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1 Prologue

J.Marstrand proved, in 1954 that:

If £ C R? is a Borel set with Hausdorff dimension s < 1, then the Hausdorff
dimension of the projection of E on almost every line L through the origin
has again Hausdorff dimension s, otherwise if s > 1 then E projects into a
set of positive length in almost all directions.

Marstrand’s original proof was based on the definition and basic proper-
ties of Hausdorff measures and depends heavily on delicate and, in places,
complicated geometric and measure theoretic arguments.

In this thesis,we give R.Kauffman’s proof(1968) of the theorem in R%.

In his proof, he makes natural use of the potential theoretic characterization
of Hausdorff dimension and Fourier transform methods.

Here we shall prove the theorem only for the projections of compact
subsets of RZ.

For the general case of projections of Borel sets, we need a generalization
of Frostman’s Lemma ,the proof of which,requires theory of Polish spaces,
Souslin sets and capacities and its beyond the scope of this thesis. After
the proof of Frostman’s Lemma for Borel sets ,the general case of the main
theorem is proved with very similar(almost the same)arguments used for the
case of compact sets.

A proof of the general case of the Lemma can be found in [5],[7],[8].

Marstrand’s Theorem is also valid for projections of Borel sets on hyper-
planes in R? but we’ll not prove that here. A proof of this, though, can be
found in [6].



2 Some notions from measure theory and weak
convergence of measures

We denote B(x,r) the open ball with center x and radius r > 0, and
d(A,B) = inf{d(z,y) : © € A,y € B} the distance between A and B where
A, B are non-empty sets in a metric space (X, d).

Definition 2.1 (Metric outer measure). Let u* be an outer measure on met-
ric space (X, d). We say that pu* is a metric outer measure if

W(AU B) = i*(A) + i (B)
for every non-empty A, B C X with d(A, B) > 0

If p* is an outer measure on X,we denote A, the sigma algebra of p*—
measurable subsets of X

Proposition 2.1 Let (X, d) be a metric space and p* an outer measure
on X. Then, the measure p which is induced by p* on (X, A,-) is a Borel
measure(i.e. all Borel sets in X are p*—measurable) if and only if p* is a
metric outer measure.

Proof Suppose that all Borel sets in X are p*—measurable and take arbi-
trary non-empty A, B C X with d(A, B) > 0. We consider r = d(A, B) and
the open set U = |J,.4 B(z,7). It is clear that A C U and BNU = 0. Since
U is p*—measurable we have

p(AUB) = w*((AUB)NU) + p*((AUB)NU®) = 1*(A) + 1 (B)
Therefore, ©* is a metric outer measure on X.

Now let p* be a metric outer measure and consider an open U C X. If A
is a non-empty subset of U, we define

A, ={x € A:d(z,y) > —,Vy ¢ U}

S|

It is obvious that A, C A, for all n. If x € A C U, there is r > 0 so that
B(z,7) C U and if we take n € N so that £ < r then « € A,. Therefore
A=, A,. We define, now, By = Ay and B, = A, \ A, for all n > 2
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and have that the sets By, B, ... are pairwise disjoint and that A = (J -, B,.
If € A, and z € B,,9, then z ¢ A,,; and there is some y ¢ U so that

d(y,2) < 7. Then d(z,z) > d(z,y) —d(y,2) > ; — 77 = m Therefore,

d(A,, Bpyo) > m for every n. Since A, 12 D A, U B, 2, we find

1 (Ansa) > (A U Byya) = " (An) + 1" (Bps2)

By induction we get

p(By) + 1 (Bs) + ... + 1" (Bang1) < p*(Azny1)
and
1 (Ba) + 1" (By) + ... + 17 (Ban) < p(Az)

for all n. If at least one of the series p*(By)+p*(Bs)+... and p*(Bg)+p*(Bg)+
... diverges to +oo, then either p*(Ag,1) — +00 or p*(As,) — +o00. Since
the sequence (u*(A,)) is increasing, we get that in both cases it diverges to
+o00. Since, also p*(A,) < p*(A) for all n, we get that u*(A,) — p*(A) If
both series p*(By) + p*(Bs) + ... and p*(Bs) + p*(By) + ... converge, for every
€ > 0 there is n so that > 7 ., u*(By) < €. Now,

[e.9]

WA S i (A)+ S 1 (By) < it (A) + €

k=n+1

This implies that p*(A,) — p*(A). Therefore, in any case,u*(A,) — p*(A)

We consider an arbitrary A C X and we take C = ANU . Since
AU U C U¢we have that d(C,,, ANU) > 0 for all n and hence,

B (A) 2 (G U (ANT) = @ (Co) + (AN UF)
for all n. Taking the limit as n — +o0 we find
p(A) >m"(ANU) +p (ANU°)

We conclude that every U open in X is u*— measurable and hence, every
Borel set in X is p*—measurable. W

Definition 2.2 (Support of a measure). Let u be a Borel measure on a
separable metric space (X, d). The support of u is the set

supp(p) :=={z € X : p(B(z,r)) > 0,Vr > 0}
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The support of p is evidently closed: if {z, },eny C supp(p) is a sequence
converging to some point x € X, and r > 0, then B(xz,r) contains B(x,,7/2)
for some m € N large enough, and hence p(B(z,7)) > 0. This means that
x € supp(u). Another common definition of supp(u) is the following: supp(p)
is the smallest closest set F' such that p(X \ F') = 0. These definitions agree
on all separable metric spaces.

Definition 2.3 (Push-forward). Let p be a measure on a space X, and let
f X =Y be a map, where Y is another arbitrary space. We define the
push-forward of p under f as the measure f(u) defined by

F(p)(A) = p(f7(A), ACY

Lemma 2.1. Assume that (X,d), (Y, s) are separable metric spaces, f : X —
Y is continuous, and i s a measure on X with compact support. Then

supp(f (1)) = f(supp(p))

and in particular supp(f(u)) is compact. Moreover, if g : Y — [0,400] is a
non-negative Borel function, and p is a Borel measure, then

[ st = [ (go P

Definition 2.4 (Weak convergence of measures). Let {u;}jen and p be
locally finite (gives finite measure to all compact sets) Borel measures on a
metric space (X, d). We say that the measures p; converge weakly to p if

/ gdp; — / gdp

for all g € C.(X), i.e. the space of all continuous functions g : X — C with
compact support. In this case, we write fi; — L.

We also denote Cy(IR?) the space of continuous functions which vanish at
infinity.
Theorem 2.2. Let {y;}jen be a sequence of Borel measures on R satisfying

sup p;(K) < 400
jeN



for all compact subsets K C R<.
Then, there exists a locally finite Borel measure i, and a subsequence {;, }ien,
such that

fj; = [b aS 1 —> +00

Proof Let ||.||o be the sup-norm in the space C.(R?). We will use the
fact that (C.(R?),||.||s) is separable, that is, there exists a countable dense
subset {gx }ren € C.(R?)

The sequence can also be chosen so that any function g € C.(R?) supported
in B(0, M) can be approximated by functions g supported in B(0, 2M), for
M e N.

Then, for each k € N, choose a subsequence {j¥};cy such that

ai := lim gkdui
d

1—00 R

Such subsequences exist, because the set of real numbers

{/ gkduj:jGN}
Rd

is bounded by hypothesis and recalling that g, has compact support.

. Moreover, we may always take {j5™};cy to be a subsequence of {j*};en
for any k£ € N, just by picking the sequences one at a time. Then, the se-
quence {j™}nen is an eventual subsequence of every sequence {55} ey : more
precisely j™ € {j¥};en for all m > k, because then j™ € {j™}ien € {jF }ien.

It follows that

m—00

(1) ap = lim gkdﬂjm, keN
Rd

Now, it follows from the density of the sequence {gi}ren that actually
the limit

(2) lim [ gdpm =:T(g)
R4

m— 00

exists for every g € C.(R?).
To see this, pick g € C.(R?) with support in B(0, M), and let gi,, gr,, ... be
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a subsequence of { gy }ren With supp(gx,) C B(0,2M) and ||g — gk, ||cc — 0 as

Il — +o0. Then for any [, L € N,
Ok, _/ gd,u]‘;g >
Rd

A, — / gd,ujm

Rd

= limsup ( / Gry Aptgm — / gdpjm| + ’ / Gry Aptjm — / gdpijm
m—o0 Rd Rd Rd Rd

< sup 1 (B0, 2M))(|lgk, = 9llse + 19k, = 9llso)

m=0

+

lag, — ag, | < limsup (

m—00

)

which shows that {ay, }ien is a Cauchy sequence with a limit b € R. Finally,
fix € > 0 and pick k; € N so large that |b — ay,| < €. Then, using the triangle

inequality,(1) and hypothesis we obtain
/ GrAptj — / gdpjm
R4 R4

b— / gdpijm
Rd

< limsup pjm (B(0,2M))||gr, — glloo + €

m—00

+e€

< lim sup
m—00

lim sup
m—0o0

Letting | — 400 and € — 0 proves that the left hand side of (2) exists, and
T(g) = 0.

The operator g — T'(g) is clearly positive and linear: T'(g) > 0 if g > 0,
and T'(cg1 + dg2) = ¢T'(g1) + dT(g2). The Riesz representation theorem (see
[1]) now states that the functional is given by a positive Borel measure f :

T(g) = /Rd gdu, g € Co(RY)

The weak convergence fi;;m — 1 follows immediately from (2). B

Lemma 2.3. Assume that {j;};en is a sequence of locally finite Borel mea-
sures in a locally compact metric space (X,d) converging weakly to a locally
finite Borel measure p. If K C X is compact, and U C X is open and
o—compact, then the following inequalities hold:

p(K) > limsup p;(K)

J—00

u(U) < liminf ji;(U)

Jj—00

9



Proof We start with the first inequality. Let ¢ > 0. Since K is compact
and X is locally compact, there exists an open set V O K with compact
closure, and hence p(V) < cc.

Then, it follows that

p({z: dist(z, K) < %}) — pu(K) as j — o0

(the (%)— neighbourhoods are contained in V for j € N large enough), and
consequently (using the continuity of the function dist(z, K)) we may find
an open set U D K with pu(K) > pu(U) —e.

Then, pick the function :

dist(xz,U®)

J(x) = dist(z, K) + dist(xz,U¢)

which satisfies 1 < f < 1y and f € C.(X).

By definition of weak convergence, we then have
W K) > plU) —e> /fd,u —e= lim /fd,uj — e > limsup p;(K) —e
j—00 j—o0

Letting ¢ — 0,we obtain the first inequality.

Now let U be a o0—compact open set and € > 0.
Then we have that U = UZOZI K, where K, are compact sets Vn € N.
Setting A, = J_; Km,we have that p(U) = lim,, o pt(A,) thus Ing € N
such that p(U) < pu(A,,) + €
The set F' = A,,, is a compact subset of U, so as before we pick a function
f € C.(X) satisfying:
Ip < f<1y

We have:

,u(U)§,u(F)+e§/fdu+e:jli_>1£10/fduj+e

= liminf/fd,uj + € <liminf p4;(U) + ¢
j—o0 j—o0

Letting ¢ — 0 we obtain the second inequality. B
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3 Concepts and theorems from harmonic anal-
ysis

The Euclidean norm and the Euclidean inner product are given by

2| = /o + ...+ 2

Ty =Ty + ... +TqYq
when z = (21, ..., a),y = (Y1, ..., ya) € R?
If r = (2q,...,74) € RTand a = (a4, ...,aq), 8 = (b1, ..., B4) € Ng we write:

a __ a1 aq
X —ZEI "'l’d

la| = a1 + ... + aq
a+pB= (a1 + Bi,..;aq + Ba)
al = alas! -+ - ag!
Hlal
a0l

and we write a < S if a; < §8;,Vj =1, ...,d.

Da

The Lebesgue measure of a Lebesgue measurable £ C R? is denoted
mg(E) and the space of all finite complex Borel measures on R? is denoted
M (R?) with the norm ||u|| = |u|(RY), where |u| is the absolute variation
of i and we have that L'(R?) is contained in M (R?) via the identification

[ = pdp = fdx
We also denote L}

loc

(R%) the space of locally integrable functions.

We define the convolution of f, g in R? as follows:

(e = [ gt — iy

and if u € M(R?)
(f *p)(x) = /Rd [ —y)du(y)

whenever the above integrals make sense.

11



We recall the following properties of convolution:
1L.If f e LYRY),g € LP(R?),1 < p < oo,then f * g € LP(R?) and

1+ glly < 117 1h1gllp

2. If f € LP(R?) and g € LY(R?) with }D + é =1 then f * g is continuous
and
1 # glloo < 11f1lpllgllq

3.If ¢ € C°(R?) and f € Li,.(RY) then ¢ * f € C°°(R?) and

loc
Do x f) = (D) x f

We now denote S the space of Schwartz functions S(R?) which contains
all functions ¢ € C*(RY) which satisfy:

sup |2°D%(z)| < 400,Va, 3 € NI
z€R4

If p € S and k € Ny ,we define the quantity
k
pir(¢) = sup (1 +[z*)2|D¢(x)|
z€RY,|a|<k
We note that ¢ € S <= p(¢) < +00,Vk € Ny
Indeed if ¢ € S and k € Ny then we denote ¢, 3 = sup,cga |27 D(x)],for

a, 3 € N& which are finite quantities.
We have that

A+]2)s =1 +a?+ .. +a2)s
< (U faa] + o+ |za)* = Y psla”|
1BI<k
where pg are nonnegative constants.
So
k a a
(L+[2)2[D(2) < Y psla”D?(x)] < D ppcas
181<k 18I<k

Thus

pe(d) < Z pp Max Cqp < 400
BI<k lal,|B|<k

12



Conversely if a, 3 € N¢ then
|27 D(2)| < |2|*|D*(x)|

k
< (L+[2)2 (D% ()] < pi(9)
for k = max{|al,|B|}. Note that |z°| < |z|I! < ||

Thus sup,cga |2 DG(z)| < pr(d) < +o0

It can be easily proved that S is a subspace of LP(R%),Vp € [1,00] and
if ¢,1 € S then it can be easily proved that ¢ + ¥, ¢y, ¢ x 1, ¢y € S,where

() = t%(b(f),t >0

Definition 3.1 (Radial function). A functions f defined on R? is radial if
f(z) = g(|x]), where g : [0, +00) — R.

Equivalently a function f is radial if and only if foT = f,¥VT € SO(d),i.e.
the space of all orthogonal matrices.

Now, let f € L*(R?) then its Fourier transform is f : R* —s C defined
by:

fle) = [ et
Ra
and we have the Fourier inversion formula which says that, if f € L (R%),then
fa) = [ emecfieras
Rd

for almost every x € R? R
Given f € L'(R?),we define fV(x) = f(—=x) for all z € R The operation

f=f

is called the inverse Fourier Transform.
Also if g € M(R?) then we define its Fourier transform:

€)= [ e tduta)

13



Let f,g € LY(RY). We recall some properties of Fourier transform:
f is uniformly continuous

||f||oo§||f||1

@oo_ﬂ@.cnrpoowg—x

—_ =
— O
A~
&HG
* 2
Qt?
\_//'\
mm“
\_/\/
—~
A
/'\
\_/I\D
:1
/\N
\_/\_/
2
-
A
\_/
S~—
/-\
\_/

—_ =
Sl
=T
= =
<
m
VU)
=X
kﬁ
m
U)

/ ady = / vdu
R R4

» flx)g(x)de = f( )g(z)dz (Duality Relation)

14. limye o0 f(€) = 0
15. The Fourier transform maps S onto S
16. The Fourier transform of a radial function is radial.

17. f=f

We state without proof the following theorem:

Theorem 3.1 (Plancherel). (i) If f,g €S then [y, fg= Joa [T
(ii) There is a unique bounded operator F : L*(RY) — L*(R?) such that F(f) =
f when f €S and F has the properties:
1.F is a unitary operator

2.F(f) = f if f € L*(RY) N LA(RY)
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Statement 2 allows us to use the notation f for F(f) if f € L?*(RY)
without any possible ambiguity.

Corollary 3.1 The follwing form of the duality relation is valid:
/ = | ddv,p €S
R4 R
if v=p+ fdv,p € M(R?), f € L*(R?)
Proof If f =0 then we are done,considering the measure \ = ¥dx
If 4 = 0,then it suffices to show that

F(H= | fo
Rd

Rd
For f € LY(R?) N L?*(RY) we have from duality relation that
| fo=[ friwes
R R

If fe L*RY) then 3 f, € L*(RY) N L2(RY) such that || fz — f]]2 — 0.
We have

Ja— f(f)w‘ < [ 17Dl
]Rd Rd Rd
<\ F (= DIBIGIE = I1fi — FIBIIE — 0

Also from Cauchy-Schwartz inequality again, we have

| b= [ 1

Thus [pu F(f)Y) = [pu f10. B

Theorem 3.2. If u € M(RY), f € L*(R?) and
f+ip=0
then = — fdxz.In other words if p € M(R?) and ji € L*(R?) then p is

absolutely continuous with respect to the Lebesque measure with an L? density.

15



Proof By the Riesz representation theorem for measures on compact sets,
the measure i + fdx will be zero provided

(1) [ édu+ ¢fde =0,56 € C.(R
Rd

If ¢ € C*(R%) then (1) follows from Corollary 3.1 for ¢ = ¢V
In general,if ¢ € C.(R?) we choose a sequence ¢, € C>°(R?) such that:
1.9, — ¢ uniformly

2.||or — Pl]a = 0
and by passing to the limit we have (1).

Now let 1 € L*(R?).
By Plancherel’s theorem we can choose g € L?(R?) such that § = i

Then du — gdx has Fourier transform zero, so by the first part of the proof
dp = gdx.l

Theorem 3.3. Ket o be a finite Borel measure with compact support . If
f € LY(RY), then u is a continuous function.

Proof Assume that supp(u) C B(0, R) for some R > 0.
Let ¢ € C=(R?) with the properties:

=1
R4
Y >0
supp(y) € B(0,1)
Denote 1, = (%) and py(x) = (¢ * ) (z).We will prove that y, € S
Let 1 > t > 0.As an easy application of dominated convergence theorem

,since 1 € S and p is finite,the identity D(¢y x u) = (D % ) holds for all
a € N

Note that supp(D*);) C B(0,t).
Let k € Ny and z € R? and a € N such that |a] < k.Then

(L+[af) 2D ) < / (A [a) B Do )ldlul(y)
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_ 1 (1+ |25 (14| 5742) 2 D g (2| _
== s Al (y) = 1(2)
If y ¢ B(x,t) then =2 m' > 1 thus Dagb( —y =0, so

1 / (L+ |25 (1 + |27 )5|D“¢(¥)|d‘u‘<y>
(@)

I(z) =
( ) td+|a| B (1+|%|2)§
1 k
<n@) g [ ()

if || > R+t then B(0, R) N B(x,t) = () thus

(14 (R4 02| lul] < +oo

I(2) < Sy

which implies that py(u;) < +00

Now

(&) = (&) = ¥(0)= [ Yp=Tast—0

Rd

Ht(x) = /Rd ﬂt(f)e%if'xdf _ 9 lﬁ(tﬁ)ﬂ(ﬁ)e%‘“df

50 [ lg)emends = g(o)

Also py(z)dz — dp(z) as t — 0. Indeed let € > 0 and f € C.(RY). Then
f is uniformly continuous so 3§ > 0 such that

[f(@+y) = fY)| < 77 Vo € B(0,6)

For t < & we have:

(z)dz — )du(
Rdf()u % /f p(w

2) (W * 1) (@ d:c—/f )y ‘

- /Rd Rdf(x)wt(x — y)du(y)dr — /Rd Rdf(y)%(x)dxdu(y)’

17



< [ [, 110~ Sl

€ €
< (@) dad|p|(y) < [[plll[¢]i— = e
/Rd /B(o,t> [l il

Finally p(z)dr — g(x)dz. Indeed let f € C.(RY) and t, — 0.

|, ()| =

[ dteoneersa < il

so |f(@)pe, (@), |g(2) f ()] < |[alh]f ()] € L' (RY)
By dominated convergence theorem we have that

» f (@), (2)dw — » f(x)g(x)d

. By uniqueness of weak limit gy = g. B

Definition 3.2. (i)A function f € L (RY) is a tempered fuction if

loc

@l
/Rd (ENTiEk

for some constant N € N.
(1) If f, g are tempered functions,we say that g is the distributional Fourier transform

of f if
[ o0= [ révoes

Definition 3.3. For a functions in f € L'(R?) + L*(R?%) we have that
f=fi+ fo where fi € LY(RY). i = 1, 2 and we define its
(L' + L?)— Fourier Transform by f = fi + fo

T2

(L' 4+ L*)—Fourier transforms if 2 < Re(a) < d, and in the sence
of distributional Fourier transforms if 0 < Re(a) < d.

Lemma 3.4. Let h, = ) |x|~*. Then he = ha_a in the sence of

18



Here I' is the gamma function,i.e.,

['(s) :/ e 5 dt
0

Proof Let h(z) = |z|~® where a € (£,d), then h is radial and
h € LY(RY) + L?(RY) because h(z) = hy + ho where

hi(z) = h(z)1{<1y(z) € L'(RY)

ha(2) = h(2) 121y (z) € L*(RY)

~ Now recall that if f € L2(R%) and ¢, € S such that ¢, = f, then
¢ = F(f)

Using this fact and simple changes of variables we can easily deduce that
the L?—Fourier transform F of a radial function f € L*(RY) is radial. Thus
the (L' 4+ L?)—Fourier transform of h is radial.

Also using the previous fact, again we have h(M¢) = M- p(¢).
If £ € R? then
§

he) = ﬁ<|5||§|> ~ €

So h(€) = c|¢|~4=9) where ¢ = h(x),Vz € S

Using the Duality relation(which is true for L? functions by approxima-
tion)we have

2|t dg = c/ || =D g (1)
R R

Here we used the identity: e=m#(¢) = e=™&" where e=™#* € §
Polar Coordinates formula and appropriate changes of variables to on
both sides of the equation (1) give us:



Hence f;a = hy_q.

Now for the general case, let ¢ € S;d > 2 and

A(z) = /R X
BE) = [ hao

We will show that A(z), B(z) are holomorphic in the strip
I ={2:0< Re(z) <d— 1} and agree everywhere on I.
Note that g <d-1
Recall that I'(z) is holomorphic in the region 2 = {z : Re(z) > 0} and
has no zeroes, so the reciprocal gamma function £(z)
is holomorphic in €2. So it suffices to show the holomorphy of the function

G : I — C where
G(z) = / 2| (x)dx
Rd

Let z € I and define F(x, z) = |z| *¢(x) and let h,, € C such that h,, — 0
and |h,| < min{1, ©=E&=1} vn € N.

Then
F h,) — F(z, —1
(,z + hy) (z,z) . n|:c]¢(x)’ e
hy, e
and also
F(z,z4 h,) — F(z,2) 1 1 le~hnlnlzl _ 1|
— 1 I N
i ol e~ )10 = T e 1940)
|€7hn1n|x\ _ 1| |€7hnln|x\ _ 1|

= e 2@ ey T (9@ a1
|| || ) {lzl<1} || || B {l=[>1}

(1) If |z] <1 then,

et lnlel _ 1 [ [l b In el 5

o[ 2] e Ljaj<ayl(z)] < 2] Lijej<y|o(x)| = e Ljej<ny ] 6(2)]

20



1
’Re(z)+1+

d
S T sy @) < e i< 0(2)| € L' (R)

|z
since ¢ is bounded everywhere.

(2) If |z| > 1 then

|67h" Inl|z| _ 1

|
W|¢(x)|1{|w\>l} < ’x|2|¢($)|1{|$‘>1} c Ll(Rd)
since ¢ € S.

Using (1),(2) and the dominated convergence theorem we have that
A(z), B(z) are differentiable at z.
So A, B are differentiable at every z € I thus holomorphic in [
By Corollary 3.1 ,

d d
A<Z) = B(Z),VZ S (§Jd> ) <§7d - 1)
Thus by identity theorem A(z) = B(z),Vz € [
If Re(z) > ¢ then h, € L*(R?) + L*(R?), so its L' + L? and distributional
Fourier transforms coincide. WM.
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4 Hausdorff dimension and Frostman’s Lemma
for compact sets

In this chapter we introduce notion of the Hausdorff measure and dimension
in RY and we prove the Frostman’s Lemma which is one of the most im-
portant tools for the proof of the main theorem, because it leads us to the
potential-theoretic characterization of the Hausdorff dimension in the next
chapter.

Let a > 0, and E C R% For § € (0,+00), one defines

H’(E) = inf (ng)
J
where the infimum is taken over all countable coverings of E by balls B(x;, ;)
with r; < 0.
It is clear that H’(E) increases as 6 decreases, and we define
H,(E) = lim H)(E)
d—0
It is also clear that H)(E) < H}(E) if a > 8 and 6 < 1, thus H,(E) is a
nonincreasing function of a.

We also denote H°() the set function H2(-) when § = +oc.

Remark H, is a metric outer measure on R? and hence,by Proposition
2.1, all Borel sets in R? are H,—measurable.

Indeed it is not difficult to see that H, is an outer measure.Now let
A, B C R? with d(A4, B) > 0 If H,(AU B) = 4o then the equality H,(AU
B) = H,(A) + H,(B) is clearly true. We suppose that H,(AU B) < 400
and hence, H (AU B) < +cc for every § > 0. We take arbitrary § < @
and an arbitrary covering AU B C (J;Z, B(w;,r;) with r; < ¢ for every j.
It is obvious that each B(z;,r;) intersects at most one of the A and B. We
set C; = B(xj,r;) when B(xz;,r;)intersects A and C; = 0 otherwise and,
similarly, D; = B(z;,7;) when B(z;,r;) intersects B and D; = () otherwise.
Then, A C U2, C; and B C U2, D;.We denote r(C;),r(D;) the radii

of the balls Cj, D; respectively. So HJ(A) < >, (r(C)))* and H)(B) <
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> o2y (r(D;))* . Adding,we find H(A) + H)(B) < > 22, r} and, taking the
infimum of the right side, H’(A) + H(B) < H(A U B) Taking the limit
as 0 — 07 we find H,(A) + H,(B) < H,(A U B) and since the opposite

inequality is obvious, we conclude that H,(A) + H,(B) = H,(AU B)

Theorem 4.1. There is a unique number ag, called the Hausdorff dimension
of E or dim(E), such that H,(E) = o0 if a < ag and H,(E) =0 if a > ao

Proof Let E C R? Borel. We claim that if 0 < a; < ay < oo and if
H, (FE) < oo then H,,(E) =0
Indeed,since H,, (E) < oo we have that H] (E) < oo,Vd > 0. We fix such a
¢ and consider a covering £ C |J;Z, B(x;,7;) with 7; < 4, for all j so that
;i < Hy (E)+1< Hy (E) +1
Therefore

Hy,(B) <) rfr <670y rft < (H),(B) + 1)5% 7
J J

and taking the limit as § — 07 | we find H,,(E) =0
Now we consider various cases

1.H,(E) = 0 for every a > 0. In this case we set ay = 0.
2.H,(F) = +oo for every a > 0 . We, now, set ag = +00
3. There are a; and ay in (0, 400) so that H, (F) > 0 and H,,(E) < +o0.
The above claim implies that a; < ay and that H,(F) = +oo for every
a € (0,a1) and H,(E) = 0 for every a € (ay, +00).
We consider the set {a € (0,+00) : H,(E) = +oo} and its supremum
ap € [ay, as]. Again,our claim implies that H,(E) = +oo for every a € (0, ag)
and H,(E) = 0 for every a € (ag, +00). B

From the previous theorem we can easily prove that
dim(E) =sup{a > 0: H,(E) = 400} =inf{a > 0: H,(E) = 0}

We now state without proof some simple properties of the Hausdorft
dimension in R%:

1. ECF = dim(F) < dim(F)
2. For an open subset U C R?, dim(U) = d
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3. dim(F) = 0 if F' is finite or countable.
4. dim(J>_, F,,) = sup,,{dim(F,,)}

5.1f f: E — R™ is Lipschitz, then dim(f(£)) < dim(FE)
6. If f:R?— RYis a similarity with ratio C (i.e. for some C > 0,
|f(z)—f(y)| = Clz—y| Vz,y) or an affine transformation, then dim(f(E)) =
dim(F)

Lemma 4.2. Let E CR? Borel. Then H®(E) =0 <= H,(F) =0
Proof (<) V§ > 0 we have H>(E) < H)(E) = H>(E) = 0.

(=>)Let HX(E) =0 and 6 > 0.
Then there exists a covering {B(x;,7;) : j € N} of E such that ), rf < ¢

re<y 1< VjeEN=r;<4VjEN
J

thus

NE) <Y <o
J
Letting 6 — 0, we have H,(E) =0. R

For n € Z, We denote

Jk: ]k+1 .
{H ]17.]27' 7]d€Z}

the dyadic cubes in R? with side length 5. and D = J

nEZ

(A) If Q, Q' € D intersect,then either Q@ C Q' or Q' C Q
(B) If D™** C B is the family of maximal sets (with respect to set inclusion)
in B, where B is a familly of dyadic cubes——D™" consists of disjoint sets.

Definition 4.1 (Frostman measure). A Borel measure p on R® is called an
s—Frostman measure, if there is a constant C > 0, such that u(B(z,r)) <
Crs, Yz € R4 Vr > 0.
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Lemma 4.3 (Frostman’s Lemma). Assume that E C R is a compact. Then
H (E) > 0 if and only if there exists a non-zero s— Frostman measure p with

supp(p) C E.

Proof (<) Let § > 0 and {B(z;,r;) : j € N} a covering of E by balls
with r; < 0,Vj € N.
Then 0 < u(E) < 3, u(Blay, 1) < C ¥, 75,

This is true for every such covering of E thus H?(E) > Lu(E).
Since § > 0 was arbitrary, H?(E) > Su(E) > 0,V6 > 0.
As § — 0, we have that Hy(E) > 0.

(=) By lemma 4.1 since Hy(E) > 0, then H*(E) > 0.
We'll find an s—Frostman measure p with supp(p) C E and u(R?) = p(E) >
NgH*(E) > 0,where N, is a positive constant that depends only on the
dimension d.

Assume that the lemma has already been proven for all
compact E C [0,1)%. Then let £ C R? a compact set with H>(FE) > 0 and
a cube ) D E with side length M > 0.
So Q = [1¢_,lax, ar + M), ay,...,aq € R. Define T: Q — [0,1)% as

1
T(x1, 22, ..., xq) = — (1 — a1, To — A9, ..., Tg — Qg)
M

Then T has the properties:

L=y
1(@) 70| = T ve g e @
T(Q) =10, 1)*
So it is easy to check that H>®(T(E)) = H;(SE) , and we may find

(by assumption) an s—Frostman measure po with supp(pg) € T(E) and
po(T(E)) > NyH>(T(E)) = N,2E) - Finally consider the measure g :=

MS

M po(T(+)) where supp(p) C E. Then
p(E) = M?po(T(E)) = NoHJ(E)

W(B(z, 7)) = M*uo(T(B(z, 7)) < CyM? ]\Z = Cyr®
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So, p is the desired measure.

Now, we prove the lemma under the assumption £ C [0, 1)%.
Let 0 = 2% for some n € N, and let Ds be the collection of dyadic cubes of
side-length [(Q) = §, which are contained in [0, 1)%.
Also, let Ds(E) :={Q € Ds : QN E # 0}, and write

E;= |J Q<o)

QED;(E)
We will first construct a measure us with supp(us) C Ejs, and satisfying
ps(B(x, 7)) < Cqr®, Yo € RY Yr € [§, +00)

for some C; > 0.
For ) € Ds, we start by defining the set functions pd such that

o JUQ) If Q€ Ds(E)
“5(@‘_{0 fQNE=10

and also for Q € Ds(E) define pd [g to be a suitably weighted copy of
Lebesgue measure on () so that its mass on () is Q). Clearly uf is a
measure supported on Fj and satisfies:

pd(B(x, 7)) < 5%° Vo € R Vr € [§,20)

Indeed, if z € R? and r € [6,26) then we can cover B(z,r) with 5¢ dyadic
cubes with side-length § and by definition of u$ we have that pl(Q) <
1(Q)*,YQ € D;s. So

5d

P(Ba,r) < pg(Qy) < 5%° < 5%

Jj=1

Now in order to have control for ud(B(z,r)) when r > 2§ we need to modify
1Y on scales larger than §. We’ll do this by induction.

Assume that p¥ has already been defined for some k > 0 and

1. pk is a measure.

2. uf(B(x,r)) < 5% Vo € RY Vr € [0, 2819)

3. 1h(Q) < I(Q)°,¥Q € Dy
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Let @ € Dokt

(A) If u5(Q) < 1(Q)* = (2%715)® then set

st Toi= 1§ o

(B) If %(Q) > 1(Q)* then set

k+1 . Z(Q)S k
o o= gyt

lQ

so that now ™ (Q) = 1(Q)*.
Clearly p4*" is a measure and ™ (Q) < 1(Q)*,VQ € Dyrs15 and

pETHQ) < 5% Vo € RY, Wr € [5,2F120)
This completes the definition of plgH.Note that

pstH(A) < p§(A), YA € R VE >0

: HQ)* :

since ey < 1 in case (B).
For k = n we have that 2" = 1. Set ps := pj.

Then 15([0,1)¢) < 1 by construction,and since us(R?\ [0,1)4) = 0, we also

have us(Q) < I(Q)* for all dyadic @ with [(Q) > 1.

Fix a cube @ € Dars for some k > 0.If £ > n then us(Q) < I(Q)*,since
0Q) = 1.
If k <n then us(Q) < pf(Q) < I(Q)* by construction.So we conclude that
w1s(Q) < 1(Q)° for all dyadic cubes with side-length larger than 4.
If x € R and » > § then Im > 0 such that 2™9 < r < 2™t1§ thus
ps(B(z, 7)) < 5%,

Now we’ll show that us(E) > NyH°(E) for some Ny > 0. We have that
Vo € Ej exists @, 2 x such that us(Q.) = 1(Q,)*
Indeed this is the biggest cube @) 3 x for which case (B) occurred, because
then ps(Q) = 1(Q)* and if case (B) never occurred for cubes containing z,
then the x lies in some Q € D; where ud(Q) = I[(Q)* thus us(Q) = 1(Q)*

since fi5, by construction, extends pd to cubes with side-length > ¢.
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Denote M the set of maximal elements of {Q, : © € Es}. Then M
consists of disjoint cubes which they also cover Ejs, so

s L 1am(Q)° L >
m(%)z%m(@):%l(@ 27 @S%d (@ 2 7 HE(E)

since every () € M is a subset of the ball B(s, diam(Q)) where s is the center
of @) and those balls cover E.

Now the sequence {“2% :n € Ny} satisfies the hypothesis of theorem 2.2
so there exists a subsequence {py, }nen and a locally finite Borel measure p
such that py, — p as n — 4o00.
Each measure fi,, is supported on Ej,, := Ey—r, and R\ E = [J72 (RY\ E},).
Thus by lemma 2.3

pRIN\E)= lim p(R*\ E,) < lim liminf [k, R\ E;,,) =0

n—+o0o n—+00 j—+o0

since i, (R \ Ey,) = 0,Vj > n. So we proved that supp(u) C E.

Also since E'is compact, 3M > 0 such that £ C B(0, M) =: B and so

1
p(R?) = pu(B) > limsup px, (B) > limsup p, (Ey,) > —=—H2(E) > 0
j—+4oo j—+o0 (\/;DS

By construction of the measures py;,7 € N and by lemma 2.3 it is clear
that u(B(z,7)) < 5% Vr > 0,Vr € R W
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5 Riesz energy and its connection to the Haus-
dorff dimension and Fourier transform

We now define the a—dimensional Riesz energy of a (positive) measure
p with compact support(the compact support assumption is not needed; it
is included to simplify the presentation) by the formula

- /Rd /Rd |z =y dp(x)dp(y)

We always assume that 0 < a < d and we also define the Riesz potential
Vile) = [ |z =yl "du(y)
Rd

(which is the convolution of |x|~® with x). Thus

La(p) = / Vidp
R4

Lemma 5.1. (i) If p is a probability a— Frostman measure with compact
support then lg(u) < oo, VB < a.

(17) Conversely,if p is a probability measure with compact support and with
I.(1) < oo then there exists a probability a— Frostman measure v such that
v(X) < 2u(X) for all sets X C R?

Proof (i)We have that supp(n) € B(0, M), M > 0. Let z € supp(u)
and 8 < a.Then from the monotone convergence theorem:

5 — 1 1
Val®) /]Rd =™ /{ <} |z =yl K

J+1

28 &
<122 /{ Ly W0

j=0 “F1<lz— y|<
2 oM o
<y o 2u(B(n %)) < Cuns Y20
j=0 Jj=0
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where Cy 4.6 is a positive constant depending only on M, a, 8. Thus

o) = || Vie)dn(e) < o

(i) Let @ > 0 and F' = {x : Vj(x) < 2I,(p1)}.Then

Vi(o)du(e) 2 [ Vala)dula) = 20 (1-(F)

c

L) = [ Vadute)+ [

- Let v(X) = M}jﬁ;f”, X C R

c

Let z € F. If r > 0 then

1 1

Vi = [ —ar [y
flo—yl<r} [ =yl fla—ylzr} [ =yl
> / ! dv(y) > r~*v(B(z,r))
N {|lz—y|<r} |‘T - y|a N ,
Also ] )
Vi(z) < 1r(y)du(y) < 2V9(x) < 4, (p
( ) M<F> o |.T}—y|a F() () u( ) ( )
Thus

v(B(z,r) < AL, (u)r®, Yo € F,V¥r >0

For z € R\ F we consider two cases:
If » > 0 such that B(z,r) N F = () then v(B(x,r)) =0

If r > 0 such that B(z,r) N F # 0, let y € F N B(x,r). Then
v(B(x,r)) < v(B(y, 2r)) < 2L (u)r

Combining all the above, we conclude that v is a probability a—Frostman
measure with the property: v(X) < 2u(X) for all sets X C R%. B
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If E C R? we denote P(E) the set of probability Borel measures sup-
ported on FE.

Theorem 5.2. If E C RY compact,then the Hausdorff dimension of E coin-
cides with the number

sup{a : u € P(E) with I,(u) < oo}
Proof Let A ={a:3p € P(F) with [,(1) < oo} and s = sup A.

If 8 € A then from Lemma 5.1 exists a f—Frostman measure u € P(FE),
so by Frostman’s Lemma Hz(E) > 0 = [ < dim(F£). Since this is true
V3 € A,we have s < dim(E)

Conversely if < dim(FE) then Je > 0 such that
f+e<dim(F) = Hgi(E) >0

By Frostman’s Lemma exists a (3 + €)—Frostman measure u € P(F) and by
Lemma 5.1 we have I(u) < oo since 8 < 5+ €.
Thus 8 < s and since this is true for all § < dim(E) then dim(E) < s. B

For f € L} .(R%), we denote the Hardy-Littlewood maximal function

M) = sop s [ I

r>0 My

Lemma 5.3. Let ¢ : R — R be any non-negative radial decreasing Schwartz
function and let 0 < a < d, and v € R%. Then

ol

/ o=yl lolw)ldy < oot

where the constant C’a,d depends only on a,d,

Proof Let f(x) = | @, then it is easy to see that f € L} (RY) since a < d.
Firstly we’ll prove that |( x ()] < |||t M(f)(x),Vz # 0.
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Since ¢ is radial we have that ¢(re) = g(r),Ve € ST, Vr > 0 where
g :[0,4+00) = R is decreasing. We define

Py = [ 1= relldate)

By polar coordinates

+oo
(¢ [)(z)] < /0 F(r)g(r)r®dr

There exists an increasing sequence {h,, : n € N} of step- functions defined
on [0 4+ co) where each h, has bounded support, h, — g pointwise and

hn = Za’jl[ofjb a; > 0 VJ € {1,2, ,n}

j=1
Again by polar coordinates

n s n

/Rd hy(|x])dz = Za(Sd_l)aj/ ] ritdr = Zajmd(B(O 7;))

j=1 0 j=1
Thus we have o
/ F(r)hy(r)r®tadr
0
= Z aj/ F(r)ritdr
j=1 70
— Z a; / / |f(z — re)|do(e)r® dr
=1 0 Sd—1

S, e
= )|d
Z /;(xrj) ‘ /

- 1
= > B ) e / o

J=1
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< Za]md z,7;) ) M(f)(2)
= Zajmd (0,7, )YM(f)(x)

_ / a(ly)dyM(f)(x)

quﬁ( 2)dzM(f)(x) = [[o[[LM(f)(2),Vn € N
By Fatou’s Lemma we have

|(f * ) (@)] < [[otM(f)(z) (1)
In order to finish the proof of the lemma, it remains to show that
1

R

M(f)(z) < Caa
Let z € R4\ {0} and R > 0.

(A)IfR< Ix\ , then for y € B(z, R) we have that
]

|y|2|x|—\y—x|27

thus

1t / Lcly <2° !
ma((B(z, R)) Jp@r lyl* "~ |zl
(B) If R > 2 then
1 / 1
md((B(qu» B(z,R) |y’a

< ;/ Ly
~ mq((B(x, R)) B(0,3R) |yl
3R d—a aqd—a
L[ g 3L
R J, d—aR* ~ (d—a)|z|®

So (A), (B), (1) give the desired conclusion. W
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Theorem 5.4. Let i be a positive measure with compact support
and 0 < a < d. Then

L) = [ [ o= sl duta)dutn) =cu [ lato)Plel g

d
T(4=2)r%— 32
where ¢, = (5 ()

Iz

Proof Suppose first that f € L'(R?) is real and even, and that
du(x) = ¢(x)dr with 0 < ¢ € S. Then by Fubini’s theorem and inversion
formula we have

/Rd T y)du(@)duly)
= [ [ o wotartonas
= [ (= ooty
- /Rd /Rd (F # 0)(€)e*™S o () deda
B /R (=) /]R ¢TI () ddg

~ [ 010 [ e oaede

= [ =00 [ emerotoyiuas
- [ Faneae
= | J©s©se)de

- [ Fena@rae = [ felnera
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Now if we fix 0 < ¢ € S,then it is easy to see that the linear operators
S¢,T¢ : L2(Rd) — R

Solf) = | F@lao)rde

T()i= [, [ fa = wota)ot)dedy

are bounded.Indeed by Plancherel’s theorem

5,000 = | [ f@lacepas] -

JRGIEGRY

< [[¢ll1l1dla1f 112 = |6l llg]12]| 112

and by Tonelli’s theorem

0 < [ [ faple@liewldy = [ [ 1#apliowldsiote)lds

< [[fll2l¢ll2ll¢ll

The operators agree on L'(RY) N L2(R?), so by density
they agree on L?(R%).

Thus the two operators agree for f € L'(R%) + L?(R?) and

hence,by lemma 3.4 for f(z) = %, ¢ <a <d.

- |£E|”" 2

Observe that if f,g € S then ?Z] = f x ¢. Indeed by inversion formula and
Fubini’s theorem we have

fo€) = | flx)gla)e e da

R4

— ~ 27riz~ccd —27ri§~xd
/Rdf(x)(/Rdg(z)e z)e T

= / f(@)g(2)e ™22 ddy
Rd JRdA

_ /R 3 f(€ = 2)dz = (% 3)(©)
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So for du = ¢(x)dx,0 < ¢ €S

Lo = [ [ —=motot)dedy

|z —yl*
- / / L5y — 2)é(y)dzdy
Rd JRd |Z|
1 -
» WW * ¢)(2)dz

~ We have that b xd € S and also (QNS % ¢) is the Fourier transform of
(/545 = \QASP Indeed by the previous observation and inversion formula

—~
~

60(E) = D+ D)(€) = B+ )(€)

So for 0 < a < %l we have by lemma 3.4

L(u) = / L (5+6)(2)dz

ke

1~
—c, | —— d
o | ralolPae

Lo e
o — d
o || gsliepae

Now for the general case, let 1 a positive measure with compact support.
||
We denote Gy(z) = e " & = 4£G(%), where G is the Gaussian

G(z)=e¢ " g
The Gaussian has the properties:

1. G(&) = G(€)
2. Gt * Gs = Gt-‘rs
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We can easily see by definition of a Schwartz function that G; x p € S

Define 1
i) = [ f Gy — 2)Gily — w)dady
Rd JRE ‘x - Z/‘a

By Fubini’s theorem and applying the previous case to the measure
dv = Gy * p(x)dx we have

L [ e wanin = [ P Gu0) e 0
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If we apply the change of variables:
U=T—2, S=Y—w

we have that

1

ev0) = [Gox G| (=) = (Garr - [#) ) 40 = 2

Also by lemma 5.3 and change of variables

1 1

L(2w) = /R s < Cu (3)

|2 — wle

(A) If I,(¢) < o0 then by (2), (3) and the dominated convergence the-
orem we have that the left hand side of (1) converges to I,(u) as t — 0.
If I,(u) = +oo ,then by Fatou’s lemma we have the same convergence as
before when ¢t — 0.

(B) On the right hand side of (1) if [, [a(€)

dominated convergence we have that

\Eld ma—=d& < +oo then by

[ O (G) e = [ 7€) gt

Ifld “ €]

since ( A( f))2 is bounded by 1.
If fRd (€ e —+—d¢ = 400 then by Fatou’s lemma we have the same conver-
gence as before when ¢t — 0.

So (A),(B) combined, yield equality (1). W
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6 Marstrand’s Projection Theorem
For e € S%~! d > 2, define the projection P, : R? — R,
P.(x)=e-x
This is essentially the orthogonal projection onto the line L = {te : t € R}.

If ;1 is a measure supported on a compact set E and e € S then we
denote . the projected measure P.u(B) = u(P;'(B)), B CR.

€

With "a.e. e € S¥ 1”7 we always mean, almost everywhere with respect
to the surface measure o on S¢ 1.

Theorem 6.1 (Marstrand). Assume that E C R is compact and dim(E) =
a. Then: (i) If a <1 then for a.e. e € S*! we have dim(P.(E)) = a.
(i) If a > 1 then for a.e. e € S*! we have m;(P.(E)) > 0.

Proof (i) Let a < dim(F), and let i be a probability measure supported
on FE with I,(u) < +oo.
(Note that we can always find such measure by Theorem 5.2)
For £ € R and by lemma 2.1

€)= [ (o) = [ e = e

Now by theorem 5.4 and polar coordinates we have:

. eOF .
| ttwdate) = e, [ [ HeEacite

<2 [, [ et
[
= 2¢, /Sd1 /O+OO W?ﬂ%drda(e)

+oo .d—1]p 2
= 26a/ / Mdrda(e)
Sd-1 Jo Tdia
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2
= QCa/ |M(d)| dy = 2[,(u) < +o0
e |y

So I, (11e) < +00 a.e. e € S4L.Since supp(pe) C P.(E), it follows by
theorem 5.2 that dim(P.(E)) > a a.e. e € ST
This is true for all ¢ < dim(E) thus
dim(P,(E)) > dim(E) a.e. e € S*!
Also as P, is Lipschitz, dim(P,(F)) < dim(FE), Ve € S so
dim(FP,(E)) = dim(E)

(27) If dim(F) > 1 then for s = %rn(E) we have 1 < s < dim(F)
so Hy(E) > 0.

By Frostman’s Lemma there exists a probability s—Frostman measure u
supported on F and by lemma 5.1 we have that I (u) < 4o00.

[, [orasise)
=2 [ [T liordeso
_ /Sdl/m (re)2drdo(c)
w2 [ i

2
_Q/Rd ‘y(|d)|1dy: cly(p) < 400, ¢>0

Thus /i, € L*(R) a.e. e € ST

By theorem 3.2, u,. is absolutely continuous with respect to the Lebesgue
measure on R a.e. e € ST

If my(P.(F)) =0 for any e € S*!, then p.(P.(F)) = 0, which contra-
dicts the fact that supp(p.) C P.(E). R
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Theorem 6.2. Let E C RY compact with dim(E) > 2. Then P.(E) has
non-empty interior for a.e. e € S

Proof For a = w we take ¢ € (a,dim(E)) so that H.(E) > 0.
By Frostman’s Lemma there exists a probability ¢—Frostman measure
supported on E and by lemma 5.1 we have that I,(u) < +oo

By Schwartz’s inequality,theorem 5.4 and polar coordinates,we obtain:

/S /R [fie(r)|drdo(e)
:zédufuumumd@+2édU[ﬂ@@mmw@)

< 92||ullo(S) + 2 / / o ()| drdo(e)
si-1 J1
d—1 > N a—d—1+d 1l—a
=2[[p|lo(S77) + 2 - e (r)|r =2 2 drdo(e)

< 2\// / r)|2re-d=1tddrdo(e \// / ri=adrdo(e)+2||u||o (ST 1)
Sd-1 §d—1
:2\// / |,&(7“e)|2rad1+ddrd0(e)\// / ri=adrdo(e)+2||pl|o (S
sd=1 J1 sa-1.J1
> Ja(re |27”d ! d—1
<2/ \// | —drdote) + 2l

=y L [ B 4 o

a—2 |d—a

= Maav/Ta(pe) + 2| pl|o(S*7) < +o0

where M, 4 is a positive constant that depends only on a, d.

Hence fi, € L'(R) a.e. e € S¥! and by theorem 3.3 . is a continuous
function for such e. Since supp(p.) C P.(E) we conclude that P,(F) has a
non-empty interior. W
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Note that theorem 6.2 implies part (i) o Marstrand’s theorem because
every Lebesgue measurable set with non-empty interior has positive Lebesgue
measure.

Now we prove a quantitative result for the average length of projections
of a compact set.

Theorem 6.3. Let £ C R? compact and i a probability Borel measure
supported on E, with I () < +o00. Then

c O.(Sd—l )2
211 (p)

where ¢y is the constant ¢, in Theorem 5.4 for a =1

/S  m(PE)do(e) >

Proof If F is a finite union of dyadic cubes then m, (P.(F)) is continuous.
If E is compact the E = (2, E,, where {E,, : n € N} is decreasing sequence
of open sets and each E,, is a finite union of dyadic cubes. Thus m;(P.(E))
is a pointwise limit of continuous functions thus c—measurable.

By theorem 5.4, we have

[ [npaioo
=2 [ [l
2/, o) Pardo()
_Q/Sd 1/+Oo a jffl I grdo(e)

:2/ a(y)|? dyzc—ﬂl(u)<+oo

a [yl

where . is the projected measure.
So i, € L3(R) a.e. e € ST ! and by theorem 3.2 y, is absolutely continuous
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with respect to the Lebesgue measure on R a.e. e € S¢1.
Also by Plancherel’s theorem, p, € L?(R) a.e. e € S41 and

L [ oPdsste) = 21

By Schwartz’s inequality and absolute continuity;,

L= pe(R)? = ( / » ue(:v)d:v>2 < m(P.(4)) / W2(w)da

— / /,ue Ydzdo (e —]Il( )
Sgd—1 m1< Sgd—1

and finally, again by Schwartz s inequality

o (S1)2 = (/S 1da(e)>2 _ < N \/mli\/ida )

S — s

(Sd—l)Q - ClO.(Sd—l)Q
Ja-s md ole) = 2Li(w)

— [ (P >
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