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Di�rkeia diagwnÐsmatoc 50 lept�. Kleistèc ìlec oi shmei¸seic.
Oi apodeÐxeic sac na eÐnai pl reic kai na faÐnetai kajar� ti upojètete wc gnwstì.
'Eqei meg�lh shmasÐa kai to p¸c gr�fete.

Pr¸to diag¸nisma, 25 OktwbrÐou 2010

Prìblhma 1. ApodeÐxte epagwgik� ìti gia k�je n ≥ 1 isqÔei

13 + 23 + · · ·n3 = (1 + 2 + 3 + · · ·+ n)2.

LÔsh: 'Estw an = 13 + 23 + · · · + n3, bn = (1 + 2 + · · · + n)2. Jèloume na deÐxoume an = bn gia k�je
n ≥ 1. Kat' arq n epalhjeÔoume ìti a1 = b1 = 1, �ra h prìtas  mac isqÔei gia n = 1. Gia na deÐxoume th
sunepagwg  an = bn ⇒ an+1 = bn+1 arkeÐ na deÐxoume ìti

an+1 − an = bn+1 − bn.

To aristerì mèloc aut c eÐnai (n + 1)3 kai to dexÐ mèloc gr�fetai, wc diafor� tetrag¸nwn,

(1+· · ·+n+(n+1))2−(1+· · ·+n)2 = (n+1)(2(1+2+· · ·+n)+n+1) = (n+1)(n(n+1)+n+1) = (n+1)3.

Parap�nw qrhsimopoi same ton tÔpo 1 + 2 + · · ·+ n = 1
2n(n + 1).

Prìblhma 2. Me pìsouc trìpouc mporoÔme na epilèxoume dÔo uposÔnola A, B ⊆ {1, 2, . . . , n} tètoia
¸ste A ⊆ B?
LÔsh: An gnwrÐzoume ta sÔnola A, B \ A tìte to zeÔgoc sunìlwn A, B eÐnai pl rwc kajorismèno. Ta
sÔnola A, B \ A, {1, 2, . . . , n} \ B eÐnai an� dÔo xèna kai h ènws  touc eÐnai to {1, 2, . . . , n}. Epilègoume
loipìn gia k�je stoiqeÐo tou {1, 2, . . . , n} to se poio apì aut� ta 3 sÔnola an kei. Autì mac dÐnei 3 epilogèc
gia k�je stoiqeÐo kai sunolik� 3n epilogèc.

Prìblhma 3. Me pìsouc trìpouc mporoÔme na epilèxoume 6 apì ta 52 fÔlla miac sunhjismènhc tr�poulac,
ìpou k�je fÔllo kajorÐzetai apì èna arijmì (1-13) kai èna qr¸ma (1-4, ek twn opoÐwn ta dÔo qr¸mata eÐnai
maÔra kai ta dÔo kìkkina), tètoia ¸ste

• 4 fÔlla na eÐnai maÔra kai 2 fÔlla na eÐnai kìkkina,
• Ta maÔra fÔlla qwrÐzontai se 2 zeÔgh ìpou ta dÔo fÔlla k�je zeÔgouc èqoun ton Ðdio arijmì?

LÔsh: Ta kìkkina qarti� epilègontai anex�rthta apì ta maÔra. Up�rqoun
(
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)
trìpoi na epilegoÔn ta

kìkkina. Gia na epilèxoume ta maÔra parathroÔme ìti ta maÔra fÔlla sqhmatÐzoun 13 zeÔgh me ton Ðdio
arijmì se k�je zeÔgoc (1 spajÐ kai 1 mpastoÔni, 2 spajÐ kai 2 mpastoÔni, klp). Epilègoume 2 apì aut� ta
zeÔgh kai autì gÐnetai me
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)
trìpouc. Sunolik� up�rqoun loipìn
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)
ex�dec pou plhroÔn ta krit ria.
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