
Grammik  'Algebra 1
Ask seic

PÐnakec

1. An A ènac m× n pÐnakac, tètoioc ¸ste Ax = 0 gia k�je di�nusma x ∈ Rn. DeÐxte ìti A = 0.

2.'Enac n × n pÐnakac N onom�zetai nilpotent an up�rqei k jetikìc akèraioc ¸ste Nk = 0. DeÐxte ìti ènac
nilpotent pÐnakac den eÐnai antistrèyimoc.

3. An N ènac n × n nilpotent pÐnakac, me Nk = 0, deÐxte ìti In − N eÐnai antistrèyimoc. UpologÐste ton
antÐstrofì tou san sun�rthsh tou N .

4. An A,B eÐnai antistrèyimoi pÐnakec deÐxte ìti ta epìmena eÐnai isodÔnama
1)A antimetatÐjetai me ton B.
2)A antimetatÐjetai me ton B−1.
3)A−1 antimetatÐjetai me ton B−1.
4)At antimetatÐjetai me ton Bt.

5. BreÐte ìlouc touc 2 epÐ 2 pÐnakec pou antimetatÐjentai me ton A an

1) A =

[
a 0
0 b

]
, 2) A =

[
1 1
0 1

]
, 3) A tuqaÐoc.

6. An A3 = 2I kai B = A2 − 2A+ 2I deÐxte ìti o B eÐnai antistrèyimoc.

7. Gia poia t eÐnai h t�xh tou A =


t 1 1 1
1 t 1 1
1 1 t 1
1 1 1 t

 akrib¸c 3?

8. BreÐte ton antÐstrofo tou n× n pÐnaka

A =



1 1 1 1 . . . 1 1
−1 1 1 1 . . . 1 1
1 −1 1 1 . . . 1 1
1 1 −1 1 . . . 1 1

.

.

.
1 1 1 1 . . . −1 1


.

9. An A,B eÐnai n× n pÐnakec ¸ste AB = 0 deÐxte ìti

taxh tou A+ t�xh tou B ≤ n.

10. Gia k�je n× n pÐnaka A isqÔei A2 = A an kai mìno an taxh tou A+ t�xh tou (A− In) = n.
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Grammik  anexarthsÐa-B�seic-Upìqwroi 'Oloi oi d.q. eÐnai peperasmènhc di�stashc.

11. 'Estw k dianÔsmata tou Rn. Apant ste tic parak�tw erwt seic sthn perÐptwsh pou k < n , k = n  
k > n.
1)EÐnai ta dianÔsmata grammik¸c anex�rthta?
2)Par�goun ton Rn?
3)ApoteloÔn b�sh tou Rn?

12. 'Estw ìti ta dianÔsmata a1, a2, a3 eÐnai grammik¸c exarthmèna en¸ ta a2, a3, a4 eÐnai grammik¸c anex�rthta.
DeÐxte ìti
1)to a1 eÐnai grammikoc sundiasmìc twn a2 kai a3.
2)to a4 den eÐnai grammikìc sundiasmìc twn a1, a2, a3.

13. 'Estw a1, a2, . . . an b�sh tou d.q. V ìpou n ≥ 2. DeÐxte ìti to sÔnolo a1, a1 + a2, . . . a1 + a2 + . . .+ an
eÐnai epÐshc b�sh tou V . EÐnai to sÔnolo

{a1 + a2, a2 + a3, . . . , an−1 + an, an + a1}

epÐshc b�sh tou V ? To antÐstrofo isqÔei?

14. 'Estw {a1, a2, a3} b�sh tou R3 kai a4 = −a1 − a2 − a3. DeÐxte ìti k�je di�nusma v tou R3 gr�fetai
san v = x1a1 + x2a2 + x3a3 + x4a4 ìpou x1, x2, x3, x4 eÐnai monadikoÐ pragmatikoÐ arijmoÐ tètoioi ¸ste
x1 + x2 + x3 + x4 = 0. GenikeÔste se n-di�stato q¸ro.

15. 'Estw a1, a2, . . . , ar grammik¸c anex�rthta dianÔsmata. An to di�nusma u eÐnai grammikìc sundiasmìc twn
a1, . . . , ar en¸ to v den eÐnai deÐxte ìti ta dianÔsmata tu+ v, a1, a2, . . . ar eÐnai grammik¸c anex�rthta gia k�je
t.

16. 'Estw U, V upìqwroi tou Rn pou par�gontai apì ta dianÔsmata a1, a2, . . . ar kai b1, b2, . . . bs antÐstoiqa.
JewroÔme ton upìqwro W tou Rn pou par�getai apì ta dianÔsmata ai + bj me i = 1, . . . , r kai j = 1, . . . , s.
An dimV = k kai dimU = m, deÐxte ìti

dimW ≤ min{n, k +m}.

17. 'Estw S upìqwroc enìc dian. q¸rou V . DeÐxte ìti
1) dimS ≤ dimV
2) dimS = dimV an kai mono an S = V .
3) K�je b�sh tou S perièqetai se k�poia b�sh tou V .
4) Mia b�sh tou V den perièqei p�nta b�sh tou S.

18. An W1,W2 upìqwroi enìc dianusmatikoÔ q¸rou V me W1,W2 6= {0}, V .
1) DeÐxte ìti up�rqei a ∈ V , me a /∈W1, a /∈W2.
2) DeÐxte ìti up�rqei b�sh B toy V pou kanèna di�nusm� thc den an kei sto W1   sto W2. IsqÔei autì gia
parap�nw apì dÔo upìqwrouc?

19. An W1,W2 upìqwroi tou V orÐzoume

W1 +W2 = {w1 + w2/wi ∈Wi}.

1) DeÐxte ìti W1 ∩W2, kai W1 +W2 eÐnai upìqwroi tou V .
2) W1 ∩W2 ⊆W1 ∪W2 ⊆W1 +W2. Exhg ste gewmetrik� an V = R2.
3) Pìte eÐnai o W1 ∪W2 upìqwroc tou V ?
4) DeÐxte ìti W1 +W2 eÐnai o mikrìteroc upìqwroc tou V pou perièqei to sÔnolo W1 ∪W2 dhl. an S eÐnai
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upìqwroc tou V tètoio ¸ste W1 ∪W2 ⊆ S tìte W1 +W2 ⊆ S.

20. 'Estw W1,W2 upìqwroi tou d.q. V . An dim(W1 +W2) = dim(W1 ∩W2) + 1 tìte deÐxte ìti W1 +W2

eÐnai eÐte W1   W2 kai h tom  W1 ∩W2 eÐnai eÐte W2   W1 antÐstoiqa. IsodÔnama aut  h �skhsh lèei ìti gia
k�je dÔo upìqwrouc W1, W2 an kanènac den perièqei ton �llon tìte

dim(W1 +W2) ≥ dim(W1 ∩W2) + 2.

Grammikèc apeikonÐseic

21. An T : R3 → R2 kai U : R2 → R3 grammikèc apeikonÐseic, deÐxte ìti h UT den mporeÐ na eÐnai isomorfis-
mìc.

22. An T eÐnai mÐa grammik  apeikìnish deÐxte ìti

KerT ⊆ Im(1− T )

kai
ImT ⊆ Ker(1− T ).

23. 'Estw T mÐa grammik  apeikìnish tou Rn. An Tn−1(x) 6 0 kai Tn(x) = 0 gia k�poio x ∈ Rn, deÐxte ìti ta
dianÔsmata

x, T (x), T 2(x), . . . , Tn−1(x),

eÐnai grammik¸c anex�rthta kai �ra apoteloÔn b�sh tou Rn.

24. T grammik  apeikìnish T : V →W . EÐnai ta parak�tw swst� h l�joc?
1) KerT = 0
2) An T (x) = 0 mìno gia x = 0, tote dimV = dimW .
3) An ImT = 0, tìte T = 0.
4) An V = W kai ImT ⊆ KerT tìte T = 0.
5) An V = W kai ImT ⊆ KerT tìte T 2 = 0.
6) An dimV = dimW tìte o T eÐnai antistrèyimoc.
7) An dimV = dimImT tìte KerT = {0}.
8) KerT ⊆ KerT 2.
9) dimKerT ≤ dimImT .
10) dimkerT ≤ dimV .
11) T eÐnai 1-1 an kai mìno an KerT = {0}.
12) T eÐnai 1-1 an kai mìno an dimV ≤ dimW .
13) T eÐnai epÐ an kai mìno an ImT = W .
14) T eÐnai epÐ an kai mìno an dimV ≥ dimW .
15) An ta dianÔsmata v1, . . . vk tou V eÐnai grammik¸c anex�rthta tìte kai ta T (v1), . . . T (vk) eÐnai grammik¸c
anex�rthta.
16) An ta T (v1), . . . T (vr) eÐnai grammik¸c anex�rthta tìte kai ta v1, . . . vk eÐnai grammik¸c anex�rthta.
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