Panepistămio Krăths ` Tmăma Majhmatikÿn

Jèmata AnĹlushc: SeminĹrio ProblhmĹtwn

http://fourier.math.uoc.gr/~ mk/probsem0001

MiqĹlhc KolountzĹkhc kai StaÔroc Papadìpouloc ` Earinì exĹmhno 2000-2001

OMADA ASKHSEWN 5

1. ’Estw a, b ∈ N, (a, b) = 1. Gia kĹje k ∈ N jètoume N(k) ton arijmì twn mh arnhtikÿn lÔsewn thc exÐswshc ax + by = k. DeÐxte ìti lim_{k→∞} N(k) k = 1 ab . 2. DÐnetai mia Ĺpeirh arijmhtikă prìodoc pou apoteleÐtai apì fusikoÔc. DeÐxte ìti an ènac ìroc thc proìdou eÐnai tèleio tetrĹgwno tìte upĹrqoun Ĺpeiroi ìroi pou eÐnai tèleia tetrĹgwna akeraÐwn. 3. DÐnetai mia gnhsÐwc aÔxousa mh fragmènh akoloujÐa jetikÿn arijmÿn a_1, a_2, . . .. DeÐxte ìti gia a > 0 upĹrqei k_0 ∈ N tètoio ÿste k ≥ k_0 sunepĹgetai a_1 a_2 + a_2 a_3 + · · · + a_k a_{k+1} < k − a.

4. ’Estw x_1, x_2, . . . , x_k tètoia ÿste x_i ∈ {1, 0, −1}. Jètoume S = ∑ i<j x_ix_j . Na brejeÐ h elĹqisth timă tou S.

5. ’Estw f : C → C mia sunĹrthsh tètoia ÿste f(0) = 0 kai |f(z) − f(w)| = |z − w| gia ìla ta z ∈ C kai w ∈ {0, 1, i}. DeÐxte ìti eÐte f(z) = f(1)z eÐte f(z) = f(1)z. 6. ’Estw n ∈ N, n ≥ 1, kai f(x) mia sunĹrthsh tètoia ÿste f^{2n+1}(x) + f(x) − x = 0, (x ≥ 0).

UpologÐste to ∫_x 0 f(t) dt. (Upìdeixh: JewreÐste dedomèno ìti h f paragwgÐzetai.)

7. ’Estw a ∈ R, a > 0. DeÐxte ìti upĹrqoun n_1 < · · · < n_k < · · · fusikoÐ tètoioi ÿste a = ∞∑ k=1 1 n_k .

HrĹkleio, 14 MartÐou 2001