COUNTING CHARACTERS OF SMALL DEGREE IN UPPER
UNITRIANGULAR GROUPS

MARIA LOUKAKI

ABSTRACT. Let U, denote the group of upper n X n unitriangular matrices over a fixed finite field
F of order ¢q. That is, U,, consists of upper triangular n X n matrices having every diagonal entry
equal to 1. It is known that the degrees of all irreducible complex characters of U,, are powers of
q. It was conjectured by Lehrer that the number of irreducible characters of U, of degree ¢° is
an integer polynomial in ¢ depending only on e and n. We show that there exist recursive (for n)
formulas that this number satisfies when e is one of 1,2 and 3, and thus show that the conjecture
is true in those cases.

1. INTRODUCTION

We fix a prime p. Let ¢ be a fixed power of p and F; = F the finite field of order q. We write
U, (q) = U, for the group of upper triangular n x n matrices over F, whose diagonal elements are
all equal to 1. We also write GL,(q) for the general linear group of all n x n invertible matrices
over F' and note that U,(q) is a p-Sylow subgroup of GL,(q). Furthermore, for every finite group
G and every integer k we write

Ne(G) = {x € Irr(G) | x(1) = K},
for the number of irreducible characters of G of degree k.

In 1974 G. 1. Lehrer, see [6], conjectured two results. First, he claimed that the degrees of the
irreducible representations of U, are of type ¢¢ for some e € {0,1,---, u(n)}, where

(n) = m(m — 1) if n = 2m and
HA = m? if n = 2m + 1.

Next he conjectured that for any fixed n, the number of irreducible characters of U, whose degree
is ¢, i.e., Nge(U,) in our notation, is an integer polynomial in ¢ depending only on e.

As far as the first of his conjecture is concerned, it was shown by M. Isaacs [5], that every
irreducible character of U,, has degree a power of ¢q. In addition, B. Huppert, [2], proved that the
degrees of the irreducible characters of U, is exactly the set {¢° |0 < e < p(n)}.

As for the second part of his conjecture, it still remains open apart for some specific values of e.

The case e = 0 is well known and easy to compute, that is, N1(U,(q)) = N1(U,) = ¢"~*. For
greater values of e, M. Marjoram [7] provided some first formulas. In particular, he proved that
there exist formulas for the number of irreducible characters having one of the next two lowest
degrees, that is Ny(Uy,) and Ng2(Uy). Also in his unpublished thesis [8], M. Marjoram established

1



2 MARIA LOUKAKI

formulas for the three highest degrees when n = 2m is even, that is N um) (Uam), Nyum-1(Uzm)
and N pu(n)—2 (Uam), as well as a formula for the number of irreducible characters of highest degree

when n is odd, that is Njum) (Uzm+1)-

In addition, I. M. Isaacs, in his paper [4], using a different method, constructed specific polyno-
mials for the number of irreducible characters of U, (q) of degree ¢, ¢"™ and gr(m-1,

In this paper we use an elementary method to prove the conjecture for the functions Ny (U,),
Ng2(Uy) and Ngs(Uy). In particular we provide recursive formulas that the number of irreducible
characters of degree ¢,¢?> and ¢ satisfy. In a forthcoming paper we prove analogous recursive
formulas for the degrees ghm) gr(m =1 au(n)=2 gnd consequently we show that the corresponding
functions N um) (Un), Nyuem—1 (Un), Nqu(n)—Q(Un) are integer polynomials in q.

We follow the notation used in [3]. In addition, for any matrix X = (z;;) € GLy(q) we write
R;(X) for its i-row written as an 1 x n matrix. We also write C;(X) for its j-column written as
an n X 1 matrix. Also if A = (a;;) € U, then we say that its i-row is trivial if the only nonzero
element in that row is the diagonal element a;; = 1. Similarly, we say that the j-column of A is
trivial if every entry in the j-column of A is 0 except a;; = 1. We will often consider the additive
abelian group of the st-dimensional vector space F*¢ (of order ¢*!) as the additive group of all s x ¢
matrices over F. When viewed as such we write it as F$*¢,

Acknowledgments Most of this work was done will I was visiting Georgia Institute of Tech-
nology. I would like to thank the Math department for its hospitality. I'm also grateful to the
referee whose suggestions improved dramatically the original paper. The short proof of Theorem 1
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2. ORBITS OF UNITRIANGULAR ACTIONS ON Fsx?

The aim of this section is to compute the orbits of a specific action of H = U, x Uy on F$*!,

Definition 1. Let T be an s x t matrix over F. We call T quasimonomial if it has at most one
non-zero entry in every column and row.

We write E;j for the matrix that has 1 in it’s (7, j)-entry and 0 everywhere else. Clearly E; ; is
quasimonomial. Furthermore, every nonzero quasimonomial 7' can be written as

(2.1) T = fiEi i + [oEiyjo + -+ fkEi i

with j1 < jo < -+ < jg, all 41,..., 1 distinct, and fi,..., fr non-zero elements in F. We call 2.1
the standard form of the non-zero T' and we say that k is the length of T .

Theorem 1. Assume that the group H = U, x Uy acts on F**t in the following way
XWB) = A~1XB,

for all X € F$*', A € Uy and B € U;. Then the set of distinct quasimonomial matrices in F*!
forms a complete set of orbit representatives of the action of H on Fs*!.

Proof. Let X € F**!*. We show that by performing admissible transformations we can get a
quasimonomial matrix. By an admissible transformation we mean adding to a row (respectively a
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column) a multiple of a subsequent row (resp. a previous column). By induction we can suppose
that the (s — 1) x t submatrix of X formed by all rows except the first one is quasimonomial. Let
Tiy jrs e Tigjpr 2 < 11 < ... < i, be the non-zero elements in this submatrix. Then we can suppose
that 1, = ... = @1 = 0. If the rest of elements in the first row are now zero we are done.
Otherwise let x1; be the first non-zero element in the first row. Then, except for z7 ;, the jth
column is zero and, by performing admissible column transformations, we can have that 1 ; is the
unique non-zero element in the first row, and thus obtain a quasimonomial matrix.

To prove uniqueness, we argue again by induction on s and ¢t. If X, Y are quasimonomial matrices
in the same orbit, we can suppose that the last s — 1 rows and the first ¢ — 1 columns of X and
Y are the same. We only need to show that z1; = y1 ;. If some element in the first row or in the
last column different from the (1,¢)-entry is non-zero, then z1; = y1; = 0 and X =Y. Otherwise
comparing the (1,t)-entry in XB = AY we get x1; =y and X =Y.

O

When a first version of this paper appeared, Vera-Lopez, Arregi and Ormaetxea told me (I thank
them for that) about a more general result concerning conjugacy classes in unitriangular groups
(see [9], [10], [11]), whose special case is Theorem 1.

3. IRREDUCIBLE CHARACTERS IN U,

In this section we will show how Section 2 is connected to Lehrer’s conjecture. We follow
Marjoram’s approach on the problem, and Proposition 1 below follows from his paper [7].

For a fixed but arbitrary integer n we consider the upper unitriangular group U, over F,, and
its two subgroups M,,; and H,, ; defined in the following way. If 1 <t <n and s =n — ¢ then

Mmt:{({)t Z):CeFtXS}:{XEUnwithxi7j:01feither i<j<tort<i<j}

and
B 0) . o .
Hyp={ 0 A tAeUsand Be U} ={X € U, with z; ; =0if i <t and j > t}.
It is easy to see that for all ¢t = 1,...,n, the group M, is an abelian normal subgroup of U,,

isomorphic to F¥*%. In addition, H,, ; complements M, ; in Uy, and is isomorphic to Us x U;. We
identify H, ; with Us x Uy and we write its elements as (A4, B) with A € Uy and B € U;. We also
identify the M, ; with F**5 and thus we write the elements of M, ; as C' € F'*. Note that with
these identifications, the conjugation action of H, ; on M, ; in U = M, ; x H,; is given as

(3.1) CcAB) = B71CA,

for all (A, B) € Hy,; and C € My, ;. The product that appears at the right hand side of the equation
above is the standard product of matrices.

Marjoram has given a nice characterization for the abelian group Irr(M, ), and the way H,
acts on that group. We collect his results (Lemma 2 and 3 in [7]) in the next proposition.
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Proposition 1. Let M, ; and Hy,; defined as above, for fized but arbitrary n and t. Then Irr(My ;)
is isomorphic to the abelian additive group F*' of all the s x t matrices over F = Fy. The
isomorphism is gien as D € F**t — \p € Irr(M,, ), where the map Ap : My, ; — C is defined as

Ap(C) = T PO) - for all C € My,

where w is a primitive p-root of unity, T : ¥y — F), is the usual trace map from the extension field
of q elements F to the ground field F), of p-elements and tr(DC') denotes the trace of the square
s x s matrix DC. Furthermore identifying Hy; with Us x Uy, we get that the action of Hy; on
Irr(M,, 1) is given as

)\554,3)(0) _ )\D(C(A—I,B—l)) _ )\D(BCA_I) — Tr(DBCA™Y) _ T(tr(A~'DBC)) _ Aa-1pp(0),
for all D € F**',C € F¢ and all (A,B) € Us x Uy = Hyy. Thus Us x Uy =& Hypy acts on
Irr(M,,;) =2 F5* as

DWB) = A=1pp.

What the above proposition says is that, identifying Irr(M, ) with F*** and H,,; with U, x Uy,
then Theorem 1 provides a complete set of orbit representatives of the action of H,,; on Irr(M,, ;).
In particular,

(3.2) Qui = {T € F**' | T quasimonomial}.
is such a set of representatives.

Now, let G be any finite group N an abelian normal subgroup of G and H a complement of N
in G, then it is easy to characterize the irreducible characters of G. In particular, if A € Irr(N),
and G, is the stabilizer of A in G, then Gallagher’s theorem and Clifford Theory implies that A
extends to G and a canonical extension \° is given as A°(hn) = A(n), for all h € Hy = Gy N H
and n € N. Every character ¥ € Irr(H)) defines a unique irreducible character ¥ - A of G lying
above A and inducing irreducibly on G. Distinct irreducible characters ¥ € Irr(H,) define distinct
irreducible characters (¥ - A°)¢ of G. In addition, every x € Irr(G) lies above some A € Irr(N) and
thus xy = (¥ - X\°)Y, for some ¥ € Irr(H)). Note that x(1) = (1) - [|[H| : |H,|].

The group G acts on Irr(N) and divides its members into conjugacy classes. (Observe that the
G-classes of Irr(NN) are also the H-conjugacy classes of Irr(N).) Let Q C Irr(IV) consisting of one
representative from every G-conjugacy class of irreducible characters of N. Then

Irr(G) = Upea{ (T | U € Trr(H)y)}.
Hence if Ni(G) = [{x € Irr(G) | x(1) = k}|, for any finite group G, and any k = 1,2---, then

N(@) =) N & (H)= ZNﬁ(H/\)
reo e

|H:Hy|

where O, is the H-orbit of A in Irr(NV).

Applying the above argument to the groups U,, = M,,; x Hy,; for any arbitrary but fixed integer
nand any t =1,...,n — 1, we conclude that

(3.3) Ni(Uy) = Z N _ .  (Hupur) = Z Nﬁ(Hn,t,T)a

[Hp, t:Hp ¢ Tl
TGQn,t " b Teﬂn,t
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where ,, ; is the set of quasimonomial matrices in F¥**, O is the H,, -orbit of T € F¥** = Trr(M,, ;)
and H,, ;7 is the stabilizer of T"in H,,; = Uy x U;.

Case 1: t = 1. So s = n—1 and the groups H,, 1 and M, 1 become U,_1 xU; = U,_1 and Flxn—1
respectively. Furthermore, Irr(M,, 1) = F*~*! and Q,,1 = {T € F* 5! | T quasimonomial}
consists of the matrices T; = fE;1, forall i =1,...,n —1, and f # 0 € F, along with the zero
matrix. So we get ¢ — 1 matrices of type fF; . For any n and any ¢ = 1,...,n we define P, ; as

P,;={A €U, | C;i(A) is trivial}.

Then it is easy to check that H, 17 = P,—1; while |Op,| = ¢~!. Thus in view of equation 3.3 we
get

n—1
(3.4) Nip(Un) = T;ﬂ: Now (Hnir)=(q—1) z; N (Po1i) + Ni(Una),
n,1l 1=

where the last summand is the contribution of the zero matrix whose orbit size is 1 and the stabilizer
group is Hy 1 = U,_; itself. For k =¢° e =0,1,...,u(n) the above equation, along with the fact
that P,_11 = U,—1, implies

n—1
(3.5) Ne(Un) = aNe(Un1) + (@ = 1) Y N & (Pa-1,)-
=2

Observe that for k = 1 equation (3.5) provides the well known formula Ny (U,) = ¢N1(Up—1), for
all n > 2.

Case 2: t = 2 and thus s = n — 2. (Assume n > 4 for the rest of the section.) Now the
groups H, o and M, 2 become U,_o x Uy = U,_o x F and F2Xn=2 respectively. Furthermore,
Irr(M,2) 2 F*2%2 and Q, 2 = {T € F*"2? | T quasimonomial} consists of matrices whose length
is either 1 or 2 along with the zero matrix. In particular, the non-zero matrices in 2, o are of the
following two types:

Those of length 1, ie. T;; = fE;j, 7 = 1,2 and ¢ = 1,...,n — 2, while f # 0 € F. For any
fixed ¢ and j we get ¢ — 1 such. If j = 1 then T;1 = fE;1, for © = 1,...,n — 2. In this case
it is left to the reader to check that |Or,,| = ¢' while Hyo1,, = {(A,B) | A € Up2, B €
U2 with CZ(A) and R1 (B) trivial } Thus HTL,27T1',1 = n—2,i-

If j =2 then Tjs = fE;2, for some i = 1,...,n — 2. In this case |Or,,| = ¢~ while Huo1,, =
{(A,B) | A€ U,—2, B € Uy with C;(A) and Ry(B) being trivial } = P,_5; x F.

The second type are those of length 2, i.e., T;, ;, = fiEi 1 + foE;, 2 for some i1 # iz and fi, fo
non-zero elements in F. We get exactly (¢ — 1)? such distinct quasimonomial characters.
One can easily check that if ¢; > 4o, then |OT¢1J2| = ¢"' 271 while the stabilizer of T, ip in Hy o
equals

= {(A, 1) ’ A € U,_9 with Ci1 (A) and CZ'Q (A) being trivial} = Pn,Q’il N Pn72,i2-

On the other hand if 71 < 9, then ‘OTil,zQ’ = ¢" 1272 while the stabilizer Hyor, ., of T, in
H, 2 = Up_2 x U consists of all matrices (A, B) € Uy,_o x Uy that satisfy a;, ;, = —f1/f2-b1,2 while

Ci, (A) is a trivial column and a;;, =0 for alliy #x =1,...,ia — 1. For 1 <i; < iy <n we define

(3.6) Qnivio={A€Up|ayi, =0=az,, foralli; #z=1,...,ia—landy=1,...,i; —1}.

Hn727Ti1,12
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Then it is easy to see that Hn,27Ti1,i2 = @Qn—2,i1,i,- Finally the zero matrix has orbit length 1 and
its stabilizer in H,, o is Hy 2 = U,—2 X F. Collecting all the above and applying equation 3.3 along
with equation (3.5) and the fact that Ni(M x F) = |F|- Ny (M) = gNi(M) for any group M, we
get

(3.7) Ni(Upn) = qNk(Up—1) + NS(Unfl) — Ni(Up—2)+

(¢—1)? Z N_ & (Po—24s N Py9iy)+

T Fio—1
1<ip<ir<n—2 ' 72
2
(¢—1) > Nk (@n-2iriz)-
1<ii<ig<n—2 ' 72

for all n > 4 and all k. Some of the summands above are easy to compute. First observe that
Py 2iNPy oy 9=P, 3;foralli=1,...,n—3, and all n > 5. Thus (3.5) implies

qn—2 -2

n—3
(q - 1)2 ZN%?)H (Pan,i N Pn72,n72) = (q - 1)[N k (Un72) — N & (Un73)].
i=1 7

In addition, P,,—2,; N P,_21 = P,_2,, foralli =2,...,n — 3 and all n > 5. Hence

n—3
(q=1)%> Ni(Po2iNPos1)=(q— DINe(Un-1) = gNx(Un—2) = (¢ = DN_¢_ (Un—3)]-
= 7 "
Furthermore, for alli =1,...,n—3 and all n > 5, the group ),,—2,n—2 is isomorphic to P,_3; x F.
This along with (3.5) implies
n—3
(3.8) (q— 1) E_j N i (Qn-zin-2) =ala=DIN & (Un2) = N_s (Un-s)].

We finally observe that Q;,—21,2 = U,—2. Replacing all the above in equation (3.7) we get
(3.9) Ng(Un) = qNg(Un-1) + qN& (Un—1) — ¢Nk& (Up—2)+
q q

(g — 1)[N%(Un—2) — qNLQ(Un—?)) + QNLS(Un—ﬂ —gN_ & (Unp—3)]+
qn qn— qn

qn73

(¢ —1)° Z N__ & (Py2i NPy2,)+

i1 +ig—1
2<ig<ii<n—3 ¢

(q - 1)2 Z N_ & (Qn—Q,il,iz)a

F1tia—2
1<i1<ia<n—3 and (i1,i2)#(1,2)

for all n > 5 and all k. Note that in the equation above, the sum iy + i is greater or equal to 5
when 79 < 71, while i1 4+ 75 > 4 when i1 < is.

4. LINEAR CHARACTERS OF P, ; AND Qy ; ;

The aim of this section is to compute the number of linear characters of P,; and @, ; ;. These
groups are examples of pattern groups , a term introduced by M. Isaacs. We give here the basic
definitions and properties we need, for more details the reader could see [4].
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Let P be a subset of the set of pairs {(i,7) | 1 <i < j < n}. P is called a closed pattern if it
has the property that (i, k) € P whenever (i, ), (j, k) € P, for some j € {i+1,...,k—1}. The set
of unitriangular matrices X € U, with x;; = 0 whenever i < j and (i, j) # P is a subgroup of U,
called a pattern group. If G is a pattern group corresponding to the closed pettern P with |P| = k,
then G is generated by the matrices I, + aF; j, (i,5) € P, a € F* and |G| = |F|".

Direct computations show that [I,, + aF; j, I, + bE ] = I, + abE; j; if j = [ and I,, otherwise.
A pair (i,j) € P is called minimal if it is not possible to find numbers j; < jo < ... < j;,1 > 1,
such that (4, 71), (j1,52),---, (Ji, k) € P. Then G’ is the pattern group associated to Py = {(i, k) €
P | (i, k) is not minimal}. Thus |G : G'| = ¢!, where ¢ is the number of minimal pairs in P (see
Theorem 2.1 in [4]).

For the group P, ;, n > 3,i < n — 1 observe that there are n — 1 minimal pairs: (k,k + 1),k #
i—1,1<k<n-—1and (i —1,i + 1). Therefore
(4.1) Ni(Ppi) =q" .

For the group Qi i+1 with 2 <14 < n —2 there are n — 1 minimal pairs: (k,k+1),k #i—1,1 <
E<n—1and (i — 1,7+ 2). For the group Q;; with 1 <i < j—1 <n — 1, there are n minimal
pairs: (k,k+1),k#i—1,j—1,1<k<n—1and (i—1,i+1),(4,75),(j — 1,5+ 1). Therefore
¢ lifi=5-1
¢ ifi<j—1.

(4.2) Ni(@n,ij) = {

5. COMPUTING Ny(P,2)

With the aim of N;i(P,;) and Ni(Qn,i ;) we give the recursive formulas for Ny (U,) when k = ¢
and k = ¢% and compute N,(P,,2). For k = ¢ and n > 5, equation (3.5), implies
(5.1) Ng(Un) = qNg(Un—1) + (¢ = YN1(Pu-1,2) = ¢Ng(Up—1) + 4" *(a = 1).

It is straight forward to see that N,(Us) = ¢ — 1 while Ny(Us) = q(¢ —1)(¢ + 1). So the formula
N, (Un) = ¢"3(q—1)((n—3)q+1) for N,(U,) obtained by both Marjoram [7] and Isaacs [4] satisfies
(5.1).

For k = ¢* and n = 5 equation (3.9) implies N,2(Us) = q(q — 1)(2¢*> + ¢ — 1). In addition, for all
n > 6 we have
(5.2) Ng(Un) = qNg2(Un-1) + aNg(Un-1) = aNg(Un—2) + (¢ = 1)*N1(Qn-2.13) =
gNg2(Un-1) + 4" "H(g = 1)[¢’ + (n = 5)¢” — (n — 6)g — 1].
It is straight forward to check that the above recursive formula is satisfied by the equation

(n—"5)(n—4) (n—6)(n—>5)
2 2
On the other hand equation (3.5) for k = ¢ and n > 5, implies

(5.4) Ng2(Un) = qNp (Un—1) + (¢ = D)[g" > + No(Pu-1.2)]-

(5.3) Npa(Un) =q""*qg—1){(n—5)¢* +( +2)¢ + 11— Jg —n+4}.
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Combining the above with (5.2) we get

(55) Ny(Piz) = — (Na(U) — aNp(U0) = ¢ = ala® — D),
while for n > 6
(5.6) Ny(Pro12) = ¢" (g — 1)[¢* + (n — 5)g + 1].

6. THE GROUP (0 1,3.

The aim in this section is to compute Ng(Qp1,3), for all n > 4. We point out that we are not
able to compute the number of irreducible characters of degree ¢ for every group @ ;; where 4,
and j are arbitrary. But we can do it for the group @, 1,3, and this is enough for the computation
of N, ¢ (Un)

Assume that n > 4. Note that, according to its definition, ), 1,3 consists of all n xn unitriangular
matrices whose (2, 3)-entry is zero. We write Q1,3 as a semidirect product using the following
groups. Let M be the subgroup of @, 1,3 consisting of matrices all of whose non-diagonal elements
are zero except for the first row. Assume further that H is the subgroup of @), 13 consisting of
matrices whose non-diagonal entries in the first row are zero. Then it is clear that M is an abelian
normal subgroup of @, 1,3 isomorphic to Flxn—1 >~ Fn=1 Qbserve that H is isomorphic to P
Furthermore, @,,13 = M x H and the conjugation action of H on M is given as

1 0\/1 C\/1 0\ (1 CX
0 X 1J\o I,1/\0 xX) " \0 I,.)’
where X € P,_12 and C € Flxn—1,

Now we apply Proposition (1) to the group M = F1*"~! (with M in the place of M, for t = 1).
So the group of irreducible characters Irr(M) of M is isomorphic to the abelian additive group
F*~1*1 Thus we regard the irreducible characters of M as column vectors over F, and for every
x € Irr(M) we write x = (x1,---,Xn-1)" with x; € F. Under the isomorphism between Irr(M)
(1) X becomes multiplication on the left by X! It is
straightforward to see that the H-invariant irreducible characters of M are those with y3 = x4 =
... = Xn_1 = 0, and thus they look like (x1, x2,0,...,0)! with x1,x2 € F. Hence we get ¢ such
irreducible characters.

and F"~1%1 the action of an element

Furthermore, if x = (x1,...,Xn-1)" # (0,...,0)! is any character in Irr(M), and k is the biggest
index with yx # 0, then if kK = 1,2 the character y is H-invariant , while if & > 3 the H-orbit of y
contains all the characters of type (f1,- .., fk_1, Xk, 0, ..., 0)!, where f; € F are arbitrary. Hence we
get orbits of length ¢*~!. Therefore for any x € Irr(M) either x is H-invariant or its stabilizer H,
in H has index at least ¢®. That is, there are no irreducible characters in Irr(M) whose stabilizer
in H has index ¢q in H.

Now we follow the argument after equation (3.2), for the group Qni13 = M x H, to get
Ny(Qni3) =q* Ny(Py_12), for all n > 4. If n = 4 then P35 = F? and thus

(6.1) Ny(P32) = Ng(Qa1.3) = 0.
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If n =5 then in view of (5.5) we get

(6.2) No(@s13) = ¢*(¢* = 1)
In addition, for all n > 6, we use (5.6) to get
(63) Nq(Qn,l,?)) = qan(q - 1)[q2 + (n - 5)(] + 1]

7. COMPUTING Ngs(Uy).
For n = 5, equation (3.9) implies that N,s(Us) = q(q — 1)(2¢ — 1). Furthermore, when k = ¢?
and n = 6 equation (3.9) along with (6.1) and (4.2) implies
Nys(Us) = ¢*(q = 1)(4¢° +q = 3).
For the case n = 7 we similarly get
(7.1) Ny (Uz7) = q2(q — 1)[3q4 +6¢° —2¢> — 5q + 1].

In general, for all n > 8 equation (3.9) implies
(7.2) Nq3 (Up) = qus(Unfl) + qu2(Un,1) — quz (Up—2)+

(¢ — 1)’ [Ng(Qn-213) + N1(Qn-2,23) + N1(Qn-21.4)].
According to (5.3), for all n > 8 we get

(73) NpWao) = NpUn) = g~ D{(n — 0)g* + [0 gy 4 gggr-
[(n—?)(n—6)+1]q2+[4—n+<n_8)2(n_7)]q+n—6}
Furthermore, using (4.2) and (6.3) along with (7.3) in equation (7.2) and we get
(74) Npp(Un) = aNps(Un1) + "5 — D + (2 — 10)g* + [25 — 30+ C= = pia,
[n— 11— (n—7)(n—6)]q2+[5—n+W]q—kn—ﬁ},

for all n > 8. As we have already computed the formula for Ngs(Uz), we can easily check that the
following equation satisfies the recursive formula (7.4) for all n > 8.

(7.5) Ng(Uy) = ¢"%(q — D){Ang’ + Bng* + Co@® + Dyg® + Eng + F,},

where
e A, =n-—-7
e B,=3+(n—"7)(n—06)
¢ C,=40(n—7) = L(n+8)(n—7)+ Hn(n+1)(2n+1) — 64

e D= (n—-T7)(Tn+3)— in(n+1)(2n+1)+138
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e Ey=n-7(-n-1)+Lnn+1)2n+1)-75
o F, =1+ (n—7)2(n—4) )

It is clear that the polynomials A,, B, and F), in n are integer valued for every n. To show that
the same holds for the polynomials C,,, D, and FE, we make use of the following lemma.

Lemma 1. Let P(n) be a polynomial in n of degree m with rational coefficients. If P(n) is an
integer for m + 1 consecutive integers, then the polynomial is integer valued.

Proof. We will use induction on the degree m of P(n). It is clear that for m = 1 holds.

Assume it holds for all polynomials of degree less that m, we will show that it also holds for those
of degree m. The polynomial Q(n) := P(n + 1) — P(n) has degree smaller than m. In addition, if
P has integer values for m + 1 consecutive integers k, k +1,...,k+ m, then Q(n) is integer valued
for the m consecutive integers k,k + 1,...,k +m — 1. Therefore the inductive hypothesis implies
that Q(n) is integer valued for every n. This along with the fact that P(n) is integer valued for
n = k + m, implies that P(n) is an integer for every n. O

Now, it is straight forward to check that C7, Cg, C9 and C1¢ are integers. Hence the above lemma
implies that C), is an integer valued polynomial. Similarly we show that D,, and E,, are integer
valued. Hence N,3(Uy) is a polynomial in ¢ with integer coefficients.
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