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PARADEIGMA: Gèmisma koutioÔ me duo eid¸n toÔbla

DÔo tÔpoi toÔblwn:

A = a1 × a2 × a3 kai

B = b1 × b2 × b3.

• Pìte mporoÔme na gemÐsoume koutÐ Q diast�sewn

q1 × q2 × q3

me ta A kai B? Den epitrèpontai peristrofèc twn toÔblwn.

Je¸rhma (Bower and Michael, 2004)

Mìno an mporeÐc na kìyeic to koutÐ Q se dÔo kouti� to èna apì ta

opoÐa mporeÐ na gemÐsei mìno me to A kai to �llo mìno me to B.

IsqÔei se ìlec tic diast�seic.
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Gèmisma koutioÔ prin kai met�

Par�deigma:
A: 4× 2,
B: 8× 7,
Q: 16× 11.

Kìboume to koutÐ egk�r-
sia ston y -�xona

A

B

Q
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Metasqhmatismìc Fourier

• Metasqhmatismìc Fourier thc f :

f̂ (ξ, η) =
Z

R2
f (x , y )e−2πi(ξx+ηy ) dxdy .

• KoutÐ

C =
(
−c1

2
,
c1

2

)
×

(
−c2

2
,
c2

2

)

χ̂C (ξ, η) =
sin(πc1ξ)

ξ
· sin(πc2η)

η
.

 0

• PoÔ mhdenÐzetai h χ̂C (ξ, η)?

• 'Otan (0 6= ξ pol/sio tou 1
c1
)   (0 6= η pol/sio tou 1

c2
).
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Gèmisma koutioÔ sto pedÐo Fourier

• ToÔblo A stic jèseic T , toÔblo B stic jèseic S :

Gèmisma koutioÔ Q: ∀x ∈R2 : χQ(x) = ∑
t∈T

χA(x− t)+ ∑
s∈S

χB (x− s).

Alli¸c: χQ = δT ∗ χA + δS ∗ χB ìpou

δT = ∑
t∈T

δt , δS = ∑
s∈S

δs (δa =shmeiak  m�za sto a).

• Fourier thn �nw isìthta, dÐnei:

∀ξ, η ∈ R : χ̂Q(ξ, η) = φT (ξ, η)χ̂A(ξ, η) + φS (ξ, η)χ̂B (ξ, η)

• Koin� mhdenik� twn χ̂A kai χ̂B eÐnai kai mhdenik� thc χ̂Q .

• PaÐrnoume Q =
(
−1

2 , 1
2

)
×

(
−1

2 , 1
2

)
opìte

χ̂Q(ξ, η) = 0 ⇐⇒
[
ξ ∈ Z \ {0}   η ∈ Z \ {0}

]
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Sunèpeiec twn koin¸n mhdenik¸n

• χ̂Q mhdenÐzetai sto

(1/a1, 1/b2) ∈ (
1

a1
,R)∩ (R,

1

b2
).

OmoÐwc sto (1/b1, 1/a2).
• 'Ara

(
1
a1
∈ Z   1

b2
∈ Z

)
kai

(
1
b1
∈ Z   1

a2
∈ Z

)
.

• An 1
a1

, 1
a2
∈ Z tìte toÔblo A gemÐzei mìno tou to Q.

An 1
b1

, 1
b2
∈ Z tìte toÔblo B gemÐzei mìno tou to Q.

•

'Estw 1
a1

, 1
b1
∈ Z.

DiasqÐzontac to koutÐ
kat� ton y -�xona:

1 = ka2 + lb2,

gia k�poia k , l ∈ Z.
ka2

lb2

1
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To je¸rhma den isqÔei gia trÐa toÔbla

1

Par�leiyh enìc toÔblou dexi� =⇒
De gemÐzei orjog¸nio me mia pleur� Ðsh me 1.
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Pìte èqoume tiling (plakìstrwsh) kat� metaforèc?

0

Λ: poÔ metafèroume to Ω

Ω

Pìte èna qwrÐo Ω mporeÐ na metaferjeÐ se shmeÐa Λ ¸ste na gemÐzei o
q¸roc qwrÐc epikalÔyeic?
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Plakìstrwsh kat� metaforèc. ParadeÐgmata.
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(c)

(a)

(b)

(a): èqei mÐa perÐodo (b): èqei dÔo anex�rthtec periìdouc (c): den eÐnai
plakìstrwsh kat� metaforèc
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Tiling apì sun�rthsh: ∑λ∈Λ f (x − λ) = ` = const., sq.∀x .

Gr�foume: f + Λ = `Rd .
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Anoiqtì prìblhma 1: Anapìfeukth periodikìthta?

• H periodikìthta enìc tiling eÐnai mia shmantik  idiìthta.
• Sth di�stash 1 ìla ta tilings eÐnai ousiastik� periodik�:

A + B = Z kai |A| <∞ =⇒ B = B + t, gia k�poio t ∈ Z \ {0}.

• DeÐxte ìti k�je peperasmèno sÔnolo tou diakritoÔ epipèdou pou dÐnei
tiling kat� metaforèc dÐnei kai periodik� tilings.

EikasÐa (Lagarias kai Wang 1996)

An A + B = Z2 me |A| <∞ tìte up�rqei B ′ ⊆ Z2, periodikì, tètoio ¸ste

A + B ′ = Z2.

Gnwst  upì sunj kec. P.q. gia �topologikoÔc dÐskouc�.
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Tiling sto pedÐo Fourier

• KwdikopoioÔme to sÔnolo Λ se
èna mètro δΛ: èna shmeiakì
fortÐo se k�je shmeÐo tou Λ.

Λ

• Tiling shmaÐnei ∀x ∈ R2 : ∑λ∈Λ χΩ(x − λ) = 1  

χΩ ∗ δΛ = 1.

• PaÐrnontac met. Fourier gÐnetai

χ̂Ω · δ̂Λ = δ0.

• 'Ara: to δ̂Λ <<zeÐ>> sta mhdenik� tou χ̂Ω kai sto 0:

supp δ̂Λ ⊆ {χ̂Ω = 0} ∪ {0}.

Upì proôpojèseic arkeÐ gia tiling.
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Eidik  perÐptwsh: Poisson Summation Formula

00

Λ∗Λ

Metasqhmatismìc Fourier

• Lattice (dÐktuo) sto Rd eÐnai èna sÔnolo thc morf c

Λ =
{

Ax : x ∈ Zd
}
, A ènac d × d antistrèyimoc pÐnakac.

• Duikì lattice eÐnai to Λ∗ =
{
A−>x : x ∈ Zd

}
.

• Poisson Summation Formula:

δ̂Λ = (dens Λ) · δΛ∗ .

• Gia lattice tiling tou Ω me lattice Λ prèpei kai arkeÐ:

0 6= ν ∈ Λ
∗ =⇒ χ̂Ω(ν) = 0.
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PARADEIGMA: 'Ena er¸thma apì to Scottish Book

H. Steinhaus: up�rqei
analutik  f > 0 t.¸.

f + Z = R;

M pwc h Ce−x2
?

⇔ f̂ = 0 sto Z \ {0}.

H Ce−x2
den èqei mhdeni-

k� sto met. Fourier.

f̂

0−1 1

Gia f > 0 ajroÐzoume sto f̂ dÔo trÐgwna me asÔmmetrh b�sh.
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PARADEIGMA: GemÐzei o <<dagkwmènoc kÔboc>> to q¸ro?

•
'Eqoume kìyei th gwnÐa enìc
kÔbou.

Kami� upìjesh de k�noume
gia tic diast�seic δ1, δ2, δ3.

DÐnei tilings tou q¸rou?

1

δ3

δ1

δ2

1

• H ap�nthsh eÐnai NAI se k�je di�stash (apl  epopteÐa se
di�stash 2).
To deÐqnoume qrhsimopoi¸ntac to met. Fourier.

• Meg�lo koutÐ: Q = (−1
2 , 1

2 )d , mikrì koutÐ pou afairoÔme:

R = ∏
d
j=1(1

2 − δj ,
1
2 ).
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O dagkwmènoc kÔboc sto pedÐo Fourier

• O met. Fourier tou dagkwmènou kÔbou eÐnai:

d

∏
j=1

sin πξj

πξj
− F (ξ)

d

∏
j=1

sin πδjξj

πξj
,

ìpou F (ξ) = exp
(
πi ∑

d
j=1(δj − 1)ξj

)
.

• OrÐzoume pÐnaka A kai to lattice Λ∗:

A =


1 −δ2

1 −δ3

. . .

1 −δd

−δ1 1

 , Λ
∗ =

{
A−1x : x ∈ Zd

}
.

• EÔkola elègqoume ìti o met. Fourier mhdenÐzetai sto Λ∗ \ {0}.
• 'Ara èqoume lattice tiling me to duikì lattice Λ =

{
A>x : x ∈ Zd

}
.
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Anoiqtì prìblhma 2: Apofasisimìthta

• Apì twn q¸ro twn tilings èqoun proèljei poll� paradeÐgmata mh
apofasÐsimwn problhm�twn (Berger 1964, Robinson 1971).
• Dojèntoc peperasmènou A ⊆ Z2 den eÐnai gnwstì an mporoÔme na
apofasÐsoume algorijmik� an to A dÐnei tilings kat� metaforèc.

'Estw R(A) to mègisto R > 0 t.¸.
k�poiec metaforèc tou A kalÔ-
ptoun to [−R ,R]2 qwrÐc allh-
loepikalÔyeic.

Diag¸nio epiqeÐrhma →
A de dÐnei tilings ⇐⇒ R(A) <∞.

�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����

R

R

A

• D¸ste èna fr�gma gia to R(A) mèsw, p.q., thc diamètrou D tou A,
gia A ìqi tile.
• P.q. 22D

arkeÐ gia apofasisimìthta.
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50 qrìnia pÐsw: Idempotent Theorem

• 'Ena dÔskolo er¸thma gia seirèc Fourier:
Pìte eÐnai mia akoloujÐa an,n ∈ Z, seir� Fourier enìc mètrou
µ ∈M(T)?

• Mètro µ lègetai idempotent an µ̂(n) ∈ {0, 1}. (Tìte µ ∗ µ = µ.)

• Poia eÐnai ta idempotent mètra? Pìte mia akoloujÐa apì 0   1
eÐnai met. Fourier mètrou?

Je¸rhma (Helson, Rudin, Cohen)

'Otan h akoloujÐa twn 1 eÐnai (a) peperasmènh, (b) pl rhc arijm.

prìodoc   mporeÐ na ftiaqteÐ apì tètoia me peperasmènec to pl joc

sunolojewrhtikèc pr�xeic.

• IsqÔei se k�je topik� sumpag  abelian  om�da
(arijm. prìodoi −→ cosets).

• To blèpoume san èna je¸rhma pou par�gei dom .
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Dom  twn tilings se di�stash 1

Je¸rhma (Leptin kai Müller, 1991, K. kai Lagarias 1996)

An f + Λ = R, kai h f ∈ L1 èqei sumpag  forèa tìte

Λ =
SJ

j=1(αjZ + βj ).

Tiling eÐnai epiplèon an�gwgo ⇒ αj = α (periodikì tiling).

• H dom  prokÔptei apì to idempotent theorem mèsw enìc
jewr matoc tou Y. Meyer (1970).

• Tiling =⇒ supp δ̂Λ ⊆ B := {0} ∪
{

f̂ = 0
}
.

• Sump. forèac f ⇒ f̂ analutik  ⇒ B diakritì, aux�nei grammik�.

• Gia polu¸numa Pb(·) èqoume: δ̂Λ = ∑b∈B Pb(∂)δb.

• Ti t�xhc eÐnai h katanom  δ̂Λ? (�Pìsec parag¸gouc èqei?�)
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O duðsmìc wc megejuntikìc fakìc

• Efarmìzoume thn katanom  δ̂Λ sth sun�rthsh φ(t(x − b)).

b b′′b′

φ(t(x − b))

• H t�xh megèjouc tou δ̂Λ(φ(t(x − b)) gia t →∞ mac lèei thn taxh
thc katanom c.
Fragmèno δ̂Λ(φ(t(x − b)) =⇒ δ̂Λ eÐnai topik� mètro.

• Duðsmìc α̂(β) = α(β̂) dÐnei∣∣∣δ̂Λ(φ(t(x − b)))
∣∣∣ =

∣∣∣δΛ( ̂φ(t(x − b)))
∣∣∣ ≤ 1

t ∑
λ∈Λ

∣∣∣∣φ̂(
λ

t
)
∣∣∣∣ = O(1)

• 'Ara δ̂Λ = ∑b∈B cbδb, me |cb| = O(1).
• Jèwrhma Meyer −→ Λ =

SJ
j=1(αjZ + βj ).
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Anoiqtì prìblhma 3: AparaÐthtoc o sumpag c forèac?

• O sumpag c forèac thc f sunep�getai

1 Diakritì sÔnolo riz¸n gia thn f̂

2 'Elegqo gia to pl joc twn riz¸n sto (−R ,R).

• IsqÔei to je¸rhma dom c ìtan h f den èqei sumpag  forèa?
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Steinhaus kai p�li

(per. 1950) Up�rqei sÔnolo E ⊆ R2 pou ìpwc kai na to me-
takin soume p�nw sto epÐpedo perièqei p�nta akrib¸c èna
akèraio shmeÐo?
Tiling morf : to E dÐnei tilings tou epipèdou me k�je strof 
tou Z2.

• Mh metr simh perÐptwsh: NAI apì Jackson kai Mauldin (2002).

Fourier morf  gia metr simh perÐptwsh:

Up�rqei E me to χ̂E na mhdenÐzetai se ìlouc

touc kÔklouc me kèntro to 0 pou pernoÔn apì

akèraia shmeÐa?

• f èqei sumpag  forèa ⇒ f̂ akèraia sun�rthsh,
∣∣∣f̂ (z)

∣∣∣ ≤ eC |z |

⇒ h f̂ èqei grammikì pl joc riz¸n se k�je eujeÐa
⇒ Steinhaus sÔnola de mporoÔn na eÐnai fragmèna (Beck, 1989).
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'Alla apotelèsmata gia to prìblhma tou Steinhaus

• (K. 1996) E sÔnolo Steinhaus =⇒
R
E |x |

α dx =∞, α > 10/3.
• (K. kai Wolff 1997) α > 46/27.

To 46/27 sundèetai me tic up�rqousec ektim seic sto prìblhma �Pìsa
akèraia shmeÐa brÐskontai s'èna meg�lo dÐsko?�.

Je¸rhma (K. kai Wolff 1997)

f ∈ L1(Rd ), d ≥ 3, kai f̂ mhdenÐzetai se ìlec tic sfaÐrec me kèntro 0
pou pernoÔn apì akèraia shmeÐa =⇒ f suneq c.

• 'Ara den up�rqoun metr sima sÔnola Steinhaus se di�stash d ≥ 3.
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Mia apl  apìdeixh gia d ≥ 3

Je¸rhma (K. kai Papadhmhtr�khc 2000)

Den up�rqoun sÔnola Steinhaus se di�stash d = 3.

• ArkeÐ na broÔme lattice Λ∗ sto sÔnolo mhdenismoÔ tou χ̂E (sfaÐrec) me

vol Λ
∗ /∈ Z.

• GiatÐ tìte ja eÐqame E + Λ = `R3 me

` = dens Λ = vol Λ
∗ /∈ Z.

• Me Λ∗ = diag (
√

2,
√

6,
√

11)R3,

vol Λ
∗ =

√
2 · 6 · 11 /∈ Z

kai deÐqnoume gia x , y , z ∈ Z:

2x2 + 6y2 + 11z2 = � + � + �.
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Koin� tiles gia poll� lattices

Mia peperasmènh ekdoq  sunìlwn Steinhaus:

Je¸rhma (K. (1997) )

An ta lattices Λ0,Λ1, . . . ,Λn ⊆ Rd èqoun ton Ðdio ìgko kai to �jroisma

Λ
∗
0 + · · ·+ Λ

∗
n

eÐnai eujÔ tìte up�rqei èna E ⊆ Rd pou dÐnei tilings me k�je Λj .

Apìdeixh mèsw enìc jew-
r matoc puknìthtac tÔpou
Kronecker gia lattices.

Ta jemeli¸dh qwrÐa twn
lattices metakinoÔntai me
kin seic apì ta antÐstoiqa
lattices ¸ste na epikalÔpton-
tai.

R

s
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Anoiqtì prìblhma 4: Fragmèno koinì jemeli¸dec qwrÐo

• An Λ1,Λ2 eÐnai dÔo lattices sto epÐpedo me

Λ
∗
1 ∩Λ

∗
2 = {0},

mporeÐ èna (metr simo) koinì tile aut¸n na eÐnai fragmèno?
• Sth mh-metr simh perÐptwsh autì eÐnai dunatì an to �jroisma

Λ1 + · · ·+ Λn

eÐnai eujÔ.
• an�getai sto:
An dÔo lattices Λ1,Λ2 ⊆ Rd èqoun Ðdio ìgko tìte up�rqei f : Λ1 → Λ2,
1-1 kai epÐ t.¸.

|x − f (x)| ≤ const.
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Anoiqtì prìblhma 5: Di�metroc koinoÔ tile

• An Λ1, . . . ,ΛN eÐnai lattices sto Rd kai Dj ta antÐstoiqa jemeli¸dh
qwrÐa h sun�rthsh

f = χD1
∗ · · · ∗ χDN

eÐnai tile me ìla ta Λj .
• EÔkola prokÔptei ìti ìpwc kai na epilèxoume ta Dj

diam supp f ∼ CdN .

• Me jewrÐa analutik¸n sunart sewn poll¸n metablht¸n:

Je¸rhma (K. kai Wolff, 1997)

An f + Λj = Rd gia j = 1, 2, . . . ,N, me Λi ∩Λj = {0}, tìte

diam supp f ≥ CN1/d .

• Poia h el�qisth di�metroc wc sun�rthsh tou N?
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Anoiqtì prìblhma 6: Koin� jemeli¸dh qwrÐa se om�dec

• G abelian  om�da, H ≤ G upoom�da, T ⊆ G epilog 
antipros¸pwn gia ta cosets thc H sthn G (jemeli¸dec qwrÐo) =⇒

T + H = G , eÐnai tiling.

• H1,H2 ≤ G plhroÔn [G : H1] = [G : H2] =⇒
p�nta up�rqei koinì jemeli¸dec qwrÐo twn H1,H2 sthn G .

• 'Oqi p�nta gia treic upoom�dec.

• D¸ste ikan  kai anagkaÐa sunj kh ¸ste oi H1,H2,H3 ≤ G me ton
Ðdio deÐkth na èqoun èna koinì jemeli¸dec qwrÐo sthn G .
MporeÐte na upojèsete |G | <∞.
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Fasmatik� sÔnola (spectral sets)

• Λ ⊆ Rd eÐnai f�sma tou Ω ⊆ Rd an

E (Λ) =
{

eλ(x) = e2πiλ·x : λ ∈ Λ

}
eÐnai orjog¸nia b�sh gia to q¸ro L2(Ω). To Ω lègetai tìte
fasmatikì.

• Par�deigma: Ω = (0, 1)d èqei to Λ = Zd wc f�sma.

• Mh monadikìthta: To (0, 1)d epÐshc èqei to v + Zd wc f�sma,

v ∈ Rd . 'Eqei kai �lla f�smata, polÔ diaforetik�.

• 〈eλ, eµ〉L2(Ω) = χ̂Ω(λ− µ) kai J. Parseval sunep�getai:

Λ f�sma tou Ω ⇔ ∑
λ∈Λ

|χ̂Ω|2(x − λ) = |Ω|2, a.e. x ∈ Rd .

• Me �lla lìgia, |χ̂Ω|2 + Λ eÐnai tiling se epÐpedo |Ω|2.
• Orjogwniìthta: Λ−Λ ⊆ {0} ∪ {χ̂Ω = 0}.
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H eikasÐa tou Fuglede

EikasÐa (Fuglede, 1974)

To Ω ⊆ Rd eÐnai fasmatikì an kai mìno an epidèqetai tilings kat�
metaforèc. Upojètontac |Ω| = 1:

∃Λ : |χ̂Ω|2 + Λ = Rd ⇔ ∃M : Ω + M = Rd .

• |̂χ̂Ω|2 = χΩ ∗ χ̃Ω kai

suppχΩ ∗ χ̃Ω = Ω−Ω.

• |χ̂Ω|2 + Λ = Rd ⇒ supp δ̂Λ ⊆ {0} ∪ (Ω−Ω)c

• Fuglede: lattice tiling ⇐⇒ lattice f�sma
• PSF: δ̂Λ = δΛ∗ �ra

|χ̂Ω|2 + Λ = Rd ⇒ Ω−Ω∩Λ
∗ = {0}

• 'Ara Ω + Λ∗ eÐnai packing. All� |Ω| · dens Λ∗ = 1 �ra eÐnai tiling.
• OmoÐwc gia to antÐstrofo.
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EikasÐa Fuglede: jetik� apotelèsmata gia kurt�

• Venkov, 1954, McMullen, 1980: Kurt� tiles epidèqontai kai lattice
tilings =⇒ eÐnai fasmatik�.

• K., 2000: Mh-summetrik� kurt� s¸mata den eÐnai fasmatik�. EpÐshc
den eÐnai tiles (Minkowski).

• Iosevich, Katz kai Tao, 2001: Kurtì me k�poio shmeÐo jetik c
kampulìthtac den eÐnai fasmatikì (oÔte bèbaia kai tile).

• Iosevich, Katz kai Tao, 2003: EikasÐa swst  gia kurt� sto epÐpedo.
Mìno parallhlìgramma kai summetrik� ex�gwna eÐnai kurt� tiles.

• Iosevich kai Rudnev, 2002: An Ω omalì, summetrikì kurtì sto Rd

tìte k�je orjog¸nia oikogèneia apì ekjetik� eÐnai peperasmènh
(d 6= 1 mod 4)   uposÔnolo 1-di�stathc arijmhtik c proìdou
(d = 1 mod 4).
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Anoiqtì prìblhma 7: Pìsa orjog¸nia ekjetik� gia th
mp�la?

• Iosevich kai Rudnev, 2002 kai Fuglede, 2002 èdeixan gia th mp�la

B ⊆ Rd ìti den up�rqei �peiro sÔnolo Λ ⊆ Rd ¸ste h oikogèneia

e2πiλ·x , λ ∈ Λ,

na eÐnai orjog¸nio sto L2(B).
• MporeÐ ìmwc èna tètoio sÔnolo na eÐnai osod pote meg�lo?
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EikasÐa Fuglede: jetik� apotelèsmata gia genik� qwrÐa

K. kai Papadhmhtr�khc, 2003: An
èna polÔtopo eÐnai fasmatikì tìte
gia k�je k�jeth kateÔjunsh prèpei
na up�rqei tìso embadì pou �blèpei
arister�� ìso �blèpei dexi��.
Autì isqÔei kai gia tiles.

AsummetrÐa sto embadì

A

BDe mporeÐ na eÐnai fasmatikì

• K. kai  Laba, 2001: An Ω ⊆ (0, 3/2− ε) kai |Ω| = 1 tìte h eikasÐa
isqÔei gia to Ω.
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EikasÐa Fuglede: AntiparadeÐgmata gia �Fasmatikì =⇒
tile�

• Tao, 2003: �Fasmatikì =⇒ tile� den isqÔei se di�stash d ≥ 5.

• Matolcsi, 2004: d = 4 epÐshc.

• K. kai Matolcsi, 2004: d = 3 epÐshc.

• Pr¸ta se peperasmènec om�dec:
Antipar�deigma sto Zn1 × · · · ×Znd

metafèretai sto Zd kai sto Rd .

• Se om�da Zn
2 orjog¸nia ekjetik� dÐnontai apì èna pÐnaka Hadamard.

• PÐnakac Hadamard 12× 12 dÐnei fasmatikì sÔnolo megèjouc 12 sthn
om�da Z12

2 .
Autì den eÐnai tile afoÔ to 12 de diaireÐ thn t�xh thc om�dac = 212
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EikasÐa Fuglede: AntiparadeÐgmata gia �tile =⇒
fasmatikì�

• Epiplèon duskolÐa: den up�rqoun eÔkola krit ria gia na mhn eÐnai
èna qwrÐo fasmatikì.
• Gia tiles se peperasmènec om�dec èqoume to krit rio thc
diairetìthtac.

• K. kai Matolcsi, 2004:�tile =⇒ fasmatikì� eÐnai l�joc gia d = 5

• Farkas kai Révész, 2004: d = 4

• Farkas, Matolcsi kai Mora, 2005: d = 3

• EikasÐa anoiqt  kai stic dÔo kateujÔnseic gia d = 1, 2.

• 'Iswc na isqÔei h eikasÐa gia kurt� s¸mata (isqÔei  dh sth mÐa
kateÔjunsh).
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