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THE SCHRODINGER-HILL EQUATION
-y"(x) + q(x)y(x) . y(x)
ON ODD POTENTIALS q

BY

M, PAPADIMITRAKIS

Introduction

We consider Hill’s equation with Dirichlet boundary conditions:

(,) y"(x) + q(x)y(x) . y(x), x [0,1],
y(0) y(1) 0

where/ C, the set of complex numbers, and q L2[0,1], the set of real
valued square integrable functions on [0,1]. It is known (see [1] or [3]) that the
eigenvalues of (,) form a strictly increasing sequence of real numbers
(/Xk(q)}= such that: 1 < /’t2 < < k -- + 00. Also

#k k2r +/k with

Conversely, for any choice of (/k), such that E/ < + o and/.t k k27/"2 + /k
is increasing, we can find a potential q L[0,1] such that: /tk(q) gk. We
can also choose q to be even, i.e., q(x) q(1 x), x [0, 1]. When q is odd,
i.e., q(x) -q(1 x), then one can prove that

/(q) k-r 2 +/2(q) with E(k) < +.

The question is" given any sequence (/2k} such that Y’.(k/2k)2 < + 0 and
/k k2r2 + /2k is strictly increasing, does there exist an odd q L[0,1]
such that # k(q) # k? Let

l= ({Ck} (kck < +o).
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We know [2, Theorem 4.1] that if q is odd and continuously differentiable,
then

k A/k2 + Ck,

with (c, } l and A some constant depending on q. This implies that

/21 + 2/2 2 + +k/2
log k

In the following we will prove"

THEOREM.
that

where

A ask-->

Given any odd q L][O, 1], the eigenvalues I of (,) are such

/k k2’rr2 + /k

/21 + 2/2 + +k/2, 1 fl 2

logk
---> 4r Jo q ( ) dt, k + .

Consequently, (fIk) l/2 and so the answer to the question posed is negative.

Section I

In this part we prove that, for an odd q,

2Ixk(q) k2r 2 + ft, (kf < +oe.

This is already proven in [3], but we will find a form of/2,, which we will need
below.

Consider the solution y(x, I, q) of (,), such that y(0,/, q) 0, y’(0,/, q)
1. It is known [3] that

(1)

fo sinf(x -t) sinf,,y(x Ix, q)= +; q(t) dt

x

m=2 fo sin/ (x- Xm)

sinf(x Xm_l) sinv(x2 X1)

q(xl).., q(Xm) dXl.., dxm,

that for any fixed x, y(x, t, q) is an analytic function of C, and that the
Ik(q) are the roots of the equation y(1,/, q) 0.
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From now on we consider (1) with x 1.
We observe that if q is odd, then the second and fourth term of the right

side of (1) vanish (in fact every term of even order vanishes). By writing

kr + r, g, r C, Irl < 1, k Z+,

we get the expansion"

sin/-ff sin krt (tcoskrt sin kcrt) 1

X/ kr + kr k2r------- r / --O(Irl 2)

where "big-O" comprises a constant independent of k, r, (Irl < 1, [0, 1]).
Using this expression in every integral of the right side of (1) we arrive at

y(1,/, q) e(q) + Q(q) r + R(q, r) r 2

where

Pg(q)
o

ff,,.., f0x2sinkr(1 x,)
0 o kr

m----2

sin kr(x2 x1)

sin kx
q(x1) q(Xm) dx dxm,

Q(q) (-1) g

kr
m----2

q(x1) q(Xm) dx dx

where Q, is a sum of m + 1 expressions all, in absolute values, less than
2/(k’lr)m+ and

1 f0Rk(q, r) -- O(1) + E
m=2

q(x1) q(Xm) dx dx

where IRk, m[ <_ c/(kr)"+ and c is independent of k, r, xl,..., X (Irl < 1).
Hence

(2) IP,(q) -< E 1 f01...m=2 (k’/r) m+l

1 1

,=2 (kcr) ’’+t m!

c(q)
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In the same way,

(3) Qk(q)

(4)

+O(q),

[Rk(q,r)[<

10(q)[ < c’(q3,(g.

c"(q)
kr

Let r Pk/Qk + r. Then

y(rl) y(1,/.t, q) Qk r + Rk(rl)" r -Consider also g(r)= Qk.rx. Then, because of the asymptotic relations (2),
(3), (4), if k is larger than some k0 ko(q),

[y(r) g(r) --[R(r)

for all r such that

IPk[ 2 c"(q)
Irxl =8=2.[Okl kr

By Rouche’s theorem y(1,/, q) 0 has exactly one solution /k such that

k kr- (Pk(q)/Q(q)) + rl

where Irl[ < 8 O(1/k4), if k > ko(q). Remembering that the fourth term
in (1) vanishes,

P(q)
Qk(q)

k3r
sin kr(1 x2)sin kr(x2 x)

(1sin krxq(xl)q(x:) dxx dx: + 0

(1) k

fO1k2,n. 2 Kk(x, xl)q(xl)q(x2) dx dx2 + 0 --g
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where

K(x2, xl) 4 sin kr(1 x2). sin kr(x. xl). sin krxl.

So k k 27/" 2 "b k where

(6) Kk(t, x)q(t)q(x) dxdt + 0 -2krgk+ O -S

Now we observe that

So (Kk } is an orthogonal system for L2[0 _< x < _< 1] and hence

E(k/) < +c,i.e. {/2k} l?.

Section 2

By (5),

K(t, x) sin2krx sin2krt + sin2kr(t- x)

from which we have

tk Kk(t, x)q(x)q(t) dxdt

lsin2krx -2q(x) q(t) dt + q(t)q(t x) dt dx

fol sin2krx G(x) dx.

Hence

G (x) 2 E /k sin 2krx + even function.
k--1
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If we consider

() (- )()

-2q(x) q(t) at

l[fxl fl+ q(t)q(t x) dt q(t)q(t 1 + x) dt
--X

=A(x)+(x),

then

g(x)-- 2 Y /X sin2krrx.
k=l

B(x) is a continuous function of x [0,1] and

1 folq2B(x) - - (t) dt asx 0+.

Also

x)ldx < -g [q(x)[ dx Iq(t)ldt dx

2 2 12-< N Iq(x)l dx x [q(t) dtdx

<- - Iq(x) dx

vLlq(x) l dx,

(8) -g ]A(x) dx --, O asS--,O +

From (7) and (8),

(9) g(x) - q (t) dt dx asSO+

Let qt(x) (1/2 x)fq2(t) dr.
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Then (9) becomes

(10) Ig(x)- (x)ldx 0 as8 0+.

Now

/2
g(x)sin 2krx dx 9’

1/2xI ( x)sin 2krx dx 4kr q t) dt.

Hence

1
4r q(t) dt -fo1/2(g())- (X)) sin2krrxdx

k=l

fo1/2(g(X)- q(x))Dn(x ) dx.

D,(x) has the following two properties, see [4]:

(i)

(ii)

ID (x)l n,
cos rx cos(2n + 1) rx

2 sin rx
1_<, O<x_<1/2.

Therefore

fl/n 1 fl/2lg(x ) xIt(x)l dx.IA,,I <_ n.,o Ig(x) x(x) dx + " "l/n x

The first term 0 as n + oe by (10). To handle the last term, we consider

F(x) - Ig(t) (t)ldt.

Then Ig(x) q’(x)l (xF(x))’= F(x) + xF’(x) and

lfl/2F(X) dx+
1 (1) 1 (1)"last term"= 1/, x -F ]- --F
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By (10), given e > 0 there exists xo such that

F(x) < e if0<x<xo.

Then

So

1 f/2 F(x)
dx

1 I/2 F(x)
dx + 1 fXo F(x)

dx""l/n X " Xo
X - /n X

< lfl/2xo F(X)x dx+ e(logn+logxo).

IA.[ nf/"lg(x) ’t’(x)l dx e e log x0< + +log n log n 2 log n

Hence

and

So, by (6),

1 fl/ F(x) dx ++ 2 log n
Xo

x

1

log n

lim log <
n--* o

An --. O, n +o0log n

21ogn 4r q ) dt

1
1+1/2+...+-

log n

1 fo 21 -I" -t-n
log n q (t) dt,

/2 + 2/2 + +n 1 joflq2 (t) dtlog n 4--
The last assertion of the theorem comes from the above because if

then

E(n3/2n)2 < +o0,

/21+ +n/2 (/2+ +(n3/Zn)2)1/2(1+ +--nl) 1/2"< 0log n log n
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and so

2q (t) dt=O, q=O.

This theorem is sharp, because there exists a q,

q(x)={ 1, O<x<1/2,
-1, 1/2<x<l,

for which {/2k) I for every a, 1 < a < since

3
k even,2kr’

1
2kr’ k odd.
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