

Proof:

If the measures are supported in a compact set and K vanishes for all large
enough values of its argument, then the result is an application of the last
Lemma.

Assume, now, that du; and dus are supported in a compact set but that
K(x) > 0 for all z € R™. (Observe that, if K(xg) = 0 for some zg, then
K(x) =0 for all  with |z| > |xg].)

Consider, for every § > 0, the kernel

Ks(z,y) = {é(,(x’y)_g’ ﬁﬁgzg

Since lim, 4 K.(r) = 0, we see that K is a non-negative kernel of first
type and that Ks(x) = 0 for all large enough |z| and, hence, Lemma 7.3 applies
to K.

Therefore,

>4
<9J.

1 1
Iy (dpny dpn) < (Iies (dpnn))” (Tres (dpp2)) ™
Since Ks T K as § — 0, by the Monotone Convergence Theorem or by
Fatou’s Lemma, we get
1 1
I (dpy,dps) < (Ix(dpa))? (Ix (dpz))?
If the measures are not supported in a compact set, then apply the result to
the restrictions of the measures on the balls B(0; R) and let R — +o0.

Theorem 7.2 Suppose that K is any non-negative kernel of first type.

Then, Wk is a linear space. Also, for any duy and dus in Wy, T (dp, dps)
is well-defined as a complex number and, under this bilinear form, Wy becomes
an inner product space
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Also, if du € Wy, then Uf(” is finite almost everywhere with respect to all
dv € Wk .

Proof:
If duy € Wk and dus € Wg, then, by the last Proposition,

Ir(|dpy +dpa|) < Ik (|dpa| + |duzl)
= Ir(|dps]) + 20k (|dpsl, |dpz|) + T (|dpal)
1 1
< Ix(ldml) +2(Ix(|du])) * (I (Jdpal)) * + Ire (|dpa|)
< +00.

Therefore, Wi is a linear space.

By Fubini’s Theorem and from Ix(|du1], |duz|) < +o0, we, also, have that
Uﬁf“ ! is finite almost everywhere with respect to dus and vice-versa and that
Ik (dpy, dus) is well-defined as a complex number.

It is obvious that Ik (- , -) is a bilinear form and we, only, have to prove that
it is positive definite.

Now, take an arbitrary locally finite complex Borel measure dy in R™ with
real values and with Ix(|dp|) < +oo and consider its non-negative and non-
positive variations du™ and du~.

Then, we, also, have Ik (du™) < +oo and Ik (dp™) < +oo and, hence,

Irc(dp™) = 20 (dp™, dp™) + I (dp™)
Tic(dp™) = 2(Tne (d)) * (T (dp))* + I (dpi)
0.

I (dp)

IV v

If dy is a locally finite complex Borel measure in R® with Ik (|du|) < +oo
and duq, duo are its real and imaginary parts, then

I (dp) = Ik (dpr) + Ik (dpz) = 0.

By the standard argument, we can prove, now, that

(Lr((dmvduz))2 < I (dpr) Ik (dpz)

for all dpy and dps in Wy .
Now, let du be a locally finite complex Borel measure in R™ with Ik (|dp|) <
—+00 and assume that

Ixc(dp) = 0.

If Ki(r) >0 for all r > 0 and K, = H o h,, then there exists some t; with
H'(tp) > 0. We define

(=N

Hi(t) = { (H(t)— H'(to)(t —to) — H(to)) , ift>to

ift <t
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and
Hy = H—Hy .

We consider, next,
Kl*:Hloh*, KQ*:HQOh*.

The corresponding kernels K7 and K5 are non-negative and of first type and
K has the property that
Kl* (T) = 0

for all r > R = h~1(t).
Now, for each i =1, 2,

Ix,(ldpl) < Ik(|dpl) < +oo .

Also,
I, (dp) + I, (dp) = Tk (dp)

and, since both terms in the left side are non-negative, we get
I, (dp) = 0.
Hence, we may assume that our kernel K has the property that, for some R,
K.(r) =0
for all » > R.

Consider, now, an arbitrary ¢ € D(R") and the function

=

e

Lemma 7.2 together with Corollary 0.1 easily give that f belongs to S(R™).
Theorem 0.18 implies that there is a g € S(R™) so that g = f and, hence,

gxrK = ¢.
Since K € L*(R™) and g € L}(R™) N L>°(R™), it is immediate that
Ix(lg)) < +o0.

Thus,
o) du(@)| = || K+ g(@) du(o)|

— |Ik(dp )| < (Inldw)? (Ic(@)* = 0.

Therefore, du is the zero measure.

‘Rn ‘Rn

Nl=

In the case of R2 and of kernels of first type and of variable sign the measures
considered are supported in compact sets.
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Definition 7.5 Assume that K is a kernel of first type and of variable sign.
We define

W?( = {dp:du is a compactly supported complex Borel measure with
I (|du|) < 400 and du(R?) =0} .

Now, we may extend the results about non-negative kernels. For example,
here is the central result.

Theorem 7.3 Assume that K is a kernel of first type and of variable sign.
Then, WY is a linear space. Also, for any duy and dps in WY, Tk (dpy, dps)
is well-defined as a complex number and, under this bilinear form, WY becomes
an inner product space.
Moreover, if du € WY, then Uf(“ is finite almost everywhere with respect to
all dv e WY,

Proof:
If dpuy and dus are in WY, we consider a large enough R so that the two
measures are supported in the disc B(0; R) and then consider the modified kernel

_ [K(zy) - K.2R), if|lz—y|<2R
Kr(z,y) = {0, if |z —y| > 2R .

The new kernel is non-negative and of first type with the property that it
vanishes for all large enough values of its argument.
We, also, have that, for all z € B(0; R),

Ul (z) = / K(2,y) dn(y) = / Kr(e,y) di(y) = UM (2)
B(0;R) B(0;R)
and, thus,

It dp) = [ U (@) daf)
B(0:R)

[ v duste)
B(0;R)

= IKR (dul’ d/LQ) .

Applying, now, Theorem 7.2 to the kernel Kr, we see that Ix (du1,dus) is
well-defined as a complex number, that

Ix(dp) > 0

and that Ik (duq) = 0 if and only if dyuy is the zero measure.
In fact, either by Lemma 7.3 or by Proposition 7.4, we have that

o~ g
Itdn) = [ |n(©) P R(e) dmia).
for all du € WY, which are supported in B(0; R).

There is another special result for the logarithmic kernel in R2.
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Theorem 7.4 If K(x,y) = log‘z—iy‘ = h«(|z — y|), then the space of all com-

plex Borel measures du in R2 which are supported in the unit disc B(0;1) and
satisfy In(|du|) < +o00 becomes an inner product space under the bilinear form

In(dp, dpz).

Proof:
Consider the measure do on S* and its h-potential

1 log %, if 2| > 1
Ude = /1 —— 4 = ]
) = J ey W) {0, if 2] < 1.

Now, for every dus and dug with Ij,(|du1|) < +oo0 and I, (Jdusa]) < +oo, we
define the measures I (R
i = dp — PR
2m

Then, both dv; belong to W,? and, hence, Theorem 7.3 applies to them.
Now, observe that

dp (R?)

Iy (duy,dp2) = In(dvr,dve) + o I, (do, dvs)
dp2(R?) dy (R?) dpn(R?)
+ or Ih(dl/l, dU) + o o Ih(dU)
dp (R? S
= In(dvy,dvs) + M/ Ude (x) dia(z)
2 R2
dpa(R?) [ =
t— /R2 Ui () dvi(2)
dyn (R?) dﬂ2(R2)/ do
T o e Uy’ (x) do()

= Ih(dVl, dl/g) .



Chapter 8

Capacity

8.1 Definitions

Let K be a kernel of either the first or the second type.
Remark: Whenever, in this chapter, K = G is a kernel of second type, we
shall understand that the set & has a Green’s function in all its components
and that all sets to be considered are subsets of Q2. Also, all measures are Borel
measures in Q.

If the kernel is of first type, then all sets are subsets of R™ and all measures
are Borel measures in R™.

Definition 8.1 Let E be a compact set. By T'E we denote the family of all
non-negative Borel measures du which are supported in E and satisfy

U <1

everywhere in E. Therefore, by the Maximum Principle of potentials, Uf(“ <1
everywhere in R®, in case K is of first type, or in 0, in case K = G is of
second type.

Definition 8.2 We define the K -capacity of the compact E by

Ci(E) = sup du(E) .
duEFﬁ

We, also, define the inner K -capacity of the set A by
Ci(A) = sup{Ck(E) : E is a compact subset of A} .
Finally, the outer K -capacity of a set A is defined by
C%(A) = inf{C%(0): O is open with A C O} .
It is almost obvious that C% (A) < C%(A) for all A.

217



218 CHAPTER 8. CAPACITY

Definition 8.3 A set A is called K -capacitable if Ci-(A) = C%(A).
The proof of the next result is trivial.

Proposition 8.1 1. If By and E5 are compact sets with E1 C FEo, then
& cree.

2. If By and Ey are compact sets with Eq C Es, then Ck(E1) < Ck(Es).
3. If Al g AQ, then O}((Al) S O}((AQ) and C?((Al) S C?{(AQ)

The proof of the next result is based on Proposition 8.1(3) and is, also,
trivial.

Proposition 8.2 All open sets O are K -capacitable:
Cx(0) = Ck(0).
Proposition 8.3 FEvery compact set E is K -capacitable and
Ck(E) = Ck(E) = Ck(E).

Proof:
The equality C%(E) = Ck(E) is clear and comes from Proposition 8.1(2).
From the definitions, the inequality Cx (E) < C%(E) is, also, clear and for
the rest of the proof we may assume that Cx (E) < +o0.
Consider the sets
E° = {z:d(z,E) <6}

and
0’ = {z:d(z,E) <5},

where § is small enough so that E® C Q in case K = G.
The sets E° are compact, the sets O° are open and

E C 0° C E°®

and
E° | E

as d | 0.
Therefore, O (E?) is decreasing as § | 0 and let

Cx(E’) |
as ¢ | 0, where « is such that
Ck(E) < a < +0.
Assume that Cx (E) < « and consider any § with

Ck(E) < < a.
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Then, we can find non-negative Borel measures dyu’ supported in E® so that
B < dud(E°)

and s
U <1

everywhere in R™, in case K is of first type, or in , in case K = G*.
Deviding du’ by an appropriate positive number we may assume, if neces-
sary, that
dp’(B°) < B+1 < +oo.

Hence, there is some sequence of ¢’s tending to 0 so that
dp’ — dp

weakly on compact sets, where dyu is a non-negative Borel measure.
It is clear that du is supported in E and that

du(E) = limdp’(E°) > B > Ck(E)

as § — 0 through this sequence.
Because of the lower-semicontinuity of potentials in measure,

S
U < lim inf Us <1

everywhere.
This is a contradiction to the definition of C'x (F) and, thus,

Ck(E%) | Ck(E)

as 0 ] 0.
Now,

implying that

We may, now, write,
Definition 8.4 If A is K-capacitable, we define its K -capacity by
Cx(A) = Ck(4) = Ck(4) .

It can be proved that all Borel sets are K-capacitable and, even more, that
all “analytic” sets are K-capacitable. We shall not work in this direction and
we shall have only in mind that all compact and all open sets are K-capacitable.
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Lemma 8.1 Assume that C%(A) = 0 and du is any non-negative Borel mea-

sure supported in a compact set with Uﬁf“ being bounded from above in the set
A. Then du(E) = 0 for every compact E C A.

Proof:
It is clear that we may suppose that A is bounded.
Assume that dp(E) > 0 for some compact E C A and consider the restriction
dug of dy in E.
Then Uf{” F is, also, bounded from above in the set A O F and, hence,
U;i(l"E S M

everywhere, for some M > 0. Now, define
1
dv = —dug .
v M UE
Then, dv € FE and
dv(E) > 0.

Therefore, _
Cx(4) > Ck(E) > dv(E) > 0.

Lemma 8.2 If all A, are Borel sets and Ci-(Ap) =0 for all m, then
Cr(UpZiAm) = 0.

Proof:
Take an arbitrary non-negative Borel measure supported in a compact subset
of Ut A,, with

U <1
everywhere.
By Lemma 8.1,
du(Ay) = 0

for every m and, thus,
dﬂ(U:@O:(HAm) = 0.

By the definition, _
Ci(UnZ1Am) = 0.

Proposition 8.4 Suppose that A = Uz:iAk.
1. If K is a non-negative kernel, then

+oo
C(4) < Y C(Ar) .
k=1

2. If K is of variable sign and D = diam(A), then

C3(A) = o
AR D) = 2Tk

where K, (D)~ = —min(0, K.(D)).
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Proof:
1. It is enough to assume that C% (Ax) < +oo for all k and, then, we take open
U, € R™ so that A, C Uy, and CK(U;C) < C%(Ak) + 2%

For an arbitrary compact £ C Uz;’ol Uy, we take N so that E C UQ’:lUk and,
then, write E = UQ’:lEk, where each Fj is a compact subset of Uy.

Now, we take du € T'E and observe that dug, € 1"? for every k. Therefore,

N N +o0 +o0
du(E) < Zd,u(Ek) < ZCK(Ek) < ZOK(Uk) < ZO?((AIC)_FG'
k=1 k=1

k=1 k=1

This implies
+oo
Ci(A) < Or(UZUL) < ) ChlAr) +e
k=1

and concludes the proof.
2. We repeat the same argument observing that, if du € T'Z, then

U™ (z) < Upt(z) - K.(D)dp(E) < 1+ K.(D)”du(E)

for every = € Fj.
The rest of the proof remains unchanged.

The proof of the next result is an immediate consequence of Proposition 8.4.

Theorem 8.1 Suppose that Cx (Ay) =0 for all k.
1. If K is a non-negative kernel then, C (U725 Ag) = 0.
2. If K is of variable sign and U; > Ay, is bounded, then Cx (U5 Ay) = 0.

Definition 8.5 We say that some property holds quasi-almost everywhere
or g-a.e. in a set A, if it holds everywhere in A except in a subset of A of zero
K -capacity.

8.2 Equilibrium measures
Theorem 8.2 Suppose E is a compact set. Then the extremal problem

1k (E) = inf Ik (dp)

over all probability Borel measures (i.e. non-negative Borel measures with total
mass equal to 1) supported in E has a solution dug.
This satisfies

1. Ui < yg(E) everywhere,

2. U;l(“o = vk (E) quasi-almost everywhere in E.
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Proof:
Assume, first, that
YK (E) < 400
Consider a sequence of probability Borel measures du,, supported in E so
that
IK(d,Ufm) - 'YK(E) .
There is some subsequence converging weakly in E to some probability Borel

measure djg supported in F.
By the lower-semicontinuity of energy in measure,

Vi (E) < Ik(due) < EIEREIK(CZMW) = 1k(E) .

Thus, dug is a solution of the extremal problem.
Claim: U?(“O > vk (F) g-a.e. in E.
To prove this, consider € > 0 and assume that the compact set

E¢ = {z e BE:UM(z) <yx(E) — €}

has positive K-capacity.
By definition, there is some non-negative Borel measure dr supported in E*¢
with

dr(E°) > 0
and
Ul <1
everywhere.
Define, now, the probability measure
1
do = d
77 ar(E)”
supported in E€, satisfying
1
Uda' < M =
K= dr(E*)

everywhere.
We apply, now, a variational argument, considering 0 < § < 1 and defining

dus = (1 —90)duo + ddo .
Then du; is a probability measure supported in £ and, hence,
vx(E) < Ik(dus)
(1 —6)*Ix(dpo) + 26(1 — 0) / Ut (z) do(x) + 6% I (do)

€

= yx(BE) — 201k (duo) +26 | Ul (z) do(z)
E‘e

442 (IK(da)—i—IK(duo)—Q / Uk () do(a:)) :

€



8.2. EQUILIBRIUM MEASURES 223
Thus,

U () da(x)) .

€

0 < —256+52(IK(da)—I—IK(d,uo)—2/

This is, clearly, absurd for small 6 > 0 and, thus,
Ck(E) = 0.

Since

(z e B UM () <~(K)} = ULX Ew |

m=

Theorem 8.1 implies the claim.
Claim: U < v (E) everywhere.
Consider an arbitrary x € E and assume that

U (@) > 7x(E) .
Take an arbitrary v; so that
Uo(@) > n > yk(E)
and, by lower-semicontinuity,
Uf(“ © > v

everywhere in some open neighborhood B(z;7;) of x.
The Borel set {z € E : Ui < yx(E)} has zero K-capacity and, by Lemma
8.1,
dpo({z € BE: U <yk(E)}) = 0.

Then,
Ix(dpo) > mdpo(E N B(w;72)) + vi (E)dpo(E\ B(x;72)) -
By Ix(dpo) = v (E), it is implied that
dpo(E N B(x;rg)) = 0.
Consider the open set
O = U{B(x;r;):z € E and Ul (z) > 1k (E)} .

If F is any compact subset of O, then we can cover F' by finitely many balls
of the form B(x;r;) with z € E and U}'i“” (x) > vk (E) and, hence, duo(F) = 0.
Since F' is arbitrary,
d,uo (O) =0.

Therefore, dpug is supported in the compact set £\ O and

Ugo < yg(E)
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in this set. By the Maximum Principle of potentials, the claim is clear and,
together with the first claim, the proof of the theorem in case yx(F) < 400 is
complete.

Assume, now, that yx (F) = +oo.

It is, then, obvious that FE contains only the zero measure and, hence,
Ck(E)=0.

Therefore, every probability Borel measure supported in E (for example,
any dd, with z € E) is a solution of the extremal problem.

Theorem 8.3 If E is a compact set and vk (F) < +o00, then the solution of
the extremal problem of Theorem 8.2 is unique.

Proof:
If duo and dug are two solutions of the extremal problem, then U;l(“ " =y (E)
and U;?LO = vk (E) quasi-almost everywhere in E and Ui < yx(E) and

Uld(“6 < vk (F) everywhere.

By Lemma 8.2,
duy({z € E: U <4k (E)}) = 0,
implying
it = duy) = (o) =2 [ V() dufe) + Tl
vk (E) = 27k (E) + vk (E)
0.

By Theorems 7.1, 7.2 and 7.3, we get
dpo = duyg -
Definition 8.6 If E is any compact set, then the quantity
Yk (E) = inf Ik (dp)

over all probability Borel measures which are supported in E, is called the K-
energy of E.

Definition 8.7 If E is a compact set with vk (E) < 400, then the unique
probability Borel measure dug with

Ix (dpo) = vk (E)
1s called the K -equilibrium measure of E.

Theorem 8.4 If E is compact, then v (E) = +oo if and only if Cx(E) = 0.



8.2. EQUILIBRIUM MEASURES 225

Proof:
Assume that Cx(E) > 0 and take a non-negative Borel measure du sup-
ported in E with du(E) > 0 and

Ul <1

everywhere.
Then dv = mdu is a probability Borel measure supported in E with

Ig(dv) = /EUEI(”(J:) dv(z) < < +o0.

dp(E)

Thus, vk (F) < +o0.

Assume, conversely, that vk (F) < 400 and dpg is the K-equilibrium mea-
sure of E.

If 0 < v (F) < 400, then

W= em
is in I‘f( and
1
du(E) = > 0.
( ) i (E)

Therefore, Cx (E) > 0.
If vk (E) <0, then dug € T'% and

Ck(E) > duo(E) = 1.
Proposition 8.5 If K is a non-negative kernel, then
"yK(E) > 0

for every compact set E.
This is, also, true if K is the logarithmic kernel in R? and E C B(0;1).

Proof:
Let 7k (F) < 400 and consider the K-equilibrium measure dug of E.
Then, by Theorems 7.1, 7.2 and 7.4,

’)/K(E) = IK(d/,LQ) > 0.

Consider, now, for any compact set E, the three extremal problems
(I) v (E) = inf Ik (dp) over all probability Borel measures dy supported in E,
(I) A = infdu(R™) over all non-negative Borel measures dy supported in a
compact set with U;l(” >1 g-a.e inkE,
(IIT) Ck (E) = sup du(E) over all non-negative Borel measures dy supported in
E with Uf{“ <1 everywhere in E.
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Theorem 8.5 Suppose that E is a compact set with vk (E) > 0. Then, the
three extremal problems (I), (II) and (III) are equivalent in the sense

In case 0 < yx(E) < 400, the problem (I) has a unique solution, the K-
equilibrium measure duo of E, and (III) has, also, a unique solution, the measure
vx;(E) dug. The same measure is, also, a solution of problem (II) whose solution,
though, may not be unique.

If vk (E) < 0, then the problem (I) has, again, the K -equilibrium measure
of E as its unique solution, but

and the problems (II) and (III) have no solution.

Proof:
1. Suppose that v (E) = +o0.

By Theorem 8.4, Ck(E) = 0. Considering the zero measure, we find that
A=0.
2. Now, let 0 < v (F) < +o00.

Consider the K-equilibrium measure dug of E, which is the unique solution
of problem (I), and define

1
d = ——— duo .
M1 'YK(E) o

Then, duq € 1"% and, thus,

Cx(E) > du(E) = '7K1(E) .

On the other hand, let dv be any measure qualifying for problem (IIT).
By Lemma 8.1, dv({z € E : Udn(z) < 1}) = 0 and, hence,

1 o dv T ) = dp €T vix v
—F — B = [UF@ du@) = [ U we) > wE).
Therefore,
1
T (E) > Ck(E)
and, hence,
' _ ow(®)
w(@E)

Furthermore, du; is a solution of problem (IIT).
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Suppose, now, that dv is another solution of problem (IIT). Then,

Ix(dpy —dv) = Ig(dur)— 2[EU?(‘“(:17) dv(z) + I (dv)
< Ck(E)-2Ck(E)+Ck(E)
= 0.

By Theorems 7.1, 7.2 and 7.3, dv = du;.
The measure dpy qualifies for problem (II) and, thus,

A < Ck(E) .

Let dv be any measure qualifying for problem (II). Then, by Lemma 8.1,

Cx(B) < [ V@) dma) = [ V@) dvlo) < du(R).

Therefore,

and the proof is complete in case vx (E) > 0.

Now, assume that vx (E) < 0.

If we consider the K-equilibrium measure, dug, of E, then, for every a > 0,
the measure adpg belongs to I'E. and, thus,

Ci(B) > adpo(E) = a.

Since « is arbitrary,
Ck (E) = +00

and the problem (III) cannot have a solution.
On the other hand, suppose that there is some dv qualifying for problem

(II).
Then, by Lemma 8.1,

e [ U@ due) = [ U de) < (@)@

Since 0 < dv(R™) < +o00, this is impossible and, hence, there is no measure
qualifying for problem (IT). Thus,

A = +00.

Example
Let E = S' in R? and K, (r) =log™ 2.
By symmetry and uniqueness, the K-equilibrium measure of E must be

1
dﬂo = EdO’
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and .
v (@) = 5 | K(ey) doty)
m™Js1
If |z| < 2, then
Ul (z) = log3+ i/ log do(y) = log3 —log™ |z| .
K 21 Jor |z —yl
Therefore,
Ik (dpo) = log3
and 1
Ck(E) =
K (B) log 3
Consider the measures
1 1
d = d =
i vi (E) Ho 2mlog 3
and .
dv = .
Y7 log3 ™
Then,
1 3
Udl/ _ 1 + 2 1
K (@) log 3 og iz|

when |z| = 1.
Hence, dp and dv are two solutions of problem (II).

Example

If A is a countable set, then C%(A) = 0 with respect to any kernel.

By Lemma 8.2, it is enough to consider the case A = {zp} and, since all
non-negative measures supported in {zo} are of the form

addy, a>0,
we, then, have
U;déz“ = aK(x,x0) .
This is bounded from above in {zp} only if @ = 0 and, hence, the only

measure in 1"%0} is the zero measure.
This implies that
Cx({zo}) = 0.
Theorem 8.1 implies that Cx(A) = 0 for every countable A and every non-
negative K and, also, for every bounded and countable A and every K of variable
sign.

Example

If the compact set F has positive Lebesgue measure, then C'x (E) > 0 for all
kernels.

This is true because dm, restricted in F, defines a potential which is bounded
from above.
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8.3 Transfinite diameter

Theorem 8.6 If E is a compact set, define

M,, = f — K(
o MEE;QEmZ (z,25)
and 5
D, = if —— K (z;,2;
@1 o €F m(m —1) Z (i, ;)
1<i<j<m
Then,
li M, = 1 D,, = E).
s s x(E)
Proof:
We divide the proof into steps.
Step 1.

Since K is continuous in (R™ x R™)\ {(z,z) : x € R"}, if K is of first type,
or in (2 x Q) \ {(z,7) : € Q}, if K = G is of second type, it is easy to see

that there exist x1,...,xm4+1 € E so that
D S Y Ka)
= — Ti L) -
m+1 (m+1)m L 1y &g
1<i<j<m+1
Rewrite
m—+1 m—+1
Dpv1 = m—i—l( ZK:cl,xj —I—Z Z :cz,xj).

1=2 Jj=i1+1

Observe that the second sum in the last equality does not depend on x; and,
hence, 21 minimizes — ZmH K(z,z;).
Therefore,
1 m—+1
E Z K(,Tl,l'j) S Mm .

Similarly,

for all 7 and, thus,

for all m.
Step 2.
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If vk (F) < 400, consider the equilibrium measure dyg of E. Then, for all
TlyewesTm € B,

nf > Ky < -3 [ Koa) dut) < n(B)

zeE M

and, hence,
for all m.

This is, also, true in case vx (E) = +o0.
Step 3.

Consider z1,...,z, € F so that

1
Dy = ——— 5 K(ai, 2

and define the probability Borel measure

m

dvy, = Z% dby, .

j=1
Consider, also, the trunkated kernel
KN(Ia y) = mln(K(Ia y)? N) :

Then,

Kl g) dvm(@) do() = 23 [ Ku(eray) don(e)
EJE mi3JE

2 G S+ )

g=1 """ ij

IN

1 N
7m(m_1) ;K(xi,xj)—i—a .

Choose any subsequence {my} of m’s so that
1. Dy, — liminf,, 4o D,
2. dvp,, — dv weakly in E

as k — 400, where dv is a Borel probability measure supported in F.
Then, by the the weak convergence dvy,, X dvy,, — dv X dv in F x E and
the continuity of Ky in £ x E,

[ [ vty vy avty) = i [ [ Koto) dn, @) )

k—-+oo

IN

liminf D,, .
m——+oo
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Letting N — 400, we find

vk (E) < Ig(dv) < liminf D,, .

m——+0oo
After these three steps we have

vk (E) < liminf D,, < limsupD,, < limsupM,, < vx(E)

m—+00 m—+00 m—+00

and

vk (E) < liminf D,, < liminf M,, < limsup M,, < vx(E) .

m——+oo m——+oo m——+o00
The proof is, clearly, complete.

Proposition 8.6 If E is a compact set with vk (FE) < 400, x1,...,&m € E are

such that D,, = m Zi# K(z;,z;) and dv, = E;nzl %d(?zj, then

dvpy, — dug
weakly in E, where dug is the K -equilibrium measure of E.

Proof:
Since D,,, — vk (E), in Step 3 of the proof of the Theorem 8.6 we proved
that, if dv is any limit point of dv,, in the weak sense in F, then,

vk (E) < Ikx(dv) < liminf D,, = vk (FE) .

m——+oo

Thus,
’)/K(E) = IK(dV)

and, by the uniqueness of the K-equilibrium measure of F,
dv = dug .
Definition 8.8 If E is a compact set, then the number
dg(E) = e 7x(B)
1s called the K -transfinite diameter of E.

Proposition 8.7 Let K be any kernel of first type, E and E' be two compact
sets and f : E — E’ be surjective and a contraction.
Then, dx(E') < dk(E).

Proof:
We have to prove that yx (F) < yx (E').
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Consider points 2),...,z,, € E’' so that the quantity D!, corresponding to
E’is
1
D = —— Kz, 2
m m(m — 1) Z ( IR g)
i#]
Consider, also, points z1,...,z, € F so that
flzy) = af .

Since f is a contraction and K depends upon the distance of its two argu-
ments,

1 1
D,, < — ) K(zj,z;)) < — Y K(},2%) = D),
m(m —1) ; / m(m —1) ; J

We finish the proof, by letting m — +oo.

Example

If K is of first type, then rigid motions preserve K-transfinite diameter and
K-energy. It is, also, trivial to see through the definition that they preserve
K-capacity.

8.4 The Theorem of Evans

Theorem 8.7 (Evans) Suppose that E is a compact set with vx(E) = 400
or, equivalently, Cx (E) = 0. Then, there exists a probability Borel measure du
supported in E so that

U;l(“ = 4+
identically in E.
Proof:
Consider points z1,...,x, € E so that
inf zm:K( ) > tu
inf — T, M,
zEEM = =2

and the probability Borel measure

1 m
i, = E;d%.

which is supported in F.
Since M,, — +oo, there is a sequence {my} so that

/ K(z,y) dpm, (y) > 2
E
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for all x € E.
Now, construct the probability Borel measure
00 1
d,u = Z 2_kd:u‘mk
k=1
which is, also, supported in FE.
Then,
4 +oo 1 4
Hm
U(a) = 3 U™ @) = oo
k=1
forall x € F.

Theorem 8.8 Suppose that du is a non-negative Borel measure supported in a
compact set and that
U;i” = 4+

identically in some set A.
Then, the bounded set A is K -capacitable and
Ck(A) = 0.

Proof:
Consider the open sets

Om = {x:U* @) >m},

an arbitrary compact E C O,, and a non-negative Borel measure dv € I'%Z.
Then,

) < — [ Vi@ ane) = - [ Ul @) du@) < o du®e).

m m Jgn

Hence, Cx(E) < L du(R™) and, thus,

1
< — m
C(Om) < = dp(R)
Therefore,
0 < Ci(4) < CR(A) < Ck(On) < — du(R™)
m

for all m, implying _
Cic(A) = Co(4) = 0.

Thus, Theorem 8.7 appears as a partial converse to Theorem 8.8: if the
compact set A satisfies C(A) = 0, then it is the +o00-set of the K-potential of
a compactly supported non-negative Borel measure.

In section 9.7 this matter will be fully explored in the case K = h.
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8.5 Kernels of variable sign

As Theorem 8.5 shows, if E is a compact set and v (E) > 0, then Ck (E) =
#(E) . But, if yx(E) < 0, then Cx(F) = +00. Proposition 8.5 shows that
the situation is simple when the kernel is non-negative and, especially, when the
dimension is n > 3.

To get around the complication arising in case of a kernel of variable sign
when the dimension is n = 2, we may use another definition of capacity.

Definition 8.9 If F is a compact set, the Robin-K -capacity of E is defined

by
Cxr(E) = e % E) — - (F) .

Observe that, if yx(E) > 0, then
Ckr(E) = ¢ TR
while, if v (E) <0, then
Cxr(E) > 1 and Ck(E) = 400

Therefore, the compact sets of zero K-capacity are the same as the compact
sets of zero Robin-K-capacity.

Also, if {E),} is a sequence of compact sets, then Cx (E,,) — 0 if and only
if OK,R(Em) — 0.

We may give the following definitions.

Definition 8.10 For every set A its inner Robin-K -capacity is defined by
Cik.r(A) = sup{Ck r(E) : E is a compact subset of A}

and its outer Robin-K -capacity is defined by
Cir(A) = inf{C’kR(O) : O is an open set with O D A}

The inequality .
Cir(A) < Ck r(A)

is obvious, while the proof of the next result is trivial and is based on the
definitions.

Proposition 8.8 1. If By and E5 are compact sets with E1 C FEo, then
Y (E2) < vk (E1) and Ck r(E1) < Cr r(E2).

2. IfAl g AQ, then O}{’R(Al) S C;-()R(AQ) and O%7R(A1) S O%7R(A2).
From Proposition 8.8(2) we get

Proposition 8.9 For every open set O,

C;(,R(O) = C?{,R(O)-
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Proposition 8.10 For every compact set F,
Ckr(E) = Ck r(E) = Ck.r(E).

Proof:
From Proposition 8.8(1) we have

Ckr(E) = Cr.r(E)
and from Proposition 8.8(2),
Cr.r(E) < Ckg(E) .
Assume, now, that Cx r(F) < +o00 and consider the compact sets
E° = {z:d(z,E) <6}

and the open sets
0% = {z:d(z,E) <5},

where § is small enough so that E® C Q in case K = G.
These satisfy
ECO CE°.

As & decreases i (E°) increases and let
K(E°) T «

for some o < v (E).
Suppose that a < vk (E) and consider the K-equilibrium measures dpuj of
E°.
Then, there is some sequence & so that
dpgt — dp

weakly in F, for some probability Borel measure du supported in E. From
Proposition 6.3,

k() < Iic(dp) < liminf I (dpg') = o
We, thus, get a contradiction and, hence,

1 (E°) 1 K (E) .
Therefore,
Ck.r(E’) | Ckr(E),
from which we, immediately, get that

Cic r(0°) | Ck.r(E)

and, finally,
Ck.r(E) = Ckr(E) .
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Definition 8.11 The set A is called Robin-K -capacitable, if Cy p(A) =
CIOQR(A) and we, then, define its Robin-K -capacity by

Cr.r(A) = Ck p(A) = Ck p(4) .
The proof of the following is trivial.

Proposition 8.11 If Ci(A) < +oo or, equivalently, if O}<7R(A) < 1, then the
set A is K -capacitable if and only if it is Robin-K -capacitable and, in this case,

Cir(A) = ¢ Tx

If Ci-(A) = +oo or, equivalently, if C}‘(_’R(A) > 1, then the set A is K-
capacitable and Ck(A) = +00.



Chapter 9

The Classical Kernels

In this chapter we study the particular case of the so-called classical kernels:
the Newtonian and the logarithmic kernels and, also, the Green’s kernel related
to an open set with a Green’s function in all its components.

9.1 Extension through sets of zero capacity

Theorem 9.1 Suppose that Q@ C R™ is a bounded open set and E is a compact
subset of Q. Let K = h be the Newtonian or the logarithmic kernel or K = G*.

Then vk (E) = 400 or, equivalently Ck (E) = 0, if and only if every function
which is harmonic and bounded in Q\ E can be extended in E so that it becomes
harmonic in €.

Proof:
Suppose that vx (E) = +00 and consider an open set {; with C'-boundary
so that
ECO CQ

and HS%, the solution of the problem of Dirichlet in ; with the restriction of
u in 92; as boundary function.

The third example in section 8.2 implies that OF = E. Therefore, by The-
orem 8.7 and Proposition 6.1, there is a superharmonic function v in €; so
that

v >0

everywhere in Q; \ FE and

lim  wv(z) = +o00
Qi \Edz—y

for all y € E.
From Theorem 3.4, we have that F is of zero harmonic measure with respect
to Q1 \ E as a subset of its boundary.

237
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Now, H — «u is harmonic and bounded in €, \ E. Also, by Proposition 3.6
and Theorem 3.7,
lim (Hf}l — u) =0
QU \Edz—y
for all y € 092;.
By Theorem 3.5,
u = Hf]l

identically in Q4 \ E.
Therefore, the extension of u which is harmonic in € is

u, in Q\ E
H»% inE.

Now, assume that yx (E) < 400 and let djug be the K-equilibrium measure of
FE and Uf(“ ° the corresponding K-potential. By Theorem 8.2 and Proposition
6.1, this is a bounded harmonic function in Q\ E. If there is a function u
harmonic in  with v = Uf(“ % everywhere in Q \ E, then the superharmonicity
of U;l(“ °in ©Q and the Minimum Principle for superharmonic functions imply
that u = Uﬁf“ ° everywhere in .

Thus, —kndpo = AU = 0 in ©, contradicting that dug is a probability
Borel measure.

9.2 Sets of zero harmonic measure

Definition 9.1 A compact set E C R™ is said to be of zero harmonic mea-
sure, if, for every R with E C B(0; R), OF is of zero harmonic measure with
respect to the open set B(0; R) \ E.

Lemma 9.1 Suppose that Q@ C R™ is a bounded open set and E is a compact
subset of 0. If E is of zero harmonic measure, then OE = FE is of zero
harmonic measure with respect to €.

Proof:
Consider a large enough R so that Q C B(0; R) and an arbitrary zo € Q.
Then
dluB(O;R)\E(E) - 0.
Zo

If
B(0;R)\E
u € QBORNE

then, by the Minimum Principle for superharmonic functions, we get that « > 0
in B(0; R) \ E and, hence,
Q\E
u € @X; .

This implies that

ApBOWNE(E) > ap\E(B)

0 - Zo
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and, thus,
du\P(E) = 0.

Zo

Lemma 9.1 implies that a compact set £ C R™ is of zero harmonic measure

if and only if OF is of zero harmonic measure with respect to every bounded
open set ) with 0F C 9.

Theorem 9.2 Suppose that E is a compact set in R™. Then E is of zero
harmonic measure if and only if Cr(E) = 0.

proof:
1. Let C(F) = 0 or, equivalently, v, (E) = +o0.

We showed in the proof of Theorem 9.1 that, for every B(0; R) containing
E, OF is of zero harmonic measure with respect to B(0; R) \ E and, hence, that
FE is of zero harmonic measure.

2. Suppose, conversely, that E is of zero harmonic measure.

If v, (E) < 400, and dpyg is the h-equilibrium measure of E, then, for all R
with £ C B(0; R), U,f““ is a bounded harmonic function in B(0; R) \ E. This
is true due to Theorem 8.2 and the superharmonicity of U,f“ 0.
By Theorem 3.5,

Ui@) < M(R) = max Ui(y)

for all x € B(O; R) \ E.

If R — +o00 and n = 2, then M (R) — —oo and we get a contradiction, since
U results to be identically —oc in R2 \ E.

If R — 400 and n > 3, then M(R) — 0 and we get that

U = 0
in R™\ E and, by the Minimum Principle for superharmonic functions, in R".
Therefore, dug is the zero measure and we, again, arrive at a contradiction.
9.3 The set of irregular boundary points

Lemma 9.2 Suppose that Q is a bounded open set, xg €  and A > 0.
IfQ* ={z € Q: G (x) > A}, then Q* is an open connected set containing
ro and

A (99 N9Q) = 0.

Moreover, the function
G (z) =\, e,

is the Green’s function of Q> with respect to xg.
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Proof:
1. That Q" is open and contains x( is clear.

Suppose that Q* has a connected component O not containing xy. By defi-
nition, Ggo — hg, is the least harmonic majorant of —h,, in €.

Consider the function

A= Dy, ifxeO
we) =062 —h,, . ifreQ\O.

This is, obviously, a majorant of —h,, in Q and it is easy to see that it is
superharmonic in 2. Therefore, u > G, — hy, everywhere in © and this is false
in O.

2. Now, let
Q/\
v e \I/Xfmkman
and consider the function
vy = max(v,0) .

Then,
1. vy is subharmonic in Q*,
2. vy is bounded from above in Q*,
3. limgas, .y v1(z) =0, if y € 9Q*\ (9Q* N ON) = 90 N Q and
4. limsupgas, ., v1(z) < 1, if y € 900> NN
Hence, the function
Viz) = Ggo () — Ay () re,
is superharmonic in Q* with

liminf V(z) > 0
Qrdz—y

for all y € 9Q* and, by the Minimum Principle for superharmonic functions,
V>0

in O,
If, now, we define

V(z) = GL(z), e\,

then V' is superharmonic and non-negative in 2 and, hence, V' — h, is a super-
harmonic majorant of —h,, in Q.
Therefore,
Q
V > G,
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in 2, implying that
in O* and, hence,

in Q*. Therefore,

o A _ g _
dpty, (027N 0Q) = Hy o (o) = 0.
3. Consider, now, a small § > 0 so that B(xg;d) C Q and the number M =

mMaXyze S(xo;8) Gszzo (:E)
The set QM is, as we showed in part 1, connected and, hence, it is contained
in B(zo;0). Therefore GS is bounded in Q\ B(z¢;d). For the same reason,

Gg{? is bounded away from some neighborhood of xy.
4. The function Ggo — A — hy, is a harmonic majorant of —h,, in Q* and, hence,

A
Go -\ > GY

in Q.
The function N
Go — Go + X

is harmonic in Q* and, by the continuity of G;ZO at all points of 90 N €,

liminf (GZ (z) — G (x) +A) > 0

QA sz—y

for all y € 9Q* N Q.

From part 3, we have that this function is bounded in Q* and, from part 2,
that 00" N 9Q is of zero harmonic measure as a subset of 9Q*. We, thus, get
by Theorem 3.5 that,

G2 -X < G

in Q.

Theorem 9.3 If () is a bounded open set, then the set of its irreqular boundary
points is of zero h-capacity and, hence, of zero harmonic measure with respect
to Q.

Proof:
Let xp € © and consider an arbitrary A > 0 and the set

Q= {zeQ:GY(x) > )} .

If Ay = 0Q* N 9N, we shall prove that Cj,(Ay) = 0.

On the contrary, suppose 7,(Ax) < +oo and let dug be the h-equilibrium
measure of Ay.

Then,
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1. UM < 4,(Ay) everywhere and

2. U,f“ © = ~,(A)) quasi-almost everywhere in Aj.

Now, consider some p with 0 < g < A. By Lemma 9.2, Gf}o — p is the Green’s
function of Q* with respect to xg.
By Proposition 5.5, the function

oy () — / ho(y) du® (). =€ R\ {0} ,
oQH

is a subharmonic extension of G — v in R™\ {zo} and, by upper-semicontinuity,
for all z € Ay,

o)~ [ ) ) = s G20~ = A= > 0.
I

Qrex—z

Therefore,

IN

dmi 2 [ ()= [ hew) 4 @) diole)

= U () - / U () dp (y) -
OQH

Every point of Q# N (2 is a point of continuity of Gg: Hence, by Theorem
5.4, every such point is a regular boundary point of Q#. Therefore, by Theorem
3.7, the function

Uit (z) — /m Ui (y) du$’ (y),  xeQ,

which is harmonic and bounded in ¥, has zero boundary limits at all points of
o\ A,. Since A, is of zero harmonic measure with respect to the set Q*,

U (z) — / U () du’ (y) = 0
OQH

for all x € Q.
Applying this to z = x(, we get a contradiction.
Therefore,
Crh(Ay) = 0.

By Theorem 5.4, the set of irregular boundary points of €2 is the union of
A. for all m € N. Theorem 8.1 concludes the proof of the first statement.

"The set of irregular boundary points of (2 is a Borel set. By Theorem 9.2 and

Lemma 9.1, all its compact subsets are of zero harmonic measure with respect
to 2 and, thus, the set itself is of zero harmonic measure with respect to €.
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9.4 The support of the equilibrium measure

Proposition 9.1 Suppose that E C R™ is a compact set with v,(E) < +00.

Then, the h-equilibrium measure dug of E is supported in the, so-called,
outer boundary of E; namely, the set 00, where O is the unbounded connected
component of & = R™\ E.

Proof:
Since
Uy = w(E)

quasi-almost everywhere in F, we get, by the last example in section 8.2, that
d
U™ = m(E)

almost everywhere in F.

If O is a component of § different from O, then Uff“ ° is harmonic and
bounded in O" and has boundary limits equal to v, (F) in 0O’ except in a
subset of O’ of zero harmonic measure. Therefore,

U = y(E)

everywhere in O'.
We conclude that
Ut = y,(E)

almost everywhere, and, hence, everywhere in the interior of R™ \ O. This
implies that
—Kpdig = AU;?“O =0

in the interior of R™\ O.

Example.

Let £ = B(zo; R).

Then, the h-equilibrium measure dug of B(zo; R) is supported in S(zo; R).
By the rotation invariance of vy, (B(zo; R)) = In(duo) and the uniqueness of the
h-equilibrium measure, we get that dug must be rotation invariant and, hence,

1

is the normalized surface area measure of S(xg; R).
Thus,

n(Ban ) = Upeo) = [ 0 (R) duoly)
S(zo;R)

o _ Jlogg, ifn=2
= W(R) = {R; ifn>3.
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Example.

Let E = B(zo;r, R) with 0 <r < R.

Then, the h-equilibrium measure dug of B(xg; R) is supported in S(zg; R)
and, exactly as before, we get that

7 (B(zo;m, R)) = h*(R) .

Proposition 9.2 Suppose that E is a compact set with v,(E) < +o0o and let
the open Q0 C R™ contain E.
Then, y € OF is a regular boundary point of Q\ E if and only if

lim U (z) = (B
oA U@) = (),

where dug is the h-equilibrium measure of E.

Proof:

Since the notion of regularity has a local character, we may assume that
is equal to some large enough ball B(0; R).

Let V be the generalized solution of the Dirichlet problem in B(0; R) \ E
with boundary function

w(E), ifyedE
Ulto(y) . ifye S(0;R) .

If y € OF is a regular boundary point of B(0; R) \ F, then, by Theorem 3.7,
hmB(O;R)\EamHy V(LL‘) =7h (E)

If, conversely, limg (o, r)\ E3z—y V (%) = Yn(E), then the function v, (E) —V
is a barrier at y with respect to B(0; R) \ E.

V and U, ,Cf” ¢ are bounded and harmonic in B(0; R) \ E and they have the
same boundary limits at all points of S(0; R).

V' has boundary limit equal to v, (E) at every y € OF, except at every irre-
gular y. But, by Theorem 9.3, the set of irregular boundary points of B(0; R)\ E
is of zero harmonic measure with respect to B(0; R) \ E.

U,il” ° has, also, boundary limit v,(E) at every y € JF, except at every
y € OF with U,’f“” < Y, (E). But, by Theorem 8.2, all these y’s belong to a
Borel set of zero h-capacity and, hence, of zero harmonic measure with respect
to B(0; R) \ E.

By Theorem 3.5,

Ul = v

in B(0; R) \ E and the proof is, now, clear.

9.5 Capacity and conformal mapping

We shall, now, study, in the framework of potential theory, a fundamental sub-
ject of complex analysis, namely the existence of conformal mapping between
simply connected open sets.
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Lemma 9.3 If I is any compact linear segment in R2, then Cy,(I) > 0.

Proof:
If du is the linear Lebesgue measure on I, then we easily estimate

In(dp) < +oo.
Proposition 9.3 If E is any continuum in R2, then C(E) > 0.

Proof:
Let a,b € E with a # b and consider the segment I = [a, b].
If
Pr:E — FE

is the orthogonal projection of E on the line containing I, then this function is
a contraction and E' = Pr(E) D I. From Proposition 8.7,

dh(E) > dh(E/) > dh(I) > 0.

The following is just an extension of the corresponding definition for subsets
of R2.

Definition 9.2 An open set (2 C R2 is called simply-connected if it is connected
and R2\ Q is, also, connected.

It is clear that symmetry with respect to any circle preserves the property
of simple-connectedness.

Through the Kelvin Transform and in view of Proposition 9.3, the first part
of the next result is identical to the well known theorem of complex analysis.
The proof which is presented here is not the standard proof presented in the
elementary graduate courses of function theory. It is based on the existence of
the Green’s function and, thus, the proof is reduced to a maximization problem,
exactly as the standard proof.

Theorem 9.4 (The Riemann Mapping Theorem) Suppose that Q is a simply-
connected open subset of R? with oo € Q and E is its (compact connected)
complement. Then, there is a conformal mapping of Q onto B(0;1), i.e. a
function
6:Q — B(0:1),
which is one-to-one in 2, onto B(0;1) and holomorphic in 2, if and only if
Ch(E) > 0.
In this case we can arrange it so that, also, ¢p(c0) = 0 and, then necessarily,

¢ (c0)| = ") = dy(E) = Chr(E)

and )
G2 (z) = log—— , z e,
()]

is the Green’s function of Q0 with respect to cc.
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Proof: 1. Suppose that
¢:Q — B(0;1)

is one-to-one, onto, conformal and that ¢(c0) = 0.

If E = {a} consists of only one point, then the Kelvin Transform ¢* of ¢ with
respect to any circle centered at a is bounded and holomorphic in R2. Both its
real and its imaginary parts are harmonic functions bounded in R? and, hence,
by the Theorem of Picard, ¢* and, therefore, ¢ is a constant function. Similarly,
if E is empty, then the restriction of ¢ in R? is bounded and holomorphic in
R? and, hence, is constant.

We conclude that E has more than one point and, since F is a continuum,
Proposition 9.3 implies that Cy(E) > 0.

2. Suppose, conversely, that Cj,(F) > 0 and consider the h-equilibrium measure
dug of E and the h-potential

1
Uguo(x) = /Elogm dpo(y) zeR?.

After a translation, we may suppose that 0 € E.
By Theorem 8.2, the function

Ula) = w(B) = Ui#(a) = logla| +9(E) = [ 1og = duo(y)

is non-negative in Q \ {oo} .
Hence,

X
n(®) — [ 108 L dut) > ~1oglal = ~ho(o)
E |:v—y|

for all z € Q\{co} and we observe that the left side of this inequality is harmonic
in Q\ {oo} and that its limit at oo is the finite number ~;,(E). By Theorem 4.1,
it is a harmonic majorant of —hs, in . Therefore, ) has a Green’s function
with respect to oo and, moreover,

G: < U

in Q.

We shall, in fact, prove that G2 = U in €.

Since, by Proposition 3.5, all points of OF are regular boundary points of §2,
Proposition 9.2 implies that

lim UM (z) = y(E
ol U, (x) = n(E)
for every y in 0E. We may observe that in this particular situation, where all
points of OF are regular boundary points of 2, the proof of Proposition 9.2
simplifies, as it does not need Theorem 9.3.
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Now, let u be any harmonic majorant of —he in €2 and consider the function

||

lz -yl

V(z) = —ulz)+m(E) - /E log dio(y) . Q) {oo) .

V' is harmonic in 2 and
V(2) < m(E) - U ()
for all z € 2\ {oo}. Hence,

limsupV(z) < 0
Q3z—y

for all y € OF. We conclude that
V<0
in Q. Therefore,

()~ [ 108 L daty)

is the smallest harmonic majorant of —h in €2 and, finally,

Gl(z) = %(E)—/ log 12

dpo(y)+hoo () = W(E)-Ui(z), x€Q.
E |33 - ZJ|

3. We, now, define

]

lz -yl

) = ()~ [ oz duoly),  wEQ.

We have, already, seen that h is the smallest harmonic majorant of —h, in
Q and that G (z) = log|z| + h(z), = € Q.

Since € is simply connected, there is, by Theorem 1.4 through the Kelvin
Transform, a harmonic conjugate g of h in €.

Consider, also, the many-valued function

Fl(z) = arg(z) +g(x), xeQ\{oo},
and the single-valued

b(z) = e~ CGo(@)—iFL(x) _ 1 ,—h(z)—ig(z) 7 zeQ\ {0},

8=

which, by Theorem 4.1, is analytic in 2, since the right side is analytic in
with value 0 at oo.
4. We consider, for every A > 0, the open sets

D = {zeQ:G%(x) > \}.



248 CHAPTER 9. THE CLASSICAL KERNELS

If 7 € Q and G%%(z) = A, then in any B(x;r) C Q\ {oo} there are points of
0*. Otherwise, by the Maximum-Minimum Principle, G}, would be constant
in B(z;r) and, by Theorem 1.10, in the connected Q2 \ {co}. Hence, 2 belongs
to 007,

Conversely, if x belongs to 9Q*, then 2 € . Otherwise, x € OF and x
would be a regular boundary point of €2, implying that limgs, ., G (2) = 0.
But limgas,_,, G’ (2) > A, resulting to a contradiction. Thus,

OV = {2eQ:GL(x)=)\} = {z€Q:|p(x) =}

Since ¢’ is holomorphic in €, its zeros (the critical points of ¢) are at most
countably many. Therefore, the set of critical values,

{w: w = ¢(z) for some z € Q with ¢'(z) = 0},
is at most countable. Furthermore, the set
A = {A>0:e* = |w| for some critical value w of ¢}

is at most countable.

If A >0 and A ¢ A, then the function e=2* — |¢|2 is a C°°-defining function
of Q* at all its boundary points.

Now, Q* is an open subset of Q with C'-boundary, ¢ is holomorphic in Q
and ¢(00*) C S(0;e7H).

By Theorem 0.7 applied through the Kelvin Transform, for every value y €
B(0;e~?) the total multiplicity of all solutions of the equation ¢(z) =y, x € Q*,
is equal to the multiplicity of the only solution, co, of ¢(x) = 0. Since

[¢/(c0)] = Jim [z(z)] = ") = T 20,

this multiplicity is exactly 1. Hence, ¢ is a bijection of Q* onto B(0;e™*).
Considering a sequence of \’s in R™\ A converging to 0+, we conclude that
¢ is a bijection of Q onto B(0;1).
5. Suppose, now, that ¢ : @ — B(0;1) is another conformal mapping with
(o0) = 0.
We can prove that

lim |y(z)| = 1

Qoz—y

for all y € 09Q. In fact, let {x,} be some sequence in Q with x, — y € 9N
and ¢(z,) — wo for some wy € B(0;1). Take ¢ € 2 so that ¥ (zg) = wp and
consider a small disc B(zo;d) C Q. Since 1 is one-to-one, wy & 1(S(zo;6))
and, by Theorem 0.7, every w which is close enough to wgp can be written as
w = ¢(z) for some x € B(xp;d). But, eventually, all w,, = ¢(x,) are close to
wo while x,, ¢ B(xzg;d). This is impossible, since 9 is one-to-one.

Now, since 1 is holomorphic at co and (c0) = 0, we have that ¢’(c0) =
lim, . 29 (z) € C and, therefore, the function

1
log —— —log|z| , e,
w]
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is harmonic in Q.
This implies that the function

1 1 1
log —— —log —— = G% () —log —— ,
¢(z)]| [¢h(x)] ()]
is harmonic in 2. Its boundary limits are all 0 and, hence, it is identically 0 in

Q.
Now, it is clear that

x €N,

W(oa)] = e

and
GL(x) = log , z €0
()|
Example
Consider the line segment I = [—1,1].
If Q = R2\ I, then the conformal mapping ¢ : @ — B(0;1) is the inverse
mapping of
r = i( +1)
= 2 y y .
Therefore,
Curll) = dulD) = |¢/(e0)| = Jim [eo(a)] = |yt (s+2)] = £ = 2
AT G el = B O = I Ty T e T
and, thus,
W) = 10gm-

9.6 Capacity and Green’s function in R?

We shall state and prove a characterization of all open subsets of R2? which have
a Green’s function in each of their components.

We remember that the problem in R™ is completely solved, if n > 3, since,
in this case, all open sets have a Green’s function.

We, also, observe that, if the open set (2 has more than one components,
then it has a Green’s function in every one of its components. This is true
because, in this case, every component is disjoint from some ball.

Hence, it is no loss of generality to assume that the open set € is connected.
It is equivalent, through an application of the Kelvin transform, to consider the
case of a connected open set {2 containing oco.

Theorem 9.5 Suppose that the open connected set Q@ C R2 contains oo and let
E be the (compact) complement of Q.
Then, Q has a Green’s function if and only if Cr(E) > 0.
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If Ch(E) > 0, then
G (x) = yn(E) = UM (z), xeN,
where dug is the h-egilibrium measure of E.

Proof:

If O = R2, then we, already, know that Q has no Green’s function and, also,
that E = () has zero logarithmic capacity.

Hence, we assume that there is at least one point not in €2 and, through a
translation, we may assume that 0 ¢ .
1. Suppose, now, that Cy(E) > 0 or, equivalently, that

(E) < 4o0.

Consider the h-equilibrium measure dug of E and the h-potential

1
U}fﬂo(x) = /Elogm dpo(y) zeR?.

By Theorem 8.2, the function

]

Ux) = m(E)—Up(z) = 10g|w|+%(E)—/Elog T dpo(y)
is non-negative in Q \ {oo} .
Hence,
x
’Yh(E)_/ log 2] duo(y) > —loglz] = —hoo(x)
E |z —yl

for all z € Q\ {oo} and we observe that the right side of this inequality is
harmonic in  \ {oo} and that its limit at co is the finite number v, (F). By
Proposition 4.7, it is a harmonic majorant of —h in € and, therefore, Q has a
Green’s function with respect to co and, moreover,

G: < U

in Q.
2. If Q is a regular set, then we repeat part 2 of the proof of Theorem 9.4 and
conclude that G, = U in Q.

In general, since F is capacitable, we may consider a sequence of open sets
Oy, so that E C Oy, C {z : d(z, F) < %}, Cr(Onm) | Ch(E) and Opq1 C Oy
for all m. We take, next, open sets N,, with C'-boundary so that O,,;; C
N,, € N,, € O,, and let Q,,, = RZ\ N,,. Then, Cy,(N,,) | Cy(E) and, by the

previous discussion,

G = (W) = U

everywhere in ,,, where dpg p, is the h-equilibrium measure of N,
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Since Q,, T €, Theorem 5.2 implies that G 1 G everywhere in .
Therefore,
GL(x) = w(E) = lm U™ (x)

m——+oo
for all x € Q.

If we fix an x € Q and, then, take an mg so that m%) < %d(x, E), we have that
all measures dfig,m, m > mg, are supported in the compact set {z : d(z, F) <
1d(z, E)}. Taking any subsequence dpg,m, weakly converging in this compact
set to some probability Borel measure dv, we easily get that dv is supported in
FE. By Proposition 7.1,

I (dv) < %minffh(dﬂo,mk) = lkiminf’yh(Nmk) = mm(E) .

— 400

By Theorem 8.2, Ip,(dv) = v,(F) = In(duo) and, by Theorem 8.3, dv = dpy.
Hence, every weakly convergent subsequence of {djg.,} has duo as weak limit
and this implies that {dpo,m} converges weakly in {z : d(z, E) < 3d(z, E)} to
dMO-

Since the function h,, is continuous in {z : d(z, F) < zd(x, E)},

1
2
U;f“”’m(x) — U,Cf““(x) )

Thus,
GL(x) = wm(E) - U (x)

for every z € €.
3. Assume, conversely, that Cj,(E) = 0.

If —hoo has a harmonic majorant i in 2, then, for every R which is large
enough so that E C B(0; R), we have that h(-)+log|-| is harmonic and bounded
from below in B(0; R) \ E and

h(y) +logly] > m(R)+log R

for all y € S(0; R), where m(R) = mingo;g) h-
Since, by Theorem 9.2, F = F is of zero harmonic measure with respect to
B(0; R) \ E, we get from Theorem 3.5 that, for every € B(0; R) \ E,

h(z) +log|z| > m(R)+1logR .
Now, since limpg_, 1 oo m(R) = |h(c0)], letting R — 400, we get
h(z) = +oo .

We, thus, arrive at a contradiction and, hence, 2 has no Green’s function.

9.7 DPolar sets and the Theorem of Evans

Definition 9.3 A set A C R™ is called locally polar if for every x € A there
is some B(xz;r) and a function u superharmonic in B(x;r) so that

u(z) = +o0, x € ANB(x;r) .
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Lemma 9.4 Suppose that u is superharmonic in B(xzo; R) and let 0 < r < R.
Then, there exists a function U superharmonic in R™ so that

Ulx) = u(z), x € B(xo;T) .
If n > 3, we may also have U be bounded from below in R™.

Proof:
Take r1, Ry so that r < 1 < Ry < R and cover the ring B(zo;71, R1) by
finitely many open balls By, ..., By all of which are contained in B(zg;r, R).
Then, the function v = min(up,,...,up,) is superharmonic in B(xo; R),
bounded in B(zo; 71, R1) and satisfies

v(z) = u(x), x € B(xo;r) .

If M =sup, pr—ss v(z) and m = infzemv(:v), find e € R* and
b € R so that ah.(r1) +b> M and ah.(R1) +b < m.

Now, it is easy to see that the function

v(z) , if x € B(xo;7m1)
U(z) = ¢ min(v(z),ah(z) +b), if x € B(xg;r1, R1)
ah(z) +b, if x ¢ B(xo; R1)

concludes the proof.

Proposition 9.4 Let A C R™ be locally polar and let xo ¢ A. Then, there
exists a function u superharmonic in R™ so that u(xg) < +00 and

u(z) = 400, reA.
If n > 3, we may also have u > 0 everywhere in R™.

Proof:

We, first, observe that A £ R"™. In fact, if we take an arbitrary z € A, a
ball B(z; R) and a u superharmonic in B(x; R) which is = +oo identically in
AN B(z; R), then u must be finite almost everywhere in B(x; R). Therefore
there is at least one point of this ball not belonging to A. (Continuing this
argument, we may, easily, show that A has zero Lebesgue measure.)

Fix ¢ ¢ A and for each x € A we consider a B(z; R,;) not containing x¢ and
a u, superharmonic in B(z; R;) so that u = 400 identically in A N B(z; R,).
We, then, take r, < R, and Lemma 9.4 provides us with a U, superharmonic
in R™ which is = 400 identically in A N B(z;7,) and with U, (z) < +00. In
case n > 3, we may also suppose that U, > 0 everywhere in R™.

We may replace each B(x;r,) by a smaller open ball containing « and having
rational radius and rational center. We enumerate these countably many balls
and we have, now, constructed: a sequence {Bjy} of open balls covering A
and a sequence {Uj} of functions superharmonic in R® with every Uy being
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identically +o00 in A N By and, in case n > 3, positive everywhere in R®. Also:
Uk(«TO) < +o00.
Case 1: n > 3.

For each k we take A\, > 0 so that EZ:; MUk (zg) < +00. Then, the function

+oo
u = Z AUy
k=1

is superharmonic and positive in R™ and is identically +o0 in A.
Case 2: n = 2.

For each k we set my = minzem Ui(z) and we find Ay > 0 so that

S Ak (U (0) — my) < +00. Then, the function

—+oo
u = Z)\k(Uk_mk)
k=1

is superharmonic in R™ and is identically +oo in A. The reason for both is that
the terms of the series are, eventually, non-negative in every large ball B(0; R).

Definition 9.4 Suppose that A C R™. The set A is called polar if there is a
function u superharmonic in R™ so that

u(z) = 400, reA.

Thus, Proposition 9.4 says that a set A is polar if and only if it is locally
polar.

Observe that the Theorem of Evans implies that every compact £ C R™
with Cy(E) = 0 is polar.

Theorem 9.6 Suppose that A C R™.
1. If Ch(A) =0, then A is polar.
2. If n > 3, then the converse of 1 is, also, true.
If n = 2, then the converse of 1 is true, provided that A is bounded.

Proof:
1. Suppose that Cy(A) = 0 and let A be bounded. Consider a bounded open set
O C R™ with A C O and Cx(0) < € < 1. Now, take any compact exhaustion
{K(m)} of O. It is true that C(K(y,)) T Cn(O). From Theorem 8.5, we, also,
have that "Yh(K(m)) = m 1 m

For each m consider the h-equilibrium measure dum, of K(,,) which, after
Proposition 9.1, is supported in 9K(,,). Then, U,ff“m = Yn(K(m)) identically in
the interior of K,y and U;j”m < (K (m)) everywhere in R™.

Replacing, if necessary, by a subsequence, assume that du,, — dup weakly in
the compact set O, where du is a probability Borel measure in O.

For an arbitrary x € O, take mqg so that z is in the interior of K.
Now, since h, is continuous in O \ int(K (mg)) and since all dpi,, m > mo, are
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supported in this compact set, we get UM (z) = lim,, 4o U™ (z) = o 1(0).
Hence
Ul (z) = r 1 z €O
h Crh(O) — € 7 '

We, thus, find a decreasing sequence of bounded open sets {Op} with A C
O, and a sequence of probability Borel measures {dpuy}, where each dpuy is
supported in O and

Uik () > 2k reA.

Now, consider the probability Borel measure

+001

dy = Zz—kduk.
k=1

It is obvious that
U Zl“ = +o00

everywhere in A and A is polar.

If A is unbounded, for each = € A we consider a B(z;r) and, since ANB(z; 1)
is bounded with zero h-capacity, we have that it is a polar set. A is, thus, locally
polar and, hence, polar.

2. Let A be bounded and let u be superharmonic in R™ so that u = 400 iden-
tically in A. By Theorem 2.17, there exists a compactly supported probability
measure dp so that

U;f” = 400

everywhere in A.
For arbitrary k > 0, consider the bounded open set

O = {z:UM"(x) >k}

and any compact £ C O with Cp,(E) > 0.
If dug is the h-equilibrium measure of F, then

Cn(E) = ) 2 /supp(du) U}?HO@) dulz) = /EU;?H(%) dunle) 2 k-

Ch(4) < Gu(0) <

Bl

and, since k is arbitrary, Cy(A) = 0.

If A is unbounded and n > 3, we consider, for each k& € N, the polar sets
A = AN B(0; k) which, by the previous argument, have C, (Aj) = 0 and, then,
use Theorem 8.1.



9.8. THE THEOREM OF WIENER 255

Theorem 9.7 Suppose that E C R™ is compact with C,(E) > 0 and 29 € OF
is a non-regular boundary point of R™ \ E.

1. There is a function u superharmonic in R™ so that u(x) = y,(E) for every
x € E and u < v, (E) everywhere in R™.

2. There is a function v superharmonic in R™ so that v(z) = v, (E) for every
z € E\{zo}, v(xo) < vn(E) and v < v, (E) everywhere in R™.

Proof:
1. Let dug be the h-equilibrium measure of E. Then, U;f“ * < vn(E) everywhere
in R™ and theset A={z € E: U,’f“”(m) < n(E)} is polar.
We take ug superharmonic in R™ so that ug > 0 in E and ug = +o0 in A.
Then, the function u = min(U;f“O + ug, v (E)) satisfies the properties in the
statement.
2. By Proposition 9.2, we have that

U,’f“”(xo) < liminng”O(:C) < liminf U,’f“”(m) < Y(E) .

T—xTo EFx—xzo

Now, A\ {zo} is, also, polar and, by Proposition 9.4, there is a u; super-
harmonic in R™ with u; > 0 in E, u; = 400 in A\ {zo} and u;(zg) < +o0.
Replacing, if necessary, u; by a small positive multiple of it, we may, also,
suppose that

UM (20) + ur(z0) < Ya(E) .

The function we want is v = min(U;f“O + u1, Y (E)).

9.8 The theorem of Wiener

The next result is a characterization of the regular boundary points of an open
set.
We remark that, if n > 3, then for every compact set E C R™, we have

Y (E) > 0 and, hence, Cp(E) = ﬁ If n =2 and 0 < p <1, then, for every

compact set E C B(zo;p), we have v,(E) > v (B(zo;p)) = h«(p) > 0 and,

again, Cp,(F) = ﬁ

Theorem 9.8 (N. Wiener) Let Q be an open set, xo € 02 NR™ and
B = {z ¢ Q:p" <z — o] <p*)

for all k € N, where p is any number with 0 < p < 1.
Then, xq is a reqular boundary point of Q if and only if

+oo
> ha(p")Cn(Ep) = = +o0 .
k=1
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Proof:

1. A{ first, we observe that, for every pair of p and p’ in (0, 1), the two equalities
T he(pF)OW(EL) = 400 and Y05 h*(p’k)Ch(Eg,):—l—oo are equivalent.
We suppose that 0 < p/ < p < 1 and it is trivial to see that every E,’;/

is contained in a finite number m(p, p’) of consecutive E!’s, where m(p, p’)

depends only upon p and p’. Proposition 8.4 implies that C’h(EZ/) is not more
than the sum of these consecutive C (E/)’s. (In case n = 2 it may be necessary
to drop the first few k’s so that all ring domains are contained in the disc
B(0;4).) It is, also, trivial to see that the quantity h.(p’*) is comparable to the
correspoding h.(p!)’s. This, of course, means that the quotients are bounded
both from above and from below by two constants depending only upon the
number m(p, p’). From all this it is obvious that

Zh Ch(EY) < Clp,p) Zh NCw(EP) .

(Since consecutive E,’j/ ’s may have one common Ef used to cover them, each
term of the series in the right side of the above inequality is counted at most
twice.)

It is also obvious that every EY is contained in the union of at most two

/
consecutive Ef ’s and, hence

+oo
Zh MCW(ER) < C'p.p)) Y hulp)Cu(E])
=1
where each term of the series in the right side of the above inequality is counted
at most m(p, p’) times.
2. Suppose that

fh*(pk) = 400

P
1 h(Ey)

and consider the h-equilibrium measure duy, of E} and its h-potential

Uite) = [ helw) disty) . s eR®

‘We know that
U (@) < yu(Ep)

for every x € R™ and we shall estimate U;f” k

on every
AL, = o p™ < o — o < )
If x € A7, then

ho(pFtt —pm) |, ifk<m—1
Ut (z) < $ w(Ep) , ifm—1<k<m+1
hao(pmt —pFY | ifm+1<k.
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Moreover,
he(pb) < U (a)

Given an arbitrary € > 0 and an arbitrary N € N, there is a smallest M > N
so that

M
1 ha (")
e T = mEy)
By the minimality of M,
M
hept) 1 (™M) 1
P Py
=N h(E) € m(EY) €

Therefore, we have arbitrarily large integers N and corresponding M > N
so that

1 ha(p*) _ 1
- < < -+1
€ k:ZN Y (EY) €

Define, now,

Then,

he(p*)
U(zo) > 6};\[%(&5) > 1.

Besides the parameters p, N, M we introduce, now, an integer [ € N having
in mind the following. If n = 2, then we fix p = % and [ = 1 and N will depend
upon € in a manner that will be made precise in a moment. If n > 3, all these
parameters will depend upon ¢ and we shall shortly see how.

If x € A,,, trivial estimates show that

B =) |
€ Z ”yh(E,’;) + Z 1

N<k<M, k<m—I N<k<M,m—1<k<m-+l

Ul)

IN

Z h* (perl _ pk)
D
N<k<Mm+i<k m(ER)

3e+(1+e)(1+ %), ifn =2
20+ 1e+ (1+ 6)(/7711—2 +pl("_2))m , ifn >3

+e€

If N > m+1+1, then in the estimate of U(x) only the third sum exists and,
hence,

M m+2) log 2 m i
U(x) < EZkZN% S (1+6)T+2 < ﬁﬂlogﬁ 5 lfn:2,
= I(n—2) .
(1 +€) (1p_pl)n—2 ) if n> 3.
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3. To prove that z( is a regular boundary point of 2 we shall examine the

function
QNB(zo;
v = H (wo;p)
1= —zo|

in QN B(zg; p).

Since the function 1—|- —zy| is superharmonic, we have that u < 1—|- —zg|
in QN B(xo; p). Therefore, to prove that 1 —w is a barrier of Q at xq, it is enough
to prove that

liminf u(z) > 1.

Q3z—xo

We shall compare v with the function

We consider the case n = 2 first.
Then V(z0) = 1 and we take N > ¢.

L. V(z) <14 e, if 2 € B(zo; 5) \ {0} and

2. V(z) < % log ‘zjm' < 2€1|—x|f;:|o|, ifxe A, and m+2<N.

Trivial estimates show that the function ﬁv, which is harmonic in QN

B(xo; %), satisfies

1
V<i1-| -
TFi0c = 1ol el
there. Therefore,
1
V <

1+10e — "
in QN B(xo; %), implying that

1

lim inf > .
diminf u(z) > 7775

Since € is arbitrary, we find

lim w(x) > 1.

Q>z—x0
Now, let n > 3.
We take | = [e %] and p =1 — ¢3.
We, again, have V(xg) = 1 and, for a constant C' depending only upon n,

1. V(z) <14 Ces, if z € B(zo;p) \ {20} and

2. V(z) < Cexp(—(n—2)e3),if z € Ay and m+1+1 < N.
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Now, the function V — 2Ce? is harmonic in Q N B(zo; p) and satisfies
V(z)—2Ces < 1— |z — a0

for every & € QN B(xo; p), provided that we take N > C’e~3 for some constant
C’ depending only upon n.
Indeed, if |z — x| < Ce3, then this inequality is immediate from 1. above.
If | — xo| > C’e%, then z € A,, for some m < C"e~ % log(cll ) Therefore, the
already stated choice of N together with 2. finish the proofeof the inequality.
This, now, implies that

V(z)—2Ces < u(x)
for every x € QN B(xo; p) and

liminf u(x) > 1— 2C€3 .

Q3z—x0
Since € is arbitrary, we find

lim w(x) > 1.

Q>x—z0

This proves that zq is a regular boundary point of 2. 4. Consider, now, for

1
all n the particular value p = % and the sets B = E.

oo hald)
k=1 ’Yh(Ek)

Suppose that Y < 400 and let K > 2 be such that

2 Y (Ek)

k=K

< 1.

We define the bounded open set
~ 1 oo
Q = Blwo; 5) \{wo} \UpZk B -

Since Q N B(zo; 37) = QN B(zo; 5 ), to prove that zo is not a regular
boundary point of §2 it is enough to prove that it is not a regular boundary
point of Q.

For each k with v, (Ey) < 400, let duy be the h-equilibrium measure of Fj,
and let f(z) = 1 — 2|z — x| for all 2 € HQ so that

1. 0< f<1in 09,
2. f(zo) =1 and

3. f=0in 80\ {zo} \ U/ Ex.
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We define the function

+o0 1
vV = max f——— U g” b
,CZZK oone,  Yh(Ek)
where we simply omit all terms with v, (FE) < +oo.
V' is a superharmonic function which is harmonic in {2 and non-negative and

bounded from above in B(zo; %), since, for allm > 1 and all z € A,,, = A?n ,

(5 — )
v = ng%m—z : 27’€J(1Ek)2 " KSk,m;kSerll
«(zmrr — 3%)
N ks
+ (g7 «(3%)
: nggg:m—z h%f;’:) e KSk;&Sk ’:Lh(g;c)
< 3+§7h;:$) < +00 .
Moreover,

Vi) < 3o 2z oy
0) > .
e (Ex)

Now, let v be subharmonic and bounded from above in Q with

limsupwv(z) < f(y)
aszﬂy

for all y € 9.
Since all terms in the sum defining V' are non-negative in B(zo; 3) and since
U,'f“ * = y,(Ex) quasi-almost everywhere in Fy, it is clear that

limsupv(z) < V(y) < liminf V()
591_,‘1/ Q3z—y

for all y € dQ\ {zo} except for a boundary subset of at most zero harmonic
measure with respect to 2. Theorem 3.5 implies that

v <V
in Q.

Therefore,

in Q.
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We assume that zq is a regular boundary point of Q and we shall arrive at

a contradiction. _
From limg_ H?(x) = f(z9) =1 we get 1 < lim infg V(z). This,
immediately, 1mphes

1
1 < hmlnfi/ Vi(x) dm(x) .

By the superharmonicity of V,

. 1
kglfoo (An) N V(z) dm(z) = V() .

The last two relations together with the

1 1
= — m(Ek) 1 z) dm(z
= (1 m(Ak)) m(Ar\ B /Ak\Ek Viz) dm(z)
imply that

lim inf m(Ek)

> 1- .
i It m(Ak) V(ZZ?Q) > 0

By the definition of capacity,

WE) < Ek s [, [ ey dm@yam(y)

W /Ak /Ak he(|z = y]) dm(z)dm(y)

—y|) dm(z)dm(y) , ifn>3
= lﬁkm(Ek)2 IAO IAO |$ - y|) dm(z)dm(y)
+16kkloﬂm(AO) , ifn=2.
he(3)

___FA\RJ
22knm(Ek)2 ’

IN

1
Qk(7l+2)m(Ek)2 on fA()

for some constant C' > 0 depending only upon n.
Therefore, for some other constant C’ depending only upon n,

< O’h (Lk) )
m(Ay)? Y (Ek)

h (%)

This contradicts the convergence of the series Zk 1 300
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9.9 Thin Sets

Definition 9.5 A set E C R" is called thin at x¢o € R™, if either zq is not an
accumulation point of E or xq is an accumulation point of E and there exists a
superharmonic function u in R so that u(zo) < liminf g 1403520, u(T).

Theorem 9.9 Suppose E C R™ and o9 € R™. Let

1 1
E, = {z€E: PY==) <l|z —zo| < 2_k}7
for all k € N. Then, the following are equivalent:
1. E is thin at xq.
2. 305 ha(5r)CR(Bi) < oo,

Proof:

If g is not an accumulation point of E, then F is, automatically, thin at
xo and the series in 2 converges, since, then, Fj is empty for all large k. We
assume, therefore, that z( is an accumulation point of F.

Suppose that the series in 2 converges. For every k € N, we take open sets
Oy, so that

1 1
Ep C O C B(wo;maﬁ)
and
+oo 1
Zh*(2—k)0h(0k) < +00o.
k=1

We know, from the proof of Theorem 9.6, that there exist probability Borel
measures duy supported in Oy so that

1
Ch(Ok)

UZM@ (I) _

for every x € Og. It is easy to see that

1

Ut (o) < h*(m)-

We, now, take K > 2 and define the function

—+oo
ug = Z Ch(Ok)Uguk .
k=K

Since K > 2, all terms in this series are non-negative in B(xo; %) and we, also,
have that the series converges at xo. Hence, ug is superharmonic in B(xo; %)
and

up(z) > 1
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for every z € ENB(x0;0, 5% ). Taking K large enough we, also, have ug(zq) < 1.
Thus,

ug(xrg) < liminf  wo(z) .
o(o) o minf o(7)

Applying Lemma 9.4, we prove that E is thin at xg.
Now, suppose that F is thin at zy and take u superharmonic in R™ so that

u(zg) < liminf  w(x) .
( 0) E\{zo}3z—20 ( )

Consider A so that

u(zo) < A < liminf wu(x)

E\{zo}3z—120
and K large enough in order to have
u(zr) > A
for every x € E N B(x0;0, 57— ).
Define
O = {zeR":u(z) > A}
and
1 1
Ok = OmB(.’I]Q, W’ 2kTI) .
Assume that
+oo 1
Zh*(Z—k)Cﬁ(Ek) = +o0
k=1

and, hence,
00 1
Zh*(2—k)0h(0k) = +00.
k=1

Take, for each k > K, compact sets Fy, C Oy so that
+oo 1

> ha( 5 )Cn(Fi) = +o0 .

k=K

Consider the compact set
“+o0
F = {z}u |J R
k=K

and its complement 2 = R™\ F.
By Theorem 9.8, ¢ is a regular boundary point of Q.
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On the other hand, the superharmonic u is > A everywhere in F. If we
consider the function

X, if z € 92 N B(wo; yir)
fl@) = {m, if £ € QN S(z0; 5%)
2K+ (m — N2 — 20| +2X —m | if:cE@QﬂB(:vo;QK%,%K),

where m = minyes(mo;#) u(y), then f is a continuous boundary function of the
open set Qg = QN B(zo; 5 ) and

u > f

everywhere in 0Qk except at the point xg. Since {xo} is of zero harmonic
measure with respect to {2k, this implies that

QK
u > H p
everywhere in Q. Therefore,

A= f(zg) =  lim H?K(:v) < liminf w(z) = u(x)

Qrdr—x0 Qrdr—x0

and we get a contradiction.



