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Pr¸to Diag¸nisma, 16/5/2012
Di�rkeia diagwnÐsmatoc 3 ¸rec, me kleistèc shmei¸seic.

Prìblhma 1. (10 mon�dec)
'Estw Σn ⊆ P(Ω) akoloujÐa apì s-�lgebrec.
(a) OrÐste th <<our�>> thc Σn kai apodeÐxte ìti eÐnai s-�lgebra.
(b) An Xn : Ω→ R anex�rthth akoloujÐa apì TM deÐxte, diatup¸nontac kai qrhsimopoi¸ntac to kat�llhlo
je¸rhma, ìti

P

[ ∞∑
n=1

Xn sugklÐnei

]
∈ {0, 1}.

Prìblhma 2. (10 mon�dec)
DeÐxte ìti an εn = ±1 eÐnai anex�rthtec TM me P [εn = 1] = P [εn = −1] = 1/2 tìte h

∞∑
n=1

εn
n

sugklÐnei me pijanìthta 1.

Prìblhma 3. (10 mon�dec)
'Estw X : Ω→ R TM. DeÐxte ìti h posìthta

(E [|X|r])1/r ,
ìpou r ≥ 1, eÐnai aÔxousa sun�rthsh tou r.

Prìblhma 4. (20 mon�dec)
An Xn ≥ 0 anex�rthth akoloujÐa TM kai Yn = min {1, Xn} deÐxte ìti∑

n

Xn <∞ s.s. ⇐⇒
∑
n

E [Yn] <∞.

Prìblhma 5. (30 mon�dec)
(a) An X : Ω→ R me E

[
X2
]
<∞ kai 0 < λ < 1 deÐxte ìti

P [X ≥ λE [X]] ≥ (1− λ)2
(E [X])2

E [X2]
.

(b) An ak ∈ R kai εk = ±1, k = 1, 2, . . . , n, eÐnai anex�rthtec TM me P [εk = 1] = 1/2 kai Y =
∑n

k=1 εkak,
deÐxte ìti gia k�poia peperasmènh stajer� C1 isqÔei

E
[
Y 4
]
≤ C1

(
E
[
Y 2
])2

.

(g) Gia ak, εk ìpwc sto (b) kai 0 < λ < 1 deÐxte ìti gia kat�llhlh stajer� C2 > 0 isqÔei

P

( n∑
k=1

εkak

)2

> λ

n∑
k=1

a2k

 ≥ C2(1− λ)2.


