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Fioaywyh xow Manuatixo Trofadeo

1.1 Alpdfnta, Aéelg xou YAWGOOESG

Opiowég 1. (Ah@dBnTo)
AlgdBnro elvon éva onolodhnote urn xevéd nenepacUévo alVolo, Tou onolou ta ototyelo ovoudlouvue oUupola
n ypappaza .

Mapdderypa 1. To duvadiké akedfnto Lo = {0,1}. Tnb pla évvola autd elvon 10 TAéoV eVBLUPEROY OAPY-
Bnro. Evag Adyog elvon 6t autod elvar to oh@dBnto mou yenouuonoleltar otoug anuepvols utoloylotés. O
ONUAVTLXGTERPOS OUWS AOYOC elvon 6TL To X umopel vou “uuundel” anotedeouatind onolodhrote dAlo ohpdfnTo.
To T onuaiver autd eAnilovue va yiver Eexdidopo apydrepa.

IMagddevypa 2. To ah@dfnro Xer = {A,B,T,...,a,8,7,...,w,...} nepthaufdver dAa Tor YpdUUOTO Ko
onuela oti&ng e EN\nviic YAdooog.

Ogiopos 2. (Aén)
AéEn mave amd €va alpdBnto X Aéyetar Ulo TenepacUévr) axohoudia

a=01...an
Yeouudtwy a; € X, evdeyouévwc xat xevh (Sn\. ue n = 0).

O apudude n > 0 Myeton prjkos e MEng a xou oupPorileton e |a.

H xevn Mé&n cuuPBorileton mdvta Ue TO €.

Me ¥* ocuuBoAilovue 10 olvolo GAwY Twv AEewY Tdve and 0 oApdfnto X.
TMagdderypa 3. H w = 0101 elvon utor MEN mved amd 1o Suadind ah@dBnto g, ue urhxoc |w| = 4.

Opropée 3. (Mhooow)
M yAdooa L ndvew and éva alpdBnro ¥ elvon éva omolodhinote chvolo, TENEPACUEVO 1) ANELPO, AEEEWY TEVW
ané 10 X. Q¢ cuvidwe ota wadnuatixd ue |L| ouuBoiilouue tov tAnddprduo e L.

IMopdderypa 4. To xevé cOvoro § anotedel ula yYhdooa mévew anéd onotodhnote ahgdBnto T mou Vo o
ovoudlouue kevrj yAdooa .

Hopdderypa 5. Av elvon X éva ahodBnto téte, xatayenotxd, cvuPBolilovue ndhL ue X 11 YAOOoH Téve
and 10 X nov anotelelton and Oheg Tic duvatée Aéelc ue axplfBide éva ypduua, to (Blo dnh. o odA@dBnTo ue
ulo évvola.

IMopdderyua 6. To clvolo T* Awv twv MEewv dvw and éva ohedBnto X elvor 1 mAfpng yYAOoow Tdve
ané 1o X. T ontoodhnote X auth elvon Uia dmelpn YAGOoH oL Tepéyel we UToYAOooe (UTocUvola) GAES
TS YADOOES Tdvw amd to X.
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IMopdderypa 7. To cbvoro E 6Awv TV enwviuwy nou eugavilovior tov tniegovixd xatdhoyo Kerne
Tou 2003 anotelel plol YADOoK Téve amd to oApdBNTo Xgr TV YeuuUdToY Xat onuelwy otiéng tne eAAnvi-
xfic YAdooug (unodétouue €36 bt dev ypnoudonootvion Toudevd Ypduuata Tou Aatixol ohgaBritov otov
xatdhoyo). H E elvon pia nenepaocuévn ahhd ueydhn yAdooa.

ITopdderypo 8. To cbvoro
Q={wexs:IkeN: |w =k}

elvor 1) YAOGoH GAWY TWV JUadX®Y AEEEWY e Uhxog Tou elvar TéAelo tetpdywvo. Ilpogavde mpdxetton yio uia
dmelpn YAOOO.

IMopdderypa 9. To cOvoro Lj 6wy twv MEewv tou Yo He unRxoc axpBoc k, émou k elvar évag guotxde
apLiuog, elvon ULa TETEPACUEVY UTOYAWGOH Tou X5.

‘Aoxnom 1. Bpelte 10 |Li|. Av My, elvon 1 unoyAdooa tou 5 mou anotekelton and Ghec tic el ue uhixog
0 oAU k, Bpelte 1o | M.

‘Aoxnon 2. llboeg M&elc uioug n undipyouy Tdvew and éva algdBnTto ue k ypduuora;

TMapdderypa 10. Ag elvon X4 10 oA@dBnto mou amotehelton amd o YpduUaTa ToU AaTivixol ah@aBritou,
Hwxpd xon xepokador, tar dexodind Pnepla, onuela otléng, mapeviéoels, ayxdheg, Tov Aeukd (space) yopaxthpa
(var un ouyyéetan ue v xevh Mé&n €), To yopaxthpa odayhc Ypouuhc (carriage return), xon yevixd 6Ao ta
oUuBola ou epgavilovtar oe €va cOYYEOVO TATXTEOANGYLO UTOAOYLOTH. AuTé 0 aA@dBnTo ovoudleton ot
oA@dBnro ASCIT'.

H yAdooa L elvar exelvo 10 cOvoro and AMéelc Tou LY mou amoteholy cuVTaxTXd 6woTd TpoYpduUaTa
ot YAbooo npoypauuatiopnol C . Av dev elote yvdaoteg Tng YAdooag authg ahhd xdmotag dAANG, Unopelte va
oploete TNy avtiotouyn YAbooo. Eva npdypauua hotmov Sev elvon tinote dAho and uia MEN ot éva xatdhnio
ah@dfBnto. Av auté Eeviler vor Juuloouue dtu xan oL yapaxthpes olayrc yeauurc Peloxovtan péoa oto
ahpdfBnTo, xau dpar uLor AéEn tou L4 unopel var mepLéyel Tar Ypduuota VOC 0OAOXANpOoL dpyEloL XEWEVOU.

To L¢ elvon yla dmepn yAdooo agod dev undpyel dvw bplo oto uéyedog evée ouvtaxtixd owotod mpo-
YEAUMUATOS, XaL dpal UTdpY 0LV dmELpa TETOLL.

Ogropdg 4. (Zuyxohhnon Aégewy, npddepa xon enidepo AEnc)
Ava=oaq...ap %o = P1... 0B, elvon 0o MéEewc mdvw and to ah@dBnto X ue urxn m xou n, téte opllouue
T ovykdAAnon (concatenation) af va elvon 1 Aé&n

aﬂ:al...amﬂ1---ﬁm

ToL €xEL UAXoC TO GUPOLoUA TWY UNXWDY.

Mo MéEn 7 Méyetan mpdOepa (prefix) pac MEnc a av undpyer Aé&n B 1.0. o = wf. Ouolwe n m Aéyeton
entOecpa (suffix) e a av undpyel B 1.0. a = fBr.

Télog, uta MEN m Aéyeton UTOAEEN tnNg w av undpyouy AEelc a, xou 3, evdeyoUEvLC XeVES, TETOLES WOTE
w = anf.

IMapatienon 1. Ipogoavde woylel ndvta ae = ea = a, Yo xdde &N a.
Elvon @avepd 6t uia AéEn ue uixoc n éxel axp3de n + 1 mpodéuorta xan dA o téoa emtdéuarta.

Enlong n ouyxéMnon Aé€ewv elvon pior tpdén un avtuetadetinr, opos av a = 01 xou B = 00 téte
aff = 0100 # 0001 = Ba.

IMogdderypa 11. Av X = {a,b, ¢} téte 1 ouyxOAnon twv Aé€ewv abe xou bb elvan 1 MéEN abebb.

IMopdderya 12. Ta npodéuarta e AéEnc abed (dev éyer onuacio oe oo ohgdBnto Sovkebouue) elvor oL
MEec €, a, ab, abc, abed. Ta emdéuora elvon o Mé€ewc abed, bed, cd, d, €.

ITwa tny axp(Beia 0 kédikac ASCII elvan éva standard avtiotolyione dhwy Twy cuUBOALY TOU AVaPEPaUE TAPATAV® GTOUS
apuduolc 0-127. To standard autd axoloudeitor cRUEpd € GAOUS TOUS UTONOYLOTES



1.2. TPASHMATA 7

IMopatienon 2. Av 7 elvor ypdupa evée argaBrtou X t6te cuuPolilouvue eniong ye T T YAGOOA TéVe omnd
T0 X mou TepLéyEL UOVO Uia AEEM, TN AEEN T, Tou €xel UbVo Eval YpdUUAL.

Opgropdg 5. (ZuyxdAnot YAWoo®Y)
Av Ly, Ly elvar 300 yAdooeg mdvw and o X opllovue 0 cuyxdAnon Li Ly autdv va glvon 1 yAwooo
LiLy={zy: x € L1,y € Ly}.
Arnotehelton dn\. Ly Ly and dhec tic MEelc mou mpoxdntouy we cuyxdAinon wog AéEnc and tny Ly ue i
NEN tne Lo.
OptZouue enlone L° = {e} o, yion > 1, L™ = LL--- L (cuyxéM\nor te L ue tov eautd tne n Qopéc).

Téhoc opllouvue

L* = U Lk
k=0
xou
oo
Lt =J I~
k=1

IMopdderypa 13. Eow L = {00,11,€e}. Téte L* = Lt elvor i yAdooo wou anoptileton and dhec exelvee Tic
AéZewc and 0 1 1 ue dptio urxog 6mou o npddto yeduua elvan (So ue to deltepo, t0 Tplto ue To TéTopTo XAT.
H xevA Aé&n avixer oty L*.

‘Aoxnon 3. llepiypddte ) yYAwooa 1* mdve and to Suadixd ahedBnto Xs.
‘Acxnon 4. Acllte éu yia xdde yYAdooa L xou guoxois aprduoic m,n woyber L™+T" = L™L™,

‘Aoxnon 5. Av L elvon yio omoladrnote YAOooo mou dev mepléyel TNy xevh AEM €, mota elvar ooplBide M
SLopopd Twv YAwoowy L* xou Lt; AMNGEZeL xdt oty amdvinon av € € L;

‘Aoxnon 6. BeBawdelte 6t xatohoBalvete T nepLypdgel 1 YAGooa
{+7 R 6}1{07 1}*

(ITpbxettan Yot cLYXOAANON TELOY YAwooWY.) Otay, 6Twe €86, dev Teplypdpouue To dAQEBNTO, AVTO CUYAYETOL
and éha o sOUBoAa Tou €youy yenowonondel, otny npoxeluévn teplntwon dnhadi £ = {0,1,+, —}.

1.2 Tpagpruota

Ogropog 6. (Kateuduvouevo ypdonua)
‘Eva katevluvduevo ypdonua G elvon évar Ledyog and 800 cvvoha V xou E xou uta cuvdptnon (todamAdtnra
axuic) m : E — N. To oclvoho V Ayetor ocOvoho kopupdy f kéufwy xou 1o cbvoho akudr E elvon éva
unocUVOAO TOU

VxV={u,v): uveV}

Av 1o Lebyoc (u,v) avixel oto E Mue 6Tt undpyel ToLAdyLoTov uia o) and 1o u oo v. ‘Eva xateudu-
vouevo yedpnua to Lwypoapilovue ouvAtnS ool ULo CUANOYT) Al XOPUEES XAl AXUES TTOL TS EVEOYOLY, TG
oto Tyhua 1 nopaxdte. Aéyeton xateuduvéuevo enedy) UTdpYEL 1 €vvola TG XATEVHUVOTC TEVW OTLG UXUEC.
O 3¢ axuéc UTopoLY VoL EVEVOLY XOlL UL XOPLQPY| UE TOV EAUTS TNg, OTwS EMIONG UTOPOLUY Vo UTERYOUY ol
TOMATAES oXUES TIOL EVOVOUY To (Blo Lebyog xopupdy. To ndoeC axUEC EVOVOUY TNY XOPUPY| U UE TNY XOPUEN
v (amd 1o u npoc 10 v) dideton and tov aptdud m(u,v), Tov elvor évag Vetinde axéparoc.

IMoagddevypa 14. Xto Tyrua 1 naplotdveton 1o ypdynua G = (V, E,m) ue V = {1,2,3,4}, E = {(2,3),(2,4),(3,1), (4, 2),
xow ToAMamAéttar m mou elvon 1 yiar xdde anun extoc and ) (2,3) yio v omola éyovue m(2,3) = 2.



8 KEPAAAIO 1. EI¥XAI'QI'H KAI MAOHMATIKO YIIOBAOPO

@2

Yxhue 1. Eva xatevduvéuevo ypdpnuo Ue 4 xopugés xon 5 axpéc. Mia and i axuéc €xel noAamhotnTa 2.

Ipénel va tovicouue €3 6t oe éva xateuduvduevo ypdgnua (cuvhtwe Yo Aéue amhdde ypdgnuo avtl yio
xateLduVoUEVO Yedpnua o6tay elvan Eaxdapo TL evvolue) dev €yel xaulo onuacio o TpoéTog oL TO OYEdLS-
Couue Tdvew oto yaptl, ohAd ot oL Uag eVOLUPEREL ElVaL UGYO TIOLO XOPLQPT] CUVILETAL UE TTOLOL, XOL UE TL
TOAATAGTNTAL.

Opiowds 7. (Awdoyixéc xopupéc)
Ye éva xateuduvouevo ypdonua G 1 xopuph v Myetar dadoyikr] Tne xopupRc u av UTdpyel oxul (u,v).

Oprowds 8. (Movondrtia og ypogpruata)
e éva xatevduvoUEVO YRdENUO HovordTt amoTeNE! UL OTOLAdHTOTE TENEPACUEVT axohoLDia XOPLPWY

T = UoUy - - -Up,

6mou 1) o h) uip1 elvon dradoyued g u; yia xdde i =0,...,n — 1.
O aprdude n Aéyetal UKo TOU LOVOTOTLOU.

Av oL x0puPEC up XL Uy CUUTITTOLY TOTE TO UOVOTATL AEYETOL XalL KUKAOS.
IMopddetyua 15. Y10 Yyfua 1 1o 24231 elvon éva povondtt ufxoug 4. To 424 elvon xOxhog.

‘Aoxnon 7. Eotw xateviuvéuevo ypdonua G ue n xopupéc xat povordtt oto G ué unxoc k > n. Aciéte
OTL TO HOVOTATL TEPLEYEL Vol X0XAO.

‘Aoxnor 8. Av oe éva xatevduvéuevo ypdenua G undpyet éva Lovordtt UE Uixog MEYUNDTERO 1) (oo and to
TAR00C TV xopuPMY TOTE UTdPYOLY dretpa To TARYOC dlaopeTixd Hovordtia oto G.

‘Otav dev pag evdiagépel N xatedYuvor) Téve oTIG axuég EVEC YPAPHUATOS Xat SEV ETLTRENOVUE TOAAATAEG
axUEC amd ULo XopLPT| OE Lot GAAT TOTE €youue U1 xaTtELIUVOUEVA, amAd YpapAUaTa. XTo YRUPHATI AUTd
YEVIXEDOVTOL XOTA TPOPAYY| TPOTIO OL EVVOLES TWV DLABOYLXDY XORUPHDY XOMEC XL TWV UOVOTUTLOV.

Opiowég 9. (Mn xateuduvéuevo, anhé ypdenuor)

‘Eva un katevfuvduevo, andé ypdonua G elvor éva Lebyog and dGo cbvora V xou E. To cbhvoro V Aéyeton
oOvolo kopupdy i kéuBwy xaL To cUvolo axudy E elvon éva unosivolo tou

(Z) = {{u,v}: u,v € V,u #v}.

To E 3n\. anaptileton and duehf untochvoka Tou GUVOAOL TwY X0pUPKY. Av T0 chvolo {u, v} avixel oto
E t6te Mue 6T 1) axut| uv undipyel oo Ypedgnua G.
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1.3 Xy€oeig ndvw oe GUVOAA, GYECELG LEOJLYULLAG, LETABATLXY| XAEL-
oToTNTA

Ogrtopdg 10. (Eyéon ndvew oe éva oGvoro)
Yxéon R ndvw o€ éva ovodo A elvar éva onolodinote vnoctvoro R C A x A.

Tpdpovue ouvidwe = Ry avtl yia (z,y) € R.

IMopdderypa 16. Av A = R, 10 60voho TV Tparypotixddy oprduay, opilouue moyéon R = {(z,y) e R* : = <y}.
Avtl yio z R y ypdpouue xotd nopddoon z < y.

Mopddevypa 17. Av A = Z, 10 obvoro twv axepalwy, xau m € Z elvor évoc doouévoc axépaoc, m # 0,
opiCovue R = {(z,y) € Z*: mly—z}. Avil yix @ R y ypd@ouue o ~m y xou Stof3dlouue “10 z elvou
toountéroino mod m pe 0 Y. Me ANyn oxédrn BAénovue o1l autd cuuPBalvel av xor UOVO av T T XL Y
agrivouy to (8lo undloLTo dlonpolueva UE M.

IMopdderypa 18. ‘Eva tetpluuévo moapdderyua elvon n mArpngs oxéon A x A, otnyv onola 8o omotadrnote
ototyela tou A oyetilovion uetald Touc.

Mapdderypa 19. Av A = Z, opllovue R y av xou uévo av 2|z —y A 3|z —y.

Oprowég 11. (Eyéoeic avaxhaoTixés, CUUUETPXES XaL UETAUBATIXES)
M oyéon R Myetow avaxdaonikni av z R x vy xdde z € A, ovpperpiki av Ry = y R x xo, téhog,
petaPatikiav (zr Ry & y R 2) = z R z.

Av uo oyéomn €yel xou Tig Tpelc auTég WLoTNTES ToTE AéyeTOn oéon twoduraulas.

Hopdderypa 20. Xto nopddetyua 16 n oyéon elvon avandhaoted xon uetofotix) oAAd Oyt cuUUETELX. XT0
nopddelyua 17 1 oyéon €yel xou ¢ Teelc WidtnTeg o elvon cuvende Ul oyéomn tooduvauiac. Télog oto
Tapdderyua 19 1 oyéon elvar avonhaoTixt| xon CUUUETEWXTH GAAS Gl xon peToBoTix).

‘Aoxnon 9. Eotw G xateviuvouevo ypdenua ue obvoro xopupny V. Opllovue tn oyxéon R oo V: uw R v
av UTdpyet Wovordtt Téve 6to G mou Eexvd and 1o u xar xatohiyel oto v. Elvow n oxéon R avoxdhaotixy,
ouuuEeTEUX, UETABaTuh;

‘Aoxnom 10. T'pdgouue z R y yia duo axepalouc = xou y av z | y (o  doupel tov y). Ael&te 6Tt 1 oyéon R
elvon avorhaotind xon petaBatixd.

‘Aocxnon 11. Eow R; xou R2 dlo oyéoelc oplouéves mavw oto (Slo obvoho. Av elvan avondhaotixée (ovT.
ouuuetpéc, wetaBatixéc) del€te 6t n oyeon RiNR; elvon enlong avonhaotx| (avt. cuuuetpuxr|, ETOBoTiXr).
Acef&te 10 (810 xou YLt TNV TOUT

R=()R;

=
MLOC OLXOYEVELUG OYECEWY, OTIOU TO GUYOAO dextddy J dev elvon xat” avdyxr menepaouévo, oG utopel vo
elvon onolodnnote chvoro.

‘Aocxnon 12. Opllouue 1 oyéorn R o710 cOvoho X3 (10 6UVORo GAwY TwV AEEEwY ToL UTopEl xavelc v QTLAEEL
ue o ypduuata 0 xow 1) dote va éyouvue Ry, yia 800 MEewg & xon y, ov xat wévo av 1 z elvor tpddeua tng
y. Elvou n oxéon R avandhaotxr, ouuueteuny, uetofatixy;

Ocedpnua 1. ("Tropén uetaBoatinfc xhetotdntog)

‘Eotww R ya oxéon ndvw oe éva otvolo A. Tdve vndpye povadikn oxéon Rt opouévn ndvw oto otvodo
A, mou mepiéya tny R, elvar petafatikny ka1 nepiéyetar o€ kdUe dAAN petafatixni oyeon mou mepiéyert tny R.
I'né avtr) iy évvoa elvar v ehdiyiotn uetaBatixy oyéon mou nepéyel Ty R kar tny ovoudlovue uetofotixt
xhewotétnTa i wetaBatixd| 9 g K.

Anodedn. Opllovue v xAdon K nou anaptileton and dhec v oyéoeic X mou mepéyouy v R xon elvan
Tawtéypeova petaPotxég. H xhdon K elvon olyovpa un xevi wia xou nepiéyer tny mifen oxéon A x A. Opllouue
hpa T oyéon RT wc
R =) X.
Xek
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Elvor npogavéc 61t R C R, xou 61t xade uetoforixf oyéon nou meptéyer v R, dnh. xdde oyéon mou avrxel
oty x\don K, tepiéyer Ty RY. To 6t n RT elvon 1) (Bar petoPortind mpoxdntet amd tny ‘Aoxnon 11.
O

Iopatienon 3. Trdpyel xou évac dhhoc tpdmoc va Solue Tt oyéon RT, €€ loou onuavtixde ue tov tumixd
optoud. To vouny elvan uLa oyéon R uetofotind onualvel 6t undpyouy Lebyn (a, b), (b,¢) € R o\ (a,c) ¢ R.
T v uetatpédouue Aoy 1 oxéon R ot oyéon RT, tnv ‘eNdyrotn uetafotixh oyéon nou meptéyel tny
R’, npooiétovue otn oyéon R ta Leuydpla autd mou Aelnouy, uéypt va un yeerdletar vo tpocdécovue SAAaL.
duoixd, auth 7 dradixacia Tov oA TepLypddauE, Yo v Exel VONUA, TEETEL XMoo aTLyur) var Teetwoet. Ko
aT6 dev elvon mpdPBAnua yio oyéoelc R mou elvan menepaouéves (tétoleg elvan, yio mopdderyia, Oheg oL oyéoeLg
oplouévec ot TETEPAOUEVO oUVONO A) ahhd bTay Béhouue va oploouue To RT yia dmelpeg oyéoeic R npémel va
XENOULOTIOLACOUUE TOV OpLoUS TIOU SOOUUE TLO VW UE TNV, EV SuvduEeL, drelprn Touy.

‘Acxnon 13. Av uwa oxéon R elvan avaxhaotixf xou oupuetpxd t6te 1 RY elvon oyéon wooduvauloc.

Tapdderypa 21. Eotw A 10 chvolo 6Awv Twy avdpdnwy mou €youv (foel toté. Eotw R 1 oyéon ng
yévwnone. ‘Eyxouvue dnA. z R y yio 0o avipdnoug z xou y av o z elvon yovéag tou y. Elvon gavepd 6tL i oyéon
R dev elvon petaPBatie| (oo, m.y. ol mamnovdec dev €youv yevvroel T eyyovia). H uetofoatind xhetotdinta
R* tnc R elvon n oyéon v aroyévey. Eyouue Sn\. © Rt y av xou uévo av o y elvor anbdyovoc tou z (0 y
éyet yevvnOel and xdmolov mou €yet yevvniel and xdmolov, xAr, mou €xel yevvniel and tov ).

TMapdderypa 22. Aclyvouue tdpa 6L 1) wetoBoatxn xAetotétnta tou HMapadelyportog 19, napandve, slvon 1
mAnjpng oyéon otoug axepalouc, dnh. xdde dbo axéponol oyetilovton uetal touc. Ipdyuatt, av mobue R
oyéon 19, 6t  RT z yia x&de z € Z agol o 0 dopelton and 1o 2 (xon 70 3). Enlone amodewxviouue ue
enorywyy, we Tpoc to Vetxd aptdud k, 6t yia xdde z € Z wylber z R z +k xou . + k RT z. Aclyvouue
(Vo to TpdTo Wi xau To devtepo elvan eviehde avtiotoryo. T k = 1 npénel va delfovue 6t z R = + 1.
ANG z R x4+ 3 (Drapopdt lon e 3) xou z + 3 R z + 1 (Sropopd (o pe 2) xan eneldf R C RY éyouue enlong
z Rt z+3, 4+ 3 Rt 2+ 1 xou ané ) petaPBorixdtnra tne RT éyovue ¢ RT « + 1.

YTrodétouue tpa & RT 2 + k yia xdmoto k xon yio x&9e z xon ndue vo detfovue 2 RT = + k + 1. AN
éyouue R x+k xou amd o Bhua 1 éyovue z+k—1 RT z+ k. And yetoBotixdtnta éyovue 2 RY z+k+1,
TIOL TEAELWOVEL TNV AmOSELE.

‘Aoxnom 14. T duo axepalouc & xou y Ypdpouue £ R y av 1o |z — y| wwobtar ue 15 1 13. oo 1 petaPBotixn
xAelotoTTAL TNE oYéong R;

‘Aoxnom 15. Eow X = {a,b,c} xou R n oyéon ndvw oto E* mou oplleton wg & R y av xon ubvo av y = za
iy = xb. Ileprypddte tn uetaBatin xhewoténa tng K.

Opiowég 12. (Ioodbvoua otouyela, xAdoewg tooduvapiag)
Av R elvor uio oyéon tooduvouiog ndvew oe éva obvoro A, 2,y € A, xou x R y t61e 100 & xou y ovoudlovtan
R-10080vaua otouyela ¥ amhde looduvoua.

‘Eva un xev6 unocbvoro K C A ovouddetar xAdon tooduvaulog tng oxéone R av xdide dbo atoiyela tou
K elvon yeto€l toug R-1ood80vaua xat, ent mAéov, av ¢ € K xou x R y t61€ éneton ot xou y € K.

‘Aoxnon 16. Tloec and Tic Topoxdte oyéoelc oto olvoro {1,2,3,4} elvon oyéoelc tooduvapiog;

L {(1,1),(2,2),(3,3), (4, 4)}.
2. {(1,1),(1,2), (2,1), (2,2), (3,3), (4, 4)}.
3' {(]‘7 1)7 (]‘7 2)7 (17 4)7 (27 2)7 (27 4)7 (37 3)7 (47 ]‘)7 (47 2)7 (47 4)}'

Ocewpnua 2. (Awuépion ToU CUVOAOL GE ¥AJOELS LoodUVIKiaG)

(a) Av R elvar a oxéon wodvvauiag ndvew o€ éva otvolo A kar Ky, Ks elvar 600 Sapopetikés kddoeg
woburvaulag tns R tére K1 N Ky = 0.
(B) To ovvoro A ypdpetar wg Eévn évwon kdoewy wobvvauias. ‘Etor §Uo otoyela tou A elvar peta&d toug
wodvaua av kar udvo av avrikovy ony (o kAdon wodvvaulas.
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Andden. (o) Eotw z € K1 NKy. Av Ky # Ks téte undpyel xdnoto otolyeio tou evdc ocuvbrou nou dev
avixel oto dhho. Xwplc BAIBN tne yevixdinrae ac vnodéoouue e y € Kq \ Ko. Ouowc enedr 2,y € Kq xou
Ky elvon xhdon éneton 6L & R y. AN owtéd ouvendyeton 6t xou y € Ko uia xou 1 Ko elvar xhdon, dtomo
vl unodéoaue oMde. Apa ta Ky, Ko elvon uetall toug Eéva.

(B) Eow X 10 60volo 6AwY Twv xAdoewy wwoduvaula tne R. Ioylel téte
A= J K,

i xan x8de ototyelo Tou A aviixel oe xdmoa xhdor woduvaglag (Yo tapdderyiuo 0To 6OVOAO GAWY TWV GToL-
Xelwv tou A mou elvor Loodvaua Tpog avtd — autd elvon ULa xhdor tooduvapiag). To cOVORA TOL CUUUETEYOLY
oty Toapandve évwon elvon avd o Eéva, olupwva Ue to (), dpo to A Siopeplleton otic ¥AdoeLs looduvaulog
TOU W¢ TPOS TN oyéor Looduvauiac R.

O

Ogrowmog 13, (Acixtng uta oyéone tooduvoglog)
Av R elvon o oéon tooduvapuiag ndvew oe éva abvoro A o tAnddprdiuog t1ou cLYGAOL TV XAdCEWY Loduvauiag
ovoudleton OefiTng tng oyéone R, xan unopel guoxd va elvon tengpacuévog 1| dnetpog.

‘Aoxnon 17. Xe éva dwudtio PBploxovton dvdpeg xou yuvaixeg xou @opdve UTAOOIES XPWUATOS XOAXLVOL,
npdiotvou 1 Umhé. Av = xou y elvar 800 droua yedgouue x R y v va Snidoovue 6t ta Vo droua elvon tou
{dtou POAOL xaL popdve To (Blo Ypdua. Acel&te L N R elvon uior oyéon tooduvaplog xou teptypddte Tic xAdoelg
wooduvapioc. IMoleg elvon oL xAdoelc looduvaleg xon té6cec T0 TOAD elvou;

‘Aoxnon 18. Ye éva xpdtog e Holuvnolag mou anaptileton and 14 ynotd duo onueia Tou eddpouc Yewpodvtar
6tL oyetilovton and ) oxéon R av unopel xavelc vor ndel and 10 éva 010 GANO mEpTATAVTAS (JEV UTdPYOLY
avwpohies oto €dagoc). Aellte bt n R elvon oyéon tooduvaulog xau Beelte to delxtn tne.

‘Aoxnon 19. Na Bpedel o delxtng tne oyéong tou Hoapadelyuatog 17 ndvew otoug axepaloug xon Vo Teplypapoly
oL Xhdoelg Looduvoylag.

‘Acoxnom 20. 'Eow f uia cuvdptnon pe tedio opiouod 1o R xou tedlo tiudy 1o obvoro {1,...,10}. Tw
z,y € R opllovue z Ry av xou wévo av f(z) = f(y). Ael&te 6t n R elvar oyéon tooduvapuloc, npocdlopiote
¢ ¥Adoele, o melte mola 1 oyéon Tou delxtn ue To clvoro Tk f(R).

‘Aoxnon 21. Eow G = (V, E) éva un xatevduvéuevo, anhé ypdonua. Ta u,v € V ypdgpovue u R v av xou
uoévo av u = v fu # v xou {u,v} € E. Heprypddte tic xhdoelc Looduvapuloc tne oxéone R, agol e&nyhoete
yratl avth elvon oyéomn Looduvapuiog.
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Kscpo’c)\ou.o 2

Auréy.octoc

2.1 Nretepuiviotixd Autopata

‘Eva Ntetepuiviotiné Autéuato (Deterministic Finite Automaton 4y DFA) elvon ovotaotixd éva xateuduvdue-
VO Ypdpnua, Tou ontolou oL xopupéc @ ovoudlovtan kataotdoeg (states) xou and xdde xopuPY| Pebyel axpEYBOS
Lo ooun) Y xdde ypdpuua tou ahgafBritou . Trdpyet uior Sioaxexpluévn xatdoTasT] go, 1) apxikl} katdotaon
xou éval Un-xevé cbvolo F and tedikés kataordoe.

Aglte m.y. éva téT0l0 aquTéUaTo oo ByHua 2.

FINAL STATE

Yxhue 2. Eva anhd vietepuiviotind autéuato

Ogropde 14, (Ntetepuviouxd Autduoto)
‘Eva vteteppvioniké aveduaro elvan pio tevtdda

(Q; X, 67 qo0, F)
6ToV
e () elvar éva nenepacuévo cUvolo kataotdoewy,

13
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o ¥ elvon éva nenepacuévo oApdfnro,
e § elvor ) ouvdpTnon petdBaong (transition function) ue nedlo opiouod 10 Q x X xou nedio Ty 10 Q,
® go € @ elvon yLa amd TIC XATACTACELS TOU OVOUSLEToL apytkr), XoL
o F' C (@ lvoe T0 0UVONO TWY TEAIKWDY XATACTHOEWY.
IMoapdderypa 23. Y10 autduato Tou gaivetar oto TyfAua 2 éyovue @ = {4,B,C, D}, ¥ = {0,1}, g0 = A4,
F={C}.

Tuot vor uihficouue yia T cuvdptnon uetdBoong d Ya mpémel mpdta vo avapepdolue otov Tpdmo “Aettoupyiog
Tou autoudtou.  ‘Eva autéuato yenoudeler i va avayvwpilel, omwe Aéue, wa yhwooo L € ¥*. H
draduxaciar avaryvidetong etvon 1 e€ic.

53

‘Eotww MEnw € £, w = wq ... wy, Uixoue n (w; € I).

e To autduarto apyllel T Aettovpyia ToL OTNY CPYIXH XATACTAON Go-

o AwBdlel énetta tar ypduuata e AEEng éva mpog éva, amd o aplotepd pog to degld mdvta. Ilpdto
daBdleton To YpduUd w1 XA TEAELTALO TO Wy,.

o Mol doBdoel 10 YpduUa o € ¥ %0 EUPLOXOUEVO GTNY XATACTACT, ¢ TO QUTOUITO ueTafalvel otny
xotdotaon ooy xou uévo av n axuf ¢ — 7 éyel etxéta (label) {on ue a. T xdde xotdotoon tou
autopdtou xou xdde ypduua tou aipaBrtou undpyel €€ oplouol axelBKe Ul oxun Tou Eexwvd and TNy
xatdotaon auth X el eTxéta autéd To Yeduua. Ioylel téte yio T cuvdptnon uetdBaone d(q, o) =T,
XENOLIEVEL SNA. 1) CUVEETNOT UETABACTC YLOL VO UaC TTPOOBLOPlOEL GE TIOLA XATAGTAOT) TTHEL TO AUTOUATO ALY
Beloxeton oe pLa dedouévn xatdotaon g xou diaBdoet £va cuyxexpyUévo Yeduua . ‘OAn 1 cuvdecuoroyia
TOU QUTOUETOU SMA. elvol xwdtxomolnuévn oty cuvdptnon 4.

o Apol dofdoel 10 autduato To TEAEUTAlO YpduUa TNg AEENS xou xdvel TNy TeAeutofa Tou UetdPBoo
dnAdveL 6Tl amodéyetan TN AN av xou u6vo av Peloxeton oe TEAX XATAOoTAOT, OE ULal XaTdoTaon SnA.
Tou cLVGAoL F. ANAGC N AéET anopplnteTan.

Optopdg 15. (Mdooa evée DFA)
To cOvoro twv MEewv Tou anodéyetal o avtduato M ovoudleton n yAdooa mou avayvwpiler o autduato
xa ouuBorileton ye L(M).

IMopdderypa 24. o elvon ) YAdooo L mou avaryveplletar and 10 qUTOUATO TNg EXOVAS 2;

Ae 9éheL xon TOMA oxédn yio va tetoTolue 6Tt oty L avixouy axpuBic exelveg ou MéEeig tou {0, 1} tou
€youv meptttéd aptdud and 0 xou meptttéd apdud and 1. T'a vo 10 dolue autd mapatneolue OTL onoTEdNNOTE
T0 autduato Beloxeton oe Pl and tig 0o aplotepés xataotdoelc 1o TARdog Twv UNdevindy tou €xel dofdoet
elvan dptio. Auté yiveton yiatl auth n npdtaon toydel npogavéatata 1 ypovix oydn 0, agob téte dev €xel
doBdioel xavéva undevind xan Beloxeton otny apywxh xatdotaoct A mou elvar oty aplotepr ueptd. Onotedinote
dfdoel enlong xdmolo undevixd 1o avtduato aAAdlel uepld xou dtotneelton €tol N WdTNTa auth. Ouolwg
EMLYELPNUATONOYOVTOC BAénouuE OTL To autduato Pploxeton ot uia and Tic d0o dvw xatactdoelc (A xou B)
oV xo u6vo av éxel dtaBdoel dptio aprdud and 1. Etot, 1o va elvor 10 autduato oty xotdotaon C' (telxn)
onuadver 6t €xet deL TeptTtd aprdud amd évar xou TEPLTTO amd UNdéy, ool N C elvar xdtw (nepittol dooot) xou
de€Ld (meprttd undevixd).

Av m.y. deMjoouue va éyouue éva autéuato tou Yo avaryvepilel oxpBoc exelvec Tic AéEeic tou {0,1}"

ToL €youy meptttd undevikd 1y dptious doooug 1) U6V AARAY TIOU YEELALETOL VO XEYOUUE GTNY TEPLYEAPY| TOU
autopdtou elvor vor aAAGEoUUE TO 6UVORO F' Ty TENXGDY xaTAoTEoEWY Xot Vo To Yécouue (oo e to {A, B, C}.

‘Aocxnon 22. Tyedidote éva DFA nou va avaryvewpllet exelvee tic MéEelg tdve and 1o ¥ = {0,1} nou €youy
dptio mAloc doowy xou TARYoC undevinddy Tou elvar ToAaTAdoLO Tou 3.

‘Aoxnor 23. Tyedidote éva DFA nou avayvwp{let exelvee tic MéEelc ndvw and to X = {0, 1} nouv apy{louv
and 11011.
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TTapdderypa 25. $10 oyAua 3 Brémouue éva autduaTto Tou avayvwplel T YAwooo a{bb} be, dn\. bhec
exelvec T M&elc oto ohpdPBnto X = {a, b} mou apyllouv ue a, axohouldel évac onoloadfinote aprdude (oxdun
xow undév) améd avtiypaga g AENG bb, xar telewdvouy ue ) AéEn be.

a b (o

SxfAua 3. DFA yio ) yAdooa a{bb}"be

Yuupohiopdg: Yo LyAua 3, 6mwe o mopoxdtw, cLUBONLoVUE TNY dpylXh XATAOTUCT UE ML VoL TN
yovio (oo “yvi”, ar’ étou unaivouue oto auToHATO) Xou xdde TEAXY xatdoTaon Utalvel uéoa 6’gvar XUxAo.

YupBoAiorog: Ilpocé€te 6t oo autéuato tou Lyfuatog 3 dev oylel 1 apyxh wag analtnon étL and xde
x0pLQT| TéneL var PevYEL axplBie Utar axun Yo xdde ypduua tou ahgoBritou (Bote 6,TL xou vo SwoBdoouue
6tay eluaoTe O Aol XATAOTAON VoL EYouue Tou var Tdue). Tia mopdderyua, yia T debtepn xopupl| and
aploTepd dev UTdpYEL T UE ETETAL @ Tou Vo Eexvdel amd auty. H oluBaon nou axoroudolue elvor étL av
doBdoouvue éva clUPBoNo xot BPLoXOUACTE OE ULd XUTAOTAOT) oo TNV ontola eV EeXVIEL oxuY| UE ETLXETA AUTO
0 aluPolo, T6TE N MéEN Oev avayvwplletar and 10 AUTEUATO.

H oOuBaon auth axolouvdelton xodopd yio Aoyoug aodntixic xou xatavénong tou oyediou xa dev alhdlet
anoAUTw tinota oty ovcla. Kdlde autduato nou axorouwdel t cbuBaocn aut unopel edxoha va uetatpomel
o€ €voL auTOUTO Tou e Ypnoluonotel auth T cOUBoom xan ExeL TEdYUATL ULor odg ] Yl xdde ypduua omd xdde
%x0pu@n. ATAd Snhdvouue uia véa un teAkn xotdotoon K, Ty xotdotoon xataotpogic, OTeS ETLAEYOUUE Vo
TNV 0VOUdGoUUE, xou and xdde SANN XATAoTAGT, TOL AUTOUETOU oL JeV €yl o] amd aUTH UE eTxéta €0Tw
x opllouue uta tétola axu mpog Ty K. ‘Olec ou axuée and 1o K enotpépouy mdht oto K. Efvor ebxolo va
dolue 6t ot dieg axplPBde Aé€eig avaryvwpllovTal and to apyixd oL To VEO AUTOUATO.

ITopdderypa 26. Axoloudel oto Tynua 4 éva autduato mou avaryvepllel T YAwooa L exelvwy twv Aéewy
tou {0,1}" mou éyouv uéoa to TONG d0o Sodoyxd 1. Ioodhvoua, eivar exelvec ol MéEeic otic omoleg dev
epgaviletar n wopen 111.

ExAua 4. DFA yua tic MEele yoplc tpla Stadoyxd 1

Y10 auTéUATO AUTSH GAEC OL XATACTACELS Elvo TEALXES, OAAG auTé dev amotelel avtipaon, apol axohoudolue
N oVuPBaon e dvew Topathenone. Etol undpyouy npdyuatt Aéeic mou Sev avaryvepllovTal and to auTéUaTo,
Lol xou X3moLeg xopLPES dev Exouv axuéc Tou Eexwvdve amd auTtég xou Yo To 0 xon to 1. H uévn tétola xopuen
elvon 1 3e€Ld, xan, dviwe, N Uovn mepintwon vo anoppei@del ulo AN and to autduato elvar vo gluacte ot
de€Ld xatdotaon xar vo dwdoouue 1, mpdyua o onolo cuufalvel av xaL U6vo av uTdpyouy Tela dtadoyixd 1

ot MEEN.
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IMopdderypa 27. To mapdderyuo autd elvon xdmwe mo evdlogpépov: L elvon 1 yYAdooo exelvoy twv Aéewy
tou {0,1}" mou elvar Tétolec GoTe, peTd To TPGTO 0 UTdPYEL TOURYLoTOV éval 0 o xdE TEVTASa dladoyLxny
yYeauudtwy e Aéne. Ta mapdderyua, ou Aé€eic 11111111111, 11111110111101111 etvon oty L evéd n Mé&n
111111011111 dev elvon (n televtado tevidda dev éxel 0). To autduarto dlveton oto Tyfua 5. Ilde npémel va

A B C D E

YxAua 5. DFA yux tic AMéEelc e touldytotoy éva 0 oe xdde mevtdda, uetd to npoto 0

oxe@Uel xavelc ylor var xatohdBeL T SOUAEVEL TO GUYXEXPLUUEVO QUTOUOTO;

To »xAewl og auth| TNy nepintwon, Onwe xon ot TEPLoTbTEPES, elvon var amodwoovue xdmowo vénua oTny
npoéTaon Beioxduacte oty & xatdotoon’. o mapdderyua, oty xatdotaon I Beloxduacte axplBng otav
dev €xouue dafdoel axdun to mpdto 0 g Mé&ng. H mpbdraon auth wyldel xat’ apyhv (mpwy éyouue Sofdoet
tinote) xou drtnpelton and onotadrinote UeTdBaoy, apold pedyouue and Ty xatdotaon I axpBde Lol daBd-
COUUE TO TEWTO UNdevixd xou dev Eavaryvpvdue oe auth. Elvar tdpa @avepod, éxovtac Eexadaploel tu onualver
va Bploxduacte otny xotdotoon I, ot auth Tpénel vo elvan teAx xortdoTtoo, Yo xou av Toté 3 SiaBdoouue
xdmoto 0, woylel o xavévae mou Bdloue oty apynh Yoo 0 Toleg Mgl avixouy oty L xou dpar mpémel v
deytolue T AEEN.

Kdvoupe tdpa tny e€fc nopatipnor. Ac nobue nwg évag dvipwnog, Ue Alyn uvAun, éxel entpoptiolel ue 10
xodhpeov var avary vep(lel oxplBide autés tic Méetc. Autde padalver ta oUufBora tne AEENG éva-éval, TedTa and
TOL APLOTEPQL, OTIWC AXPELBHOEC XA TO HUTOUATO, XAl TPETEL XAmOoLX oTLYUT Vo el oty auTh| 1) AEEM avAxel 1 oyt oty
L. Enedr) axpBidc o dvipwrog autédg éxel Alyn uvhun, xt emeldn ow Aé€elg Tig omoleg xplvel umopoly va €xouv
ocodfiote Yeydho unxog, anogacilel avtl avd ndoa otiyun vo duudton ohoéxhner tn AEEN mou €xel del uéypl
T6TE, Vo JuudTaL amAeg méoo ypdvo mpty elde to Tedevtalo undevid. Elvor gavepd 6Tl auth N TAnpogopia Tou
apxel yia vo amogaocioet. Qo amoppider de T AN av xon U6VO av aUTOS 0 YPOVOS EETEPJOEL TO & GE XdmoLa
¥eovu otiyur), vl axpBdde tote €xel del uta tevtddo yeudtn ue 1.

Metd and autr v nopatipnon o vonua tne xatdotaong A etvor dtL Bploxeton exel av €yetl del 0 axpBde
mpw amé xpovo 1. To vénua tng xatdotaong B ouolwg elvar 6tu €xel el To teleutado 0 axpBdg mpwy and ypdvo
2, %.0.%., ev&d oTny xatdotoor E Bpioxduacte av €youvue el o teleutalo 0 axpifdc 5 ypovixée oTiyléc TpLv.
Ebvon gavepd tdhpa yiotl n xatdotaon E dev éyel uetdBuon nou Eexvd and aut pe 1: av eldoue to teheutalo
0 ypdvo 5 nlow xon pag épdel 1 ndeL v el Twe £YouUE LONGS CUUTANEMOEL Lo TeVTEda yeudtn ue 1. Apa dev
undipyetl Aoyoc va cuveylooupe yiatl, 6,TL xou va doluEe amd dw xou Tépa, 1 AEEN mpémel var anopplplel.

"Euxola unopolue tdpa va eréyloupe dtL oL didpopeg uetodoelg oto oyfua 5 elvon griayuéveg axp B
hote axohovdnvtag autég va dtartnpeltar to vénua tTng xdde xatdoTaomg, XaL dea To auTéUATo SoUAelEL. Av,
yia mopddetyua, Bpioxduaote oe Ui onotadinote and Tig xataotdoeg A, ..., E xou Sifdoouue 0 mpénel va
uetafolue oty xatdotaon A apod petd ) uetdBooy| pog Yo éxouue dwafBdoel 0 axplBide ypévo 1 mply, xou
vt elvor o vonua g xatdotoong A.

‘Aoxnom 24. Kataoxevdote éva DFA mou avayvep(lel exelves tic Mé€eic méve and 1o ¥ = {0, 1} mou éyouv
unxog TouRdyLoTOY 5 X TO 50 YU Toug amd To apLoTERd elvon 1.
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‘Aocxnon 25. Kataoxevdote éva DFA nou avaryvwpilet exelvee tic Melc mdve and to T = {0, 1} mou €youy
UTMOC TOUAAYLOTOY 5 oL TO 50 Ypduua Toug and ta de&ud efvon 1.

‘Aoxnon 26. L elvon 1 YAdooo exelvov twv Aéewv tou {0,1}" mou elvor tétolec Bote, petd to mpdTo 0
uTdipy oLV TouAdloTov dVo 0 ot xdie Tevtdda Stadoyinwy Ypauudtwy tne AéEng. Kataoxeudote éva DFA nou
avaryvewpeiler v L.

"Aoxnon 27. Kataoxevdote DFA yiua tic YAdooeg tou {0,1}":

1. Aéeig mou tehewwvouy oe 00
2. AéZeic mou meptéyouy tpla diadoyixd 0

‘Aoxnon 28. Kataoxevdote DFA yia tic YAdooeg

(o) 00*1*1, xon

®) {wedab}": 6]Aw)+2Bw)},

6mov A(w), xou B(w) elvon 10 mAfloc twv a xou twv b ot MEN w xou z|y onuolvel 6Tl o = Sonpel o y.

‘Aoxnomn 29. Av M eivax DFA 3eifte node va xotaoxeudoete éva DFA vyt yAdooo £* \ L(M) (to
ouuTAfipwua e YAbooac L(M)).

2.2 Mn v*ce:'te:py.wnc'cmdc ou)‘cép.oc‘coc

Eiwodyouue tdpa Lol TapahAayh| TV VTETEPUIOTIXDY QUTOUATWY, Ta un vtetepuwionikd autduata (Non-
deterministic Finite Automata B NFA). Autd anoteholv, gavouevixd, o evioyuon Tou HOVTENOU TwV
VTIETEPULVLOTIXWY AUTOUATOY, aol, and Tov oploud tou Yo dwoouue, xdde DFA Yo elvon xon NFA, xou dpa o
yAdooeg tou avaryvwpilovton and to NFA efvon évar unepobvolo twv yAwoody ntou avayvwpllovtat and DFA.

BOa dolue duwg obvtoua 6Tt auTé elvon UEVo Ponvouevixd, xou 6Tl Ta 0o ovTéda efvon amohhTwg Loodlvad,
600V 0POPE TOUAGYLOTOY TO TIOLES YADGTES avary vep(louy. Me dhha Adyia, Yo Solue uia uédodo mou yio xdde
NFA Yo xaraoxevdlet éva loodbvauo DFA, éva DFA dnA. nou Ga avaryvep(let oaxplBide v (Sta YAdooo ue to
dovév NFA. Iop” 6har auta to var uedetobue NFA npoopépel uepixd mheovexthuata os oyéon ue ta DFA oe
0pLOUEVES TEEPLTTWOELS, 6Tiwg Vo Solue ota tapadelyuorTa.

Opiowég 16. (Mn vietepuwiotind Avtépato (NFA) )
‘Eva un vreteppvioticé avtéuato elvon uiar nevtdda

(Qa Ea 6a 90, F)

6mou

Q elvon éva nenepacuévo cOVoho kataotdoewy,

Y efvon éva memepacuévo ahpdBnTo,

0 elvor n ovvdptnon petrdPaong (transition function) ue nedlo oplouod 10 @ x X xa medlo WY T0
Suvoocivoro 29, 1o ohVOro S1A. AWV TwWY UTOCGUVOAGY TOL Q.

go € @ elvon Yo amd TG XUTACTACELS TOU OVOUSLETOL apyikr), XoL

F C Q elvor 10 c0VONO TV TEAIKDY XATACTACEWY.
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‘Eva un vretepuiviotind avtouato elvon cov évo DFA odd yior xéde xopuer| xat yior x&de ypduua tou
ahpafBitou unopel xaVelS Vo €Yl 0TOLOdNTOTE TiENEPAoUEVO TAGOC amd aneég Tou Eextvoly amd TNy XopuEN
%o €youv To Ypduua w¢ ettt Mropel anxdurn xar va undpyel xoplor axun and xdmoLa xopuEY YLo XEmoLo
yeduua. (Av §(g,a) = 0 elvor 10 xevd olvVoro TGTE SeV LTEPYEL 6TO YPdPNUA xopla axu and TNV XopLYH ¢
UE ETLXETA @)

H onuavtud Stapopd ue ety elvon 61, 6tay StaBdlouvue ulo AéEN, Sev elvon Théov uovooriuavta xadoplouévn
N %vnon 1o TaVw GTO YPdPNUOL dpol eVIEYETAL Var £YOUUE TEPLOCOTEPES amd Wi emAoyéc ueTdBoong éviog
oe ula xopupr xar dwaBdlovtag éva yeduua. To ot moleg xataoTdoelc UTopoUUE Vo TIEUE atd ULAL XATACTAOT
g € Q agol dwfdoouue to YpduUa a Yag To AéeL 1) ouvdpTtnon HetdBaong. To cUvoho auTdY TV Suvatdy
xataotdoeny elvor to §(g, a) C Q.

Topatienon 4. Av yia uia xatdotoon g evée NFA xou yio éva ypduuo o € X éyoupe d(g, @) = 0 auté
gpunvedeTaL we var Unv elvon duvartt| 1 uetdPouor and TNV XATdoTICT ¢ TPOS OTOLSHTOTE JANT XATAOTACY [E
TO YpdUMA Q.

Ogropdeg 17. (Avayvaopion AéEne and NFA)

OewpoVUE OTL WA MEN W = Wi W2 . . . Wy, W; € X, avaryvwplleton and éva NFA av undpyel tpdmog var xvniolue,
doBdlovrac 0 w, TV 0TO YPAPNUA (DOTE VoL XATIAAEOUUE OE TENLXN XOPUPY|. ZEXVOUUE EUPLOXOUEVOL GTNY
APy XATAoTAOT go Xot SLaBALOUUE TOL YPAUUOTA W €WE Wy, ME auTh TN oelpd. Kdde popd nou Stofdlouue éva
YEAUUO W;, XL EVPLOXGUEVOL GTNV XATACTAON ¢, ETMAEYOUUE WS EMOPEVT) XATAOTAOT) MIa oltd TLC XATACTACELS
T0U oLVOAOL 6(g, w;). (Av t0 clvolo autd elvar xevé N AéZn amopplntetar.)  Elvow govepd 6t yia xdde
AEN uTdpyouY EVIEYOUEVKC TIEPLOOOTEPOL amd €vag TeoToL val xtyndolue mdvw oto autouato dfdlovtag
o ypduuata authAc g AEENG, apol ot xdlde Briua evdéyeton va €youue ) SuvatdTnTa var emAEEOVUE TNY
ENOUEVY Uac xatdotaon. Amnopplnteton 1) AEEN w av xat Uévo av xavelc and toug duvatols TpdTouS XivnoTg
dev xatohfiyel oe TeNxr| xopue.

Opropdg 18. (IMhdooa evée NFA)
To cOvoro Twv MEewY TOL ATODEYETAL TO [T VIETEPUIWOTXS auTouato M ovoudleton n YAdooa mov avayvew-
piler to avtduato xau cupPoliletan ue L(M).

ITopddery o 28. To axdhoudo TapdSELY oL UT VIETEPUVLOTIXOU auToUdTou avaryvwp(le 1) yhdooo 00{0, 1}*11.

0,1

s

A B C D E
SxAra 6. NFA yio tn YAdooo 00{0,1}*11

IMpbxerton vy NFA xou 6yt yio DFA o xou otn uecofor xopugy| undpyouv d0o axuéc ue etxéta 1.
Mapatneelote ) cuvtouoypapla mou emhéZape edd: o Bpbdyyoc (loop) and ) uecala x0pLYPYH 0TOV EAVTO TNG
€xeL dVo etétec 0 xou 1. Autd onualvel étL emitpéneton vor SlayOGOLUE TNV xopueT auth dtay StaBdoouue
elte 0 elte 1. Oa unopolooue va elyaue to (Bio anotéleoua av gTidyvaue dVo Bedyyoug and Ty xopLEY ALTH
ooV €aUTO TNE, éva ue etéta 0 x éva ue euxéta 1. EmAéyouue 11 cuviopoypagla yior xadopdtnta 6to
oyfuo xou tinote diho.

Tl 0 NFA Tou oyfuartoc 6 avoyvepilel T YAdooo L = 00{0,1}*11; Hopotnpslote 61t 1 L amoteleiton
and exelves axpLBoe tic Méelc mouv apyilouy pe 00 xou telewdvouy ue 11. Kdde téton AéEn nepvdel and to
NFA ¢ €€hg: ue ta dbo npdta 0 uetofalvel oTn Ueoalor xopupt, OTNY oTolol Xol THPUUEVEL YPTOUIOTIOLWVTIG
70 Bpdyyo uéypeL va dofdoetl xar to Tpompoteleutalo ypduua. Me To 300 teheuvtala 1 emAéyel va xwvniel npog
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o Qe€Ld YL Vo xatoAEeL ot wovadxr] TEAT x0pun. Oo unopoloe va emthé€el pe tar d0o teAeutalar 1 v
xwnlel Tévew oto Bpoyyo g uecaloc xopuPRc, dANE UE oUTd TOV TPOTO eV XATAAAYEL OE TEALXY XOPUEPY.
Apxel duwe yior Ty amodoyr| ulog AENC var UTHpYEL E0TW XOL €VOC TPOTOC Vol YIVEL AmodexTH.

Avtiotpoga tdhpa, av N A& w tepvd and to NFA téte unoypewtixnd apyilel and 8o 0 (adhide de unopet
va nidet de&Lotepa amd TN dedtepn xopueh) Xa TEREWOVEL o€ dUo 1 (ahhide de umopel var xatahhiger oty TEAXA
X0pPLYT).

Ac ddooupue thpa xou éva DFA vy tny (Sl yAdooo:

SxAue 7. DFA vyt YAdooo 00{0,1}*11

Elvou ptar xof doxnor v v amodel€ete 6t 1o dvw autéuato avoyvwpller ) YAdooa 00{0,1}"11. T va
TO XAVETE DDOTE XATMOWO ‘VONUA OTIC XATACTAOELS, OTWS XAVAUE Topamdve yia va delloupe 6t to DFA tou
oyhuotoc 5 dovAeleL.

IMopathpnon 5. Suyxpivovtoc 1o NFA xor to DFA yio 1) yAdooa 00{0,1}*11 gatvetor xodapd 1o TAo-
véxtnua tou vo oxedidlovue NFA avtl yia DFA. Emtpénovtac otov eautd Uog €va o SLIEUpLUEVO UOVTENO
UTopoUUE Vo oYedLELouUE EUXONGTERO AUTOUOTA YO CUYXEXPLUEVES YADGOES, XaL 1) AMAOUCTERT] XATAOXEVN
oLYHILG EMLTEENEL YO L0 EUXONGTERY) AVIALGT) TOL YLotl TO CUYXEXPLUEVO auTOUaTo doulelel. Kar, Yo Soltue
apyoTepa, O ydvetan timota oyedidlovtac NFA avtl yia DFA, yiotl autd ta 800 unohoylotixd povtéla elvor
tood0vopa. Oyt uévo autd, ahhd o tpdmog petatponiic evog NFA oe DFA unopel va elvan tehelwe unyavixde
(ohyoprduLxoe).

TMapdderypa 29. Lto autduato nov galvetar oto oyfua 6 mopandvw éyovue @ = {A,B,C,D,E}, ¥ =
{0,1}, go = A, F = {E}, xo

0(4,0) = {B}
5(4,1) = 0
0(B,0) = {C}
§(B,1) = @
0(C,0) = {C}
§(c,1) = {C,D}
§(D,0) = 0
§(D,1) = {E}
5(E,0) = ¢
§(E,1) 0

‘Aoxnon 30. Kataoxevdote éva NFA nou va avaryvep(lel tn yA®ooa tng doxnong 25.

‘Acxnon 31. Kataoxeudote éva NFA nou va avayvep(ler exelvec tic Mewc ndvw and 10 ¥ = {0,1} mou
nepLEyouy 300 UNdevixd ou améyouy UETAED Toug oTn AEEN xortd tolamhdoto tou 4. Abo Sadoyixd undevixd
Yewpolvton 6TL anéyouy andoTaoT UNdEY, dpa TOANATAAGLO ToU 4.
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2.3 Iocoduvautla NFA xou DFA.

EnavohaufBdvouue 6t yio éva NFA 1 cuvdptnon uetdBaong d elvon o tpdmoc xwdixomolnone wy uetofdoewy
Tou. Av dn\. ¢ € Q elvon Lo xatdoTtaon xou a € X elvan éva ypduua tou odgaBritou, To cbvolo d(q, o) C Q
elvor T0 oOVORO GAwY TV xaTaoTdoEwY Tou NFA otig onoleg umopel autd va uetofel 6vtag oty xotdoTtaon
g xan dBdlovtag To Yeduua .

Ogiopds 19. (H ouvdptnon § névew oe cUvola)
Av A C Q elvon éva ohvolo xataotdoewy xon B C X glvon éva oUvolo Ypouudtev TéTe

54,B)= |J dga).

qEA,a€B

An\. §(A, B) elvor 1o oOvoho Ghwv Twv xotaoTtdoewy otic onolec Umopel xavelc va @tdoer Eextvavtog
and xdmota xotdotaoyn tou A xal axolouddvtag xdmolo Yeduua a tou cuvohou B. H eméxtaon auth tng
ouvdptnone 0 ote va molpvel w¢ Oploa cOVOAX avtl i ypdupata elvon 1 cuynhouévn enextaor ULoG
ouvdptnone f: C — D nou pe f(X), X C C, ouuPolilel 1o cOvolo exdvwy tou cuvorou X uéow e f.

Enextelvouue tdpa 1o edlo opiopod tng cuvdptnong 0 6cov agopd to SeUtepo bpLodd Tng.

Ogrowpog 20. (H ouvdptnon petdBoone § ndvew oe MéEelc)
Av g € @ elvon Yo xatdotaon xow w € X* elvon par A& (evdeyouévwe xou xevh) téte opllouue to olvolo
xartootdoewy 0(g, w) we eEhc:

| {g} ey w=¢
3(gyw) = { 6(6(q,v),0) eav w=wva,v€EX* a€l. (21)

IMagathenon 6. O opioudc (2.1) anoutel Nyn mpocoyr, éoov apopd 10 delTeEpo GXENOC TOL Wia Xo elvol
avtoaragopikds, avopepduacTte dNA. ot ouvdptnon § yia vo oploouue ) cuvdptnon §. H oucla e8¢ elvor
6TL aUTH 1 autoavapopd de dnutoupyel xdmoto TEbBANUa, Uia xou Yo vor oploouue o (g, w) avopEpOUUOTE
ot téc tov §(g, z) v Méewc x pe uhxoc |z < |w|, xon undpyel xou o Zexwplotde oploude Yo T AéEEN
uhxouc 0 émou otopatd n autoavagopd. Lo vo unohoylotel étol t0 (g, w) vnohoyiletar TpHOTA T0 § Yo
ohoéval xalL UxpbTepes MEELS, HOTIOU TEAXE PTEVEL VoL XPNOULOTIOLELTOL TO TIPWTO UENOC ToU oplouo (2.1) mou
dev éyel autoavagopd. Tia mapddelypa, av 9éNel xavelc va vrohoyloel ty wur d(g, abe), 6mouv a,b,c € X,
axohoudivTag Tov oploud (2.1) auté yivetar we e€hc:

d(g,abc) = 4(d(g;ab),c)
= 0(3(5(g,a), ), 0)-
Mapatnpodue 6t oty tekevtala Ypouuh 1 cuvdptnon § elvon 1 YVWoTh Yag ouvdptnon nou oav debtepo

bplopa €xer obuBolo tou ohgaBritou xou 6yt Aé&n. Optouol dmwe o (2.1) elvar TOAD xotvol xar ovoudlovtol
avadpoutiol.

Me &M Aoyia 6(g, w), w € T*, elvar 70 6OVONO GAWY EXENVWY TWV XATACTACEWY TOU AUTOUETOL 0TS OTOLES
umnopel xavelc va Beedel Eexvdvtog and Ty xatdotaoy g xou axorovdmvtae ™ AéEn w. Ko, av R C @ elvan
éva. o0voho xataotdoewy, He O(R,w) cuuPoriletar 10 oOVORO GAWY TWY XATACTICEWY OTLC omolec Umopel
xavelg vor del Eexvidvtog amd xdmota xatdotaon oto R xan oxohouvddvtog tn AEN w.

IMopatienon 7. M MEn w avayvwplleton and var auUTOUATO oy XL HOVO Ay
d(go,w) N F #0,

6mouv F' 10 0Uvolo Twv TeAx®V xataotdoewy tou NFA. Avoryvop(letar Snh. uior MEN av xau uévo av elvat
duvatr n petdfaon and v apyxn oe kdrowa TEAXH XUTAGTACT] oaxohoudwvTag T AEEN.

Oprowds 21. (Iooduvopio avtoudtny)
Ao VTETEPULOTIXG 1 UT) VTETEPUWLOTIX avTduata My xou Mo Méyovton wodtvaua av xou pévo av L(Mq) =
L(Mys), av avoyvepllouvy dn. axpBac tic (Siec Méeic.



2.3. IYXOATNAMIA NFA KAI DFA. 21

Ocekpnua 3. (Iooduvauio NFA xou DFA)
I'a kd0e NFA M vundpyer wodvvapo DFA M'.

Anéderdn. Ileprypdpouue éva alybprduo uetdBoone and éva tuyéy NFA M oe éva wodvvapo DFA M'.

‘Eotww Aowéy 6t 1o NFA M elvar n nevidda (Q,X,4,q0, F). To DFA M' = (Q',%,d, ¢4, F') da éxer
oOVOro x0TaoTdoEwY @' = 29 10 SuVoooUVOLO (CUVOAD GAWY TWV UTOCLVOAWY) TOU @, cpyLxf XaTdoTaom
46 = {qo}, (80 ah@dBnro I xan tehxée xataotdoelg O exelval ot UVORa XaTAoTACEWY ToL M TToU TEpLEYOLY
xdmotar TeAxy| xatdoTaoT)

F'={ACQ:ANF #0}.
Téhoc n ouvdptnon petdBoonc &' : Q' x £ — Q' tou M' oplletan e

d'(¢',) =d(d, ).

Ouundeite 61 10 oVUBoNo ¢’ TapLoTdveL uta xatdoTaoT tou M’ dpa éva ohvoho xataoTtdoewy Tou M, xat dpa
1 6 ouvdptnon Tou eugavileton de€id oTov dvw oploud elvon 1) emexTETAUEVN § CUVAPTNOT TOU auToudTou M
OTWE TNV oplooe TOPATAVE, ULa XL Gy TTEWTO dpLloua £xel 0AOXANPO GUVOAG.

Me d\ha Aoywa: oto DFA M’ nou xotaoxeudlovue and tny xatdotoaon ¢ (utoochvolo tou Q) UE t0
olUuPoro a € ¥ uetaBalvouue OTNY XATAOTAOT g2, TOU €(val TO GUVONO OAWY EXEVWY TWY XATAOTICEWY ToL M
oTlC onoleg UTOPOUUE Vol UETABOUUE Omd XATOLA XATIOTACY, TOU CUVOAOU g1 UE TO YPSUUO & XLVOUUEVOL VK
oto M. Acglte 1o Iopdderyua 30 mopaxdte.

‘Aoxnor 32. Anodellte ue enaywyh we mpog o uixoc |w| e AMEnc w € E* 4t yia xdde xatdotaon ¢ Tou
M' woybet
&' (g, w) = d(g,w).

[ va det€ouue 1o Oedpnua apxel va det€ouue v ooduvauio
w € L(M) <= we LM (2.2)

yia Oheg Tic Mg w € T*. AMNG w € L(M) av xou uévo av d(go,w) € F, evd> w € L(M") av xon ubévo av
8" (¢, w) € F'. Xpnowonowdvrag to MpbBinua 32 to televtalo ouuPalver av xou uévo av 6({go}, w) € F'
X0, YPNOLUOTOLOVTAC ToV 0ploud tou F' Bhénvue bt autd toyler av xou wévo av §(go,w) N F # 0. Ouwc
10 olvoho 6(go, w) elvon Uovoolvoro uta xou to M elvar DFA, dpa 1 televtala cuvdfxn elvor toodbvoun ue
0(go, w) € F, xou n anddelln elvor mhipne.

O

IMapdderypa 30. Ac dobue thpa g uetatpéneton t0 axdéiouvdo anid NFA touv Yyruatoc 8 oe DFA. To
anotéhecua diveton oto LyhAua 9.

0,1

A B

YxAua 8. M, éva amhé NFA

To obvoho xataotdoewy tou M’ da elvon to Suvaooivolo Tou cuVOLoU Xataotdoewy Tou M dnk. Tou
{4, B}. Eivar 8n\. 0 olvoro

Q' ={X ={A},Y = {B},Z = {A,B},W = 0}.
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Y0voho ey xataotacewy evon 1o F' = {Y, Z}, 6ha exelva o ovoha dnh. mou mepléyouvy xdmolo TeNxH
xatdotoon tov M. Apywa xatdotaon elvon n X.

0,1

0,1

z w

Yxhua 9. To NFA M tou Tyfuatoc 8 yetatetpouuévo oto DFA M/

‘Aoxnon 33. EXéyEte v opddnta Ty wooduvaplag tou NFA tou oyfuatog 8 oto DFA tou oyAuartog 9,
navw otig Aé€erg 001 xon 10.

‘Aoxnon 34. dudite wodlvaua DFA yio to NFA

1. (Q = {p7qaras}72 = {07 1}7517(10 :paF = {S})
2. (Q = {p7qaras}72 = {07 1}7527(10 = paF = {qas})

o6mou oL cuvapThoel ueTdBaong elvar ol

0] 1 | 0| 1

p | {p.q} | {p} p|{gs}t| {4}

S g A{r}|{r} d2: q| {r}|{gr}
r| {s}| 0 r| {s}| {p}

s {s} | {s} s 0 {p}

‘Aoxnor 35. Av éva NFA éyel n 1o mAfloc xataotdoelg, ndéoeg 1o ToAD xataoTdoels Ypeldleto vo €yel éval
1ood0vou6 tou DFA;

2.4 NFA pe e-xwvrioelg

Muo oxdur mapaAdoryy) TOL [LOVTEAOU TOU TETEPACUEVOL UTONATOU elval TO UT VTIETEPUWLOTIXG QUTOUATO [E
e-xwhoels. Auto elvan éva NFA nou €xel, evdeyopévwe, xo xEmoleg axuéc mou avtl Vo €XouV wg ETLXETA €Vl
yeduuo tou ohgafritou éyouv v xevh A& €. Kivoluevol néve 610 qutduato autd yLa Vo ovary vwploouue
HLor AEEN €youpe to Suxalwia v Stavboouue uiar e-axut| onotediinote undpyel M tétola and Ny Teéyouoa
xotdotaon xYwpls va uag evdagéper mow elvar to enduevo ypduua tng Aééng. H Sudvuon uioc e-oxunc e
ovvodevetal and petanridnon oo enduevo ypdupa tng Aééng. Ac ta Mue autd e-NFA.

Ogriopog 22. (Mn vietepuiviotnind Autéuato pe e-xwvioec (e-NFA) )
‘Eva un veeteppiotixd avtduato ue e-xwvhoes (e-NFA) elvar uia nevtdda

(Qa Eaéa QOaF)

émov
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o ( elvon éva menepaouévo cOVoho kataotdoewy,
o ¥ elvan éva menepaouévo ahpdBnro,

o § elvon ) ovvdptnon petdfaong (transition function) e nedlo oplopold to @ x (LU {e}) xon tedlo tudvy
70 duvaoohvoho 2%, o GGVOLO SNL. GAWV TWV LTOCLVORWY TOU Q.

® go € @ elvan PLor amd TG XATAOTACELS TTOU OVOUGLETOL apXtKkT), Xou
o F C (Q slvor 10 6UVONO TWV TEAIKDY XATAOTACEWY.

ITapatienon 8. H ovolaotixy Stapopd and tov oploud tou NFA elvon dtL 1) cuvdptnon uetdBoong umopel va
ExeL XL TO € WS deVTEPO dpLoua o Oyt amapalTnTa €var Yedua Tou aigaBrtou X.

IMopatienon 9. To vénuo uLag e-onqunc omd UL X0pUPT, g1 OE ULd XopuPT| g2 elvar to e€fc: av to NFA
Beloxetor oty xatdotaoy g1 tdte umopel vo emtAéel vo yetofel oty xotdotaoy ga ywpls va dwafdoer To
enduevo ypdupa tng Aééng.

Oprowds 23. (Avayvopion MéEnc ané e-NFA)

Oewpolue 6Tl Ulat AEEN W = Wi wWs ... Wy, w; € X, avayvwpileton and éva e-NFA av undpyetl tpénoc var xvn-
Yolue, dwfdlovtag 10 w, TévVw GTo YpdPNUa BOTE Vo XATAARZOUUE OE TENLXT X0pUPT|. ZexVOUUE EUPLOXOUEVOL
oTNV apY XN XATAoTAOT go Xa SLoPBELouuE Ta YpdUMaTA Wy WG Wy UE AUTH TN OELpd. Xe xdde Briua éxouue
N duvartétnTa Vo SLBACOUUE TO ENGUEVO YPAUUO Wj XOL YO EXTEAECOUUE ULal WETABAOT OE VEX XaTtdoTaoT N
oyL.

Kdéle @opd mou dof3dlovue éva Ypduua w;, Xl EUPLOXOUEVOL GTNY XATAOTAON ¢, EMAEYOVUE W ETOUEV
XAUTEOTACT) ULt A6 TG XATACTAOELS TOU GLVOAOL §(g, w;). (Av T0 chvoho auto elvan xevo 1 AéEN amopplnteTon.)
Av emé€ouue va un dBdoovue to enduevo ypduua Tng AéEng Umopolue va UETOPBOUUE OE VEX XATAOTON
axoloudwvTag Uta e-oxun, ropoduEe dnA. var uetaBoluUe G Uiar amoLadToTe amd TG XATAGTACELS TOU GUVOAOU
0(g, €), 6mou ¢ elvar N tpéyouca xatdotaon. (Av 10 chvolo autd elvon xevéd n AéEn amoppintetan.)  Efvou
pavepd OTL yla xde AEEN undpyouy eVEEYOUEVWE TERLOCOTEROL amd EVag TPOTOL Vo XWUOUUE TdvVw OTO ou-
téuato dafdlovtac ta ypduuata authc TG AENg, agol oe xdde Briua evdéyetar var €youue TN duvatéTnTa
var emAéEouue TNV endUeV Uag xatdotaon. Anopplnteton N AEEN w oy xow UOVO oV Xavelg amd Toug duvartolg
TP6TOUE XVNoTG dEV XUTAAYEL OE TEALXY| XOPUT.

Opropds 24. (IMdooa gvéc e-NFA)
To chvolo Twv MEewVY ToL AnodEYETaL TO UT) VIETEPUWLOTIXG auTéUaTo UE € xwvhoews M ovoudletar n yAdooa
mou avayvwpilet To avtduato xou cuufBolleton ue L(M).

IMopdderyua 31. To e-NFA tou ZyAuatog 10 avayvwpller ) yAdooo 0%1*2*.  T'a mopdderyuo, mdg

0 1 2

€ €

Iyxhue 10. Eva e-NFA yio ) yYAdooo 0*1%2*.

avoryvwp(ler T AN 021325 (cuvtopoypagplo Yo ) AéEn 0011122222); Kdver dVo petofdoeic amd tny medt
x0puen otov eautd e SwaBdlovtag ta dbo 0, uetd yetaBaivel oty debtepr) xopun xwpls va dafdoer tinota,
uetofalver and T dedtepn x0puPY oTov €aUTO NG TEELS Popés dloBdlovtac o 1, uetaPBalvel otny tpltn xopuLPYH
yoplc TéAL va dloBdoet tinota, xon téhoc uetofalvel and Ty tplitn xopuey otov eautd e draBdlovtac Ta Tévte
2.

‘Aoxnor 36. Kataoxevdote éva e-NFA nou va avaryvewpllel ) yhdooo (0101)* U (111)*.
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‘Aoxnon 37. Av My xou My etvon 300 DFA neprypddte nwe Yo o YpNoULOTOLACETE AUTE YLOL VO XATOOXEVAOETE
éva e-NFA vy ) yhdooo L(M:) U L(Ms).

‘Aoxnon 38. Av My xou My elvon 300 DFA neprypdite nwg Yo ta YpNoULOTOLAGETE AUTE YLl VO XATAOKEVAOETE
éva eNFA yia ) yhdooa L(My)L(Ms). Av to My éxel axpi3de Uiar el xatdotaon xataoxeudote DFA
YL TN YAWDOOO aUTH.

2.5 Iooduvauia e-NFA xow NFA

E3¢ Yo amodel&oupe 6t ta e-NFA elvar 1oodOvaua ue o NFA, xan dpor xon pe tor DFA. T x&de e-NFA 3.
undpyet éva NFA yowplc e-xvioelg mou avayvwpeilel tny (S yYAdooo.

Ogropos 25. (e-uovondtt)
"Eva e-povondt oo ypdpnuo evéc e-NFA elvar uia nenepacuévn axohoudio Stadoyixdy e-axudy (oxuody SnA.
TIOL PEPOUY TNV ETUXETA €).

Opiowds 26. (a-uovorndrt)

‘Eva a-povondm, émouv o € X, elvan évar povorndtt oto ypdipnua evéc e-NFA nou anoptileton and €va apyixd e-
HovOoTdTL, axoAOVFOUUEVO Ao UL aUY) UE ETIXETA ar, axohouoUuEVO amd €va e-uovordtt. Ta d0o e-povondtio
UTopoLY var elvon o XEVAL.

Ocenpnua 4. (Iooduvaulo e-NFA xou NFA)
Ia kdOe e-NFA M vndpyer 10od0vapo NFA M'.

Anodedn. T va uetaPolue and éva e-NFA M oe éva .oodOvauo NFA M’ xdvouvue o e€hc:

e To olvolo xataotdoewy Tov M’ elvan (Sto ue touv M.
o H opyuxn xatdotaon tov M’ elvon (S ue ot tou M.

o O tehuxée xataotdoelc Tov M', 10 oUvoho Twy onolwy cuuPollovue ue F', elvon dhec exelvec Tic xato-
otdoeLl; and Tic onoleg UnopolUE va PTdoouue ot xdnota xopupt oL F' (1o 6Ovolo TENXOV XATAoTHoEDY
wou M) ue éva e-yovondr. Enedr) éva xevé povomdt elvar e-ovondtt, o opltoude autde cuvendyetan
6w F CF'.

o T xdde xatdotoon g xou Ypduua a € X 9étouue oto M’ ¢ dar (g, ) 10 6Ovoho ShwV Twy XATAoTIoEWY
oTig onoleg unopel xavelc va petafel and tny ¢ oto M doybovTag xEnolo a-ovordL.

o Koatoapyolue dheg Tig e-xvAoeLc.

Eotww tdpa w = wiws -+~ wy, € X%, n > 0. Ipénel va del€ouue ot n AéEN w yiveton dexth amd 1o M av xan
H6vo av yiveton dexth and to M.

Av w € L(M) auté onualvel 61t undpyet tpdmoc xivnone ndvw oto M, SwoBdlovtag o ypduuorta e AENg
w elte oxohovddvtag e-xviioelg, dote va petaBodue and v go oe xdnola xatdotaon f € F. Xe auth tny
neplntwon delyvovue 6t undpyel TpdToc Xivnong tdvw oto M tétolog Tou va odnyel and v go oe xdmola
xatdotoon tou F.

‘Eoww howndy 6t w € L(M). Auté onualver éti undpyel uta axolovdlor xotactdoewy tov M €otw
90,4q1,---,qk—1,qk, k > 0, €10l Wote g € F xou 1 petdBaon and v ¢; oty gjy1, 0 < j < K, yivetan
elte ue xdmoto ypduua w; elte e ULo e-axuT), XL TO YRSUUATA w; YPNOULoToLolvTaL GAa, amd ULo Qopd To
xardéval, xou Ue TN oeLpd.

Xwpllouue v nenepaouévn auth) oxohovdo twy pwetoBdoewy go — ¢i,q1 — G2, - - ., qk—1 — gk OF XOUNUS-
WA oy = ar,9a; — Gass---s9an_1 — Ga, (W€ ao = 0, a, = k) T omola avtioToL 0Oy oF €var wy-ovoTdTL,
axONOUIOVUEVO amd EVaL Wa-LOVOTETL, XAT., TENELDOVOVTOC UE €Val Wy-Uovordtt. Ané tov optoud touv NFA M’

TpoxbnteL 61t oto M elvan Suvarth 1 uetdBoon and TNV X0pUPNH oy OTNY Ga, ME ULt wi-axuN, Amd TNV gq,
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OTNY gy UE UL Wa-oxUn, XAT. Eneid| n xotdotaon g mopopével tehixn xatdotoon xat tov M’ npoxintel bt

w e L(M").

O eyxhewouée L(M') C L(M) aghveton we doxnon (‘Aoxnon 39).
O

‘Acxnom 39. Me 10 cuufBolioud e dvew anddene detite 6t av wa AN avaryvwplleton ané o NFA M’
t61e avayvwpelletar xou and to e-NFA M.

TMagaderypa 32. Me tn pédodo tng anédelng tou Oswphuatog 4 10 e-NFA tou Nyfuatog 10 petatpénetan

0 1 2

01 12

N

01,2

YxAue 11. To e-NFA touv Yyruoatoc 10 yetatetpauuévo oe NFA

oto NFA tou Yyfuatog 11.



26

KEPAAAIO 2. ATTOMATA



Kscpo’c)\ou.o 3

Kavovixég exppdoeLs xat YAOGGES

3.1 Koavovixeg exppdoelg xaL oL YAWGOES TOUg
Oa ddoouue xat’ apyhv éva avadpoutxd optoud yia To TL elvon Ui kavovikrj ékgppaon (regular expression) xow
TO TIOLAL YAWOON TAPLOTAVEL.

Opiowdg 27. (Kavovixés exppdoeic xar oL YAOOOES Toug)
O naparxdtey Mewc opllovtar va elvan kavorvikés exppdoeg ue tic avtiotouyes YAbooec. (Me L(-) cuuBoiilouue
™ YAdooa pag ékppaong.)

o (0, xou L() =0
o ¢, xou L(e) = {e}

o a, vy xdde a € ¥, xu L(a) = {a}.

Enfong, av r xou s glvon xavovixég exppdoeig t6te xan oL axdhowdeg Aé€eig elvon enlong xovovinég exppdoeLs.

1. (), xas L((r)) = L(r).

2. (r+s), xor L((r + s)) = L(r) U L(s),
3. (rs), xou L((rs)) = L(r)L(s),

4. (r*), xou L((r*)) = L(r)*.

M yAdooa L Aéyeton xavovixr| ov utdpyet xavovixl éxgpaon r ue L = L(r).

ITapatienon 10. Av unopolue va napehelPovue Tic topaviéaels ywplc vor IASIEOVUE TO VoMU TOTE TO XEVOU-
ue autd. AouBdvouue uTOPLY 6TL TN UEYAADTERT) TPOTEPAOTNTA EXEL O EXVETNG *, UET €pyETOL 1) CUYXOAANON
xat téhoc N mpdoleon. T nopdderyua n xavowxt| éxppaon 01* 4+ 10* epunvedeta we (0(1*)) + (1(0*)). Av r
elvon Lo xavovi éxgpaoct) 161e ypnousonotovue entong ) cuvtopoypapla rt avtl yio rr*.

HMopdderyua 33. To nopoxdtew elvon TopadelyoTol XAVOVIXDY EXPEACENDY XUl TWY YAWOTGDY TOUC.

Koavovixn éxgppaon Avtiotouyn yAdooo

00 {00}

0+ 1)* ‘Olec oL Méele tdvw and o ¥ = {0,1}

(0+1)*00(0 + 1)* ‘O)ec oL Méele mdvw and 0 ¥ = {0, 1} nou éyouv dlo dadoyixd undevixd
(1+10)* ‘Ot apy(let ue 1 xan Sev €yet Sradoyxd 0

(0+¢€)(1+10)* ‘Ot dev €ye dadoyxd 0

0*1*2* A€Zeic 6mou o 0 €pyovTon mpLy Tor 1 3L quTd TpLY Tt 2.

27
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‘Aoxnon 40. T'pddte xovovixéc exppdoelc yia Tic oxéhovdec YAWOOES:

1. AéZeic mou dev meptéyouy T woper 101.
2. A€€eic 6mou Oheg oL eugavioels dadoyxdy 0 cupBalvouy Tply and onoladhrote eupdvion dodoyxdy 1.

‘Aoxnor 41. Ieprypddte T YAOOOES ToU 0pllovTon amd TIG XAVOVLXES EXPEACELS:

1. (11+ 0)*(00 + 1)*
2. (14 01+ 001)*(e + 0 + 00)*
3. (00+ 11 + (01 4 10)(00 + 11)*(01 + 10))*

‘Aoxnon 42. Acellte Tic nopaxdtw TAVTOTNTES OToL T, 8, ¢ elval ontoleadnoTE Xavovixés exppdoelc. H iodtnta
Tapodte de omnualvel 6Tt oL Vo exgpdoele elvon {oec (xon dev elvar, ULol xaL oL eExQpdoeLls elval AEEELS, Xl ¢
TETOLES DLopEpouv) & 6TL oL avtloTolyes YAwooeg elvon (oec.

l.r+s=s+r

2. (r+s)+t=r+(s+1t)
(rs)t = r(st)
r(s+t)=rs+rt
(r+s)t=rt+st
0*=e¢

y=r

© ® N o o kW

(7‘* *
(e+r)*=r*
(r*s*)* = (r + 9)*

3.2 Kavovixotnta YAwGoHY TwV AUTOUAT®Y

H Baouh npdtaon elvon 1 axxdhoudy,.

Ocewpnua 5. (Kavovudtnta YAwoomy twy autoudtiwy)
Ma yAdooa elvar kavovikr) av ka1 pévo av avayvwpiletar ané kdmowo avtdéuaro.

IMopatienon 11. IMopatnpeeiote 6t oto Oedpnua 5 dev Eexodopilouue yior TL ldouc AUTOUOTO ULASUE.
"Exouue Suwe 7dn anodeilet 1t xdde e-NFA elvan tood0vouo ue xdmoro NFA xou xdde NFA ue xdnowo DFA.
Auto onualvel 6t uia yAdooo avaryvep(letal and éva autouato xdmolou eldouc and ta tpla av xon udvo av
avaryvwplleton and autéuato onoloudhrote eldouc.

Andderdn. Ou deilouue ot (o) Kdde xovovih yhdooo avaryvopileton and xdmoo eNFA, xou (8) H yAdooo
mou avaryvwpellel xde DFA elvon xavovua.

(o) Xpnouyuonololue ENaYWYT G TPOG TO UAXOC TNG XAVOVIXAS €XPEAONG T TOU Topdyel Tn YAdooa. Av
TpOXELTOL Yior ULa omd TLg ExXPpdioels B, € a, ue a € X, Toh) dxoha QLY VOUUE AUTOLOTA TTOL TLG avory vwpl{ouy
o6mwC Qafvetol 6To ToPUXdTw LyAua 12.

Av tdpa éyovue uLa Epaon  Tov TOTOU T+ 8, s 1 77, TOTE TA XY TV T Xl § VoL QUTOTNES ULXPOTERY
ToU ||, dpat uToPOoVUUE var LTOVECOLUE ETAYWYLXS OTL EYoulE xdmota autduota M xor N tou avoryvewpllouv Tig
yhoooee L(r) xow L(s). Xpnowonotoue ta M xou N oa uadpo xouTtd xot Hoc evBLagépel Uévo va ‘BAénovue’
ar’ €€ TIC apYIXEC XaL TEMXES TOUC XATAOTAOELC.
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e J= e > @

(@ (b) (©)

Yyxhua 12, Ta e-NFA yio tic exgpdoec @ (a), € (b) xou a (c)

Y10 Tyhua 13 BAénovue ota (a) xou (b) ta awtduata M xar N mou avTloTolyoly OTLC EXPEAOELS T XAl S.
Yra (c¢), (d) xon (e) Prénoupe nwe avtd ouvdUdLovtor BGOTE Vo PTLEEOUY QUTOUATA YLA TS YADCOES T + 8, 'S
xou .

Y10 (c) opllouue uiar véa apyLxr) XOpUQT XOL THY EVIOVOUUE UE €-oxuéc WE Tig 00 apyixéc xopupés tTwv M
xou N. Ou tehuée xotootdoels nopopévouy ol (dieg.

1o (d) apyn xopuepy elvart auTh 1oL M ToL OTOlOL OL TEAXES XATACTICELS CUYDEOVTOL UE €-UXUES UE TNV
apywxr Tou N. Tehxée xataoctdoelc Tou cLUuTAéylLaToc lvon owtée Tou N.
PX Y

Y10 (e) ou tTehuxéc xotaotdoels Tou M ouvdéovtar Ue e-oxuéc Ue Ty opyixn xatdotaon tou M. Apyuxéc

%O TENXEC XATAOTAOEL TopaUEVOUY oL (BLec.
(B) Eow DFA M = (Q,%,6,¢1, F), 6mou @ = {q1,..-,qn}- Opllovue yiai,j =1,...,n, k=0,...,n, 1c
YADOOES Rf, ;v elvar exelveg oL MEelc Tou X* mou elvon tétolec HOTe oy EEXLVACOUUE Omd TNV XOPUPY g; XOL
T axOAOLVINCOUUE TOTE PTAVOUUE OTNY XOPUPT| g5 X welg VoL XPNOLLOTOLCOLE x0pLPY| ¢ ke | > k.

Elvow @avepd 6t

n
U B (3.1)
G EF
Me dA\\o Aoya, amodextés yivovton exelvec ol AEEELS TOU UG EMUTPETOLY VA QTACOUUE, EEXIVOVTOC amd TNV
AP XOPUYPTN g1, OE XATOLAL OO TLS XOPUPES g € F, ywplc xovéva Teploploud we Tpog TG EVOLSIETES XOPUPES
(emed” o dvew delxtng elvan n, xan, oOtwe R dhhwe, Sev UTdpyoLY XopLYES qr, UE [ > n.

Oa detfouue ue enoywyR we mpoc 1o k 6Tt oL YAdooeg RY ; Elvan 6hec xavovixée. Apa xavovuxr efvor xou 1
L(M) agot ue Bdon v (3.1) elvar nenepacitévn vwon amd Xavovixés YAOOOES, Xau 1) évwon 300 Xavovixdy
YAwoo®Y elvor €€ 0plool Xavovixy.

la & = 0 tdpa, mopatnpolue 6Tt 1 analtnon, otov oploud ne Rf, ;j GO0V 0popd TO ToLEC XOpUPES BEV
TpENEL var yenolonoioly elvon Wialtepa awotnet|, agol 1 cuvdixn I > 0 wylel yia xdde xopupt| ¢ € Q.

"Apa éyoupe
Ro:{ {a€2: d(g0) =g} (i # )
t {aeX: §(g,a)=qtU{e} (i=3j)
Auté onualver 6tL oL YAbooee RY ; elvon nenepaouéva obvora oméd obufBora tou T 1 to yeduua €. Kdde évar
Ouwe and auTtd elvar xovovix YAWooa dpa elvon TéTola XaL 1) Rz-,j.

‘Ooov agopd to enaywyxd Brua, av utodécouue 6Tt oL Rf;-l elvon 6Aeg xavovixée téte T0 (dlo ouvdyouue
xon o Tig RE j POV TOPUTNEHCOLNE OTL LoYVEL 1) arvaBpouxy oyéon

Rf; = RI(REZDREST URES (3.2)

Tt buwe woyver n (3.2);

Elvon gavepd 611 1 YAWooo Rﬁ ; Ebvar uTepobvoro Tng Rf,]_.l, agol o meploploués I < k, otov oploud
s Rﬁ j» yivetar aolevéotepog (toyler o cuyvd) 6co ueyahdvel to k. Iloleg elvon duwe exelvec oL Aé&elg
ToL avixoLY 0To oGVOAO R’? . oANG Oyt oo R’-“_-1 oL MZelc e Ao Aoyl Tne (cuvohodewpntixnic) dlopopdc

Rﬁ j \Rk !; Efvor axpiBdsc exelvec oL MéEelc mou anyouv and TNV xcxrozorcxo"n gi TNV 4> ¥wplc va ‘natody’ oe
x0puen g, l > k, oAAd Tou Tatolv TOLAGYLGTOV ULal Qopd OTNY X0pUPT| gr OWS @alveton oTo Xyfua 14.



30 KE®PAANAIO 3. KANONIKEY EK®PAYEIY KAITANYYEY

@ (b)

(o)

Mua tétola AéEN avtiotolyel oe éva uovondtt ndvw oto DFA nou olyoupa ‘matdel” mdve otny xopuen g,
eVdEYOUEVLC o TTdvw amd uia gopd (oto TyAua 14 tatdel 800 opéc). Av ovoudoovue w pio Tétota AEET,
X0l OVOUJOOUUE 0 To TPGUeUA TNE W TIOU aVTLOTOLYEL OTO UOVOTATL amd TO g; OTO g, TOU JEV MATAEL OTNV Gk,
xou 7 To eni¥eUa TN w Yol TO UOVOTATL g — ¢j TOL JEV TATAEL OTNY G, TOTE 1 W YPJUPETOL

W = OV1 * - VT,

6mouL oL MEeLC V1, . . . , Vg AVTLOTOLYOUV GE [ovordtia Tov apy (Louv xaL TEAELWYOUY and To gg, Xwelc va tatoly
070 gg. Elvow dnh. 0 € Ri;l, v € Rﬁ;cl, l=1,...,t, x0T € Rﬁ;l, €youue dpa delel Tov eYUAELOUO
k]

k— k— k— k—
RE\ BT C R (Ry ) Ry

O avtiotpogog eyxheroude elvon axdurn mo exolog xon TopaielneTo.
O

‘Aoxnon 43. Kataoxevdote DFA yua tic xavovixéc exgpdoelc:
1. 10+ (0 4+ 11)0*1
2. 01(((10)* +111)* +0)" 1
3. (0+1D)O0+1)*+((0+1)(0+1)(0+1))*

(®
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YxAua 14. Evo yovondt oto DFA nou avtiotouyel oe AN tou Rf,j \Rf’;1

ab

£

Ixhue 15, To EyAua yia v Aoxnor 44

‘Aoxnon 44. AbOCTE ULa XOVOVIXY EXQEACT] YLa TN YAWOGSA Tou avary vepllel 1o autouato tou YyAuoatog 15.

‘Aoxnon 45. Adote ULa xavovix Exppaon Yo T YAWooo tou avoryvwpllel 1o autduato tou Lyfuatog 16.

Txhue 16. To TyAua yia tnv Aoxnon 45

3.3  KAeLoTOTNTA %XAVOVLXWY TAWGOWY XATW ANO ATAEG TRALELG

And Tov 0plolUd TV XAVOVIXDV EXPEACEWY XL TWV YAWCCOV elvar @avepd 6Tt av Ly xou Lo elvan xavovixéc
pLot P Y e
yAodooee tote xavovixd elva xon 1 Ly U Ly 6mwe xou 1 yAdooo LY. Aev elvon duwe xoddhou npogavéc amnd
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TOV 0pLOUS TWVY XAVOVIXDY EXPEECEWY TO AV 1) CUUTATNOWUATIX YADCO
{={weX: w¢ L}

elvan xavovir]. Tivetan duwe xou autéd @ovepd av yenousomolficoude o Oedpnua 5 Tou Méel OTL ol YAOooo
elvan xavovur| av xan évo av undpyet éva DFA nou tny avaryvepilet. ‘Eotw Aowndv 6t 1o DFA M avoryvwpe(lel
™ yAdooo L. ®udvyouvue éva DFA M "anbé 10 M xpotdviog Tic (dec xotaoTdoeL, ah@dfnTo, apym
xotdotaon xou ouéc 1o M oANd xdvouue Ohec e TEAMXEC XATAOTIOEC TOU M UT) TEAXES X OAEC TLC UM
teAxéc xataotdoelc tou M Tic xdvouue tedéc oto M. (ESG mpénel va eluacte Myo mpooextixol xou va
Soukebouue 6To Lopgh Tou M mou de yprowuonolel cuvtouoypapla, aAAd Tou Lxavorolel TNy apy x| analtnon
yta DFA, étu dn). yioe xdde xortdotaon xon yio x8e ypduua tou ahgafritouv undpyet oxplBae uto oxur.) Efvou
QavePS TOPA GTL (Lol AN yivetaw Sexth oto M’ av xou pévo av Ge yivetar Sextri oto M, dpa to M’ elvon éval
DFA vy ™ YAdooa LS.

Elvor tépa ebxoho va det€ouue dtu xon 1 YAdooo Ly N Ly elvon xoavovixh. Apxel vo det€ovue étL to
SUUTARWUA TNG elvan, xou
(Li N Ly)° = L{ U L3,

X0l omd QUTE oL E(MUUE TEOTYOUUEVLS TIEOXVTTEL O LoYLELOUGC.

Ogiopog 28. Avuikatdotaon (substitution) oe éva odgdfBnto T elvon ulo onoladhnote avtiotolylon wwy
YeauUdTwY Tou ahgaf3fitou oe YADOTES TEVL amd To X, [io oToLadoTE GUVAETNOT SNA.

f: 2%,

ia ouvdpTnon SnA. Tov Tadpvel TYéc TUYGVTA UTocUvola Tou T*. Av yia xdde a € T 1 yYAdooo f(a) elvon
xavovixh, TOTE XaL 1) AVTLXATAOTACT) OVOUSLETAL XOVOVLXY).

"Exovrog wio aviixatdotaon f: ¥ — 2% unopolue vo enextelvouue to Tedlo oplouol Tng and et
0V ¥ oe Méec Tov B*. Av w = g -y, ; € B, elvon uta MEY), téte opllovue (ypnoronoolue To (Sio
obuBolo f yua var cUUBONGCOUUE xou TNV EMEXTETAUEVT CUVEETNOT)

f(w) = f(ar)--- f(an),

N YA®Oooo S\, Tou TpoxdTTEL and T CUYXOAANCY TV YAwoo®y f(ai),..., f(a).

Av L glvon o yhaooo opllouue w¢ cuvitwg

£(L) = fw).

weL

Oewpnua 6. Av L kavovikij, kat n avukardotaon | elvar kavovikr, tére n f(L) elvar kavovikrj yAdooa.

Yxitoo anddering. Agol 1 L elvon xavovixh téte TpoxUntel we YAOooo Wog xavovxhic éxgpaons r. Elvou
elxolo va dobue (ahhd Sev 1o xdvouue ue Aemtouépeta €36) 6Tl M YAwooo f(L) elvar axpBidc outh mou
TPOXUTTEL OV TPOTOTOLACOUUE TNV €x@pacn r avixahotdviae xdde yeduua a mou eugaviletoal oty r UE
Lol xovovixr éxgpoon yia ) YAdooo f(a). ‘Apa n yhwooa f(L) dideton and xavovixn éxgpoon, dpa elvon
XOVOVLXH.

O

‘Aoxnon 46. Anodel&te to Oedpnua 6 axoloudndvtac ) ‘cuvtayR’ Tou oxitoou anddelEne mou d6Unxe. Mno-
pelte Lo THpddELYUO YOI YPNOULOTIOLACETE ENAYWYT] WS TTPOS TO UNXOC ULUC XAVOVIXAS EXPPACTIC TNG XAVOVIXAC
yAGooag L.

Ogropdg 29, Mia avtixatdotoon f AEyeTon opopop@ropds av ya xdlde a € X yAdooa f(a) elvor uovocivolo.

Ened| xde nenepaouévo cbvolo héZewv elvar xavovixr| YAdooo (and tov oploud tou TL elvar xavovixr
YAdooa) and to Tponyoluevo Yedpnua €neton GTL 0L OUOUopPLOUOL SLATNEOUY TNV XAVOVIXOTNTA TWY YAWCTWOV.
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Ogrowds 30. Av f elvar ououopproude xou L elvan yia yYAdooo, 1 avtiotpopn opopopgikn ewkéva tne L elvon
N YAWooO
) ={wex*: f(w)eL}

Ocdpnua 7. Av f opopoppionds kar L kavovikr yAdooa téve kar n f~1(L) efvar kavoviki.

Anédergn. Eoww M éva DFA nou avayvwpllet tny L. ®tdyvouue DFA M’ w¢ e€fc: xpatdue (dieg
XOTAOTACELS XL APYLXEC XL TEMXES XUTAOTAOELS UE To M xon opllovue Ubvo Véa cuvdpTnon UETBAoTSE WS
e€ic: av g elvan uiar xardotaon tou M xou o € ¥ opllouue

O (g, ) = o (g, f(e)).

MetoBaivouue dnh. oto M' oe exelvn v xotdotaon énov Yo xatodfyoue av oto M Eexwvdyoue and tny
xatdotoon g xou axohoudolvooue t AéEn f(a). Elvan gavepd bt n Aé&n w yiveton anodexth and to M’ av xou
uévo av N AN f(w) yiveton omodexth) and to M, dpo 10 DFA avaryvwpllel ) YAdooo f~1(L), ondte awth
elvon xovoviu.

O

‘Aoxnon 47. Av L elvar xovovix) YAOooo T6Te 1o 1) YADooo
Lf={zex*: zfeL}

elvor xavovixh. Me of ouufolilouue 1 AN  ue T ypdupatd g oe avdmodn oetpd. ILy. 0118 = 110.
(Ymdébetn: Aoulédte dvw oe uia xavovixh éxgpaon yio ™y L.)

3.4 To Afuua AviAnong xow W1 XAVOVLXES YTADCOES

Trdpyouvv YAwooeg o dev elvar xavovixéc. Autd elvon mpoavég Yol ToAD Yewxolg Aéyouc, Tou dev €youv
1600 TOAG Vo xdvouv e TN QUOT TWV XAVOVIXOY YAWCOWY, Tapd UOVO UE To YEYOVOS 6Tl e xavovixh
yAdooo emdéyeton Ula menepaouéyn meptypagn). Auth unopel va elvon elte uior xovovixy| éxgppoaon, elte 1 doun
evéc DFA mou tny avayvopllet, yio topddetyuo.

[Iécec Guwe dopopeTixéc TETMEPUTIUEVES TIEPLYPAPES UTAPYOUY;

Elvor gavepd 61t autée elvdn dmetpes to mAfdoc (agpod m.y. UTdpYoLY 0COBTOTE UEYENES HAVOVIXES EXPES-
oelg), ol autéd dev elvon emapxfic TAnpogopia Yo To TAHYoc toug. Elvor mold mo axpBéc to bt undpyouv
apunoiues 1o Thdog TENEPACUEVES TEPLYPAPES, UTOPOLY dNA. SAEC OL TIEMEQACUEVES TIEPLYPAPES Var amapLl)-
undoldv: N meptypapn 1, 1 mepLtypapy| 2, ..., N meptypaph N, ..., UE TpoTO DdOTE var Un Uelvel xoud TepLypapy|
an’ €€w. Autdc elvon 0 oploude evog apriuroluou cuvohou. ‘Eva chvolo dnh. Aéyeton apriunoluo av undpyet
o 1-1 ameedvion tou cuVEAoU aTob GToUS Puaxols apLole (BeBatwdeite dtL To xatahaBaivete autd).

To yiotl 10 60VOAO OAWY TV TENEPAOUEVLV EXPPACELY (Tdvw amd éva otadepd ohpdBnTo X) elvon aptld-
unhowo elvon anhé. Aol 1o ¥ elvan tenepacuévo undpyouv eEnepacuévo To TARIOC EXPEACELS TOU UTOPOLY
Vo QTIAEOLUE UE Uxoc m, Yo xde . Tio v axpifeta, undpyouy to oAb |E|™ tétoeg exgpdoeic. T var
amopduRcovUE AOLTOY TO GUVONO GAWY TWY TENEPACUEVRY EXPPACEWY, JPLILOVUE TPMOTA TG EXPPEOELS UNXOUS
1, wetd autée unixoug 2, xon ouvey(lovue xot aUTOY TOV TPoTO, WoTe de WéVeL Tinota auétenTo.

Efvor apxetd mo d0oxolo (xou mopodelnovue tny anddelén) vor Sobue 6Tt 10 GOVONO GAWV TWY UTOGUYOAWY
onoloLdANoTE dmelpou cuvolou dev efvar apiiunotpo. Etol, 10 cOvolo 6AwV TV YAWCO®Y Tdvew and 10 X,
dNA. 10 6UVOAO AWV TWV UTOCUVOAWY TOL dmelpoL cuvehou L* dev elvar aprdurowo. Apa undpyel xdmola
YAOooo oL dev €yel avtioTolyn nenepaouévn tepLypapr, ondTe dev elvan xovovxy.

To nopandve elvon €va ToAD yevixod emyelpnua, onwe elnope, xou dev e€aptdton oyedoyv xadéhou and to
TL EVVOOUUE XAVOVLXY| YADCOW, Tapd UOVO OTL, O,TL XL oV EVVOOUUE, 1) Xavovixy| YAWooo UTopel vo meplypapet
TARpwS UE Wiar TETEpaoiévT) oxohovdila amd yeduuata, Saheyuéva and €va nengpaouévo ahgdBnto. Me tov
(3o tpdémo @atveton, m.y. 6Tl UTpEyouv cuvapthoec f : N — N nou dev elvar unoloyloweg and Tpdypauua,
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OUCLOCTLXA OTL XL oV EVVOUUE HE auT6. Ac ToluE yia Topddelyuda 6Tt YewpoUUe ULd TETOLH GUVEPTNOT UTOAO-
yiown av undpyel évo TEdYPUUUA OE XATOLY YADCOW TPOYPUUUATIoN0U, ac olue v C tou uroloyilel
ouvdpTtnor owth. Ma éva tpbdypouua anoteAel TENEPAOUEYT TEQLYPUQT TNS CLVPTNONG, dpd, ETELSH To TABoC
v ouvopthoewy f : N = N ev elvon aprdunioluo, undpyer xdmoa otny omola dev avtiotolyel Tpdypauua,
mou dev elvan dnA. umoroylown.

Ae Bonddel duwe autd to emyelpnuo oto var amodellel xavelc Tl cuyxexpluévec YAWOOES dev elvon xavo-
wwéc. Av xou yvwplloupe dnh. 6L oL teplocdtepes YAWooes (und ula évvola) dev elvon xavovixée, elvon o’
Ol auTd dVoxoAo va del€ouue autd yia Lo cUYXEXPUIEVT YAWOOoA oL Wag dideton, Y. Yo TNV

Ly ={0"1": n=0,1,2,...}.

Auvth 1 yAdooo anaptileton and Oheg T AEEelc mou €xouv dpyxd Uia oudda amd undevixd xat wetd uia (o
o€ Unxog oudda and docoug, xou tinote dAho. Oa dodue oe Myo éva Tpdmo anddellng tou 6t 1 Ly dev elvon
xovovxt). Atonodntixd ouwe o Aoyog elvar o e€hg (to mapoxdtw dev anotelel anddelln): éva autopaTo elvon
OUCLACTLXE LOOBOVAUO UE £VOL UTOAOYLOTH GOV XL AUTOUG TIOU EEPOUIE UE UOVO TOV TEPLOPLOMOS OTL O UTOAOYLOTHC
AUTOG EYEL TEMEPACUEYN Xl GTa)ERT| UVAUT, dev e€aptdton dnA. N TocdTNTAL TNS UVAING ToL amd To TEOBANUA
mou €yel va Aooel. Av elyaue éva tpdypauua Tou TEEYEL ot €va TETOLO UTOAOYLOTH Xo T0 omolo avoryvwpellel
™ YAbooo Ly, autd to npdypopua Yo elye mpdoPaon oe uvAun tng onolag to urxog de unopel va e€optdtan
and 1o uRxog e MEne mpog avaryvaplon. ‘Ouws, 8¢ unopolue va gavtaotobue éva npdypauua (ahyoprduo)
mou Yo amopacilel av o AEEN avixer oty Ly R oyt xwels var “Guudtar’ xdmou to mooco undevixd €xet det. Ku
auto de yiveton av 0 aptiude Twv UNdevixdy elvdl Tohb ueydhoc, yiotl 6co awdvel to TAUoC TV UNBEVIXGDY
1600 aUZdvel, ywplc dve @edyud, to TARYoc Twy Pnelwy (n uvhiun) tou yeewalbuoote yia va anodnxedoouue
tov opLtdud auto.

Efvor dUoxoho va uetatpédouue to mopamdve dianodntixd enuyelpnuo oe anddelln, ondte 1 uédodog mou
axohoudolue yia va det€ouu 6Tl 1 Ly develvan xavovixn elvan apxetd diapopetixn. Xpnoylonoolue 10 axd-
Aoudo oAb yeroluo Afuud.

Ocewpnua 8. (Afuua Aviinons — Pumping Lemma)

Eotw 6n n L elvar kavovikry. Téte vndpyer puoikds apiduds n (o omolog b€ ypedletar va elvar peyaditepos
and tov eAdyioto apidud karaotdoewy evés DFA nov avayvwpilel tnv L) dote ya kdOe Aéén z € L ue|z| > n,
umopoUue va ypdipovue

z =uvw, (u,v,w € X", |v| >1,|uww| <n),

oUtws dote ya kdle i = 0,1,2,..., n Aéén uv'w € L (avt elvar n Aéén mov apxila pe u axolovdefrar and
Y v onowdnnote tenepaouévo aptiud and popés — akdun kar O—kar TeAewdvel pe w).

Andden: Eotw M éva DFA ue ehdyloto aptdud xataotdoewy mou avoyvwpellel tn yAdooo L, xat €otw
n 10 TAU0C TwY xataoTtdoewy Tou M. Av n Aé&n z avayvwplletar tote EExuvdviog amd Tny apyLxr xopuen go
xartahfiyouvue diaBdlovtag Ty 2, UE |z| = m > n, oe xdmota tehx) xopupn g1 dtavbovtag éva uovordtt Téve
oto M:
o = Qi = Qio =7 =" Qi = Q1

6moL 1o Ao TV oy elvor M (Wiar o Yiar x8de ypdupo g z) o dpa o TARY0C TV X0puURKY elval
m+ 1 > n. Duunepaivouue 4Tl UTdPYOLY XATOLES X0PLYES Tou eugaviloviar ToLAdyLoTOY d00 Qopés oTo
HOVOTdTL. AT UTEC TIC XOPUQES OVOUIALOVUE g auTh Tou TpwTtosupavileton Yo debtepn Qopd GTo UOVOTdTL
xoL ovoudlovue v 1 AN mou UuecoAofBel UEypl TNV EMOUEVY EUQAVION TNE ¢, EVM U OVOUdloUE T0 Tpdleua
NS 2 UEXPL TNV TIRMTN EUPAVLON TNG ¢ Xl w ovoudloue to enldeua Tne 2 UeTd ) dedtepn eupdvion e g (BA.
Tyfua 17).

Eivow gavepd 6t |v| > 1 xon 61 Juv| < n, agod olyovpa dtav Yo éyouue Swofdoel 10 n-00T6 Ypduua g
z Va éyovue RO Sl ToUNdyLoTOV ULa x0PLPT dV0 Yopéc, xau avdueca oe aUTES oL €youle del d0O Qopéc 1)
npdTN elvon €€ oplouol 1 g. Enlong elvan gavepd 61t 10 Bpdyyo mou Eexvd xon TeEELdVEL OTNY g UTOpOVUE VoL
uny 1o Stavboouue xodéhou (ondte delyvouue 6Tl 1 MEN uw € L) 1 v tov Stavdoouue boec popéc Y€houyue,
ag moVUE i. Apa 1 MEN wviw € L, dnwc ogeihape va Sel€ouye.
O
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YxHua 17. To povondt mou avuotolyel otn AEN uvw

IIde ypnouwomoolue to Afuuo ’Avtinong yia va del&oupe étL 1 yYhdooa Ly dev elvon xavovud; Trodétoupue
oTL glvon o xatoryouue oe dtomo. Av elvan howndy, undpyet, and to Afuua ‘Aviinong, évag puode aptdude
n, étoc doTe av z € Ly xou [z| > n t61€ oylouy ta cuunepdopata touv Afuuatoc. ‘Eyovue z = 071" € Ly
xat |z] > m, dpa 2 = uvw, Y [uv| < n xaw un xevé v, ol Wote Yo xdde i = 0,1,. .. éyovue uv'w € L.
Auté buwc de yiveton e xou 1 MEN uvw = wvvw éyel olyoupa meploobdtepa 0 an’ 6Tt 1, Ao, Aéye Tou 4T
|uv| < n, xau 10 u X To v Exouy Uévo undevixd Héca Touc.

Ag dolue tdpa dAAY wiar e@apuoy Tou AfuuaTOg dvTAnong ot Tapouow TedBinua. T xdde MEn « =
Qy - Qn, a; € X, opllovue Ty avteotpappuévn MNEN o8 = ay, - -y, vo elvon 1) 7 ue avteoTpouuévy TN oeLpd.
TwY Ypouudtev tou. Optlouue Tt YAGoou

Ly={ze(0+1)*: z=2z"}

vo amoptileton and dheg exelves T Aé€elc mou dwafBdlovton o (Sto and aplotepd xou amd tor deéLd.

Actyvouue todpa 6L N Lo dev elvon xavovix. Eotw 61t elvar xou €otw n o guoxds aptduées tou onolou
Omapgn mpoxdntel and to Afuua ‘Aviinong. Opllovue ) AéEn z = 101" nov elvan oty La. I'pdpeton t61e 1)
Z WS z = uvw, Ue Un xevéd v xou [uv| < n, onéte xou oL AEeLC u, v €youy péoa ubvo 1, dote uviw € Lo, yia
i=0,1,2,.... AN mpogavds 1 AEN uw ¢ Loy agod aQop®dvTog T0 U aPolp€ooue xEmoloug doooug amd Ty
apLoTeEPY) OUddY doowY OAAG Oyl and Tt delLd oudda, ondte €youue xatahiiel oe dtomno, dpa 1) Lo dev elvon
HOVOVLXT).

‘Acoxnomn 48. Acifte 6t n Yhdooo {zz: =z € {0,1}"} dev elvon xavovuxdh.

‘Aocxnon 49. Tloeg and Tig Topoxdte YAwooes tou (0 + 1)* elvor xovovixéc;

1L {0*: n>1}

2. {0m1n0™t s mn > 1}

3. Ou Aé€eic mou dev €youv Tplor Sradoytxd undevixd
4. Aé€eic ue toO0U UNdEVIXd 60U Xl GOCOUG.

5. {zwzf: z,we(0+1)"}
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Kscpo’c)\ou.o 4

Alyopriuor yro DFA.

4.1 Ilote éva DFA avayvwellel xevy) B dnelpn YAwcox
AoVévtoc evoc DFA M xaholuoocte va anogacicovue pe adyoptdukd tpdmo yio o v

1. Trdpyel éotww xou wlo AEN mou avaryvwplleton and to M,

2. Trndpyouv dnelpec Aé€elc oL avaryvwpllovtal and to M.

Ko otig 800 neplntdoeig xoAoUUACTE VoL AoV TACOLUE AmADdG WE Evar vou 1 dyL, xou 8 {nrolue va Bpolue ula
1) teprocdtepes (t6co udhhov dnepec) MéEelg Yo var amodel&ouvue tar AeyoUEeVd pag.

ITpéner dnA. va Bpobue éva TpoTO Vo amavTHoOOUUE av 1) YAwooo tou M elvon xevi| A oL, xon av elvon
dmeen f ot (L(M) = 0; xau |L(M)| = 00;). Kou npénel o tpdnoc andgaone vo elvar akyoprduixde, dnh. vo
UTopOVUE Vo Ypdpouue Eva TpdYpaUUA OTOV UTOAOYLOTY TO oTolo, omoLa xat va elvar 1) amdvtnom, v umopel
vo N PBeloxel. Auté onualvel 6tL oe x&le mepintwon (6mota xan vor elvol 1 amdvInoT) TEENEL TO TPOYPUUUA
awt6 (o) vor tehetdoet xou (B) var ddoeL ) owoth andvinon.

H amaltnon v to (B) elvon npogoaviic otov neplocdtepo xéouo old Sev elvar (owe @avepd TL VVoolUE UE
10 (o). Elvar hotnév ypriowwo va tovicouue 6t o axdhouvdoc ahySpldoc yia Vol amoQacicoute TO EpOTNUL
L(M) = 0 dev elvan amodextédc:

Me tov unohoylot| pog amaprduolue oheg g Méeg tou T* wq e€rc. Ilpdta amopriuodue
Ohec tic Mé€ewc urxouc 0 (umdpyer évo ula, 1 xevh A& €), uetd amaprduolue tic MéEewc urixoug
1 (undpyouv tdoeg boa xon a ypduuata tou X, dnA. to TARloc Toug elvan X)), uetd Tic AéEelg
ufixouc 2 (undpyouv axpBae |S? tétoec), x.0x. Me outd Tov Tpémo amopliunone diaviouue
oheg ¢ Aé€elc Tou X*, yowplc va Eayvdue xoud. o xdde AéEn Yo épldel xdmote ) oelpd var Ty
eZetdoovye. IlapdAAnAa pe tny anopldunon npoypauuatilovue tov utohoylot uag va e€eTdlel
xdde uia and Tic apriuolueves AEEelc yio To av epvdive amd o M 1 L. Av éotw xon uia Beedel
Tou var avaryveplleton and to M téte otapatdél o olyoprduog xou anovtd NAI (oto epdtnua av
L(M) = 0), ad\de ouveyilet.

Elvor gavepd 611 auth| n pédodog xdvel, xatd xdmolo tpémo, Uiot| douvked, uia xou dev elvor moté duvatd va
anavtiioel OXI, agol dev E€pouue, doec MEeLC xou va €youue St Uéypl OTLYUNC, YLot TO oV UTdpyeL AEEn Tne
L(M) mou va Bploxetar mopoxdtww oty apldunct| uag, m.y. vo éxel ueyahitepo uixoc an’ 6,1t éyoue eEeTdoEL
uéypet ottyunc. Av n andvinon oto epdtnua elvar NAT téte, apyd 1 Yeriyop, o akydprdude pac o anovtrioet
NAI 3¢ ouufaiver uwg o (dro xou ue to OXIL

e Yo umopotoe xdmwe vo dopdwiel o alybpriuoc tou udhic teplypddape;

37
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Av elyaue éva tpémo, ue dedouévn v meplypaph Tou M, va Eépouvue m6co UEYSAN (To TOAD) elvon M
xpbtepn o uhxoc MEn tne L(M), av uio tétota AEN undipyet, Tote Yot mpoypouuatiloue Tov UTOAOYLOTA UAC
VoL otaatdeL Ty anopltunon étay éxel nepdoel avtd To PEdryUa xou dev ExeL Bpet oxdun NEn tne L(M), ool
elvar mAéov olyoupo 6Tl 600 xan va cuveyloel de Yo Bpel dAAN. Autd T0 oXOTO, XoL YLa ToL DVO EPWTAUTA TOU
uoc amaoyoholy, eEunnpetel 10 TopoxdTe Yedpnua, Tou elval ouctaoTixd tépLoue Tou Afuuatog ‘Avtinong.

Ocopnua 9. Ay M elvar éva DFA je n kataotdoes tote

1. L(M) # 0 av kat udévo av vrdpyet w € L(M) pe |w| < n.

2. |L(M)| = oo av kat pudvo av vndpyer w € L(M) pe n < |w| < 2n.

Andéderdn. 1. Av undpyer w € L(M) e |w| < n téte npogavee L(M) # 0. Avtiotpoga, éotw L(M) # 0
xouw w € L(M) éyev ehdyioto ufixoc. Av |w| > n téte, and to Afuua ‘Aviinong, undpyet ondoluo w = uvz Je
v # € tét0l0 GoTe Yo x&e i > 0 éyouvue uviz € L(M). T i = 0 nalpvouue uz € L(M), n onolo duwe AET
€xeL uinog Uxpdtepo g w = uwz 1) onola elye €€ apyrfic unotedel otL €xel eNdyloto unxog, tpdyua dtono,
dpa |w| < n.

2. Av urdpyer w € L(M) ue n < |w| < 2n 161 (Ypnowonoidviog uévo ty avicdtnta n < |w|) and 1o
Afupo ‘Aviinornc 1o w ondel o w = uvz, v # €, éT0L HGoTe oL MEelg uviz, i > 0, avixouy bhec oty L(M).
AMNG autée elvan dmerpec o TARYoC, dpar |L(M)| = oo. Aviiotpoga, éotw |L(M)| = oo xau utodéoouue bt
dev undpyer MEN w Ue uixog and n €ng xou 2n— 1, ag ndpouue w vo elvar AEEN UE EAIYLOTO UHXOG UEYIALTERO
1y (oo Tou 2n (Tétoleg Aé€elc undpyouy avaryxaoTxd agold 1 L(M) éyel vrnotedel dnepn YAdooa). To Afuua
‘Avtinone epapuéleton xou Tl aol |w| > 2n > n dpa 1 MNEN w YedPETL W = UvZ, UE [uv| < N xoL v # €
xor uviz € L(M) (yio i > 0). ‘Apot uz € L(M) xou apol |uvz| > 2n xou |v] < n cuurnepaivouue 61t |uz| > n,
dpat (éyouue umodéoel b dev undpyouv Aéew otnv L(M) ue unhxog and n éwg xou 2n — 1) |uz| > 2n, npdyua
0L AVTLPEOXEL UE TO 6TL N w €xEL ENdytoTo Uhxog avdueoa otic MEewg tne L(M) ue urxoc touldyLotov 2n.
O

Eluoote tdpa oe 9éor va del€ouue 10 axéhovio anotéleocua.

Oenpnua 10. Ta axdrovla epwtripata efvar akyoprfuikd anopaociotua:

1. Avayvopila to DFA M ua un xevij yAdooa;

2. Avayvwpiler to DFA M pa drepn yAdooa;

3. Avayvwptlovv ta DFA My ka1 My tny (hua yAdooa;

Anéderdn. 1. Anoprduolue dhec Tic MEELS UTHoug UgypL Xl 1 UE YRdUMaTa omd To X (UNdpyouy axplBde
T+ 2]+ 2 + - + 2" térotec MEeic) xou Tic eMéyyOUUE Shec av TEpvdve omb o autduato M. Av éotw

xoi ULa omo autée avoryveplleton t6te amavtdue NAIL o anavtdue OXI. H uédodoc elvon owoth ue Bdon
10 Oedpnua 9.1.

2. Anopuduolue Oheg tic MEelc uixous amd n €we xou 2n — 1 ue ypduuata and 1o X, Av €0Tw xou UL and
auTtéc avaryvoptleton téte anavtdue NAIL adhidg anavtdue OXI. H uédodog elvar owotr ue Bdon to Osdpnua
9.2.

3. ©élovue Vo anaYTACOVUE OTO EPWTNUA
L(M,) # L(My).
H andvtnon oe auté elvon NAT av xan uévo av 1 axdrouldn yhdooo elvar un xevh
(L(My) N L(M2)) U (L(M1)° N L(M>)). (4.1)

Mrnopolue 6uwe olyoprduixd var xataoxevdoovue évo. DFA M mou avaryvepllet axpBide auth ) YAdooo,
ondTe UETA YPNoULoTooUUE Tov alydprduo Tou oxéhoug 1 auTtod Tou BEWPHUATOS VLA VA AMOPACICOUUE av
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N Yh@ooo e (4.1) elvon xavh 1 L. To auvtéuato M xotaoxevdletar we €€hc. Iopatnpovue étL n (4.1)

YedpeTOL
(L(M:)® U L(Ms))" U (L(My) U L(M5)")°

X0 OTL QUTH 1) €XQEAOT) YXPNOoULOTOLEl UdVO EVOoELS Xt cudTAnpouata. Av éyouue évo DFA N xau 9éhoupe
va pridEouue éva DFA N7 yia ) cuumnpouatixd YAOooo téte amhd aAELOVUE TIC TENXES XUTACTACELS TOU
N oe un tehxée xou tic un tehixée oe tehxée. T var prdEoupe éva DFA yior v évwon 0o YAwoody (twv
onolwv &pouue xdnowa DFA) @udyvouue mpdta éva e-NFA yia auth Ty éveon xaL 10 UETATRENOVUE o1
ouvéyela oe DFA. "Ola autd yivovton adyoptduixd.

O

4.2 XYyEoelg Looduvaulog YLa YAWOOEG xoL auTOpAta. BOempnua
Myhill-Nerode

II&vew oto clvoro E* 6wy twv AéEewv oplilovtal Quotohoyxd ol e€hc oyéoels Looduvaulag

1. Av L C ¥* elvan wia yYhwooa 1 oxéon Ry, oplleton we: & Ry y av xou uévo av yia xdde z € L* éyouue
zzeL&yze L,
A, Ta xz, Yz elte avixouy xou ta duo oty L elte xovéva.

2. Av M eivon éva DFA t6te optlouvue ¢ Rar y av xan uévo av

(5((]0, .73) = 6((107 y);

6mou qo elvan 1 apyx) xatdotaot tou M xou 0(-,-) elvar 1 ouvdptnon uetdBaonc tou M. Ioylel SnA.
x Ry y av xou uévo av 1o autduato M xotadfiyel otny (Star xopugr apolb dtoBdoer 1o & xon apol
dofdoet T0 Yy, EexVOVTAC TEVTA amd TNV deyLXh TOL XOPUEPY,.

‘Aoxnon 50. AclEte 61t oL oyéoeic Rr xau Ry elvan oyéoeic .ooduvoulac.

‘Aoxnom 51. Aceite 61 n yAdooo L elvon évwon xdmowwv xhdoewy tooduvaplog e Ry (ave&dpmta and to
av elvon 1 L xavovixd  6x1). Kdde Ry-xh\don dnh. elte nepiéyetar nhipwe otny L elte Sev neptéyel Méelc ne
L.

Ogrowdg 31. Aelktng uiag oxéong wooduvaplog R Aéyeton o mAnddpriuog tou cuVOAOL WV XAJCEWY LBOGL-
voploc g R.

‘Aoxnor 52. Acl€te 6t o delutng g Ry elvon nenepacyuévog xau (oog ue 1o mhidog twv xopupody tou M
7oL glvol TPOCTEASCUUES Amd TNV apy x| X0pueT| go. Mia xopugn v AMyeton TpooneNdolur av UdpyeL AéEn w
T.0. 0(go, w) = v.

Oprowég 32. M oyéon R oplouévn ndve oto X* Aéyetan de&id avaAdoiwtn (right invariant) ov yuo xdide
z,y,z € ¥* 1oyleL
z Ry=zz R yz. (4.2)

‘Aoxnom 53. Acilte 61t oL oyéoelc R xou Ry mou oplooue nopandve elvan deLd avolholwteg.

‘Aoxnor 54. Av M elvon éva DFA 3el&te 6t 1 yAdooa L(M) nou avayvwpller to M glvon Ui évwon xAoewmv
tooduvapulog ulac oyéong woduvauiag ue tenepacuévo delxtn. (Ynédadn: Eetdote v Rys.)

Ocewpnua 11. (Oewpnua Myhill-Nerode) Av L C £* ta akdrovOa elvar wwoddvapa:

1. H yAdooa L elvar kavovikr).

2. H yAdooa L elvar évwon kdnowy kAdoewy 1w0odvvaulias piag debid avaldolwtng oxéons wodvvautias R
u€ menepacuévo delitn.
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3. H oxéon Ry, éxel nemepaouévo delkrn.

Anodedn.

1=2
Av n L elvar xavovixr| t6te avaryvwp(leton and éva DFA M xaw to {ntoluevo elvon 1 "Aoxnon 54.

2=3
‘Eotww 6t n yYAdooo L elvon évwon xAdoewy ulag oyéong tooduvoioc R mou €yel nenepacuévo delxtn ¢ < oo.
Ou det&ouue dtL 0 delxtng e Ry, elvon 1o moAl ¢, dpa nenepaouévoc.

Actyvouue xat’ apyfyv ) ovvenaywyh z Ry = ¢ R y: 'Eow 2z € ¥*, vz € L xou z R y. Ened R dedud
avohholwtn éneton 2z R yz. Apa 10 yz avixel oty Bia R-xhdon ue 1o 2. Agol duwe xz € L, xou 1 L
elvar évwon xAdoswy g R, ohdxinen 1 R-x\dor tou zz nepiéyeton oty L, dpa yz € L. Acl€aue dnh. o1
zz € L = yz € L, xou axp B¢ 1o (Slo mpoxUntel xou 1 avtiotpogn cuvenaywyn, dpo & Rr y, 6w déhoue va
del€ouue.

H ouvenaywy?| nov deléaue (x Ry = = Ry y) onuoivel 611 xdde xhdomn tng R nepiéyeton €€ ohoxhfipou oe
ma xAdon e Rr. Hpdyuat, éoww = € K, énov K uia R-xhdon, xo éoww x € S, émov S 1 Rr-xAdor) tou
x. Aelyvovue téte 61t K C S. 'BEow howndy y € K. Auté onuaiver R y dpa xou z Ry, y, onéte y € S.

Aqgob xdde R-w\dom meptéyeton o€ ot Rr-xAdom Aolndv de unopoly ol Rr-xAdoelc vo elval TeplocdTepeS
and e R-x\doelg, vt téte Yo unhpye xdmolan Rr-xAdon nou de Yo nepielye xouid R-xAdon xou Yo Aty
XeVY), Tpdrya oL €€ optopol e yiveto.

3=>1
Trodétovue thpa 6L N R éxel nenepacuévo delxtn xon delyvouue étu 1 L avayvwplleton and xdnoio DFA
M, dpa elvor xavovixh. Av z € £* ouuBolilouye ue [z] v Rp-xhdon wwoduvauloc tne MéEne .

e ()¢ obvolo xataoTdoewy oL autoudtou M malpvouue 0 olvoro () 6Awv twv Ri-xAdoewy, Tou elvon
TEMEPACUEYO Amd TNV LTOVEDT).

o Q¢ apyLf xatdotoon Todpvoue Ty xAdo [€] Tne xevhc AéEng.

o Tn ouvdptnon petdfBaonc opllovue we e€ic:

0([z], @) = [za], (o€ X). (4.3)

o (¢ tehxéc xopupéc nadpvouue exelveg Tic xAdoelc tne Ry, nou meptéyovion oty L (deg ‘Aoxnon 51).

‘Aoxnomn 55. Acl&te 61 0 oploude (4.3) elvor ‘nah6c’. Autd onuaiver 6t av K = [z] = [y] xou epapudcouue
Tov (4.3) i va oploovue v xopueh §(K, a) téte Tadpvoupe 1o (Blo anotéheoud elte YpnoULOTOLiCOVUE TO
otowyelo z otov (4.3) elte 10 y.

EnavohauBdvovtag tov optoud (4.3) (1 epapudlovtac emaywyh oto uixoc e Ménc w € £*) BAénovue
ot

§([z], w) = [zw],

dpa ([€e], w) = [ew] = [w] mou elvor TEAXA xortdotaon Tou M av xou wévo av w € L, dpa to M avaryvwpilel
axp e ) yAdooo L.
O

4.3 Elayictornoinon DFA

To epddtnua o uag anaoyoAel ed6 elvon Tode, dodévtog evéc DFA M, va Bpolue éva Ao DFA, éotww N, nou
va elvon w0bUvapo e 1o M (dnh. L(M) = L(N) — avayvwpillouy v (dta YAOooa) xar va €yeL Tov eENdyLoTo
apLid XATACTACEWY.
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E&etdlovtog v anddelén touv Yewprjuatoc Myhill-Nerode BAénel xavelc ebxoha 6Tt uTdpyEl OLCLACTLXG €Vl
uovadixd tétolo ehdytoto DFA, xan elvar autd mou we cUVONO XATACTACEDY TOL €YEL TO GUVONO TWY XAJCEWY
tooduvaloe tne Seld avodholwtng oxéone tooduvauioc Ry, we L = L(M), xou we ouvdptnon uetdBoong
) ouvdptnon 6([z], &) = [za] (delte Ty anddelln tov Oewpriuatoc Myhill-Nerode) émou [x] cuuBolilel tnv
xhdon e MEng # € X* xou o € B. Edaue enlong oty anddeiln tou Yewpriuatoc Myhill-Nerode 6t ol
x\doewg tng oxéone R elvon unoolvola twv xAdoewy tng R, xow autd onualvel 61, 6molo xou vor glval
10 DFA M, 7o eldyloto avtéuato unopel vor mpoxOdel and 10 M av oheg oL xopupéc tou M nou elvon Ry,
wood0vapeg ovuntuyloly oe ula xopuy|, WOTE TAEOV Vo UNY UTIdEYOLY OTO VEO auToUaTo d00 1| TEPLOCOTEPES
XOPLPES, ToL 1) ¥AdoeLc Toug va elvon Ry i.oodUvouec.

H pédodog ehayotonoinong Aowndy anogacilel yia to noteg Ya elvar oL xataotdoelg tou eAdyiotou DFA
apoU Bpetl, yio xdde Lebyoc xopupdy tou M, av oL xataotdoels autés elvar peta€d toug Rr-loodivoues. Ot
XUTAOTAOELS TOL EAdYLOTOL aToUdToL Yao elvan T ovola R -looduvduwy xopupdy tou M. T var uroloyi-
oovue Yo x&e Lelyog xopuepmy u xot v tov M av elvar Ri-100d0voues Yewpolue xat” apyhyv oha o Lebyn
X0pUPWY LoodUVaMa xou oV Teox Vet Yo éva Lebyog xopuenv 6Tt dev elvar TéTe wbvo Tig ywpllouue.

"Etot, 9éhouue vo utoloyloouue uia ouvdptnon f(u,v) émou u xou v elvar dUo onolecdhnote Slapopetinéc
%x0pu@Ec Touv M, xon YéNovuEe 1 cuvdpTnon aVTA Vo xdvel 1 av ot u xou v AEN elvon 1ood0vopes xon 0 av etvar.
Kot apyniv hotnéy divouue Tic apyixés Tuuée,

VU,U € Q,U 7é v, f(U,U) = 07 (44)

61oL () 10 GUYOAO TWY XoPUYPWY ToL M.

Yougwva ue Tov oploud tng oyéong Looduvapuiag Ry 300 MEew o xou y elvon ueta€l toug R-1oodivaueg
av omota xou vou elvan 1) A& z elte xou oL d0o MéEewc zz, yz avixouy otny L elte 3 oL d0o dev avixouv. Apéonc
autéd uac divel (ue emhoyh z =€) étL av u € F xou v ¢ F 161€ oL u xou v dev elvan 1oodbvaues. Autd uac
dlver to enduevo Brua Tou alyoplduou uoc

Yu€e F,vo¢F f(u,v)=1. (4.5)

Etvon enlong qavepd and tov opioud g Ry, 6t av yio Tic x0pu@éc u xou v yvwpeilovue #dn 6t dev elvan
LooS0VaUES, Xou YloL TS dU0 xopu@éc a xou b undpyel ula MéEn o tétowa dote u = 6(a,0) xou v = §(b,0)
ToTE XU OL @, b dev elvan uetoV toug Rr-tood0vaues. Auth 1 mapatipnon wog Sivel tov umdhoirno ahydprduo:
Opilouue xat” apynv 10 cbvoro S and Lebyn xopuphy v Teptéyel Ol T Lebyn xopugdy (u,v) ue u € F,
v & F, dn\. 6hot o Le0ym xopugdy o ta omtola yvwpllouue ot tor uéhn toug Sev elvon toodlvoua. Eotw tdpa
éval véo obvolo amd Lebyn xopupdy T mou anoteleltar and dha to Ledyn xopupdy (a, b) yio T omola Loylet
axoun f(a,b) = 0 (Vewpolvton dnA. oxdun Loodbvaua) xon yia o omolor undpyeL éva ypduua o € X tétolo
wote 1o Lelyog

(0(a,0),6(b,0)) € S.

Aol unoroyloouue 10 cUvoho autéd T Yétouvue uetd f(a,b) = 1 yia 6ha tat (a, b) € T', xon Téhoc avtypdpoupe
10 T 1évew oo akid S, 1o onolo o netdue, o ouveyllovue Ty (Bia Sradixaotio (@uidyvouue éva véo T mou
TpOXUTTEL and 10 VEO S, %.0.X.), ¢ 6ToL T0 cUvoho T mou ridiouue va TpoxVdel xevéd. Autd onuoatodotel
o1l Bev €youue TAEoV SAAN TANPOPOEld VAl AVTANCOLUE Yol OTOUATAUE E3.

Arnodetxvietan 61l 0 ahydprduoc autdc douvkelet, Snh. Gty otauathoet €youue f(u,v) = 1 axpdc Yo
exelva T Lelyn x0pueddy (u,v) ue un Ri-toodbvouo uéhn,.

H xotaoxeur] tou eNdyiotou autoudtou yivetar thpa énwe otny anddellrn tou Yewpruatog Myhill-Nerode:
Bdalouue and uid xopuy| Yia xdde oudda tooduvduwy xopuedy tou M. Ta va Bpodue mou Yo ndue ue to
Yoduua a and wo tétola ‘Unepxopul) emAéyouus uia onotadhnote M-xopuy| TNG UTEPXOoPLEPNC AUTAS XaL
BAénouue ou pog TdEL To @ av EEXWACOVUE amd ALTH TNY x0pUET 010 TIEALS Lag autouato M. H M-xopuen
OTIOL XATAAYOUME AYAXEL OE LA UTIEPXOPUYPY| TOU YEOU UAC UG XOUTUOKEVT] AUTOUETOU XOL O QUTY TPETEL VoL
uetoPBolue. Mo unepxopun Yewpelton Tehuxr av Tepiéyel xdmota tehuxr) xopupy Tou M (avaryxaotixd téte Yo
TeptéyeL Uovo tehxég xopu@éc Tou F) evdd 1 apytxr] UNEEXopUEY Elvan aUTH TTOU TEPLEYEL TNV ap)LXT| XOpUPN
Touv M.
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Kscpo’c)\ou.o 5

Context free ypouuatixeg xon YAWOGOES

5.1 ’'Evog tpomog neplypagpnis anhey aoldunTixmy exX@pioeny

A¢ unodécouue 6TL Yéhouue va oplcouvue To TL onuaivel cwoTd Sounuévn apuduntix éxgpacn. o va xdvouue
o mpdrypata o omAd (ywelc var yadel n ouola) oc meploplotobue oE apiUNTIXES EXPEATELS OTIOL OL UOVES
npdelc elvon 1 mpdodeon (+) xou o molhamAactacude (*), xow 6mou Loy bouy oL GUYNCUEVOL XAVOVES YLdL TIC
napeviéoels. Ag unodécouue enlong 6t oL Baoixéc TocbdTNTES IOV PTLAYVOLY WULa Exppaon cudBolilovton Gheg
ue to ypduua z. Do nopdderypa 1 éxgpaon z * (2 + x) +  elvon Lo owot éxgpaot evod 1 zx + *() Sev elvow.

"Exouue dnhad?| éva moAl teploplouévo ah@dBnto
Z = {+7 *7 (7)7'Z.}

%o TPOOTOOUUE VoL Op{GOVUE T YADCOW TWY CWOTWY EXPEICEWY, oL efvon €var xouudTt Tou X*.

‘Evag ypfiyopog xau xordopde 1ponog var g 0plooue €lval vor OXEPTOUUE TO WS TG QTLAYVOUME: XOANIUE
Holl, ue ouYXEXEPLUEVOUS XAVOVES, UXPOTERES EXPPATELS XaL QTLAYVOLUE UeYohUTERES. Alvouue €tol Tov e€hg
oploud.

Opiowds 33. H MéEn z elvan owoth éxppaon. Emlong av ou Meic w xou v elvar owotée exppdoelc, ToTE
owotéc exgpdoelc elvon enlone xou oL MZewc (w), w + v, w * v. Télog, owotée exppdoelc elvon UbvVo oL MéEele
TIOU TEOXUTITOLY ATO TOUS dVe XAVOVES.

‘Etot n MEn o * (x + ) + z elvor owoth éxgpaon eneld oL MEewc © xou ( + x) + & elvar owotée, xou M
devtepn elvar owoth enedr| eneldh oL (z + x) xou z elvor owotés xau N TpdT and auTés elvor cwoTh eneldh N
z + z elvar owoth xon, éhog, avth elvon ocwoth enedh N = elvon cwotH.

Oplouol cav tov mopandve (oAAd xat opxeTd TLo TEPITAOXOL) XWdLxoToLOVVTAL OTIC AEYOUEVEG context
free ypauuotixée. Ilpwv ddoouue tov axpPn oploud yior autée ag molue 6Tl 1) context free ypouuate] Tou
avtiotolyel oTov mapandvew opotud elvon n:

1. S—>=z

2. S—=(9)
3. S—>S+8S
.S =>85x8

N

Me 10 oUuBoro S cuufolilovue uar ‘wetoBAnThd’ AéEN, 1 onola unopel vo avtxotactadel ue 1o de&l uéhog
iag and tic mapaywyés (S — . ..) and tic onoleg amaptileton N ypouuatxh. H hoyueh elvon 61t Eexvdue ue

43
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ANEN S xan epopudloue o AUTAY CUVEXEDC XETOLOUEC OO TOUC XAVOVES TP YwYNS HEYPL Vo TIépoUlE 1 AéEN
nov Yéhoupe. Av autd xotaotel eQUTd TOTE, xou U6VO TOTE, 1 AéEN auTh Va elvan oty context free yAdooo
TIOU TEPLYPApETAL amd TNV dvw context free ypouuoTixy.

Me v nopaxdte axohoudio YETHoYNUATIOUGY TPOXITTEL Y. N MEN z * (¢ + ) + o

S = S+ (xavévag napaywyhc 3)
- SxS+S (xavévac napaywyrc 4)
- S%x(9)+S (xavévac napaywyhc 2)
= S*x(S+9)+S (xavévac mopaywyhc 3)

= xx(z+z)+z  (xovbvac topaywyrc 1, téooepelc Qopéc)

EOxoha BAénel xavelc dtL ue dmoLo TpéTo %ol VAl YPNOLULOTIOLACOUUE TOUS XUVOVES TApaYwYTic O Unopolue
vo dipoue and v S ™ MEN zx + *().

5.2 Opioudg context free YpoouUATLX®Y X0l TwWV TAWGO®Y TOUG

Opiowég 34. Mux context free ypauuotixi G ndve and éva ahgdfnto X (ta tepuatikd odufora) elvon o
TEMEPACUEVT) CUANOYT Ao

o un wepuatikd oUuPora, mouv cuvRtue tar cLUPBoNlovue UE XEPUNAL AXTIVIXS YPSUUOTA, XL TIOU TEPL-
AoufBdvouy to Saxeptuévo cluBoro S (apyxd un tepuatixd oluolo)

o xavoveg napaywynic X — w, omouv X elvon éva un teppotind cOUBoro xon w elvar ylo AEEN amd ypduuata
Tou X xou U tepuatixd oVuBora (n w umopel var elvon xat 1 xevh AEEN).

Av G elvor uta context free ypoupatx? (CFG) xou w, v elvon 800 MZelg and tepuatixd 1 un tepuotixd
oUuPola, téTE Ypdpouue
q
w=v
av e yphomn evog xavéva mapaywyhc X — a umopel va tpoxddel 1 Aé€n v and ) MEN w. Autd onualvel ot
AVTLXALOTOUUE Lol EUPEVLON TOU U1} TepaTiXol cuuPBdiou X otn MéEn w ue ) AEn o (mou amoptileton and
TEPUOTLXE Xo U TEPHOTLXE cOUBOAA) ot UE TNV avTiXatdoTtaoT) auth tpoxOntel 1 AéEn v.

Do mopdderypa, av G elvon 7 ypopuotix) Tou oplooue Tapamdvew TOTE Loy eL
q
z+S=2x+(5)
Mo xan and T aplotepn AEN tpoxintel 1) 3e€Ld av yenouuonoundel o xavovog 2.
Op(Couue enlonc
q
w=v
*
v onualver 6Tt undipyel nenepacuévn axohouvdia AEEewy vy, . . ., Uy OOTE
G G Q. q
W=V =" = Uy =20,

o1l dnA. M MéEN v unopel var tpox el and T AEEN w HE enavelAnUEVT Yerion TwY xavdvwy TapaywYhc e G.
YTV Topamdve YRUUMATIX YL TG EXPEACELS LOYVEL, VLo TORASELY A,

s%w+$

ool unopoVue and T AEN S va mdue ot MEN (S + ) egapudlovtac TpdTa TOV XavovaL 2 X0l UETE TOV
xovéva 3.

7 ’, ’,

‘Exovtag ota xépla wog tov cufolioud autd umopodue edxola va oploouue TAgov ol elvon 1 YAdooa

’,

Tou avtioTtouyel ot UL MEN (amd tepuatind 1 un obuBola).
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Ogiopde 35. Av G elvon wor CFG xan w o MEN amd tepuotixnd i un tepuatixd obufora tne G 16te 1
yAodooo e w oplletat we

L(w) = Lg(w) = {x ext: wi w}

*

Anaptiletar S\, n L(w) and exelvec tic MEelc xwpls un teppatikd odpufola mouv Unopody va mopoy oy
oe nengpaopévo mAflog Brudtwy and ) AéEN w Ye toug xavoveg tapaywyhc e G.

Téhoc opllovue tnr yhdooo tne G.

Ogropog 36. Av G elvar wiot CFG 1 yAddooa L(G) optleton va elvan 1 yYAdooo L(S). Mia yAdooa L Aéyeton
contezt free yAdooa (CFL) av elvon 1 yhdooo xdnowac context free ypouuotixic.

Etvow 3nA. n YAdooo tne G 6heg oL MéEelc Tou X* ou mapdryovton amd To dpyixd un tepuotixd cbuBoro S.
Oa yenouwonololue cuvidwe TN cuvtouoypapia
X = wi|ws]...|w,
Yial Vo UTOSNAWGCOUUE ULt O[S amd xAVOVES ToparywyS
X —=w, X >ws, ..., X = wy,

ue o (Do aplotepd uélog.
‘Aoxnor 56. ITowx elvon 1 YAdooo e yeauuatxic e xavévee S — € | 0S50 | 151;
‘Aoxnom 57. Adote yia CFG vy ) YAdooa {0"1": n=1,2,...}.

‘Aoxnon 58. Avatpé€te nlow otov oploud tou L elvar xavovix| €xgpact). Av otadeponolicovue o ahpdBnTo
o€, ac molue, ¥ = {a, b}, ddote uta CFG yia 1 YAOGOOK TV XAYOVXDY eEXPpdoEwY Tvw and To X.

5.3 'Eva evdiapepoy nopddetypa e TANen anodelly

Ac dolue topa éva mapdderyua poc CFG ue nopandvew and éva un tepuatixd cbuBoro. H ypouuotue auth
Yo €yel we YADooK TS Ohec Tic Aé€ele Tou {a, b}* noL €youy (8to Midoc and a xar b. Ouuilouue e dTL auTh
N YA®ooo Sev elvan xavovixt| (amodelvieton elxola autéd He ypRon tou Afuuartoc ‘Aviinone (Oedpnua 8).

H ypoupatueh Gy elvan 1 oxdhoudn:

1. S—»aB|bA|e€

2. A—aS|bAA

3. B—aBB | bS
Ochpnua 12. H yAdooa L(G1) araptiletar and exetves tig Aééeas tov {a,b}” pe (b0 mArog ard a kai b.
Anéderln: Kot apyfy 1o uéva tepuatixd oUufBora mou eupavilovton otoug xavdvee tne G elvar ta a xou
b, dpa 1 L(G4) elvon utoctvoro tou {a,b}”.

Ac ouuBolilovyue yia pio MEN w tou {a,b}” ue A(w) xou B(w) avtlotowya 1o TAkdoc twv a xou b tou
TEPLEYEL.

. . , , , G / .
Mpéner va det€ouue 6T woyler A(w) = B(w) av xon uévo av S = w. AMNE av mpoonodficovue va
*
del€oupe ubvo awtéd Yo cuvavtioouue duoxolieg. Ilop” 6t delyvel avtigatnd pag dieuxohivel to va delouue

TapdAAnAia xou dAAec 3o npotdoeic. Etol Ya del€ouue ue emaywyn we mpog to Phxoc tne AéEnc w e e€hg
Tpelc looduvapiec.



46 KEPAAAIO 5. CONTEXT FREE T'PAMMATIKEY, KAI TAQYXYEY
1. w € L(S) av xou uévo av A(w) = B(w).
2. w € L(A) av xou wévo av A(w) = B(w) + 1.
3. w € L(B) av xou uévo av B(w) = A(w) + 1.

O péhoc dnA. v un tepuotixdy oLuBéiwy A xou B otnv G glvon va mapdyouy dhec tic MEetc ue axplBide
éval a mopondve (yia o A) xon axplBae éva b napamdve (v to B).

‘Onwg elnopue cuuPolilovue e n to UAXoS Tng AMENC w ol xEvouuE eEnaywYN we poc n. Av n =0, téte
W = € XOL W TAPAYETAL A6 T0 S UE TOV TEAEUTALO Xavova Toparywyhc Tou S eve dev mopdyeton and ta A | B,
ool 6hoL oL xavoves TapaywYhc Twv A xar B mapdyouy un xevég Aé€elg. BAénouue €tal 6T toybouy xou oL
TeELC Looduvauies yia T MEN w = €, TN dovaduxn AéEEN ue uhxog n = 0.

T rodétouue thpa emarywyxd 6Tt Loy bouv oL oL TEELC dve tooduvapulec yia x&de M&n w pe |w| < n — 1.
Eotww thpa w pia AéEN ue uhixoc n. Anodewxvdouue tny tpd woduvaula: w € L(S) <= A(w) = B(w).

w € L(S) = A(w) = B(w)

Agob w € L(S) undpyet Lo axohoudia nopaywydy e G1 mou apyilel and 1o S xou xotoahfyel oty w. Av
TO TPAOTO YPAUUA TNS W Elvol @ TETE 0NV TPATY TAPAYWYT| AVAYXACTLXE Yenotuonolelton o xavévae S — aB.
Auté ovvendyetar 6Tt w = az émou x elvor ULar MEEN yia Ty omola loyVel ¢ € L(B), xou |z| <n —1. Ané v
enaywyw unddeon éneton 6t B(z) = A(x) + 1 xou ouvende A(w) = B(w). Ouolns, av 10 TpdTo Yeduud
e w elva b TéTE 0 TPHOTOC XAVEVAS TPAYWY TS and to S oto w elvar avayxaotxd o S — bA, dpa w = by, ue
y € L(A) xau [y| = n—1. And tny enaywywi utddeon A(y) = B(y) +1 and 10 onolo npoxinter A(w) = B(w).

A(w) = B(w) = w € L(S)

Av 0 npdto ypdupa e w elvor a téte w = ax ue A(z) = B(z) — 1, xu |z| = n — 1. And my enayoyu
unddeon mpoxtntel 6t & € L(B), dpo undpyeL 1p6To¢ var TapdyoUlE To & and o Un tepUatixé oluBolo B.
Apy(Covtag téte and 10 S, epapuolovue Tov xavova tapaywyhc S — aB o axolobine tapdyouue and o B
10 . LuvoAxd €y ouuEe TopaydyeL €tol To w amd to S delyvoviag oe auth Ty teplntwon w € L(S). Ouolwc,
oV TO TPWTO Ypduua TNe w elvar To b tétE ypdwetor w = by ue |y| =n — 1 xou A(y) = B(y) + 1, dpa, ue v
emarywyuxr unodeon, wylbel y € L(A). T va napaydyouvue howndy tn w and 10 S Eexwvolue egoapudloviag
Tov xovdvar S — bA, xar axohovdwe mapdyovue and o A to y, Ttalpvovtag €tol TEAMXS To w.

Edd éyouue delEel 10 enarywyxd Briua yior Ty mpdTn lwoduvauia.

Aglyvouue Tdpa 10 eTaywY Yo BAua yio Ty tooduvauic w € L(A) <= A(w) = B(w) + 1. Ipocé&te 6T
ede undipyer acvuueTpla oTNY an6dEEn 600V APopd T PONO Tou TallEL TO @ XoL TO b ¢ TEAOTO YPdUUA TNS
MNENc w.

w € L(A) = A(w) = Bw) +1

‘Ectw 61 10 mpdto yeduua tne AéEnc w elvan 10 a. Tdte avayxaotixd n npdtn nopayaywyh ondé 0 A oto w
elvaw 1 A = aS, onéte w = ax Ye || =n — 1 xou avaryxaotixd T61E 10 & Tpénel Vo elvon TolparydUEVO amd TO
S, dpox € L(S) xon amd tny enaywywr| unédeon A(z) = B(z), and to onolo tpoxintel 6t A(w) = B(w) + 1.

Av 1o npddro ypduua e w elvon to b téte 0 TpdTog Xavdvag oL epapuélETaL oTNY TaPAYWYH TNG W A6 TO
A elvon avaryxaotixd o A — bAA, ondre éyouue w = bx1xa 6TOV 1,29 € L(A), xou, puowxd, |z1], |z2| < n—1.
Ané v enaywyw unédeon topa tpoxdntel 6t A(z1) = B(z1) + 1 xou A(z2) = B(z2) + 1, and o onola
TpoxVnTeL guotxd 6t A(w) = B(w) + 1.
A(w) = Blw) +1 = w € L(4)
Av 10 pdo ypduua e w elvan 1o a téte w = ax ye A(z) = B(z), |z| = n — 1, ondéte and ™y enaywyxi
unédeon npoxtnte z € L(S). Iopdyoviag thpa and to A He tov xavéva napaywyfic A — aS xaw cuveyllovtac
Tapdryovtac and To S To T, XAToAfyouue oe Ul axohovda Tapaywyhic Tou w and to A, dnh. w € L(A).

Av 70 npdhto Ypduua tne w elvon t0 b 16t w = br we |z| =n — 1 xou A(z) = B(z) + 2. Ioyler duwe t0
TP 3T Afuua.

Afupa 1. Av ya a Aéén z € {a,b}” wylea A(z) = B(z) + 2 tdéte t0 x onda ws © = T1T2 OTOV
A(z1) = B(z1) + 1 xat A(z2) = B(z2) + 1.
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‘Aoxnon 59. Acl&te 1o AMjuua 1.

Ondte n MéEn = ondel o€ dUO XOUUATIO T1 XU T2, T = T T2, HME UAXOC TO TOAS n — 2 1 xade plor xon Ue
A(z;) = B(z;) + 1,1 = 1,2. And v enaywyuxr utédeon éxovue tdpa z1, 22 € L(A). T va mopaydyouue
Aoy and 1o A A w apylovue ue Tov xavova Tapaywyrc A = bAA xan axoroing avamTdoCoLUE TO
nptdto A oE T1 XL 10 dEUTEPO GE Ta, METUYAVOVTAS ETOL GUVOAXS ULd Topaywy ) TN w amd to A.

Mapadeimovue Ty anddelln tou enaywyLxol BAuatog yia Ty teltn tooduvoplo uto xon auTh elvon eVIENDS
napéuoLa Ue TN debtepn Looduvauia, Ue TouC pOAOUS TwY a, b xat A, B evollayuévouc.
O

5.4 Ou xavovixég YAwooeg elvar xau context free

Ocopnua 13. Kdle kavorikny yAdooa elvar kar context free.

To avtiotpopo puolxd dev Loylel dnwe delyvouy TOANS amd tar topadelyuaTa TOL €YOVUE SEL WS THOPA, T.X.
N yAdooo {0"1": n=1,2,...}.

Anoden. Eotw L xavovxt, yAwooo. Autd onualvel 6Tl undipyel ULa Xavovixr] €xXQeaot T Yid T YAWOCOA.
Apxel va del€ouue dtL xdde xavovixt| Expaot) teplypdpet uia context free yAdooa.

Apy(Couue and Tic amholoTepeg xavovixég exppdoets xan To Selyvouue otadiaxd yia 6hec. Kdvouue dna.
ENAYWYY) WG TPOS TO UAXOS TNS XAVOVIXAC €xgpaons. Av 1 xavovuxd éxgeaon r €xel urxog 1, téte elvan
avaryxooTxd éva ypduua tov X = {ai,...,ag}, 10 oOuBolo € B 1o obuBolo @ (avatpéZte tiow otov Oploud
27). Av elvor ypduua tov X 3\, 7 = o ywa xdmowo j € {1,...,k}, t6te  YAdooo L(r) elvon to yovooivoro
{e;}, o onolo divetar and tny CFG S — a;. Av r = e t61€ L(r) = {e} nov dlveton and v CFG S — €, xou
av r =0 téte L(r) = 0 xon auté 1o obvoro divetaw and tn CFG S — S, mou tpogavde dev napdyel tinoto.

Av tdpa to uRxog g éxgpaons r elvon ueyohitepo tou 1 tdte, UE BAoN TOV 0pLoUO TWV XUYOVLXOY
exgedoewy, N 7 elvon TN Lop@Yic

o 7 = (st), UE S, T XAVOVLXES EXPPAOELS UtxpOTEPOU Ufxoug. AT Tny enarywyxr vnddeon undpyouy context
free ypoppatixée G1 xou Gy tétoec wote L(G1) = L(s) xow L(G2) = L(t). T va gudZovyue wa CFG
v T YA®ooo L(r) = L(s)L(t) uetovoudlouue xat apyfiv 6ha o un tepuotixd obuBora tne Gy xou
e G2 dote va elvon Sapopetind peta€d toug xon dlapopetixd and S, xat ovoudlovue o 300 apyxd
un teppotixd ocVuBola oe Sy xou Sp vl Tic G xou G avtiotowe. H CFG yia ) YAdooa L(r) éyel
WS XAvOveES 6houg toug xavoves e G xou e Ga ouv Tov xavdva S — 5152, Tou elvon xon 0 uévog
XaVOVaG YLa TO apyLx6 U1 tepuatixd cluPolo S.

o 7 = (s+t). ‘Onwe xou mpty GAa LEVO TOL 0 EMLTAEOV XAVOVIS TNE YpoaTixic Sev elvon thpa 0 S — S152
aAA& oL dVo xavévee S — Sy | Sa.

e r = (5*). Metovoudlouue 10 apyxd un tepuatixd obuBoro tne CFG yia 1o s oe Si (# xdmoto dhho
6voua av autd udpyer RO ot Ypouuatin) xot Tpocdétouue Tov xavova S — € | SiS.

O

‘Aoxnon 60. Trdpyel xou dAhoc TpéToc va det€ovue Gt xde xovovin| YAOooo elvon xavovixr|. Mropolue vo
doulédouue xat” eudeloy ndvw oto DFA % NFA nou avayvwp(lel ) yAdooo pog xat vor guidoupe Héaw autod
™ yeouuatxh. AtahéZte éva and to DFA 4 NFA (n Souleld elvon ovotaotxd 1 (da) mou eugaviovion oe
QUTEC TIC ONUELDOELS, T.)(. TO AUTOUATO ToL avaryvwpllel Tig AéEewc tou {0, 1} ue nepLttd TARdoc amd undevixd
xow TepLtté TAdoc and docoug (Eyfua 2). Avtiotouyelote éva un tepuoatind oluBolo oe xdde xatdotoon
TOL AU TOUdTOU Xou PBpelte e TpémeL var PTIGEETE ToUg Xavbveg Tapaywyhe dote va tpoxddet uta CFG mou va
nepLypdipeL Ty (St YAdooa. Alatundote éva yevixd tpémo daote va tnyalvete and DFA 4 NFA oe 10odbvaun
(mou va mepLypdipel Ty (St YAdooa) CFG, ywpls va neprdte and tny avtiotoyn kavoviki ékgpaon.
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5.5 To avtouato pe otoifa (Push Down Automaton)

Onwe axpPde oL xavovixée yYAwooeg €youy avtiotolyec unyavée, to DFA, # ta NFA ¥ ta e-NFA, nou avo-
YVwellouy axpBic T0 GUVONO TWY XAVOVLXWY YAWCOWY, ETGL UTEPYEL XOL ULAL UNY VT, TO dUTOUATO UE oTolfa,
1y Push Down Automaton (PDA) nou éyet tny 86tntar étL uta yhdooo L elvon context free av xar uévo av
undpyet PDA nou v avaryvwp(let. Ae Yo delZoupe auth v ooduvauio edd (6w elyoue xdver yiar Tig
XOVOVIXES YADOOES XalL TA TENEPAUOUEVA AUTOUATAL).

} READ HEAD

STACK READ HEAD
NFA

STACK

YxAua 18. 'Eva avtéuato ue otolBa

‘Eva PDA (ZyAua 18) anotekelton and tplo uépn

1. 'Eva NFA mou 1o BAénouue ca ‘povdda ehéyyouv’ tne unyavic. Elvar onuavtixd e3¢ va tovicouue ot de
unopolue e8¢ va avtixataotioovue 0 NFA ue DFA — to autéuata ue otolfa elvon Un VIETEPUIVIOTIXES UNYAVES.

2. M touviae avdyvwong (read tape) mou Swofdleton and tov éheyyo (NFA) ue uia xe@ohfy avdyvwong
(read head) n onolo apy{lel and to aprotepd e Touviag avdyvewong xou xwveltow uévo mpog to dedid, xan
70 TOAU Xatd éva o€ xdde Brina (xOxho) tne unyavhc. H npoc avaryvdplon MEn npénel va tonodetnlel
€& apy N Tévw o auTH TNV Towvlor amd Tov ‘YEHoTN’ TNS UNYAVAC.

3. Muwx otolfa (stack). H ool elvon pia anepldpiotn nocdtnra Uviune ty onolo 6UeG UTopolUE va
dayetplotolue pe mohd meploplouévo tpémo. Pavtalduoacte T otolBa oo piar (apyxd xevh) othin
ané Yéoelg uviung, mou apyllel and to eninedd pag xan extelveton anelpws Tpog o Tdvw. Xe xdde Yéon
MVAUNG UTOPOUUE VO YPAPOUUE VOl OTIOLOSHTOTE Amd Ta YRAUUOTA TOU dAQAB3RiTOL WS i Vol TENEPAOHEVO
aptiuo and dAha eWdixd cbUBola oL eVdEYOUEVWS oS DEUXOAOVOLY GTOV ‘TpoYpauaTions’ tou PDA.
Y otiAn auth UnopolUe Vo xdvouue TG eERG TPELC TPAEELS UoVO:

7

e MrnopoUue va SoUUE T TEPLEXOUEVA TNS TPWTNG (amd Téve Tpog tar xdtw) Yéone uvAung mou elvor
un xevhf. Av n oto{Bo efvor xevi} UnopolUe Vo T0 SLATLGTOCOVUE AUTO.

o Mnopolue va npoclécoupe xdtt otn otolfa ahhd uévo axplBde ot Yéon uviung méve and Ty
Tpd TN (omd Téve o Tal xdtw) yeudtn ¥éon uvhunc. H npdn auth avZdvel Aowndy to Vo tne
otolBac xatd 1.

e Mrnopolue va Saypddouue tny mo mévew 9éon uvAune (av n otolBa elvow xevh avth 1 Tpdén dev
éyer xavéva amotéheoua). H mpddn auth ehattdvel o Ooc e otolfac xotd éva av 1 otolBa Sev
fitoy xevi.



5.5. TOAYTOMATO ME XTOIBA (PUSH DOWN AUTOMATON) 49

To NFA tou autoudtou dtoBdlel méAL T YRSUUATE TNG TEOS avay vepLoT AEENC €val Tpog Eva, amd dploTepd
npog ta de€Ld, ywelc xan AL TN duvartdTnTa Vo yuploel mlow mpoc tor tlow xon vor EavadlaBdioeL Ty apyh TS
MEnc. Kou mdh oe x&de Bripa to NFA éyel ) Suvatétnra va exteréoet uta xlivnorn avdueoa oe dLdpopes
duvartée xwvhcelc. Mua M€ avaryvwplleton and 1o PDA av xdmowo emhoyn xwvhcewyv tov NFA unopel va
odnyfoel oe anodoy e AéEng (to omolo cuuPBaliver av oto téhog 1o NFA elvon og ek xotdotoon).

H o0vdeomn tou NFA e ) otolfa yiveton we e€ic: o xdde petdBaon 1o NFA dev emdéyel to olvolo
TWY JUVOITAY EMOUEVWY XATACTICEWY UE XPLTAPLO UOVO TO GE ToLa xotdotaoT Beloxetol autd aAAS xoLTdvTag
TUTOY POV Xo TOLO Elval TO TEPLEYOUEVO NG TV Véome uvhune e otolBag (1 wbvn Véon uviunc nou unopel
dMwote va det). Enlone oe xdde petdBoon to NFA extelel evdeyouévwe xon Uta omd Tl TPELC EMLTPENTES
npdlelc ot otolBa (SoBdler v xopuet e, TEocBéteL XdTL 0TV XOPLYH NG, TETEL TNV Ttévw Véon uvAung
YAUTADYOVTACS TNV Xx0puPY| TN otolfoc xatd éva, 1 dev xdvel tinota ot otolBar).

To uovtého tou PDA elvon Aettoupyixd 1ood0voo Ue mpoypauuationd oe uia cuvnopévn YAOooo Tpo-
yeouuatiopol (t.y. oty C) ue toug e€hc TepLoplotols Xl TPOTUHXEC.

o H uvAun nou yenotuonolel 1o npdypoud Log Teénet Vo elvol GUVONXE TETEPAOUEYT Xall YVWO TN €€ apyhC,
ave&dptnta and to toto Yo elvon To input (1 npog avaryvdplon AEn). Ltny tpdln, auté to efacpaiilovue
Inhdvovtag pepixés uetaBintéc axéponou tomou ubvo (int oty C) xar AaufBdvovtag undd bt xdde tétola
HeTaBANTA O Umopel va peyahdoet anepldplota, €xel SnA. cuyxexpuuévo apriud amd bits (Suaduxd Pnepla)
TIOL AVTLOTOLYOVUY OE AUTY.

e H npéofaor oto input yivetar uéow tne ouvdptnone int INP(); n omola xdde @opd mou xahelton
EMOTEEPEL XAl TO EMOUEVO Ypduua TNe AéEng mou e€etdlouue. ‘Otav €xel doBdoer dhar Tor ypdupoTa
EMLOTPEQEL A XEL XalL TEPAL TNV €8x TLun -1.

e Trdpyouy axdun dAAeg Tpelg ‘ouvaptrioeic BBAodfung’ ue Tig onoleg yivetan o yelplouég tne otolBag, xon
UL oLVdETNOT oY UE TNY omola UTtalveL UECA OTN YADCOO 0 UT) VIETEPULVLOUOE TTou efva amapaltrtog
oto PDA. Ot cuvoptroeic yia tn oto{Ba elvon oL e€c:

int READ();  Emotpégpel ta nepleydueva tne ndve Féong uviune e otolBoc ¥ -1 av 1 otolBa elvon ddetar.
POPQ); adeldlet wia 9o uvAung and 1 otoiBa 7 dev xdver timota av 1 otolfBa elvon #d1 ddela
PUSH(int x); Dpdepel tov aprdud x otnyv xopuen tne otolBoc, oe wior véa 9€on uviunge

e H cuvdptnon NF uéow tng onolog xwdXoToLelTon 1 U1 VIETEPULOTIXY CUUTERLYOPA TEQLYPAPETAL CTNV
EMOUEVY] THPAYEAPO.

Mn vteTepvLoTIXE ‘TpoYpdroTo

Fevixd 0 unyaviouds Tou Urn VIETEPUIVIOUOU Yenoluomoleltol o TpoBANUaTd AnoPIcE®Y, O EPWTAUATA
dnhady mou @rAodoolue vor Aooouue urohoylotixd xat ta onolor emdéyovtor NAI ¥ OXI amdvinon, dnwe
axp B elva xou to TEOBANUA TOU Uoc evdlopEpel €D, va anogactlovue SnA. av ulo AMEN mou uac dlvetar
avixel oe uo Yhwooo L 1 oyt.

H cuvdptnon uéow tne onolag ‘VAornoteltar’ o ur vietepuivioude elvar 1 int NF(int x) ; 1 onolo emotpépel
un vretepuwviotikd wia and e emdoyéc 0,1,...,2 — 1. To vonua tne ocuvdptnong autrc elvar otL eueic dev
€YXOUUE XAUVEVA EAEY YO OTO TIOLA O TLS SUVIITES ETUAOYEC U TH ETLAEYEL, AANS TIRETEL Vot YPSPOULUE TO TIPOYPOLUS
uac e tétolo 1pdno wote av avth n ovvdptnon emotpéel katd Tg kArjoeg tng g katdAAnAeg emAoyég tote
vau xdvoupe ) AEN dexty), av auth elvon péoa ot yAwooo. AAAG, dev mpénel va oe xaulo nepintwor va
xdvouue dexth Uia AéEN mou dev avixel ot YAWooo dmoLeg TWEC i av emtoTeédel 1 NF.

[ va yivel xatavontée o tpdmog yerone tne NF Selyvouue mapaxdtw uia cuvdptnon oe C 1 omola nafpvel
dVo oplouata number xou vector xot emotpégel 1 av o axépaog number mepLEYETUL GTOV Tilvaxa vector (o
onoloc éyet 1000 otouyela, ta vector[0], ... , vector[999]) xou 0 av dev nepLéyeTor.

int NumberInVector (int number, int vector[1000])
{ int location;
location = NF(1000);
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if (vector[location]==number) return 1;
return O;

ITpénet ed¢d var Eexadaploovue 6Tl 1 cuvdptnorn NumberInVector Abvel 1o TpoBAnua tou YéNoLUE UTS TNV
e€hc évvola:

e Av 0 apuiuoéc number elvon péoo oTov mivoxa vector téte Undpyel Tpomog Vo anavtioel 1 NF dote o
ahy6puiog Lag var SWoEL 1) owoTH andvtnot), SnA. 1.

e Av o apdudc number dev elvon uéoa otov milvoxa vector tdte, 6,TL xan vor anoavtioet 1 NF, o okydprd-
1éc pag dev umdpyel mepintwon va xdver Addog (ool eléyyet av 6viwe Peloxetar o number otn Véon
vector[location] npwv amavtiioer) xou amavtdel tévta 0.

Av 3ev elyaue ot diddeon uoc ™ cuvdptnon NF Ja elpoctay avoyxaouévol, AMyo-toll, va xdvouue yiAoug
eAéyyoug Yl Vo SlmoTtoouvue av o dedouévog apiude elvon péoa otov mivaxa B Oxt.  Ilapatneeiote ot
Tpa deV UTEPYEL AVOXOXAWOT) XAVEVOS EldoUC uéoa oTn cuvdptnon xou 6T 1) andvtnoy Beloxeton oe otadepd
xeovo! O alybprduoc tng ocuvdptnone NumberInVector ‘wavteltel ) Yéorn otnyv onola Peloxetoun oto vector
0 oprdude xon amAd eEAEYyEL UeTA av elvar dvtwg €tol ety amavthoel 1 A 0, doTe vo ano@Uyel vor xdvel Addog
oty neplntwor mou o apriude dev elvon péoa. O ahydpriuog autde dn. dev umdpyer neplntwon vo anavtioet
1 eved 1 andvtnon elvon 0, oA umopel xdhhiota v amavtiioet 0 6tav 1) andvtnon elvar 1. Auth 1 acvuuetpla
elvar TOAD yopaxTneLo T 6TOUg UN VIETEPUILOTLX00S aAyoplduoug.

IMpéner va elvan Qavepd ue autd to Tapddelyua, 6Tl U vietepuiotixol olydpriuol dev Unopoly va LAo-
noundolv. Elvar amhd évar ypriouwo Yewpntind xoataoxebooua.

5.6 Ilopadeiyumata PDA

H yAdooa L; ={0"1": n=1,2,...}

H yhdooa Ly = {0"1" : n =1,2,...} elvon context free (n ypouuotud elvon: S — € | 051). Oa ddooupue
eddd éva PDA vy ) yAdooa auth. Ioodbvaua, da neplypddoupe 10 PDA autéd oo ua cuvdptnon oe C,
oUWV Ue auTd Tov eltoue oTnv TponyoLuevn napdypago. H ouvdptnon auth da unopel va ypnouuonotel
otadept| oe uéyedog uviAur xon a €yl mpdoPaoct ot otolBa Yéow twv cuvaptAcewy READ, POP, PUSH nou
oploaue otnv tponyoluevn nopdypago. Tuyydvel yia ) YAWooa Ut var Un Xeeldletal o Un VIETEPULOUES
ondte de Ya yprnowsonotfioovue 11 ouvdptnor NF.

To mpdypouua-PDA gaiveton mopaxdtw. H cuvdptnon £ emotpéyel 1 av 1 Aé&n (mou ) dwaBdlovyue ue
dradoyxéc xMioeic ot ouvdptnon INP()) avrxer otnv L1 xou 0 adhde. H otpatnynd tne cuvdptnone elvon
7 €€hc. ‘Ooo dafBdlovue undevixd o ompwyvoude tdvw ot otolBa. Ta xdde doco tou dBdlovue metdue
xdt ané v otolfo. Enfong npocéyouue moté va un SwfBdcoupe 0 uetd mou éyouue diafdoel xdmowo 1. Ay
oto téhog N otolBo xotahiZel ddetar deyduoote T AEEN.

‘Ot oaxohouvdel t0 cUUBolo // anotehel oydAlo xon dev efvor TURUA TOL TPOYEAUUATOC.

int £O
{
int i, SeenOne=0;
a: i = INPQ);
if(i==0) { //E86 SLoaPalouvpe To EMOUEVO Yoo
if (SeenOne) return 0; //0 petd and 1 amoppimnteTal
PUSH(0); goto a; //Mndeviud ompdyxvovtor otn otoifa

if (i==1) {
Seenlne=1;
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if (-1 == READ()) return 0; // ASeiLaoe n otoifo mpLV TNV Gpa NG

POP(); goto a; //Tio uéBe 1 metdpe éva 0 amd T otolfa
}
if (-1 == READ()) return 1; //Av ¢€xeL telerdoeL M AEEN uow €xeL adeldoel M otoiPo, SeydpaoTe
else return 0; //oAALéc omoppimMTOUUE

Mapatnpelote 61, népa and TN otolBa, To TEdYpaUUA AUTS YENOLULOTOLEl TETEPAOUEVT Xol TPoXAOpLoUEVN
uvAun. Doty axplBeta ypnowtonotel dhec xt dhec dvo uetafAntéce, Tic i (Tou ypnoulonotelton yior var xpartdet
10 EMOUEVO Ypduua 1 -1) xou SeenOne (ou gpovtilouue va elvon 0 boo dev €xouue axdun et doco xau UeTd va
elvon 1). H uetointh i nodpver tpelg Stapopetixée Tuéc, apxoldy dnA. 2 hoywd bits yia v Ty amodnxedoouue
(Lo o ue o td xwdonotoVUE 4 dapopeTinés TUES), eV YLa TN MeTABANTH Seenlne nou Talpvet Vo Tuuég
apxel éva Aoyxé bit.

H yAdooo Ly = {zz®: z € {0,1}"}

H yhadooo Ly = {zz®: 2 € {0,1}"} (zf elvon ) MEn & ypauuévn avdmoda) edxola gotveton 6Tt elvor
context free. Mia CFG vV authv elvon amhobotata 1

S —¢€]050]151.

IMopondte detyvouue uia cuvdptnon g 7 onola vhomotel éva PDA yia tnv avaryvodplon tng yAwooag Lo, E3a
xenowomnotelton 1 cuvdptnon NF, mpdxettan SnA. yia évar un vietepuviotuxd mpdypouua. H otpatnyun elvan
N e€fc. MéypL ) uéon e avdyvwong tne AEng ompdyvouue T ypduuata 6mwe o Stadlouue Tdvew ot
otolfo. Ao tn uéon xou mépa Yo xde ypdupua mou dfdlouue and To input tetdue xou €va Ypduuo ond TN
otolfBa xon To ouyxplvouue pe autd ou daPdooue and to input. (Ilpooédte 6 ta ypduuota Yo neToyTOOY
and 1 otolfBa ue avtiotpogn oelpd and avth ue Ny onola ypdptnxay.) Av elvan (St ouvey(louue (Uéypt va
TeAeLdoEL TO input) okl amoppintouue ) AEEN.

H onuavtixd mapatfpnon e3¢ elvar 6t dev unopolue va E€pouue ndte €youue gtdoet ) uéon g Aélng
eloédou! Auth tn Borlera avohauBdver va pag dwoet 1 cuvdptnon NF (), 1 onola pag Aéel axpBdde auvtéd. Xto
TP AT TEdypauua xdde xAHor oty NF () xoatd 1 Sidpxela NG EXTEAECTC TOU TPOYPAUUATOS LOOBUVAUEL
HE Lia epdnon (oto Oed, ay TPOTWIETE) YLo TO oy QTdoaME TN Uéom TS AENS 1 byt Av o Oede uac Bondrioet
HE TN owoTh andvtnon Ya deytolue T AEEN, uOVo UK av TEETEL vor T dexTolue. Ag umopel dnA. va uag
x0poldéPeL e TpéTo doTe va deyTolue Utar AEN eved de Y énpene (emavahauBdvouue bt elvon oG onuavtixng
A N acuuUETElo OTAL U VTETEPUVLOTLIXE TROYPAUUTA).

int g
{
int i, r, mid=0;
a: i = INPQ); //E8& SLoPACOVUE TO ETMOUEVO YPOYLLY
if(mid == 0) mid = NF(2); // Exoupe mepdoeL tn péon tng AEENG;
if(mid == 0) { //'0xv, 8c TnVv mepdoope audun
PUSH(i); goto a;
}
else { // Exouue mepdoelL T péom
r = READ(); //AuéPooe Ttnv Mopuph Tng oToifag

if(r == -1 & i !'= -1) return 0; // Adeio otoifa, amdppLn
POPQ);
if(r != i) return 0; //bAev tarpLélouv, amdpplin

goto a; //TowpLalouv, ouvéyLoe

}

if(-1 == READ()) return 1; //Kavéva mpéPAnua xot otoiPa &SeLo, dpa dSexOHaoTE

H ypopuur tou napandve mpoypduuatog émou ypnouuonotelton o U vietepuwiouog elvon 1 if (mid == 0)
mid = NF(2);, énou (av n yetaBAnti mid dev €yel Rd1n yivel yio gopd 1, ondte xou Uéver yior tdvta omd xe
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xat épa) Vétoupe N ueToBAnTA mid oe 0 A 1 pe uia xhfion oty NF(2). ‘Otav 1 NF entotpédet 1 Yewpolue
amd xeL xou TéPA GTL EYOUUE TEPAOEL TN UEDT), XL TPooTadoUUE UE TO TEdYPAUUUA Yo SOOUE AV, HUE AUTH TNV
unodeon unopolue va deyTolue T AEEN.

To npdypauua autéd yenouonotel tpewg uetaBAntée xde uia and Tic onoleg malpvel Tué uéoa oto oclvolo
{0,1, -1}, onéte dbo hoyuxd bits apxobv yio Ty amodixevon xdde Uag and autéc.

5.7 To Avuyua ’Avtinong yia context free yAwooeg, xow 1 eQaguoYh
Tov

Onwe xou oty TERITTWON TV XAVOVXDY YAWCOOY UTdpyel xou Yyl Tl context free yAdooeg, éva ‘Afuua
‘Avtinong’ mou elvon TOAD Yoo 0TO Vo AmOdEXVUOUUE 6Tl Oplouévee YADooeg dev elvon context free. H
op®1 Tov efvor TOAL TapduoLa Ue T0 Afuua AvTAnong yia xavovixés YADCOES xa 0 Tpdmog YeHong Tou eniong.

Ocedpnua 14. (Afupa ‘Avtinone yia context free YAdooeg)
FEotw 6t n yAéooa L elvar context free. Téte undpyer évag guoikds aptiuds n tétowog vote ya kdle Aéén
z € L pe |z| > n va urnopoUue va ypdipouue

Z = uvwzy,

dmou

(@) vz > 1,
B) lvwz| < n, kar

a kde i > 0 1wyva wiwzly € L.
Y,V X

Ae Ja ddooupe anodelln touv Yewpruotog autol, ahhd Yo Sobue de ypnouuonolelton yia vo del&oupe ot
uLa YAdooo dev elvon context free.

H yAodooa Ly = {a™b"c": n >0} 8ev eivow context free

Ac unodéoouue ot 1 Ly elvon context free. 'Eotww t61e n 0 apidude mou avagpépetar oto Oedpnuo 14 xou
z = a®™bp?"c*™ € Ly. And 1o Oedpnua 14 n AN z ypdgeton we 2z = uvwzy 6oL Wy doLY Ta CUUTERACUNTA
Tou Oewpruatoc. Iapatnpolue 6T N AEEN vwE, TOL GOUPWVA LE TO OdpENUA £XEL UT@0S T0 TOAD N, de uTopel
VoL TEPLEYEL XOL @ XOL ¢, axPLBWC EMEWY| TO Ux0g TN de QTAVEL var “Yepupdoel’ ta b tng MéEne 2. Xwplc BASSN
e Yevixotag unodétouue 6t and ) MEN auth Aelnouy ta a (xou to entyelpnua elvor eViEADS TapdUoLo oV
Aelmouy ta ¢). An6 1o Oedpnua 14 énetan bt N AN uwy € Ly (epapudooue o Oedpnuo ue i = 0). AAA& yio
vou tde amd T AL 2 oty uwy oficoue To u xaL o x, to onola dev €xouv a uéoa, dpa to TARlog TwY a o1
NEN uwy €xet mopoaueivel 2n. To uRxog e uwy duwe elvon auotnEd UtxpbTeEPo ToL Bn (e Ypnotuonololue
10 (o) amd o ovunEpdouaTa TOU OewphUaTog), dpa de unopel 1 AéEN uwy va avixel otny Ly, onwg elyoue
unotéoet. ‘Apa 1 Ly dev elvon context free.

‘Acoxnomn 61. Aclfte 6t 1 yYhdooo {zz: =z € {0,1}"} dev elvon context free.

‘Acxnom 62. Aelfte 6t 1 yYhdoou {(ab)*(cd)¥ : k€ N} Sev elvon xovovih.
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TrohoyLoLotnTa

6.1 TYmnoloylolueg GUVAETACELG %ok AVABPOULXA COVOAR

Méypr otiyuric éyouvue et ovolaotixd dVo xatnyoplec YAwoobv: Tic xavovixée (regular) yAdooee xou Tig
context free YAdooec. H mpdtn xotnyopia nepiéyetar otn debtepn. And tn uéypl oTLYUnc TapousiaoT Tpénet
vo €yel gavel xadopd oL v x&de ylo and T S0 xotnyoplec umdpyel xou éva avtioToLYo UTOAOYLOTIXG
HOVTENO: TOL TEMEPACUEVA AUTOUATA (VIETEPUIVLOTIXG 1 UT)) YLA TIC XOVOVIXES YAWOOES XOL T AUTOUATO UE
otolfa (push-down automata) yia tic context free yhwooes. H avtiotouyia oty onola avagepdfixoue elvon
6Tl UL YAGooo elvan otny xatnyopla tou e€etdlovue (xavovixn ¥ context-free) av xon ubévo av undpyeL uLa
pnxarrj wou avtiotolyou tonou (nenepaocuévo autduato R autouato Ue otolfa) mou avaryvwpllel ) YAdooo
AuUTH.

EiSaue 6t 10 v undpyet éva DFA vy yia YAdooa L elvar 1oodbvauo ue to umopel xavelc va ypder
€val TPOYEAUUA OE ULd YADOOW TpoYpauuationol (ag mobue ot C) mou va avaryvwp(lel tic MéEec tne L (va
emoTpépel dA. 1o mpdypouua awté 1 av 1 AéEn mou tou ddooue avixer oty L xou 0 odAds), to onolo de
xenowdomotel ameptéploty UvAun aAAd uviun ueyédoug otadepol xan tpoxodoplouévou, to (Blo yio GAEC TiC
MEewc e L. ToodOvopa, uthdue yia éva npdypauua oe C mou yenotuonotel éva otedepd aptdud UetaBAnTdy
(O mivaxec) n xodeulor and tic onolec ypnousonotel tpoxodoplouévn uvAun (m.y. axépotol twy 32 bits —
duadxddy Pnplwy).

Avtictowya, éva vreteppriotikd autéuato ue atolfBa elvar axplBidg éva npbdypauua o C mou ypnoruonotel
MEV TEMEPACUEVY) UVAUT [LOVO, aAN €xel xan TpboPaoT ot uia dmelpt otolBa e éva mepLoplopévo duws Tedmo,
ToU Tou eMLTEETEL Vo diafBdlel xan vor Tpomomolel TdvTa U6vo TNy xopuet Tng otolBac. To yretepprioTikd
autouarta e otolBa dev apxoly Yo var avary vwploouy dAec tic context free yAdooeg 6uwe, aAAS unopel xavelc
ue Aiyn npocoyr) va Sellel 6T xou ta un vretepuroticd outéuata Ue otolBo €xouv toodivoua C tpoypduuoTd.

Elvor théov guotohoyixdc o axolovdoc oplouode.

OpLopde 37. 'Eotww X éva nemepacuévo ahgdBnto. Mia ouvdptnon f : * = ¥* Aéyetow vmodoylowun
ouvdptnon av undpyet éva C npbdypauua P tou ue eloodo z € * entotpépel ) MéEn f(x).

ToviCouue €3 6Tt de poc evdiopépel OGO Ypévo Yo yperaotel va tpéel auTd TO TPOYPAUUUI YL VO
unohoyloel TNy andvtnot| tov, aAAd amontolue vt and autd va dog Beel T cwoth TV andvtno.

Ac nopatnpricouue e3¢ 6T dev udipyEt xdTL Loryixd Tou va uac emBdihel To B* oo nedio oplopod xan edlo
TWOV 0TOV THpAdve optoud. L Yéorn tou Yo unopoloe va elvol omotodhinote oGvoho ou ta oToLyela Tou
Vo umopoly var TopaoTtadoly, UE xdmoto TpéTo, otov utohoytoty (éva tétolo olvoro Gev elvon to olvoro R
TWY TEAYUATIXOY aptdudy). Autd duwe onualvel ovolaotixd dtL uropolue va Ypddpouue xdtw o AéEn and 0
1 1 mou va avtotouyel uovadixd oe éva otouyelo Tou cuvorou autol. TloAAéc gopéc BAémel xavelc Tov oploud
Tne umohoyiowung ocuvdptnong va divetar .. Yt CUVIPTACELS amd Toug PuALXolg apLiiuolc 6Toug QPUOLXOUG.

33
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Euelc e tov épo unoroyiolurn cuvdptnon Yo xatohaBoivoue onoladimote anetxévlon tny onola UTopoUUE Vo
UTOAOY{LOUUE YPNOULOTIOLOVTIC EVOL TPOYPAUUMUAL.

I mopdderypa o mapaxdtw cuvaptAoel elvan unoloyiowuee agol ebxoha BAénel xavele 6tL uTdpyouY
TpoYpduUaTa ToL TIG uTohoyilouy.

fitx) = z+1 (N—-N)
f2(z) = 22 (N—>N)
falz) = Jz| (Z*=>N

Opropds 38. Eow X éva nencpacuévo ahgdBnto. Eva obvoho L C ¥* Aéyeton avadpopikd ov 1 YopoxTn-
pLoTLXY TOL CLVEPTNOT
1 z€elL
xr(z) =

0 z¢L

elvon urohoylown.

Ko mdAt mn 9€om tou X* unopel va ndpel onolodrnote clvolo tou omolou tor otolyela Umopoly Vo Tapa-
otadoly oTov LUTOAOYLOTH, T.Y. T0 oOVOAo N Ty QUOXGY aptdudy. Eva obvolo Aotndy Aéyeton avadpouixs
av unopolUE va ypdouue éva Tpdypoua Tou va anopacilel ToTe éva oTolyelo T avixel aTo obvolo 1) OyL.
T mopdderyua, 10 60Voro twv TpdTwy aptdudy (exelvol oL guotxol aprduol tov dev €youv xavéva QUoXd
aprdud we Sonpétn, eExTOC amd Tov EAUTS TOUG Xou TN Movdda) elvar éva avadpouLxd cUVolo, ool UTopolUe
VoL Ypdoupe Evar Tpdypauua Tova Vo amogacilel av évac Soouévog guotxdc aptdude elvon tpddtog 1) Oy, e€e-
télovtoc x&de UxpdTtepd ToU PuOLXd dpLud Yia To av dtonpel To doouévo Quolxd 1 L. Autd clyoupa dev
elvar To “xoGtepo’ Mpdypaua tou unopel xavelc va Ypddel yiot autd to oxond, ahhd TdvTwe SoUAsUeL.

Elvar tdpa @avepd 6TL oL xavovixéc xar ol context free yAdooeg elvan avadpouixd cOvola, agol UTdEYouY
Tpoypduuata Tov TG ‘arogacilouv’. H epapyia twv YA®SGHY Tou éyouue uéypl Topa del Aoy elvan 1

(xavovixéc yAdooec) C (context free yAdooec) C (avadpoutxéc YAOOOES).

Ko oL d0o mopandvew eyxielopol elvon yvAolol, undpyelr dnh. context free yAdooo mou dev elvor xavovixn
(m.x. M YAGooO TV Tokivdpouwy Aewy Tz téve and éva ahedBnTo) xou avadpouxh YAdooa ou Sev elvor
context free. Eva mopddetyua yio 1o tehevtafo anotekel 1 yhwooo {ab™c™ : n € N}. TV authv éyouue del
oty §5.7 61L dev elvan context free YAdooo, eved elvan apxetd anhd va ypddel xavelc évar C npdypouuo Tou
vor avaryvep(lel méte pior AéEn elvan g wopgric a™b"c”. "Eva tétolo npdypauuo anid ueTpdel to TAdog Twv
a, b xou ¢ xon eNéyyel ot elvan (Suar, xordds xon 6Tl OAa T b €pyovton UETH amd OGN Tt @ XL GAL T ¢ UETS Tt b.

Elvon onuavtixd va tovicovue ed¢d 6t 1 uetaBints tou C mpoypduuatog 6Tou xpattétal, T.Y., T0 TAidoc
TV a, elvor ylor wetoAnT yia Ty onolo ypetalouaoTe aneploplatn Uvidn. Aev elvon dnh. duvatdy va Tpo-
xadoploouue €va dvw dpto Yo 0 TAlog autd. Ko ened o guoxdeg apriude o ypeidletar nepinov log, =
duadd nepla yiar v mapaotadel otov unohoyloTh, xi eneldt| 1 ouvdptnon log,  audver (av xa apyd) ywelc
6pLo 6tay = — 00, autd to C npbypauua dev ypnouonotel otadeph uviun (av autd ocuvéBauve tétE 1) YAboOoN
auth o Aoy xavovixr, eved dev elvon xav context free).

‘Aoxnomn 63. Av to cOvora A, B C N elvar avadpouixd det€te 6t 1o (Lo toylel xou yia o obvola AN B, AU
B, Ac.

6.2 M unohoylolueg GUVAETHOELG
Elvor Tohb @uotohoyxd 1o ep®dTnUa oy LTSy oLV cuVAPTAoELC Tou Vo uny elvon utoloyioweg. Tia var ouyxe-

XPUIEVOTIOLACOVUE TO TIEAYUOTA, €V QUOLONOYIXO epd TN elvan av undpyel cuvdptnon f : N — N yio v
omnola vor U UnopoVUE va Yedpouue éva tpdypauua oL Vo THY unohoy(let.

Ocopnua 15. Yrdpyer ovvdptnon f: N = N ya tny onola dev vndpyer mpdypaupa mov va tny vrodoyilet.
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Andéden: H npdtn nopatripnomn mou xdvoupe elvat 4L 10 6OVORO TV UTOAOYLGIUWY GUVOPTACEWY Elvol
apliunowo, unopel dMA. xdmotog va ypdiper xdtw 6heg Tic unohoyioues cuvapthoelc N — N oe uta axoloudia

fis Sy frye--

(dev uno¥étouue €3k 6L f; # f; v i # j, alAG emtpénovue Tic enovaliPerc oty Mota auTh GAWY TV
unohoyto{uwy ouvapthoewy). Autd elvon dueon cuvETEL TOL 6TL TO GUYORO OAWV TWY TPOYPUUATWY Elvor
apiurowo. Ipdyuatt, av to unoldéoouue autd WS Yvwotd dev €youue mapd vo amaprduficovus dhar T
TpoYpEdoTa Xa Yia x80e va omd auTd Ypdpouue xdtw ol cuvdptnom urtoloy(lel (av unokoy(lel cuvdptnom,
o de ypdipouue tinota). Kdbde unoloylown ouvdptnon Yo eugoviotel tote otn Moo o xou xdmota oty
Yo e€eTdooLUE Eva omd TA TPOYPSIIMATO IOV TNV UTOAOY(LoUY.

Tatl etvon tdpar 10 oOVONo dAwY TwY TpoypauudTtwy aptiuioluo; Anhobotata, xdde npdypouua dev elvar
Topd ULat, cLVHBWS UEYEAT), AEEN mdvew amd éva auyxexpluévo ahedBnTto X. T nopddetyua, 6o To TpoYEdU-
uata oe C ypdpovton 6To aA@dBnTo Tou XeNoLUUIoTololY oL GUYXPEOVOL UTOAOYLOTEC Xl TToU TEpLAaBdvel OAa
Tor AT d ypdiportat, [xpd xou xepaatar, Slagopa onuela oti€ng, aptduntixois xou dAhoug teAeaTég, dnela,
xAn. Anaprduolue tpdta Aowndy dhec Tic Aé€elg unpoug 1, uetd oheg Tic Aé€elc unxoug 2, dhec Tic Aé€elg urr
%0UC 3, X.0.X., XaL YLol Xd¥e AEEN TIOU ToPAYOUIE TNV AVOPEROUE OTN AlOTA TWV TPOYPUUUATGY, oy auTh elvar
npdypopua (mAneol dnA. ToUC CLYTAXTIXOUEC XAVOVES TNE YAOCOUS TPOYPUUMUATIONO) TIOU YENOULOTOLOVUE).
Mrnopolue va 0 xdvouue autéd axplBag eneldr Oheg oL Mé&elg mdvw and to L uhxoug k elvon uowd menepa-
ouéveg to TAdog, xan dpa xdmola oTiyut| tehewdvouue Ty anapldunon twv A€ewv urxoug k xou mpoywedye
oty anapldunon wv Aéewv urxouc k + 1. Kdélde mpdypopuua hotndy Yo eupoviotel otn Mota uog xdmola
otiyun avéhoya xou pe To oo elvor to urxog tou. Eyouue howndy uéypl otiyurc det€el 6t 1o mhdog dAwv
TwV uTohoytoluwy cuvapToewy elvar apriuroluo.

H anédelln tou Yewpruatog ouuminedvetot and to 6t 10 mAdog dAwy twv cuvaptioewy andé 0 N oto
N dev elvon aprdurioyo, de urnopodue Snh. va dlatdZouue Oheg AUTES TIC GUVIPTAOELS OE Uta axoloudia

91,925---39n,---

Av unopolooue t61e ag xoLtdEouUE TN cLVETNOT

f(k) = gi(k) + 1.

Avuty) elvar mpogavéc ula ouvdptnom and 1o N oto N dpa, agpol unodéooue 6t OAeC 0L GUVIPTATELS AUTEC
Beloxovtow otn Mota g;, utdpyel xdnowo @ € N tétowo wote f(k) = gi(k) yia xdde k € N. Auté onuaiver
ge(k) +1 = gi(k). Awdéyoviag k = i nalpvouue drono. (To mopamdve enuyelpnuo ovoudleton ‘Starydvio
emuyelpnue’.)

O

Yy nopamdve onodellrn det€aue 61l undpyouy urn utoloylowes cuvapthoels delyvovtag 6Tl T0 GUVOAO
Twv uTohoytoluwy cuvapToewy elvar aprdufoluo v, avtideta, o ohvoro GAwY TwV cUVIPTHCEWY dev elva,
elvar qutéd oL Mée vmepaprduriouo cOvolo. Apa, dev unopoly ta dVo clvola va glvon (oo

Autée elvan évag whaoixdg Tpémog anddeldne ota Padnuotixd, 1 ‘unopdlox anddeln’, mouv av xa elvan
apxeTd €0X0NoC ot amodelviel autd Tou Yéhouue, dev elvar 1600 IxavormolnTixde eneldr) amodexvieTol 1)
Onapgn eVOC AVTLXEWIEVOU UE OpLOUEVES WLOTNTES, AAAG, cuvidwe, dev tpoadioplleTal UE XdmoLo TpdTo xdmoLo
TéT0l0 avTxe(uevo. Xtny mpoxeluévn neplntwon yvopllovue Théov, uetd tny anddelln touv Oswpruatog 15,
6TL UTdPY 0LV GLVUETHTELS amd TOUG PUOLXOVE GTOUS PuaLxoUg Tou dev elvon uoloylolueg, aAAd 3 Yvwpllouue
xoulor ouyxexpulévn tétola cuvdptnon. Oa dolue apydtepa cuyXeXpLUéva apadelyuata oL Yo To Xadéva
Yo €yovue xou WLltepo TPdTO amddelne Tou oL dev elvon uoloylolua.

‘Aoxnor 64. Aev undpye. xdnotog Wialtepog Adyog mou ato Oedpnuo 15 avapepOUACTE OE GUVAPTACELS
N — N. AcfEte, yio napdderyua, 6t undpyouv ouvapthoeis N — {0,1} xou ¥* — ¥*, mou dev elvon
unoloylowee (X elvon éval tenepacuévo ahpdBnto).
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6.3 To Halting Problem. '’AA\a pn anogacicipa mpofAfjuate oto
Modnuotixd.

Ta npoypdurprata wg aprdpol, xau to avtiotpogo I'a ) cultnon and dw xou tépa Vo ypelacTolue Vo
BAémouye t0 TuYdY C TEdYEAUUI WS EVAL PUOLXO dELIUS, XAl TOV TUYGVTA QUOLXS aELIUs K¢ éva C TEdYpaUUA.
e yiveton autd; Mol anhd, éva C mpbdypauua dev elval Topd £val XOUUATL XEWWEVOL, o AEEN SnA. Tdvw
and éva auyxexpluévo olgdfnto. To ahgdBnTo mou yenolomnoleiton otoug LToloyloTtés ofjuepa elval To

E:{b7b6"'b1b0: b; € {0,1},’i=0,...,7}.

Autéc elvon 6hec ot Mé€ewc (bytes) ue oxtd duadixd dnepla (bits) n xdde pla xon Todkés popéc tautilovue to
OUYXEXPUWEVO aApdBNTO UE Toug aplduolc 0,. .., 255. Eva npdypouuo P Aottdy elvon uta AéEn

P=w-wy, w;€X

xon 3ev €y0ouE Topd Vo avTXaTaoTACOUME xdde w; e Tor duadixd tou Pnela wote va yeddouue 0 P oo i
duaduxh) AEEN ue 8N duaduxd Pnepla
P =bsn_1bgn—2---bibo

v omolo MEN UnopoluE va epUNVEVCOUUE WS éva uoxd apLdud, tou tov cuuPolilouue oto e€fic we aP).
Avtiotpoga, av n elvon évag Quoxdg aprdude tov ypdpouue oto Suadixd GOCTNUA XL CUUTATPMVOUUE UE
undevixd (amé o aplotepd) to Ao twv Pnelwy tou av yperdletar dote va elvar tolhamidoto tou 8, éotw
8k. Kdle uia and tic k oxtddec todpa ) BAénouue cov éva ototyelo tou T xou 0 optdudc poc yivetal tdpa
plor AEN tou X, Av auth) ) Aé€n elvon éva cuvtaxTid owotd mpdypauua oe C tote ovoudlouue autéd TO
Tpbypapa m(n), av 6y, Vétouue m(n) va elvon to npdypoauuamain() { return 1; }. (H emthoyr auvtod tou
televtalou mpoypduuatog elvon tedelwe tuyala. Oa unopobooue avtl YU autd vo emoTpéPoule onolodnnote
dAho.)

H anewévion P — aP) elvar ebxoho var el xavelc 6t elvan évar mpoc évar (ahhd Oyt enl, ool dev elvan
6hoL oL apLiUOl XOIHOTOLACELS CUYTAXTIXG CWOTHOY TPOYPUUUETWY), XoL 6TL 1) anewxdvion n — 7(n) dev elvon
éva mpog éva, ool unopel dVo mpoypduuaTa var Uoldlouy dlapopeTixd aAAG var xdvouy TNy (Sl douleld,
vor urohoyilouv dnhady v Bl cuvdptnor. Efvow enlong onuoavtixd to bt xan ol dGo amewxovioeig elvan
unohoylowec. To 6t 1 aP) elvor unoloylown elvar Qoavepd, evd to wbvo hentd onuelo bdoov agopd v
unoloylowdtnta Tne m(n) elvon oto xouudtt dmou Tpénel var eNéyEouue av N AéEN Tou T* mou npoxbnTeL elvol
ouvtoxtxd owotd C npdypouua 1y oyt. To va anodel€ouue 6T ¥t TéT0l0 Elvol UTOAOYOTIX EQLXTO oMalveL
ouolaoTIXd VoL Ypdpoupe éva Tpdypauud Tou VoL avary vep(lel av €val xouudTL xetuévou (Ut AEn tou X¥)
elvar éva owoté cuvtaxtixd C mpdypauua 1) oxt. Tétolo mpoypduuaTta SUKG UTEEYOUY XA YPTICULOTOLOUVTAL
EUPEWCS POV amoTehoVY To TpWTo TuRUa Twv complilers (UeTagpaotdv) Tou Talpvouy éva TEdypauua o C
xou Toedryouv and autd Eva loodUvauo TPYPAUUA OE ‘YAOGTA UNnyavhc'.

ITpocopoiwon. Ou ypetaotolue enlone 1o e€hc: Ymdpyel éva mpdypauua S(n,z,t) to onolo (a) Beloxel to
npbypopua P = m(n) xou (B) ‘Teéyet’ 1o npdypouua P(x) yia té6c0 Bhuata doo Méet o aptdude t 1 en dnelpov av
o0 aprdude t elvan apynTixde. Av xou dtav to npdypauua P(x) telewdoet to S(n, z,t) entotpépel bt enéotpede
0 P(z). Ae da delfoupe v Unapdn autold 0L TEOYPJUHATOC TOU TPOCUOMOLGBVEL SANAL TTROY AT, ULaL
X0l TETOLO TIPOYPGUUATA UTEPYOUY XoL YENOLLOTIOLO0VTOL EUPEWS OTOV TpoYpauUatioud (T.y. interpreters,
debuggers, ¥An).

Eluaote étoluol thpa vo avagepdolue oto Halting problem (mpdBinua teppationot). Autd pwtdel anhd
av UTdipyEL Evar TIpdYpoa oL var UTtopel Vo amo@aatlel av £var Tuydy dANo Tpdypaua oL eUElC TOU TPOOC-
dropilovue Yo tepuatioer # dyt. (Elvor @ovepd 6t undpyouv npoypduuata tou dev tepuatilovy noté, m.y.
o main() { while(1) 1; }). Eva tétowo npdypauua Yo rav egonpetixd ypotdo av umipye. Pavtaotelte
va éyete éva C compiler o onolog oyt u6vo Vo uetdppale t0 TEdYPUUUE oug e YADCOH UNYovASC ohAd Yo
UTOpOUCE XAl VO OUC TEL EX TWV TPOTEPWY AV TO TpdYpoud oo Yo énegte oe dmepo Bpdyyo (loop) A oyt
AvoTuyde GUKC TEToLo TEdYEAUUUA BEY UTEPYEL.

Y10 €€hc, yia tuydy mpdypauua P, o ypdpouue P | av to npdypouua P tepuotilel xau P 1T av to P
TEEXEL €T dmELPOY.
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Ocedpnua 16. H ovvdptnon

1 av (m(m)@) )
0 ={ o o (e |

Oev elvar vrodoyloun.

Anoédedn. Ac unodéoouue 6t 1 ouvdptnon H(n,z) elvor urtohoylowrn xou ac ovuBoiicovue pe P to mpéd-
Yeouua mou Ty urtohoy(lel. Pty vouue tdpa o Tpdypauua Q(x) Tou yenowonotel To P wg unonpdypouua:

int Q(x)

{
if (P(x, x) == 0) return 1;
else {
while(1) 1;

}

To npbypapua Q(x) mou oploaue €xel v Wbt L teppatiler av xou uévo av to (m(x))(z) dev tepua-
(el

Mot elvon 1 ovunepLpopd tou npoypedumatoc Q(a(Q)); Tepuatilet # by; Edupwva UE TN TPONYOUUEYN
napathipnon tepuatilel av xow wévo av 1o tpdypouua (m(a(@)))(a(Q)) dev tepuatiler. AMG m(a(Q)) = @,
ondte dellome 61t T0 TPdYPoa Q(a(Q)) Tepuatilet av xan ubvo av dev tepuatilet, Tpdy U TEOPAVHOS adOVATO.
To cuunépaoua elvar dtL 1 ouvdptnon H dev elvon unoroyiown,.

O

Eyouue hownév el€er 61 n, mold guotohoyxi, cuvdptnon H(n,z) nou diaxplvel ndte 1o npdypauua m(n)
tepuatilel ue input x A oyt dev elvon unohoylown. Eyouvue Aowndy thpa utar anddelén tou dtt undpyouy un
UTOAOY{OUIES CUVAPTAHCELS TTOL EVOL UPXETE TILO CUYXEXPUUIEVT amd TNV TponYoVLUEVT LnapEloxy| anddelln Tou
Ocwprjuatoc 15. Mnopel BéBotar xou mdAL vo mer xavele 6t 1) H(z) dev éyet lowg xou t6o0 evdlagépoy amd
HordmuaTer dmodm Lo xan glvo ot uUVEETNoN “XoUMEVn xou pauévn’ ota Uétpa Tng Otwplag TTohoyLouwyY,
xou dpa Oy, (owg, Téco puotohoyx.

Trdpyouv duwe Tohd topadelyUata apxeTd QUOLOAOYIXWDY ModNUATIXGDY TEOBANUdTWY oL Sev eTdEyovTon
Aoom ahyoprdur, TpoBAfuata Tou Tpoutpyay tne Oewploc YToloylou®y.

1. Aev urndpyet ahybprduog tou var anopacilel av éva Soouévo ToAUGYLUO e axepaloug cUVTEAESTES (o
ornotodfnote mAfloc and petoBAnTéC)

_ J1 jn
P(.’L‘l, .- -amn) = E : Cjryeinjn T " 37% > Ciryenngn € Z,
0<715..0,jn <D

éyer Moo (plla) avdueoa otoug axepatous, av Undpyouy k. 1,..., &y € Z 1.0. P(z1,...,z,) = 0.

2. Eivar evdiogpépov 6Tt av pwthiooude ov undpyet pllo mporyuatixn| (xoL Oyl ovoryXooTinG, axEpotaL), o
. umdpyouy Z1,...,zn € R 1.0. P(21,...,2,) = 0, 161 Undpyer ahydprduoc mov va anavtder oto
EPWTNIUAL.

3. Eva moAudutvo elvon Lo memepaoiuévn vwon and un oAnroentxaluntoueva, uovodiata (thevpde 1) te-
Tpdywva 010 eninedo, TETOLA (OOTE OL CUVTETAYMEVES TWV XOPUPWY Touc elvarl oxépates. Xto Tynfua 19
gatvetar éva oOvoro amé d0o mohuduva.  ‘Eva mold evdiagépov epdtnua elvon av évar dedouévo meme-
paouévo oUVolo amd moAvduLva unopel va ypnoudonolniel yia va ‘mAaxootp®oel’ oAdxANeo To einedo.
Autéd onualvel dtL xahOtoupe o eninedo, ywplc alAnhoemxohbdels, and xouudtior xo éva and o
omnolo elvor uLor TopdAANAT ueTapopd xdmotou and ta dedouéva toAvouva. o nopdderyua, elvar oyetind
glxolo va del xavele twe tar 800 ToAudua Tou Lyfuatoc 19 unopoly va Thaxootpdoouy (oyyAxd:
tiling) to enlnedo, xou elvan enlong edxoho va @TidEer xavelc mapadelypoata ano clvolo Tououivwy Tou
de umopoly, émwe xan vor UeTapepdoly, va ThaxooTpdoouy To eninedo. Anodewxvieton Aowndy 6T 10 va
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Yxhue 19. ‘Eva cbvolo and 3o mohuduva

anogacicel xavelc av éva dedouévo cUvolo and noluduLva Utopel va thaxootpwoet to enlnedo elvon o-
yoprduwxd averiAuto npéBAnua. Aev undpyet dnh. npdypaua oL vor Tou divouue éval TuY v TEnEPAOUEVO
oUVONO Ol TOALOULYAL XA VO, OIS OmatVTd oy ETULIEYETOL TAOXGOTPWAOT 1 O)L.

6.4 Avadpoulxd amagriuioipua (a.o.) cOvola.

Ogrowog 39. ‘Eva un xevé obvoro A C N ovoudletar avadpoutid araprdurjoruo (o) oy UndipyeL Tpdypoua
P(z) mou va amoptduel to otouyelor tov A, dnh. vor éxouue

A={P(1),P(2),P(3),...},

uE evdeyouevn emavdAngn twv otouyelwy tov A oo 3e&l uéhoc. Me dAha Adyia, yio xdde a € A undpyet
n € N, oy xot” avdyxn povadixd, oo dote a = P(n).

Hopathenorn: Ko ndh, dev undpyet, otov Oploud 39, tinota 1o uayxd ue to olvolo N xou Yo
unopoloaue oTn Y€om TOU VoL €YOUUE, T.Y. T0 cUVOAO X*, émou X éva Ttenepacuévo ahgdfnTo.

Eivon oyed6v dueco 6t xdde avadpoutxd ovvolo elvar xou ao. Mpdypatt, av @ # A C N elvon avadpouixd
té1e undpyeL Tpdypouua Q(z) tétowo dote Q(z) = 1 < x € A. Téte 10 axdhovio npdypoppa amoprduel o
otouyelo tov A (m glvon, )., To Uxpbdtepo oTouyelo Tou A):

int P(x)

if(Q(x)) return x;
else return m;

}

‘Aoxnom 65. Av A, B C N elvon a.o. abvora del€te dtL o (dlo oylel xan yio o svora AN B, AU B.

And v &A1 uepLd elvar EOXONO VoL XATAOHEVATOVUE Aol GOVOAX TIOL dev elvan avodpoutxd. [ nopddety-

ua, To cUVOAO
A={z€eN: n(z) |}

dev elvow avadpouxd (av rav téte T0 TPGBANUA ToL TepUaTIoMoU Yo HTay utoloyiowuo, evd €xouue del€el 6T
dev elvon) odAd elvan oo T var doue autd tov teleutalo Loyuptoud xdvouue to e€rc. Xpetalbuaote éva
npdypopua mou v anoptduel T 2 € N yior ta omola to mpdypopua m(z) tepuotilel. Ioodbvaua, @tidyvouue
éva TPOYPOUIO TTOU AELTOUpYEl EN dMELPOY XaL TUTWVEL cLVEYEL oty €€036 Tou otolyela Tou A, ywplc va
napahelper xavéva. To npdypauua autd

e BAupa 1: Tpdta tpéyet (npocouoldvel) to npdypopua m(1) yio 1 Brua.
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e Brjua 2: Encita tpéyel (mpocouotdvel) ta mpoypduuata m(1), 7(2) yio 2 Bridota to xadéva

BAua k: Tpéyer ta npoypdupata m(1),7(2), ..., m(k) yio k BAuata to xodéva,

Yuvey(lel ol en” dmelpov.

Y10 téhog Tou BruaToc k To Tpbypauud ag eAEYYEL oL amd To tpoypdupata (1), . . ., (k) telelwoay yéoa
ot TpWTa k Toug Bridata, xou TUTKVEL Ta avTioTolya & Yo auTd Tou TeEAelwoay oty €£036 Tou. Elvar étol
pavepd 6Tl xdde z yio To onolo T(x) | Vo eugaviotel oty €€0d0 TOL TPOYEAUUATOS Uag, Xou 6TL OE aUTH TNV
¢€0d0 eugavilovton ubvo tétowa = (SnA. otowyelo tov A). Av z € A xou 10 Tpbdypopua m(z) tepuotilel yetd
and t Bruota t6te 0 apriude = eupavileton Yo TEWTN Yopd oTNY €030 TOU TROYPIUUATOS oG HETS To Brua
ur’ aprdudy max {z, t}, xau eupavileton xo o OGN TOl LETAYEVECTERA BrLTAL.

‘Exovue hotnév delEet:

Ocwpnua 17. Kdbe avadpouixs ovrolo elvar avadpopkd anapiuniotpo aAld to avtiotpopo dev 10y vel.
H epapyla twv yYAwoowy tohpa yiveton
(xavovixéc YAwooec) C (context free yhwooeg) C (avadpoutxéc YAwooes) C (oo YAOOOES)

%o 6AoL oL eyxhelouol elvat yvAclot.

H oyéorn avadpouindy xou a.a. cuvorwy @atvetar o xordapd ota endueva dVo Yewpruarta.

Ocwenua 18. A C N efvar avadpopiké av kar udévo av ta A, A° elvar kar ta 6vo a.a.

Andédedn: Av to A elvan avadpouxd téte avadpouxd elvon xou to A, dpa xon tar dVo elvan oo
Avtiotpoga thpa, éotw 6t T A, AC elvan xon T JVo oo, xon OTL Tl Tpoypduuata P xon @ tor amaprduoly,

éxouvue dnA.
A={P(1),P(2),...}, A°={Q(1),Q(2),...}.

To napaxdtw npdypopua R(x), nouv yenowwonotel o P xot Q we unonpoypduuata, entotpégel 1 av & € A xou
0 aAALC.

int R(x)

{
int i=1;
label:

if(P(i) == x) return 1;
if(Q(i) == x) return O;
i = i+l; goto label;

To npbypauua R anhobotata napdyel bhouc toug aptduote P(1), Q(1), P(2),Q(2), . . . xat ubAc eugavioTel
10 7 emotpégel 0 1) 1 avdhoyo ue to av to = eugaviotnxe otny £€080 tou @ 1 tou P. Eivar olyoupo 6t 0
x xdnote Yo eppaviotel (o xou elte Yo avieel oto A elte oto A°) xou dpa yio x&de x to mpdypoauua R(z)
tepuatilet.
O

Ocewpnua 19. Eva ovvolo A C N elvar a.a. av kar pdvo av vrndpyel npdypapua Q(x) térow dove

e Avz € A tite Q(x) =1, kar
o Avz ¢ A téte Q(z) =0 1 Q(z) 1.
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To npbdypouua Q oto Yedpnuo Aéet tny oAfdeta yio o av & € A, av TEAELWVEL, UTIOPEl OUWS XOL VAl TREYEL
en’ dmelpov (ahhd autéd umopel vor cupBalvel ubvo av z € A. Tapatneelote dtL undpyet aovuuetpia otic dvo
nepntdoec & € A xan x ¢ A, xon auTH 1) aoLUUETPlO EXSNADVETOL XOL UE TO GTL UTHPYOUY Aot COVONX TIOL Tl
ocuUTANEWUATA Toug dev elvor a.a.

Anodeln: 'Eotww 6t 1o npdypouua P anaprduel to otoyelo tou A:
A={PQ1),P(2),...}.

Op(Zouue to mpbypauua Q(z) we eifc:

int Q(x)

{
int i=1;
label:

if(P(i) == x) return 1;
i = i+l; goto label;

To npdypopa Q(z) emotpéper 1 av xau ubvo av 10 = eupaviotel otn Mota Twv Ty tou P, adde
TEEXEL M dMELPOY.

H &\\n xaredduvon tou Oewphjuatog 19 agphveton we doxnon.
O

‘Aoxnor 66. Anodellte v xatedduvon tou Oewphuoatog 19 tou helnel and v anddeln touv ddOnxe topa-
V.
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ouvdpTtnon uetdBaone, 14
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évwor, 24
context-free, 43, 45
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ocuuTAfpwua, 17 ufxoc, 5
YAWoOoES Arupo Avtinone
XOVOVLXEC XAVOVIXEC YADoOoES, 33
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