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K �=L��M�ONQPA�R�=���

SUTWVYX[Z[\^] _a`cbed=] fg\chji9hY] k^X l
`cbemn\[ZchgTporqs] krt�uv_rwctyxz_|{

C
l

} bem�x~_[�r_vZ|_shY] k^t�uv_|w[t"x~_|{
C �� be��_�T�k|xsT�xz\rw|�W�v_�wr] hg\rus] k^��T��^� �rTWuv_ �

�jb��={[�vT�k|x�] k��sx���x~\ �
SUTWVYX[Z[\^] _ } b��Ox~_r] �jTW] ��u��c����T�i0qs��\ `c`
`cbe���v\[Z[{sx�] k^����f�{[�v\rq~x�t[fgTz] � `c`
} b��.Z|_ck|Z[t[q�i�f���fgT�w|_c�v_[�rX[xs]�\ `z�
� b��"{[�v\rw|_|fgTz]�qv��� `��
�jbedOVY\rqvw|_vhg��� } l

SUTWVYX[Z[\^] _ � be��_A�JTW�s] k�����T���q��[w[\�x~_|{
Cauchy

� `
`cbe�=_shgXrqs] ��w|_r]�k�\r]Y_|qs� fgw|\cx~\ � `
} b�� uvTz� k|xv�c�UTW�v�|�Ufj�[w|Tz� _[{�fgT�fj�j�Wf��Aw[T�wr]�\�k|Z|Tz] f�x�t"k�\|wc�r¡sZ[� �c�
� be��_A�JTW�s] k�����T��0q��[w|\�xz_|{

Cauchy
� l

SUTWVYX[Z[\^] _��jbedOVY\|qvw|_shg����xv���¢��T�i0qs��\|��x~_|{
Cauchy

�j`
`cbe����i�w[\[Zr��T�� �j`
} b��.Z|_ck|Z[�[q�i9xs] k�XA{s�^�vZ|_^] �r\ �rl
� be��_R��T��0q��[w|\A���v_r] �rx�tc�U�£�rTz] k^�c�s] fj�c� �|¤
�jbe���v\[Z[{sx�] k^����\c�rTz] k�_c�s� fgTW] �UTW�v�|�Uus� f^k�_[{Af�¥��W�v\|�¢X[ZcZ|_ ls¦
lrbe§¨]�\T��r��krxz\rfj�#xz_|{��T�i0q�t[w|\[xz_|�yx~_[{

Cauchy
k^\^]4x~_[{�£Z|_[k|Z[�[q�i@x�] k^_|¡

�(¡��^_[{"x~_[{
Cauchy

l }
� b����.Z[_[k|Z[�[q�i@x�] k^�|�U�(¡s�^_[��xz_|{

Poisson
k�\r]�x~_A©�qv��o[Z[�[w|\

Dirichlet
l �

�rbe���v\[Z[{sx�] krt�fj{[�v�W�j] fj�"k�\r]�x~_R��T��0q��[w|\A§_c�v_ruvqv_|wr��\|� l �
SUTWVYX[Z[\^] _Rlrb���] k�_vhY���sTW]�T���\r�v\cZ[{�x�] kr�0�ªf�{[�v\rq~x�t[fgT�i0� � l`cb��U]g�^�0qv_^]

A(U)
k^\r]

C(U) � l} be��_R��T��0q��[w|\R�=¡[w|w|_|qvVg�c���£�^TW] k��c�s] fj�c��x~_[{
Riemann � ¤� bemn_rw|_sx~_c�^] k^t���k^uv_rfj�"x~_[{A��T�i�q�t[w[\[x~_[��x~_[{
Cauchy

�r`
�jbe��\R��T�i0q�t[w|\[xz\

Runge
k�\r]

Mittag-Leffler
� �

lrbe��_R��T��0q��[w|\A©�\|qv\[hg_c�~x~_[�r_r� �[f��c��x~_[{
Weierstraß

�c�

«
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´jµA¶¸·�¹gºH»v¼�½j¾À¿YÁÃÂ^Ä�Å?ÁÇÆcÄ�È C
��_�fj¡c�v_sZ|_

C
xWi�� ÅH¾ ºH·�Âg¾É¿JÊ.Ë·Ì½j¾ Í=ÅJÊ.Ë°Î t ÅH¾ ºH·ÌÂj¾É¿4ÏÇ»�Ð4ÑÉÐ�»cÂ^ÄÌÒ Tz� �v\r]jx~_�f�¡[�v_sZ|_

R2 TWVY_|us]�\rfjw|�W�v_'w|T�wr]�\A�rqvX|Ó����rqv�rfr��TWfj��� (+)
k^\^]Ywr]�\A�rqsX|Ó��y�^_vZcZ|\[�[Z|\|fY]�\|fgw|_[¡

(·) _^]_c�^_r��T��U_rqs��Ôv_c�~x~\r]gi9��TWÓ�tc��Õ

∀z1 = (x1, y1) ∈ C, z2 = (x2, y2) ∈ C Ö
z1 + z2 = (x1 + x2, y1 + y2)
z1 · z2 = z1z2 = (x1x2 − y1y2, x1y2 + x2y1)

SU\[xvX��r\rqvX|uv_rf�� Ö ����x~_[{[w|T i = (0, 1)
k^\^]?_c�v_|w|X|Ôs_[{[w|T�x~_

i × ·�ËrÆ[·�ØHÆj¾É¿?ÁÙÅ4ÄYË^ÚÌÂ^· b�£�r�yx~_c�ª_|qs] fgw|��x~_[{"�^_vZcZ|\[�[Z|\|fY]�\|fgw|_[¡ Ö �W��_[{[w|T i2 = (−1, 0)
b

§T�xs] �R�^qvX|ÓvTz] �a\[{�xs��� Ö x~_ C Tz� �v\^]Of���w|\jbÛ��_Ü_[{[uv��xsTWqv_Ýi9�'�rqv_|�Rxv�[�a�rqv�|f^��TWf��
Tz� �v\r]rx~_

(0, 0)
k�\r]rx~_y\|�~x�� ��T�x~_ªx~_[{

(x, y)
Tz� �v\^]|x~_

(−x,−y)
b9��_y_[{[uv��xsTWqv_"i9�£�^qv_[�£xz_[�

�r_sZcZ[\[�[Z|\rfg]�\rfjw|��Tz� �v\r]jx~_
(1, 0)

k^\^]�x~_�\|�~x�� f�xvqv_rVY_�xz_|{
(x, y) 6= (0, 0)

Tz� �v\^]�x~_
(

x

x2 + y2
,− y

x2 + y2

)
.

d�¡sk�_vZ|\�wc�r_rqvTz�g�v\�uvTW��ÓvTz]�k�\|�vTz� ���sx�]�x~_
C
uvTW�¢Tz� �v\^]gus]�\[xvT�x~\chYw[�W�v_�fj�0w|\jb

��T�i0qs_[¡[w|T�x���qv\�xv�[�y\c�rTz] k��c�s] fj�
I : R → C

w|T
I(x) = (x, 0)

b£���sxsTU�
I
TW� �v\r]H`WÞ�`

k^\^]jus]�\[x��[qvTz��x���uv_|w[tyfj�0w|\[xz_|� Ö u���Z|\|u�t I(x+ y) = I(x) + I(y)
k�\r]

I(xy) = I(x)I(y) Ö
∀x, y ∈ R b0d9�^_|w|�W��i9� Ö x~\|{�xs��Ôv_c�~x~\|��xz_ R w|T�x��[��Tz] k��c�v\yx~_[{yw|�Wf�iÇxv�c� I Ö uv�sZ|\ru�t"w|T�x~_f�¡[�v_sZ|_ {(x, 0) : x ∈ R} Ö wc�r_rqv_[¡[w|TU�v\���T�i0qv_|¡cw|T�x~_ R fj\r�"{��r_rf�¡[�v_sZ|_�x~_[{

C
k^\r]Ì�v\

hgqvXrVY_[{[w|T Ö k�\cx~\|�jq��[f^x�] k^X Ö R ⊂ C by§�Wfji,\[{�x�tc�"xv�c�ªx~\|¡�xs] fj�c� Ö k^\r]J�jq��cfY]�w|_c�^_r] �0��xz\|�x��[�"] fj��x���x~\
(x, y) = (x, 0) + (0, y) = (x, 0) + (0, 1)(y, 0) = (x, 0) + i(y, 0) = I(x) + iI(y),

wc�r_|qv_|¡[w|Ty�v\hgqvX|V?_[{[w|T Ö T��^� fj�c��k^\[xz\r��q��[f�xs] k�X Ö (x, y) = x + iy
ba§Tªx~_¨fj{cw�or_sZr] fjw|�

\[{�xs�A�W��_|{[w|T
i2 = −1 Ö k^\^]gT��r_|w|�W��i0��x~_ i Tz� �v\^]gwr]�\RßvZ[¡cfj�|à�xv�c�UTWÓs� fji0fj�c� x2 + 1 = 0

b
á �^T��~�Y{[wr��Ôv_[{[w|T£x���qv\yk�Xc�^_r]�T��.or\rfg] k������W�v�v_r]�T���_r]g_c�^_r��T����^qv�p�^TW]g�v\�Tz� �v\^]jt[u��ªhY��iHÞ

f^xs���U\[�r��k^X[�r_^] _�XcZcZ|_�w|X��?�[w[\gb
∀z = x+ iy ∈ C �?��x~_[{[w|TvÕ
• Re z = x Ö Im z = y

Î�Ð�½^·�ºHÅ4·�Æ�¾À¿ÌÏ k^\^] × ·�Ë^Æc·�Ø@Æ�¾À¿ÌÏÃÅ4â�½^ÄÌã x~_[{ z Ò b
• |z| =

√
x2 + y2

Îä·?Ð�Ïg¹YÈjÆ[åÜÆj¾ÀÅ?Á t ÅJâsÆr½^Ä x~_[{
z
Ò b

• z = x− iy ÎäØ@Ègæ^Èjº4Á�ã x~_|{ z Ò b
• �£�r�£xv�[�=\r�v\c�r\rqvX|f�x~\|fj��k�X���T0f��[w|Tz� _|{£f�xz_�Tp��� �rTWuv_�fgTH�^_vZr] k����Ofj{[�~xsT�xz\[hgw|�W�vT���r\^��qv�v_[{[w|T��sx�]Yh?]�\Rk^Xc�?T

z ∈ C Ö z 6= 0
{s�^X|qv��Tz]Ì�W�v\[�"w|_c�v\|us] k��[�"\rqs] ��w|�[�

θ ∈
(−π, π]

xs�px~_^] _[�ª��f^xsT
z = |z|(cos θ + i sin θ)

bU�+\|qs] ��w|�[�"\|{sxs�|�ª_[�v_|w|X|ÔvT�x~\r]
Ï�½g¾ Ø@Å4· x~_[{

z
k^\^]gfj{[w�or_vZr��ÔvT�x~\r]gw|T

arg z
b

ç



��]^or\rfg] k�����]�us]��sxv��xvT���xv����\c�^�vZ[{�xv�c��x�] w[tc��k�\r]jxz_|{�fj{[Ô�{�hg_[¡c��Tz� �v\r]Y_r]g\[k^�sZ|_[{s��T��cÕ
• Re z = 1

2 (z + z) Ö Im z = 1
2i (z − z)

b
• z + w = z + w Ö zw = zw

b
• |zw| = |z||w| b
• |z/w| = |z|/|w| Ö hY]�\ w 6= 0

b
• |z| = |z| b
• |z + w| ≤ |z|+ |w| Î xvqs] hji0�s] k^t�\|�s] fj�sxv��x~\ Ò b

è?µA¶éÆ[Ä?Ð�Äj¹YÄgº9¾À¿YÁÃÂ^Ä�Å?ÁÇÆcÄÌÈ C
��T�i0qs_[¡[w|T.x��Afj{[�vX|q~xv�[f��

ρ : C× C→ R+
w|T
ρ(z, w) = |z − w| bO���sxsT�� ρ _rqs��ÔvTW]wr]�\¨w|Tpxsqs] krt°f�x~_

C
b©�\rqv\cxv�[q�t[f^xsT���xs]9_¨���0qv_[�

(C, ρ)
x~\|{sx���ÔvT�x~\r]9w|T"x~_c�'d�{�k|Z|Tz��uvTz] _

�^�0qv_
(R2, d) Ö �c�^_[{ d TW� �v\r]g�yfj{[���s�Ì] fjw|�W����\[�r�|f�x~\|fj�

d((x1, y1), (x2, y2)) =
√

(x1 − x2)2 + (y1 − y2)2.
�H]�\

z ∈ C k^\^] r > 0
�?��x~_[{[w|T

D(z, r) = {w ∈ C : |z − w| < r} Î _ ·�Ë^Ä4¾�ê4Æ^Ï�ãaÂjÑ Ø@¿ÌÄ�ã w|T£k����~xsqv_ z k�\r]g\[k|x�� �v\ r Ò ,
D(z, r) = {w ∈ C : |z − w| ≤ r} Î _ ¿�¹Y»|¾ ØHÆ^Ï�ã#ÂgÑ ØH¿4Ä�ã w|T£k^�W�~xsqv_ z k^\^]g\ckrx�� �v\ r Ò .d0�^� fj�c� Ö h?]�\ A ⊂ C ��\���q��[fY] w|_[�r_^] _[¡[w|T£xz_|{c��krZ|\|fY] k^_|¡c�Ufj{[w�or_vZr] fgw|_[¡c�

A = {z ∈ C : ∃zn ∈ A
xv��x~_r]�\A��f^xsT

zn → z} Î � ¿�¹?»[¾�ØHÆrÏgÆcå�Æc· x~_[{ A Ò ,
A◦ = {z ∈ A : ∃ε > 0

xs�px~_^] _A�0f�xvT
D(z, ε) ⊂ A} Î x~_ »�Ø0ë£Ær»c½j¾É¿4Ï xz_|{ A Ò ,

∂A = A \A◦ Î x~_ Ø@ìgË^ÄÌ½^Ä x~_|{ A Ò ,
diam(A) = sup{|z − w| : z, w ∈ A} Î � Âj¾ÀÚÌÅ4»sÆ^½^Ä�ã x~_|{ A Ò .���

A,B ⊂ C ���px~_|{[w[T
dist(A,B) = inf{|z − w| : z ∈ A, w ∈ B} Î � ·�Ð�Ï�ØHÆ[·�Ø4å xzi0� A k�\r]

B
Ò
.

dOVY�|fg_c�
(C, ρ) = (R2, d) Ö ��\[k^_sZ|_[{s�Ì]�\ck^t�fj¡�h�krZ|] f���f�x~_ C ��\|qs\ck|xv�[qs��ÔvT�x~\r]gi9��TWÓ�t��cÕí d�f�xzi
zn
wr]�\�\ck�_vZ|_|{s����\�f�x~_

C
k^\^]

z ∈ C b0���sxsT
zn → z ⇔ Re zn → Re z & Im zn → Im z.

î�q��[fg]�w|_[�r_r] ���~xz\|��x~_c�ª��\|qv\[k|xv�[qs] fgw|��\[{�xv� Ö \[�r_|uvTz] k���¡[_c�~x~\r]�x~\�TWÓ�tc��Õ
• ��� zn → z Ö xs�sxvT zn → z

k^\r] |zn| → |z| b
• ��� zn → z

k�\r]
wn → w Ö xv��xvT zn + wn → z + w

k^\^]
znwn → zw

b
• ��� zn, z 6= 0

k^\^]
zn → z Ö xv�sxsT z−1

n → z−1 b
í d�f�xzi

A ⊂ C k^\^] f : A → C
b�����xvT�{��rXrqv��_|{[�yw|_c�s\|us] k^���yf�{[�v\rq~x�t[fgTz] �

u, v : A → Rxv��x~_r]�T��A�0f�xsT
f(x + iy) = u(x, y) + iv(x, y)

bRm
u
_c�v_|w|XrÔvTpx~\^] Ð�½^·�ºHÅ4·�Æ�¾À¿ÌÏ�Å4â�½^ÄÌã

x��c�
f
k^\^]4fj{cw�or_sZr��ÔvTpx~\^]Ìw|T

Re f Ö k�\r]Ì� v _c�v_|w|XrÔvT�xz\^] × ·�ËrÆ[·�ØHÆj¾É¿4ÏDÅ4âc½^Ä�ã x��c� f k^\^]f�{[w�or_sZr��ÔvTpx~\^]gw|T
Im f

b
m
f
Tz� �v\r]cf�{[�vTW�^tc�2f�xz_Ufj�[w|Tz� _

x+iy
\|�2k^\r]cw|�c�v_U\|��_r]

Re f
k�\r]

Im f
TW� �v\r]cf�{[�vTW��Tz� �

f^x~_�fj�[w|TW� _
(x, y)

b
§°]�\°fj{[�vXrq~x��[fj�

f : [a, b] → C
Z|��hgT�x~\r]

Riemann
_sZ|_ckrZ[�[q��0fY]�w[�Q\|�'_^]

Re f
k^\^]

Im f
Tz� �v\r]

Riemann
_sZ|_ckrZ[�cqv�0fY]�w[T���bO�Oxv�[�U�rTWqs� �|xWi�f���\|{�x�tª����x~_[{[w|T
∫ b

a

f(t)dt =

∫ b

a

Re f(t)dt+ i

∫ b

a

Im f(t)dt.

ï



dO�~xvT�Z[�9��\|�vXcZ|_shg\ Ö � f : I → C Ö �c�r_|{ I k^X[�r_r] _yus]�Xrf^xv�[w|\ Ö Z|��hgT�x~\r]�us]�\rVY_|qs� fY]�w[�ª\r�_r]
Re f

k�\r]
Im f

TW� �v\r]gu�] \rVY_|q�� fg]�w|T���b0���sxsT�����x~_[{[w|T
f ′(t) = (Re f)′(t) + i(Im f)′(t).

ð�ñsòôó|õ�ö�ó `cb÷`cø.ù³úÀûaüÌý�þzÿ������yû��sÿ�ú	��
�þvú ü��
γ : [a, b] → C  þ ������ ÿ���û[ú����������! #"$�&%�('*),+.-!/10#"2�3%546/

γ(a)
�7�789-�:; </�=>-!/109"��3%546/

γ(b) ?#@ þ γ(a) = γ(b) A �5
���ÿB� γ CEDGF ÿH��û|ú�( 7%58�0�-�+I���������! #" ?9@ þJ� γ ÿ�K þWû|ú � úÀûL�|û � �!M C � A �5
���ÿN�"ÿ�úO��
�þWû γ([a, b]) P û�üÌý ��Q<RC K � ÿH��û|ú
� ÿ γ∗ ?S@ þ γ∗ ⊂ U A �5
���ÿ P û CEDT� ÿU
5�zúV� γ ÿ�K÷þWû[ú � úÀûS���������* 9"W0�-!/ U ? ùÝúÉûX�rû*� �� � � � û(��ûAüÌý�þzÿ��ZY3�\[�úÀû�] _^ K ügú � �1�rû � �!M C �  þ ������ ÿ���û[ú<�#/�`�/a��b�-*8 ?

c�µ1d�ÄÃ»s¿ÌÆr»�Æc·�Å4âcË^ÄÇÅ@¾ º@·�Âj¾À¿ÌÏÃ»sÐ4ÑÀÐ�»�Â^Ä
í d�f�xzi ∞ �W�v\a\|�~x�] k^Tz��w|T��s_aw|T ∞ /∈ C bª����x~_[{[w|T Ĉ = C ∪ {∞} k^\^]Ì_rqs��Ôv_[{[w|TUxv�[�\c�^TW] k��c�s] fj�

ρ̂ : Ĉ× Ĉ→ R+,w|T
ρ̂(z, w) =

|z − w|√
(1 + |z|2)(1 + |w|2)

, z, w ∈ C

ρ̂(z,∞) = ρ̂(∞, z) =
1√

1 + |z|2
, z ∈ C

ρ̂(∞,∞) = 0.�£�r_|uvTz] k���¡[Tpx~\^]g�sx�]�hY]�\
z, w ∈ C

ρ̂(z, w) = d((π1(z), π2(z), π3(z)), (π1(w), π2(w), π3(w))),

ρ̂(z,∞) = d((π1(z), π2(z), π3(z)), (0, 0, 1)),�c�^_[{
d
Tz� �v\r]£� f�{[���s�Ì] fgw|���v�Ùd�{�k|Z|Tz��uvTW]�\D\c�r�rf^x~\rf�� f�x~_c�

R3 k�\r]�hY]�\ z = x + iy Ö
π1(z), π2(z), π3(z)

TW� �v\r]H_r]Hf�{[�~xsT�xz\[hgw|�W�vT��yx��c�Af^xsTWqvTW_vhYqv\|V?] k^t����rqv_�or_sZ[tc�"x~_[{Qfj�cw|Tz� Þ
_[{

(x, y, 0)
f^xv�[�#T��^]�VYX|�vTz]�\xv�c�RfjVY\^��qv\[�Rw|Tyk^�W�~xsqv_x~_¨fj�cw|Tz� _

(0, 0, 1
2 )
k^\r]9\[k|x�� �v\ 1

2Î á �rTW�z�?{[wr��Ôv_[{[w|T0�sx�]v��f^xsTWqvTW_vhYqv\|V?] k^t£�rqv_�or_sZ[t�x~_|{
(x, y, 0)

Tz� �v\r]s�£xz_rw[t�xv�c�OT��^]�VYXr�vTz]�\[�
x��c��fjV?\r��qv\[��w|T£xv�c�¢T�{s��Tz��\y�^_[{�fj{[�vuv�WTz]�xz_

(x, y, 0)
w|T£x~_c�ªß�or�rqvTW] _y�^�vZ|_^à

(0, 0, 1)
Ò b

0

z

ΣΤΕΡΕΟΓΡΑΦΙΚΗ ΠΡΟΒΟΛΗ ΤΟΥ Ζ

C

d�¡�k^_sZ|\�wc�r_|qvTz��k^\r�vTz� ���v\AusTW��ÓvTz]g�sx�]÷Õ

π1(z) =
x

1 + |z|2 , π2(z) =
y

1 + |z|2 , π3(z) =
|z|2

1 + |z|2 .î�q��[fg]�w|_[�r_r] ���~xz\|��x�] ���^\|qv\[�rX|��iÛfg���WfgTW] �U\[�r_|uvTz] k���¡[Tpx~\^]g��xs]÷Õ
e



• m ρ̂
_rqs��ÔvTz]�wr]�\Ýw|T�xsqs] krt³f�xz_

Ĉ
b � �^��qv_[�

(Ĉ, ρ̂)
_c�v_rw[XrÔvT�x~\r] »s¿�Æ^»sÆc·ÌÅ4â�Ë^Ä

ÅH¾ ºH·�Âg¾É¿4ÏÇ»�Ð4ÑÉÐ�»�Â�Ä b
• ��� zn, z ∈ C xs�sxsT

zn
ρ−→ z ⇔ zn

ρ̂−→ z.

• ��� zn ∈ C xs�sxsT

zn
ρ̂−→∞⇔ |zn| → +∞.

• � (Ĉ, ρ̂)
Tz� �v\r]gfj{[wc�r\[hjtc�Uw|T�xsqs] k^�[���^��qv_[��b

©�\|qv\[x��[q�t[f�xvTª�sx�]��
ρ̂
k^\^]��

ρ
_|qs��Ôv_|{[�"xv�[����us]�\'x~_c�r_sZ|_vh?��\af�x~_

C
b¢���

zn
ρ̂−→ ∞ Ö ��\hgqvXrVY_[{[w|T�\c�|Z[X

zn →∞
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ð�ñsòôó|õ�ö�ó `cb } øJi j�þWû�� � ÿ�� ^ ú	��
!�#�ZY ^� � (X, ρ) CEDGF ÿH��û|ú�0�k7`(%*��-*8l��m�=¢û[þn��û �� þWû�[vú	� �ý��  ü�Mcþ RC û1�  ý X ��û  �  KÀû�ÿ�K þzû[úYû[þ  úO��� � �|û|úE� C ÿ�ú ü�� � ÿ�K þzû[ú��  ∅ �|û|ú��  X ?#@ þ A ⊂ X A��
5��ÿ,�  A CEDGF ÿH��û|ú90�k�`(%*�7-(8l��mSkE��/�02��`�/o </p-!/�k X û[þ q� ÿH� ^ úO��
!�N�ZY ^r � (A, ρ)

ÿ�K þWû|ú
ü�ýcþzÿH���zúO��
!� ?

§°]�\R] fg_|u�¡[�v\rw[��us]�\cxv¡��|i0fj��Tz� �v\r]g��TWÓ�tc��Õ
�
X
uvTW�aTz� �v\^]0f�{[�vT�k|x�] k^�|�'\r�#{s�^X|qv�j_[{[�aw[�Qk^TW�vX Ö \|�v_^] k|xsX°k�\r]0Óv�W�v\ A,B ⊂ Xxv��x~_r]�\A��f^xsT
X = A ∪B b©�\|qv\ruvTz� hgw|\cx~\Rwc��fj{[�vT�k|x�] kr���¢���0q�i0�ªTz� �v\^]�x~_

Z
k^\^]�x~_

Q Î �?T�i�qv_[¡[w|TW�v\�fj\r��{��r�cÞ
�^i0qv_^]�x~_|{

R
w|T£x���fj{[���s��] fjw|�W����w|Tpxsqs] k^t Ò b

s ñ|ö�t�u9ó�v `cb÷`�øLi j(ü��;w
(X, ρ), (Y, d) � ÿ�� ^ úO�  K��ZY ^r úr�rû[ú f : X → Y

üÌý�þzÿ����a� ?x@ þ�  A ⊂ X ÿ�K þWû[ú?üÌý�þzÿH���zúO��
,��
5��ÿ\�  f(A)
ÿ�K þWû|úYüÌý�þzÿH���zúO��
 ?y\z öa{�|sòO}�v ø í dOf�xWi �sx�]4x~_

f(A)
uvTW�RTW� �v\r]@f�{[�vT�k|x�] k^�gb'���sxsT"{��rXrqv��_[{[�

U, V ⊂ Y\|�v_^] �rxsX�w|T
U ∩ f(A) 6= ∅ Ö V ∩ f(A) 6= ∅ k^\^] U ∩ V ∩ f(A) = ∅ xv��x~_r]�\A��f^xsT

f(A) = (f(A) ∩ U) ∪ (f(A) ∩ V ).d0�r_|w|�W��i9�
A = (A ∩ f−1(U)) ∪ (A ∩ f−1(V )),�c�^_[{

A∩ f−1(U)
k�\r]

A∩ f−1(V )
w[��k^TW�vX Ö Óv�W�v\ªk^\^]^\r�v_r] �rxsXyf�x~_ A b@�.{�xs�"�rw[i9�.Tz� �v\^]Xcx~_c�^_�us]��sxs]jxz_

A
Tz� �v\^]gfj{[�vT�k|x�] k^�gb �

s ñ|ö�t�u9ó�v `cb } ø~i j�þWû²ý��  ü�Mcþ RCE A ⊂ R
ÿ�K þzû[ú.üÌý�þzÿH���zúO��
Üû[þS�|û[ú � 
�þ  û[þÜÿ�K þWû|ú[�ú � ü��!� � û ?y\z öa{�|sòO}�v ø.��\Ý\c�r_ruvTz��Óv_[{[w|T�x~_³\r�~x�� f^xsqv_rVY_Ýf^xv�[�aTz]�us] krt�^T�qs� �|xWi�fj�

A = R
bÝm

\c�^�|uvTz]�Ó��Ü�sx~\|�Qx~_
A
TW� �v\r]�k�Xc�r_^] _ÃXcZcZ|_Ãus]�X|f�x��[w|\ÇTz� �s\r]=\r�vXcZ|_shj��b²©�qv_rf^�^\��?t[f^xsT#�v\

uvTz��ÓvTpxsTyxz_¨T�{s�?¡fg\|�#X|f�k^�cfj��b�.��{��r_����Wfg_[{[w|T��sx�]Hxz_
R
uvTW�'Tz� �v\r]9f�{[�vT�krxs] k��jb°���sxvT

{��rX|qv�jTz]
G ⊂ R Ö G 6= R

x~_#_[�r_r� _aTW� �v\r]Ìw[�Ak�T��v� Ö \|�s_r] �rxs�'k^\r]?krZ|TW] f�xs�jb�dOVY�rfj_[�"xz_ GTz� �v\r]Y\|�v_^] �rxs� Ö
G =

⋃

n∈N
In,

�c�^_[{ax~\
In
TW� �v\r]@w[�ak^TW�vX Ö Óv�W�v\¨\r�vX°u�¡[_¨\|�v_^] �rxsX°us]�\rf�x�t[w|\cx~\gb í dOf^xzi I1 = (a1, b1)

b
���sxsT

b1 ∈ R \ G
us]��sx�]4x~\

In
Tz� �v\r]@Óv�W�v\gba��ZcZ|XQx~_

R \ G Tz� �v\^]@T��^� fj�c��\|�v_^] �rxs� Ö X|qv\{��rX|qv�jTz]
ε > 0

xs��xz_^] _°�0f�xvT
(b1 − ε, b1 + ε) ⊂ R \ G b#�.{�xs�°�rwci0��Tz� �v\r]@X[x~_c�r_¨us]��sx�]

I1 ∩ (b1 − ε, b1 + ε) 6= ∅ b �
�



s ñ|ö�t�u9ó�v `cb � øqi j�þWû°û[þ  ú ���5
aý��  ü�Mcþ RCE G ⊂ C ÿ�K þWû|ú@üÌýcþWÿH�a�WúO��
'û[þh�rû[ú � 
�þ  û[þ
F úÀû�� ��P ÿ z, w ∈ G ý�� ��^ �=ÿ�ú � úÀûq�|û � �!M C � γ üE�  G �  �  KÀûyüÌýcþ*[ D ÿ�ú���û�ür� � ÿ�KÀû z �rû[ú w ?

y\z öa{�|sòO}�v ø í dOf�xWi,�sxs]�x~_
G
uvTW�ATz� �v\r]4fj{[�vTpkrxs] k��jbª���sxsT�{��rXrqv��_|{[��w[��k�T��vX Ö Óv�W�v\k^\^]J\r�v_r] �^xvX

U, V ⊂ C xv��x~_r]�\�0f�xvT
G = U ∪ V bRd9��] Z|�phY_[{[w|T z ∈ U Ö w ∈ V b��£�r�{��r����TWfj� Ö {��rXrqv��Tz]gwr]�\yk�\|wc�r¡sZ[� γ Ö w|T γ∗ ⊂ G ��_[�r_^� \�fj{[�vuv�WTW]jx~\

z
k�\r]

w
b0d0�r_rw|����i0�

γ∗ = (γ∗ ∩ U) ∪ (γ∗ ∩ V ),
�c�^_[{

γ∗ ∩U Ö γ∗ ∩V w[��k^TW�vX Ö Óv�W�v\ Ö k�\r]^\r�v_r] �rxvX�f^x~_ γ∗ b9�.{�xs�"�rwci0�.Tz� �v\^]^X[x~_c�r_yus]���xs]x~_
γ∗
TW� �v\r]Yf�{[�vT�k|x�] k^��fg\|�ªfj{[�vT���tc�UTz] k^�c�v\Rf�{[�vT�k|x�] k^_|¡�fj{[�v�vZ|_|{�b

�H]�\"xz_�\|��xs� f�xsqv_|VY_ Ö {��r_c�?��x~_[{[w|T£�sx�]rxz_ G Tz� �v\r]jf�{[�vT�k|x�] k�� Ö T��^] Z|��hg_|{[w[T(xv{[���c� z0 ∈
G Ö k^\^]^����x~_[{[w|T

A = {z ∈ G :
{s�^X|qv��Tz]jk^\rw��r¡�Z[�yf�x~_

G
��_[�r_r��\�fj{[�vuv�WTW]jxz\�fj�[w|TW��\

z0
k^\^]

z}.
��_

A
Tz� �v\^]9�rqv_rVY\|���0�#w[�°k^TW�v�gbÛ��\ÜuvTW��Óv_|{[w|T��sx�]�Tz� �v\^]�\r�v_r] �^xv�³k�\r]9krZ|TW] f^xs�Üf^x~_

Gk^\^]4T��r_|w|�W��i0�
G = A

Z|�vhgi²fj{[�vT�k|x�] k^�sxv��x~\[��b í dOf�xWi
z ∈ A b"d�V?�|fg_c� z ∈ G {��rXrqv��Tz]

ε > 0
xs��xz_^] _¨��f^xsT

D(z, ε) ⊂ G
b³dOVY�|fg_c�

z ∈ A
{��^X|qv��Tz]9wr]�\°k�\|wc�|¡�Z[�

γ
f�x~_
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_c�^_r��\'f�{[�vuv�WTz]gxz\
z0
k^\^]

z
b(�(��qv\AhY]�\�k^Xc�?T

w ∈ D(z, ε) Ö x~_'f�¡[�v_sZ|_ γ∗ ∪ [z, w] Ö �c�r_|{
[z, w]

Tz� �v\^]jx~_RT�{s�?¡shYqv\|w|w|_Axvw[t[w|\A�r_|{Af�{[�vuv�WTz]gxz\Rfj�[w|Tz��\
z
k�\r]

w Ö Tz� �v\^]g��TW] k��c�v\Rwr]�\|�k^\rwc�|¡�Z[�c�yf�x~_
G
�r_|{#fj{[�vuv�WTz]�x~\

z0
k^\^]

w
byd0�r_rw[�W��i0�

w ∈ A k^\^]JX|qv\
D(z, ε) ⊂ A

b
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A
Tz� �v\^]g\|�v_^] �rxs�jb

í d�f�xziÙx���qv\
z ∈ A ∩G b2dOVY�|fg_c� z ∈ G {��rX|qv�jTW]

ε > 0
xv��x~_r] _R�0f�xsT

D(z, ε) ⊂ G
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�£ZcZ[X
z ∈ A fj�[w|\r� �vTW]Ì�sxs]�{��rXrqv��Tz]

w ∈ D(z, ε) ∩ A b��£�r�'{s�^����TWf�� Ö {��rXrqv��Tz]Yk^\rwc�|¡�Z[�
γ
f�xz_

G
��_c�r_^��\'f�{[�vuv�WTz]gx~\

z0
k^\^]

w
b�SU\r]���xvfY]gx~_'f�¡[�v_sZ|_

γ∗ ∪ [w, z]
TW� �v\r]?��TW] k��c�v\

wr]�\[�"k�\|wc�|¡�Z[�c��f�xz_
G
�a_c�^_r��\f�{[�vuv�WTz]Ìx~\

z0
k�\r]

z
b í ��qv\

z ∈ A k�\r]JT��r_rw|����i0�"x~_
ATz� �v\r]jk|Z|Tz] f�xv�gb

��_
z0
Tz� �v\^]�xv{c�j�c�Uk�\r]g��xsfY]�x~_�f�{[wc�r�Wqv\rfjw|\��p�^T�xz\^]÷b �
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yüÌýcþWÿH�a�WúO��
'ý��  ü7Mcþ RCE �  ý X ?J� � C û�[(��� 
A
ÿ�K þWû|úYü�ýcþzÿH���zú	��
n�rû[ú��|û[þ D þWûAüÌý�þzÿH���zúO��
yý��  ü7Mcþ RCE �  ý X [vÿ�þ,�sÿ ^ ú D �=ÿ�ú F þ(�rüjúÀûU�  A ?
s ñ|ö�t�u9ó�v `cb �jø�i j(üE�ow

X � ÿ�� ^ ú	��
!�2�ZY ^r � A x0 ∈ X A �rû[ú {Ai : i ∈ I} � úÀû  úO� *F7D þzÿ�úÀûü�ýcþzÿH���zúO��Y�þAý��  üÌýcþ*
 C w�þ,�  ý X � D �  úÀû�Y0ü���ÿ x0 ∈ Ai F úÉû1� ��P ÿ i ∈ I ?B� 
���ÿJ� D þHw0ür�
A =

⋃

i∈I
Ai

ÿ�K þWû[ú?üÌý�þzÿH���zúO��
¢ü�M�þ _C�(?
y\z öa{�|sòO}�v ø í dOf�xWi

G
�W�v\w[�Rk�TW�v�a{��r_rf�¡[�v_sZ|_#x~_|{

A
x~__c�r_^� _TW� �v\r]J\r�v_r] �^xv�ak�\r]

k|Z|Tz] f�xv�°f^x~_
A
b����sxsT¢x~_

G ∩ Ai
Tz� �v\^]J\r�v_r] �^xv�Qk^\^]ÌkrZ|TW] f�xs�f�x~_

Ai
h?] \Qk^X���T

i ∈ I bd0�r_|w|�W��i9� Ö Tz� xsT G ∩ Ai = ∅ Tz� xsT G ∩ Ai = Ai
b£dOVY�|fg_c�ªxv�0qv\

G 6= ∅ Ö {��rX|qv�jTW] i0 ∈ Ixv��x~_r] _¢�0f�xvT
G∩Ai0 6= ∅

b í ��qv\
G∩Ai0 = Ai0

b@Mus]�\r� xsTWqv\ Ö x0 ∈ G
k�\r]r��xvfY]

x0 ∈ G∩AihY]�\�k^Xc�?T
i ∈ I bO�={[�vT��|�9� G ∩Ai = Ai

hY]�\�k^Xc�?T
i
k�\r]YX|qv\

G = A
b �

s ñ|ö�t�u9ó�v `cb�lrøni j(ü��;w
X � ÿH� ^ úO��
!�&�xY ^r � ?B� 
5��ÿ��Î ` Ò1� ��P ÿ x0 ∈ X
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m _^] k^_shg�W�vTz]�\ A Tz� �v\r]|w[��k^TW��t Î TWVY�rfg_c� {x0} ∈ A
Ò Ö k�\r]|\c�^�Uxv�[�(�^qv_[��hg_|¡[w|T�����rqv��xz\rf��yx~_�f�¡[�v_sZ|_

C =
⋃

A∈A
A

Tz� �v\^]Yfj{[�vT�k|x�] k^�jb2�£�r��x~_c�"_rqs] fjw|�Ax~_[{ Ö x~_ C Tz� �v\r]?T��^� fj�c��w|T�hY] f�xs] k�� Ö k^\^]YX|qv\Tz� �v\^]gwr]�\Afj{[�vT�k|x�] krt�fj{[�s] f�x���fj\�x~_|{
X
b

Î } Ò ���
C1 Ö C2

t�xz\r��u�¡[_Aus]�\[k^T�k^qs]�w|�W�vT��Ufj{[�vTpkrx�] k����Uf�{[�s] f�xv�0fgT���w[T
C1 ∩C2 6= ∅ Öxs�sxvT Ö \c�^��xv�c�£�rqv_|��hg_|¡cw|TW���U�rqv�sx~\|fj� Ö xz_"f�¡[�v_sZ|_ C1∪C2

��\¢t�x~\r��f�{[�vT�k|x�] k^�
k^\^]^��\��rTWqs]�TW� ��T£hg��t[fY]�\�xz\

C1
k�\r]

C2 Ö Xcx~_c�^_jb
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A ⊂ G wr]�\¢fj{c�sTpkrxs] k^tUfj{[�s] f�x���fj\Ux~_[{
G
k�\r]

z ∈ A b@d�VY�rfg_c��xz_
G
Tz� �v\r]^\r�v_r] �^xv�"{��rXrqv��Tz]

ε > 0
xs��xz_^] _"�0f�xvT

D(z, ε) ⊂ G b9�£ZcZ[X¢x~_yf�¡[�v_sZ|_ D(z, ε)∪ATz� �v\r]?f�{[�vT�krxs] k��jb=d0�r_rw[�W��i0��\[�r�Ax��Aw|T�hY] f�x�] k^�sxv��xz\Ax~_|{
A Ö �rqv���rTz]Y�v\R���j_[{[w|T D(z, ε) ∪

A = A Ö k^\^]gX|qv\ D(z, ε) ⊂ A Ö u���Z|\ru�tªx~_ A Tz� �v\^]g\r�v_r] �rxs�gb
��_R�sx�]Y_r]?f�{[�vT�krxs] k����¢fj{[�s] f�x���fjT��Ux~_[{

G
Tz� �v\^]Y\|qs] �?w[t[fY]�w|T��Ux~_A�[Z[ts��_[�����rT�x~\r]?\c�^�

x~_°�sxs]@fÌ¥ �W�v\°us]�\r�^i0qs� fY]�w|_°w|T�xvqs] k��°�^�0qv_ Ö k^Xc�?T�_r] k�_vhY���vTz]�\¨w[�#k^TW���0� Ö Ós����i��R\r�vX°u�¡[_\|�v_^] �rxv�0�ªf�{[�v�sZ[i0�ªTW� �v\r]Y\|qs] ��w[t[fg]�w[��b �
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Cauchy
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Z[{�xs] k�����f�{[�v\rq~xvtcfgTz] ��Õ
ð�ñsòôó|õ�ö�ó } b÷`cøVi j(ü��;w

U D þzû�û[þ  ú ����
.ý��  ü�Mcþ _CE �  ý C ? ùÝúÀû�üÌý�þ ��^ �!�|ür� f : U → C
CED5F ÿ���û|ú���`*�� 2k7-*8���+X�R�1/T �m��#/H'2�<"��Uü��  U û[þ F úÀû1� ��P ÿ z ∈ U �  
 ^ ú 

lim
h→0

f(z + h)− f(z)

hý�� �H^ �=ÿ�ú ?�� �zú � ���  ýüÌý ��Q<RC K � ÿ���û[ú � ÿ f ′(z) �|û|ú  þ ������ ÿ���û[úZ���('2b������2/�=��G��� f ü�� 
z ?L� ] ^�� ür�.��� f ÿ�K÷þWû[úHû[þzû C ý��WúO���QüE�  ü�� � ÿ�K  z0 � ü�� � û�K÷þWÿ�ú#
��zú0ý�� ��^ �=ÿ�ú D þWûQû[þ  ú ����
ü7Mcþ _C� U � D �  ú  Y0ü���ÿ z0 ∈ U

�rû[ú<�
f
ÿ�K þWû|ú�û[þWû C ý��WúO�a�'ü��  U ?x� ÿ�þvúO��
5��ÿ ^ ûRûcþ S ÿ�K þWû|ú

D þWûÜý��  ü7Mcþ RCE �  ý C A�CED�� ÿ�
5�Wúx� f ÿ�K þzû[ú�û[þWû C ý��zúO�a�³üE�  S û[þ°ý�� �H^ �=ÿ�ú D þWû³û[þ  ú ���5

U ⊂ C � D �  ú  Y0ü���ÿ S ⊂ C �|û|ú2�

f
ÿ�K þzû[ú?û[þzû C ý��WúO����üE�  U ?

�Ok^TWVjxsTz� xvT�xs] �R_|w|_^]��sxv�sxsT���k^\r]@x�] �Rus]�\rVY_|qv���'\|�vXrw|T�fg\³f^x�] ���r\rqv\c�rXr��i ���v�v_^]�T��Ak�\r]
f^xv�[�¢_^] k^Tz��\�\c�r��xv�[��©�qv\chgw|\[xs] k^ty���vXcZ[{[fj�����s�v_r]�\�x��c��us]�\|VY_rqs] fY]�w[��x���x~\[�cb

mÃ\c�r�ruvTz]�Ó��(xz_|{£\ck��vZ|_|{v��_|{£\c�^_sxsTpZ|�Wfgw|\cx~_[�OTz� �v\^]vT��~xsT�Z[�9�O\|�vXcZ|_shj�£w|THxv�[�O\[�r�|uvTz]�Ó��
x~_[{�\r�~xs� f�x~_r] �j_[{A\c�r_�xvT�Z|�Wfjw|\[x~_[��\c�^��xz_[���£�rTz]�qv_|f�x�] k^�A�=_shY] fgw|�jb

�\|� jñ�vÌõ�u } b÷`cøni j2ü��ow
S ⊂ C ?Î ` Ò @ þ>� f : S → C
ÿ�K þzû[ú?û[þWû C ý��WúO��� A �5
5��ÿ�� f ÿ�K þWû|úYüÌý�þzÿ����a� ?Î } Ò @ þ  ú f, g : S → C
ÿTK÷þWû[úÌû[þWû C ý��zúO� D � A ��
5��ÿ  ú f + g A fg ÿ�K÷þWû[úÌû[þWû C ý��zúO� D �n�|û|ú

(f + g)′ = f ′ + g′ A (fg)′ = f ′g + fg′ ?Î � Ò @ þ,� f : S → C
ÿ�K þWû|ú?û[þWû C ý��zúO�a�U�rû[ú�[vÿ�þ � ��[vÿ�þ!K � ÿH��û|úYü�ÿB� � �  úÀûh�sÿ ^ ú  ���U�  ý

S A ��
5��ÿJ� 1/f
ÿTK÷þWû[ú�û[þWû C ý��zú	���U�rû[ú (1/f)′ = −f ′/f2 ?

y\z öa{�|sòO}�v ø����^_|uvTz] k^��¡[_|{[w|T£w|�c�v_"x~_ Î ` Ò hY]�\��v\�VY\|�vTz���"\c�^�vZ[{�xv�"\|�v\[Z|_vh?��\�w|T(x~_c�
�£�rTz]�qv_|f�x�] k��A�=_vh?] fjw|�gb

í d�f�xzi
z0
f�x��[�U�^T�qs] _��^tyxz_|{

S
f�x��[�ª_c�r_^��\A�

f
Tz� �v\^]g\|�v\[Z[{�xs] k^t�b0���sxvT

lim
z→z0

|f(z)− f(z0)| = lim
z→z0

|f(z)− f(z0)|
|z − z0|

lim
z→z0

|z − z0| = f ′(z0) · 0 = 0.

�
�o�



�\|� jñ�vÌõ�u } b } Î �DSU\r�v�c�v\|�(x��c���£Z[{cfY��uv\|� Ò ø�i j(ü��;w
U, V ⊂ C ûcþ  ú ��� � �|û|ú f : U →

C A g : V → C
û[þWû C ý��WúO� D � ?U¡ � GP�D �  ý � ÿ�
��zú f(U) ⊂ V ?>� 
���ÿn� g ◦ f ÿ�K þWû|úÌû[þWû C ý��WúO���üE�  U �|û|ú

(g ◦ f)′(z) = f ′(z)g′(f(z)) F úÀûq
 C ûU��û z ∈ U ?
�\|� jñ�vÌõ�u } b � Î ��_#��T���q��[w|\R���~x�� f�xvqv_rVg�c�¢�£�rTz] k��c�s] fj�c� Ò ø,i j2ü��ow

U, V ⊂ C ûcþ  ú ¢��� ��A f : U → C
ü�ýcþzÿ������ A g : V → C

û[þzû C ý��WúO��� ?h¡ � !P�D �  ý � ÿ�
5�zú f(U) ⊂ V
�rû[ú�
5�Wú

g(f(z)) = z F úÀû1
 C ûU��û z ∈ U ?B� 
5��ÿ�� f ÿTK÷þWû[ú�û[þWû C ý��zúO�a��ü��  U �|û|ú

f ′(z) =
1

g′(f(z))
, z ∈ U.

�.¥�\[{�xs�¢x~_yf��[w|Tz� _ Ö x~\yw[_[�v\|us] k�X¢�^\|qv\ruvTW� hgw|\cx~\y\|�v\[Z[{�xs] k^�0��fj{[�v\|q~xvt[fjT�i��.�r_|{ªwc�r_�Þqv_[¡[w|T��v\#f�k^TWVjx~_[¡[w|T�Tz� �v\^]�_^]�q���xv���"f�{[�v\rq~x�t[fgTz] � Ö u���Z|\|u�tA�r��Z|� k�\'wr] hY\|us] kr���ª�^_vZ[{ci0��¡sÞw[i0�[bQ�H]�\°�v\¨_|q�� fj_|{[w|Tª�^TWqs] fjfg�sxsTWqvT�� Ö ��\°�jqvTz]�\|f�xz_|¡[w|T"xz_¨\[k^�sZ|_[{s��_¨\c�r_�xv��Z|TWfjw|\ Ö x~__c�^_r� _���\rqv\ckrx��[qs��ÔvTz]^xs] ��\r�v\cZ[{�x�] k�����fj{[�v\|q�x�t[fgTz] ��w|�WfjiÜxz_|{¢�rqv\[hgw|\[xs] k�_[¡¢k�\r]jVY\|�~x~\|f�x�] Þ
k^_|¡"x~_[{c��w[�Wqv_|{c��b

�\|� jñ�vÌõ�u } b � Î ��]�fj{c�~�Yt�k�T��
Cauchy-Riemann

Ò ø1i j2ü��ow
U ⊂ C

û[þ  ú ���5
I�|û[ú
f : U → C ?V£�D �  ý � ÿ u = Re f

�|û[ú
v = Im f ?#@ þ�� f ÿ�K þWû|újû[þWû C ý��zúO�a� A ��
5��ÿ  ú � ÿ ^ úO� D ��sû ^��!F w F7 ú
∂u

∂x
,
∂u

∂y
,
∂v

∂x
,
∂v

∂yý�� �H^ �  ýcþL�|û|úYú ü*�VM[ÿ�ú

f(x0 + iy0) =
∂u(x0, y0)

∂x
+ i

∂v(x0, y0)

∂x
=
∂v(x0, y0)

∂y
− i∂u(x0, y0)

∂y
,

F úÀû1� ��P ÿ x0 + iy0 ∈ U ? � û(� � üÌý�þ D �sÿ�úÀû




∂u

∂x
=
∂v

∂y

∂u

∂y
= −∂v

∂x





��üÌý�þ P ���rÿo� Cauchy-Riemann
�
.

@ þ*��K ü�� ^r ]?û A û[þ  ú � ÿ ^ ú	� D ���sû ^��!F w F7 ú
∂u

∂x
,
∂u

∂y
,
∂v

∂x
,
∂v

∂yý�� �H^ �  ýcþ A ÿ�K þWû|ú9ü�ýcþzÿ��=ÿ�K �1�|û[ú0ú	�rû[þ  �  ú  Mcþ~�zú �Aü�ýcþ P �a�|ÿo� Cauchy-Riemann A �5
���ÿ1� fÿ�K þWû[ú�û[þWû C ý��zúO�a� ?
y\z öa{�|sòO}�v ø í dOf�xWi

z0 = x0 + iy0 ∈ U
b0���sxvT

f ′(z0) = lim
h→0

f(z0 + h)− f(z0)

h
= lim

h∈R
h→0

f(z0 + h)− f(z0)

h

= lim
h→0

u(x0 + h, y0) + iv(x0 + h, y0)− u(x0, y0)− iv(x0, y0)

h

= lim
h→0

u(x0 + h, y0)− u(x0, y0)

h
+ i lim

h→0

v(x0 + h, y0)− v(x0, y0)

h

=
∂u(x0, y0)

∂x
+ i

∂v(x0, y0)

∂x
.

�_¤



���vXcZ|_shg\ Ö
f ′(z0) = lim

h→0

f(z0 + h)− f(z0)

h
= lim

h∈R
h→0

f(z0 + ih)− f(z0)

ih

= lim
h→0

u(x0, y0 + h) + iv(x0, y0 + h)− u(x0, y0)− iv(x0, y0)

ih

= lim
h→0

v(x0, y0 + h)− v(x0, y0)

h
− i lim

h→0

u(x0, y0 + h)− u(x0, y0)

h

=
∂v(x0, y0)

∂y
− i∂u(x0, y0)

∂y
.

�H]�\Üx~_Ç\r�~xs� f�xsqv_|VY_ Ö �Wf�xzi z0 = x0 + iy0 ∈ U
b,���sxsT'{��rXrqv��Tz]

ε > 0
xs��x~_r] _Ç��f^xsT

D(z0, ε) ⊂ U
b0�@]�\yk�X���T

h = s+ it ∈ D(0, ε) Ö ��T�i0qv_|¡cw|T.x��[�U�^_|fg�sxv�sx~\
f(z0 + h)− f(z0)

h

=
(u(x0 + s, y0 + t)− u(x0, y0)) + i(v(x0 + s, y0 + t)− v(x0, y0))

s+ it
.

�£�r�x~_Ý��T��0q��[w|\¨§�Wf��c���£]�w[tc�R�W��_|{[w|T��sx�]@{��rXrqv��_|{[�
s1, t1

w|T |s1| < |s|, |t1| < |t|xv��x~_r]�\A��f^xsT
u(x0 + s, y0 + t)− u(x0, y0)

= [ux(x0 + s1, y0 + t)− ux(x0, y0)]s+ [uy(x0, y0 + t1)− uy(x0, y0)]t

+ ux(x0, y0)s+ uy(x0, y0)t

= φ(s, t) + ux(x0, y0)s+ uy(x0, y0)t,�c�^_[{
lim

s+it→0

φ(s, t)

s+ it
= 0,

us]��sx�]
ux, uy

fj{[�vTW��Tz� ��b
��w|_^� i9�

v(x0 + s, y0 + t)− v(x0, y0) = ψ(s, t) + vx(x0, y0) + vy(x0, y0),�c�^_[{
lim

s+it→0

ψ(s, t)

s+ it
= 0.

d0�r_|w|�W��i9� Ö ��q��[fg]�w|_[�r_r] ���~x~\[��xs] ��fj{c�z�?t�k^T�� Cauchy-Riemann Ö �^\r��qv�v_|{cw|T
f(z0 + h)− f(z0)

h
= ux(x0, y0) + ivx(x0, y0) +

φ(s, t) + iψ(s, t)

s+ it
.

©�\r��qv�v_c�~x~\|��x~_��|qs] _yk�\��?�9�
s+ it→ 0

o[Z|���r_|{[w|T��sxs]j�
f
Tz� �v\^]g\r�v\cZ[{�x�] k^t�b �

s ñ|ö�t�u9ó�v } b÷`cøni j(ü��ow
G ⊂ C û[þ  ú ���5
n�rû[ú?ü�ýcþzÿH���zú	��
 A �rû[ú D ü��;w f : G→ C

û[þWû C ý*¢�WúO��� A � D �  úÀû�Y0ü���ÿ f ′(z) = 0 F úÀû1� ��P ÿ z ∈ G ?B� 
5��ÿJ� f ÿ�K þWû|ú?üE��û P ÿ ^ � ?y\z öa{�|sòO}�v ø.�Oxz\c�?TWqv_[�r_^] _[¡[w|T
z0 ∈ G

k^\r]����px~_|{cw|T
A = {z ∈ G : f(z) = f(z0)}.��_

A
TW� �v\r]j�rqv_rVY\|���0��w[�yk^TW�v�jb(��\�uvTz��Óv_|{[w[T��sx�]YTz� �v\r]Y\r�v_r] �^xv�Ak^\^]jk|Z|Tz] f�xv�Rf�x~_

G
k�\r]

T��r_|w|�W��i9�
A = G

b
í d�f�xzi

z = x + iy ∈ A b�d�V?�|fg_c� z ∈ G Ö {��rXrqv��Tz] ε > 0
xs�px~_^] _R�0f�xsT

D(z,ε) ⊂ G
b

d0�^] Z|�phY_[{[w|TUx�{[���[�
w ∈ D(z, ε)

bU���sxsT
w = z + h

hY]�\
h = s + it ∈ D(0, ε)

bU�£�^�Rx~_
��«



��T��0q��[w|\�§�Wfj�c�U�£]�w[tc� Ö {��rXrqv��_[{[� s1, s2, t1, t2
w|T |s1|, |s2| < |s|, |t1|, |t2| < |t|

xs��x~_r]�\
�0f�xvT

f(w)− f(z)

= ux(x+ s1, y + t)s+ uy(x, y + t1)t+ i[vx(x+ s2, y + t)s+ vy(x, y + t2)t] = 0,
us]��sx�]J{��^_����Wfj\rw|Ty��xs]

f ′(z) = 0
hY]�\k^Xc�?T

z ∈ G
bad0�r_rw|���vi9�

f(w) = f(z) = f(z0)
b

í ��qv\
w ∈ A k�\r]gTWVY�rfg_c�Ux~_

w
t�xz\r�Uxv{[���c� Ö D(z, ε) ⊂ A bO�={[�vT��|�0��xz_ A Tz� �v\^]g\|�s_r] �rxs�jb

����Z|_[� Ö x~_ A Tz� �v\^]�k|Z|Tz] f�xv��f�x~_
G
us]���xs]j�

f
Tz� �v\^]gfj{[�vT���tc��b �

î�q��[fg]�w|_[�r_r] ���~x~\[�(x~_y��T��0q��[w|\ } b � Ö wc�r_|qv_|¡[w|T2�v\¢k^\[x~\|f�k^T�{[X|fg_[{[w|T�w[��xsT�xsqs]�w[w|�W�vT��\|�v\[Z[{�xs] k�����fj{[�v\|q~xvt[fjTz] �cb
• Î m wr] hY\|us] k^t�Tpk|��Tpx�] krtAfj{[�vX|q~xv�[f���b Ò �H]�\�k^Xc�?T z = x+ iy ∈ C ����xz_|{[w|T

exp(z) = ez = ex(cos y + i sin y).
m

exp
Tz� �v\r]|\r�v\cZ[{�x�] krt Î \c�r�Ux~_ª��T��0q��[w|\ } b � Ò Ö exp(C) = C\{0} Ö TW� �v\r]c�^T�qs] _cÞus] krtyw|T��rTWqs� _ruv_

2πi
k�\r]g] k�\|�v_[�r_r]�Tz��xs] �Ufj�j��fgTz] �

exp(z +w) = exp(z) exp(w)hY]�\�k�X���T
z, w ∈ C Ö k�\r] (exp)′ = exp

b
• Î ��].wr] hY\|us] k����³xsqs] hgi0�v_|w|T�xsqs] k^���Üfj{[�v\|q~xvt[fjTz] ��b Ò ��qs��Ôv_|{[w|Tx�] �Üf�{[�v\rq~x�t[fgTz] �

sin, cos : C→ C
w|T

sin z =
1

2i
(eiz − e−iz), cos z =

1

2
(eiz + e−iz).

��]jfj{[�v\|q�x�t[fgTz] ��\[{�xs����Tz� �v\^]j\|�v\[Z[{sx�] k^���Uus]��sx�]��
exp

TW� �v\r]j\r�v\cZ[{�xs] k^t Ö k^\^]g] k^\cÞ�v_[�r_r] _|¡[�Ux�] �Ufg���WfgTz] �
sin′ z = cos z Ö cos′ z = − sin z

k�\r]
sin2 z + cos2 z = 1

b
• Î � k^¡cq�] _[�¢k|Z|Xruv_[�¢xz_|{Rwr] hg\rus] k^_|¡AZ|_vhY\|qs� ��w|_[{�b Ò ����x~_[{[w|T A = C \ {x ∈ R :
x ≤ 0} k�\r]Y_|qs��Ôv_[{[w|T£xv��fj{c�sX|q~xv�[f�� log : A→ C

w|T
log z = log |z|+ i arg z.

m
log

Tz� �v\^]^fj{c�vTW��t��£k�\r]
exp(log z) = z

b9dOVY�|fg_c���
exp

Tz� �v\^]^\r�v\cZ[{�x�] krt Ö \c�r�x~_ª��T��0q��[w|\����~x�� f^xsqv_|VY���(�£�rTz] k^�c�s] f��c�����j_[{[w|T=�sx�]�k�\r][�
log

TW� �v\r]|\|�v\cZ[{�x�] krt�b
�£�r��x~_���us] _y��T��0q��[w|\y�^\r��qv�v_|{[w[T���xs]

log′ z =
1

z
, z ∈ A.

• Î m wr] hg\|us] k^t¨u�¡[�v\rwc��b Ò ���
A
Tz� �v\^]��c�|i0���^\|qv\[�rX|�vi Ö xv�sxsT�h?]�\ a ∈ C Ö z ∈

A Ö �?��x~_[{[w|T za = exp(a log z)
b'm

za
TW� �v\r]@\|�v\[Z[{sx�] krtf�xz_

A
fj\r�Rfj¡[�z��TWf��

\|�s\cZ[{�xs] k^�0�ªf�{[�v\rq~x�t[fgT�i0�[b0d�¡�k^_sZ|\yocZ|���r_|{[w|T.��xs]
(za)′ = aza−1, z ∈ A.

è?µh¥y¹?Ä?¿�¹jÁ�½�ë.Ø4åÃØ@»'Å4ÄYË^Ä?Ð�Ú?Æj¾ ·
ð�ñsòôó|õ�ö�ó } b } ø�i j2ü��ow

γ : [a, b] → C D þWû �� þ  � � �zú#�rû[ú f : γ∗ → C � úÀûQüÌý�þzÿ����a�ü�ýcþ ��^ �!�|ür� ?\� 
���ÿ _^ K �o ý � ÿ\� n_CE � C � ^ w � ûU�!��� f � � þHwÛü��  γ w&�Uÿ � ���5�
∫

γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt.

�£�r_yxv�0qv\yk�\r]gf�x~_ATWÓ�tc� Ö �sx~\|�UhgqvXrVY_[{[w|T ∫
γ
f(z)dz Ö �?\A{��r_�����x~_[{[w|T��sxs]�x~_ γ Tz� �v\r]�W�v\�w[_[�v_c�rX[xs]jk^\r]Y�sx�]j�

f
Tz� �v\r]gfj{[�vTW�^tc��f^x~_

γ∗
b

mn\ck��vZ|_|{s�Y�A\|�s] fg�sxv��xz\��?\��jq��cfY]�w|_c�^_r]�Tz� x~\r]gfj{[���vXgÕ
�§¦



s ñ|ö�t�u9ó�v } b } ø
∣∣∣∣
∫

γ

f(z)dz

∣∣∣∣ ≤Mf (γ)l(γ),


(�  ý
Mf (γ) = max{|f(z)| : z ∈ γ∗}�|û|ú

l(γ) =

∫ b

a

|γ′(t)|dt �§� �� ���  ���  ý γ � .
y\z öa{�|sòO}�v ø í ��f�kr�[fj��b �
�Oxv�c�#\[�r�ruvTz] Óv�ax~_[{a��T�i0q�t[w|\[xz_|�Ax~_[{

Cauchy
h?]�\¨�W�v\xsqs� hgi0�v_ Ö ��\¨�jqvTz]�\|f�xvTz�9�v\{��r_sZ[_shY� fg_|{[w[T�x~_a_sZ|_ckrZ[t[q�i0w|\ ∫

γ
zndz Ö �c�^_[{Rx~_ γ �r\rqs] f�xvXr�vTW]�x~_QT�{s�?¡�hgqv\rw|w[_#xvw[t[w|\�r_|{�f�{[�vuv�WTz]gu�¡[_�f��[w|Tz��\

z1
k^\r]

z2
b0mn\c�^X|�~xv�[f���Tz� �v\^]j��\r�v\|w|TW�v�|w|TW����b

ð�ñsòôó|õ�ö�ó } b � øni j2ü��ow
z1, z2 ∈ C

�|û|ú D ü��ow¨
5�zú
∫

[z1,z2]

f(z)dz

ü�ý ��Q<RC K � ÿ�úr� nRCE � C � ^ w � ûU�G��� f � � þ�wÛü�� ��� þ  � � �zú
γ : [0, 1]→ C, γ(t) = (1− t)z1 + tz2.

@ þ Γ
ÿTK÷þWû[ú D þWûh� RC M F wOþ �� ÿB[�úÀû�[  �(úO� D �\� _^ ý�] D � z1, z2, . . . , zn A �5
5��ÿ P�D �  ý � ÿ

∫

Γ

f(z)dz =
n−1∑

k=1

∫

[zk,zk+1]

f(z)dz

s ñ|ö�t�u9ó�v } b � ø � úÀûq� ��P ÿ n = 0, 1, 2, . . . D �  ý � ÿ
∫

[z1,z2]

zndz =
1

n+ 1
(zn+1

2 − zn+1
1 ).

y\z öa{�|sòO}�v ø í ��f�kr�[fj��b �
�\|� jñ�vÌõ�u } bÉl Î�d¢Ä~©R»cÊ�½[å�Å4·�Æ[Ä�È

Cauchy
º9¾ ·�Æ^½jÑ º9ë.Ë^·4Ò øVi j(üE�ow

Γ D þzû\� ^ K F wOþ � D �  ú  Y0ü���ÿ\�  Γ
�|û[ú2�  ÿ
ü�w3��ÿ ^ úO��
,�  ý1�sÿ ^ ú D �  þ*��û|úYü&ª D þWû�û[þ  ú ���5
�ü�Mcþ RCE U ⊂ C ?�@ þ�

f
ÿ�K þWû|ú?û[þWû C ý��zúO�a��ü��  U A ��
5��ÿ

∫

Γ

f(z)dz = 0.

y\z öa{�|sòO}�v ø(î.i�qs��Ôv_[{[w|T¢x~_TWf�i9xvTWqs] k��ax~_[{
Γ
�[�|i9�AVY\r� �vT�xz\^]Jf�x~_fg�^t[w|\ Î ��\

a Ö bk^\^]
c
Tz� �v\^]�x~\�w|�Wfj\�xzi0���[Z|T�{cqv�0�Ux~_[{"xsqs] hj���v_[{ Ò b

a b

c

V01

V

V

V02

03

04

�6ç



í d�f�xzi
Γ0j

x~_�fj¡[�v_|qv_�x~_[{
V0j , j = 1, 2, 3, 4

b@����xvT
∫

Γ

f(z)dz =
4∑

j=1

∫

Γ0j

f(z)dz.

Î á �r_c�?��x~_|{cw|TU�sxs]?�W��_|{cw|TUus]�\cxsX|ÓvTz]gxs] ��k�_|q�{[VY���¢�sZci���xzi���xsqs] hg�0��i0�"w|T�VY_|qvX'\|�~x�� ��T�x��
\c�^�yxv��VY_|qvX�xzi0�ªuvTz] k|xv�0��x~_[{�qv_sZ|_vhY] _[¡�b Ò í d�f�xzi

k
xv��x~_r] _��0f�xvT

∣∣∣∣
∫

Γ0k

f(z)dz

∣∣∣∣ = max

{∣∣∣∣∣

∫

Γ0j

f(z)dz

∣∣∣∣∣ : j = 1, 2, 3, 4

}
.

����x~_[{[w|T
Γ1 = Γ0k

k^\^]
V1 = V0k

b0���sxsT
∣∣∣∣
∫

Γ

f(z)dz

∣∣∣∣ ≤ 4

∣∣∣∣
∫

Γ1

f(z)dz

∣∣∣∣ .
��w|_^� i0� Ö �^i0qs��Ôv_|{[w[T�xz_�TWfji@xsTWqs] k^�"x~_|{ Γ1

f�x~\�fj¡c�s_vZ|\
V11, V12, V13, V14

k�\r]^�r\r��qv�v_|{[w|T
∣∣∣∣
∫

Γ1

f(z)dz

∣∣∣∣ ≤ 4

∣∣∣∣
∫

Γ2

f(z)dz

∣∣∣∣ ,
�c�^_[{

Γ2
Tz� �v\r]Yk�Xc�r_^] _'\[�r��x~\#ßs{��r_sxsqs� hgi0�v\ràyx~_[{

Γ1
b.�={[�vTW�j��Ôv_[�~x~\[�ªw|T�x~_c����us] _�xsqv�c�^_

�r\^� qs�v_[{[w|Twr]�\ V��Ì� �v_|{[fj\ \ck�_vZ|_|{s����\ fj{c�v�sZ[i0�
V1 ⊃ V2 ⊃ V3 ⊃ · · ·

Î
Vn

Tz� �v\^](x~_
TWf�i9xvTWqs] k��yx~_|{"xsqs] hj�0�v_|{

Γn
Ò Ö xs��xz_^]�\A�0f�xsT

Î } b ` Ò ∣∣∣∣
∫

Γ

f(z)dz

∣∣∣∣ ≤ 4n
∣∣∣∣
∫

Γn

f(z)dz

∣∣∣∣ .
í d�f�xzi

V n
x~_#krZ|TW] f�xs�#xsqs] hji0��] k��Qfj¡[�v_sZ|_

Vn ∪ Γn
by���sxsTª� {V n} Tz� �v\^]4wr]�\QV��Ì� �v_|{[fj\\ck�_vZ|_|{s����\¨k|Z|Tz] f�xv�0�afj{[�v�sZci��[bÝd0�^] �[Z|�W_c� Ö \rVY_[¡x~_ÝT�{s�?¡�hgqv\rw|w[_¨xswct[w|\¨�r_[{¨fj{[�vuv��Tz]x~\#w[�Wfg\#u�¡[_R�[Z|T�{[q��0�yTW�v�[�¢xsqs] hj�0�s_[{R�W�jTW]?x~_#wr] fj�#w[t�k�_[�ª\[�r�Rx~_#w[t�k^_|��xv�c�"\c�r�W�v\r�~xs]

�[Z|T�{[qvX[� Ö �W��_|{cw|T
w[t�k^_|�

(Γn) =
1

2

wct�k�_[�
(Γn−1).

d0�r_|w|�W��i9�
diam(V n) ≤ w[t�k�_[� (Γn) = 2−n

w[tsk�_[�
(Γ)→ 0.�£�r�yx~_R��T��0qv�cw|\

Cantor Ö �ªx~_rwct ⋂∞n=1 V n
�rTWqs]��W��Tz]g\ck�qs] o[�0�U�W�v\�fj�[w|TW� _ Ö �Wf^xzi z0

b
dOVY�|fg_c�'�

f
TW� �v\r]9\r�v\cZ[{�x�] krt°f�x~_

z0 Ö hY]�\³uv_|fgw|���v_ ε > 0
{��rXrqv��Tz]

δ > 0
xs��xz_^] _

�0f�xvT
∣∣∣∣
f(z)− f(z0)

z − z0
− f ′(z0)

∣∣∣∣ < ε
h?]�\

0 < |z − z0| < δ.

�={[�vT��|�9� Ö \r�¢_|q�� fj_|{[w|T
g(z) = f(z)− f(z0)− (z − z0)f ′(z0),

�W��_[{[w|T
|g(z)| ≤ ε|z − z0|

hY]�\
0 ≤ |z − z0| < δ.�(�0qv\ Ö hY]�\ n \|q~k�TpxsX�w|T�hgXcZ|_ Ö �W��_[{[w|T

V n ⊂ {z : |z − z0| < δ},
k^\^]g��xsfg]
Î } b } Ò ∫

Γn

f(z)dz =

∫

Γn

[f(z0) + (z − z0)f ′(z0)]dz +

∫

Γn

g(z)dz,

��ï



�c�^_[{ |g(z)| ≤ ε|z − z0|
hY]�\

z ∈ Γn
bÇ��_¨�rq��9xz_Ü_vZ|_ckrZ[t[q�i0w|\Ýf�x~_ÝuvTWÓs]�XÝw|��Z[_|��xv�c�

Î } b } Ò Tz� �v\^]�� fj_Ýw|TAw[�[uv���a\c�^�°xv�[�'©�qv�sx~\|fj� } b � b³�£�^�°x��[�#©.qs�sx~\|fj� } b } Ö x~_ÝuvT�¡�xsTWqv__vZ|_[k|Z[t[q�i0w|\�Tz� �v\^] Ö fjT�\c�r�sZ[{�x��"x�]�w[t Ö wr] k^qv��xvTWqv_�\[�r�AtA� fj_�w|T
εmax{|z − z0| : z ∈ Γn}

w[t�k^_[�
(Γn) ≤ ε[ wct�k�_[� (Γn)]2 = ε4−n[

w[t�k^_|�
(Γ)]2.m Î } b÷` Ò k^\^] Î } b } Ò w|\[�Uus� �v_[{[�

∣∣∣∣
∫

Γ

f(z)dz

∣∣∣∣ ≤ ε[
w[t�k�_[�

(Γ)]2.

dOVY�|fg_c�Ux~_
ε
t�xz\r�¢\|{v��\^��qvTpx~_ Ö �W��_[{[w|T£x~_�fj{[wc�r�Wqv\|fgw|\jb �

î�i0qs� ���r_sZcZ[t£T��^] Z|�W_c�=�rqv_|f��rXc��TW]�\�wc�r_rqv_[¡[w|T0�v\�uvTz��Óv_[{[w|T0�sx�]s\|�
U
TW� �v\r]��W�v\�\r�v_r] �^xv�

k^\^]^kr{[q~xs�y{��^_|fj¡[�v_vZ|_yx~_[{
C
k�\r]��

f
TW� �v\r]g\|�v\cZ[{�x�] krtyf�x~_

U Ö xs�sxsT�x~_�_sZ|_ck|Z[t[q�i�w[\yxv�c�
f
�^X|��i�fgT"_c�^_r] _ru�t��r_sxsT¢k|Z|Tz] f�xv�°w[_[�v_c�rX[xs]Hf�xz_

U
Tz� �v\^]Jw[�[uv�W�[bA©�q��@x~\uvTW� ���v_[{[w|T"�sx�]

hY]�\�k�X���T�\|�v_^] �rxs��fj¡[�v_sZ[_
U
�"�^qv�sx~\|fj��ß ∫

γ
f(z)dz = 0

hY]�\Ak^X���T.k|Z|Tz] f�xs��w|_c�v_[�rXcx�]
γf^x~_

U
à"Tz� �v\^]Y] fg_|u�¡[�v\rwc�Aw[T£xv�[�U�rqv�sx~\rf���ßs�

f
�W��Tz]��^\|qvXchY_[{[fg\�f�xz_

U
àrb

ð�ñsòôó|õ�ö�ó } b �jøhi j(üE�ow
U D þWûÙû[þ  ú ���5
Ýý��  ü�Mcþ _CE �  ý C �rû[ú

f : U → C ? ù³úÀû�äû[þWû C ý��zú	���5��üÌýcþ �H^ �!�|ür� F : U → C CEDGF ÿH��û|ú2���('2ba�2/�k70E�I�!��� f û[þ F ′ = f
ü��  U ?

s ñ|ö�t�u9ó�v } b �jøqi j(ü��ow
U ⊂ C û[þ  ú ���5
U�rû[ú f : U → C

üÌý�þzÿ������ ?S� 
���ÿq� f D �=ÿ�ú�sû ^��!F7 ý�ürû�üE�  U û[þ,�|û|ú � 
�þ  û[þ ∫
γ
f(z)dz = 0 F úÀûq� ��P ÿB� C ÿ�ú ü���
 �� þ  � � �zú γ ü��  U ?

y\z öa{�|sòO}�v ø��.�
F ′ = f

f�x~_
U Ö xs�sxvT hY]�\ _c�^_r] _ru�t��r_sxsTnkrZ|TW] f�xs� w|_c�v_[�rXcx�]

γ : [a, b]→ U Ö x~_R��TWw|T�Z|] ��uvT�����T��0qv�cw|\�x~_[{y�£�^TW]�qv_rf�xs] k�_[¡y�2_vhY] fjw|_|¡�w|\[��us� �vTz]
∫

γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt = [F (γ(t))]ba = 0.

���~xs� f�xsqv_|VY\ Ö �Wf�xWi �sxs] ∫
γ
f(z)dz = 0

hY]�\¨k�X���TAk|Z|Tz] f�xs�Ýw|_c�v_[�rXcx�]
γ
f�xz_

U
bÃ��qv�g] Þ

k^X¨{��r_c���px~_|{cw|TA��xs]@xz_
U
Tz� �s\r]9fj{[�vT�k|x�] k^�gbÝ�Ox~\c�?TWqv_c�^_r] _|¡[w|TA�W�v\³f��[w|Tz� _

z0 ∈ U
k�\r]

_|qs��Ôv_|{[w|T
F (z) =

∫

γz

f(w)dw, z ∈ U,
�c�^_[{

γz
_[�r_r] _|u�t��r_sxsTUw|_c�v_c�^Xcx�]Yfj{[�vuv�WTz]jx~_

z0
w|T.x~_

z
b2m fj{[�vTpkrx�] k��sxv��xz\�x~_[{

U
k^\^]g�

{��r����TWfj�#w[\|�yTWÓv\rfjVY\[Zr��Ôv_[{[���sxs]4�
F
Tz� �v\r]Ìk^\cZ|XQ_rqs] fgw|����� Î x~_Q_vZ|_[k|Z[t[q�i0w|\QTWÓv\rq~xvX[x~\r]

w|�c�v_Ü\c�r�³x~\Üf��[w|Tz��\
z0 Ö z k^\^]��c�j]�\[�r�³x~_Ýw|_c�v_[�rX[xs]0�r_[{°x~\Üfj{[�vuv��Tz] Ò bÙ�(�0qv\³hY]�\ h\|q~k�T�xvX�k�_c�~xvXRf^x~_

0
�W��_[{[w|T

∣∣∣∣
F (z + h)− F (z)

h
− f(z)

∣∣∣∣ =

∣∣∣∣∣
1

h

∫

[z,z+h]

[f(w)− f(z)]dw

∣∣∣∣∣

≤ 1

|h| max{|f(w)− f(z)| : w ∈ [z, z + h]}|h| → 0

k^\c�Y�0�
h → 0 Ö us]��sx�]?� f Tz� �v\r]Ìf�{[�vTW��t��cb����ªxv�0qv\Rx~_ U uvT���Tz� �v\^]�fj{[�vT�k|x�] k^� Ö TWVY\|qvw|�cÞÔv_[{[w|T�\[{�xs���r_[{�\[�r_ruvTW��Óv\rw|T�fgT£k^Xc��T�f�{[�vT�krxs] k^t�fj{[�s] f^xv�0fg\�x~_[{

U
b �

���Ux~_
U
Tz� �v\r]jk^{[q~xv� Ö xs�sxsT�\rq~k^Tz�Y�v\��rXrqv_[{[w|T£xsqs� hji��v\�f�xv�[��{��r�c�?TWfj�"h?]�\�x~_�\|�~x�� Þf^xsqv_rVY_�x��c���rqv_[��hY_[¡[w|TW�������rqv�sx~\|fj�c��b

s ñ|ö�t�u9ó�v } bÉlrø�i j(üE�ow
U ⊂ C û[þ  ú ����
U�rû[ú���ý ^ �5
 A �|û|ú f : U → C

üÌýcþWÿ����a� ?1@ þ∫
Γ
f(z)dz = 0 F úÉûI� ��P ÿ,� ^ K F wOþ  Γ

ü��  U A ��
5��ÿ,� f D �=ÿ�ú#�sû ^��!F7 ýcürûaüE�  U A �|û|ú �H^ û∫
γ
f(z)dz = 0 F úÀû1� ��P ÿB� C ÿ�ú ü��5
 �� þ  � � �zú γ üE�  U ?

� e



y\z öa{�|sòO}�v ø.�Oxz\c�?TWqv_[�r_^] _[¡[w|T
z0 ∈ U

k^\^]g_rqs��Ôv_[{[w|T

F (z) =

∫

[z0,z]

f(w)dw, z ∈ U.
Î m²�r\rqv\c�rXr��iÃ��k�VYqv\|fj�y�W��Tz]j�v�[�[w|\�us]��sx�]

[z0, z] ⊂ U
Z|�shjiÜk^{[q~xv��x���x~\[�cb Ò á �^_�����x~_c�~x~\[�

�sx�] ∫
Γ
f(z)dz = 0

h?]�\yk�X���T£xsqs� hji��v_
Γ
f�x~_

U
�W��_|{[w|T

F (z + h)− F (z)

h
=

1

h

∫

[z,z+h]

f(w)dw,

k^\^]�x~_AT���] ��Tz��q��[w|\yxv�c���rqv_|��hg_[¡[w|TW���c���^qv�sx~\|fj�c�Uw|\|�Uus� �vTz]
F ′ = f

f�xz_
U
b �

d=��w|\|f�xvT@xv�0qv\UfjTH���Wfj�.�v\�\c�r_ruvTz��Óv_[{[w|T@x~_£or\|fY] k^��\[�r_sxs�pZ|TWfgw|\�\[{�xvtc�0xv�c�OTW�v�sxv��xz\|��b
�\|� jñ�vÌõ�u } b � ø>i j(üE�ow U ⊂ C û[þ  ú ����
1�rû[ú f : U → C

ü�ýcþzÿ������"ü��  U �|û[ú@û[þWû�¢
C ý��WúO�a�RüE�  U \ {z0} A 
(�  ý z0

� � �  ú  ü���û P ÿ ^r �  ú6� ��D þ  ür� � ÿ�K  �  ý U ?&@ þ Γ
ÿ�K þzû[ú D þWû� ^ K F wOþ  � D �  ú  Y0ü���ÿ\�  Γ

�|û|úr�  ÿ
ü�w3��ÿ ^ ú	��
L�  ý1�vÿ ^ ú D �  þ(��û[ú?üE�  U A �5
���ÿ
∫

Γ

f(z)dz = 0.

i jN�zügú A û[þ1�  U ÿ�K þWû[ú9��ý ^ ��
 A3D �sÿH��û|úJû��!
1�G�^þ�« ^ 
5��û[ür�U¬ ?� 
5�zú ∫
γ
f(z)dz = 0 F úÉû®� ��P ÿ� C ÿ�ú ü��5
 �� þ  � � �Wú γ ü��  U ?<@ ý��5
2ÿ�K þzû[ú�� B¯ %!�#'<"2�<��-!/�k Cauchy
��8°�1�2k!'2-�bq02�7`�/T ���±

y\z öa{�|sòO}�v ø í dOf�xWi
V
x~_aTWfji@xsTWqs] k^�#x~_[{

Γ
bª���

z0 /∈ V ∪ Γ Ö xv��xvT ∫
Γ
f(z)dz = 0\c�^�#xz_°��T��0q��[w|\ } bÉlrb"���

z0
Tz� �s\r]Jwr]�\#k^_|q�{[Vgt'x~_[{

Γ Ö xv�sxsT"\|�~x�] k^\c��] f�x~_[¡[w|T¢x~_ z0
w[T

�W�v\QßvhgTz] x~_c�s] k^�^àRfj�cw|Tz� _
z′0 ∈ V

�[�|i9�yf�x~_afg�^t[w|\jb í d9xsfY] ∫
Γ′ f(z)dz = 0

�^XcZr]Ì\[�r�'x~_
��T��0q��[w|\ } b�lrb0�£ZcZ|X

∫

Γ′
f(z)dz →

∫

Γ

f(z)dz

k^\c�Y�0�
z′0 → z0

us]��sxs]Y�
f
Tz� �v\^]?_|w|_^] �rw|_|qvVY\'fj{[�vT���tc�¢f^x~_

V ∪ Γ
b(����Z|_[� Ö \r� z0 ∈ V

t
z0 ∈ Γ

\[ZcZ[XUxz_
z0
uvT��£Tz� �v\^]sk�_|q�{[Vgt�x~_[{

Γ Ö xv�sxsT=f^�^X|w|T0x~_ Γ
fgT0xsqs��\¢ßs{��r_sxsqs� hgi0�v\rà���xvfY]

�0f�xvT�xz_Uk^\����W�v\��v\��W��Tz]sx~_
z0
k^_|qv{cVYt.k^\^]sx~_�fj{[wc�r�Wqv\|fgw|\U���rT�x~\r][\[�r��x��[�(�rqv_[��hY_[¡[w|TW���

�rTWqs� �[xzi0fj��b �
z 0

z 0

z 0’ Γ

Γ’

��\�uvTz��Óv_[{[w|T�\|q~hg�sxsTWqv\��sx�]g\|�¢wr]�\�f�{[�vXrq~x��[fj��Tz� �v\r]gfj{[�vTW�^tc�Uf�x~_
U
k�\r]g\r�v\cZ[{�x�] krt�f�xz_

U \ {z0}
xv�sxsT�Tz� �v\^]�k�\cx|¥�\|�vXchjkr�A\|�v\[Z[{�xs] k^t�f^x~_

U
b

cÌµU²¨ÈgË�·�Å4Ä�Ø9»[¾À½�â�ã
��_Aor\|fY] k^�'\[�r_sxs��Z|T�fgw|\��r_|{y��\'uvTW��Óv_|{[w|TUf�x��[�"TW�v�sxv��x~\'\[{�xvt�Tz� �v\^]?�sx�]?wr]�\'fj{c�sX|qzÞ

x��[fj�'Tz� �v\^]4\|�v\[Z[{�xs] k^t'fÌ¥����v\Qfj�[w[Tz� _
z0
\r�"k�\r]4w|�c�v_a\r�Awc�r_|qsTW�4�v\a\r�v\c�r\rqv\|f�x~\���Tz�4fg\|�

f�{�hjk|Zr� �v_|{[fj\�u�{[�v\rw|_|fgTW]�qvX�fgT�wr]�\y�^TWqs] _���t"x~_[{
z0
b

�R�



ð�ñsòôó|õ�ö�ó } bÉlrø(ù³úÀû1³�k7`*����/�0r%58 '2bQÿTK÷þWû[ú D þWûI�§�vý��cú	��
;� ��PT^r ú ü � ûU�G�a� ��_^ ]r�a�
∞∑

n=0

an(z − z0)n,


(�  ý an � úÀû¢û�� RCE ý P KÀû � ú F û�[�ú	��Y�þ�û ^ ú P�� Y�þB�|û|ú z0
� � �  ú  ü���û P ÿ ^r �  ú6� ��D þ  ür� � ÿ�K *?���

z
� BP ÿTw ^r M � ÿ(ürû � ÿH��û Q�C ���G� ?#� [sý�þWû �� ü�ÿ�ú ^���CEDGF ÿH��û|ú70�k��<�( r4´`�/�k�0���ü��  ü�� � ÿTK  z û[þ�|û|ú � 
�þ  û[þU�aû�� _CE ý P KÀû®�owOþ � ÿ ^ ú	��Y�þAû PT^r ú ü ��� �;wOþ ∑n

k=0 ak(z − z0)k
üÌý F � C K þzÿ�ú4ü^ÿ� � �  ú  þ � ú F û�[�úO��
ªû ^ ú P�� 
n�rû P Y&� n→∞ ?

� [výcþWû �� ü�ÿ�ú ^��JCEDGF ÿH��û|ú�����/T 2�7-!�N=10�k7���( r4´`�/�k�0��aüE�  z û[þL�rû[ú � 
�þ  û[þ
∞∑

n=0

|an(z − z0)n| <∞.

� [výcþWû �� ü�ÿ�ú ^��LC�DGF ÿ���û[ú�/��#/�8Om��#/H'2�9��0�k7���( 24´`�/�k70E�Qü&ª D þzûRü�M�þ _C� S û[þ��|û[ú � 
�þ û[þ�ý�� �H^ �=ÿ�ú � úÀûAüÌý�þ ��^ �!�|ür� f : S → C � ÿ\�!�rþ¢ú6[�ú6
5�!�a��û��

(∀ε > 0)(∃n0 ∈ N)(∀n ≥ n0 & ∀z ∈ S)
ú ü!�VM[ÿ�ú ∣∣∣∣∣

n∑

k=0

ak(z − z0)k − f(z)

∣∣∣∣∣ < ε.

� @ þ>[(� C û�[(���'û�� RCE ý P KÀû®�;wOþ � ÿ ^ úO��YOþyû PT^� ú ü ��� �ow�þ fn(z) :=
∑n
k=0 ak(z − z0)k

ü�ý*¢
F � C K þzÿ�ú ��r ú6
 ��_^ ]YûAü��G��üÌý�þ ��^ �!�|ür� f ü��  ü�Mcþ RCE S ? �

��_y\[k^�sZ|_[{s��_y\c�^_sxs�pZ|TWfgw|\yw|\[�£Z|�WTz]^��xs]rx~_yfj¡[�v_vZ|_ªxzi0�Ufj�[w|Tz� i���f�x~\y_c�^_r��\ywr]�\yu�{sÞ
�v\|w|_rfjTz]�qvX�fj{�h�k|Zr� �vTz]�TW� �v\r]s�W�v\|�=us� f�k^_[�=w|\|Ôs� Ö TW�vuvTW��_|w|�W��i9� Ö w|T0���v\.k�_|w|w|Xcx�]�x~_[{�f�{[�v�rqv_[{x~_[{�b

s ñ|ö�t�u9ó�v } b � øLi j(ü��ow z0 ∈ C ?�¡ � GP�D �  ý � ÿJ
5�Wú<�h[výcþWû �� ü�ÿ�ú ^E� ∑∞n=0 an(z − z0)nü�ý F � C K þzÿ�ú F úÀûU� � �  ú  z 6= z0 ?\£�D �  ý � ÿ r = |z − z0| ?�� 
5��ÿn��ü�ÿ�ú ^�� ü�ý F � C K÷þWÿ�úÌû��*
 C ý���ûüE�  þ2û[þ  ú ���5
3[GK ü��  D(z0, r)
�rû[ú ��� ú6
 ��_^ ]?û£ü�ÿ#� ��P ÿ@ü�ý � �sû F�D �2ý��  ü�Mcþ RCE �  ý D(z0, r) ?y\z öa{�|sòO}�v ø�d�VY�rfg_c���ªfgTz]�qvXyf�{�h�krZr� �vTz] Ö �¢\[k^_sZ|_[{s�Ì��\ (an(z− z0)n)

TW� �v\r]^w[�[uvTW�s] k^t
X|qv\AVYqs\chgw|�W��� Ö u���Z|\|u�t |an(z − z0)n| ≤M hY]�\yk^X[�r_r] _

M > 0
b9����xv�0qv\

w ∈ D(z0, r)xv��xvT
∞∑

n=0

|an(w − z0)n| =
∞∑

n=0

|an(z − z0)n|
∣∣∣∣
w − z0

z − z0

∣∣∣∣
n

≤M
∞∑

n=0

( |w − z0|
r

)n
<∞,

us]��sx�] |w − z0| < r
b í dOf^xzi xv�0qv\

K ⊂ D(z0, r)
fj{[wc�r\[hg����b ���sxsTQ{��^X|qv��Tz]

r1
w[T

0 < r1 < r
xv��x~_r] _��0f�xvT

K ⊂ D(z0, r1)
b0d9�^_|w|�W��i9��hY]�\�k^Xc�?T

w ∈ K �W��_|{cw|T

|an(w − z0)n| = |an(z − z0)n|
∣∣∣∣
w − z0

z − z0

∣∣∣∣
n

≤M
(r1

r

)n
.

dOVY�|fg_c� ∑∞
n=0( r1r )n <∞ Ö x~_Ufj{[wc�r�Wqv\|fgw|\����^Tpx~\^]�\c�^��x~_.k�qs] xvt[qs] _�x~_[{ Weierstraß

b �
��\afj{[fj�jT�xs� fg_[{[w|TUxv�0qv\'xv�Rfj¡�h�krZr] f��'wr]�\|�"u�{[�v\|w|_rfjTz]�qvX|�"w|TUxv�Rfj{[wc�rTWqs]�VY_|qvX'xzi0�

f�{[�~xsT�Z|TWf^xv�0�Uxv�c��b
s ñ|ö�t�u9ó�v } b��røni j(ü��;w ∑∞

n=0 an(z − z0)n � úÀû1[výcþWû �� ü�ÿ�ú ^���?�£�D �  ý � ÿ
r = (lim sup |an|1/n)−1.µ û ^ ú P�� 
!��û|ý��5
!�  þ ������ ÿH��û|úE���7-(4¶`(��02�����( 2860#"�=L�G�a�£ü�ÿ�ú ^�� �L��� � þ  ý � ÿB�Wú �.üÌý�þ�� P ú ü ��D ¢þzÿo�yüÌý ��Qr� ü�ÿ�ú � 1

0 = ∞ �|û[ú 1
∞ = 0

� ?X� 
5��ÿq�°ü�ÿ�ú ^�� ü�ý F � C K þzÿ�ú0û��*
 C ý���ûü��  þ'û[þ  ú ���5
[GK üE�  D(z0, r)
�|û|ú ��� ú6
 ��_^ ]YûQüE��ûQüÌý � �sû F �Ýý��  ü�Mcþ RC û.�  ý D(z0, r) ?�� ü�ÿ�ú ^�� û��  ¢� C K þzÿ�ú F úÀû |z − z0| > r ?

�R�



y\z öa{�|sòO}�v ø��.� |z − z0| < r Ö xv�sxsT

lim sup |an(z − z0)n|1/n =
|z − z0|

r
< 1.

�£�r�Rx~_Rk^q�] x�t[qs] _aqs��Ôv\[�ª�'fjTz]�qvX#fj{�h�krZr� �vTz]Ì\c�r�sZ[{�x~\#f�x~_c�
D(z0, r)

b�m _rw[_^]��|w|_rqvVg�Rfj¡sÞ
h�krZ|] f��Uf^x~\¢f�{[wc�r\[hjt�{��^_|fj¡[�v_vZ|\�x~_|{

D(z0, r)
�p�^Tpx~\^][\c�r�Ux��[��©.qs�sxz\rfj� } b � bH���(xv�0qv\U�fjTz]�qvXyfj{[�v��k|Zr] �vT£fgT(k^Xc�^_r] _�f��[w|Tz� _

z
w|T |z− z0| > r Ö xv��xvT2��\yTW� ��\|w|T£\c�^�ªxv�c��©�qv�sx~\|fj�} b � �sx�]^��\�f�{[�v��krZr] �vT�\[�r�vZ[{�x~\�fgT��vZ|\�x~\�f��[w|Tz��\ z′ w|T r < |z′ − z0| < |z − z0|

b0�£ZcZ|X

lim sup |an(z′ − z0)n|1/n =
|z′ − z0|

r
> 1

x~_A_[�r_^� _�TW� �v\r]YXcx~_c�^_�\c�r��x~_�k^qs] xvt[qs] _�qs��Ôv\[��b �
�H]�\#�v\aw��^_|qv�Wfg_[{[w|T��v\#fj{[fg��T�xs� fj_|{[w[T¢\|�v\[Z[{�xs] k����"fj{[�v\|q�x�t[fgTz] ��k�\r]Ìu�{[�v\rw[_rfgTW]�qv��� Ö�rqv���rTz]s�v\�uvTz��Óv_[{[w|T0�W�v\.�r_sZc¡�f��[w|\r�~xs] k���TW�vus]�Xrw|T�fg_�\c�^_sxs�pZ|TWfgw|\jÕJ���=�

f
TW� �v\r]�\|�v\cZ[{�x�] krt

f�¥��W�v\ykrZ|TW] f�xs�Aus� f�k^_ Ö xs�sxsT£�ªx�]�w[tªxv��� f fgT._c�^_r] _ru�t��r_sxsT.TWfji@xsTWqs] k^�Afj�[w|Tz� _yx~_[{�us� f^k�_[{k^\c�?_rqs��ÔvT�xz\^]Y�[Z[t[q�i0�¢\[�r��x�] ��x�]�w|����xv�c�
f
�^X|��i f�x~_'fj¡[�v_|qv_Rxz_|{Rus� f^k�_[{�b.d0�^] �[Z|�W_c�¢��\

u��0fg_[{[w|T����v\r��xv¡��r_�_�_[�r_^� _[���^TWqs] hgqvX|V?TW]Y\[k^qs] o|�9�¢\[{�xvt[�Uxv�[�ªT�ÓsX|q~xv�[f���bO©�\|qv\[x��[q�t[f�xvT
�rX[Z|](x��Ûus]�\|VY_rqvX w[TQx��[�³k^\[xvXrf�xz\rfj�Ã�r_[{ÛÓv�WqvT�xvT°f�x��[�Ý©�qv\chgw|\[xs] k^tÃ���vX[Zc{[fj��ÕÙ§°]�\
us]�\|VY_rqs� fY]�wc�y�rqv\chYw[\[x�] krt�fj{[�vX|q~xv�[f���uvTW�¢�W�jTW]jk^\[x[¥�\|�sXch�k^��\[{�xvt[�Uxv�[�ª]�us]��sxv��xz\gb

ð�ñsòôó|õ�ö�ó } b � ø @ þ Γ
ÿ�K þWû|ú  ��M�� CE � {z : |z − z0| = r} ��
5��ÿ P�D �  ý � ÿ
∫

Γ

f(z)dz =

∫ 2π

0

f(z0 + reit)ireitdt.

� � C û�[(�
∫

Γ

f(z)dz =

∫

γ

f(z)dz,

(�  ý γ : [0, 2π]→ C, γ(t) = z0 + reit.

�\|� jñ�vÌõ�u } bÉ� ÎR¥·¥y¹YÄ�¿�¹�å�½jë£Æ�¾À¿ÌÏÌã�d¢ìjÐ�Ä�ãQÆcÄÌÈ
Cauchy

º9¾ ·Û¿Ììj¿Ì¹YÄ�ÈYã|Ò øLi jx¢
üE�ow

V D þWû�û[þ  ú �N�5
�ý��  ü�Mcþ RCE �  ý C � N �  K  �vÿ ^ ú D �=ÿ�ú��  þ���M�� CE Γ = {z : |z−z0| = r}�|û|ú��  ÿ
ü�w3��ÿ ^ úO��
��  ý Γ A [(� C û�[(�®�  þyû[þ  ú ����
>[GK üE�  U := D(z0, r) ? i j(ü��;w f : V → C
� úÀû�û[þWû C ý��zúO�a��üÌý�þ ��^ �!�|ür� ?\� 
���ÿ F úÀû1� ��P ÿ z ∈ U

f(z) =
1

2πi

∫

Γ

f(w)

w − z dw.y\z öa{�|sòO}�v ø.����x~_[{[w|T

g(w) =





f(w)− f(z)

w − z ,
\|�
w ∈ U, w 6= z

f ′(z),
\|�
w = z

.

���sxsT(�
g
TW� �v\r]�f�{[�vTW�^tc��f�xz_

U
k^\^]^\r�v\cZ[{�x�] krtªf�x~_

U \ {z} Ö T��r_rw|����i0�.\[�r�ªx~_���T��0qv�cw|\} b � �W��_|{[w|T ∫
Γ
g(w)dw = 0

Î �^\|qv\[x��[q�t[f�xsT(�sx�]rwc�r_rqv_[¡[w|T(�v\�orqv_[¡[w|T(�W�v\|��\|�v_^] �rxs�"us� f�k^_
D
xv��x~_^] _¨��f^xsT

Γ ∪ U ⊂ D ⊂ V
bÝdOVY�rfj_[�a_

D
TW� �v\r]@k^{[q~xv�Ýf�¡[�v_sZ|_ Ö wc�^_|qv_|¡cw|T��v\TWVY\|qvw|�rfj_|{[w[T£x~_R��T���q��[w[\ } b � Ò b í ��qv\

1

2πi

∫

Γ

f(w)

w − z dw =
f(z)

2πi

∫

Γ

dw

w − z .�(�0qv\
∫

Γ

dw

w − z =

∫

Γ

dw

(w − z0)− (z − z0)
=

∫

Γ

∞∑

n=0

(z − z0)n

(w − z0)n+1
dw.

¤;�



dOVY�|fg_c�
∣∣∣∣

(z − z0)n

(w − z0)n+1

∣∣∣∣ =
|z − z0|n
rn+1

k�\r] |z − z0| < r,

�W��_[{[w|T£�sx�]r�"fgTW]�qvX�f�{�hjk|Zr� �vTz]�_|w|_r]��rw|_|qvVY\ Î k^qs] xvt[qs] _
Weierstraß)

k�\r]�X|qv\�wc�r_|qv_|¡[w|T��v\
TW�v\cZcZ|X|Óv_|{[w|T£xz_�_sZ|_ckrZ[tcq�i�w|\�w[T£x~_�X[�rTz]�qv_AXc�?qv_^] fgw|\jb0�£ZcZ|X

∫

Γ

1

(w − z0)n+1
dw =

∫ 2π

0

r−(n+1)e−i(n+1)tireitdt =

{
0

\r�
n = 1, 2, . . .

2πi
\r�
n = 0.

�={[�vT��|�9�
∫

Γ

dw

w − z = 2πi.

�
�Oxv�c�(�^\|qv\[�rX|�vi¨\c�^�|uvTz]�Ó���{��r_sZ|_vhY� fj\rw|T=���v\¢��q�t[fY]�w|_�_sZ|_ckrZ[tcq�i�w|\jb@�£�^_|w|_c���0�v_|{[w|T

\[{�xs�c�Ux~_c�¢{��r_sZ|_vh?] fjw|�gÕ
¸Z¹ õ�õNu } b÷`cø @ þ Γ

ÿ�K þWû|ú D þWû��\��M�� CE � A �5
5��ÿ
∫

Γ

dw

w − z =

{
2πi

û[þ,�  z ÿ�K þWû|úYü��  ÿ
ü�w3��ÿ ^ úO��
,�  ý Γ

0
û[þ,�  z ÿ�K þWû|úYü��  ÿ � w3��ÿ ^ úO��
L�  ý Γ ?

y\z öa{�|sòO}�v ø��.�"x~_
z
Tz� �v\^]�w|�Wfg\#f^x~_c�"kr¡�krZ|_ Ö xs�sxvT¢��q��[fY]�w[_[�r_^] _[¡[w|T�x~_#Tp��] ��Tz��q��[w|\x��c�0�rqv_|��hg_[¡[w|TW���c�O\c�r�ruvTz]�Ó��c��bH�.�Ox~_

z
orqs� f�k^T�x~\r]s�WÓ�iQ\[�r�£x~_c�Okr¡�krZ|_ Ö xs�sxsT9�£fj{[�vX|q~xv�[fj�

f(w) = (w−z)−1 Tz� �v\^]r\|�v\[Z[{�xs] k^t�fÌ¥��W�v\|��\r�v_r] �rxs�"us� f�k^_"_ª_[�r_r� _[�(�^TWqs]����jTW][x~_c� Γ
\[ZcZ|X

���g]�x~_
z
b0��_�f�{[wc�^��qv\rfgw[\�xv�0qv\����rT�x~\r]g\[�r��x~_R��T��0q��[w|\ } b � b �

§°]�\yXcZcZ[�"]�us]��sxv�sx~\ªxzi0�Uw|] hg\|us] k^�0��fj{[�v\|q�x�t[fgT�i0���ª_c�^_r��\yuvTW���W��Tz]|k^X[�r_^] _"\r�vXcZ|_shg_
f^xv�[��©�qv\chYw[\[x�] k^tª���vXcZ[{[fj�"TW� �v\r]j�sxs]j\|���

f
Tz� �v\r]j\|�v\[Z[{�xs] k^t"f�¥��W�v\�\|�v_^] �rxs��fj¡c�v_sZ|_

U Öxv��xvTª�
f
Tz� �s\r]J\c�rTz��q�i0�ª�^\|qv\[hji@h?� fg]�w[�'k^\^]Jw[X[Zr] f�xz\a�

n
ÞäxvXrÓ��c�"�r\rqvXchji9hg�[�yx��c��wc�r_rqvTW�

�v\"orqvTp��Tz�g\|���r\rqv\chji9hY� fg_[{[w|T
n
VY_rqv����x~_c�"�£Z|_ckrZ[�[q�i@x�] k^�A�(¡��r_�xz_|{

Cauchy
b

�\|� jñ�vÌõ�u } b�� Î§¥º¥y¹?Ä?¿�¹jå�½�ë£Æj¾É¿4Ï�ãhd¢ìjÐ�Ä�ãRÆcÄ�È
Cauchy

º9¾ ·ÜÐ�·�½^·?º9Ê£º@Ä�Ègã|Ò ø
i j2ü��ow

V ⊂ C û[þ  ú ���5
1�|û[ú f : V → C
û[þWû C ý��WúO�a� ?.� 
5��ÿ>� f D �=ÿ�ú��sû ^ û F Y F7 ý��>
 C wOþ�ow�þ>� ��� ÿTw�þ"üE�  V ? j2ú6[�úO��
5��ÿ ^ û A3F úÀûU� ��P ÿ z ∈ V A û[þ U ÿ�K þWû|ú D þWû���û[þ  ú �N�5
!��[GK üE�  � � ÿ�sÿ ^ ú6] Dl^ ÿ�úÀû Γ

� D �  ú  ��Y�üE��ÿ z ∈ U �|û|ú
U ∪ Γ ⊂ V A �5
���ÿ

f (n)(z) =
n!

2πi

∫

Γ

f(w)

(w − z)n+1
dw.

y\z öa{�|sòO}�v ø�m+\[�r�ruvTW]�Ó��R�?\#hY� �vTW]Jw[TªT��r\[hji@hgt#f�xz_
n
b"SU\cx|¥�\|qv��tc��\c�^_|uvTz] k^��¡[_|{cw|T

x~_c�Uxv¡��r_�hY]�\
n = 1

b0�£�r�yx~_R��T���q��[w|\ } bÉ�"���j_[{[w|T

f(z + h)− f(z)

h
− 1

2πi

∫

Γ

f(w)

(w − z)2

=
1

2πih

∫

Γ

[
f(w)

w − z − h −
f(w)

w − z −
hf(w)

(w − z)2

]
dw

=
h

2πi

∫

Γ

f(w)

(w − z)2(w − z − h)
dw → 0

k�\��?�9�
h→ 0

us]��sx�]H�
f
Tz� �v\^]@VYqv\chYw|�����f�x~_c�

Γ
k^\^]H�a�r_|fg�sxv��x~\ |(w − z)2(w − z − h)| Tz� �v\r]Jk�XcxziVYqv\chYw|������\c�r�Awr]�\"��Tpx�] k^tyf�xz\c��T�qvX Î \|VY_|¡

w ∈ Γ Ö z Tz� �v\^]j�W�v\Af�x~\���TWqv_c�r_^] �[w|�W�v_Afj�[w|TW� _f^x~_
U
k�\r]�x~_

h
Tz� �s\r]g\rq~k^T�xsX�k^_[�~xvX�f�x~_

0
�0f�xvT

D(z, |h|) ⊂ U Ò b
¤H�



�(�0qv\A{��r_c���px~_|{cw|T���xs]Y���j_[{[w|T�\[�r_|uvTz��ÓvTz]�x~_c��x�¡��r_�hY]�\
n = k

b0����xvT

f (k)(z + h)− f (k)(z)

h
− (k + 1)!

2πi

∫

Γ

f(w)

(w − z)k+2

=
k!

2πih

∫

Γ

[
f(w)

(w − z − h)k+1
− f(w)

(w − z)k+1
− h(k + 1)f(w)

(w − z)k+2

]
dw

=
hk!

2πi

∫

Γ

f(w)G(w, z, h)dw,

�c�^_[{y�
G(w, z, h)

Tz� �s\r]Y� fj��w|T
k−1∑
j=0

(
k+1
j

)
(w − z)j+1(−h)k−j−1 − (k + 1)

k∑
j=0

(
k+1
j

)
(w − z)j(−h)k−j

(w − z − h)k+1(w − z)k+2
.

m��r\|qv\[�rXr��iÇ�^_|fg�sxv�sx~\�Tz� �v\^]gVYqv\[hgw|�W��� Ö Tp�^_|w|�W��i9�
hk!

2πi

∫

Γ

f(w)G(w, z, h)dw → 0
k^\c�Y�0�

h→ 0.

í ��qv\�_�x�¡��r_|��] fg�^¡[Tz]�hY]�\
n = k + 1

b �
s ö�ñsò órõ�u } b÷`cø @ þ � úÀûUü�ýcþ ��^ �!�|ür� f D �=ÿ�úa�sû ^��!F7 ý�ürûUü&ª D þzûUû[þ  ú ���5
2ü�Mcþ RCE U A �5
���ÿ�

f
ÿ�K þWû|ú?û[þWû C ý��zúO�a��ü��  U ?
y\z öa{�|sòO}�v ø í ��w|TWf���\[�r��x~_���T���q��[w|\ } b��^b �
s ö�ñsò órõ�u } b } øLi j(üE�ow

U ⊂ C û[þ  ú ���5
,�|û|ú f : U → C
üÌý�þzÿ������ ?V@ þ z0 ∈ U

�|û|ú<�
f
ÿ�K÷þWû[ú�ûcþzû C ý��zú	����üE�  U \ {z0} A �5
���ÿJ� f ÿTK÷þWû[ú�û[þWû C ý��zúO�a��ü��  U ?y\z öa{�|sòO}�v ø í dOf�xWi

D = D(z0, r) ⊂ U
b9��q~k^Tz���v\yuvTz��Óv_|{[w[T£�sx�]^�

f
Tz� �v\r]�\r�v\cZ[{�x�] k^t

f^x~_
D
b9�£�r�"x~_A��T��0q��[w|\ } b �^Ö ∫

γ
f(z)dz = 0

h?] \yk^Xc�?T�krZ[Tz] f�xs��w|_c�v_[�rXcx�]
γ
f^x~_

D
k^\r]

T��r_|w|�W��i9��\c�^�ªxv�c�U©�qv�sx~\|fj� } b �"�
f
�W��Tz]r�r\rqvXchY_[{[fg\�f^x~_

D
b9�£�r�"xz_y©��|qs] fgw|\ } b÷`��

fTz� �v\r]Y\|�v\[Z[{sx�] k^t�f^x~_
D
b �

d=��uv\|w|Ty�sxs]H\|���
f
Tz� �v\^]H\|�v\cZ[{�x�] krtQf�¥��W�v\\|�v_^] �rxs�ak�\r]4kr{[q~xs�fj¡[�v_vZ|_

U Ö xv�sxsTªx~__vZ|_[k|Z[t[q�i0w|\�xv�c�
f
�^X|��i°fgT�_[�r_^] _|u�t��r_�xvT0k|Z|Tz] f�xv��w[_[�v_c�rX[x�]�f�x~_

U
Tz� �v\^]

0
b0��\UuvTz��Óv_[{[w|T

�sx�]�x~_A\r�~x�� f^xsqv_|V?_R] fg�^¡[Tz]g�^i0qs� ��xv�[��{��r����TWfj�"x��c��kr{[q~xs�sx���x~\|��b
�\|� jñ�vÌõ�u } b ¤ Îld¢Ä»©R»[Ê.½[å�Å4·

Morera
Ò ø,i j2ü��ow

U ⊂ C û[þ  ú ���5
L�rû[ú f : U → Cü�ýcþzÿ������ ?�@ þ ∫
Γ
f(z)dz = 0 F úÀûq� ��P ÿB� ^ K F w�þ  Γ

ü��  U A �5
���ÿ\� f ÿTK÷þWû[úYû[þzû C ý��WúO���Aü�� 
U ?

y\z öa{�|sòO}�v ø í dOf�xWi
D
�W�v\|�"us� f�k^_|�¢�^_[{��rTWqs]��W��T�x~\r]Ìf�x~_

U
b��£�r�Rxv�[�y©�qv�sx~\|fj� } b�l

�
f
�W��Tz]j�r\rqvXchg_|{[fj\Rf�x~_

D
b��£�^��x~_A©��rqs] fjw|\ } b ` Ö � f Tz� �v\^]Y\|�v\[Z[{�xs] k^t�f�x~_ D bO��VY_[¡_

D
t�xz\r�Uxv{[���c�~x~\|� Ö � f Tz� �v\r]Y\|�v\[Z[{�xs] k^t�f^x~_ U b �
��_yT��^] ��Tz��q��cw|\�f^xv�[�U\c�r�ruvTz]�Ó���x~_|{"��T�i0q�t[w|\cx~_[� } b��¢uvTz� ���vTz]��sx�]�wc�r_|qv_|¡[w|T��v\"k^\cx~\cÞ

f^k�T�{[X|fg_[{[w|T�\r�v\cZ[{�x�] k^���Ufj{[�v\rq~x�t[fgTz] �Uw|�Wf�iÛ_sZ|_ckrZ[�cq�i�w|Xcxzi0�[Õ
s ñ|ö�t�u9ó�v } b��røNi j(ü��ow

γ D þzû �� þ  � � �Wú��|û|ú f : γ∗ → C
üÌý�þzÿ������ ?<� úÀû\� ��P ÿ z ∈ C\γ∗

_^ K �o ý � ÿ
g(z) =

1

2πi

∫

γ

f(w)

w − z dw.

¤o¤



� 
���ÿJ� g D �=ÿ�ú��vû ^ û F Y F7 ý��J
 C wOþ,�ow�þ,� ��� ÿTw�þ A �rû[ú

g(n)(z) =
n!

2πi

∫

γ

f(w)

(w − z)n+1
dw.

j���ú	� CEDH þ g(n)(z)→ 0
�|û P Y&� z →∞ F úÀû1
 C ûU��û n ?

y\z öa{�|sòO}�v ø�m�\[�r�ruvTW]�Ó��Ax~_|{R��T�i0q�t[w|\cx~_[� } b���w��^_|qvTz���v\'T��r\r�v\cZ[�[V���Tz�Yk^\[xvXRZ|�WÓ���b
m w|_c�s\|us] krtÝVY_rqvXÇ�c�^_[{Ý��q��[fY] w|_[�r_^] tcfg\rw[T�x~_ÝhgT�hg_c�v�|�a��xs]��

f
tsx~\r�\|�v\[Z[{�xs] k^t Î k�\r]

�sx�]Jxz_
Γ
t�x~\r��kr¡�k|Z|_|� Ò Ö t�x~\r��hY]�\¨�v\°T�k�VYqvX|fg_[{[w|T"xv�[� f(z)

w|�Wfji,x��c�
f(w) Ö w ∈ Γ Ö��q��[fY]�w|_c�r_^] �0�~x~\[�ªx~_c�A�.Z|_ckrZc�[q�i9xs] k��#�(¡s�^_Rx~_|{

Cauchy
bª�Ox��[�y�r\|qv_|¡[fj\'k�\cxsX|f�x~\|fj� Ö\[{�xs�ATz� �s\r]jt[u��"xsw[t[w|\yxv���U{��r����TWfj�c��b

����Z|_[� Ö x~_ γ∗ TW� �v\r]��W�v\yfj{[w��^\chg���£k^\^]�Tp�^_|w|�W��i9��VYqv\[hgw|�W�v_yf�¡[�v_sZ|_ Ö Xrqv\ª�rTWqs]��W��T�x~\r]fjT£k�Xc�^_r] _c��krZ[Tz] f�xs��us� f^k�_
D(0, r)

b9��� |f | ≤M f�xz_
γ∗ Ö xs�sxvT.hY]�\ |z| > r

�W��_|{cw|T

|g(n)(z)| ≤ n!

2π

M

(|z| − r)n+1
· w[t�k^_[� (γ)→ 0,

k^\c�Y�0�
z →∞ b �

� �£Z|_[k|Z[�[q�i@x�] k^�|���(¡s�^_[��x~_[{
Cauchy

w|\[�UT��^] xsqv���rTz]j�v\A\[�r_|uvTz��Óv_|{cw|T��sx�]jwr]�\�\r�v\�Þ
Z[{�xs] k^tyfj{[�vX|q�x��[fj��wc�r_|qvTz�g�v\�\|�s\c�r\rqv\|f�x~\���Tz�jxz_[�^] k�XAfg\r�¢f�{�hjk|Zr� �v_|{[fj\�u�{[�v\rw|_|fgTW]�qvXgb

s ñ|ö�t�u9ó�v } b ¤ Îl�'Ë^Ú?Ð?Æ^ÈjºHÅ4·
Taylor

Ò øLi j(üE�ow
f
û[þWû C ý��zú	����ü��  D(z0, r) ?B� 
���ÿ

f(z) =
∞∑

n=0

f (n)(z0)

n!
(z − z0)n, z ∈ D(z0, r).

� ü�ÿ�ú ^�� üÌý F � C K÷þWÿ�úYû��*
 C ý���û�üE�  D(z0, r)
�rû[ú ��� ú6
 ��_^ ]Yû�üE��ûyüÌý � �sû F �'ý��  ü�Mcþ RC ûq�  ý

D(z0, r) ?y\z öa{�|sòO}�v ø í dOf�xWi
r1
w[T

0 < r1 < r
b����px~_|{cw|T

Γ = {w : |w − z0| = r1}
b2�£�r�Ax~_

��T��0q��[w|\ } b��"�W��_|{[w[T

f(z) =
1

2πi

∫

Γ

f(w)

w − z dw =
1

2πi

∫

Γ

f(w)

w − z0

[
1

1− z−z0
w−z0

]
dw

=
1

2πi

∫

Γ

∞∑

n=0

f(w)
(z − z0)n

(w − z0)n+1
dw,

hY]�\�k^Xc�?T
z ∈ D(z0, r1)

b0©�\|qv\[x��[qv_|¡cw|T��sx�]�h?] \�k�X���T
w ∈ Γ

�W��_|{[w|T
|f(w)(z − z0)n|
|w − z0|n+1

≤ max{|f(w)| : w ∈ Γ}
r1

( |z − z0|
r1

)n
.

d0�r_|w|�W��i9� Ö \c�r��x~_�k^qs] xvt[qs] _�x~_[{ Weierstraß Ö ��fgTz]�qvX
∞∑

n=0

f(w)
(z − z0)n

(w − z0)n+1

f�{�hjk|Zr� �vTz]g_rw|_r]��|w|_rqvVY\yh?]�\
w ∈ Γ

k�\r]YX|qv\�w��^_|qv_|¡[w[T��v\�TW�v\cZcZ|X|Óv_|{[w|T£xz_�X���qv_^] fjw|\�k�\r]
x~_A_sZ|_ckrZ[t[q�i0w|\jbO�={[�vT��|�0�

f(z) =
∞∑

n=0

(z − z0)n
1

2πi

∫

Γ

f(w)

(w − z0)n+1
dw =

∞∑

n=0

f (n)(z0)

n!
(z − z0)n

¤
«



\c�^�Üx~_Û��T��0q��[w|\ } b��^b dOVY�rfj_[�x~_
r1
t�x~\|�¨\|{s�?\^��qvT�xz_ Ö �W�j_[{[w|Tafj¡shjk|Zr] fj�ÝhY]�\Çk^X���T

z ∈ D(z0, r)
b m�\[�r�sZ[{sxv�Ük^\^]2�Ç_rw[_^]��|w|_rqvVg�Ãf�¡�h�krZr] fj�Ç���r_c�~x~\^](\c�^�Çxv�c�¨©�qv�sx~\|fj�

} b � b �
�({��^] k�Xy�r\rqv\|uvTz� hYw|\cx~\�\|�v\[�[xv{�hgw|Xcxzi0�

Taylor
Tz� �v\r]�x~\�\[k^�sZ[_|{s��\jÕ

ez = 1 + z +
z2

2!
+ · · ·+ zn

n!
+ · · · , z ∈ C

cos z = 1− z2

2!
+
z4

4!
− · · ·+ (−1)n

z2n

(2n)!
+ · · · , z ∈ C

sin z = z − z3

3!
+
z5

5!
− · · ·+ (−1)n

z2n+1

(2n+ 1)!
+ · · · , z ∈ C

log z = (z − 1)− (z − 1)2

2
+ · · ·+ (−1)n+1 (z − 1)n

n
+ · · · , z ∈ D(1, 1).

©�\|qv\[x��[q�t[f�xvT�xv�[��\r�v\cZ|_shY��\Aw|T£xz\A\r�~x�� f^x~_^] ��\A\r�v\c�|x�¡�hgw|\[x~\A\c�^�yxz_[�U�£�rTz]�qv_rf^x�] k^���2_�Þ
hY] fgw|�jb

�H]�\y�v\y\c�^_|uvTz��Óv_[{[w|T2x~_y\|�~x�� f�xvqv_rVY_ªxv�c���r\rqv\c�^X|��iÝ�rqv�sx~\rf��c� Ö u���Z|\|u�tª��xs]|k�X���T�fj{sÞh�krZ|� �v_[{[fg\�u�{[�v\|w|_|fgTz]�qvX�_|qs��ÔvTz]gwr]�\�\|�v\[Z[{�xs] k^t�fj{[�vX|q~xv�[f�� Ö ��qvTz]�\|Ôv�rw|\|f�xsT£x~_�\ck��vZ|_|{v��_\c�^_sxv��Z|TWfgw[\gÕ
s ñ|ö�t�u9ó�v } b÷`~¦�øLi j(üE�ow

f1, f2, . . . � úÀû'û�� RCE ý P KÀû#ûcþzû C ý��zú	��Y�þ�ü�ýcþWû ^ �G�|ü�ÿTwOþyü�ª D þWûû[þ  ú ���5
�ü�Mcþ RCE U ⊂ C ?�¡ � GP�D �  ý � ÿN
5�zú fn → f ��� ú6
 ��_^ ]Yûyü���û"üÌý � �sû F �Rý��  ü7Mcþ RC û�  ý U ?¼� 
5��ÿ�� f ÿ�K þWû|ú�û[þzû C ý��WúO���Ùü��  U ? j���ú	� CEDH þ A�F úÀû½� ��P ÿ m A f (m)
n → f (m)

��� ú6
 ��_^ ]YûAü���ûAü�ý � �vû F �aý��  ü�Mcþ RC ûU�  ý U ?y\z öa{�|sòO}�v ø í dOf�xWi
z0 ∈ U

b¨d9��] Z[��hY_[{[w|T
r > 0

xs��x~_r] _¨�0f�xsT
D(z0, r) ⊂ U Ö k^\^]�?��x~_|{cw|T

Γ = {w : |w − z0| = r}.�£�r�yx~_R��T��0qv�cw|\ } bÉ�"���j_[{[w|T

fn(z) =
1

2πi

∫

Γ

fn(w)

w − z dw,hY]�\°k^Xc��T
z ∈ D(z0, r)

b í dOVY�|fg_c�'x~_
Γ
Tz� �v\^]9fj{[wc�r\chY��� Ö k�\r]@hY]�\ w ∈ Γ

�Q�r_rfj��x���x~\
|w − z| TW� �v\r]jk^XcxziÛVYqv\[hgw|�W����\c�r��wr]�\y�?T�x�] krt�f�x~\���TWqvX Ö �W��_[{[w|T��sx�]

fn(w)

w − z →
f(w)

w − z_|w|_^]��|w|_|qvVY\�f�x~_
Γ
b0d9�^_|w|�W��i9�

f(z) =
1

2πi

∫

Γ

f(w)

w − z dw.Î ��_ª_sZ|_ckrZ[tcq�i�w|\ª{��rXrqv��Tz]rus]��sx�]|�
f
Tz� �v\^]rfj{[�vTW�^tc�£f�x~_

Γ
i9�._|w|_r]��rw|_|qvVY_"�rqs] _"fj{[�vT����0�

f�{[�v\rq~xvtcfgT�i0� Ò b£�(�0qv\ Ö \c�^�Axv�[�"©.qv��xz\rfj� } b�� Ö � f TW� �v\r]�\|�v\[Z[{�xs] k^t�f�xz_[� D(z0, r) Ö k�\r]TWVY�|fg_c��xz_
z0
Tz� �s\r]�xv{[���c� Ö � f Tz� �v\^]g\|�v\[Z[{�xs] k^t�fÌ¥�_vZ|�ckrZ[�[qv_yx~_ U b����Z|_[� Ö \[�r��x~_R��T��0q��[w|\ } b��y�W��_|{[w|T

f (m)
n (z)− f (m)(z) =

m!

2πi

∫

Γ

fn(w)− f(w)

(w − z)m+1
dw, z ∈ D(z0, r).

���Ux���qv\
z ∈ D(z0, r1) Ö �[�r_|{ r1 < r Ö xv��xvT�\[�r��xv�[��©�qv�sx~\|fj� } b } �W��_|{[w|T

|f (m)
n (z)− f (m)(z)| ≤ m!

2π
max
w∈Γ
|fn(w)− f(w)| 2πr

(r − r1)m+1
→ 0,

k�\��?�9�
n→∞.

¤¾¦



d0�r_|w|�W��i9�
f

(m)
n → f (m) _|w|_^]��|w|_|qvV?\�fjT.k^Xc�?T.k|Z|Tz] f�xv��{s�^_|us� f�k�_�xz_|{ D(z0, r) Ö X|qv\�fgTk^Xc�?T�krZ|Tz] f^xs�a{��r_rus� f�k^_#xz_|{

U
Î us]��sx�]�xz_

z0
t�x~\r�yxv{c�j�c� Ò Ö k^\^]4X|qv\QfgT�k^Xc��Tªf�{[wc�r\[hg���{��r_|fj¡[�v_sZ|_#x~_[{

U
Î us]��sx�]Ìk^Xc�?T"fj{[wc�r\chY���y{��r_|fj¡[�v_sZ[_axz_|{

U
wc�r_rqvTz�4�v\ak^\[Z[{cVj�?Tz�J\c�^�

�rT��rTWqv\rfjw|�W�v_��[Z[ts�?_|��krZ[Tz] f�xv�0�¢{s�^_|us� f�k^i0�Ux~_[{
U
Ò b �

§a�^_|qv_[¡[w|T£xv�0qv\��v\�uvTz��Óv_[{[w|T£x~_yor\|fY] k^��\[�r_sxs�pZ|TWfgw|\�\[{�xvt���x��c��TW�v�sx���x~\|�
�\|� jñ�vÌõ�u } b÷`z¦�ø � f

ÿ�K þWû|ú4û[þWû C ý��zú	���'ü��  z0
û[þ��|û|ú � 
�þ  û[þ1� f � � _^ ÿ�K@þWû'û[þWû(¢�sû ^ û|üE��û P ÿ�K?ürû[þ � úÀû1[výcþWû �� ü�ÿ�ú ^�� ∑∞n=0 an(z − z0)n
ü�ÿ � úÀûh�sÿ ^ ú  ���U�  ý z0 ?y\z öa{�|sòO}�v ø���_UT�{s�?¡£�^qv_ck^¡��[xvTz]c\[�r��x��[��©.qv��xz\rfj� } b�¤^bH�@]�\�x~_�\|�~x�� f�xvqs_|VY_ Ö �W��_|{[w[T�sx�]YhY]�\Rk�X���T

n Ö � ∑n
k=0 ak(z − z0)k

Tz� �v\^]�\r�v\cZ[{�x�] krtRf�x~_
C
k^\^]�fj{�h�krZr� �vTz]�f�x��[�

f(z)_|w|_^]��|w|_|qvVY\Qf�x~\Qfj{cwc�^\chjt'{��r_rfj¡c�s_vZ|\#k^X[�r_r] _|{#us� f^k�_[{
D(z0, r)

bªd0�r_rw|����i0�y�
f
Tz� �v\^]

\|�v\[Z[{�xs] k^t�\c�r��xv�[��©�qv�sx~\|fj� } b÷`~¦^b �
����Z|_[��uvTz� ���v_|{cw|T"�sx�]4_^]4fj{[�~xsTpZ|TWf�xv���"x~_[{a\|�v\[�[x�¡�hYw|\cx~_[��fgTªu�{[�v\rw|_|fgTz]�qvXQw|]�\|��\�Þ

�v\cZ[{�x�] krtc�Qfj{[�vX|q~xv�[f��c�
f
Tz� �v\^]=w|_c�v\|u�] k�_r� Ö k^\^]=�sx�]=_r]��^\|qvX[hji@hg_^]�xv�c� f wc�r_|qv_|¡[�°�v\

orqvTp�?_|¡[�¢\|�U�^\|qv\[hji@h?� fj_|{[w|T£x~_[{c���|qv_|{���xv�c�Uu�{[�v\|w|_rfjTz]�qvX|��b
s ñ|ö�t�u9ó�v } b `c`cø @ þ f(z) =

∑∞
n=0 an(z − z0)n F úÀû z ∈ D(z0, r) A �5
���ÿÎ ` Ò

f (m)(z) =
∑∞
n=m ann(n−1)(n−2) · · · (n−m+1)(z−z0)n−m, m = 1, 2, . . . .Î } Ò

an = f(n)(z0)
n! , F úÀû1
 C ûU��û n �l[(� C û�[(� A �U[výcþWû �� ü�ÿ�ú ^�� ü�ý � �!K	�(��ÿ�ú � ÿJ�  ûcþ � ¢�(�sý F�� û Taylor

� ?
y\z öa{�|sòO}�v ø
Î ` Ò �£�r�ªxv�[��©�qv�sx~\|fj� } b �^Ö ∑n

k=0 ak(z− z0)k → f(z)
_rw[_^]��|w|_rqvVY\�f^x~\�f�{[wc�^\chjt

{��r_rf�¡[�v_sZ|\yx~_|{
D(z0, r)

b9�£�r��xv�[��©�qv�sx~\|fj� } b÷`z¦ Ö
n∑

k=m

akk(k − 1) · · · (k −m+ 1)(z − z0)k−m → f (m)(z).

Î } Ò ����x~_[{[w|T
z = z0

f�x~_ Î ` Ò k�\r]��r\^��qv�v_[{[w|T
f (m)(z0) = amm!

b
�

fÌµq¿ × ·Ì½^Å4Äjº@â�ã
�Oxv�c�TW�v�sx���x~\Ü\|{sxvt��\ÜuvTz��Óv_[{[w|TAxv�c�°] fj��¡°xzi0�\c�r_sxsT�Z|TWfjw|X[xWi��a�r_[{³us]�\c�?��x~_[{[w|T

w|��fg\�\c�^�Awr]�\�fgTW]�qvX Î \|�v\[�rX|��xvTW�^i�� Ò TWVY\|qvw|_shj�0�[b
s ñ|ö�t�u9ó�v } b÷` } Î´¿�¿�Æ�¾ Å?Á�Ø@»|¾ ã

Cauchy
Ò ø,i j(ü��;w

f
û[þWû C ý��WúO���aü��  D(z0, R) ?U£�D ¢�  ý � ÿ

Mf (z0, r) = max{|f(z)| : |z − z0| = r}, 0 < r < R.

� 
���ÿ
|f (n)(z0)| ≤ n!

rn
Mf (z0, r).j�� H�2D þHw3� A û[þ f(z) =

∑∞
n=0 an(z − z0)n A z ∈ D(z0, R) A �5
���ÿ

|an| ≤
Mf (z0, r)

rn
.

y\z öa{�|sòO}�v ø í ��w|TWf���\[�r��x~_���T���q��[w|\ } b��ªk^\^]�xv�[��©�qv�sx~\|fj� } b } b �
ð�ñsòôó|õ�ö�ó } b��rø0ù³úÀûUüÌýcþ �H^ �!�|ür� f : C→ C  þ ������ ÿH��û|ú�����:¾'2�78O"�û[þ£ÿ�K þWû|úrû[þWû C ý��zúO�a�ü�ª RC 
!� C � ^r �  C ?

¤pç



��_'Tp�^�|w|TW�v_'\c�r_�xv��Z|TWfjw|\'�Wqv��T�x~\r]�fjT��|Z[tcqv�A\|��xs� ��TWfj��w|TU� Ö x�]jhY��i0qs��Ôv_|{cw|TU\[�r��xv�c�©�qv\chgw|\[xs] k^ty���vXcZ[{[fj�^b
�\|� jñ�vÌõ�u } b `c` Îld¢ÄÀ©R»[Ê.½[å�Å4·

Liouville
Ò ø @ þJ� f ÿ�K þWû|ú�û�� Dl^ û|ú6�,�rû[ú�] ^ û F(��D þ(� A��
5��ÿJ�

f
ÿ�K þWû|úYü���û P ÿ ^ � ?y\z öa{�|sòO}�v ø����^��xv�[�¢©�qv�sx~\rf�� } b ¤ Ö � f \r�v\c�|x�¡[fgfgTpx~\^]YfgT�u�{[�v\rw[_rfgTW]�qvXRw|T.k��W�~xvqv_x~_

0
k�\r]gX[�rTz]�q���\[k|x�� �v\�fj¡�h�k|Zr] fj�c��Õ

f(z) =

∞∑

n=0

anz
n, z ∈ C.

�£�r�yxv�[��©�qv�sx~\|fj� } b÷` } ���j_[{[w|T

|an| ≤
Mf (z0, r)

rn
→ 0,

k^\c�Y�0�
r →∞, \|� n ≥ 1,

us]��sx�]^�
f
Tz� �v\^]jVYqv\chYw[�W����bO�={[�vTp�r�9�

an = 0
h?]�\��vZ|\yx~\

n ≥ 1
b í �.qv\

f(z) = a0
hY]�\��sZ[\

x~\
z ∈ C b �
d=��w|\|f�xvT.x���qv\AfgT����Wf����v\�uvTz��Óv_|{cw|T��W�v\�us]�Xrf��[w|_�\c�r_�xv��Z|TWfjw|\gb
�\|� jñ�vÌõ�u } b÷` } Î�d�ÄÁ©R»�Å4»�¹�¾÷Ê.Â^»�ã»©R»cÊ.½[åÌÅ4·�Æ[å�ãXÂ�R¹gº@»�¼�½�·�ã|Ò ø1i j(ü��ow

P D þWû� RC ý(Y�þ[ý ��ZQ û P��� Mq�  ý CE� �(ú ü��  þ,Ã ?�� 
5��ÿ P (z) = 0 F úÀû1� � �  ú  z ?y\z öa{�|sòO}�v ø��.�
P (z) 6= 0

h?]�\��sZ|\"x~\
z Ö xs�sxsT£� 1

P

Tz� �v\r]j\[k^�Wqv\r] ��b9dOVY�rfj_c�
P (z)→

∞ k�\��?�9�
z → ∞ Ö � 1

P

Tz� �s\r]9VYqv\chYw|����� Ö T��r_rw[�W��i0�Rf�xz\c�?TWq�t°\[�r�°xz_Ý��T��0q��[w|\ } b÷`c`cb�.{�xv��Tz� �v\r]YXcx~_c�^_�us]��sxs]g{s�^_����Wfj\rw|T��sx�]g_yor\���w|�[��x~_[{
P
Tz� �v\^]�x~_[{�Z|Xr�j] f�xz_[��`cb �

ð�ñsòôó|õ�ö�ó } b��^øqi j�þWû�� � ú F û�[�úO��
!��û ^ ú P�� 
!� z0 CED5F ÿ���û[ú�'�4	Ä�� � úÀû��Aü�ýcþ ��^ �!�|ür��� f û[þ
f(z0) = 0 ? i j(üE�owÅ��Y ^ ûh
5�Wú9� f ÿ�K þWû[úJû[þWû C ý��zú	���#üE�  z0 A �|û|ú D üE�ow ∑∞n=0 an(z − z0)n�  û[þ � �(�sý F(� ûh�G�a� f ü�ÿB[vý�þzû �r ü^ÿ�ú ^�� ü�ÿ � úÀûU�sÿ ^ ú  ���U�  ý z0 ?�Æ�D�� ÿB
5�Wúr�  z0

ÿTK÷þWû[ú�'�4	Ä��
-�b�Ç�"�=

m
�!���

f
û[þU�|û|ú � 
�þ  û[þ an = 0 F úÀû n < m

�rû[ú
am 6= 0 ? ù³úÀû ^ K � û�� ��� ����Ã

CED5F ÿ���û|ú � ÿ ^ ú	� D �\] _^�D �\���5 #+1'�4OÄH� ?
©�\|qv\[x��[q�t[f�xsT��sx�]^\|��x~_

z0
Tz� �v\^]^q�� Ôs\¢xsX|Ó��c�

m
xv�c�

f Ö xs�sxvT(x~_y\|�vX[�[xv{shYw|\ªx��c� f fjTu�{[�v\|w|_rfjTz]�qvX����jTz]�xv��w|_|qvVgt
f(z) = am(z − z0)m + am+1(z − z0)m+1 + · · ·

= (z − z0)m[am + am+1(z − z0) + · · · ]
= (z − z0)mg(z),�c�^_[{

g(z0) = am 6= 0
b��£�r�Çx~_Û��T���q��[w|\ } b÷`z¦ Ö � g Tz� �v\^](\|�v\[Z[{�xs] k^t�b d0�r_rw|����i0�fjTªwr]�\'�^T�qs] _��^tRxv�c�yqs��Ôv\|� Ö � f wc�^_|qvTz�4�v\Qßv�r\rqv\chY_c�~x~_c�r_^] �s��Tz��àrb��2\|�ATWVY\|qvw|_shjt#\|{sxvtc�x��c�U�r\|qv\[x�t[q��[fj�c� Ö T�¡�k^_sZ|\Rw��^_|qvTz�Y�v\RuvTz��ÓvTW]jk�\|�vTz� � Î X|f�kr�[fj��È Ò x~_R\|�vX[Z|_vhY_Ax~_[{yk^\r�v�c�v\

L’Hôpital
hY]�\�\|�v\[Z[{�xs] k�����fj{[�v\|q~xvt[fjTz] �cÕ

í d�f�xzi
f, g : D(z0, r)→ C

\|�v\cZ[{�x�] k^����k^\^]g�c�j]�x~\|{sx~_sx�] k^XRw[�cuv�W�[b0���
lim
z→z0

f(z) = lim
z→z0

g(z) = 0,

xv��xvT.xz_
lim
z→z0

f(z)

g(z){��rX|qv�jTz] Î T��vuvTW�j_|w|�W��i9��TW� �v\r] ∞ Ò k�\r]Y] fg�^¡[Tz]

lim
z→z0

f(z)

g(z)
= lim
z→z0

f ′(z)
g′(z)

.

¤
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d=��uv\|w|T���xs]c\|�2�
f
Tz� �v\^]�\r�v\cZ[{�x�] krt�fÌ¥��W�v\U\|�v_^] �rxs�Ufj¡c�v_sZ|_

U
�r_|{£�rTWqs]��W��Tz]��W�v\�kr¡�krZ|_

Γ
k^\^]gx~_#T�fji@xsTWqs] k^�Rx~_[{ Ö xs�sxsT�_r]Yxs]�w|����xv�c� f f^x~_c� Γ

k�\���_|qs��Ôv_|{[�ªx�] ��xs]�w|����xv�c�
f
f^x~_

TWf�i9xvTWqs] k��#xz_|{
Γ
b���\QuvTz��Óv_[{[w|T�x���qv\Q�sxs]J\|�

S
Tz� �v\^]4�W�v\a{��r_|fj¡[�v_sZ|_'x~_[{

U
x~_Q_c�^_r� _

�W��Tz]�fj�[w|Tz� _�fj{[fjfj�0qvT�{[fj�c��f^x~_
U Ö xv��xvT._r]^x�]�w|���.xv�c� f f�xz_ S k�\���_|qs��Ôv_|{[��xs] �.x�]�w|���£xv�c�

f
f�x~_

U
b

s ñ|ö�t�u9ó�v } b÷` � øLi j(ü��ow
U ⊂ C û[þ  ú ���5
L�rû[ú?üÌýcþWÿH�a�WúO��
 A �|û|ú f : U → C

û[þWû C ý��zúO�a� ?
¡ � GP�D �  ý � ÿB
5�zúr�  ü�Mcþ _CE �ow�þ ^ ú � YOþ,�G�a� f D �=ÿ�ú D þWûAür� � ÿ�K  üÌýcüjü7Y ^ ÿ�ýcür��� z0

ü��  U ?
� 
���ÿJ� f ÿTK÷þWû[ú2��ûrý��  �zúO� � K ür� � ÿ 0

üE�  U ?
y\z öa{�|sòO}�v ø��.�v\[�[xv¡[fjfg_|{cw|T£xv�[�

f
fgT�u�{[�v\rw|_|fgTz]�qvXyhg¡[q�iÙ\[�r��xz_

z0
Õ

f(z) =

∞∑

n=0

an(z − z0)n, |z − z0| < r.

Mfj��{[qs]�Ôv�|w|\|f�xsT£�sx�]
an = 0

h?]�\��vZ|\"x~\
n
b0��]�\rVY_|qvT�x�] k^X Ö �Wf�xzi m _�T�Z[Xr�j] f�x~_[��\[k^�Wqv\^] _[�

xv��x~_r] _[�R�0f�xvT
am 6= 0

b¨���sxsT
f(z) = (z − z0)mg(z) Ö �c�r_|{ g \|�v\[Z[{�xs] k^t°f^x~_ z0

k�\r]
g(z0) 6= 0

by�=�vhgi,fj{c�s���jTW]�\|� Ö � g TW� �v\r]Jwc�awc�[uvTW�s] k^t#fgTªwr]�\'�^TWqs] _���tRx~_[{ z0 Ö x~_Q_[�r_r� _\|�~x�]�VYX|f�k�TW]Yw|T£xz_��sx�]jxz_
z0
Tz� �v\^]gfj�[w|Tz� _Afj{[fgf���qvT�{[fj�c��x~_|{�fj{c�s�vZ|_[{yxWi��¢qs]�Ô����Ux��c�

f
b

�(�0qv\ Ö �?��x~_[{[w|T

A = {z ∈ U :
��_

z
Tz� �v\r]gfj�[w|Tz� _Afj{[fgf���qvT�{cfj�c��x~_|{�fj{[�v�vZ|_|{"xWi��¢qs]�Ô����Uxv���

f}.
�£�r�U{��r�c�?TWfj� Ö z0 ∈ A Ö X|qv\Uxz_ A TW� �v\r][w[��k^TW�v�jb0��\�usTW��Óv_|{[w|TO�sx�]�x~_ A Tz� �v\r][\r�v_r] �^xv�Uk�\r]k|Z|Tz] f�xv��f^x~_

U Ö Xrqv\ A = U
us]��sx�]rx~_

U
Tz� �v\^]�fj{c�sTpkrxs] k��jb0���

z ∈ A Ö xs�sxvT(x~_yT��^] �jTW��q��[w|\f^xv�[�2�rqv_|��hg_[¡[w|TW���£�^\|qvX[hgqv\|VY_�uvTz� ���vTz]c�sx�]��
f
TW� �v\r]sx~\[{�x~_sx�] k^X¢� f���w|T�w[�[uv�W��f�¥��W�v\Uus� f�k^_

D(z, ε)
k�\r]?Xrqv\

D(z, ε) ⊂ A
b(d0�r_|w|�W��i9��xz_

A
Tz� �v\^]?\|�v_^] �rxs�Rf�x~_

C Ö fj{[�vTp�r�9�Uk�\r]?f^x~_
U
b í dOf^xzi³xv�0qv\"wr]�\"\ck^_sZ|_[{s�Ì��\

wn ∈ A
xs�px~_^]�\ª�0f�xvT

wn → w Ö w ∈ U b@��� wn = w
h?]�\

k^X[�r_r] _
n Ö xs�sxvT w ∈ A k^\r]rxsTpZ|Tz] �0fg\rw[Tvb9��� wn 6= w

hY]�\ªk�X���T
n Ö xv�sxsT£\c�r�ªxv�ªfj{[�v�W��Tz]�\x��c�

f
�W��_|{[w|T

f(wn) = 0
k^\^]gXrqv\

w ∈ A b0d0�r_|w|�W��i9��x~_ A TW� �v\r]�krZ|Tz] f^xs�gb �
�\|� jñ�vÌõ�u } b÷` � Îld¢ÄÉ©R»[Ê.½[å�Å4· Æcå�ãpd¢·�ÈjÆ^ÏgÆcå?Æ[·�ã|Ò ø>i j(üE�ow

U ⊂ C ûcþ  ú ���5
��rû[úü�ýcþzÿH���zúO��
n�rû[ú
f, g : U → C

û[þWû C ý��zúO� D � ?�£�D �  ý � ÿ
A = {z ∈ U : f(z) = g(z)}.

@ þL�  A D �=ÿ�úYü�� � ÿTK  üÌý�ügü7Y ^ ÿWýcü��a��üE�  U A �5
���ÿ f = g
��û|ý��  �zúO� � ü��  U ?

y\z öa{�|sòO}�v ø�d�VY\rqvw|�|Ôv_|{[w[T¢xv�[�A©.qv��xz\rfj� } b÷` � f�xv�c��\r�v\cZ[{�x�] krtaf�{[�vXrq~xv�cfj�
f − g b
�

í �.w|TWfj�¢fj{[�v���rTz]�\¢x~_|{"��T�i0qvtcw|\[x~_[� } b÷` � Tz� �v\r]��sxs]^�
exp

TW� �v\r]r�ªw|_c�v\rus] krtª\r�v\cZ[{�x�] krt
f�{[�vXrq~xv�cfj�ª�ª_[�r_^��\yfj{[w|Vgi0�vTz��w|T2xv�"f�{[���s�Ì] fgw|���v�ªT�k[��T�xs] k^t"fj{c�sX|q~xv�[f��"f�x~_

R
b9��_A��us] _

] fg�^¡[Tz]�hY]�\�xs] �
log Ö sin

k�\r]
cos
b

©�\|qv\[x��[q�t[f�xsT"�sx�]Hf�x~_a�^qv_[��hg_|¡[w|T��s_#��T���q��[w|\ Ö �a{��r�c�?TWfj�Q�sx�]Ìx~_°fj�[w[Tz� _°f�{[fgfj�HÞqvT�{[f��c�a\|��t�k^Tz]Of�xz_
U
Tz� �v\r]O\c�^\|qv\^� x���xv��bÙ�@]�\³�r\|qsX|uvTz] hgw|\ Ö \|� U = C \ {0} Ö xs�sxvTR�f�{[�vXrq~xv�cfj�

f : U → C
w|T
f(z) = sin 1

z Ö
�W��Tz]4qs��ÔvT��yf�x~\afj�[w|Tz��\ 1

kπ Ö k ∈ Z Ö
xz\Q_[�r_^��\

f�{[fgfji0qvT�¡[_c�~x~\r]Yf^x~_
0 /∈ U Ö \cZcZ|X��rqv_rVY\|�v�9�U� f uvTW�¢Tz� �v\^]�x~\|{sx~_sx�] k^X'� f���w|T�w[�[uv�W�[b�Oxv�'fj{[�v�W��Tz]�\R��\ausTW��Óv_|{[w|T¢�sx�] Ö ��_c�~xsqs] k�X Ö �#\c�^�vZ[{�xv��x�]�w[t'wr]�\[��f�{[�vXrq~x��[fj�c�y\|�v\cÞZ[{�xs] k^t��"f�¥��W�v\#f�¡[�v_sZ|_
S
usT��ywc�^_|qvTz���v\R�rX|qvTz]

maximum
f�¥��W�v\#TWf��9xvTWqs] k^�#fj�[w|Tz� _Rxz_|{

S
b@î�qvTz]�\|Ôv�rw|\|f�xsT£�rq��9xz\��W�v\�TW�vus]�X|w|TWfg_A\[�r_sxs��Z[TWfgw|\jb

¤ e



¸Z¹ õ�õNu } b } ø,i j(ü��ow
f
û[þWû C ý��zú	���#ü&ª D þWû#û[þ  ú ����
yü7Mcþ RCE �  ýh�sÿ ^ ú D �=ÿ�ú<�  þ�� C ÿ�ú ü��5
[GK üE�  D(z0, r) ?�� 
5��ÿ
f(z0) =

1

2π

∫ 2π

0

f(z0 + reiθ)dθ

�|û|ú?ÿ5� ���D þHw&�
|f(z0)| ≤ 1

2π

∫ 2π

0

|f(z0 + reiθ)|dθ.
y\z öa{�|sòO}�v ø í ��f�kr�[fj��b �
�\|� jñ�vÌõ�u } b÷`z� Î�¶Ê�'½^ê�Á�Æ[Ä�È>Ë »sº0Ñ ØHÆ[Ä�ÈYÒ øVi j(ü��ow

U ⊂ C û[þ  ú ���5
x�rû[ú�ü�ýcþzÿH���zú	��
 A�|û|ú
f
û[þWû C ý��zú	����ü��  U A 
6�(úYü���û P ÿ ^ � ?B� 
5��ÿÎ ` Ò @ þ z0 ∈ U

�rû[ú
D(z0, r) ⊂ U A ��
5��ÿ¢ý�� �H^ �=ÿ�ú D þWûAür� � ÿ�K  z1 ∈ D(z0, r)

� D �  ú Y0ü���ÿ |f(z1)| > |f(z0)| ?Î } Ò @ þ λ = sup
z∈U
|f(z)| A �5
���ÿ |f(z)| < λ F û[úr� ��P ÿ z ∈ U ?

Î � Ò @ þ,�  U ÿTK÷þWû[úr] ^ û F���D þ  �|û|ú ∂U ÿTK÷þWû[ú2�  ü7Mcþ _^r �  ý U A<P�D �  ý � ÿ
M = lim sup

z→∂U
|f(z)|.

µ üÌý ��Q<RC ú ü � 
!��ür� � û�K þzÿ�ú2
5�Wú2�  M ÿ�K þWû|ú2�  supremum
�owOþ _^ KÌw�þ,
 C wOþ,�owOþüÌý F � C ú þ  ýcü7Y�þ'û�� RCE ý P úÌY�þh�!��� ��_^ ]r�a� |f(zn)| A 
(�  ý zn ∈ U �rû[ú

zn → z A
z ∈ ∂U ?B� 
���ÿ |f(z)| < M F úÀû1� ��P ÿ z ∈ U ?Î � Ò @ þ,�  U ÿTK÷þWû[úr] ^ û F���D þ  �|û|ú2� f _^ K � ÿ���û[úr�|û[ú�ÿ�K þWû|úYüÌý�þzÿ�������ü��  U A<P�D �  ý � ÿ

M0 = max
z∈∂U

|f(z)|.

� 
5��ÿ |f(z)| < M0 F úÀû1
 C ûU��û z ∈ U A �|û[ú�ÿ5� ���D þHw3� A
M0 = max

z∈U
|f(z)| = |f(z0)|,

F úÀû1� � �  ú  z0 ∈ ∂U
�l[(� C û�[(�®� |f | �sû�K ^ þzÿ�ú2�G� ��DGF ú üE�!�~�Wú � �~�G���UüE�  ü�Mcþ _^r�  ý U � ?y\z öa{�|sòO}�v ø

Î ` Ò á �^_�����xz_|{[w|T��sx�]�x~_�f�{[wc�r�Wqv\rfjw|\�uvTW�ª] fg�^¡[Tz]÷b0���sxvT
|f(z0 + seiθ)| ≤ |f(z0)|,hY]�\�k�X���T

θ ∈ [0, 2π]
k�\r]jk^Xc�?T

s
w|T

0 ≤ s < r
b0�£�r��xz_A�Ot[w|w|\ } b } �W��_[{[w|T

|f(z0)| ≤ 1

2π

∫ 2π

0

|f(z0 + seiθ)|dθ ≤ 1

2π

∫ 2π

0

|f(z0)|dθ = |f(z0)|.
d0�r_rw[�W��i0�

∫ 2π

0

(|f(z0)| − |f(z0 + seiθ)|)dθ = 0,

hY]�\Ük�X���T
0 ≤ s < r

b �Ox~_Ü�r\rqv\c�^X|��i _sZ[_[k|Z[t[q�i0w|\ Ö �³�^qv_[�_vZ|_[k|Z[t[q�i0fj�fj{[�vX|q~xv�[f��¢Tz� �v\r]rw[�¢\rqv����xs] k^tUk^\^]rfj{[�vT���tc� Ö X|qv\¢�rqv���^TW]r�s\ªTz� �v\^][x~\[{�x~_sx�] k^Xy� f��w|T
0
b.§T�X[ZcZ[\RZ[�shY]�\ Ö � |f(z)| Tz� �v\r]�f�xz\c��T�q�tRf�x~_ D(z0, r)

b£����xvT��rw[i9��k�\r]
�
f
TW� �v\r]4f^x~\c�?TWq�t Î Xrf^k^�[f���È Ò f�¥�\|{�x�t[�"xv�[�"�rTWqs] _c�^t Ö X|qv\'k�\r]ÌfÌ¥�_vZ|�[k|Z[�[qv_'x~_

U
\c�^��xz_R��T���q��[w|\ } b÷` � Ö X[x~_c�r_gbÎ } Ò ��� |f(z0)| = λ

h?]�\Rk^X[�r_r] _
z0 ∈ U Ö xs�sxvT¢\c�^�Rx~_ Î ` Ò ��\#Tz� ��\rw|T |f(z1)| > λhY]�\�k�Xc�r_^] _�XcZcZ|_

z1 ∈ U
b0�.{�xv���rwci0�U\r�~x�] V?X|f�k^Tz]gw|T£x~_c�ª_|qs] fgw|��x~_[{

λ
b

¤;�



Î � Ò í d�f�xzi
zn ∈ U

xs��x~_r]�\°�0f�xvT |f(zn)| → λ
b#���sxsTy{s�^X|qv�jTW]H{��r\ck�_sZ[_|{s����\

znkxs�px~_^]�\¢��f^xsT
znk → z0

hY]�\�k�Xc�r_^] _
z0 ∈ U

b9���
z0 ∈ U

xv��xvT Ö \c�r�¢x��¢fj{[�v�W��Tz]�\xv�c�
f Ö |f(z0)| = λ Ö xz_Q_[�r_^� _QTW� �v\r]JXcx~_c�^_Q\c�r�#x~_ Î } Ò bªd0�r_rw|���vi9� z0 ∈ ∂U

b
�£�r��x~_c��_rqs] fgw|��x~_|{

M
���j_[{[w|T

λ ≤M Ö X|qv\"\c�r�¢x~_ Î } Ò Ö |f(z)| < M
hY]�\ª�sZ|\

x~\
z ∈ U bÎ � Ò ���
zn ∈ U Ö zn → z Ö z ∈ ∂U Ö xs�sxsT |f(zn)| → |f(z)| \c�^�#x��#fj{[�v�W��Tz]�\#x��c�

f
bÝ©�qv_rVY\|���0� |f(z)| ≤ M0 Ö X|qv\ M ≤ M0 Ö \c�^�°x~_c�a_rqs] fgw|�°x~_[{ M bÝ��_
fj{[w��^�Wqv\|fgw|\A���rT�x~\r]Y\c�r��x~_ Î � Ò b

�
m�\[�r�sZ[{�x��Üxs]�w[tÇwr]�\|�\r�v\cZ[{�x�] krtc�°Tz� �v\^]2u�{[�v\[xv�Û�v\Ç�r\^��qv�vTz]2T�Z|X|�j] f^xv�Üxs]�w[tÇfÌ¥��W�v\

TWf�i9xvTWqs] k���fj�[w|Tz� _�TW�v�[�=fj{c�v�sZ|_[{�bH�@]�\£�r\rqvX|uvTz] hgw|\ Ö ��T�i0q�t[f�xvT@xv�[� f(z) = z
f^x~_

D(0, 1)
b

���°�rwci0�Q{��r_����Wfg_[{[w|T#��xs]=�Çf�{[�vXrq~x��[fj�ÜuvTW�¨w[�[uvTW�s��ÔvT�xz\^]��^_[{s��TW�vX Ö xv��xvTa�W��_|{cw|Tawr]�\ßs��qv�^tyd9Z|\r�j� f�x~_[{|àrb
�\|� jñ�vÌõ�u } b÷`vl Î�¶º�R½^êÌÁ°ÆcÄÌÈ®¿.¹Y·�ê9Ñ Ø@ÆcÄ�È?Ò ø\i j(ü��;w

U ⊂ C û[þ  ú ���5
B�rû[ú�ü�ýcþzÿ��a�zú ¢��
 A �rû[ú f û[þWû C ý��WúO�a��ü��  U A 
6�(úYüE��û P ÿ ^ � A �  ý P ÿ�þ � 0 ?B� 
���ÿÎ ` Ò @ þ z0 ∈ U
�rû[ú

D(z0, r) ⊂ U A ��
5��ÿ¢ý�� �H^ �=ÿ�ú D þWûAür� � ÿ�K  z1 ∈ D(z0, r)
� D �  ú Y0ü���ÿ |f(z1)| < |f(z0)| ?Î } Ò @ þ λ = inf

z∈U
|f(z)| A �5
���ÿ |f(z)| > λ F û[úr� ��P ÿ z ∈ U ?Î � Ò @ þ,�  U ÿTK÷þWû[úr] ^ û F���D þ  �|û|ú P�D ü  ý � ÿ

m = lim inf
z→∂U

|f(z)|,
�5
���ÿ |f(z)| > m F úÀû1� ��P ÿ z ∈ U ?Î � Ò @ þ,�  U ÿTK÷þWû[úr] ^ û F���D þ  �|û|ú2� f _^ K � ÿ���û[úr�|û[ú�ÿ�K þWû|úYüÌý�þzÿ�������ü��  U A<P�D �  ý � ÿ

m0 = min
z∈∂U

|f(z)|.

� 
5��ÿ |f(z)| > m0 F úÀû1
 C ûU��û z ∈ U A �|û[ú�ÿ5� H��D þHw3� A
m0 = min

z∈U
|f(z)| = |f(z0)|,

F úÀûn� � �  ú  z0 ∈ ∂U
�l[�� C û�[��,� |f | �sû�K ^ þWÿ�úa�!�rþ.ÿ CE� �(ú ü��!�L�zú � �L�!���2üE�  ü�Mcþ _^r�  ý U � ?y\z öa{�|sòO}�v ø�d�VY\rqvw|�|Ôv_|{[w[T.x~_���T��0q��[w|\ } b÷`z�Af^xv�[� 1

f

b �
����Z|_[� Ö uvTz� ���v_|{[w|T��sxs]Jx~_�rqv\[hgw|\cx�] k^�k^\^]Jx~_¨VY\|�~x~\|f�x�] k^�¨w|�Wqv_[�Rwr]�\[��\r�v\cZ[{�x�] krtc�f�{[�vXrq~xv�cfj�c��] k�\|�v_[�r_^] _[¡[�Ux�] ��\|qv������x~_[{�w|T�hY� f�x~_[{yk^\^]�x~_[{�T�Z|\|�g� f�xz_|{�b
�\|� jñ�vÌõ�u } b÷` � øBi j(ü��ow f û[þWû C ý��WúO���,�|û|ú�
6�(ú^üE��û P ÿ ^ �"ü�ª D þWûªû[þ  ú ���5
B�|û[ú�ü�ýcþzÿH���zú	��
ü7Mcþ _C� U ⊂ C ?p£�D �  ý � ÿ u = Re f

�|û|ú
v = Im f ?�� 
���ÿ  ú u �rû[ú v úO�|û[þ  �  ú  Mcþ~�zú �û ^ � D �n�  ý � ÿ F K ü��  ý1�|û|ú2�  ýAÿ C û��VK ü��  ý A [(� C û�[(�h��û.��ÃT��¢T�´Í��,�ow�þ £ ÿTw ^ � ��� �ow�þL¬ ? Ã!Í1�rû[ú¬ ? Ã  ú ü*�VM  ýcþ � ÿ\�G�^þ u �R�U�!�rþ v ��ü��!� P�D ür�U�!��� |f | ?y\z öa{�|sòO}�v ø�m�fj{c�vXrq~xv�cfj�

ef
Tz� �v\^]j\|�v\[Z[{�xs] k^t"f�x~_

U Ö ���j]jf�x~\���TWq�t¢k�\r]^�^_[{s��T��sX 0
b

dOVY�|fg_c� |ef | = eu Ö � u ] k^\|�v_[�r_^]�TW�rxs] ��\|qv�����£x~_[{ªw|T�hY� f�x~_[{�k�\r]rxz_|{ªT�Z|\|�g� f^x~_|{^b0d�VY�rfg_c�
|e−if | = ev Ö x~_R��us] _�] fj��¡cTz]jk^\r]jhY]�\�x��[� v b �

¤;�





S�d=¬��.�O�£
� �

Î �ÐÏÇ�=�¢� �'PÑ���2	�L����R�Ð�Z�A!
Cauchy

�Ox~_�k^TWVYXcZ|\^] _�\[{�xs�y��\A\rfj�j_vZ[�s��_[¡[w|T�w|T�u�¡[_yo|\rfY] k^X�TWq�i@xvt[w[\[x~\jÕ
• �H]�\"�W�v\ªuvTWuv_rw|���v_"\r�v_r] �^xv�"fj¡[�v_sZ[_ U Ö �r_r]�\"Tz� �v\r]|x~\�krZ|TW] f^xsX"w|_c�v_c�^Xcx�]�\ γ f^x~_
U
w|T£x��[�ª]�us]���x���x~\ ∫

γ
f(z)dz = 0

hY]�\�k�X���T�\|�s\cZ[{�xs] k^t�fj{[�vX|q~xv�[f��
f
f�xz_

U Ò
• ©.�9�.wc�^_|qv_[¡[w|T��v\y��\rqv\ckrx��[qs� fg_[{[w|T£Tpk�Tz� �v\ªx~\y\|�v_^] �rxsXyfj¡c�s_vZ|\ U w|T2x��[�U]�us]��cÞ
xv��xz\ ∫

γ
f(z)dz = 0

hY]�\¢k^X���T=krZ|Tz] f^xs�"w[_[�v_c�rX[x�]
γ
f�x~_

U
k�\r][k�X���T(\|�v\[Z[{�xs] k^t

fj{[�vX|q~xv�[f��
f
f�x~_

U Ò
´jµqÓªÄgºHÚÌ½j¾ Í=Å4Ä4¾H¿Ì·J¾@Ä�½jÑ�Ø@Å4·�Æc·

ð�ñsòôó|õ�ö�ó � b÷`cøni j2ü��ow
S ⊂ C �rû[ú

f : S → C \ {0} ü�ýcþzÿ������ ?ù³úÀû�üÌý�þ ��^ �!�|ür� g : S → C CEDGF ÿ���û[ú�0�k7`(%l),+�=& </a�2b('�8�ÔE��/�=��G�a� f û[þ�ÿ�K þWû|úcüÌý�þzÿ�������|û|ú
eg(z) = f(z) F úÀû1� ��P ÿ z ∈ S ?ù³úÀû�üÌý�þ ��^ �!�|ür� θ : S → R CEDGF ÿH��û|úE0�k7`(%l)n:�=�mH'�860����®�!��� f ûcþªÿTK÷þWû[úYü�ýcþzÿ������\�|û|ú

f(z) = |f(z)|eiθ(z) F úÀû1� ��P ÿ z ∈ S ?
s ñ|ö�t�u9ó�v � b `cøni j(ü��;w

f

(�Gw&��ü��  þ µ ^ ú ü � 
�Õ ? Ã ?Î ` Ò @ þ g ÿ�K þWû[ú D þWû��'üÌýcþWÿ	���a� CE*F7��^ ú P��� �®�G�a� f A �5
���ÿ Im g

ÿ�K þzû[ú D þWûÝüÌýcþzÿ�� D �
 ^ ú ü � ûU�!��� f ?Î } Ò @ þ θ ÿTK÷þWû[ú D þWûQüÌý�þzÿ�� D ��
 ^ ú ü � ûp�G��� f A �5
���ÿ log |f(z)| + iθ(z) A z ∈ S ÿ�K þWû|ú
D þWû���üÌý�þzÿ����a� CE*F7��^ ú P��� ���G�a� f ?Î � Ò @ þI�  S ÿTK÷þWû[ú�ü�ýcþzÿH���zú	��
®�|û|ú

g1, g2
ÿ�K þWû[ú�üÌý�þzÿ��=ÿ�K � CE!F7�H^ ú P��� úx�G��� f A �5
���ÿ

g1 − g2 = 2πin F úÀûÖ� � �  ú  þ¨û�� Dl^ û[ú  n ? µ �� KÌw&� A ûcþ θ1, θ2
ÿTK÷þWû[ú(ü�ýcþzÿ����

_^ K ü � û(��ûU�!��� f A ��
5��ÿ θ1 − θ2 = 2πm F úÀû1� � �  ú  þªû�� Dl^ û[ú  m ?Î � Ò @ þX�  S ÿ�K þzû[ú£ü�ýcþzÿ��a�WúO��
 A g D þWû��üÌý�þzÿ����a� C�*F7��^ ú P��� �p�!��� f A �|û|ú θ D þWûüÌý�þzÿ�� D �J
 ^ ú ü � ûU�!��� f A ��
5��ÿ
g(w)− g(z) = log |f(w)| − log |f(z)|+ i[θ(w)− θ(z)],

F úÀû1� ��P ÿ z, w ∈ S ?
y\z öa{�|sòO}�v ø
Î ` Ò

f(z) = eg(z) = eRe g(z)eiIm g(z) = |f(z)|eiIm g(z) bÎ } Ò
elog |f(z)|+iθ(z) = |f(z)|eiθ(z) = f(z)

b
Î � Ò

eg1 = f = eg2 Ö T��r_rw[�W��i0����f�{[�vXrq~x��[fj� g2 − g1

2πi

Tz� �v\r]gfj{[�vTW�^tc��k�\r]��r\^��qv�vTz]g\�Þ
k^�Wqv\^]�T��2x�]�w|����b@��VY_[¡�x~_

S
Tz� �v\^][fj{[�vT�k|x�] k^� Ö �^qv�p�^Tz]c�s\�Tz� �v\r][f�x~\���TWq�t�b0��w[_^� i9� Ö

eiθ1 = f
|f | = eiθ2 Ö Xrqv\A� θ2 − θ1

2π

Tz� �v\^]gf�x~\���TWq�t�b
Î � Ò �£�r�"x~_ Î } Ò Ö �yfj{c�sX|q~xv�[f�� log |f |+ iθ

TW� �v\r]jfj{[�vTW�^tc�.Z|_shgX|qs] �?w|_|��x��c�
f
b9�£�r�

x~_ Î � Ò Ö g = log |f |+ iθ + 2πin
hY]�\�k^X[�r_r] _

n Ö k�\r]jxz_�fj{[w��^�Wqv\|fgw|\A���rT�x~\r]÷b
�

«��



§°]�\�fj{[�vX|q~xv�[f��
f
�[�|i9�(f�x~_c�£��qs] fjw|� � b÷` Ö uvTW���W��Tz]sk�\cx|¥�\|�vX[h�kr�Ufj{c�sT���t.Z|_vhYX|qs] ��w|_jb���R�rw[i9��x~_

S
TW� �v\r]@�W�v\k|Z|Tz] f�xv�{��^_|us]�Xrf^xv�[w|\Qxzi0���rqv\[hgw|\cx�] kr���'\|qs] �?w[�0� Ö xv��xvTy� f�W��Tz]gf�{[�vTW��t"Z[_shgXrqs] ��w|_jb

s ñ|ö�t�u9ó�v � b } ø~i j(üE�ow
f : [a, b] → C \ {0} üÌýcþWÿ	����� ?º� 
���ÿp� f D �=ÿ�ú£ü�ýcþzÿ����

CE!F7��^ ú P���(?
y\z öa{�|sòO}�v ø��.�

D
Tz� �v\^]^���v\|�.\|�v_^] �rxs�[�.us� f�k�_[���r_|{¢uvTW�.�rTWqs]����jTW]|x~_

0 Ö xs�sxsT2{��rXrqv��Tz]wr]�\¢\|�v\[Z[{�xs] k^tUfj{[�vX|q~xv�[fj�
h
f�x~_c�

D
xs�px~_^]�\���f^xsT

eh(z) = z
h?]�\Uk�X���T

z ∈ D Î X|f�kr�[fj��È Ò b
��VY_[¡Ýx~_

[a, b]
Tz� �v\r](fj{[wc�r\[hg��� Ö � |f | �^\r��qv�vTz] minimum Ö �Wf^xzi m Ö f�xz_ [a, b]

bn�£�^�
{��r����TWfj� Ö m > 0

bAdOVY�rfj_c���
f
Tz� �v\^]J_rw|_r]��rw|_|qvVY\fj{[�vTW�^tc� Ö wc�r_|qv_|¡[w|Tª�s\#orqv_[¡[w|T"wr]�\us]�\|w|�Wqs] fj�

a = t0 < t1 < · · · < tn = b
xs�px~_^]�\���f^xsT |f(t)−f(ti)| < m

hY]�\
ti ≤ t ≤ ti+1 Ö

i = 0, 1, . . . , n − 1
b í d0xsfg]

f(t) ∈ D(f(ti),m)
hY]�\

ti ≤ t ≤ ti+1
k^\^]

0 /∈ D(f(ti),m)\c�^�'xz_[�A_|qs] fgw|�'x~_|{
m
b¢���AT��^] Z|�WÓv_[{[w|TUxv�[�

h
�c�|i0�ª�r\rqv\c�rXr��i Ö xv��xvT eh(f(t)) = f(t) Ö

ti ≤ t ≤ ti+1 Ö T��^_|w|�W��i9�U� f �rTWqs] _rqs] fgw|�����Af�x~_ [ti, ti+1]
�W��Tz]Yf�{[�vTW�^tyZ|_vhYX|qs] ��w|_ Ö �Wf�xWi

gi
b
�(�0qv\ Ö \|� eg0(t) = f(t)

h?]�\
t0 ≤ t ≤ t1 Ö k^\^] eg1(t) = f(t)

h?]�\
t1 ≤ t ≤ t2 Öxv��xvT

g0(t1) = g1(t1) + 2πin
h?]�\#k^Xc�^_r] _c��\[k^�Wqv\r] _

n
b"���~x�] k^\c��] f^x~_|¡cw|T�xv�[�

g1
w|T�xv�c�

g1 + 2πin Ö �_c�r_^��\¨Tz� �v\r]9T��^� fj�c���W�v\[�Rfj{[�vTW�^tc�AZ[_shgXrqs] ��w|_[�Ax��c� f f^x~_ [t1, t2]
b í d0xsfg]

�r\^� qs�v_[{[w|T'�W�v\|�°fj{[�vTW�^t¨Z|_shgX|qs] �?w|_Üx��c�
f
f�x~_

[t0, t2]
bDd0�r\|�v\[Z|\|w�orX|�v_[�~x~\[�Q\|{�x�t³xv�

us]�\|us] k�\|fY��\�Tp�^\chji9hY] k^X Ö �^\r��qv�v_|{[w[T��W�v\�fj{c�vTW��t"Z|_vhgXrqs] ��w|_�x��c� f f�x~_ [a, b]
b �

ð�ñsòôó|õ�ö�ó � b } øLi j(ü��;w
U ⊂ C ûcþ  ú ���5
,�rû[ú f : U → C

û[þWû C ý��WúO��� A �  ý P ÿ~þ �U� ��[ D þ ?ù³úÀû³üÌý�þ ��^ �!�|ür� g : U → C CEDGF ÿ���û[úx��`*�� 2k7-*8���m�=h �/a��b*'�8�Ô��#/�=.�G�a� f û[þp�
g
ÿ�K þWû|ú

û[þWû C ý��zúO�a�U�|û|ú eg = f ?
s ñ|ö�t�u9ó�v � b � øLi j(üE�ow

U ⊂ C û[þ  ú ����
,�|û|ú f : U → C
ûcþzû C ý��zú	��� A �  ý P ÿ�þ �1� ��[ D þ ?

� 
���ÿ>� f D �=ÿ�úHû[þWû C ý��zúO��
 C�*F7��^ ú P��� û[þ1�rû[ú � 
�þ  û[þh��� CE!F û ^ ú P�� úO�a�.�sû ^��!F w F7 � � f ′

f

D �=ÿ�ú#�sû ^��!F7 ýcürû#ü��  U ?�× ü  [GMcþWû � û A û[þq�rû[ú � 
�þ  ûcþ ∫
γ
f ′(z)
f(z) dz = 0 F úÀû~� ��P ÿL� C ÿ�ú ü��5


�� þ  � � �Wú γ ü��  U ?
y\z öa{�|sòO}�v ø��.�

eg = f
f^x~_

U Ö xv��xvT g′eg = f ′ Ö T��r_|w|�W��i9� f ′

f = g′
b����~x�� f�xvqv_rVY\ Ö\|�y�

g
Tz� �v\r]Ì\r�v\cZ[{�xs] k^t'f^x~_

U
k�\r]

g′ = f ′

f Ö
xs�sxvT

(fe−g)′ = f ′e−g − fg′e−g = 0
f�xz_

U
b9d0�r_rw|����i0�

fe−g
Tz� �v\^]Y� fj�yw|T.wr]�\�f^x~\���TWqvX

kA
�rXr��iÙfgT�k�X���T�fj{[�vTpkrxs] k^t�f�{[�s] f�xv�0fg\

A
xz_|{

U
b

���ªT��^] Z|�WÓv_[{[w|T
CA

��xvfY]g�0f�xsT
eCA = kA Ö xv�sxsT eg+CA = f

f�x~_
A
b=��VY_[¡yxv�0qv\Ax~_

A
TW� �v\r]Ywr]�\R\[{s��\r��qvT�xv�Afj{c�vT�krxs] k^tAfj{[�s] f^xv�0fg\Ax~_[{

U Ö \[{�xvt��Aus]�\|us] k�\|fY��\Rw|\[��us� �vTW]?�W�v\|�\|�v\[Z[{�xs] k��yZ|_shgXrqs] ��w|_yxv�c�
f
f�xz_

U
b �

s ñ|ö�t�u9ó�v � b �jøhi j(üE�ow
U ⊂ C

û[þ  ú ���5
.�rû[úV�jý ^ �5
 A �rû[ú f : U → C
û[þWû C ý��zúO�a� A�  ý P ÿ~þ � 0 ?I� 
���ÿ>� f D �=ÿ�úHû[þWû C ý��WúO��
 CE!F7�H^ ú P��� ü��  U ?L� ÿ~þvúO��
5��ÿ ^ û A û[þ U ÿ�K þWû|ú D þWûû[þ  ú ���5
°ý��  ü�Mcþ _CE �  ý C � D �  ú  Y0ü���ÿ ∫

γ
h(z)dz = 0 F úÀû�� ��P ÿ1� C ÿ�ú ü��5
 �r þ  � � �zú γüE�  U �rû[ú2� ��P ÿ�û[þWû C ý��WúO����üÌýcþ �H^ �!�|ür� h ü��  U A �5
5��ÿ\� ��P ÿ f : U → C

û[þzû C ý��WúO���h�|û|ú�  ý P ÿ~þ � 0 A<D �=ÿ�ú�û[þWû C ý��zúO��
 CE!F7��^ ú P(�r üE�  U ?
y\z öa{�|sòO}�v ø�SU\cx|¥�\|qv��tc�¨{��r_c�?��x~_[{[w|TQ�sxs]=x~_

U
Tz� �v\^]Ok^{cq~xs�gbndOVY�rfj_[�°� f ′

f

Tz� �s\r]
\|�v\[Z[{�xs] k^t�f^x~_

U Ö xz_R��T��0q��[w|\ } b � w|\[��us� �vTz]
∫

γ

f ′(z)
f(z)

dz = 0,

«T¤



hY]�\Ýk�X���TRk|Z|Tz] f�xs�Çw|_c�v_[�rXcx�]
γ
f�x~_

U
b²�£�r�Ýxv�[�©.qs�sx~\|fj� � b � Ö � f �W��Tz]=\|�v\cZ[{�x�] k^�

Z|_vhYX|qs] ��w|_jb.�Oxv�yhYT���] k^t��rTWqs� �[xzi0fj� Ö ∫
γ
f ′(z)
f(z) dz = 0

\[�r�R{��r����TWfj� Ö k�\r]gx~_'fj{[wc�r�Wqv\|fgw|\���rT�x~\r]g�[�|i9���rqs] �|b �
s ñ|ö�t�u9ó�v � bÉlrøqi j(üE�ow

U ⊂ C û[þ  ú ����
 A f : U → C
û[þzû C ý��WúO��� A �|û|ú g : U → Cû[þWû C ý��zúO��
!� CE!F7�H^ ú P��� �J�!��� f ?B� 
5��ÿ F úÀûq� ��P ÿ �r þ  � � �zú γ : [a, b]→ U D �  ý � ÿ

∫

γ

f ′(z)
f(z)

dz = g(γ(b))− g(γ(a)).

y\z öa{�|sòO}�v ø���_¢T��^] ��Tz��q��[w|\¢f�x��[�.\c�^�|uvTz]�Ó���x��c�(©�qv�sx~\|fj�c� � b � w|\[��us� �vTz]
g′ = f ′

f

f�xz_
U
bO�={c�vT��r�9�

∫

γ

f ′(z)
f(z)

dz =

∫ b

a

g′(γ(t))γ′(t)dt = g(γ(b))− g(γ(a)).

�
è?µ~¥eÂ^»[ÑÀ¿�Æ[å�ã#»cË^Ï�ã#Ø4åÌÅ4»[Ñ�Ä�È³Ø@»'Ø@êHâ�Ø4åÃÅ4»RÅH¾ ·Ç¿�¹Y»|¾ ØHÆ[ÁÜ¿4·�ÅÌÐ�ìj¹jå

§°]�\�w|_|qvVYtªx~_|{"hgTW�s] k^_|¡ª��T�i0q�t[w|\cx~_|��x~_[{
Cauchy

Z|�WTW]Y�sx�]g\|�¢�
f
Tz� �v\^]g\r�v\cZ[{�xs] k^t

f�¥��W�v\a\|�v_^] �rxs�afj¡[�v_sZ|_
U
k�\r]4Tp��] �[Z|�W_c�"x~_

U
Tz� �s\r]4\c�|Z|X#fj{[�vT�k|x�] k^� Ö u���Z|\ru�t#ß�uvTW���W��Tz]xvq�¡��^T��và Ö xv��xvT¢x~_Q_vZ|_[k|Z[t[q�i0w|\#xv�c� f �^X|��i,fgTª_[�r_r] _ru�t��r_sxsT¢k|Z|Tz] f�xv�Qw|_c�v_[�rXcx�]Jf^x~_ UTz� �v\r]�w[�[uv�W�[b í dO�v\[�'xvqv�[�r_[�a�v\ÝT�k^VYqvXrfg_[{[w|T�x~_Ü�sxs]9x~_

U
ß�uvTW�Q�W��Tz]9xvq�¡��^T��vàTz� �v\^]��v\

�r_|¡cw|T��sxs]@\r�
γ : [a, b] → U

Tz� �v\r]@�W�v\k|Z|Tz] f^xs�¨w|_c�v_c�rX[x�]Hf�x~_
U
k^\^]

z0 /∈ U Ö xs�sxvTy�f�{[�v_sZr] krtRw|T�x~\�or_sZ[tAx~_[{'_|qs� fgw|\cx~_|�¢xz_|{
γ(t) − z0

k�\��?�9�¢x~_
t
k�] �vTW� xz\^]Ì\c�r�Rx~_

a
f�xz_

bTz� �v\r]Yw[�[uv���[b
s ñ|ö�t�u9ó�v � b � ø\i j2ü��ow γ : [a, b]→ C � úÉû>� C ÿ�ú üE�!�>�rû � �GM C �q� D �  úÀûnY�üE��ÿ 0 /∈ γ∗ A �rû[ú

D üE�ow θ D þWû�üÌýcþWÿ�� D ��
 ^ ú ü � ûh�G�a� γ �6ý�� �H^ �=ÿ�ú�û��!
,�!�^þB« ^ 
5��û[ür�1Õ ? ¬5� ?J� 
���ÿ��~�  üE
5�G����û
1

2π [θ(b)− θ(a)]
ÿ�K þzû[ú?û�� Dl^ û[ú  �Uû ^ ú P�� 
!� ? j���ú	� CEDH þ A< û ^ ú P(� 
!�Uû|ý��5
!��ÿ�K þWû[ú�û[þzÿ �*�H^ �!�a�  �û��*
L�G�^þªÿ5�cú C�*F �U�  ýyüÌýcþWÿ��  M�� _^ K ü � û(�  � θ ?

y\z öa{�|sòO}�v ø��H]�\yk�X���T
t ∈ [a, b] Ö

eiθ(t) =
γ(t)

|γ(t)| .d0�r_|w|�W��i9�

ei(θ(b)−θ(a)) =
γ(b)

|γ(b)|
|γ(a)|
γ(a)

= 1,

TWVY�|fg_c�#�
γ
Tz� �v\^]@k|Z|Tz] f�x�t�bÜ�={[�vT��|�0�'_³\|qs] �?w|�|� 1

2π [θ(b) − θ(a)]
Tz� �s\r]0\ck��Wqv\r] _|��bÝ���

x���qv\
φ
TW� �v\r]@k�Xc�r_^] _ÝXcZcZ|_³fj{[�vTW�����'�rqs] fjw|\ Ö xv��xvT�\[�r�°xv�[�#©�qv�sx~\|fj� � b ` Ö �W��_|{[w[T���xs]

θ(t) − φ(t) = 2πm
h?]�\¨k�Xc�^_r] _c�\ck^�Wqv\^] _

m
b í ��qv\

θ(b) = φ(b) + 2πm
k^\^]

θ(a) =
φ(a) + 2πm Ö k�\r]�x~_�fj{[wc�r�Wqv\|fgw|\A���rT�x~\r]÷b �

ð�ñsòôó|õ�ö�ó � b � ø,i j(üE�ow
γ; [a, b] → C � úÀû~� C ÿ�ú ü��G�®�rû � �!M C � A �|û|ú z0 /∈ γ∗ ?JØ ý ��Q�RC K ¢

�o ý � ÿ � ÿ γ + w
�!�rþ>�rû � �!M C � γ(t) + w A a ≤ t ≤ b ? i j(ü��ow θ D þWûRüÌýcþWÿ�� D �n
 ^ ú ü � û~�!���

γ − z0 ?B� 
���ÿ  ³�%54���-�"�=,�  ý z0
ü�ÿ.ü*� D ü�� � ÿ\�G�^þ γ A9_^ K � ÿ���û|ú4þWû<ª þWû[ú  û ^ ú P(� 
!�

θ(b)− θ(a)

2π
,

�|û|úYüÌý ��Q�_C K � ÿ���û[ú � ÿ n(γ, z0) ?
«p«



�£�r��x��[�"©�qv�sx~\|fj� � b �^Ö _ n(γ, z0)
Tz� �s\r]Yk^\[Z[X'_rqs] fgw[�W�v_|��b.��] \^] f^�Y��x�] k^X Ö _ n(γ, z0)Tz� �v\r]�_.k^\c�?\rqv�[�=\rqs] ��w|�[��xzi0�(\|�~x�] i0qv_sZ|_shY]�\ck^�0�=�rTWqs] f�xsqv_|Vg�0�=xv�c�

γ
hj¡[q�i\c�^�£x~_�fj�[w|Tz� _

z0
b0©�qv_|VY\r���9� Ö n(γ, z0) = n(γ + w, z0 + w)

hY]�\�k�X���T
w ∈ C b

��\�\[�r_|uvTz��Óv_|{[w[T�f^xv��fj{[�v�W��Tz]�\A�W�v\�xsT��j�s] k^��Z[t[w|w|\jb
¸Z¹ õ�õNu � b÷`cøhi j(ü��ow

γ : [a, b] → C
ü�ýcþzÿ������I�|û|ú

V ⊂ C
û[þ  ú ���5
p� D �  ú  Y�üE��ÿ

γ∗ ⊂ V ?L� 
5��ÿ¢ý�� ��^ �=ÿ�ú � úÀûh[�úÀû ��Dl^ ú ür� a = t0 < t1 < · · · < tn = b
�|û[ú4ûcþ  ú ���  K2[GK üE�  ú

D1, D2, . . . , Dn ⊂ V A � D �  ú  ú�Y�üE��ÿ γ(t) ∈ Dj F úÀû tj−1 ≤ t ≤ tj A j = 1, . . . , n ?y\z öa{�|sòO}�v ø í dOf�xWi
ε = dist (γ∗,C \ V ) > 0

b �£�r�Ãxv�[�Ý_|w|_^]��|w|_|qvVY�Ùf�{[�v�W�jTW]�\
x��c�

γ Ö {s�^X|qv��Tz] δ > 0
xs��x~_r] _Ý�0f�xvTR\|� |t − t′| < δ

xv��xvT |γ(t) − γ(t′)| < ε
b í dOf�xzi

a = t0 < t1 < · · · < tn = b
wr]�\us]�\rw[�Wqs] fj�'x~_[{

[a, b]
w|T |tj − tj−1| < δ

hY]�\ak�X���T
i
b

����x~_[{[w|T
Dj = D(γ(tj), ε)

b �
í d��j_[{[w|T£xv�0qv\�x��[�ª\ck^�sZ|_[{s�?��_sZ|_ckrZ[�cq�i9xs] k^t���k^V?qv\|fj�"x~_[{AuvTW� krxv�^Õ
s ñ|ö�t�u9ó�v � b��røni j(ü��;w

γ : [a, b]→ C D þWû1� C ÿ�ú ü��5
 �� þ  � � �zú A �rû[ú z0 /∈ γ∗ ?B� 
���ÿ

n(γ, z0) =
1

2πi

∫

γ

1

z − z0
dz.

� ÿ�þvú	��
5��ÿ ^ û A û[þ�� f ÿ�K þWû|ú�û[þWû C ý��zú	���¨ü&ª D þWû¨û[þ  ú ����
'ü�M�þ _CE V � ÿ γ∗ ⊂ V A �rû[ú z0 /∈
(f ◦ γ)∗ A ��
5��ÿ

n(f ◦ γ, z0) =
1

2πi

∫

γ

f ′(z)
f(z)− z0

dz.

y\z öa{�|sòO}�v ø(î.i�qs� �=\[�|�@Z|Tz]�\�x��c�OhgTW�s] k^�sxv��x~\[�2wc�r_|qs_[¡[w|T0�s\�{��r_c����fg_[{[w|T��sx�]s�
f−z0uvTW��Tz� �v\^]��r_sxs��w[�[uv���¢f�x~_

V
Î us]�\|VY_rqvT�xs] k�Xy�^T�qs] _|qs��Ôv_[{[w|T£xz_��rTWus� _�_|qs] fgw|_[¡"xv�c�

f
fgT�wr]�\

k^\[xvX[ZcZ[�sZ[�Q�rTWqs] _c�^tQxz_|{
γ∗
Ò b°SU\[x~\|f�k^T�{[X|Ôv_|{[w|TAw|]�\¨u�] \rw|�Wqs] f��

a = t0 < t1 < · · · <
tn = b

k�\r]J\r�v_r] �^xz_|¡c��us� f^k�_[{c�
D1, . . . , Dn

�c�|i0��f�x~_a�Ot[w|w|\ � b÷`cby�£�^�#xv�c�A©�qv�sx~\rf��
� b � Ö � f − z0

�W��Tz]Y\|�v\[Zc{�x�] k^��Z|_shgX|q�] �?w|_
gj
f�xz_

Dj
b0�£�r�yxv�[��©�qv�sx~\|fj� � bÉl Ö

∫ γ(tj)

γ(tj−1)

f ′(z)
f(z)− z0

dz = gj(γ(tj))− gj(γ(tj−1)),

�c�^_[{�_vZ|_[k|Z[�[q��0�v_|{[w[T0k�\cxsXUw[t�k^_|�Ox~_[{
γ
b í dOf^xzi

θ(t)
�W�v\Ufj{[�vTW�����2�|qs] fgw|\�xv�c�

f(γ(t))−
z0 Ö a ≤ t ≤ b

b ©�\|qv\[x��[q�t[f�xsTQ�sxs](�
gj(γ(t))

TW� �v\r]����v\|�¨f�{[�vTW�^tc�Z|_vhYX|qs] ��w|_[�xv�c�
f(γ(t))− z0 Ö tj−1 ≤ t ≤ tj

b0d0�^_|w|�W��i9� Ö \[�r��x��[��©�qv�sx~\rf�� � b `��W��_|{cw|T

1

2πi

∫

γ

f ′(z)
f(z)− z0

dz =
1

2πi

n∑

j=1

∫ γ(tj)

γ(tj−1)

f ′(z)
f(z)− z0

dz

=
1

2πi

n∑

j=1

[gj(γ(tj))− gj(γ(tj−1))]

=
1

2πi

n∑

j=1

[log |f(γ(tj))− z0| − log |f(γ(tj−1))− z0|

+ iθ(tj)− iθ(tj−1)]

=
1

2π
[θ(b)− θ(a)] = n(f ◦ γ, z0).

�
����Z|_[��TWÓvTpxsX|Ôs_[{[w|T£xv��f�{[wc�rTWqs]�VY_rqvXyx~_|{

n(γ, z0)
k^\��?�9��x~_

z0
w|T�x~\�orX[Z�Z|T�x~\r]÷b

«;¦



s ñ|ö�t�u9ó�v � b��^ø,i j2ü��ow
γ D þzûh� C ÿ�ú ü���
 �� þ  � � �Wú ?q� 
5��ÿ  [vÿTKO�a�G�a� n(γ, z0) A�P ÿTw ^r M*¢

� ÿ�þ  �2ürû[þ£üÌý�þ �H^ �G�rü��,�  ý z0 A ÿ�K þWû|úrüE��û P ÿ ^ 
!�2ü�ÿZ� ��P ÿ=üÌý�þzÿH���zúO�a�¢üÌýcþ�ú üE�HY0ürû,�  ý C\γ∗�|û|ú
0
üE�!� � �1] ^ û F(��D þ(��üÌýcþWÿH�a�WúO����ü�ýcþvú üE�HY0ü^û ?
y\z öa{�|sòO}�v ø����^��x�] ��©�qv_sxsX|fgTz] � � b��ªk�\r] } b � Ö _RuvTz� k|xv��� n(γ, ·) TW� �v\r]?\|�v\[Z[{sx�] krt�k^\^]X|qv\"fj{[�vTW�^tc�.f^x~_

C\γ∗ b9d0�r_|w|�W��i9�.fgT(_[�r_^] \ru�t��r_sxsT�f�{[�vT�k|x�] krtªf�{[�s] f^xv�0fg\¢x~_[{ C\γ∗ Ö�
n(γ, ·) Tz� �v\^]^fj{[�vTW�^tc�£k^\^]|�^\r��qv�vTz]rxs]�w|���.f�x~_[{c��\ck��Wqv\r] _|{c��X|qs\yTW� �v\r]�f^x~\c�?TWq�t�b0���^�¢xv�[�©�qv�sx~\|fj� } b�� Ö �W��_|{cw|T n(γ, z0) → 0 Ö k^\c�?�9� z0 → ∞ Ö T��r_|w|�W��i9��� n(γ, ·) �^qv�p�^TW]9�v\Tz� �v\r]jx~\[{�x~_sx�] k�XR� fj��w|T

0
f^xv�[�¢w[��VYqv\chYw|�����Af�{[�s] f�xv�0fg\jb �

cÌµ1d�ÄSÙ=»�Ëj¾À¿ÌÏ¨©R»cÊ�½[å�Å4·ÇÆcÄ�È
Cauchy

�Oxv�c�(\r�vXc�[xv{[Ó��£x��c�0��T�i0qs��\|�0�?\U��qvTz]�\|f�xsTW�c�v\�_vZ|_[k|Z[�[q��0fg_[{[w|T9�^X|��ifgT0\r�~x�] k^Tz��w|T��v\
k^X[�|i9���^] _�hgTW�s] k�XA\[�r��krZ[Tz] f�xsX�w[_[�v_c�rX[xs]�\gb

ð�ñsòôó|õ�ö�ó � b �jøZi j�þWûB�sý���úO��
 ��PT^r ú ü � ûB�!��� ��_^ ]r�a� γ = a1γ1+· · ·+amγm A 
(�  ý���û aiÿ�K þWû[úrû�� Dl^ û[ú  úrû ^ ú P(�r K��|û|ú���û γi � C ÿ�ú ü�� ���� þ  � � �WúÀû A�C�DGF ÿ���û[úa�7�7�( </�= ?Z£ ûUü�ý ��Q<RC K �o ý � ÿ�  ⋃mi=1 γ
∗
i � ÿ γ∗ ?�@ þ f : γ∗ → C

ü�ýcþzÿ������ A9_^ K �o ý � ÿ
∫

γ

f(z)dz =

∫
∑m
i=1 aiγi

f(z)dz =
m∑

i=1

ai

∫

γi

f(z)dz.

� � úÀû1
�ü  ý�� �*Dl^r ý�þ>�Wú P ûh�sÿ�ú�û|ý��5
 A9D þWû�����M�� CE �Uÿ�K þWû|ú D þzû FG^ û �2� ú	��
¢üÌý�þzû ^ �!�|ü  ÿ�ú6[ D � ΛüE�  �xY ^r C(γ∗) A �U[ ^�� ü��h�  ý  �  K  ý _^ K � ÿ���û[ú ��D ü�wÚ�!�����sû ^ û�� � þHwÛü*� D ür��� A [(� C û�[(�

Λ(f) =
m∑

i=1

ai

∫

γi

f(z)dz.)

i j.þWû��J��M�� CE � CED5F ÿ���û[úE860�/�³��7`*���#/�= � ÿ\�  0
û[þ

∫

γ

f(z)dz = 0,

F úÀûÖ
 C ÿo�.�Wú �Qü�ýcþzÿ��=ÿ�K �aüÌýcþWû ^ �!�|ü�ÿ�ú � f : γ∗ → C ?W� M  ��M�� C� ú γ1
�rû[ú

γ2 CEDGF7 þ(��û[ú860�/�³��7`*���#/�8gûcþ  γ1−γ2
ÿ�K þWû|ú|ú ü  [GMcþWû �� � � ÿZ� �Û � F úÀû,�sû ^�� [vÿ�ú F(� û Ar ú���M�� CE ú 2γ1−5γ2�|û|ú

γ1 − 3γ2 + γ1 − 2γ2
ÿ�K þWû|úYú ü  [!M�þzû �r ú � ?

��D§CE � _^ K �o ý � ÿ

n

(
m∑

i=1

aiγ1, z

)
=

m∑

i=1

ain(γi, z).

��]�\r] fr�?��xs] k�X Ö �W�v\[�.k^¡�k|Z|_[��Tz� �s\r]jwr] \�\[Z[{[fg��uv\�\[�r�"k|Z|Tz] f�xvXAw[_[�v_c�rX[x�] \ γi ��xvfY]��0f�xvTx~_
γi
us]�\[hgqvXrVYT�xz\^]

ai
VY_rqv����b

¸Z¹ õ�õNu � b } Î�d¢ÄÜ©R»�Å4»�¹�¾ Ê�Â^»�ãÀÓUÁ�ÅJÅ4·ÌÒ ø�i j(ü��ow
γ D þWû�� C ÿ�ú ü���
~� RC ý F w�þvúO��
 �� ¢þ  � � �Wú A> úB� C ÿWý ^�D �p�  ý  �  K  ýÃÿ�K þWû[ú\�sû ^��5C�C � C ÿo�ü��  ý�� ���� þzÿo�p�ow�þÝü�ýcþ(��ÿH��û F���D þHwOþ ?

Ø ��� � û(��K �o ý � ÿ,�  [GK	�a�sý  �  ý'û��  ��ÿ C ÿ�K ��û|úHû��*
1�WúÌ�"ÿWý P ÿ�KÀÿo���  ý#ÿTK÷þWû[ú��sû ^���C�C � C ÿo�ªü��  ý��
���H þWÿo�I�|û[úV[�ú Dl^ �  þ(��û[ú(û(�*
p�zú �®� _^ ý�] D �I�  ý γ ? i j��züjú��sû�K ^ þ  ý � ÿ � úÀû  úO� *F7D þzÿ�úÀûÇû��*
�äû[þ  ú ��� D �R� _^7P�!F Y�þvúÀÿo�1�vÿ ^ ú  � D � Ri A i = 1, . . . ,m A3� úÀû  úO� !F7D þzÿ�úÉûû��*
 � �.] ^ û F(��D þzÿo��sÿ ^ ú  � D � R′i  ú  �  KÀÿo� D �  ý�þ 3

� C ÿ�ý ^�D � A �rû[ú � úÀû  ú	� !F7D þzÿ�úÀûAû��*
 � �q] ^ û F(��D þzÿo�J�sÿ ^ ú  � D �
R′′i  ú  �  KÀÿo� D �  ýcþ 2

� C ÿWý ^�D � ?j���ú CEDGF7 ý � ÿ.ür� � ÿ�KÀû zi ∈ Ri A i = 1, . . . ,m ? i j(ü��;w γ0  ��M�� CE � ∑m
i=1 n(γ, zi)∂Ri A
(�  ý ∂Ri üÌý ��Q<RC K � ÿ�ú��  ü�Mcþ _^r �  ý Ri � ^r ürû[þWû(� RC ú ü ��D þ  û[þ(�WúÌw ^rRCE!F úÀû�� ��?L� 
5��ÿ  γ�|û|ú  γ0

ÿTK÷þWû[ú?ú ü  [GMcþWû �� ú ?
«�ç



RiRi

Ri

’

’’γ

y\z öa{�|sòO}�v ø�SU\cx|¥�\|qv��tc���r\rqv\cxv�[qv_[¡[w|T��sx�]
Î � b ` Ò

n(γ0, zk) =
m∑

i=1

n(γ, zi)n(∂Ri, zk) = n(γ, zk),

k = 1, . . . ,m
b9d0�^� f��c� Ö \r� z′k ∈ R′k Ö

Î � b } Ò
n(γ0, z

′
k) =

m∑

i=1

n(γ, zi)n(∂Ri, z
′
k) = 0 = n(γ, z′k)

TWVY�|fg_c��xz_
z′k
\|��t�k�Tz]gf^xv��w[��VYqv\[hgw|�W����f�{[�s] f�xv�0fg\�xz_|{

C \ γ∗ b�.��{��r_c����fg_[{[w|T£xv�0qv\��sx�]j�
σij

TW� �v\r]gwr]�\��[Z|T�{[qvXA\r�vX|w|TWfg\�f^x~\
Ri
k^\^]

Rj
b

ijσ

z

z

j

i

R

R

j

i

í d�f�xziÜ�sx�]^f�xz_[�.kr¡�k|Z|_
γ− γ0 Ö � σij us]�\chYqvX|VYT�x~\r] c VY_rqv��� Î x~_ c Tz� �v\^]^\ck���qs\r] _|�.\rqs] ��w|�[� Ö�^] ��\|�v�9�a\rqv����x�] k��[� Ò b²��T�i0qv_[¡[w|TRxz_[�akr¡�krZ|_

σ = γ − γ0 − c∂Ri
b �£�r�Ýx~_c�°_|qs] fgw|�

x~_[{
c
�W��_|{[w|T��sxs]Ì_

σ
TW� �v\r]4] fg_|u�¡[�v\|w|_|�ªwj¥��W�v\�k^¡�k|Z|_

τ
_'_[�r_r� _[�"uvT��"�rTWqs]��W��Tz]Yx��[�

σij
b

d0�r_|w|�W��i9��\[�r�#xv�[�A©�qv�sx~\|fj� � bÉ� Ö x~_c��_|q�] fjw|�#xzi��R] fj_ru�¡[�v\|w[i0��k^¡�k|Z[i0��k�\r]Ìxv�[� Î � b÷` Ò�W��_[{[w|T
Î � b � Ò

n(τ, zi) = n(σ, zi) = n(γ, zi)− n(γ0, zi)− cn(∂Ri, zi) = −c,k^\^]
Î � b � Ò

n(τ, zj) = n(σ, zj) = n(γ, zj)− n(γ0, zj)− cn(∂Ri, zj) = 0.��VY_[¡"x���qv\yx~\
zi
k�\r]

zj
Tz� �v\r]gf�x��[�ª��us]�\Af�{[�vT�krxs] k^tyfj{[�s] f�x���fj\�xz_|{

C \ τ∗ Ö �W��_|{[w[T�sx�]
n(τ, zi) = n(τ, zj)

b@�£�r�¢x�] � Î � b � Ò k^\^] Î � b � Ò �r\^��qv�v_[{[w|T
c = 0

k^\^]r��xsfg]^_
γ−γ0

Tz� �s\r]
] fg_|u�¡[�v\|w|_|��wj¥����s\yk^¡�k|Z|_A�r_[{AuvTW���rTWqs]����jTz]jx��[�

σij
b��£k�qs] o[�0��x~_R��us] _RTp��] ��Tz��q��[w|\ Ö w[T.x~_

z′j
f^xv�U�?�Wfj��xz_|{

zj Ö uvTz� ���vTz]^�sx�]^\|� σ′ij Tz� �v\r]^wr]�\ª�[Z|T�{cqvX"\r�vX|w|TWfg\"f�x~_ Ri k^\^]^fjT2k^X[�r_^] \w[��VYqv\chYw[�W���y�rTWqs] _c�^t
R′j Ö xs�sxvT�� σ′ij uvTW�¢fj{[�vTz] fjV?��qvTz]jxs� �r_�xz\Rf^x~_c� γ − γ0

b0�£ZcZ|XA�sZ|T��
_r][�[Z|T�{[qv���(x~_[{

γ−γ0
Tz� �v\r]|x��c�£w|_rqvVgtc�

σij
t
σ′ij
b9d0�r_rw[�W��i0�£_

γ−γ0
Tz� �v\^]^] fg_|u�¡[�v\rw|_[�

w|T£xz_
0
b �

d=��w|\|f�xvT�xv�0qv\³fgTy���Wf��¨�v\³\[�r\|�~xvt[fg_[{[w|T�f^x~_¨�rq��@x~_ÝT�q��9x��[w|\°�^_[{Q�?�Wfg\|w|T�f�xv�c�
\|qv��t"xz_|{"k�T�V?\cZ|\r� _|{�b

«pï



�\|� jñ�vÌõ�u � b÷`cø>i j(ü��;w
U ⊂ C û[þ  ú ����
1�rû[ú f : U → C

û[þWû C ý��WúO��� ? i j(ü��ow γ D þWû� C ÿ�ú ü��5
 �� þ  � � �Wú��R� F ÿ�þvúO��
5��ÿ ^ û D þWû��U��M�� CE �_�'ü��  U � D �  ú  �qY0ü���ÿ n(γ, z) = 0 F úÀû� ��P ÿ z /∈ U ?B� 
���ÿ ∫
γ
f(z)dz = 0 ?

y\z öa{�|sòO}�v ø(î�q��[fY]�w|_c�^_r] �0�~x~\|��x~_A�=tcw|w|\ � b ` Ö k^\[xz\rf�k^T�{[X|Ôv_|{cw|TUwr]�\�us]�\rw|��qs] f�� a =
t0 < t1 < · · · < tn = b

x~_|{.�rTWus� _[{�_rqs] fgw[_|¡.x~_[{
γ
k�\r]c\r�v_r] �^xz_|¡c�(us� f^k�_[{c�

D1, . . . , Dn ⊂
U Ö ��xsfg]4�0f�xsT γ(t) ∈ Dj Ö tj−1 ≤ t ≤ tj Ö j = 1, . . . , n

by���
γj
TW� �v\r]J�W�v\#�r_sZ[{�hji0�s] k��

w|_c�v_c�^Xcx�]4f�xz_[�
Dj

\c�^�'x~_
γ(tj−1)

f^x~_
γ(tj) Ö w|T��[Z|T�{[qv���ª�r\rqvXcZcZ[��Z|T���f�xz_|{c�yXrÓv_c�vT�� Öxv��xvTOx~_¢_sZ|_ckrZ[t[q�i0w|\Uxv�c�

f
\[�r��xz_

γ(tj−1)
f�x~_

γ(tj)
k^\[xvXªw[t�k^_|�2x~_[{

γ
Tz� �v\r][x~_ª��us] _¢w|T

x~_y_sZ|_ckrZct[q�i�w|\ªxv�c�
f
k^\cxsX�w[t�k^_|�£x~_[{

γj Ö \c�^�ªx~_A��T��0q��[w|\ } b � b9§a�^_|qv_|¡cw|T£T��r_rw|�W��i9��v\.{s�^_����Wfj_|{[w|T9�^i0qs� �O\c�r�@Z|Tz]�\£x��c�0hgTW�s] k^�sxv��x~\[�O�sx�]~x~_
γ
Tz� �v\^]v�W�v\£�r_vZ[{�hji��s] k^��w|_c�v_[�rX[xs]

w|T9�[Z|T�{[qv���O�r\rqvXcZcZ[��Z|T��2f�x~_[{c�2X|Óv_[�vT�� Ö k^\^]c��xvfY]c\c�r��x~_��Ot[w|w|\ � b } Ö x~_ γ TW� �v\r][] fg_|u�¡[�v\rw|_wj¥ �W�v\�kr¡�k|Z|_�xv�c�¢w|_|qvVgtc� ∑m
i=1 n(γ, zi)∂Ri

b��(�0qs\ Ö \r� Ri * U
xs�sxsTUT��^] Z|��hg_[{[w|T

z0 ∈
Ri \U

b@©�qv_rVY\|���0�(xz\
zi
k^\r]

z0
orqs� f^k�_c�~x~\r]rf�xv�[����us]�\ªfj{[�vT�k|x�] krt¢fj{[�s] f�x���fj\¢x~_[{

C\γ∗ Ök^\^]4X|qv\ Ö \[�r�#x��[��©�qv�sx~\|fj� � b � Ö ���j_[{[w|T¢��xs] n(γ, zi) = n(γ, z0)
bª�£ZcZ|Xa\c�r�a{��r�c�?TWfj� Ö

n(γ, z0) = 0 Ö k^\^]g��xvfY]�x~_ γ Tz� �v\^]Y] fg_ru�¡c�s\|w|_Aw|T£x~_c��kr¡�krZ[_

σ =
∑

Ri⊂U
n(γ, zi)∂Ri.

d0�r_|w|�W��i9�
∫

γ

f(z)dz =

∫

σ

f(z)dz =
∑

Ri⊂U
n(γ, zi)

∫

∂Ri

f(z)dz.

�£ZcZ[X�\|�
Ri ⊂ U

xv��xvT.xz_
∂Ri

�rTWqs]��W��T�x~\r]Yf�¥��W�v\�kr{[q~xs�A{s�^_|fj¡[�v_vZ|_�x~_[{
U Ö Xrqv\

∫

∂Ri

f(z)dz = 0

\c�^�yx~_R��T��0q��[w|\ } b � b
�

��_A�rqv_[��hY_[¡[w|TW�v_�\[�r_sxs��Z|TWfjw|\R�W��Tz]Y\r�~xs� f�xsqv_|VY_gÕO���
γ
Tz� �v\^]Y�W�v\Ak|Z|Tz] f�xv�Rw|_c�v_[�rX[xs]

Î t#k^¡�k|Z|_[� Ò f�xz_
U
xs�px~_^] _[���0f�xsT ∫

γ
f(z)dz = 0

hY]�\k^Xc�?T�\r�v\cZ[{�x�] krtfj{[�vXrq~x��[fj�
f :

U → C Ö xs�sxvT n(γ, z) = 0
hY]�\Rk^X���T

z /∈ U b£©�qvXchYw|\cx�] Ö \|�ªhY]�\Rk^Xc�^_r] _ z0 /∈ U �W��_[{[w|T
n(γ, z0) 6= 0 Ö xs�sxvTy� f(z) = [2πi(z − z0)]−1 Tz� �v\r]@\r�v\cZ[{�xs] k^tf^x~_ U Ö \[ZcZ|X°\c�^�Qx��[�©�qv�sx~\|fj� � bÉ� Ö �W��_[{[w|T ∫

γ
f(z)dz = n(γ, z0) 6= 0

b�d0�r_|w|�W��i0�"\c�r\r�~x�t[fg\rw[TU�[Z[t[q�i9�"f^x~_
�rq��@x~_�TWq��@xv�[w[\��^_[{ª����fg\rw[T�f^xv�[�¢\rqv�^t"x~_[{yk^TWVY\cZ|\^� _[{�Õ

�\|� jñ�vÌõ�u � b } Î�d¢ÄÁÝQ½�Ê£ÆcÄÞ©R»cÊ�½[å�Å4· ÆcÄÌÈ
Cauchy

Ò øhi j(ü��ow
U D þzûÇû[þ  ú ���5
ý��  ü�Mcþ RCE �  ý C A �rû[ú γ D þWû1� C ÿ�ú ü���
 �� þ  � � �zú<�R�q��M�� CE �R�Uü��  U ?B� 
���ÿ ∫
γ
f(z)dz = 0

F úÀû�� ��P ÿ�û[þzû C ý��WúO���Ýü�ýcþ ��^ �!�|ür� f : U → C
û[þI�rû[ú � 
�þ  û[þ n(γ, z) = 0 F úÀûÀ� ��P ÿ

z /∈ U ?
s ö�ñsò órõ�u � b÷`cøVi j(ü��ow

γ1
�|û|ú

γ2
� C ÿ�ú ü�� ���� þ  � � �zúÀû,�§�\��M�� CE ú �Oü&ª D þWû�û[þ  ú ���5
=ü7Mcþ RCE

U ?>� 
���ÿ ∫
γ1
f(z)dz =

∫
γ2
f(z)dz F úÉû~� ��P ÿ�û[þWû C ý��zúO�a�#ü�ýcþ ��^ �!�|ür� f : U → C

û[þ��|û[ú
� 
�þ  û[þ n(γ1, z) = n(γ2, z) F úÀû1� ��P ÿ z /∈ U ?

�={[�vTW�j��Ôv_[{[w|T�xv�0qv\Üw|T�x~_ÝuvT�¡sxsTWqv_ÝTWq��@xv�[w|\jbÙ��\Ý�jqvTz]�\|f�xz_|¡[w|T��^XcZr]0�W�v\¨xsTW���s] k^�
Z[t[w[w|\gb

¸Z¹ õ�õNu � b � øJi j(ü��;w
A,B �*D þWû A�� ���rÿ~þ � ý��  ü�M�þ _C û��  ý Ĉ � D �  úÀû,Y0ü���ÿ��  A ÿ�K þWû|ú

ü�ý � �sû F7D ��ý��  ü7Mcþ RCE �  ý C �|û|ú
distρ̂(A,B) = δ > 0 A 
(�  ý ρ̂ ÿTK÷þWû[ú#� � ÿ�� ^ úO���'ü��  Ĉ ?

« e



� û(��û[üE�|ÿWý ���o ý � ÿ D þzû>[GKO���sý  û��*
\� C ÿ�ú ü�� � ��ÿ�� ^��!F w�þzûh��üE�  C� � ÿ�� C ÿWý ^�D � � �a�  ý�� δ
2
√

2
A�sû ^��5C�C � C ÿo��ü��  ý�� ���H þWÿo� ? i j(üE�ow Q1, . . . , Qm

��û®��ÿH� ^��!F wOþWû'ü��  [GK	�a�sý  �  ýU� D�� þ  ýcþ�  A A �rû[ú D ü��ow σ  ��M�� CE � ∑m
i=1 ∂Qi ?�@ ]Yû|ú ^r M � ÿn
 C ÿo�>�WúÌ�>� C ÿWý ^�D ���  ý'ÿTK÷þWû[ú9�  ú þ D �ü�ÿ  �  úÀû�[(���  ��ÿB[GM  ��ÿ�� ^��*F w�þWû1�rû[ú��sû�K ^ þ  ý � ÿ D þWû[þ¢ú ü  [GMcþWû �� ��M�� CE γ ?
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Ĉ \ γ∗ Ö Tp�^_|w|�W��i9� n(γ, z) = n(γ,∞) = 0

b
(2)⇒ (1)

á �r_c�?��x~_[{[w|T��sx�]
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Cauchy

´jµq�'Ë�ë.ÅJ·?¹�Ñ »�ã
í d�f�xzi

U ⊂ C \r�v_r] �rxs��k^\^]?\[�¢{s�^_����Wfj_|{[w|T���xs]Y� f Tz� �v\^]?\|�v\[Z[{�xs] k^tAf�x~_ U \ {z0}
b

���sxsT�Z|�Ww|Tª��xs]Ìx~_
z0
Tz� �v\^]Jw|]�\ Å4»�Å4ÄYË�ë.Å4âcË[å²·�Ë�ë.ÅJ·?¹�Ñ · xv�c�

f
b���\Qw|T�Z|T�x�t[fg_|{cw|T¢xv�

f�{[wc�^T�qs]�VY_rqvX¨xv�c�
f
k�_c�~xvXÜf�x~_

z0
b í dO�v\Ý\[�r�¨x~\¨or\|fY] k^XÜ\c�r_�xvT�Z|�Wfjw|\[x~\¨xv�c�Rx~_c��] krtc�

�?T�i�qs��\[�'x~_|{
Cauchy

TW� �v\r]O�sx�]O\|�Q�
f
Tz� �v\^]O\|�v\[Z[{�xs] k^t³f�x~_

z0 Ö xs�sxsT�� f wc�^_|qvTz�O�v\\|�v\[�r\|qs\|f�xz\c��TW�[fg\|��u�{[�v\rw|_|fgTz] qsXUfgTOw|]�\��rTWqs] _c�^t.x~_[{
z0
b0��\�uvTz� Ós_[{[w|TO�sxs]c\r�2x~_

z0
Tz� �s\r]

wr]�\�w|T�w|_[��i0w|�W���"\r��i0w|\cZr��\yx��c�
f Ö xv�sxsT�hj¡[q�iÃ\[�r�"x~_ z0 Ö � f wc�^_|qvTz�j�v\�\|�s\c�r\rqv\|f�x~\���Tz�fj\r�¢wr]�\Rßsuv{c�v\rw|_|fgTz]�qvXràª��_[�r_r��\��^T�qs]��W��Tz]�k�\r]��?T�x�] k^����k^\^]g\|qv����x�] k^����u�{[�vX|w|Tz] ��b

ð�ñsòôó|õ�ö�ó �jb÷`cø(ù³úÀûAü�ÿ�ú ^�� Laurent
ÿ�K þWû|ú D þWûU�sý��cúO��
 ��PT^r ú ü � ûU�G�a� ��¾^ ]r���

∞∑

n=−∞
an(z − z0)n :=

∞∑

n=0

an(z − z0)n +

∞∑

n=1

a−n
(z − z0)n

.

Ø ÿOû[þWû CE!F KÀû � ÿZ�G�^þ3« ^ 
5��û[ür�\¬ ?	éGA û[þ � úÀû�ü^ÿ�ú ^�� Laurent
üÌý F � C K þzÿ�ú|ü�ÿ3� � �  úÀû z1 A z2 A�� ÿ

|z1− z0| = r1 A |z2− z0| = r2 A 0 < r1 < r2 <∞ A �5
5��ÿ��yü�ÿ�ú ^�� üÌý F � C K÷þWÿ�úgû��*
 C ý���ûyüE�  þû[þ  ú ���5
1[zû�����M C ú  {z : r1 < |z − z0| < r2}
�|û|ú ��� ú6
 ��_^ ]YûQü���ûQüÌý � �sû F �³ý��  ü7Mcþ RC û�  ý�[zû��a�vý C K  ý ?��\°�jqvTW]�\rf�xz_|¡[w|Tªxv�c�'\ck��vZ|_|{v�?�°ßsus] _|qz�?i0w|�W���|à#w|_|qvVgt#x~_[{_vZ|_[k|Z[�[q�i@x�] k^_|¡#xv¡��r_|{

x~_[{
Cauchy

Õ
s ñ|ö�t�u9ó�v ��b÷`cø�i j(üE�owW
5�zú&�

f
ÿ�K þWû|ú9û[þWû C ý��zúO�a�°ü&ª D þWû°û[þ  ú ���5
�ü�Mcþ RCE U � U �  K �sÿ ^ ú D �2ÿ�ú2�  þ,[zû��a�HM C ú  {z ∈ C : r1 ≤ |z − z0| ≤ r2} A 
(�  ý 0 < r1 < r2 <∞ ?�£�D �  ý � ÿ

Γi = {z : |z − z0| = ri} A i = 1, 2 ?B� 
���ÿ F úÀû1�rû P ÿ z � ÿ r1 < |z − z0| < r2 D �  ý � ÿ

f(z) =
1

2πi

∫

Γ2

f(w)

w − z dw −
1

2πi

∫

Γ1

f(w)

w − z dw.y\z öa{�|sòO}�v ø í dOf�xWi
γ = Γ2 − Γ1

b"�
γ
Tz� �v\r]Ì¦sÞ�_rw|_vZ|_shY] k^�|�yf�x~_

U Ö T��r_rw|�W��i9�y\c�^�x~_���T��0q��[w|\ � b � Ö
f(z)n(γ, z) =

1

2πi

∫

γ

f(w)

w − z dw =
1

2πi

∫

Γ2

f(w)

w − z dw −
1

2πi

∫

Γ1

f(w)

w − z dw.�£ZcZ[X�\|�
r1 < |z − z0| < r2 Ö xs�sxsT

n(γ, z) = n(Γ2, z)− n(Γ1, z) = 1− 0 = 1.

��\|� jñ�vÌõ�u ��b÷` ÎRg¢»|¾À½�â�ã
Laurent

Ò øni j(ü��ow½
5�zúr�
f
ÿ�K þWû|úYû[þWû C ý��WúO�a�Aü��  þn[zû�����M C ú 

U = {z : s1 < |z − z0| < s2} A 
(�  ý 0 ≤ s1 < s2 ≤ ∞ ?B� 
���ÿ

f(z) =
∞∑

n=−∞
an(z − z0)n, z ∈ U,

¦5�




(�  ý
an =

1

2πi

∫

Γ

f(w)

(w − z0)n+1
dw

�|û|ú
Γ
ÿ�K þWû|ú  �  ú  üE[(���  ��ÿ\��M�� C� � � ÿ\� D þ(� ^� �  z0

�rû[ú�û��a�HK÷þWû
r A s1 < r < s2 ?&� ü�ÿ�ú ^��ü�ý F � C K þzÿ�ú?û��*
 C ý���ûAüE�  U �|û[ú ��� ú6
 ��_^ ]YûAü���ûAü�ý � �vû F �aý��  ü�Mcþ RC ûU�  ý U ?y\z öa{�|sòO}�v ø�©.\rqv\cxv�[qv_[¡[w|T���xs]sxz\

an
Tz� �v\r]sk^\[Z|XU_|qs] fgw|�W�v\Uus]��sx�]�u�¡[_�kr¡�k|Z|_^]

Γ = {z :
|z− z0| = r} k^\^] Γ′ = {z : |z− z0| = r′} w|T s1 < r < r′ < s2

Tz� �v\r]�_|w|_vZ|_shY] k�_r��f^x~_
U
b

d0�^] Z|�phY_[{[w|T
r1, r2

xs��xz_^]�\��0f�xvT
s1 < r1 < r2 < s2 Ö k�\r]Y�Wf�xzi Γi = {z : |z − z0| = ri} Ö

i = 1, 2
b ��� |z − z0| < r2 Ö T��r\r�v\cZ|\|w�orXr�v_[{[w|Tax~_ Tp��] ��Tz��q��[w|\Ûf�x��[�Ý\[�r�ruvTz] Óv�Üxv�c�©�qv�sx~\|fj�c� } b�¤ªk^\^]��r\^��qv�v_[{[w|T

Î �jb ` Ò 1

2πi

∫

Γ2

f(w)

w − z dw =
∞∑

n=0

an(z − z0)n, |z − z0| < r2,

�c�^_[{
an =

1

2πi

∫

Γ2

f(w)

(w − z0)n+1
dw.

m fgTz]�qvXRfj{�h�k|Zr� �sTW]?\[�r�sZc{�x~\ Ö k�\r]?_rw[_^]��|w|_rqvVY\Rf�x~\Rfj{[wc�r\chgt�{��r_|fj¡[�v_sZ|\Ax~_[{ D(z0, r2)
b

í d�f�xziÇxv�0qv\��sx�] |z − z0| > r1
b0���sxvT

− 1

2πi

∫

Γ1

f(w)

w − z dw =
1

2πi

∫

Γ1

f(w)

z − z0 − (w − z0)
dw

=
1

2πi

∫

Γ1

f(w)
∞∑

k=0

(w − z0)k

(z − z0)k+1
dw.

���
w ∈ Γ1 Ö xs�sxsT ∣∣∣∣

w − z0

z − z0

∣∣∣∣ =
r1

|z − z0|
< 1,

T��r_|w|�W��i9���AfgTz]�qvXRf�{�hjk|Zr� �vTz]Y_rw|_r]��rw|_|qvVY\Ak�\r]?�pxsfY]Ywc�r_rqv_[¡[w|T��v\RTW�v\cZcZ|X|Óv_|{[w[TU_vZ|_[k|Z[tsÞ
q�i0w|\�k^\^]gX���qv_^] fjw|\�hY]�\��v\��rXrqv_[{[w|T

− 1

2πi

∫

Γ1

f(w)

w − z dw =

∞∑

k=0

bk(z − z0)−(k+1),

�c�^_[{
bk =

1

2πi

∫

Γ1

f(w)(w − z0)kdw.

����x~_[{[w|T
n = −(k + 1)

k^\^]��r\^��qv�v_[{[w|T

Î �jb } Ò − 1

2πi

∫

Γ1

f(w)

w − z dw =
−1∑

n=−∞
an(z − z0)n, |z − z0| > r1,

�c�^_[{
an =

1

2πi

∫

Γ1

f(w)

(w − z0)n+1
dw.

�.{�x�tÝTW� �v\r]Owr]�\Üu�{[�v\|w|_rfjTz]�qvXÝi0�'�rqv_|�
(z − z0)−1 Ö T��^_|w|�W��i9�afj{�h�k|Zr� �sTW]O\[�r�vZ[{�x~\ÝhY]�\

|z − z0| > r1 Ö k^\^]Ì_|w|_^]��|w|_|qvV?\#f�x~\af�{[wc�r\[hjtR{��r_|fj¡[�v_sZ[\'x~_[{ {z : |z − z0| > r1}
b¢��]

Î �jb ` Ò Ö Î �jb } Ò k�\r]g�y©.qv��xz\rfj�"�jb÷`Uw|\|��Z|�W�vT��sx�]

f(z) =
1

2πi

∫

Γ2

f(w)

w − z dw −
1

2πi

∫

Γ1

f(w)

w − z dw =
∞∑

n=−∞
an(z − z0)n,
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hY]�\'k^Xc�?T
z
w|T
r1 < |z − z0| < r2

b¢d�VY�rfg_c�yxz\
r1
k�\r]

r2
t�x~\|�yx�{[���[�~xz\ Ö ���r\rqv\c�rXr��ifj�j�Wf��A] fg�^¡[Tz]�h?]�\yk�X���T

z ∈ U b
�

s ñ|ö�t�u9ó�v �jb } ø £�D �  ý � ÿ U = {z : s1 < |z − z0| < s2} A 0 ≤ s1 < s2 ≤ ∞ ? i j(ü��ow
��zú
f(z) =

∞∑

n=−∞
bn(z − z0)n,

F úÀû1� ��P ÿ z ∈ U ?B� 
���ÿJ� f ÿ�K þzû[ú?û[þzû C ý��WúO���U�|û|ú

bn =
1

2πi

∫

Γ

f(w)

(w − z0)n+1
dw,


(�  ý Γ = {z : |z − z0| = r}  �  ú  üE[(���  ��ÿ���M�� CE �¢ü��  U ?\� � C û�[(�I�  û[þ � �(�vý F(� û#ü�ÿü�ÿ�ú ^�� Laurent ÿTK÷þWû[ú �� þWû�[�ú	��
 ?
y\z öa{�|sòO}�v ø�d�VY�rfg_c���

f
TW� �v\r]rx~_yXc�?qv_^] fgw[\�wr]�\[��u�{[�v\rw[_rfgTW]�qvX|�.i9�£�^qv_[�

z− z0
k�\r]

wr]�\[�"u�{[�v\rw[_rfgTW]�qvX|�ªi0�¢�rqv_[�
(z − z0)−1 Ö �'fjTz]�qvX#fj{�h�krZr� �vTz]Ì_|w|_^]��|w|_|qvVY\af�x~\#fj{[wc�r\chgt{��r_|fj¡[�v_sZ|\#xz_|{

U Ö \[�r�#xv�[�y�^\|qv\[x�t[q��[fj�#f�x~_c��_|qs] fgw|�#xv�c��fjTz]�qvX|� Laurent
Î t#\[�r�#x~_

T��^] ��Tz��q��[w|\Ùf�xv�[�³\c�r�ruvTz]�Ó��Üx~_[{Ù��T�i0q�t[w|\cx~_[��jb÷`xz_Û_c�^_r� _ÛTz� �v\^]=k�\r](�Ç\[�r�ruvTW]�Ó��Üxv�c�
�r\rqv\cxvt[q��[f��c�(È Ò b0�"��Z|\ru�ty��\ck�_vZ|_|{s����\

n∑

k=−n
bk(z − z0)k

f�{�hjk|Zr� �vTz]�f�xv�[�
f
_|w|_r]��rw|_|qvVY\Uf�x~\Uf�{[wc�r\[hjt.{��r_|fj¡[�v_sZ|\�xz_|{

U Ö Xrqv\�� f Tz� �v\^]�\r�v\cZ[{�x�] krt\c�^�Axv�[�ª©�qv�sx~\|fj� } b÷`z¦�b�©�_vZcZ|\c�|Z|\|fY]�X|Ôv_|{[w[T�xv�0qv\�k^\^]gx~\'u�¡[_Rw|��Z[��x��c�¢��k�VYqv\|fj�c�Uxv�c�
f
w|T

1

2πi(z − z0)k+1
,

TW�v\cZcZ|X|fg_[{[w|T�Xc�?qv_^] fgw[\Ak^\^]g_vZ|_[k|Z[t[q�i0w|\ Ö k^\^]��r\^��qv�v_[{[w|T

1

2πi

∫

Γ

f(z)

(z − z0)k+1
dz =

∞∑

n=−∞
bn

1

2πi

∫

Γ

(z − z0)n−k−1dz = bk,

us]��sx�]^\|�
n 6= k

xs�sxvT��
(z− z0)n−k−1 �W��Tz]|�^\|qvX[hg_[{[fg\yf^x~_ U k^\^]^T��r_rw[�W��i0��x~_y_vZ|_[k|Z[tsÞ

q�i0w|\��rX|��iÛf�xz_
Γ
Tz� �v\r]Yw[�[uv��� Ö TW���ÃhY]�\ n = k

�W��_|{[w|T
1

2πi

∫

Γ

dz

z − z0
= n(Γ, z0) = 1.

�
d=��w|\|f�xvTUxv�0qv\afjT�����fj�'�v\#w|T�Z[T�xvt[fj_|{[w|T�xv�Rfj{[wc�rTWqs]�VY_rqvXRx��c�

f
k�_c�~xsX#fgT�wr]�\#w|TpÞ

w|_c��i0w|�W����\|�vi0w|\cZr��\jb
ð�ñsòôó|õ�ö�ó �jb } ø\i j(ü��owX
��zú��

f D �=ÿ�ú � úÀû � ÿ �� þHw ��D þ(�yû[þHw � û C KÀûªü��  z0
��[(� C û�[(�"ÿ�K þzû[úû[þWû C ý��zúO�a��ü&ª D þWûAü�Mcþ RCE �!��� ��_^ ]r��� U \ {z0}

� ?�� 
5��ÿ�û��*
L� >£ ÿTY ^ � � ûqÍ ? Ã

f(z) =

∞∑

n=−∞
an(z − z0)n, 0 < |z − z0| < r,

F úÀû1� � �  ú  r > 0 ?
¦�«



��n��PT^� ú ü � û1�owOþªû ^ þ��a�zúO��YOþL[výcþ �G� ÿowOþ,�!����ü�ÿ�ú ^E� � Laurent A [(� C û�[(�
−1∑

n=−∞
an(z − z0)n

 þ ������ ÿ���û[ú2�7�G'�8�/I�&:¾'9/�=>�!����ü�ÿ�ú ^�� � Laurent ?
@ þ>�Aü�ÿ�ú ^�� Laurent

[vÿ�þ D �=ÿ�ú�û ^ þ��a�zú	� D �J[vý�þ �G� ÿ�ú � A [�� C û�[���û[þ

f(z) =
∞∑

n=0

an(z − z0)n,

��
5��ÿ CED�� ÿ�
5�Wú3� f D �=ÿ�ú&%(��/�k�0r8°�N³a"Ú��`��N�<�� r4°�Çü��  z0 ?�Ø ª ûrý��G�^þ®�G�^þI�sÿ ^ K	�(�ow0ür� A û[þÿ5�vÿH�a��ÿTK÷þ  ý � ÿL�  �sÿo[GK �_^ ú ü �r Mh�!��� f P�D �  þ(��û�� f(z0) = a0 A �5
���ÿ,� f ÿ�K þzû[úJû[þWû C ý��zúO�a�üE�  z0
û��*
�� L£ ÿTY ^ � � ûL¬ ? Ã Û�?�� � C û�[(� A � f ÿTK÷þWû[úgû[þWû C ý��zúO�a��ü�ÿ � úÀûq�sÿ ^ ú  ���q�  ý z0

�rû[ú
��ûAû[þzû��*��M F�� û(��û Laurent

�|û|ú
Taylor

üÌý � �!K	�(�  ýcþ ?
@ þS�Ûü�ÿ�ú ^�� Laurent D �=ÿ�ú D þWû P ÿ��WúO��
Üû C�CE� �sÿ5�sÿ ^ û|ü ��D þ  û ^ ú P�� 
 m û ^ þ��a�zúO��YOþ[výcþ �G� ÿTw�þ A [(� C û�[(��û[þ

f(z) =
a−m

(z − z0)m
+

a−m+1

(z − z0)m−1
+ · · ·+ a−1

z − z0
+
∞∑

n=0

an(z − z0)n, a−m 6= 0,

��
5��ÿ CED�� ÿN
5�zúE� f D �=ÿ�úE��mT �/q-�b7Ç�"�= m ü��  z0 A �|û|ú7���5 <mU��mT �/"û[þ m = 1 ?�Ø ª û|ý��G�^þ��!�rþ�sÿ ^ K��(�ow�ü�� A � (z − z0)mf(z) D �=ÿ�ú�ÿ��  ý�ügúÌY&[(�Rû[þHw � û C KÀûAü��  z0 A �rû[ú
lim
z→z0

(z − z0)mf(z) = a−m 6= 0.

j��GK ü��a� A limz→z0 f(z) = ∞ A ÿ5� ���D þ�w3�Rû[þ _^ K ü  ý � ÿ f(z0) = ∞ A ��
5��ÿU� f ÿ�K þWû|ú � úÉûü�ýcþzÿ������Uû��sÿ�úO��
�þvú ü��h�  ý U ü��  ÿH�a��ÿ���û ��D þ  ÿ��!K	�sÿo[ *?
@ þ1�#ü�ÿ�ú ^�� Laurent D �=ÿ�ú � �sÿ�ú ^r û ^ ú P�� 
yû ^ þ��a�WúO��Y�þq[výcþ �G� ÿTw�þ A ��
5��ÿ C�D�� ÿn
��zú9� f

D �=ÿ�ú�/�k�0r8O��³�"À��`��N�<�� r4°�#ü��  z0 ?ù³úÀû¢û[þzû C ý��WúO���¢ü�ýcþ ��^ �!�|ür�,�!���  �  KÀû��V
 C ÿo�  ú � ÿ �� þHw ��D þWÿo��û[þHw � û C KÀÿo�(ÿ�K þzû[ú7�*
 CE ú A
 þ ������ ÿ���û[ú<�&%¾'2m��#/H'2�<" ?

��\Ýorqv_[¡[w|T�xv�0qv\Ù] k^\r�v���ak^\^]=\|�v\chjk^\^��T��f�{[�z�?t�k^T��#h?]�\Ç�v\ÇTz� �v\^]=wr]�\Çw|T�w|_c�vi0w|�W���
\|��i�w|\cZr��\AT��r_|{[fY] ��u��c� Ö �r�sZ|_[�Ut�_[{[fY] �0u��c��b0��_�\ck��vZ|_|{s�?_AZct[w|w|\"��\�TW� �v\r]Y��q�t[fY] w|_gb

¸Z¹ õ�õNu �jb÷`cøni j(üE�ow»
��zú2�
f D �2ÿ�ú � úÀû � ÿ �r þHw ��D þ(�'û[þHw � û C KÀûAü��  z0 ?�£�D �  ý � ÿ

Mf (z0, r) = max{|f(z)| : |z − z0| = r}.
@ þ'ý�� ��^ �  ý�þ c > 0

�rû[ú
α ≥ 0 D �zügú2Y0ü���ÿ Mf (z0, r) ≤ cr−α F úÀû®� ��P ÿ r > 0

û ^ �rÿ�� �
� úO� ^ 
 A �5
���ÿ�� f D �=ÿ�ú?ÿ�K ��ÿ�ÿ5�  ýcügú Y3[(�RûcþHw � û C KÉû�ü��  z0

ÿ�K ��ÿJ�*
 CE � ��� �a� ≤ α ?
y\z öa{�|sòO}�v ø í dOf�xWi

aj
_^]�fj{[�~xvT�Z|TWf^xs���ªf�x~_#\|�vX[�[xv{�hgw|\

Laurent
xv�c�

f
b��H]�\

j ≥ 0�W��_[{[w|T

|a−j | =

∣∣∣∣∣∣∣
1

2πi

∫

|z−z0|=r

f(z)(z − z0)j−1dz

∣∣∣∣∣∣∣
≤ 1

2π
Mf (z0, r)r

j−12πr ≤ crj−α → 0,

k^\c�Y�0�
r → 0 Ö \|� j > α

b0d0�r_|w|�W��i0�
a−j = 0

\|�
j > α

b �
m fj{[w��^TWqs]�VY_|qvX³wr]�\[�'fj{c�sX|q~xv�[f��c��k^_c�~xsX³fgTAwr]�\¨_|{[fg] ��u��°\r��i0w|\cZr��\³Tz� �v\^]9\rq~k^T�xvX

�r\c�?_sZ|_vh?] krt�Õ
¦o¦
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Casorati-Weierstraß

Ò ø,i j(üE�ow»
5�zú2�
f D �=ÿ�ú � úÀû

 ýcüjúÌY3[(�Üû[þHw � û C KÀûÝü��  ür� � ÿ�K  z0 ?W� 
5��ÿ F úÀû�� ��P ÿ b > 0
û ^ �|ÿ�� ��� ú	� ^ 
 A �  ü�Mcþ RCE

f({z : 0 < |z − z0| < b}) ÿ�K þWû|ú2�[ý���þ*
�ü��  C ?
y\z öa{�|sòO}�v ø í dOf�xWi

b > 0
\|q~k�TpxsX'wr] k^qv� Ö V = {z : 0 < |z − z0| < b} b(d0�^] Z|��hg_|{[w[Tx�{[�j�c�

w ∈ C bH��� f(z) = w
h?]�\£k�Xc�r_^] _

z ∈ U Ö xs�sxvT0uvTW�2�W��_|{cw|T@x�� �^_sx~\��v\�\c�r_ruvTz��Óv_[{[w|Tvb���
f(z) 6= w

hY]�\�k�X���T
z ∈ V Ö xv�sxsT���T�i0qv_|¡cw|T£xv�[� g : V → C

w|T

g(z) =
1

f(z)− w.
m
g
Tz� �v\^]�\|�v\[Zc{�x�] krt�b.��q~k^Tz���v\'uvTz��Óv_[{[w|T��sx�]�uvT��yTz� �v\^]�VYqv\chYw[�W����b.�.�¢{s�^_����Wfj_|{[w|TU��xs]

�
g
Tz� �v\^]�VYqv\chgw|�W����b£���sxvT

Mg(z0, r) ≤ c Ö 0 < r < b Ö �c�^_[{ c k^X[�r_^] \��?T�x�] krt�f�x~\���TWqvXjb�£�r�yx~_A�Ot[w|w|\y�jb÷` Ö � g ���jTW]YT��r_[{[fY] �0u���\r��i0w|\cZr��\�f�x~_ z0
b0��ZcZ|X

f(z) = w +
1

g(z)
f^x~_

V Ö Xrqv\Ü� (z − z0)mf(z)
���jTW]=T��r_|{[fg] ��u��Ý\r��i0w|\cZr��\Ãf^x~_

z0
hY]�\Ýk�\cxsXcZcZ[��Z|_

m
b

�={[�vT��|�9�U�
f
Tz� xsT��W��Tz]gT��r_|{[fg] �0uv��\|��i0w|\[Zr��\ Ö Tz� xsT��W��Tz]��r�sZ|_Af�x~_ z0 Ö Xcx~_c�^_jb �

�\|� jñ�vÌõ�u �jb � øni j2ü��ow»
��zú2�
f D �=ÿ�ú � ÿ �r þHw ��D þ��Rû[þHw � û C KÀûAü��  z0 ?B� 
5��ÿÎ ` Ò �� z0

ÿ�K þWû|úHÿ5�  ý�ügúÌY&[(�a�"û[þHw � û C KÀûQûcþ1�rû[ú � 
�þ  û[þ1�  limz→z0 f(z)
ý�� ��^ �=ÿ�ú�|û|ú?ÿ�K þzû[ú2�sÿ5�sÿ ^ û[ü ��D þ *?Î } Ò �� z0

ÿ�K þWû[ú��*
 CE �>� ��� ��� m û[þq�rû[ú � 
vþ  û[þU�  limz→z0(z − z0)mf(z)
ÿ�K þWû|ú

� � � �a[vÿ~þvúO��
L�|û|ú2�sÿ5�sÿ ^ û[ü ��D þ *?Î � Ò �� z0
ÿ�K÷þWû[ú  ý�ügúÌY&[(�a�(û[þHw � û C KÀû"û[þB�|û|ú � 
�þ  ûcþJ�  limz→z0 f(z)

[vÿ�þUý�� ��^ �=ÿ�ú ?
y\z öa{�|sòO}�v ø í ��f�kr�[fj��b �
m fj{[wc�rTWqs]�VY_|qvXRwr]�\|��fj{[�vX|q~xv�[f��c�

f
f�xz_ ∞ wc�^_|qvTz�Y�v\Rw|T�Z|T�x��s��Tz�YTWÓvT�xvXrÔv_c�~x~\[��x��[�

g(z) = f( 1
z )
f�xz_

0
b

ð�ñsòôó|õ�ö�ó �jb � ø Æ�DT� ÿ,
5�Wú�� f D �=ÿ�ú&�3%��#/�`��N�&:�`7"¨��`��N���� 24O�½0<-!/ ∞ û[þ1�rû[ú � 
�þ û[þ>�
f
ÿ�K þWû|ú?û[þWû C ý��zúO�a�Rü�ª D þWûAü�Mcþ _CE �G�a� ��_^ ]r�a� {z : |z| > r} �|û|ú2��ü�ýcþ ��^ �!�|ür�

g(z) = f

(
1

z

)

D �=ÿ�ú � ÿ �r þ�w ��D þ(�#û[þHw � û C KÀûRü��  0 ? j��  ýcügú Y3[vÿ�ú ��û[þHw � û C KÀÿo� A �*
 CE úr�rû[ú  ý�ügúÌY&[vÿ�ú �¢ûcþHw�¢
� û C KÀÿo� _^ K �o þ(��û[ú2�sû ^ 
 �� úÀû ?

è�µh¥y¹YÄ�¿�¹�åÌ½�ë£Æj¾É¿4ÚÇÈgÐ�Ïj¹YÄJ¾ÉÐ�·
��\�\|�v\[�[xv¡cÓs_[{[w|T�wr]�\ªxsT��j�s] krtª�ª_[�r_r��\�Tp��] xvqs�p�^TW]rx~_c��hgq�t�hg_rqv_"{��r_sZ|_shY] fgw|�y_vZ|_[k|Z[�sÞ

q�i0w|X[xWi���x��c��w|_rqvVgtc� ∫
γ
f(z)dz Ö �c�^_[{ γ Tz� �v\^]@�W�v\QkrZ|TW] f�xs�¨w[_[�v_c�rX[x�]@f^x~_ U k�\r]H�

fTz� �v\r]Y\|�v\[Z[{sx�] k^t�f^x~_
U Ö Tpkrxv�|��\c�r���W�v\�fj¡[�v_vZ|_�w|TWw|_c��i0w|�W��i0�¢\r��i0w|\[Z|] ���[b

ð�ñsòôó|õ�ö�ó �jb �jø @ þ\� f D �=ÿ�ú � úÀû � ÿ �� þHw ��D þ��"û[þ�w � û C KÉûªü��  z0 A �5
���ÿ  üÌý�þ(��ÿ C ÿ
üE�!���
a−1

üE�  ûcþ � �(�sý F(� û Laurent
�G���

f F M ^ wÃû��*
n�  z0 C�DGF ÿ���û[úE/T �/��( #"�'2�N-*8��7m®kE��mT </(8´��/�G�a�
f
üE�  z0

�|û|úYüÌý ��Q<RC K � ÿH��û|ú � ÿ Res (f, z0) ?
�Oxs����_|�£w|\[�£Tz� �v\^]|�v\ª\|�vX[hg_|{cw|TOx~_c�.{��r_sZ|_vh?] fgw[�ª_sZ|_ckrZ[�[q�i0w|Xcxzi0��f�x~_c�£{��^_vZ|_shY] fgw|�

_vZ|_[k|Z[�[q�i@x�] kr����{��r_sZ|_r� �ri0�[b
¦�ç



¸Z¹ õ�õNu �jb } ø�i j2ü��ow
f
û[þWû C ý��zú	���üE�  U \ {z0} A 
(�  ý U ⊂ C û[þ  ú ����
 ? i j(ü��;w R

D þWû�û[þ  ú ���5
 _^7P�!F YOþ�ú  � D �  ú  Y0ü���ÿ R ⊂ U ?�@ þ z0 ∈ R A ��
5��ÿ
1

2πi

∫

∂R

f(z)dz = Res (f, z0).

y\z öa{�|sòO}�v ø��.�v\[�[xv¡[fjfg_|{cw|T£xv�[�
f
fgT�fgTz]�qvX

Laurent
hg¡[q�iÙ\[�r��xz_

z0
Õ

f(z) =

∞∑

n=−∞
an(z − z0)n.

í d�f�xzi
Γ ⊂ R �W�v\[�=kr¡�krZ|_[�(w|T0k����~xsqv_Uxz_ z0

b@��_
∂R

Tz� �v\^]c_rw|_vZ|_shY] k^�¢w|T0x~_
Γ Ö T��r_rw|����i0�

1

2πi

∫

∂R

f(z)dz =
1

2πi

∫

Γ

f(z)dz =
∞∑

n=−∞

1

2πi
an

∫

Γ

(z − z0)ndz = a−1.

�
��\��jqvTW]�\rf^x~_|¡[w[T.k^\^]�x~_�\ck��vZ|_[{s��_�xsTW���s] k^��Z[t[w|w|\jÕ
¸Z¹ õ�õNu �jb � ø�i j(üE�ow

γ D þWûn� C ÿ�ú üE�5
 �� þ  � � �zú|ü��  C A S ⊂ C � D �  ú  Y�üE��ÿ S∩γ∗ = ∅ ?
¡ � GP�D �  ý � ÿ\
5�Wú n(γ, w) = 0 F úÀûU� ��P ÿ�ür� � ÿ�K  üÌýcüjü7Y ^ ÿWýcür���n�  ý S ?�� 
5��ÿ n(γ, z) = 0
F úÀû1
 C û�ÿ��a�5
!��û��*
,�  � _C M1�sÿ��sÿ ^ û|ü ��D þ  � C � P� � z ∈ S ?y\z öa{�|sòO}�v ø.����x~_[{[w|T

A = {z : n(γ, z) = 0} b2���sxsT.x~_ A Tz� �v\r]Y�A�W��i0fj���vZ[i0�¢xzi0�
f�{[�vT�krxs] k^�0�£fj{[�s] f�xzi0fj�0�(x~_[{

C\γ∗ f^x�] ��_c�r_^��T��(_¢uvTz� krxv��� n(γ, ·) Tz� �v\r]|w[�[uv���|bJMus]�Xr] xvTWqv\x~_
A
Tz� �v\^]Ì�W�v\a\|�v_^] �rxs�afj¡c�s_vZ|_'x~_a_c�r_^� _'�rTWqs]��W��Tz]?x~_ {z : |z| > r} h?]�\ r > 0

\rq~k^T�xsX
w|TphYXcZ|_gb�d0�r_|w|�W��i0��x~_

C \A TW� �v\r]Yf�{[wc�^\chg����bO���Uxv�0qv\�X[�rTz]�qv\�fj�[w[Tz��\�x~_|{
S
\|��t�k�_[{[�

f^x~_
C \A Ö xv�sxsT£x~_ S �W��Tz]gfj�[w[Tz� _�fj{[fgf���qvT�{[fj�c�Uf�x~_ C \A Ö X[xz_[�r_gb ��\|� jñ�vÌõ�u ��b � Î�d¢ÄÉ©R»cÊ�½[å�Å4· Æ|ë.ËÖ¥y¹?Ä?¿�¹jå�½�ë£Æj¾É¿JÊ.ËÖê�Ð�Äg¹YÄ4ÑÀÐÌë.Ë�Ò ø>i j2ü��ow

fû[þWû C ý��zúO�a�Aü&ª D þWûAû[þ  ú ����
Uü�Mcþ RCE U ⊂ C A ÿ��a�5
!��û��*
 D þWû�ü7Mcþ _C��� ÿ �� þHw ��D þHw�þªû[þHw � û(¢
C úÌY�þ"ü���ûRür� � ÿ�KÀû w1, w2, . . . ? i j(ü��;w γ D þWû Û ¢ H��RCE!F úO��
>� C ÿ�ú üE�5
 �� þ  � � �zú��R�~��M�� CE �R�üE�  U A � D �  ú  Y0ü���ÿ wj /∈ γ∗ F úÀû1� ��P ÿ j ?B� 
5��ÿ

1

2πi

∫

γ

f(z)dz =
∑

j

n(γ, wj)Res (f, wj).

y\z öa{�|sòO}�v ø�SU\cx|¥�\|qv��tc�£�^\|qv\[x��[qv_|¡[w[T(�sxs]
n(γ, wj) = 0

hY]�\ª�sZ|\ªT�k|xs�[�.\c�r��x~_¢�r_vZ[¡
�rT��rTWqv\rfjw|�W�v_ª�|Zcts��_|�

j Ö k�]÷¥���xvfY]rx~_yXc�?qv_^] fgw[\�Tz� �v\^]�f^xv�[���rqv\[hgw|\cx�] k^��x���x~\"�rT��rTWqv\|fgw|�W�v_jb©�qvXchgw|\[xs] Ö \[�¢�?�Wfg_[{[w|T S = {w1, w2, . . . }
b����

w
Tz� �v\r]4���v\afj�[w[Tz� _afj{[fjfj�0qvT�{[fj�c�¢xz_|{

S Ö xs�sxsT w /∈ U us]��sx�]4�sZ|T���_^]4\r��i0w|\cZr��T���Tz� �v\r]Jw|TWw|_c��i0w|�W�vT���byd0�r_|w|�W��i0�
n(γ, w) = 0

b
d0�^] �[Z|�W_c� Ö S ∩ γ∗ = ∅ us]��sx�] S ∩ γ∗ = ∅ \c�r�"{��^����TWf�� Ö k^\^]|x~\yfj�[w|Tz��\"fj{[fgf���qvT�{cfj�c�£x~_[{
S
uvTW�¢\|��t�k�_[{[�ªf^x~_

γ∗
hY]�\[xs�

γ∗ ⊂ U bO� ] fj��{cq�] fjw|�|�U���rT�x~\r]jx���qv\A\[�r��x~_A�Ot[w|w|\y�jb � b�(�0qv\��Wf�xWi
w1, . . . , wt

_^]c\|��i0w|\[Zr��T��=hY]�\�xs] �(_c�^_r��T��
n(γ, wj) 6= 0

Î \|�v\rus]�\cxsX|fgfg_[{[w|T
x~\

wj
\r�#��qvTz]�XrÔvTpx~\^] Ò b¨��_¨fj¡[�v_vZ|_

U \ S Tz� �v\^]9\|�v_^] �rxs� Ö us]��sxs]Hx~_ S uvT��#�W�jTW]9fj�[w|Tz� \
f�{[fgfj�0qvT�{[fj���Qf�x~_

U
b²d0�^� fj�c� Ö γ∗ ⊂ U \ S b²d0�r_rw|����i0� Ö �c�ri9�Qf�x��[�°\c�^�|uvTz]�Ó��³x~_[{��T�i0q�t[w|\[xz_|� � b÷` Ö wc�^_|qv_|¡cw|Tª�v\a{��r_c�?�Wfg_[{[w|Tª�sx�]�x~_ γ Tz� �v\r]4�W�v\#�r_sZ[{shgi0�s] k��aw|_c�v_[�rX[xs]w|T��|Z|T�{[qv���¢�r\rqvXcZcZ[��Z|T��"f�xz_|{c�"X|Ós_c�vT���bU§Q�r_|qv_|¡[w|T�T��^� f��c�"�s\'{��r_����Wfg_[{[w|T¢�sx�]?k^\r�v���v\

\c�^��x~\
w1, . . . , wt

uvTW��orqs� f�k^T�x~\^][�rX|��iÜf�xz_"us� krx�{[_�xzi���T�{s�?Tz] �0�.�r_[{¢us]��Wqv��_c�~x~\^]r\c�^��x�] �
k^_rq�{[VY����x~_[{

γ
k^\^]gTz� �v\^]��r\rqvXcZcZ[��Z|T��Uf^x~_|{c�UXrÓv_c�vT���b

�£�r��x~_��=tcw|w|\ � b } Ö x~_ γ Tz� �v\r]Y] fj_ru�¡[�v\|w|_�w|T��W�v\yk^¡�k|Z|_�xv�c�Uw|_|qvVgtc�
m∑

i=1

n(γ, zi)∂Ri,

¦�ï



�c�^_[{
zi ∈ Ri Ö k�\r]OhY]�\Ük�X���T j = 1, . . . , t Ö �W��_|{[w[T wj ∈ Ri

h?] \Ük�Xc�^_r] _
i
b,î.i�qs� �

o[Z|X�o|�°x��c�'hgTW�s] k��sx���x~\[� Ö wc�r_rqv_[¡[w|TR�v\Ý{��r_����Wfg_[{[w|TR�sx�]9x~_Üus� k|xv{[_³xzi0�T�{s��Tz] �0�QTz� �s\r]xv�rfg_y�r{�k^�v�A�0f�xvT�u�{[_�us]�\|VY_rqvT�xs] k�X
wj

f�x~_�f�¡[�v_sZ|_ {w1, . . . , wt}
�v\�w[�[�¢\|��t�k^_|{[�¢f�xz_

��us] _
Ri
b

�(�0qv\ Ö �Wf�xzi V = U \ {wt+1, wt+2, . . . }
b°����k^X[�r_^] _

Ri
uvTW���^TWqs]����jTpx~\^]9f^x~_

V Öxv��xvT
n(γ, zi) = 0

b'�H]�\�v\°uv_|¡cw|TªhY]�\[xs�@\[{�xs�°] fg�^¡[Tz] Ö T��^] Z|�phY_[{[w|T z0 ∈ Ri \ V
bR����xvT

x~\
zi
k^\^]

z0
orqs� f�k^_[�~xz\^]jf�x��[�¢��us]�\�f�{[�vT�krxs] k^t"fj{[�s] f�x���fj\yxz_|{

C \ γ∗ k^\^]rk�\cxsX�fj{[�v���rTz]�\
n(γ, zi) = n(γ, z0)

b����
z0 /∈ U Ö xs�sxsT n(γ, z0) = 0

us]��sxs]?x~_
γ
TW� �v\r]�¦sÞ�_|w|_sZ|_vh?] k^�gb����

x~_
z0
TW� �v\r]jk^X[�r_r] _�\[�r��x~\

wj Ö j ≥ t+ 1 Ö xs�sxsT n(γ, z0) = 0 Ö \[�r��xv�[�¢Tp��] Z[_shjt"x~_|{ t b�"��Z|\|u�t"x~_
γ
Tz� �v\^]Y] fg_|u�¡[�v\rw|_�w[T£x~_c��kr¡�krZ[_

σ =
∑

Rk⊂V
n(γ, zk)∂Rk.

d0�r_|w|�W��i9�
∫

γ

f(z)dz =

∫

σ

f(z)dz =
∑

Rk⊂V
n(γ, zk)

∫

∂Rk

f(z)dz.

���¢xv�0qv\Rk^Xc�^_r] _
wj Ö j = 1, . . . , t Ö \|��t�k�TW]�fgT�k^X[�r_r] _ Rk w|T Rk ⊂ V Ö xv�sxsT n(γ, zk) =

n(γ, wj)
k^\^]

∫

∂Rk

f(z)dz = 2πiRes (f, wj),

\c�^��x~_A�Ot[w|w|\y�jb } b����Uk�\|�v�W�v\
wj Ö j = 1, . . . , t Ö uvTW�¢\r��t�k^Tz]YfgT£k�Xc�r_^] _ Rk w|T Rk ⊂ Vxv��xvT
∫

∂Rk

f(z)dz = 0.

�£ZcZ[X�k^Xc�?T
wj Ö j = 1, . . . , t Ö \|��t�k�Tz]gfgT£k^Xc�^_r] _ Rk w|T Rk ⊂ V b0d0�r_rw|����i0�

1

2πi

∫

γ

f(z)dz =

t∑

j=1

n(γ, wj)Res (f, wj).

�
��_A�[Z|TW_c�v��k|xv�[w|\�xzi0�ª_sZ|_ckrZc�[q�i9xs] k^�0�ª{��r_sZ[_^� �|i0�ªTz� �v\^]Y�sx�]Yfj{[���vXRTW� �v\r]YT�¡�k^_sZ|_R�v\

{��r_sZ[_shY] f�x~_[¡[�[b
s ñ|ö�t�u9ó�v �jb � ø @ þ>� f D �=ÿ�ú��*
 CE � ��� ��� m ü��  z0 A �5
5��ÿ

Res (f, z0) =
1

(m− 1)!
lim
z→z0

(
dm−1

dzm−1
[(z − z0)mf(z)]

)
.

y\z öa{�|sòO}�v ø í ��f�kr�[fj��b �
��\"TWVY\rqvw|�|fg_[{[w|T=xv�0qv\¢x~_y��T���q��[w[\¢xzi0�U�£Z|_ckrZ[�[q�i@x�] kr�0� á �^_vZ|_^� �|i0�.hY]�\"�v\"\c�^_�Þ

uvTz��Óv_[{[w|Tªwr] \'or\|fY] krtRhgT�i0w|T�xsqs] krta]�us]��sxv��x~\'xzi0��\|�v\cZ[{�x�] kr���Af�{[�v\rq~x�t[fgT�i0�[Õ����
γ
Tz� �v\^]

�W�v\¢k|Z|Tz] f�xv�yw|_c�v_c�^Xcx�] Ö xs�sxsT(_y\|qs] ��w|�[�£xzi0��f^xsqv_|VY�0�.xv�c� f(z)
hj¡[q�iÜ\c�^�¢xv�c��\rqv�^t�xzi0�

\|Óv�c�vi0��k�\��?�9�yx~_
z
k�] �vTW� xz\^]Ì�^X|��i�f�xz_

γ Ö Tz� �v\r]@� fg_[�Aw|T¢xz_[��\rqs] ��w|�#xzi���qs]�Ô��0�Ax��c� fw|��fg\�f^x~_
γ∗ Ö Z|\|w�orXr�v_c�~x~\[�U{��r��ëg�yxz_�uvTz� k|xv�"x~_[{c��k^\^]�xv�[�UxvXrÓ��"x~_[{c�cb��\�\[�r_|uvTz��Óv_|{[w[T.�rq��@x~\��W�v\A�Ot[w|w[\gb

¸Z¹ õ�õNu �jb �jø>i j(ü��owÉ
5�zú#�
f
ÿTK÷þWû[úHûcþzû C ý��zú	���aü��  z0 ?.¡ � GP�D �  ý � ÿn
5�zú9�  z0

ÿ�K þzû[ú
^ K � û1� ��� �a� k �!��� f ?B� 
5��ÿJ� f ′

f D �=ÿ�ú�û(� C 
,�*
 C� üE�  z0 � ÿ Res
(
f ′

f , z0

)
= k ?

¦ e



y\z öa{�|sòO}�v ø í dOf�xWi
f(z) = (z − z0)kg(z) Ö �c�^_[{� g Tz� �v\^]9\|�s\cZ[{�xs] k^t°f�x~_ z0

k�\r]
g(z0) 6= 0

b0���sxsT
f ′(z)
f(z)

=
k

z − z0
+
g′(z)
g(z)

.

d0�r_|w|�W��i9�

Res

(
f ′

f
, z0

)
= k + Res

(
g′

g
, z0

)
= k,

us]��sx�]j� g′

g

Tz� �v\^]g\|�s\cZ[{�xs] k^t�f�x~_
z0
b �

�\|� jñ�vÌõ�u �jbÉl Î�¶è�'½^êÌÁÙÆcÄÌÈ½¥�½gÑ Ø@Å4·�ÆcÄ�ã|Ò ø,i j(ü��ow
U ⊂ C ûcþ  ú ���5
 A f : U → Cû[þWû C ý��zúO�a�U�rû[ú γ D þWû Û ¢ ���RCE!F úO��
L� C ÿ�ú üE�5
 �� þ  � � �zúYü��  U � D �  ú  Y0ü���ÿJ� f [vÿ�þ � ��[vÿo¢þ!K � ÿ���û[úÌüE�  γ∗ ?N@ þq� f [vÿ�þyÿ�K þzû[ú���ûrý��  �zú	� � K ür� � ÿ 0

ü^ÿ��|û � KÀûRüÌý�þzÿH���zúO�a�'üÌýcþ�ú üE�HY0ürû�  ý U A �|û|ú  ú ^ K � ÿo���!��� f ÿ�K þWû[ú���û,[�úÀû��rÿH� ^ ú ��D þWû"ü�� � ÿ�KÀû z1, z2, . . . � ÿN� ��� ÿ�ú � k1, k2, . . . A��
5��ÿ
n(f ◦ γ, 0) =

∑

j

kjn(γ, zj).

� ��n��PT^r ú ü � û�ÿ�K þWû|ú2�sÿ5�sÿ ^ û[ü ��D þ  û��*
L� �Æ � �2� û�Í ? Õ ? �
y\z öa{�|sòO}�v ø����^�¢xv�[��©�qv�sx~\rf�� � bÉ� Ö x~_���T��0q��[w|\ªxzi0���£Z|_ckrZ[�[q�i@x�] k^�0� á �^_vZ|_^� �ri0�k^\^]�x~_��=t[w[w|\��jb ���W��_|{[w|T

n(f ◦ γ, 0) =
1

2πi

∫

γ

f ′(z)
f(z)

dz =
∑

j

Res

(
f ′

f
, zj

)
n(γ, zj) =

∑

j

kjn(γ, zj).

�
�\|� jñ�vÌõ�u �jb � Î�¶ÊÙ=»�Ëj¾À¿Ì»cÈgÅ4â�Ë[å1�R½�ê�ÁAÆ[Ä�È1¥�½jÑ�Ø@Å4·?Æ[Ä�ã|Ò øZi j(ü��;w

U ⊂ C û[þ  ú �N�5
 A
f, g : U → C

ûcþzû C ý��zú	� D � A �|û|ú γ D þzû Û ¢ ���RCE!F úO��
n� C ÿ�ú ü���
 �� þ  � � �zúYü��  U � D �  ú  Y0ü���ÿ�
f
�|û[ú

g
[vÿ~þ � �a[vÿ�þGK �o þ(��û[ú@ü��  γ∗ ?½¡ � GP�D �  ý � ÿ�
��zú  ú f �rû[ú g [vÿ�þ'ÿ�K þWû|ú���û|ý��  �zúO� �

� ��[ D þ£ü^ÿx�|û � KÀû�ü�ýcþzÿ��a�zú	����üÌýcþ�ú ü��HY0ürûL�  ý U ? i j(üE�ow z1, z2, . . .  ú ^ K � ÿ;�V�!��� f � ÿZ� ��� ÿ�ú �
k1, k2, . . . A �|û|ú w1, w2, . . .  ú ^ K � ÿo���!��� g � ÿN� ��� ÿ�ú � m1,m2, . . . ?V£�D �  ý � ÿ h = f

g ?�� 
5��ÿ

n(h ◦ γ, 0) =
∑

j

kjn(γ, zj)−
∑

j

mjn(γ, wj).

y\z öa{�|sòO}�v ø í ��f�kr�[fj��b �
�\|� jñ�vÌõ�u �jb�� Îld¢Ä»©R»[Ê.½[å�Å4·ÙÆcÄ�È

Rouche
Ò øLi j(üE�owÚ
5�Wú  ú f �|û[ú g úO�|û[þ  �  ú  Mcþ�WúÌ��ý�� GP�D ü^ÿ�ú �V�  ý £ ÿTw ^ � � û(�  �3Í ?� �|û|ú|ÿ5��ú	� CEDH þ |f(z)−g(z)| < |f(z)| F úÀû�� ��P ÿ z ∈ γ∗ ?

� 
���ÿ n(f ◦ γ, 0) = n(g ◦ γ, 0) ? j�� ���D þHw3� A û��*
L�!�rþ @3^ ���U�  ý µ ^ K ü � û(�  � A � f �rû[ú�� g
D �  ýcþL�  þJK6[�ú  û ^ ú P�� 
 ^ ú � Y�þ ��D ürû�üE�  γ∗ � C û ��Q ûcþ ���D þHwOþyý��*
!ìr�1�ow�þL� ��� ÿTw�þL�  ý��B�rû[ú�ow�þL[vÿ�úO���HYOþ,�  ý��_� ?

y\z öa{�|sòO}�v ø.�2T.wr]�\��rTWqs] _c�^t"x~_|{
γ∗
�W��_|{cw|T

g = ff1 Ö �c�^_[{

f1 = 1 +
g − f
f

.

m
f1
uvTW�yTW� �v\r]Y�r_sxs��wc�[uv�W�yf^x~_

γ∗
\c�^�R{��r����TWfj��b£d9��� f��c�ª�W��_|{cw|T |f1(z) − 1| < δ Ö hY]�\k^Xc�?T

z ∈ γ∗ Ö �c�^_[{ 0 < δ < 1
b0�(��qv\

n(g ◦ γ, 0) =
1

2πi

∫

γ

g′(z)
g(z)

dz

¦T�



=
1

2πi

∫

γ

f ′(z)
f(z)

dz +
1

2πi

∫

γ

f ′1(z)

f1(z)
dz

= n(f ◦ γ, 0) + n(f1 ◦ γ, 0).
�£ZcZ[X�x~_

f1◦γ
Tz� �v\^]��W�v\�k|Z|Tz] f�xv�Uw|_c�v_[�rX[xs]cf^x~_U\c�|Z[XUfj{[�vT�k|x�] k^�U\r�v_r] �^xv�Ufj¡[�v_vZ|_

D(1, δ)k^\^]
0 /∈ D b í ��qv\ n(f1 ◦ γ, 0) = 0

b �
cÌµ1d�Ä¨©R»cÊ�½[å�Å4·S�'Ë^Ä4¾�ê4Æ[Á�ãh�RÐ�»[¾À¿ÌÏYËj¾ ØJå�ã

�Ok^_[�r�|�.w|\[��f�¥�\|{�x�t[�.xv�[��TW�v��x���x~\yTz� �v\r]��v\"uvTz��Óv_|{cw|T��sx�]^wr]�\"w[�ªf�xz\c�?TWq�t"\|�v\cZ[{�x�] krt
f�{[�vXrq~xv�cfj�¢\[�rTz] k^_c�s��ÔvTz]^\|�v_^] �rxsX"fj¡[�v_vZ|\"fgT(\r�v_r] �rxsXyf�¡[�v_sZ|\jb9SU\[x[¥�\rqv�^t[���jqvTz]�\|Ôv�|w|\rf^xsT
k^X[�r_r]�T��'�[Z[�[qv_|V?_|qs��T��#fg��T�x�] k^XÜw|TAx~_c�Q\rqs] ��w|�³xzi0�#Z[¡[fgT�i��#xv�c�#TWÓs� fji0fj�c�

f(z) = w Ö�c�^_[{"x~_
w
Tz� �v\r]Yf�xz\c�?TWqv_[�r_^] �[w|���v_Ak^\r]jxz_

z
kj] �vTz� x~\r]YfjT�wr] \��rTWqs] _c�^t�wr]�\|�Uqs��Ôv\[��xv�c�

f
b

s ñ|ö�t�u9ó�v �jb �jø>i j(ü��owÉ
5�Wú#�
f
ÿ�K÷þWû[úJû[þWû C ý��WúO�a�I�rû[ú9
6�(úÌü���û P ÿ ^ �#ü��  D(z0, r) ?I¡ ¢� GP�D �  ý � ÿ�
5�WúE�  z0

ÿ�K þWû[ú ^ K � û�� ��� �a� k �G��� f ? j���ú CEDGF7 ý � ÿ r1
û ^ �|ÿ�� �>� úO� ^ 
\Y0ü���ÿ  M���ÿ�

f  M���ÿL� f ′ þWû � �a[vÿ~þ!K �o þ(��û[ú F úÀû 0 < |z − z0| ≤ r1
��û[þAû|ý���
�[vÿ�þ�ÿTK÷þWû[ú<[výcþWû(��
q�5
���ÿ

�  ü�M�þ _C� �ow�þ ^ ú � Y�þªÿ�K ��ÿ\�!��� f ÿTK ��ÿ\�!��� f ′ D �=ÿ�úYür� � ÿ�K  üÌý�ügü7Y ^ ÿWýcür��� A ÿ�� ���D þHw&�n� fÿ�K þWû[ú?ü���û P ÿ ^ � A9� �  �  � ?
£�D �  ý � ÿ m = min{|f(z)| : |z − z0| = r1} ?.@ þ 0 < |w| < m A ��
5��ÿ'ý�� ��^ �  ýcþû�� ^ ú Q Y3� k ür� � ÿ�KÀû z ∈ D(z0, r1)

� D �  úÀû>Y�üE��ÿ f(z) = w ?y\z öa{�|sòO}�v ø í dOf�xWi
γ(t) = z0 + r1e

it Ö 0 ≤ t ≤ 2π
b9���sxsT |f(z)| ≥ m > |w| f�x~_ γ∗ ÖT��r_|w|�W��i9��\c�^�yx~_R��T���q��[w[\

Rouche

n(f ◦ γ, 0) = n((f − w) ◦ γ, 0).�(�0qv\�\c�^�"{��r�c��T�fj� Ö � f �W��Tz]�wr]�\yw|�[�v_yqs��Ôv\"xsX|Ó��c� k w|�Wfj\�f�x~_ γ∗ b í ��qv\�\c�r�"xv�c����qv��tx~_[{��qs� fgw|\cx~_[� Ö n(f ◦ γ, 0) = k
b��£�^�#xv�[��X[ZcZ[�aw|TWqs]�X Ö �rXcZr]J�#��qv�^t'x~_|{Q��qs� fjw|\[x~_[�w|\[��Z[�WTz]g�sx�]

n((f − w) ◦ γ, 0) =
∑

j

kjn(γ, zj),

�c�^_[{ax~\
zj
Tz� �v\^]@_^]9qs��ÔvT��Axv�c�

f − w w|�Wfg\¨f�xz_
γ∗

Î X|qs\
n(γ, zj) = 1

Ò w|T"xsX|ÓsTW] �
kj
b

���ª{s�rt[qv��\|�¢Zr] hY�sxvTWqv\'\[�r�
k
xs��x~_r]�\'f��[w|Tz��\ Ö xv�sxsT�k^X[�r_^] _ zj ��\RTz� �jT�xvXrÓ���w|TphY\cZ[¡�xvTWq��\c�^�

1
b���ZcZ|Xaxv��xvT

f ′(zj) = 0 Ö Xrqv\ak^\[x[¥�\r�vXch�k^� zj = z0 Ö x~__c�^_r� _Tz� �v\^]JX[x~_c�r_us]���xs]
f(z0) = 0 6= w

b �
s ñ|ö�t�u9ó�v �jbÉlrøJi j2ü��ow

f
û[þWû C ý��zúO�a�q�|û|ú�
6�2újüE��û P ÿ ^ ��üE�  D(z0, r) ?�¡ � GP�D �  ý � ÿ�
��zú�  z0

ÿ�K þWû|ú ^ K � û.� ��� ��� k �G��� f ?�� 
5��ÿAý�� ��^ �=ÿ�ú D þWûûcþ  ú ���5
Aü7Mcþ RCE U ⊂ D(z0, r) � ÿ
z0 ∈ U

� D �  ú  Y0ü���ÿ F úÀû1� ��P ÿ z ∈ U \ {z0}Î ` Ò
f(z) 6= 0 ?Î } Ò ¡ � �H^ �  ýcþÜû�� ^ ú Q Y3� k ür� � ÿ�KÀû z′ ∈ U \ {z0}

� D �  úÀûÖY�üE��ÿ f(z) = f(z′) ?ùÝÿ ��C�C û C 
 F úÀûÀ� f �sû�K ^ þzÿ�ú�� ��P ÿq�zú � �À�G�a��ü��  U \ {z0}
û�� ^ ú Q Y3� k ] _^�D ���ú ü  [GMcþWû � û A � f ÿ�K þWû|ú2� k ¢_Ã � ü��  U \ {z0}

� ?
y\z öa{�|sòO}�v ø í dOf�xWi

D(z0, r1)
k^\^]

m
�c�|i0�Ýf�xv�[�Ü©�qv�sx~\rf��Û�jb �jb�����x~_[{[w|T

U =
D(z0, r1) ∩ f−1(D(0,m))

b����
z ∈ U \ {z0} Ö xs�sxsT f(z) 6= 0 Ö \[�r��xv�[�¢T��^] Z|_shjt"x~_|{ r1

b
d0�^] �[Z|�W_c� Ö 0 < |f(z)| < m Ö X|qv\°\c�r�axv�[�A©�qv�sx~\rf��#�jb � Ö {��^X|qv��_|{[��\[k^qs] o|�9� k f��[w|Tz��\
z′ ∈ D(z0, r1)

w|T
f(z) = f(z′)

bRdOVY�|fg_c�
0 < |f(z′)| < m Ö �sZ|\Qxz\ z′ \|��t�k�_[{[�Rf�xz_

U \ {z0}
b �

d=��w|\|f�xvT"xv�0qv\¨fgTª�?�Wfj��v\Q�^qv_|fgus] _rqs� fj_|{[w|Tª�^�sxsT�w|]�\¨\|�v\[Zc{�x�] krtfj{[�vX|q~xv�[fj�QTz� �s\r]
x~_c�^] k�X

1
Þ
1
b

¦T�



s ñ|ö�t�u9ó�v �jb � øhi j(üE�ow f
ûcþzû C ý��zú	���Ãü��  z0 ?Å@ þ f ′(z0) 6= 0 A �5
���ÿ°ý�� ��^ �=ÿ�ú � úÀû�sÿ ^ ú  ���U�  ý z0

ü��!�rþ  �  KÀûU� f ÿ�K þzû[ú 1 ¢ 1 ?#@ þ f ′(z0) = 0 A �5
���ÿJ� f [vÿ�þ � � _^ ÿ�KÌþzûAÿ�K þWû|ú
1
¢
1
ü�ÿ\�|û � KÀûh�sÿ ^ ú  ���h�  ý z0 ?y\z öa{�|sòO}�v ø�d�VY\rqvw|�|Ôv_|{[w[T=xv�[�£©�qv�sx~\rf��U�jbÉl�f�x��[�

f(z)−f(z0) Ö �^\|qv\[x��[q����~x~\[�£��xs]x~_
z0
TW� �v\r]Yqs��Ôv\yxsX|Ó��c�y`�\|�

f ′(z0) 6= 0
k�\r]�xsX|Óv���

k > 1
\|�
f ′(z0) = 0

b �
�\|� jñ�vÌõ�u �jb�� Îld¢ÄI©R»cÊ.½[åÌÅ4·h�'Ë^Ä4¾�ê4ÆcÁÌãJ�RÐ�»[¾É¿4ÏYËj¾ ØJå�ã|Ò øVi j(üE�ow

U ⊂ C û[þ  ú �N�5
 A�|û|ú
g : U → C

û[þWû C ý��zúO�a� A 
6�(úYü���û P ÿ ^ ��ü�ÿB�|û � KÀû�ü�ýcþzÿ��a�WúO����üÌý�þvú ü���Y�ürûU�  ý U ?�@ þ,� 
V
ÿ�K þWû|ú?û[þ  ú ����
�ý��  ü�Mcþ RCE �  ý U A �5
���ÿ\�  g(V )

ÿ�K þWû|ú?û[þ  ú ����
1��üE�  C� ?
y\z öa{�|sòO}�v ø í dOf�xWi

g(z0) ∈ g(V ) Ö z0 ∈ V
b²����xz_|{[w|T

f(z) = g(z) − g(z0)
k�\r]

T��^] Z|��hg_[{[w|T
r
�0f�xvT

D(z0, r) ⊂ V
b��£�r�A{��r�c��T�fj�yk^\^]j��qv�^ty��\|{�xv��x���x~\[� Ö � f uvTW�¢Tz� �v\^]f^x~\c�?TWq�tRf�x~_

D(z0, r)
b���qs��Ôv_[{[w|T�xz\

D(z0, r1)
k^\^]

m
�[�|i9�"f^xv�[�"©�qv�sx~\|fj�A�jb �jb.����xvT

D(0,m) ⊂ f(V ) Ö T��r_rw|����i0� D(g(z0),m) ⊂ g(V )
b í ��qv\yx~_

g(V )
Tz� �v\^]g\|�v_^] �rxs�jb �

s ö�ñsò órõ�u �jb÷`cø�i j(üE�ow
g
û[þzû C ý��WúO���p�|û|ú 1

¢
1
ü��  û[þ  ú ���5
�ü�Mcþ RCE U ⊂ C ?�� 
5��ÿq�û[þ*��K ü�� ^� ]E� g−1 ÿ�K þWû|ú?û[þWû C ý��zúO�a��ü��  û[þ  ú ����
�ü�Mcþ RCE g(U) ?

y\z öa{�|sòO}�v ø����^��x~_ª��T��0q��[w|\��.�s_r] �rxvtc�2�£�rTz] k��c�s] fj�c� Ö � g Tz� �v\r]|\r�v_r] �rxvt Ö T��r_rw|�W��i9��
g−1 Tz� �v\r]Yfj{c�sT���t��cb0��_Afj{[wc�r�Wqv\|fgw|\��p�^Tpx~\^]g\[�r�yx~_R��T���q��[w[\ } b � b �

fÌµq�'Ë^·?¹YÈgÆ�¾À¿Ìâ�ã#·�Ð�»[¾À¿ÌÄYËjÑ�Ø@»[¾�ã#»�Ë^ÏÌã#ÂjÑ Ø@¿ÌÄ�ÈÝØ&í â�Ë^·ÌËÚ?¹Y¹YÄ
�.¥�\[{�xvt�x��[�(T��s�sx���x~\£��\�w[T�Z|T�xvt[fj_|{[w[T@xv�.fj{[w��^T�q�] V?_|qvX�wr]�\[�O\r�v\cZ[{�x�] krtc�=fj{[�vX|q~xv�[f��c�

��_[�r_r��\#\c�rTz] k�_c�s��ÔvTz]����v\#us� f�k^_'fgT�k^X[�r_r] _c�yXcZcZ|_jb.S�\cxsXcZcZ[��Z|_r]Yhgqv\|w|wr] k�_r�Yk|Z|\|fgw|\cx�] k�_r�
w|Tpx~\rfj���[w[\[x�] fjw|_^� Ö u��sZ|\ru�t�\c�rTz] k�_c�s� fgTW] ��xv�c�Uw|_rqvVgtc�

az + b

cz + d
, ad− bc 6= 0

\c�^_sxvT�Z|_[¡[��x~\"or\|fY] k^Xy�r\rqv\|uvTz� hgw|\[x~\jb0��\�\[�r_sxsT�Z|��fgw|\cx~\y�^_[{¢�?\AuvTz��Óv_[{[w|T Ö _[{[fY]�\|f�xs] k�X Ö�?\�w|\[�UT��^] xsqv�HëY_[{[�¢�v\Afj{�h�k�qs� �v_|{cw|T�wr]�\AuvTWuv_|w|�W����\|�v\[Z[{sx�] krt�fj{[�vX|q~xv�[f���wj¥ �W�v\r�Uxv��x~_r] _
w|Tpx~\rfj���[w[\[x�] fjw|�gb

¸Z¹ õ�õNu �jbÉlrø @ þ |a| < 1 A<P�D �  ý � ÿ

f(z) =
z − a
1− az .

� 
���ÿ�� f ÿ�K þWû|ú � úÉû 1
¢
1
�rû[ú�ÿ5�!K(û[þWû C ý��zúO�a�Ùû��sÿ�úO��
�þvú ür�¨�  ý D(0, 1)

üE�  þ¨ÿpûrý��5
À�  ý ?j���ú	� CEDH þ A � f û��sÿ�úO�  þ!K � ÿ�ú 1 ¢ 1 �|û|ú?ÿ5�!Kr�  {z : |z| = 1} üE�  þªÿpûrý���
,�  ý ?
y\z öa{�|sòO}�v ø�m

f
Tz� �s\r]��^qv_|VY\r���9�

1
Þ
1
b"dOVY�|fg_c� |a| < 1 Ö � f Tz� �v\r]J\|�v\cZ[{�x�] krt#f�x~_

D(0, 1)
b²�.�x���qv\ |z| = 1 Ö xs�sxvT |z − a| = |z||1 − az| Ö T��r_|w|�W��i0� |f(z)| = 1

b,m
\|�~x�� f�xvqv_rVg�"xv�c�

f
Tz� �v\r]

g(w) =
w + a

1 + aw
.

d0�r_|w|�W��i9� |g(w)| = 1
�sx~\|� |w| = 1

b í ��qv\��
f
\c�^TW] k�_c�s��ÔvTz]jx~_ {z : |z| = 1} 1

Þ
1
k�\r]?T��^�

f^x~_c�ªTW\[{�xs��xz_|{�b
�£�r�°xv�[�'��qv�^tQx~_[{°§T�hY� f^x~_|{ Ö � f \[�rTz] k^_c��� ÔsTW]@x~_ D(0, 1)

f^x~_c�aTW\[{�xs�°x~_[{ Ö k^\^]_|w|_^� i9��hY]�\yxv�[�
g
b0�£ZcZ|X

g(D) ⊂ D f�{[�vT��^XchgT�x~\r]
D ⊂ f(D) Ö X|qv\A� f Tz� �v\r]gT���� b �

¸Z¹ õ�õNu �jb � ø £�D �  ý � ÿ

f(z) =
R(z − z0)

R2 − z0z
, |z0| < R.

ç;�



� 
���ÿ f �ªÿ�K þWû|ú � úÀû 1
¢
1
�|û|úrÿ5�!K|û[þzû C ý��WúO����üÌýcþ ��^ �!�|ür�L�  ý D(0, R)

ü��  D(0, 1) ? j��!K ür��� A�
f
û��sÿ�úO�  þ!K � ÿ�ú2�  {z : |z| = R} 1

¢
1
�|û|ú?ÿ5�!KYü��  {z : |z| = 1} ?

y\z öa{�|sòO}�v ø�d�VY\rqvw|�|Ôv_|{[w[T.x~_��=tcw|w|\���bÉl¢hY]�\�xv�yfj{[�vXrq~x��[fj�

g(z) =
z − (z0/R)

1− (z0z/R)
k^\^]��r\rqv\cxv�[qv_[¡[w|T��sx�]

f(z) = g
( z
R

)
.

�
��\�T��r�rw|TW�v\�xsqs��\�\c�^_sxsTpZ|�Wfgw|\cx~\¢Tz� �v\r]�hY��i0f�xvX¢w|T0x~_¢�c�v_|w|\ ÓUÁ�Å4Å4·aÆ[Ä�È

Schwarz
b

�\|� jñ�vÌõ�u �jb�¤^ø>i j(ü��ow
f � úÀûaû[þWû C ý��zúO�a�Qû��sÿ�úO��
�þvú ür���  ý D = D(0, 1)

üE�  þAÿpûrý���
�  ý A&� ÿ f(0) = 0 ?®� 
���ÿ |f(z)| ≤ |z| F úÀûI� ��P ÿ z ∈ D �rû[ú |f ′(0)| ≤ 1 ? j��cú	� CED� þ A û[þ
|f(z0)| = |z0| F úÀûq� � �  ú  z0 ∈ D A z0 6= 0 A �Rûcþ |f ′(0)| = 1 A �5
���ÿ\� f ÿ�K þzû[úr�G�a� ��_^ ]r���
f(z) = az F úÀû1� � �  ú  a ∈ C � ÿ |a| = 1 ?

y\z öa{�|sòO}�v ø.����x~_[{[w|T

g(z) =




f(z)

z
, z 6= 0

f ′(0), z = 0
.

�£�r�Axz_R©.�rqs] fgw|\ } b } Ö � f Tz� �v\r]?\|�v\[Z[{�xs] k^tAf�xz_ D b=��� |z| = r < 1 Ö xs�sxsT |g(z)| ≤ 1/r ÖT��r_|w|�W��i9�¨\[�r�Ãx��[�³�.qv��tÜx~_[{Ç§°Tph?� f�xz_|{ Ö |g(z)| ≤ 1/r Ö �sx~\|� |z| ≤ r
b �@]�\

r → 1�r\^� qs�v_[{[w|T |g(z)| ≤ 1 Ö u���Z|\|u�t |f(z)| ≤ |z| Ö z ∈ D b0��� |g(z0)| = 1
h?]�\�k^Xc�^_r] _

z0 ∈ D Öxv��xvT |g(z0)| = sup{|g(z)| : z ∈ D} b9d0�r_rw|����i0�.\[�r�ªxv�[����qv�^t�x~_|{¢§T�h?� f^x~_|{ Ö � g Tz� �v\^]f^x~\c�?TWq�tAf^x~_
D
b0���sxsT��|w[i0�

f(z) = az Ö hY]�\yk�Xc�^_r] _ a w|T |a| = 1
b �

�\|� jñ�vÌõ�u �jb÷`~¦�øJi j(ü��ow
f � úÀûyû[þWû C ý��WúO�a�Aû��sÿ�úO��
�þvú ür�q�  ý D(0, R)

ü��  D(0,M) � ÿ
f(z0) = w0 A |z0| < R A |w0| < M ?B� 
5��ÿ

∣∣∣∣
M(f(z)− w0)

M2 − w0f(z)

∣∣∣∣ ≤
∣∣∣∣
R(z − z0)

R2 − z0z

∣∣∣∣ ,

F úÀû1
 C ûU��û z ∈ D(0, R).
y\z öa{�|sòO}�v ø.����x~_[{[w|T

T (z) =
R(z − z0)

R2 − z0z
, S(w) =

M(w − w0)

M2 − w0w
.

���sxsT.�
S ◦ f ◦ T−1 ] k^\r�v_c�^_r]�Tz��xs] ��{��r_c�?�WfgTz] ��x~_[{A��T�i0q�t[w|\cx~_[���jb�¤ Ö T��r_rw[�W��i0� |S ◦ f ◦

T−1(z1)| ≤ |z1| Ö hY]�\ |z1| < 1 Ö k^\^]gX|qv\ Ö |S(f(z))| ≤ |T (z)| Ö h?]�\ |z| < R
b �

ÝQ·�½^·?Æ[å�½[ÁÌØ@»[¾�ãaî
Î ` Ò ���"f^x~_��rqv_|��hg_[¡[w|TW�v_���T��0q��[w|\'�W��_[{[w|T�] fg�sxv�sx~\'fgT�k^X[�r_r] _Rfj�[w|Tz� _ Î us]�\rVY_|qvTpÞ

x�] k^�A\c�r�yx~_
z0
Ò Ö xv�sxsT.\c�^�"x~_���T��0q��[w|\"�jb�¤ Ö �W��_|{[w|T S ◦ f ◦ T−1(z) = az Ö w|T

|a| = 1 Ö u���Z|\|u�t
f(z) = S−1(aT (z)).Mus]�\r� xvTWqv\ Ö � f Tz� �v\^]g�W�v\[��hgqv\rw|wr] k^�[��krZ[\rfgw[\[x�] k��[��w|T�x~\|fg�^�[w|\cx�] fgw|�[��b

çH�



Î } Ò dOVY�|fg_c�

T ′(z0) =
R

R2 − |z0|2
,

���rT�x~\r]Y�sxs]

(S ◦ f ◦ T−1)′(0) =
M

R
f ′(z0)

(
R2 − |z0|2

M2 − |f(z0)|2
)
.

�£�r�Çx~_Û��T���q��[w[\Ç�jb�¤ Ö �Ý�r\rqv\c�rXr��i+�r_rfj�sxv��x~\ÙTz� �v\^] Ö fjTQ\c�^�vZ[{�xv�Ýx�]�w[t Ö x~_�r_sZ[¡
1
bR���A�Q\c�^�vZ[{�xv�'x�]�w[taTz� �v\^]H� f��Qw|TR` Ö xs�sxsT"� f Tz� �v\^]H�W�v\[��hgqv\|w|wr] k^�|�k|Z|\rfjw|\[xs] k��[��w|T�x~\|fg�^�[w|\cx�] fgw|�[� Ö �[�|i9��f�x��[�U�^qv_[��hg_|¡[w|T����"�^\|qv\cxvt[q��[fj��b

�\|� jñ�vÌõ�u �jb÷`c`cø,i j(üE�ow
f � úÀû#û[þzû C ý��WúO���Qû(�sÿ�úO��
�þvú ür���  ý D(0, R)

ü��  þ D(0,M) A
� ÿ f(z0) = 0 F úÀû1� � �  ú  z0 ∈ D(0, R) ?�� 
���ÿ

|f(z)| ≤M
∣∣∣∣
R(z − z0)

R2 − z0z

∣∣∣∣ ,

F úÀû1
 C ûU��û z ∈ D(0, R) ?
@ þ D �  ý � ÿ�ú ü�
5�!�a��û F úÀû1� � �  ú  z 6= z0 A ��û[þ

|f ′(z0)(R2 − |z0|2)|
MR

= 1,

��
5��ÿJ�
f
ÿ�K þWû|úr�!��� ��_^ ]r�a�

f(z) = aM
R(z − z0)

R2 − z0z
,

� ÿ |a| = 1 ?
y\z öa{�|sòO}�v ø.�+�^q��@x~_[��] fg�^{[qs] fgw|�[�A���rT�x~\r]H\c�r�ax~_°��T���q��[w|\#�jb÷`~¦'hY]�\

w0 = 0
bAm

{��r����TWfj�ªx~_[{�uvT�¡�xsT�qv_|{�] fg�^{[qs] fgw|_[¡�fj{[�vTp�^XchgT�x~\r] Ö \[�r�yx�] ���r\rqv\cxv�[q�t[fjTz] ���^\|qv\[�rX|��i Ö ��xs]
f(z) = S−1(aT (z))

b��£ZcZ|X
S(w) = w/M Ö ] fg_|u�¡[�v\rw|\ Ö S−1(z) = Mz Ö k^\r]?x~_#fj{[wc�r�pÞqv\|fgw|\A���^Tpx~\^]÷b �

ï�µqË ¾À·Ã»sÐ�âs¿ÌÆc·ÌØ4åÜÆ[Ä�ÈX©R»[ë.½[Á�ÅJ·?ÆcÄÌã'ÆcÄÌÈ
Cauchy

¿Ì·4¾@ÆcÄ�ÈS¥y¹YÄ�¿�¹�åÌ½�ë£Æ�¾À¿ÌÄÌì
d¢ìjÐ�ÄÌÈ¨ÆcÄÌÈ

Cauchy
��\'\c�r_ruvTz��Óv_[{[w|T�wr]�\R��k^uv_rfj�yx~_|{���T�i�q�tcw|\[x~_[�Uk�\r]gx~_[{�_vZ|_ckrZ[�[q�i@x�] k^_|¡�x�¡��r_|{yx~_[{

Cauchy
h?]�\yf�{[�v\rq~x�t[fgTz] ��_r]�_c�r_^��T���Tz� �v\^]^\r�v\cZ[{�x�] k^����f�¥��W�v\ªxs�c�^_¢x~_yfj¡[�v_|qv_ªx~_|{ª_[�r_r� _|{

Tz� �v\r]Y�W�v\ykrZ|TW] f�xs��w|_c�v_[�rXcx�] Ö k^\^]gfj{[�vTW��Tz� �Uf�xv�[�Uk|Z|Tz] f^xs�sxv��x~\�x~_[{"xs�c�^_[{�b
�\|� jñ�vÌõ�u �jb÷` } øni j(ü��ow

U D þWû�û[þ  ú ���5
 A ü�ýcþzÿH���zú	��
 A û�� CE� üÌýcþzÿ��a�WúO��
n�rû[ú�] ^ û F(��D þ ý��vü�Mcþ RCE �  ý C ?n¡ � GP�D �  ý � ÿB
5�zú��Î ` Ò ¡ � �H^ �=ÿ�ú D þWû~� C ÿ�ú ü��5
 �� þ  � � �zú γ �!��� ��_^ ]r�a� γ(t) = z0 + γ1(t) A a ≤ t ≤ b A� D �  ú  Y0ü���ÿ γ∗ = ∂U ?Î } Ò @ þ 0 ≤ δ < 1 A ��
5��ÿ z0 + δγ1(t) ∈ U F úÀû1
 C ûU��û t ∈ [a, b] ?
� 
���ÿ F úÀû,� ��P ÿ f : U → C

ûcþzû C ý��zú	���"üE�  U �|û|ú^üÌý�þzÿ����"ü��  U A2D �  ý � ÿ ∫
γ
f(z)dz = 0 ?

y\z öa{�|sòO}�v ø í dOf�xWi
γδ(t) = z0 + δγ1(t) Ö 0 < δ < 1

b2����xvT ∫
γδ
f(z)dz = 0 Ö \[�r�Ax~_��T��0q��[w|\ � b � b

ço¤



Z0

γ
δ

γ

�(�0qv\ Ö
∣∣∣∣
∫

γ

f(z)dz

∣∣∣∣ =

∣∣∣∣
∫

γ

f(z)dz −
∫

γδ

f(z)dz

∣∣∣∣

=

∣∣∣∣∣

∫ b

a

f(z0 + γ1(t))γ′1(t)dt−
∫ b

a

f(z0 + δγ1(t))δγ′1(t)dt

∣∣∣∣∣

≤
∣∣∣∣∣

∫ b

a

[f(z0 + γ1(t))− f(z0 + δγ1(t))]γ′1(t)dt

∣∣∣∣∣

+

∣∣∣∣∣

∫ b

a

f(z0 + δγ1(t))γ′1(t)(1− δ)dt
∣∣∣∣∣ .

���rq��9x~_[�U�rqv_[��xvTz� �vTz]gf�x~_
0
k^\c�Y�0�

δ → 1
TWVY�|fg_c���

f
Tz� �v\^]g_|w|_r]��rw|_|qvVY\�fj{c�sT���tc�Uf^x~_

U Ö k^\^]c_�uvT�¡�xvTWqv_[�(�|qs_[�=xvTz� �vTW][f^x~_ 0
k^\c�?�9�

δ → 1 Ö us]��sxs]�� f Tz� �v\^]cVYqv\[hgw|�W����f^x~_ U b �
�\|� jñ�vÌõ�u �jb÷` � øHùÜÿ3�Wú ��ý�� GP�D ü�ÿ�ú �x�  ýJ� ^r � F7 M � ÿ�þ  ý P ÿTw ^ � � û(�  � A2F úÀû\� ��P ÿ z ∈ U

D �  ý � ÿ
f(z)n(γ, z) =

1

2πi

∫

γ

f(w)

w − z dw.y\z öa{�|sòO}�v ø�d9�^\|�v\[Z[\rw�orX|�v_|{cw|T.k^\[xvXAZ[�WÓ��yxz_RTp��] ��Tz��q��[w|\�x��c��\c�r�ruvTz]�Ó��c��xz_|{A��T�i@Þ
q�t[w|\cx~_[� � b � Ö ��q��[fY]�w|_c�r_^] �0�~x~\[��x~_R��T��0q��[w|\��jb ` } f�x��ª���Wfj�"xz_|{A��T�i�q�t[w|\cx~_[� � b÷`cb �
ð�µh¥ç¥�¹YÄ?¿Ì¹�å�½�ë.Æ�¾À¿ÌÏ�ã®d�ìgÐ�Ä�ã'ÆcÄÌÈ

Poisson
¿Ì·4¾HÆ[ÄXÝQ½^Ïg¼�¹�å�Å4·

Dirichlet
� f�k�_c�r�|��w|\|��f�x��[�'TW�v�sxv��x~\¨\[{�xvtTW� �v\r]@�v\Z[¡[fg_[{[w|Tªx~_�rqv�co[Z[�cw|\

Dirichlet
hY]�\

x~_c�Qus� f�k^_ Ö u���Z[\ru�t³�v\³k^\cx~\rf^k�T�{cXrfg_[{[w|T'wr] \³Z[¡[f��°xv�c�#TWÓs� fji0fj��� Laplace
uvTWuv_|w|�W��i��

k^X[�r_r] i��'fj{c�s_|qs]�\ck^�0��x�]�w[�0�[ba��_aor\|fY] k��°TWq~hg\[Z|TW� _¨Tz� �v\^]@_°_sZ|_ckrZc�[q�i9xs] k��[�Ax�¡��^_[��x~_[{
Poisson Ö _Ã_[�r_r� _|�Qwc�r_rqvTz�=�v\³��T�i0q��s��Tz��x~_Ç\r�vXcZ|_shg_Üx~_[{Ü_sZ|_ckrZc�[q�i9xs] k�_[¡Ýx�¡��r_|{³xz_|{
Cauchy

h?] \��^qv\chgw|\[xs] k����Ufj{[�v\|q~xvt[fgTW] ��b
ñ9T�kj] �vX|w|T�wj¥ �W�v\A{��r_sZ|_vhY] f^x�] k^��Z[t[w|w|\jb
¸Z¹ õ�õNu �jbÉ�rø @ þ z = reiθ A 0 ≤ r < R A ��
5��ÿ

Re

[
Reit + z

Reit − z

]
=

R2 − r2

R2 − 2rR cos(θ − t) + r2
=

R2 − r2

|Reit − z|2 .y\z öa{�|sòO}�v ø.����x~_[{[w|T
w = z/R

b0����xvT

1 + we−it

1− we−it =
(1 + we−it)(1− weit)

|1− we−it|2 =
1− r2

R2 + 2iIm (we−t)
∣∣1− z

Re
−it
∣∣2 .

ç
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�Ox��[�¢�^\|qv\c�^X|��iD] fg�sxv��xz\R�r\r��qv�v_|{[w|T.�^qv\chYw[\[x�] k�X'w|��qv� Ö ��q��[fY] w|_[�r_^] _[¡[w|T�x~_c�Lò��rw[_�xzi0��={[���[wr] xv�c��i�� Ö k^\r]jxvT�Z|Tz] �0fg\|w|Tvb �
d=] fgXchg_|{[w[T.xz_[�¢\[k^�sZ|_[{s��_�f�{[w�or_sZr] fjw|�gb

Pr(x) =
R2 − r2

R2 − 2rR cosx+ r2
, 0 ≤ r < R, x ∈ R,

Qz(t) =
Reit + z

Reit − z , |z| < R, t ∈ R.
mnfj{[�vX|q~xv�[f��

Pr
_c�v_|w|XrÔvTpx~\^] Ð�ÈY½[Á�Ë^·�ã

Poisson
b

��\Ç\c�r_ruvTz��Óv_[{[w|TAxv�0qv\³x~_c�°�£Z|_[k|Z[�[q�i@x�] k^�Ý�(¡��^_¨x~_|{
Poisson Ö f�¡[w|Vgi��v\Üw[TAx~_c�_c�^_r� _ Ö ��xs]�w[t'wr]�\[�"\r�v\cZ[{�x�] krtc�yf�{[�vXrq~x��[fj�c�"fÌ¥��W�v\#fj�[w|TW� _#f�x~_aTWf�i9xvTWqs] k^�QT��v�|�yus� f^k�_[{Tz� �v\r]9�¨ß�w|�Wfj�Qxs]�w[t°w|T"orX|qv�[àaxWi��'xs]�w[�0�'x��c�'f�xz_³fj¡[�v_|qv_¨x~_[{°us� f^k�_[{ Ö �c�r_|{Qx~\orXrq��us� �v_c�~x~\^]g\c�^��xz_[�U�|{[q�t[�v\

Poisson
b

�\|� jñ�vÌõ�u ��b÷`z� ÎR¥ó¥y¹?Ä?¿�¹jå�½�ë£Æj¾É¿4Ï�ãnd�ìgÐ�Ä�ãUÆcÄÌÈ
Poisson

Ò øNi j2ü��ow
f
û[þWû C ý��zúO�a�üE�  þ D(z0, R)

�rû[ú[üÌý�þzÿ����a�Oü��  þ D(z0, R) ?V� 
5��ÿ F úÀû z = z0+reiθ A 0 ≤ r < R AED �  ý � ÿ

f(z) =
1

2π

∫ 2π

0

Pr(θ − t)f(z0 +Reit)dt.

@ þ u = Re f A �5
5��ÿ

u(z) =
1

2π

∫ 2π

0

Pr(θ − t)u(z0 +Reit)dt.

y\z öa{�|sòO}�v ø í dOf�xWi
γ(t) = z0 +Reit Ö 0 ≤ t ≤ 2π

b9�£�^�yx~_R��T��0qv�cw|\��jb÷` � �W��_|{[w[T
Î �jb � Ò

f(z) =
1

2πi

∫

γ

f(w)

w − z dw.

����x~_[{[w|T
z1 = z0 +

R2

z − z0

bOdOVY�rfj_c�¢x~_
z1
orqs� f�k^T�x~\r]YT�krxv�|��x~_[{

γ∗ Ö x~_'��T��0q��[w|\��jb÷` �us� �vTz]
Î �jb � Ò 1

2πi

∫

γ

f(w)

w − z1
dw = 0.

��VY\r]�q����~xz\|��xv�[� Î �jb � Ò \[�r�yxv�[� Î �jb � Ò �^\r��qv�v_|{cw|T

f(z) =
1

2π

∫ 2π

0

f(z0 +Reit)

[
1

Reit − reiθ −
1

Reit − R2

r e
iθ

]
Reitdt.

�£ZcZ[X
Reit

Reit − reiθ −
Reit

Reit − R2

r e
iθ

=
R

R− rei(θ−t) +
rei(t−θ)

R− rei(t−θ) = Pr(θ − t).

�
s ö�ñsò órõ�u ��b } ø

1

2π

∫ 2π

0

Pr(θ − t)dt = 1.

y\z öa{�|sòO}�v ø�©.\^��qv�v_[{[w|T
f = 1

f�x~_���T��0q��[w|\��jb `z�jb �
d=��w|\|f�xvT.x���qv\A��x~_^] w|_^]�hY]�\�x~_yor\|fY] k^��\c�^_sxs�pZ|TWfgw|\jb

ç¾¦



�\|� jñ�vÌõ�u �jb÷`vl Î�d�Ä.ÝQ½^Ïg¼�¹�å�Å4·
Dirichlet

Ò ø\i j(ü��ow
u0 � úÀû¢üÌýcþzÿ������B� ^ û F(� û*�zúO�a�ü�ýcþ ��^ �!�|ür��üE�  þL��M�� CE {z : |z − z0| = R} ? µ ^ K �o ý � ÿ

u(z0 + reiθ) =





1

2π

∫ 2π

0

Pr(θ − t)u0(z0 +Reit)dt, 0 ≤ r < R

u0(z0 +Reiθ), r = R

.

� 
���ÿ Î ` Ò Ø �  þh[GK ü��  D(z0, R) A � u ÿ�K þWû|ú��  � ^ û F(� û(�WúO��
 ��Dl^r � � úÀû���û[þWû C ý��WúO�a�a�yüÌý*¢þ ��^ �!�|ür���J�|û|ú?ÿ5� ���D þHw&��úO�|û[þ  �  úÀÿ�Kr�!�rþªÿ � K ü�w0ür�h�  ý Laplace
�

∂2u

∂x2
+
∂2u

∂y2
= 0.

Î } Ò � u
ÿ�K þWû|úYüÌý�þzÿ����a��üE�  D(z0, R) ?

y\z öa{�|sòO}�v ø��H]�\
z = reiθ Ö 0 ≤ r < R Ö ����x~_[{[w|T

f(z0 + z) =
1

2π

∫ 2π

0

Qz(t)u0(z0 +Reit)dt.

�(�0qv\ Ö
Qz(t) = −1 +

2Reit

Reit − z ,T��r_|w|�W��i9�U�
f(z0 + z)

Tz� �v\^]Y� fj��w|T�wr]�\Af�x~\���TWqvX�fj{[�
1

2πi

∫

|w|=R

2u0(z0 + w)

w − z dw.

�£�r�Uxv�[�£©.qv��xz\rfj� } b � Ö � f Tz� �v\^]|\|�v\[Z[{�xs] k^t Ö k�\r]|T��r_rw[�W��i0��fj{[�vTW�^tc��f�xz_ D(z0, R)
b@���^�

x~_��=t[w[w|\��jb�� Ö Re f = u
f�x~_c�

D(z0, R)
k�\r]j��\[�r�ruvTW]�Ó��yxz_|{ Î ` Ò TW� �v\r]j�[Z[t[q��c��b

�(�0qv\A��f�xzi
g(t) = u0(z0 +Reit)

b0���^�"xz_[���.Z|_ckrZ[�cq�i9xs] k��y�(¡��r_"x~_|{
Poisson

k^\^]
x~_�©��rqs] fgw|\y�jb } ���j_[{[w|T

|u(z0 + reiθ)− u(z0 +Reiθ)| =
∣∣∣∣

1

2π

∫ 2π

0

Pr(θ − t)[g(t)− g(θ)]dt

∣∣∣∣

≤ 1

2π

∫ π

−π
Pr(x)|g(x+ θ)− g(θ)|dx

=
1

2π

∫ δ

−δ
Pr(x)|g(x+ θ)− g(θ)|dx

+
1

2π

∫

|x|≥δ
|x|≤π

Pr(x)|g(x+ θ)− g(θ)|dx.

�H]�\.uvTWuv_|w|�W�v_
ε > 0 Ö T��^] Z|��hg_|{[w[T δ xv�rfg_.wr] k�qv�£�0f�xvT9\|� |x| < δ

xs�sxvT |g(x+θ)−g(θ)| < ε ÖhY]�\��vZ|\�x~\
θ
b0m��r\rqv\c�^X|��iÛ��k^VYqv\rf��ATW� �v\r]jxv�sxsT�wr] k�qv�sxvTWq��A\c�r�

ε+
Pr(δ)

2π

∫ π

−π
|g(x+ θ)− g(θ)|dx ≤ ε+ 2kPr(δ),

�c�^_[{
k
Tz� �v\r]��Rw|�ph?] f�x��Ax�]�w[t�xv�c�ªfj{c�sX|q~xv�[f��c� |g| b.dOVY�rfj_c� Pr(δ) → 0

k^\c�Y�0�
r → R Ö���rT�x~\r]2�sx�]

u(z0 + reiθ) → u(z0 + Reiθ)
_|w|_^] �rw|_|qvVY\Ãi9�Q�rqv_|�

θ
b d0��� f��c� Ö u(z0 +

r′eiθ) → u(z0 + reiθ)
k^\c�?�9�

r′ → r < R Ö _|w|_r]��rw|_|qvVY\Ri9�U�^qv_[� θ Ö \c�r��xz_ Î ` Ò b2�£ZcZ|X
u(z0 + reiθ

′
) → u(z0 + reiθ)

k^\c�?�9�
θ′ → θ

h?] \Çk^Xc��TauvTWuv_|w|�W�v_
r Ö 0 ≤ r ≤ R

b
çpç



d0�r_|w|�W��i9��
u(z0 + reiθ)

Tz� �v\r](\c�r�Çk�_r] �v_|¡Çfj{[�vT���tc�Qi9�Q�rqv_|�
(r, θ) Ö 0 ≤ θ ≤ 2π Ö

0 ≤ r ≤ R bO�={[wc�rTWqv\r� �s_[{[w|T��sx�]j� u Tz� �v\^]gfj{[�vT���tc�Uf�xz_ D(z0, R)
b �

ô µq�'Ë^·?¹YÈgÆ�¾À¿YÁÃØ@ÈgË^âcê@¾�Ø4åÜ¿4·4¾HÆcÄ¨©R»cÊ�½[å�Å4·SË ÄgË^ÄÌÂ^½^ÄÌÅHÑÀ·Ìã
�Oxv�c��TW�v�sxv��x~\a\[{�xvtRTWÓvT�xsX|Ôv_|{cw|T�xz_'�rqv�co[Zc�[w|\'x��c�"T��r��k|x~\rf��c�ªx~_[{��^T�us� _[{'_|qs] fgw|_[¡

wr]�\[�U\r�v\cZ[{�x�] krtc�Ufj{[�vXrq~x��[fj�c��b
ð�ñsòôó|õ�ö�ó �jbÉlrøJi j(ü��ow

f(z) =
∑∞
n=0 an(z− z0)n A2� ÿ�û�����K þWûyü�M F � C ú ü��a� r A 0 < r <

∞ ? i j(ü��ow z∗ D þWûyür� � ÿ�K  � D �  ú  Y0ü���ÿ |z∗ − z0| = r
�rû[ú D ü��ow r(t) ��û�����K þWû�ü�M F � C ú ür����  ýRû[þWû��(�HM F(� û(�  �>�G��� f F M ^ w²û��*
��  ür� � ÿ�K  z1 = (1 − t)z0 + tz∗ A 0 < t < 1 ?q� 
���ÿ

r(t) ≥ (1 − t)r ?,@ þ r(t) = (1 − t)r F úÀû�� � �  ú  t ∈ (0, 1) Ax M��ow&�LY�üE��ÿ,[vÿ�þ#ý�� ��^ �2ÿ�úü�ýcþ ��^ �!�|ür� g û[þWû C ý��zúO�a�yü&ª D þWûyû[þ  ú ����
�üÌý�þ RCE � J �  K  þWû1�vÿ ^ ú D �=ÿ�úE�  D(z0, r)∪{z∗}�|û|úr� D �  úÀû�Y�üE��ÿ g = f
üE�  D(z0, r) A �5
���ÿ\�  z∗ CEDGF ÿ���û[ú ¾ÀÂg¾ÀÚÌæ^ÄgË°Ø4å�Å4»[Ñ�Ä �G��� f ?

Z0 Z1
Z*

tr (1−t)r

d=� �v\r]4��q�t[fY]�w[_a�v\a�W�j_[{[w|T¢wr]�\afj�j��fj�'\r�vX|w|TWfg\af�x~_a\|�vXc�|x�{�hYw[\#x��c�
f
hj¡[q�i²\c�r�'x~_

z1k^\^]�x~_A\r�vXc�|x�{�hYw[\�xv�c�
f
hj¡[q�iÛ\c�r��x~_

z0
b

¸Z¹ õ�õNu �jb��^ø�i j2ü��ow
f

(�Gw&�2ü��  þ µ ^ ú ü � 
�Í ?��?9@ þ z1 ∈ D(z0, r) A �5
5��ÿZ�  û[þ � �(�vý F ¢� û Taylor

�!���
f F M ^ w û��*
L�  ür� � ÿ�K  z1

ÿ�K þWû|ú
∞∑

k=0

bk(z − z1)k,


(�  ý

bk =
∞∑

n=k

(
n

k

)
an(z1 − z0)n−k.

y\z öa{�|sòO}�v ø
∞∑

n=0

an(z − z0)n =
∞∑

n=0

an(z − z1 + z1 − z0)n

=
∞∑

n=0

an

n∑

k=0

(
n

k

)
(z − z1)k(z1 − z0)n−k

=
∞∑

k=0

( ∞∑

n=k

an

(
n

k

)
(z1 − z0)n−k

)
(z − z1)k.

ç
ï



§a�r_rqv_[¡[w|T��v\�\cZcZ|X|Óv_|{[w|T£xv�yfgTz]�qvX�x��c��X���qv_r] fj�c��us]��sxs]
∞∑

n=0

|an|
n∑

k=0

(
n

k

)
|z − z1|k|z1 − z0|n−k =

∞∑

n=0

|an|(|z − z1|+ |z1 − z0|)n <∞,
\|� |z − z1|+ |z1 − z0| < r

b �
��\RuvTW��Óv_|{[w|T��sxs]j�rX|��xz\A{��rXrqv��Tz]�x~_|{�Z[Xr�j] f�x~_��W�v\R]�us]�X|Ôv_c�ªfj�[w|TW� _��rXr��iÛf^x~_c��k^¡skrZ|_

f�¡�hjk|Zr] fj�c��b0SU\[x[¥�\rqv�^t[�¢TWÓvT�xvXrÔv_[{[w|T�wr]�\�Tz] u�] k^t"�rTWqs� �[xzi0fj��b
�\|� jñ�vÌõ�u �jb÷` � ø Ø �  þ µ ^ ú ü � 
,Í ?�!A û[þ1��û an ÿ�K þzû[ú#� ^ û F(� û(�zú	� � �|û|ú � �aû ^ þ��a�WúO� �(A��
5��ÿ\�  ür� � ÿ�K  z0 + r

ÿ�K þWû|ú D þWûAú6[�ú ���o þ¢ü�� � ÿ�K *?y\z öa{�|sòO}�v ø��.�
r(t) > (1 − t)r Ö xs�sxvTªx~_\|�vXc�|x�{�hYw[\ Taylor

x��c�
f
hg¡cq�i�\[�r�ax~_

f��[w|Tz� _
z1 = (1 − t)z0 + t(z0 + r) = z0 + tr

fj{�h�krZr� �vTz]?fgT�k^X[�r_^] _'fj�cw|Tz� _
z = z1 + h Ö�c�^_[{

h
k�Xc�r_^] _[���?T�x�] k^�|���rqv\[hgw|\cx�] k^�|��\|qs] ��w|�[��w|T�hg\[Z[¡�xvTWqv_[��\[�r�

(1− t)r b0d0�r_rw|����i0� Ö\c�^�yx~_A�Ot[w|w|\y�jb�� Ö �"�^_|fg�sxv�sx~\
∞∑

k=0

( ∞∑

n=k

an

(
n

k

)
(z1 − z0)n−k

)
(z − z1)k

Tz� �v\r]g�rT��^T�qv\rfgw[�W����hY]�\�k^X���T�xs��x~_r] _
z
b(�£ZcZ|XR\[{�xvt�TW� �v\r]?wr]�\Rus] �|Z[tAfgTW]�qvX'w[�A\rqv����xs] k^�0�

\|qs] �?w[�0�°k^\^]2T��r_rw|�W��i9�wc�^_|qv_|¡cw|T'�^X|�~x~_sxsTa�v\ÙTW�v\[ZcZ|X|Óv_[{[w|T'xv�ÇfgTz]�qvXÇx��c�°X���qv_r] f��c��b
d0�r_|w|�W��i9��k^\^]j�"�r_rfg�sx���x~\

∞∑

n=0

an(z − z0)n

Tz� �v\r]��rT��rTWqv\rfjw|�W����b¢�.{�xv�a�|w[i0�yTW� �v\r]4Xcx~_c�^_aus]��sx�]�{��^_����Wfj\rw|T¢�sx�]Ì�'\ckrxs� �v\afj¡�h�k|Zr] fj�c�
x~_[{�\r�v\c�[xv¡�hgw|\cx~_|��x��c�

f
hg¡cq�iÛ\c�^�yx~_�fj�[w[Tz� _

z0
Tz� �v\r]

r
b �

�\|� jñ�vÌõ�u �jb `v�rø Ø �  þ µ ^ ú ü � 
1Í ?�GAND ü��ow Γ = {z : |z − z0| = r}  ��M�� CE �1�G�a�ü7M F � C ú ür��� ?\� 
���ÿJ� � þHwÛüE�  þ Γ
ý�� �H^ �=ÿ�úr�  ý CE� �(ú ü�� LD þzûAú6[�ú ���o þ¢ür� � ÿ�K  �!��� f ?y\z öa{�|sòO}�v ø��.�Rx~_³f��[w|Tz� _
z ∈ Γ

uvTW�#TW� �v\r]0]�us]�X|Ôv_[�Rxs�sxvT�{��rXrqv��Tz]9wr]�\¨fj{[�vX|q~xv�[f��
fz

\r�v\cZ[{�xs] k^tÛf�¥��W�v\ us� f�k�_
D(z, εz)

xv��x~_r]�\ �0f�xvT
fz = f

f�x~_
D(z0, r) ∩ D(z, εz)

b
á �r_c���px~_|{[w[Ty�sx�]J_

Γ
uvT��A�rTWqs]��W��Tz]H]�us]�XrÔv_c�~x~\fj�[w|TW��\gbA�£�r�fj{cwc�^XchgTz]�\ Ö _ Γ

wc�r_|qvTz�J�s\
k^\[Z[{cVj�?Tz�|\[�r���rT��rTWqv\rfjw|�W�v_��[Z[ts��_[�2xs��x~_r] i0��us� f�kri��

D(zi, εi) Ö i = 1, . . . , n
b0��T�i0qv_|¡[w|T

x���fj{[�vXrq~x��[fj�

g(z) =

{
f(z), z ∈ D(z0, r)

fzi(z), z ∈ D(zi, εi), i = 1, . . . , n.m
g
Tz� �v\r]Hk^\[Z|X¨_|qs] fgw|�W����bQ©�qvXchgw|\[xs] Ö \|� D(zi, εi) ∩ D(zj , εj) 6= ∅ Ö xs�sxsT D(zi, εi) ∩

D(zj , εj) ∩D(z0, r) 6= ∅
b

D(z  ,r)
0

D(z  ,    )εi i

D(z  ,    )εj j

ç e



�(�0qv\
fzi − fzj = f − f = 0

f�x~_
D(zi, εi)∩D(zj , εj)∩D(z0, r) Ö T��r_|w|�W��i9��\c�^�"��qv�^t��\[{�xs�sxv�sx~\|� Ö fzi − fzj = 0

f^x~_
D(zi, εi) ∩ D(zj , εj)

b í d0xvfY]Ì�
g
Tz� �v\r]4\r�v\cZ[{�x�] krt#f�xz_

us� f�k^_
D(z0, s)

hY]�\Rk^X[�r_r] _
s > r

b.�£Z�Z|X�x~_#\|�vX[�[xv{�hgw|\
Taylor

xv�c�
g
hj¡[q�i \c�^��x~_

z0f�{[wc��� �[xvTz]9w[TA\[{�xs�°x��c�
f
us]���xs]

g = f
f�x~_c�

D(z0, r)
b¨�"��Z[\ru�tax~_³\|�vX[�[xv{�hgw|\xv�c�

ff�{�hjk|Zr� �vTz]gfÌ¥��W�v\Au�� f^k�_�\ckrxs� �v\|��w|T�hg\cZ[¡�xsTWq�����\c�^�
r Ö Xcx~_[�r_7È �

��\ªk�\cx~\rf^k�T�{[Xrfj_|{[w|T(�r\|qv\ruvTz� hgw|\cx~\�u�{[�v\|w|_|fgTz]�q��0��hY]�\ªx~\y_c�r_^��\y_ªkr¡�krZ|_[��fj¡shjk|Zr] Þ
f��c��Tz� �v\r] × ÈgØ�¾É¿4ÏDØ@ìYË^Ä�½^Ä Ö u���Z|\|u�t'k^Xc�?T"fj�cw|Tz� _#x~_[{aTz� �v\r]H]�us]�X|Ôv_[�[bA��\Q��qvTz]�\|f�x~_[¡[w|Tx~_A\[k^�sZ|_[{s��_�\[�r_sxs�pZ|TWfgw|\jb

¸Z¹ õ�õNu ��b�¤^øLi j(ü��ow
f1(w) = 1

2 (wp + wp+1) A 
(�  ý p ÿTK÷þWû[ú D þWû�� P ÿ��zú	��
!�Uû�� Dl^ û|ú  � ?
£�D �  ý � ÿ U = D(0, 1) ∪D(1, ε) A ε > 0 ?�� 
5��ÿ f1(D(0, r)) ⊂ U A�F úÀû1� � �  ú  r > 1 ?

y\z öa{�|sòO}�v ø�©.qv_rVY\|���0�
f1(D(0, 1)) ⊂ D(0, 1)

b0���Uxv�0qv\ |w| ≤ 1
k�\r] |f1(w)| = 1 Öxv��xvT

|1 + w| = 2

|w|p ≥ 2,

T��r_|w|�W��i9�
w = 1

b#�={[�vT��|�9�
f1(D(0, 1)) ⊂ U Ö k�\r]HXrqv\_Qkr¡�krZ|_[� Γ = {z : |z| = 1}wc�r_|qvTz�=�v\Ük^\cZ[{[V���Tz�=\c�^�Ý�rT��^T�qv\rfgw[�W�v_Ü�[Z[ts��_[�Qus� f�k^i0�

D1, D2, . . . , Dn
_[¡�xzi9�Q�0f�xvT

f1(Di) ⊂ U Ö i = 1, . . . , n
b#dOVY�|fg_c�'_

Γ
���jTz]Ì��T�xs] k^t\c�r�rf^x~\rf��\[�r�xz_¨f�¡[�v_sZ|_

C \⋃n
i=1Di Ö fj{[w��^TWqv\r� �v_|{[w|T��sxs] f(D(0, r)) ⊂ U hY]�\�k�Xc�r_^] _

r > 1
b �

�\|� jñ�vÌõ�u �jb `��^øhi j(üE�ow
f(z) =

∑∞
k=1 akz

nk ?¼¡ � GP�D �  ý � ÿ~
��zú ak 6= 0
�rû[úV
��zú

ý�� �H^ �=ÿ�ú s > 0
� D �  ú  Y0ü���ÿ nk+1

nk
≥ s F úÀû,
 C û>��û k ?#@ þn�yû��a�HK÷þWû"ü7M F � C ú ür�����!����ü�ÿ�ú ^�� �ÿ�K þWû[ú

1 A �5
5��ÿ\� ��P ÿ�ü�� � ÿTK  � � þHwÛüE�  þL��M�� CE ü�M F � C ú ü��a��ÿ�K þzû[ú?úä[vú ���o þ ?
y\z öa{�|sòO}�v ø á �r_c�?��x~_[{[w|T"\|qv�j] k�XQ�sxs]Ìxz_

1
uvTW�ATz� �v\^]J]�us]�X|Ôv_[�[b"���sxvTª�

f
wc�r_rqvTz�4�v\

T��rT�k|x~\���Tz�gfgT�wr] \�fj{c�vXrq~xv�cfj��\|�v\[Zc{�x�] krt�f�x~_
U = D(0, 1) ∪D(1, ε) Ö hY]�\�k^X[�r_r] _ ε > 0

b
dOVY�|fg_c�

f = g
f�xz_

D(0, 1) Ö _^] f k^\r] g �W��_|{[��xz_'��us] _�\r�vXc�[xv{�hgw|\ Taylor
hg¡[q�iÛ\c�r�Ax~_

0
b.�������Wfg_[{[w|T

h(w) = g(f1(w)) Ö �c�r_|{ f1(w) = 1
2 (wp + wp+1) Ö xs�sxvT�\[�r�Rxz_'�Ot[w|w|\�jb ¤ Ö � h Tz� �v\^]9\r�v\cZ[{�xs] k^t°f^x~_ D(0, r)

hY]�\°k^X[�r_^] _
r > 1

b¨�(�0qv\³\r� |w| < 1
�W��_|{cw|T

|f1(w)| < 1 Ö T��r_rw|����i0�

h(w) = f(f1(w)) =
∞∑

k=1

ak2−nk(wp + wp+1)nk

=

∞∑

k=1

ak2−nk
nk∑

n=0

(
nk
n

)
w(p+1)nwp(nk−n)

=

∞∑

k=1

ak2−nk
nk∑

n=0

(
nk
n

)
wpnk+n.

�H]�\�uvTWuv_|w|�W�v_
k Ö _^]gu�{[�vXrw[Tz] ��x~_[{ w �^_[{�\r�v\c�^\|qs� f�x~\|�~x~\r]YTz� �v\^]

pnk, pnk + 1, . . . , (p+ 1)nk.d0�^] Z|�phY_[{[w|T
p
xs�px~_^] _A�0f�xsT

p+ 1

p
< s,

T��r_|w|�W��i9�
(p+ 1)nk < psnk ≤ pnk+1.�"��Z|\|u�tR_r]�u�{[�vXrw[Tz] �¢xz_|{

w
uvTW�yTp�^\|�v\[Z|wsorXr�v_c�~x~\r]Yk�\r]Ì�pxsfY]?���^\|qv\[�rX|��iD��k^VYqv\rf��RTz� �s\r]

x~_A\r�vXc�|x�{�hYw[\
Taylor

x��c�
h
hj¡[q�iÛ\c�^_yx~_

0
b
ç;�



mÛfgTz] qsX�fj{�h�krZr� �vTz]�\c�^�vZ[{�x~\�hY]�\
w ∈ D(0, r) Ö us]��sx�]s� h Tz� �v\^]�\|�s\cZ[{�xs] k^t�f�xz_ D(0, r)

b
�.�UT��^] Z|�WÓv_[{[w|T

w ∈ D(0, r)
w|T |w| > 1

b0���sxsT
∞∑

k=1

|ak|2−nk
nk∑

n=0

(
nk
n

)
|w|pnk+n <∞,

u���Z|\|u�t
∞∑

k=1

|ak|2−nk(|w|p + |w|p+1)nk <∞.
�£ZcZ[X

1

2
(|w|p + |w|p+1) = |w|p

(
1 + |w|

2

)
> 1,

u���Z|\|u�tx~_³\r�vXc�|x�{�hgw|\
Taylor

x��c�
f
fj{�h�k|Zr� �vTW]�fjTAk^Xc�^_r] _Ýfj�[w|Tz� _³�WÓ�i�\c�^�°x~_Ýus� f�k^_

D(0, 1) Ö Xcx~_c�^_jb����Z|_[� Ö \r�Ux~_ z∗ = eiθ
uvTW�¢Tz� �v\^]Y]�us]�X|Ôv_[�¢fj�[w|TW� _ Ö ���px~_|{[w[T

q(z) = f(eiθz) =
∞∑

k=1

ake
iθnkznk ,

w|Ty\ckrxs� �v\°f�¡�h�krZr] fj���a`��c�ri9���rqs] � Ö us]��sx�] |eiθnk | = 1
b'�(�0qv\�

f
T��rT�k|xsTz� �vT�x~\r]@fgTywr] \

f�{[�vXrq~xv�cfj�a\|�v\[Zc{�x�] krtaf^x~_
D(0, 1) ∪ D(z∗, ε)

hY]�\#k�Xc�r_^] _
ε > 0

byd0�r_|w|�W��i9�y�
q
Tp�^T
Þ

k|xsTz� �vT�x~\r]YfjT�wr]�\�fj{c�vXrq~xv�cfj��\r�v\cZ[{�x�] krt�f�x~_
D(0, 1) ∪D(1, ε) Ö Xcx~_[�r_jb �

�({��^] k�Xy�r\rqv\|uvTz� hYw|\cx~\�xs�px~_^] i0�¢fgTz]�q��0�ªTz� �v\r]÷Õ
∞∑

k=1

z2k ,
∞∑

k=1

zk!.

Ýa·Ì½^·?Æ[å�½[Á�Ø9»[¾ ãaî
mnfjTz]�qvX

∞∑

n=0

zn

\c�^_ck|Zr� �vTW]OfjTAk�X���TRfj�[w[Tz� _³xz_|{°kr¡�krZ|_[{³fj¡�h�krZ|] f��c��bÙ©�\|qv_sZ�¥�\|{�xvX Ö x~_ z = 1
TW� �v\r]0x~_

w|_c�v\|us] k��¢]�us]�XrÔv_c�£f��[w|Tz� _�\rVY_[¡��
(z−1)−1 Tz� �v\r][\r�v\cZ[{�x�] k^t.�^\|�~x~_|¡�T�krxv�|�(\[�r��x~_�fj�[w|Tz� _\[{�xs�jb0�£�g¥ xv�[�¢XcZcZ[� Ö ��fgTz]�qvX

∞∑

n=0

1

n!
z2n

�W��Tz]4\ckrxs� �v\Qf�¡�hjk|Zr] fj�c�R`"k^\^]4f�{�hjk|Zr� �vTz]4fgT�k^Xc�?T"f��[w|Tz� _#xz_|{Rkr¡�krZ|_[{#fj¡�h�k|Zr] fj�c��b"©�\�Þ
qv_vZj¥�\|{sxsX Ö k^Xc�?T¢f��[w|Tz� _�x~_|{Akr¡�krZ[_|{Rf�¡�hjk|Zr] fj�c�ªTz� �v\r]Ì]�us]�XrÔv_c�y\[�r�Rxz_R�rqv_|��hg_[¡[w|TW�v_��?TpÞ�0q��[w|\jb

����Z|_[�"�r\rqv\cxv�[qv_[¡[w|Tª�sx�]Ìxz_f�{[wc�r�Wqv\rfjw|\#x~_[{R�?T�i0qvtcw|\[x~_[��\[{�x~_|¡a] fg�^¡[Tz]�h?]�\#k^X���T
Î �rT��rTWqv\|fgw|�W��� Ò \ck|x�� �v\Ãf�¡�hjk|Zr] fj�c�aus]��sx�]O\r�Q� ∑∞

k=1 akz
nk

�W��Tz]O\[k|x�� �v\Çfj¡�h�krZr] f��c�
r Öxv��xvT�� ∑∞

k=1 ak(rz)nk
���jTW]Y\ckrxs� �v\�fj¡shjk|Zr] fj�c�"`cb

��\aTWÓvT�xvXrfg_[{[w|TUxv�0qv\Qß�\[Zc{[fY��uvT���à�\r�v\cZ[{�xs] k^�0�Af�{[�v\rq~x�t[fgT�i0�"�^_[{'_|q�� Ôs_c�~x~\r]4fjTª\�Þ
�v_r] �^xz_|¡c�Uu�� f^k�_[{c��b

ç;�



ð�ñsòôó|õ�ö�ó ��b � ø~i j(ü��;w U D þWû ûcþ  ú ���5
Çý��  ü7Mcþ RCE �  ý C ? i j�þWû Ø@ÈgË�·�½rÆ[å�Ø0¾ ·?¿ÌÏ
ØHÆcÄJ¾ êH»[Ñ�Ä üE�  U ÿTK÷þWû[ú D þWû � ÿWý F7��^ ú (f,D) A 
��  ý D ÿ�K þWû[ú D þWû���[�ú üE�  ��üE�  U �rû[ú

f � úÀûû[þWû C ý��zúO�a�aüÌý�þ ��^ �G�|ür�aü��  þ D ?�@ þ z ∈ D A ��
5��ÿ CED�� ÿn
��zú9�  (f,D)
ÿTK÷þWû[ú D þWû#üÌý�þzû ^ ¢�G�rüjúÀû���
'üE�  ú �=ÿ�K  ü��  z ?I@ þ (f1, D1)

�|û|ú
(f2, D2)

ÿ�K÷þWû[ú&[vý  ü�ýcþWû ^ �G�rüjúÀû�� � üE�  ú �=ÿ�KÀûüE�  U �5
���ÿ CEDT� ÿV
5�zú��  (f2, D2)
ÿ�K þzû[ú ÚÌÅ4»�Ø4å¨·�Ë^·?¹?ÈjÆ�¾À¿YÁ¨Ø@ÈYË^â�ê9¾ Ø4å �  ý (f1, D1)

���rû[ú
û[þ*��K ü�� ^� ]?û�� A ûcþ D1 ∩ D2 6= 0

�|û|ú
f1 = f2

ü��  D1 ∩ D2 ?1@ þQý�� �H^ �=ÿ�ú � úÀûû C ýcü7K6[zû
(f1, D1) A (f2, D2) A¶?	?	?ÌA (fn, Dn)

� D �  úÀû,Y0ü���ÿ��  (fi+1, Di+1)
ÿ�K þWû[ú �5� ÿ
ür�Aû[þWû C ý��zúO�a��ü�ý*¢þ D �(ú ü����  ý (fi, Di) F úÉû i = 1, 2, . . . , n−1 A ��
5��ÿ C�D�� ÿV
5�Wú7�  (fn, Dn)

ÿ�K þWû|ú ·�Ë^·�¹YÈjÆj¾É¿?Á
Ø@ÈgË^âcê@¾�Ø4å �  ý (f1, D1)

���|û|ú?û[þ(�HK ü�� ^r ]Yû�� ?
¡ � GP�D �  ý � ÿL��Y ^ ûh
5�zú γ ÿ�K þzû[ú � úÀûh�rû � �!M C �#ü��  U A&_^ ú ü ��D þ��'ü��  [�ú � üE�!� � û [a, b] ?

@ þý�� �H^ �=ÿ�ú � úÀûp[�úÀû ��Dl^ ú ü�� a = t0 < t1 < · · · < tn = b A �|û|ú � úÀû¨û C ýcü�K6[zû (f1, D1) A
(f2, D2) A . . . A (fn, Dn)

üÌýcþWû ^ �!�|ügúÀû���Y�þ¨ü��  ú �=ÿ�KÌwOþü��  U � D �  úÀûXY0ü���ÿ (fi+1, Di+1)ÿ�K þWû[ú � úÀû �G� ÿ
ür�Aû[þWû C ý��zúO�a��ü�ýcþ D �(ú ü��1�  ý (fi, Di) A#F úÀû i = 1, . . . , n− 1 A �|û|ú γ(t) ∈ Di AF úÀû t ∈ [ti−1, ti] A i = 1, . . . , n A ��
5��ÿ CEDT� ÿV
5�Wú7�  (fn, Dn)
ÿ�K þWû[ú � úÀû"û[þWû C ý��zúO�a�"ü�ýcþ D �(ú ür��  ý (f1, D1) A ¿Ì·�ÆrÚÃÅ?Á?¿4Ä�ã'Æ[å�ã'¿4·�ÅÌÐ�ìj¹jå�ã γ ?

(f  ,D  )
1 1

(f  ,D  )
2 2

(f  ,D  )
3 3

(f  ,D  )n n

�\|� jñ�vÌõ�u �jb÷`�¤^ø � û[þWû C ý��WúO�a�"ü�ýcþ D �(ú ü��"ÿ�þ*
!�V[vÿo[ ���D þ  ý�üÌý�þWû ^ �!�|ügúÉû��  M�ü��  ú �=ÿ�K  ý�|û(� �1� �a�  � � úÀû���[vÿo[ ���D þ����n�|û � �!M C ����ÿ�K þWû|ú �� þWû�[�ú	��� A�� ÿJ�!�rþ D þsþ  úÀûU
5�WúÌû[þ (fn, Dn)�|û|ú
(gm, Em)

ÿTK÷þWû[ú2[GM  û[þWû C ý��zúO� D ��ü�ýcþzÿ��VK ü�ÿ�ú �n�  ý (f1, D1)
�rû(� �U� ���  �n�!���JK6[�úÀû����|û�¢

� �!M C ��� γ A �5
���ÿ fn = gm
ü��  Dn ∩ Em ?y\z öa{�|sòO}�v ø í dOf�xWiÛ�sx�]j��\[Z[{cfY��uv\�hY]�\�xv�c���rq��@xv��f�{[�v�W�j] f��ATW� �v\r]

(f1, D1), . . . , (fn, Dn),
k^\^]g�Wf�xWiÛ�sx�]j��\[Zc{[fY��uv\�hY]�\�x���usT�¡�xsTWq���f�{[�v�W�j] f���Tz� �v\^]

(g1, E1), . . . , (gm, Em),
�c�^_[{

g1 = f1 Ö E1 = D1
b á �rXrqv��_|{[�¢us]�\|w|TWqs� fgTz] �

a = t0 < t1 < · · · < tn = b, a = s0 < s1 < · · · < sm = b,
xv��x~_r]�T����0f�xsT

γ(t) ∈ Di
hY]�\

ti−1 ≤ t ≤ ti Ö i = 1, . . . , n
k�\r]

γ(t) ∈ Ej
hY]�\

sj−1 ≤ t ≤
sj Ö j = 1, . . . ,m

b
Mfg�^{[qs]�Ôv�|w|\rf^xsTU��xs]�\|�

[ti−1, ti] ∩ [sj−1, sj ] 6= ∅
xs�sxsT�x~_

(fi, Di)
Tz� �v\^]�X|w|TWf��R\|�v\cÞ

Z[{�xs] k^t�fj{[�v�W�j] fj�Ux~_[{
(gj , Ej)

b@�.{�xs�ª\[Zc�s��T�¡[Tz]|��xz\r�
i = j = 1

b í dOf^xziÜ�sxs]^uvT���\[Z[�s�?T�¡[Tz]
hY]�\³k�Xc�r_^]�\

i, j
b í dOf^xzi

(i, j)
Tpk�Tz� �v_³x~_ÇÔvT�{�hgX|qs]0hY]�\³x~_Ç_c�^_r� _ÜuvTW�\cZ[�s��T�¡[TW]0k�\r]0hY]�\

x~_Q_c�r_^� _Q_Q\|qs] �?w|�|�
i + j

Tz� �v\^]4T�Z|X|�j] f^x~_|��by�£�"�r_|¡[w[T"�sxs]
sj−1 ≤ ti−1

b"���sxsTª�W��_|{[w[T
sj−1 ≤ ti−1 ≤ sj

b°d0�r_rw|���vi9� Ö γ(ti−1) ∈ Di−1 ∩ Di ∩ Ej
b°�(��qv\x~_

(fi, Di)
Tz� �v\^]

X|w|TWfj�yfj{[�v�W�j] fj�ªx~_[{
(fi−1, Di−1) Ö k^\^]jT��^] �[Z|�W_c�Ux~_ (fi−1, Di−1)

Tz� �v\^]jXrw|TWf���f�{[�v�W�j] f��
x~_[{

(gj , Ej) Ö \c�r�yxv�[��T��^] Z|_shjt"xWi�� i, j b0�.V?_[¡ Di−1 ∩Di ∩Ej 6= ∅ Ö x~_ (fi, Di)
�rqs�p�^TW]

ïo�



�v\j¥��v\^]|Xrw|TWf��¢fj{[�v���g] fj��x~_[{
(gj , Ej) Ö X[x~_c�r_gb9d9�^_|w|�W��i9�£_y] fg�^{[qs] fgw[�|�£\cZ[�s��T�¡[TW][h?]�\ª�vZ|\x~\

i, j
b@Mus]�\^� xsT�qv\AhY]�\

i = n Ö j = m
k�\r]jxz_�fj{[w��^�Wqv\|fgw|\A���rT�x~\r]÷b �

ð�ñsòôó|õ�ö�ó �jbÉ�rø�i j(ü��ow
U ⊂ C ûcþ  ú ���5
��|û|úgü�ýcþzÿH���zú	��
 ?�� M  üÌý�þWû ^ �!�|ügúÉû�� � ü��  ú �=ÿ�KÀû

(f1, D1) A (f2, D2) CED5F7 þ(��û[ú9860�/�³��7`*�����Üû[þh� 1D þWûÿ�K þWû|ú@û[þWû C ý��zúO�a�üÌý�þ D �(ú ür�p�  ý ��C ¢
CE ý ?~� ü!� D ür�¨ûrý��!� _^ K � ÿ�ú3� ^r ]Yû[þGY&� � úÉû°ü*� D ür�°ú ü  [výcþWû � KÀû��Aü��  ü7Mcþ RCE 
 C w�þ®�ow�þü�ýcþWû ^ �G�rüjúÀû���YOþRü��  ú �=ÿTKÌwOþ ? ù³úÀû.� CE� ü��°ú ü  [výcþWû � KÀû�� Φ

� D �  úÀûIY0ü���ÿ F úÀû�� ��P ÿ z ∈ Uý�� �H^ �=ÿ�ú (f,D) ∈ Φ � ÿ z ∈ D A9C�DGF ÿ���û[úZ�2%�`�8l��%*ka�3:�`�"Ú��`*�� 2k7-*8���+»0�k7`ab*'2-�"�0#"Üü�� 
U ?

©�\|qv\[x��[qv_|¡[w|T��sx�]?\r�¢�
g
Tz� �v\^]?\|�v\[Z[{sx�] krt�f�x~_

U Ö xs�sxvT�� g _|q�� ÔsTW]?wr]�\AhYT��s] k�T�{cw|�W���\|�v\[Z[{�xs] k^t�f�{[�vXrq~x��[fj��Õ
Φ = {(g,D) : D

\|�v_^] �rxs�[��us� f�k^_|�Uf�x~_
U}.

��_°\r�~xs� f^xsqv_|V?_¨uvT��a] fj��¡[TW]÷b�yTW�'Tz� �v\r]@\[Z[ts�?Tz]�\¨�sxs]Hk^Xc�?TyhgTW�s] k^T�{[w|�W���\|�v\[Z[{sx�] krtfj{sÞ
�vX|q~xv�[fj�A�^qv_ck^¡s�|xvTz]Ì\c�^�#wr]�\ Î f�{[���s�Ì] fgw[�W��� Ò \r�v\cZ[{�x�] krt'fj{[�vX|q~xv�[f��'wj¥�\[{�xs�c�"x~_c�"xsqv�c�^_
Î X|f�kr�[fj��È Ò b0�Ok^_[�r�[�(w|\|�2Tz� �v\r][�v\�orqv_[¡[w|TOfj{[�z�?t�k^T��(_r][_c�r_^��T��2�s\�T�Óv\rfgVY\cZr��Ôv_|{c�£�sx�][\[{�xs�
Tz� �v\r]Yu�{[�v\cxs�jb

ð�ñsòôó|õ�ö�ó �jb��^ø,i j(üE�ow
γ0, γ1

[sý  �rû � �!M C ÿo�ªü&ª D þWû#ü7Mcþ RCE S ⊂ C � F úÀûaÿWý�� RC KÀû A û��ý�� GP�D ü  ý � ÿV
��zú��  �sÿo[GK B_^ ú ü �� Mn�  ý��(ÿ�K þzû[ú7�  [0, 1]
� ?\¡ � GP�D �  ý � ÿZ
5�Wú γ0(0) = γ1(0) =

z0
�rû[ú

γ0(1) = γ1(1) = z1 ? µ ú γ0 A γ1 CEDGF7 þ(��û[ú2/��#/*-!/a�a8��7:�=h��ü��  S � Ar@ þAý�� ��^ �=ÿ�ú � úÀûü�ýcþzÿ������Uû��sÿ�úO��
�þvú ü��
H : [0, 1]× [0, 1]→ S

�R�U/���/*-!/a��4O���ow�þ
γ0
�|û|ú

γ1
�L� D �  úÀû>Y�üE��ÿ

H(t, 0) = γ0(t), H(t, 1) = γ1(t), ∀t ∈ [0, 1],�|û|ú
H(0, s) = z0, H(1, s) = z1, ∀s ∈ [0, 1].

z
0 z

1

H(t,0)

H(t,1)

H(t,s)

��]�\r] f^�?��xs] k�X Ö _^]0k^\rw��r¡�Z|T�� γ0
k^\^]

γ1
Tz� �v\r]O_|w|_sx~_[�^] k^���Qf^x~_

U Ö \r�w|TRfj{c�vTW��t°xsqv�c�^_wc�r_|qv_|¡[w|TA�v\Ýßv�^\|qv\|w|_rqvVg�0fg_[{[w|Tzà#xv�[�
γ0 Ö w|Tyx~\³Xck�qv\°xv�c�'f�xz\c��T�qv_[�r_^] �[w|���v\ Ö k�\r]0�v\�rXrqv_[{[w|TJxv�[�

γ1 Ö �^i0qs� �O�v\(o[hY_[¡[w|T@�WÓ�iQ\c�r�£x~_ U b9�Oxz_£�rXr��iafg�^t[w|\£� H(t, s)
\[�rTz] k^_[�s��ÔvTW]

x��[�U�r\rqv\|w|�rqvVgi0fj�yfgT�ßs�jqv�c�v_
s
àrbO�Ox~_yk^X[xziÙfg�^t[w|\"o[Z|�p�^_[{[w|T.u�¡[_yk�\|wc�|¡�Z|T��U_r]g_c�^_r��T��

Tz� �v\r]@_rw|_sx~_c�^] k�����fgT"k^Xc�^_r] _¨�^i0q�� _ Î \|q�] f^xsTWqvX Ò Ö k^\^]Hu�¡[_k^\|wc�r¡sZ|T���_^]@_c�r_^��T���uvTW�RTz� �s\r]_|w|_sx~_[�^] k^����b9m²ßvxsq�¡s�^\rà�w|\|��TWwc�r_|u�� ÔsTW]r�v\U�^\|qv\rw|_|qvVg��fj_|{[w[T=xv�c�£�rq��@xv��k�\r]r�v\U�^X|qv_|{[w[T
x���usT�¡�xsTWq����^i0qs� �U�v\�ÓvTWVg¡�hg_[{[w|T�\[�r��x~_A��i0qs� _ Î uvTWÓs]�X Ò b

ï��



z
0

z
1

γ0

γ1

z
0

z
1

γ0

γ1

�\|� jñ�vÌõ�u �jb } ¦�øBi j(ü��ow
U ⊂ C û[þ  ú ����
B�rû[ú^üÌý�þzÿH���zúO��
 A γ1 A γ2 ��� �  �cú	� D �N�rû � �!M C ÿo�üE�  U An� ÿaû ^ �2úO��
°ü�� � ÿ�K  z0 A �|û|ú D üE�ow (f,D) D þWûÇüÌý�þzû ^ �!�|ügúÀû���
¨ü��  ú �=ÿ�K  ü��  z0 ?¡ � GP�D �  ý � ÿq
5�Wú3�  (f,D) D �=ÿ�úOû[þWû C ý��zú	���³ü�ýcþ D �(ú ür�À�|û(� �p� ���  �U
 C w�þI�ow�þ®[sý�þWû(�HYOþ�|û � �!M C w�þaü��  U A [(� C û�[(� A û[þ γ ÿ�K þWû|ú � úÀûÀ�rû � �!M C �Ö�  ý°üÌý�þ*[ D ÿ�úx�  z0 � ÿU�  �sý_�N
�þ

zn ∈ U A ��
5��ÿ.ý�� �H^ �=ÿ�ú � úÀû"û[þWû C ý��WúO�a�yü�ýcþ D �(ú ür� (fn, Dn)
�  ý (f,D)

�|û(� �L� ���  ���!��� γ ?
@ þ (g0, D0)

ÿ�K þWû|ú � úÉûÛûcþzû C ý��WúO���ÙüÌý�þ D �(ú ür�»�  ý (f,D)
�|û(� �Ö� ���  �.�G�a� γ0

�rû[ú
(g1, D1)

ÿ�K þzû[ú � úÀûQû[þWû C ý��WúO���QüÌý�þ D �(ú ür�.�  ý (f,D)
�|û(� �®� �a�  ���!��� γ1 A �5
5��ÿ g0 = g1üE�  D0 ∩D1 ?y\z öa{�|sòO}�v ø í dOf�xWi

H
wr]�\Q_rw|_sx~_c��� \axzi0�

γ0
k�\r]

γ1
b��£�r�a{��r�c��T�fj� Ö \|� s ∈ [0, 1] Ö{��rX|qv�jTz]Ìwr]�\a\|�v\[Zc{�x�] krt#fj{[�v���g] f��Rx~_[{

(f,D) Ö \[�ª�r_|¡[w[T (gs, Ds) Ö k�\cxsXaw[t�k^_|�ªx��c�ªk^\cÞwc�|¡�Z[�c�
γs = H(·, s) bÃ�Ox~\���TWqv_c�^_r] _|¡[w[TR�W�v\ s k^\^]0us]�\cZ|��hg_|{[w[TRwr] \¨xs��x~_r]�\Ý\|�v\[Z[{�xs] k^tf�{[�v�W�g] f�� Ö �Wf�xWi (h1, E1), . . . , (hn, En)

w|T
(h1, E1) = (f,D)

k�\r]
(hn, Dn) = (gs, Ds)

b
á �^X|qv��Tz]4wr]�\aus]�\rw|�Wqs] f��

0 = t0 < t1 < · · · < tn = 1
xs�px~_^]�\#��f^xsT

γs(t) ∈ Ei
hY]�\

t ∈ [ti−1, ti] Ö i = 1, 2, . . . , n
b

í d�f�xzi
Ki = γs([ti−1, ti]) ⊂ Ei

bO���px~_|{[w[T
ε = min{dist(Ki,C \ Ei) : 1 ≤ i ≤ n} > 0.dOVY�|fg_c���

H
Tz� �v\^]4_|w|_r]��rw|_|qvVY\Qf�{[�vTW�^tc� Ö {��rXrqv��Tz] δ > 0

xs��xz_^] _a�0f�xvTª\r� |s − s′| < δxv��xvT |γs(t)−γs′(t)| < ε
hY]�\�k^Xc�?T

t ∈ [0, 1]
bJMus]�\r� xvTWqv\ Ö \r� t ∈ [ti−1, ti]

xs�sxsT
γs′(t) ∈ Ei

b
í d9xsfY]v�

(h1, E1), . . . , (hn, En)
Tz� �v\r]�w|]�\�\|�v\[Z[{�xs] k^t£fj{[�v�W�j] fj��x~_[{

(f,D)
k^\cxsX�w[t�k^_|�

x��c�
γs′
b��£ZcZ|X'xz_

(f,D)
wc�r_|qvTz�Ì�v\afj{[�vTW�j] f�xvTz� Ö k�\cxsXaw[t�k�_[�ªx��c� γs′ Ö \[�r�a�W�v\afj{c�s\|qzÞx��[fY]�\ck��°f^x~_r] ��Tz� _ Ö \[���r_|¡[w[T (gs′ , Ds′)

bR�£�r�Qxz_¨��T���q��[w[\Q�jb÷`~¤ Ö �W�j_[{[w|Ty�sxs] gs = gs′f^x~_
Ds ∩Ds′

b(�={c�vT��r�9��hY]�\Ak�X���T
s ∈ [0, 1] Ö {��rXrqv��Tz]Y�W�v\�\r�v_r] �^xv�Rus]�Xrf�x��[w|\ Is xv��x~_r] _�0f�xvT

gs′ = gs
f�x~_

Ds′ ∩ Ds Ö ��xz\r� s′ ∈ Is b"��VY_[¡Rx~_ [0, 1]
wc�r_|qvTz�4�v\#k�\cZ[{[V���TW�J\c�r�

�rT��rTWqv\rfjw|�W�v_��[Z[ts�?_|��xs��xz_^] i0�ªus]�\|f�x��[w|X[xWi�� Ö ���rT�xz\^]g�sx�] g0 = g1
f�xz_

D0 ∩D1
b �

�\|� jñ�vÌõ�u �jb } ` Î�d�Äõ©R»cÊ.½|å�Å4·ÞË ÄYË^ÄÌÂ^½^Ä�ÅHÑ ·�ã|Ò ø®i j(ü��ow
U ⊂ C

û[þ  ú ���5
��rû[úü�ýcþzÿH���zúO��
 � ÿL�!�^þ�ú6[�ú6
5�!�a��û®
��zú9� ��P ÿL� C ÿ�ú üE�!�I�rû � �!M C �QüE�  U ÿ�K þzû[ú ��� �  ��úO��� � ÿ,�!�rþû ^ ���À�G���®� P û�[  M � ÿ"üE�  ÿ5�*
 � ÿ�þ  �|ÿH] ��C û[ú  
��zú9û|ý��5
Rÿ�K þWû|úHú ü  [GMcþzû �r1� ÿ��  
��zú��  Uÿ�K þWû[ú�û�� CE� üÌýcþzÿ��a�WúO��
;� ?i j2ü��ow
Φ � úÀû F ÿ�þ�úO�rÿWý ��D þ��#û[þWû C ý��zúO�a�'üÌý�þ ��^ �!�|ür�Rü��  U ?q¡ � GP�D �  ý � ÿJ� ��P ÿ�ü��  ú ¢�=ÿ�K  �!��� Φ D �=ÿ�ú�û[þWû C ý��zú	���ªüÌý�þ D �(ú ür�,�|û(� �n� ���  �V
 C wOþ\�ow�þB[sý�þWû(�HY�þ\�rû � �!M C wOþ.ü��  U ?

� 
���ÿªý�� �H^ �=ÿ�ú � úÀûRû[þWû C ý��WúO�a�'üÌý�þ �H^ �G�rü�� g : U → C
� D �  úÀûqY0ü���ÿUû[þ (f,D) ∈ Φ A �5
���ÿ

g = f
ü��  D ?�� � C û�[(�~� Φ

�|û P�_^ K � ÿ���û[ú�� C � ^ w&�Uû(�*
 � KÀû � 
�þ  û[þWû C ý��zúO�a��üÌý�þ ��^ �G�|ür� ?
y\z öa{�|sòO}�v ø í dOf�xWi

z ∈ U Ö xs�sxsT.{s�^X|qv�jTW]g�W�v\�fj{[�v\|q~xv�[fY] \[k^��f�x~_r] �jTW� _ (fz, Dz) ∈ Φxv��x~_r] _���f�xvT
z ∈ Dz

bO���px~_|{cw|T
g(z) = fz(z)

b
©�qv���rTz]J�v\QuvTz��Óv_[{[w|T"�sx�]4�

g
TW� �v\r]Ìk�\cZ|X_|qs] fgw|�W���^b��"��Z|\|u�t Ö \|� (f∗, D∗) ∈ Φ

k�\r]
z ∈ D∗ Ö �rqvT��rTz]��v\ÜuvTz��Óv_[{[w|TR�sx�] fz(z) = f∗(z)

bÙ�.V?_[¡
(fz, Dz), (f

∗, D∗) ∈ Φ Ö x~_
(f∗, D∗)

Tz� �v\^]Ì\|�v\[Z[{sx�] krt'fj{c�s���g] f���x~_[{
(fz, Dz)

b�dOVY�rfj_[�
z ∈ Dz ∩D∗ Ö {��rXrqv��Tz]�wr]�\k^\rwc�|¡�Z[�

γ
f^x~_

U
Î f�x��[�.�^qv\chgw|\[xs] k��sxv�sx~\ Ö w|]�\ª�r_sZ[{�hji0�s] k^t�hgqv\rw|wct Ò w|T�\|qv�^t¢k^\r]rxs�pZ|_|�

ïT¤



x~_
z Ö xs�px~_^]�\��0f�xsT.x~_ (f∗, D∗)

�v\RTz� �v\^]?\|�v\[Zc{�x�] krt�fj{c�s���g] f���x~_[{
(fz, Dz)

k�\cxsXRw[t�k^_|�
x��c�

γ
b¨�£�^�°{��r�c��T�fj� Ö � γ Tz� �v\r]0_|w|_sx~_[�^] krt¨w|Tyxv�c� Î Tpk�Vg{�Zr] fjw|�W��� Ò k�\|wc�|¡�Z[� γ0 = z

b
��VY_[¡¨x~_

(fz, Dz)
Tz� �v\r]Ofj{[�v���g] fj�¨xz_|{

(fz, Dz)
k^\[xvXÇw[t�k�_[�'xv�c�

γ0 Ö �W��_|{[w|TR\[�r�Ýx~_��T��0q��[w|\A�jb } ¦A�sx�]
fz = f∗

f�x~_
Dz ∩D∗ Ö ] u�] \^� xsT�qs\ fz(z) = f∗(z)

b2��VY_|¡
fz = g

f�xz_
Dz Ö k^\^]�x~_ z TW� �v\r]Y\[{s��\r��qvT�x~_ Ö ���rT�x~\^]g�sx�]j� g Tz� �s\r]g\r�v\cZ[{�x�] krt�fÌ¥�_vZ|�[k|Z[�[qv_�x~_ U b �

ïp«





S�d=¬��.�O�£
��l

ö � �h����æ=�����M�O�������y "!n�¢� �#	�� �Q!y����L��£����2±��

�Ox~_#k^TWVYX[Z|\r] _\|{sxs�QTWÓvT�xsX|Ôv_|{cw|T¢x~_#hYqv\|w|wr] k^�Q���0qv_
A(U)

�sZ[i0��xzi0��\|�v\[Z[{�xs] k^�0�
f�{[�v\rq~xvtcfgT�i0��fÌ¥��W�v\Q\r�v_r] �rxs�fj¡[�v_vZ|_

U
b�d=] fjX[hg_|{cw|T"wr]�\w[T�xsqs] krt

d
f^x~_

A(U)
w|T�xv�[�

]�us]��sxv�sx~\��xs]J�afj¡shjk|Zr] fj�#i0�"�^qv_[�yxv�[�
d
Tz� �v\^]4�Q_|w|_r]��rw|_|qvVg�Qfj¡�h�k|Zr] fj�'�^X|��i�f^x~\fj{sÞ

wc�r\chgtÜ{��r_rfj¡c�v_sZ|\Çx~_[{
U
b�©�qv_|fgus] _|qs��Ôv_|{[w|T'x~\Ùfj{[wc�r\chgtÜ{��r_rfj¡c�v_sZ|\Çx~_|{

A(U)
k^\^]

\c�^_|uvTz] k^��¡[_|{[w[T.us]�X|VY_rqv\A] fj��{cqvXA\c�r_�xvT�Z|�Wfjw|\[x~\�fg��T�xs] k�X�w|T.f�¡�hjk|Zr] fj�"\ck�_sZ[_|{s��] ����\|�v\cÞ
Z[{�xs] k^�0�Rfj{[�v\|q~xvt[fjT�i0�|bR����Z|_[��\c�r_ruvTz] k^��¡[_[{[w|Tªx~_¨��T��0q��[w|\¨�=¡[w[w|_rqvVg�c���£�rTz] k^�c�s] fj�c�
x~_[{

Riemann Ö x��[�U_|w|_�xz_[�^] krt"��k�uv_|fj��x~_|{y��T�i0q�t[w|\cx~_|�£x~_[{ Cauchy Ö x~_���T���q��[w[\y©�\�Þqv\chY_c�~x~_c�r_^� �[fj�c�Axz_|{
Weierstraß Ö k�\r]9wr]�\¨fgTW]�qvX³\c�r�¨\[�r_sxsT�Z|��fgw|\cx~\°�rqv_rfj��hjhY] fj�c�Ak^\^]�r\rqvT�w�or_sZ[tc��b

´jµh¥R¾Hê@Ê.½^Ä4¾
A(U)

¿4·4¾
C(U)

í d�f�xzi
U ⊂ C \|�v_^] �rxs�jbO�={[w�or_sZr��Ôv_[{[w|T�w[T A(U)

x~_Afj¡[�v_sZ|_A�sZ[i0�Uxzi0�ª\|�v\[Zc{�x�] kr���
f�{[�v\rq~xvtcfgT�i0��f^x~_

U
k^\r]^w|T

C(U)
x~_"f�¡[�v_sZ|_ª�sZ[i0�.xzi0��fj{[�vTW�^�0��fj{[�v\|q�x�t[fgT�i0��f�x~_

U
b

����x~_[{[w|T

Kn = {z ∈ C : |z| ≤ n k�\r] |z − w| ≥ 1/n
h?] \��sZ|\yx~\

w ∈ C \ U}.
���sxsT.�

Kn
Tz� �v\^]Ywr]�\�\[¡[Óv_|{cfg\R\ck�_vZ|_|{s����\Rfj{[w��^\chj���¢{��r_rf�{[�v�sZ[i0��x~_[{

U
�A����i�f��yxv�c�

_c�^_r��\[�UTz� �v\^]�xz_
U
b0d0�^] �[Z|�W_c� Ö \r� K TW� �v\r]g�W�v\Af�{[wc�r\[hg����{��r_|fj¡[�v_sZ|_yxz_|{

U Ö xs�sxsT�x~_ K�W��Tz]���T�xs] k^t#d�{�k|Z|Tz��uvTz]�\\c�^�|f�xz\rfj�a\[�r�ax~_
C \ U k^\^]JT��^_|w|�W��i9�

K ⊂ Kn
hY]�\\rq~k^T�xvX

w|TphYXcZ|_
n
b

�H]�\
f, g ∈ C(U) Ö _|q�� Ôs_[{[w|T

d(f, g) =
∞∑

n=1

1

2n
‖f − g‖Kn

1 + ‖f − g‖Kn
,

�c�^_[{ ‖h‖Kn = sup{|h(z)| : z ∈ Kn}
b£§a�^_|qvTz��T�¡�k�_vZ|\Rk^\|�sTW� �"�v\'uvTz��ÓvTz]?�sx�]?�

d
_|qs��ÔvTz]

wr]�\Aw|T�xsqs] krt�f�x~_
C(U) Ö X|qv\�k^\^]gf�x~_ A(U)

b
�\|� jñ�vÌõ�u lrb÷`cøBi j(ü��;w

fj , f ∈ C(U) A j = 1, 2, . . . ?�� 
5��ÿ d(fj , f)→ 0
û[þJ�|û|ú � 
�þ û[þ

fj → f ��� ú6
 ��_^ ]YûAü�ÿB� ��P ÿ.üÌý � �sû F7D �ªý��  ü�Mcþ RCE �  ý U ?
y\z öa{�|sòO}�v ø í dOf�xWi �sx�]

d(fj , f) → 0
b ���sxsT ‖fj − f‖Kn → 0

k�\��?�9�
j → ∞hY]�\#k�X���T

n
by���

K
Tz� �v\r]J�W�v\f�{[wc�r\[hg���y{��r_rf�¡[�v_sZ|_#x~_[{

U Ö xs�sxsT¢x~_ K �rTWqs]��W��T�x~\r]JfgT
k^X[�r_r] _

Kn
k�\r]4T��r_rw|���vi9� ‖fj − f‖K ≤ ‖fj − f‖Kn → 0

b í ��qv\
fj → f

_|w|_r]��rw|_|qvVY\
f^x~_

K
b����~x�� f^xsqv_|V?\ Ö ��f�xziD�sxs] fj → f

_rw|_r]��|w|_rqvVY\#f^x~\#f�{[wc�^\chjt�{��r_rf�¡[�v_sZ|\�x~_|{
U
b

�yTWuv_|w|�W�v_[{
ε > 0 Ö T��^] Z|��hg_|{[w[T N xs��x~_r] _A��f^xsT

∞∑

n=N+1

2−n <
ε

2
.

ï�ç



�Ox���fj{[�v�W��Tz]�\�Tp��] Z|�phY_[{[w|T
j0
xv��x~_^] _A�0f�xvT£h?]�\�k^X���T

j ≥ j0
‖fj − f‖Kn

1 + ‖fj − f‖Kn
<
ε

2
, n = 1, . . . , N.

���sxsT
d(fj , f) < ε

hY]�\�k^Xc�?T
j ≥ j0

b �
��_¢Tp��] ��Tz��q��[w|\�f�x��[���rqv_[��hg_|¡[w|TW����\[�r�ruvTW]�Ó��UuvTz� ���sTW][��xs][\r���

fj
Tz� �v\r]|wr] \¢\ck�_vZ|_|{s����\

Cauchy
f^x~_c�

(C(U), d)
xs�sxsT��

fj
Tz� �v\^]�_rw|_r]��rw[_rqvVY\

Cauchy
f�x~\�fj{[w��^\chjt"{s�^_|fj¡[�v_vZ|\

x~_[{
U
b

�\|� jñ�vÌõ�u lrb } ø µ �ZY ^r � (C(U), d)
ÿ�K þzû[ú#� C � ^ ��� A �|û|ú<�  A(U) D þWû~� C ÿ�ú ü���
Rý��  ¢ü7Mcþ _C 
,�  ý ? j�� ���D þHw&�  (A(U), d)

ÿTK÷þWû[ú�� C � ^ ��� ?y\z öa{�|sòO}�v ø í dOf�xWi
fj
wr]�\Ù\ck�_vZ|_|{s����\

Cauchy
f�xz_c�

(C(U), d)
b ���sxsT'hY]�\Ãk^X���T

z ∈ U �
fj(z)

Tz� �v\r]Hwr]�\°\ck�_vZ|_|{s����\
Cauchy

f�x~_
C
b'd9�^_|w|�W��i9�A{s�^X|qv�jTW]

f : U → Cxv��x~_r]�\Ù�0f�xvT
fj(z) → f(z)

hY]�\Çk�X���T
z ∈ U

b ���
K
Tz� �v\r](_[�r_r] _|u�t��r_sxsTQf�{[wc�^\chg���

{��r_|fj¡[�v_sZ|_Üx~_[{
U
k^\^]

ε > 0 Ö xv��xvT'h?]�\Ük^X[�r_r] _ j0 �W��_|{[w|T |fi(z) − fj(z)| ≤ ε
hY]�\

k^Xc�?T
z ∈ K Ö \|� i, j ≥ j0

by�Oxz\c�?TWqv_[�r_r] ���~x~\[�"xz_
i
k^\^]4\|Vgt[�v_[�~xz\|�

j → ∞ �^\r��qv�v_|{[w[T
|fi(z) − f(z)| ≤ ε

hY]�\'k�X���T
z ∈ K Ö \|� j ≥ j0

b"d9�^_|w|�W��i9�
fj → f

_|w|_r]��rw|_|qvVY\Qf�xz_
K
b9©�\r��qv�v_c�~x~\|��xz_

K
�v\"Tz� �v\^]r�W�v\[��xv{[���c�~x~\[��k|Z|Tz] f�xs�[�.us� f�k^_|� Ö orqs� f�k^_|{[w[T(��xs]r� f Tz� �v\^]f�{[�vTW��t��.f�xz_

U
b í d0xsfg]r_

C(U)
Tz� �v\r]|�[Z[t[q��c��b@��_"�sx�][x~_

A(U)
Tz� �v\r]|k|Z|Tz] f�xv�ª{��^_|fj¡[�v_vZ|_

x~_[{
C(U)

���rT�xz\^]g\[�r��xv�c�¢©.qs�sx~\|fj� } b `~¦�b �
���

fn ∈ A(U)
k^\r]

fn → f
_rw|_r]��rw[_rqvVY\¨f�x~\¨f�{[wc�r\[hjtQ{��r_rfj¡c�v_sZ|\x~_[{

U Ö xs�sxsT
f ∈ A(U)

b0��\ªTWÓvT�xvXrfg_[{[w|T=x���qv\�x�] ��]�us]��sx���xsT��(xv���
f
k^X[xziÝ\[�r�"T��^] �[Z|�W_c�£�rqv_�÷��r_����WfgTW] �

hY]�\�xs] �
fn
b

�\|� jñ�vÌõ�u lrb � Î�d�ÄW©R»cÊ�½[å�Å4·²ÆcÄ�È
Hurwitz

Ò ø�i j2ü��ow
fn, f ∈ A(U) A fn d→ f ?

¡ � GP�D �  ý � ÿV
5�zú D(z0, r) ⊂ U
�|û|ú�
5�WúE�

f
[vÿ�þ � �a[vÿ�þGK � ÿ���û[ú�üE�  {z : |z− z0| = r} ?�� 
���ÿý�� �H^ �=ÿ�ú D þWû�� P ÿH�zúO��
!�yû�� Dl^ û[ú  � N � D �  ú  �LY0ü���ÿ F úÀûI� ��P ÿ n ≥ N AZ ú fn �|û|ú f D �  ý�þ�  þnK6[�ú  û ^ ú P(� 
 ^ ú � YOþ¢ü��  D(z0, r) ?y\z öa{�|sòO}�v ø í dOf�xWi

ε = min{|f(z)| : |z − z0| = r} b9���sxsT£h?]�\A\rq~k^T�xsX�w|TphYXcZ|_ n Ö
|f(z)− fn(z)| < ε ≤ |f(z)|,hg\^] |z − z0| = r

b0��_�f�{[wc�r�Wqv\rfjw|\����rT�xz\^]�xv�0qv\�\[�r��xz_R��T���q��[w|\yx~_|{
Rouche

b �
�\|� jñ�vÌõ�u lrb �jøni j(üE�ow

fn, f ∈ A(U) A fn d→ f ?#@ þ,�  U ÿ�K þWû|úgüÌýcþWÿH�a�WúO��
n�|û|ú  ú fn[vÿ�þ � ��[vÿ�þ!K �o þ(��û|úJü��  U A ��
5��ÿªÿ�K ��ÿ,� f [vÿ�þ � �a[vÿ�þGK � ÿ���û[ú A ÿ�K ��ÿ>� f ÿ�K þWû|ú#��û|ý��  �zúO� � K ür�
� ÿ 0 ?y\z öa{�|sòO}�v ø í dOf�xWi ��xs]

f(z0) = 0
k�\r]Y��xs]Y�

f
uvTW�"TW� �v\r]gx~\[{�x~_sx�] k^X#� fj�Aw|T

0
b=����xvT Ö\c�^�yxv�[��©�qv��xz\rf�� } b÷` � {��rX|qv�jTW]Y�W�v\[��krZ[Tz] f�xs�[��us� f�k^_|�

D(z0, r) ⊂ U
xv��x~_r] _|�U�0f�xsT.�

fuvTW�ªw[�cusT��s��ÔvT�x~\r]Yf�x~_ {z : |z − z0| = r} bO�£�r�Axz_'��T���q��[w[\Ax~_[{ Hurwitz
���rT�x~\r]?�sx�]jhY]�\

w|TphYXcZ|\
n
�
fn
�rqv���^TW]g�v\��W��Tz]gqs��Ôv\�f�x~_

D(z0, r)
b �

�\|� jñ�vÌõ�u lrb�lrø,i j(ü��ow
fn, f ∈ A(U) A fn d→ f ?x@ þ>�  U ÿTK÷þWû[ú�üÌý�þzÿH���zúO��
,�rû[ú2
 C ÿ;�

 ú fn ÿ�K þWû|úrÃG¢_Ã A �5
���ÿ�ÿ�K ��ÿJ� f ÿTK÷þWû[ú2ÃG¢_Ã A ÿTK ��ÿ�� f ÿ�K þWû[ú?ü���û P ÿ ^ �Aü��  U ?y\z öa{�|sòO}�v ø í dOf�xWi
z0 ∈ U Ö k�\r]0�?��x~_[{[w|T gn(z) = fn(z) − fn(z0)

b ����xvT
gn ∈

A(U \ {z0}) Ö gn → f − f(z0)
_|w|_^]��|w|_|qsVY\³f^x~\³fj{[w��^\chgt{��r_|fj¡[�v_sZ[\°x~_[{

U \ {z0}
b

d0�^] �[Z|�W_c� Ö x~_ U \ {z0}
Tz� �v\^]�fj{[�vTpkrx�] k��jb��(�0qs\ Ö _^] gn uvTW�yw[�cusT��s��Ôv_[�~xz\^]�f�x~_ U \ {z0} ÖT��r_|w|�W��i9�U\[�r�yx~_���T��0q��[w|\�lrb � Ö � f − f(z0)

Tz� xsT.uvTW�¢w[�[uvT���� ÔsTpx~\^] Ö TW� xvT�Tz� �v\r]�x~\[{�x~_sx�] k^X� fj��w|T�wc�[uv�W�¢f�x~_
U \ {z0}

b0��VY_[¡"x~_
z0
t�x~\|��x�{[�j�c� Ö x~_Afj{[wc�r�Wqv\rfjw|\��p�^T�xz\^]÷b �
ïpï



��\��^qv_|fgus] _|qs� fg_|{[w[T.x���qv\�xz\�fj{[wc�r\chgty{s�^_|fj¡[�v_vZ|\�x~_[{
A(U)

b
ð�ñsòôó|õ�ö�ó lrb÷`cøqi j�þWûü�Mcþ RCE F ⊂ C(U) CED5F ÿ���û[ú�/��#/�8°m��#/H'2�9�¨��'2�a�E�3:�`�/û[þ F úÀû� ��P ÿ.üÌý � �sû F7D � K ⊂ U A

sup{‖f‖K : f ∈ F} <∞,[(� C û�[(� A< úgüÌý�þWû ^ �!�|ü�ÿ�ú �.ü��  F ÿ�K÷þWû[ú ��� ú6
 �r_^ ]Yûq] ^ û F(��D þzÿo�.ü�ÿ�� ��P ÿ£ü�ý � �sû F7D ��ý��  ü7M*¢þ RCE �  ý U ?
�\|� jñ�vÌõ�u lrb � ø�i j2ü��ow F D þWû ��� ú6
 ��_^ ]Yû�] ^ û F���D þ  ý��  ü�Mcþ _CE �  ý A(U) ?�� 
���ÿ�  F ÿTK÷þWû[ú�8�0�/�0�k7`(%l)n:�=�ü�ÿV� ��P ÿ2ür� � ÿ�K  z0 ∈ U A [(� C û�[(� F úÀû,� ��P ÿ ε > 0 A ý�� �H^ �=ÿ�ú δ > 0� D �  ú  Y�üE��ÿ�ûcþ z ∈ U �|û|ú |z − z0| < δ A �5
���ÿ |f(z)− f(z0)| < ε F úÉû1� ��P ÿ f ∈ F ?
y\z öa{�|sòO}�v ø í dOf�xWi

D(z0, r) ⊂ U
b'�.�

z ∈ D(z0, r/2)
k�\r]

f ∈ F Ö xv��xvTy\[�r�ax~_c�_vZ|_[k|Z[�[q�i@x�] k^��xv¡��r_�x~_[{
Cauchy Ö w[T Γ = {z : |z − z0| = r} Ö �W��_|{[w|T

f(z)− f(z0) =
1

2πi

∫

Γ

f(w)

[
1

w − z −
1

w − z0

]
dw

=
1

2πi
(z − z0)

∫

Γ

f(w)

(w − z)(w − z0)
dw.

����x~_[{[w|T
M = sup{‖f‖Γ : f ∈ F} b0����xvT

|f(z)− f(z0)| ≤ 1

2π
|z − z0|M

1

(r2/2)
2πr

k^\^]�x~_Afj{[wc�r�Wqv\rfjw|\����rT�xz\^]÷b �
�\|� jñ�vÌõ�u lrbÉ�|øLi j(üE�ow

F ⊂ C(U)
ú ü  üÌýcþzÿ�� D ��ü�ÿ\� ��P ÿ.ür� � ÿ�K  �  ý U ?&@ þ fn ∈ F�|û|ú

fn → f
�|û(� � ür� � ÿ�K  ��[(� C û�[(� fn(z) → f(z) F úÀû.� ��P ÿ z ∈ U � A ��
5��ÿ f ∈ C(U)�|û|ú

fn
d→ f ?�@ þ>� fn(z)

üÌý F � C K þzÿ�ú � 
vþ �F úÀû z ü&ª D þWûh�[ý���þ*
�ý��  ü�Mcþ RCE �  ý U A �5
���ÿ��
fn(z)

ü�ý F � C K þzÿ�ú F úÀû®� ��P ÿ z ∈ U A �|û[úHû(�*
1��û��sû ^ û�� � þHw A �  
 ^ ú  f û[þ����rÿ�úJüE�  C(U) A�|û|ú
fn

d→ f ?
y\z öa{�|sòO}�v ø í dOf�xWi

ε > 0
b9�£�^�A] fg_|fj{[�v���jTz] \ Ö h?] \yk�X���T z ∈ U {��rXrqv��Tz]j���v\|��u�� f^k�_[�

D(z) ⊂ U
w|T¢k��W�~xvqv_Qx~_

z
xs��x~_r] _|�A�0f�xvTy\r�

z′ ∈ D(z)
xs�sxsT |fn(z′) − fn(z)| ≤ ε/3hY]�\°k^Xc��T

n
b³©�\r��qv�v_c�~x~\|�'�|qs]�\°k^\c�?�9�

n → ∞ �W�j_[{[w|T |f(z′) − f(z)| ≤ ε/3
b³�.{�xv�

\c�^_|uvTz] k^��¡[Tz]�xv�.fj{[�v�W��Tz]�\£xv�c�
f
b í d�f�xziax���qv\

K ⊂ U fj{[wc�r\chY����bH���sxvT K ⊂ ⋃mj=1 D(zj)hY]�\Rk^X[�r_^]�\
z1, . . . , zm

b�d9��] Z[��hg_|{[w|T
n0
xv��x~_r] _#�0f�xvT |f(zj) − fn(zj)| ≤ ε/3

hY]�\Rk^Xc��T
n ≥ n0

k^\^]�h?]�\yk�X���T
j
b0���

z ∈ K xv��xvT.xz_
z
\r��tsk�Tz]gfgT£k^X[�r_^] _

D(zj)
b0�£ZcZ|X

|f(z)− fn(z)| ≤ |f(z)− f(zj)|+ |f(zj)− fn(zj)|+ |fn(zj)− fn(z)|.
�£�r�Ýx��Üfj{c�s���jTW]�\Üx��c�

f
k�\r]�x��[�¨] fg_|fj{[�v�W��Tz]�\Ýxzi0�

fn Ö _Ý�rq��@x~_|�#k^\^]O_Üxvqs� x~_|�Q�|qv_|�f^x~_ÛuvTWÓs]�XÙw|��Z[_|�Qxv�c�a�^\|qv\[�rX|��i \|�s] fg�sxv��xz\|�°Tz� �v\^]=x~_Ç�r_sZ[¡
ε/3

Î hY]�\Ù�sZ|\Çx~\
n
Ò b+�

uvT�¡�xvTWqv_[�O�rqv_[� Ö \c�^�£k^\[xvX�fj�[w|Tz� _�f�¡�hjk|Zr] fj� Ö TW� �v\r]swr] k^qv�sxsTWqv_[��t�� fj_|�O\c�^� ε/3 hY]�\ n ≥ n0
b

d0�r_|w|�W��i9� Ö \|� n ≥ n0
xv��xvT |f(z)− fn(z)| ≤ ε h?]�\yk�X���T z ∈ K b����Z|_[� Ö \[�a{��r_����Wfg_[{[w|TR��xs]�� fn(z)

f�{�hjk|Zr� �vTz]0hY]�\Ýk^Xc�?T
z ∈ S Ö �c�^_[{ S �|{�k^�v�

{��r_|fj¡[�v_sZ|_Üx~_[{
U
b í d�f�xzi

z ∈ U
bn�.VY_|¡Ýxz_

S
Tz� �v\r]O�|{�k��v� Ö wc�r_rqv_[¡[w|Ta�v\Ýorqv_|¡cw|T

w ∈ S ∩D(z)
b0�(�0qv\

|fm(z)− fn(z)| ≤ |fm(z)− fm(w)|+ |fm(w)− fn(w)|+ |fn(w)− fn(z)|
≤ ε

3
+ |fm(w)− fn(w)|+ ε

3
≤ ε,

ï e



hY]�\
n,m

\rq~k^T�xsXw|T�hgXcZ|\gb��"��Z|\|u�t#�
fn
Tz� �v\r]4k^\[xvXfj�[w|Tz� _

Cauchy
k�\r]Hf�{[�vT��|�0��fj{sÞ

h�krZ|� �vTz]�k^\[xvXf��[w|Tz� _Qf�¥�_sZ|�ck|Z[�[qv_#x~_
U
b"��_afj{[wc�r�Wqv\|fgw|\Q�p�^T�xz\^]4\[�r�#x~_#�rq��@x~_Qw|��qv_|�

x��c��\c�r�ruvTz]�Ó��c��b �
�\|� jñ�vÌõ�u lrb�� Î�d�ÄÊ©R»cÊ.½[åÌÅ4·

Montel
Ò ø~i j(ü��ow

F D þWû ��r ú6
 ��_^ ]YûÖ] ^ û F(��D þ ý��  ü�Mcþ RCE �  ý A(U)
�|û|ú

fn � úÀûAû�� RCE ý P KÀûyü��  F ?�� 
5��ÿ\� fn D �=ÿ�ú � úÀû'ý��sû�� RCE ý P KÉûU� �  KÀû�üÌý F � C K þzÿ�ú H�� ú6
 ��_^ ]YûAü���ûAü�ý � �sû F �#ý��  ü7Mcþ _C ûU�  ý U ?
y\z öa{�|sòO}�v ø í dOf�xWi {z1, z2, . . . }

�W�v\R\|qs] �?w[t[fY]�w[_Ak^\^]j�|{�k��v�A{��^_|fj¡[�v_vZ|_Ax~_[{
U
b=��Þ

VY_[¡¨x~_
F
Tz� �v\r]O_rw[_^]��|w|_rqvVY\ÜVYqv\[hgw|�W�v_ Ö {��rX|qv�jTW]Owr]�\Üf�x~\���TWqvX M1 > 0

xs��xz_^]�\Ü�0f�xvT
|f(z1)| ≤ M1

hY]�\Ýk^Xc�?T
f ∈ F

bÛd0�r_rw|�W��i9�awc�r_rqv_[¡[w|TR�s\¨orqv_[¡[w|T'wr]�\Ý{��r\ck�_vZ|_|{s����\
{f1,n}

x��c� {fn} xv��x~_r]�\A��f^xsT f1,n(z1)→ w1
h?] \�k�Xc�^_r] _

w1 ∈ C
b0§T£xv�c�"��us]�\yZ|_shY] krt Öwc�r_|qv_|¡[w|T¢�v\Rorqv_|¡[w|T¢wr]�\#{��r\[k^_sZ|_[{s�Ì��\ {f2,n}

x��c� {f1,n}
xs��xz_^]�\#�0f�xsT

f2n → w2
hY]�\

k^X[�r_r] _
w2
b0�={c�sT��g��Ôv_c�~x~\[�2w�¥�\|{�xv�c�2xz_[�=xsqv�c�r_ Ö orqs� f�k^_|{[w|T Ö hY]�\�k^Xc�?T k Ö wr] \�{��r\ck�_sZ[_|{s����\

{fk,n}
xv�c� {fk−1,n}

xv��x~_r]�\A��f^xsT
fk,n(zk)→ wk

k�\��?�9�
n→∞ b����x~_[{[w|T

gn(z) = fn,n(z) Ö n = 1, 2, . . .
b=���sxsT.hY]�\Ak�X���T

k Ö � {gk, gk+1, . . . }
Tz� �v\^]

wr]�\�{��r\[k^_sZ|_[{s�Ì��\�xv�c� {fk,n} Ö T��r_|w|�W��i9� gn(zk)→ wk
b@���^�.x~_���T���q��[w|\Ulrb �^Ö x~_ F Tz� �s\r]] fg_|fj{[�vT��j����fjT(k�X���T.f��[w|Tz� _"x~_[{

U
b0�£�r�"xz_���T��0q��[w|\AlrbÉ� Ö � gn fj{�h�k|Zr� �vTW]j_|w|_^]��|w|_|qvVY\f^x~\�fj{[wc�r\chgt"{��^_|fj¡[�v_vZ|\�x~_[{

U
b �

�\|� jñ�vÌõ�u lrb�¤ ÎløQ½j¾ Æ[Á�½j¾�Ä�Ø@ÈgÅÌÐ�Ú?º@»[¾ ·�ã|Ò øUi j(ü��ow
F ⊂ A(U) ?W� 
5��ÿh�  F ÿ�K þWû|ú

ü�ý � �sû F7D �Uû[þL�|û|ú � 
�þ  û[þªÿ�K þzû[úr� C ÿ�ú ü��5
n�|û|ú ��r ú6
 ��_^ ]Yû1] ^ û F(��D þ *?
y\z öa{�|sòO}�v ø��.�

fn
TW� �v\r]gwr]�\�\[k^_sZ|_[{s�Ì��\AfÌ¥��W�v\yk|Z|Tz] f�xv��k^\^]j_rw|_r]��rw[_rqvVY\AVYqs\chgw|�W�v_ Öxv��xvT£\c�^�ªx~_���T��0q��[w|\

Montel Ö {��rXrqv��Tz]^wr]�\y{s�^\ck�_vZ|_|{s����\"�"_c�^_r��\�f�{�hjk|Zr� �vTz]�fgT2k�Xc�r_^] _
f ∈ A(U)

_|w|_^]��|w|_|qvV?\af^x~\afj{[w��^\chjt'{s�^_|fj¡[�v_vZ|\'x~_[{
U
Î u���Z[\ru�tRi9�ª�rqv_|�¢xv�'w|T�xsqs] krt

d
Ò b��.VY_|¡yx~_

F
Tz� �v\r]Yk|Z|Tz] f�xv� Ö �W��_[{[w|TU�sx�] f ∈ F b(d0�r_|w|�W��i0�Uxz_ F Tz� �v\r]�\ck�_vZ|_|{v�Ì]�\[k^X

f�{[wc�^\chg��� Ö X|qv\�fj{[wc�r\[hg����b���~xs� f^xsqv_|V?\ Ö �Wf^xzi��sxs]@x~_
F
TW� �v\r]0fj{[w��^\chg����bÝ���sxsTATz� �v\^]@k|Z|Tz] f�xv� Ö X|qv\Ýw|���vTz]0�v\uvTz��Óv_[{[w|T#�sxs]2Tz� �v\r]2_|w|_r]��rw|_|qvVY\ÃVYqv\[hgw|�W�v_jb �Ox~\���TWqv_c�^_r] _|¡cw|Ta���v\

K ⊂ U
fj{[wc�r\[hg���

k^\^]Y�^\|qv\cxv�[qv_[¡[w|T¢�sxs]��R\[�rTz] k^�c��] f��
f 7→ ‖f‖K

Tz� �v\^]Ìf�{[�vTW�^tc� Î fg\r�y\[�rTz] k^�c�s] fj�'\c�^�Rx~_
(C(U), d)

f�x~_
R Ò bÃ©�qvXchYw|\cx�] Ö \|� d(fn, f) → 0

xv��xvT
fn → f

_|w|_r]��rw|_|qvVY\Üf^x~_
K ÖT��r_|w|�W��i9�

∣∣∣‖fn‖K − ‖f‖K
∣∣∣ ≤ ‖fn − f‖K → 0.

��VY_[¡"x~_
F
Tz� �v\r]Yf�{[wc�r\[hg��� Ö ��Tz] k^�[�v\ {‖f‖K : f ∈ F} Tz� �v\r]gfj{[wc�r\[hg����{��r_rf�¡[�v_sZ|_�x~_[{

R
X|qv\�VYqv\[hgw|�W�v_jb0d0�r_rw|�W��i9�

sup{‖f‖K : f ∈ F} <∞ b �
d0�^] ��Tz]�q�t[w|\cx~\³fj{[wc�rXchYTW]�\|�'T�w|VY\r�s��Ôv_c�~x~\r]0w|TAVg{[fY] _vZ|_shY] k��°xvqv�[�r_³fgTAus]�XrVY_|qv\°�^qv_�Þ

o[Z[tcw|\[x~\Aw|T�hY] f�x~_c�^_r� �[fj�c��b0��_A\[k^�sZ|_[{s��_�\[�r_sxs�pZ|TWfgw|\�TW� �v\r]Y���v\�xv{��^] k��y�r\rqvX|uvTz] hYw[\gb
�\|� jñ�vÌõ�u lrb÷`~¦�ø,i j(ü��ow

F � �®�|ÿ�þ*
yü�ý � �sû F7D �yý��  ü�M�þ _C� �  ý A(U) ?�@ þ z0 ∈ U A��
5��ÿ�ý�� ��^ �=ÿ�ú g ∈ F � D �  úÀû�Y�üE��ÿ |g′(z0)| ≥ |f ′(z0)| F úÀû1� ��P ÿ f ∈ F ?
y\z öa{�|sòO}�v ø�mD\c�rTz] k��c�s] fj�

f 7→ |f ′(z0)| Tz� �v\r]rf�{[�vTW��t��£\c�^��x~_ F f^x~_
R
b@d0�r_rw|����i0�

x~_ {|f ′(z0)| : f ∈ F} Tz� �s\r]gfj{[wc�r\[hg��� Ö X|qv\��rTWqs]��W��Tz]�x~_ supremum
x~_|{�b �

�Oxv�c�ªT��r�|w|TW����TW�v�sxv��xz\y��\���qvTz]�\|f�x~_[¡[w|T£x~_�\ck��sZ[_|{s�?_gÕ
�\|� jñ�vÌõ�u lrb÷`c`cøni j2ü��ow

U ⊂ C û[þ  ú ����
L�|û|úYüÌý�þzÿH���zúO��
 A b > 0 A z0 ∈ U ?�£�D �  ý � ÿ
F = {f ∈ A(U) :

�
f
ÿTK÷þWû[ú � úÀûUÃG¢_Ã"û��sÿ�úO��
�þ�ú ü��h�  ý U ü��  D(0, 1)

�rû[ú |f ′(z0)| ≥ b}.
� 
���ÿ\�  F ÿTK÷þWû[ú?ü�ý � �vû F7D � ?

ïo�



y\z öa{�|sòO}�v ø����^�¢x~_"k^qs] xvt[qs] _yfj{[w��^XchgTz]�\|� Ö \|q~k�Tz�^�v\yuvTz��Óv_[{[w|T£�sxs]rx~_ F Tz� �v\r]�_|w|_r]��cÞ
w|_|qvVY\ÇVYqs\chgw|�W�v_Ýk^\^]�k|Z|Tz] f�xv�gbD��_Ç�sx�]=Tz� �v\r]=_|w|_^]��|w|_|qvVY\ÃVYqv\chYw|���v_ÃTW� �v\r]��rqv_rVY\|�v����b
í d�f�xzi Z|_r] �r�[�

fn ∈ F Ö w|T fn d→ f
b"��\ausTW��Óv_|{[w|T¢�sx�]

f ∈ F b í ��w|TWfg\ Ö |f | ≤ 1
f�xz_

Uk^\^] |f ′(z0)| ≥ b Î X|qv\ª� f uvTW��Tz� �v\r]^f^x~\c�?TWq�t Ò b@�£�^��x~_"��T���q��[w|\¢���v_r] �^x�tc���£�^TW] k��c�s] fj�c��W��_[{[w|TR�sx�] |f | ≤ 1 ⇒ |f | < 1
bÙ�(�0qv\ Ö \[�r�³x~_Ç��T��0q��[w|\Çlrb�l Ö � f �rqv���rTz]��v\ÜTW� �v\r]`WÞp`cb �

S�Z|Tz� �v_|{[w|T�xv�[��T��v��x���x~\\[{�xvtaw�¥��W�v\Q\c�^_sxs�pZ|TWfgw|\Qfj¡[w|Vgi0�v\Qw|T¢x~_Q_[�r_r� _Q\r�Awr]�\_�Þ
w|_r]��rw[_rqvVY\'VYqv\chgw|�W����\ck�_vZ|_|{s����\'f�x~_

A(U)
fj{�h�k|Zr� �vTW]Yk^\cxsX'fj�[w[Tz� _'fÌ¥ �W�v\'fj¡c�v_sZ|_��r_[{

�W��Tz]gf��[w|Tz� _�fj{[fjfj�0qvT�{[fj�c�Uf�x~_
U Ö xs�sxsT�fj{shjk|Zr� �vTz]gi9���^qv_[��xv��w|T�xvqs] k^t"x~_[{ U b¸Z¹ õ�õNu lrb÷`cø�i j(üE�ow

fn � úÀû ��� ú6
 ��_^ ]?ûq] ^ û F(��D þ���û�� RCE ý P KÉû�ü��  A(U) ?�@ þL� fn[vÿ�þ"üÌý F � C K÷þWÿ�ú&�¶w3�,� ^r �L�G�^þ d � A ��
5��ÿ"ý�� �H^ �  ýcþ�[vý  ý��sû�� RCE ý P KÀÿo�,�  ýAüÌý F � C K þ  ý�þyü�ÿ[�úÀû�] _^ ÿ��zúO� � 
 ^ úÀû ?y\z öa{�|sòO}�v ø í dOf�xWi�sxs]v�
fn
uvTW�2f�{�hjk|Zr� �vTz]s_|w|_^]��|w|_|qvVY\�fgTHk�Xc�^_r] _�fj{[wc�r\[hg���Of�¡[�v_sZ|_

K
b¢���sxsT¢{��rX|qv�jTW]

ε > 0
xs�px~_^] _#��f^xsTUh?]�\'k^Xc�?T

n
{��^X|qv��Tz]

m ≥ n
w[T ‖fn − fm‖K ≥

ε
b d0�^] Z|��hg_|{cw|Taxv{[���c�~x~\Ã��T�xs] k�� \ck���qv\^] _

n1
b �Oxv�Ùf�{[�v�W��Tz]�\ T��^] Z|��hg_[{[w|T

m1 ≥ n1xv��x~_r] _Ã�0f�xvT ‖fn1
− fm1

‖K ≥ ε
bn§T�xsXÇ�r\r��qv�v_|{[w|T

n2 > m1
k^\^]

m2 ≥ n2
�0f�xvT

‖fn2
− fm2

‖K ≥ ε
b0©.qs_��^i�q��0�~x~\[�Uwj¥�\[{�xs�c��x~_c��xsqv�c�^_"k�\cx~\|f�k^T�{[XrÔv_[{[w|T£{��r\[k^_sZ|_[{s�Ì��T��

fnj
k�\r]

fmj
xs��x~_r]�T�����f^xsT ‖fnj − fmj‖K ≥ ε hY]�\�k^Xc�?T j b�£�r�#x~_Q��T��0q��[w|\

Montel Ö {��rXrqv��Tz]4wr]�\#{��^\ck�_vZ|_|{v�Ì��\ frj x��c� fnj k^\^]4wr]�\a{s�^\ck�_�ÞZ|_[{s�Ì��\
fsj

xv�c�
fmj

w|T ‖frj − fsj‖K ≥ ε Ö xs��x~_r]�T��R�0f�xsT frj d→ f
k�\r]

fsj
d→ g

h?]�\
k^X[�r_r]�T��

f, g ∈ A(U)
b9�£ZcZ|X�xv�sxsT

ε ≤ ‖f − g‖K Ö u���Z|\|u�t f 6= g
b ��\|� jñ�vÌõ�u lrb÷` } Îld¢ÄX©R»cÊ.½[åÌÅ4·

Vitali
Ò ø\i j(üE�ow

U
û[þ  ú ����
\�|û|ú�ü�ýcþzÿH���zú	��
 A fn � úÀû��� ú6
 ��_^ ]Yû.] ^ û F��2D þ��¨û�� _CE ý P KÀûüE�  A(U) ?½¡ � GP�D �  ý � ÿ>
��zú&� fn(z)

ü�ý F � C K þzÿ�ú F úÀû� ��P ÿ z ∈ S ⊂ U A 
(�  ý\�  S D �=ÿ�ú D þWû�ü�� � ÿ�K  üÌýcüjü7Y ^ ÿWýcür����ü��  U ?N� 
5��ÿx� fn üÌý F � C K þzÿ�ú��� ú6
 ��_^ ]YûAü���ûAü�ý � �vû F �aý��  ü�Mcþ RC ûU�  ý U ?y\z öa{�|sòO}�v ø í dOf�xWi �sx�]Y�
fn
uvTW�"f�{�hjk|Zr� �vTz]÷b(����xvTU\[�r��xz_R�Ot[w|w|\'lrb÷`¢wc�r_rqv_[¡[w|TU�v\

orqv_[¡[w|Tªu�{[_#{��r\[k^_sZ|_[{s�Ì��T���_r]J_c�r_^��T��yfj{�h�k|Zr� �s_[{[�AfgTªus]�\|V?_|qvT�xs] k�XQ�|qs]�\ Ö �Wf^xzi f
k�\r]

g
b

�£ZcZ[X¢_r]
f
k�\r]

g
�rqv���rTz][�v\¢Tz� �v\r]r� fgT��2�rXr��i¨f�x~_

S
X|qv\Uk�\r][fÌ¥�_sZ[�[k|Z[�[qv_Ux~_

U Ö Xcx~_c�^_jb �
è?µUd�Ä¨©R»cÊ.½|å�Å4·¨g¢ìYÅ4Å4Ä�½ × å�ãh�RÐ�»[¾À¿ÌÏYËj¾�Ø4å�ã'ÆcÄÌÈ Riemann

�.¥�\[{�xvt[��xv�[�UTW�v�sxv��x~\ Ö U ��\�Tz� �v\^]��W�v\�\r�v_r] �^xv� Ö f�{[�vT�krxs] k�� Ö hg��t[fY] _y{��r_rf�¡[�v_sZ|_"x~_[{
C
w|T�xv�[�ª] u�] ��x���x~\A�sx�]�k^Xc�?T�\r�v\cZ[{�x�] k^tyfj{[�vX|q�x��[fj�yf�x~_

U
��_c�r_^��\AuvTW�¢wc�[uvTW�s��ÔvT�x~\r]gf�xz_

U
���jTW]�\r�v\cZ[{�x�] krtAxsTpxsqv\[hji0�s] k^tRqs��Ôv\ Î u���Z|\|u�t�{��rXrqv��Tz]?\r�v\cZ[{�x�] krtRfj{[�vX|q~xv�[f��

g
f�x~_

Uxv��x~_r]�\a�0f�xsT
g2 = f

Ò by�Oxv�[�ATp�^�|w|TW���#T��v��x���x~\'�?\QuvTz��Óv_[{[w|Tª�sx�]Ì���r\rqv\c�^X|��i,fj{c�z�?t�kr�
Tz� �v\r]c] fg_ru�¡c�s\|w[��w|T@x~_���xs]vx~_

U
Tz� �v\^]�\c�|Z[XUf�{[�vT�krxs] k��jb0�Ok^_c�^�[�=w|\|�=Tz� �v\r]c�v\�\c�^_|uvTz��Óv_|{cw|T

x~_'��T��0q��[w|\Ax~_|{
Riemann

fj¡[w|Vgi0�v\Rw|T.x~_'_c�r_^� _ Ö {��rXrqv��Tz]?w|]�\R\r�v\cZ[{�x�] krt Ö `WÞp`Uk�\r]?T��^�f�{[�vXrq~xv�cfj��\c�Y¥ x~_
U
f�x~_Aus� f^k�_

D(0, 1)
b

¸Z¹ õ�õNu lrb } ø ¡ � �H^ �=ÿ�ú � úÀû�û[þWû C ý��zúO�a� A ÃG¢_ÃªüÌý�þ ��^ �!�|ür�Rû��*
L�  U ü��  D(0, 1) ?y\z öa{�|sòO}�v ø.�Oxz\c�?TWqv_[�r_^] _[¡[w|T
a /∈ U b��£�r�'{��r�c��T�fj� Ö {s�^X|qv�jTW]Ìwr]�\'fj{[�vX|q~xv�[fj� h ∈

A(U)
xs��x~_r]�\Ç�0f�xvT

h2(z) = z − a
b²m

h
Tz� �v\r]�k�\cx|¥�\|�vXchjkr�Û`WÞp`cb²�£�r�Ýx~_Ù��T��0q��[w|\

���v_r] �^x�tc�����^Tz] k��c�s] fj�c� Ö x~_ h(U)
�^T�q�] �W�jTW]?���v\r�"\|�v_r] �rxs�Rus� f^k�_

D(z0, r)
b=©.\rqv\cxv�[qv_[¡[w|T

�sx�]
0 /∈ D(z0, r) Ö us]��sxs]^us]�\rVY_|qvT�x�] k^X¢��\"Tz� ��\rw[T h(z) = 0

hY]�\¢k�Xc�^_r] _
z ∈ U k^\^]^�pxsfY]

z =
a Ö Xcx~_c�^_jb0�(�0qv\ h(U) ∩D(−z0, r) = ∅ hY]�\cx�� Ö us]�\rVY_|qvT�x�] k^X Ö \|� h(z) = w ∈ D(−z0, r) Ö�?\Qwc�^_|qv_|¡cfg\rw|Tª�v\'orqv_[¡[w|T

z′ ∈ U xv��x~_r] _Q�0f�xvT
h(z′) = −w ∈ D(z0, r)

b"�£ZcZ|X'xs�sxsT
h2(z) = h2(z′) Ö X|qs\ z = z′ Ö u���Z|\ru�t w = 0 Ö X[xz_[�r_jb

ïo�



í d9xsfY] Ö |h(z) + z0| ≥ r
hY]�\�k^Xc�?T

z ∈ U bO��qs��Ôv_|{[w[T

f(z) =
kr

h(z) + z0
,

�c�^_[{
0 < |k| < 1

b0m
f
TW� �v\r]j�AÔ��sx~_|¡[w|T�����fj{[�vX|q�x��[fj��b �

¸Z¹ õ�õNu lrb � ø £�D �  ý � ÿ G þWûyÿ�K þWû|ú��  úO� !F7D þzÿ�úÀû��;wOþ�ÃG¢_ÃUû[þzû C ý��WúO��Y�þUü�ýcþWû ^ �G�rü�ÿowOþ�  ý U üE�  D(0, 1) ? i j2ü��ow g ∈ G �|û[ú D üE�ow z0 D þzûyü���û P ÿ ^ 
Uür� � ÿ�K  üE�  U ?�@ þ,� g [vÿ~þÿ�K þWû[ú�ÿ5�!K A �5
���ÿ¢ý�� ��^ �=ÿ�ú � úÀûAü�ýcþ ��^ �!�|ür� f ∈ G � D �  úÀû>Y�üE��ÿ |f ′(z0)| > |g′(z0)| ?
y\z öa{�|sòO}�v ø�d9��] Z[��hg_|{[w|T

a ∈ D(0, 1) \ g(U)
k^\r]����px~_|{cw|T

Ta(z) =
z − a
1− az ,���sxsT£�

Ta
Tz� �v\^]jwr]�\#`WÞp`�k�\r]gT��^�j\r�v\cZ[{�x�] k^ty\[�rTz] k^�c��] f��"x~_[{

D(0, 1)
f�x~_c�¢TW\[{�xv��xz_|{ Ö w|T\|�~x�� f�xvqv_rVg�

T−a
b0d9��� fj��� Ö Ta(z) = 0

\|�Uk�\r]Yw[�[�v_�\|�
z = a

b
�(�0qv\ Ö � Ta ◦ g uvTW��w[�[uvTW�s��ÔvT�x~\r]gus]��sx�] a /∈ g(U) Ö T��r_rw|�W��i9� h2 = Ta ◦ g

h?] \�k^X[�r_r]�\
h ∈ A(U)

b���VY_|¡Q_r]
g
k�\r]

Ta
Tz� �v\^]�`WÞp` Ö k^\^]J� h Tz� �v\^]�`WÞp`cbR��VY_[¡ h2(U) ⊂ D(0, 1) Ö�W��_[{[w|T

h(U) ⊂ D(0, 1)
b í ��qv\

h ∈ G b����x~_[{[w|T
f = Tb ◦ h Ö �[�r_[{ b = h(z0)

k�\r]Y���j_[{[w|T
g = T−a ◦ h2 = T−a ◦ (T−b ◦ f)2

= T−a ◦ S ◦ T−b ◦ f,
�[�r_[{

S(w) = w2,

= W ◦ f, �c�^_[{
W = T−a ◦ S ◦ T−b.í d9xsfY]

g′(z0) = W ′(f(z0))f ′(z0) = W ′(Tb(h(z0)))f ′(z0) = W ′(0)f ′(z0).
�£ZcZ[X#�

W
TW� �v\r]4wr]�\a\|�v\cZ[{�x�] krt#\c�rTz] k��c�s] fj��x~_[{

D(0, 1)
f^x~_c�ATW\[{�xs�'x~_[{ Ö �'_[�r_^��\auvTW�Tz� �v\r]4`WÞp` Î us]���xs]j�

S
uvTW�¢Tz� �v\r]Ì`WÞ�` Ò b

Mfg�^{[qs]�Ôv�|w|\rf^xsTU�sx�] |W ′(0)| < 1
b�©.qvX[hgw|\cx�] Ö \c�r��xv��uvT�¡�xsTWq����r\rqv\cxvt[q��[f���w|T�xsXAx~_��T��0q��[w|\��jb `~¦ Ö �W��_[{[w|T

|W ′(0)| ≤ 1− |W (0)|2 ≤ 1.��� |W ′(0)| = 1 Ö xs�sxsT£� W Tz� �v\^]�hgqv\|w|wr] k��[��krZ[\rfgw[\[x�] k��[��w|Tpx~\rfj���cw|\[xs] fjw|�|� Ö ]�us]�\^� xsT�qv\ Ö�
W
TW� �v\r]4`WÞp` Ö Xcx~_c�^_jb0d0�r_rw|����i0� |g′(z0)| < |f ′(z0)| b �
�\|� jñ�vÌõ�u lrb÷` � Îld¢Äù©R»cÊ�½[å�Å4·ùgªìgÅ4Å4ÄÌ½ × å�ãÖ�RÐ�»[¾À¿ÌÏYËj¾�Ø4å�ãÙÆcÄ�È Riemann

Ò ø
¡ � �H^ �=ÿ�ú � úÀû�ûcþzû C ý��zú	��� A Ã5¢¾Ã,�|û|ú?ÿ5�!K?û��sÿ�úO��
�þ�ú ür�h�  ý U ü��  D(0, 1)

y\z öa{�|sòO}�v ø í dOf�xWi
h
wr]�\"`WÞp`(\|�v\[Z[{sx�] krt�\[�rTz] k^�c�s] fj�.x~_|{

U
f�x~_

D(0, 1)
bJ§¨]�\�xs��xz_^]�\

h
{��rXrqv��Tz]j\c�^�"x~_��Ot[w[w|\�l|b } b0d9��] Z[��hg_|{[w|T£�W�v\

z0 ∈ U
k�\r]r����x~_[{[w|T

b = |h′(z0)| b9����xvT
b > 0

\[�r��x��[��©�qv�sx~\rf��y��b � b0�(�0qv\��Wf^xzi
F = {f ∈ A(U) : f(U) ⊂ D(0, 1), f

`WÞp`
, |f ′(z0)| ≥ b}.��_

F
Tz� �v\r]rw[��k^TW�v��k�\r]r\c�r�¢xz_"��T��0q��[w|\"l|b÷`c` Ö TW� �v\r]rf�{[wc�^\chg����b9���^��xz_"��T���q��[w[\yl|b÷`~¦ Ö{��rX|qv�jTz]
g ∈ F xv��x~_r]�\y��f�xvT |g′(z0)| ≥ |f ′(z0)| h?]�\"k^X���T f ∈ F b9�£ZcZ[X g(U) = D(0, 1)us]��sx�]9us]�\|VY_rqvTpx�] k^X Ö \c�^�x~_°�=t[w[w|\³lrb � Ö ��\¨{��|t[qv��TAw|]�\Ã`�Þ�`R\r�v\cZ[{�x�] krt°fj{[�vX|q~xv�[f�� f :

U → D(0, 1)
xs�px~_^]�\���f^xsT |f ′(z0)| > |g′(z0)| b í ��w[i9� f ∈ F Ö Xcx~_c�^_jb �

ÝQ·�½^·?Æ[å�½[ÁÌØ@»[¾�ãaî
í d�f�xzi

g
��\c�^TW] k��c�s] fj�"x~_[{y�rqv_|��hg_[¡[w|TW�v_[{ª��T�i0q�t[w|\cx~_|��b0���sxsT

Î ` Ò
g(z0) = 0

b
e �



Î } Ò í d�f�xzi
f, h : U → D(0, 1)

\|�s\cZ[{�xs] k���� Ö `WÞp`"k�\r]JT��^�÷b"��� f(z0) = h(z0) = 0k^\^]
f ′(z0) = h′(z0) Ö xs�sxsT f = h

b.d0�^� fj�c� Ö \|� f(z0) = h(z0) = 0
k�\r]

f(z0) Ö
h(z0)

Tz� �v\^]g�?T�x�] k^_r�Y�^qv\chYw[\[xs] k�_r� Ö xs�sxvT f = h
b£d0�r_rw|����i0�¢�

g
Tz� �v\r]�w|_c�v\rus] krt

k^X[xziÙ\[�r��x~_[{c���rTWqs] _rqs] fjw|_|¡c�
g(z0) = 0

k�\r]
g′(z0) > 0

b
Î � Ò ���

f : U → D(0, 1)
\r�v\cZ[{�xs] k^t Ö `WÞp`�k�\r]rT��^� Ö k^\^] f ′(z0) = g′(z0) Ö xs�sxsT f = g

b
Î � Ò ���

f : U → D(0, 1)
\r�v\cZ[{�x�] krtRk^\^]

f(z0) = 0 Ö xs�sxvT |f ′(z0)| ≤ |g′(z0)| Ö w|T] fg�sxv��xz\�\r�Uk�\r]gw|�c�s_A\r�
f = kg Ö �c�^_[{ |k| = 1

b
y\z öa{�|sòO}�v ø Î ` Ò ���

g(z0) = a 6= 0 Ö xv��xvT Î w|T Ta �c�|i0�°f�xz_Ù�Ot[w|w|\Ûl|b � Ò Ö�W��_|{cw|T¢�sx�]��
Ta ◦ g

Tz� �v\^]Ìwr]�\#\|�v\[Z[{�xs] k^t Ö `WÞp`ªk�\r]ÌT��^�Ì\c�^Tz] k��c�s] fj��x~_[{ U f�xz_
D(0, 1)

k�\r]

|(Ta ◦ g)′(z0)| = |T ′a(g(z0))g′(z0)| = |T ′a(a)g′(z0)| = |g
′(z0)|

1− |a|2 > |g
′(z0)|.

í d9xsfY]j�
Ta ◦ g

\r��t�k^Tz]Yf^xv�[�¢_r] k�_vhY���sTW]�\
F
xz_|{A��T�i�q�t[w[\[x~_[�¢lrb÷` � k�\r]

|(Ta ◦ g)′(z0)| > |g′(z0)|,
Xcx~_[�r_jb

Î } Ò m
q = f ◦ h−1 TW� �v\r]?wr] \R\r�v\cZ[{�x�] krt#`WÞ�`Uk^\^]YT��^�?\c�rTz] k��c�s] fj�yx~_|{ D(0, 1)

f^x~_c�
TW\[{�xs��xz_|{ Ö �A_c�r_^��\Af�xs�pZ|�vTz]�x~_A¦�f^x~_A¦�b0�(�0qv\ Ö \r��{��r_c�?�Wfg_[{[w|T��sx�] f ′(z0) =
h′(z0) Ö ���j_[{[w|T

q′(0) = f ′(z0)(h−1)′(0) =
f ′(z0)

h′(z0)
= 1,

T��r_rw[�W��i0� Ö \c�^�ax~_¨��T��0q��[w|\a�jb�¤ Ö q(z) = az Ö w|T |a| = 1
bR��VY_[¡

q′(0) = a Ö�W��_|{cw|T��sx�]
a = 1

b í ��qv\
f(z) = h(z)

hY]�\�k�X���T
z ∈ U b���

f ′(z0)
k�\r]

h′(z0)
Tz� �v\r]z�^qv\chgw|\[xs] k�_r�zk�\r]z�?T�x�] k^_r� Ö k^\^] Ö \[�9�r_|¡[w[T Ö f ′(z0) >

h′(z0) Ö xs�sxsT"xz_�r\rqv\c�rXr��i T��^] �jTW��q��[w|\°uvTz� �j�vTz]@�sxs] q′(0) > 1 Ö Xcx~_c�^_°\[�r�xz_��T���q��cw|\'�jb ¤^bUd0�r_|w|�W��i0�
f ′(z0) = h′(z0)

k�\r]Ìfj{[wc�rTWqv\r� �v_[{[w|T��[�|i9�ª�rqs] ����xs]
f = h

b
Î � Ò ��VY_[¡

f ′(z0) = g′(z0) Ö �y\[�r�ruvTW]�Ó��"x~_[{ Î ` Ò uvTz� �j�vTW]g�sx�] f(z0) = 0
b0��_�f�{[wc�r�pÞ

qv\rfjw|\��p�^T�xz\^]�xv�0qv\�\[�r��x~_ Î } Ò b
Î � Ò í d�f�xzi

h = f◦g−1 bH���sxvT9� h Tz� �v\^]swr]�\�\|�v\[Z[{�xs] k^t£\[�rTz] k^�[�s] f��£xz_|{ D(0, 1)
f^x~_c�

TW\[{�xs�Rx~_|{'w[T
h(0) = 0

bU�£�r�'xz_Q��T��0qv�cw|\'�jb�¤ Ö ���j_[{[w|T |h′(0)| ≤ 1 Ö u���Z|\|u�t
|f ′(z0)| ≤ |g′(z0)| Ö w|T°] fj��x���x~\Û\r�°k�\r]�w|�c�v_Û\|� h(z) = kz

b Mfg_|u�¡[�v\|w|\ Ö
f = kg Ö |k| = 1

b
�

©�\|qv\[x��[qv_|¡[w|T�T��^� f��c���sx�]jx~_R��T��0q��[w|\R�=¡[w|w|_|qvVg�c�U�£�rTz] k^�c��] f��c��x~_|{
Riemann

uvTW�
] fg�^¡[Tz]�hY]�\

U = C Î \[�r��xz_R��T��0q��[w|\
Liouville

Ò b

cÌµA¶¸Ä�Å4ÄgÆcÄ�Ð4¾É¿?ÁÇâs¿4Â^Ä�ØJåÜÆcÄÌÈX©R»[ë.½[Á�Å4·�ÆcÄ�ã#ÆcÄ�È
Cauchy

�Oxv�c��TW�v�sxv��x~\ª\|{�x�t¢Tz] fgXchY_[{[w|T(\ck��|w|\"w|]�\"f�{[�z�?t�kr���¢_c�r_^��\ªTz� �v\^]^] fg_|u�¡[�v\rwc�¢w|T=xv�c�
�W�v�v_r]�\�x��c��\c�[Z[tc��f�{[�vT�k|x�] k^��x���x~\[�cÕ í d��v\�fj¡[�v_vZ|_�Tz� �v\^]g\c�[Z|X�fj{[�vT�k|x�] k^��\|��k^\^]gw|�c�v_�\|�
k^Xc�?T�k|Z|Tz] f�x�tAk^\rwc�|¡�Z[��f^x~_'fj¡[�v_sZ[_'wc�^_|qvTz�?�v\#ß�fj{[qvqs] k^��iH��Tz�Éà�w|TUfj{[�vTW�^t�xsqv�c�^_RfÌ¥��W�v\
f��[w|Tz� _Ç��i0qs� �Q�v\ÇÓvTWVg¡�hgTz]=\c�^�Ýxz_Ãfj¡c�v_sZ|_jb²���u���Z|\|u�t³k^Xc�?TRkrZ|TW] f�xvt¨k�\|wc�|¡�Z[�ÝTz� �s\r]
_|w|_sx~_[�^] krt'wj¥ �W�v\#fj�[w[Tz� _gb�dOÓvT�xvXrÔv_[{[w|T�k�\cx|¥�\|qv�^t[�"xv�Rfj�j�Wf��'\|�vXrw|T�fg\#fgT�_rw[_�xz_[�^��\Rk�\r]
_|w|_sZ|_vhY��\gb
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�\|� jñ�vÌõ�u lrb÷`W�jø�i j(ü��ow
γ0
�|û|ú

γ1
� C ÿ�ú üE� D �Z�rû � �!M C ÿo�=ü&ª D þWû�û[þ  ú ����
�ü�Mcþ RCE U ⊂ C ?

@ þ  ú γ0
�|û|ú

γ1
ÿ�K þWû|ú ��� �  �cúO� D ����üE�  U � A �5
���ÿ  ú γ0

�|û|ú
γ1
ÿ�K þWû|ú ���RCE!F úO� D � A [(� C û�[(�

n(γ0, a) = n(γ1, a) F úÀû.� ��P ÿ a /∈ U ?1@ þ  ú γ0
�rû[ú

γ1
ÿTK÷þWû[ú �� þ  � � �zúÀû A ��
5��ÿ D �  ý � ÿ∫

γ0
f(z)dz =

∫
γ1
f(z)dz A&F úÀûU� ��P ÿ�û[þzû C ý��WúO���Rü�ýcþ ��^ �!�|ür� f : U → C ?&× [�úÀû�K ��ÿ ^ û A û[þ��

γ0
ÿ�K þWû|ú ��� �  �cú	��� � ª D þWûaü�� � ÿTK �A ��
5��ÿ>� γ0

ÿTK÷þWû[ú Û ¢ ���RCE!F úO�a� A �|û|úHû[þ�ÿ��cú	� CEDH þh� γ0ÿ�K þWû[ú �� þ  � � �Wú A ��
5��ÿ ∫
γ0
f(z)dz = 0 F úÀû1� ��P ÿ�û[þWû C ý��zú	��� f : U → C ?

y\z öa{�|sòO}�v ø í dOf�xWi
H
w|]�\Ù_|w|_sx~_c����\Üxzi0�

γ0
k^\^]

γ1
b ����x~_[{[w|T

γs(t) = H(t, s) Ö
s, t ∈ [0, 1]

b+�(�0qv\ Ö \r� a /∈ U Ö ��f�xzi θs
�W�v\ f�{[�vTW�����¨�rqs] fjw|\Ùx��c�

γs − a
b �Ox��[�

�r\rqv\chgw|\[xs] k��sx���x~\ Ö � θs(t) wc�r_rqvTz�Ì�v\#T��^] Z|T�hgTz���0f�xsT¢�v\#Tz� �v\^]Ìfj{[�vTW�^tc�¢k�\r]�i0�¢�rqv_|�¢x�] �u�¡[_Aw|T�x~\�o[Z[��xs��� Î X|f�kr�[fj��È Ò b í d��j_[{[w|T

eiθs(1) =
γs(1)− a
|γs(1)− a| =

γs(0)− a
|γs(0)− a| = eiθs(0).

d0�r_|w|�W��i9�U�"�r_rfj�sxv��x~\
θs(1)− θs(0)

2πTz� �v\r]��W�v\[�ª\ck��Wqv\r] _|�
k(s)

b���VY_|¡A�
k
Tz� �v\^]?fj{[�vTW�^tc�U�^qv���rTz]?�v\g¥ �v\^]?f�x~\���TWq�t�b�d0�r_rw[�W��i0�

_AuvTz� krx��c�
n(γs, a)

Tz� �v\^]g_R��us] _[��hY]�\��sZ[\�x~\
s
b9Mus]�\r� xsT�qs\ Ö n(γ0, a) = n(γ1, a)

b �
©�\|qv\[x��[q�t[f�xsT0�sx�]�xz_�\r�~xs� f�xsqv_|VY_�usT���] fg�^¡[Tz] bH©�qvX[hgw|\cx�] Ö \r�����Wfj_|{[w|T U = C\{a, b} Öw|T
a 6= b Ö xs�sxsTR�¨k^\rwc�|¡�Z[�°x~_[{Üfj��t[w[\[x~_[�aTz� �s\r]�¦sÞ�_rw|_vZ|_shY] krtÜf^x~_ U \[ZcZ|XÜuvTW�Tz� �v\^]

_|w|_sx~_[�^] krtAf^x~_
U
w|T£k^X[�r_r] _Rf��[w|Tz� _ Î wr]�\�\[{[f�x��[q�t�\[�r�|uvTz]�Ó���uvTW�ªTW� �v\r]YT�¡�k�_vZ[� Ò b

a b

©�\|qv_sZj¥ \|{�xvX Ö x~_aT��r�rw|T��v_Q\c�r_sxs��Z|TWfjw|\aw|\|�¢Z|�WTz]Ì��xs]4\|� ¿ÌÚjÍ=» k|Z|Tz] f�x�tRk^\rwc�|¡�Z[�'f^x~_ UTz� �v\r]s¦sÞ�_|w|_sZ|_vhY] k^t Î \|�2u���Z|\ru�t�xz_
U
Tz� �v\^]s\c�[Z|X�fj{[�vT�k|x�] k^� Ò Ö xv��xvT ¿4ÚjÍO» krZ[Tz] f�xvt�k^\rw��r¡�Zc�f^x~_

U
Tz� �v\^]g_|w|_�xz_[�^] krtAwj¥ �W�v\�fj�[w[Tz� _gb

�\|� jñ�vÌõ�u lrb÷`vlrøni j(üE�ow
U ⊂ C û[þ  ú ���5
L�|û|ú?ü�ýcþzÿH���zúO��
 ?�� û�û���
 CE ý P ûRÿ�K þWû|ú?ú ü  [GM*¢þWû � û�� Î ` Ò @ þn� f ÿ�K þzû[úgû[þzû C ý��WúO�����rû[ú�[vÿ�þ � ��[vÿ�þ!K � ÿ���û|újü��  U A �5
���ÿB� f D �=ÿ�úgû[þWû C ý��zúO�a���ÿ�� ^ û F wOþvúO�a� ^ K � û�ü��  U ?Î } Ò �� U ÿ�K þWû|ú ��� ú ���_^ ]gúO��
 � ÿ\�  D(0, 1) ?Î � Ò1� ��P ÿB� C ÿ�ú üE�!�U�|û � �!M C �Aü��  U ÿ�K þWû|ú ��� �  �cúO�a� � ª D þWû�ü�� � ÿ�K *?Î � Ò1� ��P ÿB� C ÿ�ú üE�5
 �� þ  � � �zúYü��  U ÿ�K þzû[ú ��r �  �cúO��
 � ª D þWûAür� � ÿ�K *?Î l Ò �� U ÿ�K þWû|ú?û�� CE� ü�ýcþzÿH���zúO��
 ?

y\z öa{�|sòO}�v ø
(1)⇒ (2)

���
U 6= C Ö xz_fj{[wc�r�Wqv\|fgw|\Q���^Tpx~\^]J\c�r�ax~_°��T��0q��[w|\°�=¡[w�Þw|_|qvVg�c�y���^Tz] k��c�s] fj�c�ªx~_|{

Riemann
b"���

U = C Ö xv�sxsT¢�#\[�rTz] k^�c�s] fj� h(z) =
z

1 + |z|
Tz� �v\r]Y_AÔ���x~_|¡cw|TW�v_|�U_rw|_r] _rw[_rqvV?] fgw|�[��b

e ¤



(2)⇒ (3)
S�\cx|¥�\|qv�^t[���r\|qv\[xv�cqs_[¡[w|Tª�sx�]�k�X���T�k|Z|Tz] f�xvtRk^\rwc�|¡�Z[�'f�x~_

D(0, 1)
Tz� �v\^]4_rw|_�Þ

x~_c��] krtAwj¥����v\Rfj�cw|Tz� _gbO�(��qv\�\r�
f : U → D(0, 1)

Tz� �v\r]?���s\[�¢_|w|_r] _rw|_|qvV?] fgw|�[� Ök^\^]
γ
wr]�\#krZ|TW] f�xvt'k^\|wc�r¡sZ[�af^x~_

U Ö xv��xvT����px~_|{cw|T γ0 = f ◦ γ by����xv�0qv\ HTz� �v\^]jw|]�\A_|w|_sx~_c����\"xzi0�
γ0
k�\r]

γ0(0) Ö xs�sxvT f−1 ◦H Tz� �v\r]jwr]�\�_rw|_sx~_c�^��\yxzi0�
γk^\^]

γ(0)
b

(3)⇒ (4)
©�qv_rVY\|�v����b

(4)⇒ (5)
í d0�rT�x~\r]g\[�r��x~_R��T��0q��[w|\Rlrb `z�jb

(5)⇒ (1)
�£�^��x~_'��T���q��[w|\ � b � Ö � f �W�jTW]?\r�v\cZ[{�xs] k��AZ|_vhYX|qs] ��w|_ g b=���sxsT���f�{[�vXrq~x��[fj�
exp( 1

2g)
TW� �v\r]j�AÔ��sx~_|¡[w[TW����\r�v\cZ[{�xs] k^t"xsT�xvqv\[hji0�s] k^t�qs��Ôv\gb

�
��_°�rqv_|��hg_[¡[w|TW�v_��T���q��[w|\ Ö w[\rÔs�9w|Tyx~_ Î _rw[_sZ|_shY] k^� Ò �HTW�s] k^�Ý��T��0q��[w|\°x~_[{ Cau-

chy
w|\[�ªus� �vTz]?�W�v\A�[Z[t[q�����\|qs\ck|xv�[qs] fgw|�Axzi0�y\c�[Z|X'f�{[�vT�k|x�] kr���ª{��r_rf�{[�v�sZ[i0�¢x~_[{

C
k�\r]

\c�^_sxvT�Z|Tz��x~_�k^TW�~xsqs] k^��\[�r_sxs��Z[TWfgw|\�\[{�x~_[¡yxz_|{�w|\��?t[w|\cx~_[�cb

f4µ1d�·¨©R»cë.½|Á�Å4·?Æ[·
Runge

¿Ì·4¾
Mittag-Leffler

í �£�ri9�QÓv�Wqv_[{[w|T�k�X���T'\r�v\cZ[{�x�] krtÝfj{[�vXrq~x��[fj�
f
wc�r_rqvTW�O�v\Ã\|�v\c�|x�{[�r�?Tz��xz_[�^] k�XÇfjT

u�{[�v\|w|_rfjTz]�qvXjbÙd0�r_rw|�W��i9�Rh?]�\³k^X���TRfj�[w|Tz� _
z
f�x~_¨�^TWus� _Ý_rqs] fgw|_[¡°xv�c�

f Ö {��rXrqv��Tz]�wr]�\�rTWqs] _c�^tyxz_|{
z
k�\r]Ywr]�\�\[k^_sZ|_[{s�Ì��\��^_vZ[{ci0��¡[w[i����A_c�r_^��\�fj{�h�krZ|� �vTz]gf�xv�[�

f
_|w|_r]��rw|_|qvVY\

f^x~\�fj{[wc�r\chgt"{��^_|fj¡[�v_vZ|\�x��c���rTWqs] _c�^tc��b
��_Ç\[�r_sxs��Z|T�fgw|\Ã\[{�xs�ÇTz� �v\r]�x~_[�^] k^�gb��Ox��[�°TW�v�sxv�sx~\Ã\[{�xvt¨�?\ÃuvTz��Óv_[{[w|T'�W�v\Ü�r_sZ[¡

] fg�^{[qv�afgVY\r]�qs] k��Q\c�r_�xv��Z|TWfjw|\gÕ á �rXrqv��Tz]4wr]�\a\ck�_vZ|_|{s����\Qq���xv�0�Afj{[�v\|q~xvt[fgT�i�� Ö �#_c�r_^��\f�{�hjk|Zr� �vTz]cf�x��[�
f
_|w|_^]��|w|_|qvV?\Uf�x~\Ufj{[wc�r\chgt.{��r_rf�¡[�v_sZ|\U_sZ[�[k|Z[�[qv_|{£x~_|{£�^T�us� _[{�_|qs] fgw|_[¡

x��c�
f
bO��\���qsTW]�\rf^x~_|¡[w[T.xz_�\[k^�sZ|_[{s��_�xsT��j�s] k^��Z[t[w|w|\jÕ
¸Z¹ õ�õNu lrb �jø,i j(üE�ow

V,A ⊂ C û[þ  ú ��� �~� ÿ V ⊂ A
�|û|ú

∂V ∩ A = ∅ ?J@ þ H ÿTK÷þWû[ú
� úÀûAü�ýcþzÿH���zú	����ü�ýcþvú üE�HY0ü^ûU�  ý A �|û|ú

H ∩ V 6= ∅ A �5
���ÿ H ⊂ V ?
y\z öa{�|sòO}�v ø í dOf�xWi

G
wr]�\Qf�{[�vT�krxs] k^t#fj{[�s] f�xv�0fg\#x~_[{

V
w|T
H ∩ G 6= ∅ b����sxsT¢xz_

H ∪ G Tz� �v\^]@�W�v\¨fj{[�vT�k|x�] k^�¨{s�^_|fj¡[�v_vZ|_x~_|{
A
T��^_|w|�W��i9�

G ⊂ H
bQ�£ZcZ|X

∂G ⊂ ∂VÎ X|f�kr�[fj��È Ò Xrqv\
∂G ∩H = ∅ bO�={[�vT��|�0�

H \G = H ∩ ((C \G) ∪ ∂G) = H \G.
�"��Z|\|u�tyx~_

H \G Tz� �v\r]?\|�v_^] �rxs�Ak^\^]jkrZ|TW] f�xs�Rf�xz_
H
b=��VY_|¡yx~_

H
Tz� �v\r]?f�{[�vT�krxs] k��Ak^\^]

G 6= ∅ Ö �^qv���rTz]g�v\A�W��_|{[w|T H \G = ∅ b í ��qv\ H = G ⊂ V b �
��\�uvTz��Óv_|{cw|T0f^xv�£fj{[�v�W��Tz]�\����v\�TW�vus]�Xrw|T�fg_£�rqv_rfgTphjhY] f�xs] k���\c�^_sxs�pZ|TWfgw|\jÕ4©�Xr��iafÌ¥��W�v\

f^x~\c�?TWqv_[�r_r] �[w[�W�v_�fj{[wc�r\chY���=f�¡[�v_sZ|_ Ö wr]�\�\|�v\[Z[{�xs] k^t.f�{[�vXrq~x��[fj�.wc�r_rqvTz�v�v\.�rqv_rfjT�h�h?] f�xvTz�_|w|_^]��|w|_|qvVY\�\[�r��wr] \�q���xvt�f�{[�vXrq~xv�cfj��w|T£�r�sZ[_|{c�UfÌ¥��W�v\y�^qv_|us]�\[hgT�hgqv\rw[w|�W�v_�fj¡[�v_vZ|_gb
s ñ|ö�t�u9ó�v lrb÷`cø�i j(üE�ow

U ⊂ C û[þ  ú ���5
 A K ⊂ U
ü�ý � �sû F7D � A �rû[ú S D þWû°ü7Mcþ RCE � 

 �  K  �sÿ ^ ú D �=ÿ�ú D þWû'ür� � ÿ�K  û��!
�� ��P ÿ�ü�ýcþzÿH���zú	���#ü�ýcþvú üE�HY0ü^û®�  ý Ĉ \K ?�@ þ f ∈ A(U)��
5��ÿI�
f � � _^ ÿ�K.þzû¨� ^r ü�ÿ F�F ú ü���ÿTK ��� ú6
 ��¾^ ]YûÇüE�  K û��*
 � úÀû ^ �a�!�ÇüÌý�þ �H^ �G�rü�� � ÿ�*
 CE ý���ü��  S ?

y\z öa{�|sòO}�v ø í dOf�xWi
r > 0

xs��x~_r] _A��f^xsT
K ⊂ D(0, r)

bO����x~_[{[w|T
M = dist(K, (C \ U) ∪ ∂D(0, r)) > 0.

��T�i0qv_|¡[w|T0�W�v\Uus� k|xv{[_.krZ|TW] f�xv�0�=xsT�xvqv\[hj�0��i��(f�xz_
C
w|T@�|Z|T�{[qv�����^\|qvXcZcZ[��Z|T��=f^x~_|{c�=X|Óv_cÞ

�vT��.k�\r]gw|T.u�] Xrw|T�xvqv_�wct�k�_[{c�
s Ö �c�^_[{ s < M

b í dOf�xWi
Q1, . . . , Qn Ö T�k^Tz� �s\yx~\yxsT�xvqvX[hji0�v\

e «



�r_|{"�rTWqs]��W��_c�~x~\r]Yf^x~_
U ∩D(0, r)

b0�.�����Wfj_|{[w|T

S =
n⋃

j=1

Qj ,

xv��xvT
K ⊂ S◦ Ö \[�r��x~_c�ª_|qs] fgw|�yx~_|{ M b í dOf�xWiÃx���qv\�_�kr¡�k|Z|_|�

σ =
n∑

j=1

∂Qj .

��VY\r]�qv_|¡[w[Tª�sZ[T��"xs] �"�[Z|T�{[qv����_r]4_c�^_r��T��yTz� �s\r]�k�_r] �v����fjTª_[�r_^]�\|u�t��r_sxsTªu�¡[_
Qi

k�\r]��^\r��qzÞ
�v_[{[w|TR�W�v\Ü] fg_|u�¡[�v\rw|_¨k^¡�k|Z|_

γ
bÃ��VY_[¡

n(γ, z) = n(σ, z) = 0
h?]�\¨k�X���T

z /∈ U
k^\^]

n(γ, z) = 1
h?]�\yk�X���T

z ∈ S◦ Ö _�_vZ|_[k|Z[�[q�i@x�] k^�|��x�¡��r_|��x~_[{ Cauchy
w|\|�Uus� �vTz]

f(z) =
1

2πi

∫

γ

f(w)

w − z dw,
hY]�\�k�X���T

z ∈ K bHmÝ�r\rqv\c�^X|��ia��k^VYqv\rfj��w|\[��T��^] xsqv���rTz]v�v\�] fj��{[qs] f�xz_|¡[w|T@�sx�]~� f w��^_|qvTz���v\�rqv_rfjT�h�h?] f^xsTz��_|w|_r]��rw|_|qvVY\�f�x~_
K
\c�^��q��sxs���=f�{[�v\rq~x�t[fgTz] �=w|T@�r�sZ|_[{c�Of�x~_

γ∗
bH©�qvX[hgw|\cx�] Ö�^i0qs� �ªo[Z|X�o|�Rxv�c�"hgTW�s] k��sx���x~\|��wc�^_|qv_|¡cw|T"�v\a{��r_c����fg_|{cw|T"�sx�]Ìx~_

γ
Tz� �v\^]J�W�v\Qw|_c�v_[�rX[xs]

w|T£�rTWus� _�_|qs] fgw|_[¡
[0, 1]

b9���sxsT
1

2πi

∫

γ

f(w)

w − z dw =
1

2πi

∫ 1

0

f(γ(t))

γ(t)− z γ
′(t)dt =

∫ 1

0

h(t, z)dt.

m
h
Tz� �v\^]j_|w|_r]��rw|_|qvVY\Af�{[�vTW�^tc��f�xz_

[0, 1]×K Ö Tp�^_|w|�W��i9�.h?] \AuvTWuv_|w|�W�v_ ε > 0 Ö {s�^X|qv�jTW]
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��xvfY]9�0f�xsT�hY]�\°k�X���T
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0 = t0 < · · · < tn = 1
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tj − tj−1 < δ
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j = 1, . . . , n
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R(z) =
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j=1

h(tj , z)(tj − tj−1).
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γ(tj) ∈ γ∗ Ö k^\^]?hY]�\'k^X���T
z ∈ K �W��_[{[w|T

|f(z)−R(z)| ≤
n∑

j=1

∫ tj

tj−1

|h(t, z)− h(tj−1, z)|dt < ε,
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S
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S
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V = {a ∈ C \K :

�
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(z − b)−1 b í ��qv\ b ∈ V Ö u���Z|\|u�t
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b�dOVY�rfj_[�
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C\K ⊂ V k^\^]rXrqv\
C\K = V
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Î } Ò ∞ ∈ S
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C \ K Ö T��r_rw[�W��i0�R\[�r�°x~_ Î ` Ò �W��_[{[w|T�sx�]0hY]�\Ýk^X���T

a ∈ C \ K Ö � (z − a)−1 �W��Tz]�x��[�°]�us]��sxv��xz\ P(S′)
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 ��_^ ]YûAü���ûAü�ý � �vû F �aý��  ü�Mcþ RC ûU�  ý U ?

y\z öa{�|sòO}�v ø.��T�i0qv_|¡cw|Tyxv�[�'_r] k�_vhY�W�vTW]�\³fj{[wc�r\[hj�0�#f�{[�v�sZ[i0� {Kn}
�c�ri9�R\[{�xvt°_�Þ

qs� f�x���k�TRf�x��[�\|qv�^t¨x~_[{¨k^TWVY\[Z[\^� _[{�b ��VY_[¡°k�X���T'f�{[�vT�k|x�] k^t³fj{[�s] f�x���fj\Ýxz_|{
Ĉ \ Kn�rTWqs]��W��Tz]�wr]�\'fj{[�vTpkrx�] k^tRfj{[�vT�k|x�] krtRfj{[�s] f�x���fj\Rx~_[{

Ĉ \ U Ö k�X���T�fj{[�vT�k|x�] krtRfj{[�s] f�x���fg\x~_[{
Ĉ \ Kn

�^T�q�] �W�jTW]9�W�v\¨fj�[w|TW� _xz_|{
S
bd0�r_|w|�W��i9� Ö \c�^�xv�c�'©�qv�sx~\|fj�¨lrb ` Ö {��^X|qv��Tz]wr]�\³q���x�t¨fj{[�vX|q~xv�[f��

Rn
w|T��r�vZ|_|{c�'f�x~_

S Ö xv��x~_r]�\³��f^xsT |f(z) − Rn(z)| < 1/n
hY]�\

k^Xc�?T
z ∈ Kn

bª�@]�\'k�X���Tªfj{cwc�^\chg���
K ⊂ U Ö �W��_[{[w|T K ⊂ Kn

hY]�\Q\|q~k�T�xvXQw|T�hgXcZ|_
n
b

d0�r_|w|�W��i9�
Rn → f

_rw|_r]��|w|_rqvVY\�f^x~\�fj{[wc�r\chgt"{��^_|fj¡[�v_vZ|\�x~_[{
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���Uxv�0qv\�x~_
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m(a)∑

j=1

cj,a(z − a)−j .
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�[�|i9��\|{�x�t
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uvT��y�W��Tz]�f��[w|Tz��\'fj{[fjfj�0qvT�{[fj�c�ªf^x~_
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An
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f = Q1 +
N∑

n=2

(Qn −Rn) +
∞∑
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∞∑
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p(z) = anz
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f Ò §a�r_rqv_[¡[w|T2u���Z|\ru�t Ö w[T(\|�~x�� f�xz_^] ��_xvqv�[�r_ Ö �v\yxv�[�ªßv�r\rqv\chg_[�~xz_[�r_^] t[fj_|{[w[TzàyfjT��W�v\ Î TW�vuvTW��_|w|�W��i0� Ò Xc�^TW]�qv_�hY] �v�|w|TW�v_�fj{c�s\|qzÞx�t[fgT�i0� Ò m \[�rX|�~xv�[fj�³Tz� �v\r]=ß��v\r]Éà Ö �rqv���rTz]��|w[i0�R�rq��9x~\Ý�s\Ý_rqs� fj_|{[w|TAxv�[�Q�W�v�v_r]�\³x~_[{Xc�^TW]�qv_|{"hY] �v_rw|�W�v_[{�b

ð�ñsòôó|õ�ö�ó lrb } øni j2ü��ow {zn} � úÀû�û�� RCE ý P KÀû � ú F û�[�úO��YOþªû ^ ú P�� Y�þ ?�£�D �  ý � ÿ
pn = (1 + z1)(1 + z2) · · · (1 + zn),

�|û|ú4ý�� GP�D �  ý � ÿ\
��zú pn → z F úÀû1� � �  ú  z ∈ C ?B� 
5��ÿ FG^E� ]  ý � ÿ

z =
∞∏

n=1

(1 + zn).

� û pn  þ H�����o þ(��û|ú2�&%¾'�8���bX��8´`�m��&%�`(�®�  ý,����%58 '9/��r8¶`�/��3:�`�/�k ?N£ û CED�� ÿ�
��zúE�  û(�sÿ�ú ^r ¢F ú þ*
 � ÿ�þ  üÌý F � C K þzÿ�ú?û[þ>� {pn} üÌý F � C K þzÿ�ú ?¸Z¹ õ�õNu lrbÉlrøni j(üE�ow
z1, . . . , zN ∈ C ?�£�D �  ý � ÿ

pN =
N∏

n=1

(1 + zn), p∗N =
N∏

n=1

(1 + |zn|).

� 
���ÿ
p∗N ≤ exp(|z1|+ · · ·+ |zN |),�|û|ú
|pN − 1| ≤ p∗N − 1.

y\z öa{�|sòO}�v ø��H]�\�k^Xc�?T
n
�W��_|{[w|T

1+ |zn| ≤ e|zn|
b@©�_sZcZ|\c�[Z|\rfg]�XrÔv_c�~x~\[�(x�] �£\|�s] fg�sxv�sÞ

xvT��.\[{�xs����k^\[xvX"w|��Z[� Ö �^\r��qv�v_|{[w[T2x��[�.�rq��@xv�¢fg���Wfj��b@�@]�\�xv�¢uvT�¡�xsTWq��¢fg���Wf�� Ö �rqs_��^i�qvX|w|TT��r\chgi@hY] k�Xjb0©�qv_rVY\|���0��] fg�^¡[Tz]�hY]�\
N = 1

b á �r_c�?��x~_[{[w|T��sxs]
|pk − 1| ≤ p∗k − 1.

���sxsT
|pk+1 − 1| = |(pk − 1)(1 + zk+1) + zk+1| ≤ (p∗k − 1)(1 + |zk+1|) + |zk+1| = p∗k+1 − 1.

�
eoe



�\|� jñ�vÌõ�u lrb `��^øni j(ü��;w
S ⊂ C �rû[ú

fn : S → C � úÀû�û�� RCE ý P KÀûU] ^ û F���D þHwOþ¢üÌýcþWû ^ ¢�G�rü�ÿowOþ1� D �  úÀûhY0ü���ÿ,�aü^ÿ�ú ^�� ∑∞n=1 |fn(z)| üÌý F � C K þzÿ�ú ��� ú6
 ��_^ ]Yû ?h� 
5��ÿL�  û��sÿ�ú ^r*F ú ¢þ*
 � ÿ~þ 
f(z) =

∞∏

n=1

(1 + fn(z))

ü�ý F � C K þzÿ�ú ��r ú6
 ��_^ ]Yû A �rû[ú f(z0) = 0 F úÀûU� � �  ú  z0 ∈ S
û[þ>�|û[ú � 
�þ  û[þ fn(z0) = −1

F úÀû1� � �  ú  n ?j���ú	� CEDH þ A û[þ {n1, n2, . . . }
ÿ�K þzû[ú  �  úÀû�[(���  ��ÿ�û[þWû�[�ú � ��û � �h�  ý {1, 2, . . . } A �5
���ÿ

f(z) =

∞∏

k=1

(1 + fnk(z)).

y\z öa{�|sòO}�v ø����^�R{��r����TWfj� Ö � ∑∞n=1 fn(z)
Tz� �v\^]�VYqv\chYw|������b í dOf^xzi

pN
x~_
N
Þ�_rf�xv�

w|T�q�] k���hY] �v�rw[TW�v_�x~_|{��rq��9x~_[{�\c�^Tz] qs_vhY] �v_|w|�W�v_[{�b£���sxsT Ö \c�^��xz_R�Ot[w|w|\#l|bÉl Ö {��rXrqv��Tz]?wr]�\f^x~\c�?TWqvX
C > 0

xs��xz_^]�\A�0f�xsT |pN (z)| ≤ C hY]�\�k�X���T
N
k�\r]

z
b

í d�f�xzi
ε
w|T

0 < ε < 1
2

b9����xvT�{s�^X|qv�jTW]
N0

xs��x~_r] _A��f^xsT
∞∑

n=N0

|fn(z)| < ε,

hY]�\�k^Xc�?T
z ∈ S bí d�f�xziaxv�0qs\ {n1, n2, . . . }

wr]�\�\|�v\rus]�Xcx~\rÓ��£x~_[{ {1, 2, . . . } b@�H]�\ N ≥ N0 Ö T��^] Z|��hg_|{[w[T
M
xs��x~_r] _A��f^xsT

{1, 2, . . . , N} ⊂ {n1, n2, . . . , nM}.í d�f�xzi
qM

x~_
M
Þ6_|f�xv�Rw[TWqs] k��yh?] �v�|w|TW�v_�x~_[{Au�¡�xvTWqv_[{�\[�rTz]�qv_shY] �v_rw|���v_|{�b0���sxsT

qM − pN = pN

( ∏

nk>N

(1 + fnk)− 1

)
.

��\
nk
�r_|{�TWw[VY\r�s��Ôv_c�~x~\r]cf�x��[�=�^\|qv\[�rX|��i°fg���Wfj��Tz� �v\^]��sZ|\Uus]�\ck�Tpk�qs]�w|���s\�k^\^]�w|T�hg\cZ[¡�xsTWqv\

\c�^�
N0 Ö T��r_|w|�W��i9��\[�r�yx~_A�Ot[w|w|\�lrbÉl"�W��_|{cw|T

Î lrb ` Ò |qM − pN | ≤ |pN |(eε − 1) ≤ 2|pN |ε ≤ 2Cε.
���

nk = k
hY]�\��sZ[\yx~\

k Ö xv�sxsT qM = pM
k�\r]j��xvfY]��¢�^\|qv\[�rX|��iÙfj�j��fj�yfj{[�vTp�^XchgT�x~\r]j��xs]

� {pn} f�{�hjk|Zr� �vTz]g_rw|_r]��rw[_rqvVY\�fgT�wr]�\Afj{[�vX|q~xv�[f�� f b0d0�^� fj�c� Ö �A��us]�\Afg���Wfj��w|\[��us� �vTz]
|pM − pN0

| ≤ 2|pN0
|ε,

hY]�\
M > N0 Ö Tp�^_|w|�W��i9� |pM | ≥ (1− 2ε)|pN0

| b í ��qv\
|f(z)| ≥ (1− 2ε)|pN0

|,
x~_A_[�r_r� _Afj�[w|\r� �vTz]g�sx�]

f(z) = 0
\r�Uk^\^]gw|�c�v_A\r�

pN0
(z) = 0 Ö tA] fj_ru�¡[�v\|w|\ Ö fn(z) = −1hY]�\�k^X[�r_r] _

n
b

����Z|_[� Ö � Î lrb÷` Ò fj{c�sTp�^XchgT�x~\r]j�sx�]r� {qM} f�{�hjk|Zr� �vTz]�f�x~_���us] _��|qs] _�w|T(x��[� {pN} b �
�\|� jñ�vÌõ�u lrb÷`�¤^øBi j2ü��ow

U ⊂ C û[þ  ú ���5
B�|û|ú fn ∈ A(U) � úÀû"û�� RCE ý P KÀû>� D �  úÀûnY0ü���ÿ�
∞∑

n=1

|1− fn(z)|

e �



ü�ý F � C K þzÿ�ú ��� ú6
 ��_^ ]?ûAüE��ûAüÌý � �sû F �aý��  ü�Mcþ RC ûU�  ý U ?B� 
5��ÿJ�  û��sÿ�ú ^r!F ú÷þ!
 � ÿ�þ 
f(z) =

∞∏

n=1

fn(z)

ü�ý F � C K þzÿ�ú ��� ú6
 ��_^ ]?ûAüE��ûAüÌý � �sû F �aý��  ü�Mcþ RC ûU�  ý U A �|û|ú?ÿ5� ���D þHw&� f ∈ A(U) ?j���ú	� CEDH þ A
m(f, z) =

∞∑

n=1

m(fn, z),


(�  ý m(f, z)
ÿ�K÷þWû[ú��U� ��� �h�!��� ^ K � û�� z A û[þ f(z) = 0 A �|û[ú m(f, z) = 0

û[þ
f(z) 6= 0 ?y\z öa{�|sòO}�v ø.� �^q��@x~_[�A] fj��{cqs] fjw|�|�y���rT�x~\^]4Xrw|T�fg\Q\[�r�#x~_��T���q��[w|\l|b÷`��^by�H]�\#x~_c�

uvT�¡�xvTWqv_U] fg�^{[qs] fgw|� Ö f�x~\���TWqv_c�r_^] _[¡[w|T z0 ∈ U
k�\r]v�r\|qv\[x��[qv_|¡[w|T0�sx�]�x~_.�^_vZ[¡��^T��rTWqv\|fgw|�W�v_

�[Z[ts��_[�U\[�r��xs] �
fn
�W��_|{[�¢qs��Ôv\�f�xz_

z0
b0���sxsT

f(z) =
∏

n:fn(z0)=0

fn(z) ·
∏

n:fn(z0)6=0

fn(z).

��_y�^q��@x~_�hY] �v�rw|TW�v_A�W�jTW]Yqs��Ôv\Af�x~_
z0
w|T£xvXrÓ��
∑

n:fn(z0)=0

m(fn, z).

��_uvT�¡�xvTWqv_QhY] �v�rw|T��v_°_|qs��ÔvTz]Hwr]�\\|�v\[Zc{�x�] krtQfj{[�vX|q~xv�[f��a�a_[�r_r��\°uvTW���W��Tz]Hqs��Ôv\f�x~_
z0\c�^�yx~_R��T��0q��[w|\Rlrb÷`�� Ö k^\^]�x~_�fj{cwc�^��qv\rfgw|\A���rT�x~\r]÷b �

�H]�\Ý�v\Ý\[�r_|uvTz��Óv_|{[w[TAxz_Ç��T��0q��[w|\³©�\|qv\chY_c�~x~_c�^_r� �[fj�c�Rxz_|{
Weierstraß

��\Ý��qvTz]�\�Þ
f^x~_|¡[w|Tk^X[�r_^] T��³or_[�s�?�sx�] k^���Üfj{[�v\|q~xvt[fjTz] �cb�����x~_[{[w|T

E0(z) = 1 − z
k�\r]£hY]�\

p =
1, 2, 3, . . . Ö

Ep(z) = (1− z) exp

(
z +

z2

2
+ · · ·+ zp

p

)
.

��]gfj{[�v\|q~xvt[fgTW] �U\|{�xv���U_[�v_|w|X|Ôv_[�~xz\^] ØHÆcÄ4¾�êJ»|¾ Ê�Â^»[¾�ã'Ð�·�½^Ú�ºHÄYËrÆ^»�ã b
¸Z¹ õ�õNu lrb � ø � úÀû1� ��P ÿ |z| ≤ 1

�|û[ú
p = 0, 1, 2, . . . A9D �  ý � ÿ

|1− Ep(z)| ≤ |z|p+1.y\z öa{�|sòO}�v ø��H]�\
p = 0

Tz� �s\r]��rqv_rVY\|�v���cb0�H]�\
p ≥ 1

�W��_|{[w|T

−E′p(z) = zp exp

(
z +

z2

2
+ · · ·+ zp

p

)
.

d0�r_|w|�W��i9�£� −E′p �W��Tz]^wr] \yqs��Ôv\¢xsX|Ó��c� p f�xz_ 0 Ö k^\^]|xz_y\|�vX[�[xv{�hgw|\ Taylor
xv�c� −E′p f�xz_

0
�W��Tz]gw[��\rqv����xs] k�_[¡c���rqv\[hgw|\cx�] k^_|¡c�Ufj{[�~xsT�Z[TWf�xs���cbO�={[�vT��|�0���

1− Ep
�W�jTW]Yqs��Ôv\�xsX|Ó��c�

p+ 1
f�x~_

0 Ö k�\r]Y\|�U�?�Wfg_[{[w|T

φ(z) =
1− Ep(z)
zp+1

,

xv��xvT
φ(z) =

∑∞
n=0 anz

n Ö w|T�sZ[\Ùx~\ an w[�Ã\|qs���sx�] k^Xgb í ��qv\ Ö hY]�\ |z| ≤ 1
�W��_[{[w|T

|φ(z)| ≤ φ(1) = 1
k^\^]�x~_�fj{cwc�^��qv\rfgw|\A���rT�x~\r]÷b ��\|� jñ�vÌõ�u lrb } ¦^øVi j(üE�ow

zn � úÀû�û�� _C� ý P KÀû � � � ��[vÿ�þvú	��Y�þ � ú F û�[�úO��YOþ(û ^ ú P�� YOþV� D �  úÉûY0ü���ÿ |zn| → ∞ ?ó£�D �  ý � ÿ rn = |zn| ?Å@ þ pn ÿ�K þWû|ú � úÀûÃû�� _CE ý P KÀû � �Ãû ^ þ��a�WúO��Y�þû��rÿ ^ û�KÌw�þ>� D �  úÀû�Y0ü���ÿ
∞∑

n=1

(
r

rn

)1+pn

<∞,

e �



F úÀû1� ��P ÿ r > 0 A ��
5��ÿ\�  û��sÿ�ú ^r*F ú þ*
 � ÿ~þ 
P (z) =

∞∏

n=1

Epn

(
z

zn

)

_^ K � ÿ�ú � úÉûaû�� Dl^ û|ú6�#üÌý�þ �H^ �G�rü����  �  KÀû D �=ÿ�ú � úÀû ^ K � ûRü�ÿn� ��P ÿ zn �rû[ú#�  �  KÀû~[vÿ�þ D �=ÿ�ú��C�C ÿo� ^ K � ÿo��ü��  C ?
@ � ^ ú QrD ü���ÿ ^ û A û[þ��  α ÿ � ]?ûcþ!K � ÿ���û[ú m ] _^�D ��ü��G�^þUû�� RCE ý P KÀû zn A ��
5��ÿ�� P D �=ÿ�ú � úÀû

^ K � û1� ��� �a� m üE�  α ?
y\z öa{�|sòO}�v ø�SU\cx|¥�\|qv��tc�"�r\rqv\cxv�[qv_[¡[w|T��sx�]�Tz� �v\r]?�rXr�~x~\'u�{[�v\[xv�#�v\�orqv_[¡[w|T�wr]�\'\[k^_cÞ

Z|_[{s�Ì��\
pn
�c�ri9�¢f�xv��us]�\[x�¡��|i�f���x~_[{��?T�i�q�tcw|\[x~_[��b£©�qvXchgw|\[xs] Ö hY]�\�k^X���T r > 0

�W��_[{[w|T
rn > 2r

h?]�\¢�sZ|\ªT�k|xs�[�£\[�r���rT��rTWqv\rfjw|�W�v\�x~_U�|Z[ts�?_|�
n Ö T��r_rw[�W��i0� r/rn < 1/2

hY]�\ª\|{�xvX
x~\
n
b í �.qs\Awc�r_rqv_[¡[w|T��v\�Tp��] Z|��Óv_|{[w|T Ö hY]�\��^\|qvX|usTW] hYw|\ Ö pn = n− 1

b
�Ox~\���TWqv_c�r_^] _[¡[w|T�x���qv\³�W�v\

r
b¨���sxsTyhY]�\³�sZ|\³T�k|xs�[�'\[�r�°�rT��rTWqv\|fgw|�W�v_°�[Z[ts�?_|�

n] fg�^¡[Tz]
rn ≥ r

b9d0�r_rw|�W��i9�U\r� |z| ≤ r Ö xs�sxsT�\[�r�yx~_A�Ot[w|w|\�lrb � �W��_[{[w|T��sx�]
∣∣∣∣1− Epn

(
z

zn

)∣∣∣∣ ≤
∣∣∣∣
z

zn

∣∣∣∣
1+pn

≤
(
r

rn

)1+pn

.

�={[�vT��|�9�U�yfgTz]�qvX
∞∑

n=1

∣∣∣∣1− Epn
(
z

zn

)∣∣∣∣
f�{�hjk|Zr� �vTz]H_rw|_r]��|w|_rqvVY\°f�xz_[�Rus� f�k^_

D(0, r)
bR��VY_|¡'x~_

r
t�x~\|�R\|{s�?\^��qvT�xz_ Ö �Qfj¡shjk|Zr] fj�Tz� �v\r]Ì_|w|_r]��rw|_|qvVg�Rf�x~\#fj{cwc�^\chjt�{��r_rfj¡c�s_vZ|\Rx~_[{

C Ö k^\^]Yx~_#f�{[wc�r�Wqv\rfjw|\#���rT�xz\^]�\[�r�Rx~_��T��0q��[w|\Rlrb `�¤^b �
�\|� jñ�vÌõ�u lrb } ` Îld¢Ä�©R»cÊ.½[åÌÅ4·hÝQ·�½^·?º@ÄYËrÆcÄ�Ð�Ä4Ñ å�Ø4å�ã¢ÆcÄ�È

Weierstraß
Ò øNi j(ü��;w

f � úÀûyû�� Dl^ û[ú��yüÌý�þ �H^ �G�rü�� � ÿ f(0) 6= 0 A �rû[ú D ü��;w z1, z2, . . .  ú ^ K � ÿo���!��� f ÿ��sû[þWû Ca��Q û(¢þ*
 � ÿ~þzÿo�¢ü7M � ]7w�þzû � ÿ��!�rþ1� RC�C û�� C 
5�G��� � �  ý�� ?�� 
5��ÿ"ý�� ��^ �=ÿ�ú � úÀû#û�� Dl^ û|ú6�'üÌýcþ ��^ �!�|ür�
g
�|û|ú � úÀû�û�� RCE ý P KÀû pn � �Rû ^ þ(���WúO��YOþªû��|ÿ ^ û�KÌwOþ,� D �  úÀû�Y�üE��ÿ

f(z) = eg(z)
∞∏

n=1

Epn

(
z

zn

)
.

y\z öa{�|sòO}�v ø.�2�^�[w|\cx���Ôv_[{[w|TUxz_a\c�^TW]�qv_shY] �v�|w|TW�v_
P
x~_[{#��T�i0q�t[w|\cx~_[��lrb } ¦R��q��[fY]�w|_�Þ

�r_^] ���~x~\[�=x��[�£\ck�_vZ|_[{s�Ì��\�xzi0�£qs]�Ô��0�2xv�c�
f
bH����xvT��Uf�{[�vXrq~x��[fj�

f/P
�W��Tz][w[�[�v_UT��^_[{[fY] �HÞ

uvTz] �£\r��i0w|\[Zr� T���k�\r]^T��r_|w|�W��i9�.wc�r_rqvTz�r�v\"T��rT�k|x~\c�?Tz�^fgT(wr]�\"\ck��Wqv\r] �ªfj{c�sX|q~xv�[f���b9d9��� fj��� Ö�
f/P

uvT���w[�[uvTW�s��ÔvT�x~\r]rk�\r]jT��r_rw[�W��i0� Ö T�V?�|fg_c��x~_ C Tz� �v\^]j\c�[Z|X�fj{[�vT�k|x�] k^� Ö ���jTW]j\r�v\cZ[{sÞxs] k��UZ|_shgX|qs] �?w|_ Ö u���Z|\ru�t�{��rXrqv��Tz][wr]�\ª\ck^�Wqv\^] ��f�{[�vXrq~x��[fj� g xs��x~_r]�\¢�0f�xvT f/P = eg
b �

Ýa·Ì½^·?Æ[Á�½[å�ØJå<î
�����

f
�W��Tz]Yqs��Ôv\yxsX|Ó��c�

m
f�x~_

0 Ö xv�sxsT.�"�^\|qv\[hg_c�~x~_c�^_r� �[fj�"xv�c� f �r\r��qv�sTW]�xv��w|_|qsVgt

f(z) = zmeg(z)
∞∏

n=1

Epn

(
z

zn

)
.

��\yT��rT�krxv�z] �v_|{[w|T2xv�0qv\"xz_A��T��0q��[w|\�lrb } ¦�Õ0�.¥����s\y\[{s��\r��qvT�x~_y\|�s_r] �rxs�yfj¡[�v_sZ[_�wc�r_|qv_|¡[w|T
�v\Ýk^\[xz\rf^k�T�{[X|fg_[{[w|T#wr] \Ç\|�v\[Z[{�xs] k^tÝfj{[�vX|q~xv�[f��Ýw|T��^qv_|us]�\[hgT�hgqv\|w|w|�W�v_Çfj¡c�v_sZ|_Çqs]�Ô��0�
Î k^X[xWi Ö Vg{[fY] k^X Ö \[�r��x~_c�U�rTWqs] _rqs] fgw|���r_[{ª����xvTz]�x~_R��T���q��[w[\A��\|{�xv�sxv��x~\[� Ò b

�o�



�\|� jñ�vÌõ�u lrb }c} ø\i j(ü��ow
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