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Abstract

Let G be a finite group of odd order, F a finite field of odd characteristic p and B a finite—
dimensional symplectic FG-module. We show that B is FG-hyperbolic, i.e., it contains a
self-perpendicular FG-submodule, iff it is FN-hyperbolic for every cyclic subgroup N of G.

1 Introduction

Let F be a finite field of odd characteristic p, G a finite group and B a finite-dimensional
FG-module. If B carries a non-singular alternating bilinear form < -,- > (i.e., a symplectic
form) that is invariant by G, then we call B a symplectic FG-module. Following the notation
in [3], for any FG-submodule S of B, we write S+ for the perpendicular subspace of S, i.e.,
St :={t e B| <8t >=0}. Wesay that S is isotropic if S < St, and B is anisotropic if
it contains no non-trivial isotropic FG-submodules. Furthermore, we say that B is hyperbolic
if it contains some self-perpendicular FG-submodule S, i.e., § is an FG-submodule satisfying
S=S8*.

Symplectic modules play an essential role in studying monomial characters. (An irreducible
character x of a finite group G is monomial if it is induced from a linear character of a subgroup of
G.) One of the most representative links between symplectic modules and monomial characters
can be found in [3]. (For other examples one could look at [2, 7, 8, 9, 10, 11, 12], and [13].)
There E. C. Dade proved the following theorem (Theorem 3.2 in [3]):

Theorem 1.1 (Dade). Suppose that F is a finite field of odd characteristic p, that G is a finite
p-solvable group, that H is a subgroup of p-power index in G, and that B is a symplectic FG-
module whose restriction By to a symplectic F H-module is hyperbolic. Then B is hyperbolic.

Using the above theorem, E. C. Dade was able to prove (Theorem 0 in [3]) that, given a
p-solvable odd group G, an irreducible monomial character x of G, and a subnormal subgroup
N of G, every irreducible constituent of the restricted character x is monomial, provided that
x(1) is a power of p.

In this paper we prove

Theorem A. Suppose that F is a finite field of odd characteristic p, that G is a finite group
of odd order, and that B is a symplectic F G—module whose restriction By to a symplectic FN—
module is hyperbolic for every cyclic subgroup N of G. Then B is hyperbolic.

All groups considered here are of finite order, and all modules have finite dimension over F.
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2 Symplectic modules

We first give some elementary results about symplectic modules.

Assume that B is a symplectic FG-module, while § is an isotropic FG-submodule of B.
Then the factor FG-module S = S+ /S is again a symplectic FG-module with the symplectic
form defined as (see 1.4 in [3]),

<$1+8,859+8 >=< 51,89 >, for all 51,80 € S*. (1)

Furthermore, if S is an isotropic FG-submodule of B, then its F-dimension dimz S is at most
(1/2) dimg B, (see 19.3 in [1]).

We say that an isotropic FG-submodule S of B is mazimal isotropic if S is not properly
contained in any larger isotropic FG-submodule of B. Clearly any self-perpendicular FG-
submodule S of B is maximal isotropic. The converse is also correct under the extra assumption
that B is G-hyperbolic (see Lemma 3.1 in [3]). Another way to get a self-perpendicular module
from a maximal isotropic one is to control its dimension, as the following lemma shows.

Lemma 2.1. Assume that B is a symplectic FG-module, and that S is a mazximal isotropic F G-
submodule of B. If dimx S = (1/2) dimx B then S is self-perpendicular and B is G-hyperbolic.

Proof. Let 8 denote the dual of S. Then B/S+ = §. But dimz S = dimz S = (1/2) dimz B.
Hence dimz St = (1/2)dims B. Since S < St we conclude that S = S*. Thus the lemma
holds. O

The following is Proposition 2.1 in [3].
Proposition 2.2. Let G be a finite group and B be an anisotropic symplectic FG—module. Then
B is an orthogonal direct sum:

B=U LUl ...1U,, (2)

where k > 0 and each U; is a simple FG-submodule of B that is also symplectic.

Remark 1. If G has odd order then according to Proposition (1.10) and Corollary 2.10 in [3]
all the U; that appear in (2) are distinct.

Lemma 2.3. LetU be an FG-module that affords a symplectic G-invariant form < -, - >. Then
U is self-dual.

Proof. We write U for the dual FG-module of U. For every x € U the map «a, : U — F defined
as:

az(u) =<wu,z> forallueld
is an element of Homz (U, F) = U. Since < -, + > is G-invariant the map a : z — «, is an

FG-homomorphism from U to . Furthermore the kernel of « is trivial, as U is symplectic.
Hence U = U. O

Corollary 2.4. Let B be an anisotropic symplectic FG—module. Then each of the simple FG-
modules U; that appears in (2) is self-dual.

Proof. Tt follows easily from Proposition 2.2 and Lemma 2.3. O

Proposition 2.5. Assume that U is a simple symplectic FG-module. Let N be a normal sub-
group of G such that |G : N| is odd. Then any simple F N —submodule of Uy is self-dual. Hence
any FN-submodule of Uy is self-dual.



Proof. As N is a normal subgroup of G, Clifford’s theorem implies that
Uy Ze(Vi@...0V,) 3)

where V =V is a simple F N—submodule of U and Vy, ... ,V, are the distinct G-conjugates of
V. So n||G : N| and therefore n is odd.

According to Lemma 2.3 the module U is self-dual. Hence the dual, 1/); of any V; should
appear in (3). Therefore we can form pairs among the V;, consisting of a simple FN-module
Vi and its dual for k € {1,...,n}, where we take as the second part of the pair the module
itself if it is self-dual. Since G acts transitively on the V; for ¢ = 1,... ,n, either all the V; are
self-dual or none of them is. In the latter case we get that any of the above pairs consists of
two distinct modules. This implies that 2|n. As n is odd, this case can never occur. Hence any
one of the V; is self-dual and the proposition is proved. O

Proposition 2.6. Assume that the symplectic FG—module B is hyperbolic. Assume further that
B is a semi-simple FG-module. Then every self-dual simple FG—-submodule of B appears with
even multiplicity in any decomposition of B as a direct sum of simple FG-submodules.

Proof. Because B is hyperbolic it contains a self-perpendicular FG-submodule S. For every
FG-submodule V of B we have B/V+ = V. So

B/S=S (4)
Now the proposition follows from (4) and the fact that B is semi-simple. O

Corollary 2.7. Let B be an anisotropic symplectic FG-module. Let N be a normal subgroup
of G such that |G : N| is odd. Assume further that By is a hyperbolic F N-module. Then any
simple FN —submodule of By appears with even multiplicity in any decomposition of By as a
direct sum of simple F N —submodules.

Proof. This is a straightforward application of Propositions 2.2, 2.5 and 2.6. U

We close this section with a well known fact that we prove here for completeness.

Lemma 2.8. Assume that U is a self-dual absolutely irreducible F G-module, where G has odd
order and F is a finite field whose characteristic does not divide |G|. Then U is trivial.

Proof. Let x denote the F-absolutely irreducible character that U affords, while ¢ denotes a
Brauer character that U affords. Then ¢ is defined for every element of G, since the characteristic
of F is coprime to |G|. Because U is self-dual, the character ¢ is real valued. Let vy(¢) =
|GI71 Y e ¢(g°) be the Frobenius-Schur indicator (see Chapter 4 in [6]) of ¢. Then Theorem
4.5 in [G]g implies that v5(¢) # 0, since ¢ is real valued. But

va(¢) = 1GI71 Y " d(g?) =G élg),

geG geG

because G has odd order. Hence va(¢) is the inner product v2(¢) = [¢, 1], where 1¢ is the
trivial character of G. We conclude that [¢,1¢] # 0. Hence ¢ = 1. Therefore x = 1, and the
lemma follows. O



3 Proof of Theorem A

We can now prove our main result. The proof will follow from a series of lemmas, based on
the hypothesis that F, B, G form a minimal counter—example. All the groups considered in this
section have odd order. We also fix the odd prime p that is the characteristic of F, and we
assume that

Inductive Hypothesis. F, B, G have been chosen among all triplets satisfying the hypothesis
but not the conclusion of Theorem A so as to minimize first the order |G| of G and then the
F—dimension dimz B of B.

Remark 2. For any proper subgroup H of G the minimality of |G| easily implies that the
restriction By is a hyperbolic FH-module.

Lemma 3.1. B is non—zero and anisotropic.

Proof. If B were zero it would be hyperbolic contradicting the Inductive Hypothesis. So B is
non-zero. If B is not anisotropic then it contains a non—zero isotropic #G-module Y. Let N be
an arbitrary cyclic subgroup of G. Then the isotropic F N-submodule Uy of By is contained in
some maximal isotropic F N—submodule V of By . Since By is hyperbolic this maximal isotropic
submodule is self-perpendicular, i.e., ¥V = V*. Hence

UCy=vtcu.

Therefore the factor module V = V /U is a self-perpendicular 7 N-submodule of the symplectic
FG-module U = U+/U. Hence F,G,U satisfy the hypothesis of the Main Theorem. As
dim() < dim(B), the minimality of dim(B) implies that I is a hyperbolic FG-module. So
there is a self-perpendicular FG-submodule J in . From the definition of the symplectic
form on U (see (1)) it follows that the inverse image J of J in U+ is a self-perpendicular FG—
submodule of B containing U. Therefore B is hyperbolic, contradicting the Inductive Hypothesis.
So the lemma holds. O

Lemma 3.2. p doesn’t divide the order |G| of G.

Proof. Suppose that p divides |G|. Because G is solvable, it contains a Hall p’—subgroup H.
If G is a p-group we take H = 1. Since p divides |G|, the subgroup H is strictly smaller than
G. Then according to Remark 2, the FH-module By is hyperbolic. It follows (see Theorem
3.2 of [3] ) that B is a hyperbolic FG-module, contradicting the Inductive Hypothesis. Hence
(p,|G]) = 1. O

Lemma 3.3. B is an orthogonal direct sum
B=uyl... 1u, (5)

where k > 1 and {L{i}izl . are distinct, simple FG-submodules of B, that are also symplectic.

Furthermore each U; is quasi—primitive (i.e., its restriction to every normal subgroup of G is
homogeneous).

Proof. The first statement follows from Lemma 3.1, Proposition 2.2 and Remark 1. For the rest
of the proof we fix U = U; for some i = 1,... k. We also fix a normal subgroup K of G. If the
restriction of U to K is not homogeneous then Clifford’s Theorem implies that

U 2 eV @ ... 6 V)



where e is some positive integer, V = V7! is a simple F K—submodule of f and V7*,... | V7" are
the distinct conjugates of V in G, with o1,... , 0, coset representatives of the stabilizer, Gy, of
Vin G.

Let W = U(V) be the V-primary component of Ux. Then Clifford’s Theorem implies that
W is the unique simple FGy-submodule of U that lies above V and induces U, i.e., that satisfies
WG =~ Z//l\and Wik = eV. Furthermore the dual W of W induces in G the dual U of U since
WS = WG, Hence WC = U, because U is self-dual (see Lemma 2.3). On the other hand, the

restriction of W to K is isomorphic to eV since V is self-dual by Proposition 2.5. Hence the
unicity of W implies that W is self-dual.

According to Proposition 2.6 the self-dual FGy-module W appears with even multiplicity
as a direct summand of Bg,,, because Bg,, is hyperbolic (Gy < G). This, along with the fact
that YW appears with multiplicity one in Ug,,, implies that there is some j € {1,... ,k} with
Jj # i such that the V-primary component (V) of U; is isomorphic to W. So

W =UV) =U;(V).

We conclude that
U =U=WC 2U;(V)C 22U,

as FG-modules. This contradicts the fact that {i;}¥_; are all distinct, by the first statement
of the lemma. Hence the lemma is proved. O

From now on and until the end of the paper, we write £ for a finite algebraic field extension
of F, that is a splitting field of G and all its subgroups.

Lemma 3.4. Assume that U;, fori=1,...,k, is a direct summand of B appearing in (5). Let
N <G. Then Ui|n = e;Vi, where V; is an irreducible FN -submodule of U; and e; is an integer.
If V; is non-trivial then e; is odd.

Proof. We fix U = U;, for some i = 1,..., k. We also fix a normal subgroup N of G. According
to Lemma 3.3, the FG-module U is quasi—primitive. Hence there exists an irreducible FN-
submodule V of U, and an integer e such that Uy = eV. Thus, it remains to show that e is odd
in the case that V is non-trivial. So we assume that V, and thus U, is non-trivial.

We observe that if & and V were absolutely irreducible modules then it would be immediate
that e is odd (even if V was trivial), because for absolutely irreducible modules the integer e
divides the order of G (see Corollary 11.29 in [6]). So we assume that F is not a splitting field
of G, and we work with the algebraic field extension £ of F. We define U¢ to be the extended
EG-module

Ut =Uwr€.

According to Theorem 9.21 in [6], there exist absolutely irreducible £G-modules U?, for i =
1,...,n, such that

ufzébué
=1

Furthermore the U, for all 4 = 1,...,n, constitute a Galois conjugacy class over F, and thus
they are all distinct. In particular, if &, is the subfield of £ that is generated by all the
values of the irreducible £-character afforded by U* (the same field for all i = 1,...,n), then
n = [& : F] = dimr(&y). (Note that &, is the unique subfield of € isomorphic to the center of
the endomorphism algebra Endzg(U).) Clearly n-dimg ! = dim#U. Hence n is even, because
dimzU is even (as U is symplectic) and dimg U! is odd (as G is odd and U! is an absolutely



irreducible £G-module). In addition, each EG-module U?, for i = 1,...,n, when consider as an
FG-module, is isomorphic to a direct sum of [€ : &] copies of U (see Theorem 1.16 in Chapter
1 of [5]). Hence if we denote by U% the EG-module U* regarded as an FG-module, we get

U= [ &U, (6)

foralli=1,...,n.
We also write V€ for the extended £ N-module V¢ =V ®z £. Then according to Theorem
9.21 in [6] there exist absolutely irreducible £ N-modules V7 for j = 1,...,d, such that

d
VE= PV (7)
j=1

In addition, the absolutely irreducible modules V7, for all j = 1,...,d, form a Galois conjugacy
class, and thus they are all distinct. Furthermore, d = [y : F| = dimg £y, where &y is the
subfield of £ generated by all the values of the irreducible £-character afforded by V7 (the same
field for all j = 1,...,d). The field &y is the unique subfield of £ isomorphic to the center of the
endomorphism algebra Endzy (V). Note that, according to Proposition 2.5, the FN-submodule
V of U is self-dual. Hence V¢ is also a self-dual EN-module. Because V is non-trivial, V7 is
also non-trivial, for all j = 1,...,d. Therefore the absolutely irreducible £ N-module V7 can’t
be self-dual, because N has odd order and V7 is non-trivial (see Lemma 2.8), for all such j.
The fact that none of the V7 is self-dual, for all j = 1,...,d, while they all appear in (7) in
dual pairs, implies that d is even. Even more, if V} denotes the module V7 regarded as an
FN-module, then Theorem 1.16 of Chapter 1 in [5] implies that

Vi€V, (®)

forall j=1,...,d.
Without loss we may assume that V', ..., V¢ are exactly those among the V7, for j = 1,...,d,
that lie under U, for some ¢ = 1,...,d. Thus Clifford’s theorem implies that

Uy =V @@V, )

where V!, ... V¢ are the distinct G-conjugates of V!, and €, c are integers that divide |G| and
thus are odd. (Note that here we are dealing with absolutely irreducible modules so e’ does
divide |G|.) If we regard the modules of (9) as modules over the field F then we clearly have
Urlny 2 e'(VE@ - @ V%), This, along with (6) and (8), implies

[€: EulUn 2 e'c[€ : EV.
Since Uy = eV, we have
[€: Eule =€'c[€ : &y). (10)

If D is the subfield of £ generated by &, and &, then dividing both sides of (10) by [€ : D] we
obtain

e[D: &) =€ c[D: Ey. (11)

Assume that e is even. Then (11) implies that [D : ] is even, as ¢’ and ¢ are known to be
odd. Let I' be the Galois group I' = Gal(D/F) of D over F. Because I is cyclic, it contains a
unique involution ¢. Let &£, and & be the subgroups of I' consisting of those elements of I' that



fix pointwise £y and &y, respectively. Then Galois theory implies that & = [£; : 1] = [D : &y]
is even. We conclude that the unique involution ¢ of I' is an element of &£;. Therefore, ¢ fixes
the field £y pointwise. So ¢ fixes, to within isomorphisms, each of the £ N-modules V7. Because
¢t acts non—trivially on D and fixes £y, it must act non—trivially on &,. We conclude that ¢
viewed as an F-automorphism of &, must coincide with the unique involution in the Galois
group Gal(&y/F) of &, above F. Furthermore, this unique involution must send U* to its dual
Ui, for every i = 1,...,n. (Of course U® is not self-dual, because it is a non—trivial absolutely
irreducible module of the odd order group G (see Lemma 2.8).) Hence, applying ¢ to both sides
of (9) we get
Uy Vo aV)=dVia - o))

Hence the dual VI of V! should be among the G-conjugates V1,..., V¢ of V. Because V! is not
self-dual the G-conjugates of V! should appear in dual pairs. Hence c is even. But ¢ is also odd
as a divisor of |G|. This contradiction implies that e is odd. So the lemma holds. O

Lemma 3.5. The group G is not abelian.

Proof. Assume that G is abelian. Then any cyclic subgroup N =< ¢ > of G is normal, for
every o € (. Because By is hyperbolic, Lemmas 3.1 and 3.3 along with Corollary 2.7 imply
that

By =2- A(N),

where Ay is a semi-simple 7 N-submodule of B. Using the splitting field £ of G, we write B¢
for the extended EG-module B = B . Then

BY =2 Aly), (12)

where AfN) is the extended £N-module A(y) @7 . Let ¢ be a Brauer character that the
EG-module Bf affords. Because (p,|G|) = 1, ¢ is defined for every element of G. So ¢ coincides
with a complex character of G. In view of (12), for every cyclic subgroup N =< o > of G,
the restriction ¢n of ¢ to IV equals 2 - J(ny, where d(y) is a complex character of N. Hence,
for every element o € G, the integer 2 divides ¢(o) in the ring Z[w], where w is a |G|-primitive
root of unity. We conclude that 2 also divides > . #(c) - A(o™!), for any irreducible (linear)
complex character A of G. That is, 2 divides |G|- < ¢, A >, for any A € Irr(G). The fact
that G has odd order, implies that 2 divides < ¢, A > in Z[w], for any A € Irr(G). Because

¢ =2 setr(q) < A > A, we get

where x is a complex character of G.

On the other hand, Lemma 3.3 implies that B = U; ®- - -®U},, where the U; are distinct simple
FG-modules, for all i = 1,..., k. Hence the extended £G-module B¢ will also equal the direct
sum of the distinct £G—modules US,... ,US. By Theorem 9.21 in [6], for each i = 1,... ,k,

there exist absolutely irreducible £G—modules Ug ,for 5 =1,... n; such that
nq )
U = Puy.
j=1

Furthermore, the Z/{ij , for j =1,...,n;, constitute a Galois conjugacy class over F, and thus they
are all distinct. In addition, the above absolutely irreducible EG-modules U7, for alli =1,... k



and all j = 1,...,n,, are distinct. Indeed, for all + = 1,... k, the corresponding simple FG-
modules U; are distinct. We conclude that

k  ny
5 = D Gur

i=1 j=1

where Z/{l-j are all distinct absolutely irreducible £G-modules. So the character ¢ that B¢ affords

equals
k ng .
0= D i
i=1 j=1
where, for all t =1,...,k and all j = 1,...,n;, the character Xf is a Brauer character that Uij
affords. So all these characters are distinct. This contradicts (13). Hence the group G is not
abelian, and the lemma is proved. ]

Lemma 3.6. G acts faithfully on B.

Proof. Suppose not. Let K denote the kernel of the action of G on B and G = G/K. Thus
G| < |G| (as K #1).

If G is not itself cyclic, then any cyclic subgroup N of G is the image N = N/G of some proper
subgroup N of G. Since B is FN-hyperbolic, it is clearly FN-hyperbolic. Hence the triplet
F,B, G satisfies the hypothesis of the Main Theorem. The minimality of |G| implies that B is
a hyperbolic ZG-module, and therefore a hyperbolic FG-module, because any FG-submodule
of B is also an FG—submodule of B. This contradicts the Inductive Hypothesis.

If G is cyclic, then G =< & >, where & is the image in G of some ¢ € G. Let M =< ¢ >.
Then M is a proper subgroup of G, because G is not cyclic. In addition, the image of M in G
is G. So G = MK with M < G. Then Remark 2 implies that B is FM-hyperbolic and thus
FG-hyperbolic. This last contradiction implies the lemma. O

Lemma 3.7. Suppose M is a minimal normal subgroup of G. Then M is cyclic and central.

Proof. According to Lemmas 3.3 and 3.4 for each i = 1,... , k there is a simple FM-submodule
V; of U; and an odd integer e;, such that U;|as = e;V;. As G acts faithfully on B, there is some
i € {1,...,k} such that V; # 1 is non-trivial. Let K;(V;) be the kernel of the action of M on
V;. The fact that V; is G-invariant implies that K/(V;) is a normal subgroup of G contained in
M. Hence K (V;) = 1. Therefore M admits a faithful simple representation. In addition, M
is a g-elementary abelian group, for some prime ¢ that divides |G|, because G is solvable. We
conclude that M = 7Z, is a cyclic group of order q.

It remains to show that M is central. If F is a splitting field of M (that is, it contains a
primitive g-root of 1), then the fact that there exists a faithful, simple and thus one-dimensional,
G-invariant FM-module V; implies that M is central in G. If F' is not a splitting field of M,
we work with the extension field £ of F. The extended module B = B ® £ & equals the direct

sum of the extended £G-modules US, . .. ,U,f, because B is the direct sum of Uy, ..., U;. As we
have already seen, for each i = 1,... , k, there exist absolutely irreducible EG-modules U, for
j=1,...,n,, that constitute a Galois conjugacy class over F and satisfy
nq )
U = Puy. (14)
j=1



Since Us|ar = e;Vi we have US|y = V¢ . In addition,

Sq

& T

Vi = @Vz ’
r=1

where the V], for r = 1,...,s;, are absolutely irreducible £M-modules, and thus of dimension
one, that form a Galois conjugacy class over F. Therefore,

Ul =P v = e, PV, (15)
j=1 r=1

foralli=1,... k.

As we have already seen, there exists ¢ € {1,...,k} such that V; is a faithful FM-module.
Without loss, we may assume that ¢ = 1. Then it is clear that the V] are faithful £M-modules,
for all m € {1,...,s1}. If V] is G-invariant, for some r € {1,...,s1} (and thus for all such r) we
are done.

Thus we may assume that the stabilizer Gy of V = V! in G is strictly smaller than G. Then
Gy = Cg(M), because V is EM-faithful. Let C' := Gy = Cg(M). Note that C is a normal
subgroup of G, since M < G. Furthermore, C' is also the stabilizer of V], for all r = 1,..., ;.
According to Lemma 3.4, for all ¢ = 1,...,k, we have U;|c = m; - )i, where )); is a simple
FC-module, and m; some positive integer. For the extended £C-modules Y we have

ti
& E l
Ui |C§miyi gmi@yp

=1
where the )}, for [ = 1,2,...,t;, are absolutely irreducible £C-modules that constitute a Galois
conjugacy class over F. Hence
nq . ti
Ule = PUllo =m: PV}, (16)
j=1 1=1
foralli =1,...,k. We remark here that, because U; is quasi—primitive, all the group conjugates
of Y} are among its Galois conjugates, for every i = 1,... k.
In the case i = 1, equations (15) and (16) imply
t1 S1
Us | =mi P Vi = e Py (17)
=1 r=1

Without loss we may assume that U} lies above Y}, and that Y} lies above Vi = V. Clearly
yll is non—trivial as it restricts to a multiple of the non—trivial FM-module V;. Hence Lemma
3.4 implies that m; is an odd integer. Because C' is the stabilizer of V in G, Clifford’s theory
implies that Y} is the unique simple £C-module that lies above Vi and induces irreducibly to
U in G. Note that Y] appears with odd multiplicity m; as a summand of U{ |, because the
EC-modules V! are distinct for distinct values of [, as they form a Galois conjugacy class over
F. Furthermore, if Y} lies under some U, for i # 1, then it induces U;. So U = U}. Hence
the sum of the Galois conjugates of Uf is isomorphic to the sum of the Galois conjugates of U .

Therefore
n; ni

uf =@Pu = Pui =ut.

j=1 j=1



The above contradicts the fact that ; and U; are non-isomorphic simple FG-modules (see
Lemma 3.3). We conclude that )} appears with odd multiplicity m; in the decomposition of

k k t;
Ble = Puflc =Pm P
=1 =1

i=1

On the other hand, in view of Corollary 2.7 every simple FC-submodule of B appears with
even multiplicity in any decomposition of Bg, as C is a normal subgroup of G and B¢ is
hyperbolic as an FC-module, by Remark 2. Hence every absolutely irreducible £C-submodule
of B¢ should also appear with even multiplicity in any decomposition of B¢|c. This contradicts
the conclusion of the preceding paragraph. So we must have Gy = C = G. Hence the lemma is
proved. O

Clearly Lemma 3.7 implies

Corollary 3.8. Suppose that M is a minimal normal subgroup of G and &€ a splitting field of
G and all its subgroups. Then every €M -module is G-invariant.

We can now show

Lemma 3.9. Suppose that M is a minimal normal subgroup of G. Then the restriction Bas is
homogeneous. Furthermore By =2 eV, where V is a simple faithful G-invariant F M -submodule
of By and e is a positive integer.

Proof. As in the previous lemma we write U;|ys = €;V;, where ¢ = 1,... k, and V; is a simple
G-invariant F M-submodule of ;. If FM is not homogeneous, then there are at least two non-
isomorphic simple FM-submodules of By, say V and W. We may suppose that V is non-trivial.
Assume that V; 2V as FM-modules, for all i = 1,...,] and some [ such that 1 <[ < k, while
ViZVifori=1+1,... k. Let U be the orthogonal direct sum

U=Ul...1U.
of the corresponding FG—submodules of 5. We also write
R=U4iL... LUy,
for the orthogonal direct sum of the remaining simple FG-submodules of B. Clearly
B=UILR,

while Uy; and R s have no simple FM-submodules in common.
We will show

Claim 1. U/ is F N-hyperbolic for every cyclic subgroup N of G.

We first prove Claim 1 in the case that the product NM is a proper subgroup of G. In
this case Remark 2 implies that By, is hyperbolic. Hence there exists a self-perpendicular
FNM-submodule § > 0 of B. Then S is a maximal isotropic FN M-submodule of Bya;.
Furthermore, Byay = Unpm LRNM, where Uy s and Ry have no simple FN M-submodule in
common (otherwise Uy; and R would have some common simple FM-submodule). Hence

S = (S QUNM)J._(S ﬂRN]V[).

Because S is isotropic, both SNUnr and SNR v are also isotropic. Hence their F-dimensions
are at most 1/2 the dimensions of Uy and R yar, respectively. But S is self—perpendicular and
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thus its F-dimension is exactly (1/2) dim(Byas). We conclude that the F-dimensions of SNUn s
and SNR s are exactly 1/2 the dimensions of Uy ps and Ry s, respectively. Therefore SNUn ar
is a maximal isotropic F N M-submodule of Uy s of dimension 1/2 the dimension of Unps. So
S NUN s is self-perpendicular, by Lemma 2.1. Thus Uyps is hyperbolic as an FN M-module.
Hence it is also hyperbolic as an FN-module. So Claim 1 holds when NM < G.

Assume now that N is a cyclic subgroup of G such that NM = G. Because M is minimal,
Lemma 3.7 implies that M = Z, is central. Hence G = MN is an abelian group. This
contradicts Lemma 3.5. Therefore NM < G, for every cyclic subgroup N of G. Thus Claim 1
holds.

Since U < B, the Inductive Hypothesis, along with Claim 1, implies that U/ is FG-hyperbolic.
Hence U contains a self perpendicular FG-submodule 7. Let 7+ be the submodule of B that is
perpendicular to 7. Then R as well as 7 are subsets of 7. We conclude that 7 is an isotropic
FG-submodule of B. Hence B is not anisotropic. This last contradiction implies that U = B,
and completes the proof of Lemma 3.9. O

Lemma 3.10. Every abelian normal subgroup of G is cyclic.

Proof. Let A be an abelian normal subgroup of G. By Lemma 3.4 there is a simple FA-
submodule R4 of U; and an integer e; such that

Z/ﬁ‘A = 61R1.

It follows from Lemma 3.9 that R, is non-trivial, since its restriction to any minimal normal
subgroup of G is non-trivial. Let K denote the corresponding centralizer of Ry in A . Then
K equals the centralizer Ca(U;) of Uy in A, and therefore is a normal subgroup of G. If K;
is not trivial then it contains a minimal normal subgroup M of G. In view of Lemma 3.9 the
restriction U | s, cannot be trivial, contradicting the definition of K;. Hence K is trivial. Thus
A is cyclic and the lemma is proved. O

Let F = F(G) be the Fitting subgroup of G. Assume further that {¢;}7_; are the distinct
primes dividing |F|, and that T; is the g;-Sylow subgroup of F, for each ¢ = 1,...,r. Then
F =T, xTy x -+ x T,.. Every characteristic abelian subgroup of F' is cyclic, according to
Lemma 3.10. Hence (see Theorem 4.9 in [4]) either T; is cyclic or T; is the central product
T, = E; © Z(T;) of the extra special ¢,—group E; = Q(T;) of exponent ¢; and the cyclic group
Z(T;). We complete the proof of Theorem A exploring the two possible types of T;.

Assume first that T; is a cyclic group, for all ¢ = 1,...,r. In this case F = T; X -+ x T}
is also a cyclic group. Let C'//F be a chief factor of G. So C = C/F is an elementary abelian
g-group, for some prime ¢, because G is solvable. Then C acts coprimely on 7} for all i such that
q does not divide |T;|. But T; is cyclic, and the minimal subgroup of T; is central in G. Hence
Cr,(C) # 1. We conclude that T; = [T}, C] x C,(C) = Cr,(C). So any g-Sylow subgroup C, of
C centralizes the ¢’-Hall subgroup R of F' that is also a ¢’-Hall subgroup of C. We conclude that
C = C,; x R. But R is nilpotent as a subgroup of F'. So C' is a nilpotent normal subgroup of G
bigger than the Fitting subgroup F' of G. Therefore G = F is a cyclic group, contradicting the
Inductive Hypothesis. Hence there exists a Sylow subgroup 7; of F' = F(G) that is not cyclic.

Let T' = T; be a non-cyclic g-Sylow subgroup of F', where ¢ = ¢; for some i =1,...,r. Then
T =FE 0 Z(T), where E = Q(T) is an extra special g-group of exponent g and Z(T') is the
center of T'. Of course E is a normal subgroup of G, since it is a characteristic subgroup of F.
Furthermore, Z(FE) is a central subgroup of G because it is a minimal (it has order ¢) normal
subgroup of G. According to Lemma 3.9, there exists a faithful G-invariant FZ(FE)-module V
so that the restriction Bz gy of B to Z(FE) is a multiple of V.
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Using the extension field £ of F, we write V¢ for the extended £Z(E)-module V®x E. Then
Ve = Py
j=1

where V7 is an absolutely irreducible £Z(FE)-module, for all j with j = 1,...,s. Furthermore,
the V7 constitute a Galois conjugacy class over F, and thus they are all distinct. As we have
already seen (see Corollary 3.8 and Lemma 3.9), the module V7 is a non-trivial G-invariant
EZ(E)-module. Because F is extra special, there exists a unique, up to isomorphism, absolutely
irreducible £ E-module WY lying above V7, for every j = 1,...,s. Note that for all such j the
EE-module WY is G-invariant because V7 is G-invariant. According to Theorem 9.1 in [7] (used
for modules) there exists a canonical conjugacy class of subgroups H < G such that HE = G and
HNE = Z(E). Furthermore, for this conjugacy class there exists a one-to—one correspondence
between the isomorphism classes of absolutely irreducible £ G-modules lying above W7 and those
classes of absolutely irreducible £ H-modules lying above V7. In addition, the fact that G has
odd order implies that if Z and ¥ are representatives of the above two isomorphism classes, then
they correspond iff =y 2 ¥ ¢ 2 - A, where A is a completely reducible £ H-submodule of Zp.

Let U = U, be one of the simple FG-submodules of B appearing in (5). Then /¢ = @?;Jjj,
where the U7 are absolutely irreducible £G-modules that form a Galois conjugacy class. As
earlier, we write &, for the extension field of F generated by all the values of the absolutely
irreducible character that U! affords. Let I' = Gal(&/F) be the Galois group of that extension.
Then (see Theorem 9.21 in [6]),

ny

ut =Pu =Py, (18)
j=1

Tel

Clearly U! lies above WJ, for some j = 1,...,s, since Y = U, lies above V. Let ¥ be a
representative of the isomorphism class of absolutely irreducible £ H-modules that corresponds
to U and lies above VJ. Then

Uy 2T D2 A, (19)

for some completely reducible £ H-module A. Let £y be the subfield of £ generated by F and all
the values of the absolutely irreducible character that ¥ affords. Then £y is a Galois extension
of F. Furthermore,

Ev =&y. (20)
Indeed, for any element o in the Galois group Gal(£/F) of £ above F we get
UG =V @2 A7,

Hence (U')° corresponds to W7, as W7 is the only absolutely irreducible £ H-module that appears
with odd multiplicity in (U"')9,. Therefore, (U')7 2 U iff ¥7 2 U. This is enough to guarantee
that (20) holds. We conclude that the sum @,cr¥7 is the extension to £ of an irreducible
F H-module, i.e., there exists an irreducible 7 H-module II such that

¢ =~ @\IJT,
Tel

where T1¢ is the extended £ H-module II® £ &. Furthermore, (18) and (19) imply that IT appears
with odd multiplicity as a summand of Uy = Ui |g.
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Next we observe that if IT appears as a summand of U;|g, for some ¢ = 2,...,k, then it
appears with even multiplicity. The reason is that U; 2 U; for all such i. Asin (14) we choose a
Galois conjugacy class {Z/{f ;L_’H of absolutely irreducible £G-modules such that U = @?;12/12 .
Then U; 2 U = U, implies that Z/Iij 2UY' foralli=2,...,kand all j =1,...,n;. So the EH-
module ¥ can’t correspond to Z/{ij , for any such i, j. Therefore if U appears as a summand of the
restriction Z/{ij | of Z/{ij to H, then it appears only with even multiplicity. Hence the same holds
for II, i.e., IT appears only with even multiplicity as a summand of U;|x, whenever i = 2,... k.
We conclude that IT appears with odd multiplicity as a summand of By = Ui |g ® -+ - ® Uk|n.

We complete the proof of Theorem A with one more contradiction, that follows the fact
that IT is a self-dual FH-module. That we get a contradiction if II is self-dual is easy to see,
because according to Proposition 2.6, II should appear with even multiplicity as a summand of
the hyperbolic F H-module By . Thus it suffices to show that II is self-dual.

The fact that U = U; is self-dual implies that U¢ is also self-dual. Hence the dual Ut of U!
is a Galois conjugate (U)™ to U, for some 7 € T'. Furthermore, (19) implies that

Uy =Tp2. A

Thus the dual U1 corresponds to the dual T of U. Therefore the dual U of ¥ is a Galois
conjugate of W. Hence II¢ = @, cpU7 is a self-dual £ H-module. So II is also self-dual.
This completes the proof of Theorem A.
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