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Chapter 1

The Fourier transform on Ll(Rd).

We consider the Euclidean space R¢ of dimension d > 1. We denote
|x| = (x%+---+x§)%
the Euclidean norm of x = (xy, ..., x7) and we denote
XY =Xy 4+ XgVa
the Euclidean inner product of x = (x1,...,xg) and y = (y1, ..., vq). We denote
B(x;r) = {x|lxl<r}, Blxr) ={x|lxl<r)

the open and the closed Euclidean balls in R¢ of center x and radius r > 0.
In R? we consider the Lebesgue measure m,. We write

my(A)

for the Lebesgue measure of any Lebesgue measurable A € R?.
We also consider functions f : RY - RU {00} or f : R — C U {co} which are integrable with
respect to Lebesgue measure in R, i.e.

Jou lf @)l dx < +oo.

The space of these functions is denoted
L'RY).

Observe that for simplicity we prefer to write the usual dx instead of dmg(x) in the integral with
respect to Lebesgue measure.

Two functions f,g € L'(R?) are considered equal if they differ only on a set of Lebesgue
measure equal to 0, i.e. if they are equal almost everywhere (with respect to Lebesgue measure).

If f € L'(R?) then f takes finite values almost everywhere in R?, i.e. in a set A € R with
mg(A€) = 0, where A = R\ A. Now we may consider a new function f:RY — C which is equal
to f in A and which has arbitrary finite values in A¢ (for example, f = 0 in A). Then f € L'(RY)
and f, f may differ only in A° and so they are equal as elements of L' (R¢). In other words, without
loss of generality we may assume that all f € L!(R?) are functions f : R? — C (of course this
includes the case f : R — R).

We know that L!(R?) is a linear space: kf + Ig € L'(R?) if f, g € L'(RY) and k, [ € C. We also
know that if we define

Iflh 2= fulf®)ldx,  f e L'RY),

then || - ||; if is a norm in L' (R9).

Finally, we know that L'(R?) with the norm || - ||; is complete, i.e. a Banach space. In other
words, if (f,) is a sequence in L' (R¢) such that ||, — fulli — O when n,m — +oo, then there is
some f € L'(R?) such that || fi» — fli = 0 when n — +o00 and, moreover, there is a subsequence
(fn,) such that f,, — f almost everywhere (i.e. f,, (x) = f(x) when k — +oco for almost every x).
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Definition 1.1. Let f € L'(R?). The Fourier transform of f is defined as the function

f:RY>C
given by the formula _
f@ = [, f()dx,  £€RY

We observe that f(£) is a complex number for every & € R? since the function e 27¢~ f(x) of
x is integrable: indeed,

Joule™MEx fo)ldx = [, e €5 | f(0)ldx = [, 1f(0)]dx < +o0

for every &, x € R%. .
Sometimes it is unavoidable to use the notation f(x)(¢), especially if the function f is very
concrete and there is no special symbol for it.

Example. Letd = 1 and let [, 5 be the characteristic function of the interval [a, b]. L.e. x[ap)(x) =
lif x € [a,b] and x4 p)(x) = 0 if x ¢ [a, b]. Then for every £ € R we have

e—erifb _e—Zm' éa

—— — [ b — / _—" é: ¢ O’
Xianl©) = [ e ¥ pap(x)dx = [ e e dx = 2rig
b-a, £=0,
_ e~ Tié(a+bh) e-ﬂiab—_a;’_rgzis(b—a), £#0, _ o~ Tié(a+h) Sin ﬂiéb—a), £+0,
b—-a, &E=0, b-a, &=0.

We observe that the Fourier transform y7,5(€) is certainly continuous at every & # 0, and it is also
continuous at & = 0, since

lim e~ 7ila+h) sinméb-a) _ .,

£-0 & '
Remark. From now on when we write % we shall accept that this function is also defined at
¢ = 0 with value ;ir% % = k so that it is continuous everywhere. Hence we may write

— —i si b—
R = etk g

sin t€(b—a)

for every £ € R, interpreting e

as equal to b — a when & = 0.

We observe that the calculation of the Fourier transform does not change if the interval [a, b] be-
comes (a, b) or [a, b) or [a, b), since the sets {a} and {b} have Lebesgue measure equal to 0.

We continue with the same example but for the general dimension d. We consider an interval
R =[ai,bi] X -+ X [ag, bg] in RY and its characteristic function yz. Then using the identities

. d . d
e—2m§-x — kH e—2m§kxk’ XR(x) — kl_[ X[ak,bk](xk)
=1 =1

for x = (x1,...,x9), & = (£1,...,&y) and the theorem of Fubini, we get
. d .
/\7;?(5) = de e_sz‘xXR(x) dx = jlig cee JJ;Q kl:ll e_szkxk)([ak,bk](xk) dxy---dxg

d _ d
= kr_Il o €28 ) () dxg = kl:IlX[ak,bk](ffk)-

Hence
d . d .
-~ _ —ri & (ag+by) Sinnéx(be—ax) _ —nié-(a+b) sin &y (br—ax)
() = T1 eTmantho SESASEE = emmterd) [] =g,
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where, according to our last remark, if & = O for some k, then we interpret the corresponding
sin &y (bx—ax) 1 b

— 5 asequal to by — ay.

Again we observe that yz(€) is continuous at every & € R%.

We also observe that the Fourier transform of R remains the same even if some of the intervals

[ak, bi] change to open or closed-open or open-closed intervals with the same endpoints.

Now we consider functions f : R? — R U {+oo} or f: R? — C U {oo} which are Lebesgue
measurable and which are bounded almost everywhere in R?, i.e. for each such f there exists a
number M > 0 (which depends on f) such that

lf(l <M
almost everywhere in R?. The space of these functions is denoted
L™(RY).

Two functions f, g € L (R?) are considered equal if they are equal almost everywhere.

If a function belongs to L®(R?) then obviously it takes finite values almost everywhere in R¢.
Therefore, exactly as we did for functions in L'(R¢), we may assume without loss of generality
that all f € L®(R?) are functions f : R? — C.

We know that L*(RY) is a linear space: kf + Ig € L*(RY) if f,g € L°(RY) and k,I € C. We
also know that L*(R9) has a norm denoted by || - ||c and defined as follows: for f € L®(RY),

[lflleo is the smallest M > O such that |f(x)| < M for almost every x.

In other words, [f(x)| < ||fl|le is true for almost every x, and for every M < ||f]lc we have that
mg({x|1f(x)| > M}) > 0.

Finally, we know that L®(R%) with the norm || - ||, is a Banach space. In other words, if (f;) is
a sequence in L®(RY) such that Ilfn = finllo — O when n,m — +oco, then there is some f € L®(RY)
such that ||f, — fllo — 0 When n — +oo0 and, hence, there is some A C R¢ so that my(A€) = 0 and
fn — f uniformly in A.

Now, L*(R¢) has some notable linear subspaces:

Co(RY) € BUC(RY) € BC(RY) € L®(RY).

The space BC(R?) contains all f : R? — C which are bounded and continuous in R¢, the space
BUC(R?) contains all f: R4 — C which are bounded and uniformly continuous in R, and the
space Co(RY) contains all f : R¢ — C which are continuous in R? and tend to 0 at co, i.e. f(x) = 0
when |x| — +o0. Perhaps the only inclusion that needs some explanation is Co(RY) € BUC(RY).
So let f € Co(R?). Then there is some R so that |f(x)| < 1 when |x| > R. Now f is continuous
and hence bounded in the compact ball B(0; R). Therefore f is bounded in R?. On the other hand,
take any € > 0. Then there is some R so that |f(x)] < § when [x| > R. Since f continuous and
hence uniformly continuous on the compact ball B(0; R + 1), there is § with 0 < § < 1 such that
|f(x) - f(y)] < e when x,y € B(O;R + 1) and |x —y| < 6. Now take and x,y with [x — y| < 6 (< 1).
If both x, y are not in B(0; R) then |f(x) — f()| < |f(x)] + |f ()| < 5+ 5 = e. If at least one of x,y
is in B(0; R) then both x, y are in B(0; R + 1) and hence |f(x) — f(y)| < €. Therefore f is uniformly
continuous in R¥.

If we consider all these subspaces of L®(R?) with the norm || - || of the larger space L™(R?),
then they are all closed subspaces of L®(R?) and so each of them is a Banach space.

Proposition 1.1. If f € L'(RY), then f € BUC(R?) € L®(RY) and ||flle < IIfl1-
Proof. Let f € L'(R?). Then for every &, h € R¢ we have

FE+h) = F@ = | fa e EDf(x)dx — [, e f(x) da]
— |£Qd e—Zﬂif-x(e—Zﬂih-x _ l)f(x) dx| < J];gd |e—27rih-x — 1||f(x) dx.

4



—2nih-x _ —2mih-x _

Since |e 1] > Owhen /2 — 0 and |e
Convergence Theorem implies that

1| < 2, an application of the Dominated

Joa leZ X — 1] | f(x)|dx > 0 when h — 0

and so |f(§ +h) — f(f)| — 0 when & — 0. Therefore fis continuous at every & € R,
We also observe that fR,, le=27ihx _ 1] f(x)| dx is independent of ¢ and hence

SUPgega [F(€ + 1) = FEI < [ e = 1] f(x)] dx.

Again this implies that sup,.pa If(_f + h) — f(f)l — 0 when & — 0 and we conclude that fis
uniformly continuous in R,
Finally, for every &£ € R? we have

Ol =] fru e f(x)dx| < [, 1f0ldx = IIfl].
Therefore || flleo < IIf]l1. O
Definition 1.2. We define the Fourier transform operator
¥ : L'(RY) —» BUCRY) c L™(RY)

by the formula

F(f:=f  feLl'®).

We recall that if T : X — Y is a linear operator between the normed spaces X and Y with
respective norms || - ||x and || - ||y and if there is some constant M > 0 so that

IT(0lly < Mllxllx
for every x € X, then we say that T is bounded and then we define the norm ||T|| of T by
IT|| is the smallest M > O such that ||T(x)|ly < M||x||x for every x € X.
Proposition 1.2. ¥ : L'(RY) — BUC(R?) is a bounded linear operator with norm ||F|| = 1.

Proof. Forevery f,g € L'(R?) and k, 1 € C we have

(kf +18)(&) = [, e 2 &k f(x) + Ig(x)) dx
=k fRd e_z”i‘f'xf(x) dx + lfRd e_z”if'xg(x) dx

= kf(&) + [(€)
for every £ € R?. Hence
F(kf +1g) = (kf +1g) = kf + Ig = kF(f) + IF (g)
and so ¥ is linear. Moreover, by Proposition 1.1.,
IF (Plleo = 11Flleo < 111l

for all £ € L'(RY) which implies that |7 < 1.
On the other hand, if we take any f € LY(R?) such that f(x) = 0 for every x and so that || f]|; > O
(i.e. f is not equal to O almost everywhere), then

fO) = L, fydx= [,|f®ldx=fll; >0.
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We take any € > 0. By Proposition 1.1. fis continuous at 0, and so there is § > 0 such that
| (&) — f(0)] < € for every & € B(0;6). This implies

FEI> 1F O —e=fl - €
for every & € B(0;6). Thus B(0;6) C {¢]|F(€)] > Ifll; — €} and so
ma({€1FE! > Iflli = €)) = ma(B(0; 6)) > 0.
Therefore || flle > Il — € and since € > 0 is arbitrary, we get || flleo > IIfll1. Therefore

1Al < 1flleo = IF (Hlleo < IF A

Since ||f|l; > 0 we get ||F]|| = 1. o



