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H mèjodoc thc mèshc tim c
(mètrhma me pijanojewrhtik  gl¸ssa)

TuqaÐa metablht  X ∈ R èqei mèsh tim  µ = EX . Tìte h X paÐrnei
timèc ≥ µ ìpwc epÐshc kai timèc ≤ µ.

PolÔ shmantikì: Grammikìthta thc mèshc tim c:

E[aX + bY ] = aEX + bEY

(qwrÐc apaÐthsh anexarthsÐac gia tic X ,Y )

Par�deigma: 'Eqoume logikèc metablhtèc x1, x2, . . . kai N diazeÔxeic
megèjouc 3, p.q. C1 = x1 ∨ x5 ∨ x3, C2 = x3 ∨ x4 ∨ x2, . . .

Jèloume na epilèxoume x1 ∈ {T ,F}, x2 ∈ {T ,F}, . . . ¸ste na
ikanopoi soume ìso gÐnetai perissìterec diazeÔxeic.
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Epilog  twn logik¸n metablht¸n sthn tÔqh

Up�rqei epilog  twn xj ∈ {T ,F} pou ikanopoieÐ toul�qiston ta 7/8
twn diazeÔxewn.

'Estw t.m. Xj ∈ {T ,F} me P [Xj = T ] = P [Xj = F ] = 1/2, anex�rthtec.

Ij = 1 (Cj alhj c), P [Ij = 1] = 7
8 (anexarthsÐa twn Xj)

S =
∑N

j=1 Ij = pìsec apì tic N diazeÔxeic Ck ikanopoioÔntai.

ES =
∑N

j=1 EIj =
∑N

j=1 P [Ij = 1] = 7
8N.

'Ara up�rqei èkbash tou peir�matoc (an�jesh tim¸n sta Xj) ¸ste
S ≥ 7

8N.

Prosoq : H apìdeixh de mac lèei p¸c na broÔme tètoia an�jesh tim¸n.
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Par�deigma: Qrwmatismìc akm¸n enìc graf matoc

N korufèc sundèeontai ìlec metaxÔ touc.
B�foume akmèc kìkkinec   mple.

Skopìc: LÐga monoqrwmatik� trÐgwna.

B�foume k�je akm  kìkkinh   mple me pij. 1/2, anex�rthta.

u, v ,w korufèc: P [trÐgwno uvw monoqr.] = 1/4

(AfoÔ 2 apì touc 8 = 23 isopÐjanouc qrwmatismoÔc mac dÐnoun
monoqr. trÐgwno.)
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Qrwmatismìc akm¸n enìc graf matoc (sunèqeia)

Pl joc ìlwn twn trig¸nwn:
(N

3

)
.

'Estw t.m. Ij = 1 ann to j-ostì trÐgwno monqr.

T :=
∑(N

3)
j=1 Ij = to pl joc twn monoqr. trig¸nwn

ET =
∑(N

3)
j=1 EIj =

(N
3

)
P [I1 = 1] = 1

4

(N
3

)
.

Up�rqei qrwmatismìc me 2 qr¸mata twn akm¸n tou pl rouc
graf matoc Kn me pl joc monoqrwmatik¸n trig¸nwn

T ≤ 1

4

(
N

3

)
.

Kai p�li de mac lèei h apìdeixh p¸c na broÔme èna tètoio.
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Par�deigma: Prosjafairèseic dianusm�twn

N dianÔsmata sto Rd : v1, . . . , vN me m koc |vj | ≤ 1. Tìte mporoÔme na
epilèxoume ta prìshma ε1, . . . , εN = ±1 ¸ste to

u = ε1v1 + · · · εNvN

na èqei m koc |u| ≤
√

N.

Epilègoume εj = ±1 me Ðdia pijanìthta kai anex�rthta.

Gia i 6= j : Eεiεj = EεiEεj = 0 · 0 = 0 (apì anexarthsÐa)
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Prosjafairèseic dianusm�twn (sunèqeia)

E|u|2 = Eu · u = E
N∑

i ,j=1

εiεjvi · vj

=
N∑

i ,j=1

vi · vjEεiεj

=
N∑

i ,j=1

vi · vj1 (i = j)

=
N∑

j=1

|vj |2

≤ N.

'Ara up�rqei epilog  pros mwn ¸ste |u|2 ≤ N   |u| ≤
√

N.
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Par�deigma: Arijmhtikèc Prìodoi

Je¸rhma (van der Waerden, 1927)

'Estw k ∈ N. An to N eÐnai arket� meg�lo tìte ìpwc kai na

qrwmatÐsoume me dÔo qr¸mata touc arijmoÔc 1, 2, . . . ,N up�rqei

monoqr. arijmhtik  prìodoc (AP) m kouc k .

Pìso meg�lo prèpei na eÐnai to N se sqèsh me to k gia na up�rqei AP
m kouc k ?

Ja deÐxoume ìti to N prèpei na eÐnai > 2k/2 an gia k�je qrwmatismì
up�rqei k-AP.

'Estw N ≤ 2k/2 kai qrwmatÐzoume tuqaÐa touc 1, 2, . . . ,N kìkkinouc  
mple.
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Arijmhtikèc Prìodoi (sunèqeia)

An S mia k-AP orÐzoume IS = 1 (h S eÐnai monoqr.).

Tìte P [IS = 1] = 2 · 2−k = 21−k .

Mia k-AP kajorÐzetai apì to 1o kai to 2o stoiqeÐo thc
⇒ pl joc k-AP ≤

(N
2

)
P [up�rqei monoqr. k-AP] ≤

∑
S eÐnai k-AP

P [IS = 1]

≤ 21−k

(
N

2

)
= 21−k N(N − 1)

2

< 2−kN2

≤ 1 afoÔ N ≤ 2k/2.

'Ara me jetik  pijanìthta den up�rqei monoqr. k-AP.

M. Kolountz�khc (Pan. Kr thc) H Pijanojewrhtik  Mèjodoc, 2 Hr�kleio, IoÔlioc 2010 9 / 13



Par�deigma: SÔnola qwrÐc ajroÐsmata

SÔnolo A lègetai <<qwrÐc ajroÐsmata>> an

∀x , y , z ∈ A : x + y 6= z .

P.q. oi perittoÐ akèraioi, to sÔnolo {N,N + 1, . . . , 2N − 1}.

Je¸rhma (Erdős, 1965)

An E ⊆ N èqei |E | = N tìte up�rqei uposÔnolo A ⊆ E pou eÐnai qwrÐc

ajroÐsmata kai

|A| ≥ N/3.

Epilog  tou A ⊆ E eÐnai pijanojewrhtik  all� den eÐnai h profan c
epilog .

To na epilèxoume an ja krat soume èna stoiqeÐo tou E   ìqi de
gÐnetai anex�rthta gia k�je stoiqeÐo.
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To peperasmèno s¸ma Zp, p pr¸toc arijmìc

0

1

2

p − 1

Zp = {0, 1, 2, . . . , p − 1}. Pr�xeic +,× gÐnontai modp.

Antimetajetikìc daktÔlioc.

Shmantikì: 'Otan p pr¸toc arijmìc to Zp eÐnai s¸ma:
k�je x ∈ Zp \ {0} èqei monadikì pollaplasiastikì antÐstrofo x−1:

x · x−1 = 1 mod p.

Par�deigma: 5−1 = 8 mod 13 afoÔ 5 · 8 = 40 = 3 · 13 + 1 = 1 mod 13
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SÔnola qwrÐc ajroÐsmata (sunèqeia)

E = {e1 < e2 < · · · < eN} kai p pr¸toc arijmìc p > eN .

Parat rhsh: An A ⊆ {1, 2, . . . , p − 1} eÐnai qwrÐc ajroÐsmata modp
⇒ eÐnai qwrÐc ajroÐsmata sto Z

PaÐrnoume t tuqaÐo sto {1, 2, . . . , p − 1} (omoiìmorfa katanemhmèno)

Parat rhsh: To sÔnolo M =
{⌈p

3

⌉
, . . . ,

⌊
2p
3

⌋}
eÐnai qwrÐc ajroÐsmata

modp.

tM epÐshc qwrÐc ajroÐsmata modp (tx + ty = tz ⇒ x + y = z)

E ∩ tM (pol/smìc modp) uposÔnolo tou E qwrÐc ajroÐsmata modp.

OrÐzoume thn t.m. X = |E ∩ tM|.
Jèloume na deÐxoume ìti mporeÐ na gÐnei meg�lh.
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SÔnola qwrÐc ajroÐsmata (tèloc)
E|X | = E|E ∩ tM| = E

∑
s∈E

1 (∃m ∈ M : tm = s)

= E
∑
s∈E

1
(
t−1s ∈ M

)
=

∑
s∈E

P
[
t−1s ∈ M

]
=
∑
s∈E

P
[
t ∈ sM−1

]
=

∑
s∈E

|M|
p − 1

=
∑
s∈E

p
3 + o(p)

p − 1
=

p
3 + o(p)

p − 1
N

= (
1

3
+ o(1))N (gia p →∞).

'Ara up�rqei t ¸ste |E ∩ tM| ≥ (1
3 + o(1))N.

p ter�stio ⇒ Up�rqei uposÔnolo tou E me ≥ N/3 stoiqeÐa kai qwrÐc
ajroÐsmata.
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