ALMOST ISOMETRIC MAPS OF THE HYPERBOLIC PLANE

J. B. GARNETT anxp M. PAPADIMITRAKIS

1. Introduction
The hyperbolic distance between points p and ¢ in the open unit disc D is

d(p,q) = inf f 2

where the infimum is over all arcs y in D joining p to ¢g. If .# denotes the group of

conformal self maps
Tz=12"% 4eD, i =1,
1—az
d(Tp, Tq) = d(p,q)
for all Te .# ; thus maps in # are hyperbolic isometrics. The Schwarz-Pick theorem
asserts that if /2 D — D is analytic then f decreases distances,

of D, then

e d(fip).f) < d(p, 9, (1.1)
or infinitesimally, F A1)
P =P
TI-fF S 42

Equality anywhere in (1.1) or (1.2) implies that fe.# and then equality holds
everywhere.

Fix a constant ¢ > 0. Following C. McMullen, we write M(c) for the set of
analytic f: D — D such that whenever B is a hyperbolic ball in D,

diam (f{B)) = diam (B)—c,
where diam denotes diameter in the hyperbolic metric. For example,
N M(c)= M
c>0

while f{z) = z¥ € M(c) provided c is large. This paper gives three characterizations of
the set M(c). The first characterization concerns nearly isometric behavior along
certain geodesics, and the second is in terms of angular derivatives at boundary
points. Each fe M(c) is a Blaschke product, and the third characterization is by the
distribution of the zeros. We thank Curt McMullen for bringing M(c) to our attention
and for the results of the next section.

2. First properties of M(c)

By the invariance of the hyperbolic metric we clearly have
feM(c) ifandonlyif TofoSeM(c) forall T,Se#. 2.1)
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Suppose that fe M(c). Then by Fatou’s theorem f has angular limit f{{) at almost
all {edD. Condition M(c) implies that [f{{)| = 1.

LEMMA 2.1.  Suppose that fe M(c) and suppose that o is an arc in D with end point
(edD. If

lim fz)=a
63z
exists, then |o = 1.

Proof. Since fis bounded, Lindel6f’s theorem gives

lim fiz)=a
Faz—(
foreveryconeI' = I'(K) = {z:|z—{| < K(1 —|z|}, K> 0. Fix R>cand for0 < r < 1
set B, = {z:d(z,r{) < R}. Then there is K = K(R) such that B, « I'(X) for 1 —r small
and such that
lim sup|z—{| = 0.

r—1 B,
Hence
lim sup |f(z) — o = 0.

r—-1 B,

If Ja| < 1, then lim diam (f{B,)) = 0 while diam B, = 2R > ¢, a contradiction to M(c).

By convention we call f{z) = 1B(z) a Blaschke product if B(z) is a Blaschke product
and || = L.

COROLLARY 2.2. If fe M(c), then Tofo S is a Blaschke product for all T,Se /.

Proof. By (2.1) it is enough to prove that f'is a Blaschke product. By Lemma 2.1
fis an inner function: [f{{)| = 1 almost everywhere on dD. Every inner function is a
Blaschke product times a singular function and every singular function has radial
limit 0 at some {€dD, see [4, p. 76). So if the singular factor were non-constant, f
would also have radial limit 0 at {, contradicting the lemma.

A theorem of Frostman says that every inner function has the form Tof with
Te# and f a Blaschke product. So there are many Blaschke products not in
any M(c).

3. Geodesic condition
The geodesics in the hyperbolic metric are the arcs of circles and lines orthogonal
to dD. Write (p, q) for the unique geodesic are joining the points p,qe D.
THEOREM 3.1. There exist p = p(c) and § = §(c) such that if fe M(c), then for all
ze D there is a geodesic o such that
dist(z,0) = inf{d(z,p):pea} <p 3.1

d(fip),fl9)) = d(p,q)— 6 (3.2)

Jor all p,qea. Conversely, if p > 0 and § > 0 there is ¢ = c(p, 0) such that fe M(c) if for
every z€ D there is a geodesic o satisfying (3.1) and (3.2).

and
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Proof. Assume that fe M(c). Since (3.1) and (3.2) are conformally invariant, we
may assume that z = 0 and f{0) = 0. Then there are z, and w, such that

d(z,,0) = n, dw,,0) = n, d(fiz,),flw,)) = 2n—c.
By the Schwarz—Pick theorem,
d(z,,w,) =2n—c
and the angle , < m between (0, z,) and (0, w,) satisfies

__ cosh?(n)—coshd(z,,w,)

cosf, = sinh® ()

by [1, p. 148]. Hence
cosf, <1-2e°+0(e™)

and there is 8(c) > 0 such that
lim @, = 6(c).

Take subsequences so that z, »{edD,w, = dD. Then |[{—w| > 2sin (36(c)), and the
geodesic o = ({, w) satisfies (3.1) with p determined by 6(c).

To prove (3.2), let p,qeao. There are p, and g, in (z,,w,) such that p, — p and
q, — q. Say p, falls between z, and ¢, on (z,,w,). Then

d(fp.):N9,)) =2 dfz,).fw,) —d(z,, p,) —dw,, q,)

2 d(z,,w,)—c—d(z,,p,) — d(gn, W)

= d(pm qn)_c'
Thus (3.2) holds with § = c.

Conversely, let R > p and set B = {w:d(w,z) < R}. When ¢ satisfies (3.1) and
(3.2), 6 NdB = {p,q} and
d(p,q) = 2R-2p.
Then by (3.2)
d(f(p).flq)) = 2R—2p—34.

diam f{B) > diam B—(2p +9) (3.3)

Therefore

whenever diam B > 2p. Since (3.3) is trivial if diam B < 2p we conclude that fe M(c)
with ¢ = 2p+4.

ReMArRk. The above proof works because the hyperbolic metric has constant
negative curvature. The negative curvature shows up in the inequality lim@, > 0.

Condition (3.2) is very strong. It implies that f has an angular derivative and a
unimodular conical limit of each end point of 6. Moreover, when restricted to a cone
at either end point of o, fis asymptotic to a Mbius transformation.

THEOREM 3.2. Let o be the geodesic arc joining pe D to {€dD, let 6 > 0, and let
f be an analytic map from D to D satisfying

d(f(2),f(w)) = d(z,w)—d for all z,weoa. 3.4
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Then there exist 2€0D and A,0 < A < €°, such that for every cone
F={z:z-{ <K(1-]z)}, K>0,

lim fz) = A (3.5)
and roe=t
tim 29 _ im f@) = aC (3.6)
Faz—f 65— Z2 [azo(

If ge M satisfies g({) = A and g'({) = AL, then
lim d(f(z),g(z)) = 0.

Iaz=(

When (3.6) holds we say fhas angular derivative AA{ at { and we write () = AAL.
By the theorem on the angular derivative (see (4, p. 43]) if
lim 1-1/2) =A
z2={ l - Izl

then (3.6) and (3.5) hold for some A and for the same A. It then follows that

< o0,

sup 1= < 24K 3.7

T(K) 1—lz]

for every cone I'(K) with vertex of (.

Proof. We can suppose that p = 0,f{p) =0and { = 1. For 0 < x < 1, (3.4) gives

1+|/(x)|>10 I+x
1—|fAx)]” “l1-x

=1 _ s
—X = ’

d(fix),0) = log J,

so that

lim

z—1

and the angular derivative theorem yields (3.5) and (3.6) for some 4 and for 4 < é°.
We can suppose that 1 = 1. If ge 4, if g(1) = 1 and if g'(1) = A4, then by (3.6)

)@ _

I
im T

Faz-1

0.

Now

o (432 | g

D) —g@)|[|1-8()  —1-f2) 12
T {, P Oy pur

}—1
and the expression in braces is bounded away from zero when ze I and |1 —z| is small.

Therefore
lim d(f(z),g(z)) = 0.
sz-1
4. Angular derivative condition

Let I be an arc on 0D with measure |I| < . Let ¢, be the center of I and write
z, = (1—|1|/27)c,. Let f denote an analytic map from D to D.



THE HYPERBOLIC PLANE 273

THEOREM 4.1.  If fe M(c) then f has angular derivative on a dense subset of 6D and
there is A = A(c) such that, for every arc I with |I| < =,

inflf () < A%. @1
el 1

Conversely, there is ¢ = c(A) such that, if (4.1) holds for every arc I with |I| < =, then
feM(c).

Note that the inequality which is the reverse of (4.1), with a different value 4,
holds whenever f has angular derivative at {€l. That follows from (3.7).
Before proving Theorem 4.1 we give some lemmas on the hyperbolic derivative

(21 —|z*)
1-1fa)F °

which is invariant under Mobius transformations of z or of f{z).
LemMma 4.2. Given R > 0 and ¢ > 0 there is n > 0 such that if

[ ) (1 —]z0|%)
LA Sl VA St ol 11PN
—1ff "

at zye D, then on B(z,, R) = {w:d(z,,w) < R},

IA—wP)
I-lfwpE =

[w)—Fw)|+1f'(w)—F'(W)| <e, (4.3)
where Fe M satisfies F(z,) = f(z,) and arg F'(z,) = argf'(z,).

¢ 4.2)

and

Proof. Clearly (4.3) implies (4.2), and a normal family argument yields (4.3).

LEmMA 4.3. Ifz,eD, if {€dD and if

d(fip).9)) = d(p,q)—c (4.4)
for all p,qe(z,,0), then

EE={ze(zo,C):w< l—s}

1-11)*

satisfies
2|dz|
J;]l ‘i-?lz—|2 < C/E. (45)
If also (zy,8) = (0,1) and f{0) = 0,f(1) = 1, then

E,={xe(0,1):§%m<l—e}

has

2dx
L; T < c/e. 4.6)
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Proof. We prove (4.6), which implies (4.5). We have by Theorem 3.2,

lim d(x, 0)— d( f{x), 0)) = lim log ( tx1- ‘ﬂ")') logf"(1) < ¢

ztl ztl l+|ﬂ )l
and also
+x 1—-Reflx) ,
I:Irlld(x ,0)—d(Re f(x),0) = l;ﬁll (l—x TRen )) logf’(1) <c,

because by (3.6)

lim Irlnf(") 0.

z—1

Therefore

f{l_Ref’(x)(l—xz)} 2ads
1—(Reflx))? | 1—x*

and since the integrand is positive, Chebychev’s inequality gives (4.6).

0

LEMMA 4.4. Let ¢>0. There is d = d(c,e) such that if (4.4) holds for all
P, q€(z,,0), zoe D, (€D and if

I/ (ze) |1 —|zol%)

1—|Azy)? > 10
then
—flz) 1—Z
e = |
Proof. Set
Az+zy)

_ f(l +z, /12) @)
1 —ﬂzo)f ( lllj_-z}—- Z/{)Z)

where

RS e Y (s

1oz, T RO-fey

Then g(0) =0, g(1) = 1 and g satisfies (4.4) in (0,1). By Lemma 4.3, larg g’(x)| < 3¢
for some xe(0, 1) with d(x,0) < 2c/e = R. By Lemma 4.2, |argg’(w) —arg g'(0)| < 3¢
for all we B(0, R) if J is small enough. Hence |arg g’(0)| < &. But

£0) = Mf ) s

LemMA 4.5. If woe D and (e dD and if
d(fip).fl9)) = d(p,q)—c
Sor all (p,q)e(wy,{) and if d(z,w,) = d, then

d(fp),Rq)) = d(p,q)—(c+4d)
Jor all (p, q)€(z,,0).
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Proof. For pe(z,,(), let p* be its nearest point in (w,,{). Since the geodesics
(24, ¢) and (w,, () are asymptotic,

d(p,p*) < d(zp,25) < d

= d(f(p*),f(q*))—d(p,p*)—d(q, q%)
= d(p*,q*)—c—2d

= d(p,q)—c—4d

Then
d(f(p)./19))

for all (p,q)e(z,,0).

Proof of Theorem 4.1. Assume that fe M(c) and fix an arc I of 0D with |I| < 7.
By Theorem 3.1 there is z, such that d(z,,z,) < p,(c), 1—|z,| < (1—]z,])/10 and
z,/lz,l €1, and there is a geodesic ¢ containing z, such that (3.2) holds on o. At least
one end point of ¢ falls in L.

Applying Theorem 3.2 to TofoS, where Te#, T(flz,)) =0 and Se.#,
S(0) = z,, we see that when ze(z,,a),

1-1fFf _ N —f2)f2)° 1z,
1—|2? s 1=|fizy)? 172>
When ze(z,, ) we also have |1 —Z,z| 2 ¢,(1—|z,}). Therefore

| ) =fzy)
A= [fze) 1)1 =zgl®)"

If (@) <e e

Since d(z,,z;) < py,
1—| f(zo)|2 1—|fz)?

1—|z,/? S 6 1—z,2 °
and we shall get (4.1) with 4 = ¢, e° provided
| o) =fzp)| < ¢,(1 =Rz D)-

But now assume that

A1) —fz) | > ¢4(1—|zo)1) @47

for some large constant c¢,. We may also assume that

|/ (zo)|(1— |Zo|2)
1—|fz)I*

with J very small, because by Lemma 4.3 there are points satisfying (4.8) and lying
a bounded hyperbolic distance from z,. Hence by Lemma 4.4,

e e —srg( LU ) g 225)

Replacing /by J < I,|J| = const. /|, we can find another geodesic arc (w,, f) such
that feJ and
d(fip).fg)) = d(p,q)—c

d(w,, z,) < d = d(e)

>1-6, @48)

<e. 4.9)

for p, g€ (w,, ), such that

with d constant, and such that

arg 220 _ape P2 +2 <.
B—z,e 81—z, 2
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Because the J in (4.8) can be chosen independent of d(g), Lemma 4.4 and Lemma 4.5
now yield

argf '(zo)—arg( {? }(;f)(fz(‘z) l ﬂ—_z_;ﬂ ) <e
Then from (4.9) we obtain
SB)—1z,) fl) Az 0) n
B s 2| <

and the geodesic (f{z,), f(b)) is nearly a orthogonal to (f{(z,, fla)). Then by (4.7) we get
B)—fz)| < cs(1=|fzy)])

if ¢, is large enough and if ¢ is small. Consequently

@< 'fl(z’ll'z,.

and fleJc I

Conversely, assume that (4.1) holds. Let S,Te.#, S(0)=1z, S(1)=¢,
T(fz)) =0, T(fiY)) =1, and set g=TofoS. Then g(0) =0, g(1)=1 and for
z=80),0<t<1,

1-lgOF _ A-1)F)A-Ifz)P)1~Z,2*
1= I=flz)f)IP(A—z/) (1 ~|2*) 6

by (4.1) and (3.7) since S((0, 1)) = (z,,{) lies inside a cone at { of fixed aperture and

since N
1=z fiD)] 2 1= |z)l.

Therefore, when 0 <t < x < 1,

_ 1_ —lgM)| _
d(x,0)— d(g(x), 0) = log -— T2 S log (4c; 4) =

and
d(g(x), g(2) 2 d(g(x),0)—d(0, (1))
2 d(x,0)—d(0,1)—¢
= d(x, )—d.
Therefore (3.4) holds in (z,,{) with constant J independent of 1.
By Lemma 4.3 there is z,€(z,,{) such that, given n > 0, d(z,, z,) < p(y) and

|f"(z5)1(1 _|zo|2) 1—
1—|fizy) P >

Let J; and J, be the two outer thirds of I, = {{:|{ —z,/|z,|| < 1—]z,/}. By hypothesis
there is {; € K; such that, for J fixed, (3.4) holds on (z,, {,). If n is sufficiently small, then
by Lemma 4.5 and Lemma 4.4,

ar (L9120 (WWTD— AN
1=1z) A \1 = f20) L))
That means (3.2) holds (for a different J) on the full geodesic o = ({,,{,). And clearly
dist(z,,0) < p'(n) = p'(A).
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Hence by Theorem 3.1, fe M(c) for ¢ = c¢(A4).

5. A condition on the zeros

We have seen that every fe M(c) is a Blaschke product. Now suppose that fis a
Blaschke product with zeros z,,v = 1,2,.... A theorem of Frostman (see [3, p. 177])
says that f has angular derivative at a point {€dD if and only if

%O 1- |2"|2 < 400
Vel Ic_zvl2

and in this case |f’({)| is equal to this sum.

THEOREM 5.1. Given ¢ > 0 there is A = A(c) < + o0 so that if f is a Blaschke
product in M(c) and {z,} are the zeros of f, then for every arcl < 0D with |I| < =,

-z, |2 1—|z,
1( fz |2\ Z|1_2_21|2 (51)
and
—lz,|
2
—lz,] )Z |1 EETER (5.2)

Conversely, given A < + o0 there is ¢ = ¢(A) > 0, so that if f is a Blaschke product
with zeros {z,}, such that (5.1) and (5.2) are true for every arcI = 0D with |I| < =, then
feM(c).

By [4, p. 286}, condition (5.2) holds if and only if the measure

Y (1=lz))dz,
is a Carleson measure with constant bounded by C(A4). That holds if and only if {z }
is the union of at most N = N(A) interpolating sequences {z,} and
Z,—z,

6((z}) = int, ]

k,k#]

= 6,(4) > 0.

—Z 2
If f{(z) is the Blaschke product in the upper half-plane with zeros {n+i:n+ Z} then f
has (5.2) but by Lemma 2.1 fis in no M(c) because f{z) = A(e*"* —e ") /(1 — e~t"e®¥)
with [A| = 1 and

lim fliy) = — 17"

y—©

Proof. Suppose that fe M(c) and that {z,} is the zeros of f. Then by Theorem 4.1
there is A = A(c) < oo so that

. 1— 2
infl () < 42— L20L (5.3)
Cer 1—|z,|

The above-mentioned theorem of Frostman says that

/@)1 = inf ¥ .72

zel (el v
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Also

z,—2 zZ,—z

v

1-2,z,

v

1-2,z,

2) —1-Y A=z =12/

|l —z_vzll2

I/(zl) |2 =

2;1_2(1_

v

v

Hence

1-E)E Z —lz,)*
|1—

T1=lz,F Z,z,)%
Therefore (5.3) implies (5.1). Now, there is an absolute constant K such that
Il—z| < K|1—2z,z)]
for every { eI and every z,. Then (5.3) implies that

1-|z,? 1-|z?
——— < K?%inf ’
Zv: 1-z,z, (el Zv: |{ -z,
P V(A
h 1_Izll2
< K*4 1
= l—|z,|2'

Hence (5.2) is true.
Conversely suppose that (5.1) and (5.2) hold for every I < 0D with || < n. Then,
if |f(z;)| = 4, there is an absolute constant K such that
)

2,—2

v

K= 1ftz)) > ~log | fiz)* = —log (H

1-2z,2,

z,—z, [?
; 1__ I v .
; ( 1 _Z_vzl )
Hence
1—|z? 1—-|Az)?
e
But, then (5.1) implies that
1-|fz)?

inf| f'({)} € 4K

ler _lzll2 .
If |(z,)| €%, then (5.1) and (5.2) imply that
2

infl/ Q) < A% foid < A < g L

=
{er I 1—]z, 2 s 1"’|21|2

So in both cases, fe M(c), with ¢ = ¢(4) > 0, by Theorem 4.1.

6. An example

By Theorem 4.1 we know that if fe M(c) then f has angular derivative on a dense
subset of D. Lennart Carleson and Peter Jones found an example where the angular
derivatives exist only on a set of measure zero. We thank them for letting us include
it here.
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THEOREM 6.1. There exists a Blaschke product f such that fe M(c) for some
¢ > 0, but f has no angular derivative outside a subset of 0D of measure zero.

Proof. Consider 6, = k™2-107%* k > 1 and
0, . = 2nj/ 10, 1<j<105 k> 1,
z; = (1—0,) e,
Let f be the Blaschke product with zeros {z, ,}. Set
I = [ ght1.n] <n0<j,<10"—1.

It suffices to prove (5.1) and (5.2) for such I.
From now on all the constants will be absolute constants and the same symbol
may represent two or more constants. Now with 8, = arg(z,)

|z I 0
1-1z[) ¥ k- < 107 B
( lz,l)Z ZF Z(e,k 0,)*+ (0, +111)?

1)
Lclo™ r —
R s e T

0
+clo" k.
Oy >21:0‘" (01, [ 91)2 + 6;‘:

<clo™ Y 6k10"f il

dp<107" T 6*+107

+clo™ Y 5,;10"f db

2 2
8>107" T 6 +6k

<elo™ Y (sklokf ad
I

S <107 6/>10"" 6
+cl0™ Y 5, 10"f 45
op<107" jol<107™ 10

+cl0 Y 5k10”f 2
|

2
5p>107" 6> 6, 6

+clo™ Y Jklo"f @
|

2
5p>107" 6] < 6y, 51:

=cl0™ Y 107,10 +c10™ Y 105, 10

Sp<107" Sp<107"
+cl0™ ) 10F+c™ ) 10
5>107" 6p>107"

Y k10410 Y 10¢<ec.
d<107" Sp>107"

That proves (5.2).
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Now choose 6 so that 107(8/2x) = j,-444.... Then { = eI and moreover

cl07* ifk =n,
- =
19=0,.41 2 {clO'" ifk <n. 61

Denote by 8f,k > 1, that 6, , which is closest to 6. Then

lzj k|2 1— Izj,lcl |Zk
ZIC PR |c—z,vk|2+2|c zE

k k oz p#2g
But
1
<c) 4, —_
2o L G-, 5
do
<c) 6,10 J —
% t 181>107% 6° +6:
€c) 6, 10%=cY k*<c
k k
Therefore,

_ 2
Igczw_

el _Zj,n:21|2
and to prove (5.1), it remains only to prove that
_ 2
I<c Z 1—|Zf_"|__

el _Zj,kZIIZ'
But by (6.1),

0y
< S
"< gara - Lot Lo
S, 5, 5,
9 k< SN E—
N I A N ot AR o e

Now if k < n then
10—61° = c(10—6,1*+(0,—05)%) = (> +(6,—6%)).

Therefore
0
II< k
e L GG AT
Sc+e), O
i 0,—6, )P+ (11+0,)*
=z, P
<c+c
Z -z k21|2
Altogether

_ 2 1— 2
Zl |Zjvk| =I+II SCZ Iz?,lcl

ik |<_Zj,k|2 j,lc“_z—j'lczllz

and we obtain (5.1). So f satisfies (5.1) and (5.2), and by Theorem 5.1, fe M(c) for
some ¢ > 0.
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Now let E, , = [exp (i, ,), exp (i(6, ,+2n+/d,))] and E, = | J, E, ,. Then
VO, <IE, | <cvd, and c(1/K) <|E < c(1/k).
If {elimsup E,, then { belongs to infinitely many E, .. Therefore

1—|z, o Oy
* 2 C =2C
C—z, 27 " (0-6, )2+~

for infinitely many (j, k). Hence

1—|z, ?
Y #kk: +
j,lglc_zj,kl

and f has no angular derivative at {. It remains to prove that limsup E, has full
measure in ¢D. Consider, instead,

E, = {e"’:%= 0-x,x,...and x, = 0,n = k,k+1,...,k+[loglok]}.

Then E, < E,, and it is enough to prove that lim sup £, has full measure in dD. The
idea is that the sets E, act like independent events.

Claim 1. Y, |E| =+ .
Proof. This is clear since |E,| = c/k,k > 1.

Claim 2. There is ¢ so that if m < n,

|E, N E,| < clE,||E,_,|-

Proof. Case 1: n > m+[log,,m]. In this case

11 1 1

|E.nE,|=c < dEE, |-

nm mn—m >
Case 2: m < n < m+[log,,m]. Then
E nE, = {é":%: 0-x,x,...and x, = 0,k = m,m+1,...,n+[log10n]}.

Hence

- - 1 n+[logwn]—m 1 ] 1 - ~
IEm N Enl =C\r =C- lom—n < C—— < ClEmI IEn—ml'
10 n mn—m

Now by Claim 1 and Claim 2 and by [2, Exercise 18 p. 79]
[lim sup £,| > 0.

Moreover, E = limsup E, is invariant under translation (that is, rotation) by any
e'%.x, Because these points are dense on the circle, a point of density argument shows
E has full measure.

We thank Tom Liggett for the above reference.
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