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1. Poio pollapl�sio tou dianÔsmatoc v1 = (1, 1) prèpei na afairejeÐ apì to v2 = (4, 0) ¸ste to apotèlesma
na eÐnai k�jeto proc to v1.
Ap�nthsh
To < v1, v2 > /||v1||2 · v1 = 4/2(1, 1) = (2, 2). To k�jeto di�nusma eÐnai to v2 − (2, 2) = (2,−2).

2. BreÐte trÐa orjokanonik� dianÔsmata v1, v2, v3 ∈ R3, tètoia ¸ste ta v1, v2 na par�goun ton q¸ro sthl¸n
tou pÐnaka

A =

 1 1
2 −1
−2 4

 .

Poiìc jemeli¸dhc upìqwroc tou A perièqei to di�nusma v3?
Ap�nthsh
Oi st lec tou A eÐnai gr. anex. (giatÐ?) kai �ra par�goun ton q¸ro sthl¸n tou A. 'Ara R(A) =< w1 =
(1, 2,−2), w2 = (1,−1, 4) >. OrjokanonikopoioÔme thn b�sh {w1, w2} tou R(A) kai èqoume v1 = (1, 2,−2)/3
kai v2 = u2/|u2| ìpou u2 = w2 − <w1,w2>

|w1|2 w1 = (2, 1, 2). 'Ara ta v1 = 1/3(1, 2,−2) kai v2 = 1/3(2, 1, 2)

apoteloÔn orjokanonik  b�sh tou R(A).

Sumplhr¸noume se b�sh tou R3 dialègontac to di�nusma v3 apì ton N(At) (me autì ton trìpo èqoume
thn zhtoÔmenh orjogwniìthta qwrÐc kìpo). UpologÐzoume ton N(At) (me apaloif  ston At) kai èqoume
N(At) =< (−2, 2, 1) >. 'Ara ta dianÔsmata

v1 = 1/3(1, 2,−2), v2 = 1/3(2, 1, 2), v3 = 1/3(−2, 2, 1)

apoteloÔn orjokanonik  b�sh tou R3 en¸ ta v1, v2 eÐnai b�sh tou q¸rou sthl¸n tou A.

3. E�n A eÐnai ènac m epÐ n pÐnakac kai b ∈ Rm, tìte èna kai mìno èna apì ta epìmena isqÔei
1)To sÔsthma Ax = b èqei lÔsh
2)Up�rqei y ∈ Rm mh k�jeto sto b ¸ste Aty = 0.
Ap�nthsh
To sÔsthma Ax = b èqei lÔsh an kai mìno an to di�nusma b an kei sto q¸ro sthl¸n tou A, dhl. b ∈ R(A).
'Opwc xèroume R(A)⊥ = N(At) kai N(At)⊥ = R(A). 'Ara b ∈ R(A) an kai mìno an to b eÐnai k�jeto ston
N(At) dhlad  an kai mìno an gia k�je y ∈ N(At) to b eÐnai k�jeto sto y. Epomènwc eÐte up�rqei y ∈ N(At)
(kai �ra Aty = 0) pou den eÐnai k�jeto sto b eÐte k�je y ∈ N(At) eÐnai k�jeto sto b (kai �ra b ∈ R(A)).

4. Efarmìste thn diadikasÐa Gram-Schmidt sta dianÔsmata (1,−1, 0), (0, 1,−1) kai (1, 0,−1) gia na breÐte
orjokanonik  b�sh tou epipèdou x1 + x2 + x3 = 0. Pìsa mh mhdenik� dianÔsmata prokÔptoun apì aut  thn
diadikasÐa?
Ap�nthsh
An v1 = (1,−1, 0), v2 = (0, 1,−1) kai v3 = (1, 0,−1) tìte eÐnai fanera dianÔsmata tou dosmènou epipèdou
E afoÔ ikanopoioÔn thn exÐsws  tou. To epÐpedo eÐnai didi�stato epomènwc den einai kai ta trÐa anex�rthta
(paragmatik� v3 = v1 + v2). Efarmìsoume Gram-Schmidt kai èqoume u1 = v1 kai

u2 = v2 −
< v2, u1 >

|u1|2
u1 = 1/2(1, 1,−1)

en¸

u3 = v3 −
< v3, v1 >

|v1|2
v1 −

< v3, u2 >

|u2|2
u2 = (1, 0,−1)− 1/2(1,−1, 0)− 1/2(1, 1,−2) = (0, 0, 0).
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Epomènwc h zhtoÔmenh orjokanonik  b�sh tou epipèdou eÐnai h

w1 = 1/
√
2(1,−1, 0), w2 = 1/

√
3(1, 1,−1).

5. 'Estw V = {(x1, x2, x3, x4) ∈ R4 | x1 = 2x2, x3 = x4}. BreÐte orjokanonik  b�sh gia ton V kai ton V ⊥.
Ap�nthsh
Ta dianÔsmata tou V ikanopoioÔn (x1, x2, x3, x4) = x2(2, 1, 0, 0) + x3(0, 0, 1, 1). Epomènwc ta dianÔsmata
v1 = (2, 1, 0, 0) kai v2 = (0, 0, 1, 1) apoteloÔn b�sh tou V . EÐnai fanerì ìti ta v1, v2 eÐnai orjog¸nia kai
epomènwc mÐa orjokanonik  b�sh tou V eÐnai h {w1 = 1/

√
3(2, 1, 0, 0), w2 = 1/

√
2(0, 0, 1, 1)}.

DeÐte epÐshc ìti o V eÐnai o mhdenìqwroc tou pÐnaka[
1 −2 0 0
0 0 1 −1

]
.

'Ara o V ⊥ eÐnai o q¸roc gramm¸n tou pÐnaka. Epomènwc mÐa b�sh tou V ⊥ eÐnai h {(1,−2, 0, 0), (0, 0, 1,−1)}.
ParathroÔme ìti ta dÔo dianÔsmata eÐnai orjog¸nia metaxÔ touc kai �ra mÐa orjokanonik  b�sh tou V ⊥ eÐnai
h {1/sqrt3(1,−2, 0, 0), 1/

√
2(0, 0, 1,−1)}.
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