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Ekjetik  anisìthta apìklishc (Chernoff)

X1, . . . ,XN anex�rthtec t.m. me timèc 0   1 (deÐktriec t.m.) kai

S = X1 + · · ·+ XN , µ = ES . Gia ε > 0 èqoume

P [|S − µ| ≥ εµ] ≤ 2e−cεµ,

ìpou

0 < cε = min
{
ε2/2,− ln

(
eε(1 + ε)−(1+ε)

)}
exart�tai mìno apì to ε.

Ki ed¸ h ekjetik  ex�rthsh apì to µ ofeÐletai sth dom  thc S wc

�jroisma anexart twn.

PolÔ eÔqrhsth anisìthta eidik� gia sunduastik� probl mata.

Qrei�zetai mìno ta xèroume to µ.

'Oso pio meg�lo eÐnai to µ tìso kalÔterh anisìthta paÐrnoume

⇒ t.m. S me meg�lo µ eÐnai pio eÔkola << elegqìmenec>>.
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Par�deigma: Prosjetikèc b�seic twn fusik¸n

'Estw E ⊆ N = {1, 2, . . .}

Sun�rthsh anapar�stashc:

rE (x) =
∣∣{(a, b) ∈ E 2 : x = a + b, a ≤ b

}∣∣
= me pìsouc trìpouc gr�fetai o x san �jroisma 2 stoiqeÐwn tou E .

E eÐnai Prosjetik  B�sh:

k�je x ≥ 2 èqei rE (x) > 0. P.q. E = {1, 2, 4, 6, . . .}.

E eÐnai Asumptwtik  Prosjetik  B�sh:

telik� k�je x ∈ N èqei rE (x) > 0.
(Dhl. gia k�je x ≥ x0 gia k�poio x0 ∈ N)

Genikì prìblhma:

na brejoÔn araièc (asumptwtikèc prosjetikèc) b�seic

(Dhl. mikrì all� jetikì rE (x).)
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Araièc asumptwtikèc prosjetikèc b�seic

Je¸rhma (Erdős 1956)

Up�rqoun stajerèc c1, c2 > 0, sÔnolo E ⊆ N kai fusikìc x0 tètoia

¸ste

c1 ln x ≤ rE (x) ≤ c2 ln x , (x ≥ x0).

Apìdeixh pijanojewrhtik .

Anoiqt� probl mata:

(a) MporeÐ h sun�rthsh ln x na antikatastajeÐ apì mikrìterh?

(b) MporeÐ kaneÐc na petÔqei na up�rqei to limx→∞
rE (x)
ln x ?

(g) Up�rqei mh pijanojewrhtik  apìdeixh?

EikasÐa (Erdős–Turán)

An gia to E ⊆ N isqÔei telik� rE (x) > 0 tìte lim supx→∞ rE (x) =∞.
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TuqaÐo sÔnolo fusik¸n

'Estw K > 0 stajer�. Ja thn prosdiorÐsoume argìtera.

OrÐzoume tic pijanìthtec gia x = 1, 2, . . ..

px =

{
K
(

ln x
x

)1/2
an h posìthta aut  ∈ [0, 1]

0 alli¸c
.

To tuqaÐo sÔnolo fusik¸n E orÐzetai paÐrnontac

P [x ∈ E ] = px , (x ∈ N),

anex�rthta gia ìla ta x ∈ N.

Dhl., rÐqnoume apì èna nìmisma gia k�je fusikì gia na doÔme an ja

ton b�loume sto E .
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Sun�rthsh anapar�stashc

DeÐqnoume ìti me jetik  pijanìthta to tuqaÐo mac sÔnolo èqei thn

idiìthta pou jèloume.

OrÐzoume tic t.m. χj = 1 (j ∈ E ), gia j ∈ N.
Anex�rthtec me Eχj = pj .

Gia th sun�rthsh anapar�stashc èqoume

rE (x) =

bx/2c∑
j=1

χjχx−j .

H rE (x) eÐnai �jroisma anexart twn deiktri¸n t.m. (me timèc 0   1

dhl.).

'Ara kalÔptetai apì thn ekjetik  anisìthta apìklishc.
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Upologismìc thc mèshc tim c

'Estw pj 6= 0 gia j ≥ j0 kai pj = 0 gia j < j0.

Gia x perittì kai meg�lo (parìmoia kai gia x �rtio):

ErE (x) =

bx/2c∑
j=1

E(χjχx−j)

=

bx/2c∑
j=1

EχjEχx−j (x perittìc ⇒ j 6= x − j , anexarthsÐa)

=

bx/2c∑
j=j0

pjpx−j

=

bx/2c∑
j=j0

K 2

(
ln j ln(x − j)

j(x − j)

)1/2
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Upologismìc thc mèshc tim c (sunèqeia)

ErE (x) =
∑bx/2c

j=j0
K 2
(

ln j ln(x−j)
j(x−j)

)1/2

'Anw fr�gma: ErE (x) ≤ K 2 ln x
∑bx/2c

j=1

(
1

j(x−j)

)1/2

K�tw fr�gma: ErE (x) ≥ K2

4 ln x
∑bx/2c

j=
√

x

(
1

j(x−j)

)1/2

All�
∑bx/2c

j=1

(
1

j(x−j)

)1/2
=
∑bx/2c

j=1
1
x

(
1

j
x
(1− j

x
)

)1/2

→
∫ 1/2
0

(
1

s(1−s)

)1/2
ds

(gia x →∞, Riemann �jroisma gia to I =
∫ 1/2
0

(
1

s(1−s)

)1/2
ds)

OmoÐwc
∑bx/2c

j=
√

x

(
1

j(x−j)

)1/2
→ I =

∫ 1/2
0

(
1

s(1−s)

)1/2
ds

'Ara, gia x meg�lo èqoume th swst  t�xh megèjouc:

C1 ln x :=
IK 2

8
ln x ≤ ErE (x) ≤ 2IK 2 ln x =: C2 ln x .
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'Elegqoc apìklishc twn tuqaÐwn metablht¸n

Kak� endeqìmena: Ax = {|rE (x)− ErE (x)| ≥ εErE (x)}
me ε = 1

2 .

Apì ekjetik  anisìthta apìklishc:

P [Ax ] ≤ 2e−cεErE (x)

≤ 2e−cεC1 ln x

= 2x−C1cε

= 2x−cεIK2/8.

Epilègoume K tìso meg�lo ¸ste o ekjèthc cεIK
2/8 > 1. 'Epetai ìti

∞∑
x=1

P [Ax ] ≤
∞∑

x=1

2x−cεIK2/8 <∞.
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'Elegqoc apìklishc twn tuqaÐwn metablht¸n, sunèqeia

SÔgklish thc
∑

x P [Ax ] ⇒ up�rqei x0 t.¸.∑
x≥x0

P [Ax ] <
1

2
,

�ra me pijanìthta ≥ 1/2 den isqÔei kanèna apì ta Ax , x ≥ x0.

Gia x ≥ x0 dhl.

rE (x) ≥ 1

2
ErE (x) ≥ IK 2

16
ln x

kai

rE (x) ≤ 3

2
ErE (x) ≤ 3IK 2 ln x .
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