Panepistămio Krăths ` Tmăma Majhmatikÿn

Jèmata AnĹlushc: SeminĹrio ProblhmĹtwn

http://fourier.math.uoc.gr/~ mk/probsem0001

MiqĹlhc KolountzĹkhc kai StaÔroc Papadìpouloc ` Earinì exĹmhno 2000-2001

OMADA ASKHSEWN 6

1. SugklÐnei ă ìqi h seirĹ ∑_∞ n=1 n^{− n+1}n ?

2. UpĹrqei ă ìqi Ĺpeirh akoloujÐa a_n ∈ C \ {0} tètoia ÿste gia kĹje i ≠ j isqÔei |a_i − a_j | ≥ 1 kai ∑_∞ n=1 |a_n|^{−3} = +∞?

3. UpologÐste to ìrio lim_{n→∞} n^{−3/2} ∑_{6n} j=1 √ j. 4. DÐdetai mia akoloujÐa f_n : R → C , me ∫_∞ −∞ |f_n|^2 < ∞, kai f : R → C t.ÿ. ∫_∞ −∞ |f_n − f|^2 → 0, gia n → ∞. DeÐxte ìti ∫_∞ −∞ | ||f_n|^2 − |f|^2 | | → 0.

5. DÐdetai suneqăc, mh arnhtikă f orismènh sto epÐpedo, me oloklărwma Ðso me α > 0. Upojètoume ìti gia kĹje x ∈ R^2 isqÔei ∑ ν∈Z^2 f(x − ν) ≤ α. Upojèsete epÐshc ìti h f èqei fragmèno forèa, mhdenÐzetai dhladă èxw apì èna dÐsko {x ∈ R^2 : |x| ≤ R}. DeÐxte tìte ìti h parapĹnw isìthta eÐnai sthn pragmatikìthta isìthta gia ìla ta x ∈ R^2 .

6. ’Estw f : [0, 2π] → R suneqăc. DeÐxte ìti

lim_{n→∞} a_n = 0,

ìpou a_n = ∫_{2π} 0 f(x) cos nx dx. Upìdeixh: DeÐxte prÿta ìti autì isqÔei gia th (mh suneqă) sunĹrthsh f(x) = χ_{[a,b]}(x), ìpou [a, b] eÐnai tuqìn upodiĹsthma tou [0, 2π]. ProseggÐste thn tuqoÔsa suneqă sunĹrthsh me klimakwtèc sunartăseic. Poia h sqèsh tou |a_n| me to ∫_{2π} 0 |f|? 7. Me to sumbolismì thc prohgoÔmenhc paragrĹfou, upojèste epiplèon ìti h f eÐnai paragwgÐsimh kai h parĹgwgoc thc eÐnai epÐshc suneqăc sto [0, 2π]. DeÐxte ìti upĹrqei mia jetikă stajerĹ C (exartĹtai apì thn f allĹ ìqi apì to n) t.ÿ. |a_n| ≤ C n , (n = 1, 2, . . .).

HrĹkleio, 20 AprilÐou 2001