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PROBLHMATA ANALUSHS 2007

1. Imre Ruzsa
Topology and the integers

A familiar theorem of Steinhaus says that the difference set of a set of positive measure (on the
line) is a neighbourhood of 0. We try to find the analog of this result for the integers.

First, what takes the place of measure? Some form of density can. We overview several concepts
of density; none of them is “the best”.

What takes the place of a neighbourhood (or of an interval)? The most usual topology on
the integers is the discrete one, which tells us nothing. There are better ones, which yield a
compactification; I will mention some, and argue that (for several applications) the Bohr topology
is the most natural one.

So we have a natural candidate for a discrete Steinhaus theorem:
“The difference set of a set having positive density is a neighbourhood of 0 in the Bohr topology.”
This is still not the happy ending. For the simplest choice, the asymptotic density, this is known

to fail. We will tell some weaker statements that are true. For another choice, the Banach density,
this is unknown.

A couple more differences between the integers and reals. In the reals, we know that sets that
are not measurable exist, but we never meet them; for the integers, a simple set like those whose
first digit is 1 does not have a density. In the reals, a measurable set is somewhere very dense (this
is the reason for Steinhaus’ theorem), and a set of integers does not have this property.

The conclusion is that, despite their seeming simplicity, the integers are more complicated than
the reals.

2. Miq�lhc AnoÔshc
Anaparast�seic om�dwn kai mh autosuzugeÐc �lgebrec telest¸n

Sthn omilÐa aut  ja parousi�soume orismènec mh autosuzugeÐc �lgebrec telest¸n oi opoÐec
prokÔptoun apo thn jewrÐa anaparast�sewn om�dwn. Ja suzhthjoÔn jèmata sqetik� me ton sÔn-
desmo twn analloÐwtwn upoq¸rwn twn algebr¸n aut¸n, thn anaklastikìthta touc, to rizikì touc,
thn C∗-j kh touc. EpÐshc ja suzhthjeÐ to prìblhma taxinìmhshc touc.

3. Dhm trioc ApatsÐdhc
H dom  twn upoq¸rwn tou q¸rou V 0

2 me mh diaqwrÐsimo duðkì

4. Alèxandroc Arbanit�khc
Talagrand’s Kσδ problem

5. Dhm trhc GatzoÔrac
Melèth TuqaÐwn Perip�twn se Om�dec mèsw tou (mh metajetikoÔ) MetasqhmatismoÔ Fourier
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Poll� apì ta apotelèsmata gia tuqaÐouc perip�touc ston Rn   ton Zn (all� kai genikìtera thc
klassik c jewrÐac pijanot twn) apodeiknÔontai me qr sh armonik c an�lushc, dhlad  me qr sh tou
metasqhmatismoÔ Fourier (p.q. to kentrikì oriakì je¸rhma). Mh metajetik  armonik  an�lush èqei
qrhsimopoihjeÐ kai gia melèth tuqaÐwn perip�twn se mh metajetikèc om�dec, all� saf¸c se polÔ pio
periorismènh klÐmaka. Ja d¸soume ènan tÔpo {fasmatik c aktÐnac}, pou sundèei tic sunelÐxeic µn :=
µ ∗ · · · ∗ µ enìc mètrou me ton metasqhmatismì Fourier tou mètrou, pou xèroume oti isqÔei gia k�poiec

om�dec (abelianèc, sumpageÐc, kai hmieujèa ginìmena sumpag¸n epÐ abelian¸n), kai ja perigr�youme
pwc apì autìn ton tÔpo mporeÐ na p�rei kaneÐc k�poia apotelèsmata gia tuqaÐouc perip�touc stic
om�dec autèc. Paramènei anoiktì an autìc o {tÔpoc fasmatik c aktÐnac} kai ta apotelèsmata gia
tuqaÐouc perip�touc pou ja anafèroume isqÔoun kai se genikìterec   �llec om�dec.

6. Apìstoloc Giannìpouloc
EmfuteÔseic upoq¸rwn tou Lp ston `n

r

Ja prospaj soume na perigr�youme th qr sh thc pijanojewrhtik c mejìdou sth gewmetrik 
sunarthsiak  an�lush mèsa apì k�poia klasik� probl mata emfuteÔsewn:

(a) 'Estw X ènac k-di�statoc upìqwroc tou Lp, p ≥ 1 kai èstw ε > 0. Poiìc eÐnai o mikrìteroc
n gia ton opoÐo up�rqoun k-di�statoc upìqwroc Y tou `n

p kai isomorfismìc T : X → Y ¸ste
‖T‖ · ‖T−1‖ ≤ 1 + ε?

(b) 'Estw X = `k
p, 1 < p < 2 kai èstw ε > 0. Poiìc eÐnai o mikrìteroc n gia ton opoÐo up�rqoun

k-di�statoc upìqwroc Y tou `n
1 kai isomorfismìc T : `k

p → Y ¸ste ‖T‖ · ‖T−1‖ ≤ 1 + ε?
(g) EÐnai swstì ìti gia k�je 1 < p < 2 kai gia k�je δ > 0 up�rqei C(p, δ) > 0 ¸ste: an

n ≥ (1 + δ)k tìte up�rqoun k-di�statoc upìqwroc Y tou `n
1 kai isomorfismìc T : `k

p → Y ¸ste
‖T‖ · ‖T−1‖ ≤ C(p, δ)?

Ta perissìtera apì aut� ta probl mata paramènoun anoikt�, ìmwc oi gnwstèc ektim seic eÐnai
{entupwsiak� isqurèc} kai {sqedìn bèltistec}.

7. BasÐlhc Grhgori�dhc
H sqèsh thc effective SunolojewrÐac me thn An�lush

8. NÐkoc Dafn c
Antistreyimìthta tuqaÐwn pin�kwn

'Estw A = (ξij) ènac tuqaÐoc n×n pÐnakac, ìpou ξij anex�rthtec upokanonikèc t.m. me mèsh tim 
0 kai diaspor� 1 (tupikì par�deigma eÐnai oi tuqaÐoi ±1 pÐnakec). Ja perigr�youme èna prìsfato
apotèlesma twn M. Rudelson kai R. Vershynin pou dÐnei akrib  ektÐmhsh thc pijanìthtac na eÐnai mh
antistrèyimoc o A kai, epiplèon, thc pijanìthtac h nìrma tou A−1 na eÐnai meg�lh: gia k�je ε ≥ 0
isqÔei

P
(
‖A−1‖ ≥

√
n

ε

)
≤ Cε + exp(−cn).

Sth sunèqeia ja anaferjoÔme se sqetik� anoikt� probl mata.

9. BasÐlhc Kanellìpouloc
JewrÐa Ramsey gia dèndra kai efarmogèc sthn TopologÐa kai sthn Sunarthsiak  An�lush
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Ja parousi�soume katatarq�c k�poia sunduastik� apotelèsmata pou aforoÔn qrwmatismoÔc
alusÐdwn kai antialusÐdwn tou duadikoÔ dèndrou kai sthn sunèqeia ja d¸soume efarmogèc aut¸n.
H pr¸th afor� mia taxinìmhsh twn diaqwrÐsimwn sumpag¸n uposunìlwn thc pr¸thc kl�shc tou
Baire ìpou apodeiknÔetai ìti up�rqoun akrib¸c 7 prwtìtupa. H deÔterh afor� th gewmetrÐa twn
diaqwrÐsimwn q¸rwn Banach me mh diaqwrÐsimo suzug , ìpou apodeiknÔetai h Ôparxh miac �meg�lhc�
unconditional basik c oikogèneiac ston deÔtero suzug . Autì ìpwc ja doÔme lÔnei katafatik�
to prìblhma tou �diaqwrÐsimou phlÐkou� gia suzugeÐc q¸rouc Banach. Sqetizìmena probl mata ja
suzhthjoÔn peraitèrw.

Ta parap�nw eÐnai apotelèsmata koin c sunergasÐac me ton S. A. Argurì kai ton P. Dodì.

10. Manìlhc Katsoprin�khc
Prìsfatec exelÐxeic se anoikt� probl mata thc GewmetrÐac twn PoluwnÔmwn

11. Miq�lhc Kolountz�khc
K�luyh tou epipèdou me peristrofèc periodik¸n sunìlwn

'Estw E to uposÔnolo tou epipèdou pou orÐzetai wc ìla ta shmeÐa twn opoÐwn h apìstash apì
to sÔnolo Z2 = {(x, y) : x, y ∈ Z} eÐnai to polÔ ε. Ja exet�soume to prìblhma tou pìte mporoÔn
k�poiec peristrofèc tou sunìlou E gÔrw apì to 0 na kalÔyoun ìlo to epÐpedo, ektìc fusik� apì
èna fragmèno komm�ti. Gia par�deigma, eÐnai polÔ eÔkolo na deÐxei kaneÐc ìti an p�roume thn ènwsh
ìlwn twn peristrof¸n tou E gÔrw apì to 0 tìte kalÔptetai ìlo to epÐpedo ektìc apì mia geitoni�
tou 0. Den eÐnai tìso aplì na dei kaneÐc ìti arkeÐ na peristrèyoume to E gia ìlec tic gwnÐec sto
di�sthma (0, δ), gia opoiod pote jetikì δ. Ja anafèroume di�fora anoiqt� probl mata sqetik� me
autì to jèma. ('Arjro ed¸.)

12. Iw�nna Kurèzh
MonotonÐa ajroism�twn Darboux

13. Gi¸rgoc Kwst�khc
How complicated can be the dynamics of a linear operator?

14. Miq�lhc Mari�c
Armonik  an�lush kai gewmetrÐa

Ja parousi�soume orismèna klasik� apotelèsmata (MetasqhmatismoÐ Riesz, Je¸rhma pollaplasi-
ast¸n Hörmander-Miklin) thc Armonik c an�lushc ston Rn, se di�fora gewmetrik� plaÐsia, ìpwc
Rhm�niec pollaplìthtec me jetik    arnhtik  kampulìthta   diakrit� graf mata, kai ja suzht soume
orismèna anoiqt� probl mata.

15. Jèmhc M tshc
SfairikoÐ mèsoi kai aujaÐreta mètra

16. AjanasÐa Mpaq�roglou
Universal Taylor series on doubly connected domains
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We strengthen a result of Melas concerning universal Taylor series on an unbounded doubly
connected domain in C which is the complement of a compact connected set. The universal approx-
imation is also valid on the boundary, it holds for the derivatives of every order and the universal
function vanishes at ∞. Furthermore, we prove that the universal approximation can be valid
both sides on the boundary under conditions. In our results we obtain topological and algebraic
genericity.

17. Dhm trhc Mpets�koc
TrÐa probl mata gia thn uperbolik  metrik  se tìpouc toÔ migadikoÔ epipèdou

Pr¸ta ja k�noume mi� mikr  eisagwg  gi� to rìlo thc uperbolik c metrik c sth migadik  an�lush.
Sth sunèqeia ja diafhmÐsoume dÔo pali� probl mata: to prìblhma thc amfimonìtimhc stajer�c toÔ
Bloch kai to prìblhma t c bèltisthc stajer�c sthn anisìthta twn Gehring-Hayman. Tèloc ja
asqolhjoÔme me èna prìsfato prìblhma pou tèjhke apì touc Gardiner kai Lakic. Sto prìblhma
autì zhteÐtai h bèltisth stajer� se mi� anisìthta pou sundèei thn uperbolik  metrik  enìc tìpou D
me thn uperbolik  metrik  enìc �llou tìpou pou èqei sumpl rwma trÐa shmeÐa sto sÔnoro toÔ D.

18. Miq�lhc Papadhmhtr�khc
SÔnola upost�jmhc poluwnÔmwn

19. K¸stac PoÔlioc
Idiìthta stajeroÔ shmeÐou sto q¸ro dèndrou tou James

'Estw X ènac pl rhc q¸roc me nìrma. Lème ìti o Q èqei thn idiìthta stajeroÔ shmeÐou an gia
k�je K ⊂ Q kurtì kai w−sumpagèc kai gia k�je T : K → K ¸ste ‖Tx− Ty‖ ≤ ‖x− y‖ ∀x, y ∈ K,
h T èqei (toul�qiston èna) stajerì shmeÐo. To genikì prìblhma eÐnai o �qarakthrismìc� twn q¸rwn
Q pou èqoun thn sugkekrimènh idiìthta. Sthn omilÐa aut , afoÔ anafèroume epigrammatik� orismèna
basik� apotelèsmata, ja perigr�youme thn apìdeixh ìti o q¸roc dèntrou tou James èqei thn idiìthta
stajeroÔ shmeÐou.

20. Jeoq�rhc Raðkìftsalhc
Q¸roi Banach me monadik  mh tetrimmènh di�spash

21. NÐkoc Stulianìpouloc
Orthogonal Polynomials in the Complex Plane

22. Nikìlaoc TsirÐbac
Ena paradeigma twn Kajolikwn seirwn Taylor me barh

Sta gnwsta proseggistika jewrhmata tupou Runge   Mergelyan den epitugqanetai elegqoc
tou bajmou tou poluwnumou pou ulopoiei thn proseggish. Emeic kataskeuazoume mia akoloujia
poluwnumwn Pn wste se duo sugkekrimenouc diskouc D1, D2 na ikanopoioun oti 1) H akoloujia
(deg Pn)Pn na sugklinei omoiomorfa sto 0 ston disko D1 kai 2) H akoloujia Pn na sugklinei
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omoiomorfa sto 1 ston disko D2. Akoma deg Pn = 2n. Qrhsimopoioume to prohgoumeno proseg-
gistiko apotelesma gia na dwsoume mh tetrimmeno paradeigma uparxhc kajolikwn seirwn Taylor me
barh se sqesh me prosfath ergasia tou D. Qatzhlouka epektetamenhc afhrhmenhc jewriac kajo-
likwn seirwn.

23. St�jhc FÐlippac
Anisìthtec Hardy-Sobolev, anisìthtec Harnack kai ektim seic pur nwn jermìthtac

24. Anèsthc Fwti�dhc
Harmonic Maps Between Negatively Curved Manifolds

Firstly, I am going to define what a harmonic map between manifolds is and give some examples.
Next I will state some known results providing the existence of a harmonic map, and give the general
idea of their proof. Finally, some open problems will be given.
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