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1. EÐnai ta dianÔsmata (1, 1, 0, 0), (1, 0, 1, 0), (0, 0, 1, 1), (0, 1, 0, 1) gram. anex�rthta?

Ap�nthsh
Fti�qnoume ton pÐnaka A tou opoÐou oi st lec eÐnai ta parap�nw dianÔsmata. 'Etsi èqoume

1 1 0 0
1 0 0 1
0 1 1 0
0 0 1 1

→

1 1 0 0
0 −1 0 1
0 1 1 0
0 0 1 1

→

1 1 0 0
0 −1 0 1
0 0 1 1
0 0 1 1

→

1 1 0 0
0 −1 0 1
0 0 1 1
0 0 0 0

 .

Epomènwc mìno ta 3 pr¸ta dianÔsmata eÐnai grammik¸c anex�rthta (afoÔ mìno oi 3 pr¸tec st lec èqoun
odhgoÔc). To tètarto eÐnai grammikìc sundiasmìc twn upoloÐpwn.

2. EÐnai ta akìlouja swst�   l�joc? Dikaiolog ste tic apant seic sac.
1) Ennèa dianÔsmata tou R7 mporeÐ na eÐnai grammik¸c anex�rthta.
2) Ennèa dianÔsmata tou R7 par�goun ton R7.
3) Ennèa gram. anex�rthta dianÔsmata tou R9 apoteloÔn b�sh tou R9.
4) 'Estw V ènac dian. upìqwroc tou R7 di�stashc 4. K�je b�sh tou V mporeÐ na epektajeÐ se b�sh tou R7

episun�ptontac 3 akìma dianÔsmata.
5)* 'Estw V ènac dian. upìqwroc tou R7 di�stashc 4. K�je b�sh tou R7 perièqei b�sh tou V pou prokÔptei
paraleÐpontac 3 dianÔsmata.
6)* An V kai W eÐnai tridi�statoi upìqwroi tou R5 tìte up�rqei mh mhdenikì di�nusma sthn tom  touc V ∩W .

Ap�nthsh
1) L�joc. H di�stash eÐnai 7 �ra to mègisto pl joc grammik¸c anexart twn dianusm�twn eÐnai 7.
2) L�joc. MporeÐte na breÐte 9 pou na ton par�goun (an ta 7 eÐnai gram. anex�rthta)   9 pou na par�goun
mìno k�poio upìqwro (opoiasd pote di�stashc apì 1 èwc 7) p�rte gia par�deigma ìla na eÐnai pol/sia enìc
dianÔsmatoc.
3) Swstì. O upìqwroc tou R9 pou par�goun èqei di�stash 9 kai �ra tautÐzetai me ton R9.
4) Swstì. An {v1, v2, v3, v4} b�sh tou V , dialègoume 3 dianÔsmata w1, w2, w3 ¸ste kai ta 7 mazÐ na eÐnai
gram. anex�rthta. (Autì mporeÐ na gÐnei p�nta, blèpete giatÐ?) Tìte kai ta 7 mazÐ apoteloÔn b�sh tou R7.
5) L�joc. MporeÐ kanèna apì ta dianÔsmata thc b�shc na mhn an kei ston upìqwro. P�rte gia par�deigma V
ton upìqwro pou par�getai apì ta dianÔsmata (1, 0, 0, 0, 0, 1, 1), (0, 1, 0, 0, 0, 1, 1), (0, 0, 1, 0, 0, 1, 1), (0, 0, 0, 1, 0, 1, 1)
(giatÐ o V eÐnai tetradi�statoc? ti arkeÐ na deÐxete?). An jewr soume thn kanonik  b�sh tou R7 tìte kanèna
di�nusm� thc den an kei ston V .
6) Swstì. An B1 = v1, v2, v3 kai B2 = w1, w2, w3 eÐnai b�seic twn dÔo upoq¸rwn tìte h ènws  touc
v1, v2, v3, w1, w2, w3 eÐnai grammik¸c exarthmèna giatÐ den "qwr�ne� 6 gram. anex�rthta dianÔsmata se q¸ro
di�stashc 5. Epomènwc up�rqoun pragmatikoÐ r1, r2, r3, s1, s2, s3 ìqi ìloi mhdèn ¸ste r1v1 + r2v2 + r3v3 +
s1w1 + s2w2 + s3w3 = 0 kai �ra r1v1 + r2v2 + r3v3 = −s1w1 + −2w2 − s3w3 = 0. 'Ara to di�nusma
r1v1 + r2v2 + r3v3 den einai mhden (giatÐ?) kai an kei sthn tom  kai twn dÔo upoq¸rwn (giatÐ?).

3. BreÐte mÐa b�sh gia to epÐpedo x − 2y + 3z = 0 ston R3. Sth sunèqeia breÐte mÐa b�sh thc tom c tou
parap�nw epipèdou me to x + y + z = 0. Tèloc breÐte mia b�sh gia ton upìqwro twn dianusm�twn pou eÐnai
k�jeta sto arqikì epÐpedo.

Ap�nthsh
H lÔsh tou x − 2y + 3z = 0   isodÔnama tou x = 2y − 3z eÐnai ìla ta dianÔsmata (x, y, z) pou ikanopoioÔn
(x, y, z) = y(2, 1, 0) + z(−3, 0, 1). 'Ara b�sh eÐnai ta {(2, 1, 0), (−3, 0, 1)}.
Gia na broÔme b�sh thc tom c ousiastik� lÔnoume to omogenèc

x− 2y + 3z = 0
x+ y + z = 01



Me thn gnwst  apaloif  Gauss ston pÐnaka suntelest¸n tou sust matoc ft�noume sth lÔsh (x, y, z) =
z(−5/3, 2/3, 1). Epomènwc h tom  eÐnai monodi�statoc dian. upìqwroc tou R3 kai mÐa zhtoÔmenh b�sh eÐnai h
{(−5, 2, 3)} (ìpwc fusik� kai h (−5/3, 2/3, 1)).
K�jeto di�nusma sto epÐpedo eÐnai to (1,−2, 3) to opoÐo kai apoteleÐ b�sh gia ton k�jeto upìqwro (epeid 
eÐmaste ston R3 kai to epÐpedo eÐnai didi�stato o k�jetoc upìqwroc ja eÐnai monodi�statoc, �ra èna di�nusma
arkeÐ gia thn b�sh tou. An antÐ tou R3 eÐqame R4 pwc ja douleÔame?)

4. BreÐte mÐa b�sh gia kaje èna apì touc ex c upìqwrouc tou R4:
1)Ola ta dianÔsmata twn opoÐwn oi sunist¸sec eÐnai Ðsec.
2)Ola ta dianÔsmata twn opoÐwn oi sunist¸sec èqoun �jroisma 0.
3)Ola ta dianÔsmata pou eÐnai k�jeta sta (1, 1, 0, 0) kai (1, 0, 1, 1).

Ap�nthsh
1) Ed¸ ta dianÔsmata eÐnai thc morf c (x, x, x) me x ∈ R. Epomènwc mia profan  b�sh eÐnai h {(1, 1, 1)}.
2) Ed¸ ta dianÔsmata eÐnai ta (x, y, z) me x+y+z = 0. Epomènwc eÐnai ìla thc morf c (x, y, z) = y(−1, 1, 0)+
z(−1, 0, 1). Epomènwc ta {(−1, 1, 0), (−1, 0, 1)} apoteloÔn b�sh.
3) Ta zhtoÔmena dianÔsmata (x, y, z, w) eÐnai aut� twn opoÐwn to eswterikì ginìmeno me ta (1, 1, 0, 0) kai
(1, 0, 1, 1) eÐnai 0. Epomènwc eÐnai aut� pou ikanopoioÔn x + y = 0 kai x + z + w = 0. LÔnoume to omogenèc
kai èqoume genik  dianusmatik  lÔsh thn (x, y, z, w) = z(−1, 1, 1, 0) + w(−1, 1, 0, 1). Sunep¸c mÐa b�sh eÐnai
h {(−1, 1, 1, 0), (−1, 1, 0, 1)}.
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