AN OPTIMAL EXTENSION OF MARSTRAND’S
PLANE-PACKING THEOREM

THEMIS MITSIS

AsstracT. We prove that i is a subset of the 2-dimensional unit sphere
in R3, with Hausdoff dimension strictly greater than 1, akds a subset
of R® such that for eack € F, E contains a plane perpendicular to the
vectore, thenE must have positive 3-dimensional Lebesgue measure.

1. INTRODUCTION

Marstrand [1] proved that a subset Rf containing a translate of ev-
ery plane has positive 3-dimensional Lebesgue measure. The purpose of
this paper is to show that Marstrand’s result still holds if one restricts the
set of the normal directions of the planes to any subset of the unit sphere
with Hausdoff dimension strictly greater than one. Namely, we prove the
following.

Theorem. Let S? ¢ R3 be the2-dimensional unit spherd; c S? be a set
of Hausdoyff dimension strictly greater thah, andE c R3 be a Borel set
such that for eacte € F, E contains a plane perpendicular to the veceor
ThenE has positive-dimensional Lebesgue measure.

We also show that this result is optimal, in the sense that the condition on
the Hausddf dimension ofF cannot be relaxed.

2. PRELIMINARIES

Q?is the sefee S?: |e— (1,0,0)| < 1/10}.

B(x, r) is the ball of radius, centered at the point

LK, k = 2,3, denotek-dimensional Lebesgue measure.

dimy(A) is the Hausddf dimension of the seA.

l(a) is the line in the directior € S?, passing through the poiate R3.
Il is the plane through the origin, perpendicular to the veetoS2.
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I13(a) is the solid cylinder with centeat € R3, height &, radius 1, and
whose axis is in the directiome S?, i.e.

I13(a) = {x € R® : dist(x, le(a)) < 1, and|proj_,(X) — al < 6},

where proj,(X) is the orthogonal projection of the poirtonto the line
le(a).

xa is the characteristic function of the st

A’ is thes-neighborhood of the s, i.e

A’ = {x e R®: dist(x, A) < 6}.

Throughout this pape€, C,, C,, ... will denote positive constants.
We finally note the following geometric fact which will allow us to con-
trol the measure of the intersection of two cylinders.

Lemma. There exists a consta@ such that for anye, f € Q?, anda,b
R3, we have
52

L3(Hg(a) N H? (b)) < Cm

Proof. Let# be the angle betweerandf. After a rotation and a translation,
I13(a) N I1§(b) is contained in the seR{ N Ry) x J, whereR, andR; are 2-
dimensional rectangles of dimensions 26 intersecting at anglé, andJ
is an interval of length 2. By trigonometry, the diameteiRpin R; is less
than

0 0

— <Cob——.
s+singd ~ 5+l f|

C1

So0,R; N Ry is contained in a rectangle of dimensions

0

C,——— x 24,
25+ le— f] %
and therefore
2
LR NR) < Comr——.
(l 2)— 36+|e—f|
Integrating alongl we get that
52



AN OPTIMAL EXTENSION OF MARSTRAND’S PLANE-PACKING THEOREM 3

3. ProoOF OF THE THEOREM

Without loss of generality, we may assume that Q2. Since diny (F) >
1, by Frostman’s lemma (see, for example, [2]), there exists a positive, finite
Borel measur@ supported irF such that the quantity

du(X)du(y)
i) := ff X—yi
is finite.

Using measure theory, one can find a sulbset F with u(F;) > 0 and
a compact sefE; c E such that

Vee F1da. € R®: L((Ie + @) N B(as, 1) N E;) >

I\)I>I

and therefore
L3(T5(ag) N ES) > 6, Ve e Fy. (3.1)

Now, decomposé& into a finite, disjoint family{A;} of sets with diame-
ter less tham. Letc; = u(A;) and picke; € A;. Then

u(Fs) = %Zﬂ(AM < %Z L (2g) N ED (b (B1)

5ZCJaneJ(ae>— IZCJ/\/H (a))"

By the Cauchy-Schwarz inequality
1 n1/2
pu(F1) < 553(Ei)1/2(f(2 CjXHiéj(ae,-)) )
j

1 3(Ed\1/2 vz
= SLA(ED ( Zk] CjCanzj<aej>mHzK(aeK>)
I8

_ %gs(Eg)HZ(ch,-ckﬁ(n (86) N I (a@)))
Js

1/2

By the Lemma

CiCx 1/2
E.) < CY2L3(E? 1/2( J—)
u(F1) < CY2L3(E) Zé+|e,-— 5

<C1/2£3(E5)1/2 Zf f Zd;r)((x)d;(y) 1/2

< (2CL3(ED1 ().
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We conclude that (F.y?
LS E5 > HM\F1 ’
( 1) = 2C|1(,U)
for all 6, and therefor& 3(E;) > 0. ConsequenthZ3(E) > 0.
To see that the condition dingF) > 1 cannot be relaxed, l&t c R? be
a Kakeya set, that is, a set of planar measure zero which contains a line in

every direction (see, for example, [2]), and let
F={(xy,0):xX+y=1cS?
E=KxR.
Then
dimy(F) =1, L3E) =0, andVee F 3a, e R®: Ilc + a. C E.
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