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Chapter 1

The complex plane.

1.1 The complex plane.

We are familiar with the set C of all complex numbers
z=x+ 1y, z,y € R,
which we add and multiply as follows:
(x1 +iy1) + (x2 +iy2) = (w1 + 22) +i(y1 + y2),

(z1 +iy1) (z2 + iy2) = (w122 — y1y2) + i(21y2 + T2y1).

In particular:
i =—1.

With these operations of addition and multiplication, C is an algebraic field and R is a subfield
of C. We shall prove later that, besides the polynomial equation 22 + 1 which has as solutions the
complex numbers £i, every polynomial equation with coefficients in C is solvable in C. In other
words, we shall prove that C is an algebraically closed field.

In the following we shall only review a few basic things and fix some terminology and notation.

We identify the complex number z = x + iy with the pair (x, %) of R? and write

z=x+iy = (z,y).

It is customary to use symbols like z, y, u, v, t, £, n for real numbers and symbols like z, w, ¢ for
complex numbers. For instance, we write z = x + iy, w = u + v, { = & + in.
For every z = (x,y) = x + iy we write

Rez=2x, Imz=vy, z=(v,—y) =x—1iy, |z|]=vVx>+y>

for the real part, the imaginary part, the conjugate and the absolute value (or modulus) of z,
respectively.

The geometrical model for C is the cartesian plane with two perpendicular axes: every z =
(xz,y) = x+iy corresponds to the point of the plane with abscissa x and ordinate y. The horizontal
axis of all points (x,0) is the real axis and, through the identification = (z,0), it represents R
as a subset of C. The vertical axis of all points iy = (0, y) is the imaginary axis.

We recall that the cartesian equation of the general line in the plane is

ax + by = c,

where a,b,c € R, a® +b? # 0. If we set z = x + iy and w = a + ib # 0, then the above equation
takes the form
Re(wz) = c.
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Similarly, the defining inequalities ax + bc < c and ax + bc > c of the two halfplanes on the
two sides of the line with equation ax+by = ¢ become Re(wz) < cand Re(wz) > ¢, respectively.
We shall denote
[21,22] = {(1 — t)Zl + tz9 ‘ 0<t< 1}

the linear segment joining the points z1, 25.
When we say interval we mean a linear segment on the real line: [a, b] C R.
The euclidean distance between the points z; = (x1,y1) and za = (x2,y2) is

\/(162 — SU1)2 + (y2 — y1)2 = |z — 21].

Therefore, the circle, the open disc and the closed disc with center z = (x, y) and radius r > 0 are
the sets

Co(r) ={wllw—z[=r}, D.(r)={w|lw—2zl<r}, Di(r)={w|lw-2z<r}

For the unit circle, the open unit disc and the closed unit disc with center 0 we have the special
symbols: B
T = Cy(1), D = Dy(1), D = Do(1).

The real part and the imaginary part of a complex function f : A — C are the functions
u=Ref:A—Randv=1Imf:A— R,respectively, defined by

u(z) =Re f(2) = 5(f(2) + T, o(z) =Im f(2) = 2-(f(2) ~ F=).

Of course, we have

f(z) =u(z) +iv(z) = (u(z),v(2)), z € A.

We attach one extra element (not a complex number) to C, which we call infinity and denote
00, and we form the set R
C = CU{oo}.

The set C is called extended C or extended complex plane.
We extend in C the usual algebraic operations between complex numbers, as follows:

Z+0=0+2=00, —00=00, Z2—00=00—2=00.
. 1 1 z 00
zoo=o00z=00 if2z#0, ocwoo=00, — =0, —=o00, — =0, — =o0.
00 0 00 z

0 =00, |oo|=+o00.
The expressions
oo 0
o0 +400, o0o—o00, 0Ooo, 000, —, =
oo 0

are not defined and they are called indeterminate forms.

1.2 Argument and polar representation.

The trigonometric functions sin and cos are defined and their properties are studied in the theory
of functions of a real variable. In particular, we know that sin and cos are periodic with smallest
positive period 27

sin(f + 27) = sin 6, cos(f + 2m) = cos¥.

We also know the following result. Let I be any interval of length 27 which contains only one
of its endpoints, e.g. [0,27) or (—, 7]. Then for every a,b € R with a? + b? = 1 there exists a
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unique 6 € I so that cos@ = a and sinf = b. Equivalently, for every ¢ € C with |(| = 1 there
exists a unique 6 € [ so that { = cosd + isiné.
Therefore, the function
cos+isin: R — T

is periodic with 27 as smallest positive period and its restriction
cos+isin: [ — T

to any interval I of length 27 which contains only one of its endpoints is one-to-one and onto T.
Thus, for every ( € T the equation cos @ + isinf = ( has infinitely many solutions in R and
exactly one solution in each interval I of length 27 which contains only one of its endpoints. If 6
is any of these solutions, then the set of all solutions is {0 + k27 | k € Z}.

Definition. For every z € C, z # 0, we have é € T and then the set of all solutions of the

equation cos 0 + i sinf = é is called argument or angle of z and is denoted arg z:

argz = {0 € R‘ cosf +isinf = é} .
The unique solution of this equation in the interval (—m, 1| is called principal argument or prin-
cipal angle of z and it is denoted Arg z:
0=Argz &  cosf+isinf = |Z7‘, —mT <0<,

Each of the elements of arg z is called a value of the argument of z.

We must be careful: arg z is a set while Arg z is a number, one of the elements of arg z. In fact

argz = {Argz + k27 |k € Z}.

Examples. (i) Arg3 = 0, arg3 = {k27 | k € Z},
(ii) Arg(4i) = , arg(4i) = {5 + k2n |k € Z},
(iil) Arg(—2) = m, arg(—2) = {m + k27 | k € Z},
(iv) Arg(l +1i) = Z,arg(1 4+ 1) = {5 + k27 | k € Z},
(v) Arg(—1 —iv/3) = 4 arg(—1 — iV/3) = {4 + k2n | k € Z}.

It is obvious that the argument of any nonzero z is a (two-sided) arithmetical progression of
step 2m. Therefore, it is also obvious that, if we have any nonzero z; and 23, then their arguments
are either identical sets or disjoint sets. Equivalently, either the arguments of z; and z3 have exactly
the same values or their arguments have no common value. More precisely, any nonzero z; and zo
have the same argument if and only if each of them is a multiple of the other by a positive number
or, equivalently, if and only if 27 and 2, belong to the same halfline with vertex 0. Moreover, if z;
and z3 belong to different halflines with vertex 0, their arguments have no common value.

The following identity is equivalent to the addition formulas of sin and cos:

cos(f1 + 62) + isin(61 + 62) = (cos Oy + isinby)(cos by + isinby).
A direct consequence by induction is the familiar formula of de Moivre:
cos(nf) + isin(nd) = (cosh + isinh)"

foralln € Z.
For any two nonempty subsets A and B of C we define

A+B={a+blac A,be B}, AB={abla€ Abe B}.
We also write

a+B={a+blbe B}, aB={ab|be B}, —B={-b|be B}.
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Proposition 1.1. For every nonzero z, and z5 we have
arg(z129) = arg z1 + arg zo.
Proof. Take any 0 € arg z; +arg z». Then there are 1 € arg z; and 05 € arg 25 so that 0 = 61 +0-.
By the addition formulas,
Z1 79 Z1%9

cosf + isinf = (cos @y + isinby)(coshs + isinfy) = ﬁﬁ = ﬁ
Z1| |%2 Z1%9

Therefore, 0 € arg(z;122).
Conversely, take any 6 € arg(z;z2). We consider any 01 € arg z; and set f3 = 6 — ;. Then

. cosf 4 isinf z122 | 21 29
cos o +isinfy = — = t I
00891 +ZSIH01 |2122‘ |21‘ ’Z2|
Therefore, 65 € arg 29 and, thus, 8§ = 61 + 6, € arg z; + arg zo. O

We must stress that arg(z120) = argz; + arg zs is an equality between sets. The similar
equality between numbers, Arg(z122) = Arg z1 + Arg 29, is not true in general.

Example 1.2.1. Arg(—1) + Arg(—1) = 7 + m = 27, while Arg((—1)(—1)) = Argl = 0.

The equalities |z122| = |21]|22| and arg(z122) = argz; + argzs express the well-known
rule: when two complex numbers are multiplied, their absolute values are multiplied and their
arguments (or angles) are added.

Definition. /¢ is clear by now that for any nonzero z we may write
z=r(cosf +isinf), r=|z|, 0 € argz.

This is called a polar representation of z. There are infinitely many polar representations of z,
one for each value 0 of its argument. The polar representation with 0 = Arg z is called principal
polar representation of z.

Remark. We do not define argument or angle or polar representation for the number 0.
Exercises.

1.2.1. Which are all the possible values of Arg(z122) — Argz; — Arg 22 ?

1.2.2. Prove that arg % = argZz = —arg z and arg(—z) = 7 + arg z. (Note that these are equalities
between sets.)

1.2.3. Prove the following statement for any nonzero z, z; and zs. Itis true that z = z; 29 ifand only
if the triangle 7(0, 1, z1) with vertices 0, 1, z; is similar to the triangle 7°(0, z2, z) with vertices
0, 22, z (0 corresponding to 0, 1 corresponding to zo and z; corresponding to z). This expresses
the geometric visualization of the operation of multiplication in C.

1.3 Sequences, neighborhoods, open sets, closed sets.

Definition. We say that the sequence (z,) in C converges to z € C if for every € > 0 there is ng
so that |z, — z| < € for all n > ny. We denote this by

lim 2z, ==z or Zn — 2 when n — 400.
n—400

We say that the sequence (zy) in C diverges to oo if for every R > 0 there is ng so that |z,| > R
forall n > ng. We denote this by

Iim z, = or Zn — 00 When n — +o00.
n—-+o00



The definition of convergence is formally identical to the analogous definition for sequences
in R. We shall make a comment regarding the case of divergence to oo and, specifically, on the
difference between the use of oo in the framework of complex analysis and the use of oo in the
framework of real analysis. The terms of a sequence (x,,) on the real line move unboundedly away
from 0 in exactly two distinct directions: either to the right or to the left and then we say that z,, —
~+o00 or x, — —o0, respectively. On the complex plane there aren’t any two particularly prefered
directions. The term z,, of a complex sequence can move away from 0 either on halflines (i.e. in
infinitely many directions) or on spiral-like curves or in any other arbitrary manner. Therefore,
we simply say that z,, — co. We shall come back at this point when we comment on the equality
L o

Relating the notions of convergence and divergence for complex sequences to the similar no-
tions for real sequences, we observe that

2y — 2 & |zn — 2| =0, Zn — 00 & |zp| = Fo0.
This is clear from the corresponding definitions.

Example 1.3.1. The sequence ((—2)") does not have a limit as a real sequence since its subse-
quences of the odd and the even indices have the different limits —oo and 4-co. But as a complex
sequence ((—2)™) tends to oo, because |(—2)"| = 2" — +o0.
Proposition 1.2. Let z,, — z and w,, — w, where z,w € @ Then, provided the result in each
case is not an indeterminate form, we have

Zn z

Zn Fw, =zt w, zpw, = 2w, — — —, Z, = Z, |z — 2|
wy, W

Moreover, if z, = xy + iy, and z = x + iy, then
Zn =2z & Tnp =T, Yp — Y.

Proof. The proofs of the first three properties are identical to the proofs of the analogous properties
for real sequences. For the fourth and fifth properties we write

Zn =z =len—2[ =0, |z = 2]l < |20 — 2| = 0.
Moreover, from
|20 — 2| < |z — 2| + yn — yl, |zn — 2| <l2n — 2], |yn —yl < |2n — 2]
we get the last equivalence. O

Let us comment on the equality % = 00. In R the expression % is an indeterminate form, since
i — 400 when z,, — 0+ and ﬁ — —oo when x,, — 0—. But in C signs do not play the same

role as in R. In C only the absolute value of i is significant and we see that, when z,, — 0, then

|1 = 1 — 400 and hence -
Zn Zn

B — 00.
Example 1.3.2. Let us consider the geometric progression (z").
If |z| < 1, then |z™ — 0| = |z|™ — 0 and hence 2" — 0.

If |z| > 1, then |z"| = |2|™ — 400 and hence 2" — occ.
Ifz=1,thenz" =1 — 1.

Finally, let |z| = 1, z # 1 and assume that z” — w. Since |z"| = |z|™ = 1 for every n, we find
that |w| = 1. From 2" — w we have z = ZZ:I — @ = 1 and we arrive at a contradiction.
Thus:
— 0, if|z] <1
n —1, ifz=1
— 00, if|z] > 1

has no limit, if|z| =1,z #1



The open disc D, (r) is also called r-neighborhood of z. It is useful to have a similar notation
to take care of points which are “close” to co. We say that the set

Doo(r) = {w||w] > 1/r} U {oo}
is an r-neighborhhod of co.

Proposition 1.3. z € C is the limit of a sequence (zy,) if and only if every neighborhood D, (¢) of
z contains all terms of the sequence after some index.

Proof. Trivial. O

Definition. Let A C C and z € C.

We say that z is an interior point of A if some neighborhood of z is contained in A.

We say that z is a boundary point of A if every neighborhood of z intersects both A and A°€.
We say that z is a limit point of A if every neighborhood of z intersects A.

We say that z is an accumulation point of A if every neighborhood of z intersects A at a point
different from z.

Definition. Let A C C. We define

A° = {z € C| z is an interior point of A},
0A = {z € C| z is a boundary point of A},
A = {z € C|z is a limit point of A}.

The sets A°, 0A and A are called interior, boundary and closure of A, respectively.

Here is a comment regarding co. We say that oo is a limit point of a set A if every neighborhood
of oo intersects A. If we look at the exact shape of the neighborhoods of co, we realize that oo is a
limit point of A if and only if there are points of A arbitrarily far away from 0, i.e. if and only if A
is an unbounded set. Also, since any neighborhood of oo can intersect A only at points different
from oo (since A C C), we realize that oo is a limit point of A if and only if it is an accumulation
point of A. Moreover, we may accept that every neighborhood of oo intersects A€ since it (the
neighborhood) contains co. After these thoughts we conclude that (i) an unbounded set has oo
as a limit point, as an accumulation point and as a boundary point (ii) a bounded set does not
have o either as a limit point or as an accumulation point or as a boundary point. Nevertheless,
when we talk about limit points, boundary points, accumulation points of a set A we consider only
complex numbers and when we write 4, A we do not include oo in these sets even if the set A is
unbounded. If in some particular statement we want to consider oo as a limit point or accumulation
point or boundary point of a particular set A, then we have to state this clearly.

If A C C, the complement of A with respect to C is denoted A°.

Proposition 1.4. Let A C C. Then
(i) 0A = 0(A°).

(iij) A° C A C A

(iii) A\ A° = A.

(iv) A° = A\ 0A.

v) A= AUOA.

Proof. (i) From the definition of a boundary point it is clear that the boundary points of A are the
same as the boundary points of A°. In other words, the sets A and O( A¢) have the same elements.
(i) If z € A°, then there is a neighborhood of z which is contained in A and hence z € A (since 2z
is the center of its neighborhood). Therefore, A° C A.

If z € A, then every neighborhood of z intersects A and hence z € A. Therefore, A C A.

(iii) Let z € A\ A°. Since 2z € A, every neighborhood of z interects A. Since z ¢ A°, there is
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no neighborhood of z which is contained in A and hence every neighborhood of z intersects A°.
Therefore, z € 0A.

Conversely, let 2 € OA. Then every neighborhood of z intersects A and hence z € A. Also every
neighborhood of z intersects A which means that there is no neighborhood of z which is contained
in A and hence z ¢ A°.

(iv) and (v) are straightforward corollaries of (ii) and (iii). O

Part (iv) of proposition 1.4 says that A° results from A when we take away from it the boundary
points of A which belong to A. Also, (v) says that A results from A when we attach to it the
boundary points of A which do not belong to A. In other words, the set A \ A° consists of the
boundary points of A which belong to A and the set A \ A consists of the boundary points of A
which do not belong to A.

Example 1.3.3. We consider a relatively simple curve C' which divides the plane in three subsets:
the set A, of the points on one side of C, the set A of points on the other side of C' and the set
of points of C'. For instance C' can be a circle or an ellipse or a line or a closed polygonal line
(the circumference of a rectangle, for instance). Just looking at these shapes on the plane, we
understand that A = A4;, 0A; = C and A; = A; UC. We have analogous results for Ay and
also C° =0,0C =C and C = C.

Proposition 1.5. Let A C C. Then z is a limit point of A or, equivalently, = € A if and only if
there is a sequence (zy,) in A so that z, — z.

Proof. Let z € A. Then every neighborhhod of z intersects A and hence for every n € N there is
some z, € D.(1) N A. Then the sequence (z,) is in A and also |z, — z| < 2 — 0.

Conversely, if (z,,) is in A and z,, — z, then for every ¢ > 0 the neighborhood D, (¢€) contains all
terms of (z,) after some index. Thus, every neighborhood of z intersects A and hence z € A. [

Definition. Let A C C.
We say that A is open if it consists only of its interior points.
We say that A is closed if it contains all its limit points.

In other words, A is open if and only if A = A°, and A is closed if and only if A = A

Proposition 1.6. Let A C C.
(i) A is open if and only if it contains none of its boundary points.
(ii) A is closed if it contains all its boundary points.

Proof. (i) Immediate from (iv) of proposition 1.4.
(i) Immediate from (v) of proposition 1.4. O

Example 1.3.4. In example 1.3.3 the sets A1, A are open and the sets A1 U C, Ao U C and C are
closed.

Proposition 1.7. Let A C C. Then A° is open and A, OA are closed.

Proof. Let z € A°, i.e. thereis r > 0 so that D,(r) C A. Now we take any w € D,(r). It
is geometrically clear that there is some s > 0 so that D,,(s) C D,(r) and hence D, (s) C A.
Therefore w is an interior point of A, i.e. w € A°. We proved that D, (r) C A° and hence z is an
interior point of A°. Therefore, every point of A° is an interior point of A° and A° is open.

Now let z be a limit point of A. We take any r > 0 and then D, () intersects A. We consider
any w € D,(r) N A. Again, there is some s > 0 so that D,,(s) C D,(r). Since w € A, Dy (s)
intersects A and hence D, (r) also intersects A. Therefore, every neighborhood of z intersects A
and hence z is a limit point of A4, i.e. z € A. We proved that every limit point of A belongs to A
and A is closed.

Finally, let z be a limit point of 0 A. We take any r > 0 and then D, (r) intersects 0 A. We consider
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any w € D,(r) N OA. Again, there is some s > 0 so that D,,(s) C D.(r). Since w € JA, Dy, (s)
intersects both A and A€ and hence D, (r) also intersects both A and A°. Thus every neighborhood
of z intersects both A and A and hence z is a boundary point of 4, i.e. z € 0A. We proved that
every limit point of 0 A belongs to 0A and 0A is closed. O

Proposition 1.8. Let A C C. Then A is closed if and only if'it contains the limit of every convergent
sequence in A.

Proof. Let Abe closed. If (z,,) isin A and 2z, — z, then z € A (proposition 1.5) and hence » € A.
Conversely, assume that A contains the limit of every convergent sequence in A. If z € A, there
is a sequence (z,) in A so that z, — z and from our assumption we get that z € A. Therefore, A
is closed. O

Proposition 1.9. Let A C C. Then A is closed if and only if A€ is open.

Proof. Based on proposition 1.6 and since A and A¢ have the same boundary points, we have the
following successive equivalent statements: A is closed if and only if A contains all boundary
points of A if and only if A contains all boundary points of A€ if and only if A° contains no
boundary point of A€ if and only if A€ is closed. O

The complement of the complement of a set is the set itself and hence: A is open if and only if
A€ is closed.

Exercises.
1.3.1. Prove that the limit in C of every sequence is unique.

1.3.2. Prove formally, using neighborhoods, that open discs are open and that closed discs and
circles are closed.

1.3.3. Prove that {2 |n € N} is not a closed set, while {0} U {2 | n € N} is a closed set.

1.3.4. Prove formally, using sequences, that closed discs, circles, lines and closed halfplanes are
closed sets.

1.3.5. Is the open segment (a, b) an open set?
1.3.6. Prove that both C and () are open and closed.

1.3.7. Prove that A is the smallest closed set which contains A, and that A° is the largest open set
which is contained in A.

1.3.8. Prove that the union of any open sets is open, that the intersection of any closed sets is closed,
that the intersection of finitely many open sets is open, and that the union of finitely many closed
sets is closed.

1.3.9. We define the diameter of A to be diam A = sup{|z — w| |z, w € A}. Prove that diam A =
diam A.

1.3.10. We define the distance of z from A to be d(z, A) = inf{|z — w| |w € A}. Prove that
() d(z, A) = d(z, A).

(i) d(2,A) =0 & 2 € 4.

(iii) |d(z, A) — d(w, A)| < |z — w].

1.3.11. Let A, B be closed and disjoint. Prove that there are U, V' open and disjoint so that A C U
and BCV.



1.4 Limits and continuity of functions.

Definition. Let ACC, f: A —> C, 29 € C be an accumulation point of A. We say that wy € C
is a limit of f at 2, and denote

A, () = wo,

if for every € > 0 there is 6 > 050 that f(z) € Dy, (€) for every z € D, (5) N A, z # 2.

There are four cases, depending on whether 2y, wg are complex numbers or co and we have
corresponding formulations of the above definition of limit:
(i) z0, wo € C. Then lim,_,, f(z) = wy if for every e > 0 there is § > 0 so that | f(z) — wq| < €
for every z € Awith 0 < |z — 2| < §.
(ii) zp € C,wp = oo. Thenlim,_,,, f(z) = coifforevery R > Othereisd > Osothat|f(z)| > R
for every z € Awith 0 < |z — 29| < 6.
(iii) zop = oo, wyp € C. Then lim,_,~ f(2) = wy if for every ¢ > 0 there is » > 0 so that
|f(2) — wo| < € forevery z € Awith |z| > r.
(iv) 20 = wo = 00. Then lim,_,+, f(z) = oo if for every R > 0 there is > 0 so that | f(2)| > R
for every z € A with |z| > r.

Definition. Let A C C, f : A — Cand zg € A. We say that f is continuous at zq if for every
€ > 0 thereis 0 > 0 so that f(z) € Dy (€) for every z € D,,(6) N A or, equivalently, if for
every € > 0 there is 6 > 0 so that |f(z) — f(z0)| < € for every z € Awith |z — z| < 0.

If z9 € A is not an accumulation point of A (i.e. it is an isolated point of A), then we may
easily see that f is automatically continuous at zg. On the other hand, if zy € A is an accumulation
point of A, then f is continuous at z if and only if lim,_,., f(x) = f(z0).

Definition. Let A C C, f : A — C. We say that f is continuous in A if it is continuous at every
point of A.

Proposition 1.10. Let A, B CC, 20 € A, f: A— Bandg: B — C. If f is continuous at z,
and g is continuous at wo = f(zp), then go f : A — C is continuous at z.

Proof. The proof is exactly the same as the proof of the analogous result for real functions of a
real variable. O

All simple algebraic properties of limits and of continuity which hold for real functions of a
real variable also hold for complex functions of a complex variable. (Look back at proposition 1.2
for the case of sequences.) For instance, the limit of the sum is the sum of the limits (except in the
case of an indeterminate form). We do not bother to repeat the formal arguments. The proofs are
identical with the proofs in the real case.

Nevertheless, we mention the two results which restate the notions of limit and continuity of a
function in terms of sequences. Again, the proofs are identical with the proofs in the real case and
we omit them.

Proposition 1.11. Let A CC, f: A — C, 2 € C be an accumulation point of A and wy € C.
The following are equivalent.

(i) hmz—)zo f(Z) = Wo-

(ii) For every (zp) in A\ {zo} with z,, — zo we have f(z,) — w.

Proposition 1.12. Let A C C, f : A — C and zy € A. The following are equivalent.
(i) f is continuous at z.
(ii) For every (zp) in A with z, — zo we have f(z,) — f(z0).



Example 1.4.1. Let us consider any polynomial function
p(2) = an2™ + an_12" -+ a1z + ag,

where ag, . .., a, € Cand a,, # 0. The domain of definition of p is C.
For every zp € C we have

lim p(z) = p(z0)-

zZ—20
To prove it we use the well-known algebraic rules of limits and the trivial limits: lim,_,,, ¢ = ¢
and lim,_, ,, z = zp.
Therefore, p is continuous in C.
If the degree of pis > 1,1.e. n > 1 and a,, # 0, then

lim p(z) = o0

Z—00

since p(z) = 2"(ap + an-11 4+ -+ + ap=) — coa, = oo.
If the degree of p is 0, then the function is constant: p(z) = ag for all z. Hence

lim p(z) = ao.

Example 1.4.2. Now we consider a rational function

p(z)  anz" +---+arz+ag
q(z)  bpz™m A+ -+ biz+ by’

where ag, ..., an,bg,...,b; € Cand a, # 0 and b,, # 0. The domain of definition of r is
C\{z1,...,2s}, where z1, ..., zs are the roots of the polynomial g. We know that 0 < s < m.
If zp € C and ¢(zp) # 0, then using the algebraic rules of limits, we get:

zhﬁrrzlo r(z) = r(20).
Therefore 7 is continuous in its domain of definition.
Writing r in the form r(2) = 2"~ (a,, + an,lé + o aozin)/(bm + bm,1% + o+ boz%), we
can prove that

oo, ifn>m

lim r(z) = ifn=m

an
Z—00 E,

0, ifn<m
Finally, let zg € C and g(z9) = 0. Thus zy is any of the roots z1, .. ., z5s of ¢. Then z — 2 divides
q(2), and there is k > 1 and a polynomial q1(z) so that ¢(z) = (2 — 20)¥q1(2) and ¢1(20) # 0.
This means that the multiplicity of the root zy of ¢(z) is k. There is also [ > 0 and a polynomial
p1(z) so that p(2) = (2 — 20)'p1(2) and p1(z9) # 0. Indeed, if p(z0) = 0, then [ > 1 is the
multiplicity of zg as a root of p(z) and, if p(zp) # 0, we take | = 0 (and say that the multiplicity
of g as a root of p(z) is zero) and p1(z) = p(z). Thus for every z different from the roots of ¢(z)
we have

r(z) = (2 — Zo)lfkpl(z) and  pi1(20) # 0, q1(20) # 0.
q1(2)
Now Z igg; is neither oo nor 0, and hence
0, ifk > 1
: _ ) pi(20)  ieq
Jim 7(z) = Gtz 1R =1
0, ifk <l



Definition. Let A C Cand f : AU {0} — C. We say that f is continuous at oo if for every
€ > 0thereis R > 0 so that |f(z) — f(o0)| < € forall z € Awith |z| > R.

Therefore, if A is unbounded, i.e. if oo is an accumulation point of A, then f is continuous at co
ifand only if lim,_,~ f(2) = f(oc0). If A is bounded, then it is easy to see that f is automatically
continuous at co. It has to be stressed that for f to be continuous at oo it is necessary that its value
f(o0) be a complex number.

Example 1.4.3. If p is a polynomial as in example 1.4.1, then p is continuous at co only if it is a
constant polynomial p(z) = ag and provided we define its value at oo to be p(c0) = ay.

Similarly, if 7 is a rational function as in example 1.4.2, then r is continuous at co only if n < m
and provided we define 7(c0) = §* or r(co) = 0 depending on whether n = m or n < m,

respectively.
Exercises.

1.4.1. Prove that the limit of a function is unique.

1.42.Let AC Cand f : A — C. Prove that the following are equivalent.
(i) f is continuous in A.

(ii) For every open set W there is an open set U so that f~1(W) = U N A.
(iii) For every closed set F there is a closed set G so that f~1(F) = G' N A.

1.5 Compactness.

Definition. We say that M C C is compact if every sequence in M has at least one subsequence
converging to a point of M.

Example 1.5.1. Take M = (a, b] and the sequence z, = a + b_T“ Since 2z, — a, every subse-
quence of (z,) converges to a. Hence (z,,) is contained in M but has no subsequence converging
to a point of M. Therefore, M is not a compact set.

Example 1.5.2. Take M = {z||z| > 1} and the sequence z, = 2". Since z, — o0, every
subsequence of (z,,) diverges to co. Thus (z,,) is in M but has no subsequence converging to an
element of M. Therefore, M is not compact.

In general, to prove that a set M is not compact is a relatively easy problem: it is enough to
find a specific sequence in M which has no subsequence converging to a point of M. But to prove
that a set M is compact is usually a harder problem: we have to take the general sequence in M
and prove that it has a subsequence converging to an element of M.

Example 1.5.3. Let M C C be finite, i.e. M = {w1,...,wn}.

We consider an arbitrary sequence (z,) in M. Then at least one of the elements of M appears
infinitely often as a term of the sequence. L. there is a subsequence (2, ) of (z,) with all its
terms equal to the same w;. This subsequence is constant z,, = w; and hence converges to w;.
Thus, every sequence in M has at least one subsequence converging to an element of M and M
is compact.

Proposition 1.13. If M C C is compact, then it is bounded and closed.

Proof. Assume that M is not bounded. Then for every n € N there is z, € M so that |z,| > n.
Then the sequence (z,,) is in M and, since M is compact, there is a subsequence (zy, ) of (z,) so
that z,,, — z for some z € M. This implies |2,, | — |z|. But |z,,| > ny for every k and hence
|2, | = +o00. We arrive at a contradiction and we conclude that A/ is bounded.

Now, take any sequence (z,) in M so that z,, — z. Since M is compact, there is a subsequence
(zn,) of (2) so that z,, — 2’ for some 2’ € M. From z, — z we get z,, — z and, due to
the uniqueness of limit, we get 2/ = 2. Thus z € M. Therefore, the limit of every convergent
sequence in M belongs to M and M is closed. O
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Proposition 1.14. Let N C M C C. If M is compact and N is closed, then N is compact.

Proof. Take any sequence (z,) in N. Then (z,) is in M and, since M is compact, there is a
subsequence (zy, ) of (2,) so that z,, — z for some z € M. Since (2, ) isin N and N is closed,
we have z € N. Therefore, every sequence in N has a subsequence converging to an element of
N and N is compact. O

Proposition 1.15 says that if two sets, one of them compact and the other closed, are disjoint,
then there is a positive distance between them.

Proposition 1.15. Let M, N C C with M N N = (. If M is compact and N is closed, there is
€ > 0so that |z — w| > e forevery z € M and w € N.

Proof. Assume that there is no € > 0 so that |z — w| > € for every z € M and w € N. Then for
every n € N there are z, € M and w,, € N so that |z, — w,| < % Since M is compact there is
a subsequence (zy, ) of (z,) so that z,, — z for some z € M. From

1
‘wnk72| < |an*wnk|+|znk*2| < nik+‘znkfz‘ —0

we get wy,, — 2. Since (wy, ) isin N and N is closed, we find z € N. This is impossible, because
M N N = (), and we arrive at a contradiction. ]

Proposition 1.16 is a generalization of the well known result for sequences of nested closed
and bounded intervals in R: if [a1,b1] 2 [a2,b2] 2 ... 2D [apn,by] D ..., there is x which belongs
to all [ay,, by) and, if moreover b, — a,, — 0, then x is unique.

Definition. We define the diameter of M C C to be
diam M = sup{|z — w|| z,w € M }.

Proposition 1.16. Let (K,) be a sequence of non-empty compact sets in C so that K,, 1 C K,
for every n. Then there is some point which belongs to all K,,. If moreover diam K, — 0, then
the common element of K, is unique.

Proof. For each n we take any z, € K,. Since K; is compact and the sequence (z,) is in K1,
there is a subsequence (zy, ) so that z,, — z for some z € K. We observe that, for each m, (zy,)
is in K, after the value of the index n = m. Thus (z,, ) is, after some value of the index k, in
K,,. Since K, is closed, we get z € K,,,. Therefore, z is in every K,,.

Now, let diam K,, — 0. If z, w belong to every K,,, then 0 < |z — w| < diam K, for every n.
This implies |z — w| = 0 and hence z = w. O

Bolzano-Weierstrass theorem. Every bounded sequence in C has a convergent subsequence.

Proof. Let (zy) be a bounded sequence with z,, = x, + iy,. Then (z,) is contained in some
rectangle M = [a, b] X [c, d].

Taking the midpoints “T‘H’ and # of [a, b] and [c, d], we can split M in four equal subrectangles.
The size of each of them is % of the size of M. Since (z,) is contained in M, at least one of the
four subrectangles contains infinitely many terms of (z,). We take one of the subrectangles with
this property and denote it My = [a1, b1] X [c1, d1]. We repeat with the rectangle M;. We split it in
four equal subrectangles with size equal to 1 of the size of M and denote M = [a, bo] X [c2, do]
whichever of these subrectangles contains infinitely many terms of (z,). Continuing inductively,
we produce a sequence of rectangles M; = [a;, bj] X [¢;, d;] with the following properties:

(i) every M contains infinitely many terms of (z,).

(i) a1 <a; < b <b_yand¢_1 < ¢ < dj < dj_y forevery l.

(iii) by — oy = %5 — Oand d; — ¢; = 45¢ — 0.

12



Since M; contains infinitely many terms of (z,,) there is a z,,, € M;. Since My contains infinitely
many terms of (z,) there is a z,,, € My with ny > ny. Since M3 contains infinitely many terms
of (zy,) there is a z,, € M3 with n3 > ny. Continuing inductively, we get a subsequence (zy,) of
(zp) so that z,,, € M, forevery [ > 1. Le.

a; < xp, by, ¢ <yn, < d; for every (. (1.1)

From (ii) we get that (q;) is increasing and bounded and that (b;) is decreasing and bounded and
hence the two sequences converge to two limits, which, due to (iii), coincide. The same is true for
the sequences (¢;) and (d;). We set

r= lim q = lim b, y= lim ¢ = lim d.
l—+00 l—+o00 l—+00 l—+o00
From (1.1) we get z,,, — x and y,, — vy and hence z,,, = z = = + iy. O

Definition. We say that the sequence (z,) is a Cauchy sequence if for every e > 0 there is ng so
that |z, — zm| < € for every n,m > ny.

Proposition 1.17. Every Cauchy sequence converges.

Proof. Let (z;,) be a Cauchy sequence. Then we easily see that (z,,) is bounded. Indeed, there is
ng so that |z, — z,,| < 1 for every n,m > ng. This implies that |z, — z,,,| < 1 for every n > ng
and hence |z,,| < |zp,| + 1 for every n > ng. Therefore,

|2n| < max{|z1],..., |2no—1l, |2ne| + 1} for every n.

The Bolzano-Weierstrass theorem implies that there is a subsequence (zy, ) so that z,, — z for
some z. Now, we have that |z, — 2,,, | — 0, because (z,) is a Cauchy sequence, and hence

|2k — 2| < |2k — 2ny| + |20, — 2| — 0.
Therefore, 2, — 2. ]

This property of C, i.e. that every Cauchy sequence in C converges to some point of C, is
called completeness of C.

Theorem 1.1 is very useful for the determination of compact sets. Theorem 1.1 complements
proposition 1.13.

Theorem 1.1. M C C is compact if and only if it is bounded and closed.

Proof. Proposition 1.13 proves one direction.

Assume that M is bounded and closed. We take any sequence (z,,) in M. Since M is bounded,
(zn,) is also bounded and the Bolzano-Weierstrass theorem implies that there is a subsequence
(zn,, ) so that z,, — z for some z. Since (zy, ) is in M and M is closed, we get z € M.

Thus, every sequence in M has a subsequence converging to a point in M and M is compact. [J

Example 1.5.4. All closed rectangles and all closed discs are compact.

Proposition 1.18. Let M C Cand f : M — C. If f is continuous in M and M is compact, then
f(M) is compact.

Proof. Let (wy,) be an arbitrary sequence in f(M). It is enough to prove that (wy,) has a subse-
quence converging to a point of f(M).

For each n there is z, € M so that f(z,) = w,. Then (z,) is in M, and, since M is compact,
there is a subsequence (z,, ) so that z,, — z for some z € M. Since f is continuous in M, we

get wy, :f(znk)_)f(z)ef(M) O
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Proposition 1.19. Every non-empty compact subset of R has a maximal and a minimal element.

Proof. Let M C R be non-empty and compact. Since M is non-empty and bounded, v = sup M
is in R. Then for every € > 0 there is x € M so thatu — e < z < wand hence x € D,(¢€). Thus u
is a limit point of M and, since M is closed, u € M. Therefore u is the maximal element of M.

The proof for the existence of a minimal element is similar. O

Theorem 1.2 generalizes the familiar analogous theorem for continuous f : [a, b] — R.

Theorem 1.2. Let M C Cand f : M — R. If f is continuous in M and M is compact, then f is
bounded and has a maximum and a minimum value.

Proof. Proposition 1.18 implies that f(A) C R is compact. Now proposition 1.19 says that f (M)
is bounded and has a maximal and a minimal element. O

Exercises.

1.5.1. Let My,..., M, C C. If My, ..., M, are compact, prove that My U - - - U M, is compact.
1.5.2. Let A, B C C. If A is compact and B is closed, prove that A N B is compact.

1.5.3. Let zp € C, M C C be non-empty and closed and N C C be non-empty and compact.
Prove that there is z; € M so that |z — zo| = inf{|z — 20| | 2 € M }.
Prove that there are z; € M and w; € N so that |21 — wi| = inf{|z —w||z € M,w € N}.

1.5.4. Let M C C be bounded. Prove that M and OM are compact.

155.Let M C Cand f : M — C. If f is continuous in M and M is compact, prove that f is
uniformly continuous in M.

1.5.6. Let Abe bounded and f : A — C be continuous. Prove that there is a continuous ' : A — C
so that ' = f in A if and only if f is uniformly continuous in A.

1.5.7. Prove the following restatement of the Bolzano-Weierstrass theorem: every bounded infinite
set has at least one accumulation point.

1.6 Connectedness.

Definition. Let A C C. We say that B, C form a decomposition of A if (i) BU C = A, (ii)
BnNC =0, (iii) B#0, C #0, (iv) none of B, C contains a limit point of the other.

When (i), (ii), (iii) hold we say that B, C' form a partition of A. We may restate (iv) as follows:
BNC=BnC=0.

Example 1.6.1. We consider the closed discs B = Dy(1), C = D3(1) and their union A = BUC.
It is clear that B, C' form a decomposition of A.

If we consider the open discs B = Dg(1), C' = D2(1) and A = B U C, then the discs B, C are
tangent but, again, they form a decomposition of A.

If we take the closed disc B = Dy(1), the open disc C = Dy(1) and A = B U C, then the discs
B, C are tangent and they do not form a decomposition of A: B contains the limit point 1 of C'.

Definition. Let A C C. We say that A is connected if there is no decomposition of A, i.e. there is
no pair of sets B, C with the properties (i)-(iv) of the above definition.

Example 1.6.2. The first two sets A of example 1.6.1 are not connected since each admits a specific
decomposition. But we cannot decide at this moment if the third set A of example 1.6.1 is connected
or not. We know that the specific B, C related to this A do not form a decomposition of A. To
decide that A is connected we must prove that, not only the specific pair, but an arbitrary pair
does not form a decomposition of A.
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Example 1.6.3. It is obvious that ) as well as any {z} is a connected set. These sets do not even
have a partition, since for a set to have a partition it is necessary that it has at least two elements.

Lemma 1.1. Let A, B,C C C with BN C = () and assume that none of B, C contains a limit
point of the other. If A is connected and A C B U C, then either A C Bor A C C.

Proof. We define
B, =ANB, Ci=AnNnC.

Clearly, BjuC; = Aand BN Cy = 0.

Now let z € By. Then z € B, and hence z is not a limit point of C'. Then there is » > 0 so that
D.(r) N C = {) and, since C; C C, we get D,(r) N Cy = 0. Thus, z is not a limit point of C;.
We conclude that By does not contain any limit point of C';. Symmetrically, C; does not contain
any limit point of B;.

If By # () and Cy # (), then By, C form a decomposition of A and this contradicts the connect-
edness of A. Hence, either By = () or C'; = () and thus either A C C or A C B, respectively []

Proposition 1.20. Let 3 be a collection of connected subsets of C all of which have a common
point. Then | 4.5, A is connected.

Proof. We set U = J 4y, A and we shall prove that U is connected.

Let zy be a common point of all A € .

We assume that U is not connected. Then there are B, C' which form a decomposition of U. Since
zp € U, we have that zg € B or 29 € C. Assume that zg € B (the proof is the same if zg € C).
Forevery A € ¥ we have A C U and hence A C B U C'. According to lemma 1.1, every A € ¥
is contained either in B or in C. Butifany A € ¥ is contained in C, it cannot contain zy which is
in B. Therefore every A € ¥ is contained in B. Thus U = (J 45, A is contained in B, i.e. U C B
and we arrive at a contradiction since C # ().

Hence U is connected. O

Proposition 1.21. Let A C C. If A is connected, then A is connected.

Proof. Let A not be connected. Then there are B, C' which form a decomposition of A.

Since A C A, wehave A C BUC. Lemma 1.1 implies that A C Bor A C C. Let A C B. (The
proofis similar if A C C.)

Every point of A is a limit point of A and hence a limit point of B (since A C B). Therefore no
point of A belongs to C (since C does not contain limit points of B). This is wrong since C' # 0.
Hence A is connected. O

Proposition 1.22. Let A C Cand let f : A — C be continuous in A. If A is connected, then f(A)
is connected.

Proof. Assume that f(A) is not connected. Then there are B’, C’ which form a decomposition of
f(A). We consider the inverse images of B’, C’, i.e. the sets

B=f'(B)={beAlfB) e B}, C=f(C)={cecA|f(c)eC.

Itisclearthat BUC = A, BNC =0, B #0,C # 0.

Now, let B contain a limit point b of C'. Then there is a sequence (c,,) in C' so that ¢,, — b. Since
f is continuous at b, we get f(c,) — f(b). The sequence (f(cy)) is in C’ and thus f(b) is a limit
point of C’. But f(b) € B’ and we arrive at a contradiction, because B’ does not contain any limit
point of C’. Hence B does not contain any limit point of C'. Symmetrically, C' does not contain
any limit point of B.

Therefore B, C' form a decomposition of A. This is wrong since A is connected and hence f(A)
is connected. O
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Definition. Let a,b € C and r > 0. Every finite set {zo,...,zn} C Cwith zo = a, z, = b
and |z—1 — zi| < r forevery k = 1,...,nis called r-succession of points which joins a,b. If,
moreover, z, € A forevery k =0, ..., n, we say that the r-succession of points is in A.

Theorem 1.3. Let K C C be compact. Then K is connected if and only if for every z,w € K and
every r > ( there is an r-succession of points in K which joins z,w.

Proof. Assume K is connected. We take any z,w € K and any r > 0 and let there be no r-
succession of points in & which joins z, w.
We define the sets

B = {b € K |there is an r-succession of points in X which joins z, b},

C = {c € K| there is no r-succession of points in K which joins z, c}.

It is clear that BUC = K, BN C =), B # () (since z € B) and C # () (since w € C).

Assume that B contains a limit point b of C. Then (since b € B) there is an r-succession of points
in K which joins z, b and, also, (since b is a limit point of C') there is ¢ € C so that |b — ¢| < 7.
If to the r-succession of points of K which joins z, b we attach c (as a final point after b), then we
get an r-succession of points in K which joins z, c. This is wrong since ¢ € C. Hence B does not
contain any limit point of C.

Now assume that C' contains a limit point ¢ of B. Then (since c is a limit point of B) thereis b € B
so that |b — ¢| < r and (since b € B) there is an r-succession of points in K which joins z, b. If
to the r-succession of points in K which joins z, b we attach c (as a final point after b), then we
get an r-succession of points in K which joins z, ¢. This is wrong since ¢ € C'. Hence C does not
contain any limit point of B.

We conclude that B, C' form a decomposition of K and this is wrong since K is connected.
Therefore there is an r-succession of points in K which joins z, w.

Conversely, assume that for every z, w € K and every r > 0 there is an r-succession of points in
K which joins z, w.

We assume that K is not connected. Then there are B, C' which form a decomposition of K.

Let z be a limit point of B. Since B C K, z is a limit point of K and, since K is closed, we get
z € K. Now, z ¢ C (because C' does not contain any limit point of B) and we get that z € B.
Thus B contains all its limit points and it is closed. Finally, since B C K and K is compact, B is
also compact. Symmetrically, C' is also compact.

Now B, C are compact and disjoint and proposition 1.15 implies that there is > 0 so that |b—c| >
r for every b € B and ¢ € C. Since B # 0, C' # (), we consider ¥’ € B and ¢ € C. Then it
is easy to see that there is no r-succession of points in K which joins ¥, ¢/, and we arrive at a

contradiction. Indeed, assume that there is an r-succession {zo, ..., 2z, } in K so that zyp = ¥/,
zn = and |zp_1 — zx| < rforeveryk =1,...,n. Since zy € B, z,, € C, itis clear that there is
k so that z;,_1 € B, 2z, € C. Then |z;_1 — 2| < r contradicts that we have |b — ¢| > r for every
be B,ceC. O

Example 1.6.4. Every polygonal line is connected.
Proposition 1.23. 4 set I C R is connected if and only if it is an interval.

Proof. Let I be connected. If I is not an interval, then there are x1, 29 € I and x ¢ I so that
1 < x < x2. Thenthesets B = I N (—oo0,x) and C = I N (z,+0o0) form a decomposition of 1
and we have a contradiction. Thus [ is an interval.

Conversely, let I be an interval.

If I has only one element, then it is connected.

If I = [a,b] with @ < b, then [a, b] is compact and if we take any x,y in [a, ] and any r > 0,
it is clear that we can find an r-succession of points in [a, b] which joins = and y. Thus [a, b] is
connected.
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If I is an interval of any other type, we can find a sequence of intervals I,, = [ay, b,] which
increase and their union is /. Then each I, is connected and proposition 1.20 implies that [ is also
connected. O

Proposition 1.24. Let A C C and f : A — R be continuous in A. If A is connected, then f has
the intermediate value property in A.

Proof. f(A) is a connected subset of R and hence it is an interval. Now, let u, us be values of f
in A, i.e. uj,us are in the interval f(A). Then every u with u; < u < wug is also in the interval
f(A). Thus, every number between the values ug, ug of f in A is also a value of f in A. O

A special case of proposition 1.24 is the well known intermediate value theorem saying that if’
f + I — Ris continuous in the interval I C R, then it has the intermediate value property in 1.

Definition. Let A C C. We say that A is polygonally connected if for every two points of A there
is a polygonal line in A which joins those two points.

Proposition 1.25. Let A C C. If A is polygonally connected, then it is connected.

Proof. We fix any zg € A. For every z € A there is a polygonal line [, in A which joins zg and z.
Then I, C A for every z € A and hence |, 4. € A. Conversely, since every z € A is a point
of I, we have that A C |J, 4 [.. Therefore A = J,, [.. Now, every [, is connected and since
all [, have the point zg in common, we conclude that A is connected. ]

Example 1.6.5. Every ring between two circles is a connected set.

Example 1.6.6. Every convex set A C C is polygonally connected and hence connected. Indeed,
if we take any two points in A the linear segment which joins them is contained in A.
For instance, all discs and all rectangles are connected sets.

Example 1.6.7. The set A = Dg(1) U Dy(1) in examples 1.6.1 and 1.6.2 is connected, since it is
polygonally connected.

Theorem 1.4. Let A C C be open. Then A is connected if and only if it is polygonally connected.

Proof. 1f A is polygonally connected, proposition 1.25 implies that it is connected.

Conversely, let A be connected. We take z,w € A and we assume that there is no polygonal line
in A which joins z, w.

We define the sets

B = {b € A|there is a polygonal line in A which joins z, b},
C = {c € A|there is no polygonal line in A which joins z, c}.

Itis clear that BUC = A, BNC =), B # () (since z € B) and C # () (since w € C).

We assume that B contains a limit point b of C'. Then (since b € B) there is a polygonal line in A
which joins z,b. Since A is open, there is 7 > 0 so that Dy(r) C A and (since b is a limit point
of C) there is ¢ € Dy(r) N C. If to the polygonal line in A which joins z, b we attach (as last) the
linear segment [b, c| (which is contained in Dy(r) and hence in A), we get a polygonal line in A
which joins z, c. This is wrong, since ¢ € C. Therefore, B does not contain any limit point of C.

Now we assume that C' contains a limit point ¢ of B. Since A is open, there is » > 0 so that
D.(r) C A. Then (since c is a limit point of B) there is b € D.(r) N B. As before, (since b € B)
there is a polygonal line in A which joins z, b and, if to this we attach the linear segment [b, c]
(which is contained in D.(r) and hence in A), we get a polygonal line in A which joins z, c¢. This
is wrong, since ¢ € C. Therefore, C' does not contain any limit point of B.

We conclude that B, C' form a decomposition of A and we arrive at a contradiction because A is
connected.

Therefore, there is a polygonal line in A which joins z, w. O
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Definition. 4n open and connected A C C is called region. The closure A of a region A is called
closed region.

Definition. Let A C C. We say that C C A is a connected component of A if C is connected and
has the following property: if C C C" C A and C' is connected, then C = C'.

In other words, C' is a connected component of A if it is a connected subset of A and there is
no strictly larger connected subset of A.

Let us see a characteristic property of connected components. Let C' be a connected component
of A and let B be any connected subset of A so that C' N B # (). Then C' U B is connected (being
the union of connected sets with a common point) and C' C C'U B C A. Since C'is a connected
component of A, we get C'U B = C' and hence B C C. In oher words, a connected component of
A swallows every connected subset of A intersecting it.

Let C, Oy be different connected components of A and assume that C'; N Cy # (). Since Cy
is a connected subset of A which intersects the connected component Cs of A, we get C; C Cs.
Symmetrically, Co C Cy and hence C; = C5. This is a contradiction and we get C; N Coy = ().
We conclude that different connected components of A are disjoint.

Proposition 1.26. Let A C C. Then A is the union of its (mutually disjoint) connected components.

Proof. We shall prove that every point of A belongs to a connected component of A.
We take z € A and define C, to be the union of all connected subsets B of A which contain z.
(For instance, such a setis {z}.) Le.

C, = U{B | B is connected C A and z € B}.

Now C., is a subset of A and it contains z. It is also connected, since it is the union of connected
sets B with z as a common point. If C, € ¢’/ C A and C’ is connected, then C’ is one of the
connected subsets B of A which contain z and hence C’ C C,. Thus C, = C’. Therefore C, is a
connected component of A and it contains z. O

It is obvious that A is connected if and only if A is the only connected component of A.

Example 1.6.8. We take the set A = Dy(1) U D3(1). The discs Dy(1) and D3(1) are connected
subsets of A. Applying lemma 1.1 with B = Dy(1) and C' = D3(1), we see that any connected
subset of A is contained either in Dy(1) or in D3(1). Le. there is no connected subset of A strictly
larger than either Dy(1) or D3(1).

Therefore the discs Do(1) and D3(1) are the connected components of A.

Example 1.6.9. We take the set Z and any n € Z. Then {n} is a connected set. Let {n} C C' C Z
and C" # {n}. Then C" = {n} U (C"\ {n}) and it is clear that the sets {n} and C" \ {n} forma
decomposition of C’. Thus C” is not connected and hence {n} is a connected component of Z.

Proposition 1.27. Let A C C. If A is closed, then every connected component of A is closed.

Proof. Let C be a connected component of A. Since C' C A and A is closed, we get C C C C A.
Proposition 1.21 implies that C' is connected and, since C' is a connected component of A, we get

that C' = C. Therefore C is closed. O

Proposition 1.28. Let A C C. If A is open, then every connected component of A is open.

Proof. Let C be a connected component of A and let z € C. Then z € A and, since A is open,
there is 7 > 0 so that D,(r) C A. Since D,(r) is a connected subset of A and intersects the
connected component C' of A, we see that D, (r) C C. Thus, z is an interior point of C.

Therefore C' is open. O

Propositions 1.26 and 1.28 imply that every open set is the union of disjoint regions.
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Exercises.

1.6.1. Find the connected components of the complements of a circle, of a triangle and of a linear
segment. Also of: {0} U {2 [n e N} [0, JUUN[E, 14+ 4], U Co(1+2),Q x Q.

n
1.6.2. Prove that the following sets are connected. {z +isinz |z € R}, {z+isinl |0 <z <1},
{z+isinl|0<z<1}U[—i,d]
1.6.3. Find a simple example of (i) two connected sets whose intersection is not connected, (ii) a
connected set A such that J A is not connected, (iii) a connected set A such that A° is not connected.
1.6.4. Let A be aregion and z1, ..., 2, € A. Prove that A\ {z1,...,2,} is a region.
1.6.5.Let A C Cand A C D C A. If A is connected, prove that D is connected.

1.6.6. A C C is called star-shaped if there is a specific point zg € A so that for every z € A the
linear segment [z, 2| is contained in A. Prove that a star-shaped A is polygonally connected and
hence connected.

1.6.7. Let A,, C C be connected and A, N A, 11 # () for all n. Prove that U;ﬁ A,, is connected.
1.6.8. If B C C is open and closed, prove that either B = () or B = C.

1.6.9. Let A C C be connected (not necessarily compact). Prove that for every » > 0 and every
z,w € A there is an r-succession of points in A which joins z, w.

1.6.10. (i) Let A be closed. Prove that A is connected if and only if there are no closed B, C' such
that BUC = A, BNC =0,B#0,C #0.

(ii) Let A be open. Prove that A is connected if and only if there are no open B, C' such that
BUC=A,BNC=0,B#0,C #0.

1.6.11. Prove that A is connected if and only if the only continuous functions f : A — Z are the
constant functions.

1.6.12. Let A be a region and let every point of B C A be an isolated point of B. Prove that A\ B
is connected.

1.6.13. (i) Let A,, be compact so that A, 11 C A, for every n € N and so that every two points of
A,, can be joined by some %-succession of points in A,,. Prove that ﬂ:ﬁ A, is connected.

(ii) Let F' be compact and let z, w € F belong to different connected components of F'. Prove that
there is a decomposition B, C' of F'sothat z € Bandw € C.
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Chapter 2

Series.

2.1 Series of numbers.

Definition. I/ (z,) is a sequence of complex numbers, the expression

“+o0
21tz 2zt or Zzn

n=1

is called series of complex numbers or, simply, complex series. If all numbers z, are real, we
say series of real numbers or real series.

The s, = z1 + - - - + 2, are the partial sums of the series E:ﬁ Zn.

We say that the series Z:{i’i zpn, converges if the sequence (sy,) converges and then the limit s of
(sn) is called sum of the series and we write

—+00

E Zp = S.

n=1

We say that the series Z:g z, diverges if (s,,) diverges. If (s,,) diverges to 0o, then we say that

:3 zn, diverges to co and that oo is the sum of the series and we write

n=1

We note that the sum of a complex series can be either a complex number or co. Only a real
series can have sum equal to +oo or —co. Therefore, when we write :;3 Zp = 400 or —00, we
accept that all z,, are real and that the series diverges to +o0o or —oo as a real series. Of course, if

a real series diverges to 400 or —oo, then as a complex series it diverges to co.

0, ifc=0

Example 2.1.1. We have S 7% ¢ =
P 2n-1 {oo, ifc 0

Example 2.1.2. To examine the geometric series Z:{i% z" weusethe formulal +z+4+---+2" =

n+1 . . . .
1_1Z_ ; for its partial sums, and we find that its sum is
_ 1 if 1
too T 1-z 1 ’Z’ <
Zz" = 00, if|z] >1lorz=1
n=0

it does not exist, if|z|=1,2z#1

The usual simple algebraic rules, which hold for real series, hold also for complex series. We
mention them without proofs. The proofs for the complex case are identical with the proofs in the
real case.
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Proposition 2.1. If Z:ﬁ zn, converges, then z, — 0.

Proposition 2.2. Provided the right sides of the following formulas exist and they are not indeter-
minate forms, we have

+oo +o0o +oo +o0 +oo +o0o +oo
E (zn + wy) = g Zn + E Wy, E Az = A E Zn, E Zn = g Zn-
n=1 n=1 n=1 n=1 n=1 n=1 n=1

o0

Moreover, if z, = x, + iyn, then Z:Zl zn, converges if and only if Z:{i’i Tpn and Z:{g Yn

converge, and
—+oc0 oo +o0
g Zn = E Ty + 1 E UYn -
n=1 n=1 n=1

Regarding the comparison theorems, we may say that, since these are based on order relations

which can be expressed only between real numbers, when we write :{3 Zn < :3 Wy, as a
consequence of z,, < w,, we accept that all z,,, w,, are real and then we just apply the well-known

comparison theorems for real series.

Cauchy criterion. The series Z:g zn, converges if and only if for every € > (O there is ng so that
| D ket 2kl = [Zma1 + -+ zn| < € for every m,n withn > m > ny.

Proof. We consider the partial sums s,, = 21+ - -+ 2,. The series Z;fg zn, converges if and only
if (s, ) converges or, equivalently, if (s,,) is a Cauchy sequence. That (s,,) is a Cauchy sequence
means that for every € > 0 there is ng so that

|Zma1 + -+ =21+ +2) — (214 F 2m)| =50 —sm| <€
for every n, m withn > m > ny. O

Definition. We say that 3> z, converges absolutely if the (real) series > > |2,| converges,
ie if SN |2,] < 4o0.

Criterion of absolute convergence. If Z:g zn, converges absolutely, then it converges and
+oo +00
D an| <D fenl
n=1 n=1

Proof. Let 31> |2, converge and take any ¢ > 0. From the Cauchy criterion we have that there
is ng so that |z,,4+1| + -+ + |zn| < € and hence |z, 41 + -+ + 2z,| < € for every m,n with
n > m > ng. The Cauchy criterion, again, implies that Z;:g Zp, converges.

Now we take the partial sums s, = z1 + -+ - + 2z, and S,, = |21| + - - - + |2n|. We have |s,| < S,
for all n and, taking the limit of this as n — o0, we finish the proof. O

Ratio test of d’ Alembert. Let z,, # 0 for all n.

(i) If lim |Z’;%‘ < 1, then Z:g zn, converges absolutely.

(ii) If lim ‘%} > 1, theniz:fg 2p, diverges.

(iii) If lim "i—:l‘ <1<lim ‘i—:ﬂ then there is no general conclusion.

Proof. (i) We consider any a such that H\Z;—ﬂ < a < 1. Then there is ng so that ‘Z;—:W <a
for every n > ng. Therefore, for every n > ng + 1 we have

ZTL0+1

Zn ‘

Zn—1

Zn—l’

Zn—2

’2n|:: "ZRJ < aninﬂznolzzcan7

Z o
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where ¢ = \zno |/a™. Since 0 < a < 1, the geometric series Y ' a” converges and, by compar-
ison, 319 | z,,| also converges.
(i1) There is ng so that |Z"+1 ’ > 1 for every n > ng. Therefore, for every n > ng + 1 we have

This implies that z,, /4 0 and Z+°° zn diverges

iii) For the series 7> 1 and L we have that | {1 n+1 — 1 and 1/"721) — 1. The
n=1n 1/n
first series diverges and the second converges O

Root test of Cauchy. (i) If Tim {/|z,| < 1, then 3> 2, converges absolutely.

(i) If Tim {/]2,] > 1, then > 2, diverges.

(iii) If lim ¥/|z,| = 1, then there is no general conclusion.

Proof. (i) We consider any a such that lim {/|z,| < a < 1. Then there is ng so that {/|z,| < a
and hence |z, | < a” for every n > nyg. Since 0 < a < 1, the geometric series Y, a™ converges
and, by comparison, Z 2] |zn| also converges.

(if) We have {/|z,| > 1 for infinitely many n. Therefore, |z,| > 1 for infinitely many n and
hence z,, /4 0. Thus, > zn diverges.

(iii) For the series >_/° oﬁ % and 3% nlz we have {/|2| — 1and { | »| — 1. The first series
diverges and the second converges. O

Applying the ratio test and the root test to specific series Z:{i’i zn, we find very often that the
limits limy,— 4o | i | and limy, 400 {/]2n] exist. We know (and we used it in the proofs of parts

(iii) of both tests) that in this case: lim = lim = lim.

Example 2.1.3. To the series Z:ﬁo f; we apply the ratio test. If z = 0, the series obviously

(1)

converges absolutely. If z # 0, then | = Sy | = +1

absolutely for every z.

Now we apply the root test. We have {/ |%L] = J\;J? — % = 0 < 1 and we arrive at the same

— 0 < 1. Hence the series converges

conclusion as before.

Example 2.1.4. We consider Z+°° 22 and we apply the ratio test. If z = 0, the series obviously

%} — |z|. Hence, if 0 < |z| < 1, the series

converges absolutely and, if |z| > 1, the series diverges.

converges absolutely. If z # 0, then ‘

Now we apply the root test. We have {/|25| — |z|. Therefore, if |2| < 1, the series converges

absolutely and, if |z| > 1, the series diverges.

If |z| = 1, none of the two tests applies. But we observe that 5"+ ‘—‘ — < +o0in
this case, and Z:{oﬁ fl > converges absolutely.

Conclusion: S 27 Z converges absolutely if [z| < 1, and diverges if [z| > 1.

Example 2.1.5. We consider +°°1 Zn and we apply the ratio test. If z = 0, the series obviously
converges absolutely. If z # 0, then ‘71247/2“‘ — |z|. Hence, if 0 < |z| < 1, the series

converges absolutely and, if |z| > 1, the series diverges.
Now we apply the root test. We have {/|2-| — |z|. Therefore, if |2| < 1, the series converges

absolutely and, if |z| > 1, the series diverges.

If |z| = 1, none of the two tests applies. If z = 1, the series becomes > 1 and diverges. If
2| =1,z # 1, then 3125 |2 = 32720 L = 00, and )27 2 does not converge absolutely.
In fact, exercise 2.1.10 (iv) shows that the series converges in this case. In general, when a series
is convergent but not absolutely convergent we say that it is conditionally convergent.
Conclusion: > Z~ converges absolutely if |z| < 1, diverges if |z| > 1 or z = 1, and converges

conditionally if |z| = 1, z # 1.
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Exercises.

2.1.1. Which of the series 1% (£ + 5, Foo(n g i), S0 I sntoe L too 1

n=1\92n ne n=1 np2 » n=1 2+44n> n=1 n+i°
+o0 1

n=1 n24+in

converge?

2.1.2. Find the sum of the series Z:ﬁ’i n(—1)""! if we consider it as a complex series and also if
we consider it as a real series.

2.1.3. Apply the ratio test whenever possible: "1 p3jn, St nl sntoc (49" g~too (20)"nt

n=1 jn> n=1 n! n=1 nn >
oo (249)"n! N~too ernl oo (D2 sotoo (4)M(n))2 gtoo | (344)(644) (944)--(3nti)
n=1"nr > 2un=1 nr > 2un=1 @n)1> 2en=1 (@)l > 2en=1 (34+41)(3180)(3+120)--(3F4ni)"
. ; 5
Apply the root test whenever possible: ¥ nnin, 370 (JekLyn §oboc(ndiyIn S T2y
Z+Oo ng( Z)n +oo (2431)™ +o00 n—+i
n=1 > n=1 nmn H n=1 (%-‘rl)"

2.1.4. 1 5129 |2, < 400, prove that 3" 2, (cos né + i sinnd) converges.

2.1.5. Let z, = =z, + ty, for all n. Prove that Z:{i’i zn, converges absolutely if and only if
Zn 1 Tns Z;’g yn, converge absolutely.

2.1.6. Let |a,, |[r™ < Mn* for all n. Prove that 3" a,,2" converges for every z with |z| < r.

2n

2.1.7. Find all z for which Zn 1 Togm

converges.

218.Let 0 < 0y < g and assume for every n that arg z, has a value in [—6p, 6p]. Prove that
Z:g zpn, converges if and only if it converges absolutely. Prove that Z:ﬁ zn = oo if and only
if >0 |20 = +o00.

+002
nln

2.1.9. Find a series Z:{i’i 2, which converges and is such that ) diverges.

2.1.10. Consider the sequences (ay,), (zy,) and the partial sums s, = z1 + -+ + 2y,

(i) Provethat > ;'\ arzk = D p_pi1(@k — Gkg1)Sk + Gny1Sn — Gmy15m for every n, m with
n > m. This is the summation by parts formula due to Abel.

(ii) Prove the Dirichlet test: if (a,,) is real and decreasing and a,, — 0 and if (s,,) is bounded,
then Z::i‘i nZp CONVETZES.

(iii) Prove the Abel test: if (a,,) is real and decreasing and bounded below and if (s, ) converges,
ie. if Z:{i‘i 2, converges, then Z:ﬁ pZp, CONVETEZES.

iv) If (ay,) is real and decreasing and a,, — 0, prove that $"7°° a,,2™ converges for every z with
(iv) g p n=0 g ry

|z| <1,z # 1.

(v) Check the conditional convergence and the absolute convergence of the series: :{i’j %,
+oo _ ™ +o00 i +00 ;n—1 +00 n—1 1
n=2 nlogn’> £«n=2 n(logn)2’ Zn 1t Sln* En 1? ( COSE).

2.1.11.Let s,, = 21 + -+ + 2z, for all n. If (an415,) converges and if :Z“Xi( — Qnt1)Sn

converges, prove that > "> a,,2, converges. In particular: if (s,) is bounded, if a,, — 0 and if
:3 |an, — an+t1| < +o0, prove that Zzg 2y CONVETZeES.
What is the relation of all these with the tests of Dirichlet and Abel in the previous exercise?

2.2 Sequences and series of functions.

Definition. Let f,, : A — C for every nand f : A — C. We say that the sequence of functions
(fn) converges fo the function f uniformly in A if sup{|f.(z) — f(2)||z € A} — 0. We denote

fo = f on A.

Equivalently, f, = f in A if for every € > 0 there is ng so that |f,(z) — f(2)| < € for every
n > ng and every z € A.
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It is easy to see that, if (f,) converges to f uniformly in A, then f,(z) — f(z) for every
z € A, ie. (f,) converges to f pointwise in A. Indeed, for every z € A we have

0 <[fn(2) = f(2)] < sup{|fu(w) = f(w)||w e A} = 0.

Proposition 2.3. Let ( f,,) converge to f uniformly in A and let zy € A. If every f, is continuous
at zg, then f is continuous at zg. In particular, if every f, is continuous in A, then f is continuous
in A.

Proof. Let e > 0. Then there is ng so that | f,,(2) — f(2)| < § for every n > ng and every z € A.
In particular, we have | f,(2) — f(2)| < § for every z € A. Since f,, is continuous at zo, there
is § > 0o that [ f,,,(2) — fno(20)| < § forevery z € A with |z — 2| < 4.

Hence, for every z € A with |z — 2| < 0 we get

) = F0)| < 1£(2) = Fuo )] + g (2) = Fuo (20)] + g 20) = F(20)| < 5+ 5+ 5 =

and f is continuous at zg. O

From the notion of uniform convergence of a sequence of functions we move to the notion of
uniform convergence of a series of functions (through the sequence of partial sums).

Definition. Let f,, : A — C for every n. We take the partial sums s, : A — C, where s,(z) =
fi(z) + -+ fu(2) forevery z € A. Letalso s : A — C. We say that the series of functions
Z:{i’j fn converges to its sum s uniformly in A if the sequence of functions (sy,) converges to
the function s uniformly in A.

We denote

+oo
an Zs onA.
n=1

As in the case of a sequence of functions, we have that, if Z:{i’i fn converges to its sum s
uniformly in A, then 3"1% f,,(2) = s(z) forevery z € A, ie. 32 f, converges to its sum s

pointwise in A.

Proposition 2.4. Let Z:{i’i fn converge to its sum s uniformly in A and let zg € A. If every f, is
continuous at zg, then s is continuous at zy. In particular, if every f, is continuous in A, then s is
continuous in A.

Proof. We consider the partial sums s, = f; + --- + f,. Then every s, is continuous at zy and
proposition 2.3 implies that s is continuous at 2. O

Finally, we have a basic criterion for uniform convergence of a series of functions.

Weierstrass test. Let | f,,(z)| < M, for every n and every z € A. If the series (of non-negative
terms) "2 M, converges, i.e. if S5 M, < 400, then ">} f,, converges uniformly in A.

Proof. For every z € A we have Y% [f,.(2)] < Y2/% M,, < +oc and hence > f,(2)
converges (as a series of complex numbers). Therefore, we may define the function s : A — C
with s(z) = Tfi’j fn(z) for every z € A. Now we consider the partial sums s, = f1 + - + fn
and then for every z € A we have

n +o00 +oo +oo +o00
su(2) = s(2) = | Y Sel2) = Do fu@)| = | X fu@)| < X 1RGN M
k=1 k=1 k=n+1 k=n+1 k=n+1
Since this is true for every z € A, we get
+o0
sup{|sn(z) —s(2)[[z€ A} < > My —0  whenn — 400,
k=n+1
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because YT M,, < +oo. Therefore, (s,) converges to s uniformly in A and hence > 7 fn
converges to 1ts sum s uniformly in A.

Exercises.

2.2.1. Prove that 3" Zﬁn)g
the series converges uniformly in K \ Z.

converges for every z € C \ Z and that for every compact set K

2.2.2. (i) If K C C\ T is compact, prove that there is » with 0 < r < 1 (r depends on K)) so that
for every z € K either |z| < rorlz| > 1 holds.

(i1) Prove that Z converges umformly in every compact K C C\ T.

n=0 z2n+1

2.2.3. (i) If Rez > —1, prove that }Zjl} < 1. IfK C {z| Rez > —3} is compact, prove that

there is » with 0 < r < 1 (r depends on K) so that ‘ pam

(ii) Prove that "> “o(557)" converges for every  in the halfplane {~ | Re z > — 3} and uniformly
in every compact subset of this halfplane.

‘<rf0reveryz€K
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Chapter 3

Curvilinear integrals.

3.1 Integrals of complex functions over an interval.

We shall extend the notion of integral of a real function over an interval to the notion of integral
of a complex function over an interval.

Definition. Let f : [a,b] — Candletu = Re f : [a,b] - Rxarv =1Im [ : [a,b] — R be the
real and imaginary parts of f. We say that f is (Riemann) integrable over [a, b] if u, v are both
(Riemann) integrable over [a,b] and in this case we define the (Riemann) integral of f over |a, b]

to be ) ) )
/f(t)dt:/ u(t)dt+z’/ ot) dt. 3.1)

Since the numbers fab u(t) dt and f;’ v(t) dt are real, we see that

Re/abf(t)dt:/abRef(t)dt, Im/abf(t)dt:/ablmf(t)dt.

Now let us take any subdivision A = {to, ..., t,} of [a, b] and any choice = = {&;,...,&,} of
intermediate points &, € [tx_1, t;] and the corresponding Riemann sum >, f (&) (tx — tr—1)
If w(A) = max;<p<p(tx — tx—1) is the width of the subdivision A, then we know that

n

n b b
i D@t~ = [uwdn tm St = [ o

w(A)—0 1

Multiplying the second relation with ¢, adding and using (3.1), we find

n b
w(lAiI)n_)O;f(gk)(tk ) = / f(t) d.

Example 3.1.1. If f is piecewise-continuous in [a,b], then v = Re f and v = Im f are also
piecewise-continuous in [a, b]. Hence u, v are integrable, and f is also integrable over [a, b].

The following propositions are analogous to similar well-known propositions about integrals of
real functions and can be proved easily by the reader. One should decompose every complex func-
tion into its real and imaginary parts and use the analogous properties for real functions together
with (3.1).

Proposition 3.1. Let f1, fo : [a,b] — C be integrable over |a,b] and A1, Ao € C. Then \1f1 +
X fa i [a,b] — C is integrable over [a, b] and

b b b
/(/\1f1(t)+>\2f2(t))dt=)\1/ fl(t)dt-i-)\z/ fa(t) dt.
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Proposition 3.2. Let f : [a,c] — Cand a < b < c. If f is integrable over [a, b] and in [b, c|, then
f is integrable over [a, c| and

/acf(t)dt:/abf(t)dtJr/bcf(t)dt.

Proposition 3.3. If f1, fo : [a,b] — C are integrable over [a,b], then fifs : [a,b] — Cis
integrable over |a, b).

The proof of the next proposition is not entirely trivial.

Proposition 3.4. Let f : [a,b] — C be integrable over [a,b]. Then |f| : [a,b] — R is integrable

over [a, b| and . .
[ o] < [

Equality | f; f(t)dt] = ff | f(t)| dt holds if and only if there is some halfline | with vertex 0 so
that f(t) € l for every continuity point t of f.

Proof. Letu = Re f, v = Im f. Then u, v are integrable over [a, b] hence |f| = Vu? + v? is
integrable over [a, b]. Now we have two cases.

) If [ f(t)dt = 0, then | [* f(t)dt| < [V|f(t)]dt becomes O < [”|f(t)|dt and it is clearly
true.

(ii) Let ff f(t)dt # 0. We consider any polar representation of the number ff f(t)dt,ie.

/bf(t)dt—’/bf(t)dt‘(cosﬁ—irisinﬁ)—‘/bf(t)dt‘z,

where 0 is any value of the argument of f; f(t) dt and where we set z = cosf + isinf. We
observe that
|z| = |cosf + isinf| = 1.

Now,

‘/abf(t) dt‘ =27 /abf(t) dt = /ab(z‘lf(t))dt. 3.2)

The left side of (3.2) is real and hence its right side is also real and thus equal to its real part! Hence

/abf(t) | :Re/ab(z_lf(t))dt:/bRe(z_lf(t))dt</ab]z_lf(t)dt

b a
- / ()] dt.

Now assume | fab f(t)dt| = f: |f(t)] dt.

In case (i), we have f; | f(t)| dt = 0 and this is equivalent to f(¢) = 0 at every continuity point ¢
of f.

In case (ii), we see from (3.3) that | ff f(t)dt| = ff |f(t)] dt is equivalent to ff Re(z71f(t)) dt =
f; |z=1f(t)| dt. This is equivalent to Re(2~1f(t)) = |z~Lf(t)| at every continuity point ¢ of f.
The last equality is equivalent to Re(2 ! f(t)) > 0 and Im(z~! f(¢)) = 0 and this is equivalent
to =1 f(t) > 0 and this is equivalent to f(t) being a non-negative multiple of the fixed z (with
|z| =1).

Thus, in both cases we get that | ff f)dt] = f: |f(t)| dt if and only there is a halfline [ with
vertex 0 so that f(t) € [ for every continuity point ¢ of f. O

(3.3)
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3.2 Curvilinear integrals of complex functions.

We recall that every continuous complex function ~y : [a,b] — C, where [a, b] is any interval,
is called curve in the complex plane.

The set of the values of a curve v, i.e. the set v* = {~(¢) |t € [a,b]} C C is the trajectory of
the curve and it is a compact and connected subset of C, since - is continuous and [a, b] is compact
and connected. The points y(a) and ~(b) are the endpoints, the initial and the final endpoint,
respectively, of the curve. The variable ¢ € [a,b] is the parameter and [a, ] is the parametric
interval of the curve. When the parameter ¢ increases in [a, b], the variable point (¢) moves on
the trajectory v* in a definite direction (from the initial to the final endpoint) which is the so-called
direction of the curve. Finally,

z =(t), t € [a,b],

is the parametric equation of the curve ~.

If the endpoints of the curve 7 coincide, i.e. y(a) = ~y(b), then we say that the curve is closed.
If v : [a,b] — Aisacurve, where A C C, then y(t) € A forallt € [a,b] or, equivalently, the
trajectory v* is contained in A. Then we say that the curve is in A.

The term curve for the continuous function - is justified by the fact that the shape of its trajec-
tory v* is, usually, what in everyday language we call curve in the plane. Sometimes we use the
term curve for the trajectory v* even though this is not typically correct. The problem is that there
are cases of different curves -1, 2 with the same trajectory v1* = 2.

Example 3.2.1. If zg, z; € C, then v : [a, b] — C with the parametric equation

t—a b—t
Z:’Y(t):bfazl b—a

20, t € |a,b],

is a curve whose trajectory v* is the linear segment [z, z1]. Its initial and final endpoints are z
and z1, respectively.
The same linear segment [z, z1] is the trajectory of another curve 7y : [0,1] — C with the para-
metric equation

z=(t) =tz1 + (1 — )20, t €[0,1].

Example 3.2.2. If > 0, then 7y : [0, 2] — C with parametric equation
z =(t) = z0 + r(cost + isint), t € [0, 2],

is a closed curve whose trajectory v* is the circle C., (). The direction of this curve is the so-called
positive direction of rotation around zg: the counterclockwise rotation.
If we consider 7, : [0, 27] — C with parametric equation

z =7(t) = 29 + r(cos(2t) + isin(2t)), t € [0, 2],

then we get a different curve. But the trajectories of the two curves, v and 1, coincide: the circle
C,(r). The direction of the two curves is the same: the positive direction of rotation around z(.
But the first curve goes around zg only once, while the second curve goes around z( twice.

Let~y : [a,b] — C be a curve and let x = Re~y and y = Im+y be the real and imaginary parts
of v. Le.

V(t) = a(t) +iy(t) = (z(t),y(t),  t€lab].
If ~y is differentiable at t( € [a, b] or, equivalently, if z, y are differentiable at ¢(, then
' (to) = 2'(to) + 1y’ (to) = (2’ (t0),y' (o))

is the tangent vector of the trajectory v* at its point y(tp). If 7/(t9) # 0, then the vector v/ (o)
determines the tangent line of the trajectory v* at its point () and its direction is the same as the
direction of the curve.
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Remark. Strictly speaking, at its endpoints, y(a), y(b), the curve can only have tangent halflines;
not tangent lines. If ty = a and 7/(a) # 0, then the vector 7/(a) determines the tangent halfline
of the tracectory at the endpoint y(a) with direction coinciding with the direction of the curve. If
to = band v/(b) # 0, then the vector —/(b) determines the tangent halfline of the tracectory at
the endpoint ~(b) with direction opposite to the direction of the curve.

If at some ¢y € (a, b) the one-sided derivatives v (ty) # 0 and 7/, (o) # 0 exist but they are
not equal, then the tangent halflines of the trajectory at its point y(¢y) may not be opposite and so
there may be no tangent line of the trajectory at this point: one of the halflines is determined by
7/ (to) and the other by —v" (t).

We know that, if the curve v : [a, b] — C is continuously differentiable, i.e. if v : [a,b] — C
is continuous in [a, b], then the length of the curve, denoted I(+y), is equal to

b
«w=/www. (3.4)

Example 3.2.3. If v : [a, b] — C has parametric equation

b—t t—a

P e e t € [a,b],

z=7(t) =

then its length is equal to

uwa[wwwzlb

Example 3.2.4. If r > 0 and 7 : [0, 27r] — C has parametric equation

b
Z1 — % Z1 — %
1 Oldt: ! 0‘/ dt = |z1 — 2.
b—a b—a 1/,

z="(t) = 29+ r(cost + isint), t €[0,2n],

then its length is equal to
2m
0

b 27
I(y) = / |y ()] dt = / |r(—sint + icost)| dt = / rdt = 27r.
a 0

The same formula (3.4) gives the length of the curve ~ if it is piecewise continuously differen-
tiable. This means that there is a subdivisiona = tg < t; < ... < ty—1 < t, = bofthe parametric
interval [a, b] so that the restriction of v in every [t;_1, tx] is continuously differentiable. (Strictly
speaking, at the division points ¢, the derivative of v may not exist; the two one-sided derivatives
should exist at these points.)

Another useful terminology is the following. A curve 7y : [a,b] — C is called regular if it is
continuously differentiable and 7/(¢) # 0 for every ¢ € [a,b]. This means that, when ¢ increases
in [a, b], the tangent line at the point ~y(¢) of the trajectory moves continuously. We also have the
piecewise regular curves. The meaning is obvious.

At this point we shall make the following convention for the rest of this course:

Al our curves will be piecewise continuously differentiable.

Now let 1 : [a,b] — C be a curve. We consider any o : [¢,d] — [a,b] which is one-
to-one in the interval [c, d| and onto [a, b], has continuous derivative in [c, d] and has o/(s) > 0
for every s € [c,d]. Thus, o is strictly increasing in [c,d] and o(c) = a, o(d) = b. Every
such o is called change of parameter. Then vo = 71 0 o : [¢,d] — C is continuous in [c, d]
and hence it is a new curve. We say that s is a reparametrization of ~y;: the parameter of ~;
ist € [a,b] and the parameter of -y is s € [c,d]. The curves 71,2 have the same trajectory,
the same endpoints and the same direction. Since ¢’ is continuous and > 0, the two curves are
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simultaneously (piecewise) continuously differentiable and simultaneously (piecewise) regular.
The lengths of 1, 72 are equal:

I(72) /72 rds—/m Dllo’(s)] ds
/71 I’ (5) ds—/ (1) dt = 1(m).

We may define the following binary relation between curves: v; ~ 7, if 75 is a reparametriza-
tion of ~1. It is not difficult to prove that this binary relation between curves is an equivalence
relation, i.e. it satisfies the following three properties:

@y~

i)y~ = 2~

(i) y1 ~72, Y2~ = N~

Indeed: (i) Let v : [a,b] — C be any curve. We consider the change of parameter id : [a,b] —
[a, b], defined by id(t) = ¢, and then v = vy oid : [a,b] — C. Thus, v ~ ~. (ii) Let y; ~ 2.
Then 42 = 1 o o where o : [¢,d] — [a, b] is a change of parameter. But then o~ : [a, b] — [c, d]
is also a change of parameter and 7; = 79 o o~ !. Therefore vo ~ ;. (iii) Let 41 ~ 72 and
Yo ~ 3. Then 75 = 71 o o and y3 = 2 o 7, where o : [¢,d] — [a,b] and 7 : [e, f] — [c,d]
are changes of parameter. But then x = o o7 : [e, f] — [a,b] is a change of parameter and
v3 =207 = (y100) 07T =~ 0 X. Therefore y; ~ 3.

It is of some value to note that if we have a curve v : [a, b] — C with parametric interval [a, b]
and we are given an arbitrary interval [c, d], then there is a reparametrization of v with parametric
interval [c, d] instead of [a, b]. We can do this if we can find an appropriate change of parameter
o : [c,d] — [a,b]. There are many such o, but a simple one is

d—s s—c

t:U(s):d_ca+Eb, s € [c, d].

Therefore, if for some reason (and we shall presently see that there is such a reason) we do not dis-
tinguish curves which are reparametrizations of each other, then the parametric interval of a curve
is of no particular importance: we may consider a reparametrization of a given curve changing the
given parametric interval to any other which we might prefer.

For every curve v : [a, b] — C we consider the curve = : [a, b] — C given by

(=) () =~(a+b—1), t € |a,b].

Then =~ is called opposite of . The curves v and - have the same trajectory but opposite
directions. Their lengths are equal:

/| (t)| dt = /]7 (a+b—1t)|dt = /|fy |ds—/ 1Y (s)|ds = 1(v).

If the curves 71 : [a,b] — Cand 2 : [b,¢] — C have v1(b) = ~v2(b), then we say that 1, yo

(in this order) are successive and then we may define the curve ~y; + Y2 : [a,c] — C by

m(t), ifa<t<b
v(t), ifb<t<c

(71 +72) () = {

The curve v, + o is called sum of 1 and 2. Since ; and o are (piecewise) continuously

differentiable, v; + 2 is also piecewise continuously differentiable. The trajectory (y; + v2)* i
the union of the trajectories 1 * and vo*.

Of course, the sum of two curves can be generalized to the sum of more than two curves
provided that these are successive.
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Example 3.2.5. Every polygonal line can be considered as the trajectory of a piecewise regular
curve. This curve is the sum of successive curves each of which has as its trajectory a corresponding
linear segment of the polygonal line.

Through the operation of summation of successive curves, we may consider successive curves
as one curve (synthesis) and, conversely, we may consider one curve as a sum of successive curves
(analysis).

The length of the sum of successive curves equals the sum of their lengths:

. c . b . c .
I+ 70) = / (31 + 2 (D)t = / (31 + o) (D)t + /b (1 4 2 (D))t
b c
- / I ()]t + /b e (D)t = 1(31) + 1(72).

Now we shall extend the notion of integral of a complex function over an interval to the notion
of integral of a complex function over a curve.

Definition. Let v : [a,b] — C be a curve and let f : v* — C be continuous in the trajectory
v = {v(t)|t € [a,b]}. Then f o~ : [a,b] — C is continuous in [a,b]. Thus, (f o)y is
piecewise continuous in [a, b] and hence integrable over [a, b]. We define the curvilinear integral
of f over v by

b b
/ f(2) dz = / (f o) () (t) dt = / SO () () d

We shall usually write
f f(z)dz
.

Example 3.2.6. Let 7 : [a, b] — C be the curve with parametric equation z = y(t) = (1 — ¢)zp +
tz1, t € [0,1]. The trajectory of -y is the linear segment [z, z1] having direction from zj to z1.
If f : [20,21] — C is continuous in [zo, z1], then the curvilinear integral f,y f(2) dz is denoted

f[ZO,Zl] f(z)dz. Le.

when 7y is closed.

1
/[Zo,zﬂf(Z)dZ:[/f(Z)dZ: (2120)/0 F((1 =)z + tz1) dt.

This is the curvilinear integral of f over the linear segment [z, z1] from zg to z;.

Example 3.2.7. Let 7 > 0 and y : [0, 27r] — C be the curve with parametric equation z = y(t) =
zo+r(cost+isint), t € [0, 27]. The trajectory of v is the circle C., (r) with the positive direction
of rotation around zp. If f : C,(r) — C is continuous in the circle C(r), then the curvilinear
integral . f(2) dz is denoted fczo (i f(2)dz Le.,

2m
7{ f(z)dz:%f(z) dz:/ f(z0 + r(cost + isint))r(—sint + icost) dt.
Cyo(r) ~ 0

This is the curvilinear integral of f over the circle C.,(r) with the positive direction of rotation.
An important concrete instance of the previous example is the following.

Example 3.2.8. If n € Z, we know that

2 2 92 ifn =0
/ sin(nt) dt = 0, / cos(nt) dt = ™ 1 "
0 0 0, ifn#0
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Therefore, if n € Z, we get

2m
/ (z—2z0)"dz = / "(cost +isint)"r(—sint + icost) dt
Co(7)

2w

it (cost + isint)"(cost + isint) dt

271'
— n+1

/i
it

cos((n + 1)t) + isin((n + 1)t)) dt

) 2mi, ifn=-1
o, ifn#£ -1

The following propositions are easy to prove.

Proposition 3.5. Let v : [a,b] — C be a curve, f1, fo : v* — C be continuous in v* and A, s €
C. Then

/(Alfl(z) efa(z))dz = Ay / fi(z)dz + Ao / fa(z) dz
gl v gl
Proof. An application of proposition 3.1 and of the definition of the curvilinear integral. O

Proposition 3.6. Let vy : [a,b] — Cbea curveand [ : v* — C be continuous inv*. If | f(z)] < M
for every z € ¥, then

|| 1) e < naicy

Proof.
| [ f)az| - () dt] < /\f DI (¢ |dt<M/ Y ()] dt = Mi().
.
The first inequality uses proposition 3.4. O

Proposition 3.7. Let v : [a,b] — C be a curve and f,, ¢ : v* — C be continuous in v* and let
7" = C. If f, = f uniformly in v*, then

/ Fu(2)0(2) dz — [y F(2)0(2) d=. (3.5)

Proof. Because of uniform convergence, f is continuous in v*. Therefore, the existence of the
integrals [ fn(2)¢(z)dz and [ f(2)$(2) dz is assured.

Since ¢ is continuous in the compact set v*, there is M so that |¢(z)| < M for every z € v*. If
we set My, = sup,c.« | fn(2) — f(2)], then proposition 3.6 implies

| /7 fal2)6(2) d - / F0() d:| = | / £(0) = F2)6(e) &2 < ML)

Since M, — 0, we get that [ f.(2)8(2) dz — [ f(2)¢(2) d. O

We may rewrite (3.5) in the form

lim / fu)ol2)dz = [ tim_f,(2)6(:) d2

n——+oo y n——+o0o

of an interchange between the symbols lim,,_, ., and fv' This interchange under the assumption
of uniform convergence is the content of proposition 3.7.
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Proposition 3.8. Let v : [a,b] — C be a curve and f,,, ¢ : v* — C be continuous in v* and let
s:v*=>C. If :g n = S uniformly in v*, then

“+o0o
fn(2)p(2)dz = | s(2)p(z)dz. (3.6)
> /

Proof. We consider the partial sums s, = f1 + - -- + f,, and apply proposition 3.7 to them. Then

fr(2)p(2) dz = k(2)p(2)dz = | sn(2)p(2)dz — | s(z)p(z)dz.  (3.7)
>/ [3s / /

Le. the series (of numbers) > fv fn(2)p(2) dz converges to (the number) fv s(2)p(z)dz. O

As in the case of (3.5), we may rewrite (3.6) in the form

+00 +oo
n(2)p(2)dz = n(2)0(2) dz,
;AfUd) A;¥<w>

since Z:g fn(z) = s(z) for every z € v*. Again, this interchange between the symbols
and f7 under the assumption of uniform convergence is the content of proposition 3.8.

—+00
n=1

Proposition 3.9. Consider the curves v1 : [a,b] — C and v2 : [c,d] — C and let 2 be a
reparametrization of 1. Let also f : v1* = ~o* — C be continuous. Then

jC2f(z)dz:: 71f(z)dz.

Proof. There is a change of parameter o : ¢, d] — [a, b] so thaty,(s) = y1(o(s)) forall s € [, d].
Then

d d
/f@WZ/ﬂmwﬂ@®=/ﬂ%W$M%®W®ﬁ

b
=/ﬂwmwwﬁ= f(2)de

after a change of parameter in the third integral. O

At this point we observe that replacing a curve ~; with a reparametrization -5 of it does not
alter certain quantities related to the curve: its trajectory, its endpoints, its direction, its length, the
number of times it covers its trajectory and, more important, the curvilinear integrals of continuous
functions defined over its trajectory. Since in this course we shall use curves only to evaluate
curvilinear integrals, we conclude that there is no reason to actually distinguish between a curve
and its reparametrizations. Therefore, when we have a geometric object C' which we would call,
in everyday language, curve in the plane, e.g. a linear segment or a circle or a polygonal line, and
a continuous function f : C' — C, we can give a meaning to

/Cf(z) dz

by specifying a continuous v : [a,b] — C, i.e. a curve, with trajectory v* coinciding with C,
with endpoints coinciding with the endpoints of C' and a specific assigned direction. The use of
different curves, which are reparametrizations of the particular v we have chosen, will not alter the
value of the integral. In fact we have already seen two examples of this situation. One is the

/[Zwﬂ f(z)dz
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for which we use any parametric equation with trajectory equal to the linear segment [z, z1] and
direction from zp to z;. The simplest such parametric equation is z = ~(t) = (1 — t)z¢ + tz1,
t € [0,1]. The second example is the

/ f(z)dz
Czo (r)

for which we use any parametric equation with trajectory equal to the circle C., (r) and which cov-
ers this circle once and in the positive direction of rotation around zy. The simplest such parametric
equation is z = y(t) = zo + r(cost + isint), t € [0, 27].

Proposition 3.10. Let y; : [a,b] — C and v : [b,c] — C be two curves so that ~1(b) = v2(b) and
let f:v1* U™ — C be continuous. Then

/W.WQ f(z)dz = /nf<z)dz+/y2f(z)d""

Proof. f is continuous in the trajectory (71 + Y2)* =m* U* of 1 + ~2. Hence
(& . .
[ s@dz= [ 5o+ @)+ )@
Y1+72 a

b c
- / Fon ()’ (1) de + /b F(t)! (1) de = / s+ / fe)d

The second equality uses proposition 3.2. O

Proposition 3.11. Consider the curve v : [a,b] — C and let f : v* — C be continuous. Then

/ﬁyf(z)dz:—/vf(z)dz.

Proof. f is continuous in the trajectory (—+)* = ~*. Hence
b b
[ 1@d= [ sen®) 0=~ [ foarb-onarb-a
-y a a

a b
- /b F(/ () (s) ds = — / S/ () () ds = — / £(2) de.

after a simple change of parameter in the third integral. O

Example 3.2.9. Let «y be the curve describing the linear segment [zp, 21| from zg to z1. Then -~
describes the same segment from 27 to zg. Therefore,

/[20721} f(z)dz = Lf(z) dz, /[tho] f(z)dz = ﬁfyf(z) dz.

/{tho] f(z)dz = —/[20’21] f(z)dz.

Exercises.

Hence

3.2.1. Consider an open set 2 C C and a curve vy : [a, b] — € and prove that there is § > 0 so that
|v(t) — 2| > d for every t € [a,b] and every z ¢ €.
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3.2.2. Calculate f,y |z| dz, where ~y is each of the following curves with initial endpoint —i and
final endpoint i. (i) () = it fort € [—1,1]. (ii) y(t) = cost +isint fort € [-T, T]. (iii)
y(t) = —cost +isint fort € [-F, F].

. n Al pntl —
323.() If n € Z, n > 0, prove that fv Z"dz = ST R where zg, z1 are the initial and the
final endpoint of ~.
(ii) Are there polynomials py, () so that p,,(2) — 1 uniformly in the circle Cp(1)? Think in terms
of curvilinear integrals over the circle Cp(1).

3.2.4. Let f be continuous in the ring {2 |0 < |z| < rg} orin the ring {z | rg < |z| < +00}. We
define M (r) = max{|f(2)|||z| = r} and assume that 7M (r) — 0 when r — 0 or r — +o0,
respectively. If 7, (t) = r(cost + isint) for t; <t < ta, then prove that f% f(2)dz — 0 when
r — 0 or r — +00, respectively.

r) z—20

3.2.5. Let f : D,,(R) — C be continuous. Prove that lim,_, szo( 1&gy = omif (20).

3.2.6. Lety : [a,b] — Cbeacurveand f : v* — C be continuous in y*. Consider any subdivision
A = {tg,...,t,} of [a,b] and any choice = = {£1, ..., &, } of intermediate points & € [tx—1, tx].
Then we say that A* = {z,..., z,}, where z; = y(tx), is a subdivision of the trajectory +v* and
that =% = {m1, ..., n,}, where nx = v(&k), is a choice of intermediate points on the trajectory (7
is between z;,_; and zj, on the trajectory). We say that > ;' _; f(zx)(nk —7nk—1) is the corresponding
Riemann sum. If w(A*) = max;<x<p |2x — 2k—1] is the width of the subdivision A*, then prove

that limy,(a<) 0 Dy f(26) (6 — me—1) = [, f(2) d2.

3.2.7. Let f : Q — C be continuous in the open set €2 and let [a,,, b,], [a,b] C Q for every n. If
a, — a and b, — b, prove that f[an by £ (2) dz = f[a y f(2) dz.

3.2.8. Let f : Q — C be continuous in the open set 2 and « be a curve in ). Prove that for every
e > 0 there is a polygonal curve o in Q so that | [ f(2) dz — [, f(z)dz| <e.
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Chapter 4

Holomorphic functions.

4.1 Differentiability and holomorphy.

Definition. Let f : A — C and zg be an interior point of A. We say that f is differentiable at 2,

iflim,_, %ﬁézo) exists and is a complex number. We call this limit derivative of f at 2y and
denote it of 1) — f(z0)
’ _ Y _ 1. Z) — 20 .
filz0) = 1~ (20) = lim ———"—= %

Example 4.1.1. The constant function c is differentiable at every point of C and its derivative is

the constant function 0. Indeed, for every zy we have %(zo) = lim,_,, _CO = lim,,,, 0 = 0.

c—c
Z—Z
Example 4.1.2. The function z is differentiable at every point of C and its derivative is the constant
function 1: for every zy we have %(2’0) = lim,_, , % =lim,,, 1 =1

Example 4.1.3. Let f : C — C be the function f(z) = Z. We take an arbitrary zy and we shall
f(z)=f(20)

Z—Z

Z—20

prove that the lim,_, . z_zg does not exist, i.e. f is not differentiable at z.

= hmz—>zo

Let z9 = x¢ + iyg. The limit of FE=1E0) \when 5 zp on the horizontal line containing zg is

z2—20

lim EE0) = (o tiyo) _ T T0
T—To (ac + Zy()) — (1’0 + Zyo) T—T0 T — T T—T0

and the limit of £&=10) when » zp on the vertical line containing zg is

zZ—20

. (zo +iy) — (o +iyo) .
lim - - = lim ———~—
y—yo (zo +iy) — (xo +iyo)  v—=vo iy — iyo Y=o

Z=20 does not exist.
z—20

Since these two limits are different, the lim,_, .,

The proofs of the following four propositions are identical with the proofs of the well-known
analogous propositions for real functions of a real variable and we omit them.

Proposition 4.1. If f : A — C is differentiable at the interior point zy of A, then f is continuous
at 2.

Proposition 4.2. If f, g : A — C are differentiable at the interior point zg of A, then f + g, f —
g9, fg : A — C are also differentiable at zy. Furthermore, if g(z) # 0 for all z € A, then
: A — C is differentiable at zy. Finally,

(f +9)(20) = f'(20) + ¢'(20), (f = 9)(20) = f'(20) — g'(20),

20) — f(20)g'(20)
(9(20))? '

Q [~

(f9)'(z0) = f'(20)9(20) + f(20)9' (20), <]gc>/(20) _ f'(20)g(
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Proposition 4.3. If f : A — B is differentiable at the interior point zy of Aand g : B — C is
differentiable at the interior point wo = f(zo) of B, then go f : A — C is differentiable at z.
Also,

(g0 f) (20) = g'(wo) f'(20)-

Proposition 4.4. Let f : A — B be one-to-one from A onto B and let f~' : B — A be the inverse
function. Let also zy be an interior point of A and wy = f(z0) be an interior point of B. If f is
differentiable at zg and f'(zy) # 0 and f~ is continuous at wo, then =1 is differentiable at wy
and

1
f—l / wo) = )
o0 =
Example 4.1.4. Starting with the derivatives of the constant function ¢ and the function z and using
the usual algebraic rules for derivatives, we get that every polynomial function is differentiable at
every point of C and that its derivative is another polynomial function: if p(z) = a9 + a1z +
az? + -+ ay2", then p/(2) = ay + 2a22 + - -+ + naz" L.

Example 4.1.5. Every rational function is differentiable at every point of its domain of definition
and its derivative is another rational function.

Example 4.1.6. If h(z2) = (22 — 3z + 2)!% — 3(22 — 32 + 2)2, then by the chain rule we get
R'(2) = 15(2% — 32 + 2)14(22 — 3) — 6(22 — 3z + 2)(22 — 3).

Definition. Let f : A — C and zy be an interior point of A. We say that f is holomorphic (or
analytic) at zo if there is r > 0 so that D,,(r) C A and f is differentiable at every point of D, (r).

The notion of holomorphy is stronger than the notion of differentiability: for a function to be
holomorphic at a point it is necessary for it to be differentiable at this point and at all nearby points.

Example 4.1.7. Every polynomial function is holomorphic at every point of C.
Example 4.1.8. Every rational function is holomorphic at every point of its domain of definition.

Example 4.1.9. Let f : C — C be the function f(2) = |z|?.
We have lim,_q f2=10) lim,_,0z = 0 and f is differentiable at 0 with f’(0) = 0.

z—0
We take an arbitrary zp # 0 and we shall prove that the lim,_, ., %ﬁém)

does not exist and therefore f is not differentiable at z.
Let z9 = x¢ + iyo. The limit of F@)=10) when 2 zo on the horizontal line containing z( is

|22 ~|20]?
z—20

= hmz%zo

2—20
o2 D) 2 2
im 12 F Zz./O’ 20 + z.y0| — lim =% _ Jim (x + o) = 2x0
T—T0 (CL’ + zyo) — (mo + zyo) T—=xo X — T T—To

and the limit of £&=10) when » zp on the vertical line containing zg is

Z—20
2 2 2_ .2
lim 120t = lwoigol” W m 00T ) = — 2400,
y—=yo (2o +1y) — (To +iyo)  v—wo iy — iYo Y=o
Since zg # 0, these two limits are different and the lim,_, ,, % does not exist.

We conclude that f is differentiable only at 0 and that it is nowhere holomorphic.
Definition. The set of points at which f is holomorphic is called domain of holomorphy of f.

Proposition 4.5. Let f : A — C and B C A be the set of the points at which f is differentiable.
Then the domain of holomorphy of f is the interior of B. In particular, the domain of holomorphy
of f is an open set.
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Proof. Let U be the domain of holomorphy of f. If z € U, there is » > 0 so that f is differentiable
at every point of D, (r) and hence D,(r) C B. Thus z is an interior point of B, i.e. z € B°.

Conversely, let z € B°. Then there is » > 0 so that D.(r) C B, and so f is differentiable at every
point of D (r). Therefore f is holomorphic at z, i.e. z € U. O

Example 4.1.10. The domain of holomorphy of any polynomial function is C.
Example 4.1.11. The domain of holomorphy of any rational function is its domain of definition.

Example 4.1.12. The domain of holomorphy of both functions f(2) = Z and f(z) = |2|? is the
empty set.

Definition. Let f : A — C and Q) C A be an open set. We say that f is holomorphic (or analytic)
in Q) if it is holomorphic at every point of () or, equivalently, if () is a subset of the domain of
holomorphy of f.

Clearly, the largest open set 2 in which f is holomorphic is its domain of holomorphy. It is
also clear that if f is differentiable at every point of an open set €, then f is holomorphic in ).

Definition. Let f : Do (r) — C. We consider the function g : Dy(r) — C defined as
g(w) = f(1/w), Sfor every w with |w| < r.

We say that f is differentiable or holomorphic at cc if g is differentiable or holomorphic, respec-
tively, at 0.

We observe that g(0) = f(co) and that the inverse functions w = 1 and z = 1 map each of

the neighborhoods Do (r) = {z||2| > 1} U {oc} and Dy(r) = {w||w| < r} onto the other.
Now we shall see that the condition of differentiability of f at oo, i.e. the differentiability of ¢ at
0, can be translated into an equivalent condition in terms of f itself.

Proposition 4.6. Let f : Do (1) — C. Then f is differentiable at cc if and only if

lim 2(f(2) — f(o0)) € C. (4.1)
Moreover, f is holomorphic at > if and only if, besides (4.1), f is differentiable at every complex
number in a neighborhood of cc.

Proof. Let g(w) = f(2) be the function considered in the above definition. Through the change of

variable w = 1, we have % = 2(f(z) — f(o0)). Thus, the existence of lim,,_,o %

is equivalent to the existence of lim,_,~, z(f(z) — f(c0)). In fact the two limits are equal. O
It is easy to see that differentiability of f at co implies continuity of f at co.

Example 4.1.13. We shall check the differentiability (and hence holomorphy) of polynomial and
rational functions. We recall the notation and the results of examples 1.4.1, 1.4.2 and 1.4.3.
A polynomial function p is continuous only if it is a constant p(z) = a¢ and provided we define
p(00) = agp. In this case it is also differentiable at oo, since

lim z(p(z) — p(co)) = lim 0= 0.

Z—00 Z—00

A rational function r is continuous only if n < m, where n and m are the degrees of its numer-

ator and denominator. If n = m, then we define r(co) = ¢ and then, after some algebraic

manipulations, we get

(anz” +--ftazta al) _ ap—1by — apby—

I - =l B
im z(r(z) —r(c0)) m z bz + -+ b1z + by by, b721

Z—00 Z—00
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If n < m, then we define 7(co) = 0 and then we get

R ifn+1=m

0, ifn+1l<m

lim z(r(z) —r(c0)) = lim 2

an?" +---+az+ag |5t
z—00 z=oo by 2™+ -+ biz+ by N

Thus, if polynomial or rational functions are continuous at co, they are also holomorphic at co.
Exercises.

4.1.1. Check the differentiability of the functions Re z, Im z and |z|.

4.1.2.Let Q be open and f : Q — C. We take Q* = {z|Z € Q} and f* : Q* — C given by
f*(z) = f(z) for every z € Q*. Prove that Q* is open and that, if f is differentiable at zg € €,
then f* is differentiable at zg € Q*.

4.1.3. Consider opensets U,V and f : V — U,g: U — C, h : V — C so that h is one-to-one
and h = g o f. If h is differentiable at wy € V/, g is differentiable at zg = f(wyp), ¢'(20) # 0 and

R (wo
g'(z0) *

f is continuous at wy, prove that f is differentiable at wg and f'(wg) =

414.(1) Ifpisa polynomlal of degree n with roots z1, ..., z,, prove ((Z)) = - 12 +-t lzn
for every z # z1,...,2,. Then prove that, if the roots of p are contalned in a closed halfplane,
then the roots of p’ are contained in the same halfplane. Conclude that the roots of p’ are contained
in the smallest convex polygon which contains the roots of p.

(ii) For every a and every n € N, n > 2 prove that the equation 1 4 z 4+ a2z™ = 0 has at least one

root z € Dy(2).

4.1.5. (i) Let ay, . . an be distinct and q(z) = (z —a1)--- (2 — ay). If the polynomial p has
= 2 k=1 7(an)( Z)ak) for every z # a1, ..., an.

(i) Let ay, ..., ay be dlstlnct Prove that for every ¢y, ..., ¢, there is a unique polynomial p of
degree < n so thatp(ak) =cpforeveryk =1,...,n.

4.1.6. Let f have continuous derivative in a neighborhood of zj. Prove that %’W — f(20)

Zn

if 2, = 20, 2], = 20 and z,, # 2, for every n.

4.2 The Cauchy-Riemann equations.

Now we shall relate the differentiability of f : A — C, as a function of z = = + iy, at some
interior point zg = xo+1iyo of A with the partial derivatives of u = Re f and v = Im f as functions
of (x,y) at the same point (xq, yo).

Theorem 4.1. Let f : A — C and zy = (9, yo) be an interior point of A and let u,v be the real
and imaginary part of f. If f is differentiable at 2y, then u,v have partial derivatives with respect
to x and y at (g, yo) and

0 0 0 0
8%;(%7@/0) = (,TZ(SCovyo)v a*lyb(fﬂovyo) = —gi(fﬂo,yo)- 4.2)

Proof. We assume

i F) = f(z0)

Z—20 Z— 20

Since the limit of LZ(ZO) exists when z tends to zg, the limits of the same expression when z

0
tends to zp on the horizontal line containing zy as well as on the vertical line containing zg also
exist and have the same value:
f(z0,y) — f(w0, o)

lim L@¥0) = f@ov0) _ L gy o —p+iv. (44
T—20 T — o Y=o 1y — 1Yo

= f(20) = p + iv, w,v € R. (4.3)
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u(z,y0)+iv(,y0) —u(20,y0) —iv(z0,Y0)

From the first limit in (4.4) we get lim,_, = u + v, and hence

xr—x0
Ou 1 u(z,y0) — u(zo,%0) _
8758(3307 yO) - mll}rrxlo T — 70 = W, (4 5)
P B .
7@(960’ ) = lim v(@, yo) — v(z0, Yo) -
ox T T — xg
From the second limit in (4.4) we find lim,,_,,,, “(ze) ooy —ulrogo)=iv(o40) — ) 4 jy, and
hence
b _
l(wo,yo) — lim U(x()ay) 0(370790) =p,
0y Y=o Y — % (4.6)
@ T U(.’E[), y) — u('IanO) _
(xo, yo) = lim =
dy 20 Y=Y
Comparing (4.5) and (4.6) we get (4.2). O

The equalities (4.2) are called (system of) Cauchy-Riemann equations at the point (xg, yo).
We observe that, if f is differentiable at zg, then (4.3), (4.5) and (4.6) imply

ou Ov ov Ou
f'(z0) = %(JUOJJO) + ’L%(iﬂoayo) = a*y(xo,yo) - l@(wo,yo)-

The next result is the converse of theorem 4.1 but with extra assumptions.

Theorem 4.2. Let f : A — C and zy = (9, yo) be an interior point of A and let u,v be the real
and the imaginary part of f. If u, v have partial derivatives with respect to x and y at every point
of some neighborhood of (x,yo) and if these partial derivatives are continuous at (g, yo) and if
they satisfy the system of C-R equations at (x,yo), then f is differentiable at z.

Proof. Using the C-R equations, we define the real numbers y and v by:

0 0 0 0
p= gy 0w = 5 (@o.w), v = =5 (@0,90) = (0. bo)- (“.7)

Now take an arbitrary € > 0. Since %, %Z are continuous at (o, yo), there is 7 > 0 so that

ou € ou

€
35 &Y~ u’ <7 @(fv,y) ty| <y forevery (2,y) € Dy yo)(r)- (4.8)

We take any (7,y) € Dy ) () and we write
u(x, y) - u(xov yO) - U(.’L’, y) - U(IL'(], y) + U(JTO, y) - ’U,(xo, yO) (49)

By the mean value theorem, there is 2’ between x and z so that

0
ule,y) —u(o.y) = 5o (' y) (@ — 20) (4.10)
and vy between y and yq so that
ou ,
u(zo,y) — u(xo, Yo) = %(xo, ¥)(y — vo). (4.11)

The z’,y" depend on z, y, but the points (2',y), (zo,y’) belong to D g, .\ (7). Therefore, (4.8)
implies
ou
Oz

€ ou

/ . € ou / €
(', y) ,u,‘ < 7 ay(a:o,y)—i-u < 1 (4.12)
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Combining (4.9), (4.10) and (4.11), we find

u(z,y) — u(zo,yo) — (u(z — z0) — v(y — wo))
= (u(z,y) — ul(zo,y) — plx — x0)) + (u(zo,y) — u(xo, yo) + v(y — o))

— (Gea'n) = 1) o =) + (GG +0) (0= )
and, because of (4.12),
‘U(xa y) — u(xo,Yo) — (M(x —x0) —v(y — yo))‘

ou , , ou ,
< [l ) —plle —wol + | Two )t ol -wl @y

€ € €
< 1|~”L‘ — xo| + Z'y_y(]' < 5\/@ —20)? 4+ (y — y0)%

In the same manner, for the function v we get

oz, y) = v(@o,yo) = (v(w = a0) + uly = w0))| < 5@ —20) + (¥ —w0)®.  (@&.14)

The inequalities (4.13) and (4.14) hold at every (z,y) € Dz 0) (7).
We observe that the expressions inside the absolute values of the left sides of (4.13) and (4.14) are,
respectively, the real and the imaginary part of the number

f(2) = f(z0) = (n+iv)(z — 20) = f(z,y) = f(z0,%0) — (n+ i) ((z — 20) +i(y — %0))-
Therefore, (4.13) and (4.14) imply

£ (2) = f(20) = (u + iv)(2 = 20)| < e/(x — 20)? + (y — y0)? = €|z — 20

for every z € D(zp;r) and hence ]m — (u+iv)| < eforevery z € D, (r), z # zp. Thus,

zZ—20

lim,_,, fE)=fz0) _ = u+ iv, and f is differentiable at 2o with f’(29) = p + iv. d

zZ—20

Example 4.2.1. The real and the imaginary parts of the function f(z) = 22 are u(z, y) = 2% — 3>

and v(z,y) = 2xy. We find %(m,y) = 2z, %Z(a:,y) = —2y, %(m,y) = 2y and %(m,y) =2z
and we see that the partial derivatives are continuous in the whole plane and they satisfy the C-R
equations at every point Theorem 4.2 implies that f(z) = z? is differentiable at every point and
fl(z) = gZ(l‘ y) + zax(:v y) = 2z +i2y = 2z.

Example 4.2.2. We reconsider the function f(z) = Z of example 4 1.3. Its real and imaginary

parts are u(z,y) = x and v(z,y) = —y. The partial derivatives 2 () =1, gZ( y) =0,
g; (z,y) = 0 and g—Z(x, y) = —1 do not satisfy the C-R equations at any point (x,y). Theorem

4.1 implies that f is not differentiable at any point.

Example 4.2.3. We reconsider the function f(z) = |z|? of example 4.1.9. Its real and imaginary
parts are u(z, y) = x2+y? and v(z, y) = 0. The partial derivatives are 8“( y) = 2z, g;‘(z‘ y) =
2y, %(x, y) = 0 and 6” (:1: y) = 0 and they satisfy the C-R equations only at the point (0,0).
Theorem 4.1 implies that f is not differentiable at any point besides, perhaps, the point (0, 0).
Now, since the partial derivatives are continuous and satisfy the C-R equations at (0, 0), theorem
4.2 implies that f is differentiable at 0 and f'(0) = 9%(0,0) +1452(0,0) = 0 + 10 = 0.

Example 4.2.4. We shall see that the assumption of continuity of the partial derivatives of u, v at
(0, o) in theorem 4.2 is crucial. We consider the function

) = fony) = | Ve T@0)# 0.0

0, if (z,y) = (0,0)

41



Then its real and imaginary parts are

L if (z,y) # (0,0
u(z,y) = Vet (#3) # (0,0 v(z,y) =0.
0, if (z,y) = (0,0)

It is clear that %(x, y) = 0 and g—Z(w, y) = 0 and the partial derivatives of v are continuous at
every (z,y). Moreover,

O () = W if (2,y) # (0,0) 0 () = i if (@) #(0,0)
o 0 if () = 0,0) -

The partial derivatives of u are continuous at every (z,y) # (0, 0) but they are not continuous at

(0,0). For instance, the limit of 577 When (z,y) tends to (0,0) on the line with equation

3
(2 4y?)
Yy=x does not exist: hmx*)io W Zl:l/f
We will see now that f is not differentiable at 0, even though u, v do satisfy the C-R equations at

0. In fact the limit of £& ) 0) — @y)/varty? when 2z tends to 0 on the line with equation y = =

41y
2/1 / 2-‘1—.77 o
r+ix - (

is limy_yo < 1+i) 7 limg,_g 2 o] and it does not exist.

The next proposition is a corollary of theorem 4.2. It is the form of theorem 4.2 in which this
is usually applied.

Proposition 4.7. Let f : A — C, let u, v be the real and the imaginary part of f and let Q) C A be
open. If u, v have partial derivatives which are continuous and which satisfy the C-R equations at
every point of Q, then f is holomorphic in 2.

Proof. We take an arbitrary z € (2 and a neighborhood of z which is contained in 2. Theorem
4.2 implies that f is differentiable at z. Thus f is differentiable at every point of €2 and, since 2 is
open, f is holomorphic in 2. O

We recall that region means: open and connected.

Theorem 4.3. Let f : Q — C be holomorphic in the region Q. If f'(z) = 0 for every z € ), then
f is constant in (.

First proof. Using f' = % + z‘gx gz ZgZ’ we find

ou Ov Ov Ou

e = = = Q. 4.15
or Ox Oy Oy on (4.15)
We take any linear segment [21, 22 in {2 and its parametric equation y(t) = (1 — t)z1 + tz2,
t € [0, 1]. By the mean value theorem, there is tg € (0, 1) so that
d(u o~y
u(2) — (1) = (o)1) ~ (wo)(0) = L2 gy

— St 2tz — 1) + G2 (t0)) o — ),

where 21 = 1 + iy; and 22 = x2 + iys. From (4.15) we find u(z2) = u(z1). Thus, the values
of u at the endpoints of any line segment in 2 are equal. Now we take arbitrary 2/, 2’ € Q. Then
there is a polygonal line inside Q2 which connects the two points 2z’ and 2. The values of u at
the endpoints of every line segment of the polygonal line are equal and hence u(z’) = wu(z”).
Therefore u is constant in €2. Clearly, the same is true for the function v and hence for f = u + iv.

Second proof. We take arbitrary z, w € 2. Since €2 is a region, there is a curve 7y : [a, b] — 2 such

42



that v(a) = z, v(b) = w. In fact we may choose ~y to have a polygonal line in €2 as its trajectory.
Then we have

b b
fw) = f(2) = (fe)(b) = (fev)(a) = / (f o) (t)dt = / fy@)y () dt =0

because f'(y(t)) = 0 for every ¢ € [a, b]. We conclude that f(w) = f(z) for every w, z € 2 and
hence f is constant in ). O

Let ACCand f: A— Cwithu=Ref: A—Randv=Imf: A— R. Then f = u+iv
in A. Let z9p = xo + iyo = (70, o) be an interior point of A. Then, if the functions u, v have
partial derivatives with respect to x and y at the point 2, is is trivial to prove that at the point zg

we have
of Ou Ov of Ou 0Ov

- = — +i— = — 4. 4.1
or Oz + Yoz’ oy Oy + Zay (4.16)
Definition. We define the following differential operators:
0 1,0 0 0 1,0 0
Y (A Sl — == 4+i=). 4.1
0z 2<6x Z(‘)y)’ 0z 2(8x+Z8y> @17

Applying the differential operators % and % we just defined to f of the discussion above and
using (4.16), we have at the point zg:

of 1(3u+av>+i(8v 8u)7

9z  2\dx oy 2\9z  dy (4.18)
if_l(@_% z(@+@) '
0z  2\0x Oy 2\9x  Oy/

From the second of equations (4.18) we see that the system of C-R equations at the point zy is
equivalent to the single equation
of

— =0
0z
at z9. Moreover, if the system of C-R equations is satisfied, then the first equation (4.18) implies
of Ou . 0v p
9: o0 o !

at zp. We summarize.

Proposition 4.8. If f : A — C is differentiable at the interior point zy of A then g—g(zo) = f'(20)
and %];(Zo) = 0. Conversely, if % and % exist in a neighborhood of the point zy and they are
continuous at zy and if %(20) = 0, then f is differentiable at z.

Proof. Trivial. The converse is a restatement of theorem 4.2. O

Sometimes a function f : A — C, with A C C, is given to us through an expression f(z,y) as
a function of two real variables and we are interested in finding an expression f(z) of the function

in terms of the single complex variable z. We then write z = Zf, y = %57 and hence
z2+ZzZ z—Z2
fay) = (5250, (4.19)

In general, even after performing various algebraic simplifications we end up with an expression
in terms of both variables z and Z. In order to end up with the occurence of z only, it is reasonable
to impose the condition that the derivative of f(z,y) with respect to Z vanishes. From (4.19) and

a formal chain rule we get
of 1s0f Of
5z =350 *i3,)
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This is exactly the second differential operator (4.17) applied to f and we saw that the condition
% = 0 is equivalent to the system of C-R equations. We conclude that the function f(z,vy) is a

function of the single variable z if and only if its real and imaginary parts satisfy the C-R equations.
Exercises.
4.2.1. Solve exercise 4.1.1 under the light of C-R equations.

4.2.2. (i) Prove that F'(x, y) = \/|xy| satisfies the C-R equations at 0 but that it is not differentiable
at 0.
(ii) Prove that the function with G(z,y) = 4+ 5 if (z,y) # (0,0) and with G(0,0) = 0 satisfies

the C-R equations at 0, that Gz ; G(0) has a limit when z — 0 on every line which contains 0, but

that (G is not differentiable at 0.

4.2.3.Let f : A — C and 2 be an interior point of A, let u, v be the real and the imaginary part
of f and let 8“, ng gg, g” exist in a neighborhood of zy and be continuous at z.

(1) If lim,_,,, Re % exists and is a real number, prove that f is differentiable at zg.

(i) If lim,_, ., ’%50(20)‘ exists and is a real number, prove that either f is differentiable at zg or

f is differentiable at z.

4.2.4.Let f : Q — C be holomorphic in the region €2 and let u, v be the real and the imaginary
part of f.

(i) If either u or v is constant in €2, prove that f is constant in §2.

(ii) More generally, if for some line [ it is true that f(z) € [ for every z € €, prove that f is
constant in €).

(iii) Consider (ii) using a circle C' instead of a line [.

4.2.5. This exercise juxtaposes the notion of differentiability of a function of two real variables,
which we learn in multivariable calculus, and the notion of differentiability of a function of one
complex variable, which we learn in complex analysis: to distinguish between them we call the
first R-differentiability and the second C-differentiability.

We recall from multivariable calculus that a real valued w : A — R, where A C R?, is R-
differentiable at the interior point (g, y9) of A if there are a, b € R so that

lim u(z,y) — u(xo, yo) — (a(z — x0) + b(y — yo))

—0.
(2,4)—(z0,y0) (x — 20)2 + (y — yo)2) /2

In this case we have that & 9w (z0,90) = a and %Z(:co, Yo) = b.

We also recall that a vector valued f = (u,v) : A — R?, where A C R?, is R-differentiable at
the interior point (xg, yo) of A if its real valued components u and v are both R-differentiable at
(zo,Yo0), i.e. if there are a, b, ¢, d € R so that

u(z,y) — u(o, Yo) — (a(r — x0) + b(y — yo))

: )
lim =0,
(29)—(x0.0) ((z = 20)® + (y — y0)?) /2
, v(@,y) — v(wo,yo) — (c(z — 20) + d(y —y0)) _
lim 5 75 =0.
(2:4) (0 40) ((z —20)% + (y — y0)?)
In this case we have that g—g(wo, Yo) = a, %Z(xo, Yo) = g (zo,y0) = ¢, 3 2(z0,yp) = d and that
the R-derivative of f is the 2 x 2 matrix [Z Z]
Prove that f = (u,v) = u +iv : A — C = R?, where A C C = R?, is C-differentiable at the
f(z)=f(20)

interior point zp = (xo,yo) of A, i.e. that the lim,_, o exists and is a complex number,
ifand only if f is R-differentiable at zg = (x¢, yo) and its R-derivative is an antisymmetric matrix:

[Z _ab} . In this case the C-derivative and the R-derivative of f are related by f/(zo) = a + ib.
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4.2.6. Consider the functions 2", z", |z|2 and, using the differential operator %, examine whether
they are functions of z only or, equivalently, whether they are holomorphic.

4.2.7. Let f : A — C and 2( be an interior point of A. If % and %g]; exist in a neighborhood of the

point zg and are continuous at zg, prove that lim, ﬁ J. Cor (1) f(z)dz = %(20).
20

4.3 Conformality.

Definition. Let f : A — C be continuous in A and v : [a,b] — A be a curve. Thus the trajectory
of v is contained in the domain of definition of f. We define the function

f(v)=foy:lab] = C,
which is continuous in [a,b]. Then f(7) is a curve and we call it image of -y through f.

Now we take f : A — C and an interior point 2y of A. Let f be differentiable at zp and

f(z0) = wo, f'(z0) # 0.

We also take any curve v : [tg,b) — A with y(tp) = zo. Then  has 2 as its initial point and its
trajectory is contained in A. We also assume that

Y (to) # 0

i.e. that v has a non-zero tangent vector at the point zo. The image curve f() : [to,b) — C has
F(y)(to) = (foy)(to) = f(v(to)) = f(z0) = wo as its initial point and its tangent vector at wo
is

() (to) = (f 27) (to) = f'(7(t0))¥'(to) = f'(20)7'(to) # O. (4.20)

From (4.20) we have two conclusions. The first is that

[F () (t0)] = [ £ (20) 17 (o).

Thus, the length of the tangent vector of f(+y) at its initial point wq equals the length of the tangent
vector of y at its initial point zo multiplied with the factor | f'(29)| > 0. We express this as:

[ multiplies the lengths of tangent vectors at zy with the factor | f'(z9)| > 0 or, in other words, f
expands the tangent vectors at zo by the factor | f'(zy)| > 0.

The second conclusion is that

arg f(7)'(to) = arg f'(20) + arg+'(to)- (4.21)

Thus, the argument of the tangent vector of f () at its initial point wq equals the argument of the
tangent vector of +y at its initial point z( increased by the angle arg f’(zp). We express this as:

f increases the arguments of the tangent vectors at zy by the angle arg f’(z) or, in other words,
f rotates the tangent vectors at zq through the angle arg f'(z).

We observe that the expansion and the rotation of the tangent vectors at zg is uniform over all
these vectors: independently of their direction all these tangent vectors are expanded by the same
factor and they are rotated through the same angle. Since, any two of these tangent vectors are
rotated by f through the same angle, we conclude that their relative angle remains unchanged!

Indeed, let us consider two of the above curves, v; and 2. The angle between their tangent
vectors at zg is arg vy’ (o)) — argy1'(to)) and the angle between the tangent vectors of f(~;) and

f(y2) atwyg is arg f(y2)'(to) — arg f (1)’ (to). From (4.21) for 71 and - we get
arg f(72)'(to) — arg f(m1)'(to) = argy2'(to) — arg 71’ (to).
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Therefore, the angle between the tangent vectors of f (1) and f(~2) at wy equals the angle between
the tangent vectors of 1 and 2 at z5. We express this as:

f preserves the angles between tangent vectors at 2.

This last property of f is called conformality of f at zo and holds, as we just saw, under the
assumption that f is differentiable at 2o and f’(zp) # 0.

Exercises.

4.3.1. Consider the holomorphic function w = f(z) = az + b with a # 0.

(i) Prove that f is ono-to-one from C onto C.

(ii) Prove that f maps lines and circles onto lines and circles, respectively.

(iii) Consider two lines with equations kx + ly = m and K’z + 'y = m’. Which is the condition
for the two lines to intersect? Under this condition, find their intersection point and the angle of
the two lines at this point. Then find the equations of the images of the two lines through f and
find their intersection point and their angle at this point. Confirm the conformality of f.

4.3.2. Consider the holomorphic function w = 22.

(i) With any fixed ug, vy € R, consider the hyperbolas with equations 2% — y? = ug and 2zy = vy
on the z-plane (z = x + iy). Do they intersect and at which points? Find the angle of the two
hyperbolas at their common points.

2 2

(i1) With any fixed zg, yo € R, xg, yo # 0, consider the parabolas with equations u = Zly%v — 0

andu = — 496102 v% 4 292 on the w-plane (w = u +iv). Do they intersect and at which points? Find

the angle of the two parabolas at their common points.

43.3.Let f : U — C be holomorphic in the open set U, let v be a curve in U and I' = f(7)
be the image of  through f. If ¢ : I'* — C is continuous in I'*, prove that [ ¢(w)dw =

[, o(f(2)) f'(2) d=.
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Chapter 5

Examples of holomorphic functions.

5.1 Linear fractional transformations.

is called linear fractional transfor-

Definition. Every rational function of the form T(z) = Zzzj_s
mation. We assume that ad — be # 0.

It is easy to show that ad — bc # 0 if and only if the function 7’ is not constant.

In order to have the full picture of the definition of a linear fractional transformation 7', we
have to say something about the values of 1" at the roots of the denominator and at co. There are
two cases. If ¢ = 0, then because of ad — bc # 0 we have ad # 0 and then T'(2) = 2 + 2 for all
z € C. Since § # 0, we have that T'(co) = oo. Thus

a b :
a 2. ifzeC .
T(z):{dz+d ne if ¢ = 0. (5.1)
00, if z =00
If ¢ # 0, then the denominator has z = —% as its root, which, because of ad — bc # 0, is not a root

of the numerator. Hence T(—%) = 00. Also T'(00) = ¢. Thus

az+b : d
it ifzeC, z# 7%

T(z) =qoo, ifz=-4 if ¢ # 0. (5.2)

e, av z = 00
(&

We conclude that every linear fractional transformation (1.f.t.) is a function 7" : C—C and,

even though we write 7'(z) = Zzzig, we must have in mind the full formulas (5.1) and (5.2).

Proposition 5.1. Every Lf.t. is one-to-one from C onto C.
Proof. Trivial. O

In the course of the proof of proposition 5.1 we find the formula of the inverse 1.f.t. of T":

dz—b
T () = ——
—cz+a
We also see easily that the composition of two Lf.t. is another 1.f.t. Indeed, if T'(z) = %

! /
and S(z) = ‘cl, jjr'g/, then

aT(z)+b a’%ig +V  (da+be)z+ (a'b+bd)

dT(z)+d c/% +d (da+dc)z+ (db+dd)

(SoT)(z) =
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We observe that
(da+Vc)(db+dd)— (ab+Vd)(ca+dc)=(a'd —Vc)(ad — bc) # 0.

The identity function I(z) = z is clearly a L.f.t. witha =d =1,b=c= 0.
Based on this discussion we have:

Proposition 5.2. The set of all Lf:t. is a group with the binary operation of composition. The
neutral element is the identity function.

Proof. Trivial. O
Proposition 5.3. Every Lf't. is holomorphic in C except at the point at which it takes the value cc.
Proof- This is a special case of example 4.1.13. O

We shall make a comment on a interesting relation between circles and lines. We observe that
the equations of circles and lines can be unified in the following manner: if o, 3,7 € R, w € C,
w # 0, a® + B2 # 0 and B%|w|? > 4ary, then the equation

alz|? + BRe(wz) +7 =0

is the equation of a line, if & = 0, and the equation of a circle, if o # 0. In fact, if @ = 0, then 3 # 0
and the equation becomes Re(wz) = —% and this is the equation of a line. If o # 0, the equation

2 2— . . . . . .
becomes |z + %w|2 = quﬂifm. This is the equation of the circle with center — %w and radius

(6%
VAP lwP—day

2|a

we talle|the equation Re(wz) = c of a line, with w € C, w # 0, and ¢ € R, we may write it in the
form a|z|? + BRe(wz) + v = 0 by taking = 0, 3 = 1 and v = —c. If we take the equation
|z — 20| = 7 of a circle with zy € C and 7 > 0, we may write it as |z|> — 2Re(Z2) + |20|? = 72.
This becomes a|z|? + BRe(wz) + v = 0 by taking @ = 1,y = |29|> — r? and: 8 = —2 and
w = zg,incase zg # 0, or § = 0 and w = 1, in case zg = 0. In all cases the choices of the
parameters satisfy the restrictions: «, 3,7 € R, w € C, w # 0, a? + 4% # 0 and 8?|w|? > 4ary.

This consideration of the equations of a line and a circle as special cases of one equation permits
us to unify the notions of circle and line into the single notion of generalized circle in C. If we
attach the point co to any line (and leave circles unchanged), then we are talking about generalized
circles in C.

Now, an important property of every L.f.t. is that it maps generalized circles in C onto gener-
alized circles in C. To prove it we consider three special cases first.

. Conversely, every circle and every line have equations of this form. If| for instance,

Example 5.1.1. Every function 7'(z) = z + bis a Lfit. witha = 1, ¢ = 0, d = 1 and, for an
obvious reason, it is called translation by b.

Every such 7" is holomorphic in C, one-to-one from C onto C and 7'(c0) = oc. It s trivial to prove
that 7" maps lines in C onto lines in C and circles in C onto circles in C.

Example 5.1.2. Every function 7'(z) = az witha # O isa lL.fit. withb = ¢ = 0,d = 1 and it is
called homothety with center 0.

Evet such T rotates points around 0 through the fixed angle arg a. Indeed, if w = T'(2) = az, then
argw = arg z + arga. Moreover, T' multiplies distances between points by the fixed factor |a].
Indeed, if wy = T'(21) = az; and wy = T'(22) = azs, then |wy — weo| = |al|z1 — 22|

Also T is holomorphic in C, one-to-one from C onto C and also T'(c0) = oo and it is easy to prove
that T" maps lines in C onto lines in C and circles in C onto circles in C.

Example 5.1.3. The function 7(z) = 2 isalfit. witha = d = 0,¢ = b = 1 and it is called
inversion with respect to the circle T = Cp(1). R R
The inversion 7" is holomorphic in C \ {0}, one-to-one from C \ {0, oo} onto C\ {0, oo} and also
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T(0) = oo and T'(00) = 0. Moreover, it is easy to show that 7" maps (i) lines in C which do not
contain 0 onto circles in C which contain 0, (ii) lines in (C which contain 0 onto lines in C which
contain 0, (iii) circles in C which contain 0 onto lines in C which do not contain 0 and (iv) circles
in C which do not contain 0 onto circles in C which do not contain 0.

Proposition 5.4. Every L.f:t. is a composition of finitely many translations, homotheties and inver-
sions.

Proof. LetT(z) = gzZIS

If c = 0, then T(2) = a’z + 0/, where ¢’ = § # Oand b’ = g. If we consider the homothety
Ti(z) = 'z and the translation T5(2) = z + V/, then T' = T o T7.

If ¢ # 0, then

a d)+ (- — 1
T(z)zc(cz—i- )+ ( C):gijc ad .
cz+d c 2 z+4

If we consider the translation 77 (z) = z + %, the inversion T5(z) = 1, the homothety T3(z) =
be— “dz and the translation Ty(z) = z + %, then T' = Ty o T3 0 Ty o T1. ]

Proposition 5.5. Every Lf.t. maps generalized circles in C onto generalized circles in C.
Proof. A corollary of proposition 5.4 and of the examples 5.1.1, 5.1.2 and 5.1.3. O

Proposition 5.6. Take the distinct z1, 22, 23 € C and the distinct w1y, Wo, W3 € C. Then there is a
unique L.ft. T so that T'(z;) = w;j for j = 1,2, 3.

Proof. We consider the 1.f.t. S which, depending on whether one of 21, z2, 23 is 0o or not, has the

formula
ZQ—Z23 Z—Z1

Pl if 21, 20, 23 # 0

zZ—Zz1 3 —
==L if z3 = 00
— z2—2z1"

S5(z) = 221 if 29 = 00
z—2z3) 2=
z2—23 : _
po if 21 = 00

The L.f:t. S has values: S(z1) =0, S(z2) =1, S(23) =

There is a similar 1.f.t. R with values: R(w;) = 0, R(wg) =1, R(ws) = oc.

Then the L.ft. T = R™! o S has values: T'(21) = w1, T(22) = wa, T(23) = ws.

To prove the uniqueness of 7" with T'(z1) = wi, T'(22) = w2, T(z3) = w3 we consider the
previous 1.f.t S, R and then the 1.ft. Q = R o T o S~! has values: Q(0) = 0, Q(1) =
Q(00) = oo. Since Q(c0) = oo, we get that @) has the form Q(z) = az + b with a # 0. Now
from Q(0) = 0, Q(1) = 1 we find @ = 1, b = 0 and hence () is the identity L.f.t. I with I(z) =
Thus RoT oS! =Tandhence T = R~10S. O

_ When we apply the previous results we should bear in mind that every three distinct points in
C belong to a unique generalized circle in C.

Example 5.1.4. The L.f.t. which maps the triple 7, 2, 1 onto the triple 0, 1, oo is

2—-12—1 2+4+iz—i (2+14)z+(1—2i)
2—i2—1 5 z—1 52 —5 '

w=T(z)=

The points 7, 2, 1 in the z-plane are not co-linear and hence belong to a circle A. The points 0, 1 in
the w-plane belong to the real axis m. Thus the points 0, 1, oo belong to the line B = m U {oo}
in C. Now, 7" maps the circle A in the z-plane onto some generalized circle T'(A) in the w-plane.
Since A contains 7, 2, 1, T'(A) must contain the images of 7,2, 1, i.e. 0, 1, 00. Thus T'(A) = B.

If we want to determine the circle A = C,,(r) which contains 4,2, 1, we have to find zg, r so
that 7, 2, 1 satisfy the equation |z — 29| = r: we just solve a system of three equations in three
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real unknowns: xg, yo, 7. But there is a second and probably easier way to find the equation of A.
Indeed, w belongs to m if and only if Im w = 0 if and only if Im GFEEI=2D) — ¢ (and » # 1) if
and only if |2[2—3Re((1—4)z) = —2(and z # 1)ifand only if |z — 3 (1+4)|? = =243 1+i|> = 3
(and z # 1) if and only if 2 belongs to C3(14;) /2(« /5/ 2) except 1. Since z = 1 is mapped onto
w = 00, we have that w belongs to B if and only if z belongs to the circle C3( 1) /2 (\ /5/2). We

conclude that A = 03(1+2')/2( 5/2).
Exercises.
5.1.1.Find L.ft. T'sothat T(1) =4, T(i) = 0, T(—1) = —i. Find T(T) and T(DD).
5.1.2.Find L.ft. T'sothat T(D) = {z| Imz > 0}, T(¢) = 1,7(1) = 0,T(a) = —1, wherea € T.
Can a be an arbitrary point of T?

5.1.3. (i) Let T1(z) = 2254 Zzisi and Th(z) = %. Prove that 77, T5 are the same function if and

only if there is A # 0 so that as = Aaq, bs = A\by, o = Acy, do = Ad.

(ii) Prove that every L.f.t. T' can take the form T'(z) = Zjis with ad — be = 1.

5.1.4. Let A be a generalized circle of the z-plane Cand Bbea generalized circle B of the w-plane
C. Then, in an obvious way, A splits C into two disjoint sets A, and A_ and, similarly, B splits C
into two disjoint sets By and B_. Now, let 7' be a 1.f.t. and let T'(A) = B. Assume that zp € A
and wy = T'(z0) € By. Prove that T(A;) = By and T(A_) = B_.

5.1.5. A point z € C is called fixed point of the L.£t. T'if T(z) = z. Ifthe L.£t. T is not the identity
(in which case T has infinitely many fixed points), prove that 7" has either one or two fixed points
in C. In each case, which are the images through 7" of the generalized circles which contain its
fixed points?

Apply the above to each of: T'(2) = 2+ 2,T(z) =22 — 1,T(z) = % and T'(z) = 222,

5.1.6. (i) The points a, b € C are called symmetric with respect to C., (r) if either a = 29, b = 00
ora = 00, b = zp ora,b € C are on the same halfline with vertex zy and |a — zo||b — 2| = r%.
Observe that either a, b coincide with one and the same point of C., (r) or a, b are on different sides
of C.,(r). Givena € C \ {20, 00}, describe a geometric construction “with ruler and compass” of
its symmetric point, b € C \ {20, 00}, with respect to C,, (r). Prove that a, b are symmetric with
respect to C, (r) if and only if b = 2zp + 51270.

(ii) The points a, b € C are called symmetric with respect to the line I = { U {o0} in C if either
a=b=ooora,b e C are symmetric with respect to /. Prove that a, b are symmetric with respect
toifand only if b = 21 + ‘12 ﬂ(a — Z1), where z1, z5 are two distinct fixed points of the line /.

(iii) We take a 1.f.t. w = T'(z ) and generalized circles A in the z-plane C and B in the w-plane C.
Prove that, if 7" maps A onto B, then T' maps symmetric points with respect to A onto symmetric
points with respect to B.

(iv) Find Lft. T so that T(Co(1)) = Ci(3), T(i) = 3+ i, T(3) = 0.

5.1.7. The L.f.t. w = T'(z) is called real if it maps the real line (with o) in the z-plane C onto the
real line (with co) in the w-plane C.

(i) Prove that the 1.f.t. T is real if and only if there are a, b, c,d € R with ad — bc # 0 so that
T(:) = 21

(ii) If the Lf.t. T isreal and T'(2) = Z‘Zzig, with a,b,c,d € R, ad — be # 0, we define sign T to be
the sign of ad — be. Using exercise 5.1.3(i), prove that sign 7" is well defined.

(iii) Prove that, if the 1.f.t. T is real, then 77! is real, and that, if the 1.f.t. S, T are real, then S o T
is real. Also prove that sign 7! = signT" and sign(S o T') = sign S signT.

(iv) Take a real 1.f.t. T'. Prove that 7" maps the upper halfplane onto the upper halfplane (and the
lower onto the lower) if and only if sign7" = +1 and that 7" maps the upper halfplane onto the

lower halfplane (and the lower onto the upper) if and only if sign T = —1.
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5.1.8. (i) Let 20 € D and |A| = 1 and consider the Lf.t. T'(z) = A{7=2%. Prove that T(T) = T and
T(z9) = 0. Find T(D).

(if) Let zp € D and let 7" be a L.f.t. such that T'(T) = T and T'(zp) = 0. Prove that there is A with
|A| = 1sothat T'(z) = A\{F=2

1—%pz "

(iii) Let a, b € D and let T be a 1.f.t. such that 7'(T) = T and T'(a) = b. Prove that there is A with

T(z)—b z—b
|A| = 1 so that 1_(5%(2) = A=

5.1.9. Consider Hy = {2z | Imz > 0} and H_ = {z| Imz < 0}.

(i) Let 20 € Hy and [A| = 1 and consider the L.f.t. T'(z) = AZ=22. Prove that T(RU {oc}) =T
and T'(z9) = 0. Find T'(H).

(if) Let 29 € Hy and let T be a 1.f.t. such that T(R U {oo}) = T and T'(zo) = 0. Prove that there
is A with [A| = 1 so that T'(z) = \2=22

z—%o°

5.1.10. Consider distinct 21, 2o, 23,24 € C. We define the double ratio of 21, 22, 23, z4 (in this

order) to be

21—23 22—24 .

21—24 29—23° 1f21722723724 EC

z2-24 if 21 = oo

22—23

— Z1—Z 3 _

(21,22, 23, 24) = 721_5, if z0 = 00

22—Z24 ] _

Pt if 23 =00

Z1—Z23 1 —

s ifz4 =00

(i) Prove that (T'(21),T(22), T (23), T(24)) = (21, 22, 23, 24) for every Lf.t. T and every distinct
z1, 29, 23, 24 € C.

(i1) Prove that the distinct 21, 22, 23, 24 € C belong to the same generalized circle if and only if
(21, 29,23, 2:4) eR \ {0}

(iii) If (21, 22, 23, 24) = A, find all values (depending on \) which result from this double ratio
after all rearrangements of 21, 29, 23, 24.

5.1.11. Prove that the group of all 1.f't. is simple, i.e. that its only normal subgroups are itself and
{I}, where I is the identity 1.f.t.

5.2 The exponential function.

Definition. We define the exponential function exp : C — C by
expz = e“(cosy + isiny), z=x+1y.

Ifz € R,i.e. z = 2410, thenexp z = e”(cos 0+1isin0) = e* = e*. This implies that we may
use the symbol e” instead of exp z without the danger of contradiction, in the case that z is real,
between the symbol e* as we just defined it and the symbol e* as we know it from infinitesimal
calculus. Therefore, we define

e =expz =e"(cosy + isiny), z =1z +1y.

Proposition 5.7. (i) |e*| = eR°Z for all 2.
(ii) arge®* = {Imz + k27 | k € Z} for all z.
(iii) €% = €7 for all z.

(iv) For all zq, zo:

eFle?2 — g#1tee

(v) e =¢e*t & 29— 2y =k2mi, k € Z.

(vi) e* #£ 0 for all z.

i) If w # 0O, then:

e€=w <& z&ln|wl+iargw.
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Proof. () If z = x + 1y, then |e*| = |e”||cosy + i siny| = e”.

(i) From e* = e®(cosy + isiny) and |e*| = e” we get e* = |e*|(cosy + isiny).
(iii) €# = e*(cos y — isiny) = e*(cos(—y) + isin(—y)) = €.

(iv) We have

ete*? = e"(cosy; + isinyy)e*?(cosys + isinysa)
— Tt (cos(y1 + y2) + isin(y; + yz)) — ez1+22,

since 21 + 22 = (21 + x2) + i(y1 + y2).

(V) If 29 — 21 = k2mi with k € Z, then e*2 = e*1ek?™ = %1 (cos(k27) + i sin(k27)) = L.
Conversely, let e®2 = e*! and 23 — 21 = = + iy. Then e*(cosy + isiny) = e*27% = EZ =1
and hence e = 1, cosy = 1 and siny = 0. Therefore, x = 0 and y = k27 with k € Z. Thus,
z9 — 21 = k2mi with k € Z.

(vi) For all z = = + iy we have |e*| = e > 0.

(vii) We take w # 0 and z = x+iy. Then the equality w = e* becomes w = e”(cos y+i sin y) and
it just means that its right side is one of the polar representations of w. Hence, w = e is equivalent
to e” = |w| and y € argw. Now, e” = |w| is equivalent to z = In |w|, where In : (0, +00) — Ris
the usual logarithmic function from infinitesimal calculus. Hence, for every w # 0, the equation
e® = w has infinitely many solutions: if » = |w| and 6 is any of the values of argw, then the

solutions of e* = w are given by

z=Inr+i(0 + 27k) with k € Z.
Since the set of all § + 27k, k € Z, is arg w, the set of all solutions is In |w| + i arg w. ]

Parts (v), (vi) and (vii) of proposition 5.7 imply that the exponential function exp : C — C\{0}
is onto C \ {0} but not one-to-one. In fact exp is periodic with period 27ri.
Based on the equality €Y = cosy+1 siny, we may write the polar representations of any z # 0

in an equivalent form:
z=r(cosf +isinf) < z=re?,

The second form is simpler and we shall use it extensively in the rest of the course. For instance,
we may rewrite the examples 3.2.7 and 3.2.8 as follows.

Example 5.2.1. Using the parametric equation z = () = zo + re®l, t € [0, 2x], for the circle
C (r), we have

2

j{ J(z)dz = ff(z) dz = fzo + re'yire™ dt.
Czo (1) N 0

Example 5.2.2. If n € Z, we have

2r 2m 2) ifn=0
/ e dt = / (cos(nt) + sin(nt)) dt = ™ 1 "
0 0 0, ifn#0

Therefore, if n € Z, we get

2 2 iy —
/ (2 — 20)"dz = / Wrneintireit dt — Z-,rn—f—l/ Wei(n-i-l)t dt — 2mi, ifn=-1
Cip(7) 0 0 0, ifn # —1

Proposition 5.8. The exponential function exp : C — C \ {0} is holomorphic in C. Moreover

exp’ = exp.
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Proof. The real and imaginary parts of exp z are u(z,y) = e cosy and v(x,y) = e siny. There-
fore, u, v have partial derivatives

8u( ) = e" cos “ e’ sin 0 0
- .’E7 = s _— = — R R _-
oz Y 4 oy Y ox oy
which are continuous and satisfy the system of C-R equations in C and hence exp is holomorphic
in C. To calculate the derivative of exp we write

= e”siny, = e” cosy,

ou ov . .
exp z = %(x,y) + z%(m,y) =e“cosy +ie”siny = e”(cosy +isiny) = exp z.

Thus, exp’ = exp. O

We shall now examine the mapping properties of the function w = e*. We write z = x + 1y
and w = u + v.

If z = x + 4y varies on the horizontal line h, in the z-plane which intersects the y-axis at the
fixed point iy, then w = e* = e”(cosy + isiny) varies on the halfline r, in the w-plane with
vertex 0 (without 0) which forms angle y with the positive u-semiaxis. Also, if z varies on the
horizontal line h,, from left to right, i.e. when x increases from —oo to +o00, then w = e varies on
the halfline r,, from 0 to co. If y increases by Ay > 0, i.e. if the horizontal line h, moves upward,
then the corresponding halfline 7, rotates in the positive direction around 0 through an angle Ay.
If 0 < Ay < 2, then the open horizontal zone in the z-plane between the lines h, and hy Ay is
mapped onto the angular region in the w-plane between the halflines 7, and 7, a,. If Ay = 2,
then the halflines 7, and 7, A, coincide and then the open horizontal zone in the z-plane between
the lines h, and hy4 A, i1s mapped onto the whole w-plane without the halfline r, = 7,4, (and
without 0). In this case, if the horizontal zone includes at least one of its two boundary lines, then
its image is the whole w-plane (without 0). If Ay > 2, then the horizontal zone in the z-plane
between the lines /1, and hy4 A, is mapped onto the whole w-plane (without 0) “with repetitions”.

If the point z = x + ¢y varies on the vertical line v, in the z-plane which intersects the z-axis
at the fixed point z, then w = e* = e(cos y + i sin y) varies on the circle Cy(e”), call it ¢, in the
w-plane. Also, if z moves upward on the vertical line v, i.e. if y increases from —oo to 400, then
w = e* covers the circle ¢, infinitely many times in the positive direction. If i increases over an
interval of length 27, then w = e® describes the whole circle ¢, once in the positive direction. If y
increases over an interval of length Ay < 27, then w = e* moves in the positive direction over an
arc of central angle Ay. While, if Ay > 27, then w = e* moves in the positive direction covering
the whole circle ¢, “with repetitions”. If x increases by Ax > 0, i.e. if the vertical line v,, moves to
the right, then the circle ¢, with radius e® becomes the circle ¢, A, With radius eTTAT — oTEAT,
The vertical zone in the z-plane between the lines v, and v, A, 18 mapped onto the ring in the
w-plane between the circles c¢; and ¢4 Az.

We may combine the above results. For instance, if we consider the rectangle

D={x+iy|z1 <z <z2,91 <y <ya}

in the z-plane with sides parallel to the two main axes, then II is the intersection of the horizontal
zone between the lines i, and h,, and the vertical zone between the lines v;, and vy,. If yo—y1 <
2m, then II is mapped onto the “circular rectangle”

R={re?|e™ <r<e® y <0<y},

in the w-plane, which is the intersection of the angular region between the halflines r,, and r,, and
the open ring between the circles ¢, and cg,. If yo —y1 = 2, then the “circular rectangle” R is the
open ring between the circles ¢, and c;, without its linear segment which belongs to the halfline
Ty, = Ty,. Of course, in this case if II in the z-plane includes at least one of its horizontal sides,
then its image R in the w-plane is the whole open ring between the circles ¢, and c;,. Finally,
if we assume that yo — y; > 2m, then II in the z-plane is mapped onto the whole ring R in the
w-plane “with repetitions”.
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Exercises.
5.2.1. Prove that |e* — 1| < el*l — 1 < |zel*l.,

5.2.2. Let z — oo on any halfline. Depending on the halfline, study the existence of the lim e* in
C. Which characteristic of the halfline determines the existence and the value of the limit?

5.2.3. Find the images through the exponential function of: {x +iy|a <z < b,0 <y < 0 + 7},
{z+iyla<z<bbd<y<O+2rh{r+iy|lz<bld<y<O+rnh{r+iy|lz <bl<y<
O+2r} {x+iyla<z,0<y<O+nh{z+iyla<z,0<y<0O+2r}

5.2.4. Every horizontal and every vertical line in the z-plane are perpendicular. Also, every halfline
with vertex 0 and every circle with center 0 in the w-plane are perpendicular. How do these facts
relate to the conformality of the function w = e*?

5.2.5. We define the functions

e* 4 e . e — e sin z CoS 2
c0Sz = ——+——, SNz =—"—, ftanz = , Cotz = —.
2 2 cos z sin z

(i) Prove that these functions are extensions in C of the well known trigonometric functions in R.
Find their domains of definition and their periods. Prove that
- sin®z + cos?z = 1,
- sin(z + w) = sin z cos w + cos z sin w, cos(z + w) = cos z cos w — sin z sin w,
- |cos(x +iy)|> = cos® z + sinh?y, | sin(x + iy)|> = sin® 2 + sinh? y.
(i1) Prove that these functions are holomorphic in their domains of definition and find their deriva-
tives.
(iii) Study the function w = sin z in the vertical zone {x + iy | — § < x < §} and the function
w = cos z in the vertical zone {z + iy | 0 < = < 7}. Examine the images through these functions
of the various horizontal linear segments (of length 7) and the various vertical lines inside these
two vertical zones.

5.3 Branches of the logarithmic function.

In the last section we proved, for every w # 0, the equivalence
ef=w <& z€lnw|+iargw. (5.3)
Definition. For every w # 0 we denote
logw = In |w| + iargw

and logw is called logarithm of w.
The elements of the set logw are called values of the logarithm of w and the particular element

Logw = In|w| 4+ i Argw

is called principal logarithm of w.

Ifr = |w| and if  is any of the values of the argument of w, i.e. if w = r(cos §4isin ) = re?

is any of the polar representations of w, then
logw = {Inr + (6 + k2x) | k € Z}.
Of course, (5.3) takes the form
z

ef=w & zé€logw,

and says that log w is the set of all solutions of e* = w.
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Example 5.3.1. (i) Log1 = 0 and log 1 = {i2k~w | k € Z}.

(if) Log(—1) = ¢m and log(—1) = {i(2k + 1)« | k € Z}.

(iii) Logé = iZ and logi = {i(2k + 3)7 |k € Z}.

(iv) Log(—3i) = In3 — iZ and log(—i) = {In3 +i(2k — 1)7 | k € Z}.

(v) Log(1 +i) = Inv/2 +4% and log(1 + i) = {Inv2 +i(2k + $)7 | k € Z}.
(vi) Log(1 —iv/3) = In2 — iZ and log(1 — iv/3) = {In2 +i(2k — 3)m | k € Z}.

For any fixed w # 0 there are infinitely many values z of log w, and any two of them differ
by an integral multiple of i27. All values z of log w have the same real part z = In |w| and hence
they are on the same vertical line v, with equation z = In |w|, and the vertical differences between
them are the integral multiples of 27. Therefore, every vertical segment of the line v,, which has
length 27 and includes only one of its endpoints, contains exactly one value z of log w. Moreover,
every horizontal zone, which has vertical width 27 and includes only one of its boundary lines
(either the upper or the lower one), contains exactly one value z of log w for every w # 0. More
precisely, if we consider any 6 and the horizontal zone

Zpy ={x+iylby<y<bp+2r} or Zy ={zx+iy|by <y <by+ 2},

then this zone Zy, contains exactly one value z of logw = In|w|+iargw : the one with imaginary
part y equal to the (unique) value # of arg w which is such that

Op <0 <by+2r or Oy<0<by+2m,

respectively. Fro instance, if we consider the special zone determined by 8y = —7 which contains
its upper boundary line, i.e.

Z—W:{x+iy’ _7T<y§77}7

then, for every w # 0, the unique value of log w which is contained in this zone is the principal
logarithm z = Logw.

Proposition 5.9. For all wy,ws # 0:
log(wiwsy) = logwy + log ws.
Proof. We have
log(z122) = In|z1 20| + i arg(z122) = In 21| 4 In |22| + iarg z; + iarg zp = log 21 + log 22,
using the analogous property of the function In in (0, +00) and proposition 1.1. O

It is already clear that the exponential function w = exp z = e® from C onto C \ {0} is not
one-to-one. In fact, it is infinity-to-one since there are infinitely many values of z corresponding to
the same value of w # 0. Therefore, there is no inverse of the exponential function. If we want to
produce some kind of inverse of the exponential function, we may take any w in the range C \ {0}
of the function and select one value of z out of the infinitely many in C which satisfy the e* = w.
There are many instances of this method at a more elementary level. Let us consider for instance
the function y = 22 from (—o0, +00) onto [0, +-oc), which is not one-to-one in (—oo, +00). We
take any 3 € [0, +00) (the range of y = z?) and find one x such that 22 = y. There are exactly
two such z: z = /y and x = —,/y. Therefore, one might say that we have only two choices
for the inverse function: the choice z = /y for every y € [0, +-00) and the choice = —,/y for
every y € [0,400). But this is not correct. We may choose x = ,/y for some y € [0, +00) and
xr = —,/y for the remaining y € [0, +00), forming, for instance, the inverse function

VU, ifo<y<1
€r =
=Yy, ifl<y<+oo
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It is obvious that there are infinitely many such inverse functions, depending on the particular
choice we make between x = ,/y and x = —,/y for each value of y. Nevertheless, there is
a criterion which reduces the number of our inverse functions to exactly two: the criterion of
continuity! We observe that the last function, with the double formula, is not continuous. On
the contrary, the function = ,/y for every y € [0, +-00) and the function x = —,/y for every
y € [0, +00) are both continuous. To prove that these are the only continuous inverse functions is
a simple exercise in real analysis. Indeed, assume that there is some continuous inverse function
x = f(y) of y = 22 defined in [0, +00) (the range of y = 2?). Le. f : [0, +00) — R s continuous
in [0, 4+00) and f(y)? = y for every y € [0,+00). Let there be y1,y2 > 0 with y; # 2 such
that f(y1) = \/y1 and f(y2) = —,/y2. Since f is continuous in the interval [y1, y2] or [y2, y1] and
its values at the endpoints are opposite, there is some y in this interval so that: f(y) = 0. This is
impossible, because y > 0 and either f(y) = \/y > 0 or f(y) = —/y < 0. Therefore, there are
no such y1,y2 > 0 and hence we have exactly two cases: either f(y) = /y for every y > 0 or
f(y) = —/y for every y > 0. We may say that there are exactly two continuous branches of the
square root in [0, 4-00): the branch 2 = /y and the branch x = —/y.
Now let us go back to the determination of possible inverses of the exponential function.

Definition. Let A C C\ {0}, f : A — C. We say that f is a continuous branch of logw in A if
(i) f is continuous in A and
(ii) for every w € A we have f(w) € logw or, equivalently, efw) =y,

Proposition 5.10 gives many useful examples of continuous branches of the logarithm.

Proposition 5.10. Let 0y € R, We consider the set
Agy = {re” |0 < r < +00,00 < 0 < 0 + 27},

in the w-plane (i.e. C without the halfline with vertex 0 which forms angle 0y with the positive
u-semiaxis) and the open horizontal zone

Zp, ={x+iy| —oco<x < +00,0) <y <by+2r}
in the z-plane. We define the function
f : Ago — ZQO

as follows: for every w € Ag, we take f(w) to be the unique value of logw in the zone Zy,. It is
clear that f satisies (ii) of the above definition for the set Ap,. Moreover, f is also continuous in
Ayg, and hence satisfies (i) of the above definition. Thus, f is a continuous branch of logw in Ag,.

Proof. Assume that f is not continuous at some w in Ap,. Then there is a sequence (wy,) in Ag, so
that w,, — wand f(wy,) /4 f(w). This implies that there is 0 > 0 so that | f (w,,) — f(w)| > § > 0
for infinitely many n. These infinitely many n define a subsequence of (w,,). Now we ignore the
rest of the sequence (w,,) and concentrate on the specific subsequence. For simplicity we rename
the subsequence and call it (w;,) again. Therefore, we have a sequence (w,) in Ag, such that

Wy, — W and |f(wy) — f(w)] > 6 >0 forevery n. (5.4)

We set z = f(w) € Zy, and 2z, = f(wy,) € Zy, for every n. Then e* = w and e*» = w,, for
every n and (5.4) becomes

Zn z

en — e and |z, — 2| > 6 >0 forevery n. (5.5)

The real parts of the z,, are equal to In |w,, | and, since In |w,| — In|w|, the real parts of the z,, are
bounded. Moreover, since z,, € Zp,, the imaginary parts of the z,, are also bounded. Therefore, the
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sequence (z, ) is bounded and the Bolzano-Weierstrass theorem implies that there is a subsequence
(2n, ) so that
Zn, — 2. (5.6)

for some 2. Since all z,,, belong to Zp,, we see that 2’ belongs to the closed zone
Zgo ={x +iy| —oo <z < +00,0p <y < by + 27}

From (5.5) and (5.6) we get that e” = e and |2' — z| > 4. Therefore, 2’ and z differ by a non-zero
integral multiple of ¢27. But this is impossible, because z belongs to the open zone Zy, and 2’
belongs to the closed zone Zy, .

Thus f is continuous at every w in Ag,. O

Our study of the mapping properties of the exponential function in the previous section gives
the following information about the mapping properties of the continuous branch f : Ag, — Zy,
of log w, which is defined in proposition 5.10: f maps the halflines in Ay, with vertex 0 (without
0) onto the horizontal lines in Zy, and the circles with center 0 (without their point on the halfline
which is excluded from Ay, ) onto the vertical segments of Z,.

Choosing any real ¢y, we have defined a continuous branch of log w in the subset A, of the
w-plane, whose range is the zone Zy, of the z-plane. If, instead of 6y, we consider 0y + k27 with
any k € Z, then the domain A = Ay, 4 ko remains the same but the range, i.e. the zone Zy, o,
moves vertically by k27. The various zones Zg, 4 12, are successive and cover the whole z-plane
(except for their boundary lines with equations y = 6y + k27). We summarize:

If we exclude from the w-plane a halfline with vertex 0, then in the remaining open set A there
are infinitely many continuous branches of log w defined. Each of them maps A onto some open
horizontal zone of the z-plane of width 2m. These various open zones, which correspond to the var-
ious continuous branches of logw (in the same set A), are mutually disjoint, successive and cover
the z-plane (except for their boundary lines). Of course, if we change the original halfline which
determines the set A, then the corresponding zones and the corresponding continuous branches of
log w also change.

Example 5.3.2. One particular example of a continuous branch of log w is defined when we choose
0y = —mx. Then the set

A ={re? |0 <r < 400, -7 <0 < 7}

is the w-plane without the negative u-semiaxis (where w = u + ¢v) and the range of the branch is
the zone
Z_p={z+iy| —co <z <H4o0,—m<y<T}h

It is obvious that this branch is the function which maps every w € A_, onto the principal value
z = Logw of logw. l.e. we get the so-called principal branch of log w

Log: A — Z_,.

We must keep in mind that in the same set A_, of the w-plane, besides the principal branch, there
are infinitely many other continuous branches of logw defined. Each of them maps A_, in a
corresponding zone Z_ ko, With & € Z, which is Z_, moved vertically by k2. This branch
results from the principal branch z = Log w by adding the constant ¢k27 and its formula is

z = Logw + 12km.

We skip the proof of proposition 5.11, since it is a special case of proposition 5.14.
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Proposition 5.11. Let A C C\ {0} and f : A — C be any continuous branch of logw in A. If wy
is an interior point of A, then f is differentiable at wq and

f'(wp) = —.

Wo
Hence f is holomorphic in the interior of A.

Therefore, every continuous branch of log w in an open set A C C \ {0} can be called holo-
morphic branch of logw in A.

Example 5.3.3. We have defined infinitely many continuous branches of logw in the open set
which results when we exclude any halfline with vertex 0 from the w-plane. All these branches
are holomorphic branches of log w. In particular the principal branch

Log: A — Z_,
is holomorphic in A_.
We skip the proof of proposition 5.12, since it is a special case of proposition 5.15.

Proposition 5.12. Let A C C\ {0} and fi, fo: A — C.

(i) If f1 is a continuous branch of logw in A and fa(w) — fi(w) = ik27 for every w € A, where
k is a fixed integer, then fo is also a continuous branch of logw in A.

(ii) If, morever, A is connected and f, fo are continuous branches of logw in A, then fo(w) —
fi(w) = ik2m for every w € A, where k is a fixed integer. In particular, if fi(wo) = fa(wo) for
some wgy € A, then f1(w) = fa(w) for every w € A.

Thus, if we know one continuous branch of logw in the connected set A, then we find ev-
ery other possible continuous branch of logw in A by adding to the known branch an arbitrary
constant of the form ik2m with k € Z.

Example 5.3.4. Let A = A_ be the w-plane without the negative u-semiaxis (where w = u+iv).
We want to find a continuous branch of logw in A having value z = 0 when w = 1.

We already know that the principal branch Log of the logarithm has value = = Logl = Qatw = 1.
Since A is connected, there is no other such continuous branch of logw in A.

Now, in the same set A = A_, we want to find a continuous branch of log w taking the value
z=1ddmatw = 1.

Since A is connected the branch we are looking for has the form z = Log w + k27 for some fixed
integer k. We try w = 1 in this equality and get k = 2.

Example 5.3.5.Let A = Ay = {re?? |0 < r < +00,0 < < 27} be the w-plane without the
positive u-semiaxis (where w = u+14v). We want to find a continuous branch of log w in A taking
the value z = i(§ + 47) at w = i.

We consider the horizontal zones in the z-plane which correspond to the set A, i.e.

Zotkor ={z+iy| —oo <z < +00,k27 <y < 2w + k27} with k € Z
and choose the one which contains the value z = (% + 4m). This zone corresponds to k = 2:
Zyr ={x+1iy| —oo <z < 400,47 <y < 67}.
Then we consider the continuous branch f of log w which maps A onto Zy,:
f(w)=1Inr+i6 for w=re” and r = |w| >0, 47 < 0 < 67,

where 6 is the unique value of arg w which is contained in the interval (47, 67).
Since A is connected, there is no other such continuous branch of log w in A.
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Proposition 5.13. There is no continuous branch of logw defined in any circle Cy(r) and hence
in any set A which contains such a circle.

Proof. Assume that there is a continuous branch of log w in Cy(r), i.e. f : Co(r) — C continuous
in Cy(r) and such that e/(*) = w for every w € Cy(r).

We consider the principal branch Log which is continuous in the w-plane without the negative
u-semiaxis. Therefore, Log is continuous in B = Cy(r) \ {—r}.

Hence, both f and Log are continuous branches of logw in B. Since B is connected, there is a
fixed integer k so that

Logw = f(w) + ik2m for every w € B. (5.7)

We consider two sequences (w),) and (w]) in B such that w], — —r on the upper semicircle of B
and w! — —r on the lower semicircle of B. The continuity of f in Cy(r) implies f(w),) — f(—7)
and f(w])) — f(—r) and hence f(w],) — f(w])) — 0. From (5.7) we get Logw;, — Log w], — 0.
But Logw;], — Inr + i and Log w], — Inr — ¢ and we arrive at a contradiction. O

Example 5.3.6. There is no continuous branch of log w in any ring with center 0 neither in C\ {0}

Now, we introduce a slight generalization of the notion of the branch of log w, i.e. we define
the notion of the branch of log g(w).

Definition. Let A CC, f: A — Cand g : A — C\ {0} be continuous in A. We say that f is a
continuous branch of log g(w) in A if

(i) f is continuous in A and

(ii) for every w € A we have f(w) € log g(w) or, equivalently, e/ (") = g(w).

We just state and prove the following results which are analogous to propositions 5.11 and
5.12.

Proposition 5.14. Let A C C, g : A — C\ {0} be continuous in A and f : A — C be any
continuous branch of log g(w) in A. If wy is an interior point of A and g is differentiable at wy,
then f is differentiable at wqy and

/ o g/(w())
f(wo) = g(wo)

Hence, if g is holomorphic in the interior of A, then f is also holomorphic in the interior of A.

Proof. We set zg = f(wp) and z = f(w) for every w € A. Then e* = g(wp) and e* = g(w).
Since f is continuous, w — wq implies z — zg. Therefore, using the derivative of the exponential
function at zg, we see that

flw) = flwo) — 2—20 g(w) —g(wo)  g'(wo) _ g'(wo)

= — = when w — wy.
w — Wy ez — e  w — wy €% g(wop)
Thus f is differentiable at wy and f'(wo) = £ o), O

Proposition 5.15. Let A C C, g : A — C\ {0} be continuous in A and f1, fo : A — C.

(i) If f1 is a continuous branch of log g(w) in A and fo(w) — fi(w) = k2w for every w € A,
where k is a fixed integer, then f is also a continuous branch of log g(w) in A.

(ii) If, morever, A is connected and f1, f2 are continuous branches of log g(w) in A, then fa(w) —
fi(w) = ik2m for every w € A, where k is a fixed integer. In particular, if fi(wo) = fa(wy) for
some wy € A, then fi(w) = fa(w) for every w € A.
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Proof. (i) The continuity of f; in A implies the continuity of f; in A. We also have e/1(*) = g(w)
for every w € A and hence e/2(¥) = efi(w)tik2r — ofi(w)eik2m — g(1))1 = g(w) for every
w € A. Therefore, fs is a continuous branch of log g(w) in A.

(i1) We consider the function k : A — C defined by

1
k(w) = Z,Q—(fg(w) — fi(w)) for every w € A.
s
Since for every w € A both fo(w) and fi(w) are values of log g(w), we have that k(w) is an
integer. l.e. k : A — Z. Also, since both fi, fo are continuous in A, k is continuous in A. Now,
k is a continuous real function in the connected set A, and hence it has the intermediate value
property. But since its only values are integers, it is constant in A. Therefore, there is a fixed

integer k so that - (fa(w) — fi(w)) = k or, equivalently, fo(w) — fi(w) = k27 for every

127
w € A.
If fa(wo) = fi1(wo) for some wy € A, then the integer k is 0 and we get that fo(w) = f1(w) for
every w € A. O

Exercises.

5.3.1. Prove that for every z # 0 we have exp(log z) = {z} and log(exp z) = {z + k27i | k € Z}.

5.3.2.If A is any of the sets {w|r; < |w| < ro} \ [—72, —71], {w]0 < |w| < ro} \ [—72,0),
{w|r1 < |w| < +o0} \ (—o0, —r1], find Log(A).

5.3.3. Work on the following in both cases: 8y = —m and 6y = 0.

Consider Ay,, i.e. the w-plane without the halfline with vertex 0 which forms angle ¢y with the
positive u-semiaxis. Consider also 61,62 with 6y < 61 < 62 < 09 + 27 as well as 1,y with
0 <7 <re < +oo. Draw the set P = {w = ret? |r1 < r <m0 <6 < 6} and its images
through the various continuous branches of log w in Ag,.

534.LetP ={re?|1<r<2, - <g<3} Q={w=re?|1<r<22<0< T}
We know that there is a continuous branch f of logw in P and a continuous branch g of logw in
Q. Is it possible for f and g to coincide in P N Q?

5.3.5. Look back at exercise 1.2.1 and prove that

Log 21 + Log 29, if —m < Argzy + Argzs <7
Log(z122) = ¢ Log z1 + Log 20 + 2mi, if —2m < Argz; + Argzy < —7
Logz; + Logzy — 2mi, ifm < Argz; + Argze < 27

Are there any other possible values of Arg z; + Arg 25?

5.3.6. Define w® = ¢ -°¢% for every w € D;(1), and prove that limy_, o (1 + ;)x = ¢* for
every z.

5.3.7.Let A C C\ {0}. If A is connected and if fi, f2 are two different continuous branches of
logw in A, prove that f1(A) N fo(A) = ). (Observe how this result is confirmed by the special
case of A being C without a halfline with vertex 0 in which case the various continuous branches
of logw in A map A onto disjoint horizontal zones.)

538.Let A C Candg : A — C)\ {0} be continuous in A. If there is a continuous branch
f : g(A) — C of the logarithm in g(A), prove that f o g : A — C is a continuous branch of
log g(w) in A.

z—b ;
Z—_ forevery z withIm z > 0.

5.3.9. Leta < b. Discuss the geometric meaning of the number Log
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5.4 Powers and branches of roots.

If n € N, n > 2, the function

w=z"
is holomorphic in the z-plane C and we shall examine some mapping properties of this function.
We work with polar representations:
2 =re?, w = r"e™?.

If 6 € R is constant and r varies in (0, +00), i.e. if z moves on the halfline ry in the z-plane
with vertex 0 (without 0) which forms angle 6 with the positive z-semiaxis, then w = z" moves
on the halfline 74 in the w-plane with vertex 0 (without 0) which forms angle ¢ = nf with the
positive u-semiaxis. Also, if z moves on the halfline ry from 0 to co, then w = z™ moves on the
halfline 74 from 0 to co. If 6 increases by Af > 0, i.e. if the halfline 74 turns in the positive
direction through an angle A6, then the corresponding halfline 74 turns in the positive direction
through an angle A¢ = nAf. If 0 < Af < 27”, then the angular region in the z-plane between the
halflines 79 and ry A¢ is mapped onto the angular region in the w-plane between the halflines r
andryyng. IFAD = %’r, then the halflines r4 and 744 A 4 coincide and then the angular region in the
z-plane between the halflines 7y and 791 Ag is mapped in the whole w-plane without the halfline
r¢ = Tét+Ae. In this case, if the original angular region includes at least one of its boundary
halflines, then its image is the whole w-plane (without 0). If Af > %’T, then the angular region
in the z-plane between the halflines 7y and r9ag is mapped onto the whole w-plane (without 0)
“with repetitions”.

If r € (0,+00) is constant and 6 varies in R, i.e. if the point z moves on the circle Cy(r)
in the z-plane, then w = 2" moves on the circle Cy(r") in the w-plane. Also, if z covers Cy(r)
once in the positive direction, i.e. if 8 increases in an interval of length 2, then w = 2" covers
Co(r™) n times in the positive direction. If § increases in an interval of length 27”, then w = 2™
covers C'(0; ™) once in the positive direction. If z moves on Cy(r) in the positive direction over
an arc with central angle Af < %’r, then w = z™ moves on Cy(r") in the positive direction over
an arc with central angle nA6. If A§ > %’r, then w = 2" covers C(0; ™) in the positive direction
“with repetition”. If r increases, i.e. if the circle C'(0;r) expands, then the corresponding circle
C(0; ™) also expands. The ring in the z-plane between the circles C'(0;71) and C'(0; r2), where
0 < 71 < 79, is mapped onto the ring in the w-plane between the circles C'(0;71™) and C(0; r2™).

In the proof of the following propostion as well as in the whole course, we shall use the symbol
{/x only to denote the unique nonnegative n-th root of a nonnegative real number x.

Proposition 5.16. I[fw # 0 and n € N, n > 2, the equation 2" = w has exactly n solutions.

Proof. We consider a polar representation w = Re'® of w and a polar representation z = re' of
the unknown z. Then the equation 2" = w takes the equivalent form r"e¢™’ = Re'© and this is
equivalent to r™ = R and nf = © 4 k2w, k € Z. Solving for r and 8, we find the solutions of the
equation 2" = w:

o= VREGTRE) ke

It is trivial to see that two solutions z; are the same if and only if the corresponding values of &
differ by a multiple of n. Hence, the n numbers

n (© 4 p2m
2= VRGHRT) K =0,1,...,n—1,
are the distinct solutions of 2™ = w. O

We easily see that the solutions of 2™ = w are the vertices of a regular n-gon inscribed in the
circle Co(V/R), where R = |w|.
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Definition. Let w # 0. We call n-th root of w the set {zo, z1, . .., zn—1}, where zo, 21, ..., 2Zn—1
are the n solutions of the equation z"™ = w. We denote this set by

1
wn = {Zo,Zl, .. .,anl}.

If w = 0, we define
1
0= = {0},
since O is the only solution of 2™ = (.
Every element of the n-root of w is called a value of the n-root of w.

Note that, as in the case of the argument, the n-th root of a complex number is a set.
The following equivalence is clear:

n 1
Zi=w & zEewn.

Definition. The n-th root of 1, i.e. the set of solutions of z" = 1, is called n-th root of unity and
each of its elements is called a value of the n-th root of unity.

Since 1 = 1¢% is a polar representation of 1, the values of the n-th root of unity are z, =

- 0 27 .7, 27 . . .
G ThT) = ik s ,k=20,1,...,n — 1. Obviously, one of them is zyp = 1 and, if we denote
- 27
z1 = €'’» by the symbol wy,,
- 27
Wp = €Z77

we find that the values of the n-th root of unity are

n—1

2
Lwp,wy,...,w,

We saw that wr has exactly n values which are on the vertices of a regular n-gon inscribed
in the circle C(0; {/|w|) of the z-plane. Therefore, every arc of this circle with central angle 2%,

which includes only one of its endpoints, contains exactly one of the values of w. Thus, every
angular set in the z-plane with vertex 0 and angle 27”, which includes only one of its boundary

. . 1 . . .
halflines, contains, for every w # 0, exactly one value of w=. In particular, if we consider any 6,
and the angular set

. 2 . 2
Agoz{rew r>0,00<9§00+£} or AgO:{reze r>0,00§9<90+1},
n n

then Ay, contains exactly one value of w.
Clearly, the function w = 2" from C \ {0} onto C \ {0} is n-to-one and has no inverse.

Definition. Ler A C C\ {0} and f : A — C\ {0}. We say that f is a continuous branch of wa
in Aif

(i) f is continuous in A and

(ii) for every w € A we have f(w) € w or, equivalently, f(w)"™ = w.

. . . 1
Proposition 5.17 gives many examples of continuous branches of wn .

Proposition 5.17. Let ¢pg € R. We consider the set
Agy = {s€? s> 0,00 < ¢ < ¢o + 27},

in the w-plane (i.e. C without the halfline with vertex O which forms angle ¢ with the positive
u-semiaxis) and the angular region
¢ b0

2
r>0,—0<9<—+—ﬂ}
n n n

B%/n = {reio
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in the z-plane. We define the function
f : A¢>0 — B¢>0 /n

as follows: for every w € Ay, we take f(w) to be the unique value of w in the angular region
By n- 1t is clear that f satisfies (ii) of the above definition for the set Ay,. Moreover, f is also
continuous in Ay, and hence satisfies (i) of the above definition. Therefore, f is a continuous

branch of w in Ag,.

Proof. Assume that f is not continuous at some w in Ag,. Then there is a sequence (wy,) in Ag,
so that wy, — w and f(wg) # f(w). Then there is § > 0 so that | f(wy) — f(w)| > 6 > 0 for
infinitely many k. These infinitely many k define a subsequence of (wy). Now we ignore the rest
of the sequence (wy) and concentrate on the specific subsequence. For simplicity we rename the
subsequence and call it (wy,) again. Therefore, we have a sequence (wy,) in Ay, such that

wE = w and |f(wg) — f(w)] > 6 >0 forevery k. (5.8)

We set z = f(w) € By, and 2, = f(wy) € By, p, for every k. Then 2" = w and 2} = wy, for
every k and (5.8) becomes

zp — 2" and |z — 2| >0 >0 forevery k. (5.9)

Since |z|" — |z|™ and hence |z;| — |z|, we get that the sequence (zj) is bounded and the
Bolzano-Weierstrass theorem implies that there is a subsequence (zy,, ) so that

2h — 2 (5.10)

m

for some 2’. Since all 2, belong to By, /n» We have that 2’ belongs to the closed angular region

r207¢—§9§@+21}

_ . 0
Beom = {Z =re” n n n

From (5.9) and (5.10) we get 2™ = 2™ and |2’ — z| > . This is impossible, because z belongs to
By, /n and 2’ belongs to By, /,.
Thus f is continuous at every w in Ag,. O

From the mapping properties of the function w = 2" we get the following for the mapping
properties of the continuous branch f : Ay, — By, of wn defined in proposition 5.17. The
function f maps the halflines in Ay, with vertex 0 (without 0) onto the halflines in By, /,, with
vertex 0 (without 0) and the circular arcs in A, with center 0 onto the circular arcs in By, /,, with
center 0.

Choosing any real ¢, we have defined a continuous branch of w in the subset Ay, of the
w-plane, whose range is the angular region By, /,, of the z-plane. If, instead of ¢, we consider
¢o + k27 with any k& = 0,1,...,n — 1, then the set A = Ay 4 yor remains the same but the
range, i.e. the angular region By, 4 r2r)/n rotates through the angle k%ﬂ The n angular regions
B(go+k2m)m With k = 0,1,...,n — 1 are successive and cover the z-plane (except for their n
boundary halflines with vertex 0). We summarize:

If we exclude from the w-plane any halfline with vertex 0, then in the remaining open set A there
are n continuous branches of w defined. Each of them maps A onto some open angular region

. o . . .
of the z-plane with vertex 0 and angle <*. These various angular regions, which correspond

to the various continuous branches of w (in the same set A), are mutually disjoint, successive
and cover the z-plane (except for their boundary halflines). Of course, if we change the original
halfline which determines the set A, then the corresponding angular regions and the corresponding
branches of wr also change.
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Example 5.4.1. We get a concrete example of a continuous branch of ww when we consider oo =
—. Then the set '
A ={s¢?|5>0,—w < ¢ <7}

is the w-plane without the negative u-semiaxis (where w = u+tv) and the range of the continuous
1, .
branch of wn is the angular region

B_m= {rew

r>0,—z<9<ﬁ}.
n

n

This branch is given by
¢ . .
2= se'n for w = se'® with — 7 < ¢ < 7.

Clearly,
. Arg w
z=V|w|e .

On the same set A_, of the w-plane, besides the above continuous branch of w%, we may de-
fine n continuous branches of wr . Each of them maps A_, onto a corresponding angular region
B(_rxyk2m)m With k = 0,1,...,n — 1, which results by rotating B_/,, in the positive direc-
tion through the angle k%” This branch results from the original branch by multiplication by the

i 2m o
constant ¢’* % and it is given by
g 2w ; .
2= stk for w = se'® with — 7 < ¢ < 7.
We skip the proof of proposition 5.18, since it is a special case of proposition 5.20.

Proposition 5.18. Let A C C\ {0} and f : A — C\ {0} be a continuous branch ofw% in A If
wo is an interior point of A, then f is differentiable at wqy and

f/(wo) _ f(wo)'

nwo

Hence f is holomorphic in the interior of A.

Therefore, every continuous branch of ww in an open set A C C\ {0} can be called holo-
morphic branch of wa in A.

Example 5.4.2. We have defined n distinct continuous branches of w= in the open set A which
results when we exclude any halfline with vertex 0 from the w-plane. All these branches are
holomorphic branches of wr in A.

We skip the proof of proposition 5.19, since it is a special case of proposition 5.21.

Proposition 5.19. Let A C C\ {0} and f1, fo : A — C\ {0}. Let also w,, be the principal n-th
root of unity.
(i) If f1 is a continuous branch of wr in A and % = wk for every w € A, where k =

1
0,1,...,n — 1is fixed, then fs is also a continuous branch of wn in A.

1
(ii) If, moreover, A is connected and f1, fo are continuous branches of wr in A, then 223 = wf;

Sfor every w € A, where k = 0,1,...,n — 1is fixed. In particular, if fi(wy) = fa(wp) for some
wo € A, then fi(w) = fo(w) for every w € A.

1
Thus, if we know one continuous branch of wr in the connected set A, then we can find every

other possible continuous branch of wr in A by multiplying the known branch with any constant
n-th root of unity.
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Example5.4.3. Let A= A_, = {s¢'|s > 0, —7 < ¢ < 7} be the w-plane without the negative
u-semiaxis (where w = u + ¢v). We want to find a continuous branch of the square root w? in A
taking the value z = 1 atw = 1.

From the example 5.4.1 we already know the continuous branch of the square root which maps A
onto the angular region

B T _—{ ’LG 7_7 0 7}7
/2 re” |r >0 5 <0< 5

i.e. onto the right halfplane of the z-plane, which is given by
z:\/gei% for w = se'® with — 7 < ¢ < 7.

Since A is connected, there is no other continuous branch of the square root in A taking the value
z=1latw=1.

Example 544.Let A = A_; = {s¢|s > 0,—7m < ¢ < 7} again. Now we want to find a
continuous branch of the square root w? in A taking the value z = —1 atw = 1.

In the previous example we found one continuous branch of the square root in A. Since A is
connected, there are exactly two continuous branches of the square root in A. We consider the
principal square root of 1, i.e. wy = T = ™ = —1. (Trivial: the square roots of 1 are the
solutions of 22 = 1, i.e. the numbers 1, —1.) Then the second continuous branch of the square

root in A is given by
i@ ;@ i
2 =1/5€"2wy = —/s5€"'2 for w = se'? with — 7 < ¢ <,
i.e. the opposite of the previous branch. This branch maps A onto the angular region

T 3T
0,5 <49 —},
r> 5 <0< 5

B(_nyom)2 = Brj2 = {Teie
i.e. onto the left halfplane of the z-plane.

Now, we introduce a slight generalization of the notion of continuous branch of w=, i.e. we
. . 1
define the notion of continuous branch of g(w)=.

Definition. Let ACC, f: A— Cand g : A — C\ {0} be continuous in A. We say that f is a
continuous branch of g(w)% in Aif

(i) f is continuous in A and

(ii) for every w € A we have f(w) € g(w)% or, equivalently, f(w)" = g(w).

Proposition 5.20. Let A C C, g : A — C\ {0} be continuous in A and f : A — C be any
continuous branch of g(w) win Al If wyg is an interior point of A and g is differentiable at wy, then
f is differentiable at wy and
g'(wo) f (wo)

ng(wo)

Hence, if g is holomorphic in the interior of A, then f is also holomorphic in the interior of A.

f'(wo) =

Proof. We set zg = f(wp) and z = f(w) for every w € A. Then 2§ = g(wp) and 2" = g(w).
Since f is continuous, w — wq implies z — zg. Therefore, using the derivative of the exponential
function at zg, we see that

f(w) = flwo) _ 2=z g(w) —g(wo)  g'(wo) _ g'(wo)f(wo)

_ N — = when w — wy.
w — wo 2 =25 w—wo nzy ng(wo)
Thus f is differentiable at wg and f’(wo) = %' -
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Proposition 5.21. Let A C C g : A — C\ {0} be continuous in A and f1, fo : A — C\ {0}. Let
also wy, be the principal n-th root of unity.

(i) If f1 is a continuous branch of g(w )TIL in A and ﬁ%z; = Wk for every w € A, where k =

0,1,...,n — 1is fixed, then fs is also a continuous branch ofg(w)ib in A.

fa(w) _

(ii) If, moreover, A is connected and f1, fa are continuous branches of g(w )i in A, then ) =

wk for every w € A, where k = 0,1,...,n — 1is fixed. In particular, if fi(wo) = fa(wo) for
some wgy € A, then fi1(w) = fa(w) for every w € A.

Proof. (i) The continuity of f1 in A implies the continuity of foin A. Wealso have f1(w)" = g(w)
for every w € A and hence fo(w)" = f1( )M (W = g(w)(wh)* = g(w) for every w € A.
Thus, fo is a continuous branch of g(w )n in A.

(ii) Since for every w € A the two numbers fo(w), f1(w) are values of g(w)%, we have that

(fz(w)>“ _ Lo _gw) _

fw)) A g(w)
Hence for every w € A the number ﬁgx; is an n-th root of unity and % c A= {Lwg,. .., w1

Now, the function % is continuous in A and A is connected, hence the set % (A) is also connected.

Since ;2( ) C{L,wn,...,wl 1}, the set %(A) contains only one point. Le. ;2 is constant in A
and hence ﬁ%g = wFin A, where k = 0,1,...,n — 1 is fixed.

In case fo(wo) = f1(wp), then the integer k is 1 and we get fo(w) = f1(w) foreveryw € A. O

Exercises.
5.4.1. Find (=1)7, (~1)5, (~1)3,42, 65, v, (5529)5, (959)3, (959)5,
5.4.2. (i) Find the values of log i and 2log i and observe that logi? # 2log3.
(i1) Find the values of log i2 and % log i and observe that log iz = % logi. Generalizing, prove that

1 1
for every w # 0 and every n € N we have logw» = - logw.

5.4.3. Let w # 0 and z be any of the values of wn . Prove that wn = {2, 2w, 202, ... 2w}
or, equivalently, wn = 21w,

5.4.4. The set C* = C \ {0} is a group under multiplication of complex numbers.

(i) Prove that, if n € N, n > 2, then the n-th root of unity, {1, w,,w?, ... ,w" '}, is a subgroup
of C*.

(ii) Let z = w” be any of the values of the n-th root of unity and (z) = {zm |m € Z} be
the group generated by 2. Prove that z is a generator of {1,w,,w?, ... ,w" '} or, equivalently,
(z) = {1, wpn,w?, ... ,wi '} if and only if gcd{k,n} = 1.

(iii) Prove that {1,wy,w?, ..., w"~!} has no subgroups other than {1} and itself if and only if n

is a prime number.

5.4.5. Look at exercise 4.3.2. Consider the curves on the z-plane with equations 2 — 32 = « and
2xy = (. If the two curves intersect at a point (g, yo), find in two ways their angle at this point.

. . 1. . .
5.4.6. Prove that there is no continuous branch of w= in any circle Cy(r) and hence in any set A
which contains such a circle.

5.4.7.Let f : C\ (—00,0] — C be given by
\/@ﬂﬂ‘\/@—“, ifueR,v>0

f(u,v) =< Vu, ifu>0,0v=0
\/vu2+;2+u - i\/vuﬁvz—% ifu e R,v<0
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where w = u + v = (u,v).

(i) prove that f(w)? = w for every w € C\ (—oc, 0] as well as that f coincides with the continuous
branch of the square root which we saw in the example 5.4.3.

(ii) Prove that f is one-to-one and onto {z | Re z > 0}.

(iii) Prove that f is continuous in C \ (—o0, 0], using either the formula of f or sequences and the
identity in (1).

(iv) Prove that f is holomorphic in C \ (—o0, 0].

5.4.8. Find the continuous branches of the square root in C \ [0, +00).
5.4.9. Find the continuous branches of the cube root in C \ (—oo, 0].

5.4.10.Let g : A — C\ {0} be continuous, let f : A — C be a continuous branch of log g in A
andletn € N,n > 2. Prove that h : A — C with h = en/ is a continuous branch ofg% in A.

5.4.11. (i) Considering a continuous branch of (w + 1)% in C\ (—o0, —1] and a continuous branch
of (w — 1)% in C \ [1,+c0), prove that there is a continuous branch of (w? — 1)% inQ=C\
((—o0, —1JU[1,4+00)),i.e. f: 2 — C continuous in § so that f(w)? = w? — 1 for every w € Q.
(if) Considering a continuous branch of (w + 1)% in C \ (—oo, —1] and a continuous branch of
(w— 1)% in C\ (—o0, 1], prove that there is a continuous branch of (w? — 1)% inQY =C\[-1,1],
i.e. f: € — C continuous in €’ so that f(w)? = w? — 1 for every w € Q. This is more difficult
than (i).

(iii) What is the possible relation between two continuous branches of (w? — 1)% in the same set,
either 2 or ©'?

(iv) Prove that there is no continuous branch of (w? — 1)% in any circle which surrounds one of
the points 1 but not the other.

(v) Prove that the continuous branches of (w? — 1)% in Q and in ' are holomorphic.

5.4.12. Prove that we can define a holomorphic branch f of (1 — w)% +(1+ w)% in the region
A which results when we exclude from C two non-intersecting halflines, one with vertex +1 and
another with vertex —1. Prove that every such f satisfies f(w)* — 4f(w)? + 4w? = 0 for every
w € A. How many such branches f exist in A?

5.4.13. (i) Prove that w* € exp(alogw) for every w # 0 and every a € Z.

(i) Generalizing (i), we define w® = 2% = {¢9% |z ¢ logw} for every w # 0 and every
a & 7Z. (Thus, w® is a set.)

(iii) Find (1=2¥3)2, i7 and draw 27, iV2.

(iv) Prove that w*t® C wew®, w*? C %‘; and w® C (w?)®.

(v) Let A C C\ {0} and f : A — C be a continuous branch of logw. Theng : A — C
with g(w) = e*/ () for every w € A is called a continuous branch of w in A. Prove that g is
differentiable at every interior point wq of A and ¢'(wg) = %1;}0)‘ Therefore, if we can define a
holomorphic branch of log w in the open set A C C \ {0}, then we can also define a holomorphic
branch of w® in A.

5.4.14. Prove that there is a unique holomorphic branch f of (1 — w)? = e*'°¢(1=%) in Dy(1) so
that f(0) = 1. Then prove that there are ¢1, ca > 0sothatc; < |f(w)| < ¢ forevery w € Dy(1).
Find the best such ¢, cs.

5.4.15. Look at exercise 5.2.5. We define
arccosw = {z| cosz =w}, arcsinw = {z|sinz =w}, arctanw = {z|tanz = w}.

(1) Prove that arccos w and arcsin w are non-empty sets for every w and that arctan w is non-empty
for every w # 44 and empty for w = +i.
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(i1) Express arccos, arcsin and arctan in terms of log.

(iii) It should be clear from exercise 5.2.5 that w = sin z is one-to-one from {z+iy | -5 <z < §}
onto = C\ ((—o0,—1] U [1,+00)). Prove that the inverse function gy is a continuous branch
of arcsinw in €2, i.e. go is continuous in € and sin go(w) = w for every w € €. Describe all
continuous branches g of arcsinw in € and prove that they are holomorphic in Q with ¢'(w) =
1/(1— wQ)% for every w € (2, where at the denominator appears a specific continuous branch of
(1—w?)z in Q.

(iv) From exercise 5.2.5 again, it is clear that w = cos z is one-to-one from {z + iy |0 < x < 7}
onto 2 = C\ ((—oo, —1] U [1,+00)). Prove that the inverse function h¢ is a continuous branch
of arccosw in €2, i.e. hg is continuous in 2 and cos ho(w) = w for every w € ). Describe all
continuous branches h of arccos w in €2 and prove that they are holomorphic in Q with A/'(w) =
-1/(1 — wQ)% for every w € €, where at the denominator appears a specific continuous branch
of (1 — w?)? in Q.

(v) Prove that the function w = tan z is one-to-one from {z +iy| — § < x < §} onto U =
C\ {iv|v < —lorl < v}. Prove that the inverse function ko is a continuous branch of arctan w
in U, i.e. kg is continuous in U and tan kg(w) = w for every w € U. Describe all continuous
branches & of arctanw in U and prove that they are holomorphic in U with ¥'(w) = ﬁ for
everyw € U.

5.4.16. Considering appropriate continuous branches of w%, evaluate fv # dw for both curves
Vl(t) = eits te [07 ﬂ-]a and 72(15) = e_it’ te [07 7'['].

5.5 Functions defined by curvilinear integrals.

5.5.1 Indefinite integrals.

Definition. Let Q2 C C be a region and f, F : Q — C. We say that I is a primitive of f in Q if
F'(z) = f(2) for every z € .

Proposition 5.22. Let 2 C C be a region and f : Q@ — C be continuous. The following are
equivalent.
(i) For every closed curve v in () we have ﬁy f(z)dz=0.

(ii) If v1, 72 are any two curves in S with the same endpoints, then f% f(z)dz = fw f(z)dz.
(iii) There is a primitive of f in (L.

Proof. (iii)= (i) Let F' : 2 — C be any primitive of f in 2. We take an arbitrary curve v :
[a,b] — Q with y(a) = y(b). Then
b b
f1e)a:= § Pdz= [ Fa@r©d= [ (For)
Y ol a a

= (Fon)(b) = (Foy)(a) = F(y(b)) — F(y(a)) = 0.

(i) = (i1) Assume that the curves 71, 72 in € have the same endpoints. Then the curve v = ~; +
(= 2) is a closed curve in 2 and then

z)dz — z)dz = z)dz z)dz = z)dz = 0.
== [ e [ s [ gera= f s
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Therefore, [ f(z)dz = [ f(z)dz.
(ii) = (ii1) We consider an arbitrary fixed zg € €). Then for every z € ) there is at least one curve
~ in 2 with initial point 2 and final point z. We define the function F' : 2 — C by

Fz) = / £(0) dc. (5.11)
v



This formula defines F'(z) uniquely, since the value of the curvilinear integral depends only on the
point z and not on the particular curve v which we use to join zg to z.

Now we shall prove that F' is a primitive of f in 2. We take an arbitrary z € () and a disc
D, (r) C Q. We also take a curve ~ in € with initial point zy and final point z. Then the value of

F(z) is given by (5.11). Now we consider any w € D, (r) and the curve v + [z, w]. This curve is
in €2 and has initial point zg and final point w. Therefore,

P = [ s@de= [ f@dcr [ s@dc (5.12
Y+[zw] ¥ [z,w]
From (5.11) and (5.12) we get
F(w) = F(z) = f(2)(w—z) = [ ]f(C)dCf(Z)/[ ]dCZ [ ](f(C)*f(Z))dC (5.13)

Now, since f is continuous, for every € > 0 there is & > 0 so that |f(2") — f(2)| < € for every
2 € Qwith |2/ — z| < §. Taking w € D, (r) with |w — z| < § we automatically have | — z| < §
for every ¢ € [z, w] and hence (5.13) implies

[Fw) ~ F(z) = f(2)(w — 2)| = | /[ (©) = F@) ] < chw =21

, F(w)-F(2)

— f(2)| < e for every w with |w — z| < § and hence F'(z) = f(z). O

Definition. Let (2 C C be a region and f : Q@ — C be continuous. If either one of the equivalent
conditions (i), (ii) of proposition 5.22 is satisfied, then as we saw in the proof of (ii) = (iii) of
proposition 5.22, we may define a function F : Q0 — C by choosing a fixed point zg € ) and
setting F'(z f f(Q) dC for every z € ), where ~y is an arbitrary curve in Q with initial point
zo and fi nal poznt z.

Now, any function F' : 0 — C of the form

F(z):/f(C)dC—i—c Jfor every z € Q,
g

where ~y is an arbitrary curve in Q) with fixed (but otherwise arbitrary) initial point zo and final
point z and where c is an arbitrary constant, is called indefinite integral of f in .

The crucial condition for the existence of an indefinite integral is (ii) (or its equivalent (i))
of proposition 5.22. As soon as this is satisfied, then by changing the base point zy € € or the
constant ¢ we get different indefinite integrals F'.

In the proof of proposition 5.22 we saw that every indefinite integral of f is a primitive of f.
The converse is also true. Indeed, let F' be any primitive of f in the region €, i.e. let F'(2) = f(z)
for every z € 2. Proposition 5.22 implies that condition (ii) is satisfied and, if we take any curve
v : [a, b] —  with initial point a fixed zy € € and final point z € (2, then

b
Lf({)dC:/F’ )d¢ = / F'(y t)dt = /G(Foy)’(t)dt (5.14)
= (Fov)(b) — (Fov)(a) = F(z) — F(z0).
Therefore, I has the form

F(z) = / F(0)dC + F(z0)

and hence it is an indefinite integral of f in 2.
We summarize. Let f : 0 — C be continuous in the region ). Then the notion of primitive
of f in Q coincides with the notion of indefinite integral of f in ). Moreover, the existence of a
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primitive or, equivalently, of an indefinite integral of f in () is equivalent to the validity of condition
(ii) or (i) of proposition 5.22.

Regarding the number of possible primitives of f in {2 we may easily see that, if there is at
least one primitive F' of f in €2, then all others are of the form F' + ¢ for an arbitrary constant c.
Indeed, it is obvious that ' + ¢ is a primitive of f in {2. Conversely, if G is a primitive of f in 2,
then we have (G — F)'(2) = G'(2) — F'(2) = f(z) — f(2) = 0 for every z € . Now, theorem
4.3 implies that G — F' is a constant in {2.

Since it is useful for calculations of curvilinear integrals, we state relation (5.14) as a separate
proposition.

Proposition 5.23. Let f, F' : Q) — C and let F be a primitive of the continuous f in the region 2.
Then for every curve vy in ) with initial endpoint z1 and final endpoint zo we have

/f(z) dz = F(z) — F(z1).

Example 5.5.1. Every polynomial function p(z) = ag + a1z + -+ + a,2" has the primitive
apz + 2% 4 - 4 ;222" in C. Therefore, we have

%p(z)dz:%(ao—l—alz—k---—i—anz”)dz:()
gl 2l

for every closed curve .
In particular, if n € Z, n > 0, we have f,y(z — z0)" dz = 0 for every closed curve 7. A very
special case of this, with the circle C.,(r), we saw in examples 3.2.8 and 5.2.2.

Example 5.5.2. The exponential function e has the primitive e* in C. Hence

j{ezdzzo
¥

Example 5.5.3.Let zp € Cand n € N, n > 2. Then the function ﬁ has the primitive
r in C\ {zo}. Therefore,

- 1
(n—1)(z—20)""

for every closed curve .

1
%(zz)nd,z:o, TLGN,TLZQ,
0% — <0

for every closed curve v in C \ {zo}.
A very special case of this, with the circle C, (1), we saw in examples 3.2.8 and 5.2.2.

Example 5.5.4. The function ﬁ (the case n = 1 of the previous example) has no primitive in
C\ {20} or even in any open ring D (r1,72) = {z |11 < |z — 20| < 72}

Indeed, if Zfzo had a primitive in D,,(r1,72), then we would have f7 ZEZO dz = 0 for every
closed curve 7 in D, (r1,72). Now, if we take a radius r so that 71 < r < r2 and the curve

7y 1 [0,27] — D, (r1,72) with parametric equation y(¢) = 2 + e, then we have

1 1 SIS D .
dz = dz = —rie dt = 271 #£ 0.
5 %= 20 Cay(r) Z — 20 o red

In fact, we did exactly the same calculation in example 5.2.2.

The following result is important.
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Proposition 5.24. Let g : Q@ — C\ {0} be holomorphic in the region Q and let ' be continuous
in Q. Then a holomorphic branch of log g exists in Q) if and only if 5 % ((Zz)) dz = 0 for every closed

curve y in €.

Proof. Assume that there is a holomorphic branch of log g in €2, i.e. there is F' : {2 — C holo-

morphic in  so that e¥'(?) = g(2) for every z € Q. Then F'(2)ef?) = ¢/(z) for every z € Q

and hence F'(z) = % for every z € (). Therefore, F'(z) is a primitive of % in 2 and thus,
9'(2)

7 9(z)

dz = 0 for every closed curve + in €).

Conversely, assume § ¢ /((ZZ)) dz = 0 for every closed curve v in Q. Then % has a primitive in
Q, ie. thereis F' : Q — C so that F'(z) = % for every z € (2. Now,
d

7(9(2’)6_1?('2)) _ g/(z)e_F(Z) . g(z)F/(z)e_F(Z) —0

for every z € Q. This implies that, for some constant ¢, we have g(z)e~F(*) = ¢ for every z € Q.
Since ¢ # 0, there is a constant d so that e¢ = ¢ and we finally get that

el — g(z)  forevery z € Q.

Now the function F' + d is a holomorphic branch of log g in €2. O

In the next chapter we shall prove that for every holomorphic g the derivative ¢’ is automatically
continuous. Therefore, a posteriori the assumption in proposition 5.24 that ¢’ is continuous is
unnecessary.

Example 5.5.5. If the region 2 C C\ {2} contains a circle C,(r), then there is no holomorphic
branch of log(z — zp) in €. In fact, example 5.5.4 shows that fczo ) ﬁ dz # 0.

Example 5.5.6. Let g : Q — C\ {0} be holomorphic in the region 2 and let ¢’ be continuous in
2 and suppose that there is a halfline with vertex 0 so that g(Q2) C C\ [.

We know that a holomorphic branch of log w exists in C \ I. If f : C\ I — C is such a branch,
then e/ () = 1 for every € C\ 1. This implies that e/ (9(2)) = g(2) for every z € Q2 and this means
that the function f o g : {2 — C is a holomorphic branch of log g in 2. From proposition 5.24 we

also get that 3?7 g;’ ((ZZ)) dz = 0 for every closed curve «y in (2.

5.5.2 Integrals with parameter.

Lemma 5.1. Let n € N and ~ be any curve. If ¢ : v* — C is continuous in the trajectory v*, we
define the function f : C\ v* — C by

f(z)—/vgqs_(i)ndg Jorevery z ¢ ~*.
Then f is holomorphic in the open set C \ v* and
f'(z) = nL (Cf(zc))nﬂ d¢  forevery z ¢ ~*.

Proof. We take any z € C\ v*. Since C \ v* is open, there is § > 0 so that D,(4) C C\ v*. We
consider the smaller circle Dz(%) and we have

¢ —w| >

NGRS

0
for every ¢ € v* and every w € D, (§> (5.15)
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Now for every w € DZ(%) we get

s =16 = [ o [ = [ (e~ oa) 60

hence

1 1
f f P(¢ (S e
flw) - f(z) nL C—2W+1 lA(@ N (e _ZWH>¢@WK-(5W)

w — w—z (¢

To simplify the notation, we temporarily set A = ( — w and B = ¢ — z, and, to estimate the
parenthesis in (5.16), we use the algebraic identity

1 1
T BT __ M

= (B - 4)( Lo 2 .ol ¢ )
_ A  pntl AnB2 ' An—-1RB3 A2Bn = ABn+1

From (5.15) we have that |A| > § Sand |B| > 2 5 for every ( € v* and w € D(z; ) and hence

1 1

4 — B 1 n

An Bn

B_ A( 7)
B— A B”'H‘ — | | |A’"|B|2 + + \A||B|”+1 (5 17)
I1+2+--+(n—-1)+n n22nt2 ‘
< |w — 2| 5 <w =z =
(5)n+2 on

Now, v* is compact and ¢ is continuous in v* and hence there is M > 0 so that |¢(¢)| < M for
every ( € v*. Therefore, (5.16) and (5.17) imply

fw) = f(2) #(¢) nigne?
el e U )

for every w € D(z; 5) Thus, lim,,_,, W =n/, @ ¢(<n+1 d¢ and f is differentiable at z

with f/(2) = nf )nﬂ dc. O

Observe that lemma 5.1 justifies the change of order of the operations of integration and dif-
ferentiation with respect to the parameter 2:
d ( 9(¢) ) / ¢(¢)
— d¢=n | ——=——d(.
v dz \(( = 2)" 5 (€= 2t

d d ¢ (<)

fO= 6= [
(2) dz() dz J, (¢ —z)"

Proposition 5.25. Let v be any curve and ¢ : v* — C be continuous in the trajectory ~v*. Then

the function f : C\ v* — C defined by

):/Mdg forevery z ¢ v*
vC—2
is infinitely many times differentiable in the open set C \ v* and

FM(z) =n! / (Cf(f))nﬂ d¢  forevery z & ~*.
¥
Proof. Successive application of lemma 5.1. O

Exercises.

5.5.1. Let f, g : © — C be holomorphic in €2 and let f/, ¢’ be continuous in €.
(i) If |f(z) — 1] < 1 for every z € €, prove that f ! (Z) dz = 0 for every closed curve v in €.

(i) If | f(2) — g(2)| < |g(2)]| for every z € Q, prove that f L Z) dz = ¢, g(( )) dz for every closed
curve -y in €.
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5.5.2. Let be any curve and ¢ : v* — C be continuous in the trajectory v*. We know that the
function f(z fv

— d( is holomorphic in C \ ~*. Prove that f is holomorphic at co.

5.5.3. Let f : R — C be continuous in R and let f f—‘)‘ dt < +o00. Prove that the function
=2 +°° dt is holomorphic in C \ R.

554.Let f : R — C be continuous in R and f+°°|f t)[eMIt dt < +oo for every M > 0.

Prove that the functions F(2) = [T f(t)et*dt, G(2) = [T2° f(t)costzdt and H(z) =
i j;o )sintz dt are holomorphlc in C.

5.5.5. Find the domains of holomorphy of the functions f(z fo T +tz dt, g(z f L TE tg dt
and h(z) = [F*° &0 dt, k(z) = [ e dt.

5.6 Functions defined by power series.

Definition. Every series of the form

“+o00

Zan(z —20)" = ao+ a1(z — z0) + az(z — 20)2 +--
n=0

is called power series with center zy and coefficients a,,. The R € [0, +00] defined by

1
 1im /|an]
is called radius of convergence of the power series. (Of course we understand that R = 0 if

lim ¥/|ay| = +00 and R = +o0 if lim W:O.)

Proposition 5.26. Let > %) an(z — 2z0)™ be a power series with radius of convergence R.

If R = 0, then the series converges only at zy. If R > 0, then

(i) The power series converges absolutely at every z € D, (R).

(ii) The power series diverges at every z ¢ D, (R).

(iii) The power series converges uniformly in every closed disc D, (r) withr < R.

(iv) The sum s(z) = S0 an(z — 20)", which is defined as a function s : D, (R) — C, is
holomorphic in D, (R). The derivative of s in Dy, (R) is the sum t(z) = 3% nan(z — 20)"
of the power series which results from Z:ﬁ% an(z — z9)™ by formal termwise differentiation.

Proof. If z = zy, then the power series consists only of its constant term ag and hence converges.
If z # zg, then by the definition of R we get

Tim %/ Tan(z = 20)7] = Tim &/Jan] | — 20| = 2 ;0’.

The root test of Cauchy for general series implies that the power series converges absolutely if
|z — 29| < R and diverges if |z — zp > R and this is the content of (i) and (ii).

(iii) Let 0 < r < R. We consider any R’ so that r < R’ < R. Then lim {/]a,| < % and hence
there is ng so that {/|a,| < 4 for every n > ng. Then for every z € D, (r) we have

n
lan(z — 20)"| = |an| |z — 20" < (%) for every n > ny.

Since % < 1, we have %0 (#)" < 4oc and the test of Weierstrass implies that the power
series >0 an(z — 20)™ converges uniformly in D (r).

(iv) Besides >_."%0 a,, (2 — 20)™, we also consider the power series 372 na,(z — 20)" L. The
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second power series results from the first by formal termwise differentiation. We shall prove that
the second series converges at every z € D, (R) and that its sum is the derivative of the sum s of
the first series at every z € D, (R).

Since {/n — 1, we have

lim ¥/|na,| = lim {/n{/|a,| = lim {/|a,|

and the radius of convergence of the series Z:{g nan(2—20)" isalso R. Thus,
and hence " na, (2 — 2)" ! converges at every z € D, (R).

—+00

o2 nan(z—29)"

We define t(2) = 3.7 na,(z — 20)" ! atevery z € D, (R).
Now at every z,w € D,,(R) we have s(w) — 5(2) = 3% an((w — 2)" — (2 — 20)"). For

simplicity, we shall set temporarily B = w — zg and A = z — zp and then we have

+oo
s(w) — s(z) = (w — 2) Zan(B"_l +B"2A4 -+ BA"? 4 AMTh

n=1

and hence

—+00
s =) 4 S an(B 4 BT2A 4+ BAT2 4 AT AT

w—z -

. "= (5.18)
=(w—2)> an(B"?+2B"PA+ -+ (n—2)BA"? 4 (n - 1)A"?),

n=2

Now we fix z € D,,(R) and take 6 = m > 0. Wealsoset Ry = |z — 20| +0 = R — 4. If
w € D,(6), then |B| < Ry and |A| < R; and (5.18) implies

s(w) — s(2) S 2 -2
—_ t(z)‘ < |lw — 2| Zn lan|RT™~.
w—z =
Since lim {/|n%a,R}| = % < 1, the last sum is a finite number independent of w € D.(6).
Therefore, lim,,_, . % = t(2) and s is differentiable at z with s'(z) = ¢(z). O

If R is the radius of convergence of 3,720 a,,(z — 20)", then the open disc D, (R) is called
disc of convergence of the power series.

If R = 0 then the disc of convergence is empty and the power series converges only at the center
zo. If R = 400 then the disc of convergence is the whole z-plane. In this case the power series
converges (absolutely) at every z. If 0 < R < 400, then the power series converges (absolulety)
atevery z € D, (R) and diverges at every z outside the closed disc D, (R). There is no general
result for the convergence at the points z € C.,(R): the series may converge at some points of the
circle and diverge at its remaining points. If 0 < R < 400, the power series converges uniformly
in every smaller closed disc D, (r) with » < R and its sum s(z) is a holomorphic function in
D, (R). In fact the derivative of the sum s(z) of the power series is the function ¢(z) which is
the sum of the power series we get by formal termwise differentiation of the original power series.
We saw that the differentiated power series has the same disc of convergence as the original series.
Therefore, we may repeat our arguments: the function ¢(z) is holomorphic in D,,(R) and its
derivative, i.e. the second derivative of s(z), is the sum of the power series which we get by a
second formal termwise differentiation of the original power series. We conclude that the function
s(z) is infinitely many times differentiable in the disc of convergence D, (R) and

—+o0
s®l(2) = n(n—1) - (n—k+1)an(z —20)" "  forevery z € Dy (R).
n=~k
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Example 5.6.1. For the power series > 1> % we get lim

n/|l
n=1 |ﬁ

| = lim % = 1,and hence R = 1.
n
The disc of convergence is D.

Example 5.6.2. For 377 £; we get lim {/|-| = lim - = 1, and hence R = 1. The disc of

n=1n? m
convergence is .
Example 5.6.3. For 3" 27 we have lim {/|%| = lim Vlﬁ =0, and hence R = +o00. The disc

of convergence is C.

Example 5.6.4. For 3> n!2" we have lim {/[n!| = lim ¥/n! = +0c0, and hence R = 0. The
power series converges only at 0.

Definition. Every series of the form

a— a a—
Zan(z—zo)”:'--—i- S 4 2+ !

(z—20)3 (2—20)2% z—2
is called power series of second type with center zy and coefficients a,. The R € [0, +0o0]

defined by o
R =1lim /|a_n]

is called radius of convergence of the power series.

The usual power series of the form Z:ﬁ% an(z — zp)" are also called power series of first type,
to distinguish them from the power series of second type.

We observe that a power series of second type has no meaning at 2y, in the same way that any
power series of first type (with a,, # 0 for at least one n > 1) has no meaning at co. On the other
hand, if z = oo, then a power series of second type becomes Z’zo_l 0 = 0 and hence converges
with sum 0.

From now on in these notes we shall use the notations

Dy(R,+00) = {z| R < |z — 20|},  Dz(R,+00) = {z|R < |2 — 20}
for the open and the closed unbounded ring with center zy and internal radius R. We also use
DZO(R]_,RQ) = {Z | R < |Z — Zo| < RQ}, EZO(Rl,RQ) = {Z | R < |Z — Zo| < RQ}

to denote the open and the closed bounded ring with center zg, internal radius R; and external
radius Rs.

Proposition 5.27. Let ZT_L;A an(z — z0)" be a power series of second type with radius of con-
vergence R.

If R = +00, then the series converges only at co. If R < 400, then

(i) The power series converges absolutely at every z € D, (R, +00).

(ii) The power series diverges at every z & D, (R, +0).

(iii) The power series converges uniformly in every D, (r, +00) withr > R.

(iv) The sum s(z) = "2 an(z — 20)", defined as a function s : D, (R, +00) — C, is holo-
morphic in D, (R, +00). The derivative of s in D, (R, +00) is t(z) = Zﬁjo*l nan(z — z0)" 1,
i.e. the sum of the power series which results from Zﬁzo_l an(z — 20)" by formal termwise dif-
ferentiation. Finally, the function s is also differentiable at co.

Proof. The easiest way is to reduce a power series of second type to a power series of first type
with the simple change of variable




Then the power series ZT_L;_I an(z — 2zp)™ takes the form

n=— +oo
E apw "= g a_mw™
—o0 m=1

of a power series of first type with center 0. We also observe that z varies in the unbounded ring

D.,(R,+00) if and only if w varies in the punctured disc Dy(4) \ {0}. Also, z varies in the
unbounded ring D, (r, +00) if and only if w varies in the punctured disc Do(2) \ {0}. Now
we can use everything we know about the series Z:;LO:OI a—_mw™ from proposition 5.26 to get the
corresponding results about the series Z'_fo_l an(z — zo)". For example, the differentiability of
S =14, (2 — 2)" results from the differentiability of 37, a_,,w™ and the differentiability
of the function w = Z_lz

about the differentiability of s(2) = 32", ' a,(z — 20)™ at oo, using again the transformed power

+m

series sy (w) = =1 a—mw™. Since s(oo) = 0 and s,(0) = 0, we have

1+ZMU

Jim () = s(o0) = Jim () = fim o) = fim 212 = 0) =0
Therefore, s is differentiable at co O]

n=-—1

If R is the radius of convergence of » "
called ring of convergence of the power series.

If R = +o0 then the ring of convergence is empty and the power series converges only at
0o. If R = 0 then the disc of convergence is the whole z-plane without zy. In this case the
power series converges (absolutely) at every z # zg. If 0 < R < 400, then the power series
converges (absolutely) at every z € D, (R, +0o0) and diverges at every z inside the open disc
D, (R). There is no general result for the convergence at the points z € C,,(R): the series may
converge at some points of the circle and diverge at its remaining points. If 0 < R < +o0, the
power series converges uniformly in every smaller closed ring D, (r, +0c) with » > R and its
sum s(z) is a holomorphic function in D (R, +00). In fact the derivative of the sum s(z) of the
power series is the function ¢(z) which is the sum of the power series we get by formal termwise
differentiation of the original power series. The differentiated power series has the same ring of
convergence as the original series. Therefore, we may repeat our arguments: the function ¢(z) is
holomorphic in D, (R, +00) and its derivative, i.e. the second derivative of s(z), is the sum of
the power series which we get by a second formal termwise differentiation of the original power
series. We conclude that the function s(z) is infinitely many times differentiable in the ring of
convergence D, (R, +00) and

an(z — z0)", then the open ring D, (R, +00) is

n=—1
s (2) = Z nn—1)---(n—k+1)ap(z — 2)" " forevery z € D,, (R, +00).
—0o0
Example 5.6.5. > 2 = 3% L= has ring of convergence Dy(1, +00).
Example 5.6.6. Zn_fl 2=y —5— has ring of convergence Dy(1, +00).
Example 5.6.7. Y"7 ! (fZ)! = 3% L has ring of convergence Dy (0, +00) = C \ {0}.
Example 5.6.8. ZT_L;*I (—n)l2" = ;Ool v has empty ring of convergence and converges only

at oo.

Definition. We consider a series of the form

a_ a_
D an(z =)' = T o bz = 20) aa(z = 20)”
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which consists of a power series of first type and a power series of second type. We assume

that a, # 0 for at least one n < 0 and for at least one n > 0. Then the original series is

called power series of third type with center zy and coefficients a,,. The radius of convergence

Ry of Zﬁ;_l an(z — 20)" and the radius of convergence Ry of Y20 an(z — 20)™ are called

radii of convergence of our power series. We say that Zfz an(z — z9)™ converges at z if both
n=-—1

" han(z — 20)" and 3. 2% an(z — 20)™ converge at z, and we say that > X an(z — 20)"

diverges at z in all other cases.

A power series of third type with center zy has no meaning at the points zg and co.

A power series of third type is a combination of a power series of first type and a power series
of second type. Therefore, we expect that the properties of a power series of this new type are a
combination of properties of power series of the two previous types. Indeed, the next result is a
direct combination of propositions 5.26 and 5.27 and we omit the proof.

Proposition 5.28. Let > a,,(z — 20)" be a power series of third type with radii of convergence
Ry, Ro.

If Ry < Ry, then the series diverges at every z, except in the case 0 < Ry = Ro = R < +00 and
then it may converge only at some z € Cy (R). If R1 < Ra, then

(i) The power series converges absolutely at every z € D, (R1, R).

(ii) The power series diverges at every z ¢ D, (R, Ra).

(iii) The power series converges uniformly in every D, (r1,19) with Ry < 11 < 13 < Ro.

(iv) The sum 5(2) = 3" a, (2 — 20)", defined as a function s : D,,(R1, Ra) — C, is holomor-
phic in D, (Ry, Ry). The derivative of s in D, (R, Ra) is t(2) = Y. % nan(z — 20)" "\, i.e. the
sum of the power series which results from ZJ_F§ an(z — 20)™ by formal termwise differentiation.

If Ry < Ry, then D, (Ry, Ry) is called ring of convergence of Y- "% a,,(z — 20)".

Example 5.6.9. We consider 3" " 227 414 3779 Lon,

n=1 n2
—_— n . .
Then Y ", ! E—nz” has radius of convergence % and 1 + :{3 %z” has radius of convergence

1. Therefore, Do(1, 1) is the ring of convergence of 3" " 227 41 4 31 2",

Exercises.
5.6.1. Find the discs of convergence of Ziﬁ anz" when a,, = n'3, a, = %, a, = n%, ap =
1 o _n) _(n)? ()2
n"", an, = (Inn)", a, = oo n = (mz > p = g2n))!'

) . -1

5.6.2. Find the rings of convergence of >." " a, 2" when a, = n®, a, = 25, an = 37, an = 3",
1

an = (—n)nn-

5.6.3. Find the ring of convergence and the sum of "= (—1)"2" + 31> (£)nF1em,

5.6.4. (i) Write ﬁ as a power series with disc of convergence Dy(1) and as power series with
ring of convergence Dy (1, +00).

(i1) Write m as a power series with disc of convergence Dy(3), as a power series with ring
of convergence Dy(3,4) and as a power series with ring of convergence Dy (4, +00).

5.6.5.1f m € N, using the geometric power series Z:ﬁ% 2", write i as a power series

1
:{i‘(’] anz"™, and determine its disc of convergence.

5.6.6. Find the radips of convergence of 1 434 a(a+11)2(‘:jg;jil)’(bzﬁn_(bgnfl)z”, where ¢ #
0,—1,—2, .... This power series is called hypergeometric series with parameters a, b, c. Prove
that the function w = F'(z;a,b, ¢), which is defined by the hypergeometric series in its disc of

convergence, is a solution of the differential equation z(1—2)w” + (¢— (a+b+1)2)w’ —abw = 0.
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5.6.7. (i) Prove that, if two power series of the type > "% a,(z — 2z9)™ with positive radii of
convergence define the same function in the intersection of their discs of convergence, then the
two series coincide, i.e. they have the same coefficients a,,.

(ii) Prove a result analogous to (i) for two power series of the type Eﬁ;_l an(z — z0)™.

(iii) Can you prove now the analogous result for two power series of the type > a,,(z — 29)" ?

5.6.8. Let 0 < R < +0o0.

() If Zn 0 an(z — 2z0)" converges absolutely for some z € C.,(R), prove that it converges
absolutely for every z € D, (R).

(i) If Zn 0 an(z — 20)" converges for some z € C,(R), prove that it converges absolutely for
every z € D, (R).

5.6.9. Let R', R” and R be the radii of convergence of Zn o an (2—20)", Z:{i% ap” (z—2p)™ and
o0 (an’ + an")(z — 20)", respectively. If R # R, prove that R = min{ R/, R"}. If R’ = R",
prove that R > R = R".

5.6.10. Let R be the radius of convergence of > "] a,(z — 20)™. If 0 < R < +00, find the radii
of convergence of Y12 nFa, (2 — z0)", 1 n'an(z — 20)", 3% 2 (2 — o).

5.6.11. Let k € N, k > 2. Find the 2 at which > ZT converges.

5.6.12. Find the z at which Z+ 12" ' converges.

2

5.6.13. Let 0 < b < 1. Find the ring of convergence of Z MO ALR

n= OO
5.6.14. 1f 3% a,,(2 — 20)™ = s(z) for every z € D, (R) and |a1| > 3% nla,|R"~*, prove
that s is one-to-one in D, (R).

5.6.15. (i) Prove that the disc of convergence of > w(w —1)™is Dy(1).

(i1) Prove that (_17): i

(w—1)" = Logw for every w € D1(1).

n=1
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Chapter 6

Local behaviour and basic properties of
holomorphic functions.

6.1 The theorem of Cauchy for triangles.

Let A be a closed triangular region. When we write

f(z)dz
0A
we mean the curvilinear integral over a curve ~ with trajectory v* = OA which describes the
triangle JA, the boundary of A, once and in the positive direction. For instance, if z1, 29, 2o are
the vertices of the triangle in the order which agrees with the positive direction of A, then a valid

curve is v = [21, 2] + [22, 23] + |23, 21]. Hence,

dz = d d dz.
REE /[Wﬂf(z) - /[] f(z)dz + /[] f(2)dz

Of course there are analogous statements for integrals

f(2)dz,

OR

when R is a closed rectangular region or, more generally, a closed convex polygonal region.

The theorem of Cauchy-Goursat. Let f : (2 — C be holomorphic in an open set §) which contains
the closed triangular region . Then

f(z)dz=0.
OA

Proof. We write I = ¢, \ f(z) dz, and we have to show that I = 0.

Let A = A(z, 22, 23) be the given closed triangular region with vertices z1, z2, z3 written in the
order which agrees with the positive direction of 9A. We take the points ws, w1, we, which are the
midpoints of the linear segments [z1, 23], [22, 23], [23, 21], respectively. Then the closed triangular
region A(z1, 22, z3) splits into the four closed triangular regions A1) = A(z1,ws, ws), A®@) =
A(ws, z9,w1), ABG) = A(wy, z3,ws) and AW = A(ws, wy, we) and we define the corresponding
curvilinear integrals: IV = §, (1) f(2)dz, I® = §, ) f(2)dz, I®) = §, () f(2)dz and
I = $oa@ f(2)dz. Now, we analyse each of the four integrals into three integrals over the
three linear segments of the corresponding triangle, and then we add the resulting twelve integrals
and observe the cancellations which occur between integrals over pairs of linear segments with
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opposite directions. We end up with six integrals over six successive linear segments which add
up to give the three linear segments of the original triangle JA. The result is

I=10 471 116 4 1@,

This implies [7| < [IW| + [I®)| + [I®)| + [I™W| and hence [I1)| > 1 |I| for at least one j. Now
we take the corresponding closed triangular region AY) and, for simplicity, we denote it A;. We
also denote I; the corresponding integral (/). We have proved that there is a closed triangular
region Ay contained in the original A such that, if I = ¢, f(z)dz and Iy = §,, f(2)dz,

then |I;| > $|I|. We also observe that diam Ay = } diam A. We may continue inductively and
produce a sequence of closed triangular regions A,, and the corresponding sequence of curvilinear
integrals I,, = §,, f(2)dz so that:
HADA DDA DA D,
(i) 1] > 11,
(iii) diam A, = & diam A.
Now, (i), (iii) and proposition 1.16 imply that there is a (unique) point z contained in all A,. In
particular, z € A and hence f is differentiable at z. If we take an arbitrary ¢ > 0, then there is
0 > 0 so that ]w — f'(2)] < e forevery ¢ with 0 < |¢ — z| < §. Thus,

1F(Q) = f(2) = ()¢ —2)| S el —2]  forevery ¢ with [( — z] <0 (6.1)

Because of (iii), there is some large n so that diam A,, < . Since z € A,, and diam A,, < 9, we
get |¢ — z| < diam A,, < ¢ for every ¢ € 0A,, C A,, and now (6.1) and (iii) imply

1f(C) = f(z) = F/(2)(¢—2)] <€ — 2| < ediamA,, = 2% diam A for every ¢ € 0A,,.

Therefore,

[ (O~ £) ~ PRI 2| < o diamAI@A,) < Sc(diam AP (62)
OA,

Since f(z) + f/(2)(¢ — z) is a polynomial function of ¢, example 5.5.1 shows that
]{ (f(2) + f(2)(¢ = 2))d¢ =0
0,

and (6.2) becomes |I,,| = |f8An f(¢)d¢| < %(diam A)2. Finally, (ii) implies |I| < 3¢(diam A)?
and since € > 0 is arbitrary, we conclude that [ = 0. O

6.2 Primitives and the theorem of Cauchy in convex regions.

Proposition 6.1. Let f : Q0 — C be holomorphic in the convex region ). Then f has a primitive
in §2.

Proof. We fix zy € €. Then for every z € (2 the linear segment [z, z| is contained in 2 and we
define F': 2 — C by

F(z) = /[ S

We shall prove that F' is a primitive of f in 2. We take arbitrary z,w € €) and consider the
closed triangular region A with vertices zo, z, w. Since 2 is convex, A is contained in 2 and the
Cauchy-Goursat theorem implies §, \ f(z)dz =0, i.e.

FQdc+ [ fOdc+ / F(O)dC =0,

[zg,z} [wa} ['LU,Z()}
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Therefore F(w) — F(z) = f[z,w] f(¢) d¢ and hence
Flw)-F() - f@w -2 = [ fQdc—16) [ de= [ (70— 1@ 63)
[2,w] [z,w] [z,w]

Since f is continuous, for every € > 0 there is § > 0 so that | f(z') — f(2)| < € for every 2’ € Q
with |2/ — z| < 4. Taking w € Q with |w — z| < § we automatically have | — z| < § for every
¢ € [z,w] and (6.3) implies

|Fw) ~ F(2) = f(z)(w — 2)| = | /[ Q)= F@) ] < ehw =21

Therefore, W—f{z)‘ < eforevery wwith0 < |[w—z| < dandhence F'(z) = f(z). O

The theorem of Cauchy in convex regions. Let f : (2 — C be holomorphic in the convex region

Q. Then
j{f(z) dz=10
.

for every closed curve v in ).
Proof. Direct from propositions 5.22 and 6.1. O

Now we shall decribe a very useful technique to handle curvilinear integrals of holomorphic
functions. Every closed curve v we shall refer to will be visually simple, for instance a circle or a
triangle or a rectangle, and we shall be able to distinguish between the points inside v and the points
outside . We assume that v surrounds every point inside it once and in the positive direction and
that it does not surround the points outside it. The points inside ~ form the region inside ~ and the
points outside « form the region outside . Then v* is the common boundary of the region inside
~ and the region outside . We shall concentrate on two characteristic cases.

First case. Let f : Q0 — C be holomorphic in the open set 2 and let -y be a closed curve in 2. We
want to evaluate . f(2) dz.

If Q is convex, then fv f(2)dz = 0. So let us assume that 2 is not convex. To continue, we assume
that the region inside ~, call it D, is contained in €2, and hence f is holomorphic in D as well as
in 0D = ~*. Now our technique is the following. We split D into specific disjoint open sets

FEq, ..., By, so that their boundaries OF1, . . ., 0F,, are trajectories of closed curves o1, ..., 0m,
sothat D = F; U--- U E,, and, finally, so that, when we analyse in an appropriate way each of
o1, ...,0m in successive subcurves and drop those subcurves which appear as pairs of opposite

curves, the remaining subcurves can be summed up to give the original curve ~. The result is:

ﬁf(z)dz:ilf(z)dz+~--+£mf(z)dz.

In fact we applied this technique in the proof of the theorem of Cauchy-Goursat.

Now, if the various E1, ..., E,, can be chosen so that each E1, ..., E,, is contained in a corre-
sponding convex open subset of €2, then we conclude that

ﬁf(z)dzzjélf(z)dz+--.+7l{mf(z)dz:0+...+0:0_

Second case. Let f : 2 — C be holomorphic in the open set 2 and let v,~1,...,7, be n + 1
closed curves in Q. We want to relate the integrals fv f(2)dz, f% f(z)dz,..., f’)’n f(2)dz.

We assume that the regions inside 1, ..., 7, are disjoint and that they are all contained in the
region inside . Let us call D the intermediate region, i.e. the set consisting of the points which
are inside vy and outside every 7, . . . , Vp, i.€. the intersection of the region inside ~y and the regions
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ouside v1, . .., 7n. We further assume that D is a subset of 2, and hence f is holomorphic in D as
well as in 0D = v* U~ U---U~;. Now, here is the technique. We split D into specific disjoint

open sets F1, ..., E,, so that their boundaries OF71, ..., dFE,, are trajectories of closed curves
Oly--.,0m,s0that ¥ = F; U---U E,, and, finally, so that, when we analyse in an appropriate
way each of o1, ..., o, in successive subcurves and drop those subcurves which appear as pairs

of opposite curves, the remaining subcurves can be summed up to give v as well as the opposites
of v1,...,7n. The result is:

]if(z)dz— g (z)dz—..._j{nf(z)d,z:yif(z)dz+...+f;mf(z)dz‘

If the various E1, ..., E,, can be chosen so that each E1, ..., E,, is contained in a corresponding
convex open subset of 0, then ¢ f(2)dz — ¢, f(z)dz—--—¢ f(z)dz=0+---+0=0
and hence

ﬁf(z)dz:jil f(z)dz+~-+fnf(z)dz.

Corollary 6.1. Let C,C4,...,C, be n + 1 circles and let D, D+, ..., D, be the corresponding
open discs. Assume that Dy, ..., D, are disjoint and that they are all contained in D. Consider
also the closed region M = D\ (D1 U---U Dy,). If f : Q — C is holomorphic in an open set §)
which contains M, then

jgf(z)dz: f(z)dz+---+ f(z)dz.

C C1 Ch

Instead of circles we may consider rectangles or triangles or any combination of the three shapes.

Proof. Clear after the previous discussion. O
Exercises.

the arc of the circle
0]. Also, let o be

6.2.1. Let v be the closed curve which is the sum of the linear segment |0,
Co(R) from R to Re' in the positive direction and the linear segment [Re
the curve wich describes only the above arc from R to Re'7.

(i) Prove that fO'R e dz — 0 when R — +oc.

:|’
- T
s
4’

(i) Using g appropriately together with the formula [, et dt = @, prove the formulas for

the so-called Fresnel integrals: [,"*sint?dt = [,"* cost?dt = 2—@

6.2.2. Let y, R > 0 and gy be the closed curve which is the sum of the linear segments [— R, R,
[R, R+ 1y|, [R+ iy, —R +iy] and [-R + iy, —}22] ,

(i) If y > 0 is constant, prove that f[RRHy} e~ dz — 0 and f[iRHyﬁR] e * dz — 0 when
R — 4o0.

(i1) Using g, appropriately, prove that fj;o e~ (@+)? gz does not depend on y € [0, +00).

(iii) Using the formula f0+°° e dt = @, prove that fj;o e~ cos(2zy) dz = /e V" for
every y > 0 (and hence for every y < 0 also). This identity is very important for harmonic
analysis.

6.3 Cauchy’s formulas for circles and infinite differentiability.

Cauchy’s formula for circles. Let f : Q@ — C be holomorphic in an open set Q) containing the
closed disc D, (R). Then

flz) = d¢  forevery z € D, (R).




Proof. Let z € D,,(R). We consider any open disc D, (r) withr < R — |z — 29|. Then D, (r) C
D, (R) and the function OER holomorphic in the open set 2 \ {z} which contains the closed

(—=z

region between the circles C,(r) and C,, (R). Corollary 6.1 implies
Cop(R) C— 2 . C— %
Now, we have 3@02 () C%z d¢ = fo% relit ire’* dt = 2mi and hence
. C— % c.ry G(—%

We take € > 0. Since f is continuous at z, there is § > 0 so that | f({) — f(z)| < e forevery ¢ € Q
with | — z| < 4. Therefore, if r < §, (6.5) implies

MO e
‘ ji‘z(r) sz dg — lef(z)) < - 2mr = 2rre.

Since € is arbitrary, we conclude that lim,_,q 5502 ) }g(fz) d¢ = 2mif(z). Now, letting r — 0 in

(6:4), we get i, () @ d¢ = 2mif(2). O

A particular instance of the formula of Cauchy is when we take z = z(, the center of the circle
C., (R). Using the parametric equation = 29 + Re®, t € [0, 27, we get

1 2

f(z0) = fzo+ Reit) dt

2 Jo
and this is called mean value property of the holomorphic function f.
Cauchy’s formula for derivatives and circles. Let f : Q0 — C be holomorphic in an open set

Q) containing the closed disc D, (R). Then f is infinitely many times differentiable at every z €
D.,(R) and

FM(z) = ! _J©O d¢  forevery z € D, (R) and every n € N.

= Rt
2mi Jo, (ry (€ —2)"
Proof. Proposition 5.25 says that ﬁ 56020( R) g d(¢ is an infinitely many times differentiable

function of z in the disc D, (R). On the other hand, Cauchy’s formula says that this function coin-
cides with the function f(z) in the same disc. Therefore f(z) is infinitely many times differentiable

in D (R). Moreover, the derivatives of f(z) are the same as the derivatives of ;.- b (R) é(fz) d¢
20
O

and these are given by the formulas in proposition 5.25.

Example 6.3.1. Let n € N. Then

1 _
ﬁ‘zo(R) C—on d¢ =0, forevery z & D, (R).
To see this we observe that the circle C,, (R) is contained in a slightly larger open disc D, (R’)
which does not contain z: itis enough to take R < R’ < |z—z¢|. Thenthe disc D, (R’) is a convex
region and C%Z)n is a holomorphic function of ¢ in D,,(R’). Now the result is an application of
the theorem of Cauchy in convex regions.

On the other hand, we have

1 2mi, ifn=1
——d( = ’ forevery z € D, (R).
7220(1%) (¢C—2) ¢ {0, ifn>2 vy ()

This is a simple application of Cauchy’s formula (for a function and its derivatives) to the constant
function 1. The special case z = zy we have already seen in examples 3.2.8 and 5.2.2.
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Theorem 6.1. Let f : 2 — C be holomorphic in the open set (). Then f is infinitely many times
differentiable in Q.

Proof. Let zg € ). We take a closed disc D,,(R) C € and then f is infinitely many times
differentiable in D, (R) and hence at 2. O

It is time to recall the remark after proposition 5.24. The assumption of continuity of the
derivative in proposition 5.24 is superfluous. The same we may say for the hypothesis in example
5.5.6 and in exercise 5.5.1.

Cauchy’s estimates. Let [ : Q& — C be holomorphic in an open set containing the closed disc
D, (R). If | f(¢)| < M forevery ¢ € Cy,(R), then

M
£ (20)] < nR for every n € N.
Proof. Direct application of Cauchy’s formulas. O
Exercises.

6.3.1. Evaluate ¢, ydz for 0 <r < 2andfor2 <r < +oo.

By
6.3.2.Ifn € N, evaluate §, ;) & dzand [77 e« sin(nf—sin6) d, [ e cos(nf—sin ) df.

e? —

et? sinz Logz
6.3.3. If n € N, evaluate foo(l) & dz, fCo( dz, fo e ® dz, fCl ) %82 dz.

Tz Fil

6.3.4.Let f : C — C be holomorphic in C and assume that there are A, M and n € N so that
|£(2)| < A+ M|z|" for every z. Prove that f(»*1)(2) = 0 for every z and that f is a polynomial
function of degree < n.

6.3.5. Let f D, (R) — C be continuous in D, (R) and holomorphic in D,,(R). Prove that
f(2) =35 Je. (R) dC for every z € D,,(R).

6.3.6. Let f : Q — C be holomorphic in an open set containing the closed disc D.,(R) and let
0 <7 < R.If|f(2)] < M forevery z € C,,(R), find an upper bound for | | in D, (r), which
depends only on n, r, R, M and not on f or 2.

6.3.7.Let f : D, (R) — C be holomorphic in D, (R). If |[f(z)] < ﬁ

D.,(R), find the smallest possible upper bound for | £ (z)|, which depends only on n, R and
not on f or zg.

for every z €

6.3.8. Let f : D — C be holomorphic and bounded in D. Prove that f(w) = 1 [[} IE)_ drdy

™ (1-zw)

for every w € D.

6.4 Morera’s theorem.

Theorem 6.1 and proposition 5.22 imply the following corollary. Let f : 2 — C be continuous
in the region ). If fv f(z)dz = 0 for every closed curve ~y in ), then f is holomorphic in €.
Indeed, since 3% f(2) dz = 0 for every closed curve y in §2, we get that f has a primitive, say F, in
Q. This means that F” = f in 2 and hence F is holomorphic in €. Therefore, F is infinitely many
times differentiable in {2 and then f is also infinitely many times differentiable in ). In particular,
f is holomorphic in 2.

The next theorem proves the same result with weaker assumptions.
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Morera’s theorem. Let f : Q) — C be continuous in the open set Q). If fa A f(2)dz = 0 for every
closed triangular region A in €, then f is holomorphic in ).

Proof. Let zy € Q2. We consider a disc D,,(R) C Q. This disc is a convex set and we have that
$oa f(2) dz = 0 for every closed triangular region A in D, (R). Then the proof of proposition 6.1
applies and we get that f has a primitive, say F, in D, (R). This means that F’ = f in D, (R) and
hence F is holomorphic in D (R). Therefore, F is infinitely many times differentiable in D (R)
and f is also infinitely many times differentiable in D, (R). In particular, f is holomorphic in
D, (R) and hence at 2. O

Exercises.

6.4.1. Let f : Q@ — Cand!bealine. If f is continuous in the open set 2 and holomorphic in 2\ [,
prove that f is holomorphic in €.

6.5 Liouville’s theorem. The fundamental theorem of algebra.

Liouville’s theorem. If f : C — C is holomorphic and bounded in C, then f is constant in C.

Proof. There is M > 0 so that |f(z)| < M for every 2. We take any 2y and apply Cauchy’s
estimate for n = 1 with an arbitrary circle C,,(R) and we find that |f’(zo)| < %. Letting
R — +00, we get f'(z9) = 0. Since z is arbitrary, we conclude that f is constant. O

Fundamental theorem of algebra. Every polynomial of degree > 1 has at least one root in C.

Proof. Let p be a polynomial of degree > 1 and assume that p has no root in C.

We consider the function f = %, which is holomorphic in C, and we see easily that it is also
bounded in C. Indeed, since lim,_,~ p(z) = oo, we have lim,_,~, f(z) = 0, and hence there is
R > 0sothat |f(z)] < 1 for every z with |z| > R. Since |f| is continuous in the compact disc
Dy(R), there is M’ > 0 so that | f(2)| < M’ for every z with |z| < R. Taking M = max{M’, 1},
we have that | f(2)| < M for every z and hence f is bounded.

Liouville’s theorem implies that f and hence p is constant and we arrive at a contradiction. O

Having proved that a polynomial p has a root z;, we may prove in a purely algebraic way
that z — z; is a factor of p, i.e. there is a polynomial p; so that p(z) = (z — z1)p1(z) for every
z. If p; is of degree > 1, then it has a root zo and, as before, there is a polynomial py so that
p1(z) = (2—22)p2(z) and hence p(z) = (2—21)(2—22)p2(z) forevery z. Continuing inductively,
we conclude that, if n > 1 is the degree of p, there are 21, . .., z, so that

p(z) =clz —z1) (2 — zn) for every z

where c is a constant. It is clear that c is the coefficient of the monomial of highest degree of p.
We have proved that every polynomial p of degree n > 1 has exactly n roots in C.

Exercises.

6.5.1. We say that z, w are symmetric with respect to T if either z = 0, w = co or z = oo, w =0
orz,we€C,z= %

Letr = % be a non-constant rational function so that the polynomials p, ¢ have no common root
and so that |r(z)| = 1 for every z € T. Prove that, if a € C\ {0} is a root of p of multiplicity
k,then b = % is a root of ¢ of multiplicity £ and conversely. l.e. the roots of p and the roots of ¢

form pairs of points symmetric with respect to T. (In particular, p and g have the same degree.)

6.5.2. If f : C — C is holomorphic in C and Re f is bounded in C, prove that f is constant in C.
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6.6 Maximum principle.

Maximum principle. Let f : Q — C be holomorphic in the region ), M = sup{|f(z)| |z € Q}.
If there is zg € Q so that | f(z0)| = M, then f is constant in SQ.

Proof. We take any z € 2 for which |f(z)| = M. We consider an open disc D, (R) C  and any
r with 0 < r < R. We apply Cauchy’s formula and we get

f(z)zlf f<) i = - et g L 27rf(z+re)d
C

2mi Jo,my € — 2 2mi J ret 2

Since |f(z + re')| < M for every t € [0, 27], we have

2

=@l =|5 [

. 1 [27 .
f(z+re™) dt‘ < 2/ |f(z +ret)|dt < M. (6.6)
T Jo
Hence, 5- 27| f(z + re't)| dt = M and, since | f(z + re'®)| is a continuous function of ¢, we get
|lf(z+ re”)| = M for every t € [0, 27]. Now, r is arbitrary in the interval (0, R) and we find that
|f(z + ret)| = M for every t € [0,27] and every r € (0, R). So we get

lf(w)| =M for every w € D.(R).

We proved that, if | f(z)| = M for a z € €, then this equality holds in a neighborhood of z. Now

we define
B={zeQ[[f(z)|=M},  C={ze€Ql|f(z)] <M}

and it is clear that BUC = Qand BN C = 0.

If z € B, then |f(z)| = M and hence the same is true at every point in a neighborhood of z.
Therefore some neighborhood of z contains no point of C' and, thus, z is not a limit point of C.
Moreover, if C' contains a limit point z of B, then |f(z)| < M and there is a sequence (z,) in B
so that z,, — z. Then |f(z,)| = M for every n and by the continuity of f we have |f(z)| = M
which is wrong. Therefore C' contains no limit point of B.

If both B and C' are non-empty, then they form a decomposition of (2. But €2 is connected and,
since 2y € B, we get that C' = (). Therefore,

lf(z)| =M for every z € Q. (6.7)

Now we shall prove that f is constant in 2. If M = 0, then clearly f = 0 in (2. Let us assume that
M >0.Ifu and v are the real and the imaginary part of f, then (6.7) says that u? + v?> = M? in
) and hence u8 + Uax = 0 and u —|— vg” = 0 in Q2. Using the C-R equations, we get

ou v ou ov )
u%%—vazo, %—ua—x—O in €.

Viewing this as a system with unknowns %, %, we see that its determinant is u? +v? = M? > 0,

and we find that g—; = 0 and % = 01in Q. Therefore, f' = (% + i% = 0in 2 and hence f is
constant in the region 2. O

Maximum principle. Let f : Q0 — C be holomorphic in the bounded region Q) and continuous in
Q. Then either f is constant in Q) or | f| has a maximum value, say M, attained at a point of O
and |f(2)| < M for every z € Q. In every case, | f| has a maximum value which is attained at a
point of 0€).
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Proof. If f is constant in Q, then |f| is also constant, say M, in Q. Then, obviously, M is the
maximum value of | f| and it is attained (everywhere and hence) at every point of OS2.

Now we assume that f is not constant in Q. This implies that f is not constant in () either. (If f = ¢
in €, then for every z € Q) there is a sequence (2,) in (2 so that 2, — 2 and then, by continuity,
we get ¢ = f(z,) — f(2) and hence f(z) = c for every z € Q.)

Now, | f| is continuous in the compact set  and hence attains its maximum value, say M, at some
point 29 € €. Le. we have | f(z0)| = M and |f(2)| < M for every z € Q.

If any such zg belongs to {2, then the previous maximum principle implies that f is constant in 2
and we arrive at a contradiction. We conclude that zop € 92 and |f(z)| < M forevery z € 2. [

Exercise 6.6.3 refers to the case of an unbounded region ).
Exercises.

6.6.1. Prove the minimum principle. Let f : 2 — C be holomorphic in the region {2 and let
m = inf{|f(2)| | z € Q}. If there is zp € § so that | f(z0)| = m, then either m = 0 (and hence
f(z0) = 0) or m > 0 and then f is constant in €.

6.6.2. Let f be holomorphic in D and continuous in D, let | f(z)| > 1 forevery z € T and f(0) = 1.
Does f have a root in D?

6.6.3. State and prove the second maximum principle in the case of an unbounded region (). In
this case we must include the point oo in €.

6.6.4. Let f : QO — C be holomorphic in the bounded region 2 and lim,_,¢ f(z) = 0 for every
¢ € 09 Prove that f is constant 0 in €.
In the case of an unbounded region (), we must include the point co in 9f).

6.6.5. Let f : Q — C be holomorphic in the region 2 and K = sup{Re f(z) | z € Q}. If there is
2o € 2 so that Re f(z9) = K, prove that f is constant in (2.

6.6.6. Prove the fundamental theorem of algebra using the maximum principle.

6.6.7. Let f,,, f : © — C be holomorphic in the bounded region {2 and continuous in Q. If f,, — f
uniformly in 9, prove that f,, — f uniformly in Q.
In the case of an unbounded region €1, we must include the point oo in 0.

6.6.8. Let R be a square region with center zq. Let f : R — C be holomorphic in R and continuous
in R. If |f(2)] < m for every z in one of the four sides of R and |f(z)| < M for every z in the
other three sides of R, prove that | f(20)| < VmM3.

6.69.Let Q = {z +iy| — 5 <y < g}and f(z) = e®". Then f is holomorphic in £ and
continuous in 2 = {x +iy| — § <y < T}. Provethat | f(z —i5)| = [f(z +i5)| = 1 for every
x € R and that lim,_, , o, f(z) = +00. Does this contradict the maximum principle?

6.6.10. Let f : O — C be holomorphic in the bounded region €2 and continuous in Q. If |f] is
constant in 0f2, prove that either f has at least one root in {2 or f is constant in €).

6.6.11. Let f : Q — C be holomorphic in the bounded region 2 and continuous in 2. If Re f = 0
in 082, prove that f is constant in €.

6.6.12. (i) Let f : Q2 — C be holomorphic and non-constant in the region 2. For every p > 0
prove that {z € Q| [f(2)| < u} NQ={z € Q||f(2)| < n}.

(if) Let p be a polynomial of degree n > 1. Prove that for every u > 0 the set {z | [p(z)| < p} has
at most n connected components and each of them contains at least one root of p. How do these
connected components behave when . — 0+ and when p — +00?
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6.6.13. Let f : 2 — C be holomorphic and non-constant in the bounded region €2. If we assume
that lim supgys, | f(2)| < M for every ¢ € OS2, prove that | f(z)| < M for every z € .
In the case of an unbounded region €2, we must include the point co in 9f2.

6.6.14. Let f : Q) — C be holomorphic in the bounded region € and continuous in Q. If U is an
open set so that U C (), prove that sup{|f(2)||z € U} < sup{|f(2)||2z € 90}. If equality
holds, prove that f is constant in ).

6.6.15. Let f : Do(R;, R2) — C be holomorphic in Dy(R;1, R2) and a € R. Prove that |z]%| f(2)]
has no maximum value in Dy(R1, R2), except if a € Z and there is ¢ so that f(z) = ¢z for
every z € Do(R1, R2).

6.6.16. The three circles theorem of Hadamard. Let f : D, (R;, R2) — C be holomorphic in
D.,(R1, Rg) and let M (r) = max{|f(2)||z € C,,(r)} for Ry < r < Ry. Prove that In M (r)
is a convex function of Inr in (R, Re). Le. prove that, if R < r; < r < ry < Ry and
Inr=(1—1¢t)Inry +tlnrg for0 <t < 1, thenln M (r) < (1 —¢)InM(r1) + tIn M(ra).

6.6.17. The three lines theorem. Let f : K — C be holomorphic and bounded in the vertical
zone K = {z +iy| X1 < x < Xo}and let M(x) = sup{|f(z + iy)|| — o0 < y < +o0}
for X1 < x < Xy. Prove that In M (z) is a convex function of z in (X1, X2). Le. prove that,
ifX) <21 <2z <2y < Xoandz = (1 —t)zy +tag for 0 < t < 1, then InM(z) <
(1 =t)InM(x1) + tIn M(x2).

6.6.18. The Phragmén-Lindelof theorem. Let f : (2 — C be holomorphic in the bounded region
Q,let ¢ :  — C be holomorphic and bounded in 2 and let ¢ have no root in §2. Letalso ANB = ()
and AU B = 090. If

() limsupg5, ¢ [f(2)] < M for every ¢ € A and

(i) lim supgs, ¢ | f(2)[|¢(2)[° < M for every ¢ € B and every € > 0,

then prove that | f(z)| < M for every z € Q.

If, moreover, f is non-constant in €, prove that | f(z)| < M for every z € Q.

6.7 Taylor series and Laurent series.

Proposition 6.2. Let f : Q@ — C be holomorphic in the open set ), zo € Q) and let D, (R)

be the largest disc with center zg which is contained in ). Then there is a unique power series

F20 an(z — 20)" so that

+00
f(z) = Zan(z —2z0)"  forevery z € D, (R).
n=0
The coefficients are given by

_ M) _ 1 i)
= g [, Ty PO <R

Proof. Wetake z € D, (R), and then |z — 29| < R. If |z — 29| < r < R, then z € D, (r) and,
according to the formula of Cauchy, we have

1 1€,

27 Cog() 6 — %

f(z) (6.8)

Now for every ¢ € C,,(r) we have |—Z:ZO | =

o 2=20l 1 and hence

T

+oo

r 1 1 1 _ 1 Z— 20\"
C—Z_(C—Zo)—(z—zo)_C—Zol—ziizo C—ZOZ<C—ZO) '

20 n=0
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Therefore, (6.8) becomes

00 —m
flz) = % /Czo(r) Cf—(cio 2 <C - zz) .

n=0

The test of Weierstrass implies that E (Z ZO) converges, as a series of functions of {, uni-

formly in C%, (r). Indeed, | Z=22|" = (k= ZO') for every ¢ € Cs,(r) and 3520 (=20l ZO‘) < +00.
Hence,

Z o / - n+1 dg (2 — z0)". (6.9)

ZO (T
Now, we observe that the radius  has been chosen to satisfy the inequality |z — 29| < r < R and
hence the integrals ﬁ /. Co () % d¢ depend a priori on z. But there are two reasons that
20

these integrals actually do not depend on the value of 7 in the interval (0, R) and hence on z. The
first reason is that from the formulas of Cauchy for the derivatives we get

1 f(¢) IUARIED)
/C N ge=L 20

27 20(T) (C - ZQ)"+1 N n!
The second reason is that % is, as a function of ¢, holomorphic in D(zp; R) \ {20}, and
because of corollary 6.1, we have
1 1
b Loﬂd = — Loﬂdc When0<r1<r2<R.
2mi Jo,, () (€ — 20)" 27 Jo, (rp) (€ — 20)"

We conclude from (6.9) that
= Z an(z —20)" forevery z € D,,(R), (6.10)

f(n)

where a,, = = 5L szo = ZO n+1 d¢ for0 <r < R.

Regarding uniqueness, assume that f(z) = S0 ba(z — 20)" for every 2 € D, (R). Then, if
0 <7 < R, the series >0 b, (2 — 20)" converges uniformly in C., (r) and we get

_ f(©) _ _
i = /czo< ) (€= z0)FHt = /czo< ) (¢ z0)F*1 Z =)

= Z bn / — 20)" L d¢ = 2miby,.

n=0 Czo (7’)

The last equality uses the calculation in example 5.2.2.

Finally, we get that by, = ay for every k and we conclude that the power series which satisfies

(6.10) is unique. O
(n )

R Je o o d¢

for 0 < r < R is called Taylor series of f in the disc D,(R), the largest open a’zsc with center
2o which is contained in the domain of holomorphy of f.

Definition. The power series >, 20 an(z — 20)" with a,, =

Example 6.7.1. The function f(z) = i is holomorphic in C \ {1} and the largest open disc
with center 0 which is contained in C \ {1} is Dy(1). To find the Taylor series of f in Dy(1) we

calculate the derivatives f(™)(z) = W for every n > 0. Thus, a, = %

n > 0 and the Taylor series of f is >0 2". Le. = Y18 2" for every z € Do(1). Of
course, this is already known.

= 1 for every

17

89



Example 6.7.2. The function f(z) = leg = (ZH)I(Z_Z-)

and the largest open disc with center 0 which is contained in C \ {7, —i} is Dy(1). To find the

Taylor series of f in Dy(1) we calculate the derivatives of f. We write f(z) = —4 (-2~ +——) and

T2 Ni—z itz
1 n!

(n) 1)
get f(V)(2) = _Z(W + (—1)"#) for every n > 0. Hence a,, = ! n!(o) = D

2
for every n > 0. If n is odd, then a,, = 0. If n is even, then a,, = %n = (—1)% and the Taylor

series of fis Y720 (—1)F2%. Le. 1+1Z2 = Y720 (=1)k22k for every 2 € Dp(1).

We may find the same formula if we use the Taylor series of -1, ie. & = o2 We
replace z with —22 and find 177 = Y72} (—1)"2*". From the moment that we have found some
power series which coincides with our function in Dg(1), then, because of uniqueness, this is the

Taylor series of our function.

is holomorphic in the open set C\ {7, —i}

Example 6.7.3. The exponential function f(z) = e* is holomorphic in C and the largest open disc
with center 0 which is contained in C is Dy(+00) = C. The derivatives of f are (") (z) = ¢* for

. . (n)
every n > 0 and the coefficients of the Taylor series of f are a,, = fT(O)

Thus, the Taylor series of f is .72 L 2" and we have

= % for every n > 0.

n=0 n!
+00 1

e = Z —|z" for every z.
= n!

Example 6.7.4. The function f(z) = cos z, defined in exercise 5.2.5, is holomorphic in C and

the largest open disc with center O which is contained in C is Dy(400) = C. The derivatives of
n+1

fare f(M(z) = (=1)2 cos z for even n and f("(z) = (=1)"z sin z for odd n. Therefore, the

. . n) —1)2 n
coefficients of the Taylor series are a,, = w = % for even n and a,, = ! (72!(0) = 0 for
odd n. Thus, the Taylor series of f is ;:08 %z% and we have

—+o00
cosz = Z (_1)kz2k for eve
= ry z.
k=0 ’

In the same manner we can prove that

+ _
= (=D

ok — 1)I°

sinz =
el

for every z.

Another way to find the Taylor series of cos z and sin z is through the definitions of the two func-
tions and the Taylor series of e*. For instance:

—+00 +o0 too .
e te™ 1 1., 1 1 L "1+ (=™ ,
cos z = 5 3 m(zz) + B E(—zz) = Z o Z
n=0 n=0 n=0
+oco . —+00
_ Z i o _ (_1)kz2k
| |
— (2k) — (2k)!

The power series we found coincides with the function cos z in the largest open disc with center
0 which is contained in the domain of holomorphy of cos z and, because of uniqueness, this is the
Taylor series of cos z.

Proposition 6.3. Let [ : Q — C be holomorphic in the open set Q2 and let D,,(R1, R2) be a
largest open ring with center zo which is contained in ). Then there is a unique power series
S % an(z — 20)" so that

+00
f(z)= Zan(z —z0)"  forevery z € D, (R1, Ra).
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The coefficients are given by
1 f(Q)

Ay = — —r or Ri <r < Rs.
2mi Jo,, (r) (€ — 20)" T ¢ for B ?

Proof. We take z € D, (R1, R2), and then R; < |z — z9| < Ra. We choose any 71,73 so that
Ry <r; <|z— 2| <ra <Ry Thenz € D, (r1,r2) and

- L / FO 4o L 1© g 61
20(T2)

2mi )6 —2 271 Cag (1) (—z

To prove (6.11), we consider an open disc D, (r) with r < min{re — |z — 29|, |2 — 20| —71}. Then
D.(r) C D,,(r1,72) and we apply corollary 6.1 to f(C)

D, ,(Ri,R2) \ {z}. We get

JQ 4 FQ 4 Q)
?{Jzo(m)(—zdz 72 (rl)C—Zdz ﬁg(r)C—de'

20

, which is a holomorphic function of ¢ in

Now as in the proof of Cauchy’s formula for circles, we have lim,_,q fC (r) ¢ _C d¢ = 2mif(z)
and the proof of (6.11) is complete.
For every ¢ € C.,(r2) we have

+o0

1 1 1 1 1 zZ— 20
-z (C—z)-(z—z) C—201-72 - C—ZO;(C—ZO) ’
because | 722 | = |Z ZO' < 1. Similarly, for every ¢ € C,,(r1) we have
1 1 1 11 *2”(4—20)71
(-2 ((—2)—(2—2) 2—201_%_ z =20 = \2 — 2
because |C < 1. Hence (6.11) becomes
+00 +00
o) = / N 5”520 S () e g [ SO ()
20 (72 =0 20 (71) 0 =0 0
Because of uniform convergence of the series inside these two integrals, we get
Z i / W d¢ (= — 20)"

ZO T2)

1 . 1
+ go o /C oSO i

In the last series we change n + 1 to —n and get

22772/

n=-—1

+Z2m/c

EN) Tl)

)WCZC (2 — 20)"
ZO TZ

(6.12)

““‘;g‘gli'df(z —'Zo)n.

Now, % is, as a function of ¢, holomorphic in D(zg; R1, R2), and another application of

corollary 6.1 implies that

J (¢ £(¢
/CZ (r1) (C—io;”“dc - /c (r) (é“_i();rzﬂdc for R1 <r; <ry < Rs.
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Therefore the coefficients of both series in (6.12) do not depend on the values of 1,72, and we
replace both radii with any r with R; < r < Ry. We proved that

+o0
f(z) = Zan('z —z0)" forevery z € D, (R, Ra), (6.13)

where a, = 5% [i () g d€ for Ry < r < Ra.
Regarding uniqueness, assume that f(z) = Y. 7% b,,(z — )" for every z € D, (R1, R2). We

take any r with Ry < 7 < Ry, and then > "2 b,,(z — 29)" converges uniformly in Cy, (r) Then

- 1O 4o I P
27ka—/czo(r) €= )t d{—/czo(r) (€= ) Z.Obn(C z0)" d¢

“+oo
=> by / (¢ — 20)" *Ld¢ = 2miby,
—00o Czo (7')

and the power series 720 b, (2 — 29)" satisfying (6.13) is unique. O

Definition. The power series 3" a,,(z — 20)" with a,, = o Jo ) % d¢ for Ry <r <
20

Ry is called Laurent series of f in the ring D(zo; R1, Re), a largest open ring with center z

which is contained in the domain of holomorphy of f.

Example 6.7.5. The function f(z) = L is holomorphic in C\ {0}. The ring Dy (0, +00) = C\ {0}
is the largest open ring with center 0 which is contained in C \ {0}. To find the Laurent series of
fin Dy (0, +00) we evaluate the coefficients a,,. We take any r with 0 < r < 400, and then

1 1/¢ 1 1
= — d¢ = — d f .
" 2mi /Co('r) CTH_I ¢ 2mi Co(r) Cn+2 ¢ orevey
If n # —1, then a,, = 0 and, if n = —1, then a_; = 1. Therefore, the Laurent series of f in

Dy(0,+00) is 3.2 a,2z" = 27! and hence we have the obvious identity 1 = 2~ for every
A Do(o, —|-OO).

In the following examples we shall use the uniqueness of the Laurent series to find the Laurent
series of certain functions without evaluating integrals: we find in an indirect way a power series
which coincides with the function in a specific ring and then, because of uniqueness, this is the
Laurent series of the function in the ring.

Example 6.7.6. The function f(z) = {2 is holomorphic in the open set C \ {1}. We have seen
that the largest open disc with center 0 which is contained in C \ {1} is Dy(1) and that the Taylor
series of f in this discis ), _,2".

Another largest open ring with center 0 which is contained in C \ {1} is Dy(1, +00). To find the
Laurent series of f in this ring, we may evaluate the coefficients a,, using their formulas with the
integrals. But we can do something simpler. If z € Dg(1, +00), then | 1| < 1 and hence

1 11 1 f (1)n "il .
= — — = — — —_ = — 2.
1—=z z1-1 2 2
z n=0 —00
Because of uniqueness, the Laurent series of f in Dy(1, +00) is — 11;—1 Z".

Example 6.7.7. The function f(z) = m is holomorphic in C \ {1,2}. There is a largest
open disc and two largest open rings with center 0 which are contained in C\ {1, 2} : the disc Dy(1)
and the rings Dy(1,2) and Dy(2, 4+00). To find the corresponding Taylor and Laurent series we
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write f as a sum of simple fractions: f(z) = 25 — 21+.

If z € Do(1), then |z| < 1 and |5| < 1, and hence
+oo 400 +o0o
1 1 1 1 Z\"™ 1
=zt (3) T =X (L)
n=0 n=0 n=0

Therefore, the Taylor series of f in Do(1) is Y124 (1 — 2n%)z:”
Ifz € D(0;1,2), then || < 1and |%| < 1, andhence

00 n +o00 n=—1
=5 () IR0 - T S

n=0 n=0

Therefore, the Laurent series of f in Dy(1,2) is — zﬁjo_l 2" — :l“x(’) 2,}“ z"

If z € Dy(2,+00), then || < 1 and |2| < 1, and hence

“+00 —+o00 n=—2
1 1 1 1 1 2\"n 1 1\n 1
1) zl—% zl—% znz:;(z) z;(z) ;.;(2”+1 i

Therefore, the Laurent series of f in Dy(2, 4+00) is 2"_72(2,}+1 —1)z".

(o)

Example 6.7.8. The function f(z) = e* is holomorphic in C \ {0}. Then Dy(0,4+00) = C\ {0}
is the only largest open ring with center 0 which is contained in C\ {0}. We find the Laurent series
of f in Dy(0, +0o0) using the Taylor series of * in C. In the identity e* = :LFO% 1, 2" we replace

z with % and we find

1
er = Z 2" 41 for every z # 0.

n=-—1
[e9)

Therefore, the Laurent series of f in Dy(0, +00) is > ™ 0 ln)!z” + 1.
Exercises.

6.7.1. Let 0 < |a| < |b|. Find the three Laurent series with center 0, the two Laurent series with
center a and the two Laurent series with center b of the function m.

6.7.2. Find the Taylor series of Log(1 — z) with center 0.

6.7.3. Find the Taylor series of ; +122 with center any a € R.

6.7.4. Find the Taylor series with center 1 of the holomorphic branch of 22 with value 1 at 1.

6.7.5. Let f be holomorphic in D, (R) and let >~ "% a,(z — 20)™ be the Taylor series of f.

(i) Prove that, if 0 < r < R, then 5 fo |f(z0 + 7"6“5)|2 dt = 320 |an|?r?n,

(i) If | f (2)| < M for every z € D(z0; R), prove that > 2% |a,,|2R?" < M2.

(iii) If g is also holomorphic in D, (R) with Taylor serles Z+°° bn(z — z0)™, prove that, if 0 <
r < R, then - 5 fo (20 4+ re') g(z0 + reit) dt = n 0 b2,

6.7.6. Let f be holomorphic in D, (R, R2). Prove that there are functions f; and f; so that fs is
holomorphic in D, (Rz2) and f; is holomorphic in D, (R;, +00) and so that f(z) = fi(z)+ f2(2)

for every z € D, (R, Rg). Prove that, if f is bounded in D,, (R, R2), then fi, fo are bounded
in Dzo (Rl, Rz).
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6.7.7. Let 2 C Cbeanopensetand let Dy(R, +00) = {z||2| > R} be the largest ring of this kind
which is contained in €2 (i.e. R is the smallest possible). Let f : Q U {oo} — C be holomorphic
in 2. Prove that f is holomorphic also at oo if and only if the Laurent series of f in Dy(R, +00)
is of the form 3" " a,,2" + ag. Observe that f(c0) = ag.

6.7.8. Prove that - = 1+ >/ (gz’;,z?k for |z| < 7, where the numbers Eyy satisfy the
recursive relations Fy,, — (25E2)E2n_2 + (2n’14) Eop g — -+ (=1)"1 (22”) Ey + (=1)" = 0.

Evaluate F», F4, Eg, Eg. The numbers F5;. are called Euler constants.

6.79.Let Q = {x +iy| A <y < B}, let f : © — C be holomorphic in the horizontal zone 2
and let f be periodic with period 1,i.e. f(z + 1) = f(z) for every z € Q.

(i) Prove that there are ¢y, n € Z, so that f(z) = ng cne?™ for every z € €2 and find formulas
for the coefficients c,.

(ii) Prove that the series in (i) converges uniformly in every smaller zone {x + iy |a < y < b}
withA <a <b<B.

6.7.10. (i) Prove that e2(*2) = bo(w) + S22 b (w) (2" + (_Z}L)n) for every z # 0, where
bp(w) = L [T cos(nt — wsint) dt for n € Ny.
(R {(i””(mf’)' ifm=n+2p,peNy

(i) If m, n € Ny, prove that 2m /. Co(1) W pl(n+p)! .
0, otherwise

(iii) The function by, (w) is called Bessel function of the first kind. Find the Taylor series of b, (w)
with center 0.

6.7.11. Let I be an open interval in R. The function f : I — C is called real analytic in /
if for every ty € I there are ¢ > 0 and a, € C, n € Ny, so that (tp — €,t9p + ¢) C [ and
F(t) = 32029 an(t — to)" forevery t € (to — €, tg + €).

Prove that, if f is real analytic in I, then there is an open set {2 C C so that I C €2 and so that f
can be extended as a function f : {2 — C holomorphic in (2.

6.8 Roots and the principle of identity.

Let f : Q — C be holomorphic in the open set €2 and take zg € ). We consider the largest
open disc D, (R) which is contained in {2 and the Taylor series of f in this disc. Then
—+00
flz) = Z an(z — 20)" = ag + a1(z — 20) + as(z — 29)? + - -- forevery z € D,,(R).
n=0
We assume that zj is a root of f or, equivalently, that ay = 0 and we distinguish between two
cases.
First case: a, = 0 for every n.
Then, obviously, f(z) = 0 for every z € D, (R), i.e. f is identically 0 in D, (R). Because of
the formulas for a,,, the condition a,, = 0 for every n is equivalent to f (") (z0) = 0 for every n.

Second case: a,, # 0 for at least one n.

We consider the smallest n > 1 with a,, # 0 and let thisbe N. l.e. ag = a1 = ... =an_1 =0
and ay # 0. This is equivalent to f(zg) = f(z) = ... = fN "D (z) = 0and fN) () # 0.
Then we have
+oo
f(2) = (z—2)N Z an(z —20)"" (z— 20) ZO“NJF” z—2zp)" forevery z € D, (R).
n=N

The power series Y70 an+n(z — 20)" = an +an+1(z — 20) + an+2(2 — 20)2 + - - - converges
in the disc D, (R) and defines a holomorphic function ¢ : D,,(R) — C. Then

() = (= 2)Vg(z)  forevery z € Doy(R),
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and thus g(z) = 1G)  for every z € D, (R)\ {z0}. We observe that () is a holomorphic

 (z—20)N (z—20)N
function in 2 \ {20} and not only in D, (R) \ {20}. Therefore, we may consider g as defined in

O\ {20} with the same formula: g(z) = I(2) . We also recall that ¢ is defined, through its power

(z—20)
series, at zg and it is holomorphic in D, (R) C 2. In fact its value at zq is g(z0) = any = %
Thus, the formula of g : 2 — C, as a function holomorphic in €2, can be written:
f(2) :
, if z € Q\ {2z
g(z) = 707 (N) Vo) (6.14)
any =1L N(!ZO), if z = 2z

Since g(zp) = any # 0 and since g is continuous at zp, there is 7 with 0 < r < R so that g(z) # 0
for every z € D, (r), and (6.14) implies

f(z) #0 forevery z € D, (r) \ {20}

Definition. Let f : Q@ — C be holomorphic in the open set ) and let zy € Q with f(zp) = 0. Also,
let :;:6 an(z — 2zp)™ be the Taylor series of f at z.

If a,, = 0 for every n, then we say that zy is a root of [ of multiplicity 4+oc.
Ifag=a1=...=an-1 =0and an # 0, then we say that zy is a root of f of multiplicity N.

In case f(z9) = ag # 0 we say that z is a root of f of multiplicity 0.

We saw that, if zg is a root of f of infinite multiplicity, then f is identically O in the largest
disc with center zy which is contained in the domain of holomorphy of f. If zg is a root of f of
finite multiplicity, then there is some disc D, () which contains no other root of f besides zp and
hence we say that the root z( is isolated. Moreover, if the multiplicity of zg is IV, then the function

g(z) = (Z{Z))N , which is holomorphic in 2\ {29}, can be defined at 2 as g(z9) = ay = %

and then it is holomorphic in €. In other words, we can factorize (z — zy)" fiom f(z), i.e. we can
write f(2) = (z — 20)N g(2) with a function g holomorphic in §). This is a striking generalization
of the analogous factorization for polynomials: is 2 is a root of the polynomial p(z) of multiplicity
N, then we write p(z) = (z — 20)V q(2), where ¢(z) is another polynomial.

Example 6.8.1. The function e”’ — 1is holomorphic in C and its Taylor series with center O is

3 —
o0 L 237, Therefore, e — 1 = 2330720 L 23001 = ;3 570 (nil)! 23" = 23g(2) for ev-

ery z, where g is the function defined by the power series ;ﬁ% (n+11)! 23", Now ¢ is holomorphic

in C with g(0) = 1 # 0, hence 0 is a root of e” —1 of multiplicity 3.

Lemma 6.1. Let f : Q — C be holomorphic in the region Q2 and let zy € Q with f(z9) = 0. If 29
is a root of f of infinite multiplicity, then f is identically 0 in €.

Proof. f is identically 0 in some disc with center 2. We define
B = {z € Q] f is identically 0 in some disc with center z}

and the complementary set C' = Q \ B. Obviously, BUC = Qand BN C = (). Also, B # ),
since zp € B.

If z € B, then f is identically 0 in some disc D,(r), and if we take any w € D,(r), then f is
identically 0 in some small disc D(w;7") C D(z;r). Thus every w € D,(r) belongs to B, i.e.
D.(r) C B and z is not a limit point of C'.

Now, let z € C. Then f is identically 0 in no disc with center z, and hence z is not a root of infinite
multiplicity of f. Therefore, there is a disc D, (r) in which the only possible root of f is its center
z. Then this disc contains no w € B and z is not a limit point of B.

Thus, none of B, C contains a limit point of the other. Since B # (), we must have C' = 0,
otherwise B, C would form a decomposition of €2. Hence {2 = B and f is identically 0 in 2. [
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Principle of identity. Let f : 0 — C be holomorphic in the region ). If the roots of f have an
accumulation point in €, i.e. if there is a sequence (z,) of roots of f so that z, — z with z € §
and zy, # z for every n, then f is identically O in ).

Proof. Since f is continuous at z and z,, — 2z, we have 0 = f(z,) — f(2) and hence f(z) = 0.

If z is a root of finite multiplicity of f, then there would be some disc D (r) in which the only root
of f is its center z. This is wrong, since D, (r) contains, after some index, all roots z, and these
are different from z. Therefore, z is a root of infinite multiplicity of f, and lemma 6.1 implies that
f 1s identically 0 in €. O

Lemma 6.1 and the principle of identity can be stated for a non-connected open set €2. Then
the result of lemma 6.1 holds in the connected component of {2 which contains the root of infinite
multiplicity zp and the result of the principle of identity holds in the connected component of €2
which contains the accumulation point of the roots of f.

Instead of speaking only about the roots of f, i.e. the solutions of the equation f(z) = 0, we
may state our results for the solutions of the equation f(z) = w for any fixed w. The results are
the same as before. We just consider the function g(z) = f(z) — w, and then the solutions of
f(2) = w are the same as the roots of g. For instance, if 2 is a solution of f(z) = w of infinite
multiplicity, then f is constant w in some disc D(zp; R) and, if zy is a solution of f(z) = w of
finite multiplicity IV, then in some disc D, () the function f takes the value w only at the center
20. Then lemma 6.1 says that, if f is holomorphic in the region €2 and z is a solution of f(z) = w
of infinite multiplicity, then f is constant w in 2. And the principle of identity says that, if f is
holomorphic in the region €2 and the solutions of f(z) = w have an accumulation point in €2, then
f 1s constant w in €.

The principle of identity has another equivalent form.

Principle of identity. Let f : Q — C be holomorphic in the region ). If some compact K C €}
contains infinitely many roots of f, then f is identically 0 in ).

Proof. Let us assume the previous principle of identity and let us suppose that some compact
K C Q contains infinitely many roots of f. Then there is a sequence (z,,) of roots of f in K with
distinct terms. Since K is compact, there is a subsequence (2y,, ) so that z,, — z for some z € K.
But then z € € is an accumulation point of roots of f and hence f is identically 0 in 2.

Conversely, let us assume the present form of the principle of identity and let us suppose that the
roots of f have an accumulation point in 2. Then there is a sequence (z,) of roots of f so that

zn, — z with z € Q and z,, # z for every n. We take a compact disc D,(r) C  and then this

disc contains infinitely many of the roots z,,. Hence f is identically 0 in €2. O
Example 6.8.2. Assume that there is f holomorphic in C so that f (%) = 47 foreveryn € N.
We write f(1) = 1i T and compare the functions f(z) and ﬁ Both are holomorphic in C\{—1}

and their difference f(z) — 1—}FZ has roots at the points % which have 0 as their accumulation point.
Since 0 € C\ {—1} and C \ {—1} is connected, we have that f(z) — 1Tl-z is identically O in this
set, i.e. f(z) = 1_1% for every z # —1. Since we assume that f is holomorphic at —1, we get
lim,_,_; l—iz = lim,—,_1 f(2) = f(—1) and we arrive at a contradiction.

Example 6.8.3. Assume that there is some f holomorphic in C \ {0} so that f(z) = /x for every
x € (0,400) or even for every x in some subinterval (a, b) of (0, +00).

We consider the continuous branch g of 22 in the open set A = C\ (—o0, 0] which has value 1 at
z = 1. The function g is given by

g(2) = re's for z = re® with r > 0and —7 <0 < .
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We see that f(z) = \/x = g(x) for every = € (a,b). Hence f — g is holomorphic in the region A
and has roots at all points of (a,b). We conclude that f — g is identically 0 in A. Le.

f(z):ﬁeig for z = re’ withr > 0and —7 <0 < 7.

Since f is holomorphic in C \ {0}, it is continuous at every point of (—oc, 0), e.g. at —1.

We take points z = re?® converging to —1 from the upper halfplane. This means that » — 1 and
6 — m—. Then we have f(—1) = lim,_,1 gy, \/Feig = el2 =g,

Now we take points z = re'? converging to —1 from the lower halfplane. This means that r — 1
and § — —7+. Then we have f(—1) = lim, 1 97+ \/Feig =e
We arrive at a contradiction.

-
715 = —1.

Exercises.

6.8.1. Let f be holomorphic in the disc D, (R) and let zo be a root of multiplicity N > 1 of f.
Discuss the behavior of any primitive F' of f at zg.

6.8.2. Is there any f holomorphic in C which satisfies one of the following?
(i) f(£) = (—1)" forevery n € N.

(ii) f(%) = w for every n € N.

(iii) f(55) = f(z557) = 7 forevery k € N.

6.8.3. Is there any f holomorphic in C \ {0} so that f(z) = |z| forevery x € R\ {0}?

6.8.4. Let f, g be holomorphic in the region 2 and 0 € . If f, g have no root in 2 and
P2/ fE) =g (%)/g(2) for every n € N, what do you conclude about f, g?

6.8.5. Let f, g : 2 — C be holomorphic in the region 2. If fg = 0 in €2, prove that either f = 0
inQorg=0in.

6.8.6. Let f, g : Q — C be holomorphic in the region €. If f g is holomorphic in €2, prove that
either ¢ = 0 in € or f is constant in ).

6.8.7. (i) Let the region  be symmetric with respect to R, i.e. zZ € €2 for every z € Q. If Q # (),
prove that Q@ N R # (). Letalso f : © — C be holomorphic in €2 and assume that f(z) € R for
every z € QN R. Prove that f(Z) = f(z) for every z € Q.

(ii) Let the region 2 C C \ {0} be symmetric with respect to T, i.e. % € Q forevery z € Q. If
Q # 0, prove that QN'T # (). Letalso f : © — C be holomorphic in € and assume that f(z) € T

for every z € QN T. Prove that f(1) = % for every z € (L.

(iii) Let f : C — C be holomorphic in C and let f(z) € T for every z € T. Prove that there is ¢
with |¢| = 1 and n € Ny so that f(z) = cz™ for every z.

6.8.8. (i) Let 20 € Dand T : D — C be defined by T'(z) = = for z € D. Prove that T
is holomorphic in ID and continuous in ID. Also prove that T(z) € D for every z € D and that
T(z) € T forevery z € T.

(i) Let z1,...,2, € Dand |¢] = 1 and B : D — C be defined by B(z) = c[[}_, =2 for

1-2zgz
z € D. Prove that B is holomorphic in I and continuous in D. Also prove that B(z) € D for
every z € D and that B(z) € T for every z € T.
(iii) Prove the converse of (ii). Le. let f : D — C be holomorphic in D and continuous in D and
let f(z) € D forevery z € Dand f(z) € T for every z € T. If f is non-constant, prove that there
isn € Nand 21, ..., 2, € Dand c with |¢| = 1 so that f(z) = c[[_; =2 for every z € D.

1-2zz

6.8.9. Let f,g : C — C be holomorphic in C and |f(z)| < |g(z)| for every z. Prove that there is
p so that f(z) = ug(z) for every z.
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6.8.10. Let f : D — C be holomorphic in D. Prove that there is a sequence (z,) in D so that
|zn| — 1 and (f(zy)) is bounded.

6.8.11. Many of the results of this section hold also for the point co.

(i) Let 2 C C be an open set containing some ring Do(R,+00) = {z]||z| > R} and let f :
QU {oo} — C be holomorphic in €2 as well as at co. Then, according to exercice 6.7.7, the
Laurent series of f in Dy(R, +oc) is of the form S°"= ! a,,2" + ag and also f(c0) = ao.

If a,, = 0 for every n < 0, we say that oo is a root of f of multiplicity +o0, and in this case prove
that f is identically O in the connected component of 2 which contains Dy (R, +00).

Ifagp=a1=...=a_ny1 =0and a_n # 0, we say that co is a root of f of multiplicity NV, and
in this case prove that co is an isolated root of f, i.e. there is some » > R so that f has no root in
DO (T‘, +OO)

Of course, if ag # 0, we say that oo is a root of f of multiplicity 0.

If oo is an accumulation point of roots of f, prove that f is identically 0 in the connected component
of  which contains Dy (R, +00).

Prove that oo is a root of f of multiplicity IV if and only if 0 is a root of g of multiplicity NV, where
g is defined by g(w) = f().

(i) Let r = g be a rational function and let n be the degree of the polynomial p and m be the

degree of the polynomial g. If n < m, prove that oo is a root of r of multiplicity m — n.

6.9 Isolated singularities.

Definition. We say that z is an isolated singularity of f if there is some disc D, (R) so that f is
holomorphic in D,,(R) \ {z0}.

If 2o is an isolated singularity of f, then f has a Laurent series in D, (0, R) = D,,(R) \ {z0}.
Le.

400
f(z) =) an(z—2)"  forevery z € D.y(R)\ {20}.

Definition. Let zg be an isolated singularity of f and let Zfz an(z — zo)" be the Laurent series
of £ in Dy (R)\ {20},

If a, = 0 for every n < 0, then we say that zy is a removable singularity of f.

If ay, # 0 for at least one n < 0 and there are only finitely many n < 0 such that a,, # 0, then we
say that zq is a pole of f.

If ap, # 0 for infinitely many n. < 0, then we say that z is an essential singularity of f.

Let us start with the case of a removable singularity zy. Then
“+o0o
f(2) =) an(z—2)"  forevery z € D, (R)\ {20}.
n=0

The power series Y% a,,(z — 20)" converges at every z € D, (R) and defines a holomorphic
function in D, (R) with value ag at zp. The function f may not be defined at zo or it may be
defined at zo with a value f(zg) either equal to ag or not equal to ag. Now, in any case, we define
(or redefine) f at zg to be f(z9) = ag. Then we have

+oo
f(z) = Z an(z — 29)" forevery z € D, (R).
n=0

and f becomes holomorphic in D (R).
We summarize. If zg € ) is a removable singularity of f, then f can be defined (or redefined)
appropriately at zg so that it becomes holomorphic in a disc with center zy. The Laurent series
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of f at zg reduces to a power series of first type and this power series is the Taylor series of the
(extended) f in a disc with center z.

Here is a useful test to decide if an isolated singularity is removable without calculating the
Laurent series of the function.

Riemann’s criterion. Let zo be an isolated singularity of f. If lim,_,.,(z — z0) f(z) = 0, then 2
is a removable singularity of f.

Proof. Let f(2) = 3.7 a,(z — 20)" for every z € D, (R) \ {20}. We take any € > 0 and then
there is 6 > 0 so that |z — zo||f(2)| < e forevery z € D, (R) with 0 < |z — 29| < J. Now, we
consider any 7 with 0 < r < min{J, R, 1} and any n < 0. Then we have

1 f(©) 1 € i B
~2ri 20 i< ———2mr=a " =g <
|an| ‘2m' /Czo(r) (¢ — zp)"t1 ¢ < o 72 T = €r €r <e

Since € > 0 is arbitrary, we get a,, = 0 for every n < 0 and % is a removable singularity of f. [

In the case of an isolated singularity zo for f, sometimes we know that the lim,_, ., f(z) exists
and it is finite or that f is bounded close to zp. In both cases we have that lim,_, ., (z —20) f(2) = 0
is satisfied and we conclude that z is a removable singularity of f.

Example 6.9.1. The function f(z) = % is holomorphic in C\ {2}. Since lim,_,5 f(z) = 1,
the point 2 is a removable singularity of f. If we define f(2) = 1, then f, now defined in C, is
holomorphic in C. The formula of the extended f is

28242 fr 20 [2-1, ifz#2
f)=9, 7 . = .
1, ifz=2 1, ifz=2

L.e. the extended f is the simple function z — 1 in C.

. .. . . 2
To find the Laurent series of the original f with center 2 we write f(z) = % =z—-1=
1+ (z —2) for every z € D(0,+400). The Laurent series has no negative powers of z — 2 and

we see again that 2 is a removable singularity of f.

Now we consider the case of a pole 2y of f. Let ng an(z — 2z0)" be the Laurent series of f
in the ring D, (R) \ {20} and then there is a largest m > 1 so that a_,,, # 0. Let NV be this largest
m. Then we have

+oo
a_nN a—1 n
f(z) = )" 4o p— —1-;%(7: —20) forevery z € D, (R) \ {20}
with a_xn # 0. We may write this as
+oo
1 n
f(z) = CEPL nz:%an]v(z — 20) for every z € D,,(R) \ {20}

Since the power series Z,ﬁ% an—nN(z — z0)™ converges in the disc D, (R), it defines a holomor-
phic function g : D,,(R) — C and we have

flz)= _9) forevery z € D, (R) \ {z0}.

Observe that
9(z0) = a—n # 0.

Definition. Let zy € Q2 be a pole of f and let N be the largest m > 1 such that a_,, # 0. Then
we say that zy is a pole of f of order N or of multiplicity N.

99



We saw that, if zg is a pole of f order [V, then there is a function g holomorphic in some disc
D.,(R) so that

g(z0) #0 and f(z)= (22(2)]\[ forevery z € D, (R) \ {20} (6.15)

It is easy to see the converse. Indeed, let g be holomorphic in D,,(R) and let (6.15) hold. We
consider the Taylor series >_.'%% b, (2 — 20)" of g and then for 2 € D, (R) \ {20} we have

1 +oo b() bel +00
E = E bp(z — n—___ ... E b, — n
f(2) (z — ZO)N ~ (z — 20) (z — ZO)N T + zZ— 2 + —~ +n(z = 20)

The last power series is the Laurent series of f in D, (R) \ {z0} and since by = g(zp) # 0, we
have that zq is a pole of f of order V.

Since g(zp) # 0 and g is continuous at zy, we have that g does not vanish at any point of some
disc D, (r) with 0 < r < R. Then h(z) = ﬁ is holomorphic in D, (r) and (6.15) implies that
ﬁ = (2 —20)Nh(z) forevery z € D, () \ {20}. Therefore, 2 is a removable singularity of %
Moreover, if we define % to take the value 0 at z(, then we have %(z) = (2 — 20)Vh(2) for every

z € D, (r) and, since h(zg) # 0, then 2y is a root of the extended % of multiplicity N. It is easy
to prove in a similar way the converse, and we conclude that z( is a pole of f of order N if and
only if it is a root of% of mutiplicity N.

Example 6.9.2. Many times we meet functions of the form f = g, where p and ¢ are holomorphic
in a neighborhood of zy. If p and ¢ are polynomials, then f is a rational function.

Let zg be a root of p and ¢ of multiplicity M > 0 and N > 0, respectively. In this case we saw
that there are holomorphic functions p; and ¢; in a neighborhood D, (R) of 2y so that p(z) =
(z — 20)Mp1(2) and q(2) = (2 — 20)Nq1(2) for every z € D, (R) and also p1(z9) # 0 and
q1(20) # 0. (Of course we consider the case that none of p, ¢ is identically 0.) Then there is  with
0 < r < Rsothat pi(z) # 0and q1(2) # 0 for every z € D,,(r), and then we have

flz) = @ = (z — zo)MN];lEg =(z — ZO)M*Ng(z) forevery z € D, (r) \ {20},

where the function g(2) = ¢ i((g is holomorphic in D, (r) and g(20) = £ iézgg # 0. Now we
have two cases. If M > N, then zg is a removable singularity of f, and f (after we extend it
appropriately at zg) is holomorphic at 2y and zy is a root of f of multiplicity M — N. If M < N,

then zj is a pole of order N — M of f.

Here are some concrete instances of this example.

Example 6.9.3. The function f(z) = 22=3242 is holomorphic in C \ {2}

(2—2)?
Since 22 — 32 4+ 2 = (z — 2)(z — 1), we have f(z) = Z=L for z # 2. The function g(z) = z — 1
is holomorphic in C and ¢g(2) = 1 # 0. Therefore, 2 is a pole of f of order 1. To find the Laurent
series of f in Dy (0, +00) we write f(z) = HZ(SZ) = —15 + 1 and the Laurent series is -15 + 1.

Example 6.9.4. The function f(z) = ezzgl is holomorphic in C \ {0}.

The Taylor series of e* — 1 with center 0 is 2 + 5; 2% + 3; 2% + - - -. Hence e* — 1 = zg(z) with
g(z) =1+ % 2+ 322 + --- . The function g is holomorphic in C and g(0) = 1 # 0 and we
have f(z) = 93 for 2 # 0. Therefore, 0 is a pole of f of order 2. The Laurent series of f in

22

Do(0, +o0)is & + L& 4 Ly Loy

z

Example 6.9.5. The function cot z = 3£ is holomorphic in C \ {kw | k € Z}.

sin z
The points km, k € Z, are isolated singularities of cot z and we shall prove that they are all poles
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of order 1. We fix k € Z. The Taylor series of sin z with center k7 results from the Taylor series
of sin z with center 0, as follows

k

sinz = sin((z — k7)) + km) = coskmsin(z — k) = (—1)" sin(z — k)

Y
_ (—1)k<(z—k7r)—%(z—lm)?’—i—---) (1) — k) — 31!) (= km)P ot -e-

Therefore, sinz = (z — km)q1(z) for every z, where the function ¢; is holomorphic in C with

q1(km) = (—1)*. Hence, cot z = (Z_Z;S)Zl(z) = jﬁ?ﬂ with g(z) = ;f(sj) and g is holomorphic in
the disc Dy () and g(km) = ;f(slif) = 1. Therefore, k is a pole of cot z of order 1.

(Observe that Dy, () is the largest open disc with center km which is contained in the domain of
holomorphy of g because it is the largest open disc with center k7 which does not contain any root

of g1. This is true because ¢;(z) = % vanishes at every I with [ € Z, [ # k.)
The Laurent series of cot z in Dy, (0, ) is cotz = 21— + ¢/ (km) + 3¢" (kn)(z — km) + - --

For the determination of poles there is a criterion similar to the criterion of Riemann for re-
movable singularities.

Proposition 6.4. Let zy be an isolated singularity of f. Then zy is a pole of f if and only if
lim,_,, f(z) = cc.

Proof. There is a disc D, (R) so that f is holomorphic in D,,(R) \ {z0}.
If 2 is a pole of order IV of f, then we saw that there is a function g holomorphic in D, (R) so that

g(20) # 0and f(z) = —2E_ forevery z € D, (R) \ {2}. This implies lim,_,, f(z) = oc.

(z—20)
Conversely, let lim,_,,, f(z) = co. Then there is r with 0 < r < R so that f(z) # 0 for every

z € Dy (r) \ {20}. Then the function

forevery z € D, (r) \ {20} (6.16)

is holomorphic in D, (r)\{20}. Since lim,_,,, h(z) = lim,_,, ﬁ = 0, the criterion of Riemann
implies that zg is a removable singularity of h. Therefore, we may define h appropriately at zg so
that it becomes holomorphic in D, (r): we set h(zp) = lim,_,,, h(z) = 0. Itis clear that 2 is the
only root of (the extended) & in D, (r) and, if N is the multiplicity of this root, then

h(z) = (z — 20)V hi(2) for every z € D,,(r), (6.17)

where h; is holomorphic in D (r) and has no root in D, (r). Thus, the function

g9(z) = hll(z) for z € D(zp;7) (6.18)

is holomorphic in D, (r) and, clearly, has no root in D, (7). Now (6.16), (6.17) and (6.18) imply
F(z) = 22 forevery 2 € D, (r)\ {z0} with g(20) # 0 and 2 is a pole of f of order N. [J

(z—z0)N

There is one more test for the case of a pole which also determines the exact order of the pole.

Proposition 6.5. Let 2y be an isolated singularity of f. Then zq is a pole of f of order N > 1 if
and only if the lim,_, ., (z — 2z0)" f(2) exists and it is finite and # 0.

Proof. If zg is apole of f of order IV, then we repeat the beginning of the proof of proposition 6.4
and we get that lim, ., (z — 20)" f(2) = lim,_,, g(2) = g(20) # 0.

Conversely, let lim,_,,,(z — 29)" f(2) be finite and # 0. Riemann’s criterion implies that the
function g(2) = (z—20)" f(z), which is holomorphic in some ring D, (R)\ {20}, can be extended
at zo by setting g(z9) = lim,_,,, g(z) = lim,,,,(z — 20)N f(2) # 0, and the extended g is
holomorphic in D, (R). Therefore, there is a g holomorphic in D, (R) with g(z¢) # 0 so that
F(z) = —29_ forevery z € D, (R) \ {0} and 2 is a pole of f of order N. O

(z—z0)N
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Finally, for the case of an essential singularity we have the following result.

Proposition 6.6. Let zg be an isolated singularity of f. Then zq is an essential singularity of f if
and only if the lim,_, ., f(z) does not exist.

Proof. By the criterion of Riemann, zy is a removable singularity if and only if the lim,_, ., f(z)
exists and it is finite. Proposition 6.4 says that z is a pole if and only if lim,_,,, f(2) = co. O

Example 6.9.6. In example 6.7.8 we saw that zn__l L ) 2" + 1 is the Laurent series of e in

Dy(0,+00). Hence 0 is an essential singularity of ex.

Therefore, the lim,_q e% does not exist. We can see this without proving first that 0 is an essential
singularity of ez. In fact, proving that the lim,_, e* does not exist is another way to see that
0 is an essential singularity of ex. Indeed, if z = x tends to 0 on the positive x-semiaxis, then
]e%\ = er — 400, and hence e> — oco. If z =  tends to 0 on the negative z-semiaxis, then
]e%\ —er — 0, and hence e = 0. Thus, the lim,_,q e* does not exist.

Definition. Let z be an isolated singularity of f and let 3" a,,(z — z9)" be the Laurent series

of f in the ring D,,(0,R) = D,,(R) \ {20}. Then Zf;_l an(z — 20)" is called the singular
part of the Laurent series of f or, simply, the singular part of f at zy. Also, :{O% an(z — 20)" is

called the regular part of the Laurent series of f or, simply, the regular part of f at 2.

We have seen that in the case of a removable singularity zg the singular part of f at z is zero
and the Laurent series of f at zg consists only of its regular part In the case of a pole zg of f of
order IV the singular part at zq is a finite sum of the form Zn | Gz )n with a_n # 0. In this

case the singular part is a rational function whose denominator is (z — z9)". In the case of an
essential singularity zg the singular part at zg has infinitely many terms.
If we subtract from f its singular part at its singularity zg, then we get

F(z)= > an(z—20)" ZanZ_ZO ;

which is a power series of first type and hence converges in the disc D, (R), including the center

2o. Therefore, zq is a removable singularity of the function F(2) = f(z) — >." 2 an(z — 2)"

and if we define F' to have value F'(zg) = ag at 2o, then this function is holomorphic in D, (R).
We shall now establish the well known analysis of a rational function into a sum of simple

fractions.

Proposition 6.7. Let r = g be a rational function. We assume that the polynomials p, q have no
common roots (and hence no common factors), that the degree of p is n, the degree of q is m and

that z1, . .., zy, are the roots of q with corresponding multiplicities my, . .., mg. Then
1
T(Z)Zpl( >+"'+Pk< >+P0(Z)7
z— 2 Z— 2k
wherepy, . . ., pi are polynomials without constant terms and of degrees mq, . . . , my, respectively,

and py is either the null polynomial, if n < m, or a polynomial of degree n — m, if n > m.

Proof. We saw in example 6.9. 2 that every z; is a pole of r of degree m;. Therefore the singular
part of 7 at z; has the form Zl e 2L ) with a_y,; # 0. This has the form p]( ) where p;

is the polynomial p;(z) = lel a_;z! without constant term and of degree m;. Now we subtract
from r all its singular parts at the points z1, .. ., z; and consider the function

po(z) =r(z) — (p1(z_1z1) +-..+pk(z_12k)>.
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This function is a rational function defined in the set C \ {z1, ..., zx} and its only possible poles
are the points 21, ..., 2. We observe, though, that every z; is a removable singularity of r(z) —
pj(z%zj) and that all terms p1 (= Zl) (e —-)> besides p;(= ]), are holomorphic at z;.
Therefore, every z; is a removable singularity of the function pg. In other words, the rational

function pg has no poles and hence it is a polynomial. Now, we have the identity

r(z):p1< )+---+pk<z_12k>+po(z)

z— 2z
and we consider two cases. If n < m, then lim,_,, 7(z) = 0 and, since lim,_, pj(ﬁ) =0
J

for every j, we have that lim,_,o, po(z) = 0. Thus, py is the null polynomial. If n > m, then
r(z)

¢ = lim, o Zn= is a complex number # 0. Since lim, pj( )/z” ™ = 0 for every j, we
have that lim,_, f SSZ,,)I = ¢ # 0. Thus the polynomial py has degree n —m. ]

Exercises.

6.9.1. Is 0 an isolated singularity of _ (1 72 ?

1 1 ef—1 -1 22 1
2245246° (22—1)2° =z > 23 ’sinz’ sinz’

6.9.2. Find the isolated (non-removable) singularities of:

1 z 1/ _1
tan z, 2 € +e’”, 1

1 z 1

6.9.3. Find the initial four terms of the Laurent series at 0 of the functions: cotz, & —, e

6.9.4. Prove that an isolated singularity of f(z) cannot be a pole of ef (=),

6.9.5. Let z( be an isolated singularity of f, which is not constant in any neighborhood of zy. If
there is s € R so that lim,_,, |z — 20/*|f(2)| € [0,400], prove that zq is either a removable
singularity or a pole of f and that there is m € Z so that

=0, ifs >m
lim |z — 20|°|f(2)| = 400, ifs<m
Z—r 20

€ (0,400), ifs=m

6.9.6. Let f be holomorphic in D,,(R) \ {20} and let either Re f or Im f be bounded either from
above or from below in D, (R) \ {z0}. Prove that 2 is a removable singularity of f.

6.9.7. Let f be holomorphic in Dy(R) \ {20}, where R > 1 and |zo| = 1, and let 2 be a pole of
fIf f(2) = 32020 an2™ is the Taylor series of f in Do(1), prove that G = 20

6.9.8. Let () be a region so that every point of € is either a point of holomorphy or an isolated
singularity of f. If the roots of f have an accumulation point in €2, which is not an essential
singularity of f, prove that f is identically 0 in €2.

6.9.9. (i) Let zg be an essential singularity of f and let w € C. Prove that for every r» > 0 the
function ﬁ is not bounded in D, (r) \ {z0}.
(ii) Prove the Casorati-Weierstrass theorem. If z; is an essential singularity of f, then for every

w there is a sequence (z,) with z, — z¢ and z,, # 2z for every n so that f(z,) — w.

6.9.10. (i) Prove that every 2km’ k € Z, is a pole of 21 7 of order 1.
=1_14 S (- )k ! (flj),z%_l for |z| < 2w, where the numbers By,

. . —1 U_lBl,
satisfy the recursive relatlons m - m + Zz/:l W = 0, £ > 1. Evaluate

Bi1, By, Bs. The numbers By, are called Bernoulli constants.
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6.9.11. Look at exercises 6.7.7 and 6.8.11. We shall extend what we said in this section to the case
of the point cc.

(i) We say that oo is an isolated singularity of f if f is holomorphic in some ring Dy (R, +00). Let
ng a, 2" be the Laurent series of f in this ring. If a,, = 0 for every n > 1, then we say that co
is a removable singularity of f. If a,, # 0 for at least one n > 1 and for only finitely many n > 1,
then we say that oo is a pole of f. Finally, if a,, # 0 for infinitely many n > 1, then we say that

oo is an essential singularity of f.
f(2)

z

Prove that oo is a removable singularity of f if and only if lim,_, =0.

Prove that oo is a pole of f if and only if lim,_,~ f(z) = oco.

Let 0o be a pole of f and let N be the largest n > 1 with a,, # 0. Then we say that co is a pole
of f of order N. Prove that co is a pole of f of order IV if and only if there is a g holomorphic in
Do(R, +00) U {oo} so that g(oc) # 0 and f(z) = 2™V g(z) for every z € Dy(R, +00). Moreover,
prove that oo is a pole of f of order N if and only if the lim,_, % exists and it is finite and # 0.
Prove that oo is an essential singularity of f if and only if the lim,_,», f(z) does not exist.

(i) Let r = g be a rational function and let n be the degree of the polynomial p and m be the
degree of the polynomial ¢. Prove that co is a removable singularity of 7 if m > n and that it is a
pole of r of order n — m if n > m. In particular, a polynomial p of degree n > 1 has a pole of
order n at co. ) )

(iii) What kind of an isolated singularity is co for the functions e, ez, z%e=, sinz, sin 1, 2% sin 1 2
(iv) What kind of an isolated singularity is oo for any holomorphic branch of ((z — 1)(z — 2))% in
the region C \ [1, 2].

(v) Is oo an isolated singularity of —+

()
sns OF of tan 27

6.10 The open mapping theorem.

Open mapping theorem. Let f : 2 — C be holomorphic in the region §). If f is not constant in
Q, then f(U) is open for every open U C ).

Proof. Let U C Q be open. We shall prove that f(U) is also open, i.e. that every wy € f(U) is
an interior point of f(U).

Since wy € f(U) there is some zy € U so that f(zp) = wg. Since U is open, there is > 0 so that
D.,(r) C U. Since f is non-constant in €2, the solution 2 of the equation f(z) = wy is isolated.
Therefore, we may take r small enough so that f(z) = wg has no solution in D, (r) except zo.
This means that f(z) # wo for every z € D,,(r) \ {20}. In particular, f(z) # wo for every
z € Cy(r). Now, the function | f(z) — wp| is continuous and real-valued and the circle C,(r)
is compact. Therefore, the restriction of | f(z) — wo| in C,, () attains a minimum value at some
point of C, () which is a positive number. We denote € this minimum and we have:

e= min |f(z) —wo| > 0. (6.19)
2€C5,(r)

Now, we consider any w ¢ f(D,,(r)). Again, the function |f(z) — w| is continuous and real-
valued and the disc D, (r) is compact. Therefore the restriction of | f(z) — w| in D, (r) attains
a minimum value at some point of D, (r) which is positive. But now we can say more: the
function f(z)%w is holomorphic in D, (r) and continuous in D, (TL The second version of the
maximum principle implies that the function m, restricted in D (r), attains its maximum
value at the boundary C, (r). Equivalently, the function | f(z) — w|, restricted in D, (r), attains
its minimum value at the boundary C,(r). Since one of the values of |f(z) — w| in D, (r) is
£ (20) = w| = [wo — w]|, we get

|lwp —w| > min |[f(z) —w]|. (6.20)
2€C5,(r)
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Now, we have
|f(2) —w| > |f(2) — wol — [wo — wl. (6.21)
We combine (6.19), (6.20) and (6.21) and get

|lwop —w| > min |f(z) —w|> min |[f(2) —wo| — |wy — w| =€ — |wy — w|.
2€C%(r) 2€C5, ()

Thus c
_ >
lwo — w| > 5

We have proved that any w ¢ f(D,,(r)) satisfies |wg — w| > §. This implies that every w €
Doy, (5) belongs to f(D.,(r)). Le.

and wy is an interior point of f(U). O
Exercises.

6.10.1. Prove the first maximum principle using the open mapping theorem.

6.11 Local mapping properties.

Proposition 6.8. Let f : Q — C be holomorphic in the region Q) and let zg € Q with f'(z) # 0.
Then there is an open set U C ) containing zo so that W = f(U) is an open set containing
wo = f(20) and the function f : U — W is one-to-one. Moreover, the function f =1 : W — U is
holomorphic in W.

Proof. We consider the Taylor series > a,,(2 — 20)" of f in its disc of convergence D,,(R) C
Q. We know that the differentiated series >, > na, (2 — z9)" ! converges absolutely in the same
disc, i.e. S nlan||z — 20/""' < +oo for every z € D, (R). Therefore, the power series

o0 njay|(z — 20)" ! converges in the disc D,,(R) and defines a continuous function in this
disc. In particular, we have that lim,_, ., E:{g nlan|(z — 20)" ! = |a1] or, equivalently,

+o0
lim Zn\an\(z —z)" t=0.
Z—20

n=2

Since a1 = f/(zg) # 0, there is a small enough r > 0 so that

+o0o
Z nla, "t < Jay|.
n=2

We shall see now that f : D, (r) — C is one-to-one. Assume that this is not the case and that
there are 21,29 € D, (r) so that z; # 2z and f(21) = f(z2). Then Y72 a, (21 — 20)" =

n=0
+9° @y (22 — 20)" and hence

+o00
ar = Z an((21—20)" "+ (21— 20)" (22— 20) ++ -+ (21— 20) (22— 20)" 2+ (22— 20)" ).
n=2

This implies |a1| < 3775 n|a, |r" ! and we arrive at a contradiction. Since f’ is continuous at 2o
and f'(z9) # 0, by taking a smaller » > 0 if necessary, we may suppose that f/(z) # 0 for every
z € D, (r). Now we take U = D,,(r). From the open mapping theorem we have that the set
W = f(U) = f(D,,(r)) is open and we have proved that f : U — W is one-to-one and hence
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the inverse mapping f~! : W — U is defined. Now it is easy to see that this inverse mapping is
continuous in . Indeed let w € W. Then there is (a unique) z € U so that f(z) = w. We take
any € > 0 small enough so that D,(e) C U. Then the set f(D(¢)) is open and contains w. Hence
there is & > 0 so that D,,(§) C f(D.(¢)). Then for every w’ € D,,(8) the (unique) 2’ € U which
satisfies f(2’) = w' is contained in D, (¢). This says that for every w’ € W with |w’ — w| < § we
have |f~1(w') — f~1(w)| = |2’ — 2] < € and the function f~! : W — U is continuous at every
w € W. Now, proposition 4.4 implies that f~! : W — U is holomorphic in . 0

Theorem 6.2. Let f : Q@ — C be holomorphic in the region 2 and let zy € Q and wo = f(2¢). Let
20 be a solution of f(z) = wo of multiplicity N. Then there is an open set U C ) containing zo so
that W = f(U) is an open set containing wy = f(zo) and the function f : U — W is N-to-one.

Proof. We know that there is a disc D,,(R) and a function g holomorphic in D, (R) so that
f(2) —wo = (2 — )N g(z) forevery z € D, (R) and g(zo) # 0. By the continuity of g we have
that there is » < R so that g(z) # 0 for every z € D, (r). Hence the function %/ is holomorphic
g'(2)
: i o 7y 92) :
closed curve v in D, (r). Now, proposition 5.24 implies that there is a holomorphic branch of

logg in D, (r), i.e. that there is a holomorphic k : D, () — C so that ¢*(*) = ¢(2) for every
z € D, (r). Now the function ¢ : D, (r) — C defined by ¢(z) = e**)/N for every z € D, (r)
is a holomorphic branch of g™/ in D, (r). Indeed, we have ¢(z)N = e*(*) = g(z) for every
z € Dy, (r).

We have proved that there is a function ¢ : D, (r) — C holomorphic in D, (r) so that ¢(2) =
g(z) forevery z € D, (r).

Now we consider the function i : D, (r) — C defined by h(z) = (2 — 20)¢(2). This is holo-
morphic in D,,(r) and we have that f(z) — wg = h(z)" for every z € D, (r). Moreover,
h'(z) = ¢(z) + (z — z0)¢'(z) and hence h'(zp) = ¢(z0) # 0. Therefore, we may apply proposi-
tion 6.8 and get that there is an open set Uy C D, (r) containing 2o so that W = h(Up) is an open
set containing h(z9) = 0 and the function h : Uy — W) is one-to-one. Now, we consider a disc
Dy(rg) € Wo and the open set U = h~!(Dg(rg)) € U. Then h : U — Dy(r0) is holomorphic
in U, onto Dg(rg) and one-to-one in U. Moreover, we have that f(z) — wo = h(z)" for every
z € U. Since the N-th power w = ¢ maps the disc Dy(rp) onto the disc Dy(r{’) and in an
N-to-one manner, we conclude that f : U — W is N-to-one, where W is the disc Dy, (r{’). O

in D,,(r) and the theorem of Cauchy in convex regions implies that ﬁ/ dz = 0 for every

In the proof of theorem 6.2 if we take any linear segment [wo, w] in the disc Dy, (1), where
w is a point of the circle Cy,, (rév ), then, through the mapping w = wq + ¢%, this linear segment
corresponds to N linear segments [0, z1], ... [0, zn] in the disc Dqy(rg), where z1,...,zy are N
points on the circle Cy(rp). These N linear segments form N successive angles at 0 all equal to
QW“. Now the one-to-one function A~ : Dg(r¢) — U maps these linear segments onto N curves
Y1, - .- ,7yn with common initial endpoint zy and IV corresponding final endpoints on OU. Since
h'(z0) # 0, the conformality of h at 2z implies that 1, . .., yx form N successive angles at 2 all
equal to QW” The N successive “angular” regions Uy, ..., Uy in U between the curves v1, ..., YN
are mapped by h onto the corresponding succesive angular regions A1, ..., Ay in Dy(rp) between
the linear segments [0, z1], . .. [0, 2] and these are then mapped by the mapping w = wq + ¢V
onto the same region B = D, (rd’) \ [wo, w]. We conclude that f, which is the composition of
the two mappings, maps each of Uy, ..., Uy in U onto B and in an one-to-one manner.

Exercises.

6.11.1. Let f be holomorphic in Dy(R), f'(0) # 0 and n € N. Prove that there is 7 > 0 and there
is g holomorphic in Dy(r) so that f(2™) = f(0) + (g(z))™ for every z € Dy(r).

6.11.2. Let 21, Q5 be two regions, let f : 2y — Q9 and g : 29 — C be non-constant functions
andleth =go f.
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(i) If f, h are holomorphic in {21, is g holomorphic in {25?
(i1) If g, h are holomorphic in 29, {21, respectively, is f holomorphic in £2;?

6.11.3. If f is holomorphic and one-to-one in C, prove that there are a # 0 and b so that f(z) =
az + b for every z.
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Chapter 7

Global behaviour of holomorphic
functions.

7.1 Rotation number or index of a closed curve with respect to a
point.

Definition. Let A C C, h: A — Rand g : A — C\ {0} be continuous in A. We say that h is a
continuous branch of arg g(w) in A if

(i) h is continuous in A and

(ii) for every w € A we have h(w) € arg g(w) or, equivalently, g(w) = |g(w)|e®).

We recall the notion of a continuous branch of log g(w). Wesay that f : A — Cisa continuous
branch of log g(w) if f is continuous in A and f(w) € log g(w) or, equivalently, e/(*) = g(w)
for every w € A.

Proposition 7.1. Let A C Cand g : A — C\ {0} be continuous in A. Then there is a one-to-
one correspondence between continuous branches of log g(w) in A and continuous branches of
arg g(w) in A.

Proof. If h : A — R is a continuous branch of arg g(w) in A, then the function f : A — C,
defined by
f(w) =1n|g(w)| + ih(w) for every w € A, (7.1)

is a continuous branch of log g(w) in A. Indeed, it is clear that f is continuous in A and also

eF @) = lgllgih(w) — |g() | = g(w)

for every w € A.
Conversely, if f : A — R is a continuous branch of log g(w) in A, then the function h : A —
C, defined through (7.1), is a continuous branch of arg g(w) in A. Indeed, it is clear that h is
continuous in A and also

Gih(w) _ o f(w) ~nlg(w)| _ (W)

|g(w)]
and hence g(w) = |g(w)|e™) for every w € A. O

In other words, relation (7.1) says that, if we have a continuous branch f of log g(w) in A,
then the imaginary part i of f is a continuous branch of arg g(w) in A. Conversely, if we have
a continuous branch h of arg g(w) in A, then the function f with imaginary part h and real part
In |g(w)] is a continuous branch of log g(w) in A.

The next result is analogous to proposition 5.15 and their proofs are almost identical.
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Proposition 7.2. Let A C C, g : A — C\ {0} be continuous in A and hy,hy : A — C.

(i) If hy is a continuous branch of arg g(w) in A and he(w) — hi(w) = k27 for every w € A,
where k is a fixed integer, then h is also a continuous branch of arg g(w) in A.

(ii) If, morever, A is connected and hy, ho are continuous branches of arg g(w) in A, then ha(w) —
hi(w) = k27 for every w € A, where k is a fixed integer. In particular, if h1(wg) = ha(wg) for
some wy € A, then hi(w) = ha(w) for every w € A.

Proof. (i) The continuity of h; in A implies the continuity of hy in A. We also have g(w) =
|g(w)]e1 () for every w € A and hence |g(w)|e2(®) = |g(w)[e?(W)Hk2T — (1) for every
w € A. Therefore, hs is a continuous branch of arg g(w) in A.

(i) We consider the function k : A — C defined by

1

k(w) 5

(ha(w) — hi(w)) for every w € A.

Since for every w € A both ha(w) and hj(w) are values of arg g(w), we have that k(w) is an
integer. l.e. £ : A — Z. Also, since both h1, ho are continuous in A, k is continuous in A.
Now, k is a continuous real function in the connected set A, and hence it has the intermediate
value property. But since its only values are integers, it is constant in A. Therefore, there is a
fixed integer k so that 5-(ho(w) — hi(w)) = k or, equivalently, ho(w) — hy (w) = k2 for every
w € A.

If ho(wg) = h1(wo) for some wy € A, then the integer & is 0 and we get that ho(w) = hy(w) for
every w € A. O

We consider any curve
v [a,b] — C.

We recall that 7 is continuous and piecewise continuously differentiable in [a, b]. I.e. there is a
succession of points a = tg < t; < --- < t,—1 < t, = b so that y is continuously differentiable
in every [tg_1, ).

We consider an arbitrary fixed

20 € 7" = {v(t)[t € [a,b]},

i.e. such that zg # 7(t) for every ¢ € [a, b] and we define the function f : [a,b] — C by

f(t) = / 7(7/(5) ds for every ¢ € [a, b].

The function f is continuous in [a, b] and differentiable at every point of continuity of 5 (Z;(f)zo, ie.
in every (t;_1,tx). In fact we have

v'(t)

A RETGEr

for t inany (tx—_1,tx).

Therefore, in each (t;_1, ;) we have

%((V(t) - Zo)e_f(t)) _ ’yl(t)e_f(t) — (v(t) — Zo)f/(t)e_f(t) —0

and hence (y(t) — z9)e~/® is constant in each (t,_1,t;) with a constant value which a priori
depends on k. Since this function is continuous on [a, b], it is constant in [a, b]. Hence there is
¢ € Cso that

((t) — z0)e W = ¢ for every t € [a, b].

Since ¢ # 0, there is d € C so that e = ¢, and thus

e/ — (1) — 2y forevery t € [a,b].
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Now we redefine the function f : [a,b] — C by adding the constant d to the original f, i.e.

')
flt) = / ————ds+d for every t € [a, b (7.2)
a 7(8) — 20
and we have
ef = 4(t) — 2 for every ¢ € [a, b].

In other words, the function f(t) is a continuous branch of log(~y(t) — 2o) in [a, b].
The real part of f(¢) is In|y(¢) — zo| and, if we denote h(t) the imaginary part of f(¢), we have

f(@) =In|y(t) — 20| + ih(t) for every t € [a, b] (7.3)

and h : [a,b] — R is a continuous branch of arg(y(t) — zp) in [a, b].

We have proven the existence of a continuous branch % of arg(y(¢) — 2¢) in [a, b]. Then the
function h + k2w, where k is an arbitrary, but constant, integer, is also a continuous branch of
arg(y(t) — zo) in [a, b]. Moreover, since [a, b] is connected, these are all the continuous branches
of arg(y(t) — zo) in [a, b].

Now, let h be any continuous branch of arg(~y(t) — zo) in [a, b]. We consider the expression

h(b) — h(a)

and we observe that this expression is independent of the particular choice of h. Indeed, if h; is
another continuous branch of arg(y(t) — zp) in [a, b], then there is a constant integer k& so that
hi = h + k2 in [a, b] and hence

hi(b) — hi(a) = (h(b) + k27) — (h(a) + k27) = h(b) — h(a).

Definition. Let h : [a, b] — R be any continuous branch of arg(y(t)—zo) in [a, b]. One such choice
is given through (7.2) and (7.3). Then we call total increment of argument or total increment
of angle over the curve v with respect to zy the expression

Aarg(y — 20) = h(b) — h(a).

Now let us consider the important special case when the curve v : [a,b] — C is closed, i.e.
when 7(b) = y(a). This implies that y(b) —zp = v(a)—zp and hence In |y(b) — 29| = In|y(a)— 20|
and that h(b) and h(a) differ by some integer multiple of 27: indeed, both h(b), h(a) are values
of arg(y(b) — z0) = arg(y(a) — z0). Therefore the expresion A arg(y — zo) = h(b) — h(a) is an
integer multiple of 2.

Definition. Let the curve v : [a,b] — C be closed and let zy ¢ ~*. Then the integer

Aarg(vy — z
(3 20) = SHET =20

is called rotation number or index of 7y with respect to z.

It is easy to see the geometric content of the notion of rotation number or index of a closed
curve  with respect to zg. For every ¢ € [a, b] the number A(t) is one of the values of the angle
of y(t) — zo. When ¢ increases in the parametric interval [a, b], the angle h(t) varies continuously
from h(a) to h(b). Since Aarg(y — z9) = h(b) — h(a) = k2w for a certain integer k, the
number n(v; zo) = Aargz(jrfzo) = h(b);ﬂ Ma) _ k shows the number of complete rotations of the

continuously moving point y(¢) around 2.

Proposition 7.3. Let the curve v : [a,b] — C be closed and let zy ¢ ~*. Then

1 1
n(v; zp) = j{ dz.
g

21 zZ— 2
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Proof. We use the notation of the previous discussion and we get

Aarg(y —z9) h(b) — h(a).

n(v; 20) = o = o

Since 7 is closed, we have that In |y(b) — z9| = In|y(a) — 20| and (7.2) and (7.3) imply

M -f@ 1 P A 1
n(VaZO)mM\/a/y(S)_Zodszm Z_Zodz

o

and the proof is complete. O

Example 7.1.1. We take n € Z and consider the closed curve v : [0,27] — C with parametric
equation y(t) = zo + re™. Itis clear that, if n # 0 and t increases in the interval [0, 27], then
~(t) describes |n| times the circle C.,(r) in the positive direction, if n > 0, and in the negative
direction, if n < 0. In the case n = 0, then y(¢) describes |n| = 0 times the circle C (r) since it
stays still at the point zg + r. All these agree with the result of the calculation:

1 1 1 [ 1 :
n(v;z9) = j{ dz = — — rine’™ dt = n.
2mi Jy z — 20 2mi Jo  ret

The next result is just a special case, with g(z) = z — zp, of proposition 5.24.

Proposition 7.4. Let Q@ C C\ {20} be a region. Then a holomorphic branch of log(z — zg) exists
in Q if and only if n(y; z0) = 0 for every closed curve =y in ).

Proof. Obvious from proposition 5.24. O

Example 7.1.2. We consider the region = C \ [, where [ is any halfline with vertex zp. We
know that a holomorphic branch of log(z — z) exists in {2 and hence ﬁy Z_lzo dz = 0 for every
closed curve 7 in . Of course, now this can be restated as n(v; zg) = 0 for every closed curve
~ in ). Recalling the geometric content of the index, we conclude that every closed curve « in €2
performs no complete rotations around zy. This is geometrically clear: since vy is in ), it does not

intersect the halfline | with vertex 2y, and hence it cannot make any complete rotation around z.

Proposition 7.5. Let v be any closed curve. Then the integer valued function
n(y; ) :C\y" = Z

is constant in every connected component of the open set C \ v*. We also have that n(~y;z) = 0
for every z in the unbounded connected component of C \ v*.

Proof. Proposition 5.25 implies that n(vy; z) = ﬁ fv Ciz d( is a holomorphic function of z in
C \ v*. Now, let 2 be any connected component of C \ «*. Then €2 is a region and the function
n(v; z) is continuous and integer valued in €. Since n(+; z) has the intermediate value property
in € it has to be constant in €.

Since * is bounded, it is contained in some disc Do(R). Then the connected ring Dy (R, +00) is
contained in C \ v* and hence it is contained in (exactly) one of the connected components, call it
Q, of C \ v*. Therefore, 2 is the unbounded connected component of C \ * and we shall prove
that n(y;z) = 0 for every z € Q. If z € Dy(R,+00), then the function C—% of ¢ is holomorphic

in the disc Do (1?) which contains ~. Therefore, ¢ = n(y;z) = ¢, Ciz d¢ = 0. O

Proposition 7.5 says that if z1, zo are in the same connected component of the complement of
the trajectory of the closed curve ~y, then the number of complete rotations of v around z1 is equal
to the number of complete rotations of v around zo.
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Example 7.1.3. We take any n € Z, n # 0, and the closed curve v : [0,27] — C with y(t) =
20 + re™. This is the curve in example 7.1.1. Then v* = C,,(r) and its complement has two
connected components: the disc D, (r) and the ring D, (7, +00). Observe that, if z # zg, then
it is not trivial to evaluate n(~y; z) using the formula n(vy;z) = ﬁ fv Ciz d(¢ and the parametric
equation of . On the contrary, the calculation for z = zj is trivial and we did it in example 7.1.1:
n(v, zo) = 0. Therefore,

n(v; z) = n(y; 20) = n, if z€ D, (r).
Also, D, (r,400) is the unbounded connected component of the complement of v* and hence
n(v;z) =0, if z € D, (r, +00).
No calculation!

The proofs of the next three propositions are immediate applications of the integral represen-
tation of the index given in proposition 7.3. We omit them.

Proposition 7.6. Let v and 2 be closed curves with the same endpoints. Then 1 + s is defined
and it is also a closed curve. Let z not be on the trajectory (71 + v2)* = 75 U~;. Then

n(m + v2; 2) = n(71; 2) + n(y2; 2).

Proposition 7.7. If the closed curve o is a reparametrization of the closed curve v, and z is not
on the common tracectory vi = 5, then

n(y2; 2) = n(m;2).
Proposition 7.8. Let v be a closed curve. Then —+y is also a closed curve. Let z not be on the
trajectory (—)* = ~*. Then
n(=7;2) = —n(y; 2).

Definition. Let -y be a closed curve and z ¢ v*. We say that v surrounds z if n(vy; z) # 0.

Cauchy’s formula for derivatives and closed curves in convex regions. Let f : QQ — C be
holomorphic in the convex region () and ~y be a closed curve in ). Then for all n € Ny we have

n(vy; 2)f™(z) = nt 7{ (4.—f<,2§.)>7l"’_1d§ Jforevery z € Q\ v*.
v

- 2mi
Proof. The function F : Q\ {z} — C defined by F(¢) = Z=L%) is holomorphic in 2\ {2}
Since z is a root of f({) — f(z), the singularity z is removable. Therefore, we may define F at
z with F'(z) = lim¢_,, w = f’(z) and then F’ becomes holomorphic in Q2. Now we apply
the theorem of Cauchy in convex regions and get

HO-fG) _
jéc_zch—]iF(C)d(—O

for every z € 2\ v*. This implies

f©) 1 :
2 dC = f(2)  — d¢ = f(2)2min(y; 2) (7.4)
ﬁ (-2 yC—%
for every z € 2\ v*. This is the result of the statement in the case n = 0.
Now, we consider a small disc D,(r) C C\ v*. This is possible, since z belongs to the open set
C \ v*. The disc D,(r) is connected and hence it is contained in one connected component of
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C \ ~*. Therefore, the index n(y; w) is a constant function of w in D, (R), i.e. n(vy; w) = n(7; 2)
for every w € D,(r). Now we write (7.4) with w € D,(r) in the place of z:

§ L% ac= rtwerinas ).
We differentiate n times both sides with respect to w and get

n 710(0 = £ (w)2min(y; 2
!f( 4G = ) (w)2min(y; 2).

( _ w)n+1
Finally, we put w = z and we have the result of the statement for general n. O

A particular instance of the last result is Cauchy’s formula for derivatives and circles. Indeed,
in the case when the curve - is the circle C,, (R) described once in the positive direction we have
n(y;z) = 1forall z € D, (R). We originally proved the result in the case of a circle, using
corollary 6.1. We now have a “new” proof using that 2 is a removable singularity of Mf(z)
We have also introduced the notion of the index of a closed curve. This new proof together with the
introduction of the notion of index allows us to generalize the case of a circle to the case of a closed
curve. There is still a restriction in the sense that the curve has to be contained in a convex region
in which the function is holomorphic. This is because our proof is based on Cauchy’s theorem in

convex regions. In this chapter we shall try to drop the restriction of convexity.
Exercises.

7.1.1. (i) Consider closed curves 71, 2 and z not on their trajectories. Assume that there are succes-

sive points wgl), - ,wle), wgll = wgl) of 7} and successive points w§2), o ,wﬁlg), w,(izl = w?)
of 75 and curves 01,...,0,,0,41 = 01 so that every o; goes from w§1) to w]@) and so that, for
each j = 1,...,n, the part of v; between w(.l), wj(i)l, the part of ~» between w§2),w§i_)1, o; and

041 are all in a convex subregion D; of C \ {z}. Prove that n(v1; 2) = n(v2; 2).

(ii) Take a point z and two halflines [, m with vertex z. Let A € [, A # zand B € m, B # z.
Consider any curve y; from A to B in one of the two angular regions defined by [, m and any
curve 9 from B to A in the second angular region defined by I, m. Consider the closed curve

v =71 + 2. Using appropriately a small circle with center z, prove that n(~v; z) = £1.

7.1.2. (i) Let g1, g2 : A — C\ {0} be continuous in A and hi, ha : A — C be continuous branches
of arg g1, arg go in A. Prove that hy + ho is a continuous branch of arg(g1g2) in A.
(if) If 1, y2 are closed curves in C \ {0} then ;7 is a closed curve in C \ {0}. Prove that

Aarg(y1y2) = Aargy + Aarg .
(iii) Consider closed curves 71, vz : [a,b] — C\ {0} such that |y (t) — v2(t)| < |y2(¢)| for every
t € [a,b]. Prove that n(v1;0) = n(y2;0).

7.2 Homotopy.

Definition. Let o, v1 : [a,b] — C be two curves. We say that -y, is homotopic fo g if there is a
continuous function
F :la,b] x [0,1] - C

so that
F(t,0) =v(t), F(t,1)=~(t)  foreveryt € |a,b].

The function F' is called a homotopy from g to ;.
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For each s € [0, 1] the function 75 : [a,b] — C, given by vs(t) = F(t,s) fort € [a,b], is a
curve. We shall call it intermediate curve between g and ;.

Since [a, b] x [0, 1] is compact, the homotopy F' is uniformly continuous. Thus for every € > 0
there is 6 > 0 so that |[F'(t/, ") — F(t",s")| < e when /(¥ —t")2 + (s’ — §"")2 < 4. Therefore,
is |s' — §”| < 0 then we have |y (t) — vs»(t)| < € for every t € [a,b], i.e. the curves vy and
s are uniformly close. We see that when s increases in [0, 1] the curves 75 form a continuously
varying family of curves, starting with vy and ending with ;.

We have to observe that although we have agreed to assume that all our curves, and hence g
and ~1, are piecewise continuously differentiable, the intermediate curves s of a homotopy need
not be piecewise continuously differentiable: the homotopy F' is only assumed to be continuous.

If all curves ~y; are closed, i.e. if F'(a,s) = F(b, s) for every s € [0, 1], then we say that F' is
a homotopy with closed intermediate curves. If all curves ~; have the same initial endpoint and
the same final endpoint, i.e. if F'(a, s) is constant and F'(b, s) is constant for s € [0, 1], then we
say that F' is a homotopy with fixed endpoints.

If all curves ~, are in the same set A, then we say that F' is a homotopy in A.

We may defined a relation between curves in a set A: we write yg = - if there is a homotopy
from 7 to 1. It is easy to see that this is an equivalence relation. (i) Every curve v : [a,b] — A is
homotopic to itself through the homotopy F' : [a,b] x [0,1] — A given by F'(¢,s) = ~(t). (ii) If
F :[a,b] x[0,1] — A isahomotopy from -y to 1, i.e. if F'(¢,0) = 7o(t) and F'(¢,1) = ~1(t) for
t € [a, b], then the function G : [a,b] x [0,1] — A given by G(t,s) = F(t,1 — s) is a homotopy
from 71 to . In fact G is continuous and G(¢,0) = ~1(¢) and G(t,1) = v(¢t) for ¢ € [a, b]. (iii)
If F: [a,b] x [0,1] — A is a homotopy from 7y to 1, i.e. if F/(¢,0) = vo(t) and F(t,1) = v1(t)
fort € [a,b] and, if G : [a,b] x [0,1] — A is a homotopy from 7 to 72, i.e. if G(¢,0) = ~1(t)
and G(t,1) = y(t) for t € [a,b], then H : [a,b] x [0,1] — A, given by

Hits) = F(t,2s), t € la,b],s €0,3]
G 2s 1), teab], s €[5,

is a homotopy from 7 to 2. Indeed, H is continuous and H (¢,0) = v (¢) and H(t,1) = 2(t)
fort € [a, b].

Furthermore, the previous argument shows that the relation of homotopy with closed interme-
diate curves and the relation of homotopy with fixed endpoints are both equivalence relations.

Example 7.2.1. If the set A is convex, every two curves in A are homotopic in A. Indeed, let
0,71 : [a, b] — Abetwo curves in A. Since yo(t),v1(t) € A and A is convex, the linear segment
[v0(t),v1(t)] is contained in A. Now, if we define F' : [a,b] x [0,1] — C by

F(t,s) = (1= s)v(t) + sm(?),

then F' is continuous and all its values are in A. Moreover, F'(¢,0) = 7o(t) and F(t,1) = y1(t)
fort € [a, b]. Therefore, F' is a homotopy from -y to 1 in A. It is easy to see that, if 7y and ; are
closed, then all intermediate curves are closed. Also, if 7y and ~; have the same initial endpoint
and the same final endpoint, then all intermediate curves have the same initial endpoint and the
same final endpoint.

Theorem 7.1. Let f : 2 — C be holomorphic in the open set §.
(i) Let vo, v1 be two curves in ) with the same initial endpoint and the same final endpoint. If there
is a homotopy in (), with fixed endpoints, between o and 1, then

(2)dz= [ f(2)d=.
Yo 7
(ii) Let vo,v1 be two closed curves in Q). If there is a homotopy in (), with closed intermediate

curves, between ~yy and 71, then
jl{ f(z)dz = jl{ f(z)d=.
Y0 T
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Proof. (i) Let F' : [a,b] x [0,1] — € be the homotopy in §2 from ~y to v;. Then the subset
F(Ja,b] x [0,1]) of Q is compact and there is € > 0 so that

|z —w| > € for every z € F([a,b] x [0,1]) and every w € Q°. (7.5)
Since F' is uniformly continuous, there is § > 0 so that
|F(t',s") — F(t", ") <e if [t —¢"] < §and |s' — §"| < 4. (7.6)

Wetake pointsa =tg <t < ... <tph_1 <tp=band0 =590 < $1 < ... < $p-1 < Sy =1
so that t, — tx_1 < 6 and s; — s;_1 < 0 for all k and {. Then (7.5) and (7.6) imply that every
rectangle [ty _1,%x] X [s;_1, 51| is mapped by F'in the disc Dp(;, , 5, ,)(€) which is contained in
Q. Thus, f is holomorphic in this disc and its curvilinear integral over any closed curve in this disc
is equal to 0. If we denote 7 j, and 71 j the restrictions of vy and 7y in [t;_1, tx], then for every
k=1,...,n wehave

(2)dz + / f(z)dz
Yo,k [F(tg,s1),F(ti—1,51)]

:—/ f(z)dz—/ f(z)dz
[F(tk_1781),F(tk_1,0)] [F(tk,o),F(tk,S1)]

and

f(z) dz+/ f(2)dz

[F(tkvsl)vF(tk—lvsl)}

—_/ f(Z)dZ—/ f(z)dz fori=2,...,m—1
[F(tk—1,81),F(tk—1,51-1)] [F(tk,s1—-1),F (tg,s1)]

and

/[F(tk—l751—1)7F(tk751—1)]

f(z)dz —/ f(z)dz
Y1,k

:/ f(z)dz/ f(z)dz.
[F(tkfl,l),F(tkfl,smfl)} [F(tk,smfl),F(tk,l)}

Adding these m equalities and then adding for £k = 1,...,n and considering cancellations, we
find

/[F(tk]_,sm—l)7F(tk7Sm_1)]

f(z)dz—/ f(z)dz
Y1

= Z/ f(2)dz + Z/ f(2)dz.
=1 [F(bvslfl)rF(bvsl)} =1 [F(avsl)7F(a7'slfl)]

Since all intermediate curves have the same initial endpoint and the same final endpoint, we see
that all linear segments [F'(b, s;—1), F'(b, s;)] and [F(a, s;), F(a, s;—1)] are single point sets and
hence all integrals in the right side of (7.7) are equal to 0. Hence f% f(z)dz = f,ﬂ f(z)dz.

(ii) Since all intermediate curves are closed, we have F'(a,s) = F(b,s) for every s € [0,1].
Therefore, the linear segments [F'(b, s;—1), F'(b, s;)] and [F'(a, s;), F'(a, s;—1)] are opposite and,
again, the right side of (7.7) are equal to 0. Hence f% f(z)dz= ¢ f(z)dz. O

71

Y0
(7.7)

Proposition 7.9. Let vy, 71 be two closed curves in C\ {z}. If there is a homotopy in C\ {z}, with
closed intermediate curves, between g and 71, then

n(0; 2) = n(y1; 2).
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Proof. We apply theorem 7.1 to the function f(() = C%Z which is holomorphicin C\ {z}. O
Exercises.

7.2.1. Let A be connected and 7 (t) = 21 and 2(t) = 22 be two constant curves in A. If a curve
~ is homotopic in A to =y, prove that v is homotopic in A to s.

7.2.2. If 7y is a closed curve in C \ {0}, prove that « is homotopic in C \ {0} to a closed curve
whose trajectory is contained in the circle Cp(1).

7.2.3. (i) Let f be continuous in Do(R). We define v(t) = f(Re') for every t € [0,27]. Prove
that, if n(y; w) # 0, then w € f(Dy(R)). Le. {w | w is surrounded by v} C f(Dy(R)).
(i1) Using the result of (i), prove the fundamental theorem of algebra.

7.2.4.Let p € A and let M,,(A) be the set of all closed curves with both of their endpoints at p.

If 1,72 € My(A), then clearly v; + 72 € My(A). Also, if v € M,(A), then =y € M,(A).
Hence M,,(A) is a group whose neutral element is the constant curve 7,(t) = p.

(i) Prove that the relation of homotopy in A with closed intermediate curves and fixed endpoints
(= p) is an equivalence relation in M,,(A). The set of all equivalence classes is denoted H,,(A) =

{1y € Mp(A)}

(ii) If v, v, 72 € Mp(A), we define [y1] + [2] = [11 + 72| and —[7] = [—]. Prove that these
are well-defined and that #,,(A) with these operations is a group, whose neutral element is [,).
(iii) If A is connected, prove that for every p, ¢ € A the groups #,(A) and H,(A) are isomorphic.
In this case we write H(A).

(iv) Prove that #(C) = {0}, H(C\ {0}) = Z, H(Cyh(1)) = Z.

7.2.5. Let 21, 22, 23, w1, we, w3 be distinct points. Is it possible to join every z;, with every w;
with simple curves 7;; which are mutually disjoint?

7.3 Combinatorial results for curves and square nets.

Lemma 7.1. Let ¥ = {o1,...,0,} be a set of curves (not necessarily closed) and let A =
{a1,...,am} be the set of their endpoints (m < 2n). We assume that for every point of A the
number of the curves in X that arrive at this point is the same as the number of the curves in 3 that
leave from this point. Then we can partition X into subsets X1, . . ., Xy, so that each ¥; consists of
successive curves and the sum ; of the curves in ¥; is a closed curve.

Proof. We describe the following algorithm for the partitioning of .

We start with o1. The final endpoint of o is the initial endpoint of at least one curve in X. If the
final endpoint of o1 coincides with its initial endpoint, then o is closed and we stop the process. If
this is not the case, then, renumbering if necessary the curves oo, . . . , 0, we may assume that the
final endpoint of o coincides with the initial endpoint of 5. If the final endpoint of o9 coincides
with the initial endpoint of o1, then the sum of o1, o5 is a closed curve and we stop the process. If
the final endpoint of o9 coincides with its initial endpoint, then o5 is a closed curve and we stop
the process. If the final endpoint of o5 is not the initial point of either o1 or o2, then renumbering
if necessary the curves o3, ..., 0,, we may assume that the final endpoint of oo coincides with
the initial endpoint of o3. Then, exactly as before, we examine whether the final endpoint of o3
coincides with the initial endpoint of o1 or of o3 or of o3. Then, respectively, the sum of o1, 03, 03
or the sum of o9, o3 or g3 by itself is a closed curve and we stop the process. If the final endpoint
of o3 is not the initial endpoint of either o; or o2 or o3, then renumbering if necessary the curves
04, ...,0n, we may assume that the final endpoint of o3 coincides with the initial endpoint of
o4. Now, it is clear that this process will eventually stop, because we have only finitely many
curves. Therefore, we shall eventually find successive curves o1,09,...,05_1,0r (1 < k <
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n) so that the final endpoint of o}, coincides with the initial endpoint of one of the same curves
01,09,...,0k_1,0%. Let the final endpoint of o, coincide with the initial endpoint of o; for some [
with 1 <! < k. Then the sum of 07,0741, ...,0,_1, 0% 1s a closed curve and we stop the process.
Now we set 31 = {0y,0041,...,0%-1,0%} and call 7, the closed curve which is the sum of
01,0041,---,0k_1,0k. Then we drop the curves of ¥; from ¥, i.e. we consider the set ¥/ =
by \ 21 = {01, o3 O1—1,0k4+1y -« ,O’n}.

Each endpoint of the curves in X' is one of the points of A = {ay, ..., an}, say itis a;. Then the
number of the curves in X that arrive at a; is the same as the number of the curves in X that leave
from a;. But the curves 0y, 0741, ...,0,—1, 0} are successive and hence if one of them arrives at
a; then the next one leaves from a;. Therefore, the remaining curves of X/ have the same property:
the number of the curves in X' that arrive at a; is the same as the number of the curves in ¥’ that
leave from a;. Thus X' has the same property as the original X.

Now we continue our algorithm with ¥’. We find a subset X5 of ¥/ which consists of successive
curves and we call vz the closed curve which is the sum of the curves in 3. Then we drop the
curves of Xo from X, i.e. we consider the set X7 = 3\ ¥ = ¥\ (X1 U X2). We go on until we
exhaust the original 3. O

Lemma 7.2. We take any > 0 and two perpendicular lines. For each of them we consider all its
parallel lines at distances equal to integer multiples of §. The result is a net of closed square regions
of sidelength § which cover the plane and have disjoint interiors. We choose any of those closed
square regions, say Q1, . . . , Q. We consider the closed boundary curves 0Q)1, . . . , 0Q; with their
positive direction. Each of them is the sum of four corresponding linear segments, considered as
curves with the same direction. We drop the linear segments (with necessarily opposite directions)

which are common to any two neighboring square regions from among the Q1,...,Q; and we
consider the set ¥ = {01, . ..,0,} of all the remaining linear segments, i.e. those which belong to
only one of Q1, ..., Q. Then we can partition 3 into subsets X1, . .., ¥y, so that each X consists

of successive linear segments and the sum ; of the linear segments in ¥; is a closed curve.

Proof. It is enough to prove that 3 has the property described in lemma 7.1, i.e. that for every
point of intersection a of our lines the number of the curves in ¥ that arrive at a is the same as
the number of the curves in X that leave from a. This can be done easily, considering cases for
the number, 0 or 1 or 2 or 3 or 4, of the squares among ()1, . . ., ; which have a as one of their
corners. O

Lemma 7.3. Let Q be an open set and K C Q) be compact. Then there is § > 0 so that |z—w| > 26
for every z € K and every w € QF. For this § > 0 we consider the net of closed square regions
of lemma 7.2 and we take all closed square regions Q1, . . ., Q; of the net which intersect K. Then
Q1, ..., Qq are contained in ). Asinlemma 7.2, we consider the set ¥ = {01, ...,0,} of all linear
segments which belong to only one of Q1, ..., Q; and we partition 3 into subsets 3.1, ..., %y, SO
that each X; consists of successive linear segments and the sum ; of the linear segments in 3; is
a closed curve. Then v{ U ---U~; C Q\ K (i.e. every yj is in Q \ K) and the distance of every
zeTU---Unf from K is < 5v/2. Moreover, for every f : Q — C holomorphic in Q and for
every z € K, we have

_ 1 f(©)
U Z omi ), C— =z a6 79
]:1 Vi
Proof. Each of the closed square regions (1, ..., Q;, say (., intersects K and its diameter is

equal to \/28. Therefore, the distance of every point of Q,,, from K is < v/2§. Since v/20 < 26,
we have that (), is contained in ).

Consider any of the linear segments o071, ..., 0y, say 0j. Now, o; belongs to one of Q1,...,Q);,
say Q. Since @, is contained in €2, we have that o is also contained in 2. Moreover, the
distance of every point of @,, from K is < /26 and hence the distance of every point of oj
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from K is < /26. If o; intersects K, then both closed square regions of our net which lie on the
two sides of o intersect K and hence both are among @)1, . . ., @;. This is impossible because o;
belongs to only one of )1, . .., Q;. Therefore, o; does not intersect K and hence it is contained in
Q\ K. Finally, since each of 1, ..., is the sum of certain of the o1, ..., 0,, we have proved
that 77 U --- Uqf € Q\ K and that the distance of every z € 7f U --- U} from K is < 2.
Now we take any z € K. Then z belongs to one @1, . .., Q;, say Q,,. Let us assume that z is an
interior point of J,,,. Since the closed square region (), is contained in €2, there is a slightly larger
open square region Q' which is also contained in 2. Now f is holomorphic in the convex region
@' and Cauchy’s formula in section 7.1 says that

QO
10 =g 0% (7.9

because the index of 0Q),,, with respect to z is equal to 1. Now we take any closed square region
@p with p # m. Then z is not contained in ), and again we may find an open square region
Q' slightly larger than @, which is contained in €2 and which does not contain z. Then Jg © jsa

holomorphic function of ¢ in the convex region ' and hence

1 SO

= 5ri o ¢ for p # m. (7.10)

We add (7.9) and (7.10) and we get

l
=> % 7{ QZ dc. (7.11)
p=1 Qp

Now we split the integral over each J(),, in four integrals over the boundary linear segments of
0Q), and we get 4/ integrals. We recall that if a linear segment belongs to two neighboring closed
square regions, then it appears twice among the integrals with opposite directions and hence the two
integrals cancel. Therefore, the remaining integrals will be only over the boundary linear segments
which belong to exactly one of Q1, ..., @y, i.e. the linear segments of the set ¥ = {o1,...,0,}.

Thus (7.11) becomes
_ 1 f(Q)
) = U%m’/gc— )

The subsets X1, . . ., X, form a partition of 3 and hence

222m/<_z

j=lo€k%;

Finally, since «y; is the sum of the successive linear segments o € X;, we end up with (7.8).
Now we consider the case when z is a boundary point of (),,,. Then we may consider a variable
point 2’ in the interior of @, so that 2/ — z. We have proved (7.8) for 2/, i.e.

_ 1 f(Q)
Z%iﬁj Q—z’dg'

Jj=1

Proposition 5.25 implies the continuity of the right side as a function of 2’. Therefore, taking the
limit as 2’ — 2, we end up again with (7.8). O
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7.4 The theorem of Cauchy in general open sets.

Definition. Let 01, . .., 0, be any curves (not necessarily closed) and k1, . . . , k,, be any integers.
Then we say that the curves o1, . . ., oy, considered k1, . . ., k, times, respectively, form a chain 3.
The integer k; is called multiplicity of the corresponding o; in the chain X. If every o is closed,
then ¥ is called closed chain or cycle. If every oj is in a set A, then we say that ¥ is in A.

If a curve o is not among the curves which constitute a chain X, we may include it among
those curves by assigning multiplicity 0 to 0. And now we may introduce the algebraic structure
of a module in the set of all chains in the following manner. If ¥/ and X" are two chains, we
may assume that they are formed by the same collection o1, . .., o, of curves (since some of the
curves may have multiplicity O in one of the two chains). If k],...,k/, and k7,... k! are the
corresponding multiplicities in the chains X/ and X, then we define ¥’ + 3" to be the chain which
consists of o1, . . ., 0y, with multiplicities k] + k7, ..., k], + k.. Moreover, if k is an integer and
. is a chain formed by the collection o1, . . ., o, of curves with multiplicities k1, . . . , k,, then we
define £X to be the chain formed by o7y, .. ., o, with multiplicities kkq, ..., kk,. It is very easy
to show that, under this addition of chains and this multiplication of chains and integers, the set of
chains is a Z-module. The opposite —% of a chain 3 is (—1)X and the neutral element of addition
is the chain which contains no curve (or any curves with multiplicities 0).

If 3 is a chain formed by the curves o1, . . . , o, with multiplicities k1, . . . , k,, we immediately
see that, under the above definitions of addition and multiplication, we have ¥ = kjo1+- - -+knop,.
Here we consider each o as a chain consisting of only one curve with multiplicity 1.

We shall not go into this algebraic point of view, since it does not have much to offer in our
study of complex analysis. We shall keep in mind, though, the definition and notation of X/ + X"
and £ and from time to time we shall feel free to make certain mild algebraic comments.

Definition. Let 3 be a chain formed by the curves o1, ..., o, with multiplicities k1, . .., k, and
letp: 07 U---Uo, — C be continuous on oy U --- U o,. We define the curvilinear integral of

¢ over X2 by
/Ecb(z) dz = ; kj /aj o(2) dz.

If ¥ is a cycle, we usually write
7{ d(z)dz.
b

/ P(z)dz = o(z)dz + o(2)dz, d(2)dz = k/ o(z)dz.
I3 >/ 15 n

E//

It is very easy to show that

These two relations say that integration “respects” the “linearity” of the module structure of the set
of chains.

Definition. Let 3 be a cycle formed by the closed curves o1, . . . , oy, with multiplicities k1, . . . | k.

For every z which does not belong to o} U - - - U o}, we define the rotation number or index of’
the chain % with respect to z by

n(3;z) = Z kin(oj; z).
j=1

We may say that n(3; z) is the total number of rotations around z of the curves forming X,
taking into account their multiplicities.
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Combining the last two definitions, we easily see that the index of a cycle is given by the same
integral form which gives the index of a closed curve:

1 1
n(E;z):%iY{Eg—ZdC.

Indeed,

I 1 1
T omi o C— % C2mi Jy (— 2

n(X;z) = Z kin(oj; z) = Z

j=1 j=1

dc.

n n

The following definition is basic.

Definition. Let 3 be a cycle in the open set §). We say that ¥ is null-homologous in Q) if n(X; z) =
0 for every z € Q°.

In other words, a cycle X in €2 is null-homologous in € if ¥ is in €2 and the total number of
rotations of the curves forming 3, taking into account their multiplicities, around every point of
the complement of €2 is zero.

Lemma 7.4. Let Q be open, 6, R > 0and K = {z € Q| |z| < R, |z —w| > § for every w € Q°}.
Then K is a compact subset of ().

Proof. Since K C Dy(R), the set K is bounded.

Now, let z,, € K for every n and z, — z. If we prove that z € K, then K is closed and hence
compact. We have |z,,| < R for every n and thus |z| < R. Forevery w € Q° we have |z, —w| > §
for every n and hence |z — w| > 0. Therefore z € K. O

The set K of lemma 7.4 is the intersection of the closed disc Dy(R) and of the set of all points
of Q2 whose distance from §2¢ is > 4.

The theorem of Cauchy in general open sets. Let [ : QQ — C be holomorphic in the open set (2.
If the cycle 3. is null-homologous in §, then

72]0(2) dz =

Proof. Let % consist of the closed curves o071, .. ., o, with multiplicities k1, ..., k.

Since o7 U --- U o}, is a compact subset of {2, there is 6 > 0 so that every point of 67 U --- U o},
has a distance > 2§ from Q¢ and there is R > 0 so that o7 U - -- U o7, is contained in the closed
disc Do(R). Now, we consider the set

K={z€Q||z| <R,|z—w| > 20 forevery w € Q°}

of lemma 7.4 (with 26 instead of §). Then K is a compact subset of 2 which contains oy U- - -Uo.
With the same § and with this set K we form the closed curves 71, ...,7% in  \ K, which are
described in lemma 7.3. According to lemma 7.3 we have

k
;;m wc_qu forevery z € o7 U---Uoy,.
Hence
‘ < S 11
fzf(z)dz_;kj ajf(z)dz_;kjyi(;%ij{lg_zdg)dz



Changing appropriately the order of sums and integrals, we end up with

éf(z)dz:—g]{n (;k;}ﬁ ) FOd

and hence

k n k
§ 1)z = - / (Ybsnter0) 10y =3 ¢ nEor0d. @

I=1“M

Now we consider the index n(3;¢) = >°7_; kjn(0;; () when, as in the integrals in (7.12), ¢
belongs to any of 77, ..., 7. Since every such ¢ is in Q \ K, either ¢ & Do(R) or the distance
of ¢ from Q¢ is < 26. If ¢ & Do(R), then, since ¥ is in Do(R), we have that n(3;¢) = 0. If the
distance of ¢ from € is < 20, then there is w € Q¢ so that |( — w| < 2§. Then every point of the
linear segment [¢, w] has distance < 26 from w and hence from Q¢. Thus [, w] is not contained
in K which implies that [(, w] is in the complement of o7, ..., o). Since [(, w] is connected and
it is contained in the complement of every a; we have that

n(oj;¢) = n(oj;w) forevery j =1,...,n.

Therefore

n(%; () = ij n(oj;¢) = Zk:j n(oj;w) =n(X;w) =0
j=1 j=1

because w € )¢ and X is null-homologous in 2. Now (7.12) implies

k k
f(z)dz=— n(Z; Q) f(¢)d¢ = — 0f(¢)d¢ =0,
f;] ;ﬁl ;%Yl

because we proved that n(3; () = 0 for every ( in~7, ..., ). O

It is interesting to see that the assumption of our last result is at the same time a special case
of it. Indeed, if we take any w € 2, then the function f(z) = ﬁ is holomorphic in 2 and the
theorem of Cauchy implies that fz ﬁ dz = 0. But this says that n(X; w) = 0. In other words,
we have the following situation. The assumption that X is null-homologous in €2 is equivalent to
the validity of the theorem of Cauchy for the very particular holomorphic functions of the form
f(z) = Z_lw for every w € Q°. Therefore the real content of the theorem of Cauchy is that the
validity of ¢, f(z) dz = 0 for the special holomorphic functions in Q) of the form f(z) = wa for
every w € Q° implies its validity for every function f which is holomorphic in €.

Example 7.4.1. Let v be any closed curve in the convex region €2 and let w € Q°. Then w
is contained in the unbounded connected component of C \ 7* and proposition 7.5 implies that
n(v;w) = 0. Hence ~ is null-homologous in 2. Now the theorem of Cauchy for general open sets
says that 9§7 f(2)dz = 0 for every f : Q — C which is holomorphic in 2. We conclude that the
theorem of Cauchy for convex regions is a corrolary of the theorem of Cauchy for general open
sets.

Example 7.4.2. We consider the open set D, (R, R2) with 0 < R; < Ry < 400 and the
closed curve v which describes the circle C,(r), with R} < r < Rp, once and in the posi-
tive direction. This curve is not null-homologous in D, (R, R2). Indeed, zj is in the comple-
ment of D, (R, Rz) and n(v; 20) = 55 szo ( dz = 1. Therefore, we do not expect that

ﬁy f(2)dz = 0 is true for every f which is holomorphic in D, (R, R2). In fact, this is certainly
not true for f(z) = —L— which is holomorphic in D, (R1, Ra).

2—20

1
r) z—20
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Example 7.4.3. We consider the same open set D(zp; Ry, Ro) as in the previous example and an
arbitrary closed curve «y in D(zp; R, R2). We shall see how we can evaluate fv f(2)dz with a
minimum of effort for any f holomorphic in D(zp; Ry, R2). It is clear that, depending on the
specific curve -y, it may be difficult to evaluate the integral using a parametric equation of .

Let us assume that the shape of the trajectory and the direction of  allow us to count the number
of rotations of y around zg, i.e. we assume that we know the integer &k = n(v; z0). Since the
disc D, (R1) is one of the two connected components of the complement of D(zg; Ry, Ry), we
have that n(y; 2) = k for every z € D, (R1). On the other hand, we have that n(v; z) = 0 for
every z in the unbounded connected component of the complement of D(zp; Ry, R2), which is
D, (Rg, +00). Now we take a closed curve v; in D(zo; Ry, Ry) such that the f% f(2) dz may be
much easier to evaluate than the original 9§7 f(2) dz. For instance, we may consider -y; to describe
the circle C., (r) with Ry < r < Rs once and in the positive direction. In this case we have that
n(y1;2) = 1 forevery z € D, (R1) and n(v1;2) = 0 for every z € D, (Rz, +00).

Now we form the cycle ¥ from y with mutiplicity 1 and from ~; with multiplicity —k, i.e.

Y=1v+(-k)mn.

and we have:

n(X;2) = 1n(y;2) + (=k)n(y;2) = k+ (=k) =0 forevery z € D, (Ry),

n(X;2) =1n(y;2) + (—k)n(y1;2) =0+0=0 forevery z € D,,(Ra, +00).
Therefore, ¥ is null-homologous in D, (R;, R2) and the theorem of Cauchy implies

0—7{f(z)dz—1j<1{f(z)dz+(—k) f(z)dz
= ¥ gl

and hence

ﬁf(z) dz = kﬁ F(2) dz = kfé(zm F(2) dz.

We see that the evaluation of fv f(2) dz has been reduced to the evaluation of the possibly much

simpler integral fC(ZO,T) f(2) dz and the evaluation of the index n(v; 2p).
We shall generalize this technique in the following sections and chapters.

Exercises.

7.4.1. Let f be holomorphic in Dy(1)\{0}. Ifthe closed curve 7 is in Dy(1)\ {0} and n(y;0) = 0,
evaluate § f(2) dz.

7.4.2. Let f be holomorphic in C and let f(1) = 6, f(—1) = 10. Prove that, if 7 is any closed

curve in C \ {—1,1}, then - 567 ng(f)l dz can take every integral value.

7.4.3.Let f(2) = (L + %5 )e” for z # 0. Find all the values of a so that fv f(z)dz = 0 for every

z

closed curve vy in C \ {0}.

7.4.4. (i) Find all possible values of f,y 2:=1 2, where 7 is an arbitrary closed curve in C \ {0, 1}.

22—z
gi:; dz, where y is an arbitrary curve in C \ {0, 1} with initial

(i1) Find all possible values of fv
endpoint —¢ and final endpoint :.

22—z

7.4.5. Find all possible values of §W 522 dz, where 7 is an arbitrary closed curve in C \ {0, 7}.

7.4.6. Let f be holomorphic in the open set €2 and v be a closed curve null-homologous in §2. If
|f(¢)| < 1forevery ¢ € v, zg € Qand n(v; z¢) # 0, prove that | f(zg)| < 1.
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7.5 The residue theorem.

Definition. Let z be an isolated singularity of f and let 3"t a,,(z — 20)" be the Laurent series
of f in the ring D, (R) \ {z0}. Then the coefficient a_; is called residue of f at zy and we denote

Res(f;z0) = a—1.

We know that
1
Res(f;20) =a-1 = — f(¢)d¢ for0 <r < R.
2mi C(zo;r)
Example 7.5.1. If z; is a removable singularity of f, then a,, = 0 for every n < 0 and in particular
Res(f;z9) = 0.
Example 7.5.2. Every function of the form f(z) = —L— with N > 2 has residue 0 at z.

(z—z0)N

Example 7.5.3. If zg is a pole of f of order NV > 1, then we can find “easily” the residue of f at

zo. In this case there is a g holomorphic in a disc D, (R) so that g(z) # 0 and f(z) = (Zf (ZZO)) ~
for every z € D(z0; R) \ {20}. From the Taylor series >,/ b, (z — 20)™ of g we see that
(N-1)
9" (20)
R N = b =
es(f;20) = bn—1 N 1)

For instance, if N = 1, then Res(f; 29) = g(z0) and, if N = 2, then Res(f; z9) = ¢'(20)-

Example 7.5.4. A particular case of the previous example is a rational function » = £ when z;
is a root of the polynomial ¢ of multiplicity /N and not a root of the polynomial p. Then ¢(z) =
(z — 20)Vq1(2), where ¢y is a polynomial with q;(29) # 0. The rational function r; = q% is
holomorphic at zp and 71 (29) # 0. For some R > 0 we have

r(z) = (zﬁ(zi)))N forevery z € D(z0; R) \ {20}-
According to the previous example,

(N-1)
Res(r; z0) = n-___%) (20)

(N —1)!
If N = 1, then Res(r; z9) = 71(20) = [i((zzoo)). Differentiating ¢(z) = (z — 20)q1(2), we get
¢ (2) = q1(2) + (2 — 20)¢}(2), and hence ¢ (29) = ¢'(z20). Thus
p(z0)
Res(7r; zp) = .
(r; z0) 7 (o)
If N = 2, thenRes(r; z0) = m1'(20) = pl(z(’)ql(Zqol)(;f)(f“)qll(z(’). We take q(2) = (2 —20)%q1(2) and

differentiate twice. We get ¢”(2) = 2q1(2) +4(2 — 20)q} (2) + (2 — 20) ¢} (2), and hence ¢ (z0) =
(1/2)q" (20). We differentiate a third time: ¢"(2) = 64} (2) + 6(z — 20)q] (2) + (2 — 20)%¢{" (2).
Hence g} (z0) = (1/6)¢" (z0) and

(1/2)p'(20)q" (20) — (1/6)p(20)q" (20)
(1/4)¢" (0)? '
The residue theorem. Let f be holomorphic, except for isolated singularities, in the open set €}
and 3 be a cycle null-homologous in §2 so that no isolated singularity of f is in the trajectory of any
of the closed curves forming Y. Then n(3; z) # 0 for at most finitely many isolated singularities
z of f and hence the sum 3, .., ,r (25 2) Res(f;2), extended over all isolated singularities
of f in Q, is finite. Moreover,
1
2mi Jy

Res(r;20) =

FQd¢=" )" n(%;2) Res(f;2).

z sing. of f
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Proof. Let us assume that n(X; z) # 0 for infinitely many isolated singularities z of f in Q. Then
there is a sequence (z,) of distinct isolated singularities of f in €2 so that n(X; z,,) # 0 for every
n. Since the trajectories of the curves which form ¥ are bounded sets, 3 is in some disc Do(R).
Hence n(X; z) = 0 for every z outside Dy (R). Thus, the sequence (z,,) is in Dy(R). The Bolzano-
Weierstrass theorem implies that there is a subsequence (2, ) so that z,, — z for some z. Then z
is a limit point of 2.
If z € , then either f is holomorphic at z or z is an isolated singularity of f. In any case, there
are no isolated singularities of f in a neighborhood of z, except perhaps z itself. This contradicts
Zn,, being distinct and z,, — 2.
If z € 0 and hence z € QF, then n(X;z) = 0. Now there is a disc D,(r) which does not
intersect any of the trajectories of the curves which form X. Since D, (r) is connected, we have
that n(3; w) = 0 for every w € D, (r). But this contradicts z,, — z and n(3; z,, ) # 0 for all k.
In any case we arrive at a contradiction and thus n(3; z) # 0 for at most finitely many isolated
singularities z of f in 2. Therefore, the sum }__ .. o (2 2) Res(f; 2) is finite.
Let 21, ..., z, be the isolated singularities of f in  with n(X;z;) # 0fork = 1,...,n. Le.
n(3; z) = 0 for every other isolated singularity z of f in (.
We define the integers

pr=n(Z;21), ..., pn = n(3; 2p)

and then

> n(Siz)Res(f;2)= > n(T2) Res(f;2) = Y pr Res(f; 21).
k=1

z sing. of f z€{21,...,2n}

Therefore, it is enough to prove

1 n
— d¢ = R P 2k)- 7.13
orl SGLE > e Res(fia) (1.13)
Since every 21, ..., 2, is an isolated singularity, there are disjoint closed discs D, (ry) for k =
1,...,n so that each of them contains no singularity of f except its center. We denote ~y; the

closed curve which describes the circle C, () once and in the positive direction. We consider
the cycle X’ which is formed from X (i.e. from the closed curves of ¥ with the same multiplicities)
and from 74, . . . , v, with multiplicities —p1, ..., —p,. Le.

Y =S+ (=p) i+ (=) e
Finally, we consider the open set
Q' =Q\ {z € Q| z singularity of f}.

Clearly, f is holomorphic in 2’ and we shall prove that the cycle ' is null-homologous in €', i.e.
n(X;2z) = 0forevery z ¢ Q. If 2 ¢ U, then either z ¢ Q or 2 = 21,..., 2, or 2 is any other
isolated singularity of f in (2.

If 2 ¢ Q, then n(X;z) = 0 (because ¥ is null-homologous in €2) and n(vyx; z) = 0 for every

k=1,...,n(because D, (r;) € Qand z ¢ Q). Therefore
n(¥;z) = n(Z;2) = pin(n;2) = = pan(m; 2) = 0= p10 — -+ — p,0 = 0.

If 2 = 2y, forsome kg = 1,...,n,thenn(X; 2) = n(3; 2i,) = pr, and n(Yiy; 2) = P(Viy; 2ky) =
1 and n(yk; 2) = n(yk; 2k,) = 0 forevery k =1,...,ko — 1,ko + 1,...,n. Therefore

n(¥;z) =n(S;2) — pin(v1;2) — - — Pro—11(Vho—1: 2)
— Pio"(Vko 2) = Pho+11(Vho+13 2) — =+ — Pu(Vn3 2)
=Pky — P10 — -+ = Pro—10 — Dol — Pro+10 — - -+ — p,0 = 0.
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If z is any isolated singularity of f in  different from z1, . .., 2, then n(X; z) = O and n(y; 2) =
0 for every k = 1,...,n. Therefore

n(X;z) =n(E;2) —pin(y1;2) — - — paun(Yn;2) =0 — p10 — -+ - — p,0 = 0.

We proved that > is null-homologous in €'
Now, f is holomorphic in €’ and the theorem of Cauchy implies j;z, f(¢) d¢ = 0 and hence

FrQac=3"n § 10~ Zpk § Q= 2wy Rest i)
z k=1 Yk k=1

Zk (rk)
and we proved (7.13). O

The residue theorem is a powerful tool for the evaluation of integrals, because it reduces this
evaluation to the location of the isolated sinularities of the function to be integrated, to the evalu-
ation of the corresponding residues and to the calculation of the number of rotations of the cycle
around each isolated singularity. In many cases all these are quite easy. Let us see some charac-
teristic examples.

Example 7.5.5. Evaluation offJr (x) dx, where r = g is a rational function, degq > degp+2
and q has no real roots.

Letp(z) = apz™+- - -+ a1z +ap, with a,, # 0, and g(x) = by x™ + - - - + byx + b, with by, # 0,
and m > n + 2. Then r is continuous in R and the generalized integral | _Jr;o r(x) dx converges.

To see this, we observe that 1imz_>oo 5(3 = 1and lim,_, bQ(zzn = 1. Hence there is Ry > 0 so
that 1 < | p |z| > Ro. Therefore,
|an| 1 C
Ir(2)| < 4|bm\ omn = amn when |z| > Ry, (7.14)

where C' = 4%. Now, since m — n > 2, we have that

—Ro —Ro 1 “+00 “+o00 1
/ |r(z)|dx < C/ T dx < +00, |r(z)|de < C ———dx < +o0.
—00 —0o0 ’.’L‘| RO RO z

Thus, the integrals f:oljo r(x) dx, +°° r(x) dx converge absolutely and so they converge. More-

over, r is continuous in [— Ry, Ro] and the integral f x) dx converges.
The roots of g are contained either in the upper halfplane or in the lower halfplane defined by the
x-axis. We shall consider only the roots in the upper halfplane and let them be 2, . .., zps, where

M < m. We take any R > Ry so that z1, ..., zjs are contained in the disc Dy(R), i.e.
R > maX{ROa |z1|> SERE) |ZM|}

We apply the residue theorem with » = £ which is holomorphic in C except for the roots of ¢ and
with the closed curve g which is the sum of the linear segment [— R, R], with parametric equation
2z =z, 1 € [~R, R], and of the curve o, with parametric equation z = Re', t € [0, 7], which
describes the upper semicircle of Cy(R) from R to —R.

The trajectory of «yz contains no isolated singularity of . When we evaluate n(vyg; z) Res(r; 2)

we consider only the isolated singularities z of r with n(vg; z) # 0: these are 21, . .., z)s. In fact,
~g rotates around each of 21, ..., zp; once and in the positive direction:
n(yg;2z1) = ... =n(yr; 2m) = 1.

Then the residue theorem implies
1

— ¢ r(z)dz=Res(r;z1) + -+ Res(r; zpr).
27 oy
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We have f 2)dz = f[ RE" 2)dz + f 2) dz and hence

R
/ r(x)de = /[ n r(z)dz = 2mi(Res(r; z1) + - - - + Res(r; zpr)) — /UR r(z)dz. (7.15)

-R
Since R > Ry, (7.14) together withm —n — 1 > 1 imply

‘/Rr(z)dz‘gRSan:RfZl%O when R — +00

and from (7.15) we get

/+OO r(z) dz = 2mi(Res(r;21) + - - - + Res(r; zar)).

Thus, to evaluate f too () dx we need only to find the residues of r at the poles 21, ..., zps of r
in the upper halfplane
Example 7.5.6. Evaluation of pv f +oo (z) dx, where r = % is a rational function, degq =

degp + 1 and q has no real root.
Let p(z) = apa™ 4+ -+ + a1z + ag, with a,, # 0, and ¢(z) = b +1£L'n+1 + -+ bz + by,

with b,+1 # 0. It easy to see that the generalized integral f too (z) dx does not converge.
Indeed, we recall the estimates in the previous example: zlanHz\" S Ip(2)| < 2|ay||z|™ and
3lbnsallz["F < fa(2)] < 2lbpaallz[*T! when |2| > Ro. Thus, [r(2)| > %\b':jil EilE
when |z| > Ry, where ¢ = 1 |b‘a"‘ i > 0. Therefore, for real z = x we have that Ir(z )\ > £ when
x > Ro. Now, r has constant sign in [ Ry, +00). If r is positive in [RO, +00), then f )d:c >
c 1;“000 Ly = —l—oo and, if r is negative in [Ro, +00), thenf (x)dx < —cfgoo 1 dr = —oo0.

Similarly, f ~ 0 r(x) dx is either +o0 or —
Since the generalized integral diverges, we examine its principal value, i.c.

400 R
= i .
pv/ r(x)dx Gim _Rr(w) dx

— 0o
We observe that
an 1 _ (anflbn#»l - anbn)zn + - (aObn+1 - anbl)z - anbO
n+1 2 bn+12n+2 —+ oo+ 5122 + boz
This is a rational function whose denominator has degree two units larger than the degree of its
numerator. According to the previous example, there is Ry > 0 so that

") -

1 —1bpt1 —apby| 1 C
r(z) — 22 < 4lan-1ng1 = anby| —5 = —2  when |z| > Ry, (7.16)
bn+1 z ’bn—&-l‘ |z’ ‘Z|
with C' = 4% As in the previous example, we consider the roots z1,..., 2y of q
in the upper halfplane and we take R > max{Ry, |21], ..., |2n|}. We apply the residue theorem
with r = % and with the same closed curve v and we get
1

— @ r(z)dz=Res(r;21) + - - + Res(r; 2p).

27 )y
Now, ¢ r(z)dz = f[—R,R] r(z)dz + [, r(z)dz and hence

R
/ r(x)dx = 2mi(Res(r; z21) + - - - + Res(r; zar)) — / r(z)dz
—R OR

= 2mi(Res(r; z1) + - - + Res(r; zpr)) — / (T(z) _ On 1) dz (7.17)

bn+1 z
1
_ An / —dz.
bn+1 oR z
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we have from

fO RGZt iRe! dt =

The last term is 2= J Lz =
n+1 YO

z bn
(7.16) that ; o
1
)/ nﬂz)dz‘S}g?WR:C};_)O when R — +o00

and (7.17) implies

400 a
pv/ r(z)dz = 2mi(Res(r; 21) + - - - + Res(r; 2p1)) — im ——.
—00 bn+1

Example 7.5.7. Evaluation of pv er () dx, where r = g is a rational function, degq >

degp + 1 and q has real roots, all with multiplicity 1.

Letp(z) = apa”+- - -+ar1z+ag, witha,, # 0,and g(x) = bp,a™+- - -+brx+by, with by, # 0, and
m > n+1. We assume that the real roots of g are x1, ..., x, withz; < ... < x, and that these are
not roots of p. We take €y > 0 so that the intervals [x] — €y, 21 + €], . . ., [Tn, — €0, T, + €0] around
the real roots of ¢ are disjoint. In order for fj;o r(x) dx to converge, the generalized integrals

[*F r(x)dx and f k€0 (1) d must converge for every . This is not correct. Indeed, we

Tp—e€0
= ;DS()M( y = Zk(x) , where ¢y, is a polynomial with qx (1) # 0 and where g, = p

is a rational function holomorphic at . Since lim,_,, gr(2) = gr(zx) # O, there is ¢ w1th

1 ng(m)l
[z—ag]

for every z with 0 < |z — x| < €g. The function r has constant sign in (xg, K + ek] If r is
positive in ({L’k,aj‘k -+ fk], then f;:-ﬁ-% ( )da: > gk ()| m )| fﬂck+ek =

if r is negative in (zy, ) + €], then f;k’“JrE’“ r(z)de < — |g’“(z’“)| fx”e’f i3, dx = —oc. Thus,
Tp+e€r

write (z) =

0 < ex < €psothat|gi(z)] > % |9k (z1 )| for every z with |z — x| < €. Hence, |r(z)| >

dx = +o0 and, similarly,

the generalized integral [/*"* r(z)dz does not converge. Slmllarly, f ‘., T(z)dx does not

converge either. This is why we examine the principal value of f oo (x) da: i.e.

“+o00 xr1—€ Tro—€
dx = li d de + - - -
pv/_oo r(z)dz R_>+;On’16_>0+ </—R r(z) x+/xl+e r(x)dx +
Tp—€ R
o / r(x) da + / r(z) da:) =  lim  I(Re).

n—1+t¢€ nte R*)+OO’E*>O+

(7.18)

To evaluate I(R, €) we use a variant of the curve vz in the two previous examples. We consider
R > max{ Ry, |z1],..., |z2m|sxn + 1, —21 + 1}, € <min{l,€ep,Imzy,...,Imzy},

where 21, ..., z)s are the roots of g in the upper halfplane. Now, we consider the closed curve g ,
the sum of the linear segments [—R, x1 — €], [x1 + €, 22 —€],..., [xn_1 + € Ty — €], [Ty + €, R,
of the curve o, which describes the upper semicircle of Cyp(R) from R to —R, and of the curves
Ole,---,0n,e Where each oy, . describes the upper semicircle of the corresponding C, (¢) from
x), — € to x, + €. The curve g . rotates once and in the positive direction around each of the roots
21, .., zp of g and no times around each of the remaining roots of ¢q. The residue theorem implies
that

f r(2)dz = 2mi(Res(r: 21) + - - + Res(r: 2a1),
TR,e
and hence

I(R,e) = 2mi(Res(r; z1) + - - - + Res(r; zpr)) — / r(z)dz

— /al,e r(z)dz—---— /JMT(Z) dz.
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Now, x, is a pole of r of order 1 and r can be written (2) = Zf’jpk + fix(z) for z # xy, in a disc
with center x, where fj, is holomorphic at 23 and ¢, = Res(r; ). Since fj is bounded in a
disc with center zy, there is M), > 0 and €, > 0 so that |f(2)| < M, for |z — x| < €). Thus,

0 < e < ¢}, implies | fak Jr(z) dz| < Myme and hence lime_,0+ fak fr(z) dz = 0. Therefore,

1
/ r(z)dz = ck/ dz + / fr(z)dz
Ok,e Ok,e z = xk Ok,e

(7.20)
= —mick + / fr(z)dz — —micy, when € — 0+ .
Ok,e
The limit of faR r(z) dz when R — 400 has been evaluated in the previous two examples:
0, ifm>n+2
lim r(z)dz=1< ., ) (7.21)
R—+00 Jop I 5t ifm=n+1
Now, (7.18), (7.19), (7.20) and (7.21) imply
+00
pv/ r(z) de = 2mi(Res(r; z1) + - - - + Res(r; zar))
—00
0, ifm>n+2
+ mi(Res(r; o) + - +Res(r;z,)) =< ., )
i 5t ifm=n+1

Example 7.5.8. Evaluation offj;o r(x) cos x dx, fj;o r(x) sinxz dx (or of their principal values),
where r = % is a rational function, degq > degp + 1, the real roots of q (if they exist) have
multiplicity 1 and, also, the coefficients of p, q are real numbers.

Since the coefficients of p, ¢ are real, we have that (x) € R for every = € R which is not a root

of q. Hence,
+oo +00 ) +oo +oo )
/ r(x)cosx dx = Re/ r(x)e” dx, / r(x)sinx dx = Im/ r(x)e'” dx
—0o0 —00 —o —o

and we evaluate [*°° r(z)e’® dx (or its principal value).
The method of evaluation has been described already in the previous three examples. We use either
the curve vy or the curve g . and we evaluate the residues of (z)e’* at the roots of g.

We shall concentrate on the important specific generalized integral f0+°° sme dr = % i _Jr;o Si;“ dz.

(Equality holds because S22 is even.) We shall evaluate pv fj;o ¢~ dx instead of | j;o ST g,
Obsewe that % = 2L +%0L diverges at 0 becausp its real part “>* diverges at 0'. The imaginary
part 32 converges at 0 and, in fact, if we define *2- at 0 to have value lim, o *2* = 1, then it
becomes continuous at 0.

The function % is holomorphic in C except for a pole at 0 of order 1. We consider the closed
curve yg . which is the sum of the linear segments [—R, —¢| and [¢, R], of the curve o, which
describes the upper semicircle of Cy(R) from R to —R, and of the curve o, which describes the
upper semicircle of Cp(e) from —e to €. Then g does not rotate around the pole 0 of % The

. . . iz
residue theorem implies va £~ dz = 0 and hence
€

—€ _ix R _ix iz iz
/ edw—i—/ eda;:—/ edz—/edz. (7.22)
_R e T on 2 oo %

iz iRe®t . . .
Now, [, -dz= [ GRZ” iRe dt =i [ e~ fisintHifcost gy gnd
iz ™ . /2 R /2
’/ e—dz‘ g/ eRsmtdt:2/ e~ Rsint gy < 2/ e tdt
or * 0 0 0 (7.23)

s

R(l —e B 50 when R — +o0.
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For the second inequality we used the well known inequality sint > % for0 <t < 7. From the

Laurent series of <~ 61-2 at 0 we see that eiz 1 = + h(z) for z # 0, where h is holomorphic in C.
Now, h is bounded in a nelghborhood ofO i.c. there is M > 0 so that |h(z)| < 1 when |z| < 1.
Hence, for e < 1 we have | fae h(z)dz| < Mme — 0 when € — 0+. Therefore

1z 1
/edz:/ dz—|—/ h(z) dz
ge # ge ? o

(7.24)
:—m'+/h(z)dz—>—m' when € — 0+ .

Finally, (7.22), (7.23) and (7.24) imply

400 eia: —€ eix R eia:
pv —dzr = lim ( —dz + — dm) = 1.
x e—0+,R—+o00 R X € x

— 00

Since €52 js odd and $22 is even, we get [ p&de+ [ de = 2i [ ¥2E dg and hence
+oo R .
sinx , sin T
—dx = lim —dzx = —.
0 x e=0+,R—400 Jo X 2

Example 7.5.9. We shall evaluate [, 12, do.

We consider the holomorphic branch of the logarithm, which we shall denote log z, in the open
region A which is C without the negative y-semiaxis (with 0) and which takes the value 0 at 1.
This branch is given by

3
logz = Inr + 6 for z = re w1thr>0and—§<9<77T
The function loiz is holomorphic in A except for the point 2¢ which is a pole of order 1. Indeed,
we write ‘;’%’Q = (g ZZ)/ (;ZHZ) (32) and we have that g(z) = l(fz is holomorphic in A with

g(2i) = T — 182 . Moreover, Res( 1‘2’%&7 2i) = g(2i) = T — In2,

Now we con51der the closed curve g ¢ of the previous example The residue theorem implies

log z , logz . mn2 7
dz = 2mi R (7;2 ) = — 1,
7’{&6 21 1 71 Res 244 7 5 + 1 )

and hence

““In|x| +im B Ing mln2 72
——d de = —i—
/R z? +4 x+/€ 224 > Tt

log z log z
dz dz.
22 +4 /UE 2147

/.,
/,

L L | In2 2
2/ ne da:+z7r/ dx:wn +7Li—
€ €

log 2 log z
P dz / dz.

2+ 4 2 4 22+ 4 224+ 4

Taking real parts, we get

R Inz _ 7win2 log z log z
2 dx — R dz — R dz. 7.25
/6 x? 4+ 4 2 e/URZQ—I—Zl : e/c,€z2+4 : (7.25)
We estimate: | nR
‘/ 982 4. ’< MEFT R0 when R — 400 (7.26)
op 22 +4 24
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and

log 2 Ine+
‘/O_€z2+4dz‘§ 1 me — 0 when € — 0 + . (7.27)

From (7.25), (7.26) and (7.27) we have

T ng . B ng wln2
5 dr = lim 5 dr = .
0 x4+ 4 e=+0+,R—+c0 J. T*+ 4 4

+00,r

Example 7.5.10. We shall evaluate d;r when 0 < a < 1.

We write 22 instead of z:

+o00 Ia_l +o00 $2a—1 +o00 .’L‘b
/ <m=2/‘ 2da;:z/ S (7.28)
0 T + 1 0 x4 + 1 0 $2 + 1

withb=2a —1land -1 < b < 1.
We consider the holomorphic branch log z of the previous example in the same region A. The

function h(z) = e”1°2# is holomorphic in A and, if z = = is real, we have h(z) = e®"® = b,
The function hQ(j)l is holomorphic in A except for a pole at ¢ of order 1. Indeed, we write hg(j_)bl =
W Z( %) and we have that g(b z) = (Z) is holomorphic in A with g(i) = hz(? =2 .
Moreover, Res|( b +)1, i) = g(i) = Z Now we consider the same closed curve yr . of the
previous example. The residue theorem implies f ( ) dz = 2miRes( 2(_?1;@') = 716%”, and
hence
—€ R
/ f;(a}) d$+/ @) de=m b”/ h(z) dz/ h(z) dz.
_px?+1 e 2+1 op 22 +1 0. 22 +1
Thus,
R R
h(— h Y h h
/ g )d +/ 2(93) da::7reb21—/ (2) dz—/ (2) dz
. 12+1 . 12+1 op 22+ 1 o 22 +1
and

R b
bri x br h(z) / h(z)
1 —_ = — — . 2
(e —i—)/E x2+1dw e 2 /UR22+1dz UEZ2+1dz (7.29)

Now we estimate:

‘/ 22+1 R2R_17TR—>0 when R — 400 (7.30)

and

h . 31
’/)%+1d‘_1_€ﬂe%0 when € — 0 + (7.31)

From (7.29), (7.30) and (7.31) we get

+o00 er . R xb Tez ! T
—dx = lim ——dx = - = .
o T2+1 e—0+,R—400 |, 22+ 1 e +1  2cos(iF)

2
+oo ,.a—1
/ * dr = — T
o x+1 sinam
We shall evaluate [, Z- . " dz in a different way.
We consider the holomorphlc branch of the logarithm, which we shall denote log z again, in the

Finaly, (7.28) implies
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region B which is C without the positive z-semiaxis (with 0) and which takes the value i at —1.
This branch is given by

logz =Inr+i0 for z = re'? with r > 0 and 0 < 6 < 27.

The function h(z) = e(a=Dlogz js holomorphic in B, and hence hif is holomorphic in B except

at the point —1 which is a pole of order 1. Indeed, we have Res(Z(:l), —1) = h(—1) = ele=Dm,
We also consider the closed curve vg . 5 which is the sum of the curve o s, which describes the
arc of Co(R) from Re® to Re’>™=9) in the positive direction, of the curve o 5, which describes

the arc of Cy(e) from ee’(>7=9%) to e in the negative direction, of the linear segment [ee?®, Re™)]

and of the linear segment [Re*(>79) | ¢¢#(27=9)]_ The residue theorem implies that $ s Zfl) dz =
2mi Res(z(fl); —1) = 2mie® )7 and hence

/ Mz) g,y / hz) g,
leeid Reis) 2+ 1 [Rei(27—6) ¢i2n—8)] 2+ 1

(7.32)
= 2miele~ Vi _ / hz) dz — / h(z) dz.
0R752+1 05,5Z+1
We have f cei® Reid] z(+1) dz = e'ad . reu; +1 dr. Keepmg € and R fixed, we take the limit when

6 — 0+. Clearly, e iad 5 1. Also, fE " dr. We can see this as follows:

dr—>f

re“SJrl 7"+1

R a—1 R a—1 R a—1 a—1
‘/ T,éidr —/ ! dr‘ S/ ‘ r.é I dr
e e’ 41 e T+1 e lre+1 r41

a

R R
:\e“s—l/ e r dr§|e“5—1|/ r®dr — 0 when 0 — 0+ .
e 1+ 1) :

Therefore,
h R _a—1
/ (Z)dz—>/ " dar whend —0+. (7.33)
leeid Reid) Z + 1 e T+1
We also have f[Rei(Qﬁ_(;)’wi(%_(g)} Z(H) dz = —eta(2m=9) fe — L5+1 dr. Keeplng eand R ﬁxed we
take the limit when & — 0+. Clearly, (279 — ¢i2a7_ Also, [ I dr — [Fr 2
This is proved in the same way as the previous analogous limit. Therefore,
h ) R _a—1
/ (2) gy s _gitam / "__dr  whend —0+. (7.34)
[Rez(27r 9) eet(2m (5)} z+ 1 € r+ 1
Now we estimate: B )
h(z R“ 2rR*
d 21 — 26)R < . 7.35
) / B S G- 20)R s 5 (7.35)
and .
2
‘ / dz‘ < T (2r - 20)e < me” (7.36)
ves 211 1-— 1—¢
Using (7.35) and (7.36), from (7.32) we get
’/ M dz +/ M dz — 2miela= D7) < 2m i + 27T6a.
[eei Reid] 2+ 1 [Rei(2m—6) eeizn—8)] 2 + 1 R—-1 1-¢€
Now, letting § — 0+, from (7.33) and (7.34) we get
R _a—1 a a
; , 2R 2me
1 — ei2am r dr — 2mi (a=1)mi| )
’( ° )/5 rp 1A SRo1 1
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Finally, we let ¢ — 0+ and R — +o0 and we conclude that

oo pa—1 . R ja-1 27.[.Z'e(a—1)7ri T
dr = lim dr = — = — .
0 rx+1 e=+0+,R—+00 J, 1T+ 1 1 — eream sin am

Example 7.5.11. Evaluation of fo r(sin, cos 0) d, where r(s,t) is a rational function of two
variables.

We parametrize Co(1) with z = €%, § € [0, 2], and we have cos 6 = (2 + 1), sinf = (2 — 1)
# = iz. Hence

2 1 241 22—-1\1
/ r(sin@,cos@)d@z,j{ T(Z * e )*dz
0 1 Jco(1) 2z 2z /2

The function s(z) = r(%, Z;Z_Zl )1 is a rational function of z. We apply the residue theorem

after we evaluate the residues of s at its poles in the disc Dy(1).

dz __
and@—ze

Exercises.
7.5.1. Find the singular parts as well as the residues of 22+éz+6, (z2£1)2 , €% +el/?, COSZ%_I at their
isolated singularities.
7.5.2. Find the residues of E’ tan z, 12 s % at their isolated singularities.
sin® z” e*—1

7.5.3.1f f = gh, where g is holomorphic at zy and h has a pole of order 1 at zp, prove that
Res(f;20) = g(zo) Res(h; 20).

7.5.4. Evaluate dz f +oo

z?
—00 :(:2+1 x2+1)(x2+4) dz, f oo (902—‘,-1)2 dz, —00 l—i-ac8 dz.

7.5.5. Evaluate pv [*2° ZtL dy pv [0 2 dg py [T x(zx2—:_31) da.

7.5.6. Evaluate fj;o 0BT dzx, f—i—oo a® sinx dx, pr cOST__ 10

(z2+41)(z2+4) Tzl oo z(z2+1)

7.5.7. Evaluate f02 m d@ f % df when 0 < a < 1 fﬂ'/z a+sm dx when
la| > 1.
7.5.8. Evaluate f0+ W dz when —1 <a<l.
7.5.9. Evaluate 0+°° M% dz, f0+°° ;;2;1 dx f+°° In( lltf dx when 0 < a < 2.
7.5.10. Evaluate |72 52y,

+00 +oo ga—t _ 7
7.5.11. Evaluate [, 3+8 dx f ori7g do, using [ S do = o
7.5.12. Evaluate 0 2+0059 de.

7.5.13.1f 21, ..., 2n € Do(R) are distinct and £ is holomorphic in an open set containing D (R),
prove that fCO(R S ) E— P 2mi(f(z1) +--- + f(2n))-

(z—2z1)(2—2n)
7.5.14. If n € N, evaluate §Co(n) tan 7z dz.
7.515. Letr = ’a’ be a rational function with degg > degp + 2. If 21, . . ., 2,, are the distinct roots

of g, prove that "}, Res(r; z) = 0.
What is the value of >, Res(r; ;) if deg ¢ = degp + 1?

7.5.16. If f(2) = e**(1/%), prove that Res(f; 0) = X020 o
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7.5.17. (1) If n € N, prove that there is M > 0 independent of n so that |cotz| < M for every
z € OR,,, where R, is the square region with corners at the points +(n + %)w +i(n+ %)ﬂ'

(ii) Prove that §,, %* dz — 0 when n — +oo0.
2

(iii) Prove that Z+°o L =1,
(iv) Let f be holomorphlc in C except for poles z1, ..., zy and let lim,_, o 2 f(2) = 0. Prove that
limy,s o0 S0, f(R) = = 3070 Res(f(2) ot z; zj).

(v) Find the sum 329 ﬁw, where a > 0, and the sum > "% n—l}a)z , where a ¢ Z.

7.5.18. Let p, g be polynomials with degg > degp + 2. For each m € N let I,,, be the square
region with corners at (m + 3)(£1 £1).

(i) Prove that §,,, L_2() 7. 5 0 whenm — +oo.

sinmz g(z)

(i1) Prove the same result if deg ¢ = degp + 1.

T2

7.5.19. Let —1 < v < 1 and n € N. Prove that fCO(nJr £

Sz 2— adZ—)OWhenn—)+OO

7.5.20. (i) Let p, ¢ be polynomials with degq > degp + 1 and ¢(k) # O for every k € Z. Prove

that limy,— 400 > _pe e —m qg:g is equal to the sum of the residues of —7 cot w2 2= E 3 at the roots of q.

Also, prove that lim,,, 10 Y szm(—l)k% is equal to the sum of the residues of —Wsinlm qg;

at the roots of q.
(ii) Prove 7rcot 7w = liMmy, 100 Zk__m Lo =L S (G ) ifw ¢ Z.

(iii) Prove —5— = Zk__oo = k — ifw ¢ Z.

_ 1 T 7r\/a/ 4e T a/b .
(iv) Prove 3% a+bk2 I Sy v p—ry ifab > 0.

1
(v) Prove "% 1a+bk2 :—%—\/%W—Flfab>0

7.6 The argument principle. The theorem of Rouché.

Definition. 4 function f is called meromorphic in the open set ) if it is holomorphic in ) except
at certain points in ) which are poles of f.

Let f be meromorphic in the open set {2. If w € C, we shall denote A,, the set of solutions of
f(z) =w,ie.
={z€Q|f(2) = w}.

If f is not constant in any connected component of €2, then the solutions of f(z) = w are isolated
points.

Also, letting f have the value co at each of its poles in €2, so that f becomes continuous at its
poles considered as a function from {2 to @, we denote A the set of solutions of f(z) = oo, i.e.

Ao ={2€ Q]| f(z) =0} ={z € Q| zisapoleof f}.

The argument principle. Let w € C. We assume that f is meromorphic in the open set () and
that it is not constant in any connected component of 2. We also consider 3. to be a cycle null-
homologous in ) so that no element of Ay, U A is in the trajectory of any of the closed curves
Sforming X.. Then n(%; z) # 0 for at most finitely many elements of Ay, U Ao, and hence the sums
Y oea, M5 2)m(z) and Y o 4 n(%;2) m(z), where m(2) is the corresponding multiplicity of
z € Ay U Ay, are finite. Moreover,

(D) = o Y de = T me) - ¥ nmame). 037

zEAw 2€EA
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Proof. We apply the residue theorem to the function ff . The isolated singularities of this func-
tion are the elements of 4,, U A

If m(z) is the multiplicity of z € A,,, then there is a g holomorphic in some neighborhood D, ()
of z so that f(¢) —w = (¢ — 2)™®)g(¢) when ¢ € D,(r) and also g(z) # 0. We have
F1(¢) = m(2)(¢ = )™ 1g(¢) + (¢ = 2)™#)g/(¢) when ¢ € D.(r). Also, since g(z) # 0,
we may assume that 7 is small enough so that g(¢) # 0 when ( € D, (r). Therefore

1O _me) |, Q)
FO-w =290

Since £ is holomorphic in D (r), we have that z is a pole of +— of order 1 with residue m(z).
If m(z) is the order of z € A, there is a g holomorphic in some nelghborhood D,(r) of z so that

f(Q)—w= = ()21( ;s when ¢ € D.(r)andalso g(z) # 0. Wehave f'(¢) = —m(z )H%%—

(C—g;(% when ¢ € D,(r). Also, since g(z) # 0, we may assume that r is small enough so that

9(¢) # 0when ¢ € D,(r). Hence

fQ  _ —m@z) ¢
= + when ¢ € D, (r z}.
FO-w ¢z g0 SR
Since % is holomorphic in D, (), we have that z is a pole of f of order 1 with residue —m(z).
Now, the residue theorem implies the second equality in (7.37) The first equality is a matter of
a simple change of variable. If { = 7(¢), t € [a, ], is the parametric equation of any curve ~y
forming ¥, then the parametric equation off( )isn = f(fy(t)) t € [a, b], and hence:

when ¢ € D,(r) \ {z}.

o (P WL ((C10) SU O} G
n(f(7)7w) o jéf(’y) n—w dn 271’2 f(’Y(t)) 27” % f
The rest is simple if we recall that X = nyy+- - -+ngyr and f(X) = ny f(y1)+-- '+nkf(%)' -

The geometric content of the argument principle is described as follows. The number of ro-
tations of f(X) around w is equal to the total number of rotations of Y. around the solutions of
f(2) = w minus the total number of rotations of ¥ around the poles of f. When we count the
solutions of f(z) = w and the poles of f we take into account their multiplicities. We count m(z)
points at every point z € A,, U Ay, which has multiplicity m(z).

If f has no pole in §2, i.e. if f is holomorphic in €2, then the argument principle says that the
number of rotations of f(X) around w is equal to the total number of rotations of ¥ around the
solutions of f(z) = w. In fact, if ¥ is such that for every z not in the trajectories of the curves
forming ¥ we have either n(3;z) = 1 or n(3;2) = 0, then the number of rotations of f(X)
around w is equal to the number of solutions of f(z) = w which are surrounded by ¥..

The theorem of Rouché. Let w € C. We assume that f, g : Q — C are holomorphic in the open
set §) and that they are not constant in any connected component of (). We also consider X to be
a cycle null-homologous in Q. If | f(z) — g(2)| < |g(2) — w| for every z in the trajectories of the
closed curves forming %, then

Do nEnmp(z) = Y n(S5z)my(2),
2€Ay, f 2€Aw,g

where my(z) and mgy(z) are the corresponding multiplicities and A, y = {z € Q| f(z) = w},
Apg ={2€Qg(2) = w}.

Proof. We observe that the condition |f(z) — g(2)| < |g(z) — w| for every z in the trajectories of
the closed curves forming ¥ implies that no element of A,, U A,, 4 is in these trajectories. Now
(7.37) implies

f/ ; L & = n(3; z) my(z
2771?{ F(C = ) n(S52)my(2), 2m’y{gg(4)—wd<_ > n(E5z)my(2).

ZEAw’f ZGAw,g
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Hence

: : _ 1 f'(©) g'(©)
Z n(E;z) my(z) — Z n(2;z) mg(2) jé(f - —w) d¢. (7.38)

eyl vl S Sy (O —w o g(O)

The function h = g:—;‘)’ is holomorphic in €2 except for the elements of A, 4, which are either poles
or removable singularities of ~. From (7.37) again we have

1 n
n(h(S);0) = o ]{E g ((g)) dc. (7.39)
Since %’ = fflw — gﬂ—/w, from (7.38) and (7.39) we find
D oaEG)mez) = Y n(Eiz)m(2) = n(h();0).
2€A ¢ 2€Aw,g

Now, our hypothesis says that |h(z) — 1| < 1 for every z in the trajectories of the curves forming
Y. Le. the curves forming h(X) are in the disc D;(1) and hence n(h(X);0) = 0. O

Example 7.6.1. We shall find the number of roots of f(z) = 2" — 22° + 623 — 2+ 1 in D.
We consider g(z) = 62° and we have

1f(2) = g(2)] = |27 = 22° =2+ 1| < |2|" + 202" + [2] + 1 = 5 < 6]z = |g(=)]

for every z € T. Now we apply the theorem of Rouché with w = 0 and ¥ consisting of only the
curve y which describes T once and in the positive direction. We have n(v;z) = 1 forevery z € D
and n(v; z) = 0 for every z ¢ D. The only solution of g(z) = 0in D is z = 0 with multiplicity
mg(0) = 3. Therefore

Z n(7;z) mg(z) = Z mg(z) = 3.

2€A0,g z€Ag,gND

Z n(y;z)mys(z) = Z myg(z).

z€Ao,f zE€Ag, fND

Also

The theorem of Rouché implies ) Ao ;D M #(2) = 3 and hence f has three roots in ID.
Exercises.

7.6.1. Let f be holomorphic in D, (R), let 0 < r < R and assume that there is no solution of

f(2) = win C.y(r). If k € N, what is the content of 51 fczo ) f(f;% 2P dz?

7.6.2. Let f be holomorphic in D and continuous in D and let | f(z)| < 1 for every z € T. Prove
that the equation f(z) = 2" has exactly n solutions in D.

7.6.3. Find the number of roots of

(i) 2* — 62 + 3 in Dy(1,2).

(ii) 24 + 823 + 322 + 82+ 3in {z| Rez > 0}.

7.64.Letzy,...,z, €D. InC\ {%, el %} we consider the function f(z) = [[;_, f_*%’“z.
(i) Prove that f(z) € D for every z € D and that f(z) € T for every z € T.

(ii) Find the index with respect to 0 of the curve with parametric equation z = f(e%), t € [0, 27].
(iii) Prove that for every w € D the equation f(z) = w has exactly n solutions in .

7.6.5. Let A > 1. Prove that the equation A — z = e~ * has exactly one solution in {z | Rez > 0}
and that this solution is real. How does this solution behave when A — 1-+?

7.6.6. Prove that the set of all meromorphic functions in the region {2 is an algebraic field.

7.6.7.Let f(z) = Y0 an2" for z € D and let F C D be compact with 0 € F. If u =
inf{|f(2)|| z € F} and m is the number of roots of f in F', prove that . < |ag|+|a1|+- - -+ |am]|.
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Chapter 8

Simply connected regions and the
theorem of Riemann.

8.1 Uniform convergence in compact sets and holomorphy.

Lemma 8.1. Let Q C C be open and K C Q) be compact. Then there is € > 0 so that |z —w| > 2¢
for every z € K and every w € Q°. Then the set K' = {Z' ||z’ — z| < € for some z € K} is a
compact subset of Q) which contains K.

Proof. Itis clear that K C K' C Q.

Since K is bounded, there is M so that |z| < M forevery z € K. If 2’ € K/, then there is z € K
so that |2’ — z| < e and then |2/| < |2’ — z| + |2| < e+ M. Hence K’ is bounded.

Finally, let (z/,) be a sequence in K and 2/, — 2. For each n thereis z,, € K sothat|z], —z,| < e.
Since K is compact, there is a subsequence (2, ) so that z,, — =z for some z € K. From
|2, — 2n;,| < € we get |2’ — z| < eand hence 2’ € K'. Therefore K is closed. O

The theorem of Weierstrass. Let every f, be holomorphic in the open set Q C C. If f, — f
uniformly in every compact subset of €}, then f is also holomorphic in Q) and for every k € N we

have that f,(Lk) — &) uniformly in every compact subset of Q.
Proof. We take any 2o € . Then there is a closed disc D.,(R) contained in {2 and for every n

we have ) 10
2= 5 Cso(R) Cn— z

Since C, (R) is a compact subset of €2, we have that f,, — f uniformly in C,,(R). We also have
that f,,(z) — f(z) forevery z € D,,(R). Hence

d¢ forevery z € D, (R).

- 2mi (—z

The right side of this equality is a holomorphic function of z in D, (R) and hence the left side,
f(2), is also holomorphic in D, (R). Therefore, f is holomorphic at every zy € (.

Now let K C  be compact. Then there is € > 0 so that |z — w| > 2¢ for every z € K and every
w € Q°. We consider the set K’ = {z' ||z’ — z| < € for some z € K} of lemma 8.1. This K’ is
a compact subset of 2 and hence f,, — f uniformly in K’. We also observe that for every z € K
we have C,(¢) C K'. Then we apply the formula of Cauchy for derivatives and we get for every
z € K that

flz) = 1% SO d¢ forevery z € D, (R).
C. (R)

0y _ o — | B falQ) = F(O) k! supcec (o [ Fn () = F(Q)]
1FP(z) = fR () = omi fé(e) (( — 2)FHT d¢| < o k1 2me
|
<5 sup [12(0) — £

€ CEK’
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Hence,

sup |19 () — FOE) < 2 sup 1£a(0) = £(O)] = 0

2€K €" ¢eK’
and so f;f’,) — %) uniformly in K. O

The theorem of Hurwitz. Let every f,, be holomorphic in the region Q) C C and f,, — f uniformly
in every compact subset of Q). If fn(z) # 0 for every n and every z € S, then either f(z) # 0 for
every z € Qor f(z) = 0 for every z € Q.

Proof. The theorem of Weierstras implies that f is holomorphic in 2. We assume that f is not
identically 0 in 2 and we shall prove that f(z) # 0 for every z € .
We take any zp € . Even if f(z9) = 0, we know that 2, is an isolated root of f and hence
there is > 0 so that f({) # 0 for every ¢ € C,,(r). By the continuity of f we get that there is
some 0 > 0 so that |f({)| > ¢ for every ¢ € C,,(r). Now, we have that f,, — f uniformly in
C, (r) and the theorem of Weierstrass implies that also f;, — f’ uniformly in C,,(r). Therefore,
;—: — fTI uniformly in C,, (r) and hence
1 ! 1 !
2mi Je., (r) fn(C) 2mi Jo., ) F(C)

dc.

By the argument principle, the left side is equal to the number of roots of f,, in the disc D, (r) and
hence it is equal to 0. Thus, the right side is also equal to 0 and, by the argument principle again,
there is no root of f in the disc D, (r). In particular, f(zo) # 0. O

Definition. Let A C C and F be a collection of functions defined in the set A.

(i) We say that F is bounded at some z € A if there is M so that |f(z)| < M for every f € F.
(ii) We say that F is equicontinuous at some z € A if for every ¢ > 0 there is § > 0 so that
|f(w) — f(2)| < €for every w € A with |w — z| < 0 and for every f € F.

We observe that if F is equicontinuous at some z € A, then every f € F is continuous at z
and that ¢ depends on € but not on f, i.e. J is uniform over f € F.

Lemma 8.2. Let A C C and (f,,) be a sequence of continuous functions in A. If f, — f uniformly
in every compact subset of A, then f is continuous in A.

Proof. Take any z € A and a sequence (z,,) in A with z,,, — z. Then K = {z,,, |m € N} U {z}
is a compact subset of A and hence f,, — f uniformly in K. Since every f,, is continuous in K,
we have that f is also continuous in K. Thus, f(z,,) — f(2) and so f is continuous at z. O

Lemma 8.3. Let A C C. Then there is a countable L C A so that for every z € A and every § > 0
there is w € L with |w — z| < 8. In other words, there is a countable L C A so that A C L.

Proof. We consider the countable set M = {z + iy|z,y € Q} and let M = {z,|n € N}
be any enumeration of M. For every n,m € N such that D, ()N A #  we take a point
Wn,m € D, () N A. Then the set L of all such wy, ,, is a countable subset of A.

Now take any z € A and any ¢ so that 0 < 6 < 3. Then there is z,, € M so that |z — z,| < g and
there is m € N so that ﬁ“ < g <Ll Thenze€ D., (L)and ?ence D., ()N A # 0. Now we

have|z—wn7m|g\z—zn|+\zn—wn7m|<g+%§g+m—+l<5. O

The theorem of Arzela-Ascoli. Let A C C and F be a collection of continuous functions in A.
Then the following are equivalent:

(i) For every sequence (fy,) in F there is a subsequence (fy, ) and a function f continuous in A
so that f,, — f uniformly in every compact subset of A.

(ii) F is equicontinuous and bounded at every z € A.
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Proof. (i) = (ii) Assume that F is not bounded at some z € A. Then there is a sequence (f,,) in
F so that | f,,(z)| — +oo. Then there is a subsequence ( f,,, ) and a function f continuous in A so
that f,, — f uniformly in every compact subset of A. One such compact set is {2} and we get
that f,,, () — f(), arriving at a contradiction.

Now assume that F is not equicontinuous at some z € A. Then there is ¢ > 0 so that for every
n € Nthereis z, € Aand f,, € F sothat |z, — z| < % and | f,(zn) — fn(z)| > €. Then thereis a
subsequence ( fy,, ) and a function f continuous in A so that f,,, — f uniformly in every compact
subset of A. Since z,, — z, the set K = {z,, |k € N} U{z} is a compact subset of A and hence
fn,, — [ uniformly in K. Now

€ < [ fr () = fr ()] < i (2ng,) = f )|+ 1 () = F(R) + £ (2) = foi (2)]
< gélllz!fnk(@ = FOI+1f(zn) = ()] +§:Ig|fnk(4) — f(QI

We arrive at a contradiction because sup ¢ | fn, (¢) — f(¢)| — 0 and f(zn,) — f(2).
(ii) = (i) Let (f,,) be a sequence in F. We consider the countable set L C A which is described
in Lemma 8.3. Let

L = {wy, |m € N}.

The set {fn(w1)|n € N} is bounded. Hence there is a subsequence (fy 1) of (f,) so that
foa(w1) — ¢ for some ¢; € C. Similarly, the set {fy, 1(w2)|n € N} is bounded. Hence
there is a subsequence (f,2) of (f, 1) so that f,2(w2) — (2 for some (; € C. Similarly,
the set {fn2(ws)|n € N} is bounded. Hence there is a subsequence (fy, 3) of (fy,2) so that
fn,3(ws) — (3 for some (3 € C. We continue inductively and we find

i fo  fs oo fa
fir fo1 fzr oo fan
iz fo2 fia2 . fa2

fl,m f2,m f3,m fn,m

so that the sequence in every row is a subsequence of the sequence in the previous row and so that
Jnm(wm) = (m for some ¢, € C. Now we consider the diagonal sequence ( fy, ). For every m,
(fn,n) 1s, after the value m of the index n, a subsequence of (f,, ,,) and hence f, »(Wm) — G-
Therefore, (fy ) is a subsequence of (f;,) and lim, o fn n(w) exists in C for every w € L.
Now we take any z € A. Since F is equicontinuous at z, for every € > 0 there is 0 > 0 so that
|f(w) — f(z)| < § forevery w € A with [w — 2| < § and every f € F. From the basic property
of L we have that there is w € L so that |w — z| < J. Since (fy »(w)) is a Cauchy sequence, there
is ng so that | fr (W) — fur o (w)| < § for every n', n" > ng. Therefore, for every n', n” > ng
we have

’fn’,n’(z) - fn”,n”(z)’ < ’fn’,n’(z) - fn’,n’(w)‘ =+ ‘fn’,n’ (w) - fn”,n” (w)’

€ € €
=+ ‘fn//’n//(’u}) — fn//7n//(z)‘ < g + § + g = €.

This means that (f, ,(z)) is a Cauchy sequence in C and hence lim,,_, ;o frn(2) exists in C.

Now we define the function f : A — C by

f(z) = lim f,,(2) for every z € A.

n——+o00

We consider any compact set K C A and we shall prove that f,, ,, — f uniformly in K. Assume
on the contrary that this is not true. Then there is € > 0 and a subsequence ( fy, »n,) of (fn,») and
a sequence (zx) in K so that

[ (1) = f(z1)| > ¢ forevery k. @&.1)

138



Since K is compact, there is a subsequence (zy,) of z; which converges to some z € K. For
simplicity of notation we shall ignore all the terms of (zj) which do not belong to (zx,) and we
shall assume that z;, — z for some z € K. Now, since F is equicontinuous at z, there is § > 0 so
that | fr, ), (W) = fryn, (2)] < § forevery w € A with |w — 2| < § and every k. Taking the limit
as k — +o0, we get that | f(w) — f(z)| < § forevery w € A with |w — 2| < J. Now, if k is large
enough, we have that [z, — z| < § and | fp, n, (2) — f(2)| < § and then we get

€ € €
< g + g + g =
This contradicts (8.1) and hence f, , — f uniformly in K. Finally, lemma 8.2 implies that f is

continuous in A. O

Definition. Let A C C and F be a collection of functions defined in the set A. We say that F is
locally bounded at some z € A if there are 6 > 0 and M so that |f(w)| < M for every w € A
with |w — z| < 0 and for every f € F.

The theorem of Montel. Let 2 C C be open and F be a collection of holomorphic functions in
Q. Then the following are equivalent:

(i) For every sequence ( fy,) in F there is a subsequence ( fy, ) and a function f holomorphic in
so that f,, — f uniformly in every compact subset of ().

(ii) F is locally bounded at every z € 2.

Proof. (1) = (ii) Assume that F is not locally bounded at some z € 2. Then for every n € N there
is z, € Qand f, € F with [z, — 2| < L and |f,(2,)| > n. Now, there is a subsequence (fn,)
of (fy) and a function f holomorphic in 2 so that f,,, — f uniformly in every compact subset of
. Since z, — z, the set K = {z,, |n € N} U {z} is a compact subset of 2 and hence f,,, — f
uniformly in K. But

sup [ (C) = FOI 2 [fnie(zn) = f(zni)| 2 [, ()| = | (20 )| = +o0 = | f(2)] = +00

and we arrive at a contradiction.

(i) = (i) By the Arzela-Ascoli theorem and by the theorem of Weierstrass it is enough to prove
that F is bounded and equicontinuous at every z € §2. Obviously, local boundedness of F implies
that F is bounded at every z € 2. Now we take any z5 € (2 and then there is » > 0 and M so
that | f(z)| < M for every z € D, (r) and every f € F. Thus, for every z € D. (%) and every
f € F we have

7=l f, el S e =

This implies that for every z € D, (5) and every f € F we have

7@~ Sl =| [ 5@ < Bz ).

[Z(),Z]

Hence, for every € > 0 we may take § = min{ 57, 5} and then for every z € D (5) and every
feFweget|f(z)— f(z0)| < % |z — 20| < 24§ < e. Thus, F is equicontinuous at zp. O

Exercises.

8.1.1. Let (f,,) be a sequence of functions holomorphic in the region 2 C C which is locally
bounded at every z € Q. If every f, has no roots in Q and f,,(z9) — 0 for some zy € €, prove
that f,, — 0 uniformly in every compact subset of €.
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8.1.2. Let (f,,) be a sequence of functions holomorphic in the region @ C C which is locally
bounded at every z € Q and let £ C 2 have an accumulation point in Q. If lim,_,;~ fn(2) is a
complex number for every z € FE, prove that ( f,,) converges to some function uniformly in every
compact subset of (2.

8.1.3. Let (f,,) be a sequence of functions holomorphic in the open set 2 C C. If lim,, 4 o0 [ (2)
is a complex number for every z € (2, prove that there is an open set H C €2 so that  C H and so
that (f,,) converges to some function uniformly in every compact subset of H. (Note: This needs
the theorem of Baire.)

8.1.4. Let Q2 C Cbearegion and ( f,,) be a sequence of functions holomorphic in 2 with Re f,, > 0
in € for every n.

(i) If (f1.(20)) is bounded for some zy € €2, prove that there is a subsequence ( f,,, ) which converges
to some function uniformly in every compact subset of (2.

(if) If (fn(20)) is unbounded for some zy € €2, prove that there is a subsequence (f,, ) so that
fn,, — oo uniformly in every compact subset of (2.

8.1.5. Let f,, f be holomorphic in D,,(R) and f,, — f uniformly in every compact subset of
Do(R). If fn(2) = Y2020 agn(z — 20)F and f(2) = 3425 ar(z — 20)* are the corresponding
Taylor series, prove that ay, , — a;, for every k.

8.1.6. Let F be a collection of functions holomorphic in D, (R). We denote a(f) = % the
k-th Taylor coefficient of each f € F. Prove that the following are equivalent:

(i) For every sequence (f,) in F there is a subsequence ( f,,,) which converges to some function
uniformly in every compact subset of D (R).

(ii) There are M}, > 0 so that limsup,_, . . /M, < % and |ax(f)| < My, for every k and every
ferF.

8.1.7. A theorem of Montel. Let —oo < a < xp < b < 400 and f be holomorphic in the vertical
hafzone Q = {z =z +iy|a <z < b,y > 0}. If f(zo +iy) - A € C when y — 400, prove
that for every € > 0 we have sup, (o p—q | (2 +iy) — A] = 0 wheny — +oo0.

8.1.8. Let M > 0 and €2 C C be open and F be the collection of all functions f holomorphic in €2
with [ [ |f(z,y)|* dedy < M. Prove that F is locally bounded at every z € Q.

8.1.9. Let F be a collection of holomorphic functions in the open set 2 C C with the property: for
every sequence ( f,,) in F there is a subsequence ( f,,, ) which converges to some function uniformly
in every compact subset of ). Prove that the collection 7/ = {f’| f € F} has the same property.
Is the converse true?

8.1.10. Let Q C C be open, D, (1) C Q, f,, f be holomorphic in  and f,, — f uniformly in
C (7). If f has no root in C,(r) and has exactly k roots in D,,(r), prove that every f,, after
some value of the index n, has exactly & roots in D, (7).

8.1.11. Let (f,,) be a sequence of holomorphic functions in the region  C C so that f,, — f
uniformly in every compact subset of 2. If every f, has at most & roots in €2, prove that either f
has also at most k roots in €2 or that f is identically 0 in 2.

8.1.12. Prove that for every R > 0 there is IV so that for every n > N the polynomial 1 + 7 +
% +-+ %T,L has no root in Dy (R).

8.1.13. Let f,, f be holomorphic in the open set {2 C C and f,, — f uniformly in every compact
subset of Q. Prove that {z € Q| f(2) = 0} = QN2 (UL {2 € Q] fu(z) = 0}).
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8.2 Conformal equivalence.

If Q2 C Cis aregion and f is holomorphic and not constant in €2, then, by the open mapping
theorem, f(€2) is also a region.

Proposition 8.1. Let f be holomorphic and one-to-one in the region Q2 C C. Then f(2) is also a
region, f'(2) # 0 for every z € Q and f~1 is holomorphic in f(S).

Proof. If f'(z9) = 0 for some z € , then theorem 6.2 implies that there is N' > 2 so that f is
N-to-one in some open set U C € containing 2. Hence f/(z) # 0 for every z € Q.

Now let wy € f(€2) and consider the unique zy € €2 so that f(z9) = wp. Then proposition 6.8
implies that there are two open sets, U C Q and W C f(Q2) with z9 € U and wg € W so that
f~t: W — U is holomorphic. Thus f~! is holomorphic at every wy € f(2). O

Definition. Let | be holomorphic and one-to-one in the region Q2 C C. Since f'(z) # 0 for every
z € ), we say that f is a conformal mapping of ().

Definition. Two regions 21,y C C are called conformally equivalent if there is f : (21 — (o
holomorphic and one-to-one from §21 onto §29 or, equivalently, if there is a conformal mapping of
1 onto Qs.

If f : O — Qo is holomorphic and one-to-one from ©; onto Oy, then f~! : Qy — € is
also holomorphic and one-to-one from {25 onto €2;. It is easy to see that conformal equivalence
between regions in C is an equivalence relation.

The Schwarz lemma. Let f be holomorphic in D and f(0) = 0. Then

) 1(2)| < J2| for every z € D,

(i) |£/(0)] < 1.

If equality holds in (i) for at least one z € D\ {0} or in (ii), then there is a constant ¢ with |c| = 1
so that f(z) = cz for every z € D.

Proof. Since f(0) = 0, the function @ has a removable singularity at 0 and we may define the
function g by

) Q) ifzeD,z#0

Z) =

g £(0), ifz=0

Then g is holomorphic in D.

We take any z € DD and we take any r so that |z| < r < 1. By the maximum principle we

have |g(z)| < max{|g({)|||¢| = r}. But, when |{| = r we have |g(¢)| = % < 1. Hence,

l9(2)] < % and since this is true for every r with |z| < r < 1, we conclude that [g(z)| < 1. Of
course this implies (i) and (ii).

Now, assume that equality holds in (i) for at least one z € D\ {0} or in (ii). Then |g(z)| = 1 for at
least one z € D and the maximum principle implies that g is a constant ¢ in D with |¢| = 1. Hence
f(2) = cz for every z € D. O

Example 8.2.1. Let 2y € D and |A\| = 1. We consider the function 7" : C—C given by

MNEEL, ifzeCz# L

1-20 2°

T(z) = 4 oo, ifz =L

20
A

_%’

if z =00

Then T is a linear fractional transformation and hence it is one-to-one from @ onto @ and holo-
morphic in C \ {£}. The inverse function T-! : C — C is given by

w—wo . 1
Pimess fweCw# o=
-1 . . _ 1
T (w) =} oo, ifw=
—w%, ifw = o0



where p = % and wg = —\zp. Since || = 1 and wy € D, the inverse function 7! is of the same
formas 7.
For simplicity, we shall follow the same practice as with all L.f.t. and we shall write

T(z)=\— 0
1—2yz
the formula of 7', understanding that T’ (%) = oo and T'(c0) = —% whenever this is needed.

We easily see that

Indeed,

2 =20 _ 14 [ll20l = |2 = J20® _ (1= [2[*)(A —|20]*)

T 11— 202 11— 202

1-|T(x)) =1 ,
from which we have that |T'(z)| < 1if |z| < 1, that |T'(z)| = 1if |z| = 1 and that |T'(z)| > 1if
|z| > 1. These imply that 7'(D) C D, T(T) C T and T(@ \D) C C \ D. But, since 7T is onto C,
all these inclusions are equalities.

Another simple property of 71" is

‘2

We also have T7(z) = A (1:

LiOOZ)Q for every z # % Thus, T7(z0) = ﬁ and hence
Arg(T'(20)) = Arg \.
If we restrict T" in ID we see that T' is a conformal mapping of D onto .

The next proposition describes all conformal mappings of D onto ID: they are just the functions
T of example 8.2.1.

Proposition 8.2. Let 2o € D and 6y € (—7, «|. Then the function T : D — D given by

Z— 20

T(z) = €™ forevery z € D

1—25%
is a conformal mapping of D onto D. Moreover, T is the unique conformal mapping of D onto D
satisfying T (z9) = 0 and Arg(T'(z0)) = 0o.

Proof. From the discussion in example 8.2.1 we have all properties of the function T". Therefore,
we only have to prove the uniqueness of 7". So let S be another conformal mapping of D onto D
satisfying S(zp) = 0 and Arg(S’(29)) = 6p.

Then the function f = S o T~! : D — D is holomorphic in I and satisfies f(0) = 0 and
1(0) = ?igz‘;; > 0. By the Schwarz lemma we get |f/(0)| < 1.

But also the function g = T o S~ : D — D is holomorphic in D and satisfies g(0) = 0 and
¢'(0) > 0. Again, by the Schwarz lemma we get |¢'(0)] < 1.

Now, the functions f and g are mutually inverse and hence ¢'(0) = %. Therefore, |f'(0)| =

|¢’(0)| = 1 and the Schwarz lemma implies that there is some ¢ with |c¢| = 1 so that f(w) = cw
for every w € D. Now, ¢ = f’(0) > 0 implies ¢ = 1. Hence, f(w) = w for every w € D and
finally S(z) = T'(z) for every z € D. O

Exercises.

8.2.1. Let f be a conformal mapping of the region 2 C C onto D with f(z¢) = 0 for some 2y € 2
and let g :  — D be holomorphic in Q with g(z9) = 0. Prove that |¢'(20)| < |f’(20)|. What can
you conclude if |¢'(20)| = | f(20)|?
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8.2.2. Let f ]DJ — D be holomorphic in D. Prove that:

; g
() 1% & 51 < B3] frovery 21,2 €D,

(i) 1= |f Z)|2 § = \ZIQ for every z € D.

Prove that, if equality holds in (i) for at least one pair of z1, 2o € D with z; # zo or in (ii) for at
least one z € D, then there is zo € D and A with [A| = 1 so that f(z) = A =2, forevery z € D
and then equalities in (i) and (ii) hold identically.

8.2.3. (See exercise 8.2.1.) For every curve 7 : [a,b] — D we define the hyperbolic length of

by In(y) = ff 1 \’Yh((t))||2 dt.

(i) If f : D — D is holomorphic in D, and ~ is a curve in D, prove that I, (f(7)) < lx(y). If,
moreover, f is conformal onto D, prove that I,(f (7)) = I1(7).

(1) If 21,20 € D and 2z; # =z, prove that among all curves in D with endpoints z; and 2o the
one with the smallest hyperbolic length is the arc of the circle which contains 27, zo and which is

orthogonal to T. This smallest hyperbolic length is called hyperbolic distance of z;, zo and it is

1+ 2122

_ 1 =232

equal to dy(z1,22) = 51n 2oz
1—-2z52q

8.2.4. (See exercise 8.2.2.) Let f : D — D be holomorphic in D. Consider sequences (z],) and
(z ”) in D so that 2/, — 1 and so that d,(z] < M for every n. Prove that z/! — 1. Also, if
f(z) — 1, provethatf( ") — 1.

’I'L7 n)

8.2.5.Find all f : D — D holomorphic in D with f(0) = 3 and f/(0) = 2

8.2.6. Prove that for every M, N with0 < M < N thereis P = P(M, N) < N with this property:
if f is holomorphic in D, (R) with |f(z0)| < M and |f(z)| < N for every z € D,,(R), then
|f(2)| < P forevery z € DZO(g).

8.3 Simply connected regions and the theorem of Riemann.

Definition. The region 2 C C is called simply connected if n(~; z) = 0 for every closed curve y
in Q and every z € Q°.

If the region €2 is simply connected, then, of course, n(X; z) = 0 for every cycle X in 2 and
every z € Q°,

Example 8.3.1. Every convex region {2 is simply connected.
Example 8.3.2. If  is any halfline, then the region C \ [ is simply connected.

Example 8.3.3. The region 2 = D, (R, R2) with0 < Ry < Ry < 400 is not simply connected.
Indeed, if R1 < r < Ra, the closed curve «y in 2 which describes the circle C., (r) once in the
positive direction has n(~; zp) = 1.

Example 8.3.4. A set A C C is called star-shaped if there is a specific zy € A so that [zp,2] C A
for every z € A (see also exercise 1.6.6). The point zg is called center of A. A star-shaped set
A may have many centers, but this does not mean that all points of A are centers. For example,
every convex set A is star-shaped and every point of A is a center of A. On the other hand, if [
is a halfline, then the set A = C \ [ is star-shaped and the centers of A are only the points of the
halfline which is opposite to [ and with the same vertex.

Now, let €2 be any open star-shaped set and let 2y be a center of €. If v is a closed curve in {2
and z € Q°, then we consider the halfline [, with vertex z which is opposite to the halfine with
vertex z going through zg. The halfline [, is contained in €2 and hence in the unbounded connected
component of C\ v*. So z is contained in the unbounded connected component of C \ v* and thus
n(7; z) = 0. Therefore every open star-shaped set is simply connected.
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Example 8.3.5. The region & = C\ (Dy(1) U (—oo, :1]) is not star-shaped but it is simply
connected. Indeed, if y is a closed curve in €2, then Q¢ = Dy(1) U (—o0, —1] is connected and it is
contained in the unbounded connected component of C \ v*. Hence n(7; z) = 0 for every z € Q€.

The theorem of Cauchy in simply connected regions. If f is holomorphic in the simply connected
region £ C C, then for every cycle 3. in {2 we have

/Ef(z) dz = 0.

Proof. Immediate from the theorem of Cauchy in general open sets. O

In the same manner we have versions of Cauchy’s formulas for derivatives of any order, of
the residue theorem, of the argument principle and of the theorem of Rouché for regions €2 which
are simply connected. In all these cases we do not have to assume that the cycles X in € are null-
homologous in €2: every cycle in a simply connected region 2 is automatically null-homologous
in (2.

Proposition 8.3. Let the region Q2 C C be simply connected. Then
(i) every f holomorphic in Q) has a primitive in ().
(ii) for every holomorphic g : Q — C\ {0} there is a holomorphic branch of log g in ).

Proof. (i) An application of proposition 5.22 and the theorem of Cauchy in simply connected
regions.
(ii) An application of proposition 5.24 and the theorem of Cauchy in simply connected regions. []

Proposition 8.4. Let the regions 21, Qo C C be conformally equivalent. If )1 is simply connected,
then s is also simply connected.

Proof. Let f : Q1 — Q9 be holomorphic and one-to-one from 2 onto {25.

Assume that €2y is not simply connected. Then there is some closed curve 7 in {22 and some
wo € € so that n(y;wp) # 0. This implies that the holomorphic function A in g, given by
h(w) = w_lw , has no primitive in {23. We consider the holomorphic function g in €2y, given
by g(z) = h(f(2))f'(z). Since € is simply connected, proposition 8.3 implies that there is a
primitive, say G, of g in 1, i.e G'(z) = g(z) for every z € Q;. Then we define the holomorphic

function H in Qy by H(w) = G(f~!(w)) and we have

H'(w) = G'(f~H(w)(f 7 (w) = g(fH(w))(f ) (w)
= h(w) f'(f " (w) (1) (w) = h(w)
for every w € 5. We have arrived at a contradiction. O

The theorem of Riemann. Let Q G C be a simply connected region, zy € 2 and 0y € (—m, 7).
Then there is a unique conformal mapping f of Q onto D with f(zg) = 0 and Arg(f'(z0)) = bo.

Proof. Step 1. We take any a € Q€. Since the function z — a is holomorphic in €2 and has no
root in €, proposition 8.3 implies that there is a holomorphic branch g of log(z — a) in 2. Le.
g : © — C is holomorphic in Q and e9(*) = z — ¢ for every z € Q.

Now, g is one-to-one in €. Indeed, if g(z1) = g(z2), then e9(51) = ¢9(22) and hence z; = 29.

We consider w(, = g(z0) + 2m¢ and then we have w(, ¢ ¢(€2). Indeed, if w{, € g(£2), then there
are z,, € (1 so that g(z,) — w(. Hence

, .
2m —a = e9n) o0 = e9(20)+2mi _ p9(20) — g
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and thus z,, — zp. Then g(z,,) — g(z0) which implies w{, = g(zo) and we arrive at a contradiction.
Since w, ¢ g(£2), there is g > 0 so that |g(z) — w{| > r( for every z € Q.
We consider the function x : {2 — D given by

x(2) = ———— for every z € L.

Then x is holomorphic and one-to-one in €. In particular, x’(z¢) # 0.
Now we consider the function R : D — I given by

R(w) — WG| o, w—x(z0)

for every w € D.
X' (z0) 1= x(20) w

(Look again at example 8.2.1 and at proposition 8.2 for the properties of this kind of functions.
They appear many times in this proof.) Then the function & = Ro x :  — D is holomorphic and
one-to-one in 2 and satisfies h(zp) = R(x(20)) = 0 and h'(z0) = R'(x(20))Xx(20) = %
and hence Arg(h/(29)) = 6p.

Step 2. We consider the set
F ={h|h:Q — D,h is holomorphic and one-to-one in €2, h(zg) = 0, Arg(h’(29)) = 0o }.
The result of step 1 implies that F is non-empty. We also define
a = sup{|W(z0)| | h € F}.

Since, h/(29) # 0 for every h € F, we have that a > 0 (but perhaps o = +00).

There is a sequence (h,,) in F so that |h,(z0)| — «. For every h € F we have that |h(z)| < 1
for every z € () and hence F is obviously locally bounded at every z € ). Montel’s theorem
implies that there is a subsequence (h,,, ) and a function f holomorphic in {2 so that h,, — f
uniformly in every compact subset of €. Since hy,, (29) = 0 for every ng, we get f(z9) = 0. The
theorem of Weierstrass implies that h;, — f’ uniformly in every compact subset of Q2. Hence,
hy,,. (20) — f'(20) and thus |f'(20)] = « and Arg(f'(20)) = 6o. Since f'(20) # 0, we have
that f is not constant in Q2. Now, for every z € Q we have |h,, ()| < 1 for every n;, and hence
lf(z)| < 1. If |f(2)] = 1 for some z € 2, the maximum principle implies that f is constant in
Q) and we just saw that this is wrong. Therefore, f : 2 — ID. Next, we take any z1, 2o € ) with
21 # z9. Since hy, (22) — f(z2), we get that hy,, — hy, (22) — f — f(%2) uniformly in every
compact subset of {2 and hence in every compact subset of Q2 \ {z2}. Each h,,, is one-to-one in
and so hy, — hy, (22) hasnorootin \ {z2}. Since f — f(22) is not identically 0 in Q \ {22}, the
theorem of Hurwitz implies that f — f(z) has no root in  \ {z2}. Thus f(z1) — f(22) # 0 and
we conclude that f is one-to-one in (2.

We proved that there is f € F with | f/(z29)] = cv.

Step 3. Assume that there is some b € D\ f(2).

We consider the function 7' : D — D given by

B w—>b
1—buw

T (w) for every w € D

and then the function ¢ = T o f : @ — ID. Then ¢ is holomorphic and one-to-one in €2. Since
f(z) # b forevery z € Q, we have that ¢(z) # 0 for every z € . But Q is simply connected and
so proposition 8.3 implies that there is a holomorphic branch of log ¢ and hence a holomorphic
branch 1 of $/2 in Q. Le. there is ) :  — I which is holomorphic in 2 and satisfies

V(2)% = ¢(2) for every z € Q.
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It is easy to see that ¢ is one-to-one in €, because ¢ is one-to-one in 2.
Now we consider the function S : D — D given by

W)l iy w0 (z0)
S(w)* w/(z()) 1_mw

for every w € D

and then the function & = S o 4 : 2 — . Then h is holomorphic and one-to-one in §2. We also
see easily that h(z9) = S(¢(20)) = 0 and W' (20) = S (¢ (20))¢'(20) = % and hence
Arg(h/(z0)) = 6p. Thus, h € F.

Now we have altogether that f, ¢, ¢, h: Q — D, that T, .S : D — D and that

¢p=Tof, h=Soy, ¢=Foy,

where F' : D — D is given by F'(w) = w? for every w. All these functions, except F, are
one-to-one. We consider now the holomorphic function ® : D — D, given by

d=T"1loFoSt

and then we have

f=®oh.
Now, ®(0) = (T~ 0 F o §71)(0) = (T~ 0 F)(t6(20)) = T~} (é(20)) = f(20) = 0 and
|f'(20)] = @ (h(20))[[F (20)| = [@(0)[ |1 (20)]. (8.2)

Then the Schwartz lemma implies that |®’(0)| < 1.

If |®'(0)| = 1, then there is ¢ with |¢| = 1 so that ®(z) = cz for every z € D. This implies that
F(w) =T (cS(w)) for every w € D. This is wrong because the right side is one-to-one in D. We
conclude that |®'(0)| < 1 and (8.2) implies that

1 (20)] > |f'(20)] = .

This contradicts the definition of « and the fact that h € F. Therefore, there isno b € D\ f(Q)
and hence f is onto .

We proved the existence of a function f : 2 — D which is conformal from €2 onto D and which
satisfies f(z9) = 0 and Arg(f'(z0)) = bp.

Step 4. To prove the uniqueness of f, we repeat the argument in the proof of proposition 8.2. Let
f1, f2 : @ — D be conformal from Q onto D with f1(z0) = f2(z0) = 0 and Arg(f{(z0)) =
Arg(f3(20)) = fo.

Then the function f = fy o f{* : D — D is holomorphic in I and satisfies f(0) = 0 and

1(0) = ;éggg > 0. By the Schwarz lemma we get | f/(0)] < 1.
1

The function g = f1 0 f; ' : D — D is also holomorphic in D and satisfies g(0) = 0 and
g (0) = figgg > 0. Again, by the Schwarz lemma we get |¢’(0)| < 1.

But the functions f and ¢ are mutually inverse and hence ¢'(0) = %. Therefore, |f/(0)| =
|¢’(0)| = 1 and the Schwarz lemma implies that there is some ¢ with |c¢| = 1 so that f(w) = cw
for every w € D. Now, ¢ = f’(0) > 0 implies ¢ = 1. Hence, f(w) = w for every w € D and

finally f2(2) = fi(2) for every z € D. O

Proposition 8.5. Every simply connected region () g C is conformally equivalent with D. The
simply connected region C is conformally equivalent only with itself.

Proof. The first part is a simple application of the theorem of Riemann.

If C is conformally equivalent with some simply connected region €2 ; C, then, by the first part,
C is conformally equivalent with D. Thus, there is a holomorphic f : C — D which is one-to-one
in C. But Liouville’s theorem implies that f is constant and we arrive at a contradiction. O
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Exercises.

8.3.1. Are the regions Dy(1,3)\ [1,3] and C\ ((—o0, —2]U[—3, 3]U[2, +00)) simply connected?
Which are the possible values of fv(z + %) dz, where v is a closed curve (i) in the first set? (ii) in
the second set?

8.3.2. Let f be holomorphic in the simply connected region {2 except for isolated singularities in
). Prove that (i) and (ii) are equivalent:

() e IR _ 1 for every closed curve v in 2 whose trajectory contains no isolated singularity
of f.

(ii) Res(f; z) € Z for every isolated singularity z of f in (.

If f satisfies (i), (ii) and it is holomorphic at zy € €, define F'(z) = ey 1O o every z € (),
where v is any curve in €2 from z to z and whose trajectory contains no isolated singularity of f.
Prove that F' is well-defined and holomorphic in €2 except for the isolated singularities of f.
Prove that every point in €2 is either a point of holomorphy or a pole of F' if and only if all isolated
singularities of f in € are simple poles of f.

833.LetHy = {z| Imz > 0}, zp € H4, 0y € (—m, w]. Find the unique conformal mapping f
of H onto D with f(zp) = 0 and Arg(f’(z0)) = 6o.

8.3.4. Find a conformal mapping of {z| Re z > 0,Im z > 0} onto D.

8.3.5. (i) Find a conformal mapping between two angular regions.

(i1) Find a conformal mapping between an angular region and an open zone.

(iii) Find a conformal mapping between an angular region and the intersection of two open discs
or the intersection of an open disc and an open halfplane.

8.3.6. Find a conformal mapping f

(i) between C \ [~1,1] and D, with f(c0) = 0.

(i) between C \ 7 and D, with f(oo) = 0, where T is the arc of T with endpoints e~*® and e*
0 <a<m).

8.3.7. Find a conformal mapping of [—1, 1] x [—1, 1] onto Dy(1).

8.3.8. Prove that there is no conformal mapping of D onto D \ {0}.

8.3.9.LetH, = {z| Imz > 0} and let f : H; — H. be holomorphic in H . Prove that:
() ‘ f(zl)*f(ZQ) ‘ < ‘ z1—22

| for every 21, 22 € HL.

21—22
(i) I|r{1 fz)| < 2 forevery z € Hy.
Prove that if equality holds in (i) for at least one pair of z1, zo € H with 21 # zo or in (ii) for
at least one z € H, then there is z9 € H and A\ with |A| = 1 so that E gﬂ A Z=2 for every

z € H, and then equalities in (i) and (ii) hold identically.

8.3.10. Let Hy = {z|Imz > 0} and let f : H} — D be holomorphic in H with f(i) =

Prove that | f(z)| < |z+z| for every z € H; and | f/(i)| < 3.

8.3.11. Let 2 C C be a simply connected region, zg € €2 and f, g be conformal mappings of €2
onto D with f(29) = g(z0) for some 2y € Q2. Find a relation between f, g.

8.3.12. Let Q1,9 C C be two regions and f be a conformal mapping of 2; onto Q. If (z,) is in
Qq and z, — z € 984, prove that every limit point of (f(z,)) belongs to 9. Is it necessary for
(f(zn)) to converge?

8.3.13. (i) Let f,g : D — € be holomorphic in D so that f is one-to-one in D and onto 2. If
f£(0) = g(0), prove that g(Do(r)) C f(Do(r)) for every r with 0 < r < 1.

(i) Let Q = {w = u+iv| —1 < u < 1}. Find the conformal mapping f of D onto Q2 with f(0) =
and f/(0) > 0. If g : D —  is holomorphic in D with g(0) = 0, prove that [g(z)] < 21In ”}Z}
for every z € D.
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8.3.14. Let 2 C D be a simply connected region, 0 € €2 and let F be the collection of all holomor-
phic f : © — D with f(0) = 0 and which are one-to-one in 2. We fix a € D\ {0} and we define
m = sup{|f(a)|| f € F}. Prove that there is fy € F so that | fo(a)| = m and that such a fj is a
conformal mapping of €2 onto D.

8.3.15. Let Q2 g C be a simply connected region so that Z € () for every z € €. Let 2y €
QN R and let f be the conformal mapping of 2 onto D with f(z9) = 0 and f’(29) > 0. Let
Qp ={z€ QImz >0},Q_ = {z € Q|Imz < 0}, Dy = {2z € D|Imz > 0} and
D_ = {z € D| Imz < 0}. Prove that f(Q4) =D, f(Q_) =D_and f(QNR) = (—1,1).
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