H BELTISTH STAJERA STHN

ANISOTHTA HAUSDORFF-YOUNG

Metaptuqiakă ErgasÐa Tou I. ParÐssh

Majhmatikì Tmăma Panepisthmio Krhths HrĹkleio 2002

Thn epitropă krÐshc thc metaptuqiakăc autăc ergasÐac apetèlesan oi E. KatsoprinĹkhc, Anaplhrwtăc Kajhghtăc M. KolountzĹkhc, Anaplhrwtăc Kajhghtăc M. PapadhmhtrĹkhc, Anaplhrwtăc Kajhghtăc.

O M. PapadhmhtrĹkhc epèbleye thn ekpìnhsă thc.

4

Perieqìmena

1 O metasqhmatismìc Fourier 7 1.1 BasikoÐ orismoÐ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 1.1.1 O metasqhmatismìc Fourier sto qÿro tou Schwarz . . . . . . . . . . . . . 9 1.1.2 O metasqhmatismìc Fourier ston L^2(R^n ) . . . . . . . . . . . . . . . . . . . 10 1.2 H nìrma tou telestă F : L^p(R^n ) −→ L^q(R^n ) . . . . . . . . . . . . . . . . . . . . 10 1.2.1 H anisìthta Hausdorff-Young . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.2.2 H bèltisth stajerĹ sthn anisìthta Hausdorff-Young . . . . . . . . . . . . 11 1.2.3 Anagwgă sthn perÐptwsh thc mÐac metablhtăc . . . . . . . . . . . . . . . . 12

2 Oi sunartăseic Hermite kai o purănac tou Mehler 15 2.1 OrismoÐ kai merikèc basikèc idiìthtec . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2 O metasqhmatismìc Fourier sto qÿro L^2(R) . . . . . . . . . . . . . . . . . . . . . 26

3 H ergasÐa tou K.I. Babenko 31 3.1 Efarmogă stoiqeiÿdouc logismoÔ metabolÿn . . . . . . . . . . . . . . . . . . . . . 31 3.2 Anagwgă se sÔsthma dÔo oloklhrwtikÿn exisÿsewn kai epÐlusă tou . . . . . . . 34

4 H ergasÐa tou W. Beckner 45 4.1 Anagwgă tou problămatoc sto qÿro tou Gauss (R, μ) . . . . . . . . . . . . . . . 45 4.2 Anagwgă tou problămatoc se diakritì qÿro . . . . . . . . . . . . . . . . . . . . . 48 4.3 Anagwgă tou problămatoc se qÿro dÔo shmeÐwn . . . . . . . . . . . . . . . . . . . 60

5 BibliografÐa 65

5

KefĹlaio 1

O metasqhmatismìc Fourier

1.1 BasikoÐ orismoÐ

Estw f ∈ L^1(R^n ). OrÐzoume ^f (ξ) = 1 ( √ 2π)^n ∫ R^n f(x)e^{−ix·ξ} dx , ξ ∈ R^n . (1.1) To oloklărwma Lebesgue sth sqèsh (1.1) sugklÐnei gia kĹje ξ kai ètsi orÐzetai h sunĹrthsh ^f h opoÐa onomĹzetai metasqhmatismìc Fourier thc f. QrhsimopoieÐtai suqnĹ o sumbolismìc Ff = ^f. Oi parakĹtw eÐnai merikèc apo tic pollèc gnwstèc idiìthtec tou metasqhmatismoÔ Fourier : • O telestăc F eÐnai grammikìc.

• H sunĹrthsh Ff eÐnai suneqăc ston R^n , ìpwc faÐnetai polÔ eÔkola me aplă efarmogă tou Jewrămatoc Kuriarqhmènhc SÔgklishc.

• ‖ ^f ‖_∞ ≤^1_(^√_{2π)n} ‖f ‖_1.

• Gia kĹje f, g ∈ L^1(R^n ) to oloklărwma (f ∗ g)(x) = 1 ( √ 2π)^n ∫ R^n f(x − y)g(y)dy orÐzetai gia sqedìn kĹje x ∈ R^n , h orizìmenh sunĹrthsh f ∗ g eÐnai stoiqeÐo tou L^1(R^n ) kai onomĹzetai sunèlixh twn f, g. IsqÔei ìti ^ (f ∗ g)(ξ) = ^f(ξ)^g(ξ) gia kĹje ξ ∈ R^n , ìpwc apodeiknÔetai me efarmogă tou Jewrămatoc tou Fubini.

• ’Ena parĹdeigma: gia kĹje α > 0

an f(x) = e^{−α|x|2} , tìte ^f(ξ) = 1 ( √ 2α)^n e^{− 14α |ξ|2} . (1.2)

O upologismìc autìc, me efarmogă tou Jewrămatoc tou Fubini, anĹgetai sthn perÐptwsh mÐac metablhtăc kai tìte diekperaiÿnetai me efarmogă tou Jewrămatoc tou Cauchy thc migadikăc anĹlushc: ^f(ξ) = 1√ 2π ∫_{+∞} −∞ e^{−αx2} e^{−ixξ} dx = 1 √ 2π ∫_{+∞} −∞ e^{−α(x+i ξ2α )2} dx e^{− 14α ξ2} = 1 √ 2π ∫_{+∞} −∞ e^{−αx2} dx e^{− 14α ξ2} = 1 √ 2α e^{− 14α ξ2} . • An f ∈ L^1(R^n ) kai ^f ∈ L^1(R^n ), tìte isqÔei o tÔpoc thc antistrofăc f(x) = 1 ( √ 2π)^n ∫ R^n ^f(ξ)e^{ix·ξ} dξ gia sqedìn kĹje x ∈ R^n . (1.3)

H apìdeixh tou tÔpou (1.3) eÐnai stoiqeiÿdhc allĹ ìqi profanăc. ProkÔptei apo ton pio kĹtw upologismì (ìpou α > 0): 1 ( √ 2π)^n ∫ R^n ^f(ξ)e^{−α|ξ|2} e^{ix·ξ} dξ = 1 (2π)^n ∫ R^n ∫ R^n f(y)e^{−iy·ξ}dye^{−α|ξ|2} e^{ix·ξ} dξ = 1 (2π)^n ∫ R^n f(y + x) ∫ R^n e^{−α|ξ|2} e^{−iy·ξ} dξdy = ∫ R^n f(2 √ πay + x)e^{−π|y|2} dy . Gia thn trÐth isìthta qrhsimopoioÔme ton tÔpo (1.2). Epomènwc ∫ R^n | | | 1 ( √ 2π)^n ∫ R^n ^f(ξ)e^{−α|ξ|2} e^{ix·ξ} dξ − f(x) | | | dx = ∫ R^n | | | | ∫ R^n f(2 √ πay + x)e^{−π|y|2} dy − f(x) | | | | dx = ∫ R^n | | | ∫ R^n { f(2 √ πay + x) − f(x) } e^{−π|y|2} dy | | | dx ≤ ∫ R^n ∫ R^n | f(2 √ πay + x) − f(x) | dx e^{−π|y|2} dy . An jèsoume ϕ_f (u) = ∫ R^n |f(u + x) − f(x)| dx , tìte gnwrÐzoume ìti

0 ≤ ϕ_f (u) ≤ 2‖f‖_1 kai ϕ_f (u) −→ 0 ìtan |u| → 0 . ’Ara apo to Jeÿrhma Kuriarqhmènhc SÔgklishc èqoume ìti ∫ R^n ∫ R^n | f(2 √ πay + x) − f(x) | dx e^{−π|y|2} dy −→ 0 ìtan a → 0^+ . ’Ara

f(x) = L^1 − lim_{a→0+} 1 ( √ 2π)^n ∫ R^n ^f(ξ)e^{−a|ξ|2} e^{ix·ξ} dξ . Epeidă ^f ∈ Ł^1(R^n ), apo to Jeÿrhma Kuriarqhmènhc SÔgklishc paÐrnoume ton (1.3) .

• O metasqhmatismìc Fourier eÐnai èna proc èna telestăc. Dhladă an f ∈ L^1(R^n ) kai ^f = 0 , tìte f = 0 .

Autì eÐnai Ĺmesh sunèpeia tou tÔpou (1.3) .

1.1.1 O metasqhmatismìc Fourier sto qÿro tou Schwarz

Me S(R^n ) sumbolÐzoume to gnwstì qÿro tou L.Schwartz. Mia migadikă sunĹrthsh f eÐnai stoiqeÐo tou S(R^n ) an, ex orismoÔ, h f eÐnai Ĺpeirec forèc paragwgÐsimh ston R^n kai isqÔei ìti gia kĹje k ∈ N_o kai kĹje poludeÐkth α = (α_1, . . . , α_n) ∈ N^n_o sup_x |x|^k |∂^αf(x)| = sup_x |x|^k | | | ∂^{α1+···+αn} f ∂x^{α1}_1 · · · ∂x^{αn}_n (x) | | | < +∞ . ’Olec oi parakĹtw idiìthtec eÐnai gnwstèc kai me eÔkolh apìdeixh.

• An f ∈ S(R^n ) tìte P · f ∈ S(R^n ) kai ∂^αf ∈ S(R^n ) gia kĹje poluÿnumo P (x) kai gia kĹje poludeÐkth α.

• An f, g ∈ S(R^n ), tìte f ∗ g ∈ S(R^n ) .

• An f ∈ S(R^n ), tìte ^f ∈ S(R^n ) .

• Epomènwc gia kĹje f ∈ S(R^n ) isqÔei o tÔpoc thc antistrofăc (1.3) gia kĹje x ∈ R^n . Apo ton tÔpo (1.3) prokÔptei amèswc ìti o metasqhmatismìc Fourier , periorismènoc sto qÿro S(R^n ), eÐnai èna proc èna kai epÐ:

F : S(R^n )^{1−1}−→ epÐ S(R^n )

kai ìti

(F^{−1}f)(ξ) = (Ff)(−ξ) . • An f, g ∈ S(R^n ), tìte isqÔoun oi tautìthtec tou Plancherel : ∫ R^n f(x)g(x) dx = ∫ R^n ^f(ξ)^g(ξ) dξ ‖f‖_2 = ‖ ^f‖_2 . (1.4)

Oi dÔo tautìthtec eÐnai isodÔnamec kai h prÿth prokÔptei an sto prÿto oloklărwma antikatastăsoume to f(x) me ton tÔpo (1.3) kai efarmìsoume to jeÿrhma tou Fubini.

• O S(R^n ) eÐnai puknì uposÔnolo kĹje qÿrou L^p(R^n ), 1 ≤ p < +∞, afoÔ eÐnai gnwstì ìti to sÔnolo twn Ĺpeirec forèc paragwgÐsimwn sunartăsewn me sumpagă forèa (uposÔnolo tou S(R^n )) eÐnai puknì stouc L^p(R^n ).

1.1.2 O metasqhmatismìc Fourier ston L^2(R^n )

Me bĹsh to gegonìc ìti o S(R^n ) eÐnai puknì uposÔnolo tou L^2(R^n ) kai tic tautìthtec (1.4) eÐnai profanèc ìti o F : L^2(R^n )^{1−1}−→ epÐ L^2(R^n ) epekteÐnetai se isometrÐa F : L^2(R^n ) iso−→ L^2(R^n ) .

Epiplèon èqoume touc exăc tÔpouc gia kĹje f ∈ L^2(R^n ): (Ff)(ξ) = L^2 − lim_{R→+∞} 1 ( √ 2π)^n ∫ |x|≤R f(x)e^{−ix·ξ} dx f(x) = L^2 − lim_{R→+∞} 1 ( √ 2π)^n ∫ |ξ|≤R (Ff)(ξ)e^{ix·ξ} dξ . (1.5) ParathreÐste ìti gia kĹje R to ∫ |x|≤R f(x)e −ix·ξ dx orÐzetai wc oloklărwma Lebesgue

enÿ to ∫ R^n f(x)e −ix·ξ dx en gènei den orÐzetai. O prÿtoc apo touc tÔpouc (1.5), kai omoÐwc o

deÔteroc, apodeiknÔetai an jèsoume

f_R(x) = { f(x), an |x| ≤ R 0, an |x| > R . Tìte afenìc f_R −→ R→+∞ f ston L^2(R^n ) opìte sÔmfwna me thn tautìthta (1.4) Ff_R −→_{R→+∞} Ff ston L^2(R^n ) .

Afetèrou (Ff_R)(ξ) = 1 ( √ 2π)^n ∫ |x|≤R f(x)e^{−ix·ξ} dx , ξ ∈ R^n afoÔ f_R ∈ L^1(R^n ).

1.2 H nìrma tou telestă F : L^p(R^n ) −→ L^q(R^n )

1.2.1 H anisìthta Hausdorff-Young

’Eqoume loipìn dei ìti o metasqhmatismìc Fourier drĹ stouc qÿrouc L^1(R^n ), L^2(R^n ) kai F : L^1(R^n ) −→ L^∞(R^n ) , F : L^2(R^n ) −→ L^2(R^n ) .

EpÐshc ‖Ff‖_∞ ≤ 1 ( √ 2π)^n ‖f‖_1 ‖Ff‖_2 = ‖f‖_2 .

Sthn prÿth anisìthta h stajerĹ^1_(^√_{2π)n} eÐnai h beltÐsth, ìpwc faÐnetai an jèsoume f(x) = e^{−π|x|2} kai qrhsimopoiăsoume ton tÔpo (1.2). Qrhsimopoiÿntac tÿra to gnwstì jeÿrhma parembolăc twn M.Riesz kai G.Thorin apodeiknÔetai amèswc ìti gia kĹje p , 1 < p < 2 , o metasqhmatismìc Fourier epekteÐnetai apo ton S(R^n ) sto megalÔtero qÿro L^p(R^n ) kai ìti me q =^p_{p−1} isqÔei

F : L^p(R^n ) −→ L^q(R^n ) . Epiplèon ‖Ff‖_q ≤ 1 ( √ 2π)^{n( 2p −1)}

‖f‖_p . (1.6)

H anisìthta (1.6) onomĹzetai anisìthta Hausdorff-Young. Sthn pragmatikìthta oi F. Hausdorff kai W.H Young apèdeixan thn (1.6) sto plaÐsio twn seirÿn Fourier kai h (1.6) apodeÐqjhke san pìrisma apo ton E. Titchmarsh. H apìdeixh thc (1.6) me qrăsh tou jewrămatoc parembolăc twn M.Riesz kai G.Thorin upĹrqei se pollĹ biblÐa. Gia parĹdeigma sto [8], sto [3] kai sto [5]. Oi arqikèc stoiqeiÿdeic (kai endiafèrousec) apodeÐxeic twn Hausdorff, Young kai Titchmarsh upĹrqoun sto [6].

Ac anaferjeÐ, qĹrin plhrìthtac, ìti, an p > 2, tìte o telestăc F den orÐzetai me th <<sunhjismènh>> ènnoia sto qÿro L^p(R^n ). An f ∈ L^p(R^n ), p > 2, tìte h Ff den eÐnai en gènei sunĹrthsh allĹ mporeÐ na orisjeÐ san mia tempered distribution.

1.2.2 H bèltisth stajerĹ sthn anisìthta Hausdorff-Young

H stajerĹ pou parousiĹzetai sthn anisìthta (1.6) den eÐnai h bèltisth ìtan 1 < p < 2. O K.I Babenko [1] prosdiìrise th bèltisth stajerĹ c_p sthn anisìthta ‖Ff‖_q ≤ c_p‖f‖_p (1.7) stic periptÿseic q = 4, 6, 8, · · · , dhladă ìtan o q eÐnai Ĺrtioc akèraioc. O W. Beckner [2] prosdiìrise th bèltisth stajerĹ c_p gia kĹje p , 1 < p < 2 .

’Estw f(x) = c exp {−Ax · x + b · x} ìpou c ≠ 0 , A eÐnai pragmatikìc n × n pÐnakac jetikĹ orismènoc kai b = μ + i ν veÐnai migadikì diĹnusma (dhladă μ, ν ∈ R^n ). KĹje tètoia sunĹrthsh onomĹzetai sunĹrthsh Gauss. GrĹfontac A = U^∗DU, ìpou U eÐnai orjogÿnioc pÐnakac kai D eÐnai diagÿnioc pÐnakac me jetikĹ diagÿnia stoiqeÐa kai kĹnontac prĹxeic qrhsimopoiÿntac ton tÔpo (1.2) kai aplèc allagèc metablhtăc katalăgoume sto ^f(ξ) = c√ 2^ndetA exp { − 1 4 A^{−1}(ξ + i b) · (ξ + i b) } . Tèloc, me aploÔc upologismoÔc paÐrnoume ‖f‖_p = |c| (√ π p ) n_p 1 ( √ detA)^{1p} exp { − 1 4 A^{−1}μ · μ }

‖ ^f‖_q = |c| (√ 2π q )^n_q 1 ( √ 2^ndetA)^{1p} exp { − 1 4 A^{−1}μ · μ } .

’Ara

‖ ^f‖_q = [(√ 2π q )^1_q (√ p 2π )^1_p ]^n ‖f‖_p . (1.8)

Oi Babenko kai Beckner apèdeixan (o prÿtoc mìno ìtan q = 4, 6, 8, . . .) to :

Jeÿrhma 1.2.1 Gia kĹje f ∈ L^p(R^n ), 1 < p < 2, q =^p_{p−1} , isqÔei: ‖Ff‖_q ≤ c_{p,n}‖f‖_p (1.9) ìpou c_{p,n} = [(√ 2π q ) 1_q (√_p 2π ) 1_p ]_n . H c_{p,n} eÐnai profanÿc h bèltisth stajerĹ sthn anisìthta (1.9) afoÔ aută gÐnetai isìthta ìtan h f eÐnai sunĹrthsh Gauss sÔmfwna me thn (1.8).

Tèloc, o Lieb [4] apèdeixe ìti h (1.9) gÐnetai isìthta mìnon ìtan h f eÐnai sunĹrthsh Gauss. Skopìc mac se autăn thn ergasÐa eÐnai na parousiĹsoume tic apodeÐxeic twn Babenko, Beckner gia to Jeÿrhma autì.

1.2.3 Anagwgă sthn perÐptwsh thc mÐac metablhtăc

’Estw T_x grammikìc telestăc o opoÐoc dra se sunartăseic f(x) metablhtăc x kai tic metasqhmatÐzei se sunartăseic T_x [f(·)] (ξ) metablhtăc ξ. EpÐshc èstw S_y grammikìc telestăc o opoÐoc dra se sunartăseic g(y) metablhtăc y kai tic metasqhmatÐzei se sunartăseic S_y [g(·)] (η) metablhtăc η. OrÐzetai tìte to tanustikì ginìmeno T_x ⊗ S_y to opoÐo dra se sunartăseic h(x, y) metablhtÿn x, y kai tic metasqhmatÐzei se sunartăseic metablhtÿn ξ, η me tÔpo

(T_x ⊗ S_y) [h(·, ·)] (ξ, η)^{orsv.}= T_x [S_y [h(·, ·) ] (η) ] (ξ) .

Bèbaia upĹrqei jèma wc proc to an o T_x ⊗ S_y eÐnai kalĹ orismènoc anĹloga me ta pedÐa orismoÔ twn T_x, S_y.

Lămma 1.2.1 (Nelson-Segal) ’Estw 1 ≤ p ≤ q ≤ +∞, μ, ν, ρ, σ tèssera s-peperasmèna mètra kai oi fragmènoi grammikoÐ telestèc T_x : L^p (X, μ) −→ L^q (Ξ, ρ) S_y : L^p (Y, ν) −→ L^q (H, σ) . Upojètoume epÐshc ìti h sunĹrthsh S_y [f(x, ·) ] (η) eÐnai μ × σ-metrăsimh kajÿc kai ìti h sunĹrthsh T_x [S_y [f(·, ·) ] (η) ] (ξ) eÐnai ρ × σ-metrăsimh gia kĹje f ∈ L^p (X × Y, μ × ν) . Tìte orÐzetai to tanustikì ginìmeno T_x ⊗ S_y : L^p (X × Y, μ × ν) −→ L^q (Ξ × H, ρ × σ) kai ‖T_x ⊗ S_y‖ ≤ ‖T_x‖‖S_y‖ .

Apìdeixh: ’Estw f(·, ·) ∈ L^p (X × Y, μ × ν). Tìte gia sqedìn(μ) kĹje x h sunĹrthsh f(x, ·) eÐnai stoiqeÐo tou L^p (Y, ν) kai epomènwc h sunĹrthsh S_y [f(x, ·)] (·) eÐnai stoiqeÐo tou L^q (H, σ). Efarmìzontac thn oloklhrwtikă anisìthta tou Minkowski, afoÔ^q_p ≥ 1, èqoume {∫ H | | | | ∫ X |S_y [f(x, ·)] (η)|^p dμ(x) | | | | q p dσ(η) }^p_q ≤ ∫ X {∫ H |S_y [f(x, ·)] (η)|^q dσ(η) }^p_q dμ(x) ≤ ‖S_y‖^p ∫ X {∫ Y |f(x, y)|^p dν(y) } dμ(x) = ‖S_y‖^p ‖f‖^p_{Lp(X×Y,μ×ν)} < +∞ . (1.10) ’Ara, gia sqedìn(σ) kĹje η isqÔei ∫ X |S_y [f(x, ·)] (η)|^p dμ(x) < +∞ kai epomènwc S_y [f(·, ·)] (η) ∈ L^p (X, μ). ’Ara, gia sqedìn(σ) kĹje η èqei nìhma h

T_x [S_y [f(·, ·) ] (η) ] (·)

kai anoÐkei sto qÿro L^q (Ξ, ρ). ’Ara gia sqedìn(ρ × σ) kĹje (ξ, η) èqei nìhma to

(T_x ⊗ S_y) [f(·, ·)] (ξ, η) = T_x [S_y [f(·, ·) ] (η) ] (ξ) kai ‖ (T_x ⊗ S_y) [f] ‖_Lq_{(Ξ×H,ρ×σ)} = {∫ H ∫ Ξ |T_x [S_y [f(·, ·) ] (η) ] (ξ)|^q dρ(ξ) dσ(η) } 1_q

≤ ‖T_x‖ {∫ H | | | ∫ X |S_y [f(x, ·) ] (η)|^p dμ(x) | | | q p dσ(η) } 1_q

≤ ‖T_x‖ ‖S_y‖ ‖f‖_Lp_{(X×Y,μ×ν)} ìpou h teleutaÐa anisìthta prokÔptei lìgw thc (1.10). □

H epèktash tou Lămmatoc se perissìterec metablhtèc eÐnai profanăc kai Ĺmesh.

Autì to Lămma mac epitrèpei na anĹgoume to prìblhma prosdiorismoÔ thc c_{p,n} sth mÐa diĹstash. PrĹgmati, èstw ìti gia kĹje p me 1 < p < 2 isqÔei ìti ‖Ff‖_q ≤ c_{p,1} ‖f‖_p gia kĹje sunĹrthsh f ∈ L^p(R) .

JewroÔme n antÐgrafa tou metasqhmatismoÔ Fourier sth mÐa diĹstash:

F_{xj} : L^p(X_j , μ_j ) −→ L^q(Ξ_j , ρ_j )

ìpou X_1 = · · · = X_n = Ξ_1 = · · · = Ξ_n = R kai μ_1 = · · · = μ_n = ρ_1 = · · · = ρ_n = λ, ìpou λ eÐnai to mètro Lebesgue ston R kai

(F_{xj} f)(ξ_j ) = 1 √ 2π ∫_{+∞} −∞ f(x_j )e^{−ixj ξj} dx_j , ξ_j ∈ R gia kĹje f ∈ S(X_j ) . Tìte gia kĹje f ∈ S(R^n ) (Ff)(ξ) = 1 ( √ 2π)^n ∫ R^n f(x)e^{−ix·ξ} dx

= 1 √ 2π ∫ R [ 1 √ 2π ∫ R [ · · · [ 1 √ 2π ∫ R f(x_1, · · · , x_n)e^{−ixnξn} dx_n ] · · · ] e^{−ix2ξ2} dx_2 ] e^{−ix1 ξ1} dx_1

= F_{x1} [F_{x2} [· · · [F_{xn} [f(·, ·, · · · , ·)]] · · · ]] (ξ_1, ξ_2, · · · , ξ_n) = (F_{x1} ⊗ F_{x2} ⊗ · · · ⊗ F_{xn} ) [f(·, ·, . . . , ·)] (ξ_1, ξ_2, . . . , ξ_n) . ’Ara o F tautÐzetai me to tanustikì ginìmeno F_{x1} ⊗ F_{x2} ⊗ · · · ⊗ F_{xn} ston puknì upìqwro S(R^n ) tou L^p(R^n ), opìte, sÔmfwna me to Lămma 1.2.1 ‖F‖ ≤ ‖F_{x1} ‖‖F_{x2} ‖ · · · ‖F_{xn} ‖ = c^n_{p,1} = c_{p,n} . Sta epìmena trÐa kefĹlaia ja asqolhjoÔme me thn parousÐash thc ergasÐac tou Babenko (KefĹlaio 3) kai thc ergasÐac tou Beckner (KefĹlaio 4) gia thn apìdeixh thc anisìthtac ‖Ff‖_q ≤ c_p‖f‖_p gia kĹje f ∈ L^p(R), 1 < p < 2, ìpou c_p = (√_{2π} q ) 1_q (√_p 2π ) 1_p kai q =^p_{p−1} . To KefĹlaio 2 perilambĹnei basikĹ stoiqeÐa gia tic sunartăseic Hermite kai ton purăna tou Mehler ta opoÐa qrhsimopoioÔntai tìso sthn ergasÐa tou Babenko ìso kai se autăn tou Beckner.

KefĹlaio 2

Oi sunartăseic Hermite kai o purănac tou Mehler

2.1 OrismoÐ kai merikèc basikèc idiìthtec

Orismìc 2.1.1 EÐnai profanèc ìti oi sunartăseic

H_k(x) = (−1)^k e^{x2} d^k dx^k e^{−x2} , k = 0, 1, 2, 3, . . . eÐnai poluÿnuma bajmoÔ k. Gia parĹdeigma:

H_o(x) = 1, H_1(x) = 2x, H_2(x) = 4x^2 − 2, H_3(x) = 8x^3 − 12x

k.o.k. Ta poluÿnuma autĹ onomĹzontai poluÿnuma Hermite.

Lămma 2.1.1_{+∞} ∑ n=0 t^n H_n(x) n! = e^{2tx−t2} , t ∈ C , x ∈ R . (2.1)

Apìdeixh: GrĹfontac th seirĹ Taylor thc sunĹrthshc e^{−(x−t)2} èqoume e^{−(x−t)2} = +∞∑ n=0 t^n n! ( d^n dt^n e^{−(x−t)2} ) t=0 = +∞∑ n=0 t^n n! (−1)^n ( d^n dt^n e^{−(x+t)2} ) t=0 = +∞∑ n=0 t^n n! (−1)^n d^n dx^n e^{−x2} = +∞∑ n=0 t^n n! e^{−x2} H_n(x) . Apo edÿ profanÿc prokÔptei h (2.1). □

Lămma 2.1.2

2xH_{k+1}(x) = H_{k+2}(x) + 2(k + 1)H_k(x) (2.2) H^{′′}_k (x) − 2xH^′_k (x) = −2kH_k(x) . (2.3)

Apìdeixh: H sqèsh (2.2) prokÔptei wc exăc. OnomĹzoume ϕ(t) th sunĹrthsh

ϕ(t) = +∞∑ k=0 t^{k+2} (k + 2)!

{H_{k+2}(x) + 2(k + 1)H_k(x) − 2xH_{k+1}(x)} .

Tìte apo thn (2.1) paÐrnoume

ϕ(t) = e^{2tx−t2} − 1 − 2tx + 2 +∞∑ k=0 t^{k+2} k!(k + 2) H_k(x) − 2x +∞∑ k=0 t^{k+2} (k + 2)!

H_{k+1}(x)

kai paragwgÐzontac katĹ ta gnwstĹ tic seirèc Taylor

ϕ^′ (t) = (2x − 2t)e^{2tx−t2} − 2x + 2 +∞∑ k=0 t^{k+1} k! H_k(x) − 2x +∞∑ k=0 t^{k+1} (k + 1)!

H_{k+1}(x) .

’Ara, qrhsimopoiÿntac pĹli thn (2.1) ϕ^′ (t) = (2x − 2t)e^{2tx−t2} − 2x + 2te^{2tx−t2} − 2x ( e^{2tx−t2} − 1 ) = 0 .

’Ara h ϕ(t) eÐnai stajeră sunĹrthsh kai, epeidă apo ton orismì thc isqÔei profanÿc ìti ϕ(0) = 0, sunepĹgetai ìti ϕ(t) = 0. ’Ara ìloi oi suntelestèc eÐnai mhdèn.

Gia thn apìdeixh thc (2.3) ergazìmaste wc exăc. Apo ton orismì èqoume

H^′_{k+1}(x) = (−1)^{k+1}2xe^{x2} d^{k+1} dx^{k+1} e^{−x2} + (−1)^{k+1}e^{x2} d^{k+2} dx^{k+2} e^{−x2} = 2xH_{k+1}(x) − H_{k+2}(x)

opìte bĹsei thc (2.2) èqoume

H^′_{k+1}(x) = 2(k + 1)H_k(x) = 2(k + 1)(−1)^ke^{x2} d^k dx^k e^{−x2} . ’Ara ( e^{−x2} H^′_{k+1}(x) ) ′ = 2(k + 1)(−1)^k d^{k+1} dx^{k+1} e^{−x2}

−2xe^{−x2} H^′_{k+1}(x) + e^{−x2} H^{′′}_{k+1}(x) = −2(k + 1) e^{−x2} H_{k+1}(x) .

Aplopoiÿntac paÐrnoume thn (2.3) gia k = 1, 2, 3, . . . . EÐnai profanèc ìti h (2.3) isqÔei kai gia k = 0. □

Orismìc 2.1.2 Oi sunartăseic

ψ_k(x) = 1 (2^kk! √ π)^{12} H_k(x)e^{− x22} , k = 0, 1, 2, . . . onomĹzontai sunartăseic Hermite kai profanÿc eÐnai stoiqeÐa tou S(R).

Lămma 2.1.3 ψ^{′′}_k (x) − x^2ψ_k(x) = −(2k + 1)ψ_k(x) (2.4)

Apìdeixh: An jèsoume c_k =^1 (2^k k!^√π)^{12} tìte

ψ^{′′}_k (x) − x^2ψ_k(x) = c_k { H^′_k (x)e^{− x22} − xH_k (x)e^{− x22} } ′ − c_kx^2H_k(x)e^{− x22} = c_k { H^{′′}_k (x)e^{− x22} − xH^′_k (x)e^{− x22} −

− H_k(x)e^{− x22} − xH^′_k (x)e^{− x22} + x^2H_k(x)e^{− x22} } − c_kx^2H_k(x)e^{− x22} = c_k { H^{′′}_k (x) − 2xH^′_k (x) − H_k(x) } e^{− x22} opìte bĹsei thc (2.3)

ψ^{′′}_k (x) − x^2ψ_k(x) = −(2k + 1)c_kH_k(x)e^{− x22} = −(2k + 1)ψ_k(x) . □

Orismìc 2.1.3 OrÐzoume ton purăna tou Mehler K(x, y, t) = 1 √ π(1 − t^2) exp { x^2 − y^2 2 − (x − yt)^2 1 − t^2 }

gia pragmatikoÔc x, y kai migadikì t me |t| < 1.

Jeÿrhma 2.1.1_{+∞} ∑ n=0 t^nψ_n(x)ψ_n(y) = K(x, y, t) . (2.5) Apìdeixh: Apo th sqèsh (1.2) èqoume

e^{−x2} = 1 √ π ∫_{+∞} −∞ e^{−u2 +2iux} du kai paragwgÐzontac paÐrnoume

H_k(x) = (−1)^ke^{x2} d^k dx^k { 1 √ π ∫_{+∞} −∞ e^{−u2+2iux} du } = (−2i)^ke^{x2} 1 √ π ∫_{+∞} −∞ e^{−u2+2iux}u^k du . Sunepÿc +∞∑ n=0 t^nψ_n(x)ψ_n(y) = +∞∑ n=0 e^{− x2+y22} t^n √ πn!2^n H_n(x)H_n(y) (2.6)

= 1 π √ π e^{x2+y22} +∞∑ n=0 ∫_{+∞} −∞ ∫_{+∞} −∞ (−2tuv)^n n! exp { −u^2 − v^2 + 2iux + 2ivy } dudv . Epeidă +∞∑ n=0 | | | | (−2tuv)^n n! exp { −u^2 − v^2 + 2iux + 2ivy } | | | | = e^{−u} 2−v^2 +∞∑ n=0 |2tuv|^n n! = e^{−u2−v2 +2|tuv|} kai epeidă h teleutaÐa sunĹrthsh eÐnai (afoÔ |t| < 1) oloklhrÿsimh ston R × R, sunepĹgetai apo to Jeÿrhma Kuriarqhmènhc SÔgklishc ìti epitrèpetai enallagă oloklhrÿmatoc kai seirĹc sthn (2.6) kai paÐrnoume +∞∑ n=0 t^nψ_n(x)ψ_n(y) = 1 π √ π e^{x2+y22} ∫_{+∞} −∞ ∫_{+∞} −∞ exp { −u^2 − v^2 + 2iux + 2ivy − 2tuv } dudv

= 1 π √ π e^{x2+y22} ∫_{+∞} −∞ e^{−u2} e^{2iux} {∫_{+∞} −∞ e^{−(v+tu)2} e^{2ivy} dv } e^{t2u2} du . An tÿra perioristoÔme se pragmatikì t me −1 < t < 1 , tìte h teleutaÐa parĹstash eÐnai sÔmfwna me thn (1.2) Ðsh me 1 π e^{x2+y22} e^{−y2} ∫_{+∞} −∞ e^{−u2} e^{2iux}e^{t2u2} e^{−2ituy}du = 1 π e^{x2−y22} ∫_{+∞} −∞ e^{−(1−t2)u2+2i(x−yt)u} du

= 1 √ π(1 − t^2) exp { x^2 − y^2 2 − (x − yt)^2 1 − t^2 }

= K(x, y, t) . ’Ara h (2.5) apodeÐqjhke gia −1 < t < 1. Epomènwc h dunamoseirĹ tou aristeroÔ mèlouc thc (2.5) sugklÐnei gia kĹje migadikì t me |t| < 1 kai eÐnai analutikă sto dÐsko autì. H sunĹrthsh sto dexÐ mèloc thc (2.5) eÐnai profanÿc analutikă sunĹrthsh tou t ston Ðdio dÐsko, opìte apo thn arqă analutikăc sunèqishc h isìthta epekteÐnetai gia migadikì t me |t| < 1. □

ParathroÔme ìti ex orismoÔ K(x, y, t) = 1 √ π(1 − t^2) exp { − 1 + t^2 2(1 − t^2) x^2 −

1 + t^2 2(1 − t^2) y^2 + 2t 1 − t^2 xy } (2.7)

kai, epeidă Re

(_{1+t2}

1−t^2 ) > 0 gia kĹje t me |t| < 1, sunepĹgetai ìti h K(x, y, t) eÐnai sto qÿro S(R) kai epomènwc se kĹje qÿro L^p(R) wc proc kĹje mia apo tic metablhtèc x, y. ’Ara gia kĹje f ∈ L^p(R) orÐzetai h sunĹrthsh

(K_tf) (x) = ∫_{+∞} −∞ K(x, y, t)f(y) dy . ParathroÔme ìti kĹje parĹgwgoc wc proc x kai, lìgw summetrÐac, wc proc y thc K(x, y, t) eÐnai thc morfăc d^k dx^k K(x, y, t) = P (x, y, t)K(x, y, t) , d^k dy^k K(x, y, t) = P (y, x, t)K(x, y, t) ìpou P (x, y, t) eÐnai poluÿnumo wc proc x, y sunolikoÔ bajmoÔ k me suntelestèc sunartăseic tou t.

Lămma 2.1.4 Gia kĹje x ∈ R, t migadikì me |t| < 1 kai kĹje poluÿnumo P (x, y, t) wc proc x, y sunolikoÔ bajmoÔ k isqÔei ‖P (x, ·, t)K(x, ·, t)‖_q ≤ c_{q,t} (1 + |x|)^k exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 } .

Apìdeixh: An jèsoume A =^1_2 Re^{1+t2}_{1−t2} > 0, B = Re^t_{1−t2} sthn (2.7), tìte |K(x, y, t)| = 1 √ π |1 − t^2| exp { −Ax^2 − Ay^2 + 2Bxy }

= 1 √ π |1 − t^2| exp { − A^2 − B^2 A x^2 − (√ Ay − B √ A x )_2}

= 1 √ π |1 − t^2| exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 − u^2 }

ìpou u = √ A y −^{B√}_A x. ’Ara, an q = 1, èqoume ∫_{+∞} −∞ |P (x, y, t)K(x, y, t)| dy = = 1 √ π |1 − t^2| A exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 } ∫_{+∞} −∞ | | | |P ( x, 1 √ A u + B A x, t )| | | e^{−u} 2 du

≤ ( 2 | |1 − t2 | | π(1 − |t|^4) ) 1_2 exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 }_k ∑ n=0 c_n(t) |x|^n

≤ c_{1,t} (1 + |x|)^k exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 } . OmoÐwc, an q = +∞, èqoume max_y |P (x, y, t)K(x, y, t)| = = 1 √ π |1 − t^2| exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 } max_u | | |P ( x, 1 √ A u + B A x, t )| | | e^{−u} 2

≤ 1 √ π |1 − t^2| exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 }_k ∑ n=0 d_n(t) |x|^n

≤ c_{∞,t} (1 + |x|)^k exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 } . Tèloc, an 1 < q < +∞, èqoume me sunduasmì twn dÔo prohgoÔmenwn periptÿsewn ∫_{+∞} −∞ |P (x, y, t)K(x, y, t)|^q dy ≤ ( max_y |P (x, y, t)K(x, y, t)| )_{q−1} ∫_{+∞} −∞ |P (x, y, t)K(x, y, t)| dy ≤ c^{q−1}_{∞,t} c_{1,t} (1 + |x|)^{qk} exp { − 1 2 q 1 − |t|^2 1 + |t|^2 x^2 }

apflopou sunepĹgetai amèswc to Lămma. □

Lămma 2.1.5 Gia kĹje f ∈ L^p(R), t migadikì me |t| < 1 sunepĹgetai ìti h K_tf eÐnai sto qÿro S(R) kai eidikìtera se kĹje qÿro L^q(R).

Apìdeixh: Apo to Lămma 2.1.4 sunepĹgetai ìti gia kĹje k d^k dx^k (K_tf) (x) = ∫_{+∞} −∞ P (x, y, t)K(x, y, t)f(y) dy ìpou P (x, y, t) eÐnai poluÿnumo sunolikoÔ bajmoÔ k wc proc x, y kai ìti an^1_p +^1_q = 1 | | | d^k dx^k (K_tf) (x) | | | ≤ c_{q,t} (1 + |x|)^k exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 } ‖f‖_p . (2.8)

’Ara h K_tf eÐnai sto qÿro S(R). □

Lămma 2.1.6 Oi sunartăseic Hermite ψ_k(x), k = 0, 1, 2, . . . , eÐnai orjokanonikì sÔsthma ston L^2(R) .

Apìdeixh: Apo th sqèsh (2.4) tou Lămmatoc 2.1.3 èqoume ìtan m ≠ n

ψ^{′′}_m (x)ψ_n(x) − x^2ψ_m(x)ψ_n(x) = −(2m + 1)ψ_m(x)ψ_n(x) ψ^{′′}_n (x)ψ_m(x) − x^2ψ_n(x)ψ_m(x) = −(2n + 1)ψ_n(x)ψ_m(x)

kai afairÿntac

2(n − m)ψ_m(x)ψ_n(x) = ψ^{′′}_m (x)ψ_n(x) − ψ_m(x)ψ^{′′}_n (x) = ( ψ^′_m(x)ψ_n(x) − ψ_m(x)ψ^′_n (x) ) ′ . ’Ara 2(n − m) ∫_{+∞} −∞ ψ_m(x)ψ_n(x) dx = ( ψ^′_m(x)ψ_n(x) − ψ_m(x)ψ^′_n (x) ) | | | +∞ −∞ = 0 .

An tÿra efarmìsoume thn (2.5) tou Jewrămatoc 2.1.1 gia 0 ≤ t < 1 kai x = y paÐrnoume +∞∑ n=0 t^nψ^2_n(x) = K(x, x, t) = 1 √ π(1 − t^2) exp { − 1 − t 1 + t x^2 } .

Epeidă h seirĹ pou emfanÐzetai apoteleÐtai apo mh arnhtikoÔc ìrouc, mporoÔme na oloklhrÿsoume kai na pĹroume :

+∞∑ n=0 t^n ∫_{+∞} −∞ ψ^2_n(x) dx = 1 √ π(1 − t^2) ∫_{+∞} −∞ exp { − 1 − t 1 + t x^2 } dx = 1 1 − t = +∞∑ n=0 t^n .

’Ara ∫_{+∞} −∞ ψ^2_n(x) dx = 1 gia kĹje n ∈ N_o . □

Lămma 2.1.7 (i) ∫_{+∞} −∞ K(x, y, t) dy = √_2

1+t^2 exp { −^1_2^{1−t2}_{1+t2} x^2 } , opìte ∫_{+∞} −∞ K(x, y, t) dy −→ 1 , an t → 1 . (ii) ∫_{+∞} −∞ |K(x, y, t)| dy = √_{2|1−t2 |} 1−|t|^4 exp { −^1_2^{1−|t|2}_{1+|t|2} x^2 } . ’Ara, gia kĹje c ≥ 1 isqÔei ∫_{+∞} −∞ |K(x, y, t)| dy ≤ 2 √ c, an t eÐnai migadikìc me |t| < 1 kai |1−t| 1−|t| ≤ c . (iii) |K(x, y, t)| ≤^1√_{π|1−t2|} exp { −^1_4^{1−|t|2}_{|1−t|2} (x − y)^2 } . Apìdeixh: Oi apodeÐxeic twn (i), (ii) eÐnai zăthma aplÿn prĹxewn qrhsimopoiÿntac thn (2.7). H (iii) apodeiknÔetai bĹsei tou tÔpou K(x, y, t) = 1 √ π(1 − t^2) exp { − 1 4 1 + t 1 − t (x − y)^2 − 1 4 1 − t 1 + t

(x + y)^2 }

o opoÐoc prokÔptei epÐshc apo thn (2.7). □

To Lămma 2.1.7 ekfrĹzei to gegonìc ìti o purănac tou Mehler sumperifèretai wc prosèggish thc monĹdac. ’Opwc eÐnai anamenìmeno, èqoume san Ĺmesh sunèpeia to

Jeÿrhma 2.1.2 ’Estw tuqìn c ≥ 1.

(a) Gia kĹje f ∈ L^p(R) me 1 ≤ p < +∞ isqÔei ìti lim ‖K_tf − f‖_p = 0 ìtan t → 1 paÐrnontac migadikèc timèc me |t| < 1 kai^{|1−t|}_{1−|t|} ≤ c.

(b) Gia kĹje f ∈ L^p(R) isqÔei ìti ‖K_tf‖_p ≤ 2 √_{|1−t|} |1+t|(1−|t|^2 ) ‖f‖p kai epomènwc ‖K_tf‖_p ≤ √ 2c(c + 1)‖f‖_p an o t eÐnai migadikìc me |t| < 1 kai^{|1−t|}_{1−|t|} ≤ c.

Apìdeixh: (a)

‖K_tf − f‖_p = {∫_{+∞} −∞ | | | ∫_{+∞} −∞ K(x, y, t)f(y) dy − f(x) | | | p dx } 1_p

≤ {∫_{+∞} −∞ | | | ∫_{+∞} −∞ K(x, y, t) (f(y) − f(x)) dy | | | p dx } 1_p +

+ {∫_{+∞} −∞ | | | | ∫_{+∞} −∞ K(x, y, t) dy − 1 | | | | p |f(x)|^p dx } 1_p = A + B .

Tìte kat’ arqăn apo to Lămma 2.1.7(i) :

B^p = ∫_{+∞} −∞ | | | | √ 2 1 + t^2 exp { − 1 2 1 − t^2 1 + t^2 x^2 } − 1 | | | | p |f(x)|^p dx −→ 0 ìtan t → 1, to opoÐo eÐnai fanerì an efarmìsoume to Jeÿrhma Kuriarqhmènhc SÔgklishc. Katìpin, apo to Lămma 2.1.7(iii):

A ≤ 1 √ π |1 − t^2| {∫_{+∞} −∞ | | | | ∫_{+∞} −∞ exp { − 1 4 1 − |t|^2 |1 − t|^2 (x − y)^2 } |f(y) − f(x)| dy | | | | p dx }^1_p

= 1 √ π |1 − t^2| {∫_{+∞} −∞ | | | | ∫_{+∞} −∞ exp { − 1 4 1 − |t|^2 |1 − t|^2 y^2 } |f(x − y) − f(x)| dy | | | | p dx } 1_p

≤ 1 √ π |1 − t^2| ∫_{+∞} −∞ {∫_{+∞} −∞ |f(x − y) − f(x)|^p dx }^1_p exp { − 1 4 1 − |t|^2 |1 − t|^2 y^2 } dy ìpou h teleutaÐa anisìthta prokÔptei apo thn oloklhrwtikă anisìthta tou Minkowski.

Tÿra orÐzoume

ϕ_f (y) = {∫_{+∞} −∞ |f(x − y) − f(x)|^p dx }^1_p ≤ 2‖f‖_p kai eÐnai gnwstì ìti ϕ_f (y) −→ 0 ìtan y → 0 gia kĹje f ∈ L^p(R). ’Ara A ≤ 1 √ π |1 − t^2| ∫_{+∞} −∞ ϕ_f (y) exp { − 1 4 1 − |t|^2 |1 − t|^2 y^2 } dy

= 2 √ |1 + t| (1 + |t|) √ |1 − t| 1 − |t| ∫_{+∞} −∞ ϕ_f 2 √ π |1 − t| √ 1 − |t|^2 y e^{−πy2} dy .

Epomènwc, an^{|1−t|}_{1−|t|} ≤ c, tìte

A ≤ √ 2c(c + 1) ∫_{+∞} −∞ ϕ_f ( 2 √ π √ |1 − t| 1 + |t| √ |1 − t| 1 − |t| y ) e^{−πy2} dy −→ 0 ìtan t → 1, me efarmogă tou Jewrămatoc Kuriarqhmènhc SÔgklishc. (b) ‖K_tf‖_p = {∫_{+∞} −∞ | | | ∫_{+∞} −∞ K(x, y, t)f(y) dy | | | p dx } 1_p

to opoÐo apo to Lămma 2.1.7(iii) eÐnai

≤ 1 √ π |1 − t^2| {∫_{+∞} −∞ (∫_{+∞} −∞ exp { − 1 4 1 − |t|^2 |1 − t|^2 (x − y)^2 } |f(y)| dy )_p dx }^1_p

= 1 √ π |1 − t^2| {∫_{+∞} −∞ (∫_{+∞} −∞ exp { − 1 4 1 − |t|^2 |1 − t|^2 y^2 } |f(x − y)| dy )_p dx } 1_p

≤ 1 √ π |1 − t^2| ∫_{+∞} −∞ {∫_{+∞} −∞ |f(x − y)|^p dx }^1_p exp { − 1 4 1 − |t|^2 |1 − t|^2 y^2 } dy

= 2 √ |1 − t| |1 + t| (1 − |t|^2) ‖f‖_p apo thn oloklhrwtikă anisìthta tou Minkowski. □

Jeÿrhma 2.1.3 Oi sunartăseic Hermite ψ_k(x), k = 0, 1, 2, . . . , apoteloÔn orjokanonikă bĹsh tou L^2(R).

Apìdeixh: ’Hdh apo to Lămma 2.1.6 gnwrÐzoume ìti oi sunartăseic Hermite apoteloÔn orjokanonikì uposÔnolo tou L^2(R).

Apo ton tÔpo (2.5) tou Jewrămatoc 2.1.1 èqoume gia kĹje x kai kĹje migadikì t me |t| < 1 ìti_{+∞} ∑ n=0 |t^nψ_n(x)|^2 = +∞∑ n=0 |t|^{2n} ψ^2_n(x) = K(x, x, |t|^2) < +∞ . ’Ara, gia kĹje x kai t me |t| < 1 h seirĹ +∞∑ n=0 t^nψ_n(x)ψ_n sugklÐnei sÔmfwna me to Jeÿrhma Riesz - Fischer se kĹpoia sunĹrthsh tou L^2(R) (me th sÔgklish tou L^2(R)).

Epeidă h Ðdia seirĹ sugklÐnei shmeiakĹ (wc proc y) sthn K(x, y, t) sunepĹgetai ìti gia kĹje x kai kĹje t me |t| < 1 lim N→+∞ N∑ n=0 t^nψ_n(x)ψ_n(·) = K(x, ·, t) ston L^2(R). (2.9)

’Ara gia kĹje x, kĹje t me |t| < 1 kai kĹje f ∈ L^2(R) +∞∑ n=0 t^nψ_n(x) ∫_{+∞} −∞ f(y)ψ_n(y) dy = ∫_{+∞} −∞ K(x, y, t)f(y) dy = (K_tf) (x) . (2.10) Tÿra gia kĹje t me |t| < 1 +∞∑ n=0 | | |t^n ∫_{+∞} −∞ f(y)ψ_n(y) dy | | | 2 ≤ +∞∑ n=0 |t|^{2n} ‖f‖_2 < +∞ . Autì sunepĹgetai ìti h seirĹ +∞∑ n=0 t^n ∫_{+∞} −∞ f(y)ψ_n(y) dyψ_n sugklÐnei, pĹli sÔmfwna me to Jeÿrhma Riesz - Fischer, se kĹpoia sunĹrthsh tou L^2(R). Lìgw thc (2.10) sunepĹgetai ìti gia kĹje t me |t| < 1 lim N→+∞ N∑ n=0 t^n ∫_{+∞} −∞ f(y)ψ_n(y) dy ψ_n(·) = (K_tf) (·) ston L^2(R). (2.11)

’Estw tÿra f ∈ L^2(R) kai ϵ > 0. Apo to Jeÿrhma 2.1.2(a) upĹrqei t me 0 ≤ t < 1 ÿste ‖K_tf − f‖_2 <^ϵ_2 kai apo thn (2.11) upĹrqei N ÿste ‖ ‖ ‖ N∑ n=0 t^n ∫_{+∞} −∞ f(y)ψ_n(y) dy ψ_n − K_tf ‖ ‖ ‖_2 < ϵ 2 .

’Ara ‖ ‖ N∑ n=0 t^n ∫_{+∞} −∞ f(y)ψ_n(y) dy ψ_n − f ‖ ‖_2 < ϵ . Dhladă h f proseggÐzetai apo grammikoÔc sunduasmoÔc twn ψ_o, ψ_1, ψ_2 , . . . opìte oi sunartăseic Hermite parĹgoun ton L^2(R). □ BĹsei tou Jewrămatoc 2.1.3 isqÔoun oi gnwstèc sqèseic gia kĹje f, g ∈ L^2(R):

an α_n = ∫_{+∞} −∞ f(x)ψ_n(x) dx , β_n = ∫_{+∞} −∞ g(x)ψ_n(x) dx,

dhladă an f ∼ +∞∑ n=0 α_nψ_n , g ∼ +∞∑ n=0 β_nψ_n, tìte

∫_{+∞} −∞ f(x)g(x) dx = +∞∑ n=0 α_nβ_n ,

‖f‖^2 = +∞∑ n=0 |α_n|^2 ,

(f ∼ ∑_{+∞} n=0 α_nψ_n shmaÐnei ìti ∑_N n=0 α_nψ_n −→ f ston L^2(R) ìtan N → +∞).

Apo th sqèsh (2.11) faÐnetai kajarĹ o trìpoc drĹshc tou telestă K_t ston L^2(R) : aplÿc pollaplasiĹzei touc suntelestèc sth seirĹ Fourier thc f (sqetikĹ me thn orjokanonikă bĹsh twn sunartăsewn Hermite) me touc pollaplasiastèc t^n. Dhladă

an f ∼ +∞∑ n=0 α_nψ_n, tìte K_tf ∼ +∞∑ n=0 t^nα_nψ_n . (2.12)

Apo thn (2.12) sunepĹgetai automĹtwc ìti oi ψ_n, n = 0, 1, 2, . . . , eÐnai idiosunartăseic tou K_t me antÐstoiqec idiotimèc t^n : K_tψ_n = t^nψ_n.

Jeÿrhma 2.1.4 H oikogèneia telestÿn {K_t | t ∈ C , |t| < 1} apoteleÐ analutikă hmiomĹda telestÿn parametrikopoihmènh me ta shmeÐa tou monadiaÐou dÐskou tou C .

Apìdeixh: Gia kĹje t, s ∈ C me |t| , |s| < 1 kai gia kĹje f ∈ L^2(R) me f ∼ ∑_{+∞} n=0 α_nψ_n èqoume bĹsei thc (2.12) : K_tf ∼ +∞∑ n=0 t^nα_nψ_n kai epomènwc

(K_s ∘ K_t) f = K_s (K_tf) ∼ +∞∑ n=0 s^nt^nα_nψ_n ∼ K_{st}f . ’Ara K_s ∘ K_t = K_{st} . (2.13)

Aută eÐnai h idiìthta thc hmiomĹdac. Gia thn analutikìthta prèpei na apodeÐxoume ìti gia kĹje f ∈ L^2(R) h sunĹrthsh K_tf tou t èqei migadikă parĹgwgo. PrĹgmati, ja apodeÐxoume ìti an f ∼ ∑_{+∞} n=0 α_nψ_n ,tìte to lim_{s→t} K_sf − K_tf s − t upĹrqei ston L^2(R) kai isoÔtai me th sunĹrthsh g ∼ ∑_{+∞} n=0 nt^{n−1}α_nψ_n. Gia kĹje s me |s| < 1 èqoume ìti K_sf − K_tf s − t − g ∼ +∞∑ n=0 α_n { s^n − t^n s − t − nt^{n−1} } ψ_n kai epomènwc ‖ ‖ ‖ K_sf − K_tf s − t − g ‖ ‖ ‖ 2 2 = +∞∑ n=0 |α_n|^2 | | | s^n − t^n s − t − nt^{n−1} | | | 2

= +∞∑ n=0 |α_n|^2 | |s^{n−1} + s^{n−2}t + · · · + st^{n−2} + t^{n−1} − nt^{n−1} | |^2 .

AfoÔ s → t mporoÔme na jewrăsoume ìti |s − t| <^{1−|t|}_2 . Tìte ìmwc |s| ≤ 1 + |t| 2 kai |t| = |t| 2 + |t| 2 ≤ 1 + |t| 2 . Sunepÿc gia kĹje n ∈ N èqoume

|α_n|^2 | | | | s^n − t^n s − t − nt^{n−1} | | | | 2 ≤ |α_n|^2 { n ( 1 + |t| 2 )_{n−1} + n |t|^{n−1} }_2

≤ 4n^2 |α_n|^2 ( 1 + |t| 2 )_{2(n−1)} .

Epeidă ∑_{+∞} n=0 n^2 |α_n|^2 (_{1+|t|} 2 )_{2(n−1)} < +∞, apo to Jeÿrhma Kuriarqhmènhc SÔgklishc gia seirèc paÐrnoume lim_{s→t} ‖ ‖ ‖ ‖ K_sf − K_tf s − t − g ‖ ‖ ‖ ‖ 2 2 = lim_{s→t} +∞∑ n=0 |α_n|^2 | | | | s^n − t^n s − t − nt^{n−1} | | | | 2

= +∞∑ n=0 lim_{s→t} ( |α_n|^2 | | | s^n − t^n s − t − nt^{n−1} | | | 2) = 0 . □

2.2 O metasqhmatismìc Fourier sto qÿro L^2(R)

Jeÿrhma 2.2.1 ^ψ_n = (−i)^nψ_n . Apìdeixh: An jèsoume c_n =^1_{(2nn!√π) 12} , tìte

^ψ_n(ξ) = 1√ 2π ∫_{+∞} −∞ ψ_n(ξ)e^{−ixξ} dx = (−1)^n √ 2π c_n ∫_{+∞} −∞ e^{x22} d^n dx^n ( e^{−x2} ) e^{−ixξ} dx

= 1 √ 2π c_n ∫_{+∞} −∞ e^{−x2} d^n dx^n ( e^{x22 −ixξ} ) dx = 1 √ 2π c_n ∫_{+∞} −∞ e^{−x2} d^n dx^n ( e^{12 (x−iξ)2} ) dx e^{12 ξ2}

= i^n √ 2π c_n ∫_{+∞} −∞ e^{−x2} d^n dξ^n ( e^{12 (x−iξ)2} ) dx e^{12 ξ2} = i^nc_ne^{12 ξ2} d^n dξ^n ( 1 √ 2π ∫_{+∞} −∞ e^{−x2} e^{12 (x−iξ)2} dx )

= i^nc_ne^{12 ξ2} d^n dξ^n e^{−ξ2} = (−i)^nψ_n(ξ) . □ ’Ara h orjokanonikă bĹsh twn sunartăsewn Hermite apoteleÐ plărec sÔsthma idiodianusmĹtwn tou F : L^2(R) −→ L^2(R). An f ∼ ∑_{+∞} n=0 α_nψ_n tìte

f = L^2 − lim_{N→+∞} N∑ n=0 α_nψ_n kai epeidă o F eÐnai isometrÐa

Ff = L^2 − lim_{N→+∞} F (_N ∑ n=0 α_nψ_n ) = L^2 − lim_{N→+∞} N∑ n=0 (−i)^nα_nψ_n. ’Ara an f ∼ +∞∑ n=0 α_nψ_n , tìte ^f ∼ +∞∑ n=0 (−i)^nα_nψ_n . (2.14)

’Estw, tÿra, f ∼ ∑_{+∞} n=0 α_nψ_n. Apo thn (2.12) èqoume K_tf ∼ ∑_{+∞} n=0 t^nα_nψ_n kai apo thn (2.14) ^K_tf ∼ ∑_{+∞} n=0(−i)^nt^nα_nψ_n ∼ K_{−it}f . ’Ara ^K_tf = K_{−it}f . (2.15) Jeÿrhma 2.2.2 Gia kĹje f ∈ L^2(R) isqÔei ìti

lim_{t→1} ‖K_tf − f‖_2 = 0 , lim_{t→1} ‖K_{−it}f − ^f ‖_2 = 0.

Apìdeixh: An f ∼ ∑_{+∞} n=0 α_nψ_n, tìte bĹsei twn (2.12), (2.14) kai (2.15) èqoume

‖K_tf − f‖^2 = +∞∑ n=0 |1 − t^n|^2 |α_n|^2

‖K_{−it}f − ^f‖^2 = +∞∑ n=0 |(−i)^n − (−it)^n|^2 |α_n|^2 = +∞∑ n=0 |1 − t^n|^2 |α_n|^2

kai to apotèlesma tou jewrămatoc eÐnai Ĺmeso. □

’Etsi loipìn o tautotikìc telestăc I kai o metasqhmatismìc Fourier F emfanÐzontai wc {sunoriakèc timèc} thc hmiomĹdac {K_t | t ∈ C , |t| < 1} ìtan t = 1 kai t = −i antistoÐqwc.

AxÐzei na anaferjeÐ ìti

A. Oi sqèseic (2.14) qrhsimeÔoun kai wc deÔteroc trìpoc orismoÔ tou metasqhmatismoÔ Fourier ston L^2(R). Dhladă, gia kĹje f ∼ ∑_{+∞} n=0 α_nψ_n, orÐzoume ^f th sunĹrthsh me seirĹ Fourier ∑_{+∞} n=0(−i)^nα_nψ_n. Aută h sunĹrthsh upĹrqei bĹsei tou jewrămatoc Riesz - Fischer. O trìpoc autìc orismoÔ tou metasqhmatismoÔ Fourier parousiĹzetai sto [6].

B. To Jeÿrhma 2.2.2 parèqei trÐto trìpo orismoÔ tou metasqhmatismoÔ Fourier ston L^2(R). Dhladă gia kĹje f ∈ L^2(R) orÐzoume ^f na eÐnai to L^2 − lim_{t→1} K_{−it}f. O trìpoc autìc parousiĹzetai diexodikĹ sto biblÐo [7].

Me ìpoio trìpo apo touc dÔo orÐsoume to ^f mènei na apodeiqjeÐ ìti

^f(ξ) = L^2 − lim_{R→+∞} 1√ 2π ∫_R −R f(x)e^{−ixξ} dx ÿste, bĹsei tou tÔpou (1.5) na tautisjeÐ o nèoc orismìc me ton orismì pou dÿsame sto KefĹlaio 1. H apìdeixh perigrĹfetai sta proanaferjènta [6], [7].

Jeÿrhma 2.2.3 Gia kĹje f ∈ L^p(R), 1 ≤ p ≤ +∞ ^K_tf = K_{−it}f . Apìdeixh: Katarqăn parathroÔme ìti o ^K_tf den èqei prìblhma Ôparxhc diìti h K_tf eÐnai sto qÿro S(R) bĹsei tou Lămmatoc 2.1.5.

H sqèsh (2.9) lìgw summetrÐac sunepĹgetai ìti K(·, y, t) ∼ ∑_{+∞} n=0 t^nψ_n(y)ψ_n(·) kai epomènwc, apo th sqèsh (2.14), paÐrnoume 1 √ 2π ∫_{+∞} −∞ K(x, y, t)e^{−ixξ} dx ∼ +∞∑ n=0 (−it)^nψ_n(y)ψ_n(ξ) = K(ξ, y, −it) san sunartăseic tou ξ. Epeidă kai oi dÔo pleurèc eÐnai sto qÿro S(R) sunepĹgetai ìti 1 √ 2π ∫_{+∞} −∞ K(x, y, t)e^{−ixξ} dx = K(ξ, y, −it) gia kĹje ξ, y kai migadikì t me |t| < 1.

Tÿra gia tuqoÔsa f ∈ L^p(R) èqoume ^K_tf(ξ) = 1√ 2π ∫_{+∞} −∞ (∫_{+∞} −∞ K(x, y, t)f(y) dy ) e^{−ixξ} dx = 1 √ 2π ∫_{+∞} −∞ (∫_{+∞} −∞ K(x, y, t) e^{−ixξ} dx ) f(y) dy = ∫_{+∞} −∞ K(ξ, y, −it)f(y) dy = (K_{−it}f) (ξ) . □ Jeÿrhma 2.2.4 Gia kĹje p, q o telestăc K_t : L^p(R) −→ L^q(R) eÐnai sumpagăc.

Apìdeixh: ’Estw tuqoÔsa akoloujÐa {f_n} ston L^p(R) me ‖f_n‖_p ≤ 1 gia kĹje n.

Apo tic sqèseic (2.8) sunepĹgetai ìti

(i) |K_tf_n(x)| ≤ C exp { −^1_2^{1−|t|2}_{1+|t|2} x^2 } ≤ C , (ii) | |^d_{dx} (K_tf_n) (x) | | ≤ C (1 + |x|) exp { −^1_2^{1−|t|2}_{1+|t|2} x^2 } ≤ C^′ . Efarmìzontac to Jeÿrhma twn Arzela kai Ascoli sumperaÐnoume ìti upĹrqei upakoloujÐa {f_{nk} } kai suneqăc sunĹrthsh g ÿste K_tf_{nk} −→ g omoiìmorfa sta sumpagă uposÔnola tou R.

An 1 ≤ q < +∞, tìte, akribÿc ìpwc fjĹsame sthn (i) fjĹnoume kai sthn

|(K_tf_{nk} ) (x) − (K_tf_{nλ} ) (x)|^q ≤ C^q exp { − q 2 1 − |t|^2 1 + |t|^2 x^2 } ‖f_{nk} − f_{nλ} ‖^q_p

≤ 2^qC^q exp { − q 2 1 − |t|^2 1 + |t|^2 x^2 } . H teleutaÐa sunĹrthsh eÐnai ston L^1(R), opìte efarmìzontac to Jeÿrhma Kuriarqhmènhc SÔgklishc paÐrnoume ∫_{+∞} −∞ |(K_tf_{nk} ) (x) − (K_tf_{nλ} ) (x)|^q dx −→ 0 ìtan k, λ → +∞. ’Ara h {K_tf_{nk} } eÐnai Cauchy ston L^q(R) kai epomènwc K_tf_{nk} −→ g ston L^q(R). ’Ara o K_t eÐnai sumpagăc telestăc sthn perÐptwsh 1 ≤ q < +∞.

’Estw tÿra q = +∞.

Apo thn (i) paÐrnoume amèswc ìti |g(x)| ≤ C exp { − 1 2 1 − |t|^2 1 + |t|^2 x^2 }

kai epomènwc h g mhdenÐzetai sto Ĺpeiro. ’Estw tÿra ϵ > 0. Apo thn (i) sunepĹgetai ìti upĹrqei R > 0 koinì gia ìlec tic f_{nk} kai thn g ÿste : |(K_tf_{nk} ) (x)| ≤^ϵ_2 kai |g(x)| ≤^ϵ_2 gia kĹje x me

|x| > R kai kĹje k. Epeidă K_tf_{nk} −→ g omoiìmorfa sto [−R, R], sunepĹgetai ìti gia arketĹ megĹlo k isqÔei |(K_tf_{nk} ) (x) − g(x)| ≤ ϵ gia kĹje x me |x| ≤ R. ’Ara gia arketĹ megĹlo k isqÔei |(K_tf_{nk} ) (x) − g(x)| ≤ ϵ gia kĹje x ∈ R.

’Ara K_tf_{nk} −→ g ston L^∞(R).

’Ara o K_t eÐnai sumpagăc kai sthn perÐptwsh q = +∞. □

30

KefĹlaio 3

H ergasÐa tou K.I. Babenko

3.1 Efarmogă stoiqeiÿdouc logismoÔ metabolÿn

’Estw 1 < p < 2 kai q =^p_{p−1} . Gia na upologÐsei th bèltisth stajerĹ sthn anisìthta ‖ ^f‖_q ≤ μ‖f‖_p , f ∈ L^p(R) , (3.1) o Babenko, antÐ na jewrăsei aplĹ to metasqhmatismì Fourier f −→ ^f , stajeropoieÐ èna t me 0 < t < 1 kai parembĹllei ton telestă K_t: f −→ K_tf −→ ^K_tf . (3.2) Katìpin upologÐzei th bèltisth stajerĹ sthn anisìthta ‖ ^K_tf‖_q ≤ μ_t‖f‖_p , f ∈ L^p(R) (3.3) kai ekmetalleÔetai ta exăc:

(a) H sunĹrthsh K_tf eÐnai, sÔmfwna me to Lămma 2.1.5, sto qÿro S(R) opìte upĹrqei eleujerÐa diekperaÐwshc prĹxewn.

(b) (Akìma shmantikìtero). Epeidă ^K_tf = K_{−it}f (Jeÿrhma 2.2.3) to sqăma (3.2) anĹgetai ston telestă f −→ K_{−it}f o opoÐoc eÐnai sumpagăc (Jeÿrhma 2.2.4) kai epomènwc upĹrqei sunĹrthsh f ≠ 0 h opoÐa {piĹnei} th bèltisth stajerĹ μ_t sthn anisìthta (3.3).

(g) An upologisjeÐ h stajerĹ μ_t, tìte, lìgw tou Jewrămatoc 2.1.2(a), apo thn ‖K_{−it}f‖_q ≤ μ_t‖f‖_p kai apo thn K_{−it}f = K_t( ^f) gia kĹje f ∈ S(R), paÐrnoume ‖ ^f‖_q ≤ μ‖f‖_p , f ∈ S(R) ìpou μ = lim_{t→1}− μ_t .

Lămma 3.1.1 JewroÔme to prìblhma megistopoÐhshc

μ_t = sup_{‖f ‖p≤1} ‖^g‖_q me g = K_tf . (3.4)

UpĹrqei f ∈ L^p(R) ÿste, me g = K_tf, na isqÔei

‖^g‖_q = μ_t kai ‖f‖_p = 1 . (3.5)

EpÐshc kĹje tètoia f ikanopoieÐ thn 1 √ 2π ∫_{+∞} −∞ K_t ( |^g|^{q−2} ^g ) (y) e^{ixy} dy = μ^q_t |f(x)|^{p−2} f(x) . (3.6)

Apìdeixh: To (3.4) isodunameÐ me μ_t = sup_{‖f ‖p≤1} ‖K_{−it}f‖_q . SÔmfwna me to Jeÿrhma (2.2.4) o K_{−it} : L^p(R) −→ L^q(R) eÐnai sumpagăc. ’Estw loipìn akoloujÐa {f_n} me ‖f_n‖_p ≤ 1 kai ‖K_{−it}f_n‖_q −→ μ_t. Tìte upĹrqei upoakoloujÐa {f_{nk} } h opoÐa sugklÐnei asjenÿc-⋆ se kĹpoia f me ‖f‖_p ≤ 1 kai h {K_{−it}(f_{nk} )} sugklÐnei isqurĹ sthn K_{−it}f. Epomènwc ‖K_{−it}f‖_q = μ_t kai ‖f‖_p = 1, diìti an ‖f‖_p < 1, tìte me f_1 =^1_{‖f ‖p} f ja eÐqame ‖f_1‖_p = 1 kai ‖K_{−it}f_1‖_q =^1_{‖f ‖p} ‖K_{−it}f‖_q > μ_t. ’Ara upĹrqei f ÿste

‖^g‖_q = μ_t kai ‖f‖_p = 1

me g = K_tf.

Sth sunèqeia thc apìdeixhc ja qrhsimopoiăsoume to

Lămma 3.1.2 An h, f ∈ L^p(R), 1 ≤ p < +∞ kai f_ϵ = f + ϵh, tìte h sunĹrthsh ρ(ϵ) = ‖f_ϵ‖^p eÐnai paragwgÐsimh kai d dϵ {ρ(ϵ)} = p ∫_{+∞} −∞ |f(x) + ϵh(x)|^{p−2} Re { (f(x) + ϵh(x))h(x) } dx . (3.7)

Apìdeixh: ρ(ϵ) = ‖f_ϵ‖^p = ∫_{+∞} −∞ |f(x) + ϵh(x)|^p dx . ’Estw f = f_1 + if_2, h = h_1 + ih_2 .

Tìte |f(x) + ϵh(x)|^p = [ (f_1(x) + ϵh_1(x))^2 + (f_2(x) + ϵh_2(x))^2 ] p_2 , opìte d dϵ |f(x) + ϵh(x)|^p = p 2 [ (f_1(x) + ϵh_1(x))^2 + (f_2(x) + ϵh_2(x))^2

]^p_{2 −1} · 2 [(f_1(x) + ϵh_1(x))h_1(x) + (f_2(x) + ϵh_2(x))h_2(x)] = p |f(x) + ϵh(x)|^{p−2} Re { (f(x) + ϵh(x))h(x) } . PeriorÐzontac tÿra to ϵ se opoiodăpote fragmèno diĹsthma −M < ϵ < M èqoume | | | | d dϵ |f(x) + ϵh(x)|^p | | | | ≤ p [ |f(x)| + M |h(x)| ]^{p−1} |h(x)| kai

∫_{+∞} −∞ [ |f(x)| + M |h(x)| ]^{p−1} |h(x)| dx ≤ (∫_{+∞} −∞ [ |f(x)| + M |h(x)| ]^p dx )^{p−1}_p ‖h‖_p

≤ [ ‖f‖_p + M‖h‖_p ]^{p−1} ‖h‖_p < +∞ . ’Ara paÐrnontac phlÐka diaforÿn thc ρ(ϵ) kai qrhsimopoiÿntac to Jeÿrhma Kuriarqhmènhc SÔgklishc paÐrnoume eÔkola ìti h ρ(ϵ) eÐnai paragwgÐsimh kai d dϵ {ρ(ϵ)} = p ∫_{+∞} −∞ |f(x) + ϵh(x)|^{p−2} Re { (f(x) + ϵh(x))h(x) } dx . □ Sunèqeia thc apìdeixhc tou Lămmatoc 3.1.1:

’Estw loipìn f me ‖f‖_p = 1 kai ‖^g‖_q = μ_t (3.8)

ìpou g = K_tf. JewroÔme th sunĹrthsh f_ϵ(x) = f(x) + ϵh(x) ìpou h eÐnai tuqoÔsa sunĹrthsh ston L^p(R). ’Estw

g_ϵ(x) = (K_tf_ϵ)(x) = (K_tf)(x) + ϵ(K_th)(x) = g(x) + ϵ(K_th)(x) . kai ϕ(ϵ) = ‖ ^g_ϵ‖_q ‖f_ϵ‖_p = ‖^g + ϵ ^K_th‖_q ‖f + ϵh‖_p . ’Eqoume ϕ(ϵ) = ‖^ K_tf_ϵ ‖_q ‖f_ϵ‖_p = ‖ ‖ ‖ ‖F ( K_t ( f_ϵ ‖f_ϵ‖_p ) )‖ ‖ ‖_q ≤ μ^t = ‖^g‖_q ‖f‖_p = ϕ(0)

gia kĹje ϵ ∈ R. Epeidă sÔmfwna me to Lămma 3.1.2 èqoume ìti h ϕ eÐnai paragwgÐsimh, sunepĹgetai ìti ϕ^′(0) = 0 . (3.9)

Apo thn (3.7)

p ‖f_ϵ‖^{p−1}_p d dϵ ‖f_ϵ‖_p = d dϵ ( ‖f_ϵ‖^p ) = p ∫_{+∞} −∞ |f_ϵ(x)|^{p−2} Re { f_ϵ(x)h(x) } dx opìte ( d dϵ ‖f_ϵ‖_p ) ϵ=0 = 1 ‖f‖^{p−1}p ∫_{+∞} −∞ |f(x)|^{p−2} Re { f(x)h(x) } dx kai omoÐwc ( d dϵ ‖ ^g_ϵ‖_q ) ϵ=0 = 1 ‖^g‖^{q−1}q ∫_{+∞} −∞ |^g(x)|^{q−2} Re { ^g(x)^ (K_th)(x) } dx .

’Ara h (3.9) gÐnetai kai me bĹsh tic (3.8) 0 = 1 ‖f‖_p ( d dϵ ‖ ^g_ϵ‖_q ) ϵ=0 − 1 ‖f‖^2_p ‖^g‖_q ( d dϵ ‖f_ϵ‖_p ) ϵ=0 (3.10) = 1 μ^{q−1}_t ∫_{+∞} −∞ |^g(x)|^{q−2} Re { ^g(x)^ (K_th)(x) } dx − μ_t ∫_{+∞} −∞ |f(x)|^{p−2} Re { f(x)h(x) } dx . ’Omwc ∫_{+∞} −∞ |^g(x)|^{q−2} ^g(x)^(K_th)(x) dx = ∫_{+∞} −∞ |^g(x)|^{q−2} ^g(x)(K_{−it}h) (x) dx

= ∫_{+∞} −∞ |^g(x)|^{q−2} ^g(x) ∫_{+∞} −∞ K (x, y, −it)h(y) dy dx

= ∫_{+∞} −∞ ∫_{+∞} −∞ K (x, y, −it) |^g(x)|^{q−2} ^g(x) dx h(y) dy (3.11)

= ∫_{+∞} −∞ ∫_{+∞} −∞ K(x, y, it) |^g(x)|^{q−2} ^g(x) dx h(y) dy . Apo tic (3.10), (3.11) sumperaÐnoume ìti

0 = Re {∫_{+∞} −∞ [∫_{+∞} −∞ K (y, x, it) |^g(y)|^{q−2} ^g(y) dy − μ^q_t |f(x)|^{p−2} f(x) ] h(x) dx }

gia kĹje h ∈ L^p(R). ’Ara μ^q_t |f(x)|^{p−2} f(x) = ∫_{+∞} −∞ K (y, x, it) |^g(y)|^{q−2} ^g(y) dy . (3.12) Apo th sqèsh (2.7) eÐnai fanerì ìti K (y, x, it) = K (x, y, it) = K (−x, y, −it) . ’Ara h (3.12) gÐnetai μ^q_t |f(x)|^{p−2} f(x) = ∫_{+∞} −∞ K (−x, y, −it) |^g(y)|^{q−2} ^g(y) dy = K_{−it} ( |^g|^{q−2} ^g ) (−x) = F ( K_t ( |^g|^{q−2} ^g )) (−x) = 1 √ 2π ∫_{+∞} −∞ K_t ( |^g|^{q−2} ^g ) (y)e^{ixy} dy kai aută eÐnai h sqèsh (3.6). □

3.2 Anagwgă se sÔsthma dÔo oloklhrwtikÿn exisÿsewn kai epÐlusă tou

H epìmenh idèa eÐnai na metasqhmatÐsoume tic sqèseic g = K_tf kai (3.6) se dÔo summetrikèc sqèseic: tic (3.15), (3.16) pou emfanÐzontai pio kĹtw.

Periorizìmaste plèon se 0 < t < 1 kai jètoume θ = 1 − t^2 2(1 + t^2) > 0, τ = 2t 1 + t^2 > 0 . Me lÐgec prĹxeic eÐnai eÔkolo na doÔme ìti K (x, y, −it) = √ τ 2πt exp { −θx^2 − θy^2 − iτxy } . ’Ara ^g(x) = ^K_tf(x) = (K_{−it}f) (x) =

= √ τ 2πt ∫_{+∞} −∞ f(y) exp { −θx^2 − θy^2 − iτxy } dy . (3.13)

OmoÐwc, h (3.6) gÐnetai μ^q_t |f(x)|^{p−2} f(x) = F ( K_t ( |^g|^{q−2} ^g )) (−x) = ( K_{−it} ( |^g|^{q−2} ^g )) (−x) (3.14) = √ τ 2πt ∫_{+∞} −∞ |^g(y)|^{q−2} ^g(y) exp { −θx^2 − θy^2 + iτxy } dy . Jètoume ϕ(x) = |f(x)|^{p−2} f(x) , ψ(x) = ^g(x) opìte, epeidă |ϕ(x)|^{q−2} ϕ(x) = f(x), oi (3.13), (3.14) gÐnontai

μ^q_t ϕ(x) = √ τ 2πt ∫_{+∞} −∞ |ψ(y)|^{q−2} ψ(y) exp { −θx^2 − θy^2 + iτxy } dy (3.15)

ψ(x) = √ τ 2πt ∫_{+∞} −∞ |ϕ(y)|^{q−2} ϕ(y) exp { −θx^2 − θy^2 − iτxy } dy . (3.16)

H sunĹrthsh ψ eÐnai ex orismoÔ sto qÿro S(R), diìti h g eÐnai ston S(R). H ϕ eÐnai ex orismoÔ ston L^q(R), allĹ an parathrăsoume th sqèsh (3.15) blèpoume ìti μ^q_t ϕ(x) = K_{−it} ( |ψ|^{q−2} ψ ) (−x) kai epomènwc kai h ϕ eÐnai ston S(R) bĹsei tou Lămmatoc 2.1.5.

Lămma 3.2.1 Oi sunartăseic ϕ, ψ epekteÐnontai sto C se akèraiec sunartăseic tĹxhc to polÔ 2. Apìdeixh: OrÐzoume gia z = x + iy ϕ(z) = 1 μ^q_t √ τ 2πt ∫_{+∞} −∞ |ψ(u)|^{q−2} ψ(u) exp { −θz^2 − θu^2 + iτzu } du

= 1 μ^q_t √ τ 2πt e^{−θz2} ∫_{+∞} −∞ |ψ(u)|^{q−2} ψ(u) exp { −θu^2 + iτzu } du . (3.17)

To oloklărwma eÐnai kalĹ orismèno diìti ∫_{+∞} −∞ | | ||ψ(u)|^{q−2} ψ(u) exp { −θu^2 + iτzu }| | du = ∫_{+∞} −∞ |ψ(u)|^{q−1} exp { −θu^2 − τyu } du < +∞ . EÔkola blèpoume pernÿntac paragÿgouc mèsa sto oloklărwma ìti h ϕ(z) ikanopoieÐ tic exisÿseic Cauchy-Riemann kai epomènwc eÐnai akèraia sunĹrthsh h opoÐa profanÿc tautÐzetai me thn ϕ(x) gia z = x ∈ R lìgw thc (3.15).

Akìma èqoume |ϕ(z)| = |ϕ(x + iy)| ≤ 1 μ^q_t √ τ 2πt e^{−θ(x2−y2)} ∫_{+∞} −∞ |ψ(u)|^{q−1} exp { −θu^2 − τyu } du

≤ 1 μ^q_t √ τ 2πt e^{−θ(x2−y2)} (∫_{+∞} −∞ |ψ(u)|^q du )^1_p (∫_{+∞} −∞ exp { −qθu^2 − qτyu } du )^1_q

= 1 μ^q_t √ τ 2πt (√ π qθ ) 1_q e^{−θx2+} ( θ+^{τ 2}_{4θ} ) y^2 ‖ψ‖^q_p q = 1 μ^q_t √ τ 2πt (√ π qθ ) 1_q e^{−θx2+ 14θ y2} ‖ψ‖ q p q ≤ c e^{14θ y2} ≤ c e^{14θ |z|2} . ’Ara h ϕ(z) eÐnai tĹxhc to polÔ 2. OmoÐwc, an orÐsoume ψ(z) = √ τ 2πt ∫_{+∞} −∞ |ϕ(u)|^{q−2} ϕ(u) exp { −θz^2 − θu^2 − iτzu } du (3.18)

apodeiknÔetai ìti h ψ(z) eÐnai akèraia sunĹrthsh pou tautÐzetai me thn ψ(x) gia z = x ∈ R kai eÐnai tĹxhc to polÔ 2. □

KatĹ thn apìdeixh tou Lămmatoc 3.2.1 proèkuye h ektÐmhsh |ϕ(x + iy)| ≤ 1 μ^q_t √ τ 2πt (√ π qθ ) 1_q ‖ψ‖ q p q exp { −θx^2 + 1 4θ y^2 } (3.19)

kai me ìmoio trìpo brÐskoume kai thn |ψ(x + iy)| ≤ √ τ 2πt (√ π qθ ) 1_q ‖ϕ‖ q p q exp { −θx^2 + 1 4θ y^2 } . (3.20)

Oi ektimăseic (3.19), (3.20) den eÐnai arketèc gia thn epÐlush tou sustămatoc twn (3.15), (3.16). Mia eidikÿterou tÔpou perigrafă tou megèjouc twn ϕ, ψ dÐnetai sto Lămma 3.2.2 parakĹtw.

JewroÔme thn exÐswsh A^2 + pθ τ A − p 4q = 0 . (3.21)

Epeidă −^p_{4q} < 0 sunepĹgetai ìti h exÐswsh aută èqei akribÿc mÐa jetikă rÐza thn opoÐa sumbolÐzoume A kai jètoume A_1 = τA + θ . (3.22)

EpÐshc gia eukolÐa jètoume

ξ(z) = e^{A1z2} ϕ(z) , η(z) = e^{A1z2} ψ(z) . (3.23)

Lămma 3.2.2 H akèraia sunĹrthsh ξ(z) ikanopoieÐ thn ∫_{+∞} −∞ e^{−qA1 v2} |ξ(v + x + iy)|^q dv ≤ 1 gia kĹje x, y ∈ R.

Apìdeixh: Oi sqèseic - orismoÐ (3.17), (3.18) mazÐ me thn (3.21) dÐnoun metĹ apo lÐgec stoiqeiÿdeic prĹxeic tic sqèseic μ^q_t e^{−τ Az2} ξ(z) = √ τ 2πt ∫_{+∞} −∞ e^{− τ4A u2} |η(u)|^{q−2} η(u) e^{iτ zu} du (3.24) e^{−τ Az2} η(z) = √ τ 2πt ∫_{+∞} −∞ e^{− τ4A u2} |ξ(u)|^{q−2} ξ(u) e^{−iτ zu} du . (3.25) EpÐshc oi (3.19), (3.20) me thn (3.21) dÐnoun tic sqèseic |ξ(x + iy)| ≤ c_1 exp { τAx^2 + ( τ^2 4θ − τA ) y^2 } (3.26) |η(x + iy)| ≤ c_2 exp { τAx^2 + ( τ^2 4θ − τA ) y^2 } . (3.27)

Sthn (3.24) antikajistoÔme to z = x + iy me v + z = (v + x) + iy, v ∈ R, kĹnoume allagă metablhtăc u → u − 2Ay sto oloklărwma kai èqoume μ^q_t e^{−τ A(x+v+iy)2} ξ(x + v + iy) =

= √ τ 2πt ∫_{+∞} −∞ e^{− τ4A (u−2Ay)2} |η(u − 2Ay)|^{q−2} η(u − 2Ay)e^{iτ (x+v+iy)(u−2Ay)} du to opoÐo metĹ apo lÐgec aplopoiăseic dÐnei μ^q_t e^{−τ Av2} ξ(x + v + iy) =

= √ τ 2πt e^{2τ Axv} ∫_{+∞} −∞ e^{− τ4A (u−i2Ax)2} |η(u − 2Ay)|^{q−2} η(u − 2Ay)e^{iτ vu} du . (3.28) An tÿra grĹyoume th dunamoseirĹ thc akèraiac sunĹrthshc η(z) η(z) = +∞∑ n=0 α_nz^n , mporoÔme na orÐsoume thn epÐshc akèraia sunĹrthsh

η^∗(z) = +∞∑ n=0 α_nz^n . Tÿra periorÐzoume to q na eÐnai Ĺrtioc fusikìc arijmìc ≥ 4. Gia pragmatikì z = x èqoume

|η(x)|^{q−2} η(x) = (η(x))^{q2} (η^∗(x))^{q2 −1}

kai epomènwc h sunĹrthsh |η(x)|^{q−2} η(x) epekteÐnetai sto C se akèraia sunĹrthsh kai sugkekrimèna sthn η(z)^{q2} (η^∗(z))^{q2 −1} . Autì to gegonìc mazÐ me katĹllhlh ektÐmhsh thc sunĹrthshc sto oloklărwma thc sqèshc (3.28) ja mac epitrèyei na metafèroume thn pragmatikă eujeÐa sto oloklărwma parĹllhla proc ton eautì thc sto migadikì epÐpedo. H ektÐmhsh pou qreiĹzetai eÐnai h exăc: | | |(η(x + iy))^{q2} (η^∗(x + iy))^{q2 −1} | | | = |η(x + iy)|^{q2} |η^∗(x + iy)|^{q2 −1} = |η(x + iy)|^{q2} | | | η^∗(x + iy) | | | q 2 −1 = |η(x + iy)|^{q2} |η(x − iy)|^{q2 −1} kai apo thn (3.27) | | |(η(x + iy))^{q2} (η^∗(x + iy))^{q2 −1} | | | ≤ c^{q−1}_2 exp { (q − 1)τAx^2 + (q − 1) ( τ^2 4θ − τA ) y^2 } . (3.29)

SqhmatÐzoume tÿra thn kampÔlh γ_N ìpwc sto sqăma

γ_N −N + i2Ax

−N

N + i2Ax

N u

kai apo to Jeÿrhma tou Cauchy sunepĹgetai ìti ∫ γ_N e^{− τ4A (z−i2Ax)2} (η(z − 2Ay))^{q2} (η^∗(z − 2Ay))^{q2 −1} e^{iτ vz} dz = 0 . (3.30)

EÐnai aplì na apodeÐxoume ìti kajÿc N → +∞ ta oloklhrÿmata stic dÔo katakìrufec pleurèc teÐnoun sto mhdèn. Gia parĹdeigma h dexiĹ pleurĹ dÐnei ektÐmhsh kat’apìluth timă ≤ ∫_1 0 | |e^{− τ4A (N+i2Ax(t−1))2} (η(N − 2Ay + i2Axt))^{q2} (η^∗(N − 2Ay + i2Axt))^{q2 −1} e^{iτ v(N+i2Axt)} | | dt kai bĹsei thc (3.29) ≤ c^{q−1}_2 ∫_1 0 exp { − τ 4A [ N^2 − 4A^2x^2(t − 1)^2 ] + (q − 1)τA(N − 2Ay)^2 +

+ (q − 1) ( τ^2 4θ − τA ) 4A^2x^2t^2 − 2τAvxt } dt

= c_3 exp { − τN^2 4A + (q − 1)τA(N − 2Ay)^2 }

ìpou to c_3 den exartĹtai apo to N

= c_3 exp { − ( τ 4A − (q − 1)τA ) N^2 + c_4N + c_5 }

ìpou ta c_4, c_5 den exartÿntai apo to N. To teleutaÐo teÐnei sto 0 diìti^τ_{4A} − (q − 1)τA = τ 4A −^q_p τA = qθ > 0 lìgw thc (3.21).

Akribÿc oi Ðdiec ektimăseic (h mình allagă eÐnai to −N sth jèsh tou N) dÐnoun ìti kai to oloklărwma sthn aristeră pleurĹ thc γ_N teÐnei sto mhdèn kajÿc N → +∞. ’Ara apo thn (3.30) kai thn (3.28) èqoume μ^q_t e^{−τ Av2} ξ(x + v + iy) =

= √ τ 2πt e^{2Aτ xv} · ∫_{+∞} −∞ e^{− τ4A u2} (η(u + i2Ax − 2Ay))^{q2} (η^∗(u + i2Ax − 2Ay))^{q2 −1} e^{iτ v(u+i2Ax)} du

= √ τ 2πt ∫_{+∞} −∞ e^{− τ4A u2} (η(u + i2A(x + iy)))^{q2} (η^∗(u + i2A(x + iy)))^{q2 −1} e^{iτ vu} du . Gia aploÔsteush jètoume z = x + iy kai pollaplasiĹzoume me e^{−θv2} opìte me tic (3.21), (3.22) paÐrnoume

μ^q_t e^{−A1v2} ξ(v + z) = (3.31) = √ τ 2πt ∫_{+∞} −∞ e^{− qp A1u2} (η(u + i2Az))^{q2} (η^∗(u + i2Az))^{q2 −1} exp { −θu^2 − θv^2 + iτuv } du . Xekinÿntac tÿra apo th sqèsh (3.25) kai akoloujÿntac teleÐwc anĹloga bămata apodeiknÔetai h {summetrikă} sqèsh e^{−A1v2} η(v + i2Az) = (3.32) = √ τ 2πt ∫_{+∞} −∞ e^{− qp A1u2} ( ξ(u + 4A^2z)

)^q_2 ( ξ^∗(u + 4A^2z)

)^q_{2 −1} exp { −θu^2 − θv^2 − iτuv } du . H sunĹrthsh ξ^∗ orÐzetai apo thn ξ akribÿc ìpwc orÐsjhke h η^∗ apo thn η.

Apo th sqèsh (3.31) mazÐ me thn (blèpe selÐda 31) K (x, y, −it) = √ τ 2πt exp { −θx^2 − θy^2 − iτxy } . kajÿc kai apo ton orismì tou μ_t paÐrnoume

μ^q_t (∫_{+∞} −∞ e^{−qA1 v2} |ξ(v + z)|^q dv )^1_q ≤

≤ μ_t (∫_{+∞} −∞ e^{−qA1u2} |η(u + i2Az)|^{p q2} |η^∗(u + i2Az)|^p(^{q2 −1}) du )^1_p

kai efarmìzontac thn anisìthta Hölder me ekjètec^2_p ,^2_{2−p}

μ^q_t (∫_{+∞} −∞ e^{−qA1 v2} |ξ(v + z)|^q dv )^1_q ≤ (3.33) ≤ μ_t (∫_{+∞} −∞ e^{−qA1 u2} |η(u + i2Az)|^q du )^1_2 (∫_{+∞} −∞ e^{−qA1 u2} |η(u − i2Az)|^q du )^1_p −^1_2 . Apo th sqèsh (3.32) me ìmoio trìpo paÐrnoume (∫_{+∞} −∞ e^{−qA1v2} |η(v + i2Az)|^q dv )^1_q ≤ (3.34) ≤ μ_t (∫_{+∞} −∞ e^{−qA1u2} | |ξ(u + 4A^2z) | |^q du )^1_2 (∫_{+∞} −∞ e^{−qA1 u2} | |ξ(u + 4A^2z) | |^q du )^1_{p −}^1_2 . OrÐzoume m(z) = 1 q log (∫_{+∞} −∞ e^{−qA1v2} |ξ(v + z)|^q dv ) . (3.35)

Tÿra sthn (3.33) qrhsimopoioÔme dÔo forèc thn (3.34), mia forĹ ìpwc eÐnai kai thn Ĺllh forĹ antikajistÿntac to z me −z. To apotèlesma metĹ apo lÐgec prĹxeic eÐnai m(z) ≤ q^2 4 m(4A^2z) + q^2 2 ( 1 p − 1 2 ) m(4A^2z) + + q^2 2 ( 1 p − 1 2 ) m(−4A^2z) + q^2 ( 1 p − 1 2 )_2 m(−4A^2z). Jètontac δ = 4A^2 (3.36)

èqoume m(z) ≤ q^2 p^2 { p^2 4 m(δz) + (2 − p)p 4 m(δz) + (2 − p)p 4 m(−δz) + (2 − p)^2 4 m(−δz) } .

Thn teleutaÐa sqèsh grĹfoume sth morfă m(z) ≤ q^2 p^2

{a_1m(δz) + b_1m(δz) + c_1m(−δz) + d_1m(−δz)} (3.37)

me a_1 =^{p2}_4 , b_1 =^{(2−p)p}_4 , c_1 =^{(2−p)p}_4 , d_1 =^{(2−p)2}_4 .

Upojètontac ìti m(z) ≤ q^{2n} p^{2n} {a_nm(δ^nz) + b_nm(δ^nz) + c_nm(−δ^nz) + d_nm(−δ^nz)} (3.38) kai katìpin antikajistÿntac sthn (3.37) to z diadoqikĹ me δ^nz, δ^nz, −δ^nz, −δ^nz kai qrhsimopoiÿntac thn (3.38) sumperaÐnoume ìti m(z) ≤ q^{2(n+1)} p^{2(n+1)} { a_{n+1}m(δ^{n+1}z) + b_{n+1}m(δ^{n+1}z) + c_{n+1}m(−δ^{n+1}z) + d_{n+1}m(−δ^{n+1}z) }

me touc anadromikoÔc tÔpouc

a_{n+1} = a_1a_n + b_1b_n + c_1c_n + d_1d_n b_{n+1} = b_1a_n + a_1b_n + d_1c_n + c_1d_n c_{n+1} = c_1a_n + d_1b_n + a_1c_n + b_1d_n d_{n+1} = d_1a_n + c_1b_n + b_1c_n + a_1d_n .

SumperaÐnoume ìti h (3.38) alhjeÔei gia kĹje n ∈ N kai apo touc anadromikoÔc tÔpouc èqoume tèssera sumperĹsmata gia touc a_n, b_n, c_n, d_n.

• a_{n+1} + b_{n+1} + c_{n+1} + d_{n+1} = (a_1 + b_1 + c_1 + d_1)(a_n + b_n + c_n + d_n) kai epeidă a_1 + b_1 + c_1 + d_1 = 1 sunepĹgetai ìti

a_n + b_n + c_n + d_n = 1 gia kĹje n. (3.39)

• b_{n+1} − c_{n+1} = (b_1 − c_1)(a_n − d_n) + (a_1 − d_1)(b_n − c_n) kai epeidă b_1 = c_1 sunepĹgetai ìti b_n = c_n gia kĹje n. (3.40)

• a_{n+1} − d_{n+1} = (a_1 − d_1)(a_n − d_n) + (b_1 − c_1)(b_n − c_n) ap’ìpou mazÐ me thn (3.40) sunepĹgetai ìti

a_n − d_n = (a_1 − d_1)^n = ( p q )_n gia kĹje n. (3.41)

• Gia kĹje n èqoume

a_n, b_n, c_n, d_n ≥ 0 . (3.42)

Katìpin apodeiknÔoume ìti h sunĹrthsh m(z) = m(x + iy) eÐnai Ĺpeirec forèc paragwgÐsimh wc proc x kai y. ArkeÐ na apodeÐxoume ìti h sunĹrthsh ∫_{+∞} −∞ e^{−qA1v2} |ξ(v + x + iy)|^q dv eÐnai Ĺpeirec forèc paragwgÐsimh wc proc x kai y , lìgw thc (3.35). ’Omwc |ξ(v + x + iy)|^q =

[ ξ(v + x + iy)ξ(v + x + iy) ]^q_2

kai epeidă h ξ(v + z) eÐnai akèraia sunĹrthsh tou z kai o^q_2 eÐnai fusikìc arijmìc sunepĹgetai ìti gia kĹje v h |ξ(v + x + iy)|^q eÐnai Ĺpeirec forèc paragwgÐsimh wc proc x kai y. ’Ara gia na mporèsoume na perĹsoume paragÿgouc mèsa sto oloklărwma arkeÐ na apodeÐxoume ìti gia kĹje n ∈ N ∫_{+∞} −∞ e^{−qA1v2} | |ξ^{(n)}(v + x + iy) | |^q dv < +∞ . (3.43)

Apo ton oloklhrwtikì tÔpo tou Cauchy èqoume | | |ξ^{(n)}(v + z) | | | = | | | | n! 2πi ∫ |ζ−v−z|=1 ξ(ζ) (ζ − v − z)^{n+1} dζ | | | | ≤ n! 2π ∫ |ζ−v−z|=1 |ξ(ζ)| |dζ| kai apo thn (3.26) | |ξ_{(n)}(v + z) | | ≤ c_1n! exp { τA(1 + |v + z|)^2 + ( τ^2 4θ − τA ) (1 + |z|)^2 } . ’Ara ∫_{+∞} −∞ e^{−qA1 v2} | | |ξ^{(n)}(v + x + iy) | | |^q dv ≤ c1n! ∫_{+∞} −∞ exp { −q(A_1 − τA)v^2 + c_2v + c_3 } dv ìpou ta c_2, c_3 den exartÿntai apo to v. Epeidă A_1 − τA = θ > 0 sunepĹgetai h (3.43). ’Ara h m(z) eÐnai Ĺpeirec forèc paragwgÐsimh wc proc x kai y.

EpÐshc

m(0) = 1 q log ∫_{+∞} −∞ e^{−qA1 v2} |ξ(v)|^q dv = 1 q log ∫_{+∞} −∞ |ϕ(v)|^q dv = 1 q log ∫_{+∞} −∞ |f(v)|^{(p−1)q} dv = 1 q log ‖f‖^p = 0 .

’Ara upĹrqoun α, β ∈ R, sunĹrthsh k(x, y) kai M > 0 ÿste m(z) = m(x + iy) = αx + βy + |z|^2 k(x, y) , |k(x, y)| ≤ M ìtan x^2 + y^2 ≤ 1 (3.44)

’Ara h sqèsh (3.38) gÐnetai m(z) ≤ q^{2n} p^{2n} { αδ^n(a_n + b_n − c_n − d_n)x + βδ^n(a_n − b_n + c_n − d_n)y +

+ δ^{2n} |z|^2 (a_nk(δ^nz) + b_nk(δ^nz) + c_nk(−δ^nz) + d_nk(−δ^nz)) } . (3.45)

Apo thn (3.21) paÐrnoume A = − p θ 2τ + 1 2 √ p^2θ^2 τ^2 + p q < 1 2 √ p q kai epomènwc, mazÐ me thn (3.36) δ = 4A^2 < p q < 1 (3.46)

’Ara, toulĹqiston gia megĹla n, isqÔei ìti |δ^nz| < 1 kai epomènwc, bĹsei twn (3.44), (3.39), (3.40), (3.41), (3.42) h (3.45) gÐnetai m(z) ≤ q^{2n} p^{2n} { αδ^n ( p q )_n x + βδ^n ( p q )_n y + Mδ^{2n} |z|^2 } . ’Ara, bĹsei thc (3.46), sunepĹgetai ìtan n → +∞ ìti m(z) ≤ 0.

Apo ton orismì (3.35) thc m(z) eÐnai fanerì ìti to Lămma 3.2.2 apodeÐqjhke. □

Lămma 3.2.3 H sunĹrthsh ξ(z) eÐnai stajeră.

Apìdeixh: StajeropoioÔme tuqìn h ≥ 0 kai orÐzoume th sunĹrthsh

ξ_1(z) = ∫_h 0 e^{−A1v2} ξ(v + z) dv . EÐnai fanerì ìti h ξ_1(z) eÐnai akèraia sunĹrthsh kai |ξ_1(z)| ≤ h^{1p} (∫_h 0 e^{−qA1v2} |ξ(v + z)|^q dv ) 1_q ≤ h^{1p} sÔmfwna me to Lămma 3.2.2. Apo to Jeÿrhma tou Liouville sunepĹgetai ìti h ξ_1 eÐnai stajeră kai epomènwc ∫_h 0 e^{−A1v2} ξ(v + z) dv = ∫_h 0 e^{−A1v2} ξ(v) dv . ParagwgÐzontac wc proc h sto h = 0 paÐrnoume ξ(z) = ξ(0) . □ Apo touc orismoÔc twn ξ(x), ϕ(x) sunepĹgetai amèswc ìti upĹrqei stajerĹ c ≠ 0 ÿste f(x) = c e^{− qp A1x2} . kai epeidă ‖f‖_p = 1 sunepĹgetai ìti |c| = (_{qA1} π ) 1_{2p} . Apo thn (3.13) kai tic (3.21), (3.22) èqoume ^g(x) = c √ τ 2πt ∫_{+∞} −∞ exp { −θx^2 − ( θ + q p A_1 ) y^2 − iτxy } dy = c √ 2A t e^{−A1x2} . kai epomènwc, metĹ apo prĹxeic μ_t = ‖^g ‖_q = √ 2A t ( qA_1 π ) 1_{2p −} 1_{2q} . ’Ara èqoume apodeÐxei to

Lămma 3.2.4 H stajerĹ tou Lămmatoc 3.1.1 eÐnai

μ_t = √ 2A t ( qA_1 π ) 1_{2p −} 1_{2q}

ìtan p =^q_{q−1} kai q eÐnai Ĺrtioc akèraioc ≥ 4.

’Otan t → 1^− blèpoume apo tic sqèseic (3.21), (3.22) ìti A, A_1 −→ 1 2 √ p q kai epomènwc μ_t −→ μ = (√ 2π q )^1_q (√ p 2π )^1_p . ’Etsi ftĹnoume sto telikì apotèlesma thc ergasÐac tou Babenko

Jeÿrhma 3.2.1 (K.I. Babenko) ’Estw p =^q_{q−1} kai q eÐnai Ĺrtioc akèraioc ≥ 4. Tìte gia kĹje f ∈ L^p(R) ‖Ff‖_q ≤ μ‖f‖_p ìpou μ = (√_{2π} q ) 1_q (√_p 2π ) 1_p . Apìdeixh: Apo tic sqèseic (2.12), (2.14) eÐnai eÔkolo na doÔme ìti, toulĹqiston gia f ∈ S(R), isqÔei K_{−it}f = ^K_t(f) = K_t( ^f) . ’Ara h (3.3) sunepĹgetai ìti ‖K_t( ^f)‖_q ≤ μ_t‖f‖_p , f ∈ S(R) opìte afănontac to t na teÐnei sto 1^− kai qrhsimopoiÿntac to Jeÿrhma 2.1.2(a) paÐrnoume ‖ ^f‖_q ≤ μ‖f‖_p , f ∈ S(R) . Tÿra faÐnetai amèswc ìti o metasqhmatismìc Fourier epekteÐnetai se F : L^p(R) −→ L^q(R) kai ‖Ff‖_q ≤ μ‖f‖_p , f ∈ L^p(R) . □ ParathroÔme ìti poujenĹ sthn apìdeixh de qrhsimopoiăsame ìti o F eÐnai ădh orismènoc sto qÿro L^p(R) oÔte thn anisìthta Hausdorff-Young.

Paratărhsh: To ìti o q eÐnai Ĺrtioc akèraioc ≥ 4 qreiĹzetai ÿste oi sunartăseic (η(z))^{q2} (η^∗(z))^{q2 −1}, (ξ(z))^{q2} (ξ^∗(z))^{q2 −1} na eÐnai akèraiec, allĹ kai ÿste h ∫_{+∞} −∞ e^{−qA1 v2} |ξ(v + x + iy|^q dv na eÐnai dÔo forèc suneqÿc paragwgÐsimh wc proc x, y gia na isqÔei h (3.44). Me lÐgh perissìterh douleiĹ mporeÐ na apodeÐxei kaneÐc (sqetikĹ eÔkola) ìti, epeidă gia thn (3.44) qreiĹzontai suneqeÐc merikèc parĹgwgoi tĹxhc mèqri kai 2, o mìnoc periorismìc gia na isqÔei h (3.44) eÐnai : q ≥ 2 (qwrÐc na qreiĹzetai to q na eÐnai akèraioc).

KefĹlaio 4

H ergasÐa tou W. Beckner

4.1 Anagwgă tou problămatoc sto qÿro tou Gauss (R, μ)

H ergasÐa tou W. Beckner pĹnw sthn anisìthta Hausdorff-Young èqei èntonh pijanojewrhtikă qroiĹ. Ousiastikì rìlo paÐzei to mètro tou Gauss ston R dμ(x) = 1 √ π e^{−x2} dx . EisĹgoume kĹpoiec parallagèc tou purăna tou Mehler kajÿc kai twn poluwnÔmwn Hermite kai ergazìmaste stouc qÿrouc L^p(R, μ).

Orismìc 4.1.1 OrÐzoume T (x, y, t) = √ πK(x, y, t)e^{12 (x2+y2)} = 1 √ 1 − t^2 exp { − t^2 1 − t^2 x^2 − t^2 1 − t^2 y^2 + 2t 1 − t^2 xy } (4.1) gia kĹje x, y ∈ R, t ∈ C , |t| < 1 . Orismìc 4.1.2

H_n(x) = 1 (2^nn!)^{12}

H_n(x) = π^{14} ψ_n(x)e^{12 x2} , x ∈ R, n ∈ N_o . (4.2)

Lămma 4.1.1 (a) T (x, y, t) = ∑_{+∞} n=0 t^nH_n(x)H_n(y) .

(b) Ta poluÿnuma H_n(x) tou orismoÔ 4.1.2 apoteloÔn orjokanonikă bĹsh tou L^2(R, μ).

(g) Gia kĹje α > 0 oi sunartăseic p(x)e^{−αx2} , ìpou p(x) eÐnai opoiodăpote poluÿnumo, eÐnai puknèc ston L^p(R) , 1 ≤ p < +∞.

(d) Ta poluÿnuma eÐnai puknĹ ston L^p(R, μ) , 1 ≤ p < +∞.

Apìdeixh: (a) BĹsei twn (2.5), (4.1), (4.2) èqoume T (x, y, t) = √ π +∞∑ n=0 t^nψ_n(x)e^{12 x2} ψ_n(y)e^{12 y2} = √ π +∞∑ n=0 1 2^nn! √ π t^nH_n(x)H_n(y)

= +∞∑ n=0 t^nH_n(x)H_n(y) .

(b) Autì apoteleÐ Ĺmesh sunèpeia tou Jewrămatoc 2.1.3: ∫ R H_n(x)H_m(x) dμ(x) = ∫ R ψ_n(x)ψ_m(x) dx = { 1, an n = m 0, an n ≠ m . ’Ara to {H_n(x)} apoteleÐ orjokanonikì sÔnolo.

’Estw f ∈ L^2(R, μ) me ∫ R H_n(x)f(x) dμ(x) = 0 gia kĹje n ∈ N_o . OrÐzoume th sunĹrthsh g(x) = f(x)e^{− x22} , x ∈ R . Profanÿc g ∈ L^2(R) kai ∫ R ψ_n(x)g(x) dx = 1 π^14 ∫ R H_n(x)f(x) dμ(x) = 0 gia kĹje n ∈ N_o .

’Ara g = 0 kai epomènwc f = 0 .

’Ara to {H_n} apoteleÐ orjokanonikă bĹsh tou L^2(R, μ) . (g) ’Estw f ∈ L^q(R), q =^p_{p−1} , me ∫ R f(x)p(x)e^{−αx2} dx = 0 gia kĹje poluÿnumo p(x) .

JewroÔme ξ ∈ R kai grĹfoume e^{−ixξ} = +∞∑ n=0 (−iξ)^nx^n n! . Epeidă ta merikĹ ajroÐsmata thc seirĹc eÐnai omoiìmorfa fragmèna apo th sunĹrthsh ∑_{+∞} n=0 |ξx|^n n! = e^{|ξx|} , kai, epeidă f(x)e^{|ξx|}e^{−αx2} ∈ L^1(R), sunepĹgetai apo to Jeÿrhma Kuriarqhmènhc SÔgklishc ìti 1 √ 2π ∫ R f(x)e^{−αx2} e^{−ixξ} dx = 1 √ 2π +∞∑ n=0 (−iξ)^n n! ∫ R f(x)x^ne^{−αx2} dx = 0 .

’Ara F ( f(x)e^{−αx2} ) = 0 kai epomènwc f = 0 .

(d) Autì eÐnai sunèpeia tou (g).

’Estw f ∈ L^q(R, μ) , q =^p_{p−1} , me ∫ R f(x)p(x) dμ(x) = 0 gia kĹje poluÿnumo p(x) .

JewroÔme th sunĹrthsh g(x) = f(x)e^{− 1q x2} kai èqoume: (i) ∫ R |g(x)|^q dx = ∫ R |f(x)|^q e^{−x2} dx = √ π ∫ R |f(x)|^q dμ(x) < +∞ , kai

(ii) ∫ R g(x)p(x)e^{− 1p x2} dx = ∫ R f(x)p(x)e^{−x2} dx = √ π ∫ R f(x)p(x) dμ(x) = 0 gia kĹje poluÿnumo p(x) .

Apo to (g) sunepĹgetai ìti g = 0 kai epomènwc f = 0 . □

Orismìc 4.1.3 OrÐzoume T_tf(x) = ∫ R T (x, y, t)f(y) dμ(y) . Lămma 4.1.2 O T_t eÐnai fragmènoc grammikìc metasqhmatismìc

T_t : L^2(R, μ) → L^2(R, μ) kai T_tH_n = t^nH_n gia kĹje n ∈ N_0 .

Apìdeixh: ’Estw f ∈ L^2(R, μ). Tìte g(x) = f(x)e^{− 12 x2} ∈ L^2(R) kai epomènwc

T_tf(x)e^{− 12 x2} = ∫ R K(x, y, t)e^{12 y2} g(y)e^{12 y2} e^{−y2} dy = K_tg(x) ∈ L^2(R)

sÔmfwna me to Lămma 2.1.5.

’Ara T_tf ∈ L^2(R, μ) . EpÐshc

‖T_tf‖_L2_{(R,μ)} = π^{− 14} ‖K_tg‖_L2_{(R)} ≤ cπ^{− 14} ‖g‖_L2_{(R)} = c‖f‖_L2_{(R,μ)} . Apo tic (4.2) kai (2.12) sunepĹgetai ìti

T_tH_n(x) = π^{14} ∫ R K(x, y, t)e^{12 (x2+y2)}ψ_n(y)e^{12 y2} e^{−y2} dy

= π^{14} K_tψ_n(x)e^{12 x2} = t^nπ^{14} ψ_n(x)e^{12 x2} = t^nH_n(x) . □ Lămma 4.1.3 ’Estw 1 < p < 2 kai q =^p_{p−1} . Jètoume

μ = (√ 2π q )^1_q (√ p 2π )^1_p , t = i √ p − 1 . Ta parakĹtw (i), (ii) eÐnai isodÔnama. (i) ‖Ff‖_q ≤ μ‖f‖_p , f ∈ L^p(R) . (ii) ‖T_tg‖_Lq_{(R,μ)} ≤ ‖g‖_Lp_{(R,μ)} , g ∈ L^p(R, μ) . (4.3) Apìdeixh: Me aplì upologismì blèpoume ìti T ( x, y, i √ p − 1 ) = 1 √ p exp { 1 q x^2 + 1 q y^2 + i 2 √ pq xy } . (4.4)

(a) ’Estw ìti isqÔei h (ii).

JewroÔme f(x) = p(x)e^{− 1p x2} ìpou p(x) tuqìn poluÿnumo kai th sunĹrthsh g(x) = f(x)e^{1p x2} = p(x) ∈ L^p(R, μ) .

Tìte Ff ( − 2 √ pq ξ ) = 1 √ 2π ∫ R f(x)e^{i 2√pq xξ} dx ìpou to oloklărwma eÐnai kalĹ orismèno afoÔ f ∈ L^1(R) .

’Ara Ff ( − 2 √ pq ξ ) = 1 √ 2 ∫ R g(x)e^{i 2√pq xξ}e^{− 1p x2} e^{x2} dμ(x) = 1 √ 2 ∫ R g(x)e^{1q x2} e^{i 2√pq xξ} dμ(x) . BĹsei thc (4.4): Ff ( − 2 √ pq ξ ) e^{1q ξ2} = √ p 2 ∫ R T (x, ξ, i √ p − 1)g(x) dμ(x) = √ p 2 T_tg(ξ) . ’Ara ‖Ff‖^q = ∫ R |Ff(ξ)|^q dξ = 2 √ pq ∫ R | | | | √ p 2 T_tg(ξ) | | | | q e^{−ξ2} dξ = 2 √ π pq (√ p 2 )_q ‖T_tg‖^q_{Lq(R,μ)}

≤ 2 √ π pq (√ p 2 )q ‖g‖^q_{Lp(R,μ)} = 2 √ π pq (√ p 2 )q (∫ R |f(x)|^p e^{x2} dμ(x) )^q_p

= μ^q‖f‖^q_p . ’Ara h (i) isqÔei gia èna puknì uposÔnolo tou L^p(R) (sÔmfwna me to Lămma 4.1.1(g)) kai epomènwc isqÔei gia kĹje f ∈ L^p(R) .

(b) H apìdeixh tou antÐstrofou eÐnai parìmoia. □

’Ara h ergasÐa tou Beckner sunÐstatai apo edÿ kai pèra sto na apodeÐxei thn anisìthta (4.3) gia sugkekrimènh timă tou t: t = i √ p − 1 . BĹsei tou Lămmatoc 4.1.1(d) arkeÐ na apodeiqjeÐ h (4.3) gia g(x) = p(x) ìtan p(x) eÐnai tuqìn poluÿnumo.

4.2 Anagwgă tou problămatoc se diakritì qÿro

JewroÔme mia akoloujÐa dokimÿn Bernoulli, dhladă ν = 1 2 δ_1 + 1 2 δ_{−1} (4.5)

ìpou δ_1, δ_{−1} eÐnai dÔo mĹzec-Dirac sta shmeÐa 1, −1 antÐstoiqa. OrÐzoume to mètro pijanìthtac ν^{(n)} bĹsei thc ν^{(n)}(E) = ν( √ 2nE) , E Borel ⊆ R . (4.6)

Tèloc jewroÔme to mètro pijanìthtac

ν_n = ν^{(n)} ∗ ν^{(n)} ∗ · · · ∗ ν^{(n)} ,

th sunèlixh tou ν^{(n)} me ton eautì tou n forèc. Autì isodunameÐ me ∫ R f(x) dν_n(x) = ∫ R^n f(x_1 + · · · + x_n) dν^{(n)}(x_1) · · · dν^{(n)}(x_n) (4.7) gia kĹje f ∈ C(R).

Lìgw twn (4.5), (4.6): ∫ R f(x) dν_n(x) = ∫ R^n f ( x_1 + · · · + x_n √ 2n ) dν(x_1) · · · dν(x_n)

= 1 2^n ∑ ϵ f ( ϵ_1 + · · · + ϵ_n √ 2n ) (4.8)

ìpou to ϵ = (ϵ_1, . . . , ϵ_n) diatrèqei ìlec tic n-Ĺdec prosămwn, dhladă to ϵ diatrèqei to sÔnolo {−1, +1}^n me plhjĹrijmo 2^n .

Qrăsimh ja eÐnai h parakĹtw eidikă perÐptwsh tou KentrikoÔ OriakoÔ Jewrămatoc.

Lămma 4.2.1 ’Estw f opoiadăpote suneqăc sunĹrthsh sto R me to-polÔ-poluwnumikă aÔxhsh sto Ĺpeiro. Dhladă gia kĹpoio C > 0 kai k ∈ N_o |f(x)| ≤ C(1 + x^2)^k , x ∈ R . Tìte ∫ R f(x) dν_n(x) −→ ∫ R f(x) dμ(x) , n → +∞ . Apìdeixh:

Băma 1: ’Estw f ∈ S(R) . Tìte apo thn (1.3) èqoume ∫ R f(x)dν_n(x) = 1 √ 2π ∫ R (∫ R ^f(ξ)e^{ixξ} dξ ) dν_n(x) = 1 √ 2π ∫ R ^f(ξ) (∫ R e^{ixξ} dν_n(x) ) dξ opìte bĹsei thc (4.8) ∫ R f(x) dν_n(x) = 1 √ 2π ∫ R ^f(ξ) 1 2^n ∑ ϵ e^{i ξ√2n ϵ1} · · · e^{i ξ√2n ϵn} dξ = 1 √ 2π ∫ R ^f(ξ) 1 2^n ( e^{−i ξ√2n} + e^{i ξ√2n} )_n dξ = 1 √ 2π ∫ R ^f(ξ) ( cos ξ √ 2n )_n dξ . Gia kĹje ξ ∈ R ( cos^{ξ√}_{2n} )_n = ( 1 −^{ξ2}_{4n} + O (_{ξ4} n^2 ))_n −→ e^{− ξ24} , n → +∞ , kai, epeidă | | ^f(ξ) ( cos^{ξ√}_{2n} )_n| | ≤ | | ^f(ξ) | | ∈ L^1(R) ,apo to Jeÿrhma Kuriarqhmènhc SÔgklishc paÐrnoume ∫ R f(x) dν_n(x) −→ 1 √ 2π ∫ R ^f(ξ)e^{− ξ2}4 dξ = 1 2π ∫ R ∫ R f(x)e^{−ixξ} dx e^{− ξ24} dξ

= 1 √ 2π ∫ R f(x) 1 √ 2π ∫ R e^{− ξ24} e^{−ixξ} dξ dx

= 1 √ π ∫ R f(x)e^{−x2} dx = ∫ R f(x) dμ(x) . Băma 2: ApodeiknÔoume ìti oi ropèc twn ν_n eÐnai omoiìmorfa fragmènec.

Gia tic ropèc Ĺrtiac tĹxhc èqoume: ∫ R |x|^{2k} dν_n(x) = ∫ R x^{2k} dν_n(x) = ∫ R (−1)^k d^{2k} dξ^{2k} ( e^{−ixξ} ) | | |_{ξ=0} dν^n(x)

= (−1)^k d^{2k} dξ^{2k} (∫ R e^{−ixξ} dν_n(x) ) ξ=0 = (−1)^k d^{2k} dξ^{2k} ( cos ξ √ 2n )_n ξ=0 . S’autì to shmeÐo efarmìzoume ton tÔpo tou Cauchy gia tic paragÿgouc thc analutikăc

sunĹrthshc ( cos^{z√}_{2n} )_n kai èqoume ∫ R |x|^{2k} dν_n(x) = (−1)^k (2k)! 2πi ∫ |z|=1 ( cos z √ 2n )_n dz z^{2k+1}

≤ (2k)! max_{|z|=1} | | | |cos z √ 2n | | | | n

= (2k)! max_{|z|=1} exp { n log | | | |cos z √ 2n | | | | }

= (2k)! max_{|z|=1} exp { n log | | |1 − z^2 4n + O ( z^4

n^2 )| | | } = C_k < +∞

ìpou to C_k den exartĹtai apo to n.

Gia tic ropèc perittăc tĹxhc èqoume: ∫ R |x|^{2k−1} dν_n(x) = ∫ |x|<1 |x|^{2k−1} dν_n(x) + ∫ |x|≥1 |x|^{2k−1} dν_n(x)

≤ ∫ |x|<1 dν_n(x) + ∫ |x|≥1 |x|^{2k} dν_n(x) ≤ 1 + C_k .

Băma 3: ’Estw f ∈ C(R) me |f(x)| ≤ C(1 + x^2)^k gia kĹpoia C > 0, k ∈ N_o .

H sunĹrthsh^{f (x)}_{(1+x2)k+1} eÐnai ston C_o(R) kai epomènwc gia kĹje ϵ > 0 upĹrqei g ∈ S(R)

ÿste | | |g(x) −^{f (x)} (1+x^2)^{k+1} | | | ≤ ϵ gia kĹje x ∈ R .

Tÿra h sunĹrthsh h(x) = (1 + x^2)^{k+1}g(x) eÐnai ston S(R) kai |h(x) − f(x)| ≤ ϵ(1 + x^2)^{k+1} , x ∈ R . ’Ara | | | ∫ R f(x) dν_n(x) − ∫ R f(x) dμ(x) | | | ≤ ∫ R |f(x) − h(x)| dν_n(x) + | | | ∫ R h(x) dν_n(x) − ∫ R h(x) dμ(x) | | | + ∫ R |f(x) − h(x)| dμ(x) ≤ ϵ ∫ R (1 + x^2)^{k+1} dν_n(x) + | | | | ∫ R h(x) dν_n(x) − ∫ R h(x) dμ(x) | | | | +ϵ ∫ R (1 + x^2)^{k+1} dμ(x) ≤ 2ϵC_k + | | | | ∫ R h(x) dν_n(x) − ∫ R h(x) dμ(x) | | | | apo to Băma 2 (me diaforetikă stajerĹ C_k). ’Ara

lim sup n→+∞ | | | | ∫ R f(x) dν_n(x) − ∫ R f(x) dμ(x) | | | | ≤ 2ϵC^k apo to Băma 1 kai epomènwc ∫ R f(x) dν_n(x) −→ ∫ R f(x) dμ(x) . □ Orismìc 4.2.1 OrÐzoume to qÿro

E_n = {( ϵ_1 √ 2n , · · · , ϵ_n √ 2n ) | | | ϵ^j = ±1, 1 ≤ j ≤ n }

kai to mètro pijanìthtac μ_n = ν^{(n)} × · · · × ν^{(n) .} dhladă dμ_n(x) = dν( √ 2nx_1) · · · dν( √ 2nx_n) , x = (x_1, . . . , x_n) ∈ R^n to opoÐo èqei forèa akribÿc to sÔnolo E_n .

H sqèsh (4.7) grĹfetai ∫ R f(x) dν_n(x) = ∫ E_n f(x_1 + · · · + x_n) dμ_n(x) (4.9)

gia kĹje suneqă sunĹrthsh f. Epeidă o E_n eÐnai diakritìc qÿroc kai to mètro ν_n eÐnai diakritì, h upìjesh thc sunèqeiac gia thn f de qreiĹzetai.

To mètro μ_n eÐnai diakritì mètro kai jètei mĹza^1_{2n} se kajèna apo ta 2^n shmeÐa tou E_n. ’Oloi oi qÿroi L^p(E_n, μ_n) tautÐzontai kai ta stoiqeÐa touc eÐnai ìlec oi sunartăseic g : E_n −→ C . Epeidă h sunĹrthsh f(x_1 + · · · + x_n) eÐnai summetrikă, dhladă analloÐwth wc proc ìlec tic anadiatĹxeic twn x_1, . . . , x_n , dÐnoume ton orismì

Orismìc 4.2.2 X_n = { h : E_n −→ C | h h eÐnai summetrikă } Epomènwc X_n ⊆ L^p(E_n, μ_n) gia kĹje p , 1 ≤ p ≤ +∞ .

O skopìc tÿra eÐnai na orisjeÐ katĹllhloc telestăc sto qÿro X_n, {anĹlogoc} tou telestă T_t : L^p(R, μ) −→ L^q(R, μ) kai na upologisjeÐ h nìrma tou ÿste, pernÿntac sto ìrio kajÿc n → +∞ me bĹsh to Lămma 4.2.1, na upologisjeÐ h nìrma tou T_t. H idèa eÐnai na perigrafeÐ mia orjokanonikă bĹsh sto qÿro X_n ⊆ L^2(E_n, μ_n) h opoÐa ja paÐxei ton Ðdio rìlo pou paÐzei h {H_n} sto qÿro L^2(R, μ) .

Lămma 4.2.2 (a) KĹje sunĹrthsh f : E_n −→ C grĹfetai me monadikì trìpo san poluÿnumo tou x = (x_1, . . . , x_n) ìpou kĹje x_i emfanÐzetai me bajmì ≤ 1: f(x) = ∑ α c_αx^{α1}_1 · · · x^{αn}_n , x = (x_1, . . . x_n) ∈ { 1 √ 2n , − 1 √ 2n }_n

ìpou α = (α_1, . . . , α_n) ∈ {0, 1}^n .

(b) KĹje summetrikă h : E_n −→ C , dhladă kĹje h ∈ X_n, grĹfetai me monadikì trìpo san h(x) = n∑ k=0 c_k σ_k(x_1, . . . x_n) ,

ìpou σ_k(x_1, . . . , x_n) (0 ≤ k ≤ n) eÐnai oi stoiqeiÿdeic summetrikèc sunartăseic twn x_1, . . . , x_n :

σ_k(x_1, . . . , x_n) = ∑ 1≤m_1<···<m_k ≤n x_{m1} · · · x_{mk} .

(g) Oi σ_k (x_1, . . . , x_k) , 0 ≤ k ≤ n , apoteloÔn orjogÿnia bĹsh tou qÿrou X_n ⊆ L^2(E_n, μ_n) .

Apìdeixh:

(a) An g eÐnai sunĹrthsh miac metablhtăc kai h metablhtă aută paÐrnei dÔo timèc ±^{1√}_{2n} ,tìte eÐnai eÔkolo na doÔme ìti: g(x) = ax + b , x = ±^{1√}_{2n} , gia katĹllhla a, b ∈ C . An tÿra h f exartĹtai apo k metablhtèc x_1, . . . , x_k pou paÐrnoun dÔo timèc ±^{1√}_{2n} h kajemÐa, tìte, sÔmfwna me to prohgoÔmeno, èqoume ìti f(x_1, . . . , x_{k−1}, x_k) = g(x_1, . . . , x_{k−1}) + h(x_1, . . . , x_{k−1})x_k gia katĹllhlec sunartăseic g, h k − 1 metablhtÿn. Tÿra eÐnai profanèc pwc me epagwgă apodeiknÔetai to (a).

H monadikìthta twn suntelestÿn sthn parĹstash f(x) = ∑ α c_αx^{α1}_1 · · · x^{αn}_n

prokÔptei apo ton parakĹtw upologismì ìpou to x = (x_1, . . . , x_n) diatrèqei to { −^{1√}_{2n} ,^{1√}_{2n} }_n kai to β eÐnai stajerì β = (β_1, . . . , β_n) ∈ {0, 1}^n : 1 2^n ∑ x f(x_1, . . . , x_n)x^{β1}_1 · · · x^{βn}_n = 1 2^n ∑ x ( ∑ α c_αx^{α1}_1 · · · x^{αn}_n ) x^{β1}_1 · · · x^{βn}_n = 1 2^n ∑ α c_α ∑ x x^{α1 +β1} 1 · · · x^{αn +βn}_n

= 1 2^n ∑ α c_α n∏ j=1 {( 1 √ 2n )_{αj +βj} + ( − 1 √ 2n )_{αj +βj} }

= ( 1 2n )_{β1+···+βn} c_β . (b) ’Estw ìti h(x) = ∑ α c_αx^{α1}_1 · · · x^{αn}_n eÐnai summetrikă. An jewrăsoume opoiousdăpote

m_1, . . . , m_k me 1 ≤ m_1 < · · · < m_k ≤ n kai opoiadăpote anadiĹtaxh h opoÐa apeikonÐzei: 1 → m_1, . . . k → m_k , tìte o ìroc x_1, . . . , x_k sthn anaparĹstash thc h(x) ja metatrapeÐ se x_{m1} , . . . , x_{mk} . ’Ara o suntelestăc tou opoioudăpote x_{m1} . . . x_{mk} sthn anaparĹstash thc h(x) tautÐzetai me to suntelestă tou x_1 . . . x_k . Epomènwc h(x) = n∑ k=o c_kσ_k (x_1, . . . , x_n)

gia katĹllhla c_o, . . . , c_n ∈ C .

(g) EÐnai gnwstìc o tÔpoc n∏ i=1 (1 + x_it) = n∑ k=0 σ_k(x_1, . . . , x_n)t^k , t ∈ C . ’Ara ∫ E_n n∏ i=1 (1 + x_it) n∏ i=1 (1 + x_is) dμ_n(x) =

= ∫ E_n n∑ k=0 σ_k(x_1, . . . , x_n)t^k n∑ λ=0 σ_λ(x_1, . . . , x_n)s^λ dμ_n(x) . (4.10)

Epeidă to μ_n eÐnai mètro-ginìmeno, èqoume ∫ E_n n∏ i=1 (1 + x_it) n∏ i=1 (1 + x_is) dμ_n(x) = n∏ i=1 ∫ { −^1√_{2n} ,^1√_{2n}

}(1 + x_it)(1 + x_is) dν( √ 2nx_i)

= 1 2^n [( 1 + t √ 2n ) ( 1 + s √ 2n ) + ( 1 − t √ 2n ) ( 1 − s √ 2n )]_n (4.11)

= ( 1 + ts 2n )_n = n∑ μ=0 ( n μ ) 1 (2n)^μ t^μs^μ . EpÐshc ∫ E_n n∑ k=0 σ_k(x_1, . . . , x_n)t^k n∑ λ=0 σ_λ(x_1, . . . , x_n)s^λ dμ_n(x) =

= n∑ k,λ=0 t^ks^λ ∫ E_n σ_k(x_1, . . . , x_n)σ_λ(x_1, . . . , x_n) dμ_n(x) . (4.12)

Apo tic (4.10), (4.11), (4.12) èqoume ∫ E_n σ_k(x_1, . . . , x_n)σ_λ(x_1, . . . , x_n) dμ_n(x) = (_n μ )_1

(2n)^μ , an k = λ = μ 0, an k ≠ λ . (4.13)

□ Orismìc 4.2.3 Gia kĹje n, k me 0 ≤ k ≤ n orÐzoume

ϕ_{n,k}(x) = (2n)^{k2} 1 √(_n k ) σ^k (x^1, . . . , x^n) , x = (x^1, . . . , x^n) ∈ { − 1 √ 2n , 1 √ 2n }_n . (4.14)

Apo tic sqèseic (4.13) blèpoume ìti oi sunartăseic ϕ_{n,k}(x) , 0 ≤ k ≤ n apoteloÔn orjokanonikă bĹsh tou X_n ⊆ L^2(E_n, μ_n) .

KĹje poluÿnumo g(x), x ∈ R , bajmoÔ mikrìterou ă Ðsou me n grĹfetai me monadikì trìpo san g(x) = n∑ k=0 c_kH_k(x) .

Me C_n [x] sumbolÐzoume to qÿro ìlwn twn poluwnÔmwn metablhtăc x ∈ R bajmoÔ to polÔ n me suntelestèc sto C .

Orismìc 4.2.4 Gia kĹje n orÐzoume ton telestă S_n : C_n [x] −→ X_n o opoÐoc dÐnetai apo ton tÔpo S_n (_n ∑ k=0 c_kH_k ) = n∑ k=0 c_kϕ_{n,k} . (4.15)

Orismìc 4.2.5 Gia kĹje n orÐzoume ton telestă K_{n,t} : X_n −→ X_n me tÔpo K_{n,t} (_n ∑ k=0 c_kϕ_{n,k} ) = n∑ k=0 c_kt^kϕ_{n,k} . (4.16)

Apo to Lămma 4.1.2 kai tic sqèseic (4.15), (4.16) eÐnai fanerì ìti to diĹgramma

C_n [x] C_n [x] T_t

X_n X_n K_{n,t}

S_n S_n

eÐnai antimetajetikì. PrĹgmati gia kĹje g = ∑_n k=0 c_kH_k isqÔei:

(S_nT_t) (g) = S_n (_n ∑ k=0 c_kt^kH_k ) = n∑ k=0 c_kt^kϕ_{n,k} ,

(K_{n,t}S_n) (g) = K_{n,t} (_n ∑ k=0 c_kϕ_{n,k} ) = n∑ k=0 c_kt^kϕ_{n,k} . EpÐshc eÐnai fanerì ìti o telestăc S_n eÐnai isometrÐa anĹmesa stouc qÿrouc me eswterikì ginìmeno C_n [x] ⊆ L^2(R, μ) kai X_n ⊆ L^2(E_n, μ_n) afoÔ apeikonÐzei thn orjokanonikă bĹsh {H_k/ 0 ≤ k ≤ n} tou prÿtou sthn orjokanonikă bĹsh {ϕ_{n,k}/ 0 ≤ k ≤ n} tou deÔterou. Me autăn thn ènnoia o K_{n,t} eÐnai èna diakritì {anĹlogo} tou T_t an autìc periorisjeÐ ston C_n [x] ⊆ L^2(R, μ).

Ja apodeÐxoume trÐa jewrămata.

Jeÿrhma 4.2.1 An t = i √ p − 1, 1 < p < 2, q =^p_{p−1} tìte gia kĹje n isqÔei (∫ E_n |(K_{n,t}h) (x)|^q dμ_n(x) ) 1_q ≤ (∫ E_n |h(x)|^p dμ_n(x) ) 1_p , h ∈ X_n . (4.17)

Jeÿrhma 4.2.2 Gia kĹje poluÿnumo g(x), x ∈ R, isqÔei ìti (i) (∫ R |g(x)|^p dν_n(x) ) 1_p − (∫ E_n |(S_ng) (x)|^p dμ_n(x) ) 1_p −→ 0, n → +∞ (4.18)

(ii) (∫ R |(T_tg) (x)|^q dν_n(x) ) 1_q − (∫ E_n |(K_{n,t}S_ng) (x)|^q dμ_n(x) ) 1_q −→ 0, n→ +∞(4.19) To epìmeno Jeÿrhma eÐnai o telikìc mac stìqoc.

Jeÿrhma 4.2.3 ’Estw 1 < p < 2 kai q =^p_{p−1} . Jètoume μ = (√ 2π q )^1_q (√ p 2π )^1_p . Tìte ‖Ff‖_q ≤ μ‖f‖_p , f ∈ L^p(R) . Apìdeixh: Upojètoume ìti ta Jewrămata 4.2.1 kai 4.2.2 èqoun apodeiqjeÐ.

JewroÔme tuqìn poluÿnumo g(x), x ∈ R , kai èstw k o bajmìc tou g(x) . ’Estw n ≥ k kai n → +∞ . An g(x) = ∑_k λ=0 c_λH_λ(x) , tìte apo to Lămma 4.2.1 kai apo to Jeÿrhma 4.2.2(i) paÐrnoume (∫ E_n |(S_ng) (x)|^p dμ_n(x) ) 1_p −→ (∫ R |g(x)|^p dμ(x) ) 1_p . EpÐshc apo to Lămma 4.2.1 kai to Jeÿrhma 4.2.2(ii) paÐrnoume (∫ E_n |(K_{n,t}S_ng) (x)|^q dμ_n(x) ) 1_q −→ (∫ R |(T_tg) (x)|^q dμ(x) ) 1_q . Apo tic dÔo autèc sqèseic kai apo to Jeÿrhma 4.2.1 me h = S_ng paÐrnoume (∫ R |(T_tg) (x)|^q dμ(x) ) 1_q ≤ (∫ R |g(x)|^p dμ(x) ) 1_p

‖T_tg‖_Lq_{(R,μ)} ≤ ‖g‖_Lp_{(R,μ)} . (4.20) SÔmfwna me to Lămma 4.1.1(d) h (4.20) isqÔei gia kĹje g ∈ L^p(R, μ) opìte to Lămma 4.1.3 sumplhrÿnei thn apìdeixh. □

Lămma 4.2.3 Gia kĹje n, k me 2 ≤ k ≤ n isqÔei ϕ_{n,k} = √ n k(n − k + 1) ϕ_{n,1}ϕ_{n,k−1} − √ (k − 1)(n − k + 2) k(n − k + 1) ϕ_{n,k−2} (4.21)

gia tic timèc twn metablhtÿn x_i = ±^{1√}_{2n} .

Apìdeixh: Apo ton orismì twn ϕ_{n,k}, dhladă thn (4.14), sunepĹgetai ìti h (4.21) isodunameÐ me thn kσ_k(x_1, . . . , x_n) = σ_1(x_1, . . . , x_n)σ_{k−1}(x_1, . . . , x_n) − n − k + 2 2n σ_{k−2}(x_1, . . . , x_n) . (4.22)

Gia na apodeÐxoume thn (4.22) qrhsimopoioÔme th sunĹrthsh

T (x_1, . . . , x_n; t) = n∏ j=1 (1 + x_j t) = n∑ k=0 t^kσ_k(x_1, . . . , x_n) .

ParagwgÐzontac paÐrnoume ∂T ∂t (x_1, . . . , x_n; t) = n∑ j=1 x_j T (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n; t)

= n∑ k=1 kt^{k−1}σ_k(x_1, . . . , x_n) .

Tÿra

σ_1(x_1, . . . , x_n)T (x_1, . . . , x_n; t) = n∑ j=1 x_j T (x_1, . . . , x_n; t)

= n∑ j=1 x_j (1 + x_j t)T (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n; t) .

Epomènwc

σ_1(x_1, . . . , x_n)T (x_1, . . . , x_n; t) − ∂T ∂t (x_1, . . . , x_n; t) = = n∑ j=1 x^2_j tT (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n; t)

= t 2n n∑ j=1 T (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n; t) . (4.23)

ParathroÔme tÿra ìti n∑ j=1 σ_k (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n) = (n − k)σ_k(x_1, . . . , x_n) . (4.24)

Aută h sqèsh apodeiknÔetai wc exăc. To σ_k (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n) perièqei akribÿc mÐa forĹ to kajèna ìla ta ginìmena twn x_1, . . . , x_n ana k sta opoÐa den emfanÐzetai to x_j . ’Ara to aristerì mèloc thc (4.24) perièqei ton opoiodăpote ìro x_{i1} · · · x_{ik} (me i_1 < · · · < i_k) akribÿc tìsec forèc ìsa eÐnai ta j gia ta opoÐa to σ_k(x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n) perièqei autìn ton ìro. To x_{i1} · · · x_{ik} perièqetai se kĹpoio σ_k(x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n) an kai mìnon an j ≠ i_1, . . . , i_k . ’Ara to plăjoc twn j eÐnai n − k kai h (4.24) apodeÐqjhke.

Tÿra h (4.23) gÐnetai me bĹsh thn (4.24):

σ_1(x_1, . . . , x_n)T (x_1, . . . , x_n; t) − ∂T ∂t (x_1, . . . , x_n; t) = = t 2n n∑ j=1 n∑ k=0 t^kσ_k (x_1, . . . , x_{j−1}, 0, x_{j+1}, . . . , x_n)

= t 2n n∑ k=0 t^k(n − k)σ_k (x_1, . . . , x_n) = n+2∑ k=2 n − k + 2 2n σ_{k−2}(x_1, . . . , x_n)t^{k−1}. (4.25)

Apo thn Ĺllh meriĹ èqoume ìti

σ_1(x_1, . . . , x_n)T (x_1, . . . , x_n; t) − ∂T ∂t (x_1, . . . , x_n; t) = = n∑ k=0 σ_1(x_1, . . . , x_n)σ_k (x_1, . . . , x_n)t^k − n−1∑ k=0 (k + 1)σ_{k+1}(x_1, . . . , x_n)t^k

= n∑ k=1 [σ_1(x_1, . . . , x_n)σ_{k−1}(x_1, . . . , x_n) − kσ_k (x_1, . . . , x_n)] t^{k−1} +

+ σ_1(x_1, . . . , x_n)σ_n(x_1, . . . , x_n) t^n . (4.26)

Exisÿnontac suntelestèc stic (4.25), (4.26) paÐrnoume thn (4.22). □

Lămma 4.2.4 Gia kĹje k, n me 1 ≤ k ≤ n kai gia ìlec tic timèc twn metablhtÿn x_i = ±^{1√}_{2n} isqÔei ìti √( 1 − 1 n ) · · · ( 1 − k − 1 n ) ϕ_{n,k}(x_1, . . . , x_n) = = H_k(x_1 + · · · + x_n) + 1 n [k/2]∑

ℓ=1 a^{(n)}_{k,ℓ} H_{k−2ℓ}(x_1 + · · · + x_n) . (4.27)

Oi suntelestèc a^{(n)}_{k,ℓ} eÐnai, gia kĹje k, fragmènec sunartăseic tou n.

Apìdeixh: Apo tic H_o(x) = 1, H_1(x) = √ 2x, H_2(x) = √ 2x^2 −^{1√}_2 kai tic ϕ_{n,o}(x_1, . . . , x_n) = σ_o(x_1, . . . , x_n) = 1, ϕ_{n,1}(x_1, . . . , x_n) = √ 2σ_1(x_1, . . . , x_n) = √ 2(x_1+· · ·+x_n), ϕ_{n,2}(x_1, . . . , x_n) = 2 √ 2 √_n n−1 σ_2(x_1, . . . , x_n) = 2 √ 2 √_n n−1 (x_1x_2 + · · · + x_{n−1}x_n) blèpoume eÔkola ìti

ϕ_{n,o}(x_1, . . . , x_n) = H_o(x_1 + · · · + x_n) ϕ_{n,1}(x_1, . . . , x_n) = H_1(x_1 + · · · + x_n) √ 1 − 1 n ϕ_{n,2}(x_1, . . . , x_n) = H_2(x_1 + · · · + x_n) .

Epomènwc h (4.27) alăjeÔei gia k = 1, 2 . Gia aploÔsteush jètoume q_{n,k}(x_1, . . . , x_n) = √( 1 − 1 n ) · · · ( 1 − k − 1 n ) ϕ_{n,k}(x_1, . . . , x_n) = √ n(n − 1) · · · (n − k + 1) n^k ϕ_{n,k}(x_1, . . . , x_n) (4.28) opìte h (4.27) isodunameÐ me

q_{n,k}(x_1, . . . , x_n) = H_k(x_1 + · · · + x_n) + 1 n [k/2]∑

ℓ=1 a^{(n)}_{k,ℓ} H_{k−2ℓ}(x_1 + · · · + x_n) . (4.29)

O anadromikìc tÔpoc (4.21) me lÐgec prĹxeic gÐnetai

q_{n,k} = 1 √ k q_{n,1}q_{n,k−1} − √ k − 1 k ( 1 − k − 2 n ) q_{n,k−2} , 2 ≤ k ≤ n . (4.30)

EpÐshc èqoume kai ton anadromikì tÔpo

H_k = 1 √ k H_1H_{k−1} − √ k − 1 k H_{k−2} , 2 ≤ k (4.31)

o opoÐoc proèrqetai apo ton (2.2) kai tic (4.2).

H (4.29) ja apodeiqjeÐ epagwgikĹ me bĹsh tic (4.30), (4.31) gnwrÐzontac ìti isqÔei gia k = 1, 2. ’Estw loipìn ìti h (4.29) isqÔei gia k, k − 1 me 2 ≤ k ≤ n − 1 . Tìte, grĹfontac me suntomÐa x = (x_1, . . . , x_n), Σx = x_1 + · · · + x_n, èqoume

q_{n,k+1}(x) = 1 √ k + 1 q_{n,1}(x)q_{n,k} (x) − √ k k + 1 ( 1 − k − 1 n ) q_{n,k−1}(x) =

= 1 √ k + 1

H_1 (Σx) { H_k (Σx) + 1 n [^k_2 ]∑ ℓ=1 a^{(n)}_{k,ℓ} H_{k−2ℓ} (Σx) } −

− √ k k + 1 ( 1 − k − 1 n ) { H_{k−1} (Σx) + 1 n [^{k−1}_2 ]∑ ℓ=1 a^{(n)}_{k−1,ℓ}H_{k−1−2ℓ} (Σx) }

= H_{k+1} (Σx) + 1 n { (k − 1) √ k k + 1

H_{k−1} (Σx) +

+ [^k_2 ]∑ ℓ=1 a^{(n)}_{k,ℓ} √ k + 1

H_1 (Σx) H_{k−2ℓ} (Σx) −

− [^{k−1}_2 ]∑ ℓ=1 √ k k + 1 ( 1 − k − 1 n ) a^{(n)}_{k−1,ℓ}H_{k−1−2ℓ} (Σx) } .

S’autì to shmeÐo parathroÔme ìti, an jèsoume H_{−1}(x) = 0, tìte o anadromikìc tÔpoc (4.31) isqÔei kai gia k = 1. Epomènwc antikajistÿntac to

H_1 (Σx) H_{k−2ℓ} (Σx) me √ k − 2ℓ + 1H_{k−2ℓ+1} (Σx) + √ k − 2ℓH_{k−2ℓ−1} (Σx) paÐrnoume

q_{n,k+1}(x) = H_{k+1} (Σx) + 1 n { (k − 1) √ k k + 1

H_{k−1} (Σx) +

[^k_2 ]∑ ℓ=1 √ k − 2ℓ + 1 k + 1 a^{(n)}_{k,ℓ} H_{k−2ℓ+1} (Σx) +

+ [^k_2 ]∑ ℓ=1 √ k − 2ℓ k + 1 a^{(n)}_{k,ℓ} H_{k−2ℓ−1} (Σx) −

− [^{k−1}_2 ]∑ ℓ=1 √ k k + 1 ( 1 − k − 1 n ) a^{(n)}_{k−1,ℓ}H_{k−1−2ℓ} (Σx) }

= H_{k+1} (Σx) + 1 n { (k − 1) √ k k + 1

H_{k−1} (Σx) +

[^k_2 ]∑ ℓ=1 √ k − 2ℓ + 1 k + 1 a^{(n)}_{k,ℓ} H_{k+1−2ℓ} (Σx) +

+ [^{k+2}_2 ]∑ ℓ=2 √ k + 2 − 2ℓ k + 1 a^{(n)}_{k,ℓ−1}H_{k+1−2ℓ} (Σx) −

− [^{k+1}_2 ]∑ ℓ=2 √ k k + 1 ( 1 − k − 1 n ) a^{(n)}_{k−1,ℓ−1}H_{k+1−2ℓ} (Σx) } .

ParathroÔme ìti o teleutaÐoc ìroc ℓ =

[_{k+2} 2 ] sto deÔtero Ĺjroisma eÐnai mhdèn, kajÿc kai ìti to prÿto Ĺjroisma mporeÐ na epektajeÐ se ℓ =

[_{k+1} 2 ] . ’Ara

q_{n,k+1}(x) = H_{k+1} (Σx) + 1 n { (k − 1) √ k k + 1

H_{k+1−2} (Σx) + √ k − 1 k + 1 a^{(n)}_{k,1} H_{k+1−2} (Σx) +

+ [^{k+1}_2 ]∑ ℓ=2 [√ k − 2ℓ + 1

k + 1 a^{(n)}_{k,ℓ} + √ k − 2ℓ + 2 k + 1 a^{(n)}_{k,ℓ−1} −

− √ k k + 1 ( 1 − k − 1 n ) a^{(n)}_{k−1,ℓ−1} ] H_{k+1−2ℓ} (Σx) }

kai epomènwc an jèsoume

a^{(n)}_{k+1,1} = (k − 1) √ k k + 1 + √ k − 1 k + 1 a^{(n)}_{k,1} (4.32)

a^{(n)}_{k+1,ℓ} = √ k − 2ℓ + 1 k + 1 a^{(n)}_{k,ℓ} + √ k − 2ℓ + 2 k + 1 a^{(n)}_{k,ℓ−1} − √ k k + 1 ( 1 − k − 1 n ) a^{(n)}_{k−1,ℓ−1} , 2 ≤ ℓ ≤ [ k + 1 2 ]

blèpoume amèswc ìti isqÔei h (4.29) gia k + 1.

Epeidă a^{(n)}_{2,1} = 0 faÐnetai amèswc (me epagwgă) apo tic sqèseic (4.32) ìti gia stajerì k oi suntelestèc a^{(n)}_{k,ℓ} eÐnai fragmènec sunartăseic tou n. □

Apìdeixh tou Jewrămatoc 4.2.2 : ’Estw poluÿnumo g(x) = ∑_k λ=0 c_λH_λ(x) .

(i) Apo th sqèsh (4.9) èqoume gia n ≥ k : | | | | (∫ E_n |S_ng(x)|^p dμ_n(x) ) 1_p − (∫ R |g(x)|^p dν_n(x) ) 1_p | | | =

= | | | | (∫ E_n |S_ng(x)|^p dμ_n(x) ) 1_p − (∫ E_n |g(x_1 + · · · + x_n)|^p dμ_n(x) ) 1_p | | | ≤ (∫ E_n |S_ng(x) − g(x_1 + · · · + x_n)|^p dμ_n(x) ) 1_p

≤ (∫ E_n | | | | | k∑ λ=0 c_λ [ϕ_{n,λ}(x_1, . . . , x_n) − H_λ(x_1 + · · · + x_n)] | | | | | p dμ_n(x) )^1_p

≤ k∑ λ=0 |c_λ| (∫ E_n |ϕ_{n,λ}(x_1, . . . , x_n) − H_λ(x_1 + · · · + x_n)|^p dμ_n(x) ) 1_p . Apo to Lămma 4.2.4 kai epeidă o suntelestăc tou ϕ_{n,k} sth sqèsh (4.27) sugklÐnei sto 1 kajÿc n → +∞ paÐrnoume ìti upĹrqei stajerĹ C > 0 h opoÐa exartĹtai mìno apo ta |c_o| , . . . , |c_k| kai apo to k allĹ ìqi apo to n ÿste | | | | (∫ E_n |S_ng(x)|^p dμ_n(x) ) 1_p − (∫ R |g(x)|^p dν_n(x) ) 1_p | | | ≤

≤ c n k∑ λ=0 (∫ E_n |H_λ(x_1 + · · · + x_n)|^p dμ_n(x) ) 1_p

= c n k∑ λ=0 (∫ R |H_λ(x)|^p dν_n(x) ) 1_p apo thn (4.9).

’Opwc eÐdame sto Băma 2 thc apìdeixhc tou Lămmatoc 4.2.1 oi ropèc twn ν_n eÐnai omoiìmorfa fragmènec (wc proc n). ’Ara h teleutaÐa parĹstash teÐnei sto 0 ìtan n → +∞.

(ii) Epeidă K_{n,t}S_ng = S_nT_tg h (4.19) eÐnai pìrisma thc (4.18) an aută efarmosjeÐ sto poluÿnumo T_tg . □

4.3 Anagwgă tou problămatoc se qÿro dÔo shmeÐwn

Apomènei na apodeiqjeÐ to Jeÿrhma 4.2.1 to opoÐo eÐnai to diakritì anĹlogo tou Jewrămatoc 4.2.3 sto diakritì qÿro X_n .

JewroÔme to qÿro mètrou E = { − 1 √ 2n , 1 √ 2n } , dσ(x) = 1 2 dδ_{−1}( √ 2nx) + 1 2 dδ_1( √ 2nx) = dν( √ 2nx) kai gnwrÐzoume ìti kĹje sunĹrthsh f : E −→ C grĹfetai me monadikì trìpo san f(x) = ax + b me katĹllhla a, b ∈ C .

JewroÔme ton telestă T_{x,t} : L^p(E, σ) −→ L^q(E, σ) me tÔpo T_{x,t} : a + bx −→ a + btx . EpÐshc orÐzoume ton telestă K_{n,t} = T_{x1,t} ⊗ · · · ⊗ T_{xn,t} : L^p(E × · · · × E, σ × · · · × σ) −→ L^q(E × · · · × E, σ × · · · × σ) , dhladă K_{n,t} : L^p(E_n, μ_n) −→ L^q(E_n, μ_n) sÔmfwna me ton orismì 4.2.1 .

Lămma 4.3.1 O periorismìc tou K_{n,t} ston X_n ⊆ L^p(E_n, μ_n) tautÐzetai me ton telestă K_{n,t} .

Apìdeixh: ’Estw 0 ≤ k ≤ n. Epeidă o K_{n,t} aplÿc pollaplasiĹzei kĹje mÐa apo tic metablhtèc x_1, . . . , x_n me ton parĹgonta t sunepĹgetai ìti

K_{n,t}(σ_k ) = t^kσ_k .

’Ara gia kĹje summetrikă h ∈ X_n, h(x) = ∑_n k=0 c_kσ_k(x_1, . . . , x_n), èqoume K_{n,t}(h) = n∑ k=0 c_kK_{n,t}(σ_k) = n∑ k=0 c_kt^kσ_k = K_{n,t}h sÔmfwna me thn (4.16). □

Jeÿrhma 4.3.1 ’Estw 1 < p < 2, q =^p_{p−1} , t = i √ p − 1. Tìte (∫ E |T_{x,t}f(x)|^q dσ(x) ) 1_q ≤ (∫ E |f(x)|^p dσ(x) ) 1_p (4.33)

gia kĹje f ∈ L^p(E, σ) .

Apìdeixh: Me f(x) = a + bx h (4.33) gÐnetai ( 1 2 | | |a + tb 1√ 2n | | |^q + 1 2 | | |a − tb 1√ 2n | | |^q ) 1_q ≤ ( 1 2 | | |a + b 1√ 2n | | |^p + 1 2 | | |a − b 1√ 2n | | |^p ) 1_p . An a = 0 h anisìthta gÐnetai |t| ≤ 1 pou eÐnai swstì. ’Estw, loipìn, a ≠ 0. Jètontac z =^b_a^√_{2n} paÐrnoume thn isodÔnamh anisìthta : ( |1 + tz|^q + |1 − tz|^q 2 ) 1_q ≤ ( |1 + z|^p + |1 − z|^p 2 ) 1_p , z ∈ C . (4.34)

Jètoume z = ξ − i^{η√}_{p−1} , ξ, η ∈ R , opìte

|1 + tz|^2 = (1 + η)^2 + ξ^2(p − 1) , |1 − tz|^2 = (1 − η)^2 + ξ^2(p − 1) , |1 + z|^2 = (1 + ξ)^2 + η^2(q − 1) , |1 − z|^2 = (1 − ξ)^2 + η^2(q − 1) .

’Ara h (4.34) isodunameÐ me ( [ (1 + η)^2 + (p − 1)ξ^2

]^q_2 + [ (1 − η)^2 + (p − 1)ξ^2

]^q_2 2 )^1_q ≤

≤ ( [ (1 + ξ)^2 + (q − 1)η^2 ] p_2 + [ (1 − ξ)^2 + (q − 1)η^2 ] p_2 2 )^1_p . (4.35)

Apo thn (4.5) èqoume ( [ (1 + η)^2 + (p − 1)ξ^2

]^q_2 + [ (1 − η)^2 + (p − 1)ξ^2

]^q_2 2 )^2_q = ‖(1 + ηx)^2 + (p − 1)ξ^2‖_L^q_{2 (ν)}

≤ ‖(1 + ηx)^2‖_L^q_{2 (ν)} + ‖(p − 1)ξ^2‖_L^q_{2 (ν)} epeidă q 2 > 1

= ( |1 + η|^q + |1 − η|^q 2 ) 2_q + (p − 1)ξ^2 .

EpÐshc ( [ (1 + ξ)^2 + (q − 1)η^2

]^p_2 + [ (1 − ξ)^2 + (q − 1)η^2

]^p_2 2 )^2_p = ‖(1 + ξx)^2 + (q − 1)η^2‖_L^p_{2 (ν)}

kai epeidă^p_2 < 1 kai (1 + ξx)^2 ≥ 0, (q − 1)η^2 ≥ 0

≥ ‖(1 + ξx)^2‖_L^p_{2 (ν)} + ‖(q − 1)η^2‖_L^p_{2 (ν)}

= ( |1 + ξ|^p + |1 − ξ|^p 2 ) 2_p + (q − 1)η^2 .

’Ara h (4.35) eÐnai asjenèsterh apo thn anisìthta ( |1 + η|^q + |1 − η|^q 2 ) 2_q + (p − 1)ξ^2 ≤ ( |1 + ξ|^p + |1 − ξ|^p 2 ) 2_p + (q − 1)η^2 . (4.36)

An apodeÐxoume tic anisìthtec ( |1 + η|^q + |1 − η|^q 2 ) 2_q ≤ 1 + (q − 1)η^2 (4.37) ( |1 + ξ|^p + |1 − ξ|^p 2 ) 2_p ≥ 1 + (p − 1)ξ^2 (4.38)

eÐnai profanèc ìti sunepĹgetai h (4.36). EpÐshc eÐnai fanerì (me ξ = 0 ă η = 0) ìti oi (4.37), (4.38) prokÔptoun apo thn (4.36).

’Ara arkeÐ na apodeÐxoume tic (4.37), (4.38). ArqÐzoume me thn apìdeixh thc (4.37).

ArkeÐ na apodeÐxoume thn (4.37) gia 0 < η afoÔ aută mènei ametĹblhth an allĹxoume to η se −η kai profanăc gia η = 0 . EpÐshc eÔkola blèpoume ìti arkeÐ na apodeÐxoume thn (4.37) gia 0 < η ≤ 1. PrĹgmati an isqÔei gia kĹpoio η me 0 < η ≤ 1, tìte diairÿntac thn (4.37) me η^2 paÐrnoume | |1 +_{1η} | |^q + | |1 −_{1η} | |^q 2 2 q ≤ 1 η^2

+ (q − 1) .

Epeidă :^1_{η2} + (q − 1) ≤ 1 + (q − 1)^1_{η2} ⇔

(_1

η^2 − 1 ) (q − 2) ≥ 0 kai epeidă h teleutaÐa anisìthta isqÔei afoÔ q > 2 , sunepĹgetai ìti | |1 +_{1η} | |^q + | |1 −_{1η} | |^q 2 2 q ≤ 1 + (q − 1) 1 η^2

dhladă h anisìthta (4.37) gia^1_η ≥ 1 .

JewroÔme th sunĹrthsh p(η) = 1 q log { |1 + η|^q + |1 − η|^q 2 } − 1 2 log { 1 + (q − 1)η^2 } , 0 < η ≤ 1 kai arkeÐ na apodeÐxoume ìti p(η) ≤ 0 , 0 < η ≤ 1 . (4.39) UpologÐzoume :

p^′ (η) =

(1 + η)^{q−1} − (1 − η)^{q−1}

(1 + η)^q + (1 − η)^q − (q − 1)η 1 + (q − 1)η^2 = (1 + η)^{q−1} [1 − (q − 1)η] − (1 − η)^{q−1} [1 + (q − 1)η] [(1 + η)^q + (1 − η)^q ] [1 + (q − 1)η^2] = Δ(η) [(1 + η)^q + (1 − η)^q ] [1 + (q − 1)η^2]

. (4.40)

Tÿra Δ^′ (η) = −q(q − 1)η { (1 + η)^{q−2} − (1 − η)^{q−2} } ≤ 0 gia 0 < η ≤ 1 , afoÔ q > 2 .

’Ara Δ(η) ≤ Δ(0) = 0 , 0 < η ≤ 1 kai epomènwc apo thn (4.40) paÐrnoume

p^′ (η) ≤ 0 , 0 < η ≤ 1 .

’Ara p(η) ≤ p(0) = 0 , 0 < η ≤ 1 .

kai epomènwc apodeÐqjhke h (4.39) kai kat’epèktash h (4.37).

H apìdeixh thc (4.38) eÐnai akribÿc h Ðdia : ìlec oi anisìthtec antistrèfontai diìti p < 2. □ Apìdeixh tou Jewrămatoc 4.2.1 : Sunduasmìc tou Jewrămatoc 4.3.1 kai twn LhmmĹtwn 1.2.1 kai 4.3.1 . □

64

BibliografÐa

[1] K.I. Babenko, An inequality in the theory of Fourier integrals, Izv. Akad. Nauk SSSR, Ser. Mat. 25 (1961), 531-542 ; English transl., AMS Transl. (2) 44 (1965), 115-128.

[2] W. Beckner, Inequalities in Fourier Analysis, Ann. Math. 102 (1975), 159-182. [3] G. Folland, Real Analysis: modern techniques and their applications, Wiley, New York, 1999.

[4] E. Lieb, Gaussian kernels have only Gaussian maximizers, Invent. Math., 102 (1990), 179-208 [5] E.M. Stein and G. Weiss, Introduction to Fourier analysis on euclidean spaces, Princeton Univ. Press, Princeton, New Jersey, 1975.

[6] E.C. Titchmarsh, Introduction to the theory of Fourier integrals, 2^{nd} edition, Oxford Univ. Press, Oxford, 1948.

[7] N. Wiener, The Fourier integral and certain of its applications, Dover, New York, 1958.

[8] A. Zygmund, Trigonometric series, Cambridge Univ. Press, Cambridge, 1959.