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Preface

If X is a space of analytic functions f in ID, the open unit disk, then the in-
tegral S, and the composition C, operators on X are defined as Syf(z) =
Jo f'(w)g(w)dw and Cy(f) = f o ¢ respectively. This thesis is about find-
ing necessary and sulfficient conditions for S, and C,, to have closed range or
equivalently to be bounded below on some spaces of analytic functions.

Four conditions for the integral operator S, to have closed range on Hardy
HP(1 < p < 00), BMOA, Q,(0 < p < 00), and Besov B (1 < p < o) spaces,
respectively, are proved. All these conditions are based upon the behaviour
of function g in the disk ID.

We also prove that, two already known conditions for C, to have closed
range on Hardy space H?, can be extended to all Hardy spaces H?,0 < p <
co. The first condition concerns the behaviour of ¢ at the boundary of the
disk ID. The second one is based upon the behaviour of ¢ in the disk ID and
we prove this by using Hardy-Stein identities for one of the directions, and
reverse Carleson measures and pull-back measures for the converse.

Moreover, two necessary conditions and one sufficient condition, for C(P

to have the property of being bounded below on BMOA space, are presented.
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Chapter 1

Introduction

Let ID denote the open unit disk in the complex plane and g : ID — C be an
analytic function. If X is a space of analytic functions f in ID then, the integral

operator S¢ : X — X, induced by g, is defined as

/f w)dw, z € D,

for every f € X. Sq is companion to the operator Ty : X — X which is

defined as

T, f(z) /f w)dw, z €D,

for every f € X. If g(z) = z or g(z) = log ﬁ, then T, is the integra-
tion operator and the Cesaro operator respectively. Interest in T; arose orig-
inally from studying semigroups of analytic composition operators because,
for certain g, T, are related to the resolvents of such semigroups (see [46]). Re-
sults, concerning the boundedness and compactness of T, on certain spaces
of analytic functions, can be found in [5, 6, 17, 47]. It can be easily seen (using
integration by parts) that T, and its companion operator S, are related to the

multiplication operator

Mgf(z) = 8(2)f(2)

by
M;f(z) = f(0)g(0) + Tgf + Sgf-
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If any two of My, Sq and T, are bounded, then so is the third, but in some
situations one operator is bounded while the other two are unbounded.
Moreover, if ¢ : D — DD is a non-constant analytic function then, the

composition operator Cy : X — X induced by ¢, is defined as

Co(f) =foog,

for every f € X.

In this thesis, we studied the problem of finding conditions, depending
only on g in case of the operator S, and depending only on ¢ in case of the
operator Cy, so that the operators Sq and C,, to have closed ranges in space
X, which means, the set S¢(X) or Cy(X) to be a closed subset of X.

In general, if X and Y are normed spaces then the operator T : X — Y'is

bounded below if there exists C > 0 such that

ITx[ly = Cllx][x

forall x € X.
From the basic operator theory (see [1], theorem 2.5) we know the follow-

ing result.

Theorem 1.0.1. Let X and Y be Banach spaces and T : X — Y bounded operator.

Then, T is bounded below if and only if T is 1-1 and has closed range.

It's easy to see that Sof(z) = 0 on D if and only if f(z) = C on ID (for
some constant C € C) or g(z) = 0 on D and, clearly, S, cannot be 1-1. In case
where g(z) = 0 on ID, we have that S¢(X) = {0} (where by 0 we denote the
function which is identically equal to zero on D) and it’s obvious that S¢ has
closed range since {0} is a closed subset of X.

Moreover, in case where g(z) # 0 on D, if we restrict the study of S, to

space X of analytic functions modulo the constants (the quotient space X :=
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X/C) or, equivalently, the space of analytic functions f such that f(0) =
0, then S¢, obviously, is 1-1. This restriction can be made without loss of
generality since it’s easy to check that the following equivalence holds: S :
X — X has closed range if and only if S : Xo — X has closed range.

According to theorem 1.0.1, for the operators Sg : Xog — Xpand Cy : X —
X to have closed range is equivalent to be bounded below, i.e. thereis C; > 0
such that ||S¢f || x, > C1|f|x, for all f € Xo and, respectively, there is C; > 0
such that ||Cy f|[x > Cof|f||x forall f € X.

This thesis is organized in three parts. In part I, all the appropriate pre-
liminaries and background results are presented, as well as, a short history
of the research and the already published results, concerning conditions for
the integral and composition operators to have closed range. In parts II and
[11, all the new results which came up in this thesis are presented.

In part II, four conditions for the integral operator to have closed range
on Hardy, BMOA, Q, and Besov spaces, respectively, are presented. More
specifically, in chapters 4, 5, 6, 7, results (theorems 4.1.2,5.2.1, 6.2.1 and 7.2.1)
concerning necessary and sufficient conditions for the integral operator S, to
have closed range on Hardy (H”,1 < p < o), BMOA, Qp, (0 < p < o) and
Besov (B?,1 < p < o) spaces, respectively, are proved.

Part III is dedicated to the study of property of having closed range for
composition operators. In chapter 9 we prove that two already known con-
ditions for C, to have closed range on the Hardy space H?, can be extended
to all Hardy spaces HF,0 < p < oo. The first condition (theorem 9.1.2 (part
(ii)) concerns the behaviour of ¢ at the boundary of the disk ID, while the
second one (theorem 9.1.2 (part (iii)) is based upon the behaviour of ¢ in the
disk D.

In chapter 10 two necessary conditions (theorems 10.1.2 and 10.1.3) and
one sufficient (theorem 10.2.2) are proved for C,, to have closed range on the

space BMOA.
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The chapter 11 doesn’t contain any new result. We just show that an
already known proof of Akeroyd and Fulmer (2008) for C, to have closed
range on Bergman space A? works, with few modifications, for the weighted

Bergman spaces AP (1 < p < oo, v > —1).



Part1

Background and Preliminaries






Chapter 2

Background

The basic notation, some definitions, as well as many background results
which will widely be used throughout this thesis, are included in this chapter.

Let T denote the unit circle, A the normalized area Lebesgue measure in
the open unit disk ID and m the normalized length Lebesgue measure in T.

Let p(z, w) denote the pseudohyberbolic distance between z, w € D,

zZ—w

p(z,w) = ‘1 —zZw @1)

and Dy (a) denote the pseudohyberbolic disk of center 2 € D and radius
n <1
Dy(a) ={z€D:p(az) <n}.

Also, in the following, C denotes a positive and finite constant which may
change from one occurrence to another.
2.1 Spaces of analytic functions

Next, we present the definitions and the norms of all analytic function spaces

which are mentioned in this work.



8 Chapter 2. Background

211 The Hardy spaces

For 0 < p < oo the Hardy space H? is defined as the set of all analytic

functions f in ID for which

sup [ |f(r0)[Pdm(Z) < 4o0
O§r<1T

and the corresponding norm in H? is defined by

IfIf = sup [ |f(rg)|Pdm(C). (2.2)

O§r<lT

When p = oo, we define H* to be the space of bounded analytic functions f

in ID and
[fllo = sup{|f(z)| : z € D}.

Let{ € T. Every f € HF, 0 < p < oo, can be extended to the boundary of
the unit disk ID by taking the limit

f(&) = lim f(r{), (2.3)

r—1—

since it is well known that this limit exists for m — a.e. { € T. In addition, we
have that || f{|.»(ry = || f | » holds.

Another norm in H?, equivalent to the norm of relation (2.2), is
£ = [ 1F@)Pdm(@). 4
T

In this work we will mainly make use of two other equivalent norms in H”.

The first one is (see Calderon’s theorem in [40], page 213):

14
2

£ = 1FOF + [ ([[1F@PIAE) am@), @)
T Tp()
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where I'4({) is the Stolz angle at { € T, the conelike region with aperture
B € (0,1), which is defined as

Tp(0) ={zeD:|z2| <ptu U [z0)
|z|<p

and the second one (see Hardy-Stein identities in [40], pages 58-59) is:

£l = O + [[1F@I2F ()P log —dA).  26)
D

2]

In order to gain deeper knowledge about the Hardy spaces see [19], [24], [29]
and [43].

2.1.2 The Bergman spaces and the weighted Bergman spaces

For 1 < p < oo the Bergman space A” is defined as the set of all analytic

functions f in ID for which

/ F(2)[PdA(z) < +oo 2.7)

D

and the corresponding norm in A? is defined by
I£1% = [[ 1f@)1raAc).
D
In this work we will mainly use the following equivalent norm

I£15 = 1FOP + [[1F@P 0 - EPrdac) @8
D

The weighted Bergman space A,y > —1, is defined as the set of all analytic

functions f in ID such that

J[F@Pa - zPaae) < o
D
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Observe that Bergman spaces as defined in (2.7) are the special case of weighted
Bergman spaces A}, when ¢ = 0.
The following theorem, regarding Af; spaces, is proved in [51] (Theorem

428).

Theorem 2.1.1. Suppose p > 0, n > 1, and f analytic function in ID. Then,
f € Ab, v > —1ifand only if the function

g(z) = (1— |z f"(z)

satisfies the condition

J[ls@Pa-|zpraac) < .
D

According to the proof of theorem 2.1.1, we can define in the weighted

Bergman spaces A the following equivalent norm
£y = 1FOF + [[ 1f @A~ 2R dAG) 29)
D

For more information about the Bergman spaces and the weighted Bergman

spaces see [18] and [51].

2.1.3 The BMOA space

Let’s suppose that f € L!(T), I is an interval contained in T and by |I| we

denote the length of I. Then, the mean of f over I is defined as

1
fi= 1 [ F@am(@)

and the function f is said to have bounded mean oscillation if

1
sup 71 [ 1£(0) = fildm() < oo
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The space of all functions f € L!(T) that have bounded mean oscillation is

called BMO(T) and the corresponding norm is given by

1
I =sup 1 [[1£(0) ~ fildm (0). 2.10)

Letz € D, € T. The Poisson kernel is defined as

_ -z
P(¢) = Tz (2.11)
and, if f € L!(T), the Poisson integral of f,
= [ F@QP.@©am(@). 212)
T

The BMOA space, the space of analytic functions of bounded mean oscil-
lation, is the set of all analytic functions f in ID which are Poisson integrals
of functions that belongs to BMO. An equivalent definition is that BMOA is

the space of analytic functions f in ID for which

1- ’5|2 ,o 1
/5€D//|1—,5 2 (2)] IOngA(z) < 00

and we may consider the corresponding norm in BMOA given by

|/3|2 1
I£11 = +21€1HI;// T )|210gmdA(2),

which is equivalent to the norm in (2.10).
It’s true that BMOA C (.o H" and, considering the extension of f €
BMOA to the boundary of the disk, we can also get the following equivalent

norms:

I£112 = sup [ If o 95(2) = F(B)Pam(2) 213)
ﬁeIDT
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and
I£112 = sup [ 1£(2) = F(B)PPa(@)dm(2), .19
BeD 4
where
¥p(0) = % [cT,peD

For more details about the BMOA space see [24], [25], [43] and [51].

2.1.4 The Besov spaces and the Besov type spaces

For 1 < p < oo the Besov space BY is defined as the set of all analytic func-

tions f in ID for which
JJ @I A=z 2dA) < +oo
D
and the corresponding norm in B is defined by
£ = FOF + [[ 171~ 2R 2dA).
D

If p > 1and & > —1 the Besov type space B, is defined as the set of all

analytic functions f in ID for which
J[1F@ra-ERrdae) < +e.
D

In fact, if p > 1 and a« = p — 2 then, the Besov type space By, , 5 is just the
Besov space BP. For more information about the Besov spaces see [30], [48],

[51] and [52].

2.1.5 The Dirichlet space

The Dirichlet space is, in fact, the special case of the Besov spaces when p = 2.

So, the Dirichlet space D is defined as the set of all analytic functions f in ID
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for which

// F'(2)PdA(z) < +oo
D

and the corresponding norm in D is defined by
1113 = FOF+ [[ If @PdAG).
D
In order to gain deeper knowledge about the Dirichlet space see [9] and [20].

2.1.6 The Bloch space

The Bloch space B is defined as the set of all analytic functions f in D for
which

sup (1 —[z[*)|f'(z)] < +o0

|z|<1

and the corresponding norm in B is defined by

1l = If(0)] + sup (1 — [z*)|f'(2)]-

|z|<1

For more information on Bloch space see [30], [48] and [51].

2.1.7 The Q, spaces

For 0 < p < oo the Q,, space is defined as the set of all analytic functions f in

D for which

1—|f3|
,BE]D// | If'(z)2(1 — |z]*)PdA(z) < o0

1— Bz|?r

and we may define the corresponding norm in Q, space by

111, = 1FOR +sup [ SR ey - yraace)

peD I
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It’s clear that Qo = D, the Dirichlet space, and also, Q; = BMOA. If p €
(1,4c0) then Q, = B, the Bloch space with an equivalent norm, see [50]

(Corollary 1.2.1). For more details and results about the Q, spaces see [50].

2.2 The Schwarz’s and the Pick-Schwarz’s lemmas

The Schwarz’s and Pick-Schwarz’s lemmas are included in every classical
book of Complex Analysis and, in addition, are two powerful and very useful
tools in the study of many subjects in Analysis and, in particular, in the study

of composition operators.

Lemma 2.2.1 (Schwarz). Let ¢ analytic on ID, ¢(0) = 0 and |¢(z)| < 1 for all

z € ID. Then we have that
e |¢(z)| <|z|, forall z € D and
. lp'(0) < 1.
The so-called Pick-Schwarz’s lemma is a generalization of Schwarz’s lemma.

Lemma 2.2.2 (Pick-Schwarz). Let ¢ : ID — ID analytic. Then for all « € ID and

for all z € ID we have that

9(z)—p(a)

° Z=a
ol | = |15 4
1— 2
o Jg'(w)] < 05

2.3 Inner functions

Definition 2.3.1. Inner function is called an analytic function ¢ € H* with

gl =1and |g(z)| =1m —ae.z€T.

In this definition, we have considered that g is extended to the boundary

of the unit disk according to the relation (2.3).
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Special cases of inner functions are the Blaschke products. The Mobius
transformations, a special category of Blaschke products, are the conformal

mappings of the open unit disk to itself and have the form

X—z
=A .
Pu(2) T 7s (2.15)
where [A| = 1 and & € ID. Some basic properties of Mobius transforma-

tions, which can easily be proved, are ¢, (0) = a, ¥,(a) = 0 and ¢, = 1p,.
Moreover, we have ¢, (ID) = D, ¢,(T) = T and the following very useful

identity.
(1= 1z —|a?)

2.1
e 216)

1 Jyu(2)|* =

Also 1, is an isometry with respect to pseudohyperbolic metric p (defined in
(2.1))
p(ha(z), pa(w)) = p(z, w).
A Blaschke product is defined as the infinite product

(o]

_nn 2 217
S0 lan] 1 —ayz @17)
where m > 0 and {a, } is a non-vanishing sequence satisfying

(ee]

Y (1 |ag]) < co.

n=1
Some worth mentioning properties of Blaschke products are:
e B(z) € H®

e If m = 0 then, the zeros of B(z), are exactly the terms of sequence {a,},

while if m > 0, the zeros of B(z) are the elements of the set {0} U {a,}.

¢ |Bllo=1and |B(0)|=1m —ae.l €T.
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2.4 The Nevanlinna counting function

A powerful tool in the study of composition operators is the Nevanlinna
counting function. If ¢ : D — D is a non-constant analytic function, then,

the Nevanlinna counting function N, is defined as

L logp, ifwe e(D)\{p(0)}
Np(w) = { oE)=u

0, otherwise.

(2.18)

Very useful are the estimates for N, listed in the following lemma, which is

proved in [44] (page 188).
Lemma 2.4.1. Let ¢ : ID — D analytic. Then
* Ny(w) = O(log ‘17'), when |w| — 1.
e If (0) = 0 then Ny(w) < log Hmfor allw € D.

Another counting function, associated to ¢, is 1, which is defined as
ny(w) = card{z € D : ¢p(z) = w}.

Actually, the value of 1, (w) is exactly the number of pre-images {¢ ! (w)}

of w.

2.5 Change of variable

We mention below two change of variable formulas w = ¢(z) in integrals’
calculation, when ¢ is not 1-1 (non-univalent change of variable). A proof for

the first proposition can be found in [51] (page 307).
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Proposition 2.5.1. Let ¢ : ID — D analytic. If g is a measurable positive function
on ID then:

//g |210g—dA //g w)Ny (w)dA(w).

The second proposition, which is proved in [16] (page 36), is a generaliza-

tion of the previous one.

Proposition 2.5.2. Let ¢ : D — D analytic. If ¢ and W are measurable non-

negative functions on ID then:

/ [ so@)lg'@PWEAAR) = [[g@)( L W)dAw).

¢(D) z:¢(z)=w
2.6 Comparable quantities

By writing K(z) < L(z) for the non-negative quantities K(z) and L(z) we
mean that K(z) is comparable to L(z) if z belongs to a specific set: there are

positive constants C; and C; independent of z such that
C1K(z) < L(z) < CK(z).

Next, we list some relations concerning comparable quantities, which will be
widely used in the rest of this work.

Leta €¢ Dand y € (0,1). If z € Dy(a) then, the relations
1— |z =<1—|af* < |1—az|, (2.19)

and

A(Dy(a)) = (1~ |af?)?, (2.20)

hold and all the underlying constants depend only on #. For a proof of (2.19)
and (2.20), see [51] (proposition 4.5).
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Another widely used relation is the following. It holds that
1
log — =<1—|z|%
*Td

when 0 < ¢ < |z| < 1, where ¢ is fixed but arbitrary.

(2.21)

Let E(zo;r) denote the euclidean disk of center zyp € D and radius r <

1-— |Zo|2

E(zg;r) ={z€D:|z—z| <r}.
Using (2.21) we can prove the following proposition.

Proposition 2.6.1. For every analytic function f on D,

/[ @ Iog dAc) / F@I0 - 2P)dA(z).
D

Proof. 1t is well known that,
1
1—|z> <log —,
5T

forz € D\ {0}. So, clearly, we have

é/!f(z (1 - [z7)dA( //\f 2) log dA(:).

(2.22)

(2.23)

(2.24)

Suppose |z| < }L. Using (2.21) with fixed 6 = }L and, because of the subhar-

monicity of |f| and the fact that 1 — |w|? > 7 when w € E(z; }), we get

2
e / 171 = jof)aA ()
= [[ 1f@)I(1 = [wP)dAw)

< [[1f@) - [wP)dA@).
D
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Hence, for z € E(0; 1), we have
(@) |tog 7 < Clog o [ £(w)](1 - [wP)Aw)
D

and

// I£(z |10g—dA <c// log 1 ‘// F(@)|(1 = |w)dA(w)dA(z).

(2.25)

Using polar coordinates we can easily see that

//log|| =C< oo,

so, from (2.25), we get

[[ f@og raa@ < ¢ [[ 1@l - [wP)daw@).  @26)
D

E(O;%)

From (2.21) we have that there exists Cy > 0 such that
1 2
log ;7 < Co(1— [l (2.27)
when w € D\ E(0; §). Therefore

// \log—dA ) < c// F@)|(1 - |[wP)dAw).  (2.28)

ID\E(0;

From (2.26) and (2.28) we get
1
4 | fe)log dA(z) < € 4 [ f@)]0 - pPda@). @29

Finally, from (2.24) and (2.29), we have the desired result. O
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Let B € ID and f analytic on ID. Using (2.23), with the analytic on ID

function hg(z) = |’B i 7 f'(z)?, we have the following:

Proposition 2.6.2. For B € ID and for every analytic function f on D,

1_|,3|2 1—|,B|2
//H—ﬁP =) og 44 //u_ﬁp @P1 = EPIAR).

2.7 The Alexandrov - Clark measures

Alexandrov - Clark measures provide us important information regarding
the behaviour of an analytic function ¢ : ID — D on the boundary of the
unit disk and they proved to be useful tools for the study of composition
operators. More results and details for Alexandrov - Clark measures can be
found in [14] (chapter 9). The definition of Alexandrov - Clark measures is

based on a well-known theorem of Herglotz (see [19], pages 3-4).

Theorem 2.7.1 (Herglotz). If u is a non-negative harmonic function on D, then

there exists a unique positive Borel measure y such that

1|z

IC—ZI2

u(z) = dp(g).

The integral in the last relation is called Poisson integral of measure .

Now, if ¢ : D — D is an analytic function and « € T, then the function

st 9(0)\ _ 1- o)
M em) R pP

is positive and harmonic in ID and from Herglotz’s theorem we have

1l _ [1-JzP
=g ~ ) T-2P

dua(Q)
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for a unique Borel measure y, in T. The measures y,, « € T, are called

Alexandrov-Clark measures. Now we have the Lebesgue decomposition
dyy = hodm +dus, hy € LY(T), S L m.

It is well known (see [14], pages 204-208) that the total variation of y, is given

by
_1-1]p(O0)F

that the absolutely continuous part h,dm is carried by the set {{ € T :

[p(D)] <1},

_1-le@P
ha(0) = Pl (2.31)

and that the singular part dy;, is carried by the set {{ € T : ¢({) = a}. From
(2.30) and (2.31), we see that

15 = Nl = [ Ba(@)dm()
T

_1-leOF _ [1-le@P,
_ _ 7). (2.32)
= pOF ) Ta= ()P

A useful result for the study of closed rangeness of composition operators is

that of proposition 2.7.2 which is proved in [13].

Proposition 2.7.2. Let ¢ : ID — ID analytic and o € T. Then
= lim [|CyKyallF
Il = T [ICoKeal

where {K, } rep are the functions of reproducing kernel in H? defined in (3.6).

The result which connects the Alexandrov-Clark measures with C, hav-
ing closed range is a proposition due to K. Luery in [35] (page 56). If we

extend ¢ on T as ¢({) = lin} @(r) (this limit exists for m —a.e. { € T) and
r—
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define the measure Vp ONn Borel E C T as
vp(E) = m(¢~(E)), (2.33)

then, for the Radon-Nikodym derivative l%f of measure v, with respect to

Lebesgue measure m, we have the following result.
Proposition 2.7.3 (Luery). For m-a.ex € T,

dv(P

7o (@) = Il (2.34)

More information regarding Alexandrov-Clark measures, as well as their
applications to the study of composition operators, can be found in [13], [14],

[36], [37], [41] and [45].

2.8 Boundedness criteria for integral operators

In [7] (theorem 2.2), a result concerning the boundedness of the integral op-

erator S, is proved. We restate it here with its proof.

Theorem 2.8.1. Let g be analytic, X,Y be Banach spaces of analytic functions and
let Az, be the linear functional on X and Y defined by A, f = f'(z0) (point eval-
uation of the derivative functional). Let’s suppose that Az, is bounded. Then, if Sq

maps X boundedly into Y then

[ Azoly
1Azl

8(2)| < ISl (2.35)

Proof. For f € X and zg € ID we have

£ (20)118(20)] = Az Sg(F)| < 1Az Iyl SelllIf1Ix- (2.36)
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Since sup |[f'(z0)| = ||Az|lx, taking the supremum over || f|x = 1 of both

1£llx=1
sides of (2.36) gives us

1Azl x1g(20)| < [ISgll[ Az lly,

which is what we had to prove. O

A consequence of theorem 2.8.1 is the following corollary (see [7] (corol-

lary 2.3)).

Corollary 2.8.2. If X is a Banach space of analytic functions on which point evalu-
ation of the derivative N, is a bounded linear functional, and Sq is bounded on X,

then g is bounded.
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Chapter 3

Brief history of the research

In this chapter, we mention most of the already published results, concerning
conditions for the integral operators S¢ and the composition operators C,

respectively, to have closed range on some spaces of analytic functions.

3.1 History of the research for integral operators S,

Anderson, in [7] (Corollary 3.6), formulated the following result, providing
a condition for the operator S, to have closed range on the quotient space

H?/C (H? modulo the constants).

Corollary 3.1.1 (Anderson). Let g € H® and G, = {z € D : |g(z)| > c}. Sg¢
has closed range on H?/C if and only if there exist ¢ > 0,6 > Oand n € (0,1)
such that

A(G.NDy(a)) > 6A(Dy(a)) (3.1)

foralla € D.

If h € [0,1] and 6y € [0,27] then, we denote Sj, 4, the so-called Carleson

square, defined as

Sne, = {re® €D:1—h<r<1,[0—0| <h}. (32)
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Actually, Anderson formulated corollary 3.1.1 using, in (3.1), Carleson squares
Sy ¢ instead of pseudohyperbolic disks. It is well known that both these con-
ditions are equivalent.

Let g an analytic function on ID. The multiplication operator, induced by
g, is defined as M, f(z) = f(z)g(z). Apart from corollary 3.1.1, Anderson

proved a more general result (see [7] (theorem 3.9)).
Theorem 3.1.2 (Anderson). The following are equivalent for ¢ € H*:

(i) § = BF for a finite product B of interpolating Blaschke products and F such
that F, 1 € H®.

(i1) Sgq is bounded below on B/C (the Bloch space B modulo the constants).

(iii) There exist r < 1 and i > 0 such that for all « € D,

sup [g(z)] > 7.
z€D,(w)

(iv) Sq is bounded below on H?/C.
(v) My is bounded below on Al for v > —1.

(vi) Sq is bounded below on AP /C for v > —1 (the weighted Bergman space A}

modulo the constants).

Earlier, in 1987, the equivalence, between (3.1) and part (i) of theorem

3.1.2, had been proved by Bourdon in [11] (theorem 2.3, corollary 2.5).

3.2 History of the research for composition operators C,

3.2.1 On Hardy spaces

Cima, Thomson and Wogen in [15](1974), characterized the closed rangeness

of composition operator on H? by a contidion which depends only on the



3.2. History of the research for composition operators C,, 27

behaviour of ¢ in the boundary of the unit disk. They extended the definition
of ¢ in the boundary by

¢() = lim ¢(r), { € T.

r—1-

It is well known that the above limit exists for m —a.e. { € T. Then they

defined the measure
v(E) = Alg"((E)),ECT,

where E is a Borel subset of T. The measure v is absolutely continuous with
respect to the Lebesgue measure A and let g—z be the Radon-Nikodym deriva-

tive of v with respect to A. The result was the following.

Theorem 3.2.1 (Cima, Thomson, Wogen). C, : H* — H? has closed range if and
only if the Radon-Nikodym derivative j—j{l of measure v with respect to A is bounded

below from a positive constant.

Cima, Thomson and Wogen posed the question if a condition for C, to
have closed range could be found depending only on range of ¢ on ID rather
than on T. This question was answered by Zorboska in 1994 (for details see
[53]).

She defined the function

N
Tp(w) = Lui),w e D, (3.3)
log o]
for € > 0 the set
Ge = {w €D :1y(w) > s}, (3.4)

and formulated the following result:
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Theorem 3.2.2 (Zorboska). C, : H> — H? has closed range if and only if there

aree > 0,8 > 0and n € (0,1) such that, the set G, to satisfy the condition
A(GeNDy(a)) > 6A(Dy(a))

foralla € D.

In 2010, Lefevre, Li, Queffélec and Rondriguez-Piazza (see [31]), proved
another condition (theorem 3.2.3) for the operator C, : HP — HP,1 < p < o0
to have closed range, using the averages of the Nevanlinna counting function
N, on sets of the form S(¢, 1) = {z € D : |z — | < h}, where h € (0,1) and
¢eT.

Theorem 3.2.3 (Lefevre, Li, Queffélec, Rondriguez-Piazza). Let ¢ : D — D
analytic, non-constant function and 1 < p < oo. The operator Cy : HP — HP has

closed range if and only if there is C > 0 such that for h € (0,1) to have

1
Wg,h))s(C {) Ny(w)dA(w) > ch
forall & € T.

If A,z € D then, the reproducing kernel in H? consists of the functions

k/\ (Z) = = 7/ (35)

where
ka

Ky, = —0—
M Tkl

(3.6)

is their normalized companion. These functions are also called Szeg® kernel
functions.

In [35](2013), K. Luery, using the functions of reproducing kernel in H?
and Alexandrov-Clark measures (see section 2.7) proved the following theo-

rem, which is a result of Reproducing Kernel Thesis type.
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Theorem 3.2.4 (Luery). Let ¢ : D — ID analytic. The operator C, : H> — H?
has closed range if and only if Cy has closed range on the set of normalized Szegd

kernels {K) } rep, i.e. there exists C > 0 such that
ICoKA 12 = ClIK][p2 = C,

since || Ky ||z < 1. In fact, this result asserts that the property of having
closed range for C, on H? can be tested just by studying the action of C, on

the functions {K) } \ep of reproducing kernel in H>.

3.2.2 On Bergman spaces and on weighted Bergman spaces

For ¢ > 0, we consider the sets

(1— 1z

O, =4zeD: ~— 2
e =1 T TP

> ¢}

and

Ge = ¢(Qe). 3.7)

In 2008, Akeroyd and Ghatage proved in [2] the following theorem for C, to

have closed range on A2,

Theorem 3.2.5 (Akeroyd, Ghatage). The operator Cy : A?> — A? has closed
range if and only if there are ¢ > 0, 6 > 0and n € (0,1) such that the set G, to
satisfy the condition

A(Ge N Dy(z)) > 0A(Dy(z2))
forall z € D.

In 2012, Akeroyd and Fulmer proved in [3] the following theorem regard-

ing the weighted Bergman spaces A}.

Theorem 3.2.6 (Akeroyd, Fulmer). Let « > —1and 1 < p < oo. The following

are equivalent:
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* Cy: AP — AP has closed range

e There exist ¢ > 0,6 > 0and 5 € (0,1) such that the set G, to satisfy the

condition:

A(Ge N Dy(z)) > 0A(Dy(z))
forall z € D.
e Therearee >0, M > 1and a set U C Q) such that
1. o(U) contains an external annulus, which means that there exists r €

(0,1) suchthat {w € D :r < |w| < 1} C ¢(U) and

2. 41 <19'(z)| < M, forall z € U.

3.2.3 On BMOA space

In [21], Erdem and Tjani proved a necessary condition and a sufficient condi-
tion for Cy, : BMOA — BMOA to have closed range (Theorem 3.2.7) and also
they formulated a characterization for C, to have closed range on Mobius
transformations in BMOA (Theorem 3.2.8). They defined H C D to be a
sampling set for BMOA if for all f € BMOA

sup 4 [1£ @R~ lpu(2)P)dAE) < |IfIE.

aeD

If
Nup(w) = Z (1- |4’rx(w>|2)

z:¢(z)=w

then, for e > 0 and &, &’ € D, they also defined the sets G, as

Gea = {w €D : Ny p(w) > (1 — s (w)[2)}
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and

Geaa = {w € Dt Ny p(w) > (1= [yhu(w) )}

Theorem 3.2.7 (Erdem, Tjani). Let ¢ be a non-constant analytic self map of ID.
If Cy is closed range on BMOA then there exists ¢ > 0 such that UycpGe 15 a
sampling set for BMOA. Moreover, if NycpGen is a sampling set for BMOA, then
Cy is closed range on BMOA.

Having in mind the simple result that ||¢ ||« < 1, we may proceed to the

following theorem proved in the same paper.

Theorem 3.2.8 (Erdem, Tjani). For each ¢ analytic self map of D, the following

conditions are equivalent.

e There exists k € (0,1] such that for every « € D, ||y 0 @[]« > k.

e There exists k € (0,1] such that for every & € D there exists o’ € D and

lim ||1P(p(ﬂén) cgo 1PDCnHHZ > k.

n—oo

Moreover, in [21], Erdem and Tjani proved a necessary and sufficient con-
dition for C, : B — BMOA to have closed range, where [ is the Bloch space
(see 2.1.6).

Theorem 3.2.9 (Erdem, Tjani). Let ¢ be an analytic self-map of D such that C, :
B — BMOA is a bounded operator. Then the composition operator Cy : B —
BMOA is closed range if and only if there exists an ¢ > 0 and r € (0,1) such that
forall « € D, there exists &' € ID such that

A(Gew o N Dy(a))
A(Dy())

= 1.

3.2.4 On weighted composition operators on Hardy and Bergman spaces

In general, if X is a space of analytic on ID functions and i € X then, the

weighted composition operator on X is defined as Wy, f = h(z)f((z)), z €
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ID. We observe that if (z) = 1forall z € D then, clearly, W, ;, coincides with
Cy. Next, we formulate two results proved by Chalendar and Partington in
[12], which assert, in the spirit of theorem 3.2.4, that checking the property of
being bounded below (having closed range) for weighted composition oper-
ators on Hardy and Bergman spaces can be tested by their action on a set of
simple test functions, including reproducing kernels.

In[12],if h € HP (1 < p < o) and ¢ : D — D analytic, the weighted
composition operator on Hardy spaces is defined as Wy, ,, f = h(z)f(¢(z)), z €
D, and also, the normalized reproducing kernel functions are defined by
To(z) = (1— |w]2)?/(1 - @z2)? so that ||ly|gr = 1 forallw € D. In [12],

Chalendar and Partington proved the following result.

Theorem 3.2.10 (Chalendar, Partington). Let1 < p < co,h € HP and ¢ : D —
ID analytic such that the weighted composition operator Wy, ,, is bounded. Then Wy,
is bounded below if and only if there is a constant C > 0 such that ||Wy, yly || gr > C
forallw € D.

In the same spirit as in Hardy spaces, if h € A? (1 < p < o) andyp : D —
D analytic, the weighted composition operator on Bergman spaces is defined
as Wy, yf = h(z)f(¢(z)), z € D, and also, the normalized reproducing kernel
functions are defined by [,(z) = (1 — |w|2)%/(1 - w,z)% so that ||Ip]|ar =< 1

for all w € ID. The result concerning Bergman spaces is the following.

Theorem 3.2.11 (Chalendar, Partington). Let 1 < p < oo, h € AP and ¢ :
D — D analytic such that the weighted composition operator Wy, : AP — AP is
bounded. Then Wy, , is bounded below on AP if and only if there is a constant C > 0
such that ||Wy,ylo|| a» > C forall w € D.

3.2.5 On Dirichlet space

In [28] (1997), Jovovic and MacCluer studied the problem of finding condi-

tions for the operator Cy : D — D to have closed range on Dirichlet space
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D. Considering the sets S({,h) = {z eD: |z-(] < h}, where € T
and 0 < h < 1, they formulated a necessary and sufficient condition in case
where there is M > 0 such that n,(w) < M for all w € ID, which means that

@ is of bounded valence.

Theorem 3.2.12 (Jovovic, MacCluer). Let ¢ : ID — D analytic, Cy : D — D
bounded and suppose that there exists M > 0 such that ny(w) < M, for all w € ID.

Then Cy has closed range if and only if
A(p(D)NS(Z, 1)) > el?

forallC € D,0 < h < 1.
Moreover, in the same paper, the following neseccary condition is proved.

Theorem 3.2.13 (Jovovic, MacCluer). Let ¢ : ID — D analyticand Cy : D — D

bounded. If C, has closed range, then there is ¢ > 0 such that
// ny(w)dA(w) < Ch?
S(&h)

forall € D,0 < h < 1.

In [34], D. Luecking proved that condition of theorem 3.2.13 cannot be
sufficient.
3.2.6 On Besov spaces and on Besov type spaces

Main results of this section are due to M. Tjani. Let

Np,o(w, @) > 8}

and

Qs,p,w =9 - (Gs,p,tx)
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and

Npa(w, @) = Y [¢'(2)[P72(1— |z)"
w=9(z)

M. Tjani, in 2014, (see [49]), proved the following result, which holds under
the assumption that ¢ is of bounded valence, i.e. there is M > 0 such that

ny(w) < Mforallw € .

Theorem 3.2.14 (Tjani). Let’s suppose that there exists M > 0 such that ny(w) <
M for all w € D and p > 2. Then Cy : BP — BP has closed range if and only if
there are ¢ > 0, C > 0and n € (0,1) such that

A(Dy(z) NGepp—2) > CA(Dy(2))

forall z € D.

Moreover, in the same paper, the following result, regarding Besov type

spaces, is proved.

Theorem 3.2.15 (Tjani). Let p > 2 and « > p — 1. The operator Cy : By y — Bpa

has closed range if and only if there are e > 0, C > 0and € (0,1) such that
A(Dy(z) N Gepa) > CA(Dy(z))
forall z € D.

3.2.7 On Bloch space

In 2005, Akeroyd, Ghatage and Tjani proved in [4] three equivalent condi-

tions for the operator C, : B — B to have closed range. Define

(1—|z*)¢'(2)
1=lp(x)]>

Tp(z) =

A ={zeD:|15(z)| > ¢}
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and

Fe = @(Q). (3.8)
The following theorem is the result they proved.
Theorem 3.2.16 (Akeroyd, Ghatage, Tjani). The following are equivalent:
* Cy: B — B has closed range.

o There exist ¢ > 0,6 > 0and n € (0,1) such that the set F; to satisfy the

condition:
A(FeNDy(z)) > 6A(Dy(z))

forall z € D.

o Therearee > 0andn € (0,1) such that

F-NDy(z) #@

forall z € D.

e There are C,r,s € (0,1) such that for every w € D, there exists z;,, € D
with the property: the function ¢ is 1-1 on the disk Ds(zy) and ¢(Ds(zy)) C
Dy (w) and A(g(Ds(za))) = C(1— [w]2)2
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Chapter 4

Closed range integral operators on

Hardy spaces

Hardy spaces H” and some equivalent norms in these spaces were defined
in section 2.1.1. Let denote H? /C as H].
We recall that the integral operator S, : H] — H],induced by the analytic

function g : D — C, is defined as

Sef(z) = | f(w)g(w)dw, z €D,

for every f € Hj.
In this chapter, we prove a necessary and sufficient condition (theorem
4.1.2) for the integral operator S; to have closed range on Hardy spaces

HJ,1<p < oo,

4.1 The main result

Let ¢ : D — C be an analytic function and, for ¢ > 0, let G. = {z € D :
|g(z)| > c}. Itis well known (see [7], theorem 2.2, corollary 2.3 and the notes
after corollary 2.3) that the integral operator Sy : H? — HP (1 < p < o0) is
bounded if and only if g € H®.

We say that Sg, on HP, is bounded below, if there is C > 0 such that

|Sefller > C||f||mr for every f € HP. As already mentioned (see chapter 1),
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in order S, operator to be 1-1, we are obliged to consider it on the quotient
space H? /C, the space H” modulo the constants or, equivalently, the space
of analytic functions f € H? such that f(0) = 0. Theorem 3.2 in [7] states that
S¢ is bounded below on H?/C if and only if it has closed range on H? /C.
Corollary 3.6 in [7] states that S, : H — HZ has closed range if and only

if there exist ¢ > 0,0 > 0 and 1 € (0,1) such that
A(GcNDy(a)) > SA(Dy(a))

foralla € D.

In the end of [7] A. Anderson posed the question, if the above condition
for H2 holds also for all H}. In this paper, theorem 4.1.2 gives an affirmative
answer to this question, for the case 1 < p < co. Although the answer in
case p = 2 is an immediate consequence of D. Luecking’s theorem (see [7],
Proposition 3.5), the answer in case 1 < p < oo requires much more effort.

In the following by A;(«) is denoted the euclidean disk of center « € ID

and radius 77(1 — |a|), 7 < 1:
Ay(a) ={z€D:|z—af <y(1—l|a])}.
For A € (0,1) and f € HP we set
Ex(a) = {z € Ay(a) : | (2)]* > Alf () P}
and

B (@) = sy /) @) PdAG).

Ex(a)

Lemma 4.1.1 is due to D. Luecking (see [32], lemma 1).
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Lemma 4.1.1. Let f analyticinID,a € Dand A € (0,1). Then

A(Er(@) . log}

A(Ay(a)) log —ﬁ?{;;‘l% +log 1 .

Moreover in [32], the following sentence is proved: If « € ID and 11’372 <

r < 1 then

Ay(a) C Dy(a). (4.1)

We proceed with the main result of this section, which appears in [39]

(Theorem 2.2).

Theorem 4.1.2. Let 1 < p < oo, ¢ € H® and g not be identically equal to zero.

Then the following are equivalent:
(i) Sg: Hg — Hg has closed range

(ii) There exist ¢ > 0,0 > 0and n € (0,1) such that
A(G:N\Dy(a)) > 6A(Dy(a) 42)

foralla € D.

(iii) There exist ¢ > 0,6 > 0and n € (0,1) such that
A(GeN by (a)) = SA(8y(a)) @3

foralla € D.

We first prove two lemmas which will play an important role in the proof
of theorem 4.1.2.

For{ € Tand 0 < B < B’ < 1 we consider the Stolz angles I';() and
T'(Z), where B’ has been chosen so that A, (a) C T'g(g) for every a € T'4({).
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Lemma 4.1.3. Let e > 0, f analytic in ID and

A={xeD: WP < 5a 0 [ F@raaz}.

There is C > 0 depending only on 1 such that

// f'(2)PdA(z) <sc//|f (2)PdA(z)

Aﬂl“/;

Proof. Integrating
" 2<;// "(z)|?dA(z
F@F < gy [ 1 @raaE)
Ay ()
over « € ANTg(Z) and using Fubini’s theorem on the right side, we get

// |f' (a)|2dA(w) <€/ f'(z |2 // 200 ((XZ) )}dA(z)

AOF‘B Aﬂl"ﬁ

2
Using (4.1) with r = +’Z12, we have X (2)(2) < XD, (a)(2) = XD,(z)(%). From
(2.19) and (2.20) we have that A(D,(z)) =< (1 — |z|)? and, for & € Dy(z), we
have (1 — |z|) =< (1 — |a|), where the underlying constants in these relations

depend only on 7. In addition, A(A,(«)) = #*(1 — |a|)%. So,

Kanie)&) 0@ :
// i Alby ()" </ X[i—|o¢| dA(x)

Aﬁl"ﬁ Aﬁl"ﬁ
_  AD()
SCD/(/)WZ(1—|Z| AW) = Coar e <€
(4.4)

where C > 0 depends only on 7. O
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Lemma 4.1.4. Let 0 < ¢ < 1, f analyticinID,0 < A < % and

B= {zx eD:|f (a) < 83BAf((x)}.

There is C > 0 depending only on n such that

// 1 (2) PdA(z <sC//|f (2)PdA(2)

Bﬁl“ﬁ

Proof. We write

[ irwraaw= J] wriaws f] - f@raw

BNI4(2) BNIp(7) (BAI'g(g

where A is as in lemma 4.1.3. The first integral is estimated by lemma 4.1.3,
so it remains to show the desired result for the second integral. Integrating

the relation
! - 1 !
(@) < €Byf(a) = e3—A(EA(“))E / /) £ (2)PdA(z)

over the set (BN Tg(Z)) \ A and using Fubini’s theorem on the right side, we

get
// @Paa@ <& [[1f P AT a7 e (DA 4AC)
(BNLp(C Ty (2) (BNp())\A
<& [[17 P AE T e (2A@)]dA )
rp(0) (BAra(2)\A

where the last inequality is justified by E) () C A, («). Leta € A, ie.

F@P2 gy ] I @Paac) 46)
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Setr = 17(1 — |a|) and suppose A < } and |z — a| < §. We have that

FER - =) [ f’<w>2< - 1“>dw

w—z w-—
|w—a|=5%
1 /i \D Z—«
= — dw|. 4.7
27 / fiw) (w—2z)(w— «a) v (4.7)
|w—a|=%
For |w — a| = %, by the subharmonicity of |f'|> we have
Ti <r—2 // 1) 2dA(u //yf VPAA(u)

4|u w|<r

Since |w — z| > 7 when |w — a| = %, from (4.7) we get

/ / C‘Z _‘X’ 1 /
12 = fl(@)?] < A, @ /) raA

r

Since we may assume that C > 2, taking |z — a| < 5, then we have |z —a| <

7 and we get

7@ =@ < ga gy [ 1F PG, @8)

An(“)

Combining (4.6) and (4.8), we get

P> 31f @F > Alf @)

This means thatif A" = {z € D : [z —a| < 55} then A" C E,(a) and
N N2, &
AEAw) 2 AN) = 57 = 155 A8y (@)
We finally use this last inequality in (4.5) and we complete the proof. O

Proof of theorem 4.1.2. (ii) <> (iii) This is easy and it is proved in [32].

(iii) = (i) Let @« € D\ B, where B is as in lemma 4.1.4, where 0 < ¢ < 1,
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0< A< 3 . Then Fla { ()|)2 < S% and, if we choose A < 8%, then, from lemma

4.1.1, we get that

A(Ex(w)) $log % 5
A(A (a)) >10 T 2100 L >1—§. 4.9)
] gzt 51083

Combining (4.3) and (4.9), we get

A(GeNEx(a)) = A(Ge N Ay(a)) = A(Ge N (Ay(a) \ Ex(«)))

Now let f € H),{ € T and a« € Tg({) \ B. Then, using the last relation and

Ex(a) C Ay(a) CTp(g), we get

aa ey /| xew@f @PaAG)
Gcﬁrﬁ/
> 2
> e ) o '(2)PdA(2)
GmEA
oA
— 2 > ! 2
~ 2A(G. OEA // 2)dA(z) = FIf (@)
GCmEA

Integrating the last relation over the set I'4({) \ B and using Fubini’s theorem

on the left side, we have

/s // jAZW () ]dA(z)S%A ] 1f @ Paa)
Ts(0)\B

Gcﬁrﬁ/

With similar arguments as in relation (4.4), we can show that the integral in

the brackets is bounded above from a constant C > 0 depending only on 7.
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So, we have that

J] iropancsz S I o

Gcﬂrﬁ/
CcS)\ C(S/\
// /()P A () / ()P A
Fﬁ(@)

Because of lemma 4.1.4 we have that

[ 1r@praac = S ([ @Paaw -2 [[ 1 @Pdaw

Gy (2) Fﬁ(é) T (2)
and so
[ 17 @)Paac CM () PAA() CT [ 17/ @) PaA).
GeNly () rﬁ/ Tp(8)
Hence,

I\)\'—‘

// (2) PdA(2) z C’sM>% //If \2dA(a
Fﬂ/

Gcﬂrﬁ/
l 1

N —

Then, we raise the last relation to the p power, so
1

(] v@raae) + (S22 ] i @Piaw)
(é'

Gcﬁrﬁ/ F

C(S/\ //|f A

N —

I

N\‘G
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Integrating both sides of the last relation over T, we obtain

Al // FEPaAR)* + (€ S“//v PdAw)*] dm(c)

T Gﬁl"ﬁ
> [[( C‘” //|f (@PdAw)*] dm(g).
T

Raising last relation to % power and then applying Minkowski’s inequality,

we get
[ // F@RAE) an@)] + (SN[ ([] 17 @) PaAw) dn )]
T GTy( T 1,(0)
> (SN [ (] 1r@Paaw) am@)
T Tp(2)
and so

(4.10)

According to (2.5), both integrals at the right side of (4.10), represent equiva-
lent norms in Hj. Due to the relation between B and B’ there is C” > 0 which

depends only on #, such that

[ (J] 1r@raaw) an@] <[ [ ( / /(o) PaA@)) *dm(D)]".
T Te(0) o

T Ty
(4.11)
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Combining relations (4.10) and (4.11), we get

1] i) mo] = (S5 [ ([ 1rwriaw) no)]
T Gy (Q) T Tp(?)
(S e[ (] rwraaw) ano)]
T Tp(0)

SAND . 1 1,1
= (%) 1c2 =2 fll -

Choosing ¢ small enough so that C — e2C’ i > 0, we have that

(] verae)

T Gcﬂrﬁ/

14
2

am(@)|" = Cllfll .

and since G, = {z € D : |g(z)| > ¢}, we have

ISefllg = [ [ ( // (S¢/(2))PdA2))

T rﬁ/

///|f Plg(z)PdA()) 4
[ (] i)

T GC ﬁrﬁ/

NI
<=

am(g)|

N\‘c
==

m()]

NS

dm(@)]? > C|fllgp-

So the integral operator S¢ has closed range.

(i) = (ii) Leta € D, € T,y € (0,1) and thearc I, = {{ € T : F%(C) N
Dy(a) # @}. 1t's easy to see that { € I, is equivalent to a € T,/({), where
1" depends only on 7. In fact, an elementary geometric argument shows that
1 —1#" =<1 — 1, where the underlying constants are absolute.

Set Ro 1+’7 . We continue with the proof by considering two cases for a:

(@ Ry < |a] <Tand (b) 0 < |a| < Ro.

==
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Case (a) Ry < |a| < 1: At first, we consider the case p > 1. Another

simple geometric argument gives m(l,) < 1=I*_ and hence:

(1-7')2
1—af
I,) =< . 4.12
ml) = = (412)

More specifically, as we can see in figure 4.1, let’s take { € T such that

FIGURE 4.1: Geometry for the estimation of arc I,’s length.

Arg(l) = Arg(a) and consider the line tangent to the unit circle at the point,
let E, corresponding to {. Then, of course, E is the middle point of arc I,
and, having in mind that { € I, exactly when a € FU’ ({), we can determine
the end point of I, let D (corresponding to {yp € T), just by requiring that
the boundary segment AD of I',/({o) (the cone with the dashed boundary
segments) to contain the point B which corresponds to a. Since CELOE and
CALAO we have that ZAOE = ZACE = ¢ and obviously cos ¢ = % =

%, where by (OA) we denote the length of the line segment with end points
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O and A. Since Ry < |a| < 1, we have that

COS(PZ‘—lZY/
and
_;7_/<17_/_ 277, /
cos¢p = |oc| _R0—1+17,_217.

Hence, cos ¢ < 7'. In addition, we have

sing = (1-co¢)’ = (1_&?% < (1-9?)’

and
ng=(1-we)’ = (1- 1) > (1- )
i) =k
— (R%;(Z)ﬁa)% > (Ro_ﬂ/)% _ (1_277/>% > %(1—;7’2>%

(ST

Hence, sin¢ =< (1 -7 2) and we have

(1— 5%
o

tan¢ <
But § < 5’ < 1so, we get

tan¢ =< (1—5'*)2.

Moreover, in the right triangle ABEC, we have tan¢ = 1(2(‘:“; But (EC) =<

m(Iy) so, we finally have m(I,) =< ( 1_";")1 and (4.12) is implied.
1-5'7)2

If S, has closed range on H} then there exists C > 0 such that for every

f € Hf we have
ClISgf e = IFII7- (4.13)
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Let

From lemma A.0.1 in Appendix A we have that ||, — «| pH,, =

(1 — faf).

Setting f = 1, — a in (4.13) and using (x + y)?P < 2P~ 1(x? + yP), we get

N\‘G

1— Ja] < ClISq(y ||”p—c/ //m )PI3(2) PAA(2)) " dm(g)
<c[( ] |¢g<z>\2rg<z>rsz<z>)jdm(@)
Iy r1 )NGeNDy («
+C / // 9L R)PIAR) ) “dm ()
L 1 x)\Ge)
+c/ // m )PI(z) PAA(2)) " dm(g)
I T1(0)\Dy(a
+c [ //m )Pl3(z) FdA(z) ) “dm(C)
T\ Iy r1
=C(L+ L+ I3+ 1y). (4.14)
Using A(D; (2)) = (B0 n? < UEBEE we get
1—|oc\ 5
IlﬁnggoZ Gmé/ |1—zxz\4 ) dm(Z)
< ||gufom<ra>(A((G “@z&”)z
1 A(GeNDy(a))y 5
< Isllon (1) (30 )

Using |g(z)] < ¢in D\ G, and making the change of variables w = ,(z),

we get

Izch/ //m )[PdA(z

N\"@

//dA

N\‘m

= cPm(ly).
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We increase I3 by extending it over ID \ D («) and then we make the change

of variables w = 1, (z) to get

Bl [ (f] daw) am(@) = glm(i) )%

Iy ]D\D,7

FIGURE 4.2: Geometry for the estimation of integral Iy.

For the estimation of I; we have first to estimate [[ |y} (z)[*dA(z), when
I'y(0)
2

¢ € T\ I,. In order the process of estimation to be more clearly understood
and to have a better geometrical notion for the distances involved, we have
to see figure 4.2. Without loss of generality we may assume that « € [Ry,1).
Forj € IN,j > 2, we define rj = 1 — and consider the sets Q1 = E(0; )
and ) = (E(0;7;) \ E(0;7j—1)) N I (C) (disks of the form E(0;r) defined in
(2.22)). Then we have thatl“l(g) U Qjand A(Q)) = 4/, when j > 1. We
fix z; € Q) such that Arg(z;) = Arg(C) Then, if z € OO, we have |1 — az| <
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1 _z| < |1 —zj|. In figure 4.2, we can consider as (); the region defined by
the points H/GK and it’s clear that | — zj| = (NM). In addition, we have
(LP) < 1 =1 <1—|a|, (PM) < 1— |z < L and( N) < |Arg({)]. The
application of the Pythagorean theorem to the rlght triangle AMLN gives us
(MN)? = (LN)? + [(LP) + (PM)]? and, because of the identity x> + y? =
(x +y)?, we finally get (MN) =< (LN) + (LP) + (PM), which means that

F

L +1— |a| +|Arg(Z)|| In all these relations, the underlying

_Z]| ‘2]'

constants are absolute. If { € T\ I, thena ¢ T 1 () which means that 1 —

|a| < |Arg(Z)|, so we have that |1 — zj| < |% + |Arg(Z)||. There is some jy so
that i- < |Arg(Q)| < 2]0 ot For j < jo we have [Arg(0)| < 5 L which implies
that \l —zj| < and for j > jo we have |Arg(0)| > 5 L which implies that

|% —zj| = |A1fg( )|. Therefore

//W)“ (2)[dA(2) // |1 — ocz|4 dA +Jio// \11_—|Zz|4 Az)

+oo _
) +z// e +z// 0P,
oc |
(1—|0¢|2)2
al? —i— A (1-— w|? 2] + A _—
1—|a?)?2 21
= (1= [a?)? + (1~ [af?) 22—16] ( | Z e
J=Jo
But ZJO 4 = 4o < A g( A OF and Z+°]° i] =0 = |Arg(Z)|?. Therefore
) < (1 (]2)2 (1—af?)?
J] Wiz PaAE) = (- 0P+ @15

Since w is positive, there is ¢ such that T \ I, = [¢o, 271 — ¢p] (see figure 4.2)
and ¢o < m(I,). Therefore

" (1 — |a|?)P
I4§C|]g||fo/ (1—\o¢|2)7’d¢+cug”go/ (1—] |)d¢

$o $o ol

A(2)
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1— |a]?)?

< Cllglls1 — lay? + gt L= )
0

1— Jaf2)?

< CllgllB(1 = a2 p 3= la)?

< Cligla1 - Py + clgls o)

Substituting the estimates for Iy, I, I3, I; in (4.14), we get

1

<A(Gc N Dy(a))\ 2
—n?)P\ A(Dy(w))

) g +cPm(ly)

1 ol < Clighem(l)

4 1 2)p
gl (1 =) + gl 1 = )7 + gl BT,
Using (4.12) we get
1- Cllglb
ol < clisle = = (Amyan )

1— |« 1— |« P
Pl TN Sl IR

(1—7)2 (1—mn)2
+ gl (1 =) (1 = 7P~ + igllh (1 — [af*) (1 ’7)%1}'

Thus

1 (A(GCQD”(IX))>;27 cP
(1 —17)2'72+1 A(Dy(a)) (1-7)

—1
gl —1)'T + lglh( —n)P "+ gl — )7

C < [Igll%

N—=

Choose 7 close enough to 1 so that || |5, (1 — 17)’%1 +lglb (1 =m)P~ 14 ||g |5 (1 —
17)7%1 < § and thenset C;, = (1 — 7)2. We have that

C _ llglh (AGNDy@)NE o
Técspﬂ( Aoy ) o

Choose c small enough so that E—Z < . Then

C gl (A(G: N Dy(a))y ¢
5§c§ﬁﬂ< ADy) )



4.1. The main result 55

and finally

ccart! } _ A(GeN Dy(a))
2l /7 = A(Dy(a))

or

A(Ge N Dy(a)) = 6A(Dy(a)),

for every & with Ry < |a| < 1.

Now, we consider the case p = 1. Let « € ID and the functions

(A =a?)? (1 —af?)?
fal2) = sa(1—az)?  3x

Obviously f, € H}. We define the sets [, = {{ € T: a € r%(g)} and it’s

clear that m(J,) < 1 — |a|. Then we consider the integral

= [ ([] 1fu2)Paac) am(@).

T\sz rl (g)
2

N|—=

If €T\ Jythena ¢T 1 ({). Using similar arguments as in the proof of (4.15),

we get

- A=l iyt (=l
[ 15@Raae) r// |1—o<z|8 A=) = =)+ 2 oe

I'1(0)
2

hence

_ (A —la)?
IA/lw 9= (4.16)

If F € H}, from lemma B.0.1 in appendix B it follows that there exists C" > 0

such that

Il <" [[IF)ldAc). (4.17)
D
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S¢ has been supposed to have closed range, so there exists C’ > 0 such that

||fa||H3 < C’||nga||Hé and using (4.16) and (4.17) (with F = S f,), we get

0< Co <1< fullyy < ClISefillg < CC" [[1(8:£) (2)|A().
D

Hence, observing that | f4(z)| = |9/, (z)|?, we have
€ < /ISgﬁx lA() /m Plg()ldA() (@.18)
< gl // R +o // ¥h(2)PdAG)
GCQDW \Gc
+|rg||oo // 9L (2)PA()
ID\Dy (a
< lglo // T +c// PLRPIAER) + gl [[ dAG
GeNDy (a

D\ Dy (0)
18 ]leo A(Gcm Dy(a))

Saor AL )t H/) dA(w) + g]=A(D \ D (0))

o A(G.ND
(1H§|172)2 (A(DU(,Z)(;X)) +c+ I8l (1 — 17)].

< Cz[
Choosing ¢ close enough to 0 and 7 close enough to 1 we get

AGeN Dy(w) 2 77— A(Dy (a)) = SA(Dy(w)),

Case (b) 0 < |a| < Ry: There exists 771, depending only on 7, such that
Dy (Ro) € Dy, (0). Take o’ so that [a’| = Rg and Arg(a’) = Arg(a). Then

Dy(a") C Dy, (). Set 72 = max{#, 71 }. Then from case (a) for &’ we have

A(GcN Dy, (a)) > A(Ge N Dy, () > A(G. N Dy(a))

> 5A(Dy(«)) > CSA(Dy, (1)) > COA(Dy (), (419)

where the constants C > 0 depend only on 7.
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Moreover, when Ry < |a| < 1, we have

A(GeN Dy, () > A(Ge N Dy(a)) > SA(Dy(a)) > CSA(Dy, (a)),

where the constant C > 0 depends only on 7. So, we have proved that there

are 7, € (0,1), ¢ > 0and C > 0 such that

A(Ge N Dy, (a)) = CA(Dyy(w)),

for every a € ID, which is what we had to prove. O
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Chapter 5

Closed range integral operators on

BMOA space

BMOA space and the corresponding equivalent norms in this space were de-
fined in section 2.1.3. Let denote as BMOA the space BMOA/C, the space
BMO A modulo the constants. In this chapter, a necessary and sufficient con-
dition (theorem 5.2.1) for the integral operator Sy to have closed range on

BMOA space is proved.

5.1 On the boundedness of the integral operator on BMOA

As far as the boundedness of S on BMOA is concerned, we will prove
proposition 5.1.2 by making use of the following result which is proved in

[51] (proposition 4.13).

Proposition 5.1.1. Suppose p > 0, y is real and r > 0. Then there exists a positive

constant C such that

FRV < Gy [ F@P0—wPyda@), 6D

D, (z)
for all analytic functions f in D and for all z € D.

Proposition 5.1.2. The operator S : BMOAy — BMOA is bounded if and only
ifg € H®.
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Proof. Let zgp € D, f € BMOA and suppose that S, is bounded. The point
evaluation functional of the derivative, on BMOA, induced by z, is defined
as Az f = f'(z0),f € BMOA. It is easy to check that A, is bounded on
BMOA.

IfzeD 1 (zo) then, from (2.19), we have

(1—lz)A—21%) _,
1 —Zozf? '

so applying (5.1), for p = 2, v = 0 and r = 1/2, and using proposition 2.6.2,

we get
r%ﬁzwm%aﬁﬁvﬁmw%w
)

— _ 2
IZOI2 // - |ZO| 0 IZI)|f’(z)|2clA(z)

zoz\2
1 (z0)
‘20’ 2 S
1—lzolz // 11— z0z|2 )] 1Og| |dA()
1 (z0)
’ZO‘ 2 »
— <
1_’ZO|2 // |1 Z Z|2|f )‘ 10g| |dA( ) CHfH*/

where the constant C depends only on zy which is fixed. We proved that
Az, is bounded and, in addition, we have supposed that S, is bounded so,
corollary 2.8.2 implies that g is a bounded function.

For the converse, let’s suppose that g is a bounded function. Then we

have

HMM%fﬂwwwW

~w B L1
_5@}]3//\1 Bz ’2 '(2)171g(2)] 1g| ’dA( z)

: BE i
gmﬁgﬁuﬁp (2)log A()



5.2. The main result 61

< gl I1F1I3.

So Sg is bounded and ||S¢| < [|g]|co- O

5.2 The main result

In [7], A. Anderson posed the question of finding a necessary and sufficient
condition for the operator S, to have closed range on BMOA,. Next, we
answer this question, proving that conditions (ii) and (iii) of theorem 4.1.2,
for H}j, are also necessary and sufficient for the integral operator S, to have
closed range on BMOA. We consider ¢ € H* and set again G, = {z € D :
8(2)] > cb.

The following theorem is the main result of this section, which appears in

[39] (Theorem 3.1).

Theorem 5.2.1. Let ¢ € H® and g not be identically equal to zero. Then the

following are equivalent:
(i) The operator Sq : BMOAg — BMO A has closed range

(ii) There exist ¢ > 0,0 > 0and n € (0,1) such that
A(GeN Dy (a)) > 6A(D, (@) 52)

foralla € D.

In the proof of theorem 5.2.1, we will make use of a theorem (see [32]) due

to D. Luecking.

Theorem 5.2.2 (Luecking). Let G be a measurable subset of D, 0 < p < +oc0 and

v > —1. The following are equivalent:
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e There exists C > 0 such that
/]Wf 1P = [wP)dAG ><:/]Wf (- [0P)dA@) 63)

forall f € A,

e Thereare 6 > 0and n € (0,1), such that
A(GNDy(a)) > 6A(Dy(a)) (5.4)

forall a € D.

Proof of theorem 5.2.1. (ii) = (i) If (5.2) holds then, because of theorem 5.2.2,
(5.3) also holds for G = G.. For Be€D,zeDand f € BMOA,, we consider
the function hg(z) = (1= - B [LZ f'(z). Using proposition 2.6.2 it’s easy to see
thatif f € BMOAg then hg € A?%. Indeed

2
Hmrﬂufp (2P - Z)daA(2)

<C | g_|z| A(z) < BMOA, < *°-
Let B € ID. We have that

mmmwﬂwﬁumprWme>

zp€elD

=mﬂﬁ”ﬂ (@)Plg(z) Plog 1AL

zpeD z Z|2

1B
ﬂﬂﬁP 2) Pg(2) P log 1 dA(2)

// - E‘P \zlogﬂdA( 2)

—c //yhﬁ |210g—dA()
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>c//yhﬁ 2(1 — |z)2)dA(2)
>c//yhﬁ 2(1— |2]2)dA(2),

where the last inequality is justified by theorem 5.2.2. So

1— 2
1S f I 5amon, = C// ’—|—'i||f’(2)\210g WdA( z).
D
Taking the supremum over 8 € ID in the last relation we get

IS¢ f 1zmoa, = CllfIBaoa,-

i) = (i) If Sy has closed range then there exist C; > 0 such that for ever
8 & y
f € BMOA( we have

155 f 1m0, = Call fIlEao.a,

For « € D, if we set f = 1, — a in the last inequality, just as in the case of
Hardy spaces then, lemma A.0.2 in Appendix A implies that ||, — a|[ppr04 =<
1. In addition A-|p)a—lzl*) < 1,forall z, € D. So we have

|1-pz|?
C1 < [|Sg(tpu — )||]23MOA0
up [[ 2 (5 - )21 Plog (e
ﬁelD |1—,BZ|2 k4
1-|p?
<Coup | [ g PP~ 2P)aAc)
<cC / [ 1825 @)PAR) 55)

<c[lsl // Cl R anc // 94(2) PaA)

GCQDW \Gc
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+ gl // YA (2)PAA()]

D\ Dy («

cligl // TopEEA@ e ff |¢;<z>|2dA<z>
D

GeNDy (w
+ gl // 94 (2)PdA()]

D\Dy (a

A(Ge N Dy (
~cllgl AT 4 //dA )+ gl / dA(w

D\ Dy (0)

A(Dﬁ(lx)) +C2+”g||§o(1_772)}/

where C’ depends only on 1 and C is absolute. Therefore

A(GeN Dy ()
A(Dy(a))

C1 < C'llgl3 + 2+ gl (1 —7?).

First, we choose 77 close enough to 1 so that || g]|%, (1 — %) < % and ¢ small

enough so that ¢ < %. So

A(GeNDy(a)) > A(Dy(a)) = 6A(Dy(w)),

2/Igll3

where C depends only on 7. O
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Chapter 6

Closed range integral operators on

Qp spaces

Qp spaces and the corresponding norm in these spaces were defined in sec-
tion 2.1.7. Let denote as Qo the space Q,/C, the space Q, modulo the con-
stants. In this chapter, a necessary and sufficient condition (theorem 6.2.1),
for the integral operator S¢ to have closed range on Qp,Ol 0 < p < oo spaces,
is proved.

The results of this chapter, concerning Q, 0 (0 < p < o) can come up, by
few modifications, from the corresponding results for BMOA proved in the

previous chapter.

6.1 Onthe boundedness of the integral operator on Q, spaces

The following proposition characterizes the analytic functions ¢ for which

S¢ 1 Qpo — Qp,o is bounded.
Proposition 6.1.1. The operator Sq : Qpo — Qp,o is bounded if and only if ¢ €
H*.

Proof. Let zg € D, f € Qp and suppose that S, is bounded. The point
evaluation functional of the derivative, on Qp, induced by zy, is defined as

Az f = f'(20), f € Qp. Itis easy to check that A, is bounded on Q,.
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IfzeD 1 (zo) then, from (2.19), we have

(1—|zo[)P (1 — |z*)*
1 —Zoz[?”

= 1. (6.1)
Applying (5.1), forp =2,y =0and r = 1/2, we get

Aaf = I o)l < T // FEPAG. 6

D1 z0)

Combining (6.1) and (6.2), we get

1Az fI? < ‘Z| // F(2) PAA(2)

D1 zp)

< TTar? // 111202”2);9 f@PA-2P)PdAG) < ClIfI,

1ZO

where the constant C depends only on zy which is fixed. We proved that
Az, is bounded and, in addition, we have supposed that S, is bounded so,
corollary 2.8.2 implies that g is a bounded function.

For the converse, let’s suppose that g is a bounded function. Then we

have

I6f1, = | [ 7 @)stayia]
—sup [ S B @ Plsta) 0 - R aace)

BeD
< |Igl/% su // |‘B| "(2)]*(1 — |z*)PdA(z
gl ﬁeﬂlg 1= |2p )21 |z])PdA(z)
< lIgllZ N1,

So S¢ is bounded and ||Sg || < [|g]|co- O
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6.2 The main result

We require Sq : Qp0 — Qp,0 tobe bounded, so consider ¢ € H* and set again
Ge={zeD:|g(z)| > c}.
The following theorem is the main result of this section, which appears in

[39] (Remark 3.1).

Theorem 6.2.1. Let g € H® and g not be identically equal to zero. Then the

following are equivalent:
(i) The operator Sq = Qpo — Qp,o has closed range

(ii) There exist ¢ > 0,6 > 0and n € (0,1) such that
A(GeN\Dy(a)) = 5A(D, (a)) 63

foralla € D.
In the proof of theorem 6.2.1, we will make use of theorem 5.2.2.

Proof of theorem 5.2.1. (ii) = (i) If (6.3) holds then, because of theorem 5.2.2,
(5.3) also holds for G = GC For p €D,z € Dand f € Q,, we consider the
function hg(z) = 1 |ﬁ\ f’( ). It’s easy to see that if f € Q0 then hg € A%.
Indeed

2
eIl // TP @R (1~ 2)4AR) < IfIR, <

Let B € ID. We have that

1531, = sup // CoEo ) serte)) P - P aac)

Zoz|?P

—S“P// C=E p oPlg(a) P~ Praa

zpelD Z Z|2p

> | (,1 P @PIs(E)R 1 PraaC)
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// = @R~ =f A

¢ //|hﬁ (1~ [22)PdA(z)

>C//|h5 21— |z2)PdA(z),
where the last inequality is justified by theorem 5.2.2. So
ISf1,, > C / [ ()P0~ 2PaAc)
Taking the supremum over § € DD in the last relation we get

15£1%,, = CIfI, ..

i) = (ii) If Sy has closed range then there exist C; > 0 such that for ever
8 2 y

f € Qpo we have
IS¢f1,, = Cill A,

For « € D, if we set f = 1P, — « in the last inequality, just as in the case of

BMOA space then, lemma A.0.3 in Appendix A implies that [|x —af g, < 1.

In addition (1_|ﬁ||122g21|2_p|2‘2)p < 1,forallz, € D and for all p € (0,00). So we

have

Cy < |ISg(tha — )||2on
= sup [ s~ @ Pl o)

= | w [ 5 '/f‘w WL PlsEPRA — 2P)dAR)

< 4/ ¥, () Plg(=) FdAG).
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So we have

G < [[ W @PIgEPAR). (64)
D

But, (6.4) is the same as (5.5). So, following exactly the same steps as these

after (5.5), we get the desired result. O
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Chapter 7

Closed range integral operators on

Besov spaces

Besov spaces Bf and the corresponding norm in these spaces were defined

in section 2.1.4. Let denote as Bg the space B” /C. In this chapter a necessary
and sufficient condition (theorem 7.2.1) for the integral operator S, to have

closed range on B}, 1 < p < o spaces, is proved.

7.1 On the boundedness of the integral operator on Besov
spaces

Let consider the operator Sy : Bg — Bg . As far as the boundedness of So
on B} is concerned, we prove the following:

Proposition 7.1.1. The operator Sq : Bg — Bg is bounded if and only if g € H®.

Proof. Let zgp € D, f € Bg and suppose that S; is bounded. The point
evaluation functional of the derivative, on Bg , induced by z, is defined as
Az f = f'(z0), f € B). Itis easy to check that A, is bounded on Bfj. Apply-

ing (5.1),fory =p—2and r = 1/2, we get

Aafl = If Gl < G / £ @ 2R dAG)

D1 Zp)

= ﬁ/ @A~ 2P 2dAG) < CIfIl,,
D
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where the constant C depends only on zy which is fixed. We proved that
Az, is bounded and, in addition, we have supposed that S, is bounded so,
corollary 2.8.2 implies that g is a bounded function.

For the converse, let’s suppose that g is a bounded function. Then we

have
I6fllyy = | [ £ @)zt@ea],
= [[1r@Pg@Pa - =R 2dac)
D
<llgl [ I @IP( = P 2aA()
D

< IgIENF 1.

So Sg is bounded and ||Se| < {|g]|co- O

7.2 The main result

We consider ¢ € H®, G. = {z € D : |g(z)| > c} and proceed with the
proof of the main result of this section (theorem 7.2.1) which appears in [39]
(Section 4) and states that condition (5.2) is also necessary and sufficient for

the operator S, to have closed range on Bg .

Theorem 7.2.1. Let g € H® and g not be identically equal to zero. Then the

following are equivalent:
(i) The operator Sq : Bj — Bl (1 < p < o) has closed range

(ii) There existc > 0,6 > 0and n € (0,1) such that
A(Ge N Dy(a)) = 6A(Dy(a)) (7.1)

foralla € D.
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Proof. (ii) = (i) For the sufficiency, we observe that, if f € B then [’ €

AZ », the weighted Bergman space, so we can use theorem 5.2.2. We have

ISgfIlh, = / [ 18 @) P - 12R)P2dA)
/ £@ @I (1= 2P 2A()
> of / (@) (1— [2P)P2dAz)
> C / [1f@Ira- Py 2A)
= ClIfIl.

where the last inequality is justified by theorem 5.2.2. So S¢ has closed range
p
on Bj,.
(i) = (ii) If S has closed range on B} then there exist C; > 0 such that

for every f € B} we have

1551y = a1

52 22
Fora € D, if weset f = f, = (1=a )p2 _a Lg' )” in the last inequality, just

2w

= (1 wz)P P
as in the case of BMOA. Lemma A.0.4 in Appendix A implies that || f, | Bl <
1. Moreover, | f1(z) , so we have

C1 < [ISgfallyy =/ fe@Plg(2)1P(1 — |2])P2dA(z)

-y : , ]
< llgl% // gty (L~ D7 2dA) + (/)/ F1@)IP(~ [2])P2dA()

G.NDy (a \Ge

14 _
T lgllh W=10P () pr2aa()
—wz|*tP

D\ Dy («

< llgl // +C//|fa )P - [2) A ()

GeNDy (&



74 Chapter 7. Closed range integral operators on Besov spaces

gl [ T )P
D\D, (0)
_ 2
= gl // A + A sl [f G aaw
GeNDy (w D\ Dy (0)

s|rg||£oA((fc_”|Z’;§2”+cp||fau 1 J] aato

ID\D, (0

A(Ge N Dy (x)
A(Dy(a))

< C'|gll% + Cc? + ||g|5% (1 - 172),

where C’' depends only on 77 and C is absolute. So we have

A(GeN Dy(a))

C1 < C'|glI%
1> ||g|| A(D”(ax))

+Cc? + [|gll&(1 = 17?).

Choosing 7 close enough to 1 so that ||g||%(1 — #2) < &, and ¢ small enough

so that Cc? < Tl, we get

C

A(G:NDy(a)) > W

A(Dﬂ(‘x)) = (5A(D,7(oc)).



Part 111

Closed Range Composition

Operators

75






77

Chapter 8

Three auxiliary lemmas

We recall that if ¢ : D — D is a non-constant analytic function then, the

composition operator C, : X — X induced by ¢, is defined as

Colf) =foo,

for every f € X.

Let ¢ : D — D analytic and ¢, « € D, the Mobius transformations
as defined in (2.15). Next we will prove three very useful lemmas which
allow us, many times, to simplify the computations in study of composition
operator. If X is one of the spaces Hardy, Bergman and BMOA then, in the
study of operator C, : X — X, these lemmas allow us to suppose, without
loss of generality, that ¢(0) = 0 and also to restrict our study in the subspace
Xo={f € X: f(0) =0} of X, which means, to consider f(0) = 0. The three
next lemmas have been formulated for the case of A? in [2], without being

proved. Here, we have included them with their proofs.

Lemma 8.0.1. If one of the operators Cyp, Cpoy, and Cy,op has closed range on X

then the same holds for the other ones.

Proof. Let’s suppose that Cy has closed range. For « € ID, the operator Cy, :
X — X is 1-1 and onto, so it has closed range, too. So, there are C; > 0 and

Co > O such that [|Cy, f||x > Ci]|fllx and [|Cyf|x > Cal| f]|x-
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If f € X, we have

1Cpoye (N lIx = ICpCo(f)lIx = C1llCo(f)llx = C1&alI flIx

and

1Cyuop(F)llx = [[CoCy, (FlIx = Col|Cop(f)llx = C1Cal|f|x-

So both, Cyoy, and Cy,oq, have closed range.

The other cases are proved by similar arguments. O

In the proof of lemma 8.0.3, we will make use of the following well known

result (a proof of it can be found in [51] (lemma 4.11)).
Lemma 8.0.2. Suppose p > 0and 0 < r < 1. Then

FOF < o [ 15 Ps

271
for all analytic functions f in ID.

We will prove lemma 8.0.3 just for the case of Hardy H” spaces since, it

can be proved for the other spaces by similar arguments.

Lemma 8.0.3. Let denote H] = {f € H : f(0) = 0}. Then C,, has closed range

on HP if and only if C has closed range on H)

Proof. We will use the norm defined in (2.4)

I£15 = [ 1F(@)1Pdm(c)
T

where f € HP.
Let’s suppose that Cy has closed range on Hg and f € H”. Lemma 8.0.1
allows us to consider ¢(0) = 0 and, for z € DD, to define the function g¢(z) =

f(z) — £(0). It's clear that g € H}. Since C, has closed range on H} we have



Chapter 8. Three auxiliary lemmas 79

that there exists Cy > 0 such that

I$ 0 lls > Collgllyy

SO

1f(@(z)) = F(O)|lar > Collf(z) — F(O)|lmp- (8.1)

The left side of (8.1) gives

<=

I£(0(z) = FOlm = [ [ 1£((©) — FOIPam(@)

T

=

<[ [Ife@)Iram@]" +1fO)1  ©2)

T

From the right side of (8.1), we have

<=

Collf(z) = FO) = Co[ [ 1£(6) = (0)Pdm(2)]

T

=

> Q] [IF@Pan@)]" - ClfO).  63)

T

Because of (8.2) and (8.3), the relation (8.1) implies
/ Fo@)Pram@)]” +1£0) > G| [ 1£@ ram@)] - Golf o))
T

Hence

1

/ Fle@)IPam(@)]" + (1 +Co)lFO)] = Co| [ IF@)am(c)]".

T

==

(8.4)

Letr € (0,1). Using lemma 8.0.2 and the assumption ¢(0) = 0, we obtain

LFOP = [f(e(0)]F §/|f(40(r€))|”dm(€) < |lf o @llFp-

T
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Hence, from (8.4),

1

/ (oo Pam(@)]” + 1+ Co) (1F(pO) ) > o 1@ Pam3)

T

<=

and

2+ Co)llf o @llar = Collflmr-

So, finally, we have

ICo(Hlur > Cll fllmr

which implies that C, : H? — H? has closed range.
The inverse is obvious. If C, has closed range on H? then it has closed

range on the subspace Hg . O

Lemma 8.0.4 will be proved for the case of Hardy spaces, in particular,
for the corresponding set G, defined in (3.4). All sets of this kind (e.g. sets
defined in (3.8) and (3.7)) are associated to function ¢ and, just for the pur-
poses of the proof of lemma 8.0.4, we will change the notation from G, to
Ge(¢). The proofs for the sets corresponding to other spaces can be done by
similar arguments as that of lemma 8.0.4. So, in the same manner, we con-
sider the functions ¢, o ¢, ¢ o P, and the corresponding sets G,(9, © ¢) and
Ge(@ o Py). Lemma 8.0.4 guarantees that the assumption ¢(0) = 0, which
is achieved by composing ¢ with the appropriate Mobius transformation 1,
(see lemma 8.0.1), does not, in fact, affect the validity of the following condi-
tion:

There are C > 0 and 77 € (0, 1) such that
A(GeN Dy (w) > CA(Dy(w)) (8.5)

forall w € D.
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Lemma 8.0.4. If there is ¢ > 0 such that one of the sets G¢(¢), Ge(p o Py) and

Ge (P © @) satisfy condition (8.5), then there is € > 0 such that the other two sets
satisfy (8.5).

Proof. Let « € ID be arbitrary but fixed and let’s suppose that G¢(¢), as
defined in (3.4), satisfy condition (8.5). We will prove that G¢(¢ o ¢,) and

Ge(hy © @) also satisfy (8.5). Because of (2.21), we may consider G;(¢) =

Y 1z
{w cD: % > 8} and then we have
Y, -z
o Czip(z)=w
Ge(o) = {we]D. = Twp? >s}
(1—|a[*) |1-az|?
o T R e s
:{ZUE]D: = [w]? >s}
Y (- )P i
B Czip(z)=w
—{welD. 1= Jw]? >s}
L O-lwen
Czip(z)=w — |
C{wE]D. 1= w2 > ¢ 1 —s}
Y, (A—[uP)
. ) z:pot, (u)=w ’
—{welD. 1= wp >£}
- Gz—:’(q)owﬂé)'

and from (8.5) we have that

A(Ge (@ o ¢u) N Dy(w)) = A(Ge() N Dy(w)) > CA(Dy(w))

for allw € D. So Gy (¢ o ) satisfies (8.5).
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Now, we will show that, if G¢(¢) satisfies (8.5) then G,(y, o ¢) satisfies
(8.5), too. Using (2.16), we have

Y, -z

z:¢(z)=w
Ge(p) = {wEID: = Tap? >€}

Y, (1-1zP)

= Pa ({u eD: z:q)(2)1=iﬁa|(;)m(u)|2 > s})

L 0w
:gba({uEID: i (f“_ FEESE) >s}>

Y (-lzP) 2
c({ueps o, Aol o)

= Pu(Ge (Yo 0 @)).

Hence

Ge(@) € Pa(Ge (Pao @)

and, obviously,

a(Ge(@)) € Ge(Pa 0 @).

Thus,

A(Gy (¢ 0 9) NDy(w)) = A(¢u(Ge(9)) N Dy(w))
= A(Wa(Ge(@) N pa(Dy(w))))
= A(Wa(Ge(@) N Dy (¢Ya(w))))
> CoA(Ge(@) N Dy (a(w)))
> CoA(Dy($u(w)))
= CaA(Ya(Dy(w)))
(

> C2A(Dy(w)),
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where C, is a positive constant depending only on a. So, the set G,/ (1, © ¢)

satisfies (8.5). ]
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Chapter 9

Closed range composition

operators on Hardy spaces

Hardy spaces H” and some equivalent norms in these spaces were defined
in section 2.1.1. In this chapter we prove that, two already known conditions
for C,, operator to have closed range on Hardy space H?, can be extended to
all Hardy spaces H”,0 < p < oo. The first condition (theorem 9.1.2 (part (ii))
concerns the behaviour of ¢ at the boundary of the disk ID, while the second

one (theorem 9.1.2 (part (iii)) is based upon the behaviour of ¢ in the disk ID.

9.1 The main result

Co: H P — HF is always bounded, for all analytic ¢ : D — ID. Itis implied as
an immediate consequence of a theorem due to Littlewood (see [51], theorem

11.12).

Theorem 9.1.1 (Littlewood’s subordination theorem). Suppose ¢ : D — D

and p > 0. Then

/02” f(p(e®))|Pdm(e) < 1120

< T reran®,

forall f € HP.
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In [15] and [53] the case of closed range composition operators in Hardy
space H? is studied. In [15], Cima, Thomson, and Wogen gave an equivalent
condition (see theorem 3.2.1) for C, : H? — H? to have closed range that de-
pends only on the behaviour of the function ¢ on the boundary T of the open
unit disk ID. In [53], Zorboska proved a criterion (see theorem 3.2.2) for C,
to have closed range on H? based upon properties of ¢ on pseudohyberbolic
disks. We are going to prove that the results of theorems 3.2.1 and 3.2.2 hold,
not only for H?, but for every H?,0 < p < co.

First of all, we define the function

N,
To(w) = M,w e D, (9.1)
¢
log T
and, for ¢ > 0, the set
Ge = {w eD:1y(w) > s}, (9.2)

just as in (3.3) and (3.4). Here is the main result, which appears in [23].
Theorem 9.1.2. Let 0 < p < co. Then the following are equivalent:

(i) Cp : HP — HP has closed range.

(ii) The Radon-Nikodym derivative %’ is essentially bounded away from zero.

(iii) There exist ¢ > 0,6 > 0and y € (0,1) such that the set G satisfies
A(GeNDy(a)) = SA(Dy(a))

foralla € D.

Before proving the theorem 9.1.2, we provide some definitions and back-

ground results.
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Asin [15] (see section 3.2.1), we extend the definition of ¢ in the boundary
by
¢(0) = lim ¢(r7), € T.

r—1-

It is well known that the above limit exists for m —a.e. { € T. Then they

defined the measure
vp(E) =m(¢ *(E)NT),ECT, (9.3)

where E is a Borel subset of T. The measure v, is absolutely continuous
with respect to the Lebesgue measure m and let %‘f be the Radon-Nikodym
derivative of v, with respect to m.

The equivalence (i) < (i7) is actually theorem 3.2.1. Our proof is the same
and we include it for the sake of completeness. The equivalence (i) < (iii)
is theorem 3.2.2. As it is not clear whether Zorboska'’s proof for p = 2 works
for every p > 0, we prove this equivalence following a different approach.
Namely, we use Hardy-Stein identities (see [40], pages 58-59) for one of the
directions, and reverse Carleson measures (see [26]) and pull-back measures
(see [22]) for the converse.

We will make use of the following lemma 9.1.3 and theorem 9.1.4, proved
in [22], as well as theorem 9.1.5. The case p > 1 of theorem 9.1.5 is proved in
[26].

Let A = 842_%22 be the usual Laplacian and, for { € Tand 0 < h < 1, let

W((, h) be the usual Carleson square
W(,h)={zeD:1-h<|z| <1,|arg(z)| < 7th}.
We will also make use of the measure m,, defined on Borel sets E C ID by

mgy(E) = m(¢ ' (E)N'T). (9.4)
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Actually, v, defined in (9.3) is the restriction of m, on T.

Lemma 9.1.3. For every g € C*(C) we have
[[ s@)my(z) = g(9(0) + 5 [[ Bg(w)Ny(w)iA(w).
D D

Theorem 9.1.4. For0 < c < 3, € Tand 0 <h < (1—|¢(0)|)/8, we have

100
sup  Ny(z) < —5me(W(Z, (1+c)h)).
zEW(Z,h)ND

Theorem 9.1.5. Let 0 < p < oo and let u be a positive measure in D. Then the

following assertions are equivalent.

(i) There exists C > 0 such that for every f € HP N C(ID),

] @ Pau) = cifify.
D

(ii) There exists C > 0 such that for every A € ID

[ K@z = c
D
where, for p > 1, ky(z) = 1_1? is the reproducing kernel in HP and K, =
ky

Tl I8 its normalised version, and, for 0 < p < 1, we have K)(z) =
H

1-A2
(1—Az)(pt1)/p"

(iii) There exists C > 0 such that for 0 < h < 1 and { € T we have

u(W(g, h)) > Ch.

(iv) There exists C > 0 such that the Radon-Nikodym derivative of u|t (the re-

striction of y on T) with respect to m is bounded below from C.
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Remark 1. As we have already mentioned, the case p > 1 of theorem 9.1.5 is
proved in [26]. For the case 0 < p < 1, we have just to observe that, with
the choice of K, (z) = (17%3% in assertion (ii) of theorem 9.1.5, then the

proof of all assertions of the theorem, as described in [26], works also for the

case0 < p <1

In addition, one more theorem from theory of Hardy spaces is going to be
used. Next, we formulate this result which characterizes the functions of H?
spaces in terms of their boundary values. For a proof, see [24] (theorem 4.4,
page 66). We will use this theorem in the study of composition operators C,

in HP and in BMOA.

Theorem 9.1.6. Let 0 < p < oo and h(t) a non-negative function in LP(T). Then,
there exists f(z) € HP such that |f(t)| = h(t), for m — a.e. e € T, if and only if

/Ozn log h(t)dt > —oo 9.5)

Remark 2. From the proof of theorem 9.1.6 it is implied that if (9.5) holds then

the corresponding function f(z) € H” has the form
f(z) = e @), (9.6)

where 1u(z) is the Poisson integral (defined in (2.12)) of log k(). More specif-
ically
27
u(z) = / P.(t) log h(t)dt,
0

and P;(t) is the Poisson kernel defined in (2.11). In (9.6), v(z) is a harmonic
conjugate of u(z). We have to remind here that the harmonic conjugates of

u(z) differ by a positive constant.

Proof of theorem 9.1.2. Lemmas 8.0.1 and 8.0.4 allow us, without loss of gener-
ality, to assume that ¢(0) = 0.

(i) = (iii) If Cy has closed range then there exist C > 0 (we may suppose
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C < 2) such that for every f € HP we have

ICof T = Cllf Il

i.e.

|P+//|f DI2IF (9(2) Ple' () log 4AG)

> ¢ [[ 1121 @) log pdA(e).
D
By making change of variables as in proposition 2.5.1 we have

FOF + [[ 1f@)P21f (@) 2Ny (w)dA(w)
D

>C 4 [ @1 21F (@) P log dA()

0)1F + é [ 1fta) =218 w0) Prg ) log 7 A w)
> ¢ [[ 1217 @) P log pdA(e).
D
(9.7)
Let f € H? with f(z) # 0 for every z € ID. We define the analytic function
g(z) = f(2)P"2.

Obviously, ¢ € H? and g(z) # 0 for every z € ID. Then from 9.7 we have

|2+// 18’ (w) [>Ty (w log| |dA(w ) > C// ¢’ (z |ZlogﬂdA( z).
9.8)
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Because 1, is a bounded function (see lemma 2.4.1), there exists ¢ > 0 (used

for set G.) such that (9.8) implies
|2+//|g log—dA >C//|g |210g—dA( )

or, equivalently,

|2+//|g 2(1 - |w?)dA (w >c//|g 2(1 - |z2)dA(z). (9.9)

for every ¢ € H? with ¢(z) # 0 for every z € D.

Let a € ID. We choose ¢ € H? such that |¢/(z)]?> = (1=l o ng ¢(0) =

|1—azl|®

1-— ocz%.lt’sclearthathg G.NDy(a))U(ID\ Dy(a)), so we have
Ui Ui

// Pa-lzPdaE+ [ 1@P0 - PdAR)

GeNDy (a D\ Dy (a)

//|g (1~ [z)dA(2)

and

// 1_|Zz|6 (1~ |2[)dA(z // I1— az|6 1_|Z| JdA(z)
GeND,(a
- ] S - pasc)

D\ Dy (a)

(9.10)

From 9.9 we get

// C - pjanc @=c [ Cl (- ) - - lapy

=C—(1—|a]?)> (9.11)
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In addition, by making the change of variable z = ¢, (w), we get

/[ 1‘” (1 - |2P)dAG)

D\D,(a)

// Ol (1 @) P )PAG) <17 012
D\D, (0)

Combining (9.10), (9.11) and (9.12), we get

(1—a
// Cl - paae) = c- - [aP) - (- ).
GcNDy(a
Choosing 7 close enough to 1 and, also, |«| close enough to 1 (let |a| > R for
some Ry) so that

C—(—laf)P-1-y*)>

N O

we get

// 1‘”” C1- A =

GeNDy (a

Using (2.19) and the simple relation |1 —az| > 1 — |a|?

// 1—|1x|2 ()Zg'

GeND; (a

we get

thus
C'A(G:N Dﬂ(a))

(1 —laf?)?

> €
-2

and, finally,
A(GeN Dy (a)) > SA(Dy(a)).

The case 0 < |a| < Ry can be handled with similar arguments as in the proof
of (4.19).
(iii) = (i) Lemma 8.0.3 allows us, without loss of generality, to assume that

f(0) = 0 forall f € HP. We consider the measure m, as defined in 9.4
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and we will show that (iii) of theorem 9.1.2 implies (iii) of theorem 9.1.5 with
po=mg.

Now we consider { € T and 0 < & < 1 and the corresponding Carleson
square W((, h). Having in mind to apply theorem 9.1.4, we take ¢ = % and

h' = L. Then there exists a € W({, 1) so that
Dy(a) C WS H') € W(Z, (1+ ) CW@Eh),  1—laf = Ch,

where C depends upon 7. We have A(G. N Dy(a)) > §A(Dy(a)) and hence
GcNDy(a) #@. Letb € G:NDy(a). Then1 — |b|> > Chand Ny (b) > clogﬁ

(since b € G.). Applying theorem 9.1.4 (recalling that ¢(0) = 0), we find

me(W(Z,h)) > me(W(Z, (1+c)h')) > C  sup  Ngy(z) > CNy(b)
zeW({,h)ND

> Clo gﬁ C(1— [B2) > Ch.

Therefore we get (iii) of theorem 9.1.5 which is equivalent to (i) of the same
theorem, with y = m,. Now we take any f which is analytic in a disk larger
than ID and so that f(0) = 0 and we use (i) of theorem 9.1.5 together with

lemma 9.1.3 to find

ICofll = / F(p(E) 21 (0(2)) Pl (2) P log 14AG)
—//|f )1 721f () PNy (w)d A e)
o é B(IfIP)Ny(w)dA(w)

~c / [ 1) Pdmy ()

> C|fll .
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Now, if f is the general function in H? with f(0) = 0, we apply the result to
the functions f;, 0 < r < 1, defined by f,(z) = f(rz), z € D, and we take the
limit as » — 1—. Therefore Cy has closed range.

(i) = (ii) Let's suppose that Cy has closed range on H” and E C T. For

n € N, using theorem 9.1.6, we choose f, € H? such that

VST
a, fe€T\E

Then ||Cyfallfy > CllfullF;» and hence

(™ (E)) + (T \ ¢ (E)) > Cm(E) + Corm(T \ E).

Taking limit as n — 400, we get m(¢p~(E)) > Cm(E), i.e.

vy(E) > Cm(E).

Thus the Radon-Nikodym derivative %9 is bounded below from C.

dm

(ii) = (i) Let’s suppose that the Radon-Nikodym derivative ddlnf is bounded

below from C. For A > 0 we consider the set

Ef(A) = {e: [f(e?)] > A}.

Then,
m(Efop(A)) = vp(Ef(A)) = Cm(Ef(A))

for all A > 0, and finally

ICofllln = [ 5 @eIPam(e) = [ par tm(Epug (1))

> [ ot an = ¢ [ IFe)Fam(@) = Clfif
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Hence C, has closed range. O

9.2 Applications of the main theorem

9.2.1 Regarding inner functions

In this section, using theorem 9.1.2, we prove a result, in the next lemma, for

the operator Cy, : H? — HP to have closed range when ¢ is an inner function.

Lemma 9.2.1. Let 0 < p < co. If ¢ : D — D is inner then Cy, : HP — HP has

closed range.

We derive the result of lemma 9.2.1 by following two different approaches.
In the first case, we use a statement already known from [38] and conclude
easily the desired result. In the second case, we prove lemma 9.2.1 by follow-
ing a different, and actually, more complicated way, using Alexandrov-Clark

measures.

Proof of lemma 9.2.1. In [38], we have that, in case that ¢ is an inner function,

then the Radon-Nikodym derivative %‘f is given by

dv¢
dm

_1—|¢(0)]
(©) = T 10(0)] (9.13)

dvy

for all { € T. So, we have that Zn > 0 and lemma 9.2.1 is an immediate

consequence of part (ii) of theorem 9.1.2. O

Using Alexandrov-Clark measures

Alternative proof of lemma 9.2.1. From proposition 2.7.3, relation (2.32) and the

fact that |@({)| = 1 for m — a.e. { € T when ¢ is an inner function, we get

dvg, | 1-lpOF _ [1-lp@F
i = i eF ") W™
1 g . 1- [g(0)2
STEY e (9.14)
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for m — a.e. { € T. Part (ii) of theorem 9.1.2 implies that C, has closed range.

]

9.2.2 An application to Besov type spaces

Now we are going to show that a result regarding Besov type spaces (for
definition see section 2.1.4), due to M. Tjani [49], can be extended by using

theorem 9.1.2. If ¢ > 0, the set G, , is defined as

Np,a(w, ¢) > 8}

GS,p,(x - {WEDW

where

Npa(w,9) = Y [9'(2)[P72(1 — |z*)"
p(z)=w

In [49] the following results are proved.

Theorem 9.2.2. (Theorem 5.2 in [49]). For p > 2, the operator Cp : By, 1 —
By, p—1 has closed range if and only if there exists an ¢ > 0 so that G, , 1 satisfies a
reverse Carleson condition, which means that there existe > 0,6 > 0andn € (0,1)

such that A(Ge,p -1 N Dy(z)) > 6A(Dy(z)) for every z € ID.

Corollary 9.2.3. (Corollary 5.3 in [49]). Let p > 2. If Cy has closed range on

By, p—1 then Cy has closed range on H?.

By using theorem 9.1.2 we can extend corollary 9.2.3 and get the following

result.

Corollary 9.2.4. Let p > 2. If Cp has closed range on By, , 1 then C, has closed

range on every H1,0 < g < oo,

Proof. 1f C has closed range on B, , 1 then, by theorem 9.2.2, we have that
there exist ¢ > 0, > 0 and y € (0,1) such that A(G,,,—1 N Dy(z)) >

dA(Dy(z)) for every z € ID. Moreover, we have for the set G, as defined in
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(9.2), that Ge = G¢p1 and also G,y p—1 C Geo,1. Finally we have that

A(Ge N Dy(z)) > A(Gepp—1NDy(z)) > SA(Dy(2))

so, by theorem 9.1.2, C,, is closed range on every H7,0 < g < oo. O

9.2.3 Other examples: When C, doesn’t have closed range

The following two examples and their proofs are in [53] regarding the H>
space. We include them here to show that these examples can be extended to

all H? spaces, as an application of theorem 9.1.2.

e Example 1: Let QO C D be the lens domain bounded by the upper semi-
circle and by a circular arc (in the lower semidisc) with endpoints -1
and 1 and making an angle a with the real interval [-1,1] (0 < & < T).
Let’s suppose ¢ be analytic and 1-1 from D onto (), continuous on DD,
¢p(—=1) = —1 and ¢(1) = 1. Consider the function ¢ = ?. Then
¢(ID) = D and also ny(w) < 2 for all w € D. In addition, ¢ is con-
tinuous on D, ¢~ 1(1) = {—1,1} and ¢ doesn’t possess a finite angu-
lar derivative either at -1 or at 1. As it is proved in [53], C, doesn’t
have closed range on H?, and from theorem 9.1.2, the same holds for all

HF, 0 < p < oo spaces.

e Example 2: If the range ¢(ID) of ¢ doesn’t intersects some Carleson
square Sy, g (defined in (3.2)) or some euclidean disk E(B; ) (defined in
(2.22)) which is internally tangent to T, then C, doesn’t have closed
range on HP. This happens because condition (iii) of theorem 9.1.2 is
violated, since for a close enough to the boundary we can have D, («) C
Sne and Dy(a) C E(B;r). Moreover, if ¢(ID) misses a neighbourhood
Ng of a point { € T then, again, part (iii) of 9.1.2 is violated and C,
doesn’t have closed range. This can be seen if we take some x € D close

enough to ¢ so that D, (a) C Ng.
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Chapter 10

Closed range composition

operators on BMOA space

BMOA space and the corresponding equivalent norms in this space were
defined in section 2.1.3. Cy, : BMOA — BMOA is bounded for every analytic
¢ : D — D. This result is proved in [8] (theorem 12). In this chapter two
necessary conditions (theorems 10.1.2 and 10.1.3) and one sufficient (theorem
10.2.2) are proved for C, to have closed range on BMOA. Next, using these
conditions, we prove a result for C, to have closed range in BMOA in case
that ¢ is an inner function (proposition 10.3.3).
By defining the measure

1-— |Zo|2

then, the norm of f € BMOA (see section 2.1.3) can be written as
I£12 = 1F )P + sup [[1f'()Pdus, ().
D
The corresponding norm of the composition operator C,, is

I£ o9l = 1/ (p(O)I2 + sup // Bl @) Pllg )P og A,

zpelD Z Z|2
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By the change of variables w = ¢(z) and use of Proposition 2.5.2 we have

diigy(w) = Y {’—_logﬂ}dA(w):N(P,Zo(w)dA(w) (10.2)

and
1—|zo? 1
= ———log —¢.
Npz () _Z: {\1—52\2 08 |z|}
w=¢(z)
As in the case of Hardy spaces (see chapter 9.1) and because of lemmas 8.0.1,

8.0.3 and 8.0.4, we can, without loss of generality, suppose that ¢(0) = 0 and
f(0) = 0 for all functions f in BMOA.

10.1 Two necessary conditions

First, we prove an auxiliary result.
Proposition 10.1.1. Let r € (0,1) and the measures i, zo € D, as they defined
in (10.2). We have that there is C > 0, depending only on r, such that

C(1 —|al*)* > pzy(Dr(a)), (10.3)

forall « € D and for all zg € D.

Proof. Since C, is always bounded on BMOA, there is C > 0 such that
Cllfll« = [|Cofll+- Let zg € ID arbitrary. Let # € ID and set f = 1, so
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we have Cl[ipa||« > [|[Cotpa|+. But ||¢ha[+ < 1 s0

c>||c¢¢a||2>sup// C g

> |/ %d%@
// 1 _’z| 4 dpiz(2)
// |“| d.uzo( z),

where the last inequality is justified because of (2.19). Hence,

(D, (1))
€2 1 Japy

and the proof of the proposition is complete. O

Next, we prove a necessary condition for C, to have closed range on

BMOA.

Theorem 10.1.2. If Cy, : BMOA — BMOA has closed range then, there exist
0> 0andn € (0,1) such that

Sup iz (Dy(a)) = 6A(Dy(a))

zp€eD
foralla € D.
Proof. Let Cy, : BMOA — BMOA has closed range.

If zp € ID, we define the set

Ey., = {z € D : there is a in support of i, such that p(z, ) < %}

If & € supp(uz,), applying (5.1) for p =2,y = 0and r = 1/2, we have
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\f’(WsW // 7/(2)PdA(:)

<c/f R~ o) At

<C//!f 2?)2dA(z),

where, in the last relation, we used (2.19). But D 1 (w) C EVZ() SO,
(WP<c / | 10,0 @I @ 1) dAG).
VZO
Integrating with respect to measure i, we get
/ [1f @)z, (@) < C / | / | 10, @I @ (1~ |2) 2dA(E)dp, (@)
F’ZO

Observe that xp, (4)(2) = Xp, () () and apply Fubini’s theorem to get
2

// 7' (@) Pz (a) < € [ //xm 217 (1 = 212) 2z, (@)A(2)

Eyzy D

= C [[ k(D3 @I P (1 - 21 PdAC).

2

NI—

Epzy

Proposition 10.1.1 implies

4z (D1(z)) < C(1—|z)?, (10.4)

1
2

hence

// /() Papizy () < C // @ - P31 - 2 2dA()

}‘ZO
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<G [[If @) PaA).

Epzg

So we have

//|f )Pz, (2) <C0//|f V2dA(2). (10.5)

Epzy

For a fixed « € ID and # close to 1, set v =
flzg = XD\D,(a)Hz- It’s obvious that fi;, is dominated by i), so (10.4) holds

also for fi,,, hence we can derive (10.5) with fi,, in position of y,,. Hence
// 7'()Pdfig(2) < Co [ IF )PAAG). (10.6)
Epz,

It holds that E;, C ID\ Dy (a), so using (10.6) we get

// F(2) Pz, (2) < Co // 2)PdA(z

ID\D, (« D\D, («

Thus
sup // |f'(2) Pz, (z) < Co // z)|?dA(z). (10.7)
zpelD

D\ Dy (« D\D, (a

Because C, has closed range, it is bounded below, so

ICo (F) > CIIfIl-

which means that, for all « € ID, we have

sup [[1f'(2) Pz, (2) > C sup // T e Plos 4 G)

2
z1€D D zo€D z Z|

_ ’“| !
Z%/m'f <z>|zlongA< 2).
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Consequently

iﬁ//v (@), (2) >c//|1 o1 )P log A2

and we have

sup [[1f'(2) Pz, (2) + sup l//’|f @)z, (2)
z1€D z1€D
Dy ()

D\ Dy (a

>c//|1 Pv m%ﬂmm

From (10.7) we get

sup // | (2)dpiz, (2) + Co // f (z)PdA(z
ze]D ]D\D,y
|0‘| 2100 —
C// 11— ocz]z 2) o | |dA()
Hence
2
sup / / |f'(2)[Pdpz, (2
zleID

cﬂ‘ Pvum%rm q//v ) PdA(z

D\ Dy («

Setting in the last relation f = f; = ¥x(2) = {==, we have

az’

1—|af?

)= g

and

(1—[af?)?
sup J a2

Dy (a)
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1—|af? (1—]af?)? // (o)
> log —dA(z .
C//]l—zxz\z 11— wz|* g|zd ~Co -zt 4A(2)

D\Dy (a
(10.8)
But
— |af?)? Hiz (Dy (@)
su ~————du, (z) < su (10.9)
zé{é// - w22 < 59 e
and
1—|af? (1—]al?)? // 1—[af? (1—]al?)? 2
> _
//|1—zxz|2 11— az|* log’ ] ¢ 1—az]? [1—az (1—|z[)dA(z)

= c// (1= [9a(2) P9, R)PAA()

:c//(1— w|2)dA(w)
> C //1—|w\ VdA(w) > C',

N\H

(10.10)

where we used proposition 2.6.2, relation (2.16) and the change of variable

w = Py (z). Moreover

o Jf fmrean=a [ woao

ID\D, (a D\D, (a

= Co(1—2). (10.11)
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Using (10.9), (10.10) and (10.11) in relation (10.8) we get

sap 12(Dr(2)

> C' = Co(1- ).
zep (1— Itx| (1—1]aP)?

If # approaches 1, then -y also approaches 1. So, we can choose # close enough

to 1, (and hence 7y close enough to 1) so that
C' —Co(1—9%) >0.

Therefore

sup jiz, (Dy(a)) > C(1 — |af?)?

z1€D

and finally, using (2.20),

sup piz; (Dy(«)) = SA(Dy(a)).

z1€DD
U

Next, we will prove a second necessary condition for the C,, to have closed

range on BMOA. Fora € Dand E C D Borel, we define the measure

0ga(E) =m(L €T :@opa() €E) (10.12)

and, for b € D, the measure v, on T as

dvy(Z) = Py (Z)dm(Z), (10.13)

where P, () is the Poisson kernel defined in (2.11). The following is the result

we have to prove.

Theorem 10.1.3. Let Cy : BMOA — BMOA has closed range. Then, there exists

C > 0 such that

sup (s 0 ¢~ (E)) > Csup vg(E)
aeD gebh
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for all E Borel subsets of T.
Alternatively, we can restate the above theorem as:

Let Cp : BMOA — BMOA has closed range. Then, there exists C > 0 such that

sup Py |T(E) > Csupvg(E),
€D geb

for all E Borel subsets of T.

Proof. Let Cy have closed range. Then, there exists C > 0 (we can suppose

that C < 1) such that

1f o @lls > ClIf]l« (10.14)

for all f € BMOA. Let E be a Borel subset of T. Using theorem 9.1.6, we

choose functions f, € H”,n € IN, such that

1, ifCe€E
Q)P =
s, if€T\E.

Since f, € H® it’s true that f, € BMOA, so we can use them in (10.14) to get

ICofullZ = Cll full-

Using the norms defined in (2.13) and (2.14) we have

sup [ |fuo@oyu(Q) = fulg(a)[?dm(C) > Csup [ |fa(C) — fu(B)I*Pp(L)dm(C)

erID,Jr ﬁE]DT

and, consequently,

sup [ [ 1fu 0 @0 (&) Pam(@) - |fulg(@)) ]
T

aeD

> Csup [ [Ifa(@)PPs(@)am(E) ~ 1£2(B)F].
T

peD
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So, for arbitrary p € D, we have

sp[ [ Ufvogoun(@)Pam()
" (poya)1(E)

tsup [ [ Ifio@ogu(@)Pdm(@) — |fulp(a) ]

<P (pogn) 1(E)

> C [ 11@)PP)Am(@) +C [ 1f(2)PPa()dm(@) — Clfu(B) .
E

T\E

Hence,

sup[ [ Ifuegopa(@)Pdm(E)]

" (goya)1(E)
wsup [ Ifiogoyu(@)Pdm(()] -

<P (potpn) 1(E)

> C/|fn(€)|2P/s(C)dm(C)+C / |£a(Q)[2Ps(2)dm(T) — Clf#(B)% (10.15)
E

T\E

1 falg(@))P?]

inf
aeD

From remark 2, after theorem 9.1.6, we conclude that the functions f, have

the form

fulz) = 1O,

where u(z) is the Poisson integral (defined in (2.12)) of the function log | f, (¢?)]

and v(z) is a harmonic conjugate of u(z). So we have
1@ =@ = exp ([ logfule)|P2(e)do). (10.16)
T
Because of (10.16), the relation (10.15) gives

supm((¢ o) (E)) + 21,1 sup m(T\ (¢ 0 ¢u) ' (E))
xclD acD

— ;é‘uf) exp <— log2" / Py (€' )d@)
T\E
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> Cvg(E) + 2%1/5(’11" \E) —Cexp (— log 2" / Pﬁ(eie)d0>.

T\E
Therefore
1 1 q ) 1
zgﬂgm(% o9~ (E)) + 5, zgﬂgm(T \Yu0 9™ (E)) — inf Sy (T
> Cug(E) + Z%Vﬁ(qr \E) - H(—fr\m (10.17)
Let’s suppose that 0 < m(T \ E) < 1. Then, (10.17) gives
sup (o 97! (E)) + o~ 3 > CUp(E) + S vp(T\ E) - Zﬁ(—fm
Taking limit as n — 4-co in the last relation, we get
sup m (i 0 ¢ L(E)) > Cug(E). (10.18)

a€eD

Now, if we suppose m(T \ E) = 0 then, it’s also true that m(ip,(,) (T \ E)) = 0
and vg(T \ E)) = 0, so (10.17) gives

1
sup m (1, 0 9 L(E)) + T 1> Cvg(E) - C.
acD

ie.

sup m (0 ¢ L(E)) + 2% > Cug(E) +1—C.
x€D

But we have supposed C < 1 so, by cancelling 1 — C from the right side of

the last relation, it follows that

_ 1
sup m (1 0 ¢ L(E)) + ke Cvg(E).
acD



110 Chapter 10. Closed range composition operators on BMOA space

Taking limit as n — +oc in the last relation, we get

sup m(yn 0 ¢~ (E)) > Cvg(E). (10.19)
aeD

Taking supremum over g € D in (10.18) and (10.19) we get the desired result

and the proof of the theorem is complete. O

10.2 A sufficient condition

For « € D and E C DD Borel, define the measure

Hoa(E) =m(Z €T : 9y, 0 @opu(l) € E). (10.20)

Next, we will prove a lemma, which will be used in the proof of theorem

10.2.2.

Lemma 10.2.1. Let ¢ : D — DD analytic and f € BMOA. If thereis r € (0,1)
such that ¢(ID) N D, (a) # @ forall « € D, then

LF1% = sup [ 1f(e) = f(@(a))[*Pp(a)(e)d6

D(G]DT

Proof. Let f € BMOA, fixed. Then, there exists sequence z, € ID,n € N,

such that
2 1 |Zn\ 27 L
I£]12 = lim //|1 (2)log T1dA(2)

Z z|2

Because ¢(ID) N D,;(z,) # @, we have that there exist o, € D such that

¢(an) € Dy(zy), for all n € IN. It holds that

1 =Znz| < 1= g(an)z|
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for every n € IN and for all z € ID. In addition, from (2.19), it follows that
1—|za|* < 1~ |g(an)|*.

Hence,
1_|Zn|2 1 1_|4’("‘n)|2 1

—— 5 l0g — X —— " log —
11— Zz|? g|Z| 11— @(ay)z|? g|Z|

for all z € ID. The underlying constants in the last relation depend only on .

So, there exists C, > 0 such that

112 = Jim // S e Pios Laac)

n—so0 Z z|2

< Sup// = R )\2logﬂdA( 2)

nelN z Z|2

<C, sup // |1 |¢ “n f'(Z)|210g|i—|dA(Z)

neN (P(‘xn
< Csu p// 1"(’) F'(z)Plog -dA(z)
acD |1 - |Z|

< C su // )P log —dA(z) = G f|%
sup [[ T 17 @) Plog aata) = cis]

We proved that
2 _ l9(B 1
. lo dA(z). 10.21
1712 = ,;@D//u— ‘2 f(@)Plog 1dAR).  (021)

Let « € ID. Using the identity (see [24], relation (3.3), page 230)

[~ fwrne //,1 o 1F )P log A2
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in combination with (10.21), we finally get

IF12 = sup [ 1£(e%) — F(@(8)) PPy () db.

peD ]
[

Remark 3. If the assumptions of lemma 10.2.1 hold then, we can calculate the
BMOA norm of f by taking supremum over ¢(ID) and, not necessarily, over

ID. This, of course, can be applied to all equivalent norms in BMOA.

Next, we will use measure 4, as defined in (10.20).

Theorem 10.2.2. If there exist r € (0,1) and C > 0 such that ¢(ID) N Dy(a) # @
and m(p, 0 9~ lo Wo()(E)) > Cm(E) for all « € D and for all Borel E C T,
then, Cy, : BMOA — BMOA has closed range.

Alternatively, we can restate the above theorem as:

If there exists r € (0,1) and C > 0 such that, for all « € D, ¢(ID) N D,(a) #

@ and if the Radon-Nikodym derivative i ;;:;‘T is bounded below from a positive

constant, then Cy : BMOA — BMOA has closed range.

Proof. Let « € ID. We have

If o llZ =sup [ |fopoys() — fle(B))Pdm(Z)

,BGIDT
= su —~ 2d
sup é [ 1f (i) (2)) = £ (0(B)) Py (2)
> [[1£ by (@) = F(9e) Peprga(2)
D
> [ 1f ($p(0)(©) = F(9(@)) Pty 2)
T

> C [ 1f Wy (@) = Flo(@) Pam(©),
T



10.3. Regarding inner functions 113

where the last inequality is justified by the fact that the Radon-Nikodym

dﬂq),txhr

derivative T

is bounded below from a positive constant C. So
IfopllZ = C/ F(e?) = f(@(a))PPy(a) () d6.
T

According to lemma 10.2.1, if we take supremum in the last relation over

¢(a) € ¢(ID), we finally get

1f o @ll > Cl|fls-

So C, has closed range. O

10.3 Regarding inner functions

In this section, we investigate the case C, : BMOA — BMOA to have closed
range, when ¢ is an inner function. Actually, it is known that if ¢ is an inner
function then C,, is an isometry and so it has closed range (see [10], [27], [42]).
Here, we shall give another proof that C, is an isometry if ¢ is inner. First, we
prove a lemma using the following, well known theorem, due to Frostman.

For a proof, see theorem 6.4 in [24].

Theorem 10.3.1 (Frostman). Let ¢ be a nonconstant inner function on ID. Then

forall w € D, except possibly for a set of capacity zero, the function
By(z) = plz) —w (10.22)

is a Blaschke product.

Lemma 10.3.2. Let ¢ be an inner function. Then ¢ takes every value in the unit

disk D, except possibly of the values in a set of capacity zero.

Proof. Let ¢ be inner function and I" the set of capacity zero mentioned in

theorem 10.3.1. Take an arbitrary but fixed w € ID \ I' and let By, be the



114 Chapter 10. Closed range composition operators on BMOA space

Blaschke product associating with ¢ as in theorem 10.3.1. Since B, maps D
onto D, we have that there is at least one z; € D such that B;,(z;) = 0. From
(10.22), we have that ¢(z) = ﬁfw(z—]%, so ¢(z1) = w and the proof of the

lemma is complete. O

The following is the main result of this section.

Proposition 10.3.3. If ¢ : D — DD is inner then Cy : BMOA — BMOA is an

isometry.

Proof. Let« € D and E C T Borel, then we have that

HoalT(E) = m((g(a) © @0 ¥u) ' (E)).

We observe that the function 9,(,) © ¢ © ¥, is inner and, in addition, () ©
¢ 0 P (0) = 0, so from (9.13), applied for the inner function §(,) © ¢ © Pa, we

get
_ 1 [$p) 090 ¢u(0)]
L4 [¢p(a) © ¢ © Pu(0)]

Al g, T
dm

()

=1 (10.23)

forall € T.

We will show that iy, (ID) = 0. It’s true that ¢, ({) € T, when ¢ € T and,
since ¢ is inner, ¢(pa({)) € T for m-a.e { € T and obviously, P, (9(¢(())) €
T for m-a.e { € T. Hence, the implication: if { € T then ¢, (¢(¢({))) € T
is true just for m-a.e { € T and, consequently, we have .y 4(ID) = 0. There-

fore,

] £ @) = Flo@) Papga(z) = [ 1F (g0 (@) — F(0(0)Pdtga(2)
v ! (10.24)
forall f € BMOA and foralla € D.

Let f € BMOA. Using (10.24), we get

[1fo@ou(@) = lo@)Pam@) = [[1f(#gw) (@) ~ Flo(@) Peiga(2)
T D
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S H

o) (2)) = f () Pdpiga (D)

W0 (2)) = f @) [Pdm(T)

where the last equality is justified by (10.23) and by the absolute continuity
of py,. with respect to m.
Lemma 10.3.2 ensures that lemma 10.2.1 and remark 3 can be used, so

taking supremum over « € ID in the last relation we get

1f ool = lI£1+

So Cy is an isometry. O

10.3.1 Using Alexandrov-Clark measures

We can also prove relation (10.23) by using Alexandrov-Clark measures (see
section 2.7). Let B € ID. Then, according to the notation of (2.33), we have

that

V(P,ﬁhr = Ul/’(p(/g)Oq’OlIJg' (10.25)

From (2.32), applied for the function ¢,g) © ¢ o Pp, we get

73 1

1— o o O 2 1-— °© © ?
[Yo(p) © 9 P >)|‘2_ / Pop) ° 90 ¥p(0)] dm(Q),
T

(
A =gup 0 9opp(0 A —Ygp) 0 popp(l)?
form—ae A cT.
Since ¢ is an inner function we have that ¢,y © ¢ o 94 is also an inner

function, so [¢, ) 0 ¢ 0 Pp(C)| = 1 for m —a.e. { € T. Moreover ¢, 5) 0 ¢ ©
¥(0) = 0. Therefore

1— [y © ¢ 0 Pp(0)[?
A — Py 0 @ o Pp(0)]?

l#3 1l = =1,
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form—ae A €T.

From proposition 2.7.3 we get

dV(p,/S’T

— S —
L) = sl =1

form —a.e. A € Tand forall B € D.
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Chapter 11

Closed range composition

operators on Bergman spaces

The Bergman spaces A? and the weighted Bergman spaces A}, ¢ > —1, as
well as some equivalent norms in these spaces were defined in section 2.1.2.
This chapter doesn’t contain any new result. We just show here that an al-
ready known proof of Akeroyd and Fulmer (2008) for C,, to have closed range
on Bergman space A2 works for A}, > —1 spaces (1 < p < ).

Co : Af; — Af; is bounded, for every analytic ¢ : ID — D as it is implied
by a theorem due to Littlewood (see [51], Theorem 11.6).
Theorem 11.0.1 (Littlewood’s subordination theorem). If ¢ : ID — D is ana-

lytic, p > O0and v > —1, then

1+ |@(0)]\2+
4 FloENIPa- P aae) < (372 04) 4 [ 1ra-zP)aac),

forall f € AP,

In 2008, Akeroyd and Ghatage (see [2]), proved a necessary and sufficient
condition for C,, to have closed range in A%. In 2011, Akeroyd and Fulmer
(see [3]) gave a (more complicated) proof that condition for A? space holds
also for all weighted Bergman spaces AP 1 < p < oo, > —1. Here, we
present a simpler proof of the same result for A?, similar to the original proof

of Akeroyd and Ghatage for A2.
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Lete > 0. Set

(1= |z g/ (2)|P—2
Q. = {z €D e e} (11.1)

and G, = ¢(Q).
Theorem 11.0.2. Let 1 < p < oo, v > —1. The following are equivalent:
(i) Cyp: AP — Ag has closed range.

(ii) There exist e > 0, 6 > 0and n € (0,1) such that the set G, to satisfy the
condition

A(GeN Dy(a)) = 6A(Dy(a)) (11.2)
foralla € D.

Proof. We will use the norm defined in (2.9). Because of lemmas 8.0.1, 8.0.3
and 8.0.4, we can, without loss of generality, suppose ¢(0) = 0and f(0) =0
forall f € AN, If f € Al then f' € A;; ++, 80 we will make use of theorem
522 with G = G,.

Proof (i) = (ii). Let’s suppose that C, has closed range and (11.2) doesn’t
hold. Then, since (11.2) is the same with (5.4), from theorem (5.2.2) we have
that (5.3) doesn’t hold, too. This means that, for k € IN, there is sequence

fr € AY with ||fk||AF7’ =1and

// FL@)[P(1 = |w2)P*TdA(w) — 0, k — +oo. (11.3)

Gi/k

For contradiction, we will show that || fy o ¢|| ,» — 0 as k — co. We have:
Y

I fico 9ll% X/ fi(@@)IP19 (2)[P (1 |2])P7dA(2)

D
- // fe(@(2)IP1¢ (2)](1 = |2])P*7dA(2)

D\Qy /¢
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+ [[ 1@ @I - 2R 1aA).
Ok
Next, the relation Ny(w) < 1 — |w|?, for all w € D (see lemma 2.4.1) will be
used, as well as the relations (2.21), 1 — |w|> < 1 — |¢p(w)|? (see lemma 2.2.1),
|9’ (w)](1 — |w|?) <1— |p(w)|? (see lemma 2.2.2) and the change of variable

w = ¢(z) according to proposition 2.5.1. Hence,

[ fie@) 11 @@ - 2R 1aA()

D\ /¢
= [[ @) {le @21 =12y 1 (1 - [2) ¢! (2) PdA2)
D\ /¢
<% [] 1e@)Ira = lo@ R log Trlg':) PaA()
D\ /k
[ @)= )Ny () dA )
<P(D\Ql/k)
I @)= [P 1 = wP)dAw)
(P(D\Ql/k)
<t [ @ra-jepyrda
(P(lD\Ql/k)

A

—% /lfzi(ww’(l— w|*)PdA(w)

C
E”kaAP =7 —> 0

as k — oo. Moreover,
] fie@)Plg @)1ra— 2Py 7aAcz)

= [[ 1@ {lg @10 -2} (- 2P0 - 1Pl (2) PaAG)

Ok
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< [[1fiteEnIP = lpz) P21 - |¢(z>,z>10g%\¢f<z>,2m<z)
—c [[file@) 1P~ lo(2)] )P*Mlog%w'(z)FdA(z)

< C [[ 1)1~ [wP) 7 Ny (w)dA(w)

Gk

< C [[ 1)1 = w11 = o) dA(w)

G1/k
<C [[ 1) - [Py 1dAaw) — o,
G1/k
as k — co.
So, we have proved that || fx o ¢|| AL 0,k — oo, which contradicts (11.3)
and the proof of necessity is complete .

Proof (ii) = (i). We have

Ifoplt, = / F(p@)IPlg' )P (1~ 2P TdA(2)
= / [1F (@19 @121~ 2277711~ [212)|¢'(2) PdA(2)

/ f'(g I” ¢/ (2)[P2(1 - IZIZ)’”H}(l— |z%)l¢' (z) PdA(2).

Let z € (). Using lemma 2.2.2, we get

o |q)/(z)|P*2(1 — |Z|2)P+771 - (1— |q)(z)|2)p—2 (1 o |Z|2)p+7*1
(1= [g(z) )T (1—[z]2)P=2 (1 —|g(z)2)rr1

(1—Jz[%)7*
— (1 =le) )t

Thus
122 2 €71 (1 - |gp(z)2), z € Q. (11.4)

Our assumption is that (11.2) holds, which, as already said is the same with

(5.4), so from theorem (5.2.2) we have that (5.3) holds, too. Hence, continuing
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from the last integral and using (11.4), we get

where we used the fact that when w € Ge C ¢(ID), then ny(w) > 1. The last
inequality is justified by (5.3).

We proved that || f o p > C r, so C, has closed range. O
p Pllar Al ¢ &
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Appendix A

Some norms’ estimations

Lemma A.0.1. Let « € Dand 1 < p < oo. Then,
1o — |y < 1 — |a.

Proof. Without loss of generality, we may suppose that « € [0,1), leta = 7.
Then

21 .
e — ‘XHHP—/O |(1Pa—0€)(619)|pd9
27 _ 2\p
sy,
0 ll—ael9|P
/ 1 —a?)?
= |1—o¢el9|l’

If r € [0, 3] then we have

(1— Ja)Pt
< ——— <Gy,
P T i—wedtp — P
where C; and C; are absolute positive constants. Hence, | (1, — «)(e?)|P <
1 — || and we have nothing more to prove.
If r € [3,1) then we have |1 —@e®®| < |1 —¢®|. If0 < § < 1—7 then
1 —e®<1—randif1 —r <6 < mthen | —¢?| < 0. So,

T _ 2\p 1-r _ 2\p T _ 2\p
A g T L T
0o |1 —wme®|p 0o |1—wme?|P 1—r |1 —welf|P
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and

1—r (1 — |x|2)P 1—r (1 — #2)P
[
0 0

11— weif|? 1—r)P

and

Therefore

[z,
0

11— we®|P

which is what we had to show. O

Lemma A.0.2. Let « € ID. Then,

|0 — af]« < 1.

Proof. Using proposition 2.6.2, relation (2.16) and the change of variable w =
Pn(z), we have

L B 0 10 L
Iige ”‘“*‘Z‘é%?//u Rk ) log A ()

// S @) og aae)
>c//|1 @R~ A

—c//m 2(1 = |ga(z)P)dA(z)

:c//(1—|w\ VdA(w) > C
D
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Moreover, using the fact that A-|pR)a—lzl*) < 1, forall z, € D, and the
|1—Bz|?

change of variable w = ¢,(z), we have

Il = sup [ D ) Prog a4

pe 7 Bz|?
1_|,B|2 / 2 2
<C —_— 1— dA
< Csup é/ T g RGP ZP)A)
<C ' (z)]2dA
2254/ 9 (2) PAA()
:C//dA(w)<C
D
So, || — ||« < 1. O

Lemma A.0.3. Let « € ID. Then,

||17b0‘ - OCHQp =1

Proof. Using (2.16) and the change of variable w = 1, (z), we have

_ 2
I ally, = sup [ S B @)R (1~ 2F)aAc)

BED U5

// L) @)1~ fzPrdaG)

— az|?

= //m( B = [9a(2)P)PdA()
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Moreover, using the fact that (17“3'2);:(1;&'2)7] <1, forallz,B € D and for all
[1—pBz|*#

p € (0,00), and the change of variable w = 1,(z), we have

o=l = s [f (= prm @ - A

< Csup [[ Igh(z)PdAz)

BED 15

—c [ aaw) -
D

So, || — al|s = 1. O

Lemma A.0.4. Letx € Dand fy(z) = (1 — |« )% [p (1_&2)%] (1— ] )% (%)
Then,

Ifellgg = 1.

Proof. A simple calculation shows that

(1—!04)

211’

fa(2)] =

11— az|?

hence, using the relation |1 — ay,(w)| = (1 — |a|?)/|1 — aw|, the identity

(2.16) and the change of variable z = ¢, (w), we get
Ifallhy = / [P0 - =R 2dAc)

=[] A R

-l O @ P i ) Paaw

// |11__|ZUZL|;7P22 A(w)
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But, using the simple relation 1 — |w| < |1 — aw|,
(1— |w|?) PZ (1— |w[2)P—2
dA <C
// T —qwP2 // Aoz iA) =
and also, using (2.19),
|1 — &w|P—2

// 1—’ZU’ P2 dA(w) > /%dfl(w)zc JA(w) = C.
D

S0, || fall gy = 1. O






Appendix B

A calculus result

Lemma B.0.1. If F € H} then there exists C > 0 such that

IFl < € [ IF@ldAc)
D

Proof. Let e’ € T. Then we have that

i

. e
F(e?) = / F'(2)dz.
0
Setz = re?, 0 < r < 1. It follows that
. 1 .
F(e?) = / F'(re'®)e®dr.
0

Thus
) 1 .
F(e)] g/ IF (re®) |dr.
0

Integrating the last relation with respect to 6 we get

2l ! (.10
1Elly < [ [ 1 (e larae

2t rl .
:/ / 1]P’ re'?) |rdrd6

2r 27
—/ / —|F (re' |rdrd9+/ / ~|F'(re") |rdrde
0

=A+B.

129
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Let |z| < } and consider the euclidean disk E(z; 1) C ID. Then, because of

the subharmonicity of |F’| we have

1
PG| <~ [[ F(w)]dA(w)
A(E(z&))}s({{)
—c [[ IFw)dA(w)

<c [[IP@)dA@w) (B.1)
D

Using (B.1), we get

A= // P @A)

0<|z\<1
<C // E /|F’ 0)|dA(w)dA(z)
0<|z|<3
< C//|F’ w)|dA(w // —dA
0<|z|<1
< C//|F’(w)|dA(w). (B2)
D

In addition, we have

S
I

[ SIF@AR)

2]
<l

<1
<C // IF/(2)|dA(2). (B3)

<lz|<1

NI—

1
2

From (B.2) and (B.3) it follows that

[Fllyy < A+B < c// IF/(2)|dA(z)
D

which is the desired result. O]



131

Bibliography

[1] ABRAMOVICH Y.A., ALIPRANTIS C.D. An Invitation to Operator Theory, Graduate Stud-
ies in Mathematics, AMS, Volume 50, (2002)

[2] AKEROYD, J.R., GHATAGE, P.G. Closed-Range Composition Operators on A?, Illinois Jour-
nal of Mathematics, Volume 52, Number 2 (2008), 533-549

[3] AKEROYD, J.R., FULMER, S.R. Closed-Range Composition Operators on Weighted Bergman
Spaces, Integr. Equ. Oper. Theory 72, 103-114 (2012)

[4] AKEROYD, J.R., GHATAGE, P.G., TJANI M. Closed-Range Composition Operators on A?
and the Bloch Space, Integr. Equ. Oper. Theory 68(4), 503-517 (2010)

[5] ALEMAN, A., CIMA, J.A., An integral operator on HP and Hardy’s inequality, ]J. Anal.
Math. 85, 157-176 (2001)

[6] ALEMAN, A., SISKAKIS, A.G., Integration operators on Bergman spaces, Indiana Univ.
Math. J. 46(2), 337-356 (1997)

[7] ANDERSON, A. Some Closed Range Integral Operators on Spaces of Analytic Functions, In-
tegr. Equ. Oper. Theory 69, 87-99 (2011)

[8] ARAZY]., FISHERS., PEETRE J. Mobius invariant function spaces, ]. Reigne Angew. Math.,
363, 110-145 (1985)

[9] ARCOzzIN., ROCHBERG R., SAWYER E., WICK B., The Dirichlet Space and Related Func-
tion Spaces, volume 239 of Mathematical Surveys and Monographs, American Mathe-
matical Society, (2019)

[10] BETSAKOS D. Lindelof’s principle and estimates for holomorphic functions involving area, di-
ameter, or integral means, Comput. Methods Funct. Theory 14, no. 1, 85-105 (2014)

[11] BOURDON P. Similarity of Parts to the Whole for Certain Multiplication Operators, Proceed-
ings of the American Mathematical Society, vol. 99, no. 3, pp. 563-567 (1987)

[12] CHALENDAR I., PARTINGTON J.R., The reproducing kernel thesis for lower
bounds of weighted composition operators, Arch. Math. 113, 179-187 (2019).
https:/ /doi.org/10.1007 /s00013-019-01323-8

[13] CIMA, J.A., MATHESON A.L. Essential norms of composition operators and Alexandrov mea-
sures, Pacific J. Math., 179(1):59-64 (1997)

[14] CMA, J.A., MATHESON A.L., Ross, W.T. The Cauchy transform, volume 125 of Math-
ematical Surveys and Monographs, American Mathematical Society, Providence, RI
(2006)

[15] CMA, J.A., THOMSON, J., WOGEN, W. On some properties of composition operators, Indi-
ana Univ. Math. J. 24, 215-220 (1974 /1975)

[16] COWEN C., MACCLUER B. Composition Operator on Spaces of Analytic Functions, Series:
Studies in Advanced Mathematics, CRC Press (1995)

[17] DOSTANIC, M.R., Integration operators on Bergman spaces with exponential weight, Rev.
Mat. Iberoam. 23(2), 421-436 (2007)



132 BIBLIOGRAPHY

[18] DUREN P., SCHUSTER A. Bergman Spaces, volume 100 of Mathematical Surveys and
Monographs, American Mathematical Society, (2004)

[19] DUREN P., Theory of H? Spaces, Dover Publications (2000)

[20] EL-FALLAH O., KELLAY K., MASHREGHI J., RANSFORD T., A Primer on the Dirichlet
Space, Cambridge Tracts in Mathematics, pp. I-Iv, Cambridge University Press (2014).

[21] ERDEM K., TJANI M., Closed Range Composition Operators on BMOA, Complex Anal.
Oper. Theory 15, 51 (2021), DOL: https://doi.org/10.1007/s11785-021-01104-8

[22] EL-FALLAH O., KELLAY K., Nevanlinna counting function and pull back measure, Proceed-
ings of the American Mathematical Society 14(6):2559-2564 June 2016

[23] GALANOPOULOS P., PANTERIS K., Closed range composition operators on Hardy spaces,
https:/ /arxiv.org/abs/1711.05047, (2017)

[24] GARNETT ]., Bounded Analytic Functions, Springer, (2007)

[25] GIRELA D., Analytic Functions of Bounded Mean Oscillation, Univ. Joensuu Dept. Math.
Rep. Ser. No 4, (2001)

[26] HARTMAN A., MASSANEDA X., NICOLAU A. ET AL. Reverse Carleson measures in Hardy
spaces, Collect. Math. 65: 357 (2014)

[27] HEINS M. On the Lindelof principle, Ann. Math. (2) 61, 440-473 (1955)

[28] JovovIiC M., MACCLUER B. Composition Operators on Dirichlet Spaces, Acta Sci. Math.
(Szeged), Vol. 63, 229-247 (1997)

[29] Koosis P., Introduction to HP Spaces, Cambridge University Press, (1999)

[30] KwoON E.G., A characterization of Bloch space and Besov space, Journal of Mathematical
Analysis and Applications, 324, 1429-1437 (2006)

[31] LEFEVRE P., LI D., QUEFFELEC H., RONDRIGUEZ-PIAZZA L. Some Revisited Results
about Composition Operators on Hardy Spaces, Rev. Mat. Iberoam. 28, no. 1, 57-76 (2012)

[32] LUECKING D. H. Inequalities on Bergman spaces, Illinois Journal of Mathematics, Vol. 25,
Issue 1, 1-11 (1981)

[33] LUECKING D. H. Forward and Reverse Carleson Inequalities for Functions in Bergman Spaces
and Their Derivatives, American Journal of Mathematics, Vol. 107, No. 1, pp. 85-111 (Feb.,
1985)

[34] LUECKING D. H. Bounded Composition Operators with Closed Range on the Dirichlet Space,
Proc. Am. Math. Soc., 128(4), 1109-1116 (2000)

[35] LUERY K. Composition operators on Hardy spaces of the disk and half-plane, PhD thesis,
University of Florida (2013)

[36] NIEMINEN P., Composition operators, Aleksandrov measures and value distribution of analytic
maps in the unit disc, Helsinki University Printing House, Helsinki, (2007)

[37] NIEMINEN P., Essential norms of weighted composition operators and Aleksandrov measures,
Journal of Mathematical Analysis and Applications, vol.382 (2), p.p. 565-576 (2011)

[38] NORDGREN E., Composition operators, Canad. J. Math., 20, p.p. 442-449 (1968)

[39] PANTERIS K., Closed Range Integral Operators on Hardy, BMOA and Besov Spaces, Com-
plex Variables and Elliptic Equations, (2021), DOI: 10.1080/17476933.2021.1913132

[40] PavLovIC M., Function Classes on the Unit Disc, Walter de Gruyter GmbH,
Berlin/Boston, (2014)



BIBLIOGRAPHY 133

[41] POLTORATSKI A., SARASON D., Aleksandrov-Clark measures, Recent advances in
operator-related function theory, Contemp. Math., vol. 393, Amer. Math. Soc., Provi-
dence, RI, pp. 1-14 (2006)

[42] POULIASIS S., Isometric composition operators for the Mobius invariant HP norm of BMOA,
Bulletin of the London Mathematical Society 53(2) (2020)

[43] SARASON D., Function Theory on the Unit Circle, Virginia Polytechnic Institute and State
University (1978)

[44] SHAPIRO J.H., Composition Operators and Classical Function Theory, Series Title Universi-
text: Tracts in Mathematics, Springer-Verlag New York (1993)

[45] SHAPIRO J.H., Aleksandrov measures used in essential norm inequalities for composition op-
erators, Journal of Operator Theory, 40(1), 133-146 (1998)

[46] SISKAKIS A.G., Semigroups of composition operators on spaces of analytic functions (A re-
view), Studies in Composition Operators, Contemporary Mathematics, Volume 213,
Amer. Math. Soc., Providence, Rhode Island, (1997)

[47] SISKAKIS A.G., ZHAO R., A Volterra type operator on spaces of analytic functions, Function
spaces (Edwardsville, IL, 1998). Contemp. Math., vol. 232, pp. 299-311. Am. Math. Soc.,
Providence (1999)

[48] STROETHOFF K., The Bloch Space and Besov Spaces of analytic functions, Bulletin of Aus-
tralian Mathematical Society Vol. 54, 211-219, (1996)

[49] TJANI M., Closed Range Composition Operators on Besov Type Spaces, Complex Analysis
and Operator Theory, no.1, pp. 189-212, (2014)

[50] X1AO J., Holomorphic Q classes, Lecture Notes in Mathematics, 1767, Springer-Verlag,
Berlin, (2001)

[51] ZHU K., Operator Theory in Function Spaces, volume 138 of Mathematical Surveys and
Monographs, American Mathematical Society, Providence, RI (2007)

[52] ZHU K., Analytic Besov Spaces, Journal of Mathematical Analysis and Applications, 157,
318-336 (1991)

[53] ZORBOSKA N., Composition operators with closed range, Trans. Am. Math. Soc. 344(2),
791.801 (1994)






135

The structure and the format of this document were mainly based on Mas-
ters/Doctoral Thesis LaTeX Template (version 2.5) which is freely available
on the web site www.LaTeXTemplates.com under Creative Commons BY-
NC-SA 3.0 license (creativecommons.org/licenses /by-nc-sa/3.0/).



	Preface
	Acknowledgements
	Introduction
	I Background and Preliminaries
	Background
	Spaces of analytic functions
	The Hardy spaces
	The Bergman spaces and the weighted Bergman spaces
	The BMOA space
	The Besov spaces and the Besov type spaces
	The Dirichlet space
	The Bloch space
	The Qp spaces

	The Schwarz's and the Pick-Schwarz's lemmas
	Inner functions
	The Nevanlinna counting function
	Change of variable
	Comparable quantities
	The Alexandrov - Clark measures
	Boundedness criteria for integral operators

	Brief history of the research
	History of the research for integral operators Sg
	History of the research for composition operators C
	On Hardy spaces
	On Bergman spaces and on weighted Bergman spaces
	On BMOA space
	On weighted composition operators on Hardy and Bergman spaces
	On Dirichlet space
	On Besov spaces and on Besov type spaces
	On Bloch space



	II Closed Range Integral Operators
	Closed range integral operators on Hardy spaces
	The main result

	Closed range integral operators on BMOA space
	On the boundedness of the integral operator on BMOA
	The main result

	Closed range integral operators on Qp spaces
	On the boundedness of the integral operator on Qp spaces
	The main result

	Closed range integral operators on Besov spaces
	On the boundedness of the integral operator on Besov spaces
	The main result


	III Closed Range Composition Operators
	Three auxiliary lemmas
	Closed range composition operators on Hardy spaces
	The main result
	Applications of the main theorem
	Regarding inner functions
	Using Alexandrov-Clark measures

	An application to Besov type spaces
	Other examples: When C doesn't have closed range


	Closed range composition operators on BMOA space
	Two necessary conditions
	A sufficient condition
	Regarding inner functions
	Using Alexandrov-Clark measures


	Closed range composition operators on Bergman spaces
	Some norms' estimations
	A calculus result


