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Kegahoo 1

ALILPETOTNTO,

Ta hatvikd ypaupato ovuBorifovy mavro dkepaiovg dptduoic

Aovlevoue 6TO GVUVOLO Z TV dKepaimv aptdudv. Ol BeTLKol AKEPLOL Y OUPOKTH-
pilovron kol g guotkol aptbuol Kol TO 0vord Toug ovuBoriletor N. T ohvoro
TOV (W] APVNTIKOV akepaimv, dNiadt), 10 N U {0} ovuporiCetar Ny. TO ovvoro TV
pnTtdv aptdudv cvpPoriletar ut Q. "EE dprouod, Evag pntog aptduodg elvan mniiko
a/b d0o axepaiwv apOudv a,b ug b # 0.

TO akéoao uéoog €vog mpayuotikot aptduot a ovuPorileton [a]. ‘Toyvel
[o] < a<[a] + 1.

1.1 Boowkeg mpotaoeig

To &Opolona, 1 dragopd Kai T yivouevo dvo dkepaiwv elvor mavta AKEPALOG.
T mnhiko Tovg, Suwg, dtv elvar mhvto dképalog. "Av il Tolg dkepaiovg a, b, ut
b # 0 ovppel va givor O mnAiko touvg a/b dxépaiog, dMiady, v vrbpyel ¢ € Z,
TETOLOG MOTE a = be, TO YeYovog aTd cuuforileton bla Kol Ekppaletol pg tig €Eig
Loodvvaues SLoTVITDoELS.

e ‘O b duoupet ToOV a.

e ‘O b elvon Srarpéng Tod a.

e ‘O a duoupeitar ad TOv b (1) dopettol dudt b).

e ‘O a elvor dranpetdg amod oV b (1) droupetodg S b).
e ‘0O a elvan torasthdowo Tod b.

IIpocoyn)! Na u) yivetar o0yyvon petagy tov ovppoloudv bla kaib/a. ‘O mpdTog
dnhovel pio idtotta (b draupet a), Evid 0 devTePOg Eva pPNToO APLOUd (To IInhixo b/a).
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4 1. Avouperotnyro

Ipotaon 1.1.1  loyvovv ta &7g:

a’. 1la yua ke a.

B bl0 yi kGOe b # 0.

v, "Av b, c # 0 kai c|b kai bla, TéTe Cla.

&". Av cla kai clb, Téte c|(@’a + b'b), yia omoovedmore aksoatovs a’, b’

g. Av bla (b # 0) kai a # 0, téte |b| < |al. Avto ovverdyetau, eldikdTepa, OTL
70 TANOOS TOV SLaUQETDV TOU a EIVAL TETEQAUTUEVO.

"Av ol a, b eivaw u) undevikol, alb xai bla (dniady, ot axéoaior GAANAOSLOL-
povvtow), Tote b = +a.

AmoderEn o xoi . Tpogaveig loyxvplopol Moyw Tdv oxtoewva = 1-axai 0 = b-0.
V. 'EE vmobéoewe, Umdpyovv dképarol ap, by, Tétowor Gote b = bic Kal a = a,b.
Apa, a = aj(bic) = (a1by)c, ToL onualver Ot cla.

&'. ’EE vmobéoemg, vmdpyovv aképatol ay, by, téTowor Mote b = bic Kol a = ajc.
Apa, d'a+ b'b =d(aic) + b'(bic) = (d'a; + b'by)c, moy onuaiver Ot c|(a’a + b'b).
¢. Elvar a = bc yui katddnio ¢ € Z, dpa. |a| = |bllc|. "Av givaw a # 0, tdte || # 0,
apa |c| = 1, omore |al = |b||c| = |b].

¢. Amd 10 €, ovumepaivoue Ot b < al kol |a| < |bl, &pa lal = |b| 1}, l0odVvaua,
b=+a. 0.2.0.

Ozopnua 1.1.2 -EvkAeidera dwaipeon. Ia kdOe (evyog aksoaiwv (a, b) ué b > 0
vdoyel Eva uovadikd (etyog aksoalwv (g, r), TéToLo Mote

a=bg+r xai 0<r<b.

311) oxéon avt) o a yagaktnoiletan dtaugetéog kat o b dtaugérng. ‘O q ovoudletou
(axéparo) Tnhiko Thg draipeong ToU a dud b kai o r vadiowro Tijg Staigeong.
AnrodeiEn IMpdto OO deioue OTL VGpyeL Eva TéToo LeDYOg (g, 1) Kai Hetd Ot dEv
VITaPYEL OEVTEPO.

"Eotw g = []. Tote, amo v idtdmra 1ol dkepaiov pépovg, g < § < g+ 1, wov
ovvendyeton OtL bg < a < bg + b. A¥T0, OUWS, TPOPAVAHC oNuaivelL OtL a = bg + r
ue r > 0xair < b.

"Av vtoféooue Twpa OTL Kal TO CeDyog (g1, 1) EXEL AVANOYESG LOLOTNTEG UE TO
(q,7), TOte bqy + 1y = a = bg +r, dpa. b(q, — q) = r—r;. "Av fjrav r; # r, TOTE 1)
televtaio iootTa B0 ouvemoryotay OTL O b B drapodoe TOV OeTKO AKkEpao |r—ry|,
dpo 00 Nrov b < |r — ryl, obugpova pug 1o € Tiig TpodTaong 1.1.1. Amd v dAin
uepLa, O |r — ri| éxgpdaler v AmdoTaon UeToEL TV r Kol r; TOvw otdv GEova
TOV TOPAYRATIKOV AplOudv, 1) omoto elval yvnolwg ukedteon tov b, dgod, €
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vroBéoewg, 0 < r,r; < b. AUt 1) dvtigpaon pdg Avaykaler va ovutepdvoue Ot
ry =r, onote Kai g1 = g.  0.£.0.

ST €iduk) mepimTwon, wov b = 2, oi mOaveg TuEg tov r elvon 0 7 1. St
TPHOTN TEPITTWON, a = 2g KOl 6 a yopaktnpiletal aptiog, v ot devtepn), a =
2q + 1 Kol O a YopaKTNPLLETAL TEQITTOG .

IIpocoyn! M yivetow ovyyvon ueto&l 1ot aniikov dvo akeoaiwv aolOudv
Kol Tov akepaiov wniikov tovg. Tl mapdderypa, TO mnhiko tov 21 dul 4 elvor 6
pNTOC apLdudg 21/4=5.25, ¢vid 10 (GKképaro) mniiko tijg diaipeong 21 dui 4 elvan 5
(kai To vrdrowTo 1). Mdvo oty mepimrmon mol tO Urdrouro eivan 0 of So dptduol
tovtilovrar. “Etot, tO mnhiko tod 12 dua 4 elvow 12/4=3, &b kal 10 (dxéparo)
mnAixo Tiig dralpeong Tod 12 duix 4 elvou 3.

1.2 Méy1oT0g KOLvOg dLapeTc

Zradepomorotue dVo uiy undevikovg akepatovg a, b. Kowog Stawgérne Tdv a, b elval
KAOe AKEPOLOG, TOV dLALPET Kol TOV a Kot TOV b. Amd 10 Oewpnua 1.1.1 frémoue Ot
70 6VVORO TMV KOLVMDV SLOLPETOV TV a, b elvar ur) Kevd, Evd ke kowvog dtopétng
TV a, b elval, wkpdTepog 1), O o, toog ut T min(lal, |b]). Svvemdg, TO ovvVoro
TV KOWVDV SLALPETOV TV a, b elval emepaouévo, dmdte Exel £vo uéyloto otoryelo,
TO OTT0T0 KAAETTOL uéPIoTOg KOotvog Stawgétng Tav a, b xai ovuporietan (a, b), 1, v
VITdpyeL popog ovyyvoews, MKA(a, b).
‘Opiloue Tmwpa 10 0UVVOLO

A={ax+by|x,yeZ}.
Elvar tetpupévo va SLommotdost Kavelg Tig £E1¢ faotkg ididtnteg Tod A:
1. To &Bpowopa dVo ApLOUdV, TOU AVIKOUV 0TO A, AVIKEL, ETTONG, 0TO A.

2. TO ywouevo £vog aptbuod tod A ug Evay omotovdmote akégaio, TOM AVIKEL
\ 1
0T0 A

[Mapatnpovue tpa to ETC:

e Elvau |al, |b| € A.

IMpayuat, dwotilal =a-1+b-0ava > 0xailal =a-(=1)+b-00va < 0 dviroya
Kot Lot o b.

Eidaue 0t 10 A mepiéyel Oetikots aKkepaiovg €0Tm, Aoutdv, d 0 ENAyLOTOG
DeTLKOG AKEPOLOG, TTOV TTEPLEXETOL OTO A.

e TO A tavtileTon ug 10 6VVoLo TOV TOAOTAACI®Y TOU d° oupPohkd, A = dZ.
IMpayuatt, ot d € A, 1) idLOTTO 2, TOPATAVD, WAG Aéel Ot dn € Ay kaBe n € Z.
Apa, A 2 dZ. AvTotpopmg, Twpa, E0Tm m € A Kai 0¢ éKteléooue TV eUKAEIdELL
diaipeon tod m dua d: Bdhoer tod Oempniuatog 1.1.2, ag ypdpoue m = dg + r pg

101 éraiovreg 00 dvaryvopioovy o adTEg Tic S0 IdLOTTEC TOD A Bval ided@dec oD Z.
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0 <r<d. Topa, amwo TV WOLdTTA 2 ToT A Kot 10 Yeyovog 0tL d € A ovurepaivoue
ot d(—q) € A. “Opwg, €€ vmobéoewe, m € A, dpa, o v iddtnta 1 1ol A, Emetan
dtum —qd € A, Shadn, r € A. “Ondre, av Nrav r > 0, OO elyape Ppel Eva OeTikd
0ToLYET0 TOU A wkpdtepo Tol d, KATL ToL EPYeTOL OF AvTipaon ue v kAo tod d.
Zvvendg, r = 0, odte m = dg € dZ Kol KotolMjyoue 010 ovumépaoua Ot A C dZ.

e ‘Od elvau xowvog Stapétng TV a, b. AVTO ouvemdyeTal, eldIKOTEPO, 8TLKAOE
drapétng Tod d elvan kowvog dtanpétng TV a, b, dgod 1) oyton Tiig StanpetdTnTag
elvol petapamikn (v Tiig mpotaong 1.1.1).

[Mpayuatt, 6w eldaue mapamdvw, a € A. AMO A = dZ, kabohg deiSoue nohg
nptv, dpa a € dZ, diad), 6 a elvar morhomhdoo Tod d- tocodvvoua, 6 d elvor
dLapétng 10U a. Avahoyo Kal yio TV b.

e Kdabe xowvog draupétng ¢ Tdv a, b duapel 1oV d.

[Mpayuatt, €€ opLopot tod A Kai €meldn d € A, VTdpyovVV Xo, Yo € Z, TETOLOL MOTE
d = axy + by,. I'pagoviog twpo a = ajc, b = byc, Prémoue 0tL d = c(a,xo + b1yo),
7oV onuaiver Ot cld.

TO ovumépaouo ovtd ovverdyetan, eldkdTEpa, Ot || < d (€ Ti|g mpdraong
1.1.1), &pa BaoeL TV Tponyouuévmy, 6 d elvol Kal Kowvog dtapétng Tdv a, b kol 6
UeYohOTEPOG ATd OAOVG TOUG BALOVG KOLVOUG SLALPETES TOV a, b.

Zuvoyilovrog T CUUTEPAOUATA (OG, KAToM]Youe 0TO €ENG PAOLKO

Ozopnua 1.2.1  "Eotw d o uéyorog kowwog Suawgétng 8o aksoalwv a, b. Tote:

’ \ / ~ ~ ~ ~ 4 \ \ A ~
ao. To ovvoio T@V KOV StowQet@wv TV a,b tavtiletal ue T0 GUVOAO TWV
SLaQeT@v Tov d.

4 I3 7 > ’ ’ 24
B. Tmagyovv akéoatol xy,yo, TETOOL WoTE d = axy + byy.

‘O uéyLotog Kowvog dLoupETNG EVOg TTETEPAOUEVOV TTAO0VG AKEPALWY a1, Ay, . . . , Ay
ovuporiletal (ay, ay, . . ., a,) Kol OpileTon dg O uEYLoTog OeTikOg AKEPOLOG, O OTTOTOG
dLaupet KaOévay amtd Tovg ay, . . . , a,. ‘O VITohoYLoUOG TOV UTOPET VO YiveL avadpo-
WKG, ag €ENG:

(ar,ar,a3) = ((a1,a2),a3)
(a1, ar,a3,as) = ((a1,a2,a3),a4)
@i,...,an-1,a,) = ((ai,...,an-1),a,)

Xpedleton, BEPata, AmOdelEn OtL o 1 dvadpoukty dradikacio 6dNYEL otV
eVPeoT TOD PeYIOTOV KOvol dLaupétn TdV ay, . ..,a," Ph. Goknon 13. "Emiong, 1
aoxknon 14 héer 0tL 6 PEYLOTOG KOLVOG SLopE€Tng TOMMY aplOudv €xet idLOTNTEG
AVALOYEG UE AVTEG TOD UEYIOTOU KOLVOD SLOoLpETH), TOL dvapépovtal 0td Bempnua
1.2.1.

‘Otav (a, as, . ..,a,) = 1,10te Mue dtLoiay, as, . . . , a, ELVOL TOMTOL UETOED TOVG
. ‘H iddomro adm) Tdv ay, as, . . ., a, €ivar 4oOevéoteprn dmod Ty iddtnTo v elvon
ava fevyn modtor , £kT0C, BéPara, &v n = 2, o ol idtdtnTeg elvan ioodvvaueg. Tl
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napaderyua, ol aptbuol 10,12,15 elvar mpdTtor ueta&l Toug, agod O ndvog Kowvog
(Kai Y1 ToUg TPElg) Sraupétng Toug eivar 6 1. “Onwg, avo Lelym, dtv elvar Tpdrot,
dpod (10, 12) = 2, (10, 15) = 5 xai (12,15) = 3. dvowkd, elvon pavepd dti, dv ol
ai,a, . ..,a, evaL TPMToL ava. Cevyn, elvol Kol Tp@dToL LETAED TOUG.

Oesopnua 1.2.2 -’IddtTes Tov MKA

a’. "Av bla téte (a,b) = |b|.

B. Av a = bq + ¢ t6te TO 6GUVOAO TOV KOOV SLaUQETOV TOV a, b ovuminTel ué
70 6UVOA0 TV KOOV Slu@eTt@v TV b, ¢ eldikdteoa, (a, b) = (b, ¢).

. T omwotovénmote axéoaio c, (ca,ch) = |c|(a, b)

6" "Av o ¢ elvau kowog Suauétng T@v a, b, téte (g, g) = (al’clb)' AVTO, eldikd-
teoa, ovverdyetanw —puc ¢ = (a,b)— ot ol af(a,b) kai b/(a,b) elvaw me@TOL UETAED
TOVG.

g. "Av(a,b) = 1 kai ¢ omowoadijote akéoawog, tote (ac, b) = (¢, b).
" Av (a, b) = 1 kal blac, téte blc.
£, Av kabévag amd tovg ai,...,a, var To@TOS TEOS Kabévav amd Ttoig

by,...,b,, téte (a;---a,, b, ---b,) = 1.

AnddarEn o, ‘O |b| elvar, mpogavdg, 6 uéytotog dranpétng Tod b kai, € Vodé-
0£wC, dLaLpel TOV a, dpa elvol uéyLotog Kowog dtopétng Tdv a, b.

B. Kdabe kowvdg dtoupémng tdv a,b Swoupel tovg a Kol bg, Gpa Stoipel Kol TOv
¢ = (=1)a + gb (Br. Oedpnuo. 1.1.1), 6modTE Elvan Kowvdg dtoupétng TV b, c. Avri-
otpoga, KAOE kowvog dtonpétng TV b, ¢ dtoupel TOV gb + ¢ = a, dpa. elvorl Kowodg
dLapég TV a, b.

Y. "Eotw (a, b) = d. "Emeldn) 0 |c| SLonpel tov ¢ Kal 6 d Staupel tov a, O |c|d dtoupel Tov
ca Kat, dpotwe, droupel kai tov cb. O |c|d elvar, howdv, Kowvdg dianpétng Tdv ca, cb,
apa (o Tod Oempruatog 1.2.1) dStoupel TOV (ca, cb). Ol dei€oue dTL, Kl AVTIOTPOYPQL,
0 (ca, cb) droupet oV |cld. TIpdyuatt, T B 10D Oswpiuatog 1.2.1 pdg EEaopaiile
TV VITaPEN AKEPALMV X, Yo, TETOLWV OOTE axy + byy = d, 0dte (ca)xy + (chb)yy = cd.
TO dpLotepd PELOG avTiG THG OYEoNG dLapeltan, TPoYavdg, Ao TOV (ca, cb), dpa
0 (ca, cb) dLopel TOV cd, 6mtdTe Kol TOV [cld. Tehkd, ot OeTikol axépaiol (ca, cb) Kal
cld = |c|(a, b) dAnhodiarpotvial, 6mdTe eivar tool (BA. ¢ tov Bewprjuatog 1.1.1).
. ’Egopuolovrag 1o Y ué ¢ ot Béon tod a kai ’f ot 0¢on 100 b, maipvoue
lcl(%, %) = (a, b), dnhad), v dmodeiktéa oyéon.?

. "Byoue (c, b)|(ac, b). pdypat, 6 (c, b) Staupel Tovg ¢, b &po. elvar kKoo dtoupé-
™G Kal TV ac, b, &pa. eivor droupétng Tod (ac, b) (4md 10 o Tod Bewprinotog 1.2.1).
Avtiotpoga, B4 det€oue OTL (ac, b)|(c, b). Amo 10 B 10U Bewpruartog 1.2.1 Eépoue
OTL VTTAPYOVY AKEPALOL Xg, Yo, TETOLOL WOTE axy + byy = 1, dpa (ac)xy + b(cyy) = c.
BAémope OTL TO ApLoTEPO UELOG QUTHG THG OYEomng drawpeitan atd TOV (ac, b), dpa. O
(ac, b) Sraupel kol TOV ¢, 6moTE elvan kowvog dtanpétng TV b, ¢, dpo Kol dtoupéng

2 Agite, Spog TV doknon 15.
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100 (b, ¢) (4o 10 o 10U Bewpfuartog 1.2.1). Oi Betikol dxépauol (¢, b) xai (ac, b)
aAAnAodianpotvtal Aoumdv, dpa. (¢ tot Bewprjuatog 1.1.1) elvou toot.

¢. Anod 10 B tod Bewpnuatog 1.2.1 Eépoue Gt Vidpyovv AKEPALOL X, Yo, TETOLOL
Wote axy + byy = 1, dpa (ac)xy + b(cyy) = c. ‘O b draupel tO apLotepd uéhog, dpa
dLaLpet Kal Tov c.

C. O deioue mpdTa Ot (a1a; - - - ay, by) = 1, Epapudloviag ToAES QopEc dLodo-
Akt TO € Kad, puotkd, Ty UmdOeom &tL 6 by elvan TpdTog PO Kabévay dmd Tolg
a,ay, . ..,d,. Aoutdv, Exoue dLOOOYLKAL:

(a,by)=1 = (aja,b;) =(a,b;) =1
(a1a2,0) =1 = (a1ara3,by) = (a3, b;) =1

(aia---ay-1,0) =1 = (a1a,---ay1a,,b1) = (a,, b)) =1

Ottoue Twpa A = aja; - - a,. Mohg deiEaue 6tL (A, b)) = 1. ’Eviehdg dvaloya
toyvel Ot (A,by) = 1 v Oho T k = 1,...,m. Twpa, e dLadoyLkn EQopUoy
10U €, Exoue Tig dradoyikeg ovvemaywyés: (b, A) = 1 = (b1hy, A) = (by,A) = 1,
(b1by,A) = 1 = (bibybs3,A) = (b3, A) = 1 xhw, uéyxplg 0tov KatalEoue omv

e

(b1by - -+ by, A) = 1, ONhad1), 0TIV ATOOEKTEN.  0.E.0.

‘O TPAKTIKOG VITOLOYLOUOG TOD UEYIOTOU KOLvoD dLoup€tn 00 AKEPAWV EmL-
TUYYAVETOL TTAPO TOAMD ATOTEAEOUOTLKO UE TOV evkAeideto alydotbuo , Evav Omd
TOUG TTLO ONUAVTIKOVG dAyopifuovg Tdv Madnuatikdv.

Oeopnua 1.2.3 Eotw a > b > 0. Oétouc ro = a, ry = b, s.1 = 5o = 1. Ta
i =1,2,... opious avadoouxd g\, ris1 V& elvar, avriotolywg, TO TnAiko kai tO
vwdAowmo Tijg evkAeideiag Saipeons Tov riy dua Tov ri (BA. Oeonua 1.1.2). Tote:

a.b=r >r,>r;>- Kal pa kGmwowo i = n > 2 elvaw rpyy = 0. T avto 1

’ > 7 1 b 1
GUYKEKQUUEVO N LGYVEL N < 212§2 + 2 kal r, = (a,b).
B. T i=1,...,no00lloue avadooukd s; = Si_y — Si—1Gn-ir2. 107, (a,b) =
as,_1 + bs,.
AmoderEn o. “Eyoue, €€ 0plopod, riiy = riqiyy + Figr, 0ov 0 < rigy < ri (B

Bedpnuo 1.1.2). Zvverdg, yii ToVG w1 aovpTIKoUS akeaiovs r; EYous ro > ri >
ry > -+ >0, Gpa KAToLo r;, AvayKaotkd, 00 elvor undév. "Eotw, Aowrtov, r,y = 0
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(n > 1). Tote Exoue v €Ef¢ Katdotaon:

a=ryg = r1q2+r2:bq2+r2, O<r<r=>b
b=r1 = Ings+r3, 0<r3<r2
rp = I3q4+ry, 0<I"4<I"3
Fict = Tigip1 trig, 0<rigg<rn
Tn-3 = Tp-2qn-1+¥p-1, 0< Tp-1 < Fp—2
Th2 = Fp-1qn + T, O<rn<rn—l
Fa-t = TuGne1 +0

‘H televtaia amd Ti¢ mapamdve iootnteg uag Aéer &t r, = (ro_1, ) (BA. o TOD
Oewpnuotog 1.2.2). Topa Epopudlope t© B T0oD Bewpruatog 1.2.2 dradoyikd,
apyilovtag amod Ty mpotehevtaio oxéon Kal avepaivoviog mpog To Tavw:
(Fus Fum1) = (Fm1, 1=2) = (2, 1y=3) = -++ = (ra,13) = (r3,12) = (r2,11) = (r1,r0) =
(b, a).
Ed®, TO ApLoTEPDTEPO = OPEILETAL OTNV TPOTEAEVTALOL OYEOT), TO ETTOUEVO = OTHV
deltepn Ao T Téhog oyéon KA. TO dvw @pdyua yid TOv n 00 10 dmodeiSope 0Tod
TENOG.
B. Twui=0,1,...,n toyxbeL 1 oxgon r, = SiFp_is1 + Sicirnei  (x), TV Omoia OO
amodei&ope pe émoywyn otod i: Tww i = 0 10 8eELO néhog Yiveto Sor 1 + S_11, =
1-0+1-r, =r, Av, t0pa, loyveL 1) oxéon Yo Kamowo 0 < i < n, TOTE TPETEL
vo deiEope OTL LoyVEL Kal Yo TO @ + 1, dhadn, r, = SiiFni + Situ_ic1.  AVTO
paivetor pug arhovotateg TPAEELS, oV 0Td deEL0 LEAOG KAVOUE TIG AVTLKOTOOTAOELG
Six1 = Sic1 = Sign-i+1 (L. 7WOG OPlOONKAY OL 1, §2,...) KOL Fyejmt = Fpeifn—in1 + Tnoisl
(o) Mot TOV EVKAELDEIMV dLapETEmV, TOpaTavw, OEtoue ot 0£0m T0T i TO 1 —i).
Amo ™) oxéon (), YuL i = n TAlPVOUE 1y, = S, + S,_1Fo, ONAAON, (a, b) = s,b + 5,_14.

Télog, amodetkviue TO v @Payuo Yo o n: Ok dmodeiEoue TpdTo dTL, Yo
i=1,...,niox0eL riiy > 2r;y. Hpdyuott, ag Oewpnooue Eva tétolov deiktn i. "Av
elvow r; < 7,_1/2, TOTE, MOYQ THG Fiy < Ty EWVOLKOL 714 < Ti-1/2, SN, 71y > 2741.
Av, TTOML, 1 > i1 /2, TOTE, MOY® TNG Fiog = Figit1 + Tis1, EXOUE
Tiv1 = Tieg = Fiqiv1 < Ti-1 — EC]i+1 S riep — o

2 2 2

"Eyovtag amodei&el, Thpa, T oxEon riy > 2rir1, TOipvoue dLadoytkd tig dviodtn-
TEG:
b=r >2r;3>2%5>2%r > > 20702, "8y 6 n elvan mepittdc,
b=r>r>2r>2rs>2rg>---> 2022 v 6 nelvon dptiog.
S¢ k40e mepimtwon, howtdv, b > 20272 dm’ dmov, hoyopduitovrag, maipvoue TV
amodelktéa avicoTTo.  0.£.0.

Mia pkpn) id€a yud T ormovdotdtnta 1ol @paryruatog, Tov AmodeiEoue, Taipvel
Kavelg Ao v €ETig ovykekpuévn mepimtmon: Tt Tov Dtoloyloud ot peyiotov
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Kool dtapétn TV a, b, dtov O wkpodTEPOg Ad ToLg dvo (6 b) elvar 300y @Log
aKéparog, armortotvtal Aydtepa dmd 2000 fruato n. AMG 2000 evkheideleg dLot-
PE0ELG KOOTILOVV AueITEO Y pOVO AKOUN KOl 0F £VOL TPOCWITLKO VITOAOYLOTY.

HMapaderypno. “Ymodelkvioue Eva tpo- 7168 = 917 -7 + 749
70 OPYAVMONG TV VITOLOYLOU®V, TTOV 917 = 749.1+ 168

mepLypagovtol oto Bewpnua 1.2.3: "E- B
otm ét Tnrovue tov (7168,917). Of d- 749 = 168-4+77

LemaAANAEG dLapéaelg ToD BemPHUOTOg 168 = 77-2+14
1.2.3 qaivovto dimho. 77 = 14-5+7
4 = 7-2+0

To televtailo mhiko (= tehevtaio ur) unde-
viko vroloumo) eivan 7, dpa (7168,917) =
7.

ADTI) 1) VITOAOYLOTLKT) SLadLkaoio, KoTd TV
omola,ot k&Oe Prjua, dvowpetéog eivar O
SLALPETNG TOD TTPONYOVUEVOL P1IUOTOG Kol
dLaLpETNg, TO VITOAOLTTO TOU TTPONYOUUEVOU
pruatog, epLypdpeTal UE o VoVVOTTO
TPOTO TAPATAEVPWG.

[Mapatnpote 0T, 10 Oewpnua 1.2.3 TPoPAETEL, VIO TO CUYKEKPLUEVO TTOPADELY-
wo, 0o Prudtwv n, Tov d&v vepPaivouv TO Ppdyuo 210g917/log2 + 2 =
21.68155. .., dhadn, n < 21. v mtpdEn, eldape 6t n = 6.

‘H dwodikaoia. Vrohoyopod tdv s;, (i = —1,...,n) yivetow mold amhd: Mg
TOVIOUEVO TUTTOYPAPLKO OTOLXETOL ONUELDVOVTOL T €5 ApYTig YVWOoTd dedouéva.
Katomy, to KouTtid OUitAnpmvovTaL amd apLotept Tpodg T gL, ZT1) Ypouu)
TOD ¢ TO KOUTLO CUUTTANPOVOVTOL, ATTO TV TPLTH OTNAN KOl UeTd, ue o mhiko Tol
gvkhedeiov alyopibuov amwd 1o tedevraio aniiko meog 1O @O (PA. TOPATAV®),
EVA 0TI Ypauy) Tod s, 0T dVO APLOTEPMTEPO KOUTLO (WTALLVOVY TOL §_1 = S = | Kol
UETA, AVOOPOULKA, T §;, COUPOVA UE TO SLTAAVO OYTiat OTTOV EVVOETTAL OTL TOL
A, B, C elvar 1)dn yvootd Kol CUpITANpOVETOL TO KouTL Kdtw | * | * A
amd 10 A,ovpgova pt 10 B tod Bewpnuartog 1.2.3. Kovua | C | B| -A-B+C
UE * OV mallovv pOLO OTOV CUYKEKPLUEVO VITOAOYLOUO.

210 OUYKEKPLUEVO TTOPAdeLyna Exoue: | q 2152 4 1 7
s|1]1]|-1]|6|-13]|58/-71| 555

duowkd, kabmg mpoPrémel 1o 2 Tod Bewpruatog 1.2.3, (=71) - 7168 + 555 - 917 =
7 =(7168,917).

“Evag KAmwg dLopopeTikog Kol TOAD e0YpN0Tog aAYOPLOU0g VIToAOYLoHoD O
KEPALMV Xg, Yo, TETOLWV DOTE axy + byy = (a, b), meprypagetar oy doknon 16.
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1.3 ’EAdy1oto Ko1vo morhomAdolo

Ztabepomorobue &0 un undevikovg akepaiovg a, b. Kowo morramxidoio 1®dv a, b
elvol k00 dxéparog, Tov elvol TOAATAAOLO Kal ToD a kKol ToD b. TO ovoko TdV
OeTLKDV KOV TOMOTAAOIwV TOV a, b elvon ui| kevo (m.y. meptéyel ToV |ab|) omote
EyeL Eva EMAyLoTo OTOLYETD, TO OTTOL0 KOAETTOL EAdYLOTO KOO ToAdamwAdoto TV a, b
Kot ovupoiileton [a, b].

Oecopnua 1.3.1  “Eorw St a, b eivou ur) undevikoi axéoauor. Tote:

a.  “Evag axéoaiog elvar koo molamAdoio Tdv a, b &v, kal uévo av, eivau
. . nab lab| "
TG UoQYNGS @.b) D) Aoa, av (a,b) =1,

tote [a, b] = |ab|.

yia kdowo n € Z. Eidikdteoa, [a, b] =

B. To obvodo Tdv kowdv moAdamiaciwv T@v a, b tavtiletou té 76 6vvolo TV
moAramAdaociov Tov [a, b].

Y. "Av (a,b) = 1 kai kaOévag amd Tolg a, b Stowoel TOV m, Téte Kal 1O YLvouevd
T0V¢ ab SialQet TOv m.
Tevikevon: "Av ol ay,...,a, evar ava Vo medtol uetafd Tovg Kai kabévag amo
avTolg Suaugel TOv m, TOTE Kal TO Pivouevo ay - - - a, SLoLQel TOv m.
AnodelEn o. “Eotw m xowd molamhdolo TV a,b. Aot alm, umopodue vo
ypdapoue m = ak pue k € Z. "Eotw d = (a, b) xai &g Oéooue a = day, b = dby. And
10 & 100 Oswprjuartog 1.2.2 Exoue St (ar, by) = 1. “‘H vd0eom blm icoduvouel ut 1o
St ak/b € Z, 8pa a k/by € Z, dShadn, bilaik. Thpa, T ¢ 100 Bewpfuatog 1.2.2
walg 0dMNYel 0to ovumépaoua 0t bylk, Apa k = nby Y0 K4owo n € Z. "Apa, TEMKA,
m = ak = abn = a(db\)n/d = n(ab)/d. Avtiotpopoa, K&Oe dpOUOG TG NOPPTIg
n(ab)/d elvar kowd ToAaTAaoLo TOV a, b. Mpdynatt, Evav Tétolo apLdud uropot-
ue vie tov dotue g n(b/dya. Ak dlb, Gpo. 6 dpOuodg adtdg eivol ToAATAGCL0
ToD a. Avahoya, av ypdpoue ToOv aptdud wg n(a/d)b, KoTaA)YOUE 0TO CUUITTEPOLOLOL
&L 6 dpdpodg elvar kol moramhdoto Tod b.
Téhog, elvar mpoaveg L, uud kol ol a, b eivor otadepot, 1O uéyedog Tod nab/d
EEapTaTOL ATTO TOV 11, Apa 1] ELAYLOTY OETLKT TL) TOD APLOUOD 0ToT —TO EAAYLOTO
Koo olharthdiolo TV a, b— eivoul |ab/d.
B. “Eotw d = (a,b). Amd 10 o, k40e Kowvd molamAdoo TV a,b elval TG
wop@iic nab/d, ¢vé ab/d = +[a,b]. "Apa., k4Ot KOO TOMATAAOWO TOV a, b elvon
molamthaoto ToU [a, b]. AMG Kal dvTioTtpoga, E0tw nla, b] mohhamlaoto 10T [a, b].
Tote nla, b] = nab/d = n(b/d)a = n(a/d)b, dx’ dtov BAémope OTL O APLOUOG AVTOG
elvol ToMoTAGoLo Kol Tol a Kal Tod b.
Y. BdoeL 100 (o), [a, b] = |abl, &vd, &md 10 (B'), 6 m elvol mohhomhdowo Tod [a, b],
apa., TOAOTAGOL0 TOD ab.
"Eotw topa dtiolay, .. ., a, eivor dvi 800 mpdtot ueta&h toug Kal Kadévag dtopel
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tov m. "Egopuolovrag avtd mov arodeiEaue nohg mtpiv, ue a = ay, b = ap, ove-
paivoue 6t 6 m elvol ToAamhdolo ToU aja;. ‘O asz, Thpa, elvar TPOTOG TPOG TOV
aia,, Aot elvar Tp®dTog TPOg Kabéva A’ Tolg ar, ax (BA. T 1od Oewprjuatog 1.2.2).
"Etot, £xoue Kai whir 800 aptOuoie, Tog a = a3 Kal b = a;a,, ol 6motoL elvoL Tp®-
TOL UETAED TOVG Kol KabEVOG SLaLpel TOV m, Gpa Kol TO YIvOuUevo Tovg ab = aaas
drapel tov m. "Emavaloufdvovtog tovg dvaloyoug oVALOYLOUOUG, 001 YOUUOOTE
grmoryyLkd 010 ovumépaoua 6t 6 m elvor ToAMATAGoW ToD ajas - - - a,.  0.8.9.

TO EMayLOTO KOLVO TTOAAOITTAAOLO TTEPLOCOTEPMV TMV dVO APLOUDV ay, . .., dy 1,y
Opitetar ig 6 EMayLotog Oetikog AKEPOLOG, O OTTOTOG ElvalL TOAAATAAOLO KOOEVOG
antd tovg ay, ..., a, 1,d, KoL ovufoliletan [ai,...,a,-1,a,]. ‘O VwOLOYLOWOG TOV
yiveton avadpowkd, dnradm,

la,az,a3] = [la,a],a3]

[al’a29 (13,04] [[ahaZ’ 03],(14]

[ala'--aan—laan] = [[alv--"an—l]’an]

Dduokd, pémel vo aodeiSope OTL T 1) dradikaoio udg divel, OVTwg, TO ELAYLOTO
KOO TOMOTAAOW0 TOV dy, . . ., A1, Ay. T10 TV ATOdEEN PA. QoK O™ 26.

1.4 TIIp®dtou apLOuoi

Ot tpdToL dpLbuol aroteloTv Tovg doukovg Aibovg, ue Tovg Omoiovg KTiCovTo
TOMATIAOOLOOTLKA Ol dKépatol dplbpol. "Ag TopaTnNPOOUE, TPOKOTAPKTIKA, OTL
Y1 KGOe dxéparo n, ol +1, +n eivor Stawpéteg Tod n. Adtol AMéyoviow TeTouuévor
Otagéteg Tov n.

‘Opropog 1.4.1 0 axéoauog n kaeirar me@rog av elvar Sudpooog T@v 0, =1 kai ol
uévor Suapéreg Tov elvar ol tetoyuuévor +1 kol +n. ‘O n kadelrar 6vvOeTog av elval
Stapogog T 0, 1 kai el kal AAlovg Staugéteg EKTOS TV TeToLUUEVWOVY. OL albuol
+1 yapaxtnoilovrar wg uovédeg tot Z kai elvar t¢: udéva otolyeio o0 Z, ¢ omoia
&xovv avriotooqo téca oto Z. Elvar moopaveg Oti, 0 n elvar To@Tog (AVTLeTOolY WG,
oUVOeTOC) AV, KOl UdVo av, 0 —n glval TEDTOS (AVTLETOlYWS, GUVVOETOG).

[ pdderypa, ol +7 kol +13 elvon pdTor aptbuol, dpod kabévag dmd atdrovg
EyeL uovo tetpluuévoug dratpéteg. Avtifeta, ol £10 elvar ovvOetoL dpLbuot, apod,
EKTOC GO TOVG TETPLUUEVOUS dtawpéteg Toug =1, £10 Eyouv Kal Tolg dtoupéteg +5.

Ozopnua 1.4.2 . T kabe m £ 0, 1, 0 EAdyiotog ueyatirepog totv 1 Stawgérng
ToU m glvar mEATOS. Aga, KGOe akéoaiog Sibpopog TV +1 Exel Eva, TovAdyoTov,
TODTO OLOLQETT,.

B. Av o p elvar mo@TOg KOl O a glval TuYMV aKéQaLog, TOTE, Eva amd Ta SV
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’ )] > ~ y < 5 A ¢ 4 \ \
ovuPaiver: pla n (p,a) = 1. Evad, av o p eivar 60vOetog, vmagyovv a yie tovg
omotovg timote amd ta Svo 5év cvuPaiver.

Y. "Av 0 p elvau medrtog kal (a;, p) = 1y 6Aa e i = 1,...,n, 1618 0 p S8V
OLOLOET TO YLVOUEVO ay - - + Ay,

EiSukn) meoimrwon tije Svvaung: "Av (p,a) = 1, téte 0 p 8év Sougel Tov a”.
Toodvvaun (Adye tot B) Startmwon: “Av o p elvar mo@TOS Kol 0&v SLouel Kavévay
amd Tolg ay, . . ., ay, TOTE OUTE TO YIVOUEVO TOVS SLOLQE.

St eldikn) meoimrwon thg Svvoung: "Av o p 6év Siougel TOv a, Tte, oUTE Kad
0V d" SLouQel.

TooSvvaun Siatbawon (avtioteopo-avtifetn StatdTwon Tig TEONYOVUEVIS):
Av 0 p elvar mo@TOG Kol SLauQel TO YIVOUEVO ay -+ - ay, TOTE O P OLaUQET TOVAGYLOTOV
gvav amd tolg Tapdyovreg ay, . . . , ay.

Eiduxn) meoimtwon tig Svvaung: “Av pld”, téte pla.

"Av, duwg, o p eivar 6vvOeTog Kal Stougel TO Yvduevo ay - - - a,, T0te 08V umo-
00TUE VO GUUTEQAVOUE OTL SLALQET EVaL, TOVAGYLOTOV, amd TOUG dy, . . . , dp.

&, O éAdyotog Oetikdg mowTog Stoaugétng evog ovvlstov agibuot m 8év v-
megPaiver tov V|ml.

g. "Av P elvau Eva dmolodnmote memeQaouévo oivodo OsTik@v modTwv aoLl-
uv, ToTE VIboYEL TOWTOG, O OITOTOS O¢V avijkel 01O P. "Aga, TO 6UvoAo TV T TWV
aolOudv elvar dmeto.’

AnrodeiEn Iom # 0, £1 ag ovppohricope pg A(m) o 0vVoro TV dtoupetdv Tod m,
oi 6motot VepPaivouv o 1. IMpogavdg, T© A(m) elvar pi| Kevd Kol TETEPAOUEVO,
UE UEYLOTO OTOLYELO TOV TOV |m).

o'. "Eotw p 10 éMdyoto otoyelo Tod A(m). Ol dmodeiCoue 8t 6 p elvar TpdTOC.
Av dev fTav, 0 Titav ovvOeTog (mapatnpijote dtL p > 1), dpa, £kTog Amd Tolg
teTpLuuévoug duarpéteg Tov OO elye kol Kamowo dAlo dioupétn d > 1. “Omdte 0L
elyaue TV £ENc Katdotaon: d|p kai plm, dpa, amxo 1o Bempnua 1.1.1, djm. “Ouwg
1 < d < p, &po. 6 d elvor otorygio to0 A(m), wkpdtepo ToD p, TO OmOTO ElAUE
VT00£0EL EMAYLOTO OTOLYETO TOD GUVOLOV® ALTOTTO.

B. “Ag UmoBiooue St 6 p elvan pdTog kKol St toylel (a, p) = 1. Ou dei€oue,
TOTE, OTL LoYVEL 1] oyéon pla. AMG, Tpdypatt, Ao TV VOO0 ovwTePOivoue
ot (a,p) = d > 1, omdte 6 p draupettan amod v d > 1. EE 6pLropod 1ol mpidTou
&pOuod, ovTd Elvan duvatdy wovo &v d = £p. AMG tdtE, Ao dla, ovumepaivoue
ot pla.

"Av, Thpa, 6 p elvan 00vOeTOg, TOTE B TOV UmoOéooue, Siymg PAAPN Tiig yevikdTnTOg
OeTk0, Kol Gg TOV ypayoue p = ab, 6mov 1 < a,b < p. Tote, yU' avtov OV
OVYKEKPLUEVO AKEPALO a, KOl ol dV0 oytoelg pla kol (p,a) = 1 elvon Pevdeic.

Y. ‘Hamddel&n tod ioyupLopod, oty mpd T Tov SLaTHITWON), £lval GUECT) CUVETELQ
i TpodTaong T tod Bempnuotog 1.2.2, tiv omoia Epapuodlope Bétovtag m = 1 kai

Mpdrertan yuo v mpodTaon 20 1o Bifriov @ tdv Stoyyeiwv tob Edkheidov: «Oi mpdrol
apLBpol heiovg elot Tavtodg Tol mpotedEévTog TANOoUg TPMOTWY APLOUdV».
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bl = p.
“Ocov agopd 1O Ot 1) Tehevtaia diatdmmon d&v ioyvel dtav O p elval ohvOeTog:
v meplmtwon att), umopolue vo ypdapoue (vrobétovtag, ywpig PAAPN TG
vevikdTnTog, TOV p BeTIk0) p = aja,, O6mov 1 < aj,a;, < p. Tote, BePaiwg, plaas,
GG koppion artd Tig oyéoelg pla; kol plas dtv elvor dnoc.
&. Amd 10 (o) Eépoue 10 d1L 10 EhdyLoTo oTowKElo, EoTw p, ToD A(m) elval
TP®TOG ApLOude, Evd 1 VdOeon &t 6 m elvar oUvOeTog ouvemdyetal OtL p < |m).
[MapatpTote OTL 6 %' elvol aképatog aptduodg ueyakitepog tov 1, dpa, amod o (o)
EYEL EVaL TPADTO dLOLPETY ¢, TOV OTTOT0, XWPLG PAAPT THG YEVIKOTNTOG, WTOPODUE VAL
vroBéooue Oetikd. "Etou, €youe ql”;1 Kol ”;1|m (d10TL TO TTIMAiKO TOU m ALl % elvo
dxéparog), 6mote glm. “H 0md0gom 8t 6 p elvaw O EMdyLOTOC TPADTOG, TOV SLOLPET
TOV m Pag 00N YEL 0TO ovumépaopa Ot p < g, Gpa p < %, oy£0m Loodvvaun ug Ty
ATTOOELKTEQ.
g. O loyvplondg eivan wpogpavig dv 10 P eivon kevd. Eotm tdpa 1L P =
{p1, ..., p). Ocwpoipe OV m = p;--- pp + 1, 6 dmotog, Tpogavide elvon dképatog
ueyahivrepog Tod 1, dpa, amd 1o (o) ExeL Eva, ToLAAYLoTOV, TP®TO Stonpét q. O
det€ope 6t g ¢ P. Tlpdyuatt, yioti diagopetikd, 6 g 04 frov {oog ug Kamolov
Pi € {p1s-.., i}, 07OTE gl(p1 -+~ pi--- pr). “Onwg glm, dpa (pdtoon 1.1.1) dim —
(p1--- pr) = 1, dromo.

0.£.9.

To xookivo tov 'Epatocdévovs. "Egopudletor yio TV KOTooKeLT g Ai-
010G OAV TOV (OETIKDV) TPOTWV APLOU®V, TOL dEV VITepPaivovy d0OEVTA AKEPOLO
n > 2. Zuviotator oty £Ef¢ dradikaoia, 1) Omoia droypapel Tovg oVVOETOVE O
pLOuovg, ot OmmotoL elval KPATEPOL TOU dkepatov nn > 2, yii Vi petvouvy ol Tp@ToL,
ot wn vepPaivovieg 1oV n. "Eotw m.y. Ot n = 50. T'pagoue tovg dkepaiovg
2,3,....,50. Aworypagope Ol T peyohitepa Ao Tov 2 tolhasmAdod Tov, dnhadm,
toVUg 4,0,. ..,48,50. ‘O wkpdtepog AKEPALOG, UETO TOV 2, TOV OEV EXEL dLAYPOPET
elvar 6 3. Awaypdgope Sha T peyaiitepo dmd ovtov ToAaTAGoLd Tov, dnAad),
Tovg 6,9,. ..,45,48. TTopatnpodue Ot 6 6 draypdpetal Kol Mg TOMATAAOL0 TOD 2
Kot g ToMatAdolo ol 3, AMAO aUTO OEV ExeL Kapuia onuaocto. Zvveyiloue: ‘O
E\dyrotog, petd Tov 3, dképatog, mob dtv Exel diarypapel, elvar 6 5. Ataypagoue
OhaL T peyoritepa ATd aUTOV TOAATTAAOLL Tov, dnhadT, Tovg 10,15. .. ,45,50.
"Etol ovveyiloue, mapamnpdviog moldg eival O Auéomg ETOUEVOG ) SLayEYPaULILE-
VoG AKEPALOG, TOU Oolov Kai dtarypdpope OAaL T YVNOLOG UeYAADTEPQ ATTO AVTOV
TOMATAAOLA TOV. ZTapatotue Otav 8ev Exoue vo dtorypdpoue GALOVE dKepaiovg
uéypt To 50 kai tote, Mot oi W) Srayeypauuévol, Kai pévov adtol, elvar ol Tp®TOL
apduol, ol uny vmepPaivovteg 1o 50. TMdte, Suwe, dpkel va. otapotioous; Eilvou
Avayk, vo Emuyelpriooue ) drorypopi) TV toAlathaociov Tod 17, Yo mopaderyua;
"Oyu! To & 1ot Bemprinatog 1.4.2 uég Aéel 8, &v kdmorog aptduog eivar otvietog,
B0 mpémer v Exel dorypapel mg molhamddowo tod 2, 1) tov 3, 1) tov 5, 1) tov 7.
ALoTL KG00Oe 0VVOETOG, TOV dEV VItepPaiver TO SO ExeL, CVUPVA UE TV TPOTAOT, EVOL
npdrto dwaupét < V50 = 7.071.... “Etol, oth) ovyKekpuuévn mepimtoon n = 50,
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\

ueTt oL B4 drarypdpope Kol To Tolarthaoto ToU 7, Exoue TV €ENG KATAOTOON:
3 4 5 -6 7 =8 9 ¥ 11 £ 13
+6 17 8 19 20 24 22 23 24 25

29 30 31 32 33 34 35 36 37

5
= 23
39 40 41 42 43 4 45 46 47 48 49

EERE

Eiluaote BéPaiol, oOUpva pg 0,TL ELTTape TopoTdvem, 0Tt OAOL Ol dLAYEYPOUUEVOL
aptbuol elvor ovvheToL Kot OAOL Ol VITOLOLITOL ELVAL TTPADTOL.

Ozopnua 1.4.3 -Oeuchd@des Oedpnua tijs ApOuntikijc. Kdbe axéoaogn > 1
avalvetor 6¢ Pwousvo OeTik@v moTwv: n = pi---pr. H avdlvon avrn elvau
uovadixi, vwo v eEfc évwola: Av n = qi---qe Kal o qy,...,q; evar Oetikol
mowToL, ToTE k = { Kl oL qy, . . . , §¢ ATOTEAODY, ATADG, uic uetdbeon Tt@v py, .. ., pi.

AnodelEn IMpdto dmwodetkvioue 0TL O n AVOAVETOL OF YLVOUEVO TPMTWYV, XWPLG VO
WOLG ATTALOYOMET 1] LOVAALKOTNTA THG AVAAVONG.

Adyp oD o ToD Oewprjuatog 1.4.2 6 n ExelL Eva Tp®dTO OTIKO Stapé pr Kol
Oétoue n = piny. "Av n; = 1, toéte n = p; Kol €oue Avalvon 1o n ot Evo TPOTO
SLapéTn. Alopopetikd, 1 < n; < n Kol 0 ny €YeL Vo TPDTO SLALPETY Py, OTOTE
Oétoue ny = pany, Apoa n = p1prns. Avny = 1, ot N = pip;y Kai Exoue avaivon tov
n o€ 810 TPMTOUG LOLPETEG. ALaopeTiKd, 1 < ny < ny < n KAl 0 ny EYEL EVOL TPDTO
dLapétn p3, omdte Oétoue ny = psns, Gpa n = pipapsns. “Etol mpoywpolue, Ko
0T0 PRua i Exoue n = p1pa -+ ping, OOV R > ny > ny > -+ -n; > 0. "Apa, d&v umopel
va. Eyxoue ameen kdbodo, 6moTE 0F KAsolo Prina i = k O kotaliEoue ot n; = 1,
OMAadN, n = p; -+ px.

Topa ATOdELKVVOUE T1) LOVASIKOTNTA THG AVAAVONG 0 TPMTOVG OLOLPETEC.

"EOtw n = g -+ g KOL OL g1, . . ., qe €lvon OeTikol mpdTol. Xwplg PAALN Tiig Yevi-
Ko Tag Vmobétoue &t € > k. "Exoue gilp1 - - - pi, Gpa, amd 1o T 1ol Bewpruotog
1.4.2, 6 g1 dLoupel €va, TOVAAYLOTOV, ATTO TOVG Py, . . ., Pk, £0TW, XWPLG PAAPN TG

YEVIKOTNTOG, TOV pi. AMG, KaOOg O p; elvan Tp@dTOG, 6 HOVOg SLaupétng Tov, o
vrepPaiver T 1, eivan 6 €avtdc tov, Epa g; = pi. Topa, dopdvtag T oyéon
PiP2 Pk =N = qi1q2- - q¢ O i = G KOTOM|YOUE OTNV Dy -+ Pk = Ga -+ 7. ZVUA-
royLZonaote axplpdg Omwg mpiv: ‘O gy SLALPET TO YLVOUEVO p; - -+ Pr, OGP0 OLOLPET
€V, TOULAYLOTOV, TTOPAYOVTOL, OTTOTE CUUTTLTTTEL UE EVALV OITTO TOVG Pa, - . ., Pr- XWPLG
BLGPM Thig YevikOTTag, £0TW g7 = p) K.0.K. "Av Tjtav £ > k, tdte, Votepo. mod k TO
Mi00¢ Prinata B0 katalyyoue o oyéon Thg Wopepiic 1 = gyt - - - g¢, GTOTO. "ApO,
{ = k xai q1 = P1-492 = P2,---9k = Dk- 0.£.0.

Mo kabe axéporo n # 0,1 Vmdpyer wia PorKt), O¢ TOAEG TEPLTTMOELS,
dvdhvor) tov, oL AéyeTow kavovikn avdAiven Tob n, 1) omota elvon 1) €Efg: TO
Oewpnua 1.4.3 nag eEaoparilerdtn = +pips ... pr, SOV OL py, . . ., i €lvaL OgTIKOL
TP@OTOL, OYL, KT AvAyKn, diagopetikoi. Omdte OUadOTOLOVTING 100Vg TPDTOVG,
Ypagoue n = xq{' - - - gir, dmov thpa: (o) Ol TPATOL g1, . . ., G ELVOL SLLPOPETLKOL
uetaE0 tovg. (B)m < kxaia; > 1yikabei=1,...,m.
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Hoapampodue du, v n = xqi' -+ gir elvon 1) Kavovikt) dvalvon tod n, TotTE
q|" elvou 1| péyrotn dbvaun tod g, Tob dtatpel OV n dwot, &v ¢lln, tote n = gbe,
\ ’ > ’ ¢ ’ ay _a am _ b o 7 3 7
VL0 KOITTOLOV GKEPOLO ¢, OTTOTE +4,'q;’ - - q," = ¢{c. "Av, houtov, Ntav b > ay, T0TE,
amlomolwvtag T dVo uéAN O g7, O& kotaliyoue of pia oxéon, otd APLOTEPO
wélog g Omoiag 0 EupoviCotay O TPMTOG g1 UE OETIKO EKOETY), EVD 0TO APLOTEPO
o&v 00 VITT|PYE O TPDTOG TOPAYOVTOG ¢1° OUTO dviikelton 0td Oemwpnua 1.4.3, o

wag Aéer &t 1y dvatvon €vog aplduod ot TPMTOVG TAPAYOVIEG ELVOL LOVASLKY.
"Eyovtag ot TV Topotipnon Koto vod, opiloue, Yt ka0e dképoto n Ko

KA4Oe Tp®dTO p, TOV EKOETN TOD p 0116\/ n, ouuPolCOUEvo v,(n), O €ENG: v,(n) = oo

avn = 0xal v,(n) = a(=0) av p* elvan 1) uéytotn dvvaun tod p, oL daLpel TOV .

Mo wapaderypa, v2(1200) = 4, v3(1200) = 1, vs(1200) = 2, v7(1200) = 0.

Elvaw amho va arodeiEer kaveig Tig €ETg id10tnTeg Tov £KOET:

1

e v,(ab) =v,(a) +v,(b).
e v,(a +b) > min(v,(a), v,(b)). "Av v,(a) # v,(b), Tote ioyVEL TO =.
Suvendg, v n = ¢ - - - g elvon 1) Kavovikt) avaivon tod i, Tote

n=xq""g>" g
AM\O L0 K0OE TPDTO p € {q1, o, - - -, g} EOUE V,(n) = 0, &po 1) Tapamdvm oyéon
WITOPEL VO YPAPTEL, TTLO OUOLOUOPPa, MG EENG:

n=+ ﬂ pir® (1.1)

P mpdrog

omov, BéPata, TO yvouevo otd 8eELO nélog Exel GITELPOVG TAPAYOVTEG, AALD dEV
EyeL dmerpn Ty, Aot udvo mEmEPaouévo TAN00g ATd aUTOVG TOVG TOPAYOVTEG
EyeL Ty peyorvtepn 1ol 1. Thv dvalvon (1.1) tod n 0a Mépe yevikevuévn kavovikn)
avdivon 10U n.

‘H €vvola tod kO£t €meKTEIVETAL KOL 0TOVG PNTOVG, KOTO TPOTTO (PUOLOAOYLKO:
Av p € Q, ypagoue TOV p ®G TNAiko dxepailwv p = a/b xat opiloue v,(p) =
vy(a@) —v,(b). O OpLopdg odtog elvar aveEdptntog &md TV Tpdmo, tob O yplapoue
TOV p ©¢g mnhiko dxepaiov: PA. doknon 30. Topa pwropolue va Emekteivoue ™)
YEVIKEVUEVY] KOVOVIKT] Avalvon Kai otolg pnrovg: ‘Opiletal amo v (1.1), dmov
TO 1 TOPO. UTTOPET VO TTAPLOTAVEL KOL PNTO.

‘H yxprjon tdv £k0eT@V Kol THg YEVIKEVUEVIG KAVOVIKT|G avalvong eival, o
TTOMLEG TTEPLITTMOELSG, TTOAV FonONTLKY.

Ozopnuo 1.4.4 a’. "Eotw ot a,b elvor axéoawor kai b # 0. Téte, 0 b Staugel
TOV a av, kal uoévo av, v,(b) < vy(a) yud k&Oe (Oetikod) Todro p.

p. Ava = ~J_rpi1 o glvan 1) kKavovikn) avdAvon tot a, téte, KdOe OeTikdg
Suugérng Tov a eiva Tiig wooens pl -+ pm, 6mov 0 < 1 < s i kGO i = 1,...,m.
Kata ovvémeia, 10 wA00g TV OsTik@®v Stauget®v Tov a etvar (s1 + 1) - - (s, + 1).
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Anodeiln o. "Eotw dw bla. Tote a = be, Gpa., v KGOe mtpdTo p, Exoue v, (a) =
vp(be) = vy(b) + vy(c) = v,y(b). Aviotpdgpwg, Eotm dti, Y kK4Be mp®dTO p elvan
vp(a) = vp(b). "Av b = *1, 10t bla. Awogpopetid, £0Tm b = pi' - -+ pi* 1) KOVOVLKT)
avéivon tod b. Amod v vmodeon, v, (a) > r; o kdbe i = 1,...,m. AUTO onualvel

OtL, Qv Kavoue TV Kavovikl dvalvon tol a, adt) 0 Exel T) pop@n)
s Sm .
a==+p/'---pyrc, sizrp (i=1,...,m),

omov ¢ = 1 1 ywouevo dUVAUEMV KATOLWV TPDOTOV OLOPOPETIKMOY ATO TOVG
Dls- > P’ OUTOG 1] BAAWDG, OUWG, O ¢ elvol AKEPOLOG. ZUVETMG, TAPABAAAOVTAG UE
TV KovovikT) avaivon tod b (PA. Alyo mopomdvm), Katolyoue ot oyéon

S1-r1

a=+b(cp|""" - pyrmy.
TO évtdg Tijg mopevOéoewe yivouevo eivan dxépatog dpdude, dpa bla.

B’. O loyupLopdg oyeTiki UE T Lop@r) TV SLALPETMV TOU a TPOKVITTEL AUECWG
amo 1O uépog o Tod Bewpripatog. “Ocov dpopd oTd TATOOC TV OETIKMY SLALPETMDV
T0D a, mapatnpodue T £ENG: T TOV €kOE £ Vmtdpyouv s1 + 1 Emhoyég (Gpol
0 <11 < 51), YU TOV 1 VTTAPYOUVV §3 + 1 EMAOYEG,. . ., YLO TOV f,, VITAPYOVV §,, + 1
gmhoyég, Bpa i tov pil - -« plr Ondpyouv (s1 + D)(sz + 1)+ (s, + 1) émdhoyig kol
Oheg elvan SragopeTikeg netagl tovg, Moyw Tiig povadikdmntag Tijg dvdivong ot
TPAOTOVG TaPAYovTeS.  0.£.0.

Kémoreg &valapépovoeg Epapuoyeg Tv EKOETMV Kal TG YEVIKEVUEVNG KOVO-
VIKTIG dvalvong didovtan .. otig aoknoelg 31 kai 32

1.5 TIv@ayoperes TpLadeg

‘H povadikdtnra tijg avdlvong £vog AKePALOV 08 TPDTOVG TaPAYOVTES (Bempnua
1.4.3) &yeL onuavtikeg Epapuoyeg oty Emihvon dopavukdv éElomoemv. "Ed® O
dwooue, ig mapdderypa, Ty Emilvon Tiig EElowong x* + y* = 72 ot w1y undevikoug
akepatovg x,y,z. Kdabe tétowa Mon (x,y,z) Myetar mvlaydgeia touada. Mia
Oeuelddng PonONTLKY) TPdTOON, YPNoLUN KOl 0F TOMEG BALEC TEPUTTMOELG, ELVOL
1 €&

Ipétaon 1.5.1 °Ava, b, ceivau Ostixol axéoaiot, Térolol dote (a, b) = 1 kaiab = ",
Omov n > 2, TOTE VIAGYYOVY AKEQAUOL C1, C2 TETOLOL WOTE a = ¢, b = ¢} kal cic; = c.
AnddelEn Av a = 1 1) b = 1, 10 dmodeiktéo elvar @avepd. ALOGQOPETIKA, O-
WPODUE TG KOVOVIKEG AVOAIOELG TOV a Kot b. ZvufoAliloue ug py, ..., pr OMOUG
ToVGg (OETLKOVG) TPDTOVG 0TIV KAVOVLKY AvAAVoN 10T a Kol Y€ ¢, ..., q; OMOVG
ToUg (OeTLKOVg) TPDTOVG 0TIV Kavoviky avdivorn tod b. ‘H vmdbeon (a,b) = 1
TPoPavdg ouvemdyetal 0T, Kabévag dmd Tovg p; elvol SLapopeTikdg ATd Ko0E-
vav amo tovg g;. 'Emiong, hoyw tiig oxéoewe ab = ¢ xal tiig povadikotnrag Tiig
valvong ot TPMOTOVG TAPAYOVIES, Ol TPMTOL 0TV KOVOVLKT] Avaluon Tod ¢ elvol



18 1. Avouperotnyro

Ol Ply--vs Pi>qls---»q¢ KOL HOVOV 00TOL. "Apa, 1) KAVOVLKY avalvon tod ¢ €xel )
Tk 51

uopepn ¢ = pi'--- prqy' -+ - q,, OmoTe,

nry nry ns|

abzcn:pl ...pk ql ...q?sf. (1.2)

AMG, 0TIV KOVOVIKT) AVAALGY TOD a WOVO Ol TPDTOL p; EUPaviovTaL Kob KovEVOS
TPMTOG ¢, EVA VLA THV KAVOVLKT) AvAAuon Tod b udvo ol Tp@dtol g; Eugpavitovion
KOl KOVEVAG TPDTOG p;. AVTO, AVAYKAOTIKA, OUVETAYETOL OTL

nri nri nsi nse

a=p/"-pt =@ p) = kA b=4gy"q" =(q) - q)) =
Kal, Moy tig (1.2), cjcp = ¢ 0.£.0.
"Eotm tdpa 611 (x,y,2) elvar plo mubaydpeto tpiédo. Oétoue (x,y) = d,
x =dX,y = dY kai Eépope amo 10 8 Tob Oewpruatog 1.2.2 6t (X, Y) = 1. And ™)
oyéon x* +y* = 7?2 maipvoue, ovvendg, X2 + Y? = (z/d)>. To dprotepd uéhog Tiig
tehevtolog elvol aképatog aptdude, dpa kai to 8eE0. Tote, Suwg, 1 doknon 11
udg Aéel 8t 6 z/d elvon dxéparog, TOV 6oto ovuforitoue Z. ‘Omote, TEMKA,

x=dX,y=dY,z=dZ, (X, Y)=1, X*+Y*=27° (1.3)

Thpa K&voue uio oeLpdt ATtd WKPES TOPATNPNOELS. AETTOUEPELEG TOV ATOOEISEDV
TOUG AP VOUE G AOKI|OELG:

o X,Z2)=1xa(Y,Z2)=1.

e Oi X,Y 8tv umopel viu eivar kol oi dvo meprrtol. IMpdyuott, yiatt tote, 6

dxéparog X2 + Y? 00 firav Tilg noppilg 4k + 2, dnhady, dptiog, AL By
dLapeTOg ALt 4, 0TTOTE BV UITOPET VAL LooVTaL UE TETPAYWVO.
Xwpig PAAPN ThC YevikdTTag, Aowtdv, Vmobétoue, 00 €ENG, TOV X mePLTTO
Kol Tov Y dptno. Tpogavdg, 6 Z eivar meprttdg. Emiong, Adym tod ot
omv €Elomwon nag upaviCovrar uovo to teTtpdymva v X, Y, Z, wropodue
vo vtoBéoope Tovg X, Y, Z BeTikovg dKkepaiovg.

e Ipagope T (1.3) O¢ (Z — Y)(Z + Y) = X2, And Tig mPonyoUUeVveg TapaTY)-
pNoELC elval EDKOLO VO StamloTdoet Kavelg 6t ol Z + Y, Z — Y elvau epirTol
KW (Z-Y,Z+Y)=1.

o Mt épappoyn Tijg mpdtaong 1.5.1 ot oyéon (Z-Y)(Z+Y) = X? (mopatnpijote
St ol X,Z +Y,Z - Y glvau Oetikot) ovumepaivoue S Z +Y = a®, Z-Y = b?
Kol X = ab, dmov ol a, b elvaw mepurtol kal (a, b) = 1.

e Avvovtag ¢ mpog Z, Y Pplokoue Z = (a* + b*)/2 xai Y = (a®> — b*)/2. T
vi dropiryoue TOV tapovouaot 2, 0étoue a = A + B xai b = A — B, 6mov
oi A, B elvan éregdrumor , dnhadi), 6 Evag dptiog Kal 6 rlog mepLrtdg (v
KaBopiletal oldg 0 APTLIOG Kol ToLdg O meptttog). Evkola diamotmvertal
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ot (A, B) = 1. ‘Omote, haupdvoviog v’ OYer kot ™v X = ab, Kotalnyo-
UE, TEMKQA, OTOVG TUTTOVG TMV TQWTAQXKOV Tuhayopeimv tpLadwv (X, Y, Z)
(mpwrtapyikéc, onuaiver &L ol X, Y, Z elvar, avi §10 mpdTtol netal Toug):

X=A>-B*,Y=2AB, Z=A"+B*,
A, B £€tepOTummol, Tp@dHToL UETAED TOVG.

o Topa, Moy t@v x = dX,y = dY,z = dZ xatolMjyoue 0ToUG O YEVLKOUG
TOITOVG TMV TVOOYOPEiWY TPLADWV, divovTag 0TOV d OITOLETONTOTE AKEPALEG
TLWUEG:

x=d(A* - B%), Y =2dAB, Z =d(A* + B),

A, B gétepdtumor, tpdtot petagy tovg. "Evvoeitan 6t 6 pdhog tv X, Y umopet
VO Evolhayel, AOY® TOD CUUUETPLKOD POLOV OUTMV TOV UETOPANTDOV 0TV
€Elomon pog.
INoad=1,A=2,B =1 moipvoue TV ATAOVOTEPT] TPOTAPYLKT TVOAYOPELD TPLAAL
(3,4,5), 1 omola €yel v aEoonueimtn idLoTNTo OTL ATToTeELETTOL AT dLadOYLKOVG

akepatovg. Twed = 1,A =5, B = 2 wtaipvoue TV TpwtopyLKt) tudayopera tpLtdda
(21,20,29).

1.6 ’Ack1oeig 10U keoraoiov 1

«ApLOUOC» ONUOLVEL TTAVTO «AKEPALOG APLOUOG»

1. "Av 6 d elvar kowodg Stanpétng TV ax + by kol a’x + b’y kai (d,ab’ —a'b) = 1,
amodeiEte OtL O d elval Kowvog SLoLpETNG TOV X, V.

2. Amodeigte Tolg £ETg loyvpLowoic:
AQETIOG + AQTIOC = QQTLOG, AQTLOC + TEQUTTOG = TEQLTTOG,

TEQUTTOS + TEQUTTOS = AQTLOG.

3. "Eotw n > 1. Amodei&te v €ENg L00TNTO CUVOL®YV:

\ n \
{d:1<d<n xao dln}:{a c1<d<n xoi dn}
4. AmodeiEte 011, TO TETPAYWVO OTOLOVONTOTE TTEPLTTOD APLOUOT, dLaLPOVUEVO
ouat 8 divel vrrolowto 1+ Gpa drapovpevo Kai da 4 diver Virdhowo 1.

5. AmodeiEte dti, 1O TETPUyWVO £VOg dptOuod, 6 dmolog dEv eival molamAdoLo
toD 3, drapovuevo dui 3 diver Vrroiouro 1.
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10.

11.

12.

. "Botw 8t ot a, b elvan Oetikol dxcépatot, yt kol ot dvo &ptior. ‘Opitoue a;

AmodeiEte Ott, 6 KUPOg £vOg dptBuod un dranpetod dit 7, Otav duanpedel Sk
7 diver vohoumo 1 1) 6.

. AmodeiETe &1, netalv S0 Sadoykdv dpldudv, 6 Evag elvar dptiog. Emiong,

UETOEY TPLDV dLadoytk®dv aplBudv 6 €vag dvarpeiton dit 3. AgiEte OtL, YLl
K&0e n, 6 n(n + 1)(2n + 1) elvow wohhamidolo Tod 6.

(o) "Av 6 Evag &k TV a, b elvau Gptiog kol 6 dihog meprttdg Kol (a,b) = 1,
tote ko (a + b,a —b) = 1.

(B) "Av ol a, b eivor mepirTol, dmodeiEte Ot ol (a + b)/2 kai (a — b)/2 eivau,
Kot ot Vo, dxépatol, 6 Evag (dyL, Kot avayknv 6 TpdTtoc) dpTiog Kot O GAAOG

neprttdg. "Av, Emumhéov, DroBéoope St (a, b) = 1, dmodeiEte St (42, 42) = 1.

o,

a,
by =bxaiyok =2,3,..., AVOOPOULKA,

Av 6 ai_y elvon 8pTog: a; = ar_1/2, by = by_;.

"Av 6 by_; elvow 8pTiog: a; = ax_1, by = b1 /2.

"Av ol ay_; KOl by_; elvan epLttol: a; = min(ag_y, by_1), by = a1 — bi_1l/2.

AmodeiEre T €7 (o) T kéBe k = 1,2,3,.. ., ol 4, by elvar uy dpvnTikol
dxéparol kal 6 Evag, TouhdyLoToV, Elval TEPLTTOG.

(B) "Av vt kdimoro k > 2 elvan ag_ by # 0, TOTE ay + by < ar_y + by_;.

(‘\{,) o kaOe k > 2, (Clk, bk) = (ak_] , bk—l)-

(8)TmbpyeL n > 2, tétolog Hote a,b, = 0 kol 6 W) undevikog ¢k TV ay,, b,
elvar O PéyLotog Kowog droupétng Tdv a, b.

“YTOLOYTIOTE UE TV TAPATAVD SLOOLKOOIO TOV UEYLOTO KOLVO SLALPETY TOV
1001 kot 4151.

"Eotw § = %, 6mov 10 KAAopo otd 8eEl0 péhog eivar avaywyo, dnhadm,

(m,n) = 1. AmodeiEte OTL VhpyeL k € Z, tétowo Mote a = km kou b = kn.
Baotopévor o¢ atod amodeisSte Ott, v Z—: = Z—z, td1E VIapyovy k, £ € Z, TéTOLo
wote ka; = €a, xoi kb; = €b,.

AmodeiEte O, &v n > 2 kol 1 n-00ti) dSUvaun £vog pNTod elval AKEPOLOG
apOude, Tdte 6 PNTOC Elvaw, AvorykaoTikd, dxépatog. Toodbvaun drathmmon:
"Av 1) n-ooty pito £vog dkepaiov eivar pntog dptdude, Tote & PNTOC 0VTOC
apduog elvar aképatog. M Elha Moya, 1 n-oot) pila dxepaiov eival i)
appNTog aptbuog 1 dképolog.

(Tevikevom tig ponyotuevng) "Eotw moAvmvupo a,x" + - - - ajx + ag ue aKe-

POLOVG OUVTELEOTEG, Omov n > 2 kol a, # 0. “YmoBétoue OTL TO TOAVMOVLLO
L 4 ’ \ ’ \ < ’ ’ e 2 ’ ’ k
avTo ExeL kamowo. pnT pila, TV Omolo ypagoue 0g avaywyo KAAoua 7

((k,€) = 1). AmodeiEte Ot fla, vai klag. Tapatpiiote dtL avTd, eldikmTEPQ,
OUVETTAYETOL OTL, OV a, = 1, TOTE, AV TO TOAVMVUUO ExEL pNTI PLLA, 00T Elval,
VITOYPEMTIKA, AKEPULOL.
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13.

14.

15.

16.

‘H doxmon ot diver pia uéBodo aviyvevong OMmv TdV pNTdV PLLOV EVOG
TOAMWVUIOV UE AKEPALOVG CUVTELECTEG, OV VITAPYOVV TETOLEG.

AidovtoL ol AKEPOLOL Ay, ..., Ay 1,0y, N > 3 KOL Oplloue Avodpoukd: d, =
(a1, @), diy1 = (di, age1) Y02 < k < n— 1. Agigte pe emaywyn i tod k Ot ot
draupéteg o0 dy TOVTICOVTOL UE TOVG KOLVOUG dLOUPETEG TV dy, - . . , i, OTTIOTE,
eldikmtepa, dy = (ay, ..., ax).

"Eotw d = (ay, az, ..., a,) (n > 2). A€iEte Emaywyiko to £E¢:

(1) KaBe xouvog dtowpétng tdv ay, as, . . . , d, OLOLPET TOV d.

(2) Ymhpyovv AKEPALOL X1, X2, . . . , X, TETOLOL MOTE d = A1X] + ApXay + * + * Ay Xy,.
St amddelEn 1o § 1ot Bewpruotog 1.2.2, mod Emoue pdho TO 811 6 ¢ elvan

KOWOg dLoupétng tdv a, b;

‘H Goxnon att cpoteivel Evav elyypnoto alyoptuo yio vo vitoloyilel Ko-
Veig, 0Tav Tol 8000V ot OeTikol dképaiol a, b, AKEPOALOVS Xg, Yo, TETOLOVG MOTE
axy + byy = (a,b). Eniong, diver piow EvoOIOKTIKY ATOdeLEN TOT YeEYOVOTOG
OtL, TO TELEVTATO W) UNOEVIKO VITOAOLTTO TOT eVKAELDEIOV AMYOPLOUOL YLO TOUG
a, b ioovton pug 1OV uéyLoto Kowvo drapétn tovg (PA. Bempnua 1.2.3).
Aidovta ot Betikol dképaiol a, b Kot OEmPODUE TOUC 12 KAL G2, G3y + - s 125735 - . -
omwg avtol opilovroar 0td Bewpnua 1.2.3 (BA. Kol Tig dLadoyLKEG OYETELS
oty AtodelEN ToD TPDOTOU PHEPOVE aTol Tod Bempnuatog). ‘Opiloue:

Pi=q, Pr=qq+1, Pr=quPi1+Py yvak=3,...,n

Or=1, =g, Ok = qer1Qk-1 + Ok VW k=3,....n
N e Pk Pk—] _ k—1 \ ’ _ 5 )
(o) AmodeiEte Ot 0. 0 =(=D"" vy ka0e k = 2,...,n. AUTO, €L0L-
K k-1
Kwtepa, ovverdryeton Ot (P, Qr) = 1 yiukdbe k = 1,...,n.
(B") Amodeitre 611, v kG0 k = 1,...,n — 1 ioyvovv ol oyéoelg

Piripo + Praitier = a - Kol Oglsa + Opsi i1 = b

Eidikotepa, yiok = n — 1 maipvoue a = r, P, xoi b = r,Q,. Amd 10 Oempnuo
1.2.3 Eépope Ot 1, = (a, b). “Ymobéote T Ayvoeite aTO TO YEYOVOG KOl Arto-
deiEte, ut ) pondera Tdv Y kot 8 Tov Bewpruartog 1.2.2 kol To EpwTHUATOg
(o), 8t r, = (a, b).

(v) Mt ) Bori0eto tav (o) kol (B) dmodeiErte Ot aQ,_ — bP,_; = (=1)"(a, b).
(8) v a = 7168 xai b = 917 cvumAnp®dote TOV TAPAKATW TIvako Kol
gmaln0etoTe, 0TO CUYKEKPLUEVO ApLOuNTLKO Tapdderyua, To (o),(B) kol (Y):

k= 1 2 3 4 5 6=n
dik+1 =
Pk:
O =

Tk+1
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17.

18.

19.

20.

21.

22.

23.

24.

Axolovbhvtag T uebodoroyia Tod ApLOUNTLKOD TOPadElYIOTOG UETH TO Oe-
wpnua 1.2.3 vwohoyiote tov d = (654321, 123456) xai, Katomy, d0 dKepoli-
0VG X, Yo, TETOLOVG WOTE 654321 x) + 123456y, = d. Kotdmiy, dkohovOmvtag
™ uebodoroyia tig Goknong 16, HohoYioTE VEQ X)), Yo UE TNV 101 LdLOTNTO.
To 8 Ppiokel kKaveig SiagopetikEg MGELC (X0, Vo) OEV elvon mapdhoyo: PA.
aoxnom 29

"Eotm n > 2 kot Oempolue 0olovadtote n diadoytkois axkepoiovs. Amo-
O€lEte OtL, v droupéooue Kabévav amod attovg da i, T VITOAOLTOL, TOV OO
ndpoue elvan SrapopeTikd peta&l Toug. Amd adtd ovumepavote Ot O Evag,
axpLBdC, ATd Tovg 1 SradoyLkovg dKkepatovg elvol Statpetdg Sud. 7.

"Av (a,b) = 1 kai m,n > 1, dmwodeite 6t (@™, b") = 1, ug dvo tpdmovg: Mia
POPA YWPLG T PNON TG AVAIVONG TOV a, b OF TPMTOVG TAPAYOVTES KOL (i
delTepn popd, UE xp1oN avTiG.

(Tpagn) dkepaiov o0& b-adikd ovotnua apdunoeng). "Eotw axépotog b > 1.
Mo kédBe OeTikd dképaro a dkohovBodue Ty €Ef¢ dradikaoio. Extelotue
TV e0KAeldLa dLapeon Tol a du b, Eotw a = ba,+dy, 0 < dy < b. Avadpoukad,

vk = 1,2,... éxtehodue v evkheldela diaipeon tod a di b, Eotw a; =
k-1

bay, +di, 0 < di < b. AmodeiEte O, Y10 k0Oe k > 1 loylera = Z db' + a;b*
i=0

Kol yu koo i) k = n > 1, a, = 0. Zvumepdvete 0tL kaOe OeTikog

aKéponog a WTopel v YPOo@et uE ) popgn do + dib + - + d, b"", Smov

0<d,<byaxabek=0,...,n—1xaid,; >0. Aéue tote OTL Ypdpoue (7)

TOPAOTIOOUE) TOV a 0TO b-adikd ovotnua 1) 0td ovotnua aolBunong ué Pfaon

b. TIpogpavag, yuo b = 10 Exoue ) yvwot 10-01k1) mopdotaon tod a.

"Eotw a = bg + r u& a,b,r > 0 (ol g, r Wropel v TOPLOTAVOUV TINAIKO Kol
vdlowTo, dvtioTolymwe, Thg diatpeong To¥ a S b, AL adTd StV elvon
ATOPAlTNTO) KOi 1 67ToL00dNTOTE. ATTOSEIETE OTL VITAPYEL S, TETOLOG MOTE,
n—1=m" - Ds+n" — 1. * Mt ) porj0eta ahtod durodeiEte To EEfC:

1. n*=1,n" =1)=m>-1,n" - 1).

2. n“=1,n"=1)=n?-1,8novd = (a,b).

“Yrohloytote Tovg (182,422) kai (2311,3701).

Cpdaapte 10V (399, 703) g ypoukod ovvdvaouo (L dKEPALOVG OVVTEAEOTEG)
TV 399 xai 703.

“Yrohoytote aképareg Moelg Kdbe wdg amod Tig EElomoelg 547x + 632y = 1,
398x + 600y = 2 wot 922x + 2163y = 7, xpnOLWOTOLOVTOG KATAAANAQ TO
Beopnua 1.2.3.

4Xpnopomotelote Ty TawtdémTo X" — 1 = (x — DX + X" 2 + o+ x + 1).
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25.

26.

27.

28.

29.

30.

31.

32.

“Trapyovv aképateg MoeLg x, y ¢ €Elowong 1841x + 3647y = 1; Atkaiolo-
YNOTE TNV ATAVTION 00G.

AidOVTOL Ol AKEPALOL dy, . .., Ay 1, Ay, 1 > 3 KOL Opilopue aAvadpouka: my =
lai, asl, myy1 = [y, ar1] YW 2 < k < n— 1. AgiEte pe émaywyn €t 1ot k Ot
T TTOAATTAAOLOL TOD 117 TAVTILOVTAL UE TOL KOLVOL TTOMOTAGOLAL TV dy, . . . ,
omoTe, eldKOTEPA, My = [ay, ..., a;].
AmodeiEte Ot (a,b) = (a + b, [a, b)).

N& voroyro0otv 0o Oetikol dképatot, TV Omoiwv T Opolona eivol 64 980
Kal TO EMayLoTo Koo TOAATAGOLO Tovg LooTtat ug 58 639 842.

Ozwpotue TV ¢Elowon ax + by = ¢, 8mov ol a, b, ¢ elvaw Yvworol, ur) undevi-
Kot, Kal ol dyvmoTol x, y eivar dxépatot. "EE0moeL, TOV Omolwv ol &yvmoTol
elvol aképatol, 1) pnrol, Aéyovran Stopavrikés é€lomoelg, TPOG TNV TOU -
LeEavdpLvol noOnuoTtikod ALo@Aavtou, TV EAMVIOTIK®Y ¥pdvmv, O OTTot0g
EUELETNOE OLOTNUOTIKO TETOLEG EELOMOELS (O)L WOVO TTPDTOV Babuod).

(o) AmodeiEte &1, &v 6 (a, b) d&v Sraupel TOV ¢, 1) EElowon elvar advvar.
(B) "Eotw d = (a, b) xaid|c. ME ) Bor|0eL0. Th)g Glokmong 18 kal trobétwvTag,
YwpPLg PAAPN TG YevikoTTag, OTL b > 2 (Yot d&v PrastTeTal 1) YevikoTnTas),
amodeiEte Ot 1 EElowon ExeL pia, TouhayLoTov, dKépata Avon (X, Yo). Katd-
mv, Sei€te dt1, Y1 kKGOe k € Z, Mo elvan, Emiong, 1 (x,y) = (xo + kg, yo—k$).
Juven®dg, ov vdpyer wia. Moo Thg dogavtikiic EElowong, TOTe VITAPYOVV
amelpeg AMoelg tg. MmopoUue, Ouwg, va poywprnooue teplocotepo: Kabde
Moom Tilg dogavtikiic EElomong Exer TV mopamdve poper. Anhadr, av
(x1,y1) elvau, €miong, AMon tiig dogavtikilg ¢Elomong, Tote VhpyeL k € Z,
1010 HOTE X1 = Xo + k2 Kol y; = yo — k4.

Av biby # 0 kot Z—i = Z’—i, T0TE, YO KGO TP@DTO p loylel v, (ar) — vy(by) =
vp(aZ) - vp(bZ)-
Miopeite va ypnowpomomoete v doknon 10.

AmodeigTe Tig oyEoeLg

(a,b) = n pmin(v,,(a),vp(b)) [a,b] = l—[ pmax(v,,(a),vp(b)).

P mpdrog P mpdrog

Mt ) forfela abtd®V Tapatnpote 0Tl ATOSELKVUETOL AUECMG 1] OYEON
(a,b)la,b] = ab.

"Eotm OeTikOg Tp®dTog p Kol OetikOg aképaog k < p. AmodeiEte 0Tl O dw-

VUULKOG OUVTEAEOTIG (Z) glvon ToAoTAdoLo Tod p.
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33.

34.

TrodelEn: Apkel va amodeiEete 6tL 6 EkOETNG v), TOD dtwvupkod avtod ovviehe-

o) elvar OeTikdg. XpNOoLOTOLOTE TV TAUTOTN T, (IZ) = %(k: 11 ) Kol Tig fOoLKEg

2 14 ~ 9 14
1OL0TNTEG TOV £KOETN V).

Bpeite, ug ) fondeio 1dv mubayopeiwv Tptddwv, timovg do dKkepalmv
rapapétpov C Kol D, wod vi divouv Moeig tiig Stogavtikilg ¢Elcwong X* +
Y? = 7% ut X &ptio (uia mepimrmon), kol X meptrtd (devtepn mepimtwon).

MuunOeite, pué wkpeg TPomomomoeLg, v arodelEn 1ol Evkheidn yuo mv
VrtapEn ameipwv TpdTwv (Tpdtaon € tot Bewpnuatog 1.4.1) Kai dmwodeiEte
ot VThpyovv dmelpol TPAOTOL THG Hopeiic 4k + 3. Avdloya, dmodeiSte Ot
VITAPYOVV AteLpol TP@TOL TG Lop@iic 6k + 5.



Kegahoro 2

‘Tootinieg

210 Kepdhowo adtd, ol m, n elvol mavtote diépatol peyarivrepol Tod 1
Ta AaTvikd ypaupato ouuBorifovy mavto dkepaiovg

2.1 °‘Opiopnoi koi paoikes idLoTNTES

Ipoétaon - ‘Opropos 2.1.1  "Eorw axéoarog m > 2. OL Efic ovvOijkeg elvau (oo-
Stvaueg yo Tovg akegalovg a, b:

1. m|(b - a).
2. “Yméoyer axéoatog k, térolog wote b = a + km.

3. To vadlotrmo tii¢ Staugéoews Tov a Su m elvar 160 1é TO VTOAoLTO ThG Stagé-
oew¢ Tov b dua m.

“Orav uia axd ti¢ magaxdve toodvvauss ovvOijkes ainOedel, TéTe Yodgoue

a=b (mod m)
kol Swafdfous avrn 1) oxéon a io6Tiwo b uétpw m 1 a todtywo b modulo m. O
m Aéyetou nétpo TG tootiag a = b (mod m), ot 8¢ aptbuol a, b yaoaxtnoifovrau

iodTipoL uétpw m. 1 Avt) 1f ayéon lootiuiac uétow m eivar cyéon leodvvauiag oo
oUVOAO TV akeQalwv aoLOuUMv.

PES® elval oagig 1O mheovEkTnua YAmOOIKfig oikovopiag, mov mapéyel 1 xpnon Tig dotikiig
UETPW», INhad), «ig TPOg wétpor. H yprjon 1ot hamvikob modulo givar pdihov kokdnym ot EA-
MVIKG, Kol 1) AVIIKOTAOTOoT TG Gtd T MEN uddto(v), Tov tpoteivetal dmd KAToLoug oYy povoug
EMnveg ovyypageic (N. Mapuaptdng, A.Ntafic) wotdtel mohd 2Eetntuévn, &v kol eivan dxpipig
amd dmwoyn YAwooukiig avtiotolyiag tpodg t© modulo.

25
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AnrddelEn (1) = (2): ‘H vndOeon m|(b — a) onuaiver Ot VapyeL k, TETolo MOTE
b —a = mk, bpa b = a + mk.

(2) = (3): "Eotw &1L b = a + mk. "Av g,r gival, aviiotolywg, TO mniiko Kol 1O
vTolouTo TG dLaipeong ol a S m, 10te a = gm + r Kol 0 < r < m. ‘Omore,
b =a+mk = (k+ g)m+ r Kol 1 oxéon avT), TPOPAVDOS, AEeL OTL, TO TNAIKO THG
draipeong Tov b 1 m elvaw k + g Kai 1O DrTOLOLTO (FTOL aDTO NAG EvOtapéper) elval
r. Anhadn, ol dtowp€oelg TV a do m kot b dud m Exovv To 1010 VITOLOLITO.

(3) = (1): ’E§ vmobHéoemg, ol diapéoelg TV a dud m Kai b dud m Exouv to 1610
VITOLoOLTTO, TO Omoto &g ovuPolricoue r. "Eotm &tL ta dvriotouyo ko elvat g1, ga.
Téte a = mq, +r, b = mgy + r, ondte b —a = m(q> — q1), Gpa m|(b — a).

Méver v’ dmodeiEoue 8t 1| oyéon iootutag uétpw m eival oyéon icodvvauiog.
Avtomadng idotta: a = a (mod m) onuaiver m|(a — a), oyEon TPOPAVAOS AN OTG.
Zoppetpikn wuotTa: "Av vrtobéooue Ot a = b (mod m), tote m|(b — a), 6mdTE Kol
ml|(a — b). AN 1) TelevTaia oyéon onuaivel b = a (mod m).

Metafatikn duotnta: "Av vroBéooue dt a = b (mod m) kot b = ¢ (mod m), Tote
m|(b — a) xai m|(c — b), tpa 6 m drawpel 1oV (b—a) + (¢ —b) = ¢ —a. Abtd, £§ 6pLopod,
onuaiver dta = ¢ (mod m). 6.£.0.

"Av oi a, b 8tv glvon iodTLpoL PETp m, tote Aéue St elvon avodTiuor uétow m

Ozopnua 2.1.2 - Baoikég (610tnTeg TOV lOOTUUDV.

a. lootwuisg ué 10 1610 UéToo UmToEOvV Vi meooteOovv, v apalpeotv 1) va
moAAamiactacOovv Kata uen.

B. Ta Yo uéAn wag iootyuiag umogotv va vipwOotv otnv idia Svvaun,.

Y. Ta Svo uén wag lootwiag umogotv va, moAdamriaciacOovv ué tov i161o

aotOud.
& AV f(xq,. .., X,) elvar plon TOAVOVUULKY) TaQAOTAOT Ué AKEQALOVS GUVTEAE-
otéckala; = b; (mod m)yiai=1,...,n, 101¢ f(ay,...,a,) = f(by,...,b,) (mod m).

g’ Ta 8vo uéin wag tootiuiag kal To uéteo umootv va woliariactacOoiv ué
TOV 1610 0LOUO.

", Ta 8v0 uéAn wag tootiuiag umoQotv va StougeQotv ué Eva koo Stouétn Tv
Y0 ueddv tijg lootiuiag, aokel avTdg 0 SLaLEéTne v elval TOMTOS TEOS TO UETQO.

¢. Ava = b (mod m) kai d > 2 elvau Stawpétng ot m, téte a = b (mod d).

n" "Ava = b (mod m), téte (a,m) = (b, m).

AmodelEn  Aivoue ovvorrtikd Tig oUtwg 1) GAAwG amhég AmodeiEelg TV LoyvpL-
oudv ol BewpnUaTOoS.

o', Alvoue TV amddelEn vt dvo iootuieg a; = b; (mod m), (i = 1,2). T me-
pLocdtepeg ypetaletal amin émaywyn. "Exoue b; = a; + kim (i = 1,2) yudt KAITOL0UG
k; € Z. TIpooOagpalpdvTag aUTEG TG 0YE0ELg TalpVouE (b1 £b,) = (ajxay)+(kytky)m,
dnhadn, a; £a, = by £b, (mod m). TToAOTAOGLALOVTOG TG 1OLEG OYETELS TOULPVOUE
biby, = a1a, + (Cllkz + ark; + k]kzm)m, &p(l aia, = bib, (mod m).

B. "Eotw a = b (mod m). Tpdgpoue ot TV L00TLILR 11 POPEG KOl TTOAMAITAL-
otdCoue avtEG TG 1 TO TAT00g looTiieg Katd uéln (uropodue Aoy Tod o), Omdte
naipvoue a* = b" (mod m).
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Y. "Av a = b (mod m) kai k elvaw TuyOV dképatog, Ohoue viu det€oue St
ka = kb (mod m), dnhadn}, 6t 6 m Srawpel Tov kb — ka = k(b — a). Adto, Suwg, elval
abéc, dot m|(b — a).

&. ‘H mapdotaon f(xi,..., x,) eivar &0pooua memepacuévov mhfiovg Spwv
Thg nopii kx{' - - - x;». "Eme1dn) pmopodpe vo tpoodétope icotuuieg katd uéhn (Ao-
v 0D o), dpKel vo deiEoue OTL, Yo kKGOe TéTOLO uovdwvuo, loyvet ka{' ---a," =
kb{' ---by' (mod m). Tlpdynom, €§ fmoeéoswg, a) = b, (mod m),..., a, = b,
(mod m), Gpa, uE YPHon TV TPoTaoemy o, B Kal Y, exoue ai' = b}' (mod m),...,

a, = by" (mod m). ITohamhaobCovrag kot uékn, ai' - --a," = bi' --- by (mod m)
Kal, petd, molamhaoidlovrag én k, ka{' - - - ay' = kb{' --- by’ (mod m).

g’ Eoroo a = b (mod m) kol k onomooénnore H vtd0eon pag l0odUVaLET e
10 611 6 &2 glvou dépouog, OmoTe ( 9 elvon axéparog, dhadn, km|(kb — ka), ol
OTMUOLLVEL ka = kb (mod km).

¢’. "Eotwa = b (mod m) kol d kowvog Stoupétng TV a, b, 6 6Iolog lval TPMTOG
pog TOv m. Tpbgoue a = day, b = dby xai €goue va dei€oue OtL a; = by (mod m).
AMLOL 1) Vo0eon pog ovvertdyetor OTL O m dwoupet 1oV b —a = d(by — ay), €v®d
(m,d) = 1, 6mdte, amd Ty TpoTaon ¢ tod Bewpruartog 1.2.2 Exeton St m|(by — ay),
dmrad), a; = by (mod m).

T'. "H vmd0eom héel St m|(b — a). AMAG. d|m, dpo d|(b —a), dtéte a = b (mod d).

. Amo myy vmo0eon, b = a + km v kdmowov aképaro k, OmdTe, Apkel v

er

gpapuoooue v tpdtaon B ot Oswpfuotog 1.2.2.  6.8.9.

2.2 Zvomjuoto VIToAOLTOY

And Ty mpdTaon-optond 2.1.1 givor cogg dtt, Yl ka0e a Umdpyel Evag dxpLpdg
aképarog ap € {0, 1,...,m — 1}, tétolog WoTE a = a9 (mod m). ZTV TPAYUOTLKOTN-
10, 0 ay elvor 1O VtoroLTo Tiig Sroupéoewe Tod a St m. Eidaue, émiong, 1) oyéon
lootuiag pétpe m elvan oyéon icoduvauiog, dpa Exer vomuo v mhdpe yud kKAAoeLg
iooduvauiag, tig omoieg Méue kAdoes tootiuiag uétow m M| kAdoeis tootuiag modulo
m. ‘H xhéon iootuiog Tot a uétpm m ovuforileton a mod m kol elval, puotkd, Eva
ameLpo ovvoro. "Apa, a = b (mod m) & a mod m = b mod m. "Av, Omwg TAPATTA-
VO, dg ELVOL TO DITOLOLTTO THiC Stanpéoeme Tod a Sui m, tote a mod m = ay mod m, 8-
pa, ot kKAdoeig uétpm m elvanoi 0 mod m, 1 mod m,...,m—1 mod m. ITapdderyua.

"Eotw m = 12. ‘H xhaon tod 45 dmoteleiton dmd Ohovg (Tovg Amelpous) AKepaiovs
a, Y10, ToVg 0Totovg toyveL a = 45 (mod 12), dpa

45 mod 12 ={...,-51,-39,-27,-15,-3,9,21,33,45,57, .. .}
={45+ 12k : ke Z}.

"A¢ pavtaofobue Tpa OTL atd Kabe Ko Emihéyoue Eva, dkplpdg, dképato. Tote
oynuotiloue €vo 6UVOAO, ATTOTEAOVUEVO ATTO 11 TO TANO0G AKEPAOVG Ay, . . - 5 Ay, VAL
&00 aviooTiovg uétp m. “Eva tétolo otivolo héyeton TAfjoes ovotnua vmworoirwv
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uétpw (1) modulo) m. TO arhovoTepPo, KAl oUVNOETTEPQ Y PNOLULOTTOLOVUEVO TIAT)PEG

ovotue Vmohotmtwy elvor o {0,1,...,m — 1}, oL Aéyetouw éAdyLoto ur aovyTikd

wAfoeg ovotnua. “Evo dAho mAfpeg oVoTHUO VITOLOITMV, TTOV YP1OLUOTTOLETTOL
dpKeTO oUYVA, EIVOL TO

m m m

1, —

L TR, N T

Y, &v 6 melvan GpTiog
2 2 2 ’

Kol

(———, ——,...,-1,0,1,..., 5 T}, av 6 m elvon mepLTToc.
AVTO Aéyetan amoritwg EAdyioto mAtjpes ovotnua. Tlapadelyuatog yaprv, 10 4-
moAMTwg EMAyLoTo mATjpeg ovotnua Yo m = 12 elvon {=5,-4,...,4,5,6} kol yu
m = 11 glvan {=5,-4,...,4,5}. Tépav, duwg, adTOV TOV EXWPLOTOY OLOTNUA-
TOV, VITAPYEL Wiow QITELPT TTOLKIAL TANPWY cvothudtwyv. A.y., Yoo m = 6, 1o
{12,4,62,-11,9, 83} eivou mhijpeg ovoTUa DITOROLTWY, SLOTL

12=0,4=4,62=2,-11=1,9=3,83=5 (mod6),
Omtov mapatnpotue OtL T deEL0 LEAT KahbTtouy Oha T duvortd vrtohowta 0,1,. . . 6.

Ipoétaon 2.2.1 ‘Avidlay,as,...,a,} elva TAfoes voTnua vmololmwy uéto m, o
b elvar 0moL0681moTE AKEQAUOS TODTOS TEOG TOV M KO O € OTOLOGONTOTE AKEQUULOG,
1618 1O {bay +c, bas +c, . . ., ba,, +c} elvau, Exiong, TAGoeS cVoTHUA VITOAOITWY UETOQW
m.

AndderEn  Apxel vi dei€oue St ob dpduol ba, + ¢, bas + ¢, . .., ba,, + ¢ elvou avd,
V0o aviodTipoL wETp m, otnpitduevolr oty vtdOeon Ot ol apLduol ay, as, . .. ,a,
elvar dvd Svo avicotpor pétpe m. Mpdynott, &v i # j kol ovvépawe ba; + ¢ =
ba; + ¢ (mod m), tote, MpoobETovTag o’ avT) TV iootiuia TV —c = —¢ (mod m)
0 maipvape ba; = ba; (mod m) Kai katdmwy, Gtd Ty wpdtaocn ¢ 1o Bewpijuotog
2.1.2, Stapdvrag duie b, oL eivar Tp@dTOC TPOG TOV M1, 08 KOTOA|YOUE OTI) oo
a; = a; (mod m), 1 6molal AVTLPAOoKeL OTHV Vmobeon. 6.£.0.

"Ag Bewpnooue TP KATOLOV a TP®MTO TPOG m Kol b Omolovdnmote ApLo-
wo Tig KAdong @ mod m. And T mpdtaon 1 tod Oewprjuatog 2.1.2 Emeton Ot
(b,m) = (a,m) = 1. "Apa, &v évag apOudg wag KAdong uétpm m eivon mpod-
10¢ 7TPOG M, TOTE Kal kdbe dAhog dpdudg avtiig Tig KAAONG Elval TPpdTOG TPOG
m. Karaypnotikd, Aéue dtu avt) 1 KAGon elvol mpdTn mpodg m. “Ag Qovio-
o0olue twpa OTL EYoue Eva TATNPEG GVOTNUO VITOAOITT®MV UETPW M KAl ATO AUTO
gméyoue Exeivoug Tovg ApLOUOVE TOD CLOTHUOTOG, Ol OTOTOL EIVOL TPMTOL TPOG
m. T ovvolo, oV hauPavoue ug ovTd TOV TPOTTO AEYETOL TEQLOQLOUEVO GUGTIUA
uétpw (1) modulo) m. ’Av, yur mopdderypua, m = 10 kai Oewpnooue 10 TATPES
ovomua {15,11,22,33,-11,-12,-23,6, 14, 100} (¢réyEte 11 elvol Svtmg mAfipeg
ovotua pétpe 10), ToTE TO TEPLOPLOUEVO GVOTNUO VITOAOLTWYV, TTO TPOKVITTEL €1~
vou {11,33,-11, =23}, du0tL 0010l KOl wOVoV ol dptbuol ToU TANPOVE CUOTUOTOG
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elvar wpdTol mpog 10 10. Mapatnpiiote 81, Yo mapdderyua, ol dpibuol 7, 17, -63,
7oL avikovy othv kAdon —23 mod 10, elvau, £miong, Tpdrot Tpdg tov 10.

Av {ai,...a,} kol {by,...,b,} elvolr TAjpn ovotiuato vololmwy, TOTE K4OE a;
elvan tooTiwo pétpe m pg akplpdg Eva b; xal, 6mog mapatnpioaue Tapamdvo,
elvon (b;,m) = 1 v, xal pdvo &v, (a;,m) = 1. Zvvendg, Evo meploplopuévo obot-
(oL VITONOLTWV, ATTO OTOLOONTTOTE TATIPEG CVOTNUO KL OV TTPOEPYETAL, EXEL TO 1OLO
A00og apOu®v. "Av émhéEoue, AoLtdv, T EMAyLOTO W) APVNTLKO TATPEG OVOTHUO
VITONOLTTWV, TOTE TO TEPLOPLOUEVO CVOTNUA, TTOV TTPOKVITTEL AITO AVTO, ATTOTEAETTAL

4md gxelvoug tovg dpduoig 1,...,m — 1, ol dmolot elvau p®TOL TPOG TOV Mm.2 To
MiBog Tovg ovuporileton ¢(m). ‘H ocvvaptnon ¢, mov o¢ Kabe m > 2 AvILOTOLYED
10 tAii00¢ ¢(m) TV dxepaiwv 100 ouvvolov {1,...,m — 1}, ol Omoiol elvor Tp@dTOL

TPOG TOV m, Aéyetan ouvagtnen ¢ 1ot Euler. ZUugovo, Mooy, ue 0oo eimoue
nplv, KAOe meploplopévo ovotnra Vitololwv TepPLEYEL ¢(m) Tt TAT00g apLOuovg.
To Oedpnua 2.2.3 mopéyel TOmo Yo TOV VITOAOYLOWO ToD G(m) dTav elvol yvwo) 1
KAVOVLKT) Avalvon tod m.

Ipoétaon 2.2.2 ’Av aj,ay,...a; elvar TEQLOQLOUEVO GVOTHUC VTOAOITWV UETOQW
m (k = ¢(m)), xai 0 b elvor To@dTOG TEOG M, TOTE bay, ba,, . . ., bay eival, émiong,
TEQLOQLOWEVO GVoTNUA VToAOLTWY UETOW M.

AnddarEn  Tpdto mapatnpodue Ot KaOe aplOuodg ba; elvan TpdTOg TPOG TOV M.
ADTO mpokvmTeL Ad Tig vwobéoelg (a;, m) = 1 kai (b,m) = 1 kol v mpdTaon ¢
T0U Bewpnuarolg 1.2.2. Mével thpa v’ amodeiEoue Ot ot dplbuot ba;, i = 1,...,k
elvan avdl 0o aviodtpor wétpw m. Mpdypaty, &v ba; = ba; (mod m) u& i # j, tote,
artd v mtpdTaon ¢ tod Bewpripatog 2.1.2 & mpoékvrte a; = a; (mod m), dromo.

0.£.0.
Atvoue Topa Tig faotkeg idLdTnTeg Thg ovvapTtnong ¢ tol Euler.

7

Oesopnua 2.2.3 a’. "Av (m,n) = 1, téte ¢p(mn) = p(m)p(n).

B. Avm = pi'--- p* elvaw 1) kavoviki) avddven Tov m, Téte
1 1 al—l ak—l
pm)=m(l - —)---(1-—)=p" - pi" (pr =D (pp— D).
P1 Pk

ITooxkeévov va ovumeotddfous 6to medio opuouot Tig ¢ kai to 1, ogiloue ¢(1) = 1.

Ano6delEn o "Eotw M Kol N Teploploptévo. GuoTHIOT DITOAOLTOV UETPQ M KAl
n, Avtotolymg. Gemwpodue TO oVVOLO

S={mx+ny: xeNyeM)

Kot 00 doTue KAToleg 1dLOTNTEG TOD S
(1) "Av x1,x2 € N, y1,y2 € M K0i x| # X, €(T€ Y| # Y2, TOTE mX| + Ny, & mx, + ny,

2T 1d10 eivan, v mobue ém, dmoteheiton amd Tovg apduovg 1,...,m — 1,m, ot dmoiot elvow
TPATOL TPOG TOV M.
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(mod mn). Mpaypatikd, ag vwobéoope, diywg AL TG YeEVIKOTNTAG, OTL X| # X).
Tote Kol x; # xo (mod n), dLOTL Ol X1, X3 AVIIKOUV 0TO oVoTNUA VTolotmtwv N. “Av
toyve mx; + ny; = mx, + ny, (mod mn), tote O& ToyVE KOl mx; + ny; = mx, + ny,
(mod n) (wpodTaon £ tod ewpruatog 2.1.2), dpa mx; = mx, (mod n), dgov ny, =
0 = ny, (mod n). AN (m,n) = 1, Gpa, SLoLPMOVTAG dLdL 1, KATOAYOUE OTNV X| = X,
(mod n), o¢ avtiBeon ug 0,TL TOPATNPNOOUE AMYES YPUUUES TTLO TAV®.

(i) K&Be apbuog 1ot S elvan tpdrog mpog tov mn. Mpdyuatt, Eotw mx + ny € S.
Eivau (y,m) = 1 kai (n,m) = 1, dpa, phoeL 1OV mpotdocwv € Kal B tod Ocmprjuatog
1.2.2, (mx+ny, m) = (ny,m) = 1. Avahoya., (mx+ny,n) = 1, Gpa Kai (mx+ny, mn) = 1.
(iii) 210 S TO X draTpéyouv P(n) Kol T y Pp(m) dLopopeTiKeEg TUEG, Apa. TO TTA00g
TV ApOudv toU S eivar ¢(n)g(m). ‘Omwg eidaue otd (i), ol dpLduol avtol eival
aviodTiuol uétpw mn, Evd, My tod (i) elvar TpdTol pdg TOV mn, Epa dmotehotv
VITOGVVOLO EVOG TTEPLOPLOUEVOU GUOTNUATOG VITONOLTTWV UETPW M.

(iv) O deiEope Tpa Ot KAOE ApLdudC TP@MTOG TPOG TOV MmN elvoL LoOTLIOG UETPW
mn Ug KQoLov aod tovg dptbuovg tot §. Avtd, ot cuvdvaouo ue to (iii) 00 uag el
1Lt S elvar Eva meploplopévo ovotnua Vrroholwv Kai &yt, ArAdg, Evo HTooVVoLo
TEPLOPLOUEVOL CVOTHUOTOG Vtolotmtwy. "Eotw, Aowtdv, k TpdTog mpodg mn Kol ag
Bewpnooue tovg apbuovg mé —k, £ =0,1,...,n— 1. Bdoel tiig mpdtaong 2.2.1, ot
apLOpol avtol AmoTtelolV TAfjpeg 0VOTHUC VITOAOLTWV UETPW 1, Bpa. YO Kamowo &
toyveL mby — k = 0 (mod n). AvT) 1) tehevtaio oyéon udg Aéer OtL VitdpyeL z EToL
hote ml —nz = k, dmov £ = €y. ME yp1jon TV tpotdoewy € Kai B tol Oewpriuatog
1.2.2 Brémoue &t (£, n) = (ml,n) = (m€ — nz,n) = (k,n) = 1, dpa. 6 £ eivon iodTiwog
UETPW n UE Kamolo xy € N. Avaroya, (—z,m) = (—nz,m) = (m€ — nz,m) = (k,m) = 1,
dpo 6 —z elvan lodtpuog uétpe m ue kamowo yo € M. "Etou Exoue £ = xo (mod n),
Gpa (mpotaon € 1ot Oswprjuartog 2.1.2) mé = mx, (mod mn) xali, éxiong, —z = yo
(mod m), Gpa. —nz = nyy (mod nm). IpocOétovrag Katd Wy, mé — nz = mxy + ny,
(mod mn), dnhadn, k = mxy + ny, (mod mn), Omov mxy + nyy € S.

Zuvopitovtog, Katalyoue 0td ovumépaoua 0T, 10 S ug TAn0dpLduo ¢(m)e(n)
elvol TEPLOPLOUEVO oVOTNUA VIToAOITTMVY uétpw mn. AAAL Eva meploplopévo ovoT)-
(o VIToAOLTT™Y PETPW mn TEPLEXEL p(mn) dpOuovg. "Apa, p(m)p(n) = ¢(mn).

B. Tpogavdg, 1 mpdTaon o YEVIKEVETOL Kb Yid TEPLO0dTEPOVG ATTO SO
apLBpove, dpket adTol vi elvan ava dvo modtor ustad Tovg. ‘Omote, dv Exoue TV
Kavoviki) avaivon ot m, dmwg oto B Tiig Ekgdvnong, tote

¢(m) = ¢(py') -+ ¢(p;") (2.1)

Kol ApKeL vO. BpoTue Eva YEVIKO TUTO Yo TO ¢(p?) 0T p mpdTog Kai a > 1. Avto,
Suwg, elvan edkolo: Ofhoue vi Umohoyioope mdooL OeTLKOL AKEPALOL WKPATEPOL
100 p® elvar mpdToL mpodg TOv p?. Elvaw edxoldrepo va voloyiooue mdool v
elval, S0t Evag apduog dtv elvan mpdtog mPoOg TOV p® &v, Kol udvo &v, eivor
moAhartAdoto Tod p. To Oetikd TOAATAGOLO TOU p TO IkpOTEPQ TOU p¢ Elval ol
apduol p,2p,3p, ..., (p71 = 1)p, 6modte, 1O MAO0¢ Toug elvar p*~! — 1. "Apa, TO
TAf|0o¢ TOV OeTik@V dKepaiwy, TOL elval KpOTEPOL TOU p? Kol TP®TOL TPOG TOV
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petvan (p¢ — 1) — (p~' = 1) = p* — p* ! = p(1 - %). "Etou, ¢(p*) = p*(1 — é) Kol
Thpa o TV (2.1), Exoue ol evkola TOUG droderktéovg THTOVS.  0.8.0.

Osopnua 2.2.4 . (Buler) Av (a,m) = 1, téte a®™ =1 (mod m).

B’ (Fermat) "Av 0 p elvau mo@tog kai (a, p) = 1, téte a’~! =1 (mod p).

Toodvvoun dtatvmwon: "Av o p elvaw me@tog, Téte a” = a (mod p) yud kGOt a.

Y. Av (a,m) = 1 kal v = u (mod ¢(m)), téte @’ = a* (mod m).

Ano6delEn o "Eotw k = ¢(m) Kai {ay, . .., a;} Eva meploptopévo ovoTnua Hrohol-
TV UETPE m. Amod 10 Osdpnua 2.2.2, 10 {aay, . . ., aa;} €lvau, £xiong, mepLOPLOUEVO
ovotnua Voholmwy uEtpw m, dpa, Kabévag Amd Tovg dplbuovg Tod devtépou
OoVOTNUOTOG VITOMOLTWV Elval LodTIOG UETP® M uE Evov AkpPDE dmd Tovg apLo-
Hovg TOD TPMTOV CVOTHUATOG, OmtoTE (aa,) - - - (aay) = a; - - - a; (mod m), dnhad),
ad“(a;---ay) = ar---ap (mod m). AN (ay - - - ax, m) = 1, d1OTL Kabévag dtd Tolg a;
elvol potog Tpog m (BA.L tov Bewpruatog 1.2.2), dpa, dtopdvioag Kai T dvo
wéAn St a; - - - ax (PA.¢’ Tov Bewpfuotog 2.1.2), Katakyyoue oty dmodelktéo at =
(mod m).

B". "Eqopudlovtag tO of UEPOg YL m = p KOl TApOTNPOVTAG OTL, TPOPAvVO,
#(p) = p — 1, kotalnyoue 0TV ATOJELKTEN OYEDT).

Y. “Ymobétoue, diywg PAAPN ThG vevikdTTOg, OTL v > u. AdYQ TG Vv = u
(mod ¢(m)), ovwrepaivope OtL Vrdpyer Oetikog dképarog €, TETOLOG MOTE v =
u+ £p(m). Apa, Moyo Kal tol Bewpnuatog tov Euler,

a =d' @™ =g - 1“=d¢* (mod m).

0.£.0.

Mia pogavig, aAhd EEaLpeTIKO XpNouun, Epapuoyn ol Bewpnuatog 2.2.4
elvol 6 VroloyLopdg Tod VmoAotmov wag diatpeong ueydhov apldudv, dtwg @ai-
vetow 0o 10 mapokdto mapdderyna. H tetpiuuévn moparipnon eivon ét, &v
a = r (mod m), xoi 0 < r < m, ToT€, TO VIWOLOLTO Tiig Sraipeong Tob a it m elvar
r. ‘H mapompnon avt elvor pogaviig ouvdvaoudg Tiig mpotaong 2.1.1 kal tod
yeyovoTog Ot T VIOLoLTo Tig Sratpeong Tov r dul m glva .

Iopaderypo VToAoYLoROD TOV VTOAOITOV dropéocms. Na vroroyioOsl TO
vabdlowmo tiig Swaipeong tov 17437937 Sue 57624.

Apkel vo Vmohoyioope w apvnTuiko r < 57624, tétowo wote 17437
(mod 57624). Tlpdta-mpdta, T Vmdrolmo Tig diaipeong Tov 174379 dui 57624 €i-
var 1507, 8pa, 174379 = 1507 (mod 57624) kai, ovvendg, 174379371 = 15073297
(mod 57624). TIpiv mpoywpnoope vtoroyiloue ot (1507,57624) = 1, dpa wropoT-
ue va épopudooue o Oewpnua tod Euler ue a = 1507 kai m = 57624.

Mg ) forifera Tod Bewpnuatog 2.1, Vroloyiloue

932971 = r

$(57624) = ¢(2* -3 - 7*) = 57264(1 - %)(1 - %)(1 - %) = 16464,

&v@ 1O VIodLouo Tiig dradpeong Tov 32971 duh 16464 givon 43. "Apa, 32971 = 43
(mod 16464), 6ote, dmd 1O Y 100 Bewprinotog 2.2.4, 150737 = 15074 (mod 57264).
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Méypt otiyut|g, AoLTov,
174379°%7 = 1507  (mod 57624) .

‘O Vmohoylopdg To 1507% uérpw 57624 umopel v yiver ut dibipopovg cuvdva-
ouovg. “Evag tpdmog, Yo mopdderypa, @oivetol tapakdto. Ot Urohoylouol Exouv
yivel ug Koumovtepdkt Toémng. =& Kabe ypauur, 1 mo de&t tootyuia mod 57624
OQeILETAL OF VITOLOLTTO SLOLPETEMG, ONAAOT), OTNV TTPWTN YPOUUY, YL TapAdeLyua,
elvar 2271049 = 23713 (mod 57624) 161 10 VrtdroLmo Tiig dSiatpeong Tod 2271049
d1 57624 elvan 23713. Avédhoyo. kal otig EAheg ypauuéc.

15072 = 2271049 = 23713 (mod 57624)
1507° = 23713-1507 = 35735491 = 8611 (mod 57624)
1507 = 86112 = 74149321 = 44857 (mod 57624)
1507° = 44857-8611 = 386263627 = 9955 (mod 57624)
1507 = 99552 = 99102025 = 46369 (mod 57624)
1507*! = 46369-8611 = 399283459 = 6763 (mod 57624)
1507 = 67632 = 45738169 = 42337 (mod 57624)
1507% = 42337-1507 = 63801859 = 12091 (mod 57624)

Suvent®dg, TO Tnroduevo vtorowo eivon 12091,

2.3 “Yyowon ot duvoun

TO mapdderypa VTOAOYLOUOD 0TO TELOG THG TPONYOUUEVNG TTAPOAYPAPOV WTOPET VAL
yiver mod uedoduxd, &v ypdpoue 1oV k04t 43 g dSvadikod dpLdud by +2b; +2%b, +
23b3 - -, dmov k4Oe b; eivon 0 7 1. T by, by, bs, . .. €lvar T Svadikd Yneia (bits)
T0U apLOuod. T mopdderypa, T dvadiko Yneia tod 43 voroyilovtar mg €EfG:
Aqod 6 43 elvau meprttde, Emeton &1L by = 1. Tpa, 43 = 1 +2b; +2%by +2°b3 + -+ -,
Gpa 21 = £2L = b + 2b, + 2%b3 + - - -, 6mdTE, Apod 6 21 elvou mepttog, by = 1.
Meta, 10 = %1—2_1 =by+2bs + -, 8pa by = 0, dpod 6 10 elvar dpTiog. Svveyifoue:
5= ~170 = b3+ 2by + ---, Gpa by = 1. Tehkd, Bplokoue OTL TO dSVAdLKO Ynpio Tov
43 eivou (by,...,bs) = (1,1,0,1,0, 1) xai ypheoue 43 = (101011). T yevika, av
by, by, . .., by elvar T Svadikd Yngio kdmorov Oetikod dkepaiov N, ypdgoue N =
(b . .. b1bg). ‘O cuuPBOMOUOG QUTOG YXPNOLUOTOLETTOL UOVO 6 QUTT) TV TAQEYQUPO.

To mopatdvew Topaderyua alg VITOAELKVVEL GOPDS TOV TAPAKAT® AAYOPLOUO.
Kavoue ypnon tod ocvuforionod [al,, yio vo dnhdoope to VTOLoLTo THg dtaipeonc
toD a d1o to m > 1. ‘Omote, 6 oVUPOAMOUOG 0TOV AlyopLBuo [al, onuaiver 0, Gv O
a eivar Gptog kol 1, &v 6 a elvan meprrtdc. "Emiong, mapatnpijote Oti, v 6 B elvan
OeTLKOg AKEPALOG, TOTE

[B] B av B GpTiog
21 5~ &v B mepirtdg
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AATOPI®MOE METATPOIIHE ZE ATAAIKO.

Eiodayetan Oetikog axéporog N.

EEGyovtal to dvadika ymeia by, I =0,1,2,... tod N.
[iveton ypnon tov pondntkdv petapintdv I xoi B.

<0 : B« N

ENOZQ B > 0 EIIANAAABE

bi=[BL, : B2 : Iel+1
TEAOX EIIANAAH®¥HZ

TEAOX

‘O mopamave alyopLduog meptéyetar, Lailov Kpuupuévog, otov Alyoptopo Mpmong
o€ dUvaun, Tov OO TTEPLYPAYPOUE TOPAKATM Kol TOU OTTOLOV 1] AVOAUTLKY) TTEPLYPOLPT)
elvow 1) €Efc:

"Eotm 611 0éhoue viu Umohoyiooue tov a uétpe m, dSnhadn, ut tov oupuPfolt-
ouod oy apyl) AT Tig mapaypdgpov, Oéhoue vi vroroyiooue OV [aV],. "Eotw
N = (b, ...b1by) T0 dvadikd Yneia b; Doroyiovral SLadoyLkd ue TOv aiydotbuo
uetargonis oe dvadikn uoogr. "Emiong, fondntikd, vmwoloyiCovtal, o kaOe Prina
k, aplOuol Dy, Koi Ay.

Aoyixo prua 0: “Ymohoyloe

0 [a]m ov by =1
bo, Do =1[a"1n = laln, M=Wm={ 0

1 &V bo =0
Bijua k: "Eyeig )dn vmoloyiosl
bo, ceey bk 5 Dk = [a2k]m s Ak — [a(bkblbo)]m

"Av 10 by, elvar 1O TeEhevTaio Svadikod Yngio Tod N, tdte Ay = [a”],, ~-TEAOE.
ALapOPETIKAL,
Brua k + 1: “YmoldyLoe

%u%FW%ﬁwmﬂmﬂﬂmmm:W%Mm%%Fl
Ak av bk+1 =0
Od dodue TOPa TAOOOL TOAATAACLAOUOL ATTOLTODVTOL UEXPL VO TELELDOEL 1)
mopostave dwadikaoto. Kot dpyds, Myovtog «TtoAaTAaolaouwos» TV a, b, yio
TOPAdELY AL, EVVOODUE «TOMMOATTAAOLOONOG UWETP® m» TOV a Kai b, dnhadr), Ttpod-
Kertow Yo Tov Vtohoylouo [ [alu[bln 1m. "Emewdn) 0 < [al., [, < m, amartelton 1)
gVPe0T 10T VITOAOITTOU THG dLalpeong €VOG W) ApVNTLIKOD AKEPOIOU, WKPOTEPOU TOD
m?, St m. Avtog 6 Vmoroyiopdg OtV kooTilel oM WTopel Vi Yivel Ut oToL ELm-
deig mpaEeig, ov O mAT00g Tovg ppdooeTal dmd pia otadepd Emi (logm)!8. To
Dmua adto elvan mépav Tod oKomol avT®dv TMV onueldoswy. Iaviwg, avtd, mov
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npémeL v KpaTi|oeL Kavelg, elval 8TL 10 «k60Tog» ToU TOMATAACLOOoNOD UETP® m
d&v nag poPAnuatiler TePLoooTEPO GO TO KOOTOG £VOG ouVI|00UE TOMATOAGLOL-
ouol BeTIK®V dKepaimV WKPOTEPMV TOU M.

"Enavepyouevot otov ahyopliud nag, mapatnpodue 0tL, 0td apyko Buc d&v
KAvoue olhosalotaopno 1| VYwor og dUvauy, Eva 10 TEépacua amd To fHua k 0Td
Brina k + 1 drtontel pio VPwon oto TETPAYWVO Kai, TO TToh, £va molamhaotaoud,
dnhadn, dvo, 1O oA, molhamhaotaouovs. Apa, v N = (b,...b1by), 10Te 1)
TOPOTAVED dtadtkooio dmortel 2n, TO ToAD, molamhaotoouovg. “Ouwg, N > 27,
apan < 11‘;% Kal, ovvendg,

[ tov vmohoyoud tot a” (mod m) dmoutotvran, TO TOAD, [2
TTOMALTTAOLOLOLOUOL.

log N]
log2

‘H mapamdvo dLodikaoio CUUTUKVOVETOL OTOV TAPAKATO Koupo dlyoptouo.

AATOPIOMOE T¥Q3HY ZE AYNAMH.

Eioayovtan dxépaorm > 1, a # 0, N > 1.
"BEayetan [a],,, dhady), T vdrowTo Tijg Sratpeong tov a dud m.
[ivetow ypnon tov pondntikdv petapintdv A, B kai D.

Apyko Bijua: A «— 1, D « a, B« N.
ENO=Q B > () EIANAAABE
AN B mepittog, A <« A - D TEAOE AN
D « D?, B« |B/2].
TEAOS EINANAAHWHS
TOmwoe A
TEAOX

Mt 1OV alydpOuo avtov, 1) Stadikaocta vmokoylouwod Tiig dSUvaung a*’, 1 omoia
EYLVE AVALVTIKO TNV aPYY 00TOT ToD £0apiov, ‘KWOLKOTOLETTOL 0TOV TOPAKATMD
mivoko:

A |D|B]
1 a |43
a | a* |21
a | a* |10
a | a® |5
2 4% | 2
A 221
a43 a64 0
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24 ‘H xpurroypagiki uédodog RSA

B0 dwooue T Paotky) tdéa Thg nebodov RSA, mov émvondnke Katd T TEAN TG
dexaetiag Tov *70 dmd Tovg Rivest, Shamir, Adleman®. Aubipopeg Teyvikeg hemtoué-
PELEG OYETLKEG UE TNV EQOPUOYN THG LeBGdOV oIV TPGEN 6EV O 1ALg AT OMOOVY
€0 0.

davragonaote 1L Eva wjvopa eivor wlo memepoaouévn dadoyly dkepaimv
apOudv. T mapdderyua, Gg dviiotoryiooue otd A tOv apbuod 01, otd B 1o
02,..., 010 Q 10 24 K0l 01O «KeVO» TO 25 Kai Gg Evivoue ava d0o T YpAuuaTa,
hote v oymuatiCouvy 4yfgrovg dkepaiovg. “Etot, 1O wijvopo

[TOAEMOZXZ ITATHP ITANTQN
UeTaTPETETAL 0TO EENG dtdvvouo 4yneimv dxepaiwy
u=(1615,1105,1215, 1825, 1601, 1907, 1725, 1601, 1319, 2413)

Omov to 1615 mtpoépyeton atd To IO, 10 1105 &rrd 10 AE, k.6.x. To 1825 mpoépyetal
A7t0 TO Z TOU «TOLEWOG» (TO Z aviloToryel 0tod 18) Kal T0 Kevo (AvTLoToLyEel 0To 25)
UETAED TOV MEEEWV «TTOMEUOC» KAl «TTATP».

Kd&be €vag, mov émbuuel v otéhvel Kal vo Aaufaver unvopoto, 6g motue 1
AT'NH, émléyer kai dNUooLomtoLel T dnudoto kAetdi ™ (n, e). 'Ed®, n = pq, 0mov
p # q glvon pdToL, peyaliTepol amd TOvV dpdud 2525 (= 1 ueyaihtepn duvot)
Ay @Lo. ouvioThoo EvOg uNVOROTog () Kol e elval Evag 0etikdg dképalog TpMTOg
npog TOV d(n) = (p — 1)(g — 1). Oi mpdTOL P, g £lvaL YvwoTol udvo ot A.

Kamoia otypr), 6 BIKTQP dmogaoiler va oteihel otv A €va ufvopa u. Bpi-
OKEL 0& KATTOL0 «dNUOCL0 KATAMOYO» TO KAEWDL (11, €) THIG A, Kai Evepyel mg €ETC: T
KAOE oUVIOTOOW a ToD APLOUOTONUEVOU UNVOUOTOC TOV i VITOMOYILEL TOV EMAYLOTO
OeTiko apOuo g khaong a® mod n. Metatpémel £Tol TO ddvvoua i 6° Eva VEOo
dudvuoua, pg to 1010 TM00g CUVIOTWODV, ML TOM SLUPOPETIKES OUVIOTMOEG
ATTO TG APYLKEC.

[N Tapaderypa, €otw Ot 6 B Bplokel 0tOV dNUOoLo kKatdhoyo 0Tl TO KAeLdl
g A elvar (n,e) = (49144364409017,1365911). T kéOe 4ynjpro. oUVIOTHOOO,
a 100 pnviuatdg tov, 6 B vmoloyiler a'¥°! mod 49144364409017. “Etoi, 10
uvopa «ITOAenog TaTp TAVIWY» UeTaTpEmeTaL wg £ENc. Ol tootiuieg EvvolvTot

¥EE ob kol 1) Ovouacto RSA
YOgenduevo otov “‘Hpdxherto.
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mod 49144364409017 :
16151391 = 30709871603611
1105139911 = 41273825308431
1215136911 = 9164816839987
182513611 = 12180136144268
16011391 = 14492511666169
190713911 = 47865660368437
1725136911 = 37381475485785
160113611 = 41273825308431
1319136911 = 42843960910675
2413136911 = 26456721815013

"Etol, 6 B 04 oteider oty A tO dudvuopo puE ovviot®oeg T OeElo néEAY TV
mopostave 10 ootyudv. ‘H A kotookevdlel 10 «avtikAeidr d tod KAedlod g
(n, e), g £ENg. "Emeldn) yvwpiLer Ot 1) avélvon Tod 1 o0& IpdTovg TapdyovTeg elvol
3295321 - 14913377, umopel vo. voloyioetr Ot ¢(n) = (3295321 — 1) - (14913377 —
1) = 49144346200320. Eivoui, amd gmloyn Tig A, (e, ¢(n)) = 1, 6mdte 10 B 10D
Oewpnuatog 1.2.1, vdpyovv d, y, Etol dote de + yp(n) = 1, dpade = 1 (mod ¢(n)).
MropoUpe, pdhiota, v vobécope 0tL 1 < d < ¢(n), dvitkabLotdviog Tov d Ao 10
VITONOLITTO THG dLOLPECEMG TOV AL P(1), Av Y PeL0.oOEL. ‘O TPAKTIKOG VITOLOYLOUOG TOT
d umopet va yiver uéo tijg axolovbiog s; 1ol Oempnuatog 1.2.3, kat’ avaroylov ug
10 Topdderypa £keivou 1ol BewpNuaTog Kot To TAN00g TOV ATonToviévmY fnudtmnv
glval, 1O oM, Tijg TdEewg ToU log, n.

AvTOC O dplbuog d, ol 0TO OUYKEKPLUEVO TTapadeLyua Vtohoyileton d =
12848342058791, eivor 1O dvrikheidt ToD kAewdov (1, e) Tiig A. Tlpdypatt, &v yui
uio ovviotwoo a Tod Kabapod (U kpurroypagpnuévov) unvionatog tod B ioyet
a* = b (mod n) (;.y., i a = 1615 elvar b = 30709871603611), tdte, Kdvovtog
xpnon kol tov Y Thg mpdraong 2.2.4, Exoue b? = a*’ = a (mod n), &pa, ut TOV
vroroytoud b? mod n 1) A Bplokel TOV dpyLkd 4ynfgro aptbud a. “Etol, Dmohoyitel
(BA. TV TOpATAVOD ALOTO LOOTUULMDV)

307098716036117 = 1615, 41273825308431¢ = 1105, ...

Kot fplokel 10 KaBopo wvvuo u = (1615, 1105, .. .,2413). “Yotepa, xwpllovidg To
o€ drympra tuquota 16,15,11,05,. . . kot aviotoywvrog ta ypauuoto IT,O,AE,. . .,
drafatel To upvouo tod B.

IMatt Kavelg GAAOG, TTATV TG A, &V UTTOPET VAL ATTOKPUITTOYPAPYOEL TO UVUULL,
olte Kav 0 1d10¢ 0 B, &v 10 Eeydoet; ALdTt, YLl vo DTTOMOYIOEL KOVELG TO AvTLKAE(SL d,
TPETEL VO WTTOPEL VO VITOMOYIOEL TO P(1n) Kal YLd TOV 0KOoTto avtd dev E€poue, uéypt
ONUeEPQ, Kavéva dALo TpOTTo, Tapd UOVO HECW TG TOPAYOVTOTTOINoNG TOD 1. ZTHV
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npdEn, 6 n glvar yrvduevo dvo Tuyainv TpdTwv’, ol kadévag umopel vo Exel, dg
molue, 150 Yneia (o dekadikd ovotmua apibunong). Kaveig uéypl onuepo d&v
WITOPET VO AVOLDOEL OE YLVOUEVO TTPDOTWV Eval TETOLOV apLOud n, diywg voL E0déet
TPELC, 1] KOl TEPLOCOTEPOVGS, OULMVEG VITOLOYLOUOD UE LOYVPOVE VITOLOYLOTEG!

2.5 ’AoKN0oELs TOU KEQAANiov 2

ZTig Emdueveg AOKNOELG, OTTOV YIVETOL MOYOS YLOL TO Ympia EVOG dpLOuo
010 deKadLKO ovoTHua dpibunong, vo Exete VT OYer T £ENG: AV T
Yymepta TOV wovddwv, dexddwv, kAT tob dptduod elivar ag, ai, ..., d,,
TOTE O ApLOUOG loodton ue ag + 10a; + - - - 10"a,,.

1. AmodeiEte S, Yl x mepLrtd, x> = 1 (mod 4) xai x*> = 1 (mod 8). Emiong,
vy &ptio, 2 = 0 (mod 4), véd pétpw 8, y* = 0 (mod 8) §) y* =4 (mod 8).

2. Mt 1) Boi0eto Tijg Boxmong 1 dmodeitte 10 £Efi: "Av ¥ +y? = 22 kai (x,y) = 1,
10TE, 01 X, y €lvon £repdTummol (6 Evag &ptiog Kal 6 dAhog mepttTdg).

3. Mt ) BonOeia Tiig &oknong 1 amodeite 10 £Efic: "Av x% + 3y? = z* kol
(x,y) = 1, to1€ 6 X £lvou mepLTTOg KO 6 y elvar dtoupetdg S 4.

4. Mt ) ponibea tiig Goknong 1 amodetEte to €ENC: "Av 0 mpdTOg APLOUOS p
vpapeToL Og dOpotouo Svo (W) undevik®dv) TeTpoydvayv (m.y. 29 = 5% +22),
t0te p = 1 (mod 4). "Apa, Kavelg TpdTog ThG woppic 4k + 3 d&v umopet va
YPOPET MG AOpoLoIa SO TETPAYDOVOV.

5. Amodei€te &1, Y10 kGO x, oV d&v Stoupeitar Suie 3, elvan x* = 1 (mod 3). M&
™ fonfeta atTod ATodETETE OTL, ALV YLOL TOV TPMTO p VITAPYOUV UT) UNOEVLKOL
x,y, TétoloL Mote p = x* + 3y%, té1e p = 1 (mod 6).

6. AmodeiEte 8ti, vt k&0 x elvon x> = 04) £ 1 (mod 9). Mt ) for|0eta ahtod,
amodeiEte 8L 1) Srogavtiky dElowon x° + 2y* = 57° elvan &dVvaty v )
undevikovg dxepaiovg x,y,z ue (x,y) = 1.

TrodeEn. “Av ioyber x° + 2y* = 573 ug (x,y) = 1, té1e kol x* + 2> = 5z° (mod 9),
Smov ol x,y d&v elvan kal o do dvopetol i 3.

7. AmodeiEte S, Yt k&Oe n, 6 Sn® + Tn’ elvon wolhamhdiolo tob 12.

8. Koutrjoto Swaugetotnrag owe 3 171 9. Kat’ dpyag, opiloue 1OV mvbuéva €vog
OeTikod dkepaiov, TOV 0Toto Oempodue YPAUUEVO OTO OEKAILKO GVOTUOL, DG
10 &Opotoua TOV Ynepimv tov. b mapdderypa, 6 muduv Tod 54678 elval
5+44+6+7+8=30.
Amodeigte OtL, TO VOhouTo TG draipeong £vog apOrod dut 3 (dvtiotoiymg,

>*H Evvola «tuyaiog TpdTog» dEV elval Kol T600 QAT
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10.

11.

12.

13.

d11 9) elvar 1O 1810 et 1o HrdroLTo g daipeong Tod muOuEvog Tov APty
o 3 (avtotolymg, dur 9). T mapaderyua, TO VTOAOLTO TG daipeong ToU
54678 d10. 9 elvan 3, kabmg 3 elvar kol T VrdrouTo Tijg dradlpeong Tod 30 S
0.

Yr6deiEn. 10 = 1 (mod 3) xai 10 = 1 (mod 9). "Av, howdv, ag, ay, . .., a, VoL T
Yneia TV povadwv, dekadwv KA tod apduot, VToloyloTte ug moovg apLiuovg
glvan 1ooTog 6 aptduds, wétpw 3 kol pétp 9.

. Koitijoto daugetdTnrag Suc 4 1) 25. AmodeiEte Oti, 1O VrtdhoTo TG dtaipeong

£vog aptOuod St 4 (dvtiotolymg, du 25) elvar o 1810 ué 1O Vrdlowmo g
draipeong tod dptbuod, ol oynuatileTor amd To dvo TelevTaia Yngio Tov
apOuoT (Béomn apibunong to 10) dui 4 (dvtiotoiymwg, dud 25).

Koitnoio StauwpetdTnrag Oua 81) 125. AmodetEte 0T, TO VITOLOLITO THC dLoipeong
£vog aptOuot i 8 (dvtiotolymwg, dia 125) elvan o 1810 pE 1o VtdhoLTo TG
draipeong tod aptbuod, ol oynuatiletor atd Th Tpia TEAeVTUTo Ynpio Tov
apOuot (Béomn apibunong to 10) da 8 (dvtiotoiymg, duar 125).

Koutrjoio Stoupetdtnrag dwe 11. Amodetste OtL, TO VtOLOUTO THG dLaipeong
£vog aptOpod dud 11 elvar 10 1810 pt 1o vrtdroLmo g draipeong Tod dpLduo,
7OV TTPOKVITTEL ALTTO TO AOpOLoUA TOV dYNPimV TUNUATOV TOD APLOUOT, hoyt-
Bavouévav Ao T deEl mpoOg T ApLotepd. Tl mapaderyua, T VITdLOLTO
Tig daipeong tod aptduot 9056781 dud 11 elvan T 1810 uE 1O VrdAOLTO TG
draipeong tod 81 + 67 + 05 + 09 duax 11.

Aevtego koutrjolo dwaugetotnrag due 11. AmodeiEte OtL, TO VIOOWTO TH|g
dralpeong &vog dpduot Sui 11 elvar 10 1810 ut 1o vdowTo g draipeong
o1 11 100 dpbuod ag —aj +a; —az + - - -, OOV @y TO YMPLOo TOV LOVASWV TOD
apLOuoy, a; tO YNeio TOV deKAdWV, a; TO YNYio TOV EKATOVIAdMV K. 0. K.
Mo wopdderypa, 6 9876781 drapovuevog duar 11 diver Vrrdrowro OmoLo Kol O
ApOUOC 1 —8+7 —6+7 — 8 +3 = -4, dnhadn, 7 (=4 = 11(=1) + 7).

"Eotm mtpdtog p.

o. "BEotw a € {1,...,p — 1}. M& ) ponjfera toU B 100 Oewprjuarog 1.2.1
amodelEte OTL VITApyeL Evag, Akppde, a’ € {1,...,p — 1}, u¢ v ddmTa
aa’ =1 (mod p). Metd, dmodei€te b1, ol pdveg mEPUTTMOELC TOV @’ = a elval
ota=1lxota=p-1.

B. "Eotw p > 5. Oewpijote TO yvouevo 1-2---(p—2)(p — 1) kai, faciouévor
oto (), Cevyopdote kGOe a € {2,...,p =2} ut 0 a € {2,...,p — 2} v
10 Omoto toyveL aa’ = 1 (mod p). Zvumrepdvate Ot (p — 1)! = —1 (mod p).
Avomot®dote OTL 1) oYEon ovT, Tow Aéyetan Oswonua tov Wilson, loyVeL Kal
yioo p = 2,3, AmodeiEre Kai tO dviiotpogo Oedpnua: AV yid KATOLOV
axéparo p ioyver (p — 1)! = =1 (mod p), To1e 6 p elvou TPOTOG.
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14.

15.

16.

17.

18.

19.
20.

21.
22.

23.

"Eotw 8t 6 p givaw mpdrog Kal ab’ — a’b £ 0 (mod p). AmodeiEte St Stv
VITAPYOVV AKEPALOL X, Y, TPADTOL UETAED TOVG, TTOV VA IKAVOTTOLOTV OUYYPOVOG
Kot Tig 6o tootuuieg ax + by = 0 (mod p) Kai a’x + b’y =0 (mod p).
Yo6del&n. Amaheite 10 y Gmd Tig dVo tooTuuieg Kal, uetd, kévte to idLo Kol yii to
X.

AmodeiEte O, Ov alb, tote ¢(a)lp(b).

"Eotw OTL 0 1 > 3 ExeL k SLALPOPETLKOVG TPMTOVG dLapetes. Amodeiste Otl,
av 6 n elvar dpTiog, Gl Byt torhomhdolo ToU 4, Tote 25 |n dvd, yud Sheg Tig
vorouTeg TLUEG TOD 1, 2K|n.

Amodei&te OtL, ot LOVOL BETLKOL AKEPALOL X, YLOL TOVG OTTOl0VG Loy Vel ¢(x) = x/2,
elvarot x =24, a > 1.

AmodeiEte OtL, Y kKGOe OeTikO TEPLTTO AKEPOLO X LoYVEL P(X) = P(2x), AMG
1) oy€on avT) elvar advvaty Yo &pTLo x.

Bpeite 6hovg Tovg BeTikolg dkepaiov x, Yo Tovg Omoiovg toyvel ¢(x) = 12.
"Eotw n > 1. T ka0e Beticd duanpétn d tob n 6pilope 10 oUvVoro

Ad)=fk : 1<k<n xat (k,n)=d}.

(o) AmodeiEte 6t 10 A(d) mepiéyel dcpipadg ¢(%) aptbuoi.

YrddelEn. HMoapampiote 6t 1 < k < nkai (k,n) =d & %1 axéparog Kai 1 <
kat (5, 2) = 1.

(B) "Av d, # d, elvon OeTikol droupéteg ToU n, dmodeitte Ot A(d;) N A(d,) = 0.

() ZuvdvdLovrag ta (o) xai (B) dmodeiEte Gt

Z¢(g) =n, apo Kol Z¢(d) =n.

dln din

<

IS ES
[SUE

Y6delEn. T 10 «. .. Gpa Kol . .. » dette Tv doknon 3 tod Kegpolaiov 1.
“Yrohoyiote 10 Umdhowto Tiig dranpéocwg Tod (12371128 + 34)172 st 111.

AmodeiEte 81, Yo k4Oe n, 6 n*” — n elvou morhamhdoo Tod 383838.
YrddelEn. Adpete v Mper ot 383838 = 2-3-7- 13- 19 - 37 xai épapudote 1O
Bempnua 1o Fermat, kKGumooeg Qopig, Yo KaTdAANAovg TpmToug.

"Eotw p mpdtoc. Ilapatnpiiote 0tL, tO Oempnua 100 Fermat pmopel vo
dratvwOel wg €ENG: T K&Oe a ioylera? = a (mod p), diywg vo Béooue TOV
TEPLOPLOUO O p VO W) dLapel Tov a. Metd, ug ) pondewa tijg doknong 32
ToD Kealaiov 1, dmodeiEte OtL (a + b)? = a” + b” (mod p), Y10 OLoVG TOUG
a, b. "Emiong, dmwodei&te Ot v Yo tOV mepLttd mpdTo p loyxvel a + b’ = 0
(mod p) tote loyveL ko a” + b? = 0 (mod p?).
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24.

25.

26.

Metatpéyte tOV 749 o0& dvadkd aplbud, épapuotoviag Tov diyopliuo ue-
TATPOTNG 0€ dVOILKO.

Egpapuotoviag tov alyoptiuo Mpmong o¢ dUvaun, VtoloyloTte TO VITOLOLTO
Thg Staipeong tov 13370 S 23.

"Eotw 11 1O dnudoto khewdi tiig A givar (91,25). ‘O B 0éher vi kpumtoypag)-
O€L KOl VO OTEINEL OTNV A TO UVUUO ®A EAGQ =TIZ OKTQ. [Toudt diadikaoio
04 dxolovONoEL YLOL VO KPUTTTOYPOLPYOEL TO UNVUUOL Kol oLt dtoditkaoia Oo
axohovOnoeL 1 A, 0tav AAPEL TO KPUTTOYPOPNUEVO UVUUCL, YL VO TO GLITO-
Kpurtoypagnoet; T vo dtevkoluvOeite otic mpa&elg, u maipvete ava 900
T ypduuata, Ao Eva-Eva. “Etot, 1) «aptOuntiki) wop@ip» Tod unvouotog,
TPLY TV Kpurroypdgnom tov, dpyiter wg €&Ng: (8,1,25,5,11,8,24,...).



Kegahowo 3

Entidvon tootiuidv

210 Keahowo adtd, 6 m elval TavToTe AKEPaLog ueyolitepog Tob 1
To Aativik o ypauuoato ovuforllovy mavto AKePOIoUg

3.1 TI'svika

"Eotw i undeviko moivmvupo f(X) € Z[X] xai dxéporog m > 1. “YmoOétoue OtL
dtv elvar 8hot oi ovvteheotig ToU f(X) Sroupetol dux m. To § 1o Bewpruatog
2.1.2 ovvemayetan Ott, av a = b (mod m) kot f(a) = 0 (mod m), tote xai f(b) = 0
(mod m). Zvvendg, Exer vomua v Oplooue mg exilvon tig tootwias f(x) = 0
(mod m) Tv eVpeon OAwV TOV KAAoewv a mod m, tétorwv wote f(a) = 0 (mod m)
Kol vo Mue Ot 1§ kAdon a mod m (xol 8yl 6 aoLBuodg a) elvon Mion Tilg tooTiuiag.
Eidikmtepa, 0tav Aéue 0Tl «1| lootuuio €xel k tO mA0og Mioeig», €vvoodue OTL
VIEapyovy k dragopetikég mod m kAAoELS, kKGO pia Ao Tig Omoleg elvol Ao Tiig
f(@) =0 (mod m).

Aépe 8t 1 tootiio f(x) = 0 (mod m) elvar tocodvvoun uE v gx) = 0
(mod m), av ol dVo looTiuieg Exouv Tig 1dLeg, akpLpdg Moels. TIpoooyn! ‘H évvoia
TOV 1000VVANMV looTLLAV €L VONUO LOVOV OTAV TO UETPO. TOV V0 100TUMDV
elvol Ta toLaL.

3.2 ’lIootinies mpmtov faduov

Ou pueketooue TpdTO TV TEPLTTWOT TPWTORaOUiov Tolvwviuou f(X), dpa, ov-
OLOLOTLKG, TV €milvon Ti|g iootuiag ax = b (mod m).

Ozopnua 3.2.1 "Av a # 0 kai (a,m) = d, téte 1] lootwia ax = b (mod m) Exet
Abon av, kal uévo av, dlb. St meolmrwon mov Exel Avon, 1O TAGOOS TOV Stago-

0eTIK@V AVoewv elval, akoipag, d- kal mo ovykekouéva, av 1 Abon tig leotiuiog

41
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b 5 ‘ .
gx = y (mod %) elvar 0 xo mod % 70T Ot d SLopogeTikes Avoels Thg ax = b

(mod m) elvat ot
m m
Xo,Xo-I-E,...,xO-l-(d—l)E. (31)

AmodelEn Av 1) ax = b (mod m) €xeL Mon, TOTE, Y10 KATOLO0 X1 € Z €Youe ax; = b
(mod m), &pa, &md TO N’ ToU Oewprjuatog 2.1.2, (ax;, m) = (b, m). AALG, TPOPAVHC,
d|(ax;, m), o6mdte dlb. Avtiotpopwe, £otm Ot dlb. Amd 10 B t0oD Oewpruatog
1.2.1 Epoue Ot vhpyovv AKEPOLOL Xo, Yo, TETOWOL MOTE axy + myy = d. Twpa,
napotnpodue St 6 & elvan dxéparog kol dtd Ty tekevtala iodma,

b b
a(xoc—l) + m(yo;l) =b,

oyéomn, 1) omola, Tpopavdg, ovverdyetaw dt ax; = b (mod m), Smov x; = xp2-
dnhadn, N tootwio ax = b (mod m) Eyel Mom).

"Eotw topo 0t 1] ax = b (mod m), €yxer Mo, 0mdte, CVUPOVA UE TO TTOPO-
navw, dlb. ©é¢tovtog Omov a, b, m To. 2 g, o AVTLOTOLY WG, KOTOM]YOUE, BAOEL TOV
avoTépo, 0td ovpmépaocuo S 1) lootuia 4x = 2 (mod 2) Eyer pla, TodLGKLOTOV,
AMbon, Eoto TV X9 mod %

Toyvplldnaote, kot dpydc, OTL &V WITopel vo Exel Kol deUTePT), dLopoPeTLKT), Mom).
Mpérypom, &v x; mod % elvou, émiong, Mbom, tote

b

a
d d

gxo x;  (mod %).
To ¢ tod Bewpnuatog 2.1.2 udg émtpémel va draupéoope S §, doT (4,%) = 1,
OmoTE KaTaM|youe 0Ty xo = x; (mod %).
21 ovvéyela, €o0tm x; mod m pio Moo thg ax = b (mod m). Tote, PAémoue TOAY
ebora St} x; mod 2 elvaw Mbom Tijg 4x = £ (mod %), &pa, &mo T povadikdTTa
g Miong xo mod %, mwov eidoue TopoTdvm, KATAA)YOUE 0TO ovurépooud Ot
x1 = xo (mod %). "Apa, vrdpyet dxéparog £, Tétolog hote x; = xo+€%. "Extehdvrog
TV evKAeidela duaipeon tod € dui d Exoue € = gd + j, dOmov 0 < j < d — 1. Zuvend,
X1 = Xo + j5 +gm = xo+ j% (mod m), &pa., 6 1) kKhGon x; mod m cvumisTel uE pio
Ao Tig kKhaoelg (3.1).
Mével vo deiEope dtu ol khdoeig (3.1) elvar dwagopetikéc. Mpdynott, &v dvo €
TV ovvémuTTay, 0 elyaue xo + j1% = Xo + jo% (mod m) ug 0 < j; < jp < d.
Amd vty 0 maipvape ji1% = j»% (mod m) Koi, dioupdvrag To dvo wéAn Kol To
uétpo dLa % (PA.€” 1ol Bewprpatog 2.1.2), 04 katakjyopue oy ji = j» (mod d). ‘H
televtala, Ouwg, onuaivel 0t d|(jr — ji), TPOPAVOS AdVVATOV, dpod 0 < j,—j; < d.
0.£.0.

Zmv TpdEn, 1 Emihvon wag icotipiag ax = b (mod m) aocileton otd Oempnua,
1.2.3. Kot apydc, oty icotiuio ax = b (mod m) propodue mdvta vo Urrofétoue
otL 1 < a < m. ’EgoapudCoue tov evkAeidelo aryopliuo, 0mmg mepLypdpetol ot
Oewpnua avtd, ue 1o m TG lootuiag ot 0€on 1T a Tod BewpruoTog Kai o a
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g tooTtuiag oty 6éomn tol b 100 Bewpnuatog. "Av 10 (7 + 1)-00TO VTOLOLTO OTY)
dradikaoio Tod evkledeiov dhyopiBuov eivan 0, TotE, oVUPWVO Pt TO Bedpnua
1.2.3, 10 tehevTaio wi) undevikd VITOMOLTO 7, elvo O PEYLOTOG KOWOG Stanpétng d
TOV a,b. "Av 6 d d&v droupel Tov b, tdte 1) looTiuia deV Exel AMom. "Ag vtobEooue,
Mooy, Ot dlb. Eougpwva ug o B tod Bewpiuartog 1.2.3, ms,_; + as, = d, &pa

a(b b m
E (C_an) = L_i (mod E) s

7oV onuaivet 0T, pug TOv ouuPorioud ot Bewpnuartog 3.2.1,

b
X0 = ds,, (3.2)
Kal Ao avto 10 onueto kot épa ol d dLapopeTikeg AoELg THG tooTLiiog VIToAOY(-
Covtan amhovotato o v (3.1).

Hopdderypno. O0 Moope TV ootia 917x = 42 (mod 7168). =t mopd-
derypa pett To Bempnua 1.2.3 vohoyioaue (917,7168) = 7 xai mapotnpodue Ot
7142, Gpa 1) lootyuia pog Exer 7 akpipdg Moelg, ovupmvo ue 1o Bedpnua 3.2.1.
ZOupmva ue To 1010 Bempnua Kal 0,TL AKohovOEel, ApKel Vi VITOMOYICOUE VOO POULL-
KO T S_1, S0, S1, - - -, TTOV AVTLOTOLYXOVV 0TO LeDyog TV apdudv 7168 kot 917. Zto
poavapepbEV Tapaderyuo Exouv UTohoyLoBel ovtd TO ;. TO Tehevtaio €€ avTdv
glvar 10 s¢ = 555. "Apa, obugpwva pug Tov ovufolopd tot Oempruatog 3.2.1 Kai
™V (3.2), xo = 6-555 = 3330 = 258 (mod 1024) (1024 = 717ﬁ), 0mdTe OAeG OL MIOELG
i tootlog elvon x = 258 + k18, k= 0,1,...,6, dnhadi),

x =258, 1282, 2306, 3330, 4354, 5378, 6402 (mod 7168) .

3.3 To kwéliko Oempnua vTroroimmv

A0 Th Apyoda xpdvia TTo YvmoTd Téumorhla tpofAiuato dmwg adto 8®: “Eva
OTQOTIWTIKO 0w xel Aywteoovg amd 1000 orpatidteg. "Av tomoletnfovv Katd
1546¢g, meoiooevovv 11+ o 'v TomobetnOoiv kard 8Gdsg, megiooeovy 5 kai av
tomoletnOoivv kata 1340eg, meoiooevovv 12. Amd mdoovg oToatidTes amoTedeitol
70 odua; Tétowov eldovg TpofAMuata 681 YoDV PUOLOAOYLKN 0TO AEYOUEVO KIVESIKO
Oschonua vrololmwv.

Ozopnuo 3.3.1 Kwéliko 0cdpnua vohoinmv. “Eotw Ot ol my, ..., my elvol
ueyarirepor tov 1 kai ava Svo modtor uetalv tovg. Tote, yua omolovedijmote
akeoalovg ay, . . ., ay, VITAQXEL X, TO OT0I0 ETAANOEVEL OVYYOOVIS OAES TIG loOTIUIES

x=a; (modm;), x=a (@modm,),...,x=a;, (mod my) (3.3)

Kol TO X aUTO elval ovadikd uétow mim, - - - my.



44 3. ’Emidvon icotypudv

AmodelEn Oétope M = mymy -+ -my Kol YW k00e i = 1,...,k, M; = M/m;. Amo
v Uo0eon St 6 m; elvan Tp@dTog TPdg Shovg Tovg VitdroLoug m; kal to T tod
Oewpruatog 1.2.2 ovumepaivope ot (m;, M;) = 1. "Apa, dmo 10 Oedpnua 3.2.1,
vdpyeL N;, tétotog dote M;N; = 1 (mod m;). ‘Opiloue trpa,

X0 = M\Nya; + MyNyrar + - - - + M N ay,

Kot 00 deiEope OtL, Yo x60e i = 1,...,k, xo = a; (mod m;). Tlpdynatt, &Td
TOV TPOTO TTOV OplodnKay Th My, ..., My, PAémoue duéomg OTL, KGO M, ue j # i
ExeL g Tapdyovtd Tov TOV m; Kab, ovvemde, ivar undevikodg uétpe m;. "Apa,
Xo = M;N;a; = 1-a; (mod m;). "Apa, Yo x = xy €émainfeveTon TO oVOTNUO TOV
ootyudv (3.3).

"Eotm, TOpa, 0TLx = x; €miong émain0eveLtic (3.3). Tote, yukdbei = 1,.. .k,
X1 = a; = xo (mod m;), Gpa ml(x; — xp) Kol Gmod O Y 100 Oswprjuarog 1.3.1,

er

(mymy - - - mp)|(x1 — xp), ONAadN, x; = xo (mod mymy - --my). 0.£.0.

HMapaderypno. O Adooue 1O TPOPANUA, TOV AvapEPOUE 0TV ApyT| QTG
g mapaypapov. Ipoavdg, TO TPOPAnua 100dUVauEl ug v evpeon OeTikod
akepatov x < 1000, tétolov MoTe

x=11 (mod15), x=5 (mod8 x=12 (mod 13).

Mg tov ovpfohlond Tig amodelEng 1ol Bewpnuatog Exoue M; = 8 - 13 = 104,
M, = 15-13 = 195, M5 = 15 -8 = 120. ’Emiong, 104N, = 1 (mod 15), 195N, =
1 (mod 8), 120N; = 1 (mod 13) xai ol tcotuieg avTEg dmrhomotobvtal mg £ENC:
(=DN; =1 (mod 15), 3N, = 1 (mod 8), 3N; = 1 (mod 13). ‘H émihvon k&0 pwdg
amod adtg elvaw GhovotaT, ut dokiuég, Mote dEv yperdletar v Epapudooue
TOV alyopLliuo tig mapaypdgpov 3.2. Bpilokoue €tol, Ny = —1, N, = 3, N3 = —4
Kot xg = 104 - (=1)- 11 +195-3 -5+ 120 - (-4) - 12 = =3979, dpa, x = —-3979
(mod 15 - 8 - 13). Zvvendg, x = —3979 + 1560k xai, AMoyp T 0 < x < 1000,
maipvoue 3979 < 1560k < 4979, aut’ dmtov k = 3 xai x = —=3979 + 3 - 1560 = 701.

3.4 TIlolvmovomikes iooTinies ue éva dyvooto

Apykd, 00 Oswprjooue &L TO pétpo Ti|g tooTuiag elvar Evag OeTIkog TP®TOG p.
Mia pokatapkTikl) GmAf], dAAL Baoctky, mapatipnon eivor ét kdbe wo-
Aovoukn) iootio f(x) = 0 (mod p) eivon toodbvaun ut pia ootuia g(x) = 0
(mod p), otv Omola, 6 Paduodg Tov g(X) eivar, TO moAl, p — 1.1 Mpdynat, &xte-
MovTog ™V evkheidela diaipeon tod f(X) dud ToT TOAVOVIUOU XP — X, KATOM]YOUE
ot wia oyéon f(X) = (XP = X)h(X) + g(X), 6mov 6 Pabuog tod g(X) d&v vmepPaiver
TOV p — 1. Zépoue, amo 1o Oedpnuo Tot Fermat (B tod Oswprjuartog 2.2.4), dti, yii

PES® mepihapfdvetal Kol 1) epimtwon ot undevikod molvwvipov, Tod 6moiov 6 faduog umopet
Vi OpLoBEl g —co.
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K&0e dképano a, eivara? —a =0 (mod p), dpa., f(a) =0 (mod p) &v, Kai udvo &v,
g(a) =0 (mod p). Avtd, mpopavdc, onuaiver 6t ot tootuuies f(x) = 0 (mod p) Kot
g(x) =0 (mod p) elvau icodUvapeg.

Ozopnua 3.4.1 “Eorw f(X) € Z[X], Babuot n > 1, To0 omoiov 0 cuvreAeotg TOU
ueytotofabuiov ogov 8év Siaupeitar Sua p. Torte, 1) tootiuia f(x) = 0 (mod p) ye,
70 O, n 10 TAGOOC SragogeTikés Aoelg.

Toodvvaun Satvmwon: "Av 1o f(X) € Z[X] elvouw u) undevikd molvavouo Kol to
wA0og TV Mboewv tiig tootyuiag f(x) =0 (mod p) vmegPaiver tov fabud Tov f(X),
161 OAOL Ol oVVTEAEoTEG TOT f(X) elvau Staupetol Sict p.

AnodeiEny “Eoto f(X) = a,X" + - a1 X + ap, Omov, €€ vmobéoewg, (a,, p) = 1
Kot 0g vroBéooue Ot 1) iootio f(x) = 0 (mod p) &xer n + 1 dropopetikeg MHoELG

rimod p,...,ry mod p. O xatolEoue ot dromo. TO yeyovog OtL ol Moelg
a0tEg elval dLapopeTikég, onuaivel, QuUOLKA, r; # r; (mod p) Y i # j.
Toyvpropdg: “Ymapyouvv dképaiot by, by, . . ., b, 1, TETOLOL BOTE, VO LOYVEL

fX) =a,(X —r))X =r) - (X =1 )X = rp-))(X = r,)
+b X =—r)X =r) - (X =r,1)
+ by (X —r))X —=r2)- - (X = 1)

+bo(X —r)X — 1)
+ bl(X - 7'1)
+ by (3.4)

[Mpaypoatt, kot apydg, oty (3.4) dg ovuporioons TO TOMDVULO THG TPMDTNG
ypapuile uk g,(X), tilg debtepng pué g,-1(X) ... til mpotehevtaiag pe gi(X). To
TOAVDOVVUO g,(X) eival yvwoTd, apod TO dy, F1, . . ., I, ELVOL YVOOTA TO VTOMOLTT,
Ouwg, mohvwvoua g,-1(X),...,g1(X) éEaptdvtar dmd Tovg uéypL oTLyuilg ayvo-
otovg b,_1,...,b;.

Svykpivoue Tovg ovvieheotsg TV X, X1, ..., X, X0 ota dvo uédn. Tod X" elvar
a, Kol otd d00 uéln. Ao ™ oVykpLon TOV ouvieheoTdV Tod X" malpvoue

Ap_1 = b,_| + ovvteheotc 10U X! 010 g,(X) ,

apa uwopovue vo Virohoyiooue to b,_1, TO 00T, TAEOV, Bewpeltal YvmwoTd, 6ToTe
Kot o0 g,-1(X) elvor yvwoTo.
Ao T oUyKpLoN TOV ouVIELESTOV ToD X2 malpvoue

Ap_> = b,_, + ovviekeot|c TOD X2 670 g,(X)

+ ovvtereoTi)g ToU X2 010 g,_1(X) .

20i émaiovreg 04 avayvopioovy 0@ wio elduki) mepimtwon Tob yevikod Oempiuatog Tiig Ah-
veppag, wov el &tL, Eva molvdvuuo Babuot n ug cuvteleoteg Amd Eva odua, £xel, TO oMY, n
\, ’ \ ~ > 1 \ ’ ’ ~ 7, \, N P
dLopopeTikEg pileg 0TO OMUO OUTO. 2TV TPOKELUEVY TTEPLTTWON, o®Ua elvon 10 Z), () F,,, kat’ diko
ovupohouo).
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And ) oygon adT) Tpoodropiletal Kal 1O b, s, Gpa, 010 £EfG, Kal 10 g,_»(X) elvar
YVOOTO.

Mg a0t T dLodLKaoia TPOYWPMDVTAG, KOTOMYOUE OTOV VITOAOYLOUO OMMV TOV
b;. ®vokd, d&v nag volapéper O akpLPNg VITOAOYLOUOG TOVg, OAAA, QITAGDGC, 1)
VIapEN Tovg, o kabiotd alnoT ) oxéon (3.4). ‘H dvukatdotaon X < r; o)
oyéon ot divel 0 = f(r)) = by (mod p). Metd, 1 dvukatdotaon X « ry otV
(3.4) 8iveL 0 = f(r2) = bo + bi(r; — 1) = 0+ bi(r, — r1) (mod p). ’Emeldn, duwg,
(ry—r1, p) = 1,70 ¢ 10D Bewpruatog 2.1.2 pdg émitpémel vo ovprtepavoue t by = 0
(mod p). Mg 1OV TpdIto 00T, Ol dLAdOYIKES AVILKATUOTAO0EG X «— 1y i = 3,...,n
uag dtvouv, dvtiotolywg, b; = 0 (mod p) Yo j = 2,. .., n. Téhog, 1] dvuikatdotoon
X « 1y oty (3.4) dlvel, ut dedopévo 8t Shou ol b; elvar iodtwol pt 0 uétpo p,
0= f(rn+l) = an(rn+1 - 7'1)(7’n+1 - 7"2) e (rn+1 - rn) (l’l’lOd P) ’EE f)J’EOBéGE(DQ, KGOe
TOPAYWV Tye1 — 1, 0TO 8EELO néhog, elvar Tp®dTOg TPOG TOV p, &P, AVOYKOOTIKA,
ovumepaivoue Ot a, = 0 (mod p), TO O70t0 AVTLPAOKEL TTPOG TV VTOOED Lo,

0.£.9.

Tohpa 04 €Egtdioone TV Eilvon Tig looTLiag
fx) =0 (mod p), (3.5)

dmov, kol kL, O p elvar TPMTOg Kol O ouvtedeothc Tov ueyotofaduiov dpov Tod
F(X) 8&v elvan Sranpetdg i p. ‘O €kOétg a elvor Tovhdytotov 2. Od dei€oue O,
avadpoukd, av Eépoue vo AMiooue v tootiuia (3.5) yor kaurolo Tt Tot £k0£T
a, T0Te PIropoTue Vo T AOOOUE KO YLOL TV QUECMG ETTOUEVT TLUW| TOU.

‘H @pdon «umood va Abow uia tcotiuio» TavToTE ONUAIVEL UTOQD Vi
amopaciow av Exel 1) oyt Aboeigs kal, 6¢ meglmTwon mov Exel, UTOOMD Vi,
Ti¢ vmoAoyiow oAeg».

Q¢ ouvi|Owg, ovuforiCoue ut FO(X) Ty k-téEewg mapdymyo Tod f(X). * Tig me-
pLooOTEPEC Popéc, avTi Yt f(X) ypdgoue f/(X). Oewpoiue yvwotd 10 avdmarvyua
Taylor yui mohvavopat. T kdOe Xy, ioyvel 1) TavtdTTa

1 1
FX) = f(xo) + f'(x0)(X — xo) + 5f<2)(xo)(X —x0)* + - il FO)X = x0) +---,

dmov 1o E0polopa 0td deEL0 néhog eivor memepaouévo, dpod dtav 1O k VmepPel
1OV Badud 10d f(X), tote fOX) elvar 1O undevixd molvdvuuo. EmimAéov, oi

\ \ / 1 s b} ’,
OVVTELEOTEG KOOEVOS TTOAMWVUULOV o FOX) elvon acépanot.

3H apbywyog £vog movwvipov f(X) = a, X" + - - - + a1 X + ag wopel viL 0pLo0el Tvmrd, diyog
xpon ovveyelac, Oc na, X" +(n—1)a, 1 X" 2 +- - - 2a, X +ay, 1 de0tepn mopdywyog OC 1) mopdymyog
TG TapaymdYoL K.0. K.

40 thmog To¥ avatiypatog Taylor yid molvdvopa eival aveEdptntoc amod 10 dEimua ovveyeiog
Kol uwopel va autoderyHel Emaywyikd, diymg xpron Amelpootikod Aoylouod.
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[Tptv TPOYWPT|COLE, KAVOUE TNV TTPOPOVT] TOPATPNON OTL, OV X = Xo (mod p?)
etvar Mo Tig (3.5), Tote x = xp (mod p*~!) elvon Mon Tiig

f(x)=0 (mod p* ). (3.6)

Apa, KaOe Mon Tig (3.5) mpoépyeton dmd Ao thg (3.6). Zvvendg, Otav avoln-
tovue Tig AMioelg g (3.5), mpémer va Egkivijoopue Ao pio-pia tig Moelg tig (3.6)
Kot vo dodue, Yo KGO uia dmd avtéc, av mopdyer Moelg tiig (3.5) Kol ov vad,
TOOEG.

Oecopnua 3.4.2 "Eotw a > 2 kal xo mod p*~! 2von tii¢ f(x) =0 (mod p*Y).
a. "Av f'(xy) £ 0 (mod p), téte, 1) Aoy xo mod p*! ic (3.6) maodysl uio
akoifag Avon tig (3.5).

B. Av f'(x9) = 0 (mod p) kai f(xo) = 0 (mod p%), Téte, 1§ AVon xo mod p~!
tijg (3.6) maodyst p axoiBs Moeig tiic (3.5) kai, ovykexowuéva tig xo+kp®~' mod p¢,
k=0,1,...,p—1.

Y. "Av f'(x9) = 0 (mod p) kai f(xp) £ 0 (mod p*), téte, MOOPAVDG, 1] AVon
xo mod p*~! 1ij¢ (3.6) 8év mapdyel Moeig yic tiv (3.5).
AndderEn Oi Tuyov Moeig Tiig (3.5), mob mapdyovron dmd T Abon xo mod p@!
TG (3.6), Exouvv T wop@r) x = xo + yp*~ !, Bmov 10 y elvau mpoodloprLotéo.

o'. ‘H dvukardoraon X « xo+yp®~! otd avémruypo Taylor tod £(X) uag divel

f(x) = f(xo) + f'(xo)yp*™"  (mod p), (3.7)

P Brov

. 1
dLOTL ol VitdlowTo Opot 01O deELO WENOG elvar TG LoPPiG Ef(k)(xo)y
6 ex0ég Tob p elvan k(a — 1) > a kol 6 cuvreheotg 100 pHe elvon ducépanoc.
Zuven®dg, 1) oxéon f(x) =0 (mod p*) icoduvvauet ue v

f/( ) __f( 0)
P

(mod p),

Smov, PéPana, TO 8eELO péhog elvan aképaog, Aoyw Tiig VmoBéoewg f(xg) = 0
(mod p*). ‘H mopoambvon d¢ mpodg y iootuio Exel pio &Kpt[id)g Avom yp mod p,
BOLGSL TOV eampnuon:og 3.2.1. "Apa, 1) yevikn popgi) ToU y elvany = yo + 2p, OmoTe
1] YEVIKT Mopcpn 100 x glvan x = xo + (yo + zp)p*~' = x0 + yop*™' (mod p*), &’ Smov
gaiveton Ot glvar povadikn pétpe pe.

B. “Omwg Kol 0TV TPONYOVUEVY] TTEPITTWON, Kataijyoue ot oxéon (3.7). Adyw
TV vobéoewv f(xg) = 0 (mod p®) xai f'(xp) = 0 (mod p), 1O ApLoTEPO UENOG
elvol 1ooTo pg 1 0 pétpe p?, omotodmoTe Tt Ku & £xeL 10 y. "Avy = zp + yo,
dmov yy elvau TO VTOOLTO TiiG evKAEdELAG Sratpeong ToD y S p, TOTE, 1) YEVIKT)
wop@m) ToU x elvaw x = xo + (yo + z2p)p*! = x9 + yop®! (mod p?), dmdre, yid kKGO
Ty =0,1,..., p— 1, maipvoue pio dropopetikn uétpw p® AMom tig (3.5).

Y. O loyupLopds elvar TETpLUuéVog.
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0.£.0.
Mopdderypo No Mvbet 1) icotiuio
fx)=x +2x" +2x° +6x* —52x—49=0 (mod 7°).

Mg dokiueg dramotmvoue ot 1) tootipia f(x) = 0 (mod 7) €yel té0oepelg AKpLpDdS
Mioeig, Tig 0 mod 7,2 mod 7,3 mod 7 kai 5 mod 7.

"Eotw x = 2 (mod 7). “YmoloyiCoue 6t f/(2) = 0 (mod 7) xai f(2) = 0
(mod 7?), &pa 1) Mon 2 mod 7 mopdyer £t SaqopeTikeg Moelg Tiig f(x) = 0
(mod 7%), ol 6moieg, ovpupova uE Ty Amddelen tot B uépovg Tod Oswprjuarog,
etvat o 2 + 7yp mod 7%, 8mov yp = 0, ..., 6, dNhady, oi

x=2,9,16,23,30,37,44 (mod 7?).

“YmohovyiCoue &1L £(16), £(30) = 0 (mod 7°), v@d kopuio &md Tig VITONOLTEG TUUEG
dtv undeviter 10 f(X) uérpw 7°. SZuvvendg, dmd ™) AMbon 2 mod 7 g f(x) = 0
(mod 7) mapdyovron ol Mioeig 16 + 7%y mod 7° kai 30 + 7*yo mod 7° Ti|g f(x) =
0 (mod 7%), &mov 10 yy Sratpéyer tic Tueg 0,1,...,6. Taipvoue Erol tig £Efig
dekatéooepelg Moeig Tijg f(x) = 0 (mod 7°), gk TV Omotwv, ol TpdTEG EMT
npoépyovrar &rd TV 16 mod 72 kol oi vVrdloweg Emtd &rtd Ty 30 mod 7%

x = 16,65,114,163,212,261,310,30, 79, 128, 177,226,275,324 (mod 7°)

"Eotw x =3 (mod 7). Topa f/(3) # 0 (mod 7), dpajAvon 3 mod 7 tij¢ f(x) =
0 (mod 7) mopdyel axpLpdg wia AMom tiic f(x) =0 (mod 7%) kai 1| &wddelEn tod o
UEPOVE ToD OEPNUOTOG UAG VITOOELKVVEL, AKPLPDG, TOC Tpémel va epyaobotue. ‘H
oyéom (3.7) yivetan otV stepimtmon pog, 659y = —44 (mod 7), dnhadm), icodvvoua,
y=5 (mod 7). “Emeton 811, x = 3+5-7 = 38 (mod 7%). ‘H Adon 38 mod 72 mopdyet
ula, axppdc, Mo tiig f(x) =0 (mod 7°), ut dvéhoyn dradikaocia. Thpa 1) oyéon
(3.7) yivetaw 10873724y = —1704527 (mod 7), dnhadm, icodvvaua, y = 1 (mod 7).
Apa, x = 38 +1-72 = 87 (mod 7°) kol avthy elvar 1 wta kol povadikn Avon Tig
f(x) =0 (mod 7%), mov mapdyeta damd ) Mo 3 mod 7 tiig f(x) =0 (mod 7).

Ol mepuntdroeig x = 0 (mod 7) kol x =5 (mod 7) elvan dvdhoyeg ue tv mepi-
ntwon x = 3 (mod 7). Oi Moeig tiig f(x) = 0 (mod 7%), mol mapdyovra, lvon 1
98 mod 73 &md v mpd kol 12 mod 73 o ) devtepn. Of viworoyiopol TpoTei-
VOVTOL MG KA EEGOKNOT YO TOV AVayvVHhOoTY).

‘H énihvon tiig f(x) = 0 (mod m) ot yeviky mepimtwon uétpov m > 1 yivetan
g &g "Av m = pi' -+ pi* elvau 1} Kavoviky) avélvon tod m, tdte Mvope TtpdTOL
Ka0e pior aro Tig lootupieg f(x) = 0 (mod pf), i =1,...,k. "Av, £oto Kai pia o
Tig LooTuieg alTEg OEV ExeL MhoN, TOTE, 1) GpyLKN looTiuia OEV Exel ADON. ALOPOPETL-
K&, Eotw S;, (i = 1,...,k) 10 ovvoro TV Moewv Tig f(x) = 0 (mod p{"). T k&Oe
(X1,..., %) €Sy X+ X8 émldope 10 ovotqua x = x; (mod pf), (i = 1,...,k), 10
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071010, BAoEL TOU «KLvELIKOV Bempnuatoc» 3.3.1, Exer dkplpdc pio Avon xo mod m.
Duokd, 1 Ty xo EEaptatar atd TV k-ada (x1, . . ., x;). TO wAT00g TV AMioewv Tiig
f(x) =0 (mod m)icottal ue TOv TAn0apOUo tod S | X- - XS, dnhadn, ue S| - - - [Skl.

HMopdderype. OO Mooue Ty tootuia f(x) = x* + x> — 13x* + 10x + 55 = 0
(mod m), dmov m = 2% -3 - 113. Movadiki Mon Tilg f(x) = 0 (mod 2*) elvar 7
15 mod 16. ‘Hicotiuio f(x) =0 (mod 3?) &xeL tpeic Moeig: x = 1,10, 19 (mod 27).
‘H iconuia f(x) = 0 (mod 113) Eyer, dmiong, o wdvo Avon, v 1265 mod 1331.
Svven®g, T mAT00g TV Moewv Tig f(x) =0 (mod m) elvan 1 -3 -1 = 3, ol 6moteg
eVPLOKOVTOL AVTLOTOLY WG, ATTO TG ETAVOELS TOV TPLOY CUOTHUATWY

x=15 (mod 16), x=1 (mod?27), x=1265 (mod 1331)
x=15 (mod 16), x=10 (mod 27), x= 1265 (mod 1331)
x=15 (mod 16), x=19 (mod 27), x=1265 (mod 1331)

"E@apuoloviog 10 «KiveLLKo Oedpnuo» ot Tapamdve Tpio cuoTuoto BPloKoue,
avtiotolymg, Tig Moeig x = 461791, 270127, 78463 (mod 2* - 3% - 113).

3.5 ’Aoxnoels 1oV kegaiaiov 3

1. N A0el yowprota kabe pio am’ tig iootwieg 412x = 108 (mod 34) xoi
33900x = 56935 (mod 2995). Metd, va vohoyoOoTv OAeg Ol AVICOTLUEG
LETP® 2995 - 34 Tueg tod x, ol Omoieg EmainBelovy ovyypPOVEHS Kal Tig dV0
LOOTLLLEG.

2. Gewpodue ToVg TPMOTOVG apLbuovg p; = 29, p, = 71 xai p3 = 113. & 6,10
dxolovOel, ol deikTeg i, j, k maipvouy tueg dmd 1o {1, 2, 3} Kai elvar Sragope-
TLKOL GrvoL H00.

No& Bpebel dxéparog a avapeoa oto 200000 kai to 300000, pg v €ETG id10-
mra: T kdBe i = 1,2, 3, 1O vmtdlowto tiig dtaipeong tol a dud p; iooTtan pe
10 VLoOLoLTO TiiG draipeong Tob p;jpy S p;.

TrddelEn: O a IkavomoLel, ovyypdOvVeGS, TPELS LO0TLIIES, Ol OTTOTEG TTPETTEL VO ETTLAL-
000V pg TO «KLVELLKO Bempuo.

3. "Eotw

F(X) =132X"7 +4X" + 15X + X" + 11X"7 4+ 212 4+ 5x!1 4+ 310
+1001X° + X® +1234X7 +2X° + 1821X° + 13X* + 111X°
+12X2+ 17X + 1.

Emiltote mv tootypia f(x) = 0 (mod 7), apol mpdta BPeite Eva TOMMVUIO
g(X), pabuod wrpdtePov TOL 7, TETOLO MOTE, 1) iooTiuio g(x) = 0 (mod 7) v
ExeL Tig 10Leg Aoetg ug v f(x) = 0 (mod 7).
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4. No A0t to ovotuo

2x+11y=5 (mod 493), 3x-T7y=1 (mod 493).

5. N& 2mhv0el 1) ootyulo x* + 4x* +2x% + 2x + 12 = 0 (mod 625).

6. "Eotw p > 2 mp®dT0G. OETOUE §1 = X 1cicpi b> 52 = Di<icjep—1 L] KO, YEVIKOTE-

pa, Yk < p — 1, s, elvon 10 EOpolopa SAmV TOV Suvatdv yivouévav k Sia-
(POPETLKAV apLtOudv Tod ouvorov {1,2, ..., p — 1} eldukwtepa, 5,1 = (p— 1)\
Amodeigte Ot TO TOAVMVUIO

OO =X -DX-2)X=-(p-1)-x""+1

etval Paduod p — 2 kol 1 icotipia f(x) =0 (mod p) Exel p — 1 SwaopeTikeg
Mooeig. “Yotepa, KAVOVTAG YPNoN TG TOVTOTNTOG

X-DX=-2)X=-p+D=X"" =5 X+ =5, 0+ 5,
Kot 100 Oewpnuatog 3.4.1, dmwodeiEre OTL
Si=Es5=-=5,,=0 (modp) xat (p—-1)!=-1 (mod p).
‘H tehevtaia md tig mapamdve tootuleg elvar yvwot o¢ Oedonua tod

Wilson, uio. 6B\ &rrddel&En tod omoiov divetan oty oknon 13 1ol kepaiaiov
2.

. "Eotw p mpdtoc.

o. "Botw f(X) = X"+ a1 X" '+ -+ a1 X + ap, dmov 1 < n < p. AnodeiEte
oL, dvorykaio ko tkavy) ouvvOnkn yio va €xer 1 tootiuia f(x) = 0 (mod p) n
drogopetikeg Moeig eivar 1) £Efig: TO vmdhouto Tijg drapéocmg To XP — X
St 10D f(X) elvan ToADVUUO pE SAOVG TOVG OUVTELECTEC TOV SLALPETOVE dLd
P

e

160elEN: "Eotw XP — X = f(X)g(X) + r(X) ue degr(X) < n. Kat’ dpydg, mapotnpi-
ote 811 10 g(X) eivan faduod p —n. Tl v dmodei€ete 1) ouvOkn elvan avaykaia,
napaTPToTe OTL, v Ol X1, . . . X, ELvOL AVIOOTIUOL UETP® p Kol f(x;) = 0 (mod p) Yl
i=1,...,n, tote Kai r(x;) =0 (mod p) yii = 1,...,n. T 10 AvTioTPOQPO TAPOLTN-
phjote &tL, &v Shot ol ovvteheotig ToU 1(X) eivol dwanpetol di p, ToTE, f(k)g(k) = 0
(mod p) yurkébe k =0,1,...,p—1. "Av f(k) =0 (mod p) yi& MydTEPES ATTO N TLUEG
100 k, ToTE . . .. Kail u) Egydote 1L 10 g(X) elvan fabduod p — n.

B. "Eotw a £ 0 (mod p) kai n > 1 Swowpétng tod p — 1. AmodeiEte 6t 1)
wootuio x* = a (mod p) €yer Miom v, Kail udvo av, a7 =1 (mod p). Zmy
nepimtmon 8¢, mol Eyxer AMon, TO mAT00g TV dLopopeTKM®V AMHoEWMVY Elval
AKpLR®OG n.
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Yr6deiEn: TO dvoykaio Tiig ouvOrKng elvar ebkoho. T 1O ikavd 00 Kdvete ypron
TG TOUTOTNTOG

XP - X =X(XP"' 1) = X(X"' — a7 +a"" - 1)
N | " pt
:X((X)n —ann +anr —l)z(X —a)()+(an —1)X’

Smov (+++) elval KGmolo rolvmvopo, 1) dkpipilg Tt} Tod omolov d¢v Exel onuaocia.
‘H tavtdmnra avt) odg deiyvel wotd eivar to vrdhowto tiig Statpeong tod XP — X Sl
100 X" — a kol Thpa, 00 kavete yprion tov (o).

8. ‘H dloxnom avm) delyvel mdg umropoBue vo. ETEKTEIVOUE OTLG LOOTLUIEG TOV KAOL-
opatikd ovpuporopnd. ‘O m > 2 elvor to pétpo kol dmotednmote Eugpaviovron
TTOPOVOUALOTEG OF LOOTLULES, T] AKEPALOL UE APVNTLKO EKOETY, EvvoeiTal, diymwg
va. Myetan, OTL adTol elval TpdToL TPOG TOV M.

Ol ovpBortopola™! mod m kai £ mod m onpaivovy, €€ opLopod, T) povadiki)
Khaon @’ mod m, yio v omoioaa’ = 1 (mod m). ZvvakorovOol cuupoiiouot
eivor ot ba! mod m, a~'b mod m xal § mod m, oL onuaivouy, Kai ol TPEig,
™V KAGon @’b mod m.

AmodeiEte Tig €ENG 1OLOTNTEG:

(o) b = ¢ (mod m) © b = ac (mod m).

a
W b1 _ Dy
() — = — (mod m) & bya, = bya; (mod m).
aq as
, ¢cb b
Y) — = — (mod m).
ca a
. by b bia, + b by b bb
aq ay aay a, dp aa

(€) T Oeticd aképowo n, (a )" = (@")™! (mod m). ZvuPorCoue ut a™ mod
m v k¥Adon (a~')" mod m.

(¢ Tw dmorovodmote dKepaiovg k, n -Oetikoc, apvnTikovg 1) undév- i-
oyvovv ol oyéoelg (@¥)" = @ (mod m) kol dka” = a**" (mod m).

9. Ztv GokNon avTy) yivetor xpNon KAaouottkoU cuuBoilopod o€ LooTuuie,
OmdOTE TTPETEL VO, OETTE TPADTAL TV AoKN O™ 8.

Tt kGBe pdTo p > 5ioyder 1+ 1 + -+ + ~5 =0 (mod p?).

Yo6del&n: Zhugpova ug v aoknon 8 mpémetr Kol dpket vo dmodery et Ot O apLd-
uUNTG ToU KAAOROTOG, TTOU TTPOKUITTEL OTOV Alfpoiooue TO ApLotepd HELOG, SLOLPETTOL
dua p?. Tov ptOunm avtdv cuvavTodiie 0Td ToAvdvLLo g(X) = (X—1)(X-2)--- (X —
p + 1) wod; “Ymwoloyiote Thv T g(p) Kol P1NOLUOTOLETOTE TV GoKn 0N 6.
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Kegaloo 4

Terpaywvikd icoVTorolTa

210 KEPAAALO 00TO, TO p, ¢ CUUBOALOVY TAVTA TEPLTTOVG TPMTOVG.
Ta AaTvikd ypaupato ouuBorifouv mavto AKepaiovg

4.1 ‘Opropnoi koi paoikes idLOTNTES

"Eotw dxépatogm > 1 xal a mpdrtog mpodg TOV m. "Av 1) icotiuia x> = a (mod m) ExeL
Moo, TOTE O a YopPaKTNPILETOL TETQAYWVIKO (6OTAOAOLTO UETOW M ,OLOPOPETIKA,
TETOYWVIKO avicolimélotmo uétow m. "Av a = b (mod m), elvon mpogaveg 8t 6 b
glval TETpaywvIko tooimoromo uétpg m &v, kol uévo v, 6 a elval TETPaymvIKd
toovmolouTo PETPQ m. ZvviBwg OO TOPALELTOUE TOV TPOTILOPLOUO «UETPW . . . »
dtav elvan oapEg TO uétpo, ig TPodg TO OIToTo EPYATONAOTE.

StV eldikmTepn mEPImTOON, TOV M = p, TEPLTTOC TPMTOG, OV O a elvol Te-
TPAYWVLKO tooUmOloLTo PETpw p Kol xo mod p eivon puio Adon Tiig iootuiog x* = a
(mod p), 161E —x9 mod p elvau, miong, Mon Tilg dtag iootuiag, diagopetiict) dd
™V xo mod p. Ipdyuot, €€ vmobéoewe, (a, p) = 1, dpa xo # 0 (mod p). Axdun,
gmeldn) 6 p elvan mepLrtdg, 2x9 = 0 (mod p), dpa xy £ —xo (mod p). 'EE &ihov,
10 Oedpnua 3.4.1 ndg AMel dtu 1) x2 = a (mod p) Exet, 1O mOAD, dV0 SrapopeTikg
Aoelg, dpa, BAoel Kol TV Tapatdve, £xeL akoBds dvo Moelg.

Oesopnua 4.1.1 Eotw meoittog moDTOS P.

/e ’ ’ 3 / ’ ’ > ~ p—l \ ~
a. "Eva mwegiogiouévo o0otnua vrololmwy UETQQ p TEQLEXEL AKQBDS == TO A0S
TETQQYWVIKA (6OTTOAOLTA, TG Omola elvau LoOTIHO ué Tovg aotOuols

12,22, ..., (—). 4.1)
B. "Eotw (a, p) = 1. Av 0 a elvau Ty VIKO [GOTTOAOLTO UETO® P, TOTE
p-1

az =1 (mod p), (4.2)

53
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EV@, AV 0 a elval TETQAYWVLKO AVIGOTTOAOLTO,

T =-1 (mod p). (4.3)

Arodertn o. Kabévag amod tovg dpbuovg (4.1) elvat, mpopovidg, TETPOymVIKO
ioovmoroumo. "Emiong, ol dpduol adtol eivar aviodtiuol petast tovg. Ipdypatt,
avl<l<k< % Kol ovvéBawve v toyer k2 = €2 (mod p), Tote O p Ob Empeme va
dLapel Evav Ao Tolg k + € kol k — £, KAt adivatov, apod Kot ol d10 avTol apLtduot
elval OgTikol Kal wKpdTepoL Tod p.

Svvendg, dv R elvau Eva meploptopévo ovotua Hmoholmwy uétpe p, toTE
ka0 dpOuodg k oty (4.1) elvan iodtipog ut Eva dwagpopetikd apdud r; € R xal,
PUOLKQ, O 7y €lvon TETPOrywVIKO LooUmdlowmo. Aviiotpoga, £0Tm r € R TETPOymVIKO
ioovmdrowto. Tote Umbpyer k € {1,...,p — 1}, tétolog Hote k> = r (mod p). "Av
1 <k < pT_l, 101e O r elvan to6Tog Tpdg Kdmolov dmtd tovg dpbuovg (4.1)
SLaPOPETIKA, apatnpotue 0Tl 1 < p —k < ’%1 Kol r = k* = (p —k)* (mod p).

B’. "Av 6 a elvon tetpaywviko tootmdrowto, Tote VILdpyeL Xy, TéTol0g HOTE a = X;
(mod p) xai, Bepaing, (xo,p) = 1. Apa, dmd 10 Oedpnuo tod Fermat (B tod
Bempniuatog 2.2.4),

a% = (x%)% = xg_l =1 (mod p).

[piv mpoywpnooue, 0g mapatnprooue OtL, Yo K40 a dmd o o0voro ApLOudv
(4.1), ioyver 1 oyéom (4.2), Gpoa. 1) lootiuia

T =1 (mod p) 4.4)

=
1l

EYEL TOUMAYLOTOV ’%1 10 AN00¢ Mioelg. Amd 10 Oedpnua 3.4.1, d&v umopet va €xet
TEPLO0OTEPES, pa, ol kKAAoELg TV apLOudv (4.1), kKai pdvov adtéc, elval oi AMoelg
Ti|g lootuiag (4.4). Abtd, Sumg, ouvemdyeton OTL, &v KATOLOg a lvaL TETPOYWVLKO
aviootiméhowto, ToTe 1) KAdon a mod p dtv eivar Abon tiig (4.4) Amd v EAAn,
10 Oepnua tob Fermat, Aer &1L a?' — 1 = 0 (mod p) Kai, TOPAYOVTOTOLOVTOG
TO APLOTEPO WENOG KOTOMYOUE OTO ovuTépaoua Ot O p dLoupel Evav ATd Tovg
a?P=V2 —1,a'P=V2 + 1. To mpdT0 vdeyduevo ovvemdyetor &tL ) a mod p elvou Ao
¢ (4.4), omdte AutokAeieTat, fAoel T®V dowv uOMG elmape mopamave. "Etot, uével

er

TO HEVTEPO EVOEYOUEVO, TTOV LO0OVVAUET, TTPOPAVDS, e TN oxéon (4.3). 0.£.0.

4.2 To ovuporo tov Legendre

St mapdypapo adTi) Ta AaTvikd ypdupota, ol SEv ival
VITOOETKTES, OVUPOMTOUV TAVTO AKEPALOVG TTPDTOVG TTPOG TOV p.
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T6 obuporo Legendre tot a wg meog p Opiletan mg ETG:

(a) 1 Gvaterpaywvikd l0oUTOAOLTO UETPW p
p

-1 Gva tetpaywviko avicoitdlouTo HETPW p.

Ol Tp®TEG OTOLYELMOELG 1OLOTNTEC TOD oVUPOLov ToD Legendre ocuvopilovtol oty
TOPOKATO TPOTAON.
7 4 a2 > /. 1
potaon 4.2.1 o |—|= 1. Eidikarteoa, [—] = 1.
P p
4 n ’ a b
. Ava = b (mod p), tote (—) = (—)
p p

p-1

V. (3) = 4T (mod p).
p

’ _1 —
5. (—) = (-7,
p -~
M’ arda Aoya, T -1 elvau teToaywvikd tooiimdiowro av p = 1 (mod 4) kai Tetoa-
yovikd avicoiimérouro av p =3 (mod 4).

o (alaz...ak) B (al)(az) (ak)
' p pJ\p p)

AnddarEn Ol ioyvpopol (o) xal (B) elvon viehdg Gueoeg ouvEmeleg TV OpL-
OouMV.
(Y). Hpogaviig ovvdvaoudg Tot opopod ot ovupdrov Legendre kai toU B tod
Oewpniuatog 4.1.1.
(8"). Hpogavng ovvémera ToU (V).
(€"). Egapuotovrag 10 () &xoue

.« e P— 2L 2l
(al ak) = (al ...ak)Tl = af ..-a: = (ﬂ)"'(%) (mOd p) .
p p p

To dprotepdTepo kKol 1O deEuhTepo uélog Tiig Tapamdve iootuiog elvar toa ut +1,
apa, amd v doknon 2, eivar toa.  0.€.9.

I voo amhovotevoope ToUg ouupoliopong, Oétoue p’ = ”T_l To ovvoro R =
{=p',....,—1,1,..., p'} elvan €va meploptopévo ovoTnua VIToholmmy. “Av, Aoutdv,
k € {1,2,...,p'}, 16te (ak, p) = 1, 6mdte O ka elvon iodTinog uE Kdmorov dpLOUd
100 R. ‘O GpOudg adtdg 1ol R elvon tiig wopgilg oy, Omov o € {—1,1} kai
re €{1,...,p'}. "Apa, €xoue Tig OYE0ELG

l-a = oyr; (mod p)
2-a = o,r, (mod p)

(4.5)

pa = oyry (modp).
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AKOUN, T 11, 12, . . ., Ty ELVOL ShOL BLapopeTikd petay Tovg. Mpdyuat, Eotw 1 <
k < ¢ < p'. Eivoi, BéPana, ka £ fa (mod p), Gpa, &v Nrav ry = ry, adTO OO
ovvemayotay 4T, 1O Eva amd Tl oy, o 00 Titay 1 kal 1 dAho -1. Avtd 00 ofjuouve
Ot ka = —€a (mod p), dhad, (k + £)a = 0 (mod p)- &dUvartov, dpod, dg’ Evog,
(a,p) =1 xai, g’ etépov2 <k+{ < p—1.

[MolMamhaoldlovtog Tmpa Tig oyéoelg (4.5) maipvoue

(1-2---pHa” = (rir- S Py)o0y -0y (mod p).

S0PV (g T ToPATavD, Suwg, ol APBUOL 1, ra, . . ., Iy ElvoL pia Hetddeon Tdv
1,2,...,p, ~(’ipa, Py -ty =1-2--p’ Kal dtopmdvtag Ta dVo péAN ug Tov apLbuo
a0To, OV Elval TPMTOG TPOG TOV p, KATAM|YOUE OTY) OYEON
a’ =000y (mod p).
TO v 100 Bewprjuatog 4.2.1 ndg EmTpémel v AVILKATOOT)OOUE TO APLOTEPO UEAOG
uE to f;), OmoOTE KaToMyoue o€ wio tootipia, oty omoia, T dVo uéln eivan 1 1) -1.
"Apa, 1) oot elvar iodtTa (Goknon 2) Kol Kotak)youe ot oyéon
a

(—) =00 Oy (4.6)
p
1 omota OO Pag PAVeT TOAD yprjout, Otwg O doDUE AUECHS TMPOL.

Kat’ dpydg, vmevOuuiCoue otL, yioo @ € R, ovuforiloue pe [a] xai {a} to
dxépato Kol TO KAaopaTikd uépog, Aviiotolymg, Tov a, omdte a = [a] + {a}. Eivow
oageg OTL, YO 0oLV ToTE @ € R Kol 0rtolovdnote b € Z, ioylel [b+a] = b+ [a].

"Eotom topa 0etikdg dKEPALOg a, TP@OTOG TPOg TOV p. "Av 1 < k < p’, 10t¢

2ak k k k k
RS-SRS
p p p p p
"Av v lvai TO vrrdlouo Tilg evkAeldelag dwalpeong Tod ak dul p, TOTE, TPOPAVAC,
{%} = % Kol O Tedevtoio Khdoua eivar dpdudg Tod Sactrjuatog [0, 0.5), §) Tov
(0.5, 1), avédroya pe to av vy << p’ ) v > p’, avuotolywg. "Ag TopATNPOOUE,

Emiong, 0Ot < p e o =1L eévd v > p © o =-1.

5 ak\| [0 Gvor=1
pJl |1 &vor=-1.
Apa, oVVOVALOVTOG TO TOPOTAV®,

2ak | | &pTiog avoyr =1
p | mepLTTOog  Ov oy = —1,

omoTe
(2]
or=(=1)r".
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Zuvdvalovtag avt) T oxéon ug v (4.6) 061 yoluOoTE OTOV TTOM EVOLAPEPOVTAL
YEVLKO TUTTO

(E) _ S @.7)
P

Mé ) Bor|Bera oD TOTou (4.7) B0 ArtodeiEope TOV TEPIPNUO VOUO TS TETQAYWVIKTG
avtioteogns tot Gauss Kol O ovumAjowuo adtod 100 vouov, O 6molo Kol 0
amodeiEoue TPOTO, MG WTAOVOTEPO.

Ocopnua 4.2.2 —ZopurMpopa ToD VOROU TETPUYMVIKI|S AVILETPOYi|c.
2 -
(_) — (-5 . (4.8)
p

SVVer@®g, TO 2 elvaL TETQUYWVLKO [GOVTOAOLTO UETQW P YLa TEDTOVS P THG WOQPTS

8n + 1 kal teToayWVIKO avicoimdAoLo Y TEMTOUS p THS LoeQTs 8n + 3.

AmodelEn OewpoTue Evov OToLoVONTOTE OETIKO TTEPLTTO AKEPOLO @, TPMTO TPOG
a+p

OV p. OQ Kavoue yxpron tob Thmov (4.7) yio = ot Oéon 10b a. 'Emiong, 00

Kdvoue yprjon Tdv idotjtov o kai B’ 1ot Oewprjuatog 4.2.1. "Exoue houwov,

(2_0‘) _ (2“ + Zp) _ (‘@) _ (zp) _ (CDEe
p p p p

— (_1)25;1[%]+Zf;1 k

(o)
A (4.9)

Av otV opastdve oyéor Béooue a = 1, TO mpdTo dbpolopa oTOv £KOETN TOD -1
(oygon 4.9) elvon 0, ot [k/p] =0y k = 1,...,p’, Gpa maipvoue tv (4.8).
Téhog, Emeldn)

Kol
Bn+3)* -1
8
ovumepaivope OtL TO 2 lvol TETPAYWVIKO L00UTOLOLTO TOV TPDOTOV THG WOPPTg
8n = 1 Kal TeTparymviKo avicoimdlouTo TdV TpmdTwVY THe nopetg 8n + 3. 0.£.0.

=8n+6n+1, mepLTtodC,

Ozopnua 4.2.3 -Nouog terpaymvikijs aviiotpogijs tov Gauss.
"Av p, q elvat Stagoetikol meQurTol TE@TOL, TOTE

(ﬁ) _ EE (2) . (4.10)

V4 q
2UVETAC,
( q (;—’) av évag, Tovddyiotov, amd tovg p,qevar =1 (mod 4)
;) B —_(2 2 = =
(q) avp=g=3 (mod4).
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AnrodeEn) OO dmodeiEoue v (4.10) Vo ™V €Efi¢ loodUvaun popen:

(gl

dmov, kat dvaroyiav ut 1o p’, Opitoue ¢’ = %_
Zmpitouevor ot oxéon (4.9) kot mv (4.8) maipvoue, yo a = g,

(g) — (_I)Zf;l[q?k]
pP
Kali, 0poLa, EVoAAAooVTag Tovg POLOVS TOV p, ¢,

(2) = (_1)2?’:1[%[] .
q

ZUven®dg, Yo TNV At0delEN Tiig oyéong (4.11) apkel v’ dmoderyOel Ot

y
p ’r 7
+Z 55] =pq . (4.12)

t=1

2,

1

4y
p

pr
k=

‘H amddelen ti)g oyxéong avtiic elvaw moAD GAf), OV TiC SDOOUE «YEWUETPLKT)
gpunveior. Kat’ apyag, o’ £va dpbokavovikd ovotua aEovarv x0y, &g Oploous mg
akéoato onueio, OTOLOONTTOTE ONUETO EYEL AKEPALEG KOL TIG SV0 CUVIETOYUEVES TOV
Kol O¢ Oetikd axéoato onueio, OTOL0dMTOTE AKEPOLO ONUETO, TO OTTOTO EXEL KO TiG
&0 ovvtetayuéveg Tov Detikéc. Oempodue Twpa TV evelo

e:y="1y. (4.13)
p

Mia TPOKATOPKTIKY) TapaT)pnon eival 8L, Thve of adT) TV ev0eta S&v LmapyeL
Oetiko axéporo onuelo (x,y) ue x < p’ kaiy < ¢’* ph. doxnon 8. "Eotm Ogtikog
axéparog k. ‘H «yemuetpikn Epunveion g ToooTNTaG [gk] glvol TO TAfi0og TV
DeTk®V dxepaiwv onueiwy, T oot Bpiokovtol £l tﬁgl:zf)esiocg x = k Kal «katw
a7to v evleiax» € Ph. doknon 9. ‘Ouoimg, YLt OeTikd dxépato £, 1) TOoOTNTO [Bf]

delyvel 10 mAiBog TV BeTik®V dKkepaimv onuetmv, to Omoia fplokovTol £l THiG
ev0elog y = € Kal «apLotepa T eV0elag» € PA. dioknon 10. "Apa, TO dOpoilouo 0tod
apLotepod PELOG TG oyéong (4.11) Epunvetetor g O TAM00¢ TOV OETIKOV dKEPAlMV
onuetwv €vtog 1ol dpboywviov opalinhoypduou, T 0oto OpileTal ATd ToUG
OeTikolg NuaEoveg Kot Tig eV0eleg x = p’ kot y = ¢’ Ph. donon 11. “Eva tétowo
onueio, duwg, etvon Thg wopeiic (x,y) ut x € {1,...,p'} xai y € {1,...,4'}, Gpa
10 TA00¢ Tovg elvan p'q’ Kal adtd dhokAnpmdveL TV AmddelEn Tijg oyéong (4.11).
0.£.0.
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ApOuntixo mopdderyna. EEetdlone dv 1y icotuta x* = 1054 (mod 1811)
Exer Mom, dmov 6 apLbuog 1811 glvow TP®TOC. ZTOUG TAPAKATM VITOLOYLOUOVGE,
ot0 deS5L kaOe lodtTag ypdpetal 1 dLdTNTa, THG OTOolag EYLVE YPNON, YL Vi
uetafoliue Atd TV TPONyovuevy iootnta o avt]. “OAlot ol dpLOuol 0Tovg «TOPo-
VOROOTES TOV cuuPBorwv Legendre elvon mpdtol, dpa, ot kdmola frjucto Evvosital
OTL YLVETOL TTOPOYOVTOTTON01) O€ TPMTOVG.

1054 2 527
= . Oca 4.2.1-¢
(1811) (1811) (1811) (Oedpnpa 4.2.1-)
527 ,
=(-1) (—181 I ) (Ozmpnuo. 4.2.2)
17 31 , ,
=- (m) . (ﬁ) (Oewpnua 4.2.1-¢)
1811\ (1811 )
9 13 , ,
= (ﬁ) . (3_1) (Oeswpnua 4.2.1-6)
13 , ,
=(+1) (3—1) (Oewpnua 4.2.1-a)
31 ,
=13 (@empnua 4.2.3)
5 , ,
=33 (Oewpnua 4.2.1-6)
13 ,
=5 (Oswpnua 4.2.3)
) ’ )
= ?) (Oewpnua 4.2.1-8)
_1 2 ’
= ?) . (5) (epnuo 4.2.1-¢)
=(+1)(-1) = -1 (Oewprjuarto 4.2.1-8 kai 4.2.2)

Svumepaivoue, Aowtdv, &t 1) tootuia x> = 1054 (mod 1811) eivan adHvorn.

4.3 To ovuporo tov Jacobi

v mapdypogo avt) to P, Q cuupoiilovv mepittovg dxkepaiovg, ue (P, Q) = 1

270 TOPAdELYUOL, UE TO OTTOTO TEAELDVOUE TV TTPONYOUUEVY TTOPAYPOPO, PAETOUE O-
TL, KOITTOLEG (POPEG YPELALETOL VAL YIVEL TTOPOAYOVTOTTOIN 01, TTPOKELUEVOL VO, UTTOPETEL
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010 %) Kot 8@ pév, 6 aptduog 527 eivar wkpdg, OTOTE 1) TOPAYOVTOmoin ot Tov
d&V uag dMUuovPYEl VITOAOYLOTIKO TTPpORANUa, ALY Tl yiveTar Otov Evag aptiudg
ug 100, &g modue, dekadikd Ympia, EupaviCeTor otov «aptduntip 100 cuufoiov;
T mpdPANUOL THC TOPAYOVTOTOiNONG £VOG TéTOLOU APLOROT Elval, ATd VITOAOYLOTL-
K1 Groyn), olv dVoKolo Kal, udhota, av O aplduog €xet, avti 100, 300 yneia,
16TE, TOAD TOAVOV Vi glval Kol VroloyloTkdg avégikto. ‘H mapdkouym tiig
TOPOYOVTOTTOINOTG KaTtd T dtadtkacio viroloyopot tol ouuforov Legendre €mi-
Tuyyavetal ug ) pondeta ol ovuPdrov Jacobi, TO Omolo dotelel yevikevon Tol
ovuporov Legendre.

"Eotw P = py--- p, 1 GvaAvon oD meptttol dxepaiov P 0 mpmtovg mopd-
yovieg. Ol py, ..., p, 8tV elvar, Kat avaykn, Swagopetikol. T kdOe a Tp®dTO TPOG

1 Fn

Kai tO apLotepd néhog kahodue oduporo Jacobi tov a wg modg P. Ty mepimTwon
mov P = p;, dhady), dtav 6 P elvor mpdTtog, TO ovuPolro Jacobi 1ol a kg mpodg P
tavtiCetal e 10 ovupolro Legendre tod a wg mtpog P.

‘H mopoakdto mpdtaon udg Aéer 0tL Oheg ol idLoTTEG ToT ovuforov Legendre,
MV TG ¥ Tod Bemprjuatog 4.2.1, toyvouv Kal vt to oOuporo tot Jacobi.

VoL n()oxwpf]oet 1 dLadLkaoio VITOAOYLOUOD, OTMGE, YLd TOPAdELYOL, OTOV PTAVOUE

. (@ , 1
Mpétaon 4.3.1 o' (%) = 1. Etdikarega, (I_D) =1.

B. Ava=b (mod P), ére (%) - (%).

, (a1a2...ak)_(a1)(a2) (ak)
v P \P/\p r/
8 ==~
F)-cv
M’ &l Aoy, ©6 -1 elvou TeToaywviko tooiimdrowwo av P = 1 (mod 4) kai tetoa-

yoviko avieoiizédrouro av P = 3 (mod 4).

&’ “loyvel 1) yevikevon To0 GUUTANODOUATOS TOD VOUOU TETQAYWVIKTG AVTLOTQO-

@ns:
% - _1)%
[7)= o

Svven@g, 10 2 elvau TeToaywviko Looiiméiotmo uétow Py P tiig uoorc 8n + 1 kal
TETOUYWVILKO avicoiiméiowmo yua P Thg uoo@ic 8n + 3.

’

. "Av 0 Q elvau mepurtdg kal (P, Q) = 1, téte loyvet 1) yevikevon ot vouov tijg

TETQUYWVIKTG AVTLOTQOQTG:
(9):(_1)”%‘1 Py
p 0
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2VVETQG,

(Q) (g) av évag, tovAdyietov, ard tovg P,Q elvar =1 (mod 4)
P —(g) avP=0=3 (mod4).

Am6derEn H amodelen v o, B kol ¥ Emeton duéowe dmd TOv OpLopd Tod oup-
Bolov Jacobi kol T@V dviotoiymv idtot)tmv Tot ovupforlov Legendre.

o v amddelEn t@v voloimwy idtotitwv 0d Virobéooue &t P = pipy -+ pa
Kol Q = qi ... Gy €lvoL oL avolboeig TV P, Q o mpdTovg mapdyovieg. Adyo Tiig
vmobéoewg (P, Q) = 1, kGbe ¢, elvar dagpopetikdg amd ke p;.

Kot dpydic, KATOLEG YEVIKEG TaPOTNPYOELG E1vaL XPY|OLeS: "Avola, da, . . ., dy,
elval dptiot, TOTE

mod4  av2|a; Vi

I+ l+a)---(I+a)=1+@+a+---+a, 4.14
(I +a)(l+ax)---(1+ay) (a1 + ay a){mod16 & 4la, Vi (4.14)

ALoTL

(I+a)(d+a)---(I+a) =1+ > a+ > aaj+ Y aaa+-
I<i<n I<i<j<n 1<i<j<k<n
Kot 010 8eEL0 wéhog, €ktog Ao to 1 kai to mpdto Gbpotoua, Ol Td VTdlouTaL
d0potopata elvor Toramidola Tod 4, 0TV TPMOT TEPITTWON Kl TOAAATAAOLO
toD 16 otr| devTepn.
(8") M ) BonBewa tijg oyéong (4.14), T omoia épapuodlone Y a; = p; — 1, Exoue
P-l=pipp--pp—1=0+(pr1-D)-U+(p2-1D)---(L+(p—1) -1
=(l+(pPi-D+@2-D+---+(p,—D)-1 (mod 4)
=(pi=D+(P2=D+--+(pp—1) (mod4),
apa
P-1_p -1 p-1 P —
= + +oet
2 2 2 2
Kavovrag ypfon attig Tig oyéong Kai tot Bempnuotog 4.2.1-8', Exoue

p-1 ri-1 pn=1 -1 -1 -1
-7 =(-1D)7z --- (-7 ={—|---|—]=1—1.
= = (G- (7)

(") M& ™) Bonjbewa tijg oyéong (4.14), Thv dmola épapudtope Y a; = p? —1 =0
(mod 4), &xoue
P =1=(prp)=1=(1+@i=D)-(1+ @3- D) (1+ (- D) -1
=(1+@PI-D+@E-D+--+@P.-1)-1 (mod 16)
=(Pi-D+ (- D+ +(pp-1) (mod 16),

(mod 2) . (4.15)
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P2 -1 2 _ 1 2 _ 1 2 _
= P + P> 4+ p"_l

8 8 8 8
Kavovtag ypnon avtiig thg oxéong Kai tod Oewprjuatog 4.2.2, Exoue

l:l l:}’l 1 .

-)7% = (9) : (f) , (4.16)

(mod 2) .

(-

BaOLOUEVOL OTIG OYETELG

(D" (@)(2) (i=1...n,j=1..m),
Di qj

oi Omoleg elvor poaveilg ovvémeleg ToU Oempnuatog 4.2.3. ZTi¢ TaPaKAT® O)E-
o€Lg, 0 deiktng i €vvoeltan Ot dratpéyel TO ovvoro {1,...,n} Kal 6 deixtng j T
ovvoho {1,...,m}.

Kévovrag yprion thg oyxéong (4.15) kali tijg Opoiag g yuoL tov Q, €xoue

P-1 0-1 ZP'_lqu_l sz 1% L (mod 2).,

am’ omov,
Ly T (). (2
o= =T1EHE)
_TIT (). (P
L H(pi) (qj)
“TT1(%). (2
IRy (P) (%’)
:(Q).(ﬁ)
) \o/
0.£.9.

ApOunTiko mopdderypa. “YroloyiCoue Eovo 1O (}gﬁ) dlywg va Katapvyo-

ue, 0t Kovévo, prua Tol VIToAoYLOWoT, OF TAPAYOVTOTTOIN O, EKTOC A0 TNV «€50.-
vy 1o 2». AUTO TO EmiTuyydvoue ug ypnomn tot cuuforov Jacobi. Twpa, TAéov,

'@uunofjte 811, Y1t K40 TEPLTTO @, 8|(a® — 1).
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dtv udg EviLapépel Gv ol «TaPOVOUAOTEG TOV CUUROLWV elvar TP®TOL APLOUOL.
duokd, 0° Eva mopaderyua pg TOoo Wkpovg apLtduovs, aiTd TO VITOLOYLOTIKO TTAE-
ovéktnuo 100 ouuforov Jacobi —1) dmoguyn Tig TopayovTomoinonc— d&v delyvel
TO00 ONUAVTLKO.

210 deEuwtepo Gkpo KAOe Ypauuiic oNUELDVETOL TTOLL AITO TIG IDLOTNTEG 0~
toD Oempnuatog 4.3.1 ypnolomoOnKe.

1054 2 527 ,
(1811):(1811)'(1811) )
2 /
:(_1)(158—171) (e)
= %) (<)
230 ,
= E) (B)
2 11
- E) - (%) )
11
=(+1)(573) (€)
=- %) ()
- %‘?) (F)
- 1_115)'(11165)'(1?5) ()
3 ro
:(E) (8-o)
=- (132) ()
1 ,
= - (5) (B)
=-1 (o)
IIpocoyn! "Ag VmoOécoue Ot (%) = —1. Avt0 ovvermdyeton OTL, YO0 Eval,
TOVAAYLOTOV, TTPDTO TOPAYOVTO Tov P oy VEL (f) = -1, 6mdte 1y tootula x* = a

(mod p;) 8&v Exer Mon. AL TdTE, TPOPAVDC, 0UTE 1) tooTiuio x2 = a (mod P) &xel
Avon. "Av Opog (%) = 1 kai d&v elpaote BEParor St & P eivar mpdTog, TOTE StV
umopodue v ovumepdvope Ot 1) iootiia x> = a (mod P) Exer Mon! Tpdyuatt,

av y10. GpTio TAN00G TEPLTTMV TPDTWV TAPAYOVTOV p; TOU P glvan +)=-1, TOTE,
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&v® Otv EyeL Moo M x* = a (mod P), lvar (%) =1.

4.4 ’Emihvon tijc icotiuiag x* = b (mod m)

210 kedhowo 3 dyolnOnkaue ue v milvon g tootywiag f(x) = 0 (mod m) yu
1O YeviKO molvadvopo f(X) € Z[X]. 2 avt) v mapdypago 00 €Esdikévooue O
mohvmvopo f(X) oty eldikr}, Ao ol éviagépovoa meptmtmon f(X) = X2 — b.

Méypt O TEMOG THG Tapaypdpov, TO m oVUPOAILEL AKEPALO HEYONITEPO
to0 1 Kol
m=2pi" - pi* 4.17)

elvol 1| kavovikn) dvéivon tod m ot mpdTovg mapdyoveg, dmou

® Di,..., Dr EIVOL TEPLTTOL TPGDTOL.

e a>0,k> 0, dAd Evag, Touhdytotov dmd Tovg dvo elvon OeTLicdC.
Ou doyolnbodue, outdv, Ug TV ETIAVOT TG LOOTUILOG
x*=b (mod m) (4.18)

Xapn oty doknon 17, av (b, m) > 1, avayduaote o€ duolog popepig tootiuia ue véa,
b xai m, Yo v Omola, elte d&v Omdpyel Mom, elte 6 véog (b, m) elvon wkpdTEPOg
—axpipéotepa, dLapétng—tol dvtiotolyov cponyovuévov. “Etot, fiina tpog fHuc,
av dtv katalEoue o AdVvaTy tootiuia, OO gpTdooue, VoTeEP ATO TETEPAOUEVO
M 00¢ Pnudtwy, ot tootiuia (4.18), oty omoia (b, m) = 1.

"Emtiong, Moyw 1ol kivéGikov Osworjuatog 3.3.1, yuo Tv €midvon Tig iooTuuiog
(4.18) mpémer kat APKET VO uwopoBue vo Emhope Lo0TLIEG THEG WOPPTIG

¥*=b (mod p%), p meprttdg mpdTOC, a > 1, (b, p) =1 (4.19)
KoOMG Kol LooTLieg TG Wop@ic

x¥*=b (mod29), ax>1, bnepurtoc. (4.20)

2N

Elvor amho vo dmodei€el kavelg Ot 1) iootuia (4.19) Exel dxpipadg dvo Aboelg, 1)
Kouuia Ao, dvahoyo. ug o o (I%) =11 -1, avrotolyws PA. doxnon 18.
‘H pehét tiig iootpiog (4.20) elvar md ovvOem).

Ozopnua 4.4.1  Avageoduaote oty icotiuia (4.20).

a a = 1, 1) iootwuia el ulo. axolBag Avon.

e a = 2, 1) lootwuia Exer Avon av, kai uévo av, b = 1 (mod 4). "Av ikavomoisitau
vt 1) 1§ ovvOikn, Téte TO TAROOS TOV AboewV THC looTiuiag elvar akolBag 2.

Ta a > 3, 1 tootuio Exer Avon av, kal uévo av, b = 1 (mod 8). "Av ikavomoueitou
vty 1 1) ovvOijkn, téte TO TAGOOS TV Aboewv TiG lootulag elvar akQupag 4.
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EmimwAéov, oty mepimrwon avty), av x, mod 2¢ elvau ulo. Avon, 1dte, ol téo0e0els
Sta@ogeTikés Aboelg eivar ol

X=+x,, +x, +2°1 (mod 29). 4.21)

AnddearEn Ol mepumtioelg a = 1,2 elvan tetpyupéves. "Botm, howtdv, a > 3.

"Av Vtdipyel AKEPOLOG X, TTOV VAL ikOovoTToLel TV tooTiuio (4.20), Tote x> = b (mod 8).
A6 x elvor epLttdg, Omdte x2 = 1 (mod 8), &’ Srov TPokITTEL 1) AvaryKowdTnTa,
tiig ouvOnKng b = 1 (mod 8) yua v €xer Ao 1) iootuia (4.20). AvTotpogpmg, E0TM
ot b =1 (mod 8). Ou dmwodeiEoue Emaywyikd Ot 1) iootiuia (4.20) Exer Avon. T
a = 3, uta Moom elvar 1 1 mod 8. "A¢ UmoOéooue Thpa Ot Y a = k > 3 VdpyeL
Moo, Eotm 1) x, mod 2. ©étoue x = x; + 251y xal, dviikaOioTdvTag ot X2 = b
(mod 2%+, Exoue

(= b)+ 2 xy +2%%? =0 (mod 2.

"EE Umo0éoemg, O 2F Siaupel tov éviog mapevOioewe dptOud otod dptotepd uéhog
Kal, axoun, 2k — 2 > k + 1, omdte 1) mopamdvem (ooTuion YiveTo

x,f -b
ok

+xy=0 (mod?2).

"Emeldn) 6 x; elvar eptttdg, KaTah)Youe, TEAKA, 0TV

b3

(mod 2) .

Apa, &v oty x = x; + 281y 0éooue y = 0 §) 1, dvordymg pue 1o dv 10 8eE10 néhog
Th|g mapamdve tootiag eivar &ptiog 1) meptttdg dpLdudc, dviioTtolymg, maipvoue
AOom Ti|g tootulag x? = b (mod 241,

Mévertdpa v dei€ope dti, v a > 3 kol x, mod 2¢ elvou pia Moo Tijg tootuuiog
(4.20), Tot€ 0 KAGOoEIC (4.21) elvan, Emiong, Moeig Tijg IdLag tooTiniog kal, nahiota,
SLOPOPETIKEC KOl KAOE AKEPALOG X, TTOV ETOANOeVEL TV LoOTLULAL, AVIKEL OF niol ALTtO
adtig Tig Téooepelg khdoeig. TO dt ol kKAGoelg adteg elvan Moelg Tiig looTiuiog
(4.20), ut dedouévo It 1 x, mod 2¢ elvow AMomn g, @aivetor Votepa Amod Alyeg
amhovotateg TpaEelg. Amho, émiong, elvan vi dei€el kavelg tL ol Téooepelg kKAAoELG
elvol dragopetikés. T mopaderyua, &v frav x, = —x, + 2471 (mod 29), 161e O&
Empeme x, = 272 (mod 2¢°!): advvatov, dgod 6 x, elvor meptttdg. TO 1010 durhi
astokheieTon 1) L00TNTO dVO OTTOLWVONTTOTE KAAoEwV (4.21).

Téhog, &v x> = b (mod 29) (a > 3) kol x> = b (mod 29), T0te (x + X, )(x — Xx,) =
0 (mod 2%). Amo m)v doknon 8 1ol kepohaiov 1, axppdg €vag Amd Tovg d00
dxepaiovg apduolg (x + x,)/2 Kai (x — x,)/2 eivor mepLtrdg. "Av elvan 6 TPAOTOC,
TOTE O X + X, OLoPETTOL AITd TO 2, AMAAL Ot ATTd TO 4, CUVETMG, 1) TEAEVTOLO LoOTLULOL
udg 69N yel 0t ovumépaopa Ot 6 x — x, Srawpeitan dmd 1o 247! Gpa, x = x, + 2471y,
omdte x = x, (mod 2%) f) x = x, + 2% (mod 2%), &vdroyo ut T &v O y €lvar &pTiog
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1] TEPLTTOG, AVILOTOlYWG.

Av O (x — x,)/2 elvon mepLttdg, TOTE, OVALOYLLOUEVOL UE EvIEA®G Avahoyo TpoTo,

6N yoVIAOTE 0TO CUIITEPAONE OTL X = —X, 1] — X, + 247! (mod 29). 8.8.5.
Zmpigouevor 010 Oempnua 4.4.1 Kai 0To TPLV ATTO TV EKPAVNON TOV OYOMO,

wropodue va E€pope axpLpd¢ tO 0o TV Mioewv Tig tooTiuiag (4.18).

Ozopnua 4.4.2  Avaykaia kal ikavi) ovvOikn yua va Exet Abvon 1) iootwuia (4.18),

[ ¢ [ ’ ~ ’ > \ \ 4 5 v C ~
oTav 1 KaVvovikn avaiven tot m Sidetar amo tn oyéon (4.17), elvor va tkavorolovviol
OAeg ol TapakdTw ovvOiKeg:

b ¢’ \ .
(—)zl yaolatai=1,...,k
Di

b

{ (mod 4) ava=2
(mod 8) ava>3

\ ’ \ ’ c ’ \ ~ ~ , ’ 5
2w meglmtwon, Tov exel Avon 1) teotyia, TO TATOOS TV AVGeV TNG , Elval

2 ava=041 2" ava=22¢% qva>3.

4.5 ’AokNoEls T0U Kepaiaiov 4

1. “Ymoloyiote OLa T OTOLYETOL TOD KAT ATOMITY TLut| EMXIOTOU GUOTIUOTOG
vIololwv uEtpw p, T OTOTC. ELVOL TETPAYWVIKY. L00UTOLOLTE UETPQ P, YL
p = 17 xai p = 19, dvuotoiywg. Tt o) pio wepimtwon T oToL ela ot
elvol v Cedryn dvtifeta kol oty iAn Sy

2. Amodeigte TV £Efi¢ oA GmtAf], tpdTOoN, THG OTTolag XPNOoT YiveTal TOA
ovyva: "Av e,n € {—1,1} xai € = (mod p), 1ot € = 1.

3. AmodeiEte v wpdtoon 4.1.1 Baociouévor oty doknon 7 (B) tod keparaiov
3.

4. "Eotw N = x? + y?, &mov ol x, y elvar uiy undevikol aképatol, TPDHTOL HETAED
Tovg. AmodeiEte St Shot ol mp®ToL dropéteg ToU N elvar Tilg woppig 4k + 1.

5. "Botw N = x> — 2y?, &mov ol x, y elvau ur) undevikol dképatot, Tpdtol ueta&h
TOUG KOl O X elvon eptttdg. AmodeiEte dti, &v Evag mpdTtog p Stoupel Tov N,
101e O p elvan 7 Thg popiig 8k + 1 1) tiig wopeiic 8k + 7.

6. "Eotw N = x? + 2y?, dmov ol x, y elvor ut) undevikol dxépatot, TpdToL ueTta&l
TOoUg KOl O X elvon eptttdg. AmodeiEte dti, & Evag mpdtog p Stoupel Tov N,
10TE O p elvan 1) Thig wopig 8k + 1 1) Thig wopeig 8k + 3.
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7.

10.

11.

12.

13.

14.

15.

“Yrohoytote TV Tut) Tod ouuforov (1—73) 21 ovvéyela, Y p = 13 xaia = 7:
Cpayte Tig oyéoelg (4.5) (6 icotuieg mod 13), kai émainOedote Tig oYEoELg
(4.6) xai (4.7).

Enovahafete myv doknon v p = 19 xaia = 5.

. "Av ol p, g €lvoL SLOPOPETLKOL TTEPLTTOL TPDTOL, TOTE SEV VITAPYOVY AKEPALOL

xy,uel <x<p'xoil <y<g,tétolol dote y = gx/p.

. Twg =23, p =17 xai yua kdbe k = 1,2,...,p" = 8, yopLotd, Eralnbedote

TOV Lo UPLOUO OTV AddelEn Tol Bempnuatog 4.2.3 61 [zk] elvai 1O mAfj00g
p

TOV OeTIKOV AKeEPALOV ONUElWY, TO OmTola Bplokovtal €l T evbeiog x = k
KOl «Katm atd v evbeio» (4.13).

Mo g =23, p=17koiyiexabe £ = 1,2,...,4" = 11, yoprotd, énainbedote
TOV Lo VPLOUO 0TV AtddeEn Tol Bewpruatog 4.2.3 6t [BE] delyvel 10 mhij0og
q

TOV OETIKOV AKepAimV onueiwy, TO Omolo Bpiokovral €t Tig evbeiag y = £
Kal «apLotepd thg evbeiag» (4.13).

T g = 23 xai p = 17 émainBetote OV Loyvplopd otV amddelEn tov
Oewpnuatog 4.2.3 011 10 GOpoouo 0TO APLoTEPO UELOG Thg oxéong (4.11)
toodton ug 10 AN 00g TOV BeTIK®V dKepaimv onueiwy £viog tod opboymviov
TopolmAoypauuov, T 6T0l0 Opiletor ATd Tolg HETLKOVE HUWAEOVESG KO TG
evleteg x = p' koL y = ¢’

‘O p = 104779 elvou mpdTog. “Ymoroylote THv Tt} ToU GUPBOLOY (;’;) v a =
194, 120400, 18660, —14530, —1821000 pg ypnon tod cuuforov Tov Jacobi.
Amodeitte S, v O p elvaw TpdTog > 3, td1E (‘73) = (%) AmodeiEte petd ot
Evag mTPATOg p TG WopeTig 3k + 2 d&v umopet va dLapel aplbud g Loppiic
x% + 3y?, 8mov ol x, y elvow dképatol Kai (x, 3y) = 1.

"Eotw P > 1 mepittog. "Eotm Py 0 aptOuodg, mov oxnuortiCetan oo to yLvoue-

VO OA®WV TOV SLOPOPETIKMDV TPMTWV SLAULPETAV TOD P, Ol 07TotoL Eupaviovtal

ug epLTTo £K0ETN oV Kavovikt) avddvon tod P. AmodeiEte Ot, Y10 KGOe a
~ \ \ H , a\ _ a

Tp®TO TPOG TOV P, loyvel (,—3) = (P—O).

"Eotw Py = pi-++ Ppp, OOV pi,..., pp EIVAL OLOGPOPETIKOL TEPLTTOL TPMTOL.
k) [ \ \ 4 3 ’ ’ 22 b _
Amodeigte, ug Emaywyn oto n, 0TL VITAPYEL b, TETOLOG DOTE (170) =-1.

Y6del&n. T 1o Emoywyukd Prina artod to k otd k + 1, kbvete 10 €E7g: "Eotw c,
TETOLOG DOTE (plf'pk) = —1 xoi d, 1ét010¢ MOTE (1%) = 1. Aci&te dt Vndpyel b,
tétolog Mote b = ¢ (mod py--- py) Kol b = d (mod pgiq) Kai yU attdv tov b, toTe,

(i) = -1
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4. Terpayovikd icovmélouta

16.

17.

18.

19.

20.

"Eotw P > 1 mepittog. Zuvovdote Tig 000 TTponyoUUeveEg AOKIOELG YL
VO CUNTTEPAVETE TPMDTO OTL VITAPYEL b, TPDTOG TPOG TOV P, TETOLOG MOTE
(%) = —1 xai, ot ovvéyela, amodeiEte O, &v R elvar Eva meploplouévo
ovoTnua Vrtololtwv uETpw P, tote

>(%)=0.

acR P
Yr6del€n. To ovvodo {ab : a € R} elvan, émiong, meploplopévo ovotnua Vrohotmwy.
A’ €tépov, TO dBpotoua TdV cuuBoOrlmy Jacobi, KabBng 0 «aptduntic» Tod ouufoiov
dLatpéyel Eva TEPLOPLOUEVO OVOTNUO VITOAOLTTWV, OEV AALATEL OV AVTIKATOOTOOUE
avTo TO 0VOTNUO UE EVOL AALO TTEPLOPLOUEVO GVOTNUA VITONOLTTOV.

"Eotm 6t &xoue vo Mooue tv tootiio x> = b (mod m) xol oi b, m Eyovv
gva koo Tp®dto daupét p. "Eotw b = pby, m = pm;. AnodeiEte 6t KGO
X, TTOV IKAVOTTOLET TNV LoOTLULAL, TTPETEL VAL dLapeltal Ol p Kal, uetd, 0¢ote
x = pxj, Omdte 1) lootula O dvayBel oty px? = by (mod my). AeiEte T
€ENG, OYETLKA UE TV TENEVTOLO LlooTLULAL:

(1) "Av (p,my) = 1, tote dvayduaote ot iootuio x7
elval Karmolog dxéparog ue (b, my) = (b, m)/p.

(i) "Av (p,m;) = p kol plby, T6te dvayduaote ot tootulo x2 = by (mod ms),
dmov by = by/p, my = my/p xoi (by, my) = (b, m)/p*.

(iii) "Av (p,m;) = p kal 6 p OtV Sraupel TOV by, TOTE 1) LooTpia elvol adivar).

= b} (mod m,), 6mov 6 b]

(o) "Eotw meptttog mpdtog p, b dxéporog mpdTog mtpdg TOV p Kal a > 1.
Kavovtag yprjon 100 Bewpiuatog 3.4.2, dmodeiEte St 1) tootuto x> = b
(mod p?) Exer dpdC dvo AMoelc, & (%) = 1 Kol koppio Ao, &v (%) =-1.
(B) "Eotw m > 1 xai m = p{'--- pi* 1 kavovikn avéhvon tod m. "Eotw b
axépaog Tp®dTog TPOG TOV m.  Kdvovtag ypnon 1ot o uépovg adTijg Tiig
aoKnong, amodelste O, avaykKoio Kot tkov) ouvOnkn yio vo £xer Mbon 1)
ooty x> = b (mod m) elvaw: (1%) =1Vi=1,... k.

21 ouvéyela, Kavovtag ypnor 1ol kwéiikov Oewonuatog, amodeiEte OTL, v
LKaVOTToLETTOL aOTT) 1) OVVOT|KY), TOTE TO TA00¢ TV AMioemv Tijg Bewpoduevng
iootuiag elvon 25,

"Eyovtag U’ dpel Ty Goknon 18, Mote kaOe pia 4o tig TapaKdTm i0oTL-
uieg:

=6 (mod43’), x*=-1 (mod5), x*=6 (mod43’-5%.

"Emidote TV iocotywia x* = 17 (mod 2'3).



Kegdhoro 5

I'evvitopes kot drakprroi
LoydplOuot

210 KePALALO 0VTO, TO p GUUPOMILEL TAVTA TEPLTTO TPWDTO.
Ta AaTvikd ypaupato ouuBorifovy mavto dKepaiovg

5.1 Tevvirtopeg

"Eotw m > 1 kol (a,m) = 1. To obvoro {k > 0 : a* = 1 (mod m)} elvar um
Kevo, Ao, YLl Topaderyua, epLExel Tov ¢(m), Moy 1ol Bewprjuatog tod Euler
(2.2.4). TO é\dyroto oToLYETO AvTOD TOD CLVVOLOU AéyeTal TdEn ToD a UETPpW m Ko
ovupohriteton ord,,(a).

‘H ypnon 1ot cvuporopod ord,(a) onuaiver, akdéun Ku v avtd d&v
dnhovertat, ot (a,m) = 1.

Ot Baoikeg 1010t TEG THG oLVVapPTNONG Ord,, TEPLLAUPBAVOVTOL 0TV TAPAKAT® TPO-
TOLOM.

Oeopnua 5.1.1 “Eotw m > 1, (a,m) = 1 kai r = ord,,(a). Tote:

a’. ‘Hicotwio a* = 1 (mod m) lcodvvauei ué mjv k = 0 (mod r). Eidixdreoa,
rlg(m).

B. ‘Hicotio a* = a’ (mod m) icoSvvauei ué miv k = € (mod r).

Y. Ol aotOuol 1,a, ... ,a" " elvor avicbtiuol uétow m kal ké0e Svvaun tot a (un
aovntikol ex04tn) elvau LodTIUn ETOW M Ué Kémolov amod avTols Tovg r 1O oo
aotOuoig.

AmoderEn o. ‘H ebiheidewa dwaipeon tod k S r nag diver k = rqg + v, dmov
0 < v < r. 'EE UmoBéoewe, a” = 1 (mod m), &po a* = a’ (mod m). "Av rlk, tote
v=0,8paa" =1 (mod m). Avtiotpdpwg, dva* =1 (mod m), td6tea’ = 1 (mod m).
Zuvoualovtag avTt) TV I00TUO LLE TOV OPLOUO TOD F, KATAA]YOUE OTO CUUITTEPOLOLAL
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&1L 6 r dtv umopel v elvan Oetikdg. "Apa, r = 0, 6moTe rlk.

B. "Eotw k > ¢, 6ndte 1) lootpia @ = a’ (mod m) icoduvauel ue Ty ak¢ = 1

(mod m). Ano 10 (), 1} Televtoio iootpio icoduvauel ug v k — £ = 0 (mod m).

Y. "Av ftav af = a’ (mod m) ut 0 < k < € < r— 1, té1e, obugpwvo ué 1 (B) O

elyoue r|(€ — k), mob elvaw &dOvatov, dgod 1 < £ —k < r. Téhog, Eotw k > 0. Elvow

k=i (mod r) yux kmowo i € {0, 1,...,7r — 1} &pa, &md 10 B, a* = a' (mod m).
0.£.9.

"Av ord,,(a) = ¢(m), TOTE O a XAPAKTNPILETAL MG YEVVIITOQAS UETPW M.

Oeopnua 5.1.2 0 modt0g TEOS TOV M AKéQAUOG a Elvau YEVVITOQAS UETOW M &L,
Kad (1évo év, ol aplbuol a,a?, . . ., a®™ amoteAotv TeQLOQLGUEVO GUGTHUA VITOAOLTWV

UETQQ m.
AnddeiEn "Eotw 611 6 a elvar yevvijtopag uétpw m, 6mote ord,(a) = ¢(m). Amd
10 ¥ 100 Oewpnuatog 5.1.1, ot &pbuot 1 = a?™ a,d?,...,a® ™" elvar dvicdTipoL

wétpe m kol 1O TAN00¢ Toug elval ¢(m), CUVETMHC ATOTELODV TEPLOPLOUEVO OVOTNUO,
VITONOLTTWV UETPW 7.

Avtiotpdpwg, Eotw OtL oi ¢(m) 1O mMAT00g dpduol a,a?, .. .,a?™ dmotehotv
TEPLOPLOUEVO GVOTNUA VITOLOLTOV UETPW m* EIOLKDTEPA, OL d(m) TO TAT00g QUTES
duvauelg elvan aviodtiueg uétpp m. “Eotw topa St ord,(a) = r. Amd 1O o
100 Bewpnuatog 5.1.1 Eépoue Ot rlg(m), Gpa r < ¢(m). AMG, amd TO Y TOD
tdLov Bempnuatog, LLap oV AKPLRMS r TO TATO0g duvauelg ToT a (U aPVNTLIKOT
EKO£TN) AvioOTIUEG LETPW M, APO., ATTO TNV TTOPATPNON MYEG YPAUUES TOPUTAV®,
¢(m) < r, omdte r = ¢(m). 6.8.0.

Oeopnuae 5.1.3 o' Ia kGOs a modTo mEOG TOV M Kad k&Oe OcTikd axéoauo k oyvel

ord,,(a)
(ord,,(a), k)

B. "Av 0 g elvau yevwijtooag uétow m, téte SAot ol Gotluol gk ué 1 < k < ¢(m) kai
(k, p(m)) = 1 elvau, Emiong, yevvijtogeg uérow m, avicdtiuor uetaE tovg kal kdOe
yevwjrooag 1étow m elval lodTuog (e Evav amod avtols Tols aglbuols. Svvemdg,
vdoyovv akouBg ¢(p(m)) 1o wAO0g aviedTIOoL YEVVIITOQES UETOW M.

AnodelEn o. "Eotw ord,(a) = n. T kb Oetikd dxépato £, ol émainOevel
v tootpia (@)f = 1 (mod m), ioydel, fdoel Tod o 1o Oewpruatog 5.1.1, dtu n|kl,
dMhady), 6 kf elvon kowvd mOAATAGOW0 TV k Kob n. Zvvendg, v £ = r elvar O
E\doLotog Tétolog aképaiog £, Tote O kr elval 1O EAdytoTo Kowvd TOAATAUOLO TV
k,n. M’ &lha Adywa, & ord,,(a¥) = r, téte kr = [k, n] = (Oedpnua 1.3.1-a) (,f””l), amn’
dmov 1 dmodeiktéa oxton r = .

B. “Evoag aképatog b givar yevvijropag uétpm m &v, Kai poévo &v, eivol mpdtog
pOG TOV m Kai 1) TEN Tov uétpy m eivon ¢(m). Bhoel tob Oswpnjuotog 5.1.2, 1
ovvOT KN aT) iocoduvapet ue T 8t 6 b elvar iodTwog PETPE m ugé Kdmolov apLdud
gk, 8mov 1 < k < ¢(m) kai 1| TdEn 10U g* uétpw m eivow ¢(m). Bdoel tov (o),

¢(m)
(@(m), k)~

ord,,(d) =

ord,(g") =
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dpa, ord,,(g°) = ¢(m) &v, xal uoévo &v, 6 k elvar Tp®dTOC TPOG TOV P(Mm).

Avokepolardvoviag TO mapamave Exoue 8L, 6 b elvon yevvitopog UETpm m
&v, xal povo &v, eivon todtwog pnétp m pt Evav dpduod gk, dmov 1 < k < ¢(m)
kol (k, p(m)) = 1. Emmhéov, dmd 10 Ocmpnua 5.1.2, 8hot ol Tétotol dpduol g —tod
TA00¢ TOVG, TPOPUVAG, EIVOL G(m)— elvar AvioOTIUOL PETPpQ m.  ©O.E.9.

Oecopnua 5.1.4 i 10 o kol §, maoakdrw, vwobétous 6t ol a,b elvar modTotL
7O¢ 1O 1éteo m > 1 kai ord,(a) = r, ord,,(b) = s.

a’. "Av (r, s) = 1, téte, ord,,(ab) = rs.

B. Ymboyet c ué ord,(c) = [r, s] (=EKII t@v r, s).

V. Yrdoyel yevviitooog uétow p yio kGOs weQLrTd TODTO P

AnrodeEn OO Kdvoue ovyvi| xp1om tol Bewpruatog 5.1.1 ywpig idraitepn pveia.
o. "Eotw ord,(ab) = t. "Eotw, &éniong, b tétowog dote bb; = 1 (mod m).
‘H Goxnon 1 pag Aéer 6w ord, (b)) = s. Amo v (ab)’ = 1 (mod m) maipvoue
duéowg a' = b} (mod m). "Eotw ¢ = a' = b} (mod m). Amod 10 Bewpnua 5.1.3
ovusmepaivoue 0t ord,,(c) = ord,(a') = ﬁ, KaOng émiong kai ord,(c) = ord,, (b)) =
(S—SJ). "EEwodvovtag, maipvoue r(s, 1) = s(r, 1), dpa r|s(s, t). "Emedn) (r, s) = 1, Emeton
S r|(r, 1), Gpa rlt. Eviehdg dvaloya, slt, omote (Y 1o Ocwpnuotog 1.3.1) rsiz.
Amo 1O GMo uépog, duwe, (ab)™ = (a")*(B*) = 1*- 1" =1 (mod m), pa. t|rs, OmoTe,
TeEMKA, t = 7s.
B. Tt AmddelEn B4 kdivoue ypron TV EkOeT@v, 0ToLg Omoiovg dvagpepOnKaue
apéomg petd 10 Bewpnua 1.4.3. T rthovotevon tob ouppfohopod OO ypdgpoue
ord avti ord,. Tov tumko (OeTikd) mpdTo apBud B0 cuuPoriCoue e g Kai to
ovupolro v,(x) vrevOuuitoue 0T onuaiver TOv EkOET TOD g OTOV X.
"Entiong, 0 ovpBoro [T 00 onuaiver [T, o0
O¢toue

ro = 1_[ 79 Smov u(q) = {;q(r) gz :,,E:; i :qz z;
q q

Kol

) 0 &VV(F)ZV(S)
_ v(q) = ! '
5 n q omov  v(q) {vq(s) v vy(r) < vy(s) .

Elvou mpogavig 8, yud kavéva g dtv Exoue ovyypdvog u(g) > 0 kol v(g) > 0, dpa
(ro, So) = 1. ’Emiong, u(q) + v(q) = max{v,(r), v,(s)}, dpa, amd tv doxknon 31 tod
Kepahaiov 1 €metan Ot rosy = [r, s]. Elvou émiong mpopaveg amd tov OpLtopd 1ol
ro Ot rolr, omdte g OEcoue r = rory Yo KAmtowo r; € N. Avadoya, Oétoue s = 5951,
Omov 51 € N. Amo 10 (o) tod Oswprnarog 5.1.3 €xetan St ord(a™) = T = e =10
Kat, avaloya, ord(b*) = so. ‘Emedn, topa, (rg,s0) = 1, 10 (o) ndg Aéer dm
ord(a™b*) = rosy = [r, s].

Y. "Eotw r 1| uéywotn duvarth tdEn pétpm p, dnhadn, Omapyer dképaog g uk
ord,(g) = r, &v® ord,(b) < r yuo k60Oe b € Z. Ilpogavig r < p — 1. loyvpillopaote
Thpa OTL 1] TAEN UETpw p OmoLoVdNTToTE dkepaiov diatpel tov r. Tpdynatt, EoTw
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ord,(b) = s xol &g VmoBéooue OTL O s OV dlawpel tov r. Tote, (r,5) < s, Gpa
[r,s] = ﬁ > =2 = AMG, Bhoel tod (B), Dmapyer dxépotog, ToU Omoiov 1)
TGEN uétp p elvaw ton ut [r, s] > r, dromo. Svumepaivoue, Aowtdv, Ot ol ThEeig
v 1,2,...,p — 1 uétpw p elvor doupéteg 100 r. ADTO, TPOPAVDE, CUVETAYETAL
ot 1 tootyior X — 1 = 0 (mod p) €yel tovhdywotov p — 1 dropopetikeg AVoeLG,
apa (Beopnua 3.4.1) p — 1 < r. “Onwg mapotnpooue oty apy1, oyxver Kol 1
avtiotpogn dvicdmta, dpa p — 1 = r = ord,(g), 6mdte 6 g elvan yevvitopag HETpw

er

p. 0.£.0.

Oeopnua 5.1.5 o’ "Av 0 g eivau yevwijtogag uétow p, téte vadoyovv k, € térolol
wote (g + pk)P™' = 1 + pl kai € # 0 (mod p). T'c éva térowo k, 0 g + pk elvau
YEVVNTOQAS UETQQW P" Y kabe n > 1.

B Av 6 g elvar yevvijrogag uéto p kal gP' % 1 (mod p?), téte 0 g elvau
yevwjrooag uéto@ p" yuia kéen > 1. !

v Av n > 1 kal 0 g elvou yevvijtooag uétow p", tote yevwiitogag uétow 2p"
elvau Ekelvog amod Tovg g kal g + p", 0 omolog elvar TeQUTTAG.
AnddeEn o. Adyp tod Oewpnuartog Tot Fermat £xoue g7! = 1 + pc, i kdstorov
aképato ¢. "Apa, Yo KaOe AKEpoLo x Exoue

p—1

-1 , ,

(g+pxy " =g+ (p - Dg"2(px) + )| (p ; )g”“"(pX)’
i=2

=1l+pc+(p— 1)g1’_2px+p2b1

Smov 6 by elvau kdurolog dxéparog, Tob Omolov 1) T S&v udg dvolagépel. "Apa,
(g+px)P ' =1+ p(c+(p-1)g"2x+ pb;) kai &v k mod p elvau 1} Mo tijc icoTiuiog
(p—1g"2x=1-c (mod p), 101 c + (p — 1)g" %k = 1 + pb, Y1 k&mOL0 b, € Z, Epo
(g + pk)P~' = 1 + p(1 + pb, + pb;) xoi maipvoue £ = 1 + pb, + pb,.
Od arodeiEope TMpa OTL, YLl TO TaPATAvVW k Koi KGO v > 1 ioyvel pio oyéon
TG nopepiig
(g+ph)" ™D =1+ p™iy . Bmovp flo . (5.1)

av=1:

p
(g +p" "™ = (1 +pty =1+ p+ ) (f) (p0)
i=2

Kol ka0 mpoobetéog 01O TELevTATo dOpoLoua Y elvar morlhamhdoto Tod p?, duott
Ka0e Stwvuukodg cuvieheoTi|g 0TO AOpotoua avTd lvan TOAATAAOLO TOD p (Gokn-
on 32 tob kegaraiov 1). "Apa, T0 8e€10 uélog Tig mopamdvm oyfong eivol Tiig
wop@ig 1 + p?t,, 8mov £, = £ + {Spor Staugetol duc p} # 0 (mod p).

Moy =2:

)4
(g + pky”" "™V = (1 + p*6,)" = 1 + p°ls + Z (l;) (P*6)
=2

IStV mtpdiEn, 1) mepimrwon avt) 8tV elvan Kol t600 eiduki, dpol 6 udvog mpdtoc p < 104729,
7ov 8¢V ikavosotel bty T cuvOnK, elvar 6 40487.
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Kol KdOe poobetéog 0ToO TELEVTOTO a@powua Y, elvau mohhamhdoo Tod pt. "Apa,
10 8e€10 uéhog Thg mapamdvew oyéong eival Tig poppilg 1 + pts, dmov £3 = £, +
{000t Suaugetol Sue p} 0 (mod p).

H gmoaywyikn) amddeiEn tig oxéong (5.1) eivaw thpa Eekdbopn. Me ) forjOsia
il oyéong avTi|g umopodue vo dmodeioue &L 6 g + pk elvon yevvitopog HéTpw
'y kdBe p > 1. Kat’ apyde, ag Kdvoue v amii mopatypnon ot agol 0 g
glvol yevvijtopag HETP® p, TO 1010 O toyel kal o TOv g + pk, 6mdTe 1) TGEN TOD
g+ pk uétpw p elvau p — 1. "Eotw tdpa 6t ord,u(g + pk) = r. ‘Hoyéon (g+ pk)” = 1
(mod p*) ouvemdyetaw v (g+pk)” = 1 (mod p) Gpa, agoT 1) TGEN 10T g+ pk nETpw
p elvow p — 1, ovumepaivoue 8t (p — D|r kol 0étoue r = (p — 1)s. Ag’ étépov, 10
o’ tob Oewpnuarog 5.1.1 udg Aéer dn rlg(p*) = p*~L(p — 1), &pa s = p” Y1 koo
v < u— 1. Topa, 1) oxéon (5.1) nag Aéel 8t (g + pk)? PV £ 1 (mod p*+?), &pa, &v
frav v < u—1, 0a elyaue (g+ pk)” = (g+pk)” P~Y £ 1 (mod p*), mod AVILPAOKEL g
1OV OpLopd Tod 1. Tuvemdg, v = u—lkair = (p—1)s = (p—1)p* = (p—1)p* ! = ¢(p"),
oL Aéel, dxplpag, Ot 6 g + pk elvow yevviitopag uétpw p.

B. Abdyw 1o Bewpfuatog Tod Fermat, g7! = 1 + £p. 'EE vmobéoewg, 1O £ dtv
draupeiton Ao TOv p, dpa épapudletor To (o) ut k = 0.

Y. "Av 6 g elvau yevvijtopag HETp® p”, O 1810 Loy lel, Tpopovig Kal yii Tov g+ p" Kal
gvag, akpLp®dg, dmod Tovg do elvar meprttdg dpLdudeg, TOV Omoio dg ovuforicoue ue
g1. Elva, éntiong, ¢(2p") = ¢(p") = (Eotm) e. Aol ioyel 1) oxéon g6 = 1 (mod p")
Kal 0 g; elvon mepLttog, B loyvel kol 1) g¢ = 1 (mod 2p”). Emunhéov, &v Omijpye
BetikoOg k < e, Tétowog (ote g8 = 1 (mod 2p"), tote 64 Toyve kat g& = 1 (mod p"),
KaTL oL AVILpAoKeL uE TO yeyovog O g1 elvol yevvijtopag UETp® p*. Zuvemdg,
orda,»(g1) = € = ¢(2p™), dnradn, 6 g1 elvaw, Extiong, yevvitopag wétpw 2p".  6.£.9.

Xyo6Mo. 'Evo émumorloro Koltoypa tod Oswprunatog 5.1.5-a dtvel ty évrdmwon
OtL, Yoo vo. vtoloyioel Kavelg Eva yevvitopa uétpe pt 1) 2p", 0tav Eépel Eva
yevviitopa wdtp p, mpémel viL Umohoyioel TOV tepdotio dpdud g1 Aavbaocuévn
évromtwon! ‘H Goknon 4 nag Aéel 0tL, APKET VO VITONOYIOEL KAVELG, OYL AUTOV, K00’
gouTdv, TOV dptdud g”~!, dla TV khdom tov uétp p? kal Eva tétolo Eyyeipnua,
BéRaua, dtv elvar dvokolo (8&¢ mapdypago 2.3 Tol Kepolatov 2).

Méypt otryuiic Exoue dei&eL 6T, Yy m = p", 2p", ue p mepLttd TpdTo Ko n > 1,
VITdpyovy yevviitopeg nétpw m. ‘Bmiong, elvar govepd ST, uétpm 2 kol uétpe 4
VITAPYOVV YEVVNTOPEG, ol 1 kat 3, avtiotoiyws. TO mopokdtw Oedpnuo wdg Aéet
OtL 00d€va dllo uétpo m > 1 €yeL yevvntopa.

Oeopnua 5.1.6 . I k&Oe b > 3 kai k&Oe TeTTO a loyve &7 =1 (mod 2%).
k

57 b; 1 ¢ 5 \ \ ~
B. “Eotw m = 2° l_[ p/’, omov k > 1 kai ot p; elvar StagpogeTikol TEQUTTOL TEMTOL
i=1
kol ta €Eng vmotiOsvrar: Avk = 1, téte b > 2-av b = 01 1, téte k > 2. Tore, i
kGO a me@To TEOS TOV M loyveL

a®™’? =1 (mod m).
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v. Tiam =2, 4, p", 2p", 6mov p meortog TEMTOS Kk n > 1, Udioyovv yevwitogeg
uérow m. Niam > 1, wov 6&v elvar Tig TaAQATAV® OQPTG, OEV VTAQYOVV YEVVI[TOQES
UETOQ M.

AnoderlEn o, ‘H amddei&n yiveton emayoyikd. T b = 3 1) dmodeiktéa yivetan
a* = 1 (mod 8), mov ioyvel. “Eotm ém loyver vy b = k, 6mdte umopodue va
ypdpoue & =1+2% YL KATTOLOV AKEPaLo £. “TPdVOVTOG 0TO TETPAYWVO T S0
uéhn matpvope @ =1+ 281+ 2%2 = 1 (mod 2.

B". BaoeL tod o Tod Oswprjuartog 2.2.3 Exoue

k
o(m) = 92" [ [o(rl -
i=1

210 yivouevo [] éupaviletal TovAdyloTtov £vog mapdywv </)(pf N =(pi— l)pf =1 mtob
etvol dptiog aptdude, dpo 6 ¢(m)/2 eivor dxéparog.
Amodelkviope Tp®dTo OTL O

1 S
025“?ﬂ3¢@%

elvau dképanog. "Av b > 2, 16te 6 apBudg 3¢(2°) = 2772 elvan dxépanog. "Av b = 0 )
1, tote, €€ Umobéoewg, k > 2 Gpa 0Td yivouevo [ eugpaviteton O Tapdynv qb(pgz), 0
omotog eival aptiog, kKabmg eldaue mopomdve. Kai otig d00 mepuntdoelg, houmodv,
0 ¢ elvol AKEPALOG.

"Eotm Tmpa g EVOG YEVVITOPOG LETPW pl]“. "Emteldn (a, pll’l) = 1, ovumepaivoue
OTL VITapyeEL s, Tétolog Mote a = g° (mod pll’ ). Tote

b
a2 = gsqﬁ(m)/Z — (gqb(pll))cs =1°=1 (mod p/171)

xal, kKt dvoroylav, a?™’? = 1 (mod pf.”') v Oha T i = 1,..., k. “Yotepa &md 1O
ovuTEPACLLOL ADTO, TO OVO TTOL Nag HéveL Yl v’ dmodeiEoue St a®™/? = 1 (mod m),
elvar 6t a?™/? = 1 (mod 2°). Tw b = 0 8¢v Exoue timote viu modeiEoue. "Av b > 1,
6 a elvar meptttog, dgod (a, m) = 1. Twub = 1, dmoderktéa oyfon elvor 1 TeTpLuuévn
tootuta a?™/2 = 1 (mod 2). Twx b = 2, ¢(m)/2 = [1L, ¢(p§”’) Kal KaOe mapdywv
adTol TOU yrvopévov (DrTdpyeL TOVAG LoTOoV Evag) eival Gptiog. Apa, ¢(m)/2 = 2e,
e € Z kal amodeiktéo oyfom eivaw 1) a* = 1 (mod 4), 1 dmola ioyver, dgod a® = 1
(mod 4). T b > 3 6 ¢(m)/2 elvar morhamhdowo tov 2072, kal 1) dmodektéa oyéom
gmetan auéowg artd TO ().

Y. ‘O 1 elvan yevviropog puétpm 2 kai 6 3 elvow yevvitopag uétpe 4. To v
100 Bempruartog 5.1.4 kai 10 Yy 100 Bewpfuotog 5.1.5 ovverdyovton Ty VTapEn
yvevvntopa UETP@ m Otav m = p" 1) 2p" ue p mepLttd mpdro kol n > 1. “Otav
6 m dtv Eyer plo Amd adtEg Tig wopéc, tote, i m = 22 ut b > 3, §| 6 m elvan
Omwg 010 (B). Kat otig dvo meputtdoelg toyver Ot Yo kdbe a mpdTto mpodg TOV
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m, a®™’? = 1 (mod m) (mapatnpiiote &1L ¢(2°)/2 = 2°72), &pa k&b dxéparog a
TPAOTOG TTPOG TOV m EYEL TAEN UETPW m, TO TN, ¢p(m)/2 Kai, CVVETDS, dEV WITOPEL
vaL glvoL yevvijtopag UEtpm m.  6.£.9.

[Mivakog 5.1: “Ohot ol wpdToL p < 659 ug tov avtiotoyo ELdyLoTo yevvitopa g(p).

p g p s»| p s| p s»®| p sp| p gp]
2 1] 73 5]179 2[283 3419 2547 2
3 2| 79 30181  2[293  2|421 2557 2
s 2] 8 20191 19307 5|431  7|563 2
7 3] 8 3193 5311 117|433 5|569 3
11 2| 97 50197 2[313 10439 115|571 3
13 20101  2|199 3|317 2443 2|577 5
17 3103 5|211 2331 3|449 3|587 2
19 2107 2]223  3(337 10|457 113|593 3
23 5109 6227 2347  2|461 2|59 7
29 2113 3[229 6349 2|463  3|601 7
31 30127 3[233 3353  3|467 2|607 3
37 20131 210239 735 70479 13|613 2
41 6137 3241  7|367 6|487 3|617 3
43 3139 20251  6[373 21491 2|619 2
47 50149 20257  3[379 21499  7|631 3
53 20151  6|263 5/383  5[503 5|64l 3
59 21157  5]260 2(38  2/509 2|643 11
61 20163 2]271  6(397 5|521  3|647 5
67 21167 5|277 5/401 3|52  2|653 2
71 70173 20281 31409 21|541 2|659 2

5.2 Auwxkpriroi Aoyapiuor

2’ o) TV opdypago m = p" 1) 2p”, ug p mepLTTo TPMTO Kot 1 > 1.

Zougpovo ug 1o Bedpnua 5.1.6 VTGPYOUV YEVVNTOPES UETPW m Kol E0Tw g EVag
Ao avtove. "Eotw a mpdtog mpog tov m. Amo to Oempnua 5.1.2 ovumwepaivoue
&t vmdpyer Evag povadukog k € {0,1,. .., ¢(m) — 1}, tétotog Hote a = g¢ (mod m).
‘O k atog ovuporiteton ind,y(a) Kal Aéyetan dtakoitos Aoydoibuog tov a uétoq m,
wg g Bdon g. Zuvibwg Tapalelmoue TOVG TPOGILOPLOUOVS «UETPW M» KOl «0G
7PO¢ Paon g». Mpotipwodue oV ovpPoriond ind évti ToT log dLOTL, AP’ EVOG, VITAPYEL
KATTOL0G KIvVOUVOog ovyyvoews ue tOv ouvion hoydpbuo kal, dgp’ ET€pov, Yot 1)
xpNoN 10U ovufoiopnot ind Exel APKETA LOKPO TOPAd00N 0TI Oewpio ApLOudv.
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"EE 0pLopod, houdv,
indy(a) =k o a= gk (mod m) xot 0<k<¢(m)—1. (5.2)

Oeopnua 5.2.1 ’Eotw g yevvijtogag uétow m. Iagakdto, ta a, b cvuforilovv
akeoatovg modTovg medg TOv m. I'ia amwAovorevon tov cvuPoriouod, ora (a)-() kad
oti¢ amodeifels Tovs yodgoue ind avti ind,.

a’. a=b (mod m) & ind(a) = ind(b).

B’ ‘Hicotwio a" =1 (mod m) icodvvauel ué trv nind(a) = 0 (mod ¢(m)).

v". ind(ab) = ind(a) + ind(b) (mod ¢(m)).

¢". ind(a") = nind(a) (mod ¢(m)).

¢’ ind(1) = 0 kai ind(g) = 1.

" ind(=1) = ¢p(m)/2.

L. CAv g elvau yevwijtogag uéto@ m, téte

ind,(a) = ind,(g1) - indy, (@) (mod ¢(m)) .

AmodelEn =7 avm) TV AddelEn OO ypnolomotoTue, dixmwe Vo KAVOUE 1dLaltep
uveta, ™) oxéon (5.2) kabag érmiong kai v £Efi¢ icoduvauia: gk = g¢ (mod m) &
k = ¢ (mod ¢(m)), 1 6mota mpokimTer Auéowg amod T B ToU Bewpruatog 5.1.1, ot
ovvdvoouo pg to ot ord,,(g) = ¢(m).

[MpoywpoTue Twpa oty ATOdELEN TV dLapdpmV TPoTdoewv ToT HEwPUATOG.
o’. "Eotw ind(a) = k xoi ind(b) = €. Tdte, 1) tootipia a = b (mod m) icoduvauel ug
my g¢ = g¢ (mod m), &pa pt T icotwia k = £ (mod ¢(m)) cvvendg, p(m)|(k — ).
“Ouwg 0 < [k —{] < p(m), dpa k = L.
B. “Eotw ind(a) = k. ‘H icotyia a” = 1 (mod m) icoduvauel put v g = g
(mod m), &pa kai ue v nk = 0 (mod ¢(m)), oL elvou 1) dmodelkTéa.
Y. ghd@+ind®) — oind@gind®) = gp = ¢ind@h) (mod m) xal 1) dmodetkTéo MPOKVITTEL
Tpa ug Epapuoyn) 1ot Bewpruatog 5.1.1-f, Aaufdvovrog v’ Sy &t ord,,(g) =
¢(m).
&. H mpdroon (Y), mob pohig amodelEaue, yeviKeDeTal ug Tpopavii Eaywyr|, Mg
€EN¢: ind(a; - --a,) = ind(ay) + -+ + ind(a,) (mod ¢(m)). Twa; = --- =a, = a
TTOLPVOULE TNV ATTOOELKTENL.
g. Tetpyupuévn ouvvémela Tig oyxéong (5.2).
¢’. Oétoue m = 2/p", mov j € {0, 1}, 6mdte, Stav j = 1, 6 g elvor mepLrrdg, MOy
Tilg oxéoemg g™ =1 (mod 2/p"). =t kGO mepimrmon O ¢(m) elvar Eptiog, OmdTe
1] TeheVTOlO LOOTLULOL YPOAPETOL LO0dVVAUA DG

0

2jpﬂ|(g¢>(rrl)/2 _ 1)(g¢(141)/2 +1).

AMG, TTpopavdg, 6 2/ duaupel kol Tovg dvo mapdyovieg ot §eELd, &vad O p duto-
KheteTon vi Stoupel kal tolg 8o ouyypdvwe. Apa, 6 m = 2/p" droupet 1) TOV Eva 1)
1OV dAho Tapdyovta. "Av dtanpoioe Tov g#72 — 1, tdte O Epyduaocte ot dvtigpoon
ut 1o 811 6 g elvar yevvitopag uétpe m. "Apa 6 m dioupel OV dAho mopdyova,
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dMradn, g?™/2 = —1 (mod m), mob onuaivel, ind(—1) = ¢(m)/2.
T. ©¢toue ind,(a) = n, indg, (a) = k, ind,(g,) = ¢, 6mdte Exoue

g"=a, g]f a, g[Egl (mod m) .

Suvdvdtovrag Tig dvo tehevtaleg matpvoue g = a (mod m), 1| dmota, ot cuvdva-

oud uE Ty Tpm, udg diver g = g" (mod m). ‘H tehevtoia icoduvvouel ue v
n = tk (mod ¢(m)), moL elvar 1) dmodetktéa oyéon. ©6.£.9.

[Mivakog 5.2: Ztv toun) Thg OTHANG TOD TPOTOV p KO THE YPOUUUNG TOD a Eupavi-
Cetau 6 indy(a) Stav g elvar 6 EAdyL0TOg YevviTopag HETPW p.

oFP13 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
lI1ro o0 o o0 o o o o o o0 o0 o o o o
2112 1 1 14 1 2 124 1 26 27 18 1 1
3 31 8 4 1 13 16 5 1 26 15 1 20 17 50
4 2 4 2 212 2 4 2 18 2 12 12 36 2 2
5 S 4 9 5 16 1 22 20 23 22 25 1 47 6
6 39 5 15 14 18 6 25 27 1 28 38 18 51
7 7 11 11 6 19 12 28 32 39 35 32 14 18
8 3 310 3 6 3 12 3 38 39 8 3 3
9 6 8 2 8 10 10 2 16 30 2 40 34 42

10 5 10 3 17 3 23 14 24 8 10 19 48 7
11 7 7 12 9 25 23 30 3 30 7 6 25
12 6 13 15 20 7 19 28 27 13 10 19 52
13 4 5 14 18 11 11 31 32 11 24 45
14 9 7 21 13 22 33 25 20 4 15 19
15 6 11 17 27 21 13 37 26 21 12 56
16 8 4 8 4 6 4 24 24 26 4 4
17 10 7 21 7 7 33 38 16 10 40
18 9 12 11 26 17 16 29 12 35 43
19 I5 9 4 35 9 19 45 37 38
20 S 24 8 25 34 37 37 49 8
21 13 17 29 22 14 36 6 31 10
22 11 26 17 31 29 15 25 7 26
23 20 27 15 36 16 5 39 15
24 8 13 29 13 40 28 20 53
25 16 10 10 4 8 2 42 12
26 19 5 12 17 17 29 25 46

’ \ < ’ ’
OUVEXELL OTIV ETOUEVY GEALOQ
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[Mivakag 5.2 (ovvéyeia amd v moonyoluevy ceAlda)

oFP13 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59
27 IS5 3 6 5 3 14 51 34
28 14 16 34 11 5 22 16 20
29 9 21 7 41 35 46 28
30 15 14 23 11 39 13 57
31 9 28 34 3 33 49
32 5 10 9 4 5 5
33 20 18 31 27 23 17
34 8 19 23 34 11 41
35 19 21 18 33 9 24
36 18 2 14 30 36 44
37 32 7 42 30 55
38 35 4 17 38 39
39 6 33 31 41 37
40 20 22 9 50 9
41 6 15 45 14
42 21 24 32 11
43 13 22 33
44 43 8 27
45 41 29 48
46 23 40 16
47 44 23
48 21 54
49 28 36
50 43 13
51 27 32
52 26 47
33 22
54 35
55 31
56 21
57 30
58 29

Eg@oapuoyés. o. Awvvukés tootuicg. "Eotw Ot Exoue v Mhooue pia i-
oot X = a (mod m), 8mov (a,m) = 1. Bdoel 100 & 100 Oewprjnatog 5.2.1, 1
lootuia adt) elvar ioodbvaun ue Tv kind(x) = ind(a) (mod ¢(m)). ‘H televtaia
YPAUULKT] ®¢ TTpog ind(x) iootuia Exel Mbon Gv, Kol uovo av, (k, ¢(m))lind(a) (Oe-
wpnua 3.2.1). "Av €yer Mbon, tote 1) Emilvon g yivetar arhovotota, BAcEL TOV
00wV mepLYpapaue otV mopaypago 3.2 tol kepaiaiov 3. "Exovtag vmoloyioel
v KAdon ind(x) mod ¢(m), vohoyiCoue ue Mpwon o¢ duvoun (PA. Tapdypapo
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2.3 100 Keoahaiov 2) Tv KAdon x mod m.
o mopdderyuna, 0 EmAoope TV LoOTLULo X
L00OUVOLET UE TV

12 = 37 (mod 41). ‘H icotipio ad)

12ind(x) = ind(37) (mod 40) . (5.3)

Amo OV mivaka 5.2 frémoue Ot ind(37) = 32. ‘O mivakoag ovtog Exel ouvtayOet ue
Baomn Tovg EMdyLoTOVG (OETLKOVG) YEVVITOPES, TOVG OTTOLOVG UALG TTALPEYEL O TTIVOKOG
5.1, dmradr), otd mapdderyud pog, 6 yevvitopag uétpo 41 eivar 6 6. "Emeidn
(12,40) = 4 kot 0 4 dvoupet Tov 32 = ind(37), ovumepaivopue, BAoeL Tol OempruoTtog
3.2.1, o 1 lootio (5.3) &xer 4 Mioeg. Avvovrog v tootio (5.3) odugpova
ug 0oa meprypdpoue otV Topdypago 3.2 tod kepolaiov 3, Pplokoue Tig £ETC
TEOOEPELG MVOELG,
ind(x) = 6, 16, 26, 36 (mod 40) ,

ol 07Toieg Nag divouv, AVTLOTOl WG,
x=6°=39,6°=18,6*°=2,6°=23 (mod4l).

‘O mapamdve TpoOmTog Emilvong Thg dwvuKiic tootiuiag dEv elval mPaKTikog,
A’ €vog, dLOTL EQaPUOTETOL OVO YLOL ELOLKTIC UOPYPTIG UETPOL m KoL A’ ETEPOV
—0TO £1vaL TO ONUOVTLKO UELOVEKTNUO—, SLOTL AtaLTel TOV VITOLOYLOUO SLaKPLTOV
MoyapiBuwv, Tpofinua EEatpeTikt dVOKOAO Amd Bmroyn Vohoylotiky. Tevikd
WAMOVTOC, 1) £voederyuévn uébodog Emlvoemg Tiig Stwvuukiig iootutag elvar avT,
7OV AVOTTTVOOETOL TV TTapdypao 3.4 Tod kepaaiov 3, Kal Epapudletol ot Kabe
TOAMWVUILKT| tooTiia. Adoaue, Ouws, €dM avT) TV EQapuoy, Yo vo fondroet
oV EUTEdWON TG OYETIKTC Oewplog.

B'. ’ExOstixéc iootiuiec. "Eotw 6T1 oi a, b elvor mpdTol mpdg TOV m kol 0éhoue
vo AMooope TV tootyia a* = b (mod m) pg dyvwoto tov €ék0étn x. Ot mpotdoelg
o kol 8 Tod Bewpruatog 5.2.1 udg 6dNyotv 0td ovuTEpaouo GtL ) 1) looTLio
elvol toodOvaun ue v ind(a)x = ind(b) (mod ¢(m)). Zvugpwvo pé T Oedpnua
3.2.1, 1) tehevtaio tootipia Exel Mioelg dv, Kal wovo av, (ind(a), #(m))|ind(b) kai,
OTNV TTEPLITTWO, TTOV 1) CUVONKTN 00T LKAVOTTOLETTOL, TO TIAT|00G TMV SLOLPOPETIKDV
uétpe ¢(m) Moewv elvar ioo ut (ind(a), ¢(m)): Pr. doxknon 8. Enuetdote ST, Aoy
100 Bewpruatog 2.2.4-y, Moeig Tig EkBeTIKTiC looTuiag, lodTiueg UETPQ ¢(m), S&v
DempoVVTOL SLOLPOPETIKEG.

"Ag gmhboope, Yo tapdaderypa v tootuia 12 = 13 (mod 23). "Eyxoue, ovugpmva,
ug ta mapamdvm, ind(12)x = ind(13) (mod 22) xai &md Tov mivaka 5.2 Bpiokoue
ind(12) = 20, ind(13) = 14, omdte €xoue vo AMiooue v 20x = 14 (mod 22). Zhu-
povo 1 to Oedpnuo 3.2.1, 1) tehevtaia lootiio el d00 MO Kal, CUYKEKPLUEVAL
Tic x =4, 15 (mod 22).

AV M 1€O0d0G¢ Emtihuong Tig EKOTIKTG LOOTLULAG AITALTET VITOAOYLOUOUS SLOKPLTDV
MoyapiBuwv Kal adTo TV KaOLoTd, Ao DITOMOYLOTLKT) Atoyn), EEaLPETLKY. SVOKOA
EMG AVEPAPUOOTY], YLOL UEYONQ EMG TOAMD UEYANL UETPOL M. ZE AVTIOEDT, OUWGS, UE
TLG SLWVUUKEG LOOTLUIES, OTIC OTTOLEG TAPAKAUTTOUE OUTO TO EEALPETIKY GOPapO
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UELOVEKTNUA, VLo TIG EKOETIKEG LoOTLUIEG OEV VITAPYEL, UEXPL ONUEPL, TTMV ELOLKDV
TEPUTTMOEWV, «UTOMOYLOTIKMG eVKOAMP uEB0dOG Emihvong. =& avTo, AKpLpOdS, TO
YOPOKTNPLOTIKO TOV EKOETIKDV EEL0MOEMV OTNPILETOL 1] AOPAAELR TOV YNPLAKDV
VTOYQAPDY KAl THG AVTOMAYTIG KQUATOYQAPIKDV KAELSLDOV

Y. “lootiméioura Svvduswv. Kot avahoyiov ug to tetpoywvikd icovmdrolra,
uopotue v Opioope L 6 TPDTOG TPOG TOV M AKEPALOG a Elval k-06T0 looiimdAoLmo
wéro m o xbmowov dxépano k > 2 &v, kai poévo &v, 1 icotypia x* = a (mod m) Eyel
Moom. ‘O 6pLopog atTodg Loy Ve Yo 6rtoL0dMToTE UETPO M, AALY E®, OGS, AMMOTE,
Ko 08 OA a0 TV ;Tapdypogo, 00 EEetdioope TO OEua Yo m Tiig wopgig p 1) 2p"
UE p TEPLTTO TPOTO Ko n > 1.

Ozopnua 5.2.2 "Eotw m = p" 1} 2p", 6mov 0 p elvar mequrtdg TEMTOC Kad . > 1.
"Eotw, éniong, k > 2 kai a mo@tog mpog tov m. Télog, Oétoue d = (k, p(m)). “Olot
ot Suaxgurol Aoydotuor Oewootvrar wg medg Kdmolov avbaigeto, alia otalegd,
yewnjrooa g, 0mote, yu awdomoinon tov cvufolouot, yodgoue ind avti ind,.
a’. ‘O a elvar k-ooto leoiimdioimo uétow m av, kal udévo av, dlind(a).
B. To miffog T@v avicotiuwv k-oot@v icoiimololmwv uétow m eivau
Y. ‘O a elvau k-0010 looiindloLmo uétow m &v, kai udvo av,

g0m
R

ad =1 (mod m).

P(m)
(¢(m),ind(a))

ElSikaTeoa, o a elvar Yevwijtooag uéto@ m av, kol uévo av, (¢(m),ind(a)) = 1.

ord,,(a) =

Am6derEn o "Evog amhOg 0uvuaoudg TV potdoemy o Kal & tol Oemwpnuatog
5.2.1 uag delyver 8t 1) tootuta x¥ = a (mod m) Exer Mon &v, kal udvo &v Exel
Aoon 1) tootuuia kind(x) = ind(a) (mod ¢(m)). ZVugwva pg to Bewpnua 3.2.1, 1
televtalo tooTuio €xer Mvon av, kol uodvo v, dlind(a).

B. Zougpova pg 1o (o), dpKel vo ueTprjoous yid Téoovg dkepaiovg a £vog mepLo-
PLOUEVOV GLOTHUOTOG VItoloittwv uétpw m ioyler dlind(a). Aedouévov dtu 6 ind(a)
dratpéyel o ovvoro {0, 1,. .., ¢(m) — 1}, a0TO I00dVVOUET IUE TO VA UETPT|COUE TTOOOL
amd Tovg dptduovg 0,1, ..., ¢(m) — 1 eivor morhamhdola Tod d. AMO adTd glval
amA0: 1O TAT00g TOV TETOLWV APLOUMY elval @.

Y. Zougova ut 1o (o), 6 a elvol k-00td tootmdlomo uétpy m &v, kol udvo &v,
ind(a) = 0 (mod d) xal 1) tootiuio T elvor icodhvaun ut Tv

@ ind(a) =0 (mod ¢(m)),

dhadn, Moye Tdv & kal € Tob Oewpruatog 5.2.1, ue v

ind(@"™) = 0 = ind(1) (mod ¢(m)),
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1) 6mota elva icodvvaun ue v dmodeiktéa, Aoy Tod Bewpfuatog 5.2.1-0.

&. "Eotw ord,,(a) = r. Toéte a” = 1 (mod m) xai 6 r eivar 6 EhdyLotog OeTikdg
aképarog s ue v dwotta a® = 1 (mod m). ‘H tehevtaia iooTuio icoduvouet pe
v ind(a®) = 0 (mod ¢(m)) (o Tob Oewprjuatog 5.2.1), dnhadt), ut ™y sind(a) =
0 (mod ¢(m)) (& tod Bewprjuatog 5.2.1). Zvvendg, 1 tootuia a® = 1 (mod m)
iooduvapuet ut T 8t 6 s ind(a) elvor Kowvo morhamhdowo TV ¢(m) kol ind(a). Kabag
O r elvan 6 EMayLoTog s, YL TOV Omotov ioyvel 1) a® = 1 (mod m), cvumepaivoue St
rind(a) elvol t© éMdyoto kowd mohhomhdowo t@v ind(a) Kai ¢(m), dpa, ue T
BonOeia kal tod Oewpruatog 1.3.1-o, Exoue

rind(a) = [¢(m), ind(a)] = (¢(m), ind(a))

A’ dmov Emetan dueéowg 1) Atodelktéa.  0.£.0.

5.3 ’Aoxknoeis 1oV Ke@oiaiov 5

ZTig VITOMOYLOTIKEG ALOKNOELG TTPETTEL VO KAVETE Y pNoN TOV mvakwv 5.1 xai 5.2

1. "Eotwm > 2, (a,m) = 1. "Avord,,(a) = kxaia’a =1 (mod m), tote ord,,(a’) =
k.

I
—

2. "Botw m > 2, (a,m) = 1 kal ¢ tp@dtoc. "Av yilt kémowo k > 1 toyver ad =
(mod m) kai @' # 1 (mod m) &modeiEte dtu ord,,(a) = q.

3. "Eotm 811 6 mp@dTog g dtonpel tov a?” + 1 yud kdsrolo a. Amodeilte bt g = 1
(mod 2"*1).

“YrodeiEn: Mopatmpijote St a®”

= —1 (mod g) Kai épapudote Ty doknon 2.

4. "Eotw 811 6 p £lval mepLttog Tp®dTog Kal O g elvar yevvijtopag uétpe p. "Eotm
k i) dpvnrikdg dképanog kal (g + kp)P~! = a (mod p?). AmodeiEte du 6 a
elvol Thg wopiig 1 + bp ut b dxépano. "Emmhéov, v 6 b d&v Srarpeitan dui
p, T0TE O g + kp elvaw yevvijropag uétpm p" it kbl n > 1.

“TrodeEn: "Eotw (g + kp)P~! = 1 + pf. Amodei&te 81, &v 6 b d¢v dawpeitan Sl p,
1OTE 0UTE O £ Sroupeiton Stk p kal Epapudote TO o ToU Bewpruotog 5.1.5.

Tougpva pug av) Ty doknon, &v g”7! = a (mod p?) kai 6 dxéparog “P%l oev
dranpeitan di p, tote 6 g elvan yevvitopag, Emiong, uétpw p”, Yo kdbe n > 1.

5. “Ymohoytote ™V ordys(4), Tp@OTA Y WPLG VO X PNOLUOTOOETE TO Oedpnua 5.2.2
KO UETA, YPNOLUOTOLMVTOG TO.

6. “Ymohoyelote yevvijtopeg uétpp m yue m = 2 - 337°, 1917,
Xpnowoteiote Tv doknon 4.
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10.

11.

12.

13.

14.

. “Ymoloytote v ord,,(a) otig £Efg mepumtdoelg: (o) m = 23° xai a = 5. (B)

m = 82 Kal a 1ov aképato ue ind(a) = 10.

. "Eotm m > 1 xai Urtdpyouv YeEVVIATOpES UETPW m. ATodelSte OtL 1) EKOETIK)

tootiuior a* = b (mod m) €yer Moelg Av, xail uoévo av, (ind(a), p(m))b xai,
OV TTEPLITTWON TTOV EYEL, TO TAT00G TOV dLAPOPETIKDV UETPW P(m) MoewV
elvol (ind(a), ¢(m)) &vd, uétpe ord,(a), ) AMon elvar povadiky. Zvvemdg,
oV epimtwon mov 1) iootio a* = b (mod m) Exel AMoelg, VTTAPYEL EVag
wovadikog x € {0, 1,. .., ord,,(a) — 1}, mov Tv émalnOeveL.

ITowol &rd Tolg dpLduoig 6, 27 kol 37 elvan 35e¢ duvauelg uétpy 317%;

AmodeiEte Ot 1) £x0eTikt) iootuia 12° = 11 (mod 47) elvar advva, v 1)
12* =21 (mod 47) &yeL AMoeLg, Tig OToieg Kal v VITOAOYIOETE.

“Yrohoyiote Shovg Tovg aptOuovg Tod ouvorou (1,2,...,70}, ol dmotol elvon
vevvntopeg uEtpw 71.

k4 \ ~ \ n _1 2 |4
Eoto meputtog pdtog p kain > 1. "Av S, (p) = X7~ k", dmodeiEte 6t

-1 (mod p) av(p—1Din
Sa(p) = ” :
0O (modp) av(p—1) In

Yrodel&n. T kabe k = 1,2,..., p — 1 vmapyeL v, tétolo Gote k = g” (mod p).

"Eotm mtp®dTog p > 3. AmodelEte 0TL TO YLVOUEVO TMV APLOU®V EVOG TTEPLOPL-
OUEVOL CUOTHULATOG VITOAOLTMVY UETPQ p, Ol OToToL Elval YEVVITOPEG UETPW p,
elvol todtpo ute 1 uétpw p.

“TrodeEn. "Eoto g Evag yevvitopag wétpm p. T mowovg ék0éteg k elvan kol gk
vevviitopag; "Av 6 gk elvan yevvitopag, 1o 1810 ioyvel kal v tov gP~ 7K. "Emiong,
dpod p > 3,6 gP D2 dgv elvan yevvitopag .

"Eotw p mtpddtog T Lopeiig 22 4+ 1.

(o) AmodeiEte OtL ol ApLOUOL EVOC TEPLOPLOUEVOY GUOTHUOTOS VITOAOITOV
uéTp® p, ol 6mmoloL lval yevvijropeg ovumistovy ut ékelvoug, ol dmotol elva
TETPOYWVLIKO AVICOVTOMOLTTA.

“Yr6delen. "Eotm g yevvitopag nétpw p. T motovg 8k0éteg k elvon kol gk yevvi-
topag; Metd, épapuoote v mpdtaon B tot Bempnuotog 4.1.1.

(B). Xpnowomoteiote 1O (o) Y1t vO dmodeiEete St 6 7 elvar yevvijropag
UETPW p.

Y6delEn. AmodeiEre mpdTa, EMAYWYIKA, Kol AVEEAPTNTO ATTO T OUYKEKPLUEN
aoxnon, ot 22 =2 ] 4 (mod 7), &véroyo ut 10 &v 6 k elvou dptiog 1) mepLrTdc,
AVTLOTOLYWG. Z& oUVOVAOUO 1 aiTd, Ba ypeLacheite, Emiong, TOV VOUO TG TETPAy®-
VIKT|g avToTpo@iic Tod Gauss pokelévo viL arodeiEete Ot 6 7 elvan TETpaymvikd
AVIOOVITOLOLTTO UETPW P.
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15. ‘H dxknon avt) mepLéyel KPLTpLoL TLoTOToiong TPDTOV, OMELNOUEVO OTOVG
Maurice Borisovich Kraitchik, Derrick Henry Lehmer, Edurad Lucas, Henry
Cabourn Pocklington, Frangois Proth, John Selfridge.

Tt KkGOe pla amod Tig £mdueveg mepuTTmoelg GmodeiSte Ot 6 n > 3 elvan
TPDTOG.

(o) (Lucas 1876) ‘Ymbpyel a tétolog Mote a"! = 1 (mod n) kot ab # 1

(mod n) yuexabe k=1,...,n—-2.
Yrddel&n: "Av vrtijpye YVINOoLog TPMTOG SLoPETNG p ToU A, TOTE, YL KAITOLO
ke{l,...,n—1}0afrav p = d* (mod n), 6mdte 6y O¢ite ot dtomo.

() (Lucas 1878) “YmdpyelL a tétolog Gote a*' = 1 (mod n) xai a* # 1
(mod n) Yy k@O OeTko droupé k ol n — 1, wkpodtepo tov n — 1.
Yr6delEn: ok eivor 1) TdEN Tod a; Metd Epapudote TO (15a).

() (Lucas-Kraitchik-Lehmer 1927) “YrdpygLa tétolog Hotea”' = 1 (mod n)
kol @V £ 1 (mod n) v k60t TpdTO droupétn g Tod 1 — 1.
Yr6del&n: "Eotw r = ord,(a). ToyVetn —1 = rs. "Av s = 1, épopuodote O
(15a): &v s > 1, Oewpijote Eva Tp@dTO dtanpétn Tod s Kal Epapuodote to (15p°).

(&) (Selfridge 1967) T'uix k&0 tpdTO dranpétn g Tod n—1 VrapyeL a, (dSnhodmn,

AKEPOLOG EEQPTOUEVOG ATTO TOV ¢) TETOLOG (MOTE ag‘l = 1 (mod n) xai
al™V' £ 1 (mod n).
TrodelEn: "Eotw Ot g1, . . ., gm €lvar ShoL ol SLapopeTIKoL TPMTOL StoupETeg
tobn—1xKatay,...,ayoldxépaotdy,, . . ., dg,, TOVL uag EEaopahilel 1) LdOeon.
"Eotw r; = ord,(@), (i = 1,...,m). Amot®ote mpdTa OtL VITAPYEL a ué
ord,(a) = r, 8mov r = EKII(ry,...,ry). AmodeiEte 61t ! = 1 (mod n) kol
a" V% £ 1 (mod n) Wi k&Oei = 1,...,m, dmote epapudote 1o (15Y).

(€) (Proth 1878) ‘O n — 1 pwtopel vir avolvOel mg n— 1 = 2", dmov s < 2" kol
Y1l KGO TpdTO dronpétn VrdpyeL a Tétolog Hote a” V2 = —1 (mod n).
Yr6del&n: "Eotw p mpdrog dianpétng 1ol n. Mopatnpijote Ot (as)zr_I = -1
(mod n) Kal épapudote TV AokNomn 3 yii v KOTaAEETe 0TO OVIITEPAoUO. OTL
p > 1+2". Svvendg, &v 6 n eiyxe dvo mpwrovg danpérteg (foovg 1) Eviooug),
tote n > (1 +27)%, 6mdte 6dMYNOite 0F AvTigpao.

(¢") (Pocklington 1914) ‘O n — 1 pmwopel v& avolvbel wg n — 1 = km, Smov
1 <k <mxai (k,m) = 1 Kot yuo KaOe TpdTO dLowp£Tn g ToD m VITAPYEL
a, tétotog Hote @' = 1 (mod n) kol (ai,”_l)/ 1_1,n) =1.
TrodelEn: "Av 6 n elvar 00vOeTog, ToTE EYEL Eva mpdTo Srtoupéty p < V.
Av artodery0el 0tL p = 1 (mod m), tote p > 1 + m Kal wropeite VKol VO
00N yNOeite ot dvtigpaon pg v mponyovuevn dvicdtnta. Lo v dmddelEn
g p = 1 (mod m) dxolovOjote Th £ENC Prjuorta. "Eotm ¢ 6 TumkOg mp@dTtog
drpétg ot n—1,e = vy(n—1) xaic = a;"_l)/qg. AmodeiEte, EkpueTalevduevol
Tl vmoBtoelg, 8t ¢ = 1 (mod n), &pa kol ¢ = 1 (mod p), &véd ¢4 = 1
(mod p). Zvumepdvate topa, ug ™) Pondewa Tig doknong 2 6w ¢¢lp — 1.
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AUT0 10 ovumépaoua 00 0ag EmLTPEPEL VO OVUTTEPAVETE, OV QavtaoDeite TV
Kavoviki avédlvon gi'gs - -+ 1o m, 6w p = 1 (mod m).
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